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Abstract

Hj, optimization with convex constraints is considered. The optimal (order-
free) solution is shown to be unique through convex analysis. H, constraints
with feedforward terms and singular constraints (those with no direct control us-
age penalty or perfect measurements and those with associated Hamiltonions that
have jw-axis zeros) are also allowed. The optimal fixed-order solution is shown to
have the same characteristics as a mixed problem with regular H,, constraints. Fur-
thermore, these results are shown to hold for controller orders as low as the optimal
H, order. A numerical method is developed based on analytical gradients which
results in sub- and super-optimal fixed-order controllers. The problem is extended
to include an upper bound on a g constraint through a modification of the D-K iter-
ation method. Next, multiple H,, constraints are developed. Fixed-order solutions
to the multiple constraint problem are characterized and the numerical method is
extended to include muitiple constraints. Next, a continuous L, constraint is added.
A numerical approach is proposed based on bounding the L,-norm by the 4;-norm
of an Euler approximating system. Finally, H; optimization with a finite set of
Hy, p, and L, constraints is characterized. SISO and MIMO numerical examples

demonstrate the application of these methods.
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H; OPTIMAL CONTROL WITH H, p, AND L; CONSTRAINTS

I. Introduction
1.1 Overview

Controller design for a nonlinear system is often based on a linear, time-
invariant model of the system as it operates near an operating point or nominal.
While this approach simplifies the design process and allows powerful tools and
techniques to be applied, there are distinct drawbacks to the method due to the
imprecise modeling of a nonlinear system by a linear model. Moreover, the model is
assumed to be time-invariant, and thus cannot account for changes in the system that
are time-dependent. One can argue that the primary purpose of feedback control is
to provide stability in light of any unmodeled dynamics and system perturbations.
A second, but just as important, use of feedback control is to provide some desired

level of system performance.

Due to the nature of the control problem, the design process is broken down
into two categories, each of which has two parts. This first category is to provide
nominal control—that is, to provide stability and performance for the nominal linear
model. Consider the linear system in Figure 1.1 where w(s) is an exogenous input
and 2(s) is the output which we are trying to control (not necessarily realizable). The
plant P(s) is based on some underlying linear model G(s) which transfers the control
u(s) to the measured output y(s). K(s) is a linear, time-invariant controller which
has the measured output y(s) as its input and the control u(s) is its output. Nominal
stability is achieved if the closed-loop system in Figure 1.1, where the feedback loop
is closed with the controller K(s), is asymptotically stable. If we only consider the
underlying linear model with no input to the system (P(s)=G(s), z(s)=y(s), and

1-1
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Figure 1.1. General nominal block diagram

w(s)=0), this requirement is met if the poles of P(s)[I — P(s)K(s)]™* lie in the open
left-half complex-plane. A broader concept of internal stability will be explored later,
but is equivalent for this closed-loop system.

For the nominal performance problem, #(s) generally differs from y(s) and w(s)
is not gero; thus, P(s) is, in general, not equal to G(s). It is assumed that P(s) is
known and w(s) is some exogenous input with known properties such as white noise
of fixed intensity or a deterministic signal with bounded energy. Some performance
measure is defined and the nominal performance problem is to find a K(s) which
provides nominal stability and an acceptable level of the performance measure. If
the performance problem can be expressed as a mathematical program over the set of
possible controllers, the minimization or maximization problem is called an optimal

control problem.

Robust control is the second category the designer must consider. In this
problem, the systems under consideration are every element P; in the set P := P(s)+
AP where AP is a set of unknown perturbation to the nominal plant. The robust
stability problem is to design a controller K(s) which provides asymptotic stability
for every P;. One way to consider this problem is to combine all the perturbations
to the system into a single unstructured perturbation A(s), which has input e(s) and

output d(s) which are outputs and inputs of P(s), respectively. The resulting system
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Figure 1.2. General perturbed block diagram

is shown in Figure 1.2. Then, robust stability requires K(s) to internally stabilize
the system for all possible A(s).

Finally, the feedback controller should provide some measure of robust perfor-
mance—that is, produce a controller K(s) which internally stabilizes the closed-loop
system and provides an acceptable measure of performance under all expected plant
perturbations. This problem is not as easy to handle as the previous problems, but
p-synthesis is generally acknowledged as the best approach to solving the robust
performance problem [1, 2]. p-synthesis is based on exploiting the known structure

of the perturbation A and will be developed later in this work.

The performance of a system is often measured by the maximum energy of some
controlled output due to some specified input. One example is the familiar linear
quadratic Gaussian (LQG) control problem, where the exogenous input is zero-mean,
white Gaussian noise of unit intensity. This problem is equivalent to minimizing the
two-norm of the transfer function from the input to the output and is referred to as
Hj optimization. Another measure of performance is the model matching problem,

where it is desired to minimize the energy of the controlled output resulting from
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Figure 1.3. Mixed block diagram

some exogenous but bounded energy input. This is equivalent to minimizing the
infinity-norm of the transfer function from the input to the output and is referred to
as H,, optimization. An example of this problem is the weighted sensitivity problem,

which will be discussed in detail later.
In general, it will be desirable to solve both the LQG and model matching

problems concurrently for a given system, thus leading to a multi-objective or mixed
optimal control problem. Consider the system in Figure 1.3, where the transfer
function from w to z, T}, is associated with the LQG problem and the transfer
function from d to e, 7.4, represents the model matching problem. The problem
now is to find an internally stabilizing K(s) which minimizes ||T},,||2 for some level of
model matching, ||Ted|lcc < 7. This implies a potential trade-off exists between the

two measures of performance. Furthermore, robustness has not yet been considered.

To add robust stability to the above problem, the Small Gain Theorem can be
used. Define H,, as the space of all transfer functions which are analytic and bounded
in the closed right-half complex-plane. Internal stability implies that all the states
of the system are asymptotically stable (the concept of internal stability will be
developed more in Chapter II). Then the following theorem gives us a condition for
stability robustness.
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Theorem 1.1.1 (Small Gain Theorem) Let Ty € H,,. Assume A € H, is con-
nected from e to d as shown in Figure 1.4. Then the closed-loop system is internally
stable if

[ Tea(2)A(8)lleo < [|Ted(8)l|coll A(8) |0 < 1 (1.1)

Proof: See [3]. .

Therefore, as ||Ted||co is decreased, a larger level of unstructured uncertainty
can be allowed and internal stability still be guaranteed. Thus, robust stability can
be incorporated into the mixed problem using an H,, constraint. However, this
measure of robustness is conservative since it does not account for the structure
of the perturbations and only provides information for the worst case frequency.
Through p-synthesis, a less conservative measure of robust stability can be added to
the mixed problem by exploiting the structure and frequency content of the pertur-
bation. Moreover, pu-synthesis can be used to add robust performance into the mixed
problem. While H,, optimization and u-synthesis provide powerful techniques for de-
signing optimal controllers, both methods have limitations. In general, the methods
tend to result in high bandwidth controllers and thus have increased high frequency

noise response. A slight increase in the infinity-norm often results in a substantial
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reduction in the high frequency response, which demonstrates an available trade-off

which will be exploited in the mixed problem.

Finally, H,, and p-synthesis are based on bounded energy inputs and outputs.
It is often the case that the designer is interested in bounding the magnitude of
a controlled output due to a worst case bounded magnitude input. This is par-
ticularly important when considering surface deflections and aircraft rotation rates
where physical limitations are not modeled by the linear system. L, optimal control
can handle this control problem. This technique minimizes the magnitude of the
controlled output due to an exogenous but bounded magnitude input by minimizing
the L;-norm of the resulting transfer function. Moreover, we can replace the infinity-
norm in the above discussion with the one-norm, and the robustness properties hold.
Thus, we desire a method of including L; constraints into the mixed optimization

problem.

To solve the mixed control problem, the H; problem will be selected as the
objective function. Throughout this dissertation, we will azsume the H, problem
has tractable solutions. To incorporate a desired level of robustness and/or nominal
performance, an inequality constraint will be appended to the H; problem. Thus,
the problem to be addressed in this dissertation is: Find an internally stabilizing
K(s) that achieves

inf Tow Teilla < 1.2
o Biing Tl | 1Tealla <7} (12)

where a = {00, 5,1} and v is fixed a priori and is based on the desired level of ro-
bustness and/or nominal performance. This problem is a mathematical programming
problem which can be approached using the rich theory which exists for optimization

problems.
There has been a great deal of interest in the mixed H,/H,, problem and

variations on it with simplifying assumptions. This work will take the most general

approach to date and remove some of the remaining simplifying assumptions. In




addition, the mixed framework will be extended to a more general multi-objective

problem. First, a review of previous work is necessary to set the stage.

1.2 Review of Related Work

1.2.1 Mized Hy/H,, with a single input or single output. The initial
approaches to the mixed objective control problem were taken on a subset of the
problem given in Figure 1.3, where it is assumed that either d = w or z = e.
Bernstein and Haddad [4] presented one of the earliest formulations of the problem
with d = w. Their formulation used a Lagrange multiplier approach and resulted
in necessary conditions for a fixed-order controller which provides an overbound
to the H, problem and satisfies the H,, constraint. The controller order must be
determined a priori. While this technique allows reduced order controllers which are
desirable, it does not provide conditions for determining the order of the controller
which is globally optimal. Zhou, et al, [5, 6] formed the mixed problem for two
independent inputs with e = z. Their approach defined a new performance index
which reduced to the H; performance index when d = 0 and the H,, performance
index when w = 0. If both inputs are non-zero, a mixed performance index is
obtained. Necessary and sufficient conditions for the existence of a mixed controller
were derived and controllers were parametrized through a set of coupled matrix
equations. Yeh, et al [7), showed tkat, when the order of the controller is fixed to
that of the plant, the results of the above two works are the duals of each other.

1.2.2 General Mized H;/H,, optimization. Rotea and Khargonekar [8]
presented the first attempt ot solving the general problem shown in Figure 1.3, where
no relationship is assumed between d and w or e and z. Their formulation was based
on full state availability only. In addition, their approach was nonconservative in
regards to optimizing the actual H, norm, rather than just providing an overbound
to the norm. Ridgely, et al [9, 10], added output feedback into the formulation of

the general mixed optimal control problem. They derived the necessary conditions
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for an optimal fixed-order controller. The formulation assumed a strictly proper,
regular H,, constraint. In addition, Ridgely, et al, developed a numerical solution
which requires unique solutions to Lyapunov equations and stabilizing solutions to
Riccati equations. A homotopy method was used between the central H,, problem
[11] and the optimal mixed problem. The method was shown to converge to the

optimal mixed problem.

The above approaches are based on a single H; and a single H,, transfer
function. Schomig, et al, [12] developed a time domain approach for solving the
mixed problem with multiple transfer functions. The approach combined the optimal
H; problem with a penalty function, which incorporates the H,, constraint. A fixed-
order controller and a finite final time were used. The resulting controller approaches
a controller which infimizes a linear combination of H; performance bounds while
satisfying a set of Hy constraints as the final time approaches infinity. However,
there was no attempt to characterize the optimal controller or provide conditions for

its existence.

All of the above works based their results on a fixed-order controller with order

equal to the plant order.

1.2.8 Mized H,/p optimization.  Madiwale [13] first proposed adding ro-
bustness to the mixed control problem. His approach was based on the work of
Bernstein and Haddad [4], and thus only provides an overbound to the H; portion.
However, his development does attempt to provide robustness to both the H, and
H,, performance. Bambang, et al, [14] presented a static state feedback solution to
the mixed Hy/p problem based on the work of Rotea and Khargonekar [15]. Both of
these approaches only address a subproblem due the restrictive assumptions on the

inputs, outputs, and controller.

Hall and How [16] used a dissipative system approach to develop a worst case

bound on H; robust performance for a system with uncertainty. Their work gener-
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alizes a measure of robust performance to the H; framework. However, it does not

address a mixed norm approach to the optimization.

