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ABSTRACT

Pressure distribution and weight-flow rate can
be predicted for laminar compressible-fluid flow in
& thin passage by use of the methods presented in
this paper. A simplified method can be used readily
when the fluid forces due to viscous action predomi.
nate over those due to acceleration of the fluid. A
more complicated trial.and-error method seems to bde
required for larger passages where, though the flow
may be laminar, the momentum effects due to accelere
ation of the compressible fluid are appreciable. An
experimental apparatus was used to examine the va-
1141ty of the analytlecal work. Experimental pressure
distributions agree within a maximu . deviation of 10
per cent with the theoretical distributions predicted
by both the comprehensive and simplified theories.
Experimental welight-flow rates agree within a maximum
deviation of 50 per cent with predictions of the
simplified theory. Dimensionless plots of pressure
distribution are presented with experimental curves

‘Wiﬁm'w’itiﬂou rate versus pressure ratio for various ratios

of passage length I to passage height h. These plots,
together with simple equations, have been prepared
for direct use by the designer.
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FLOVW OF A COMPRESSIBLE PLUID IN A THIN PASSAGS

by S. X, Grinnell

NOMENCLATURE
The following nomenclature is used in the paper:

cross-sectional area of passage, 3q. in.

wall area, sq. in,

width of passage transverse to flow, in,

speed of sound, 1ips

specific heat of gas at constant pressure, sq in./secZ.deg R
hydraulic diameter, in.

friction facotor

acceleration due to gravity, in/sec?

height of passage, in.

ratio of specific heats

Accesion For

length of passage in direction of flow, in, NTIS CRA&I %
DTIC TAB

Mach number ‘ Unannounced 0

Justification

pressure, psil

volume rate of flow, in.>/seo BY —
Dist.ibution |
universal gas oonstant, 8q in./sec’-deg R Availability Codes
Avail and/or
Reynolds numbers Dist Special

temperature, deg R

fluid velooity, ips H’[

fluid velocity, ips

distance along passage in flow direction, in.

distance from esnter line of passage transverse to flow, in,
viscosity lb-sec/sq in.

density, 1b-sec?/in."

fluid shear stresa, psi

£iuid shear stress at wall, psi
weight flow {ato, 1b/seo
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INTRODUCTION

With current interest and activity in the development of pneumatic components
and systems, there is a need for basic information in readily usable form concerning the
flow of compressidble fluids in various types of flow passages, Designers of pneumatio
mechanisms require information that will enable them to predioct leakage flows and the
distribution of pressure along leakage-flow paths. Flow past rotating and stationary
shafts, flow in "hydrostatic" air bearings, leakage flow in control valves, and the flow
in pneumatic resistance elements are examples of where this need has become apparent,

The general problem of gas-leakage flows in narrow channels of constant orosse
sectional area was treated by A, Egli (_1_)1 in 1937, with special attention to the case of
leakage flows past the stems of air and steam valves. G. L. Shires (2) has also treated
the flow in a narrow slot with particular reference to the problem of a "hydrostatic"
compressidble-fluid bearing. The work to be described in this paper 1is part of a thesis
investigation (3) on the design of "hydrostatic" air bearings.

The problem treated here is that of compressible fluid flow in a thin passage,
as shown in Fig, 1. The width b of the flow passage transverse to the direction of flow
i1s of the same order of magnitude as the length of the passage in the direction of flow L,
and the ratio of the height of the passage h to the length L is very small, For this
range of geometric parameters, flow may be considered laminar and essentially one-
dimensional. As the analyses and experimental work demonstrate, the viscous-shearing
forces predominate over acceleration forces when the ratio of height .to length h/L 1s
very samll, but the momentum forces assoclated with the acceleration of the fluid become
more important as h/L becomes larger.

ANALYSES

Adlabatic, Constant-Area Flow of a
Compressible Fluid with Friction

A comprehensive analysis which has been given by A, Shapiro (3) for the flow
of a compresaible fluid in a constant-area passage includes the effects of temperature
change as well as friotion and momentum effects acting in the fluid. However, the so-
lution 1s not in the form of explicit relationships that may be used directly for design
purposes, Solutions to many problems associated with this type of flow must be found by
a trial-and-error process because the stream properties and flow rate are interdependent
in a nonlinear way.

