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Population-Based Incremental Learning:
A Method for Integrating Genetic Search Based Function

Optimization and Competitive Learning

Abstract:

Genetic algorithms (GAs) are biologically motivated adaptive systems which have been used,
with varying degrees of success, for function optimization. In this study, an abstraction of the
basic genetic algorithm, the Equilibrium Genetic Algorithm (EGA), and the GA in turn, are
reconsidered within the framework of competitive learning. This new perspective reveals a
number of different possibilities for performance improvements. This paper explores popula-
tion-based incremental learning (PBIL), a method of combining the mechanisms of a genera-
tional genetic algorithm with simple competitive learning. The combination of these two
methods reveals a tool which is far simpler than a GA, and which out-performs a GA on large
set of optimization problems in terms of both speed and accuracy. This paper presents an
empirical analysis of where the proposed technique will outperform genetic algorithms, and
describes a class of problems in which a genetic algorithm may be able to perform better.
Extensions to this algorithm are discussed and analyzed. PBIL and extensions are compared
with a standard GA on twelve problems, including standard numerical optimization func-
tions, traditional GA test suite problems, and NP-Complete problems.

1. Introduction

Genetic algorithms and artificial neural networks are two recently developed techniques that have
received a large amount of attention in the artificial intelligence research communities. Many of the current
efforts in genetic algorithm research have stressed their role as general purpose function optimizers, which
have been applied to functions in the fields of biological modelling, NP-complete problem approximation
heuristics and standard numerical optimization. A large part of the research effort in the field of neural
networks and competitive learning has been devoted to clustering and classification tasks, with a wide
variety of applications, such as feature mapping, speech recognition [Waibel, 19891, scene analysis and
robot control [Pomerleau, 1989] and data compression [Hertz, Krogh, Palmer, 19931. There are also many
continuing efforts to perform classification and concept learning tasks using genetic algorithms [De Jong et
al., 1993]L[anikow, 1993][Booker et al., 1990][Goldberg,1989]. Similarly, optimization using artificial neural
networks is a widely researched area. Perhaps the most widely known attempt is that of the Hopfield and
Tank Traveling Salesman model [Hopfield & Tank, 1985](Hertz,Krogh, Palmer, 19931.

Population Based Incremental Learning



4/41

An abstraction of the basic GA, termed the -Equilibrium Genetic Algorithm" (EGA), has been developed
in conjunction with Duels, 1993,1994]. The EGA attempts to describe the limit population of a genetic algo-
rithm by an equilibrium point, under the assumption that the population is always "mated to conver-
gence." This process can be viewed as a form of eliminating the explicit crossover step in standard genetic
algorithm search. In the work with Juels, the representation of the population by using an equilibrium
point was explored. The work presented in this paper concentrates on the operators needed to make this
new representation effective for search; the operators are presented in the context of supervised competi-
tive learning. Issues regarding the use of the resulting algorithm, such as the settings of the parameters, the
contribution of a mutation operator, as well as the algorithm's relation to more traditional genetic search,
are examined. It is determined that the framework of competitive learning provides a basis from which to
explain the performance of the EGA. The new framework also provides the mechanisms for many exten-
sions to the basic algorithm which improve the performance of the EGA. 1 Several of the extensions are
explored in this paper, and many more are presented as directions for future research.

This paper presents population-based incremental learning (PBIL), a method of combining genetic algo-
rithms and competitive learning for function optimization. PBIL is an extension to the EGA algorithm
achieved through the re-examination of the performance of the EGA in terms of competitive learning. This
paper also presents a detailed empirical examination of the EGA and PBIL algorithms on a suite of prob-
lems designed to test their abilities in a wide variety of function optimization domains. Although this
work has ties with other areas of research involving genetic algorithms, to limit the scope of this paper,
PBIL is explored exclusively in the context of function optimization. Other recent work in combining GAs
with techniques related to artificial neural networks has been largely directed in alternative directions,
such as using GAs for optimizing neural network structure and performance [Whitley & Schaffer,
1992][Gruau, 1993](Polani & Uthamann, 1993][Whitley & Hanson, 1989]. One of the closest related works,
which also employed an underlying artificial neural network structure to augment genetic search, can be
found in Ackley's A Connectionist Machine for Genetic Hilclimbing, [Acldey, 1987][Ackley, 19851.

The remainder of this section describes the principles of genetic based optimization and competitive learn-
ing. Section 2 describes the combination of both of the techniques by examining the role of the population
in a genetic algorithm. Section 3 examines the effects of changing some of the parameters in the PBIL algo-
rithm. Section 4 presents extensions of the algorithm, based on Kohonen's learning vector quantization
algorithm [Kohonen, 1988,19891. In section 5, the basic PBIL and its extensions are empirically examined
on a suite of twelve test problems. Section 6 discusses the applicability of the results reported in section 5
and concludes with a discussion of the benefits of using PBIL in comparison to standard genetic algo-
rithms for function optimization. Finally, section 7 closes this report with suggestions for future research.

1.1. Introduction to Genetic Algorithms

Genetic algorithms (GAs) are biologically motivated adaptive systems which are based upon the princi-
pies of natural selection and genetic recombination. Although GAs have often been used for function opti-
mization, some of the pioneering work [Holland, 1975] suggests an alternative view of GA behavior. De
Jong summarizes this view in the following paragraph:

"Holland [Holland, 1975] has suggested that a better way to view GAs is in terms of optimiz-
ing a sequential decision process involving uncertainty in the form of lack of a priori knowl-
edge, noisy feedback and a time-varying payoff function. More specifically, given a limited
number of trials, how should one allocate them so as to maximize the cumulative payoff in the
face of all this uncertainty?" [De Jong, 92].

This has important implications to the use of genetic algorithms as function optimizers. Although genetic
algorithms may have the ability to quickly find regions of high performance in the face of noise and time-

1. To avoid confusion, the term "EGA" will be used only when referencing Duels, 19931 explanation of the algorithm.
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varying payoff functions, they may be unable to find the absolute optimal solution, in time-varying or sta-
tionary environments.

The GAs described in the current literature are highly modified to reconcile the differences between func-
tion optimization, in which the effectiveness is measured by the best solution found, and maximizing
cumulative returns, in which finding the absolute best solution may not be the only critical issue. The-basic
genetic algorithm and some of the common modifications which have been made for effective function
optimization are described below.

A GA combines the principles of survival of the fittest with a randomized information exchange. Although
the information exchange is randomized, the GA is far different than a simple random walk A GA has the
ability to recognize trends toward optimal solutions, and exploit such information by guiding the search
toward them.

A genetic algorithm maintains a population of potential solutions to the objective function being opti-
mized. The initial group of potential solutions is determined randomly. These potential solutions, called
"chromosomes," are allowed to evolve over a number of generations. At every generation, the fitness of
each chromosome is calculated. The fitness is a measure of how well the potential solution optimizes the
objective function. The subsequent generation is created through a process of selection and recombination.
The chromosomes are probabilistically chosen for recombination based upon their fitness; this is a measure
of how well the chromosomes achieve the desired goal (e.g. find the minimum in a specified function, etc.).
The recombination operator combines the information contained within pairs of selected "parents", and
places a mixture of the information from both parents into a member of the subsequent generation. Selec-
tion and recombination are the mechanisms through which the population "evolves." Although the chro-
mosomes with high fitness values will have a higher probability of being selected for recombination than
those which do not, they are not guaranteed to appear in the next generation. The "children" chromo-
somes produced by the genetic recombination are not necessarily better than their "parent" chromosomes.
Nevertheless, because of the selective pressure applied through a number of generations, the overall trend
is towards better chromosomes.

In order to perform extensive search, genetic diversity must be maintained. When diversity is lost, it is
possible for the GA to settle into a sub-optimal state. There are two fundamental mechanisms which the
basic GA uses to maintain diversity. The first, mentioned above, is a probabilistic scheme for selecting
which chromosomes to recombine. This ensures that information other than that represented in the best
chromosomes appears in the subsequent generation. Recombining only good chromosomes will very
quickly converge the population without extensive exploration, thereby increasing the possibility of find-
ing only a local optimum. The second mechanism is mutation; mutations are used to help preserve diver-
sity and to escape from local optima. Mutations introduce random changes into the population.

The genetic algorithm is typically allowed to continue for a fixed number of generations. At the conclusion
of the specified number of generations, the best chromosome in the final population, or the best chromo-
some ever found, is returned. Unlike the majority of other search heuristics, genetic algorithms do not
work from a single point in the function space. GAs continually maintain a population of points from
which the function space is explored.

In using GAs for function optimization, many issues, such as proper scaling of functions, ensuring that
good information is not lost due to random chance, and efficient problem representation, need to be
resolved. Although GAs can often find regions of high performance, it is much harder for the GA to move
to the optimal solution. One potential reason for this inability is that the differential between good and
optimal solutions may be very small in comparison with the differential between good and bad solutions.
In designing an effective genetic based function optimizer, it is necessary to be able to provide a large
enough "incentive" for the GA to make progress given only small differentials. One method of maintain-
ing a large differential between potential solutions is to employ a method of dynamic scaling, so that the
fitness of each solution is measured relative to the fitness of the other solutions in the current population.

Population Based Incremental Learning
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As a genetic algorithm is randomized, it is possible to lose the best solution due to random chance. There is
no guarantee that the best solution in the current population will be selected for recombination, or that if it
is selected, that the mutation and crossover operators will not destroy some of its information as it is
passed to its successors. If the best solution is lost from the population, there is no guarantee that the solu-
tion will be found again. Methods such as elitist strategies have been proposed to address this problem.
Elitist strategies ensure that the best solution in the previous population is transferred to the current gener-
ation unaltered. A common implementation of this replaces the worst chromosome in the current genera-
tion with the best from the previous generation.

