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ABSTRACT

This thesis presents a comprehensive nonlinear study of straight line stability

of motion of submersibles in the dive plane under open loop conditions. A

systematic perturbation analysis demonstrates that the effects of surge on

heave/pitch are small and can be neglected. Primary loss of stability is shown

to occur in the form of Hopf bifurcations to periodic solutions. Analysis of the

periodic solutions that result from these Hopf bifurcations was accomplished

through Iaylor expansions, up to third order, of the equations of motion.

A consistent approximation, utilizing the generalized gradient, is used to

study the non-analytic quadratic cross flow integral drag terms. The results

indicate that loss of stability occurs always in the form of supercritical Hopf

bifurcations with stable limit cycles. It is shown that this is mainly due to

the stabilizing effect of the drag forces at high angles of attack.
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L INTRODUCTION

A. PROBLEM STATEMENT

The dynamic response of a submersible vehicle operating at the extremes

of its operational envelope is becoming increasingly important in order to en-

hance vehicle operations. Tfraditionally, dynamic stability of motion is stud-

ied using eigenvalue analysis where the equations of motion are linearized

around nominal straight line level flight paths (Arentzen & Mandel, 1960),

(Clayton & Bishop, 1982), (Feldman, 1987). Under certain simplified as-

sumptions, a simple criterion G. > 0 can be obtained where the stability

index G, is function of the hydrodynamic coefficients in heave and pitch.

Values for the stability index can be computed by,

. z.MI, M) (1)

This index is analogous to the familiar stability coefficient for horizontal

plane maneuvering (Lewis, 1989) and can be thought of as a high speed ap-

proximation where the effect of the metacentric restoring moment is minimal.

If the value of G, is greater than zero, the vehicle is dynamically stable. As

we point out in the next chapter though, this is only a sufficient, and rather

conservative condition for stability. It is not a necessary condition in the

sense that G, < 0 indicates instability at infinite forward speed. It is quite

possible that at normal operating speeds the vehicle might be directionally

stable. Furthermore, G, < 0 indicates a divergent loss of stability which is
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quite uncommon in the vertical plane. Most modern submarines exhibit a

flutter-like instability at high speed, which can not be analyzed using the

above simplified index. Divergent motions may develop in combined six

degrees of freedom (Papoulias et ad 1993) and their occurrence can not be

analyzed by a single stability index.

B. OBJECTIVES AND OUTLINE

In this work we examine the problem of stability of motion with controls

fixed in the vertical plane, with particular emphasis on the mechanism of

loss of stability of straight line motion. The surge equation is decoupled

from heave/pitch through a perturbation series approach (Bender & Orazag,

1978). It is shown that loss of stability occurs in the form of generic bifurca-

tions to periodic solutions (Guckenheimer & Holmes, 1983). Taylor expan-

sions and center manifold approximations are employed in order to isolate

the main nonlinear terms that influence system response after the initial low

of stability (Hassard & Wan, 1978). Integral averaging is performed in order

to combine the nonlinear terms into a design stability coefficient (Chow &

Mallet-Paret, 1977). Special attention is paid to the study of the quadratic

drag terms as they constitute some of the main nonlinear terms of the equa-

tions of motion. This is a unique feature of the open loop problem. In similar

studies of loss of stability under dosed loop depth control (Bateman, 1993)

it was found that the main damping mechanism is provided through the use

2



of control susrafces. The difficulty associated with the nonsmoothness of the

absolute value nonlinearities of the quadratic drag forces is dealt with by

employing the concept of generalized gradient (Clarke, 1983). This has the

advantage of keeping the linear terms constant, unlike the linear/cubic ap-

proximation typically used in ship roll motion studies (Dalzell, 1978), where

the linear damping coefficient is a function of the assumed amplitude of mo-

tion.

Vehicle modeling in this work follows standard notation (Gertler & Hagen,

1976), (Smith et al 1978), and numerical results are presented for the DARPA

SUBOFF model (Roddy, 1990) for which a set of hydrodynamic coefficients

and geometric properties is available. Furthermore, the baseline vehicle is

marginally stable with controls fixed under normal operating conditions and

can serve as a prime example for the techniques described in this work. The

model has been experimentally validated for angles of attack on the hull

between ±15 deg., while the constant coefficient approximation introduces

very little error in time domain simulations (Tinker, 1978). Unless otherwise

mentioned, all results in this work are presented in standard dimensionless

form with respect to the vehicle length I = 4.26 m, and nominal forward

speed U = 2.44 m/sec. All angular deflections are shown in degrees.
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II. PROBLEM FORMULATION

A. EQUATIONS OF MOTION

Assuming that vehicle motion is restricted in the vertical plane, the math-

ematical model consists of the coupled nonlinear heave and pitch equations

of motion. In a moving coordinate frame fixed at the vehicle's geometrical

center, Newton's equations of motion for a port/starboard symmetric and

neutrally buoyant vehicle are expressed in dimensionless form as follows,

mtb - u• - z. 4 - +zG) = Zi4 + Zj6 + z,q + Z,.w

-CD b(z)(w - zq)lw - xqj dz + Z16, (2)

Iv + mzG(t + wq) -7TaG(tb- u,)= M 44q+ Mb+ M~q+ Mw

+CD J b(c)(w - ru- -wld

-VGBWcoSO - ZGB Wgin + M86 , (3)

where 2 0B = XG - ZR, ZGB = zG - zR, and the rest of the symbols are based

on standard notation and are explained in Table 1. Without loss of generality

we can assume that zB = ZR = 0, so that zGB = Xo and zGB = zG. The cross

flow integral terms in these equations become very important for high angles

of attack maneuvering, where they provide the primary motion damping.

The drag coefficient, CD, is assumed to be constant throughout the vehicle

length for simplicity. This does not affect the qualitative properties of the
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results that follow. The vehicle pitch rate is,

G=q. (4)

Dynamic coupling between surge and heave/pitch is present due to coordi-

nate coupling as a result of the nonzero metacentric height. Therefore, pitch

and heave motions must be studied together with surge,

mui + mq - ,,Gq2 + ±V,,G4 = X.Mq2 + Xj, + X",Wq + X..W"2

+X•,u' + x..n2 + Xs,62, (5)

where we assume that both resistance and propulsive forces are proportional

to the square of the speed or the propeller revolutions, respectively.

In analyzing controls fixed stability of motion, the case 8 = 0 is examined

first. The steady state solutions of the equations are determined by tb = 4 =

4 = 9 = q0 = 0, where subscript 0 indicates variable value at steady state.

Substituting these conditions in (2) we get,

z.U - CDAw1oDwo = 0, (6)

where,

A, &(c) do, (7)

is the "waterplane" area. Since Z, < 0, equation (7) admits only one solu-

tion, namely w0o = 0. Equation (3) then yields,

tan 86 , (8)
ZGB

while (5) is used to determine the nominal forward speed, uo.

5



TABLE 1: NOMENCLATURE

a dummy independent variable
a0 steady state value of a
N, expansion coefficients of z3 in terms of =i, z2

local beam of the hull
CD quadratic drag coefficient
7 regularization parameter
6 stern plane deflection
e perturbation parameter, e = (MZG)
e criticality difference, e•= u - u,
IV vehicle mass moment of inertia
K nonlinear stability coefficient
A system eigenvalue
m vehicle mass
M pitch moment
M. derivative of M with respect to a
q pitch rate
(R, polar coordinates of zi, z2
T transformation matrix of x to a
a pitch angle
U forward speed
UI critical value of u
w heave velocity
x state variables vector, x = [0,w, q
x surge force
X. derivative of X with respect to a
(ZB, ZB) body fixed coordinates of vehicle center of buoyancy
(WG,zG) body fixed coordinates of vehicle center of gravity
wGE center of gravity/center of buoyancy separation, MG -W

ZGB vehicle metacentric height, zG -zs

S state variables vector in its normal form
zi, z 2  critical coordinates of a
z3 stable coordinate of z
Z heave force
Z. derivative of Z with respect to a
wo imaginary part of critical pair of eigenvalues

6



B. REDUCTION OF ORDER

The linearized surge, heave, and pitch equations of motion in the vicinity

of the nominal point are,

(m - xj)i + mz = 2XWIL, (9)

(m - Z.) - (m-G + Z4) = (Z9 + m)q + Zw, (10)

(LV - M4)4 +.mS -(m-o + M)tb = M.W + (M, - M.G)q

+M(11)

where,

MO = ZGBW Sin O - zGnW cos o , (12)

is the hydrostatic restoring moment coefficient. The characteristic equation

of (4), (9), (10), and (11) is obtained as,

(-AA + B1 )(A2 ,A3 + B2 A2 + C 2 A +D2) +A.A' +B 3 A3 = 0, (13)

where,

A, =m-X ,

B, = 2X.. ,

A2 = (,-•4)(1•-M)-(Z, +,G)(M.+,,aG),

A = -Z.V(4 - MA) - (M - Z,.)(M, - ,WG) - (Z, +,m)(M4 +,MG)

-M. (Z4 + ,.,=) ,

C2 = -M,(m - Z) + Z(M, - MG) - M.(Z 4 + M) .

7



A3, = (MZ)'(M - Z),

B3 = -(MZG) ' Z,.

It can be seen that the parameter (mza) is responsible for surge and heave,

pitch coupling. For zG = 0, equation (13) decouples into the surge eigenvalue

A = BI/AI and the classical cubic characteristic equation for the vertical

plane. It should be mentioned that the effect of the forward speed u is

embedded into the definition for the dimensionless vehicle weight W through,

W
W*V-,- - (14)

If we introduce a smallness parameter,

e = (mzG) , (15)

we can rewrite (13) in the form,

(A + ea)A 4 + (B + eB)As + CA2 + DA + E =0, (16)

where in terms of previously defined coefficients,

A = -Ajo2,

B = -A, B2 +B 1 A2 ,

C = -A 1j2 +BBB2

D = -AD2 BIC2

E = BjD2,

.t = m -
n ln

8



Following (Bender & Orasag, 1978) we expand the solutions of (16) in a

regular perturbation series,

A = A+ + O(e2), (17)

where AO is an eigenvalue for e = 0 (uncoupled surge or heave/pitch), A1 is

the first order correction due to dynamic coupling, and O(e2 ) contains second

and higher order terms in e. Substituting (17) into (16) we can get,
A = A(,,(o + p) _ -+- OWe) (18)

4AA + 3BA2+ 2CAo + DE(18)

It can be seen that the correction term is very small compared to the un-

coupled root as evidenced by the A: term. This is particularly true when

Snears zero; i.e., close to a bifurcation point. Therefore, loss of stability

can be studied by analyzing the heave/pitch equations decoupled from surge.

The characteristic equation then becomes,

A2A, + BS1 2 + 02A + D, = 0. (19)

Plots of the system eigenvalues at nominal speed versus zG are shown in

Figures I through 4. The surge eigenvalues is real and negative throughout

the range of xG, while the heave/pitch eigenvalues are real for small values

of r.G The two larger real heave/pitch eigenvalues coalesce into a complex

conjugate pair whose real part crosses zero for a certain value of ZQ. Within

the accuracy of Figures 1 through 3, the eigenvalues A are identical to those

computed by either the coupled or the uncoupled system, or the perturbation

equations (18). There is a very small difference for the surge eigenvalue as

9



shown in Figure 4, but again the agreement between coupled and uncoupled

systems is very good.

C. DEGREE OF STABILITY

The eigenvalues of the reduced order system (18) designate stability or

instability of motion. A single measure of stability, the "degree of stability",

e,, can be defined as the maximum real part of all three eigenvalues of (18).

This measures the slowest exponential convergence to the equilibrium when

negative and the fastest exponential divergence from the equilibrium when

positive. For all numerical calculations in this work, the degree of stability

corresponds to the real part of a complex conjugate pair of eigenvalues. Typ-

ical results are presented in Figures 5 through 7. Figure 5 shows the degree

of stability versus 2 GB constant dimensionless speed uo = 0.5 and different

values of z5G. Similar results are shown in Figure 6 for constant zGa = 0.015

and different values of uo. Finally, a three dimensional representation is

depicted in Figure 7.

