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ABSTRACT 

This thesis analyzes the dynamic stability of submersible vehicles in motions 

in six degrees of freedom. A continuation algorithm is used in order to obtaln the 

steady state solutions in terms of dive plane angle, rudder angle, and longitudinal 

separation of centers of gravity/buoyancy. 'llle equations of motion arc then 

linearized in the vicinity of the above stated nominal point. The eigenvalues of the 

linearized system indicate the degree of stability of the nominal motion. The 

results demonstrate the stabilizing or destabilizing effect<; of general three 

dimensional motions as opposed to the traditional usc of straight line level flight 

paths. Rcconunendations for robust design of control laws for commanded paths 

in combined horizontal/vertical planes are provided. 
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I . INTRODUCTION 

GENERAL 

As tl:te versatility of unden'llater un:nanned :o;ubmersibles are 

becoming imagi r,ed ar,d realized, the question of dynamic 

stability must be addressed and justif i ed . Salvage, survey, 

and rescue operac.ions as •...re ll a s defense .:.-elated o~erations o~ 

Lhe future ma y become i ncreas i ngly dependent on Lhe ability o~ 

r el .:..able urunanned ·underwater submersibles perform 

presc r ibed missions . Theoretically, a:-~ unma nned s ubme r sibl e 

vehicl e woul d not be as physically r e stricted i n its motion as 

a manned vehicle . Because of its in!labitants and cargo, a 

manned sut:mersi b1 e is limi ted mcstly t o strai ght l ine mo':ion . 

Tt:is thesi s seeks t o explore the dynam::.c stability of 

submersibl e vehicl es in motions in s i x degrees of freedon . 

Ti".e t i ght ma neuvers that can b e pe!' fo rme d by an unmanned 

submersible v e hicle make a nalysis of dynamic stabil ity ve::y 

difficult . The nonlinearity of the dynami c propert :..es i s ve::y 

compl icated and sometime~ very hard co visual ize . The most. 

effective analysis of the dynamics anC.. st.ai::::..lity of a 

<,.,rat:erborne vehicle comes from obser ving and/or modelling the 

hydrodyna:nic forces act:..ng upon it through the use o: the 

tt"anslationa l and rotat i onal equations of motion i.n six 

degrees o f f r eedom. '1'!-.e se equ a tions are linearized in the 



vicinity a!: a nominal flight path . The eigenvalues of the 

lineari::ed set of equutio n s are an indicator of t:-.e relativ e 

degree of dyna:ni.c s tabi l ity for the vehicle ' s motion . 

Given a nilthematical mode_ w.:.. th an establ is:'l.ed set: o f 

physica l characteristics, anal ysis o f t:he dynamic stabi li.Ly 

can be studied varying the div e p l ane nngl e, the rudder angle, 

nnd the .:_acation of the center of gravity . l'.nalysis o:' the 

linearized eqtJi'lt.ions of motion and determinat i on of the 

eigenvalues by individual calculation ·..;auld prove t:edi o us . 

Ther efor e , computer algorithms developed by Seydel [Ref. ! ] and 

Aydin {Ref . 2] e~re use d in this thesis to accomp:.ish these 

t.asks. An expla!l.at. ion of uncoupl ed stabili ty is prov.:cted in 

Chapter I I. Formulation of the linearized equations of ~r.oLion 

in six degrees of freedo:n i s presented in Chapter II I . 

Chapters II and III are based and partially paraphrased from 

Papoulias [ Ref. 3 ) . The experimen tal results in Chapter IV are 

based o n the unders t anding of Chapters II a nd III . Chapter V 

summarizes the results and provides recommendations for future 

submersible mode lling r esearch. 

Severa l vari ables were used in the algorithms associated 

with this r e s earch . The shorthand notation is fro:n Smith, 

Cra~e and Summey [Ref . 4) a nd :s as tollo·..;s: 

Variables 

X, y , Z Distances a long the body f.:xed axes. 



Translational veloc1.ty components of mode! 
relative t o fluid a l ong body a xes. 

p, q, r Rotational velocity components of model along 
body a xes . 

X, Y, Z Hydrodynamic force compone:1ts a l 011g body axes . 

K, M, N Hydrodynamic moment co:t~ponents a long body 

ljl. 9, a nd roll a:1g l es; positive <Jalucs 
right hand rule. 

x.,, y", Zc Center of g~avity coordina::es a long body axes 

xa, y 8 , 23 Cente:- of buoyancy coordi nates ;; l ong body 

I.x, :;11 , T, !-lon1ents o f i:1e:::tia about bo dy axes . 

The standard body-- fixed, right-hand o rthogonol .J.xi s system is 

emp.:cyed throughout: all data simul ations . All data nm 

si:nulaticns described herei!1 were i:1itial ized wi ::.r, a consta:-~t 

propeller speed o: 500 rpm, which translates to a value of 6.0 

ft./sec f e r "t.;'. The data is anulyzed f or r t.;dder ungles 

between 0 and 20 degrees and stern diving plane angles bet •Neen 

-·20 a:1d 20 degrees. Separate dat.a runs ·.-.·e re conduc t e d -..,.ithin 

the above stated pa r ameters f or .s>i:nulat.ed model configura t.ions 

with the center of gravi:.y shifted longitudinally fcn,.,ard and 

aft bet \'iee:1 -:-1 .5 and 1 . 5 perce11t o~ the :ncde l le:-~gt.r.. 