The purpose of this analysis is to show how the stream properties vary along
the length L of a duct of constant width b and constant height h,

The principal assumptions are:
1 The flow is one-dimensional and steady.
2 The working fluid is a perfect gas.

3 There are no external heat or work effects, and differences in
elevation are negligible.

1 Underlined numbers in parentheses refer to the Bibliography at the end of the paper.
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Two sections of the duct are considered to be an infinitesimal distance 4x
apart as shown in Pig, 2(a).

If a perfeot gas relation 1s assumed,
P = PRT B 0000000080 08880800 (1)

then by logarithmic differentails

ap d ar
P ; + T oon-oo.....""' (2)

From tno definition of the Mach number

2
H-!or uan—v- $00scscccsntssse ‘3)
¢ KkRT

where

o = sound veloocity -'% -’m cee (W)

the following equation 1s obtained

2 2
dH .dv ._d_?_ IFERENNNEREN NN X NNENY NN (5’
M2 Ve T

The eneigy equation of steady, adiabatic flow of a perfect gas is written

cpdT+ g;' Bo .....l.l.l'..l-.c.;... (6,
2

By dividing through by o

p'l', and by using the definition of Mach numbeér, where -

p = kR/(k-1), Bquation (6) becomes

2

2

=0 ees0sssveerseccsv (7)

+ X=2

|

k-1 HZ
2

«
N

The continuity equation 1is

2‘ =02V = 0ONBt ...ciceceecencesces (8)

Since A is constant, with use of logarithmic differentials

de +g'-°
v

[ R RN NN RN RN RN NN NN (9)




or since

av _ 1 [av?

‘-v" - '5 -';2) $0sc0ses00ssOPOIIRIOIVIRIEOISETSTS (10)
@ _ 1 (‘“2).0 (11)
-P 2 ‘? 00 09BOCRIOISISIPPIOIRRNESIOIOSIIOONNTL .

Prom Pig. 2(a), the mementum equation is written
qav
.m - d‘ - L 000000000000 00 0000800 (12)
Tlhe = T,
shere A is the cross-sectional ares, T 1s the shear stress exerted on the stream by the
valls, and dA,, 1is the wall area over which T sots.
Now the drag soeffiocient, or friotion factor f, is the retio of the shear

stress to the dynamic head of the stream and is s msasure of the relative significance of
viscous and momentum effects

L/

f' 0000000000000 0cs0000000 (1,)

The hydraulic diameter D is defined as four times the ratio of oross-sectional area to
wetted perimeter

D'“ —‘—dtordlw - M €eee0000000800 0000 08OS (lu)
ar, D

¥hen Equations (8), (13), and (1U) are introduced into Equation (12)

odP o ufPL 2 - -9“-?72;‘! ¢ess0svesnccrveVons (15)
gA v

By dividing by P, where V2 = kPMZ, and by using Equation (10)

s o2 oavd (16)

--2—- ;2— XX XXX NYRRN RN RN RN NR N ]

2
L L gy
P2

ol

The five simultaneous equations, namely, Bquations (2), (5), (7), (11), and
(16), may be combined to give the differential equations for P and N as funotions of UPF ax/D

kel

2 — 2
%— .uz 1—“3———'—— l&f}‘.’. ®evvecssvcsrRsesrcsBRRY (17)
| 1e N2 D ,
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2
[ L ER SV W PE
P 2 (1 -x2)

@800 srv s sessaesssRRORse (18)

[~

By rirst integrating differential Bquation (17), M can be found as a function of x, if ¢
is assumed to be conatant

#f %-x— - . 1M “2 sssecos (19)

The limits are as followus:

1 The entrance where Mach number is !41 and x 1is gero.

2 The section a distance L along the passage where Mich number is llz.

The integration for the special case where the final Mach number is unity
glves ;

utpm - 1-“2 +m_1n ——(-k—-:-il—u—z— [N N NN R NN NN N NN (20’
D w? & 2 (1 +‘.‘:2.ln2)

where Lygy 1s the léngth required to attain a final Mach number of unity. Since UfL/D
is a function of Mach number only, the length of duct flor a flow to pass from Mach
number My to M2 oan be found from

m’“‘“ mém - “Lm es 0O OONOISTEEQOOREPSS (21)
D D Hl D MZ

where f is a mean friction factor,

If the passage length L 18 greater than Lygy., flow will be "choked,” with the
result that My and flow rate decrease as L is inoreased. The exit Mach number M will
be unity for L equal to or greater than Imgx.

The expression for dP/P can be integrated similarly once M is known as a
funoction of x, in order to find the pressure distribution along the passage. These
expressions relating the Mach number, pressure, length of passage, and friotion factor
have been tabulated in Table 42 of the Gas Tables (5).

If friction factor £ as a function of Reynolds number Re, inlet pressure Pj,
outlet pressure P2, and the dimensions of the passage L, h, and b are known, the flow
rate and pressure distpibution ocan be found by referring to Table 42, An exit !‘ch
number of unity is first assumed, The pressure ratio P1/P> 1s then equal to P/F in
Table 42, were r' is the pressure when Mach number 1s unity, and for this value of
P1/P2 there is an entering Mach number M; and (qu.gx/D')ul. Prom M; and a knowledge
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of Ty, V; ocan be caloulated from Equation (4). FPFor this value of Vi and a corresponding
Reynolds number, there is a value of friction factor f. With the dimensions L and h,
where 2h = D, UfL/D can be obtained, If this number is equal to (U4fLpay/Dlyy, the exit
Mach number M, is unity. If 4fL/D is less than (UfImax/D) . the exit Mach number M is
less than unity, If YfL/D iz subtracted from (4fLmax/D)y; to obtain (4¢Lmax/DIn,. the
corresponding M, and (P/?')2 oan be found, If LfL/D is greater than (uana‘/b)Hi. the
flow 1s choked, and by trial-and-error, a new 4fL/D must be found such that (urL,.,/b)nl
and 4fL/D are equal for new values M; and (P/?’)l.

For any of the three ocases, the flow rate is then

® = elgbhvl

and pressure distribution can be found by using intermediate values of P/P. and 4fLmax/D.

Simplified Analysis Neglecting Momentum Effects

A simplified analysis that neglects momentum effects leads to explicit relation-
ships for pressure distribution and flow rate. The Hagen-Poliseuille analyais whioch assumes
that wall-friction forces are predominant is developed for a compressible fluid in a thin
passage, The assumptions are as follows

1 Viscous-shear forces govern the flow to the extent that momentum forces can
be neglected,

2 The flow 1s laminar and fully developed,
3 Temperature is constant throughout the flow.

From Fig. 3, showing an element of fluld acted on by shear-stress and pressure
forces, the static equilibrium equation can be written as

2Pby - (P~dP)2by = 2T 0dx = 0 ...veeveesace (22)
By Newton's (6) law of visoous flow

t’ -Pd—u Seegs00c0 0000t ssss0 000000 (23)

where u is the velocity of a particle at a distance y from the center of the passage, Yy is
viscosity, and T is the shear stress. When Equations (22) and (23) are combined

du = e L dy 22 tess00000000s0000c000s (zu)
K ax

By integrating u with respect to y and by sudbatituting the limits y-= h/2, u = 0, the
equation of the velocity distribution is

2 2
u=(l"—-L)-1' ‘d'2 seessss0eRessr st egop (25)
8 2 dx

This 1s a parabolic distribution, as shown in PFig. 3.
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The area for flow is 2by for an increment of flow dQ so that

2 2
dq-% h—a-Lz)% 0 00 s 0t eRObORRR PR (26)

Integrating the flow aver the entire flow area, putting in limits, simplifying, and adding
& minus sign because dp/dx 1s negative in the direotion of flow yleld

3
Q=- 2 ¢
12p ax

Cessrtsos0rsestosessscssRsrsses (27)