D. CRITICAL SPEED

The parameter value where the real part of the complex conjugate pair of

eigenvalues shown in the previous figures crosses zero defines the point where

linear stability is lost. This critical point can be computed by considering

10
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equation (19). Routh's criterion applied to this cubic yields A2D2 = B2 ,C2

which can be solved for the dimensionless weight,

B2 C2,0 (20)
= AD 2 ,1 - B 2 C21, (

where,

C2,0 = Z.,(Mq -. G) - Mw.(Zq + ),

C 2,1 = (M - Z4)(zGB cos 0o - SCaB in 00),

D2,1 = ZW(OGBsin Ao - ZOR cos 00).

The value of the critical speed u, can then be evaluated from (20) and (14).

Typical results are presented in Figures 8 and 9, nondimensionalized with

respect to nominal vehicle speed 2.44 m/sec and length 4.26 m. Vertical plane

motions are stable for forward speeds kIrs than the critical speed. It can be

seen that stability is increasing with increasing zG while zO = 0 is the most

conservative condition for stability. Therefore, a vehicle which is stable when

properly trimmed will remain stable for off-trim conditions. For comparison,

we note that the simple stability coefficient G,, defined in equation (1), is

monotonically decreasing and becomes more negative for decreasing xG, as

shown in Figure 10. Thus it would have predicted unstable motions for the

entire range of parameters shown in Figures 8 and 9. For completeness, the

value of the steady state pitch angle, Oo (in degrees), is shown in Figure 11

versus ZGB using zGB as the parameter. This pitch angle is computed from

equation (8).

20
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MU. BIFURCATION ANALYSIS

A. INTRODUCTION

LF all cases of stability loss of the previous chapter, one pair of com-

plex conjugate eigenvalues of the corresponding eigenvalue problem crosses

transversally the imaginary axis. A situation like this in which a certain

parameter is varied such that the real part of one pair of complex conjugate

eigenvalues of the linearized system matrix crosses zero, results in the sys-

tem leaving its steady state in an oscillatory manner. This loss of stability

is called Hopf bifurcation and generically occurs in either supercritical or

subcritical form. In the supercritical case, stable limit cycles are generated

after the nominal straight line motion loses its stability. The amplitudes of

these limit cycles are continuously increasing as the parameter distance from

its critical value is increased. For small values of this criticality distance the

resulting limit cycle is of small amplitude and differs little from the initial

nominal state. In the subcritical case, however, stable limit cycles are gener-

ated before the nominal state loses its stability. Therefore, depending on the

initial conditions it is possible to diverge away from the nominal straight line

path and converge towards a limit cycle even before the nominal motion loses

its stability. This means that in the subcritical Hopf bifurcation case the do-

main of attraction of the nominal state is decreasing and in fact it shrinks

to zero as the critical point is approached. Random external disturbances of

23



sufficient magnitude can throw the vehicle off to an oscillatory steady state

even though the nominal state may still remain stable. After the nominal

state becomes unstable, a discontinuous increase in the magnitude of motions

is observed as there exist no simple stable nearby attractors for the vehicle

to converge to. Distinction between these two qualitatively different types of

bifurcation is, therefore, essential in design. The computational procedure

requires higher order approximations in the equations of motion and is the

subject of this chapter.

B. THIRD ORDER EXPANSIONS

The nonlinear heave/pitch equations of motion (2), (3), and (4) are writ-

ten in the form,

9 = q, (21)

lb = allW +8a2q +als(xGBcosf+z jgmsin 9 ) +d.(w,q)

+c, (w, q) , (22)

4= a2lW+a 2 2q+as(zG cosf+zGalan)+d,(w,q)

+c2 (w,q), (23)

where

.= (m- z,)(I, -14)- (mGa + Z,)(mGo + M,),

aD, = (,-M4)Z.+(mga+Zi)M .,

a12 D, = (I,,-M 4 )(M+Z,))+(MG +Z,)(M, -Maya),

24



a1.D. = -(me + Z4)W,

a.( ,) = (m - ZA)M. + (m,•o + Mz )Z

a2 = (m -4)(M -nmo) + (moo + M XM+ Z)I

a(,nD. = ('M - Z'oZ W(4o+•).d,(w,q)D. = (,, - M,).,+(mzoZ, + ( )I,,

d(I,q)D. = (m•n -h )ros f+(mlo + Ma),

c1 (w,q)D, = (Iv - M4)vmuQj? - (meG + Z 4 )msowq,

c2(w,q)D, = -Y - Z4.)rnGivq + (moao + Mj)rnxoq2 ,

and I,., I, are the cross flow integrals

I,. = CDJ b(-)(- - oq)I1 -u jI o, (24)

it = cD % b()(- - - -qx dao. (25)

The system of equations (21) through (23) is written in the compact form

i = Ax + g(x) , (26)

where

x= [,,wl q], (27)

is the three state variables vector, and A is the linearized sytem matrix eval-

uated at the nominal point xe. The term g(x) contains all nonlinear terms

of the equations. Hopf bifurcation analysis can be performed by isolating

the primary nonlinear terms in g(x). Keeping terms up to third order, we

can write

g(x) = g('(x) + e(3)(W). (28)

25



Using equations (21) through (25), the various terms in (28) can be written

as,

3) =0,

92(2= (I, - M4 )MZGq' - (muG + Z4 )MzGuq + u)(W,q), (29)

(2)
93 =-( - Z4)mzwq + (mca + M.•)maq3 + d(,2)(w,q),

and

gl(3) = O,

2) = C)(,) q) + Iais(CGa sin 80 - ZOD( cos0eo , (30)
(3•) = *)(W••) +.Ian(•8• - •nO@.

Expansion in Taylor series of d4, d. requires expansion of the cross flow

integrals I., Iq, which require the Taylor series of

f(A0 = fiI. (31)

This expression can be converted into an analytic function using Dalsell's

approximation (Daslell, 1978),

5 f 
(32)

which is derived by a least squares fit of an odd series over some assumed

range of f, namely -4 < f < &. This approximation, which is shown in

Figure 12, has been extensively used in ship roll motion studies and is very

useful for its intended purpose. However, in the present problem it suffers

from several major drawbacks:
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"* It introduces a linear term which depends on the assumed range of

motion, and it renders the critical speed function of the vehicle motions.

"* The cubic term, which is ultimately responsible for the Hopf bifurcation

analysis, is a function of the assumed range of vehicle motions which

can not be known in advance.

"* As Figure 12 demonstrates, the slope of the actual curve at the origin

is significanly different than the approximation, which would make the

bifurcation results unreliable.

Instead of Dalzell's approximation, we employ the concept of generalized

gradient (Clarke, 1983), which is used in the study of control systems in-

volving discontinuous or non-smooth functions. In this way we approximate

the gradient of a non-smooth function at a discontinuity by a map equal to

the convex closure of the limiting gradients near the discontinuity. In our

problem we write,

f(4) = IfoI + 21to 1(4 - 6) + sgn(fo)X( - Q)2 + f()(3 , (33)

as the Taylor series epansion of f(f) near 6. The sign function in (33) can

be approximated by,

sign(fo) = lim.tanh(' (34)

A graphical representation of the approximation (34) is shown in Figure

13. The quantity -f is a small regulasrisation parameter and is used in the
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next section for the proper normalization of the results. Using (34), we can

approximate f(f) in the vicinity of fo - 0 by,

f If I : e (35)

Since

f •-+w q, (36)

we can express the non-smooth cross flow integral terms by,

I. = 2-.(Evu? - 3E1 w'q + 3E,2 wq' - E6,), (37)6(37

=C (B•w3 - 3E,2 2 q + 3•Ewq' - &ýq), (38)

where

4- = r Xi b(c) do (39)

are the moments of the vehicle "waterplane" area.

C. COORDINATE TRANSFORMATIONS

Using the previous second and third order Taylor series expansions, equa-

tion (26) is written in the form,

i = Ax + g(2)(x) + g(e)(x) . (40)

If T is the matrix of eigenvectors of A evaluated at the critical point u = u,

the linear change of coordinates,

x=Tz, z=T-lx, (41)
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tranorms system (40) into its normal coordinate farm,

i = T-1 ATz + T-'g(2 )(Ts) + T-rSg()(T.). (42)

At the Hopf bifurcation point, matrix T-'AT takes the form,

T-'AT "I 0 0 ,
0 0 PI

where " is the imaginary part of the critical pair of eigenvalues, and the

remaining eigenvalue p is negative. Fbr values of u close to the bifurcation

poit u,, matrix T-'AT becomes,

Ole -(WO +w'e) 0
T-AT = (WO +tae) We

0 0 P+0

where e denotes the criticality difference

e = U - U, (43)

and

a' = derivative of the real part of the critical. eigenvalue

with respect to e,

w' = derivative of the imaginary part of the critical eigenvalue

with respect to e,

S= derivative of p with respect to e.
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D. CENTER MANIFOLD EXPANSIONS

Due to continuity, the eigevalue p+ pe remains negative for small nonzero

values of e. Therefore, the coordinate z3 corresponds to a negative eigenvalue

and is asymptotically stable. Center manifold theory predicts that the rela-

tionship between the critical coordinates z1, s2 and the stable coordinate 23

is at least of quadratic order. We can then write z3 as,

Z2 2- a.ix + 0125152 + a234 , (44)

where the coefficients, aq, in the quadratic center manifold expansion (44)

need to be determined. By differentiating equation (44) we obtain,

4= 2alizii, + a12(i15;2 + s*s4) + 2ognsz2i. (45)

We substitute il = --wox2 and i2 =- woos from equation (42) into (45), and

we obtain

i = 0112 Wo0 + 2(012 - C(11 )W0o 152 -- 12(00o.. (46)

The third equation of (42) is written as,

S= pZ3 + [T-1g(2)(Tm)](3,2 ) , (47)

where terms up to second order have been kept. If we denote the elements

of T and T-' by,

T -- n[m], T-'=[n1 J, (48)

then
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where

di = .n1 (ts, +t1655 + 1272) + n-s(t4s + f4ssz 2 + 4,x), (49)

d2 = n22,(12t +tIM ,1,2 +t2a;)+,n2(t3Z +t.51,, +t37), (50)

S= n3(t2S. +tZ1,ý +t 27s)+n,,(t.sf +l.uxf +4.,) . (51)

Expressions for the coefficients 4j are given in the Fortran programs in the

appendix.

Equation (47) then becomes

s = P+ 4, (52)

and substituting (44) and (51) into (52) we get,

52 = (Pail + ,l32125 + -25)5 + (PO12 + n3212 + n,,.•)Z, X2

+(pa22 + nUI27 + n347)4. (53)

Comparing coefficients of (46) and (53) we get,

-Pc1il + (oci 2  = 3245+ n2-345 , (54)

-2•0atl - Pa12 + Woa22 = n3246 + n-4s, (55)

-oCol2 - Pa22 = n3,217 + 1 .1,. (56)

Solution of the system of linear equations (54) through (56) yields the coef-

ficients in the center manifold expansion (44).

33



E. AVERAGING

Using the previous Taylor expansions and center manifold approxima-

tions, we can write the reduced two-dimensional system that describes the

center manifold flow of (42) in the form,

S= a'ez-(WO+a0e)z3+FI(zi,z2 ), (57)

s2 = (Wo+W'e)Z,.+a'eZ,+F 2 (zi,z2 ), (58)

where

FI(xi,z 2 ) = r11 z? +r?1iZ2u+7135Z 4+rl45

+ 2.X + 2,91 f + P14, (59)

F2(zI,z 2 ) = rn• +r32Z.Z2+r23Zl +rU4

+P21 + P22hXX2 + P23, (60)

and

rj=,i4t2j+nfl j, i=1,2, j=1,...,4, (61)

PXj=i•- 2• +nj4sh, i=1,2, j=1,2,3, k=j+4. (62)

If we introduce polar coordinates in the form,

zl=Rcoso, z--Rzino, (63)

we can use (57) and (58) to produce an equation describing the rate of change

of the radial coordinate R,

iR a'eR + P(#)R3 + Q(#)R2 . (64)
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This equation contains one variable, R, which is slowly varying in time, and

another variable, 0, which is a fast variable. Therefore, equation (64) can be

averaged over one complete cycle in 4 to produce an equation with constant

coefficients and similar stability properties,

i = e'eR + K.R + LR 2 , (65)

where

K = 1  P(O)dO = d (3 + r1s + r22 + 3r24), (66)

12wL=_ -J.Q(4')d¢ =0o. (67)

Therefore, the averaged equation (65) becomes

R= deR + KR. (68)

F. LIMIT CYCLE ANALYSIS

Equation (68) admits two steady state solutions, one at R - 0 which

corresponds to the trivial equilibrium solution at zero, and one at

Ito (69)

This equilibrium solution corresponds to a periodic solution or limit cycle in

the cartesian coordinates z1 , z2 . For this limit cycle to exist, the quantity R0

must be a real number. In our case a' is always positive, since the system

loses its stability; i.e., the real part of the critical pair of eigenvalues changes
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from negative to positive, for increasing u. Therefore, existence of these

periodic solutions depends on the value of K. Specifically,

"* if K < 0, periodic solutions exist for e > 0 or u > u., and

"* if K > 0, periodic solutions exist for e < 0 or u < s,.