1.8 Research Objectives and Contributions

The purpose of this research is to first explore the nature of the optimal solution
to the mixed Hp/H,, optimal control problem. Next, the set of problems which
can be handled by the mixed H3/H, optimal control problem will be extended
beyond the set discussed in the previous section. Furthermore, formal incorporation
of multiple H,, constraints and g into the general framework will be accomplished.
A general numerical approach for fixed-order controllers will be developed. Finally,
the H, problem with a finite set of convex constraints, including H,,, g, and L,, will

be examined.

The first contribution of this dissertation will be to characterize the optimal
controller for a mixed H3/H,, optimization problem where the controller order is
not assumed a priori but allowed to be free. It will be shown that the optimal
solution is unique by approaching the problem through convex programming. More-
over, necessary conditions for optimality will be derived. Next, a dual approach to
computing the optimal controller will show that the optimal controller for a class of
mixed H,;/H,, problems is a non-rational H, function. Furthermore, this method
will be used to develop an analytical method for determining the minimum two-norm

for a fixed v for a class of mixed Hy/H,, problem.

The second contribution of this work is to extend the set of H,, constraints
which can be handled by the fixed-order mixed problem. As discussed in Section 1.2,
previous methods for solving the fixed order Hy/H,, problem have been based on the
assumptions that the H,, constraint is non-singular and strictly proper. However,
it is often desirable to allow both singular and non-strictly proper constraints. A
common example of this is the weighted sensitivity problem, which is singular and

can also be non-strictly proper. Thus, the set of allowable H,, constraints will be
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expanded to include singalar constraints as well as non-strictly proper ones. Fur-
thermore, for practical applications, the order of the controller must be as low as
possible. Previous approaches to the general mixed problem have assumed the con-
troller order is equal to or greater than the order of the plant augmented with both
the H; and H,, weighting transfer functions. It will be shown that the conditions
developed for a fixed-order solution in this work hold for a controller order as low as

the order of the H; problem alone.

Next, a numerical approach for finding fixed-order controllers in the neighbor-
hood of the optimal fixed-order controller will be developed. This approach has the
advantage (over previous methods) of handling singular H,, constraints and those
with a feedforward term. Furthermore, the order of the solutions can be reduced to
greater than or equal to that of the H; problem. Finally, the computation time for
the new method is significantly reduced from that of the existing method.

The fourth contribution of this work is to extend the method to include incor-
porate p-synthesis into the framework. This will allow a less conservative measure
of robust stability and also allow robust performance to be included in the mixed

framework.

The next contribution is to extend the above results to mixed problems with
multiple H,, constraints. The uniqueness of the optimal controller is shown and nec-
essary conditions for order-free and fixed-order solutions will be developed. Further-
more, numerical zpproaches for finding solutions to the multiple constraint problem

are given.

The last contribution will show that any finite set of convex constraints can
be augmented to the H; optimization problem in the framework developed in this
dissertation. First, the H,/L, problem will b= set up and a numerical approach for
designing fixed-order controllers will be given. This allows the mixed approach to
be applied to bounded magnitude outputs. Finally, the framework will be expanded
to allow H; problems with a finite set of Ho,, g, and ¢, constraints. It will be
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shown that all these constraints can be augmented and the problem solved in an
analogous manner to the multiple H,, constraint problem. Thus, all the design
methodologies discussed in this work can be combined into a single problem allowing
the design engineer a wide latitude in setting up competing objectives for synthesizing

a controller which provides nominal and robust stability and performance.

1.4 Outline

This dissertation consists of 10 chapters including this introduction. Chapter

2 will present some necessary mathematical review, including a discussion of linear
vector spaces, Lyapunov and Riccati equations, convex programming, and minimum
norm duality theory. Next, Chapter 3 will review H; and H,, optimization tech-

niques and present an introduction to p-synthesis.

Chapter 4 will develop the key theoretical results for mixed H,/H,, optimiza-
tion. To begin, the set of all stabilizing controllers will be parametrized over a convex
set. Then, the uniqueness of the optimal controller will be shown through convex
analysis. Furthermore, a duality approach to the minimum norm problem will be de-
veloped to characterize the optimal controller. This development will solve a special

case of the optimal problem with a particular form of the H,, constraint.

Fixed-order solutions to the mixed problem will be addressed in Chapter 5.
A Lagrange multiplier approach will be taken by appending a Lyapunov equation
associated with the H, problem and a Riccati equation associated with the H,, con-
straint. This development will allow singular and non-strictly proper H,, constraints,
and can handle controllers with order fixed to greater than or equal to the H, prob-
lem. Chapter 6 will develop a numerical method based in the frequency domain
which computes fixed-order controllers in the neighborhood of the optimal. The re-
sulting algorithm will be demonstrated through the design of a single input/single
output (SISO) F-16 longitudinal controller.
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Robust performance will be added into the framework in Chapter 7 by incorpo-
rating p-synthesis into the mixed H,/H,, optimal control problem. The fixed-order
controller will be characterized and the trade-off between robustness and disturbance
rejection will be demonstrated through an F-16 normal acceleration control problem

and a multiple input/multiple output (MIMO) HIMAT pitch control design example.

The utility of the mixed problem will be further increased in Chapter 8 by in-
cluding multiple H,, constraints. First, the uniqueness of the optimal controller will
be addressed and the question of existence will be discussed. Next, the fixed-order
solution will be developed and the nature of fixed-order controllers with order greater
than or equal to the H; problem will be characterized. The numerical approach from
Chapter 6 will be modified to handle multiple constraints, and methods for finding
controllers will be developed. Finally, an F-16 normal acceleration example will be

used to demonstrate the power of the multiple constraint optimization.

In Chapter 9, an approach to Hy/L, problems will be developed. Suggestions
on how to extend this work to include H; optimization with any combination of
H,, p, and L; constraints will be discussed. Finally, Chapter 10 presents some

conclusions and recommendations.
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II. Mathematical Preliminaries
2.1 State Space and Transfer Functions

This section will consider linear, time-invariant systems in continuous state

space form
z(t) = Az(t) + Buw(t)

2(t) = Cz(t) + Duw(t)

(2.1)

or in discrete state space form

z(k+1) Aqz(k) + Baw(k)
z(k) = Caz(k) + Dqguw(k)

(2.2)

where A, A; € R**", B, B; € R**™, C,Cq € R**", and D, D; € RP*™ are constant
matrices. The vectors z € R*, w € R™, and z € RP are the state, control, and
output vectors, respectively. [-](t) represents functions of time for ¢ € [0,+o0),
['](k) represents sequences with index k € {0,1,2,...}, and [] represents the time
derivative of [-].

The stability of systems (2.1) and (2.2) is determined by the eigenvalues of A
or Agq. For the continuous case, the system is stable if all the eigenvalues of A are in
the open left-half complex plane; the system is neutrally stable if the eigenvalues are
in the closed left-half complex plane and at least one eigenvalue is on the imaginary
axis; and the system is unstable otherwise. For the discrete case, the system is stable
if all the eigenvalues of Ay are in the open unit disk centered at the origin; the
system is neutrally stable if the eigenvalues are in the closed unit disk and at least

one eigenvalue is on the unit circle; and the system is unstable otherwise.

The state space forms can be realized as input-output transfer functions in the

s-domain for the continuous case through the Laplace transform

Tew(8):=C(sI —A)'B+D (2.3)
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and in the z-domain for the discrete case through the z transform

Two(2) := Ca(z] — Ag)™ Ba+ Dy (2.4)

For the remainder of this section, only the continuous case will be considered;

similar results can be derived for the discrete case. The shorthand notation

AlB
C|D

will be used. Conversely, for any real-rational, proper (i. e., analytical at s = 00)

:=C(sl—A)"'B+D (2.5)

transfer function T, there exists a realization (non-unique) (A, B, C, D) such that

AlB
Cc|D

The realization is minimal if A is of smallest possible dimension. A realization 1s

minimal if and only if (A, B) is controllable and (C, A) is observable.

(2.6)

The following definitions and properties will be useful:

TT () :=

AT | o7 }
(2.7)

BT DT

—-A|B
Tm(-—a) = [_—C}?] (28)

Further, the conjugate of T,,, is defined by

__AT _CT

T or (2.9)

T;u(8) = To(~8) =
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Figure 2.1. Nominal feedback system

and
poles [T (5)] = poles [TL,(s)| = —poles [Tou(—8)] = —poles [Tr,(s)]  (2.10)
For T,y € CP*™, let | = min{m, p}. The singular values 0;,i = 1,...,1, satisfy

0i (Tru(8)] = 0% [T2u(0)] = 0 [Tl —)] = 0 (T2 o)) (211)

To complete this section, consider the nominal feedback system given in Fig-

ure 2.1.  Let P(s) and K(s) be known proper transfer functions matrices; then

[z}=P["’J u =Ky (2.12)
y u

where P can be partitioned as

Figure 2.1 represents

P= [P"' P"‘] (2.13)
P, P,

To simplify notation, it will be assumed that transfer functions and signals are

functions-of-s for the remainder of this dissertation unless otherwise stated. If P and
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K are minimal order, then the closed-loop transfer function T,, can be determined
from the lower fractional transformation (LFT) as

Toe = F(P,K) := Pry + P K (I — PpK) ' P, (2.14)

Similarly, an upper fractional transformation (UFT) is defined for some block A with

input £ and output w shown in Figure 2.2 as

Ty = Fu(P,A) := Ppy + P A(I — PuA) ' Py, (2.15)

The system in Figure 2.1 is said to be well posed if and only if (I — P, K) is
invertible. If P,, or K is strictly proper (i. e., P,u(00) = 0 or K(oc0) = 0), as will be

assumed in this work, then the system is well posed.

The system in Figure 2.1 can be written in state space form as

Al B, B, ls
P=|C,|Dw Duwm K = 7{7;- (2.16)
C,| D D e




The well posedness of the system can now be seen as (I — D.D,,) being invertible.

Furthermore, the closed-loop transfer function T;,, can be written in state space form
A|B
C|D

A A + Bu(I — DcDy) ' D:Cy B,(I -~ D.Dy,)7*C. (2.18)
B(I -~ DpD.)*C,  A+B.(I-DnD.)'DpCe |

(2.17)

where

[ Bu+ Bu(I — D.D,u)"'D.D
B = + B )™ DeDi (2.19)
| B.(I-DnD.)'D,
C = | G+ DDl - DypuD.)C, Du(I - D.Du)"C. ] (2.20)
D = [Dw+ DauDe(I - DyuDe) ' Dy (2.21)

Thus, given a realization of the open-loop system and the feedback controller, we

can always determine the resulting closed-loop transfer function.

2.2 Stability Theory

This section will examine the stability of open- and closed-loop systems and
give some useful theorems relating to internal stability. The open-loop system (2.1)
is said to be stable if the A matrix is stable. Similarly, the closed-loop system is said
to be internally stable if the closed-loop A matrix defined by (2.18) is stable. The
following theorems give some conditions for internal stability.

Theorem 2.2.1 Assume the realization of P in (2.16) is minimal. Then there ezists
a proper K which achieves internal stability for the system in Figure 2.1 iff (A, B,)
is stabilizable and (C,, A) is detectable.

Proof: See [17], Chapter 4. »




A controller K which achieves internal stability is said to be a stabilizing controller.
If such a K exists, then P is said to be stabilizable.

Theorem 2.2.2 K is a stabilizing controller for P iff K is a stabilizing controller
Jor B,.

Proof: See [17], Theorem 4.2. n

Thus, from Theorem 2.2.2, only P, must be considered for analyzing the
internal stability of a system. Internal stability can now be viewed as bounded
input-bounded output stability for the system shown in Figure 2.3 where the input
is [vf vf]r, and the output is [ef ef]T. The system in Figure 2.1 is internally
stable if and only if the system in Figure 2.3 is internally stable. Finally, the internal
stability of the system in Figure 2.3 is given by the following theorem.