The equation for weight-flow rate now can be written

Wi

bh
12

;

== m - g [ E NN EN NN NN N NNN YN ]
) = (28)

*®

Introduotion of the perfect gas law

P
5 RP veveevecososcscconse (29)

yields
bh3 P e
(D '-f_'r— ﬁ sesessesssseenecsnse (50)

Whe weight-flow rate is constant over any cross section and because of the assumption of
constant tempsrature , the viscosity, which 1is principally temperature-.dependent, will remain
sonstant. Then integration to £ind the pressure P at any point along the flow path gives

P= P 2 -2 I A AN ERENNE R NN NN R NN 1
/ 2 - 2t (31)

Therefore, the pressure distribution in the direction of flow is parabolic.

By use of the same relationships to find weight-flow rate, integration over the
length of the flow path L gives

3
m = —LbL P 2 - Pzz) secs000s0s0sr0s00s (32)

MR \
24
From Equation (32) the weight-flow rate oan be computed if the end conditions
and geometry of the flow path are known,

EXPERIMENTAL APPARATUS
In order to investigate experimentally the pressure distribution and flow through

a2 thin passage between flat plates, a simple fixture with a movable plate and a fixed plate
each 6 1/4 in. wide and 4 in, long was designed, as shwon in Pig, 4,




-8- .

The material used in the flow-boundary surfaces was SAE 1045 hot-rolled steel
stabilized by normalizing before rough and finish machining, The surfaces of the two
plates were lapped together to produce very fine flat surfaces which were given a black-
oxide finish to protect them from corrosion. The resulting bright black finish had a
surface roughness less than 4 uin, rms,

As shown in Fig. 4, all parts of the apparatus were made heavy enough to
minimize the possibility of deflections that would invalidate the results of the experi.
mental work.

The movable plate, which is 3/4 in, thick, has an O-ring around its circumfer-
ence to seal againat leakage dbetween it and the annular ring into which it fits with
approximately 0.005-in., clearance all around, A second O-ring seals the space between
the annular ring and the 1 1/2-in..thick base plate,

Three differential screws provide the adjustment for the separation between
the flow plates, and 3.dial indicators measure the plate separation, The differential
sarews have a No. 6-40 thread which mates with a hole in the movable plate and a No. 8-36
thread which mates with a tapped hole in a stationary arm attaohgd to the base plate.
This arrangement, providing a motion of 1/400 in, per revolution of the screw, allows
fine adjustment of the passage height h.

A grid of 81.1/32.in-dlam pressure.tap holes consisting of 9 rous of 9 holes
each on 1/2-in. centers in the direction of flow and 5/8-in. centers at right angles to
the direction of flow cover the stationary base plate., A manifolding plate, which was
lapped with the underside of the base plate after grinding to give a sealing surface,
can be loocated by means of a rack~-and-pinion arrangement to lead out pressures from 18
points, 9 from each end of the manifold plate, The apparatus schematic of Fig., 5 shows
the vernier arrangement providing 5 positions in which 2 rows of holes are synchronized
to feed pressures to the ends of the manifold plate, This system of pressure-tap mani-
folding permitted the use of 18 mercury manometers for pressure measurements instead of
the 82 whioch would have been required without the manifold,

Two sets of three 1/2-in-diam tubes lead into opposite pressure chambers
through the sides of the base plate to feed air in and out of the apparatus, The
pressure chambers are 5/16 by 1/2 by 6-1/4 in,, providing large enough volume so that
flow velocities before and after the flow plate restriction are negligibdle.

INSTRUMENTATION

A schematic diagram of the general instrumentation and air supply and exnhaust
arrangement is shown in Fig. 5.