The characteristic root of (68) in the vicinity of (69) is

0 = -2al' , (70)

and we can see that

"* if periodic solutions exist for u > u. they are stable, and

"* if periodic solutions exist for u < i. they are unstable.

The period of these periodic solutions can be estimated as follows. Equa-

tions (57), (58), and (63) produce an equation in ý similar to (64),

S= two + w'e + F(k)R 2 + G(O)R. (71)

The averaged form of (71) is

(= 0 + W'e + MR2 , (72)

where

M= -j F(O)d4,= •(3r, 1 +,rU r',- 3r 14 ). (73)

The limit cycle period can be computed by substituting (69) into (72),

T = 272r7r ( 1 w'K - M + 0 (2 (74)
o +a ~e + h - 1- to-K e)""" 4)
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G. RESULTS AND DISCUSSION

Typical results of the nonlinear stability coefficient K are shown in Fig-

ures 14 and 15. Figure 14 presents a plot of K "- versus ft for zo = 0.015

and for different values of CD. It should be emphasized that the use of K .-y

is more meaningful than the use of K, since it properly accounts for the

use of the regularization parameter 7 as seen from equations (35) and (68).

Numerical evidence demonstrates that all curves K . y versus gG converge

for y --+ 0. For practical purposes, values of 7 smaller than 0.001 produce

identical results. The results of Figure 14 demonstrate the profound effect

that the quadratic drag coefficient CD, has on stability of limit cycles. All

Hopf bifurcations are supercritical (K < 0), and they become stronger su-

percritical as CD is increased. It is worth noting that results for CD = 0

produce subcritical behavior, K > 0, which is dearly incorrect. Thus, ne-

glecting the effects of CD would have produce entirely wrong results in the

present problem. Figure 15 shows a plot of K .7 versus 0G for CD = 0.5

and different values of the metacentric height zG. It can be seen that, the

bifurcations become stronger supercritical as initial stability xG is increased.

The bifurcation analysis results are verified by direct numerical simula-

tions shown in Figures 16 through 18. Figure 16 shows the results of two

numerical simulations for two values of nominal speed u0 in terms of the

vehicle pitch angle 9 (in degrees) versus time (in seconds). The critical value

of speed, u,, is about 0.495 as can be seen from Figure 8, while the other

parameters in the simulations were CD = 0.5, zr- = 0.015, and xG - 0. It
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can be seen that convergence to sero is ensured for i < v and convergence

to a limit cycle occurs for Uo > u. This indicates supercritical behavior as

shown before. A selection of time histories is shown in Figure 17 for a range

of forward speeds and the same parameters as in Figure 16. The same initial

disturbance, 0 = 5 degrees, was introduced at t = 0 for aU simulations. It

can be seen that the amplitude of limit cycles increases as the distance of u

from u. is increasing. The rate of convergence of solutions to their limit cy-

cles is also increasing, while their period remains essentially constant. These

results are sunt trized in Figure 18, where the amplitudes of the numeri-

cally computed limit cycles are plotted versus so. The behavior is dearly

supercritical, which agrees with our findings of the bifurcation analysis.
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IV. BIAS EFFECTS

A. LOSS OF STABILITY

Stability analysis of motions at a nonsero angle of attack can be per-

formed by first introducing some bias into the steady state solution and its

perturbations. This can be achieved by maintaining a nonsero dive plane

angle at nominal. In this case the steady state solutions are g = 0, and wo,

00 are computed from,

Z.WO - CDEowolwol + z46 = 0, (75)

M.tv+CDontrool- W(-aucoSo +•oshin0o)+Msf=o. (78)

The coefficients E6, EA are computed from (39). In order to solve (75) we

observe that when 6 > 0, then wo < 0,

-Z. - , Z - 4C. FZ 6
1170 ~-2CE, (77)

and when 6 < 0, then wo > 0,

-Z' - Z. -+4CDEZ.6 (78)
"tOO= -2CDF"(

The angle 00 can then be computed from equation (76).

Linearization of the equations of motion in the neighborhood of the above

equilibrium point produces the linear system,

(m -Z ) (n-(mz+ Z4)4 = (Z. - 2CDEi6to~t4
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+(Z, +m + 20DEIol)q, (79)

-(MA + ,wo)•w + (I, -M4 )4 (M• + 2CDAIWO I)W

+(M•, - ,,tG - m- 0 ,,, - 2CD,• Awol)q

+W(wv, min o - so cos 0,)f, (80)

S1 •,(81)

where the variables w, 9 are understood as small deviations from their equi-

librium values. Numerical solution of the generalized eigenvalue problem (79)

through (81) yields the critical speed values where the nominal equilibrium

solution becomes unstable.

B. ANALYSIS OF HOPF BIFURCATIONS

It can be numerically verified that the above calculations for the new

critical speed result in a loss of stability in the form of Hopf bifurcations, as

for the 6 = 0 case. These Hopf bifurcations can be analysed using the same

general methodology that was developed in the previous chapter. The non-

linear expansions are like equations (21) to (23) with the following changes:

The substitutions

Z,. - . - 2CDEI6 .,

M4 . M.W+ 20D E-1o,O

Z,+- -m Z,+,m+2 2CDawo ,

M,- mxG -. - - mzjw0 - 2CDEwo,
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are assumed in the definition of coefficients aij. Furthermore, equation (33)

prduces 2nd order contributions due to U10 9 0, as well as 3rd order. Using

(33) we can compute the 2nd order expansions of ce) and c2) in (29) using,

1(2) = CD(EoW -2EtWq + E2 q2 ), (82)

(2) = CD(Elw 2 - 2E 2 wq + Fq 2 ). (83)

These equations are valid for wo > 0 or 6 < 0. For 6 > 0 the signs of E•

must be switched. The third order expansions 4(2) and 43) are the same

as in equations (37) and (38). Using these additional terms, the nonlinear

stability coefficient K can be computed in the same way as in the previous

chapter.

C. RESULTS AND DISCUSSION

Typical results for 6 3 0 are shown in Figures 19 through 24. Figure

19 shows the equilibrium pitch angle 8o (in degrees) versus xG for different

values of 6 from -5 to 5 degrees with increments of 1 degree. Solid curves

correspond to positive 6 and dashed curves to negative. Figure 20 shows the

degree of stability for the equilibrium points of Figure 19, while Figure 21

presents the degree of stability in a three dimensional view. It can be seen

that positive and negative values of 6 have almost identical stability charac-

teristics. Furthermore, the degree of stability becomes more negative as the

absolute value of 6 is increased, which means that we expect a wider domain

of stability in this case. This is verified by the critical speed plots shown in
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Figures 22 and 23. The critical speed is minimum for 6 =0 and it increases

monotonically with increasing absolute value of 6. This stabilizing effect of

asymmetry (bias) remains approximately true for the nonlinear analysis, as

demonstrated by the results of Figure 24. It can be seen that the nonlinear

stability coefficient K becomes more negative as 6 is decreasing from zero.

For increasing 6, K becomes less negative but the difference from the 6 = 0

calculations appears to be very small. Therefore, limit cycle stability is not

significantly affected by the bias effects that are induced by small nonsero

dive plane angles.
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V. CONCLUSIONS AND RECOMMENDATIONS

This thesis presented a comprehensive nonlinear study of straight line stabil-

ity of motion of submersibles in the dive plane under open loop conditions.

A systematic perturbation analysis demonstrated that the effects of surge in

heave/pitch are small and can be neglected. Primary loss of stability was

shown to occur in the form of Hopf bifurcations to periodic solutions. The

critical speed were instability occurs was computed in terms of metacentric

height, longitudinal separation of the centers of buoyancy and gravity, and

the dive plane angle. Analysis of the periodic solutions that resulted from the

Hopf bifurcations was accomplished through Taylor expansions, up to third

order, of the equations of motion. A consistent approximation, utilizing the

generalized gradient, was used to study the non-analytic quadratic cross flow

integral drag terms. The results indicated that loss of stability occurs always

in the form of supercritical Hopf bifurcations with stable limit cycles. It was

shown that this is mainly due to the stabilizing effect of the drag forces at

high angles of attack. As a recommendation for further research, we suggest

a nonlinear analysis of coupled motions in sx degrees of freedom.
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APPENDIX

The following is a Hot and description of the computer programs used in this

thesis. The programs are written in FORTRAN ar MATLAB. Complete

printouts of the programs follow after the list.

"* PERTURB.M

MATLAB program for performing surge/heave/pitch perturbation anal-

"* CRITO.M

MATLAB program for calculating the critical speed for 6 =0.

s CRIT.DELTA.M

MATLAB program for calculating the critical speed for 6 #0.

"* HOPF.0.FOR

FORTRAN program for calculating the nonlinear stability coefficient

K for 6 = 0.

"* HOPFJDELTA.FOR

FORTRAN program for calculating the nonlinear stability coefficient

K for 6#60.

"* SIM.FOR

FORTRAN program for simulating the equations of motion.
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%Program perturb .a
% 7hus file applies concepts of perturbation analysis theory.
% in order to prove that the 3 by 3 system describing notion
% in the vertical plane,* decouple. from the 4 by 4 on*..

rho = 1.94;
s a 32.2;

L - 13.9792;
ndl a 0.5*rho*L'2;
nd2 a 0.5*rho*L-3;
nd3 a 0.5*rho*L-4;

ad 0.5*rho*L-5;
iy a 661.32/ad4;
zqdot - -6.33*-4;
zodot a -l.4629e-2;
aq a 7.545e-3;
31 - -l.391e-2;
aqdot a -6.Se-4;
=ndot a -5.Gle-4;
aq a -3.7020-3;

w a 1.0324e-2;
ad 0.015;

zb a O/L;

a a 156.62363/(g'ind2);
xudot - -0.05*u;

* 0/I.;
no -4;

V * 1556.2363./(ndl.*uo.-2);
b W;

*g 0;
3£ Uminpace(0.0O1.0.025.500);

zgb a g* b
zgb - zg-zb;
theta - atan(-xgb./zgb);

alpha - u-uvdot;
beta a -my;

Al a mt-xudot;
B1 = -2*cd;
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A * a-xvdot)*(iy-uqdoS.)-(aozg~uqdot)*(ad@St~a*zg);
B - -zv(Jy-aqot)-(a331d*)*(.q3*Zg)-(aq45)*(3W4@t4a*Zg),,

-(uszg~sqdot ) *m;

for i M 1: .agth(zg)
dellas(i) - xgb*ulsiA(%kOSa(i)) -ugb(i) *"~Cos(thola(i));
C(i) - -deltas W)* (a-zvdot) +zv*(uq-u*g) -(zq43) *mr;
D(i) a deltaz(i)*xw;
&2(1) -(m*zg(i))-2*(a-zwdo%);
32(1) - (nozg(i))-2*sw;

CA -A*&

CC * -1*00+91*A;
CD -Al*1 )B*C(i),3* ;

CS 31*D(i);

p C CA Ce CC CD CRI;
r(1:4.i) - roolu(p);

3.*C.*r(1:,i)).-2./(.*CA.*z(1:4.i).+C...