Beyond the mechanisms inherent to the GA which influence its ability to optimize functions, there is also
the issue of problem representation. Although the majority of GA research has been conducted using a
binary solution representation, this is not the only method of encoding problem solutions. Different meth-
ods which alter the cardinality of the alphabet used for encoding, or the interpretation of the encoding, can
have an enormous impact on the performance of the GA [Liepins & Vose, 1990]. A good overview of the
issues and difficulties involved in using GAs for function optimization can be found in [De Jong, 19921.

1.2. Introduction to Competitive Learning

Competitive learning (CL) is often used to cluster a number of unlabeled points into distinct groups. Mem-
bership into each group is based upon the similarity of points with respect to the characteristics in study.
The procedure is unsupervised, as there is no a priori knowledge of how many groups exist, or what each
group's distinguishing features may be. The hope is that the CL procedure will be able to determine the
most relevant features for class formation and then be able to cluster points into distinct groups based on
these features.

Competitive learning is often studied in the context of artificial neural networks as it is easily modeled in
this form. A typical competitive learning network is shown in Figure 1. The inputs correspond to the fea-
ture vector for each point. The outputs correspond to the class in which the network has placed the point.
In this network, there are two types of connections, excitatory and inhibitory. The inhibitory connections,
between output units, ensure that only one output is turned on at a time. The output unit that is turned on
is the one which has the largest net input. The excitatory connections contribute to the net input of the out-
puts. The algorithm used to train the network is described below.

Inhibitory Connections

Outputs (1..3)

Excitatory Connections

Inputs(1..5) ) ,

Figure 1: A competitive learning network. The hollow arrows represent inhibitory
connections, the filled arrows represent excitatory connections.

The initial weights of the network are chosen randomly, and are subject to normalization constraints,
which are detailed in [Hertz, Krogh & Palmer, 1993]. The activation of the output units is calculated by the
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following formula (in which w is the weight of the connection between i and i):

outputi = Iw x input

In a competitive learning network, only the output unit with the largest activation is allowed to fire for
each point presented. The winning output unit corresponds to the classification of the input point. During
training, the weights of the winning output unit are moved closer to the presented point by adjusting the
weights according to the following rule (LR is the learning rate parameter):

AWii = LR x (input -wi)

The process of training the CL network involves repeatedly presenting each point to the network until the
network has stabilized. Although, in general, the network cannot be guaranteed to stabilize if weight
updates are made after each point is presented to the network, other heuristics may be used to determine
when to stop training. One possible method of ensuring stability is to reduce the learning rate gradually to
0, as the total number of pattern presentation increases [Hertz, Kzogh, Palmer, 1993].

After the network training is complete, the weight vectors for each of the output units can be considered
prototype vectors for one of the discovered classes. The attributes with the large weights are the defining
characteristics of the class represented by the output. It is the notion of creating a prototype vector which
will be central to the discussions of PBIL The unsupervised nature of the algorithm will not be main-
tained, as the members of the class of interest will be easily determinable; this will be returned to in much
greater detail in the next section. Although the method of training described in this section has been unsu-
pervised, supervised competitive learning has been explored in artificial neural network literature, and is
central to the discussion in Section 2 [Kohonen et. al, 19881 [Kohonen, 1989]. The examination of PBIL
through the perspective of supervised competitive learning yields insights which can lead to a much more
efficient algorithm than the base-line PBIL described in the next section. Improved versions of PBIL are
described in section 4, and are empirically examined in section 5.

2. Examining the Genetic Algorithm: The Role of a Population

One of the fundamental attributes of the genetic algorithm is its ability to search the function space from
multiple points in parallel. In this context, parallelism does not refer to the ability to parallelize the imple-
mentation of genetic algorithms; rather, it refers to the ability to represent a very large number of potential
solutions in the population of a single generation. This section describes the implicit parallelism of GAs,
and explicit methods of ensuring parallelism. Because of the failure of the implicit parallelism to exist in
the latter parts of genetic search in the simple genetic algorithm, the utility of maintaining multiple points,
through the use of a population, decreases. The limited effectiveness of the population in the latter por-
tions of search allows it to be modeled by a probability vector, specifying the probability of each position
containing a particular value. This concept is central to the PBIL algorithm, and is the focus of this section.

2.1. Implicit and Explicit Parallelism in Genetic Search

In every generation during the run of a GA, a population of potential solutions exists. The search of the
function space progresses from these points, and the schemata represented in these points, in parallel. This
is in contrast to other search techniques, such as simulated annealing (Kirkpatrick et al., 1983], or hill-
climbing, in which a single point in the function space is used as the basis for search. The ability to search
multiple schemata in each solution vector has been termed implicit parallelism. However, useful parallel-
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ism, at the level of the population, is not easily maintained. It is possible for the population to converge to
very similar solution vectors. Once the population has converged, the ability for crossover operators to aid
in exploring new portions of the function space is greatly hindered. For a review of typical crossover oper-
ators see Appendix A. Premature convergence of a population can occur when the population becomes too
homogenous. As the GA allocates an exponentially increasing number of trials to better solutions [Gold-
berg, 19891, the entire population may come to be dominated by very similar solution vectors when several
consecutive generations do not develop novel high evaluation solution vectors.

In a traditional GA, the problem of premature convergence and the trap of local minima has been partially
addressed by the mutation operator. The mutation operator inserts random changes into the population,
without regard to whether the effects are beneficial or detrimental. However, other mechanisms, which
help to maintain the parallelism explicitly, have been proposed to address the problem of diversity loss
and maintaining parallelism in search (Eschelman, 19911 [Goldberg, 19891 [De Jong, 19751 [Goldberg,
19871. To demonstrate the importance of maintaining parallelism in genetic search, the technique pre-
sented here to implement explicit parallelism is subpopulation evolution.

One method of implementing explicit parallelism is through models of genetic algorithms often referred to
as "island models" or "coarse/fine grain parallel GAs" etc. The underlying premise of these models is that
although genetic search often loses the parallelism inherent in a single large population structure, it is pos-
sible to maintain parallelism through the use of multiple subpopulations. In this model, the single large
population of the traditional genetic algorithm is divided into many smaller subpopulation. Each subpop-
ulation evolves its chromosomes primarily independently of the other subpopulations. Interaction, in the
form of chromosome swapping between subpopulations, is restricted, and is based upon temporal and
spatial considerations [Whitley, 19911 [Whitley, 19921 [Baluja, 19921 (Muhlenbien, 19891 [Schleuter, 19901.

The motivation of explicit parallelism is largely based upon the tenets of the theory of punctuated equilib-
ria. The theory of punctuated equilibria, and its relation to GAs is described in [Cohoon et al., 1988]:

Punctuated Equilibria is based upon two principles: allopatric speciation and stasis. Allopatric
speciation involves the rapid evolution of new species after a small set of members of species,
peripheral isolates, becomes segregated into a new environment. Stasis, or stability, of a spe-
cies, is simply the notion of lack of change. It implies that after equilibria is reached in an envi-
ronment, there is very little drift away from the genetic composition of species. ... Punctuated
Equilibria stresses that a powerful method for generating new species is to thrust an old spe-
cies into a new environment, where change is beneficial and rewarded. For this reason we
should expect a genetic algorithm approach based upon punctuated equilibria to perform bet-
ter than the typical single environment scheme [Cohoon et al, 1988].

An example which clearly displays the benefits of using a parallel GA in place of a traditional GA is shown
below. The inability of a traditional genetic algorithm to maintain simultaneously multiple equally good
points in the function space prevents the GA from finding the global optima. As the parallel genetic algo-
rithm (pGA) model is able to maintain multiple good points, the pGA is able to solve the problems more
consistently. This problem is attempted with a single population GA with 100 members, and an "island"
model GA with 5 populations, each consisting of 20 members. The problem and results are shown below,
see Figure 2. This test problem was created jointly with Juels UJuels, 19931.

f(1) = MAX (o (1), z (1)) + REWARD

(o(t) >T T) A (z (1) a T) =*LENGTHREWARD = { x
0

LENGTH is the number of bits in the solution string
o(x) is the number of contiguous ones starting at the first position
z(x) is the number of contiguous zeros ending at the last position
T is the threshold, less than LENGTH/2
MAX returns the larger of its two arguments.

Population Based Incremental Learning
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Figure 2. The failure of a simple GA to maintain multiple good points in the function space.
This exemplifies the benefits of using divided subpopulations for explicitly preserving
diversity. Average of 20 runs shown.

Admittedly, this problem is contrived to show the potential benefits of using parallel populations. The sin-
gle large population converges to a suboptimal solution of either all ones or all zeros. With multiple sub-
populations, each subpopulation can evolve to a different point. The eventual interaction between
subpopulations can combine these points to find globally optimal solutions. In general, optimization prob-
lems may not have the same characteristics necessary to reveal such pronounced benefits of pGAs in com-
parison to traditional GAs. Nonetheless, pGAs have shown benefits in a large number of optimization
problems, both in terms of the number of evaluations performed and the final results obtained [Husbands,
19901, [Whitley & Starkweather, 19901 [Davidor et al., 1993] [Gordon & Whitley, 1993].

The previous paragraphs showed that a simple genetic algorithm, with a single population, cannot main-
tain dissimilar points in the function space. The "Fundamental Theorem of Genetic Algorithms" does not
address this. This theorem is stated below:

"Short, low order, above average schemata receive exponentially increasing trials in subse-

quent generations" [Goldberg, 19891

Population Based Incremental Learning
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The inability to provide increasing trials to multiple dissimilar points is akin to the problem of genetic drift
in biological systems. Due to stochastic sampling errors, a population will converge to a single point when
presented with multiple points in the function space which have the same, or only an extremely small dif-
ferential in their evaluations. In describing the effect of genetic drift, Goldberg and Richardson summarize
this finding.