Three dial indicators with #-in. dials and 0,001-in, graduations were used to
measure the separation between the plates,

Eighteen vacuum-type manometers were used to measure the pressure diatribution.
The vacuumemanometer board, shown in the photograph of Fig. 4 and drawn schematiocally 1n
Fig. 5, has a large reservoir of merocury malntained at atmospheric pressure. The operating
supply pressures for the tests ranged from 2/3 atm to 2 atm on the upstream side and from 1
atm dowmn to 1/10 atm on the downstream side. The mercury manometers could be read to
within 1/20 in., of mercury or approximately 1/40 psi,
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A oallidbreted orifice flowmeter constructed according to ASME Standards was used
to measure weight-flow rate. The pressure taps before and after the orifioce were connscta
ed to a differential water manometer and also to separate absolute-pressure meroury mano-
meters,

Iron-gonstantan thermocouples were placed in both the upstream and downstream
chambers to measure the temperature at entrence and exit of the flow passage, A Leeds-
Northrop Wheatstone bridge potentiometer circuit was used to measure the thermocouple
potential within 0,1 mv,

A pressure tap was placed in both the upstream and downstream pressure chambers
to determine the end pressures, These taps were connected to mercury U-.tube manometers
that could measure as high as 2 atm or as low as perfect vacuum,

The upstream side of the apparatus was connected through orifice flowmeter,
valve, and flexible hose to a 125.psi ailr compressor, The downsiream side of the
apparatus was connected through a valve to a steam eJector which 1s capadble of handling
0.2 1b of air per seoond at a pressure of 2 psia, The capacities of both compressor and
ejector were more than adequate for this work because flows of less than 0,01 1lb/sec
were used at all times.

OPERATION AND DATA

Pressure distribution and weight-flow rate data were taken with the flat.plate
apparatus for operating pressure ratios Pl/P2 in the range from 2 to 12, Clearance ratio
h/L was varied between 1/4000 and 1/667.

The streamlines were determined to be very nearly parallel in the major flow
direction by means of very fine oil lines on the test plates made in one set of runs,

A set of runs was made with shims determining the plate separation as a check
on the acocuracy of the settings read from the dial indicators used for determining plate
separation in the major portion of the runs.

RESULTS

The pressure distributions calculated from both the ocomprehensive and simplified
analyses are compared with experimentally measured distributions in Fig, 6 and 7. The pe
simple theory i1s seen to be good for very small h/L ratios in the range from 1/1000 to
1/4000, as given in Fig, 6. For the extremely small clearances involved, the momentum
effects can be neglected, and the simplified theory used to prediot the pressure distri-
bution, For very small clearances, the quantity qumax/D becomes very large, and errors

in using Table 42 of the Gas Tables (5) are large, with the result that the comprehensive
method does not give very acourate results. i ‘

[ NN A

However, as the clearance is increased to where h/L is 1/667, as shown in Fig, 7,

the pressure distribution predicted by the simplified equation does not agree as well with
the experimental pressure distribution, For these larger ratios, the complete analysis
prediction of pressure distribution based on Shapiro's methods (i) agrees well with the
experimental pressure distribution.
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The weilght-flow rate, whioch is predicted to be a function of the passage height
oubed h3 by the simplified theory, Equation (32), is found experimentally to be somewhat
different, as shown in Fig, 8, It would be expeoted that for large h/L ratios where
momentum effects are important the experimental weight-flow rates would be smaller than
those predicted by the simplified theory.

Experimental weight-flow rates obtained for various h/L ratios as a function of
pressure ratio (PI/PZ) are presented in Fig. 9 for a passage l-in. long and l-in, wide,

A plot of experimentally obtained friction factor f versus Reynolds number is
given in Fig, 10. The frioction factors calculated from the experimental weight-flow rates
agree reasonably well with the work of Egli (l). as is 1llustrated by a comparison of the
curves of Flg, 10,

CONCLUSIONS

A parabolic pressure distribution is accurate for passage height-tc¢-length
ratios of 1/1000 and smaller where momentum effects can be neglected and viscous forces
predominate, For this same range of passage helght-to-length ratios, the simplified
relationship that weight-flow rate as a function of passage height oubed proves reasonably
accurate.

For larger passage helght-to-length ratios where the flow is laminar, the
pressure distribution and weight-flow rate can be predicted by using the methods which
account for momentum effects. The table of friction factor versus Reynolds number
(Fig. 10) and Table U2 of the Gas Tables (5) facllitate ocalculations,
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