PA a -Al*A+A2(i);
PS a -Al.3.31*A.32(i);
PC = -Al*COL),31*9;
PD - -Al*D(i)+91*C(i);

PE BI*D(i);

P4  aCPA PBPC PDPSI; % e-values of4 by4 system.

r4(1:4,i) - o* sp)
and
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% Program crit..O.U
% Evaluation of critical sp*4d for deltawo

rho a 1.94;
g - 32.2;
L - 13.9792;
nd O.5*rho*L-2;
nd -O.5*rho.L-3;

nd3 - O.6*rho*L-4;
nd4 - O.5*rho*LS6;
iy - 561.32/ad4;
zqdot = -6.33.-4;
zvdos a -1.4529*-2;
zq = 7.5450-3;

*w -1.391*-2;
.qdo~t a -6.So-4;
=ndot a -5.61.-4;

uvj a -3.7020-3;
- * 1.0324*-2;
ad a 0.015;
zb a O/L;
a m 1566.2363/(g*nd2);
zudot; a -0.05*m;
zb a OIL;

2£ a linspaco(-O.01,0.01,40);
zg a liaspaco(0.005,0.025,40);

OT = 1 - =n.is(zqeu).I(zw.*(uq-a.*zg));
lambda - -2*cd/s-zudot; % lambda a -1.6439

zgb - zg-zb;
xgb = g-*

for j.1:1.ngsh(zg)
for i-1:1.nph(zg)

thota(ij) a &ata(-zgb(i)/zgb(j));
&O (m-zvdot)*(iy-nmqdot)-(awdotem*zg(i))*(xqdot~m*qg(±));
bo (-woa *-qa)x~)(mm~wdtm~qo~w.

-sq*mvdo-t-m~mudot-iy*zv~auqdot*z,);
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co a -%*uv~zg( i) 4 Uq*zv-zq*mv-u~w;
cl = (-u*zg W)+uvdot*zg(i).e+u~zb..vdo-t~zb) *injIs(.,. ~Jj))

dl - (xw*xg(i)-zw*xb)*uin(th..ga(j~j)),..
(zv*zb-zwwozg(j ) )*cou(,thogs(i j));

% After uapplying ADwBC...

w(i,j) a bO*cO/(aO*di-bO*ci);
UO(±.j) a(ISSG.2363/(ndI*v(i,j)))-.5;

and
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% File criS..dolla.z
% Evaluation of critical speed for nomzero stern plane angle.

rho a 1.94;
g - 32.2;

L a 13.9792;

ndi a 0.5*rho*L-2;
*d O.5erho*L-3;

nd3 a 0.5*rho*L-4;
nd4 - 0.5*rho*L-6;
iy 561.32/ud4;

zqdot = -6.33e-4;
zwdot u -1.4629*-2;
xq - 7.545e-3;
Zv a -1.391e-2;
uqdo~t a -8.89-4;
urdot a -5.61*-4;

aq -3.702*-3;
MW a 1.0324o-2;
a a 1666.2363/(g*ud2);.
zudot - -0.05*.;
xb a O/L;
zb a O/L;
zg a 0.015;

cdz - 0.5; % it adx=O. division by zero provide@ NaN..
ad - -5.603*-03;

md - -2.409*-03;
s0 a 0.1036509; % 50 - Integral of b(z)*dz

El - -2.3629962o-03; % El - Integral of xeb(z)*dz
12 0 7.3672147o-03; % E2 - Integral ot x-2*b(z)edx

xg linspaco(-O.O1,O.O1,60); % IOI-DIMESIOIAL

uO a linspaoe(2,6,40);

xgb a * b

zgb - zg-zb;
vi 1566.2363./(ndl.*u02-2);

delta *input('Enter the value ot delta: delta - linspace( .

delta *delta*pi/180;
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for kwi:lengtk(dolta)
tor jni:ilagS~uO)
for Lal:1.agt(zg)

if dolia(k) > 0

10 a -(uv~sqr-t(zi^2-4*cdS*I0*Udodolta(k)))/(2*cdz*30);
coetti - (aw*w0-cdz*wO-2*314ud*'I'4a(k))/i1(j);
polyl a I~xgb(i)-2+xgb-2) (-2*coottl*zgb) (cooftl-2-xgb(i)-2)];
th~tao a asiza(rooto(polyl));
chocki = zgb(i)*cos(bhetaO(1) )+xgb'uia(thoftaO(1));
chock2 - xgb(i)*cos(thetfto(2))qxb*siiZ(thotULO(2)):
it abs(chock2-c@@ff 1) <C abs(chockl-coottl)

t-he~tO u thetaO(2);
else
thetaG - the-taO(1);

0d

Do[ (a-zudot) -(uezg(i)+zqdot) 0
-(uwdoteaozg(i)) iy-urjdol 0
0 01;

AuC(u,*2*eds*90*IFO) (xq~a)-2*cdz*gl*wo 0
,- 2*cdz*gl*10 (uq-a*zcg(i) ) -aug*xu042*ds*32*wO ...

(xgb(i)esia(-thetao)-zgb*coa(thetaO) )cwl(j)

o 1 0];
elsifi delta(k) < 0
uo - -(zv~sqr-t(xv'2+4*cdb*K0*ud*delta(k)))/(-2*Odin*Z0);
coot ti - (aw*vO~odz*wO-2414Ud*delta(k))/11(j);
polyl a E(zgb(i)Y2+sgb-2) (-2eco.U1.usgb) (coeftl-2-zgb(i)-2)];

thota0 a esiu(roots(polyl));
checki a zgb(i)*cos(thetaO(1))*zgb*UiDt(theti0(1));
chock2 - zgb(i)*cos(theta0(2)).zgb*sifl(thetaO(2));
it abu(chock2-coottl) <C ..b(chockl-coottl)

Us-tao tjhetaO(2);
also
thotw0 * thoeta0(t);
and

Be E (oa-uwdot) -(aezg(i)+zqdo-t) 0
-(uwdot~st*xg(i)) iy-uqdot 0

0 0 1];
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Au ((zv-2*cdz*BO*wO) (zq~u)4*2cdzeZlevO 0
mv42*cdzegl*wO (mq-a*xg( i) ) -mzgeuO-2*cdz*12*vO ...

(xgb(i)*Sin(th~taO)-zgb*cos(thetao) )*vl(j)

0 1 0];
end

ovals a *ig(A.B);
decstab(iji) - usz(real(evals));

and
and

% Evaluation of the critical speed, ucrit:

for iul:length(ig)
for Jum1:(lengh(U0))-1

flagi a sign(dogstab(i~j));
flag2 = sign(dogstab(i~j+l);
it flagl 'aflag2

ucrit(i,k) w (uO(J+1)*degztab(i,j)-uO(J)*degstab(i,j+1))/...
(degutab(i~j)-degstab(i,j.1));

end
and
end
end

% Revaluation of the nominal anngle. 'thetacr'
%( at the critical speed, 'ucrit':
% Note that in -this case, at a certain 'zg',
% corresponds a specific 'ucrit'.
% That's vhy ye use the seome index 'i':

v2 - 1566.2363./(ndl.*ucrit.-2);
for iul:length(zg)

if delta(1) > 0
vo a -(zw~sqrt(zv'2-4*cdz*EO*ud*dslta(1)) )/(2*cdz*EO);
coeff2 a (aw*v0-cdz*v0-2*El~md*delta(l))/12(i);
poly2 = [(zgb(i)-2+zgb-2) (-2*cooff2*zgb) (coeff2-2-zgb(i)-2)J;
theta0 - asin(roots(poly2));
checki - zgb(i)*cos(thetaO(1) )Izgb*sin(thetaO(1));
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chock2 a gb(i)*cos(thetaO(2))+ugb*sizI(sktuLO(2));
if abs(ch*,ck2-coeff2) < abo(chockl-coeftt2)
thetacr(i) -thaotaiO();

and
*lseitf dolta(1) < 0
10 * -(zv~sqrzt(zw-2+4*cdz*K0*zdedelta(l)) )/(-2*cdx*K0);
coott2 - (mw*v0.cdz*vO'2*E1+.dedelta(1) )/w2(i);
poly2 - E((gb(i)-2+zgb-2) (-2*cooft2*zgb) (coott2-2-zgb(i)-2)J;
thetaO0 - asin(raoot(poly2));
checki - zgb(i)*cou(thetaO(1) )+zgbeuin(thotaO(1));
check2 m xgb(i)*cos(thetaO(2))*ugbehia(thetao(2));
if abu(chock2-caeff2) < abs(chocki-coeif 2)
thetacr(i) t hesa.0(2);
oleo
thetacr(i) ahto~)

and
end

end

results - Exg' ucrit(:,1) wOeon~u(longth(xg),1) thotacr'J
save ucritO~dat r~esults -ascii

63



C PROGRAM HOPF..O.FOR
C EVALUATION OF NOPF BIFURCATION FORMULAS
C ZERO DIVE PLANE ANGLE
C

IMPLICIT DOUBLE PRECISION (A-H.O-Z)
DOUBLE PRECISION L.IT.MASSMQDOTMWDOTNDI,TNETA,
I MQ.MV.KD.MDS,MDB.Kl.K2,
2 ALSA ,BETA,GAMA, DELTA,
3 BO,El,E2,E3,E4,
4 DW1,DU2,DH3,DW4,
5 DQ1,DQ2,DQ3,DQ4
DOUBLE PRECISION Mll,M12,NI3,M2l,.M22,K23,
1 M31,M32,M33,
2 Nll,N12,Nl3,N21,N22,N23,
3 N31.N32,N33,
4 L21,L22,L23,L24,L31,L32,L33,L34,
5 L26=L6,L2T.L35.L6,L37.
6 L21A.L22A,L23A,L24A,L31A,
7 L32AL33AIL34A

C
DIMENSION A(3,3).T(3.3),TINV(3.3).FVI(3),IT1(3)*TTT(3,s)
DIMENSION WR(3) ,VI(3) .TSAVE(3 .3) ,TLUD(3.3),ITLUD(3) .SVLUD(3)
DIMENSION ASAVE(3,3).A1(3,3) .A2(3,3) .ZL(25) ,BR(2S)
DIMENSION VECO(25) .VEC1(25) .VEC2(25) .VEC3(25) ,VEC4(25)

C
OPEN (20,FILE-'NOPF.RES' ,STATUS-'NEW')

C
WEIGHT-1563 .2363
IT - 561.32
L a 13.9792
RHO a 1.94
WRITE I** ENTER CD'
READ (*)CD
CD a 0.5eCD*RNO
C 0 32.2
lB - 0.0
WRITE I** ENTER ZG/L'
READ (*)ZG
ZG -ZG*L
ZB w 0.0
miss - WEIGHTr/G
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BOY a MUIGHT
UDI a 0.S*RIO*L**2
ZQDOT a-6 .33003-04*0. 5.RIO*L**4
ZWDOT --1.45293-02*0.65410.L**3
ZQ a 7.6450E-03*0.5*RRO*L**3
zII *-1.39103-02*0. S*RBO*L**2
NQDOT m-8.80003-04*0. 5*RNU*L*.5
J4WDOT a-6.61003-04*0. 5*RZO*L**4
NQ -3-370203-03*0. 5*IEO*L**g4
xv 1.03243-02*0.5*UBO*L**3

c
ZGBUZG-ZB

c
C DEFINE THE LENGTH I AND BREADTH B TERMS FOR THE INTEGRATION
C

XL( 0)- 0.0000
IL( 2)- 0.1000
XL( 3)- 0.2000
D.C 4)- 0.3000
n(C 5)- 0.4000
XL( 6)- 0.6000
D.C 7)- 0.6000
XL( 8)- 0.7000
XL( 9)- 1.0000
X.L(10)- 2.0000
XL(11)- 3.0000
XL(12)- 4.0000
XL(13)- 7.7143
XL(14)- 10.0000
IL(15)- 16.1429
IL(ie)- 16.0000
ILCI7). 17.0000
IL(1a)w 18.0000
D.(19)n 19.0000
XL(20)- 20.0000
1LC21)mm 20.1000
XL(22)- 20.2000
1L(23)- 20.3000
IL(24)w 20.4000
X.(2S)w 20.4167

DO 102 N - 1,25
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ZL() - (L/20.)*ZL(N) L /2.
102 CONTINUK

C
BR( 1)- 0.000
BR( 2)- 0.486
BR( 3)w 0.658
DR( 4)- 0.778
BR( 5)- 0.871
DR( 6)- 0.946
BR( 7)- 1.010
BR( 8)w 1.060
BR( 9)- 1.180
31(10)- 1.410
W1(11)- 1.570
31(12)- 1.660
31(13)- 1.670
31(14)- 1.670
31(15)- 1.670
B1(16)- 1.630
31(17)- 1.370
31(18)- 0.919
31(19)0 0.448
31(20)- 0.195
31(21)- 0.188
31(22)- 0.168
31(23)- 0.132
31(24)- 0.053
31(25)- 0.000