"... the theorem (Fundamental Theorem of Genetic Algorithms [Goldberg, 1989]], assumes an
infinitely large population size. In a finite size population, even when there is no selective
advantage for either of two competing alternatives.., the population will converge to one alter-
native or the other in finite time (De Jong, 1975; [Goldberg & Segrest, 1987]). This problem of
finite populations is so important that geneticists have given it a special name, genetic drift
Stochastic errors tend to accumulate, ultimately causing the population to converge to one
alternative or another" [Goldberg & Richardson, 1987].

This experiment was included to demonstrate that the simple genetic algorithm cannot maintain implicit
parallelism in the latter portions of search. In systems which can maintain the parallelism in search, the
problem is easily solvable. In the next section, the population is replaced by a single probability vector,
which specifies the probability, in each position, of containing a specific value. A single vector can be used,
because the parallelism (the ability to maintain multiple dissimilar high evaluation points in the function
space) is not maintained in a single population GA. In modelling GAs with more than a single population,
multiple probability vectors can be used. The use of multiple probability vectors is not examined here;
however, it is returned to in the discussion of future directions.

2.2. Replacing the Population

The PBIL algorithm attempts to create a probability vector from which samples can be drawn to produce
the next generation's population. As in standard GAs, it is assumed that the solution is encoded into a
fixed length vector. Ignoring the contribution of mutation, the expected distribution of values in each posi-
tion of the population during generation G, can be computed based upon the population of generation G-
1. Assuming a fully generational GA (each member of the population is replaced in the subsequent gener-
ation), fitness proportional selection, and a general pair-wise recombination operator, the probability of
value j appearing in position i in a solution vector x, in a population at generation G, can be computed as
follows:

Evaluate Vector (v)
v e Population,_ ^ v=j

P(i,j) = P(xi=j) =I A V1

Evaluate Vector (v)
v e Populationo I

This is simply a counting argument, weighted by the evaluation of each solution string. Given a popula-
tion, a unique representation can be made by a probability matrix defined by the above equation. Two
comments should be made about this representation. First, many populations will have identical probabil-
ity matrices. Second, if the above representation was used to represent the population, and samples for
generation G were drawn by sampling points based upon this distribution, the solution vectors produced
are unlikely to improve over those in generation G-1. This is due to the implicit assumption that each bit
position's value is independent of all other bit position's values across individual solution vectors. Tradi-
tional crossover does not assume this; a pair-wise crossover operator maintains more information between
the bit positions, as the composition of the "children" solution strings is chosen from only two "parent"
solution strings.
Although a population represented directly as mentioned above may not be useful for sampling in order
to generate the next generation's vectors, a variation of the above representation can be useful. From a
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population of size N, consider probabilistically (based upon fitness) selecting N solution vectors for recom-
bination. These newly generated vectors can be represented as a probability matrix by simply counting the
number of occurrences of each value in each bit position. This method is described in greater detail by
[Syswerda, 19921. This probability matrix can be used to create a new population. This representation has
been used to simulate crossover. It is compared to other crossover operators in [Eshelman & Schaffer,
19931.

In a manner similar to the methods described above, the population-based incremental learning (PBIL)
algorithm uses a probability vector to describe the population of a genetic algorithm. In a binary encoded
solutions string, the probability vector specifies the probability of each bit position containing a '1'. The
probability of the bit position containing a '0' is obtained 'y subtracting the probability specified in the
vector from 1.0. For example, see Figure 3. Although from this point, PBIL will be considered for solution
vectors encoded in a binary alphabet, this method can be applied to higher-cardinality representations.

Population #1 Population #2 Population #3

0011 1010 1010
1100 1100 0101
1100 1100 1010
0011 1100 0101

Representation Representation Representation
0.5,0.5,0.5,0.5 1.0 0.75 0.25 0.0 0.5 0.5 0.5 0.5

Figure 3: The probability representation of 3 small populations of 4 bit solution vectors;
population size is 4. Notice that the first and third representation for the population are
the same, although the solution vectors each represents are entirely different.

The PBIL algorithm attempts to create a probability vector which can be considered a prototype for high
evaluation vectors for the function space being explored. A very basic observance of genetic algorithm
behavior provides the fundamental guidelines for the performance of the PBIL. One of the key features in
the early portions of genetic optimization is the parallelism in the search; many diverse points are repre-
sented in the population of a single generation. In representing the population of a GA in terms of a prob-
ability vector, the most diversity will be found in setting the probabilities of each bit position to 0.5. This
specifies that generating a 0 or 1 in each bit position is completely random.

The PBIL algorithm uses the probability vector representation for defining a population. Rather than pas-
sively transforming each population into a probability vector, from which solution vectors are generated
and recombined, etc., the aim of PBIL is to actively create a probability vector which, with high probability,
represents a population of high evaluation solution vectors. Unlike the mechanisms inherent to a GA,
operations are not defined on the population; rather, in PBIL, operations take place directly on the proba-
bility vector. These mechanisms are derived from those used in competitive learning.

In a manner similar to the training of a competitive learning network, the values in the probability vector
are gradually shifted towards representing those in high evaluation vectors. A simple procedure to accom-
plish this is described below. The probability update rule, which is based upon the update rule of compet-
itive learning, is shown below.

The probability update rule described above is the similar to the weight update rule in a competitive learn-
ing network when an output is moved towards a particular sample point. It is interesting to note that the
each bit is examined independently. Above, it was claimed that a representing each bit independently dis-
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PTobability i = (probability X (i-O - LR) ) + (LR X vector i)

probabilityi is the probability of generating a I in bit position i.
vector i is the Ah position in the solution vector which the prohebility vector is moved towards.
LR is the lmning rme

regarded much of the information which standard crossover preserved. The reason the assumption of
independence is not detrimental, is that PBIL does not attempt to represent the entire population by the
probability vector. Rather, PBIL represents a single point, based upon the vector with the highest evalua-
tion, around which the next population of points should be generated. This is described in more detail
below.

The step which remains to be defined is how to determine which solution vectors to move towards. If the
good vectors were known a priori, the problem would, of course, already be solved. Several alternative
methods have been explored. The basis of some of the earlier attempts involved generating a single vector,
and deciding whether to push the probability vector towards the generated vector. However, a more effec-
tive method, which has proven empirically to be more resistant to getting caught in local minima, is to
generate a number of vectors all based upon the probabilities specified in the probability vector, and to
push the probability vector towards the generated vector with the highest evaluation. After the probability
vector is updated, a new set of vectors is produced based upon the updated probability vector, and the
cycle is continued.

Generating a population of potential solutions, rather than a single solution vector, is an attempt to main-
tain the ability to explore large regions of space in a parallelized manner, as the GA does in the early stages
of search. In the early stages of search, there is a large amount of diversity in the regions of the function
space which are simultaneously explored. As the search progresses in PBIL, the values in the probability
vector move away from 0.5, towards either 0.0 or 1.0. In the GA, this corresponds to the respective bit posi-
tions in the majority of the solution strings having the same value. As the search progresses, the popula-
tion of the GA tends to converge around a good solution vector in the function space. Analogously to
genetic search, the progression of search in PBIL converges around a single point. The PBIL algorithm and
a standard GA face the same problem of premature convergence. In PBIL, as the probabilities become very
close to either 0.0 or 1.0, the similarity in the vectors generated increases. One advantage which the PBIL
algorithm offers is explicit control of how fast the population converges. The setting of the learning rate
parameter, which can greatly effect the speed to convergence, is explored in Section 3.

A concern is that because only a single probability vector is used, it may have less expressive power than a
full population GA. A GA which uses a population of points can represent a large number of points simul-
taneously. For example, in Figure 1, the representations for population #1 and population #3 are repre-
sented by probability vectors of 0.5; therefore, it is unlikely that the population members would be
regenerated by sampling the probability vector. This appears to be a fundamental limitation of PBIL, as it
is possible for a GA to contain either of these populations. However, for the reasons mentioned previously
(genetic drift), in simulating genetic search, a traditional single population GA would not be able to maintain
either of these populations. Because of sampling errors, the population will converge to one point; it will not
be able to maintain multiple dissimilar points. Therefore, even if the members of the populations shown in
Figure 3 had equally high evaluations, the GA would be unable to maintain them in its population, and
would converge to only one. Similarly, in PBIL, the values of 0.5 will quickly be changed to favor either 0.0
or 1.0 through the search's progression, the probability vector can only represent one of the dissimilar
points. Methods designed to address this problem, which implement explicit parallelism, are not explored
here. However, it should be noted that many of the methods are applicable to both GAs and PBIL.

As the population which is represented by a probability vector is not unique, this aids in maintaining
diversity in search. For example, members from population #1 and population #3 can be generated by the
probability vector used to represent these populations. In traditional GAs, uniform crossover (see Appen-
dix A) also often has the same characteristics from one generation to the next - extremely dissimilar chil-
dren can be produced from the same parents.
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As discussed previously, the GA does not only rely on crossover to perform extensive search. In the latter
parts of search, mutation plays a prominent role. In an analogous manner, a similar operator is defined in
PBIL. For PBL, there are two ways of defining a mutation operator. The first is to perform the mutation
directly on the vectors generated. The second method is to perform a mutation on the probability vector;
this mutation can be defined as a small probability of perturbation on each of the positions in the probabil-
ity vector. Both of these forms of mutation have the same effect as mutation in standard genetic algo-
rithms: to help preserve diversity. For the experiments conducted in this study, the second form of
mutation is implemented. The full algorithm is described in Figure 4; this is the original EGA algorithm as
formulated in conjunction with [Juels, 1994]. The role of the crossover operator and the behavior of the
population over multiple sequential crossover steps in the GA forms the basis of the EGA; the EGA is cur-
rently being analyzed from this perspective by Duels, 1994].