:II. UNCOUPLED STABILITY 

A, MANEUVERING IN T HE HORIZONTAL PLANE 

1. Basic Maneuvering 

It i s extre mel y important t o not e that t he ability ~o 

contra: a ves s e l invo lves two major charac teris t i cs that a r e 

contra!:)' to o n e a n o t her . These t wo characterist i cs are the 

abi l i t y of controls fixed course stabili ty and the abiEty of 

the vessel to turn . Obvi ously a vessel t hat i s ext.re:nely 

course stable will not turn easily . Newton ' s equations of 

motion , used wit h reference frame s both fixed wi t h respect to 

the earth ( inertial ) and fixed rel a tive to the vesse l wi ll 

illustra t e the dynami c s of ship motion . This motion will be 

first desc ribed in the h o r izonta l plane and l ate r desc r ibed i :'l 

the vertic al p l a ne. As a body moves with i n the i nertial 

f r ame , its motions can be described as fol l o ws : 

through the '.JSe of t h e var iables i n troduced in Chapt er I . The 

subscript o pertains to motion il". ::.he inertial reference 



frame . In the vessel's relative frame o f re f erence , these 

equatl.on s become : 

X= X0 cos \jl • Y0 sinlj.r . (4) 

Y = Y0 COS\j.r - X0 sin\jl , (5) 

ic0 = u cos\j.r - v sin\jl , (6) 

Yo"' u s in\j.r ~ vcos\jl, (7) 

and 

~ = r . (8) 

Therefo re, equa t i ons (6} and (7) can be i n tegrat ed and 

subst i tuted into equation~ (1) thr ough ()} They in turn can 

be substituted into equations (4 } and {5) •Nith t h e following 

r esu lts : 

mU - mvr = X, surge equation, (9) 

m'v • mur = Y, sway 'equation, (10) 

Iz i = N, yaw equa t:ion. (11) 



These equations are true o:1ly if the r efe:::-ence plane center 

and the vessels cente:::- of gravity coin c i de . If the t1-.ro are 

indeed located at differe:'lt locatio:1s, the following equatio:1s 

resul t: 

mli - mvr - mxr;r 2 "' X , ( 12 ) 

mV+ mur + mx~ "' Y , (13 ) 

(14) 

provided tl"'.at Yc = 0 . An importa:tt point to note is that 

centri fuga l forces do not appear in equations ( 1) through (3) . 

These f o rces are not evident unt il the rela tive reference 

pla:te is used i n equations ( 9) through (12) Centrifugal 

:or ces are not experienced on t he inertial reference :rame 

since it is stationary b u t are indeed e v i dent when the 

r elat i ve reference plane of the vesse l is studied . The 

hydrodynami c f o r ces X and Y a:td t he moment !\ are composed o f 

tour different types o f f orces : 

1. F forces; Fl uid f orces a c ting 0:1 the hul l by the 

surrounding flu i d (water) . 

2. R forces ; Control surf ace fo r ces due to rudders, bow 

planes , dive planes , thruster , 



3 . E forces; Envi rorunental forces due to wind , c urrent 

.!lnd w.!lv e s . 

4 . T f o rce s ; ?repulsion forces due to propellers , 

t hrusters e t c . 

Due to the construction characte rist i cs of most wa terborne 

vessels today , t he fo l lowing can be stated : 

(15) 

( 16 ) 

(17 ) 

Since the hydrodynamic forces x,., Y,., and N~ depend on vessel 

motion and must therefore be f unct ions of vessel veloci ty and 

acce l eration t hrough t h e wa ter we can write : 

Xr"' XP'(u ,v, ti ,V,r,t) (18) 

( 19 ) 

Nr"'Nl' (u,v,ti,V,r,t) (20 ) 



The im.errel ationship o f equations !18) t hroug h 120) :. s a 

cor.lplicated one. Usual maneuvering ~tudies simpl ify this 

in-: e rrelat i o n ship . The object is t o s t udy s hip response about 

a :-~o:ninal equilibrium point ldesignat.ed by the subscript ll . 

Through the use of :.he Taylor series expansio:1 around the 

nomina l point, and keeping only the first order terms, the Y 

relat ions:-tip becomes: 

(21) 

where all of the partial derivatives are eval uated a t a 

nominal set of conditions . Xp and N, can be simil arly 

man i pul ated and evaluated . 

The nominal set o f conditions is the set of variables 

associated wit h stra ight line motion : 

(22) 

Fo r the sake of understanding , the vessel i s con s i dered to be 

port/starboard s ymmetri c . Theref ore 6F/Ou = OF/OU = 0 since 



a chunge in the fon.;ard velocity o:- acceleration will produce 

no Lransve:-se forc e in vessels t!'\at a rc also sym!netri.c ~n xz 

;;>l ane . I n addit ::.o n, if Lhe vessel is ::.ndeed in equ.J.l i t:rium, 

and in straight lin e mot ion , t:-ter e can be no Y;.- forces . 

":'he:-efo:-e the f irst Lerm in equation (21) is also zero. Once 

these additional considerati:J:ls are rnade, equation (21} 

reduces to : 

(23) 

In l ~ke :ashi.on, the surge foJ:"ce and t:-te yaw moment can be 

simplif : ed : 

x,. • ~li+ ~:(u- Ul + ~x:v + ~:;v • ¥;r + ~i, { 24 ) 

\.','here t:te cress couplinq derivatives tJYe/Clr, 6 Y ./6t , 6N./ Cv, 

and CN!"!'-'V u suall y have small nonzero va ll..:es b e cause most 

v e ssels are not syrrmetri ca l about the y z plane even if t hat 

plane i s a t the mi d:i.ength o!: the vessel {bow and stern 

contours are usua lly drastically d i fferent) However the 



c~oss co•.lpling derivatives OXr/Or, 6 Xy/Ot , OXp/Ov , a nd OXr/OV 

are zero because of the sy:nnetry about the plane and 

e quatio n (22 ) Equation (24) now r educes 

x, = a~,u + a~!'<u- u> ( 26) 

Us ing standard notation , O'ir/(jv = 'lv, 0 Np/0r =:: N~ 

These are known as t he hydrodynamic derivatives. The physical 

meaning of these mathematical de~ivat ives is very important to 

the develcpment of unde~sta:1ding t he conn ect io:1 between 

ma:1euvering and hydrodynami c f o r ces . For example, YT is the 

for ce in the sway d i rection due to a unit change in t he yaw 

angul ar velocity. 