C
DO 104 K n 1.25
VZCO(K)=31(K)
VKCI(K)aIL(K)*BR(K)
VKC2(K) IL (K) *IL(K) *31(K)
VKC3 (K)BXL (K) *IL(K) *X(K)*31(K)
VEC4(K)-IL(K) *IL(K) sIL(K)*IL(K) *31(K)

104 CONTINUE
CALL TRAP(125, VECO, 1L , O)
CALL TRAP(2SVEC1,XL,E1)
CALL TIAP(26,VEC2,IL,E2)
CALL TIAP(25,YEC3.XL,E3)
CALL TRAP(25,VEC4,XL,E4)
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WRITE G** EE iAM
RAM (**)PRILOI
MGIN-O.O1

IGMS+0O.01

IGM=X.GKIE*L

DO I fl-lUIG
WRITE (*,3001) IT,IXG

DT-(KASS-ZWDOT)* (IT-NQDOT) -(xAss*z+zqDO'r) *(KMs*zo.NVDOT)
D6=CD/ (3. DOOEPSILOI*DT)

DWI-CD6*( (IY-NQDOT) *(-Ko1).QIAss'.+ZQDOT) *3*1)
D112.CD6*( (IT-KQDOT)*(-3*Z2)-OIUss*XoeZQDOT)*3*Z3)

DW4.CD6*( (IY-NQDOT)*(13)-QIASS*Xo+zqDOT)*34)
DQI-CD6*(OIASS-ZWDOT)*(EI).(RASS*I0.KVDOT)*s(-KO))
D02-CD6*( (haSS-ZWDOT) .(-3*32).(NASS*10+NWDOr) *(3*E1))
Dq3-CD6*( (KASS-ZWDOT) *(3*z3),OtASS*zo.NWDOT) *(-3*32))
DQ4-CD6*((NALSS-ZWDar)*(-34).OKASS*XG+NWDOT)*(z3))
TEETAO=ATAN( -XGB/ZGB)
AAO=(KASS-ZWDOT) * (IT-MQDOT) - (NWDOT+xASS*10) *(ZQDOT.N"sS*IG)
no0- (-zwDaT*MAss-K&Ss*N.W-ZQ*xLss) *10

& *( -NASS*KQ.ZWDOT*NQ-ZQDOT*XV
& -ZQ*KVDOT-NASS*KWDOT-IY*ZW.NQDOT*ZW)

000--KALSS*ZW*1G.MQ*ZU-ZQ*wV-KASS*NV
ccl-(-KASS*Io-IMWDOT*1o.HhsS*I3-ZIDDT*B) *SIN (TUETAO)

& *(-NASS*ZB-ZWDOT*ZGZWDOT*uZB.KASS*ZG) *COS(TIETAO)
DDIU(ZW14I-ZW*I3) *SIN(TMCrAO) (ZW*ZB-Zv*Zo)

& *COS(THUTAO)
C

W3I=BBO*CCO/ (hAO*DDI-BBO*CCI)
g~oDSQRT(1±553.2363/Wgl)
U-IUo

C
C DETERMINS CAJ AND B32 COEFFICIENTS
C

Al1DV-(IT-NQDOT) *zw+OuAss*1+zqDOT) *MW
A12DT.(Ir-IMQDOT)*(NASS+ZQ)+(NASS*XG+ZQDOT) *(IMQ-KASS*10)
A13DV=--(PASS4'IG.ZQDOT) *VEIGNT
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A2lDVm (NASS-ZWDOT) .NV+QIASS*ZO.KVDOT) *ZV
A22DY- (MASS-ZWDOT) *(KQ-KASS*XG) *(IuSS*XGMVDOT) *(KASB+ZQ)
A23DVm- (KASS-ZWDOT) *WEIGIT

C
All-Al iDY/DY
Al2=Al2DV/DV
AI3UAl3D V/DY
A2ImA21D V/DY
A22wA22D V/DY
A23wA23DV/DV

C
C~lIDV ( IT-NqDOT) *xASS*zG
CI2D V.-(KASS*1G.ZQDOT) *KASS*ZG
C2lDV=- (NASS-ZWDOT) *NASS*ZG
C22DVm(KASS*XG.KWDOT) *NASS*Zg

C
Cl lCllDV/DV
C12-Cl2D V/DY
C21-C2lDV/DV
C22uC22D V/DY

Cnaummmmmimmosu MWummmammmymmmmmmmmmmmmmmmm

C EVALUATE TRANSFORMATION MAITRIX OF 3101 NVE CTORS
C

Kim- (X03*SIN(TIETAO) -ZGB*COS(TIETAO))
K2=-(l ./6. )*(ZGD*COS(TUETAO)-X03.SIN(TUETAO))

C
A(l,1)=O.0
A(l,2)=O.0
A(,3)nl .0
A(2, 1)OAl3*KI
A(2,2)=All*U
A(2,3)nAl2*U
A(3, l)=A23*KI
A(3.*2)-A2l*U
A(3,3)mA22*U
DO 11 1-1,3

DO 12 J-1.3
ASAVE(IJ)-A(IJ)

12 CONTINUE
11 CONTINUE

CALL ROs(3.3,A.WR,UIllTYT.IVI.FVI,IEU)
CALL DSOMEG(IKY, Wi,WI, OMEGA, CHECK)
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DO 6 1=1,3
T(I,1)m YTT(X,IIT)
T(1.2)=-TTT(I.Ixy.1)

5 CONTINUE
37 (MIZTQ.l) C0OTO 13
IF (ME.K&Q.2) 00 70 14
STOP 3004

14 DO 6 1=1,3
T( 1.3)-TTYT(I *1)

6 CONTINUE
0O To 17'

13 DO 16 1.1.3
T(I.3)-TTT(1,3)

16 CONTINUE
17 CONTINUE

C
C NOIKALXATION OF 713 czITCAL EIMuNVZCTOR
C

'NORM-i
IF (INORM.NZ.O) CALL IORMAL(T)

C
C DIVRT TRANSFORMATION KATRIX
C

DO 2 1=1,3
DO 3 J-1.3

TTJV(I *J )-.0.
TSATE(I.J)-T(IJ)

3 CONTINUE
2 CONTINUE

CALL DLUD(3,3,TSAYE,3,TLUD .IVUD)
DO 4 1.1,3
IF (IVLUJD(I).EQ.o) STOP 3003

4 CONTINUE
CALL DILW(3,3.TLUDIVLUD,SVLUD)
DO 8 1-1,3

DO 9 J-.13
TMN(I.J)OTLUD(I.J)

9 CONTINUE
8 CONTINUE

C
C CRICK Iav(T)*A*T
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C

IF (IMUTrEQ.1) CALL KULTý-.2NV.ASATK.TA2)
IF (I MLT.30.0) STOP
P.A2 (3,3)
P310-P

C
C DEFINITION OF Iij
C

I11-TIN(I .1)
N21=TINV(2, 1)
Y131=TIN(3 1)
N12=TINV(1 .2)
N22-TINV(2 .2)
U32-TINV(3 ,2)
113-TINT(1. 3)
U23-TI1Y(2 .3)
V333T111(3 3)

C
C DEFINITION OF Kij
C

NII-T(1 .1)
K21OT(2, 1)
N31=T(3 *1)
M12inT(1,2)
M22nT(2,*2)
N32-T(3,2)
KI3=T(1 .3)
J423=T(2, 3)
K33=T(3,3)

C
C DEFINITION OF Lij
C

US6CI 1.K3l*M3l.C12*K2l*K31
L26-2*Ci1*N31*N32+C12* (K21*N32,x22*x31)
L27aC1 1*M32*N32.Cl2*N22*N33
L35-C22*N3l*K31.C21.M21*m31
L36=2*C22*K3l*N32+C21* (K21.K32+x22*K31)
L37oC22*M32*M32+C2l*M33*K22

C
C DEFINITION OF *1.1k. BTA, GANA
C
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01 1N32*L25 + 9334*35
02 =NS2*L26 + W33*L36
D3 1N32*L27 + K334L37

C
01.--P
D12w0N1@AO
D21=-2*ONMIO
D22w-P
D2302*OKKGAO
D32s -OHEAO
033--P

C
IZTA-(D2-D214'DI/Dll-D23*D3/D33)/ (D22-D21*D12/D1I-D23*D32/D33)
AIYA=(Dl-D12*IITA)/DII
OARA.(D3-D32*BETA) /033

C
L21A=2*C1 1*ALFA*N31*K33,C12*ALIA*0121*N33,N23*K31)

C
L22&u2*C1I*ALFA*N32*N33 + 2*Cl1*DZTA*NS1*K33

& + C12*ALIA*(N22*N33+K32*N23)
a + C12*BITA*(K2i*N33.K23*K3I3)

C
L23A-2*C11*GAMA*N31*N33+2*Cll*33TAeN32*MS3

& + C12*GANA*(N21*K33,N23*K3l)
& + C12*BETA*0122*N33+N23*K32)

C
L24Am2*ClI.GAMA*N32*N33,Cl2*GAXA*(N22.K33.1423*K32)

C
L31A=2*C22*ALFA*N31*J'33.C21*ALIA*0121*N33+M23*K3l)

C
L32A-2*C22*ALFA*N32*N33+2*C22*DZTA*N31*N33

& + C21*ALFA*0122*N33+N32*N23)
& + C21*BhTL*(N21*N334?123*K31)

C
L33A.2*C22*GANL*N3l*N33+2*C22*3u7A*N32*N33

& + C21'sGARA*0421*P133+M23*N31)
& + C21*BZTA*(N220N33+N23*N32)

C
L34Au2*C22*GANA*K32*P1334C21*GANA* (M22sK33.M23*M32)

C
L2IsL21AA13*K2*NlI**3,DV1*N21**34DV2*N3l*N21**2

k + MV*p121*N31**2+DV4*1131**3
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L22-L22Ae3*Al3*K2*Nl2*Nil**2+3*DV1*N22*N21*.2
+ DV2*(2*N21*N22*N31.N32.N21**2)

& + DW3*(2*N21*N31'P132.122*N31**2)
+ 3*DV4*N32*131.*2

L23=L23A+3*Al3sK2*M1 1.K12**2+3*DVl*K2l*122**2
k DV2* (K31*N22**2+2.M2l*K22*K32)
&a DV3*0121*N32**2+2*K22*K3l*N32)
k + 3*DV4*H31'I'132**2

L24-L24AA13*K2*Nl2**3.DV1*N22**S.DV2*K32*N22*02
ka DVS*N22*M32**2+DV4*K32**3

L31-L31AA23*K2*N11**3.DQl*K21**SDQ2*K31*K21**2
k + D03*K21*MSI**2,DQ4*KS1*i'3

L32nL32A.3*A23*K2.'N12*KlI**2+3*DQI*N22*N21**2
k + DQ2*(2*N21'1K22*N3l.K32*N2l**2)
k + DQ3*(2*M2l*N31*P132eR22*NSI**2)
k + 3*DQ4*K32*K31**2

L33-L33A+3*A23*K2*N1 1*Ml2**2+3*DQl*N21*K22**2
k + DQ2*(N3l*K22**2+2*K2l*K22*N32)
& + DQ3*(N2l*1432**242*N22*K3l*M32)
&a 3*DQ4*NS1*N32**2

L34-L34A+A23*K2*M12**3+DQ1*K22**34DQ2*N32*N22**2
& + DQ3*K22*N32**2.DQI.K32**3

C
31 1.112*L21+113*L31
R12n112*L22+113*L32
R1311l2*L23+113*L33
R14nN12*L24.113*L34
321.N22*L21+123*L31
R22wN22*L22.123*L32
R23-122*L23+123*L33
R24.122*L244123*L34

c
C EVALUATE DALPIA AND DONEGA
C

UIIC-0 .001
YU =U+UINC
ML uU-UINC
U OUR

c
A( I*1)0-0.0
A(l.2)s0.0
A(1,3)u1 .0
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A(2. 1)"A13*KI
A(2.2)mAll'I.
A(2.3)uAl2'.U
A(3. 1)-A23'.KI
A(3,2)uA2l.U
A(3,3)uA22'.U