To keep the analogy with a GA simple, the number of vectors generated at each iteration is defined to be
the population size. The update rule to the probability vector is investigated from the perspective of com-
petitive learning in the next section. The mutation operator and its benefits are explored more thoroughly
in section 2.4.

2.3. The Probability Vector and Competitive Learning

The probability vector maintained by PBIL can be viewed as a prototype vector for generating solution
vectors which have high evaluations with respect to the available knowledge of the function space. In each
generation, the probability vector is adjusted to represent the current highest evaluation vector. As values
in the bit positions become more consistent between the highest evaluation vectors produced in subse-
quent generations, the probabilities of generating the value in the bit position increases. As mentioned
before, the unsupervised context of traditional competitive learning is no longer appropriate. The feature
of interest is competitive learning's ability to find a prototype for high evaluation vectors. However, it
should also be noted that the supervisory signals used in this algorithm are also non-standard. In most tra-
ditional supervised classification tasks, the sample points are pre-labeled. In PBIL, the class of high evalu-
ation vectors is defined during the algorithm's search. In each population of points generated, the highest
evaluation vector produced is defined to be in the class of interest. Finally, it should also be noted that the
probability vector not only specifies the prototype based upon the high evaluations of the sample solu-
tions, but also guides the search, which produces the next sample point from which to "learn".

The classes of problems to be addressed by PBIL are unlike many other problems for which competitive
learning is often employed. In many domains to which CL is applied, one of the largest difficulties in train-
ing the CL-net is the lack of available training data. However, there is an abundance of training data in the
class of problems attempted here. Training data is available through the evaluation of potential solution
vectors. Nonetheless, to be efficient, the algorithm must minimize the number of function evaluations per-
formed. Therefore, as information regarding the characterization of high evaluation vectors becomes avail-
able, it is incorporated into the search; the updated probability vector is used to generate the next
population of sample points.

Although the method of defining classes is not common, the supervised training of this algorithm is simi-
lar to the learning vector quantization (LVQ) method presented by Kohonen [Kohonen, 1988] [Kohonen,
1989]. Kohonen's LVQ attempts to find the prototype vector of a set of known classes. In LVQ, the method
by which the output unit is chosen is the same as in standard CL. However, if the winner is a class to
which the point does not belong, the winner's weights are adjusted to move the prototype vector away
from the misclassified point. As in standard CL, if the class is correct for the input point, the winner's
weights are adjusted to more reliably classify the point. Similar extensions are possible for PBIL, such
extensions include learning from misclassified examples. This is explored in greater detail in section 4.

The PBIL algorithm also has ties with early reinforcement learning algorithms [Moore, 19941, which use a
probability vector approach to probabilistically chose an action. Such learning algorithms include the lin-
ear reward- penalty algorithm and its specialization, the linear reward-inaction algorithm. A good survey of
early reinforcement algorithms can be found in [Kaelbling, 19901.
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P 4- Initalze pndbAbty veclor. (Each position - 0.5)

loop # GENERATIONS

# Generate Samples
I4- loop #SAMPLES

samplel 4- generate sample vector acacring to probablitiee in P
evalualloi 4- evaluate (samplej)

# Find Best Sample
max 4- find vector corresponding to nmaximum evaluation

# Update Probability Vector
14- loop N.ENGTH

P1 4- P, (1.0 - LR) e maA * (LA)

# Mutate Probability Vector
I <--oo" #LENGTH

If (random (0,11 - MUTYPROBABIUITY)
P1 <-- P, (1.0 - MUT-SHIFT) + random (0.0 or 1.0) (MUT...SHIFT)

USER DEFINED CONSTAN7S:
GENERATIONS: number of iterations to allow leaming.
SAMPLES: the population size, number of samples to produce per generation
LENGTH: lengt of encodled solution
MUT-.PROBABIUITY: probability of mutation occurring in each position
MUT_.SHIFT: amount for mutation to affect the probability vector
LA: Wearning rate

VARLABLES:
P: probability vector
samPIeAsMPLEs: solution vectors
evaIUato.SApLES: evaluations of the solution vectors
max: solution vector corresponding to maximum evaluation

Figure 4. The basic PBIL algorithm. When using this algorithm, the highest evaluation vectors
should also be maintained, and returned at the end of the procedure. This is the EGA
algorithm as formulated with Duels, 19941.

2.4. The Role of Mutation in GAs and PBIL

One of the goals of this paper is to examine the roles of the operators used in genetic algorithms to deter-
mine what their relevance is to the PBIL algorithm, and what their role should be. In this section, the role
of the mutation op. rator is examined. The role of mutation is more pronounced in the latter stages of
search, when diversity in the population is lost [Spears, 1992]. Crossover is valuable in the early portion of
search as it takes large steps towards better solutions [Fogel, 19931. In many optimization problems, much
of the fine-tuning (moving from good regions of the function space to optimal solutions) in genetic search
occurs because of mutation operator. The crossover operator is less effective, as described previously, as

Populaton Based Incremnental Learning



15/41

recombining similar chromosomes exclusively through the use of crossover does not introduce diversity
or induce exploration of the function space. A good discussion of the trade-offs between mutation and
crossover, and their roles in performing extensive search can be found in [Spears, 1992][Fogel, 1993).

This section is provided to show the importance of the mutation operator in genetic search and in PBIL
The role of mutation is examined in an easy sample problem, described below. The performance of a GA
with and without mutation and PBIL with and without mutation is shown for the sample problem in Fig-
ure 5. Also included in Figure 5 is the performance of a GA which has mutation only in the later parts of
the search, in particular, the mutation is turned on only after generation 200. These are included to provide
an intuitive understanding the role mutations have in function space exploration. The performance of a
next-step hillclimber is given; the details of the hillclimber can be found in Appendix B. For the problem
attempted a solution vector is composed of 200 bits, and the population size for each algorithm is 100 vec-
tors. The mutation rate for the genetic algorithm is 0.001. The mutations for the PBIL occur on the probabil-
ity vector with probability 0.02. In each mutation, the probability vector is shifted by a value of 0.05 in a
randomly chosen direction. The graph shown represents the average performance of 20 runs, allowed to
perform 50,000 function evaluations each (500 generations). Each of the 20 variables x0 - x19 are encoded in
base 2, with 10 bits.

19
f(x) = I (1.5-1(0.023 x i) -xil)

i=O

0.0 : X0 ... X19 < 1.024

Sampl Et a Moobis ON &md Sunh Sampl Eff. 'Mutation on GA and PBIL

-'GAI 
n.j

---- -- GA wl me

'4-.W2W 23
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Figure 5: The effects of mutation on the search ability of a standard genetic algorithm and PBIL.
The left graph shows GA runs with mutation and crossover operators on before and
after generation 200 (see diagram). n the GA runs in the right graph, the crossover
operator is constantly on in both runs, and the mutation operator is on only in the first
run. The highest evaluation the hillclimber (Appendix B) was able to achieve was
2969, after 50,000x20 evaluations (758 restarts).

Although this is not a hard function to optimize, part of the difficulty in finding optimal solutions for this

problem is the simple binary encoding used. The difficulty exists because of "hamming cliffs" present in
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the encoding. These are points at which the representation of the next sequential number is largely dissim-
ilar to the current number's representation. For example, consider the binary represetation for 255 and
256: 011111111 and 100000000. This type of encoding increases the difficulty of search. The problem can be
overcome through the use of gray-coding. Gray coding ensures that the representations of subsequent
numbers differ only by a single bit. Gray code is not used for this problem to display one of the many
potential difficulties in creating arbitrary black-box function optimization techniques.

Although it is clear from the above example that mutation can aid PBIL in finding better final solutions,
mutation may not play as crucial a role in PBIL as it does in standard genetic search. The manner in which
potential solutions are probabilisftically created from the prototype vector allows sampling a diverse set of
points. The role of mutation is to prevent the prototype vector from too quickly converging to an extreme
value (either 0.0 or 1.0) in each of the bit positions.

3. Examining the Effects of Changing the Learning Rate

There are four parameters which can be adjusted in the PBIL algorithm described to this p te popula-
tion size, the learning rate, the mutation probability and the mutation shift (the magnitude o aie effect of a
mutation on the probability vector). In consideration of the length of the paper, this section will concen-
trate only on the setting of the learning rate parameter, as this parameter has no counterpart in traditional
GAs. Although the settings of population size and the mutation probability and shift can have a significant
impact on the effectiveness of PBIL and a GA, there is an abundance of literature describing the tuning of
the analogous parameters in standard genetic algorithms. Although extensive testing has not been con-
ducted with different population sizes and different mutation rates with PBIL, it is suspected that mch of
this literature should yield valuable insights into appropriate setting of the parameters in PBIL Some ref-
erences for the setting of population size are [Muhlenbien, 19901 [Goldberg,1989] [Goldberg, 19921. Refer-
ences in which settings of mutation rates are discussed include [De Jong, 1975], [Baeck, 1993], [Whitley and
Starkweather, 19901.

The learning rate parameter has a larger effect in PBIL than in standard competitive learning. As with
competitive learning, the learning rate affects how fast the prototype vector is shifted to resemble a cor-
rectly classified point. Since in PBIL, the probability vector is used to generate the next set of sample
points, the learning rate also affects which portions of the function space will be explored. The setting of
the learning rate has a direct impact on the trade-off between exploration of the function space and exploi-
tation of the exploration already conducted. In this context, exploration is the ability of the algorithm to
search the function space thoroughly, while exploitation refers to the algorithm's ability to use the infor-
mation it has gained about the function space to narrow its future search. For example, if the learning rate
is 0, there is no exploitation of the information gained through search. As the learning rate is increased, the
amount of exploitation increases, and the ability to search large portions of the function space diminishes.
This is illustrated in the following example.