Using thi s convent ional notation , and subs t i t u ting into 

equations (12) , (13), and (1 4 ), the lin ear equations of mot i on 

in the horizontal plane in the a b sence of envi r onmental 

distt.;rbances (ideal handling conditions) and with the cont r o l 

surface s set at z e ro , becot=~e : 

(m - X1) U = X 11{u- !I) (27) 

10 



',.,he::-e we can see that within li:tear i ty the surge equa t i on 

decouples fr·om s way and yaw. 

Note that all of t!-1(=' tenns of equat ions {28) i'lnd (29) must 

include the effect :-:a used by hold:.ng the vessel's rudder at 

zero in order fo r all the previously imposed s impli f ying 

conditions to h o ld true , :f the possibi l ity o[ non - controls 

fixed rwticn •-:ere to he considered, equations (28) and (29) 

must include ter!l'.s on their r espect :.ve right s i des expressing 

tJ-:e fo:::ces and moment s caused by control surface def lection 

(i .e. rudder deflection) as a f unction of time. Assumi ng Lhat 

the c ontrol surface most genera l ly used in t he horizontal 

plnne is indeed a rudder and that the rudder force and moment 

on the vessel are functions of the rudder a:'l.g l e 0 0:1ly, and 

r.ot 0. tha following i s true : 

( 3 0) 

( 31 ) 

( 32 ) 

11 



Positive n:dde r deflectio:~ corresponds t o a port turn when 

associ a t ed with a stern rudder . Ya and N6 are the rudder 

hydrodyn<J.mic derivat ives . :f the rudder fo r ces and moments 

a re now included in the l inearized equations f or sway and yaw 

(equations (281 and {29), respectively), the equat.::.oc.s o f 

motion become: 

2 . Stability o f St raight Line Mo tion 

The concept of an object remaining on a set pat:t is 

related to the concept of a vessel's course s t ability or the 

stability of its straight line motion. There are various 

types o f motion stability associated wi th marine vehicles and 

they are separated by the attribL:tes of the ir initial 

equi lib rium state that are retained in the fi:1al path of their 

ce:1ter of gravity . These types of motion s tability a:re 

depicted i n Figure 1. For each type ot: stabil i ty depicted. 

the v essel is initially t~avelling at constant speed alo:1g a 

straight path. Case I, straight l ine or dynamic stability . 

!"etair:.s the att:ribut.e of st:raight line motion but not tl:.e 

12 



~~----
------'"":::;---- -----------

_ _ ___ .;.0::::..-~- c::--- --------- - -

---- " C TU.O.L ~.lrlo< 

-¢- ~Qt,..T CF :;liSTURBA,..Cf 

Figure l: various Ki:tds of ~otion Stabili ty 

13 

C,\SCIIA 

Ot AECTIC,ULS':" .. ill l i ':"V 



attr ibute of direction !:rom the initinl s::ate of equilib::.-iurn 

after :::elease f rom a distu:::l::a:1ce . In case I I , directional 

stab ility, the final path after release from a disturbance 

retains not only the s traight l ine attribute of the .1nitial 

path, but al~-;o its direction. Case III is similar to Case I I 

except that the vesse l does not oscillate after the 

disturbar.ce , l:::ut passes smoothly to the same path as in Case 

II . finally , in Case IV, positional r:~otion stability, the 

vessel returns to the original path and retains direction as 

wall as position. 

The types of stability a:::e classified in an ascending 

order . A directionally stabl e vessel must also posses 

st::-aight line stability. One that is posit ionally stable rr.ust 

posses both directional and straight line stabi l ity . Straight 

line stability or instability is indicated by the solution t.o 

a second order differen tial equation, directional stabil i ty or 

instability is i ndicated by the soluti o n to a third order 

differential equation, and positional stability o::- instability 

is indicated by t he solution to a fourth order differential 

equation . 

Each type of controls fixed stability has an associated 

nurne:dcal index which .t:y its sign determines the relative 

stability or instability of the ship . The magnitude of t he 

index deter mines the degree of stability or instability. I n 

order to illustrate the determination of this index, and to be 

able to evaluate t he degree of dynamic stability, a return to 

14 



the differ-ential equations of motion (28) and {29) is 

necessary . This homogeneous set of different1al equations 

will have a solution of the form : 

(35) 

(3 6) 

wher-e t he co~stants v 1 , v 2, r~' r 2 , are determined from the 

initial conditions . Differentiation and subsequent 

substitut i on of equations (36) and (3 7) into equations {28) 

and (291 yields the following characteristic equation : 

Aol .,.Bo .. C=O , (3 7 ) 

wher e 

15 



(39) 

( 4 0) 

with r oots 

( 4 1) 

If on course stability is to be displayed, then a, and a 2 wi:l 

have negative real pa!:ts. Referring back to equations {36) 

and (37) , bo<::h v(t} and r(t) will go to zero for increasing 

time . This means that the ship will eventually assume a 

straight l ine directio:1. at a different, in general heading . 

This is straight line stai:iility as defined in Figure l . 

Symbol ically , the stability requirement 

translates to 

16 



A< 0, S < 0 , C < 0 

with all the coeffic i e n ts of the quadratic equation (]8) a r e 

positive . To eva l uat:e t:hesc co:1::iitions, ·., .. e mus t: check t:hc 

s .:gns of the :-J.ydr-odynamic der-ivar.ives that makP: up A, B a:1d C 

A physical inter-prP:t at ion of the hydrodynamic var-J.ablP:s as 

forces and moments acting on the ht:l l dL:e to the varioL:s hul l 

motions with r e spec t to the wat e r is necessary . 