C
CALL RG(3.3.A.WR.VI.O,Yyy,Iy±.",FyU=)
CALL DSTABL(DEOS.WI.VI.FaUQ)
AL~flDEOS

CH UM

A(1.1)=.O.
A(l.2)00.0
A(.3)=1 .0
A(2. 1)OA13*K1
A(2,2)=AI1*U
A(2,3)nAl2*U
A(3, 1)uA23*K1
A(3,2)-A21*U
A(3 .3)-A22*U

CALL MG(3,3,A,WR,UIOTTT.IV1.yy1.IEUR)
CALL DSTAIL(DEOS ,VR.WI .FREQ)
'LLPNL-DR0S
OMZGL-FREQ

C
DALPN[A-(AL-PU-ALPHL)/I(ni-rn.)
DOMEGA. (ONEG-OMIGL)/I(na-UL)

C EVALUATION OF KOPF BIMUCATION COMFICIUITS
C

COUP 1-3. O*i11*R13+R22+3 . *R24
COlU2-3. 0*R21.R23-B 42-3.0*3.14
A1112 -- COEFlI (8. *DALPRA)
NETA2- . 25*COEP1

C TAU2 -- (COEF2-DONEGA*CoEF1/DALPRA)/(e .0*OKEGAO)
C PER u2.o*3.1416927/OMUGAo
C PER -PER*U/L

VRITE (20,2001) IG/LU.COEF1,DALPKA.OPMGAOPIIG
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I CONTINUE
STOP

1001 FORMAT (I ENTER NUMBER OF DATA LINMS'
1002 FORMAT C' 0 1THE O. ZOa, AND DSATP)
1003 FORMAT (P m Tin BOW PLANE TO STERN PLANE RATIO')
1004 FORMAT (v mNTER ZgO')

2001 FORMAT (6914.5)
4001 FORMAT (3F15.5)
3001 FORMAT (215)

END
Cinuumuunnm uummmnunmmmmurmsfmumtmmumaum

SUBROUTINE DSOMEO(IJK .111VI, OMEGA *CHEC)

IMPLICIT DOUBLE PRECISION (A-I1.O-Z)
DIMENSION WR(3).VI(3)
CHECK=--I.0D+25
DO I1- 1a,3
IF (VR(I).LT.CNZC~K) 0O To I

CKM-VR(I)
lI-I

1 CONTINUE
OMEGA-DABS(Ui(IM)
IF (VI(IJ).GT.0.DO) UKX-lI
IF (WI(IJ).LT.0.DO) IUK-li-i

SUBROUTINE DSTABL(DEOS, RWE I OMEGA)
IMPLICIT DOUBLE PRECISION (A-H,O-Z)

DIMENSION WR(3).WI(3)
DEOS=--1.OD+20
DO 1 1-1. 3
IF (W&(I).LT.DEOS) GO To I
DEOS-VR(I)

I CONTINUE
OMEGA-VI(Ii)
OMZGAwDABS(ONKGA)
RETURN
END

SUBROUTINE NORKAL(T
IMPLICIT DOUBLE PRECISION (A-K.O-Z)
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DINMENION T(3,3) .TNOR(3 .3)
CVAC.T(1 .1)**2.T(1 .2)*02
IF (DABS(CPAC).LE.(l.D-1O)) STOP 4001
TIOI(1.1)u1.DO
TNOR(2,1)a(T(1,1)*T(2,1)eT(2.2)*T(l.2))/CFAC
TNOR(3,1)n(T(1.1)*T(3,1).T(3,2)*T(1.2))/CFAC
TEOR(1 ,2)-.0 .D
TNOR(2,2)u(T(2,2)*T(l11)-T(2,1)*T(1.2))/CFAC
TNOR(3,2).(T(3,2)'.TO..1)-T(3,1)*T(1 .2))/CFAC
DO 1 ls1,3

DO 2 3=1,2
T(I.3)-TNOR(1,3)

2 CONTINUE
1 CONTINUE
RETURN
END

Cu n**u**UUU~uuU**uu~**umm~uuamumuinnuiamwwmmmuu

SUBROUTINE MULT (TIN, A .T ,A2)
IM4PLICIT DOUBLE PRECISION (A-E,O-Z)
DIM ENS ION T IN (3,3),A(3,3).T(3,3),Al(3,3).A2(3,3)
DO 1 1-1,3

DO 2 3.1,3
Al (I.J)=O .DO

A2(I.J)nO.DO
2 CONTINUE
1 CONTINUE

DO 3 101,3
DO 4 3=1,3

DO 6 1-1,3
Al(I,3)uA(IXO*T(K,J)+A1(IJ)

5 CONTINUE
4 CONTINUE
3 CONTINUE

DO 6 1-.13
DO 7 J-1,3

DO 8 X-1,3
A2(I.J)uTINV(IK)*A1(K.J)*A2(I,J)

a CONTINUE
7 CONTINUE
6 CONTINUE

DO 11 1-1,3
C WRITE (*,1O1) (A(I,J).J1i,3)
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11 CONTINUE
DO 12 1-1.3

C WRITE (*.101) (T(IJ).J=1,3)
12 CONTINUE

DO 10 1-1,3
C WRITE 0,101) (A2(IJ).J-1.3)

10 CONTINUE
C WRITE (*,I01) *2(1.1)

REUR
101 FORMAT (E15.6)

END
Comsmosmus

SUBROUTinE TRAP(N .AB ,ouT)
C
C NUMERICAL INTEGRATION ROUTINE USING THE TRAPEZOIDAL RULE
C

IMPLICIT DOUBLE PRECISION (A-H,O-Z)
DINMENS ION A(1).B(1)
Ni-N-I
OUTOO.0
DO 1 I-1,N1
OUTIoO.6.(A(I)aA(I.I))*(B(1*I)-B(I))
OUT -OUT.OUT1

I CONTINUE
PSTURN
mD
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77~-. --

C PROGRAM IOPF-.DELTA.FOR
C EVALUATION OF HOPF BIFURCATION FORMULAS
C STEMR PLNE ANGLE IS NON ZERO
C

IMPLICIT DOUBLE PRECISION (A-H.O-Z)
DOUBLE PRECISION L, ITMASS ,MQDOT,MWDOT.NDI ITHETA.
I MQ,NV,NDZD,MDS,NDB,Kl.1c2,
2 ALIA,UETA.GANA.DELTA,
3 9OIIEIE2,E3,E4,
4 DVI.DV2.DV3,DV4.
5 DQ1,DQ2,DQ3,DQ4
DOUBhLE PRECISION Mll.M12,Nl3.N2l.M22,M23,
1 M31.M32,M33.
2 I11,Nl2,Nl3,N2iV22,N23,
3 N31.N32,N33,
4 L21,L22,L23,L24,L31,L32,L33,L34,
5 L25,L26,L27,L35.L36,L3T,
6 L21A,L22AL23A.L24AL3lA,
7 L32A.L33A.L341

C
DIMENSION A(3,3),T(3.3).TINV(3.3),FV1(3).IV1(3),TT(3,3)
DIMENSION WR(3) ,VI(3) ,TSATE(3,3) .TLUD(3,3) .ITUD(3) .SVLUD(3)
DIMENSION ASATE(3,3),Al(3,3),A2(3,3).ZL(26).DR(25)
DIMENSION VECO(26) .VECI(26) .VEC2(26) .VEC3(26) ,VEC4(25)

C
OPEN (1O,FILFu'NOPF.DAT' .STATUS.'OLD')
OPEN (20,FlLgsOlfPF.RES',STATUS-'NEVW')

C
WEIGHT. 1556. 2363
IT a 561.32
L a 13.9792
RNO a 1.94
WRITE I.. ENTE CD'
READ (4,)CD

CD a 0.5*CD*RNO
a a 32.2
ID a 0.0
WRITE I*. Z ENTR ZG/L'
READ C,)ZO
ZG *ZG*L
ZD 0.0
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KISS a WEIGNTIG
BOY - WRIGHT
UD1 - O.5*RNO*L**2
ZQDOT a-6 .3300E-04*0 . *RRO*L**4
ZUDOT --1 .4529E-02*O.5us'UO*L**3
ZQ - 7.64S0E-03*0.5*RNO*L**3
ZW a-1.3910E-02*0. 5*RO*L**2
KQDOT --8.80001-04*0. 5*RNO*L.**
MIIOT =--.61001-04*0. 5*RO*L**4
KQ u-3.70201-03*0. 5*RO*L**4
KW a 1.0324E-02*0.5*R1O*L**3

C
ZGB-ZG-ZB

C
C DEFINE THE LENGTH I AND BREADTH B 113315 FOR THE INTEGRATION
C

IL( I)= 0.0000
IL( 2)- 0.1000
IL( 3)- 0.2000
IL( 4)- 0.3000
XL( 5)- 0.4000
IL( 6)- 0.5000
IL( 7)- 0.6000
IL( 8)- 0.7000
XL( 9)- 1.0000
X1(10)u 2.0000
11(11)- 3.0000
ZL(12)- 4.0000
IL(13)- 7.7143
11(14)- 10.0000
11(15)- 15.1429
XL(16)w 16.0000
11(17)- 17.0000
11(18)- 18.0000
11(19)n 19.0000
11(20)- 20.0000
11(21)n 20.1000
11(22)- 20.2000
11(23)- 20.3000
11(24)s 20.4000
11(25)- 20.4167
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DO 102 N 1, D25

KL(I) - (L/20.)*XL(K) -L/2.

102 CONTINUE

C
BM( 1)= 0.000
BR( 2)- 0.485
DR( 3)- 0.6568
B1( 4)n 0.778
BR( 5)- 0.871
BR( 6)n 0.945
BR( 7)- 1.010
BR( 8)- 1.060
31( 9)- 1.180
31(10)s 1.410
BR(11)n 1.570
BR(12)- 1.660
31(13)- 1.670
31(14). 1.670
BR(15). 1.670
31(16)- 1.630
B1(17)s 1.370
31(16)- 0.919
31(19)- 0.448
31(20)- 0.195
31(21)- 0.188
31(22)- 0.168
31(23)- 0.132
31(24)- 0.053
31(25)- 0.000

C
DO 104 K - 1,25

VECO(K)OBI(K)

TKCI(K)-IL(K)*BR(K)
VEC2(K)-XL (K) *XL(K) *31(K)
VEC3(K)-IL(K)*XL(K) *IL(K)*DI(K)
VEC4(K)nIL(K)*IL(K)*ZL(K)..IL(K)*hI(K)

104 CONTINUE
CALL TRLP(25,VECOIXL,Eo)
CALL TRAP(26.VEC1,XL,E1)
CALL TRAP(25,VEC2,IL,z2)
CALL TRAP(26,VEC3,XL,E3)

79



CALL TIAP(25.VEC4,XL.E4)

WRISI (** ENTER GAMMA'
READ (.)EPSILON

DO 1 IT1,I111
READ (10.0) IG,U.WO,TNETAO
WRITE (*,3001) ITIXG
ZGwZG*L

DVs(MASS-ZWDOT)*(IY-KQDOT)-(KASSemIG.ZQDOT)*QIAM*10.i.WDOT)
COIST2nCD/ (3. O*DT*IPSILOI)
ThU1uCOIST2*((IY-KqDOT)*(-K0)IOIASS*10.zQDOT)*(11))
TDW2=COIST2*((IY-KqDOT)*(3 .0*E1)*(KASS.10e+ZqDOT)'.(-3 .0.52))
TDW3-CONST2*( (IT-KqDOT)*(-3 .042)Q(KASS*1+zQDDo')*(3 .0*53))
TDW4=CONST2.( (IT-MQDOT)*(93)+(KASMaI.G+zQDar)*(-94))
Thql=COIST2*((KASS-ZWDOT)*(51).(K&SS*XG.KWDoT)'.(-Eo))
TDq2sCOIST2*((KASS-ZWDOT)*(-3 .0*K2)+(KASS.IGMWDOT)*(3.0*K1))
Thq3-COIST2*((KASS-ZWDOT)*(3.0*33).(KASS*XoMWDoT).(-s .0*52))
TDQ4-CONST2* ( (ASS-ZUDoT) *(-14). (KASS*XG*MWDOT) *(33))