Theorem 2.2.3 The system in Figure 2.3 is internally stable iff (I — P,K) is

tnvertible and all four transfer functions in

I -K I+ K(I = PuK)'Pp K(I — PpK)! o)
B, I (I-PnK)'Pn  (I-Pn,K)™! '
which transfers the input [vlr vT ]T to [ef eg']T , are proper and stable.
Proof: See [17], Chapter 4. .

2.8 Operator Spaces

The transfer functions in this work can be treated as elements of operator
(vector) spaces. In particular, we will consider members of the Hardy spaces H, and
Hy,, the function space L, and the sequence space £;. The functions in these spaces
are representations of the actual operators, but we shall abuse the notation and refer
to the functions as operators in this work. For further information on operators and

their representations, the reader is referred to [18]. This section will define these
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Figure 2.3. Internal stability system

spaces, the associated norms, and methods for computing the norms. First we need
to define the following Lebesgue spaces. La(—joo,+joo) is defined as the space of

all functions F(s) which are analytic on the imaginary axis and
00 3
[ / F*(jw)F(jw)dw] < +o0 (2.23)

Loo(—jo0,+jo0) is defined as the space of all functions F(s) which are analytic on
the imaginary axis and
ess sug'i[F(jw)] < 400 (2.24)
we€

where 7(:) denotes the maximum singular value.

2.8.1 H, Space. H,is defined as the space of all transfer function matrices
which are analytic in the open right-half complex plane and have a bounded two-

norm, where
I "2 ‘“1 /+ tr [T, (jw)Tew(jw)] (2.25)
Tell := o ). r (T, (10) Tow(jw)] dw .

Furthermore, we shall define the subspace R H, as the space of real-rational functions
(rational functions with real coefficients) in H,. H, is a closed subspace of the Hilbert

space (or complete inner product space) L.




Unfortunately, (2.25) is not easy to compute, but there is a fairly standard
method for finding the two-norm of a transfer function (see, for example, [19]).

Consider the transfer function

AlB
G(s) = € RH, (2.26)
clo
Then the two-norm is given by
IG(s)I13 = tr (L.CTC) = tr (L. BBT) (2.27)

where L. and L, are the controllability and observability gramians of G(s), respec-
tively. The gramians are the positive semidefinitive solutions to the Lyapunov equa-
tions

AL+ L.AT + BBT=0 (2.28)

LA+ ATL,+CTC =0 (2.29)
If G(s) € RL, := RH, ® RH;, then the transfer function G(s) can be written
G(s) = G1(s) + Ga(s) (2.30)
where Gy(s) € RH, and Gy(s) € RH; . Since the ‘nner product (G, G,) = 0,
IG(a)IIz = 1G1(a)ll3 + IG=(s)lIz (2.31)

The two-norm of G,(3) is

IGall2 = [|G3(s)lla (2.32)

where G3(8) € RH, and its two-norm can be computed using (2.27).
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2.3.2 H, Space. The next space of operators which will be discussed is
H.,. H,, is defined as the space of transfer function matrices which are analytic and
bounded in the open right-half complex plane. Again, the subspace of real-rational
H,, functions will be denoted as RH,,. H, is a closed subspace of the Banach space
(or complete normed linear space) Lo,. Furthermore, Hy is the space of bounded
operators which map L3(0,+00) into L3(0, +00); thus the norm of interest is the

induced operator norm

1Tl == | Tewlleo (2.33)
= su | Tzww)2
= SR Tl (234
= sup [z]a (2.35)
[lwila<1
= supT [Tou(jw)] (2.36)

This norm will be referred to as the infinity-norm. The infinity-norm can be seen
to be the maximum possible gain of the system; thus, to minimize the energy of
the output due to a unknown but deterministic bounded energy input, one must
minimize the infinity-norm of the transfer function. Another important property of
the infinity-norm is the submultiplicative property of induced operator norms [18];
given F,G € H, then

I FGlleo < |FlloolI Gl o (2.37)

This property, which does not hold for two-norms, is very important for robustness

problems, as was seen in Theorem 1.1.1.

The infinity-norm can be determined by computing the maximum singular
value of the transfer function over a sufficiently large range of frequencies and se-
lecting the maximum value. However, this is not always numerically practical since

some a priori knowledge of the maximum singular value behavior over frequency is




needed. Another more precise approach is based on the eigenstructure of a Hamil-
tonian matrix associated with a state space realization of a proper stable transfer

function [17]. Consider the transfer function

A|B
G(s) = (2.38)
C{D
Then the associated Hamzltonian is
A+ BRDTC BR'BT
H = (2.39)
—C’T(I + DDT)‘IC —(A+ BR1DTC)T

where R := 2] — DTD. The infinity-norm of the transfer function is the smallest
~ such that the eigenvalues of H on the imaginary axis (if any) have even partial
multiplicities. Effectively, this reduces to finding the smallest v such that H has no
eigenvalues on the imaginary axis. In Chapter VI, a refined method for computing
the infinity-norm will be developed.

2.8.8 L, and {; Spaces. The final spaces discussed in this work are the
L, function space and the £, sequence space. As with the H;- and H,-norms, the
Ly-norm will be developed for continuous-time systems; however, the £;-norm will
be developed in discrete-time. Furthermore, we will only discuss scalar transfer

functions (SISO) in this section.

2.3.8.1 L, Space. Let L;(0,+o00) denote the space of all causal
functions g(t) such that

+00
gl = [ la®)ldt < +oo (240)
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For convenience, we will denote the space as L;. Associated with each g(t) € L,

Let A denote the space of all bounded linear operators on L,. Given G € A, the

induced norm on A is given by

IGla = sup "“g:{‘ll:" (2.42)
= |lgl (2.43)
- /o+°° lg(t)|d¢ (2.44)

where r € L (0, +00).

Since this is an induced operator norm, the submultiplicative property holds
and the norm can be used for robustness analysis. Computation of the L;-norm is not
as convenient as the previous norms. Since we will only consider stable systems, the
impulse response will be bounded below by some epsilon after a fixed time. Therefore,
an approximation of the L;-norm can be made through a truncated approximation

of the integral (2.44).

2.8.8.2 {, Space. Let £; denote the space of all sequences h = {h(k)}
such that
+o0
Al = 3 {h(k)| < +oo (2.45)

=0

Given a sequence h € {; we can define the z-transform

H(C) = 3. hR)C* (2.46)

=0
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If H is the z-transform of the pulse response k of a linear system, then H is stable if
and only if b € ¢, [20]. Let £, denote the space of all bounded sequences f = {f(k)}
with a norm defined by

| flleo = max|£(k)| (2.47)

Define A as the space of all stable functions and let € A be a particular
function which maps r € £, tom € {,,. Then & € ¢, is the pulse response associated

with 7. The induced operator norm of  on A is given by

HlLq = +Z'° o (2.48)

Thus,
|4 = IIRlx (2.49)

If r is an unknown but deterministic bounded magnitude input, and it is desired
to minimize the worst case maximum magnitude of the output m, then the £;-norm
of the pulse response function should be minimized. For convenience, the induced
norm on A will be referred to as the £ -norm of the transfer function. The £;-norm
is an induced norm; therefore, the submultiplicative property holds and the norm

can be used for robustness analysis.

For the SISO case, the ¢;-norm can be approximated to an a prior: tolerance
€ through the sum of a truncated series {21]. Let kh be a finite dimensional linear,

time-invariant system, and let H be the z-transform of h with a minimal realization

B,
H(z) = 44| Ba (2.50)
Cai| D4
The £,-norm of & is given by
400
IRl = 3 la(k)| (2.51)
k=0
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This sum can be rewritten in state space form as
+00 R
Ikl = 3 |CadlBa| + | D4l (2.52)
k=0

If h is stable, A% approaches zero as k approaches infinity; thus, (2.52) can be approx-
imated by truncating at some integer N. Suppose A4 has distinct roots a;,as,. .., a,.
These a; are the poles of the z-transform H(z) of k, and since k is stable, |a;| < 1

for: =1,...,n. Therefore,

Hz) =3 —

=1

+d= C’d(zI — Ad)_le + Dy (2.53)

Z— a;

where

b = (z — a;)G(2)] (2.54)

z2=a;

Let amae = max |a;| and by, = max |b;|. Given some € > 0, whenever N is such that

N4 _ e(1-— Grmaa)
Ce < b (2.55)
then
N N
Y~ |CaAbBa| + |Da| < |Gl < Y |CadbBa| + |Dal + € (2.56)
k=0 k=0

Therefore, for the SISO case, the £;-norm can be approximated to any desired accu-

racy.

2.8.8.8 Relationship Between L, and {;.  For a particular transforma-
tion from the continuous domain to the discrete domain, an asymptotic relationship
between the L;-norm and the £;-norm can be derived. The transformation is known

as a forward rule, which results from substituting

(2.57)
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where 7 is the discrete time step. Thus, given a continuous system

A|B
Tmr(8) = (2.58)
C|D
then the transformed system is
Ag| B I+7A|rB
TEAS(z) := | By ] _[14ra|r (2.59)
Ck | D ¢ |p

The system in (2.59) will be referred to as an Euler approximating system (EAS)

for the continuous system [22].

Now the relationship between continuous and discrete one-norms is given by

the following theorems.

Theorem 2.3.1 Assume the conlinuous system

¢ = Az+Br (2.60)

m = Cz+ Dr (2.61)

is stable. Then, given 7 > 0, the EAS system

Ziyn = (I +71A)zk+ 7Br; (2.62)
m, = Czp+ Drg (2.63)

1s stable, and
[ Tmells < 1Tl (2.64)

Furthermore, || TEA5||;, — || Tm,|l, monotonically as v — 0.

Proof: See [22], Theorems 2 and 3. .
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Thus, using the EAS transformation, the £;-norm will always provide an upper bound

on the L;-norm for a given system.

2.4 Lyapunov Equations

As was already seen in the computation of the two-norm, equations of the form

ATX + XA+ Z=0 (2.65)

play an integral part in modern control theory. This type of equation is known as
a Lyapunov equation. This section will present some key theorems on existence and
uniqueness of solutions to Lyapunov equations. First, a theorem on uniqueness is

presented.

Theorem 2.4.1 If Z > 0 and A is stable, the Lyapunov equation (2.65) has a
unique solution and X > 0.

Proof: See [23], Lemma 12.1 "

The existence of solutions to (2.65) is related to the stability of A through the

following.

Theorem 2.4.2 Suppose X > 0, Z > 0, (VZ, A) is detectable and (2.65) holds.
Then A is stable. If (VZ, A) is observable, then X > 0.

Proof: See [23], Lemma 12.2 ]

Theorem 2.4.3 The Lyapunov equation (2.65) has a unique solution iff A is stable.
If A is stable, then X = 0 is the unique solution to

ATX + XA=0 (2.66)

Proof: See [24], Theorem 2.1. =
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2.5 Riccati Equations

Two forms of the algebraic Riccati equation (ARE) which are associated with
H; and H,, optimization will be used in this dissertation. This section will present
some existence and uniqueness conditions for solutions to both types of Riccati equa-

tions.

2.5.1 H; Type. The algebraic Riccati equation associated with the H,
problem is

ATX + XA-XBR'BT™X +CTC =0 (2.67)

where R = RT > 0. Given a minimal realization (A4, B, C,0), the following theorem

characterizes the solution to (2.67).

Theorem 2.5.1 Assume (A,B) controllable and (C,A) observable. Then there ezists
a real symmetric solution X to (2.67) with the property Re [/\,'(A - BR'BTX )] <0
(> 0) for all 3. Moreover, it is unique and such that X > 0 (< 0). Furthermore, it
is the only solution in the set of all positive (negative) semidefinite matrices.

Proof: See [25], Lemma 4. .

The controllability and observability conditions can be relaxed with the fol-

lowing results.