Eshelman and Schaffer used the following problem to compare how much exploration is done by various
crossover operators [Eschelman and Schaffer, 1993]. In a 100 bit solution vector i, the evaluation of the vec-
tor is defined as follows:

f(k) = MAX (o (), z())

where:
o(x) is the number of ones occurring in x,
z(x) is the number of zeros occurring in .
MAX returns the larger of its two arguments.
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This is similar to the first problem described in the paper, although this does not impose the requirements
of building consecutive ones from the left, and consecutive zeros from the right. Eachelman and Schaffer
attempted to determine how soon the commitment to either all zeros or all ones was made. In other words,
if the final solution string consisted of all zeros, what was the largest number of ones ever produced in a
solution string at any time during the run, and vice-versa.

The higher the learning rate parameter is set, the faster the algorithm will focus search. The lower the
learning rate, the more exploration will occur. In the Figure 6a, four learning rates are explored which
show rapid convergence. In Figure 6b, the learning rates are greatly lowered, and the rate of convergence
is significantly slower. In Figure 6c, the convergence of the population for a simple genetic algorithm is
shown. The GA run is shown both with and without elitist selection. For a more complete description of
elitist selection, see Appendix C.

From the figures, it is clear that for some values of the learning rate in PBIL, a simple GA exhibits a greater
ability to perform extensive exploration. For these settings, it is possible to design problems in which the
GA can be ensured to be perform better than PBIL on average. The types of problems may be as simple as
a time-varying function which gives a reward for finding 40 ones, after performing some large number of
evaluations (in this case 10000 would make the GA (w/o elitist selection) more successful than the PBIL
algorithms shown in Figure 6a). However, lowering the learning rate in PBIL can address some of these
problems. It should be noted, however, that if the learning rate is set too low, it is possible to cripple the
algorithm so that it may take an enormous number of samples before it is able to shift the probability vec-
tor enough to escape the initial oscillations, as is shown in Figure 6b.

The implications of this experiment are important to other optimization problems than the one shown. If
the learning rate is high, the initial populations generated will largely determine the focus of the search,
without enabling the algorithm to explore the function space. If the function space does not contain local
optima, a high learning rate may work well. However, if local minima could be a problem, lower learning
rates allow greater exploration.

4. Extensions to the Basic Algorithm

As noted earlier, some of the mechanisms used in PBIL are similar to those used in Kohonen's version of
vector quantization. The greatest difference in Kohonen's LVQ and PBIL is the target outcome of each
method. Kohonen's LVQ attempts to create decision boundaries for classes based upon known labeled
examples. PBIL attempts to optimize a function based upon labeled examples. Regardless of these differ-
ences, the procedures used are very similar. In Kohonen's version of vector quantization, the learning is
supervised as the classes for each of the sample points is known a priori [Kohonen, 19881. Similarly, the
class of interest is already defined in the PBIL procedure. In Kohonen's LVQ, the network is trained with
both positive and negative examples. In particular, if the classification made by the network is correct, the
weights of the winning output are strengthened; if the classification is incorrect, the weights are weakened.
In an analogous manner, it is possible to modify PBIL to train the prototype vector with more than the sin-
gle best solution vector. The remainder of this section is devoted to discussing two methods of using more
than the single best generated vector.

In each iteration of PBIL, a number of vectors are generated. However, in the version of the algorithm
described to this point, the prototype vector is only adjusted based upon the single best solution vector
generated in the current generation. When large populations are used, this has the potential of ignoring a
large amount of the work and exploration performed by the algorithm. Several alternatives are possible.
The first is to move the probability vector in the direction of the best M vectors, where M << N (N is the
number of vectors generated). This can be realized through several approaches. The first is the straightfor-
ward implementation: the prototype vector is moved equally in the direction of each of the selected vec-
tors. An alternative method is to move the probability vector only in the positions in which there is a
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Figure 6: The effects of learning rate on PBIL's ability to search the function space. Each line has
two parts, one moving towards the top of the graph, the other to the bottom The line
moving towards the top of the graph represents the maximum evaluation in the
generation. If the best solution in the generation is found because of the number of is,
then the line extending toward the lower regions represents the maximum number of
Os in each generation. If the best solution if found because of the number of Os then the
lower line represents the maximum number of is. Average of 20 runs shown.

consensus in all, or most, of the M solution vectors. For the positions in which there is no consensus in the
M generated vectors, the prototype vector is not shifted. Another rule could base the move of the proto-
type vector on the relative evaluations of the best M vectors. However, to this point, the algorithm can
ignore issues regarding scaling, as only the rank is important~ As described earlier in the paper, problems
regarding scaling have often proved to be detrimental in GA search. Although methods which require
such scaling may prove to be useful, this tactic is not explored in this paper.

An alternative to ony using multiple high evaluation vectors is to use low evaluation vectors, in this
implementation, the single highest evaluation vector has the same role as in the original implementation.
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However, the prototype vector is also moved away from the lowest evaluation vector. A naive implemen-
tation of this is to simply move towards the complement of the lowest evaluation vector. However, this
method will not work well in the advanced stages of search since the best and worst vectors may be simi-
lar. As the prototype vector becomes more fixed towards either 0.0 or 1.0 for each bit position, the probabil-
ity of generating very similar vectors increases; therefore, the difference between the best and worst
generated vectors will diminish as the search progresses (of course, this does not imply that their evalua-
tion will not be vastly different). If the bit-wise difference is small, moving away from the worst vector
could be counter-productive as it will also move away from the best vector in the majority of the bit posi-
tions. A simple modification, which has proven to work well, is to only move away from the bits in the
worst vector which are different than those in the best vector.

One of the drawbacks with introducing either of the above two extensions to PBIL, is that both introduce
more parameters to the algorithm. For example, the first method, moving towards multiple good vectors,
requires the number of high evaluation vectors considered, M, to be defined. The second method, moving
away from bad vectors, requires the specification of the learning rate for the negative examples. In the next
section, standard PBIL and PBIL with moves away from negative examples are examined empirically. Sev-
eral settings for the negative learning rate are investigated.

5. Empirical Analysis

In this section standard PBIL, PBIL which includes learning from negative examples, and a simple GA are
compared empirically. All PBIL algorithms have the following parameters (unless otherwise noted): learn-
ing rate 0.1, mutation probability 0.02, mutation shift 0.05, and population size = 100. The algorithms com-
pared are:

1. standard PBIL - Negative Learning Rate - 0.0 (S-PBIL). This is the EGA algorithm as

developed in conjunction with [Juels, 19941.

2. PBIL - Negative Learning Rate = 0.025 (PBIL2 0.025)

3. PEIL - Negative Learning Rate = 0.075 (PBIL2 0.075)

4. PBIL - Negative Learning Rate = 0.1 (PBIL2 0.1)

5. PBIL - Naive Implementation of Learning from negative examples, Negative Learning
Rate = 0.025 (PBIL-N) For details, see section 4.

6. PBIL with only move away from low evaluation vectors, do not move towards best.
Learning Rate = 0.0; Negative Learning Rate = 0.1 (PBIL-LOW)

7. Standard Genetic Algorithm; Population Size = 100; Mutation rate = 0.001; Crossover
= 2pt; Generational Model with Elitist Selection. (SGA) See Appendix C for a more
detailed explanation.

8. Multiple Restart, Next-Step Hill Climber. See Appendix B for a detailed explanation of
the algorithm. This algorithm was allowed 100x2000 evaluations per run, to match the
number of evaluations per run in the other algorithms. The evaluations presented
here are highest evaluations per run, averaged over 20 runs. Note that in all of these
problems, the hillclimber restarted itself in random positions a minimum of 81 times
(bin pack 1), and a maximum of 2397 times (De Jong's F2).

Several different values of the negative learning rate are included as it has very little or no other literature
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devoted to its setting. Although it is not expected that PBIL-N or PBIL-LOW will be able to optimize the
harder functions as well, they are included for a base-line reference.

The twelve problems ou which each of the algorithms are compared can be divided into five groups. The
first three are known NP- complete problems: Jobshop Scheduling, Traveling Salesman Problems, and Bin
Packing problems. The fourth set of problems is often used in genetic algorithm literature to gauge the per-
formance of genetic algorithms; they are numerical optimization problems. The fifth category of problems
can best be described as those which are designed to trap GAs in local optima or plateaus. IWo problems
are explored in this category: the first is the order-4 deceptive problem, a problem which is extremely diffi-
culty for many single population GAs to optimize, the second is a checkerboard problem, as suggested by
[Boyan, 1993]. The remainder of this section describes the problems, their encoding, and the performance
of the seven algorithms on each of the problems.

In this section, the performance of each algorithm is shown in a graph representing the best evaluation in
each generation, averaged over 20 runs. With the description of each of these experiments, the perfor-
mance of a multi-start next-step hllclrmber, described in detail in Appendix B, is also provided.

5.1. Jobshop Scheduling Problems

The job-shop scheduling problem is an important problem which is among the worst members of the NP-
complete problems [Garey & Johnson, 19791. Recently, genetic algorithms have been applied to the prob-
len, as it is difficult for conventional search based methods to find near-optimal solutions in a reasonable
amount of time [Fang et. al, 1993.

The following description of the job shop problem is given in [Fang et. al, 19931:

"In the general job shop problem, there are j jobs and m machines; each job comprises a set of
tasks which must each be done on a different machine for different specified processing times,
in a given job-dependent order. ... A legal schedule is a schedule of job sequences on each
machine such that each job's task order is preserved, a machine is not processing two different
jobs at once, and different tasks of the same job are not simultaneously being processed on dif-
ferent machines. The problem is to minimize the total elapsed time between the beginning of
the first task and the completion of the last task (the makespan)." [Fang et. al, 1993]

The problem is encoded in the following manner. a string of j * m integers are encoded into a binary bit
string, x. The integers are in the range of [1...j]; therefore, there are log2j * j * m integers in the encoding. A
circular list, C of jobs is maintained. C is initialized to 1...j. The following procedure is repeated until C is
empty:

1. read the next log2 j bits from x

2. i +- convert the bits to an integer

3. job y +- find the ith entry in list C

4. task t -- find the next task to be scheduled for job y (this specifies the machine
needed)

5. find the first viable time slot for task t, subject to the constraints that it must be

" after the last scheduled task for job y

* in a space which is at least as long as is required task t
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6. increment the last scheduled task counter for job y. If job y is done, remove it from C.