After so:ne a naly iiis , the follo•;~ing conclus i on::; ar.c d rawn · 

Y~ is alwa y s negu.tive and large , 

Yv is alway s negat:ive and large , 

Nt is al•;~ays r.egative and l ar-ge, 

N,. is always negacive and l arge, 

Y1 is small and of u ncertain sign, 

Yr i s small and of uncerta in sign, 

N~ is small a n d of unce::-t.ain s ign , 

Nv is small and o f uncerta i n sign, 

x.; i s small and of cncertain sign, 

I , i s ah:a y s positive and lar ge, 

is always p c sitive and Large . 

Wi th t hese conditions described thusly , A ar.d Bare t.herefore 

a l ways posit ive and s t ability muse require: 

17 



(42) 

T!lis is t he St ability Cr-iterion . The :nore posit i ve C is, the 

more stabl e the s hip wil l be:::orr.e a:td the mor-e in::::::-easingly 

d i f!:icult the ship wil l :Oe t o mane uver . The more negative C 

is, the :nore unstabl e the ship will become ar.d the continuous 

use o f :::-udder will be required to maintain course. Although 

x,:; is srr.all and of unce:::tai n sign, for s tability it is desired 

to have Xc > 0 ( cen ter of gravity fo rward of f.lmidshi p s ) 

Standard s hip design exper ience agr ees wit h thi s observat i on . 

MANEUVERING :m THE VERTICAL PLANE 

1. Linear Equations in the Vertical Plane 

Maneuvers in the vertical plane can be describe in muc h 

the same manner as they c an in the horizontal plane . The 

logical progression in the determination of s t abili ty will be 

t r a c ed out here for t h e vertical plan e as it was ir. the 

p r evious section for the horizontal plane. 

A s~..:bmerged vessel moving in the v ert i cal p l ane has a 

nominal pa th defined as t he level path at t:'l.e commanded deptt:. . 

It has a pitch angle, 9, whic!l is defined as C:1.e angle between 

the v e hic l e's longitudinal axis and the x a x is and an angl e of 

attack , n, which is defined a s the angle between the x a xis 

and the total velocity vector. E"igure 2 illustrates these 

points . IE Ne wton's law of mot i on is once again used, the 

18 
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T ,, 

Fi;rure 2 : Vehi c l e Geomeery in ehe Vereical Plane 

:ol~O\Hng equat i ons are t:-ue using the variables 1!1tr'::lduced :.:1 

Chapte!" ! : 

( 43 ) 

{ 44 ) 

(45) 

As 1n the hori :::ontal [)lane, the vert:!.cal t r a nsfo rmation of the 

coordi:late system yields : 

l9 



X0 :: +Xcos6 .. Zsin6 

Z0 "' - xsin6 .. Zcos6 (46 ) 

X0 : +ucos6 .. wsi n6 

Z0 -= - usi n6 .. wcose 

where the equations of rr.otion are : 

mU + mwq = X surge equa t ion 

mW - muq "' Z heave equa t ion (47) 

I/1 • M , pi tch equa t ion 

and 

e • q ( 48) 

When expressed with respect to the vessel s r efere:1ce frame, 

these equations become ; 

mU ... mwq-mxr;Q2 + mxr/l=X, {49) 
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mW - muq - mx,fj - «1Xcf12 "' ~ , ( 50) 

(51) 

~;he::-e ( ~,zcl a rf'! the cco:-dinaces of the shl.p's cen:er of 

gravity ;·;ith respec t to the ship fixed reference Ero.me, and we 

ass~.<me Yc = '3 

Eq~.<ations l 49i t:'lrough (51} dc:nonstrate a coupling bet.,.,ecn 

surge mot~on and ver::. i cal plane :no t i on that wa:o not present .:.n 

the discuss i on o n the horizo:1tal plane . I f the vertical pla:1e 

equations of motion are l i n ea::-i zed a r ound a level fligh t path 

at constant speed , U, we can see from eq~..:.ations (-19 ) and ( 51) 

that the t·.-~o terms InXc4 and ~U ·..;i l l renain after 

lineariz a tion . ':'l".is means that heave a :1d pi tch are coupled t:O 

surge e ven fo r small :notions . ':'his dynamic coupling arises 

due to the nonz e ro Zc term. When a vessel pitches, a nonzero 

surge acceleration wi 11 contribute t o the inertial moment . 

Obvious l y t here ;,•as no such J ine<:~ :-ized dynamic CO'Jpli:'lg in the 

ho :-izor.ta l plane. Although vertical plane mot i on must be 

studied t ogether •,..rith surge, t he ccupli:1g discussed h e r e is 

relativel y small due to small values of Zc and in thi s case 

can be neglected. 'T'l".erefcre, the uncou:;Jled l i nea:-ized 

equations o f mot:'._on i n the vertical plane are: 

mW -mUq-mx,jJ= Z , (52) 
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( 53 ) 

¥..11ch l i ke ir. t:he previous sect ion , Z and M can bo e xpressed in 

t erms o f slow mot ion derivatives . Using vertical p lane 

notation t hey are: 

Z = Z.,w + Z,f] + z,..W .,. Ztji + Z110 , ( 54 ) 

M = M,w .,. M,f1 + M,..W + Mtji - ( Z c; - z~) W s i n e + M11ll (55 ) 

whor e Z,. st.ands for the c ha:1ge in the hyC.rodyn a mic force i n Z 

with a unit change in w (not e : z.~ is synonymous to Yv in t:he 

horizontal p l ane] and the same f o r the other vari ables . The 

addir.iona l t.erm in equation ( 55 ) is the hydrodynamic rest:::.ring 

moment, and all other variables arc i n accordance with the 

listing given i n Chapter I . Provided tho vossol is properly 

balanced iwe ight: "" buoyancy) , there is no fiUCh hydrostat ic 

force in t h e h eav e equation (54 ) . The 0 i n these e q uat i o :1s 

refer s to the s t.ern p lane angular d eflect i o n D.S shown in 

Figure 2. 