Theorem 2.5.2 Assume (A,B) is stabilizable. If (2.67) has a real symmetric so-
lution, then it has a mazimal solution X, such that X, > X for all X satisfying
(2.67). Moreover, Re [\(A — BR™BTX,)| < 0 for ll i.

Proof: See [26], Theorem 2.1. n

Theorem 2.5.3 Assume (A,B) is stabilizable. Then the real symmetric solution to
(2.67) ezists and its mazimal solution is positive semidefinste. If (C,A) is detectabdle,
then Re [A.-(A - BR"BTX.,.)] < 0 for all ¢, and if (C,A) is observable, then X, > 0.
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Proof: See [26], Theorem 2.2. "

These results hold for the dual of (2.67)
AX + XAT - XCTR'CX + BBT =0 (2.68)

with the following substitutions: A = AT, B = CT, and C = BT, and making the
appropriate substitutions of observability (detectability) and controllability (stabi-
lizability).

The above theorems and their duals can be used to develop a set of assumptions
which will ensure the existence of symmetric solutions to an H, type Riccati equation.
This will be useful in the next chapter when we develop a parametrization of all H,

controllers.

25.2 H, Type. The algebraic Riccati equation of interest for the H,

constraint in this work is
AX + XAT + XBR'B*X +CTC =0 (2.69)

Associated with the Riccati equation (2.69) is the Hamiltonian matrix

[ A BRBT J
M, = (2.70)
cTc AT
Define
®(s) := R - G*(s)G(s) G(s)=C(sI - A)'B (2.71)

2.5.2.1 Fzistence and Uniqueness. I (A, B) is controllable, then
the existence and uniqueness of the solutions to (2.69) are given by the following

theorem.

Theorem 2.5.4 Assume (A, B) is controllable. Then, the following are equivalent:
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i. there ezists a solution X of (2.69) such that X = X~

ii. there ezists a solution X_ of (2.69) such that Re [z\j(A + BR“BTX_)] <0
Jorallj

i85, there ezists a solution X, of (2.69) such that Re [/\,-(A + BR“BTX+)1 >0
for all 5

tv. the partial multiplicities of the imaginary azis eigenvalues of the Hamiltonian
(2.70) (if any) are even (the partial multiplicity of an eigenvalue is defined as

the order of its associated Jordan block when the matriz is in Jordan form)
v. ¥(jw) 2 0 for all w € [0, +00]

Moreover, if i-v hold, then the following are true:

vi. the solution X_ of (2.69) with the properties of ii is unique
vis. the solution X, of (2.69) with the properties of iii is unique
vits. X_ = X, iff all the eigenvalues of (2.70) are on the imaginary azis

Proof:  See [27], Theorems 1, 3 and Corollary 5; [28], Theorem 3.11; and [29],

Theorem 3. .

Based on this theorem, the existence of solutions to (2.69) can be determined. Fur-
thermore, the minimal solution, which is the one we are most interested in, is unique.

The controllability assumption can be relaxed using the next theorem.

Theorem 2.5.5 Define
Q(X)=AX + XAT + XCTR'CX + BBT (2.72)

Assume there ezists an X = X* such that Q(X) < 0. Then
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i. if (A,B) is stabilizable, there ezists a unique minimal solution X_ to (2.69).

Furthermore, X_ < X for all X such that Q(X) < 0 and
Re [\:(A+ BR'BTX_)| <0 for all i

#. if (-A,B) is stabilizable, there ezists a unique mazimal solution X, to (2.69).
Furthermore, X, > X for all X such that Q(X) < 0 and
Re [\(A+ BR'BTX,)| > 0 for all i

iis. if (A,B) is controllable, both X, and X_ erist. Furthermore, X, > X_ iff
Re [M(A+ BRBTX_)| <0 for all i iff Re [\(A + BR™'BTX,)| >0 for all
i

. if @Q(X) <0, then i and ii above can be strengthened to
X_ < X, Re[\(A+ BRBTX_)| <0 for alli, and
Xy > X, Re [\(A+ BRBTX,)| > 0 for all i, respectively

Proof: See [28], Corollary 3.4. s
Thus, if the assumption on (A, B) is relaxed to stabilizable, we can still determine
if solutions to (2.69) exist and the uniqueness of the minimal solution.

The next theorems are key results which will be used in this work.

Theorem 2.5.6 Assume (A,B) stabilizable and Re [M;(A)] < 0 for alli. If X = X*
satisfies (2.69), then X > 0.

Proof: See [30], Lemma. =

Theorem 2.5.7 If (C,A) is detectable, then there ezists an X > 0 satisfying (2.69)
only if A is stable.

Proof:  Since (C,A) is detectable, CTC > 0, and BR™*BT > 0. Then from
[23], Theorem 3.6, (VXBR-1BTX + CTC, A) is detectable. Furthermore, assume

a solution X > 0 exists, then (2.69) can be treated as a Lyapunov equation and

Theorem 2.4.1 implies A is stable. "
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Combining the above two theorems, we can determine what conditions are necessary
for a positive semi-definite solution to (2.69) to exist. Further, the nature of real

symmetric solutions can be determined from the stability of the matrix A.

2.5.2.2 The Riccati Operator and Stabilizing Solutions. Consider a
Hamiltonian matrix M of order 2n which has no eigenvalues on the imaginary axis.
One can then define two n-dimensional subspaces X_(M) and X, (M). X_(M) is
the invariant subspace associated with the eigenvalues of M in the left-half complex
plane and X, (M) is the invariant subspace associated with the eigenvalues of M in
the right-half complex plane. The matrix which is comprised of the basis vectors of

X_(M) can be partitioned as

X
X_(M) =span| " (2.73)
X
where X;, X; € 8", X, is nonsingular if and only if the two subspaces

X_(M) and [ (; ] (2.74)

are complementary. In this case, X := X;X;! and the Riccati operator is defined
as Ric: M — X or X = Ric(M). The domain of the Riccati operator, denoted
dom(Ric), is defined by all Hamiltonian matrices such that

i. M has no eigenvalues on the imaginary axis

ii. the two subspaces in (2.74) are complementary.

Theorem 2.5.8 If M, € dom(Ric), where M,, is defined by (2.70), and
X = Ric(M,,), then

i. X is symmeltric

2-20




#i. X satisfies (2.69)
#i. Re \;(A+ BRBTX)| <0 for all j

Proof: See [31], Lemma 2.1. .

The Riccati operator can be extended to include cases where the Hamiltonian
M has eigenvalues on the imaginary axis. If M has eigenvalues on the imaginary axis,
then there are at least n eigenvalues in the closed left-half plane. Thus, there is an
invariant subspace X_(M) (not necessarily unique) corresponding to n eigenvalues

in the closed left-half plane with a basis defined as in (2.73) which satisfies

Xi
X,

X
X,

M T, (2.75)

where T, is any 2n X 2n matrix with Re [}(T;)] < Oforalli=1,...,2n. If X_(M)
satisfies the complementary property (2.74), then X := X, X[, if X is symmetric.
Define the extended Riccati operator Ric : M — X with domain dom(Ric) consisting
of all Hamiltonians which satisfy the following:

i. an X_(M) exists such that the two subspaces in (2.74) are complementary
ii. the resulting X = X, X! is symmetric.

Ric(M) may not always be a function since X may not be unique. In this work,

whenever Ric(M) = X is used, it will be a well-defined and X = Ric(M) must be

unique.
Theorem 2.5.9 Suppose M., € dom(Ric) and X = Ric(M,) is unique. Then

i. X is symmelric
#. X satisfies (2.69)
i#i. Re \;(A+ BR'BTX)] <0 for all j
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When tii has at least one j such that equality holds, X is referred to as the neutrally
stabilising solution to (2.69).

Proof: Modification of [31], Lemma 2.1 using the above discussion. "

Finally, to conclude the discussion of Riccati equations, consider

A|B
G(s) = (2.76)
C|D
and the associated Hamiltonian
A+ BR'DTC BR BT
M, = (2.77)
-C(I - DDT)‘IC' (A+ BR“DTC)T

where R = 21 — DTD. Then the following theorem defines bounds on the infinity-

norm.

Theorem 2.5.10 Assume A is stable and R > 0. Then the following are equivalent:

i [|G(s)lleo <
#t. My, has no imaginary azis eigenvalues
ii. M., € dom(Ric)
iv. My, € dom(Ric) and X = Ric(My) > 0 (> 0 if (C,A) is observable).

Furthermore, the following are equivalent:
i |G(s)lleo <
#. M,, € dom(Ric)
iti. M, € dom(Ric) and X = Ric(M,,) > 0 (> 0 if (C,A) is observable) is unique.

Proof: Modification of {31}, Lemma 2.4 for general 4. .
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Thus, upper and lower bounds on the infinity-norm of a transfer function can be
determined by varying 4 so that the Hamiltonian has eigenvalues on and off the

imaginary axis. This will be explored further when numerical solutions are discussed.

All of the above theorems hold for the dual of (2.69)

AX + XAT + XCTR'CX + BBT =0 (2.78)

by making the substitutions A = AT, B = C7, C = BT, and D = DT and mak-
ing the appropriate substitutions of observability (detectability) and controllability
(stabilizability). Furthermore, the matrix G(s) is replaced by GT(s)-and R becomes
721 — DD™. With these substitutions, the last theorem of this section is

Theorem 2.5.11 Suppose A is stable. If there ezists an X = X7 > 0 satisfying

AX + XAT +(XCT + BD")RY(XCT+ BD")T + BBT =0 (2.79)
where
R=+1-DDT >0 (2.80)
then
(C(sI — A) B+ Dl|lec <7 (2.81)

Proof: Assume there exists an X = X7 > 0 satisfying (2.79). Rewrite (2.79) as
8X —8X — AX — XAT = (XCT + BDT)R™Y(XCT + BD")T + BBT  (2.82)
or

(s — A)X + X(—sI — AT) = (XCT + BDT)R(XCT + BDT)T + BBT (2.83)
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Premultiply by C(sI — A)~* and postmultiply by (—sI — AT)*CT to get
CX(—sI - AT)'CT + C(sI — A)'XCT =
C(sI - A)"Y(XCT + BDT)RY(XCT + BDT)TC(sI — A)™
+ C(sl — A)"'BBTC(sI — A)™? (2.84)

Define L(s) := CX(sI — A)71C7, L*(s) := C(—sl — AT)* X7,
G(s) := C(sI — A)™'B, and P(s) := G(s)DT. Then (2.84) becomes

L*(s) + L(s) — L(s)R"'L*(s) — L(s)R™' P*(s)

—P(s)R™'L*(s) — P(s)R™' P*(s) = G(5)G"(s) (2.85)

Since R = R* > 0 there exists an R'/? such that R~'/?(R'/?)* = I, RV/*(R'/?)* = R,

and the following is true:

(R'2 — L(s)R™/* — P(s)R*/*) (RV/? - L(s)R™"/? - P(s)R™*/?) =
R — L*(s) — L(s) — P*(8) — P(s) + L(s)R™*L*(s) + L(s)R™' P*(s)

+ P(8)R™L*(s) -+ P(s)R~*P*(s) (2.86)
Thus, letting G(s) = C(sI — A)"'B + D and using (2.86) we can rewrite (2.85) as

(RY* — L(s)R™"/? — P(s)R™/*) (R/* — L(s)R™"/? — P(s)R7/*)" =

721 — DDT — DG* — G(s)DT — G(s)G*(s) + v*I — G(s)G*(s) (2.87)

2-24




The left term of (2.87) is Hermitian on the jw-axis; thus, it is positive semidefinite.

Therefore

29’1 — G(s)G"(s) ~ (G(s)G"(s) + G(s)D" + DG + DDT) < 0 (2.88)
= YI-Gs)G(s) < 0 (2.89)

= [G8)le < 7 (2.90)

The above theorem allows us to determine whether an H,, constraint is met based on
the stability of the A matrix and the existence of a positive semi-definite symmetric
solution to the algebraic Riccati equation (2.79). This theorem will be very useful
in setting up the fixed order mixed H3/H,, problem.