The encoding here used a bit string to encode the integers in the range of 1...j. Fang et. al used chunks
which are atomic for the GA [Fang eL al, 19931. Although the encoding used here is certainly not the easi-
est space in which to find solutions, it is used to provide results which are comparable to other algorithms.
As the makespan is to be minimized, the evaluation of the potential solution is (1.0/makespan).

TWo standard test problems are attempted, a 10 job, 10 machine problem and a 20-job, 5-machine problem.
A description of the problems can be found in (Muth & Thompson, 19631. The results are shown in Figure
7 and Figure 8.

The hillclimbing algorithm was unable to perform as well as the other algorithms on this problem, as it
achieved evaluation of 0.00097 and 0.00077 on the 10x10 and 20x5 jobshop scheduling problems, respec-
tively.
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5.2. Traveling Salesman Problems

The Traveling Salesman Problem (TSP) is perhaps the most famous of the NP-complete problems. A ver-
sion of the TSP is examined here in which the distances between cities are symmetric, and each of the cities
lies on a two dimensional plane. However, it should be noted that these assumptions are not used explic-
itly by the algorithms tested. The object of the problem is to find the shortest length tour which visits each
city exactly once, and returns to the original city.

For a problem with N cities, the encoding requires a bit string of size Nlog2N bits. A city is assigned a con-
tiguous substring of length M (M = log2N). Each substring is interpreted as a binary integer in the range of
[0, N-l]. The city with the lowest integer value comes first in the tour, the city with the second lowest
comes second, etc. In the case of ties, the city whose substring comes first in the bit string comes first in the
tour.

This encoding, although not very effective, is commonly used when encoding the tour in a binary string.
Again, it is used here to produce results which can be compared to other results given in literature. As the
length of the tour is to be minimized, the evaluation of the potential solution is l/TourLength. Two small
problems were attempted: the standard 30 city TSP, and the 50 city TSP [Whitley et al., 19891. The results
are shown in Figure 9 and Figure 10.

The hiliclimbing algorithm was unable to perform as well as the other algorithms on this problem, as it
achieved evaluations of 0.00194 and 0.00155 on the 30 and 50 city TSP problems, respectively.
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5.3. Din Packing

In this problem, there are N bins of varying capacities and M elements of varying sizes, between 0.0 and
1.0. The problem is to pack the bins with elements as tightly as possible, without exceeding the maximum
capacity of any bin. This problem is also known to be NP-complete [Garey and Johnson, 1979].
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In the problem attempted hem, the eror of a particular solutinm is measured by

N
ERROR - I CAPi - ASSIGNED4[

where:
CAP is the capacity of bin i
ASSIGNED i is the total size of the elements assigned to bin i.

The problem's solution is encoded in a bit string of length M * Iog2N. Each element to be packed is
assigned a sequential substring of length log2N. The substring is converted from binary to decimaL The
value revealed is the bin in which the element is placed. As the error in packaging, ERROR, is to be mini-
mized, the evaluation of the potential solution is 1.0 /ERROR.

Three problems are attempted, each with a string size length of 512 bits. The problems attempted are of the
following sizes: 16 bins, 128 elements (Figure 11); 4 bins, 256 elements (Figure 12), 2 bins, 512 elements
(Figure 13).

It is interesting to note that on the second bin packing problem, the hiliclimbing procedure was consis-
tently able to outperform all of the other algorithms (average evaluation was 168,078). On the first bin
packing problem, the hiliclimbing algorithm did not perform well (average evaluation 26). On the third
bin packing problem, it was able to perform well, but not the best overall (average evaluation 28,677,215).
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Figure 13: Bin Packing (2 Bins, 512 Elements)

5.4. Standard Numerical Optimization Problems

In addition to NP-complete p~oblems, PBIL's ability to optimize functions which are common to genetic
algorithm literature is also examined. The first two functions examined, De Jong's F2 and F3 [De Jong,
19751 are easily optimized functions on which both PBIL and the standard genetic algorithm do very well.
These functions are rather small, and are easy to optimize for all of the methods examined here. Davis has
explored the value of using these functions as standard benchmarks in [Davis, 1991]. The third function is
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based upon a function found in the paper by Gordon & Whitley; it in turn are based on a functions by
Griewangk [Gordon & Whitley, 1993]. The encoding of the functions are slightly modified from their orig-
inal encodings; the problems and the modifications are described below.

Each function attempted here used standard binary encoding for all of the variables. Each variable was
encoded as a contiguous string in the solution vector. The problems are optimized as maximization prob-
lems.

5.4.1. De Jong F2

The only difference between the encoding of De Jong's F2 used here and in its original formulation is that
it was originally formulated as a minimization problem, with the absolute minimum at 0.0. In this formu-
lation, the problem is a maximization problem. The evaluation of the original F2 is subtracted from the
maximum of the function, 3905.93. The function is shown below. The results are shown in Figure 14.

All of the algorithms performed well on this problem. The hillclimbing algorithm's average evaluation
was 3905.93 (the optimal).

f(1)= (3905.93) - (100) x (x-x 2 ) 2
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Figure 14: De Jong's F2.

5.4.2. De Jong F3

As with the previous problem, De Jong's F2, the only difference between the encoding of De Jong's F3 used
here and in its original formulation is that it was originally formulated as a minimization problem. In this
formulation, the problem is a maximization problem. A constant value of 30.0 is added to the function to
make the global minimum at zero. The evaluation of the new F2 is subtracted from the maximum of the
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function, 55.0, to make the problem a maximization problem with a minimum of 0.0. The resulting func-
tion is shown below (in non-simplified form). The results are shown in Figure 15.

All of the algorithms performed well on this problem. The hillclimbing algorithm's avierage evaluation
was 55.0 (the optimal).

f() = 55.0-( 1  [x,] ) +30.0I)

h~~-.12: xio~F £.5 < 5.12
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This problem was taken from [Gordon & Whitley, 1993]. The problem is originally attributed to
Griewangk. The original problem was a minimization problem. In order to cast the problem as a maximi-
zation problem, the problem is to maximize the reciprocal of the original function. To ensure that a value of
0.0 does not appear in the denominator, 0.1 is added in the denominator. The function is shown below. The
results are shown in Figure 16.
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The Hllklimbing algorithm was able to achieve an average final scow of 10.6223. This is the highest evalu-
ation achieved on the this problem with any algorithm tested in this study.
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Figure 16: Function Based Upon Griewangk's function [Gordon & Whitley, 1993].

5.5. Strong Local Optima Problems

The last two problems studied in this paper are the order-4 deceptive problem and the checkerboard prob-
lem. The order-4 deceptive problem was originally suggested by Whitley & Starkweather (Whitley &
Starkweather, 1990]. This problem is composed of 10 sub-problems, each of which is composed of 4 bits.
The bits of each sub-problem are maximally distributed through the 40 bit vector. The evaluation of each 4
bit problem is show below. The objective is to maximize the sum of the evaluations. This is a vary hard
problem for GAs to optimize as the vector of all O's has an extremely large basin of attraction, while the
vector of all 1's - the optimal solution - has none. However, this problem should be less deceptive for meth-
ods of optimization which very quickly restart search in random locations.

5.5.1. Order-4 Deceptive

Each of the 10 subproblems is evaluated as shown in Table I, each bit string is maximally dispersed
throughout the entire solution string. The results are shown in Figure 17.

The average evaluation by the hill climbing algorithm was 291.40, this is higher than any of the algorithms
tested. There were approximately 1,458 restarts in the 2000x100 evaluations performed during each run.
The average evaluation of each search, before restarting, was 282.48.

Populato Based Incremental Learning



29/41

Table I: Evaluations for Order-4 Fully Deceptive Problem

SOLUTION EVALUATION SOLUTION EVALUATION
STRING STRING

1111 30 0110 14
0000 28 1001 12
0001 26 1010 10
0010 24 1100 08
0100 22 1110 06
1000 20 1101 04
0011 18 1011 02
0101 16 0111 00
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Figure 17: Tenfold Order 4 Deceptive Problems - Each subproblem is maximally interleaved.

5.5.2 Checkerboard Problem

This problem was originally suggested by [Boyan, 1993]. This problem requires a 400 bit solution string,
which is interpreted as a 20x20 grid. The objective of the problem is to create a checkerboard pattern of O's
and l's on the 20x20 grid. Each location with a value of 1 should be surrounded in all four directions by a
value of 0, and vice-versa. Only the primary four direction are considered in the evaluation. The evalua-
tion is measured by counting the number of correct surrounding bits for the present value of each bit posi-
tion for a 18x18 grid, centered in the 20x20 grid. In this manner, the comers are not counted in the
evaluation. There is no need to interpret the grid as a toroid as only an 18x18 grid is used. The maximum
evaluation is 1296 (18x18x4). In addition to the methods compared in the previous problems, a parallel GA
with 10 populations and 10 members per population was also tested. The results are shown in Figure 18.
The hill climber's average evaluation was 1148.
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5.6. Summary of Empirical Results

A summary of the results in this section is presented in Table II; this table shows the problems on which
each method performed the best Note that all of the PBIL algorithm which used a non-zero positive and
negative learning rate are grouped together. In the cases in which all algorithms achieved nearly identical
performance (De Jong's F2 and F3), the best algorithm was chosen to be the one which found the solution
in the fewest function evaluations.