Equations (52) through ( 55 ) l ead to the l inear unco upl ed 

equations of motior. in the vertical plane : 

(m- Z,..) W - (mxc; + Zql<i = Z.,w.,. (Zq + mU)q + ZaO , { 56) 
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( Iy- M4}([ - (mxa + M,)W"' M.,w + (Mq - ntxaUiq- ( Z c; - z 8)WB + M6(} 

(57) 

'l'hese t wo e quations car". be used with equation 1481 in order to 

;:>rcdic t the response of ::he vessel in the v icinity of a 

nominal l evel :'. l ight path . Dev:..ations i n dep:.l: can be 

cor:1puted f rom : 

Z : - UsinB + wcose , ( 58) 

z = - ue (59) 

i n its 1 :.nearized form . 

2. Stability of Motion 

Stabil i t y of rr.ot:ion in the ve r tica l plane can be 

studied by using eq'Jation s (56) a:1d ( 57) afc.er 8 is set to 

As in the case of the hor: z o ntal p l ane , s~all motion 

are ~eing studied around the nomir.a l f light path ·,...,.i t h the 

controls fixed. Equations ( 56 ) and {57) l::e:-:ome: 
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(m - Z,;.)W- (mxG + Z0)q - z.,w - (m + Zq)q = 0 , {60) 

where 

and U = 1 since dimensio!1less units are commonly used . The ¥:e 

term i s the hydrostatic "spr ing constant • due to the no!1zero 

me tacentric height. The corresponding term in the ho rizontal 

p l ane is M.,. and is equal to zer o . The negative sign in 

e quation ( 62) makes t-1-e < 0 , which is consistent with 

establishe d defini tions for positive forces a nd moments in the 

r ight handed orthogonal coordinate system. Manipulating 

equations (6 0), (61), and (48 ) and tran sforming to the s 

domain gives the fol l o wing ; 

[(m- Z,;.)s- z .. Jw +[- ( Zq + mxG)s 2 - (Zq + m)sl8 , (63 ) 

{64) 

whe re the c haracteri stic equat i on is : 
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As 3 .. Bs~ - C.'s • D = 0 , (65) 

where, 

D = ZA { 69) 

\\'hen compar ing equations (66) through (69) with equations {38) 

t :"l.rough ( <101 , coeff i cient s A through C a re s imilar in the 

hor:.zonta l a nd vertical pla:1es with the ex::ra meta centric 

moment t erm app earing in equations {681 and {59). Tf t h ere 

were no hydrostat:.ic terms, this cubic characteristic equation 

(65) ,,mul d reduce to a quadrat i c similar to the equation 

derived in t:l--.e hori zontal plane. This means that there i s a 

zero root i:t t his case . A physi cal a:1al ysis is nece ssary to 
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understand the full mea:1i ng o f t his mathematica l fact . .:n the 

vertical plana: 

(A s 1 + Bs2 + Cs + D) 6 = D (70) 

':'h::.s means that, assuming c ertain conditions of stability are 

sat isfied, it ::.s possible for 6 (tl --+ 0 us t--+ ""· Therefore, 

directional stability is poss:.ble . Where in the horizontal 

plane , 

(As~+ Bs + C)sW = (A s 2 + Bs + C) lf, = 0 (71 ) 

Thi s means that the best that can be expected in the 

hori zontal plane is ~( tl "' r(t) -Jo 0 as t --+"", . ...,hich means that 

'V w:.ll be increasing linearly with time. Therefo re, 

directionul stability is not ~ossible and the best possible 

situation :. s straig:"1t line stability . 

In the case of the cubic equat i on the Routh··Huri.tz 

conditions for stability dictate that all coetficients A, B, 

C, and D be positive and that: 
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BC - AD > 0 (72) 

After c lose ana lysis s i mi lar t o t hat c o nducted the 

horizonta l plane, i t car. be proven that A, E a nd D 

positive. Therefore i n order for the vess el t o stabl e in t:'le 

v e rtical p l a ne : 

C: (Mq - mx<i) Z, -(Zq • m)M, -(m- Z,..)~ > 0 (73) 

Slnce (m - Z" J > 0 a nd ~-'-e < 0 , this c o ndition i s easier t o 

satisfy in t he ve r tica l plane than in t:he hori zon ta l plane . 

This proves t:hat a positive metacentric :-teight contri bute s to 

dyna:nic s t abi l ity as •...rell as static stability . Assuming that 

equat i on (73) is satisfied, it can ::::e shown that e q uacjo:-J (72 ) 

i s a l ways satisfi e d . ·rhis is besc shown by using a method 

detailed in [Ref . 3 ] !t the coeffi cients a re ""rittcn as : 

0 : EDl 

whe r e t:he subscript 0 refers t o the hy drodynamic coefficients 

without t he hydrost at.ic terms , and subscript 1 refer s to the 
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metacentric terms . The parameter E i s tr.e motacentric hei ght 

(z.., - Zel Therefor e : 

(74) 

9aseci o n the given condit ions, 80 , C1 , A0 , and :J, are all 

posit~vo . Theref ore t he d iffe r e nce (B0C1 - l\J::l1 ) is a small 

number of uncerta i n s i gn . S ince i t i s multipl i ed by E. a 

small positiv e numbe r, the r e sult i s a s ma ll numbe r o ~ 

u ncert a in s ign. This small number, r egard less of sign will r.ot 

c hange t he sign in equation (7 4 ), assuming that C0 is 

positive . This means that C, > 0 will be a sufficient 

condition to satisfy ve-::-tical p l ane stabilit;y . The vertical 

plane stability reduces t o : 

(75) 

'tlhere this is a su f. fic:.ent condition for vertical stability , 

it is not a neces,;azy c ondition . :t is possible that the 

hydrodynamic term wil l stabilize the vessel a nd equation (72) 

will be sat i sf ied (and all coeffi cients will be positive), 

even though equa tion (75) might not hold t r u e . This condit i on 

is dependent on t he magnitude of the :ne t acent::-ic height a:1d 
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~he speed o( the vessel . As a vessel experiences a :1 increase 

in forwa rd speed, it '-'' i l l beha ve l ess sta bly ~n ~he vert ical 

plane . 