2.6 Convez Optimization

This section is an introduction into some key concepts of convex programming
which will be necessary for this work. For a complete discussion of this topic, the
reader is referred to (32, 33, 34, 35, 36, 37].

Let X be a vector space, 2,22 € X, and a € (0,1), then a conver combination
of z; and z; is az; + (1 — a)zz. A set C C X is said to be a convezr set if for
every &1,z3 € C then all convex combinations of z, and z, are also contained in C.

Defining a functional f : C — R, f is said to be a convez functional if
flazy + (1 — a@)zs] < af(21) + (1 — a)f(z,) (2.91)

for all z;,z; € C and all a € (0,1). Furthermore, f is said to be a strictly convez
Junctional if strict inequality holds in (2.91), whenever z; # z,.
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Suppose f(z), g1(z),...,gm(z) are functionals defined on some subset C of a

vector space X. We are interested in the following program:

Minimize f(z) subject to
P { gi(e)<O0foralli (2.92)
wherez € C C X

The functional f(z) is called the objective, and the functional inequalities g;(z) < 0
are called the constraints. A vector z € C is said to be an admassible point for P if
it satisfies all the constraints in P. The set A of all admissible points is called the
admissible region for P. If A is not empty, the P is said to be consistent, and if there
exists an ¢ € A such that g;(z) < 0 for all 4, then P is said to be superconsistent. If
P is a consistent program and there exists an z* € A such that f(z*) < f(z) for all
z € A, then z* is a solution for P. Furthermore, if P is superconsistent, then the
admissible region has an interior point. This is a necessary assumption for the main

theorem of this section.

If the objective f(z), the constraints g;(z), and the underlying set C are all
convex, then P is called a conver program. In this case the admissible set A will
always be convex. The Lagrangian £ of the convex program P is defined as

Liz,A) = f(z)+§a\.-g.-(=) (2.93)

where z € C, A :=[Ay,...,An])T € R™, and ; > 0 for all 4.

The following theorem is the central result of convex programming.

Theorem 2.6.1 (Kuhn-Tucker Theorem (Saddle Point Form)) Suppose P
given in (2.92) is a superconsistent convez program. Then z* € C is a solution of P

if and only if there exists a A* € R™ such that:
i X320 forall j
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#. L(z*,A) < L(z*,A") < L(=z,A*)
Jor all z € C and all A € R™ such that A\; >0 for all j
ti. A;9i(2") =0 for all j
Proof: See [37], Theorem 5.2.13. .
The above theorem is just one form of the famous group of related theorems called
Kuhn-Tucker (KT) Theorems. For the convex analysis in this work, the saddle
point form will be sufficient. For additional forms of the KT Theorem, see, for

instance, [34, 36, 37]. The results of Theorem 2.6.1 are referred to as the Kuhn-

Tucker conditions, or just the KT conditions.
The next theorem deals with the uniqueness of the solution to a convex pro-

gram.

Theorem 2.8.2 Suppose P is the convex program given tn (2.92) and 2™ € C sat-
isfies the Kuhn-Tucker conditions. If f(z) is strictly conver, then z* is unigue.

Proof: See [35], Corollary to Theorem 9.4.1. -

2.7 Duality in Minimum Norm Problems

The final section of this chapter will discuss a dual approach for solving mini-

mum norm problems. An excellent source for this subject is [36].

Let X be a vector space. A functional f: X — R is a linear functional if

flazy + Bz3) = af(z1) + Bf(za) (2.94)

for all z;,2; € X and for all &, 8 € R. Further, f is a bounded linear functional if
there is some M € R such that

|f(z)] < M= (2.95)

2-27




for all z € X. The infimum over all such M is called the norm of f denoted || f||. The
space of all bounded linear functionals on X is called the dual of X and is denoted
X*. Given z* € X*, then

ll2*]] := sup |=*(z)| (2.96)
ll=lf<1

The spaces under consideration in this work will be H; and Ly, which are Hilbert
spaces, and as such have special properties which will simplify the dual problem.
Let X be a Hilbert space. Then the following theorem provides a representation of

bounded linear functionals on X.

Theorem 2.7.1 Riesz-Fréchet: Assume X is a Hilbert space. If f is a bounded
linear functional on X, then there erists a unique vector y € X such that

f(=) = (=,9) (2.97)

for all z € X. Furthermore,
£l = llwll (2.98)
and everyy € X determines a unique bounded linear functional in this way.

Proof: See [36], Theorem 5.3.2. .

Thus, linear functionals on a Hilbert space can be represented uniquely by a vector
in the space. For the remainder of this work it will be assumed that [-]* is the vector
which represents the actual dual; while this is an abuse of notation, it will simplify

the discussion.

Another key concept in duality theory is alignment. A vector z* € X* is said
to be aligned with a vector z € X if

(z,2") = ||2*]|||= (2.99)
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Finally, let X be a normed vector space. Then the support functional of a convex
set K C X is defined on X* as

h(z*) := :16111;(3, z*) (2.100)

The next theorem provides the main results from duality theory for the minimum

norm problem.

Theorem 2.7.2 Minimum Norm Duality: Assume X is a real normed vector
space. Let d > 0 denote the distance from a point z; € X and some conver set
K C X having support functional h, then

d= inf llo - 2l = max [(e1,2") — (")) (2.101)

where the mazimum on the right is achieved by some = € X*. If the infimum on

the left is achieved by some zo € K, then —z} is aligned with zo — z,.

Proof: See [36], Theorem 5.13.1. -

Therefore, the infimal problem in the primal space can be transformed into a maximal
problem in the dual space. While this may not always provide a complete solution
to the problem, when combined with the alignment condition, optimal solutions can

often be found.

2.8 Summary

This chapter introduced state space representations of linear, time-invariant
tre.msfer functions. Further, we introduced the concept of internal stability. Next, the
operator spaces Hy, Hy,, and L, and their associated norms were introduced. A brief
review of Lyapunov equations and H; type algebraic Riccati equations was presented.
A more detailed review of the conditions required for the existence and uniqueness of

solutions to H,, type algebraic Riccati equations was presented. This was followed
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by an introduction to the basic concepts of convex programming including the Kuhn-
Tucker Theorem. Finally, duality concepts were used to convert an infimal distance

problem into a maximal problem in the dual space.
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III. Review of Hy, H,,, and u

As was discussed in Chapter I, this dissertation will deal with H;, H,, and p
optimization. This chapter will present an introduction to a state space approach for
finding fixed-order controllers which achieve the design goals of the above optimal
control problems. First, the important concept of the Youla parametrization of all

stabilizing controllers will be introduced.

3.1 Parametrization of All Stabilizing Controllers

Consider the feedback system given in Figure 3.1 where K € K, the set of
all stabilizing controllers. K is not a convex set; thus, the tools of convex analysis
can not be applied directly. However, a parametrization of all stabilizing controllers
over a convex set has been developed from the work of Youla, et al [38]. A compiete
discussion of the parametrization can be found in [17, 39]. This will only be an
introduction into the key ideas needed for this work. First we need to introduce the

idea of a coprime factorization of a transfer function.

3.1.1 Coprime Factorizations. Two function matrices F(s),G(s) € Hy

are right-coprime if they have an equal number of columns and there exist function

W —> > Z
—>> P

K j=-

Figure 3.1. Feedback system




matrices X,Y € H,, such that

[x v]

Further, F and G are lefi-coprime if they have an equal number of rows and there

F
G

] =XF+YG=1 (3.1)

exist function matrices X,Y € H,, such that

[ ]|

Let G be a proper transfer function matrix. Then writing G = NM~! where N and M

=FX+GY =1 (3.2)

are right-coprime is called a right-coprime factorization of G. Similarly, the factoriza-
tion G = M1 N where N and M are left-coprime is called a left-coprime factorization
of G. Finally, for each proper matrix G, there exist N,M,N,M,X,Y,X,Y € Hs
such that

G=NM"'=M"N (3.3)

X -Y||MY

A =1 (3.4)
|-N M || N X

(3.3) and (3.4) constitute a doubly-coprime factorization of G.

3.1.2 Parametrization. The following presents a method of parametrizing

all stabilizing controllers over all Q € H,,.

Theorem 3.1.1 Assume G is a proper transfer function matriz with a doubly-

coprime factorization given by (3.3) and (8.4). Then the set of all controllers K




which stabilize G is parametrized by

K = (Y-MQ)X-NQ)™! (3.5)
= (X-QN) (Y - QM) (3.6)

where Q € H,.
Proof: See [17], Theorem 4.4.1. -

Recall that P in Figure 3.1 can be partitioned as

pP= (3.7)

le PZ'[
Pn P

Also, recall from Theorem 2.2.2 that a controller K stabilizes P if and only if it
stabilizes P,,. Thus, we get the following theorem which parametrizes all internally

stable closed-loop transfer functions T,,.

Theorem 3.1.2 Let NNM,N,M,X,Y,X,Y € H, be a doubly-coprime factoriza-
tion of Py, K be defined as in Theorem 3.1.1, and define

Ty = P+ PuMYP,, (3.8)
T, = PuM (3.9)
Ty, = MP,, (3.10)
Then Ty, T,, T3 € Hy, and
Tow =Ty —T2QTs (3.11)
Proof: See [17], Theorem 4.5.1. ]
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3.2 H,; Optimization

H; optimization is a generalization of the standard linear quadratic Gaussian

(LQG) problem. Returning to the feedback problem in Figure 3.1, P can be parti-

tioned
P‘W qu
P= (3.12)
P,, P,
such that
z = Py,w + Pahu
(3.13)

y = Ppw + Ppu
The exogenous input w is zero-mean white Gaussian noise with unit intensity.

The objective of H, optimization is to design a controller K which is stabilizing

and minimizes the energy, or two-norm, of the output z. This can written as

a= K(J)Sltgbilizing "z"2 (314)
= K(J)Sltl:bfilizim "Tzwllz (315)
— b4 _ _1
- K(.)sﬁf.-u,.-n, | Pew + PouK(I — PuK) ™ Py |2 (3.16)

A state space realization of (3.12) is given by

z = Az + By,w + B,u
2z = Cwz + Dypw + D,u (3.17)
y = Cz + Dpw + Dpu

The following assumptions are made:

i. Dy =0
fi. Dy =0
iii. (A, B.) is stabilizable and (C,, A) is detectable
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iv. DI, D,y =1 and Dy, DY, =1

[ A—jwI B,
v. has full column rank for all w
C, D,.
[ A—jwl B
vi. s “ | has full row rank for all w
] C, Dy

Condition i is required to ensure the closed-loop transfer function has a finite two-
norm. Condition ii is assumed for ease of development but can be removed completely
through loop shifting techniques [40]. Condition iii is necessary for the existence of
stabilizing solutions. Condition iv is a regularity condition which insures that there
is8 a direct penalty on all controls and no perfect measurements. This condition
can be relaxed to a rank condition through scaling [41]. Finally, conditions v and
vi are required to ensure the existence of stabilizing solutions to the two AREs in
the following solution. This condition is equivalent to requiring the Hamiltonians
associated with AREs be in dom(Ric).