Table Ilh Summary of Results

Algorithm ofu"Wins Problems in which "Wins" occurred.

S-PBIL 0 N/A

PBI]L2 8 Jobshop 10xl10, Jobshop 20x5,
(0.025, TSP 30, TSP 50,
0.075, Bin Pack 1, Bin Pack 3.
0.1I) De Jong's F3,

Checkerboard

PBIL-N 0 N/A

PBEL-LOW I De Jong's 1F2

Standard Genetic 0 N/A
Algorithm

Multiple Restart 3 Bin Pack Z,
Next Step Hill Griewangk,
Climber Order-bl Deceptive

There was no ear best within the PBIi category However, on the problems on which PBl2 performed
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the best, a setting of 0.075 for the negative learning rate parameter was able to do better than PBIL, PBIL-
N, PBIL-L, SGA and the Hill-Climbe Nonetheless, the optimal setting of the negative learning rate is very
problem dependent. For example, on several problems, Jobshop 1OxlO, Jobshop 20x5, and the Checker-
board problem, the performance of PBIL2 was improved with alternate settings of the negative learning
rate.

The results achieved by PBIL are more accurate and are attained faster than a conventional genetic algo-
rithm. For example, the average final result obtained by the SGA for the 20x5 jobshop problem was
attained in generation 1702 (after this generation, no improvement was made), PBIL2 (0.075) attained the
same quality solution at generation 191. This type of speedup is found in many of the problems attempted.
The PBIL-2 (0.075) algorithm was able to find equivalent solutions to the SGA, measured over the entire
run, in fewer generations. Table I!! shows in which generation the SGA was able to first achieve its highest
evaluation, and in which generation PBIL-2 (0.075) was first able to surpass it. The table also shows in
which generation the S-PBIL algorithm was able to achieve its highest evaluation, and in which generation
the PBIL-2 (0.075) algorithm was able to surpass it. On the De Jong functions (F2 and F3) and the order-4
deceptive problems, all algorithms were able to reach approximately the same solutions.

Table III: Relative Performance of PBIL2 (0.075) compared with SGA and S-PBIL

Generation in which Generation in whichGeneration in which Generation in which Hges5-iL P1(00)supsd
PRML~l Hghest SGA Evaluation PBI12 (0.075) surpassed ighest S-PBL P13112 (0.075) surpassed

PROBLEM H asFirstFond.highest SA Evaluation 5(.Evaluation was First highest S-PBILwas Frt Found. highest SGA Evaluation. Found. Evaluation.
(Generation) (Generation) (Generations) (Generations)

Jobshop lOxlO 1894 215 1039 353

Jobshop 20x5 1702 191 1271 1015

TSP 30 1928 219 1916 1164

TSP 50 1954 148 1961 444

Bin Pack 1 1982 1039 1986 784

Bin Pack 2 1991 1870 1988 1954

Bin Pack 3 1949 932 1930 968

Griewangk 1962 160 1977 200

Checkerboard 1985 156 1994 1173

6. Conclusions

The simple population-based incremental learner performs better than a standard genetic algorithm in the
problems empirically compared in this paper. The results achieved by PBIL are more accurate and are
attained faster than a standard genetic algorithm, both in terms of the number of evaluations performed
and the clock speed. The gains in clock speed were achieved because of the simplicity of the algorithm.
The algorithm does not require all the mechanisms of a GA; rather the few steps in the algorithm are small
and simple. For example, the implementation explored for this study - with all of the surveyed extensions
- totaled less than 100 lines of C code.

One explanation for the success of the PBIL algorithm can be attributed to its ability to focus search effort
in one region of the space very quickly. In comparing the ability of the GA and of PBIL to focus search, the
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GA was able to maintain diversity longer than PBIL (for some settings of the learning rate). Nonetheless,
the GAs ability to postpone commitment to one region of the function space does not allow it to exten-
sively explore any region. When one region is explored extensively, the GA's population loses diversity,
and thereby also loses its ability to explore other regions. The time to make the commitment to one region
is longer in GAs than in PBIL However, the empirical results show that PBIL does enough exploration
before the commitment is made to outperform a conventional GA. Therefore, this postponement of com-
mitment in the GA, at least on the problems attempted here, is not necessary. This line of explanation is
under study.

Another benefit over traditional genetic algorithms is that PBIL is easily parallelizable. Parallelization of
this algorithm on both coarse and fine gram parallel machines is simply implemented. Although GAs have
also been parallelized on both types of machines, many fine grai parallelization methods incur a large
amount of inter-process communication, which can severely affect the time performance of the algorithm.
For example, unless the GA incorporates a subpopulation structure, a single synchronizing processor must
handle the pairing of the solution strings, and control the distribution of the solution strings from their
original processors to their new processors. Although a subpopulation model will ease the communication
overhead, both algorithms, PBIL and the subpopulation GA, can benefit from the reduced communication
costs in this model. In the parallelization of a single population PBIL, the inter-processor communication is
minimal, as only the highest and lowest evaluation vector generated are returned to the synchronizing
processor. The updated probability vector is then sent to all of the processors. All of the surveyed modifi-
cations to the original PBIL algorithm also incur very little overhead. In terms of the number of function
evaluations, the modifications are free. Computationally, the additions do not add noticeable time penal-
ties.

It is clear from the results that using negative examples helps to achieve better results. However, there is
no dear winner regarding the setting of the negative learning rate. The best setting of the negative learning
rate varies per problem. A much more focused study should be done on each of the parameters. Particular
attention was given to the negative learning rate in this paper as this is apparently the parameter which
has the least amount of literature available.

The empirical results presented here indicate that where a standard genetic algorithm does well, this algo-
rithm should also do as well or better. However, on problems on which genetic algorithms fail, this tech-
nique may also perform badly. Although the mechanisms of PBIL are different than those usually
employed in GA literature, standard PBIL may still be susceptible to some of the suitability issues associ-
ated with genetic optimization. For example, the bin packing problems have good approximation algo-
rithms [Garey and Johnson, 1979], and in fact good solutions can be found in many cases with hill-
climbing or simple depth-first search in reasonable amounts of time. This leads to questions about whether
the genetic optimization schemes are appropriate for this class of problems. This paper does not address
this issue, as it has been a topic of study for many researchers in this area. The scope of this paper is limited
to improving the optimization capabilities of GAs, not selecting the problems to which GAs should be
applied.

Although the algorithm presented here is a significant departure from standard genetic algorithms and
competitive learning, both of the fields have contributed enormously to the final algorithm. The competi-
tive learning facet of the algorithm was substantially modified from the majority of CL algorithms and
applications found in current literature. First, the aim of the algorithm was to find a prototype vector for
the class of high evaluation vectors, which is a supervised task. Second, the training of the CL-net also
directed the progression of which points would be seen by the CL- net; usually the training of the CL-net
does not effect the points which are to be used in the training. Finally, the class of interest, the high evalua-
tion vectors, was not pre-defined. Rather, the class was defined relative to the currently generated popula-
tion of points. The highest evaluation vector in the current population was defined to be in the class of
interest.

Basic genetic algorithm features such as a population and the crossover operator were implemented in
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quite a different manner than the simple GA envisioned by Holland and De Jong [Holland, 1975] [De Jong,
1975]. A very basic intuition of the progress made by a GA, and its counterpart in PBIL, was briefly given
in this paper. One of the difficulties in standard genetic algorithms which this algorithm eliminates is the
issue of scaling. In the beginning of this paper, it was mentioned that a GA needs the function to be appro-
priately scaled to perform accurate optimization. This algorithm does not rely on any specific form of scal-
ing it only requires that the scaling is increasing for increasing fitness. The scaling is inherently relative,
and only requires the best and worst evaluations in a population. Rank-based GAs have also been
described in literature; this approach may yield improved performance of the GA on the test problems.

The basic algorithm, as it is presented in this paper, is very simple. In the same way that GAs have enjoyed
a great deal of research increasing their effectiveness for a variety of interest-specific goals, similar addi-
tions can be made for PBIL. In this paper, only a standard GA was considered. A GA with different mech-
anisms, such as non-stationary mutation rates, local optimization heuristics, parallel subpopulations,
specialized crossover, or larger alphabets, may perform better. However, all of these mechanisms, with the
exception of specialized crossover operators, can be used with PBIL with no modifications; many have
been implemented with very promising results. The claim is not that the basic PBIL will be able to outper-
form all GAs; more work needs to be conducted to determine where each method will prove to be more
beneficial. The hope is that the simple framework of PBIL will be used as an underlying model from which
extensions and insights can be formed.

7. Future Directions

7.1. Non-Binary Encodings

Although the theoretical studies of GAs suggest using a low cardinality encoding for the solution strings,
practice has often revealed good solutions through more natural encodings. In a higher cardinality set, the
probability of each position can be represented by a set of probabilities for generating each possible mem-
ber at each location in the solution vector.

Many of the problems attacked in genetic algorithm literature are continuous valued optimization func-
tions which have been discretized to an arbitrary value. A possible method of generating continuous val-
ues is to specify a gaussian curve over the desired range. The average and the variance for each variable
can be "evolved" during the search. Methods of encoding solutions which are similar to this are often used
in evolutionary strategies and evolutionary programming [Baeck & Schwefel, 19931.