Recalling the Stability Crit.en.or:. (or the horizo:1r.a l 

p l ane from equation ( 42) , eq<.~at ion (75l can serve LIS the 

Stability Criterion for the vert:.cal plane . These twc 

expressions are corrmonly no:nl'.alized ir>.tCJ Stability Indi ces : 

{ 7 6} 

{77} 

These t wo i:J.dices are the vertical and horizon~.al plane 

sta bility indices and they are used t o asse3 maneuverability 

and relat ive stability . They are ah1ays l ess tha n one , and 

positive val ues indicate stability a :1d negat i ve values 

indicate inst.abi l.ity . 
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III. MANEUV'l'.:RING IN SIX DEGREES OF FREEDOM 

>... RIGID BODY EQOATIONS OF MOTION AND KINF.MATICS 

Develcpme~~ of the general maneuvering equations :.n s:.x 

degrees o f freeC.om :"equires the e mployment o f two caordinate 

systems depic ted in figure 3 : 

Q ( X, Y , Z) reference inertial :rame . 

A(x,y , =I ::Jov.:.:-.g !"rame f ixeC. r:!-.e vessel's 

geometric .::ent:er . 

Fi9Ure 3: fixed and Moving Coordinate Systems 

30 



As d i scussed in t h e p r e vio u s chapter , ~ewton ' s luw r equires an 

i n e rti al f r a me, wh i le t h e motion of the vessel is bes t 

described i n its O'.·m (rame . G denotes the center of gravity 

o f the moving body , '"'~'lich ~ s l coated at ( x.;,y~ , z..,) •..;ith cespect 

to the A(x,y , z l f rame. U:1it vectors in this muving f r ame are 

denoted by t: , j, R, i n ::r.e x , y,z di rectio ns , r espec tivel y. 

'!'he translational equat i ons o f mot ion can be f ::mn d through 

the use of t he princ i ple of linear :no:ne!".t.um i n t h e inert i a l 

lrame . The rate o f c hange of the :ir:ear mome ntwn equa l s the 

s um o f t l:e e x ter na l :':orce s . Vectot· ana lysis i s then used to 

e xpress these quantities i n the A system. Ch a p ter 4 . 1 of 

Reterence 3 e x p.lains this conversion in detail. On ce the 

co:-~version to t he A sys tem is accomplished, Newton· s l aw c an 

be brok en in::.o component.<O a s: 

m{U • qw - rv - Xa(q~ ... r~l + Yc;(pq- f ) • zc;(pr + <;1)] = X , 

(78) 

m[V • r u - pw - y"(r~ • p 2 J • Zc(q r - Pl + Xa (qp + t ) ] = Y , 

(79) 

m [W • pv - qu- za(P 2 • q") • Xa( rp - q ) + yG(rq + Pll = Z , 

(80) 

·Nhere t he tot al exciting force ,!", is denoted by , 
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F=xt·Yj·Zk (81 ) 

Therefore the externa l :noment, M can be •t~citten as: 

M:id' +Mj"+Nf< , (82) 

and broken into compo n e nts as: 

-m[xc (W- uq + vp) - zc <U - vr + wq) 1 = M , (84) 

•m [x c( V + UI - wp) - Yc(U - VI + wq) J "N (85) 

Eqt:ations (78) through (80 ) are the ti:"anslatio nal equations of 

motion , and togethei:" wi th the rotational equat ions (831 

through (85) , they make up the six degrees of freedom of 

mot i on of a rig i d body e xpressed i n a coordinate system moving 
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along with the body . Once again Lhe variables involved are 

t h e sal':'le variables i ntroduced in Chapt.er I . 

Although Lhe equations of motion are wri tten in a fral':'le 

ussociated •Hi th t he vehicle, the Vf"SSel ' s orienLation and 

posltion in t :J.e inertial frume is still very importan t . The 

angular (or i entat iona l relationship between the t •Ho f rames is 

determined by the r.hree Euler angles : 

ya\.; or heading, o/ 

pit ch o r e l evation, a 
r oll or bank , 4> 

rotation about x axis 

rotation abou t y a xis 

rotation about z axis 

Any vector described in the two r e ference frames are reLn::ed 

by sc:nc t ransformation matri x, T \.Jhich is a f'JnCtion of these 

three Euler angles. 

Therefor e , 

T = Tl~, 6 , Wl { 86 ) 

The general t ransformation ma trix can be broken t:p into t~ree 

indi vidual rot ations . The order o f at:p l icat ion very 

c ritical in order t.o maintain t he integrity of the 
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trans::ormation . Physically , inf i nite rotat. i ons do not 

':'he prescribed manner is to fi rst yaw, then pitch, 

and finally to roll. Standard r:tatrix not.at.ion thereCore 

y ields : 

T($, 8, q,) = T($J T{B) T( q,) (87 ) 

':'he full t. r ansforn.ation ll'.D.t. ::-ix i s : 

~ cosBcosv cosBsinv -sinO~ 
T($,8, tJr l = inq,cos$+sin$sinBcos1fl' cos$cosliJ+sin$sin8si.nW sir.$cose (88 ) 

n$sinljr+cos$cosljrsinB -sin$cos1fl'+cos$sin8s~nt¥ cos$cose 

Small ::-otaticns do commute , and for srMll a ngles , 

and in this case T(4',8,\lfl = T(8 ,cjl, \lf ) . Equations (87) a nd (88) 

ca:1 r.cw be used to t ransform any v ector in one system to its 
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equ1valcnt i n the other system thr o t.:gh t he use o[ matrix 

multiplication . Here a r e some i:nporta nt e x a mp l es o( the 

rel<::~tionship between c h e t wo reference frames ; 

X0 "' U cos6cosJ.Ir - v ( -simjJCOS$ + sin¢JsinflcosJ.Ir) 