The controller which minimizes (3.14) is unique and will be denoted K,,,,
with a corresponding minimum two-norm a. It is desired to parametrize sub-optimal
controllers for the purpose of trading off H, performance for H,, performance. All
stabilizing controllers can be parametrized by a family of lower fractional transfor-
mations (LFT) of a transfer function J and a constrained freedom parameter Q € H,

as shown in Figure 3.2. One particular form of J is given by

Ay |K; K
Juy Jur | ! k
J(s) = =|-K.|0 I (3.18)
Ks| T 0
where (3.19)
A; = A-K;C,— B,K. (3.20)
K. = BTX,+ DI, (3.21)
3-5




——— e wh W G TR S G GL WD TER R S - ——— — e — . —

=
«<

<
e ]

fm—— e ——— ——

Figure 3.2. H, system with parametrized controller

K; = Y,CT + B,DI, (3.22)
Kq = -C, (3.23)
Kﬂ = Bu (324)

and X; and Y; are the real, unique, symmetric positive semidefinite solutions to the

AREs
(A— B,DL,C.)"X; + X3(A— B,D%,C.) - XaB,BTX, + CTC. =0  (3.25)

where

¢, = (I - D,.DL)C, (3.26)

and

(A-B,D,C)Y, +Ya(A- B, DL C,) - Y,CTC, Y, + B,BT=0  (3.21)




where
B. = B,(I- DI, D,) (3.28)

The family of controllers which produce ||T;, |2 < a can now be parametrized
by
K(s) = Fi[J(s),Q(s)] (3.29)

where Q can be chosen to be any @ € H; such that
QI3 < a* - a (3.30)

The optimal H; controller is attained through the above parametrization when Q is

chosen to be identically equal to zero, and the resulting optimal controller is

A; | K,
K, =
K.l 0

(3.31)

3.8 H, Optimization

H,, optimization was originated in the seminal paper by Zames [42]. The
original problem was posed in an operator-theoretic framework as a model matching
problem which can be reduced to a Nehari problem [17]. A state space solution,
based on a two ARE approach originally developed by Doyle, et al [11], will be

presented here.

Figure 3.3 represents the H,, feedback system, where d is a bounded energy
exogenous input with ||d||c < 1, and the controlled output is e. In general, the
symbols w and z will be used for H; inputs and outputs, and d and e will be used

for H,, inputs and outputs.




K |

Figure 3.3. H,, feedback system

The plant P can be partitioned

Ped Pcu
P= (3.32)
P, yd P, yu
such that
e = Pgd + P,u
! (3.33)

y = Pydd + Pw'u,
The H,, optimization problem is to design a stabilizing controller K which minimizes

the maximum energy of the output e, given a bounded energy input, or

Kutalblt!li;zing ":lll?;l "8”2 = Katt:b]}lfizing ”Ted”w (334)

= it NPea+ PuK(I = PuK) ' Pralleo (3:35)

A state space realization of (3.32) is given by

z = Az + de + Buu
e = Cexz + Dogd 4+ Deu (3.36)
y = Cyz + Dyad + Dyu

The following assumptions are made:
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i. Dea =0
ii. Dyp=0
ii. (A, B,) is stabilizable and (C,, A) is detectable

iv. DX, Doy = I and DyyDT, =1

 A-jwl B, |
V. has full column rank for all w
| G D
[ A-jwl Bs|
vi. has full row rank for all w
e Cy Dyd -

Conditions i and ii are not required for a solution to exist, but reduce the com-
plexity of the solution. Condition iii is necessary for the existence of stabilizing
controllers. Condition iv is a regularity condition which is equivalent to requiring a
direct penalty on all controls and no perfect measurements. The condition can be
relaxed to a full rank requirement through scaling [41]. Finally, conditions v and
vi in combination with iii guarantee the two Hamiltonian matrices corresponding to

the following solution are in dom(Ric).

The infimum of the norm in (3.34) over the set of stabilizing controllers is
denoted ¥ and, in general, the controller which achieves the infimum is not unique.
Furthermore, 4 is found through an iterative method based on the solution to two
AREs and a coupling condition. This method is based on the parametrization of all

sub-optimal controllers where

Tedlloo < (3.37)

for some ¥ > 4. This approach excludes the infimum, but allows it to be approached
to any desired tolerance. The family of all admissible controllers which satisfy (3.37)
is given by the LFT (Figure 3.4)

K(s) = F[J(s),Q(s)] (3.38)

39
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Figure 3.4. H,, system with parametrized controller

The parametrization is defined by

4s |k, K

J(s) = [ o ur } =|-K.| 0 I (3.39)
S KalI 0
where

A; = A—K;C,— B,K.+7 Y, CT(C. - D K.) (3.40)
K. = (BuXo + DL C)I - 7Y0uX0)™? (3.41)
K; = YoCT + BsDY, (3.42)
Kqa = —(7 DB Xo +C)(I = 1 Voo Xoo) ™ (3.43)
Ky = v%Y,CTD., + B, (3.44)
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The matrices X, and Y, are the solutions of the AREs

(A- B.DLC.)" X, + Xo(A— B,DLC.)

+Xoo(772B4BY — B,BT)X,, + CTC. =0

where
and
(A~ B4DIC,)Yoo + Yoo (A — B;D5,C,)T
+Yeo(772CTC. — CTC,)Yoo + BaBY = 0
where

By = By(I — D, D,q)

Finally, @ can be chosen to be any @ € H,, such that

"Q"oo <7

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

The above parametrization of a controller K is valid if and only if the following

three conditions hold:
i. Hx € dom(Ric) with X, = Ric(Hx) >0
ii. Hy € dom(Ric) with Y, = Ric(Hy) >0
iii. p(YooXoo) <72

where

A-B,DL.C. ~72B;BT - B,BT
~CT¢, —~(A - B,DLC.)T
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A—BuDI,C, +-*CTC,—CIC
Hy = 4yt T e vy (3.51)
~BuBT  —(A- B.DLC,)T

are the Hamiltonians associated with (3.45) and (3.47), respectively.

To find a controller which results in a closed-loop infinity-norm arbitrarily
close to 7, select an initial value of ¥ and check the above three conditions. If any
condition fails, increase v and repeat the process. If all three conditions are met,
reduce v and repeat the process. In this manner, the controller which minimizes the
infinity-norm can be found to any desired accuracy (within numerical constraints).
A more refined method of determining 4 based on the convexity of the AREs over
the set of admissible ¥ has been developed by Li and the reader is referred to [43]
for details.

3.4 The Complex Structured Singular Value

The final topic to be discussed in this chapter is the siructured singular value
p. This section will introduce g and how to find an upper bound on u through Hy
optimization techniques. Chapter VII will discuss the application of u-synthesis to
optimal control problems to guarantee robust stability and robust performance. For

a tutorial on the complex structured singular value, see [2].

8.4.1 Structured Singular Value.  The structured singular value is a matrix
function based on the underlying structure of a set of block diagonal matrices

A := {diag[6:L,,, ..., 8515, A1, .., AF]

5 €C,A;€C™ ™} (3.52)

where §;1,, is the ith scalar block of order r; and A; is the jth full block of order m;.
For simplicity of development, it will be assumed that A is square, but the theory
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applies as well for non-square perturbations. The dimension n of A € A is given by

n= Zs: T + Z m; (3.53)

The set of all block diagonal matrices which also have an infinity-norm bounded by
~7! is defined by
Ba:={AcA |7a)<y7} (3.54)

The structured singular value of a real matrix M defined over the set of perturbations
Ais
(M) := 1
HAVET "= min{a(A) | A € A, det{I — MA) = 0}

unless there is no A € A which makes I — MA singular, in which case pa(M) := 0.

(3.55)

From the definition of ua(M), it can be seen that the maximum singular
value of M is always an upper bound; however, this bound can be conservative.
One method of reducing the conservativeness of the upper bound is to consider a
transformation which does not affect the value of pa(M) but does affect the value
of 7(M). First define a set of scaling transfer functions D which has the same block

diagonal structure as the perturbations A. These transfer functions are given by

D = {[Dl,...,Ds,d]_IMl,---,dF-—lImp_nImp]|

D; €C™*",D; = D} > 0,d; € ®,d; >0}  (3.56)
Now, an improved upper bound is given by the following:

Theorem 3.4.1 Assume M € C™*", A is defined by (3.52), and D is defined by
(8.56). Then

: — -1
pa(M) < lx)xg)o(DMD ) (3.57)
Proof: See [44], Theorem 2.3.3. ]
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Figure 3.5. M-A system

Therefore, we can reduce the calculation of an upper bound on g to computing the

maximum singular value of a matrix.

Consider the system in Figure 3.5 where M and A can be partitioned as

M, M
M= T (3.58)
M, Ma,
A, O
AceA= Al (S A], Az € A, (359)
0 A;

The main result from g analysis follows.

Theorem s :.2 (Main Loop Theorem) The following are equivalent:

i. pa(M)<7v
1. (a) pA’(Mn) <7, and
(b) A;lelng, ba, [Fl(M: A2)] <7
Proof: See [2], Corollary 4.7. -

The importance of this theorem is that a single test on the transfer function M

aliows us to infer information about the response to each perturbation block. Let

3-14




pa,(Maz) < v be a desired measure of performance and pa,(M) < 7 be a require-
ment for stability. Then from the Main Loop Theorem, pa(M) < v implies our
performance condition is satisfied and the system is robustly stable. Furthermore,
by exchanging A, and A; in the theorem, pa(M) < 74 implies our system has robust
performance for all perturbations. Thus far we have only considered the case where
M is a constant matrix. The next section will expand these concepts to include

matrices which vary over frequency.

3.4.2 Frequency Domain p-synthesis. Suppose G(s) is a MIMO transfer
function with n4 inputs and n, outputs. Assume A C C®+*"« has the block structure
given in (3.52). Define the set of all dynamic perturbations which have the desired

diagonal structure as
M(A):= {A(s) € RH, | A(s0) € A for all s, T*} (3.60)

where C" is the extended closed right-half complex plane.

Now, the complex structured singular value of a dynamic transfer matrix G(s)

over the structured perturbations A(s) € M(A) is defined by

IG(s)lla = sup ia [G(5w)) (3.61)

Notice that we use the norm symbol for the structured singular value of a dynamic
matrix, but in fact, it is not a true norm since it does not satisfy the triangle

inequality. However, we will use this notation for convenience.

Define the set D of scaling transfer functions which have the same block di-
agonal structure as A, where each individual block has the property D; = D; > 0.

Then, an upper bound on the structured singular value of a transfer matrix is given
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by
- -1
IG(s)la < :1311)15)0(DMD ) (3.62)
- -1
= jof |DMD™ | (3.63)

Thus, for the purpose of control synthesis, (3.63) converts the p problem into an H,,
problem combined with the selection of the scaling matrix D. The closed-loop transfer
function M is determined by some open-loop plant P and a feedback controller K.
The H,, problem can be solved for any given scaling D by solving a standard H,,
optimization problem. Through an iterative process of closing the loop with an H,,
optimal controller K and determining an optimal scaling D, the infimum in the above
problem can be approached. This method is known as D-K iteration. The method
is not guaranteed to converge to the optimal scaling D, but in practice provides an
acceptable method of approximating the optimal scaling. This limitation is a current
subject of research. The D-K iteration method results in a controller order equal to
the plant order plus twice the order of the scaling transfer functions. Furthermore,
since p-synthesis is based on designing an H,, controller, it can result in a non-strictly

proper controller.

Computation of p for dynamic systems is currently accomplished by computing
the D scaling over a large range of frequencies, then finding a D(s) which matches
the resulting point by point scaling. The order of D(s) is chosen to give the best
match, but a trade-off must be made since the order of the resulting H,, controller
which minimizes the upper bound in (3.63) is equal to the order of the original plant
plus twice the order of D(s) (in general, minus one at optimal). Recently, Safonov
and Chiang have proposed a new approach to u-synthesis which avoids the curve
fitting problems; see [45] for details.
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3.5 Summary

We began this chapter by introducing the Youla parametrization of all stabi-
lizing controllers. This allowed us to parametrize a non-convex set of controllers over
a convex set. Next the solution to a regular H; problem was developed. The set of
controllers which result in a ciosed-loop transfer function with a two-norm less than
some a priors value was shown to be an LFT of a particular matrix and a convex
set in H,. Similarly, the set of controllers which satisfy an H,, constraint on the
closed-loop transfer function was shown to be an LFT of a fixed matrix and a convex
set in H,. The fixed matrix is based on the solution of two AREs which are cou-
pled. Finally, u-synthesis was introduced for fixed and frequency varying matrices.
A method of computing an upper bound based on an H,, problem, known as D-K
iteration, was introduced. In the next chapter we will begin to explore the optimal

H,/H,, problem.