COISTaTANH(UO/EPSILOI) *CD/DV
DW1-COIST* ( (IY-NqDOT) *(-10) *(KASS*XG'zqDol) *51)
DW2-COIST* ( (IT-NqDOT) *(2*51) -(RXsS*zo.4qDoT) *2*12)
DW3-COIST*.( (IT-KqDoT) *(-12) *OLSS~z*10zqDoT) *33)
Dql=COIST*( (KASS-ZWDOT)*(11) '(KASS*ZG*MWDOT)*(-Z0))
Dq2sCOIST*( (NASS-ZWDoT)*(-2*Z2).OILss*zo+KWDaT) 2*31)
Dq3uCONST*( (KASS-ZWDOT).(K3) '(KASS*I0+KVDOT)*(-K2))

c DETIRKINE [A] AND CB] COEFFICIENT

AI1DVO(IT-MqDOT) *(ZW-2*CD*E0.W0)
& *(KASS*XG*ZqDOT) * (14W2*CD*E1.V0)

AI2DV-(IT-MqDOT)*a(KASS*Z042i.CD.11.V0)..(KSS.IGZqDOT)
& *(Kq-KASS*10-KASS*ZG*WO-2*CD.32*WO)

A13DVu- (MASS*XG*ZqDOT) *WEIGIT
A21DT-(KASS-ZWDOT)* (MW2*2CD"'E1*WO)

& *(KASS*XG*MWDOT) .(ZW-2*CD*EO*W0)
A22DT- (KASS-ZWDOT)*(Nq-KASS*XG-KASS*ZG*W0-2*iCD*K2*WO)

& *(KASS*IG.MWDOT) *(MASS*Zq.2*CD*E1*u0)
h23DVO-(KASS-ZUDOT)*VEIGNT

C



Al 1-Al DV/DY
A12uAl2DV/DV
A13-Al3DV/DV
A21sA21DV/DV
A22uA22DT/DV
A23-A23DV/DV

C
C1IDV-( IT-MQDOT) *KASS*ZG
CI2DV-- (IuASS*1+zqDOT) *MASS*Zo
C2IDVu- (MAS-ZYDOT) *KASS*ZG
C22DV=(MASS*XGMWDOT)* KAMS*ZG

C
Cll-ClIDVIDV
Cl2wCI2DV/DV
C21-C2lDT/DV
C22wC22DV/DV

C EVALUATE TRANSFORMATION MALTRIX 0F EIGEN VICTORS
C

Klm- (IGD.SIN(TIETAO) -ZGB*COS(TEETAO))
K2--( .16. )*(ZGU*COS(TNETAO)-IG3.sIN(TIETAO))

C
A( I*1) -0.0
A(1,2)=0.0
A(1,3)sl.0
A(2, 1)OA13*Kl
A(2,2)ALll*U
A(2,3)uA12*U
A(3, l)-A23*Kl
A(3,2)-A2lsU

A(3.3)-A22*U
DO 11 1-1,3

DO 12 Jsl,3
*SATE(I.J) A(I, 3)

12 CONTINUE
11 CONTINUE

CALL flG(3,3,A,VE,WIl1,TTT,IV1.l.FIEI=)
CALL DSOMEO(IEV, Hi,WII MEGA,*CBECK)
OMEAOwOMEGA
DO 6 1-1,3

T(I.1)- YTY(I,IET)
T(1,2)-- MT(I.IET.1)
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5 CONTINUE
IF (IET.EQ.l) 0O TO 13
IF (IEV.EQ.2) 00 TO 14
STOP 3004

14 DO 6 I.1.3
T( 113) -TY(I * )

6 CONTINUE
Go TO 17

13 DO 16 1-1,3
T(I. 3) -T(I .3)

16 CONTINUE
17 CONTINUE

C
C NORMALIZATION OF TIM CRITICAL ZIGENTCTOR
C

'IOU-il
IF (INORM.NE.O) CALL NORNAL(T)

C
C IN VER T TRANSFORMATION MATRIX
C

DO 2 1-1,3
DO 3 3-1,3

TIN(I.J)-o.O
TSAVE( IJ ) T( 1,3)

3 CONTINUE
2 CONTINUE

CALL DLUD(3,3,TSAIE,3,TLUDIVUD)
DO 4 1-1,3
IF (ITLUD(I).EQ.0) STOP 3003

4 CONTINUE
CALL DILU(3,.3 TLUD,ILUD ,SVLUD)
DO 8 11.13

DO 9 J-.13
T INV(I .3)nTLUD(I .3)

9 CONTINUE
a CONTINUE

C
C CHECK Inv(T)*A*T
C

IMULT-1
IF (IXULT.Eq.1) CALL 3JLT(TINVASATE,T.A2)
IF (IKULT.zq.0) STOP
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P=12(3,*3)

C DEFINITION OF NIj

U210TINV(2,1)
11310T1NV(3, 1)
2120TIIT(i.2)
N22OT1N(2 2)
132-TIN(3 ,2)
N313TIN1(1.3)
1123-TIN(2 .3)
0333-713(3.3)

C
C DEFINITION OF Mij
C

M3117(31 1)

312=7(1 2)
322=T(2,2)
?132=T(3.2)
K313T(1,3)
M23uT(2 .3)
M333.7(3,3)

c DEFINITION OF Lij

L25aCll*N331*K33,C2*K~l*Njj
L26u2*C11*N31*N32.Cl2.(N~l*332 +K22*33 )
U.2sCll*K32*332+C12*M22*33S
L3SuC22*N331*N33C21.1121.331
L36u2*C22*N31*N320C2las(N2l*N32*WMN331)
L37mC22*N32.w32,C2l1.333.p2

C DEFINITION OF ALFA, WETI. UNA

Dl wN32*L26 + N33*1,35
D2 o132*L26 + N33*L36
D3 n132*1,27 + N333sL37

C



Dllu-P
D12O0MZGAO
D21--2*OPMIGO
D220-P
D23s2*OXKGAO
D320-ONZOAO
033-P

C
uSTA-(D2-D21'.D1/DlI-D23'.D3/D33) /(D22-D21*D12/Di1-D23'.D32/D33)
ALLAu(D1-Dl2*BETA)/DII.
G*I~in(D3-D32*IKTA) 1D33

C
L21A-2*(Cll.DV3)*ALFA*N31s'N33.(Cl2.DV2) .ALFA*(1g2l*N33,N23*eN31)

& *2*DV1*N2l*K23*ALF&
C

L22hu2*(CI1+DV3)*ALFA*N32*N33 + 20(Cll.DV3)*DKTA*K31*K33
& + (C12+DV2)*ALFA*(N22*K33+K32*N23)
& + (C12.DV2)*3171*(N2l*K33+K23*K31)
& + 2*DV1* (N2l*K23*BETAN22.K23*ALIA)

C
L23As2* (C1I.DV3) *GAMA*M31*MS332*(CllDW3)*BETA.N32sN33

&a (C12+DV2 ) .GMNA.(21*133.K23*K31)
& + (Cl2.DV2)*BrrA*0122*N33.N23.K32)
& + 2*DV1* (K2l*N23*GARLI122*N23*IKTA)

C
L24h=2* (CI1.DV3) *GANA*N32*K334(C12+DV2) *GANA*(X22*N33+K23.N32)

& +2*DWl*N22*K23*qANA
C

L31A=2* (C22.DQ3)*ALPA*x3l*N33e(C21.DQ2) *ALFA.(N21*K33,M23*N31)
& +2*DQ1*N21*N23*ALFA

C
L32&02* (C22.DQ3) *ALFA*N32*N33 + 2*(C22.D03) *3ZTA*N31*H33

& + (C21.DQ2)*ALnA*(N22*x33.x32*N23)
& + (C21.DQ2) .3ZTA*0121.x33+x23.x3l)
& + 2.DQl*(K21*N23*BZTA.K22*K23*hLVA)

C
L33A.2*(C22+Dq3) *GARA*K3l*N33.2* (C22.DQ3) *BKTA*N32*K33

& + (C21.DQ2)*GANA*(121.K33.N23*N3l)
& + (C21.Dq2)*BrrA*0122*N33,x23*J132)
& +2*DQ1.(N2l*M23sGMAM+22.M23*IITA)

C
L34A*2* (C22.DQ3) *GANA*N32*N33,(C21eDQ2) *GAMA*(M22*N334K23*N32)
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+ 2*DQ1*N22*N23*GANA

L2l=L21A.A13*K2*Nll**3

L22nL22A.3*A13*K2*Kl2*Nll1*.2
L23uL23A.3*A13*12*N1 1*K12**2
L24nL24A4Al3*K2.112..3
LS1.L31h.A23*K2.M1**03
L32=L32A+3*A23*K2*N12*N1 1**2
L33=L3SA*3*A23*K2*N1 1*N12**2
L34=L34A.A23*X2*Nl2*03

c
L2l=L21+TDV1*N2l**3,TDV2*K3l*N2l**2,TDV3*142l.NS1**2,ThV4*MSI..3
L22.L22.1DVI*3 .0*N22*N21*.2.ThV2.(2 .O*K21*K31.N22.N32*N21**2)

& *TDV3*(2.0'1K31*K32*N21.N22*K31..2),TDW4*s .O*K32*K3l**2
L23.L23.TDVI*3 .0.N2l*N22**2.TDV2.(M31.N22**2+2.O*N21*N22*N32)

& *ThV3*(N21*R32**2+2 . 0.'KS*N32.N22) .TDV4*3 . K31*K324'*2
L24.L24+TDVI*N22**3.ThV2*K32*N22s.2.TDV3.N22*132**2.eTDV4*N32**3
L3l=L31.ThQl*N21.*3.TDQ2*K3l*N2l.*2.mDQ3*x2l*N3l**2,mq94*N3l*.3
L32nL32+ThQ1*3 . *N22*M21**2.TDQ2.(2 . OK21*K3I3*K22.M52*N2l**2)

& *TDQ3* (2. 0*K31u'K32*N21.N22*13l1.2) .TDQ4*3 . 0*32*K31*'.2
L33-L33.TDQ1*3 . O*N2*N22**2.TDQ2*(R31*K22**2+2 .0*W(21*K22.K32)

& *1D03* (N22.*x32**2.2 . 0*3l*N32*N22) +TDq4*3 . OiN3l*K432**2
L34iL34*Thq1*N22**3*ThQ2*K32*N22**2.TDQ3*N22*N32**2,7Dq4smK32**3

C
R11m112*L21.113*L31
R12-112*L22.113'.L32
R.131N12*L234113*L33
R14n1l2*L24.113*L34
32lu122*L21.123*L31
R221N22*L22+N23*L32
B231N22*L23+123*L33
124=522*L24+123.L31

C
C RVALVATE DALPIA AND DOM=G
C

uIIC*0 .001
UR NU.UINC
MT wU-UINC
U OUR

C
U(1,000.0
A(1,2)u0.0
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A(l.3)u1 .0
A(2, 1).A13*KI
A(2.2)=A11*U
A(2. 3)aAl2*U
A(3. 1)uA23'.Kl
A(3,2)=A21*U
A(3.*3)OA22*U

C
CALL RG(3,3,A.WR,UI,0,T M.IVJ,Fvl, MR)
CALL DSTABL(DEOS .WI,VI,FREQ)
"A.PN1*DIOS

C
USUL

C
U(1*1) 000.0
A(l,2)-0.0
A(l.3)s1 .0
A(2, 1).A13*Kl

A(2.2)nAII*U
.A(2,3)nA12.U
A(3,1) .123*K1
A(3 ,2)nA21sU
A(3,3)mA22*U

C
CALL RG(3.3.A,WRIW,V.0TYT.Iy1,,rV1,Izn)

CALL DSTABL(DIOS.VRUVI ,FRZQ)

ONKGL=VIEQ
C

DALpIA(&TPU-AL-PB) /(Ul-UL)
DOMEGA- (O M R-ONIGL) /(UR-nI.)