+w(si nBsimf + cos~costj1Sin6) , (90) 

Yn = u cosBsimjl + v(cos¢tcos1Jr + sin¢1sicBsimjr) 

+w( - Si!1¢1cosw + cos¢1si:"!6sin$l , (91) 

Z0 = - u sine + v sin¢1cos6 • w cos¢1cos6 ( 92) 

p = - 'fsin6 + ~ , (93) 

q = ljl sin¢1cos6 + e cos$ ( 94) 

r = v cos6cos ¢1 - e si:J.¢1 (95) 

~ "' p + q s i n¢1t a ne + r cosclltane {96> 

e = qcos cfl - r s in¢1 (97) 

V "'q~ + r-s (98) 

Where t:,.e subscr i pc o represents the i nert ial r e ference 

frame . For small angles, equations {961 Lhrough ( 98) become : 
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which means that. the rates o f change of the Eul er ang l es are 

the sa~e as the angular ve:..ocities only for infinitesimal 

r otations . The six kinematic equations {90 ) through 192) and 

( 96) through 198) along with equations (78 ) t hroug h ( 80) and 

{83) through (85) provi de a complete descr:..ption of the body ' s 

motion in s ix degrees of freedom. 

B . EXTERNAL FORCES AND MOMENTS 

Equations (78) through (80) and {83) th:::.-ough 185) are tt":e 

six degrees of freedom equations of motion for a rigid Cody 

whe::::-e the left hand terms rep::::-esent inertia l f o rces and 

moments whi le the !:ight hand terms !:epresent the e x ternal 

forces and moments . These external fo::-ces and mo ments include 

hydrodynamic contributions as well as weight and buoyancy 

effects and forces from cont r ol s urface deflections a nd 

propelle::- thrust . Hydrodynamic restoring forces a nd moments 

a re due to the vehicle weight and buoyancy. ? o :::-ces and 

mome nt s due to contr-ol surface def lections are expe::::-ienced as 

added d rag in surge, whi l e in sway, heave ,. pitch, and yaw they 

are directly proportional to the deflection . J ust as the 

position and veloci ty vecto rs in the previ ous section can be 
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e xpressed in tem.s of either t:"le i :1en.ial r e fere nce frame or 

c:,e vessel ' s relative re!:erence fra:ne, so can t hese forces a nd 

moments . 7 he tie between the two fra:nes o!: reference i n, once 

again the transformat ion matrix . Pa rt:icuJarly i ::~ t:'le case o f 

the :tydrodyr>.amic force and moment contri!:lutior..s, t.he 

deri vation of these Dindin;" expressions can be very 

camp i icated d !ld lengthy . r: a more in depth dis c ussio n of ::.he 

subject 1.s des ire d, Reference 3 provides a n e x cel l ent 

overview. 

C , LINXARI ZA'l'ION 

Lineari~ation , as t.:lught as a matheffi<:ltical tool is useful 

f or understanding the behavior of nor.linear sy~tcms. ':t'he 

principle is u s ed here tO analyze particular vehicle nonlinea r 

motion about. a nominal flight path . Gene.:-a l l y, lineari zation 

.:s performed in the v i cinit.y of a nominal poir,t . 7hi~ point: 

is o::ha t point where the system i s e x pec t ed to spend :nest of 

its life . The nominal poir: t i s d e fined by t h e syste:n 

conditio:-. that all. time der-ivatives equal zero . Any existing 

s ystem controls c a n be fixed or expressed as a i'.Jnction of t.he 

nominal paint . Once a system salut.io :t has been ccmpu:::cd usi:tg 

t he nomi nal po:.nt and the necessa ry quali fing condit : on, the 

system can b e l inearized . This is done by determining the 

J a cobian matri ces cf the system. This nev,, l i nearized s yste:n 

can be c sed t o analyze system open loop stabi l ity through the 

examinat i on o f the e igenvalues of the Jacobian. 
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:IV. O:ISCOSS:ION AND RESULTS 

A . GENERAL 

The major mot.iva ticn o f this thesis i s t:o furt her explore 

the l ine of reasoning chat: underwater vehicles are no lor.ger 

bound by t!J.e strai ght: l ine motion that i s causeci. by personnel 

cr cargo staged onboard the vessel. Thi s thesis seeks 

p r ove/ver i f y t hat a particul ar underwater vehicle is 

stabl e/un stabl e .,.,.he n enough physical information is known . 

!!Jhile gat hering informatio n to form the stability ana l ysis, 

val uabl e i nformation can be obcained ccr.cerning t!J.e rnotion o f 

the vehicle while it_ perfor ms three dimer.sional maneuvers . 

The objective of thi s study is to provide a pararr.er.ric 

stabi l ity analysis of t.he Swimmer Delivery Vehicle in six 

degree of freedom motion . All phys ica l properties o f t he 

vehicle are known as wel l as the l i near , n onlinear and 

coupling terms . The main o b ject is to asses central des i gn 

'Nhile keeping the contro l s fixed and varying the dis ta:1ce 

ber.wee:1 !".h e l ongitudinal center of gravity (LCG) and t he 

l ongitudinal of buoyancy {LCB) . 

After a pre requisit e underscanding of uncoupled motion in 

the hor i zontal and ver tical plane, che general procedure 

~allowed in this parametric study continued •,.,.ith the full s i x 
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degr ee o f freedom equations of motio:-~ . The necessary 

vari ables :i n order to a n a lyze the system dynamics the 

transl at.ioual velocities s urge, sway , and heav e (u , v , w); 

rot:atio:Ja l velocities roll, pitch, and yaw (p , q , r) ; t:""le 

Euler angles of r·ol l anC. p itc:"l C¢ , 8 ) ; and the r ate o f chaP.ge 

of heaC.i ng t he first derlvative cf ti"'.e y a w angle, W. 
orde::.- to p::.-ovi<:'.e a con·.prehensive a~1alysis o f vehicl e behavior 

ar.d capability, a \">'ide variety of realistic cont rol parameters 

and l oading condit i ons were chosen and evaluated f or thei r 

contri but io:"l to the s teady state motions of -che above stated 

variables . The f i nal step i:1 the procedure is to l inearize in 

the vicinity of the steady state and tc COillp u te the system 

e i genvalue s . These e igenvalues se::.-v e a s indi cators of the 

relat ive sta~ility of t he v ehicle under the given ccnd::. t. i ons. 