3-17




IV. The Optimal Hy/H,, Controller

The mixed H,;/H,, problem consists of an H; objective function with an H,,
constraint. The H; problem is formed by selecting the outputs for which we wish to
minimize the energy due to a set of white Gaussian noise inputs. Weighting transfer
functions are often augmented at the output to emphasize certain frequency ranges
of the response and to deemphasize other frequency ranges. Additionally, weighting
transfer functions can be augmented at the input to provide a colored noise. The H,,
problem is set up by selecting a second set of outputs for which we wish minimize
the energy of due to bounded energy inputs. Again, weighting transfer functions can
be augmented at the input and output to control the frequency response. Stable
weighting transfer functions will be used to avoid the addition of unstable modes to
the problem. For further information on methods of applying H, and H,, optimal
control, the reader is referred to [19, 39].

This chapter will pose the general mixed problem in an operator-theoretical
framework and characterize the optimal controller using convex analysis. While a
complete analytical solution is not presented, the formulation of the problem in this
framework provides considerable insight into the nature of the solution and limits of
performance. The chapter will first set up the mixed optimal control problem as a
convex program using the Youla parametrization. Using this setup, the uniqueness
of the optimal solution for the mixed problem with one H,, constraint will be shown.
Furthermore, a dual approach will be used to characterize the order of the optimal

controller for a special case of the H,, constraint.

4.1 Parametrization of the Hy /H,, Controller

Consider the general control system shown in Figure 4.1, where w is a unit
intensity white Gaussian noise input, d is a bounded energy input, and z and e

are controlled (possibly fictitious) outputs. It is assumed that there is no a prior:
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Figure 4.1. General mixed H;/H,, optimization problem

relationship between w and d or z and e. The measured output is y and the control
law is u = K(s)y.

The mixed H;/ H,, problem is to design a controller K(s) such that the transfer
function from w to z has minimum energy subject to maintaining the maximum gain
of the transfer function from e to d below some predetermined value 4. The former
problem is an H; optimization problem and the constraint is an H, optimization
problem. The full plant P(s) is formed from some underlying plant G(s) augmented
with stable weighting transfer functions on the inputs d and w and the outputs e

and z. The general form of the system is

e Py P, P d
2= | Pg Puw Pun w (41)
v Py P P, u

This system can be reduced to two separate problems: the H, problem, which is to

find an internally stabilizing controller K(s) that minimizes ||T,u]||2, Wwhere

Tyw = Poy + PuK (I — PuK) ' P, (4.2)
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and the Ho, problem, which is to find an internally stabilizing controller K(s) that

satisfies || Tedlco < v for some 7, where

Tei = Pog + PouK (I — PuK) ' Py (4.3)

To simplify the discussion, the following definitions are made:

1=l [Tl (14)
@ = i Tella (4.5)
K,,. := the unique K(s) that makes |T;u|j2 = & (4.6)
¥ := ||Ted|lc when K(8) = K,,,, (4.7)
Kmis = a solution to the H/H,, problem for some v > 4 (4.8)
7" = ||Tedlloo when K(s) = Kmia (4.9)
a' = ||T;u||2 when K(8) = Knia (4.10)

where the admissible set of controllers is the set of all stabilizing controllers. Fur-

thermore, we will assume the following:

i. T,, has a finite two-norm which implies P,,, is strictly proper
ii. z cannot be decoupled from w which implies o > 0
iii. P,y #0and Py, #0
iv. P,, and P, have full rank for all w € R

The assumption 1 ensures T, is in Hy. Assumption ii eliminates the uninteresting
case where a controller can completely decouple the output from the input. Assump-

tion iii ensures that the || T, ||z is a function of the controller K. Finally, assumption
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iv is a regularity condition on the H, problem. It ensures all controls have some

direct penalty and there are no perfect measurements.

To characterize the stabilizability of the individual problems, define

| P P
| P P
[ P, P.,
P = | * (4.12)
| P P

Lemma 4.1.1 Assume P, is stabilizable and P,, P,,, and P are formed by aug-
m. .ting the plant G(s) with stable weighting transfer functions at the inputs d and
w and outputs e and z. Then the following are equivalent:

i. K stabilizes P,
1. K stabilizes Py
111. K stabslizes P
w. K stabilizes P

Proof:  Since no unstable modes are introduced by augmenting stable transfer
functions at the input and output, P,, stabilizable implies that P;, P, and P are

and iv each imply i. ™

The mixed Hy/H,, problem can be stated as: find a stabilizing controller K(s)
which minimizes the two-norm of T,,, and satisfies the constraint that the infinity-
norm of T, is less than or equal to some fixed 4. This is a mathematical programming
problem with a convex objective function and constraint, but the set of all admissible
controllers is not convex. Thus, convex programming cannot be directly applied to
solve the problem. However, through the use of the Youla parametrization of all

stabilizing controllers, this problem can be transformed into a convex programming
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problem. We begin by defining the doubly-coprime factorization of P,

Pp=NM"'=M"N (4.13)
Y -X||MX

.. =71 (4.14)
-N M N Y

Thus, the set of all K which stabilize P, is parametrized over Q € H,, by

K = (X+MQ)Y +NQ)! (4.15)

= (Y+QN) (X + QM) (4.16)

Letting Ko := K(Q = 0) = XY ! = Y1 X and defining

(4.17)

it can be seen that all stabilizing K are formed by a lower fractional transformation
of J and Q, Fy¢(J,Q), as shown in Figure 4.2. Notice that the term common to both
T,,,, and Ted is

K(I -~ P,K)' = (X +MQ)M (4.18)

Therefore, we can rewrite equation (4.2) as

Tow = P~ PuWuXMP,, —P,MQMP,, (4.19)
= Ty, +T5,QTs, (4.20)

where
Ty, = P —PuXMP,, (4.21)
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Figure 4.2. Q-parametrization
Ty, = —PuM (4.22)
Ts, = MP,, (4.23)
Similarly, we can rewrite (4.3) as
Tei = P.g— PuXMP,y— P,,MQMP, (4.24)
= T, +T3.QTs, (4.25)
where
Ty, = Pua— P,XMP, (4.26)
Ty, = —PuM (4.27)
Ts, = MPy, (4.28)
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It is possible to choose the doubly-coprime factorization such that Ko is K, thus
Tw(@=0)=T, = |Til2=a (4.29)

Note that it is not necessary to pick this particular K, it is just convenient for this
development. Additionally, for the two-norm of T, to remain bounded, Q must be

restricted to @ € H,.

Finally, the doubly-coprime factorization of P, must be found from an =,

order realization of P,,, where n; is the minimal order of P,—in particular, from

4| B, B,
P,=| C, (D D (4.30)
Cy, | Dyw Dy
or
P, = C,,(s1 — A3)"'B,, + D, (4.31)

Now, our problem can be restated as the convex program: Find a @ € H,

which satisfies
a= Qigfi;, T2, + T2, @Ts,]|2

Prmia subject to (4.32)
IT1e + T20 QT30 10 <

4.2 Uniqueness of the Optimal (Order-Free) Hy/H,, Controller

To characterize the optimal controller, we will need the following lemma.

Lemma 4.2.1 IfT,, € H,, then ||T,.,(Q)||2 s a strictly convez real functional of Q@

on H,.

Proof: Let @,Q2 € H; and let a € (0,1). Then

1T, + T2, [@@1 + (1 — a)@2] T3, |2
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= |laTy, + al3,@1Ts, + (1 — a)T1, + (1 — 2)T3,Q2T5, |2 (4.33)
= ”a[le + T3:Q1T3z] + (1 - a)[le + T22Q2T31]"2 (4'34)

< a|T, + T2, Q1 T5,]|a + (1 — )| Th, + T3,Q27T5, |3 (4.35)

where equality holds only if the vectors in (4.35) are colinear [46]. However, this

implies

T, + T2, Ts, = B(Th, + 12,Q:T3,) (4.36)
= TzleTaz = (ﬁ - I)Th + ﬁngQzT:;z (437)
=@ = (B-1)T;'T,Ts, +BQ: (4.38)

but 7;,'Ty,T5;' ¢ H, [39), which implies @, ¢ H; which violates the assumption;

thus, a contradiction. Therefore, the two-norm is a strictly convex functional. .

Armed with the above information we can now show that the optimal mixed

controller is unique.

Theorem 4.2.1 Let vy > v be given. Then the controller which satisfies the convez
program (4.32) is unique. Furthermore, the following hold:

1. if ¥ > 7, the resulting controller is the optimal H, controller

4. Ify <y <5, 71 =7 at the optimal (i. e., the solution will satisfy the H,
constraint with equality).
Proof: The problem is a convex program with an active convex constraint. From
Lemma 4.2.1, the two-norm is a strictly convex functional over @, therefore from
Theorem 2.6.2, there is a unique @ € H; which is the optimal solution to the convex

program.
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Figure 4.3. Admissible region, v > ¥

i. Define the Lagrangian
L = ||Tewll2 + A(| Tealleo — ) (4.39)

and assume the solution is not on the constraint boundary, but falls somewhere
in admissible region shown as the shaded area in Figure 4.3 (i.e., ¥* < 7). Then,
from Theorem 2.6.1, A = 0 and (4.39) reduces to

L =Tz (4.40)

The unique controller which satisfies the conditions in Theorem 2.6.1 is K,

which is in the admissible region; thus, it is the solution.

ii. Let 4 < ¥ <7 and assume v* < 4. Again, using Theorem 2.6.1, this implies
A = 0 and the Lagrangian (4.39) reduces to (4.40). As before, K,,, is the
o.ly controller which satisfies the KT conditions. However, as can be seen in
Figure 4.4, K;,_, is not in the admissible region (shaded area); thus, Theorem
2.6.1 implies v* = 7.
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Figure 4.4. Admissible region, v <7

4.8 Dual Approach to Hy/H,,

The previous section showed the uniqueness of the optimal H,/H,, controller
based on a Lagrange multiplier approach. This section will examine the solution to
the mixed problem using a minimum norm approach. All of the previous assumptions
on the system hold. In addition, for this section only, the system is assumed to be
a SISO mixed optimal control problem. This assumption is made to simplify the
notation and can be removed. Again, our problem is: Find a controller K(s) which

satisfies the following:
i. K(s) is internally stabilizing
il. ||Tewll2 is minimized
ii. }|Ted||oo < 7 where v € (7,7)
To investigate the solution to the above problem define a less restrictive prob-
lem: Find a controller K(s) which satisfies the following:
i. K(s) is internally stabilizing
il. ||Trwll2 i8 minimized
iii. |Qlleo < where v € (7,7)
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This problem will be solved using minimum norm duality. Furthermore, the problem
is related to the mixed norm problem and gives some insight into techniques which
might be applied to find a solution to the general problem. To date, however, the
full mixed problem has not been solved through this approach.

To begin, the problem is simplified by combining terms in (4.20) to get
Tm = le + Tza,Q (441)

where Ty, and T23, = T3,Ts, are determined from the Youla parametrization of the

controller. We can now rewrite the problem as: Find @ € H,, such that

inf [Ty, + T2s,Qll2 (4.42)

QMoo <

Using an inne. -. 1ter factorization [17] we will transform the problem to a minimum
distance from a point (function) in L, and convex set in Hy. Let Ty3, = Tas,, Tis,,,
where T3, is a unitary inner function and T33,, is a stable and minimum phase outer

function. Then,
171, + T25,Qllz = 1T, T, + T3, Q12 (4.43)
= ||[R—X]la (4.44)

where R := Ty, Ti,, S = ~Ths,,, and X := SQ. Furthermore, ||Tsy|iz is finite only
if X € H, which implies Q € H,.