C
C ITALUATION OF NO"F BIFURCATION COZFFICIUTS
C

0ZFf1.3. 0*111,1134322,3 .0*1.24
COD2n3 .0*121.323-112-3.0*114
AMU --COKF1/(S .0eDALPKA)
BETA2=0 . 2*COZIF

C TAU2 -- (COEF2-DONEGA*COKFt/DAUpn)/(e .0*ONKGAO)
C PR =2.0*3.141692710N30A0
C PUR OPK*U/L



WRITE (20,2001) IO/L.U,CDEF1,DALPEA.OH"OAOPPEIG
1 CONTINUE

STOP
1001 FORMAT C' EllE NUMBER OF DATA LINES')

1002 FORMAT (C ENTER UO, ZO. AND DSAT')
1003 FORMAT C' DETER BOW PLANE TO STERN PLANE RATIO')

1004 FORMAT C' ENTER ZO')
2001 FORMAT (6914.5)
4001 FORMAT (3115.5)
3001 FORMAT (215)

END

SUBROUTINE DSOMEG( 131 * vI *v*OMEGA ,CHECK)

IMPLICIT DOUBLE PRECISION (A-I,O-Z)
DINMEN SION WR(3).UI(3)
CIECKn--I.OD+26
DO 1 1-1,3
IF (WR(I).LT.CNECK) GO TO 1
CHECKs WR( I)
13*1

1 CONTINUE
OMEGAODABS(WI(IJ))
IF (WI(Ij).GT.0.DO) 131.13
IF (VI(IJ).LT.0.DO) 131-13-1

RETURN
END

SUBROUTINE DSTABL(DEOS ,Wu,WI ,OMEGA)
IMPLICIT DOUBLE PRECISION (A-H.O-Z)
DINMENS ION WR(3),WI(3)
DEOS.- 1.OD.20
DO 1 1=1,3
IF (WR(I).LT.DEOS) GO TO 1
DEOS-WR(I)
13.1

1. CONTINUE
OMEGA-WI (13)
OMEGA-DABS (OMEGA)
RETURN
END

SUBROUTINE NORMAL(T)
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IMPLICIT DOUBLE PRECISION (A-HO-Z)
DINMENS ION T(3.3) .7101(3,3)
CIACuT(1 .1)**2+T(1 ,2)**2
IF (DABS(CFAC).LE.(1.D-1O)) STOP 4001
7101(1 .1)-i.DO

TNOR(3,1)-(TC1 .1)*TC3,1)+T(3,2)*T(1,2))/CFA~C
7101(1 .2)-0 .DO,
TNOa(2,2)s(T(2,2).rO. .1)-r(2.1).r(±,2))/CpmAC
TNOR(3,2).(T(3.2)*TO. .1)-T(3,1)*T(1,2))/C1IAC
DO 1 I1,3

DO 2 3.1.2
T(I.J)uTNOI(I .3)

2 CONTINUE
1 CONTINUE

RETURN
END

SUBROUTINE NMLT(TINV,A .7.12)
IMPLICIT DOUBLE PRECISION (A-H.O-Z)
DIN ENS ION TINV(3.3).A(3.3),T(3.3).A1(3,3),h2(3.3)
DO 1 11.13

DO 2 3.1.3
A1(IJ).O.DO
h2(1,3) -O.DO

2 CONTINUE
I CONTINUE

DO 3 1=1,3
DO 4 J-1,3

DO 6 X.1.3
Al(I.3)=A(IK)*T(K,J)*Al(I.3)

5 CONTINUE
4 CONTINUE
3 CONTINUE

DO 6 1-1.3
DO 7 J-1,3

DO 8 =1,3
h2(I,J)-TINv(I.K)*A1(K.J)+A2(I ,3)

8 CONTINUE
7 CONTINUE
6 CONTINUE

DO 11 1=1,3
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C WRITE (*.1O1) (A(IJ).Jul.3)

11 CONINUIE
DO 12 I1.,3

C VRITZ (*,101) (T(I,J).J-1.3)

12 CONTINUE
DO 10 I.l,3

C WRITE (.101) (A2(I,J),J-1.3)
10 CONTINUE

C WRITE 0,.101) A2(1,1)
RETURN

101 FORMT (3115.5)

cumw wmwm~u~~wuunmmm sw~uamumummmwammm m..uamoum~

SUBROUTINE TRAP(NABOUT)
C
C NUMERICAL INTEGRATIOI ROUTINE USING TEl TRAPEZOIDAL RUE

C
IMPLICIT DOUBLE PRECISION (A-1,O-2)
DIN ENSION A(1),B(1)
!11,,-1

OUT"O.0
DO 1 I"I,NI

0O"T1-0 . S(A(I)÷A(I÷1) ) *(3(Il)-3(I) )

OUT ,OUT÷OUT1

I CONTINUE

RETURN
END
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C PROGRAM SIM.FOR
C
C SIMULATION PROGRAM USING A FOURTH ORDER ADAKS-BASHFORTH
C INTEGRATION SCHM&E
C

REAL L,MW.KASS,IT.MQDOT.MWDOT.MQ.
U,TIME,ND1,ND2,ND3,ND4.

* Fl(4).F2(4),F3(4)

C
DIMENSION IL(25) .31(25) ,VEC1(25) ,VEC2(25)

C
OPEN (10,FILEs-51N.DAT' .STATUS-'OLD')
OPEN (20,FILZu'SIN.RES'.STATUS-'NEW')

C
C ENTER SPEEDS AND TIME DATA
C

READ(1O,*) U.TSIM,DELTIPRNT,
* ZG.ZG,THETA,V,Q

C
C GEOMETRIC PROPERTIES AND HYDODYNAIIIC COEFFICIENTS
C

Pi -4.O*ATAN(1.O)
THETA UTHEA*PI/180
RHO -1.94
CDZ .0.80
L -13.9792
ND1 uO.5*UNO*L**2
ND2 u0.S*RBO*L**3
ND3 -.0.*RHO*L**4
ND4 uO.S*RNO*L**5
WEIGHT01566 .2363/ (NDI*U**2)
MASS u1556.23631(32. 2*ND2)

IT =561.32/ND4
ZQDOT--6 .3300E-04
ZWDOT--1 .45299-02
ZQ * 7.6450E-03
ZW a-i.3910E-02
NQDOT--8 . OOOE-O4
MWDOTU- . 6100E-04
MQ .-3.7020E-03
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MW *1.03249-02

ZB 00.0
1GB 00.0Z
1GB NIG-UB

C DETERMINE [A] AND (B] COWIvucxzrr

DV .(NASS-ZVDoT)'.(IT-NQDOT) -(KASS*zo+ZQDOT).OuAss*zoXv+Mfr)
AlID! ( IT-NQDOT) *ZwVi(NASS*zoZQDO'r) .3W
ALl2DV-(IY-NQDOT) .(KASS+ZQ).(MASS.G+ZQDoT).(NQ-xASS*Xo)
A1SDV.-(NASS*IG+ZQDOT)*VKIGIT
A21DV-OIAS-ZVDO) *NV.(KASSI@.I4VDOT) *ZW
A22DV-(MASS-ZWDOf) * (NQ-NASSu'ZG) *(MASSs*zo+xvDa) *04isZQ)
h23DV.-(MASS-IVDOT)*WEIGET

Ai.AllDV/DV
A12nAl2D V/DV
A13NA13DV/DV
h2lmA2IDV/DV
A22=A22DV/DV
h23-A23DV/DV

C
C DEINE THE LENGTH x AND BRAWTH B ~MM FOR TEE INEQrATIOI

IL( 1)- 0.0000
IL( 2)m 0.1000
IL( 3)w 0.2000
IL( 4)- 0.3000
IL( 5)- 0.4000
IL( 6)- 0.5000
IL( 7). 0.6000
IL( 8)- 0.7000
IL( 9)u 1.000
11(10)w 2.0000
11(11)o 3.0000
11(12)n 4.0000
11(13)w 7.7143
11(14)n 10.0000
11(15)- 15.1429
11(16)- 16.0000
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1r(17)- 17.0000
I-(18), 18.0000

1,(19)- 19.0000
1-(20)n 20.0000
1r(21)- 20.1000
ZL(22)- 20.2000
11(23)- 20.3000
12(24), 20.4000
1,(25)- 20.4167

DO 102 N a 1,25
11(1) a (L/20)*,x.(N) - L/2

102 orNTINU1

c

S.( 1)* 0.000
Da( 2)n 0.485
DR( 3)m 0.658
DR( 4). 0.778

DR( 5), 0.871

BU( 6)N 0.94S
DR( 7),, 1.010

W( a)- 1.060
D( 9)- 1.180
Da(10)- 1.410
Ua(11)w 1.570
DR(12)" 1.660
I(13)n 1.670
DR(14)" 1.670

DR(1s)" 1.670
DR(16)- 1.630
BR(17)- 1.370

33(18)- 0.919
!R(19), 0.446
33(20), 0.195
1R(21), 0.188
DR(22)- 0.168
MR(23)a 0.132
3(24)m 0.053
3(26)" 0.000

DO 103 N w 1,25
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11(K a IL(K)/L
3101) a 3100/

103 CONTINUE

C
MIN1 -TSIK/DELT

C
C S TIKUATIOI NMll
C

DO 100 I-l.ISIK
C
C CALCULATE 713 BUAG FORCE, INTEGRATE IRS MAO GYm TEE VEICLE
C

DO 101, K-1,26
1UCumV-IL(K)*Q
WZd (K)m3I(K).UCi'ABS(wE)
UC2(K)-31(K)$vcr*ASS(vcF) OIL(K

101 CONTINIUE
CALL TRAP(26.TEC1 .11 WllIE)
CALL TEA(25 ,VKC2L,Pr=c)

NATE.CDZ*BUAY

C
C COWPLING EQUATIONS
C

DVDT-(IY-KQDOT) .(-NEAYE) .OIASSX*IG.QD).PIr=
DqDY=(KAS-ZVMO) *PITCI. (NASS*IG+NVD) *(-RUTvZ)
CIDY'(IY-NQDOT) *K*S*ZG*q*e2- (KUs*ZG+ZQDO) KASSZ@*V*Q
d2DV-- (NASS-zVD )OTKASS*w *v*q.(fUUOzs.KVST) .IASSZG.Qe2

C
W4VDT/Dv
".DQ-DqD/DYW

C2-C2DV/DT
C

UDOT mAll*V4A12*Q+A1S*(I63*COS(TUKTA)
0 *zoD.SIN(TUTA))+D14CI

O? A21*V+A22*Q+A23* (1GB.COS(TIETA)
* *~Z03*SIN(TIETA) ) DQ4'C

IF (Z.01.3) 00 TO 150
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c
C INITIAL FIRST ODun INTISUTIGI
C

v a VW + DUT*VDOT
Q a Q + DKLT*QDOT
TIITA a TRET A + DILTOTRKbO

C
Fl (I)ADOT
72(I) mQDOT
P3(I) -TEIDO

C
C ADAKS-3ASEFORTE INTEGUTION
C

150 Fl(4)sAl1*V*A12*Q+A13*(XG3.COS(TUTA),ZGD'.SII(TIEA) ).DV.CI
12(4)mA21*V+h22*Q.A23.(zmB*COS(TIMT) ,ZQ*smeNmT)) D+C

F(4) sQ
c

U mV *(DRLT/24.0).(55.0.F1(4)-59.0*Fl(S)+3T.o*F1(2)
* -9.0*71(1))
Q Eq *(DZLT/24.0).(ss.O*72(4)-sg.O.72(3).sT.o.72(2)
* -9.0072(l))

IIIA-TIMTAI(DItLT/24.0).(55.O*F3(4)-59.0.13(3)e.37.0*73(2)
* -0.0*F3(1))

c
Fl1(1) wFl (2)
71(2)-Fl (3)
Fl(3)-Fl (4)
12(1) -72(2)
12(2) -72(3)
F2(3)=F2(4)
13(1 )-F3(2)
FR(2 ) 73(3 )
13(3)s73(4)

C
ThMCI*DELT
3-3.1
IF (J.NI.IPRNT) go TO 100
AUA.UV
ALFAw(-ATAN(ALVA) )*180/PI
UNITE (20,991) TIHK,TNITA*180/PIQ,ALnA
.1.0

C
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100 CONTINUE

"lI FOAXAT (4115.6)

SUIROUTIN IWTA(N.A.3.OUT)
C
C NMMRICAL InTEGRTION ROUTINE USING TER TRAPEZOIDAL RML
C

DISESION A(1).3(l)
11ON1-
OUT-C .0
0O 1 Iin1.Nl

OUT UOUT4OluT1
1 CONTINU
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