7.2. Drawing from Genetic Algorithm Literature

7.2.1. Multiple Populations

In genetic algorithms research, there is a growing trend towards using parallel genetic algorithms. As
mentioned before, these algorithms explicitly maintain parallelism. Similar techniques are possible in
PBIL. Multiple prototype vectors can be formed in parallel, each generating its own set of potential solu-
tions. n order to synthesize the search in each of the populations, positions in the probability vectors can
be swapped [Juels, 1993][Gordon, 1993]. Preliminary experiments have been tried, and have revealed
improved results. Although this superficially appears to be more closely related to the LVQ algorithm as
multiple prototype vectors are developed, this is not the case. Each prototype vector is not trying to distin-
guish unique classes, rather all of the vectors are used to define only the single class of interest.
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7..Z hlme Varying Mutation Rates

One of the current areas of research in the GA community is the use of adaptive, or time-varying, mutation
rates. These provide the ability to control the amount of mutation based upon the convergence of the pop-
ulation. The need for mutation is largest when the population has converged. Convergence in the PBIL can
be measured by the similarity of the vectors generated, or directly by the values of the prototype vector.
Mutation rates can be increased in the latter portions of search when the vectors generated may be too
homogenous. As in GAs, this may aid in escaping local optima by maintaining a heterogenous population.

72.3. Intelligent Mutation

Currently, mutation is implemented by selecting a position to mutate, then moving the value in the proba-
bility vector a specified distance in a random direction (either towards 0.0 or 1.0). As the primary goal of
mutation is to preserve diversity, perhaps a more intelligent method of using mutation is to move the
selected position towards a less committed state: 0-5. This ensures that the mutation increases the amount
of diversity in the next population.

7.2.4. Elitist Selection

In standard genetic algorithms, there is no guarantee that once a good solution vector is found that it will
remain in the population of the subsequent generation. For example, it may not be selected for recombina-
tion, as selection is probabilistic, or it may be altered by mutation and/or crossover. A method used to
resolve this is to carry the best solution vector from one generation to the next unaltered. Similarly, in the
PBIL algorithm, it is possible that although a good solution vector is found in one generation, it may not be
found again in the next, as the generation of solution vectors is probabilistic. In a manner similar to elitist
selection, the best solution vector from the previous generation can be placed into the current generation.
The solution vector will only be chosen again for updating the probability vector if no better solution is
found.

7.3. Drawing from Artificial Neural Network (ANN) Literature

7.3.1. Competition of Probability Vectors

This paper has presented a method for replacing the population of a GA by a single probability vector. The
update rule for the probability vector is derived from competitive learning. However, it may be possible to
derive more than the update rule from the principles of competitive learning. Multiple probability vectors
can be used to model a population. The next generation can be created by sampling each probability vector
for a subset of the next population. Multiple good solution vectors can be used to update the probability
vectors. Each good solution vector can update the probability vector to which it is most similar, as is done
in standard competitive learning. This method is also currently under study by [Baluja & Boyan, 19941.

7.3.2. Adapting the Learning Rate

A method that has been proposed in the ANN literature to ensure that the prototype vectors in a competi-
tive learning network stabilize is to lower the learning rate slowly to 0.0. However, non-convergence has
not been a problem in this algorithm. Rather, a large problem is avoiding premature convergence. As the
learning rate controls the amount of exploration vs. the amount of exploitation the algorithm is perform-
ing, adjusting the learning rate during the course of a training session may provide increased ability to
explore diverse regions of the function space.
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7.3.3. Explicitly Avoiding Premature Convergence of Probabilities

One of the methods suggested by Fahlman to aid in the training of artificial neural networks is to ensure
that the outputs of the neurons in an ANN are not pinned to extreme values [Fahlman, 19891. This is not an
immediate problem in PBIL, as the update rule ensures that when the values of a probability begin to reach
an extreme, a move away from the extreme is larger than a move towards the extreme. However, only
allowing the probabilities to come within a pre-specified distance of the extremes, as Fahiman [Fahlman,
19891 has done, may also aid in avoiding local optima.

7.3.4. Using Noise to Avoid Premature Convergence of Probabilities

A method used in traditional competitive learning to ensure that all output units are eventually activated
is to add noise to the pattern vectors [Hertz, Krogh &Palmer, 19931. In PBIL, once the highest evaluation
vector is determined in the current generation, a small amount of noise can be added to the vector before it
is used to update the prototype vector. In the few problems tested with this technique, the results were
improved over optimization without noise. Nonetheless, the effectiveness of this measure must be more
carefully studied before firm conclusions can be made.

7.4. Choosing the Appropriate Problems

One of the future directions which should immediately be considered is not only relevant to PBIL, but also
to the field of genetic algorithms. The problems chosen here were static function optimization problems.
They were chosen because either the exact same problems or problems very similar to these appear in a
large amount of GA research. Although much of the GA research has been limited to the type of static
function optimization presented here, simpler heuristics, ranging from PBIL to restart-hill- climbing meth-
ods, have been shown empirically to be as effective as genetic algorithms. For example, in this paper alone,
on three of the twelve problems attempted (Bin Packing 2, Griewangk, and Order-4b) the hillclimbing pro-
cedure performs the best. Further, if the hilclimbing algorithm were a bit more sophisticated and included
moves to regions of equal evaluation (this would also necessitate the need for cycle detection for restart)
the hill-climbing performance might be improved on some of the problems attempted here. This reflects
the tremendous need to more carefully study and define the domains in which GAs, and evolutionary
algorithms in general, yield benefit, in light of their very high computational burden.
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10. Appendix A

The typical crossover operators which are used in standard genetic algorithms are described here. These
operators are most commonly implemented with GAs which have fixed length potential solution repre-
sentations. Other crossover operators have been developed for problems in which the solution representa-
tions may not be fixed in length, such as in the task of genetic programming [Koza, 19921. Other operators
have also been developed to take advantage of specific characteristics of the problem being addressed. The
three crossover operators described here are general purpose recombination operators which have been
used and studied widely in genetic algorithm literature.

One Point Crossover:.

Given two parent chromosomes A & B, select a randomly chosen crossover point, swap contents of the
chromosomes beyond the chosen point.

Parent A 00000000000 00000

Parent B 11111111111 11111

Child A 00000000000 11111

Child B 11111111111 00000

Two Point Crossover.

Given two parent chromosomes A & B, select two randomly chosen crossover points, swap contents of the
chromosomes between chosen points:

Parent A 000 0000000000 000

Parent B 111 1111111111 111

Child A 000 1111111111 000

Child B ill 0000000000 ill

Uniform Crossover.

Given two parent chromosomes A & B, select from either parent randomly:

Parent A 0000000000000000

Parent B l11l1ll1l111l 111

Child A 0101011010111000

Child B 1010100101000111

11. Appendix B: The Hillclimbing Algorithm

In order to judge the performance of the GA and PBIL algorithms, the problems are also attempted using
hill-climbing methods. The hill-climbing algorithm is tested on the same problem representations as were
used in the GA and PBIL algorithms. The algorithm is shown in Figure 19.
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L 4- clear Hit

V -- randomly generate solution vector
Best 4- evaluate (v)

loop # ITERATIONS

pos 4- random-integer (I..LENGTH) e L
Vp0s 4- Fplt (V)
V_eval 4- evaluate ()
if (Veval > Best)

Best 4- Veval
L 4- clear list

else
V 4 -- FlpBit (Vpw)
L +- add poe to L

USER DEFINED CONSTANTS:
LENGTH: the length of the solution encoding (in bits)
:TERATIONS: how many evaluations are to take place throughout the run of the algorithm

VARIABR ES:
V: the current solution vector
V_eval: the current evaluation.
Best: the best evaluation ever found.
L: the list of moves attempted which resulted in evaluations best.

Figure 19. The hillclimbing algorithm used. It is shown for solution vectors represented in binary.
In the full algorithm, the best vector along with its evaluation would be saved.

12. Appendix C: A Simple Genetic Algorithm

This appendix gives a small outline of a basic genetic algorithm. Of course, many variations are possible,
and have been explored in literature. The GA shown in Figure 20 is generational, and every solution vector
in the previous generation is replaced by new solution vectors. The GA also uses a modest form of elitist
selection, in which the best solution vector from the previous generation replaces the worst solution vector
in the current generation.
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I -- loop # POPULATIONSIZE
PopulatlonA 4- randomty generate a solution vector
EvaluationA i 4-evaluate (PopulationA)
bet 4- find highest evaluation in EvaluatlonA

loop # GENERATIONS
loop # POPULATIONSIZE/2

one 4- select vector probabilisfically, based upon evaluation
two 4- select vector probabllistically, based upon evaluation
childl, chii2 +- generate two children,

based on crossover of (PopulationAor e , Population Ato)
child1 - perform mutation (child1, MUTATION-RATE)
child2 4- perform mutation (child2, MUTATIONRATE)
PopulatonB 4- add child1 to PopulatlonB
PopulationB -- add child2 to PopulationB

I- loop # POPULAT1ON-SIZE
EvaluationB1 +- evaluate (PopulationBl)

worst 4- find vector corresponding to the worst evaluation in Population B

PopulationBom 4- Popuiation4.m

PopulatlonA 4- PopulationB
EvaluatonA 4- EvaluationB
best +- find highest in PopulationA

USER DEFINED CONSTANTS
GENERATIONS: the number of generations the algorithm is allowed to continue (2000)
POPULATIONSIZE: the number of samples generated per generation (100)
MUTATIONRATE: the probability of flipping each bit (0.001)

IMPLICIT DECISIONS (CONSTANTS NOT SHOWN HERE):

CROSSOVER RATE: How many vectors to replace in subsequent generations (Every solution vector
is replaced)
CROSSOVER TYPE: 2 pt, lpt, Uniform, Specialized, etc. (2 pt)
ELITIST-SAVES: how many solution vectors are saved from the previous generation (1)
LENGTH: the length of the solution encoding (Problem specific)

VARIABLES:
PopulatonA, PopuiationB: arrays of solution vectors. Arrays of size POPULATIONSIZE
EvaluationA, EvaluationB: arrays evaluations of the solution vectors in Population A & B, respectively
child1, child2: two solution vectors produced by the crossover operations.
best, worst: the best and worst in a population, they are based upon the vectors evaluation.

Figure 20. The basic GA algorithm used in this study. The number in parentheses are the settings
used for the empirical studies in this paper.
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