C. STEADY STATE ANALYSIS 

The steady std.te anal ys i s started wi th the fu l l, 

nonlinear, coup l ed s ix d egr ee o f f:-eedom equat i ons of rr.ction . 

Al l time dcrivdtives •,.,rere set t o z e ro s ince steady s tate i s 

defined as that point w·here there :.s no c hange in the s t ate of 

a vari able •,.,ri th rcspe~t to time . Th e r e::;ul t i ng algebra i c 

system o E coupled, nonlinea:::- equations was solved f o r the 

control pa::.-ame ter s a nd loading conditions used . In o::.-der to 

perform an a dequate ana ::.y s is, a continuation a lgcrith.:n 

devel oped by Sey del [Ref . ll , ""i : h suhr.outines by Aydin [Ref . 2) 



we::-e used . The f o llowing ::-ange of control parameters were 

exa~ined : 

ste:rn diving plane ang l e varied between ! 20 

degrees 

rudder angle varied between 0 and 2C degrees 

LCG/LCB separation between ±1 5 percent of vehicle 

l ength 

The graphi cal results are organized ir'. sets according to 

LCG/LCB separatior .. The LCG/ LCB separation was var:.ed betwee:1 

±1. 5 percent of vehicle length in incre:ner.ts cf 0 . 5 percent. 

Each set. of the following continuation results depicts the 

entire stern diving p l ane angle range as the x axis. Each set 

has a plot where the y axis is one of the aforementioned 

variables u, v, w, p, q, r, tJI, 0, and 1fi . The trans l ational 

velo c i ties are p l ot t ed in ft / sec, and the or.gular ve.:.ocities 

i n rad/sec. All simulatio ns were run at a cons t a nt propelle:: 

speed of 500 rpm, which trans l ates to a value of 6. 0 ft/sec 

for the forward speed , u . The fina l plot in each set is the 

relative degree of stability which wil l be discussed in the 

next section . These p lots must be analyzed as a set ir: order 

t o provide a comprehensive underst.anding of the vehicle six 

degree of freedom motion. Through the comparison o f these 

p l ots , the mot i on associated with any maneuver within the 

range of parameters can be predi cted . 
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S 'l'ABILI:'l"Y ANALYSI:S 

St.eady sta te a na lysis of che ma neuver a l o n e i s net 

suf:1cient . It must be det errnl:1ed i f the vehicle is t o r·e:nai r. 

stabl e (control labl e) whl le the ma:1euver is r.egot iated . 

'r'here:o re t he f i na: plot o f the set depJ.cts the degree o( 

stabil i ty plor.teC. against r.t.e !"a:lge o E the stern diving pla:-~e 

angle . The units o!: the degree o: stability are in terms of 

i nve:::-se time , sec 1 • T:"1is '..ndex is o btained by evaluat ing t h e 

9 x 9 Jacobian l'i\at:::-ix c r eated by the det e rminat i on of the 

steady sta tes discussed in the pre vious sect i o n . The largest 

:::-eal part of all :::-esulting eigenvalues in a continuat io:l is 

the degree of stabili t y. This, i:1 physical t e rms , is the most 

dominant time constant f or t h e system. The index measures the 

slowest exponentia l convergence to the steady state motio!"l 

when :-teg a tive or the fastest cxpo:1.ential divergence from the 

steady state motion when posit i ve . The more negat i ve t.he 

index, the more stable the vehicle maneuver. Conversely, the 

:nore pOS J.t:..ve t he index, the mo r e unstable the ma n et.:v cr 

GRAPHI:CAL RESULTS 

'!'he followiug figures a long with an u nderstanding- o f the 

p:::-evious sections of this chapter i l lustrate to the reader the 

dynamics of vehicle motion and the stabilit.y of ~-hat motion 

within the paramPt:ers inputted into the continuac::.o c. 

algori::t.m. 
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V . CONCLUSIONS AND R2COMMBDATIONS 

The results of the pre vious chapter shew that: the 

cor.ctinuat:ion algor i t.hrn J. S efficient: in tracing the co:nplicil t ed 

steady state solut i ons associated with !f,ot:ions i n six degr ees 

o !: f!"eedom. The trans lationi.ll i.lnd angul a:c velocJ.ty 

components , t h e Euler a ngle components for roll and pitch <.tnd 

the and ti".e r ate of chan ge o f the vehi c l e ' s h eading a re all 

product s o f t he a l gorit hm. The degr ee of stability inde x was 

also presented i:1 graphical fonn in order to det:ermin e if the 

vehicle woulci remain u ndet· positiv e cont::::-ol while maneuver ing . 

The more negative the '.._ndex , t-he more s t o.':Jle the vehicle 

motion . I:1 every set of d a t a the index became more negative 

as r udde!" i.lngle was inc:ceased . Therefore, for each set, t he 

straigh t line case was t he least stable . This :oame e!:fect, 

though not as p:-onounced , is present for non zero d i v e p l ane 

a:1gles . R.eco m.mendat i o n s for future :-esea r ch i n related areas 

include t he eva l uat i o n of different con tro l schemes with 

res pect tc pe:- fo rmance. Some examples a!:e t he verification o: 

vehicle path accuracy, r-.he abil :.. t:y of the vehicle to reject 

external dis turbances and remain or. course, and the degree of 

confidence in pe:-for:nance and stab ili t y if t here are err:)r s 

bet.wee!"l the p hysical and maLhematical modeling of t h e vehicle. 
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