Thus, our problem is to find the minimum distance between a point, R, and
a convex set in Ly, where the convex set is defined by the continuous mapping S of

an infinity-norm ball in H;. Our problem is now to find Q € H; which achieves

a= juf |R-X|s (4.45)
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where the set K is defined as
K={SQ e H;) Q€ H, |Qllx <7} (4.46)

From Theorem 2.7.2 we get

a= max [(R,X") - h(X") (4.47)

where X* € L}, which is the dual of Ly, (-,) denotes an inner product, and A(X*)

is the support functional for the set K defined by

h(X*) = ;121;(()(, X*) (4.48)

The first step in solving the minimum distance problem is to determine the
support functional A(X*) of the set K. Since L, is a Hilbert space, L; = Lj and
functionals can be defined from Theorem 2.7.1 as inner products. With some abuse

of notation, the support functional can be written as

*Y . *\ _1_ +eo *f *f .
R(X*) = sup(X,X*)= sup o ‘/;w X' (jw)X*(jw)dw (4.49)

XeK
1 LAadPP e
< sup Qe 187 G) X o) ldo (4.50)
= L[ 15 Gw)X e w)ldo. (451)

Thus, (4.51) is an upper bound on the supremum. To determine if it is actually the
desired supremum, we will develop a sequence and see if it approaches the upper

bound as its index approaches infinity. Let

{{X, X*)} = {{Xa, X*)} (4.52)
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where X,, = SQ, and

2 = { y sgn(S*X*) ifw € [-n,n] “5)
0 otherwise
Then
(X X = o [ Quli)S () X" (w)do (454)

= o [ sgnlS () X (W)lS () X () (455)

= [ 18X (4.56)

which approaches (4.51) as n approaches infinity. Thus, A(X*) is defined by (4.51).
With this definition the problem becomes

a = max [RX) =L [™|5(u)X"(ju)ids] (457)
= mnx [oo [ R Geide - 2 715" Go) X+ o)l do (458)
< g [ [ OR(30)] - 21S(=jw)l) 1 X*(w)ldo] (459)
= s, [ [ (R —lS(=d)) X G| (460)

where E., is defined as

E,={weR | |R(—jw)| >7|S(—jw)i} (4.61)
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Notice, (4.60) will be maximized when X* is colinear with (|R(—jw)| — v|S(—jw)|);

therefore, X* has the form

0 if weE;
X" =1 cl|R(-jw)| —7IS(=jw)l] if R(—jw)>7|S(-jw)l (4.62)
—c(|R(—jw)| = 7[S(—gw)l] if —R(—jw)>~[S(-jw)|

where ¢ := |||R(—jw)] — 7|S(—jw)lllz* to make || X*||; = 1. Thus, we get

a = 5 [ eUR=jw) - IS(=jw))) (4.63)

Jz, IR(=jw)) = 71S(=jw)I)"
{2r [, [(IR(=jw)] — 71S(~jw)])* (IR(=jw)| — 7IS(—jw) )]}’

(4.64)

Equation (4.64) gives a method of determining the optimal iwo-ncrm of a
mixed control problem for a given . However, it does not provide a direct method
for determining the optimal controller. If the infimum in (4.42) is achieved for some
Qo € Hj, we can use the alignment condition in Theorem 2.7.2 to determine the

unique (). In this case,

(R ~ Xo), X5) = || R — Xolla|| X3 ||z (4.65)

where Xo = SQo. However, from the definition of X*, it can been seen that the
alignment condition will force @y to be a piecewise continuous function. This im-
plies that the controller which minimizes the two-norm of T3,, and satisfies the H,,
constraint will be piecewise continuous and not an RH, function. However, it will

be the limit of a sequence of RH, functions since H, is the closure of RH,.

The above derivation is based on the assumptions 7} = 0 and T3 T3, = 1.

Relaxing these conditions, we return to the original SISO mixed H,/H,, problem.
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This can be written as: find the @ € H; which achieves

- it T+ T 4.66
* “Tlm+T;?mQ"aoS'Y” 1 + T23,Qll2 (4.66)

As before, use an inner-outer factorization to get Ty3, = Tzsz‘, T3a,, and T3, =
Tas,, T3, Define R := T{;,:'_Tl,, S = —Th,, U := TﬁLiTlm, and V := —Tys, .
Then (4.65) becomes

nf ||R- SQ|2 (4.67)

a= i
T +V Qlloo <y

Once again, this is a minimum distance problem between a function and a convex

set in Ly. An equivalent problem in L, is

a= jaf |IR - X|l (4.68)
where
K:={SQ€H; |Qe Hy, |U+VQlle <7} (4.69)

Applying Theorem 2.7.2, the problem is transformed to

a= max (R, X™*) — h(X™)) (4.70)

The problem now is to find the support functional A(X*). This is still an open
problem. It would appear that this would be a simple extension of the previous
development since the infinity-norm constraint is an affine function of Q. However,
since the constraint is an infinity-norm ball in L, the definition of the support
functional results in a complex inner product. Further investigation into the problem
is necessary to complete the theoretical approach for designing the optimal controller

for a mixed problem.
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4.4 Summary

In this chapter the mixed H;/H,, optimal control problem was set up and
parametrized over a convex set @ € H;. Using this parametrization we were able
to show that the optimal controller for a given v is unique. The optimal solution
was shown to be K, if ¥ > ¥. Furthermore, the optimal solution must satisfy the
H,, constraint with equality if ¥ < 4 < 7. Finally, for the SISO mixed problem,
the special case Ty, = 0 and T, T3 = I was investigated using a dual minimum
norm approach. It was shown that the optimal controller in this case is piecewise

continuous and cannot be represented by a rational function.

One must remember that the optimal controller discussed thus far is based
on a free controller order; if the order is fixed to some arbitrary value, the mixed
solution may not necessarily be able to achieve the same two-norm as the optimal
order controller. However, for applications, a fixed-order controller of low order is
desirable. The next chapter will develop the necessary conditions for an optimal
fized-order controller for the mixed Hy/H,, optimization problem.




V. Fized-Order Hy/H,, Optimal Control

The previous chapter characterized the optimal (order-free) controller for the
mixed H,/H,, optimization problem. While the controller order has not been de-
termined analytically, numerical results suggest the optimal order is larger than the
order of the full system including all the H, and H,, weights. Wells and Ridgely [47)
have conjectured the optimal controller order is infinite. This conjecture is based
partly on the evolution of the loop shape of the closed-loop system as the order is
increased. For control applications, infinite order controllers are impractical. In fact,
it is desirable for the controller order to be as low as possible. However, a trade-off is
usually necessary between the controller order and system performance and robust-
ness. This chapter will develop the necessary conditions for an optimal fixed-order

mixed controller.

Ridgely, et al [10], developed a fixed-order solution for the general mixed
H,/H,, problem with output feedback. However, their development is based on
a controller order equal to the order of the underlying system augmented with both
the H, weightings and the H, weightings. Maintaining the lowest possible con-
troller order is an important consideration in control synthesis. Therefore, the first
objective of this development is to allow the controller order to be reduced to as low
as that of the system augmented with only the H, weights. This objective has the
additional advantage of allowing complicated (i.e., increased order) Ho weightings
to be introduced into the problem without increasing the controller order directly.
The increased freedom in selecting H,, constraint weighting: allows a more desirable
final loop shape to be used in the model matching problem. However, there is still
a penalty to be paid in computation time for increased order constraints, as will be
seen in the next chapter. Furthermore, the Hj; order solution may not be capable of

achieving the desired model match, but there is still a trade-off available as the order




is increased from that of the H; problem to that of the system augmented with both
the H; weightings and the H,, weightings.

Another assumption in [10] is that the constraint forms a regular H,, problem.
In the original formulation of the H,, problem, Zames [42] desired to minimize the
sensitivity of a closed-loop system. However, this results in a singular H,, optimiza-
tion problem (one in which the control usage is not directly penalized and/or perfect
measurements are allowed). In general, this problem can be treated sub-optimally by
placing limits on the controls and/»r by adding disturbances into the measurements.
In the recent literature, this problem has received much attention. Copeland and
Safonov [48] take a generalized system approach in which this problem is solved by
perturbing the singular problem to a neighboring regular H,, problem. They showed
that the perturbed solution converged to the solution of the singular problem as the
perturbation approached zero. Stoorvogel [49] developed conditions which must ex-
ist for the singular H,, control problem with measurement feedback to be solvable,
and his solution is equivalent to the above work. Finally, Juang, et al {50], use the
structural algorithm [51] to transform the singular H,, problem into a regular one.
However, all the above techniques result in a controller which is not guaranteed to be
proper, and in general, will be improper for the optimal H,, controller. Therefore,
the second objective of this chapter is to solve the mixed Hy/H,, problem as formu-
lated by [10] with the regularity assumption on the H,, constraint relaxed. In the
mixed H;/H, problem, the cbjective function (the H; problem) always results in
a strictly proper controller. Thus, appending singular H,, constraints will not lead
to improper controllers. It should be noted that this problem has been addressed in
the literature by Juang, et al [50], but their solution only provides an overbound to

the two-norm.

Finally, to simplify the development, Ridgely, et al [10], assumed there was no
feedforward ierm in the H,, constraint. However, this assumption restricts the H,,

constraint weightings to strictly proper transfer functions. To accomplish this, the




weights must be rolled off at high frequency. However, consider a model matching
problem for the complementary sensitivity. There is no physical reason to roll off
the high frequency weight. In fact, it is desirable to maintain a reasonable weight at
high frequency to ensure unmodeled high frequency modes are not ignored. Thus,
the feedforward assumption is an unnecessary restriction which limits the options
of the designer. Therefore, the final objective of this chapter is to reformulate the
mixed problem with the feedforward assumption on the H,, problem in [10] relaxed.

This will allow proper H,, weights.

5.1 State Space Formulation

Consider the system in Figure 5.1, where d and w are exogenous inputs and
e and z are the controlled outputs. The measured output is y and u is the control,
where the control law is « = Ky. It is assumed, in general, that there is no re-
lationship between e and z or d and w. The input w is unit intensity zero mean,
white-Gaussian noise and the input d is of bounded energy. The transfer function P
is formed by augmenting stable weighting transfer functions from an H; problem (w
to z) and an H,, problem (d to e) around the original system G(s), resulting in the

state space form

[ A| B, B, B,

e | De
P= e (5.1)
Cz Dzd z

Cy Dyd Dw DWJ

t

g
o
2

O
€
(w]]
.

where (~) are the matrices associated with the system augmented by the H; and H
weights. The order of the individual H; and H,, problems will usually be less than
that of P. The state space equations of the individual H and H,, problems can be

written as
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Figure 5.1. General mixed H,/H,, optimization problem

Aztz + wa + Bu,u

: C,e9+ Dyww + Dyyu (5.2)

Cp2a -+ Dyww + Dy,u
Ao + Bad+ B, _u
Ceoo + Deqd + Deyu (5.3)

Cyw Loo T+ D,dd + D,,..u

where 2, is the state vector for the underlying H, problem and z., is the state

vector for the underlying H,, problem.

The mixed Hj/H,, problem is: Find a controller K(s) which satisfies

inf (| Towll2 subject to |[Tedlloo <

K stabilizing

where

T = Cu(sl — A3) By + Di (5.4)
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Tea = C.(s - Aw)_IBd + D.a (5.5)

are the closed-loop transfer functions from w to z and e to d, respectively. The

various matrices in (5.4) and (5.5) will be defined shortly.

To solve this problem, the following assumptions are made:

1. Dy =0

fi. Dy =0
ili. (Aa, B,,;) stabilizable, (C,,, A;) detectable
iv. DI, D,y full rank, D,,, DY, full rank

[ Ay —jwI B
v. L “ | has full column rank for all w
i C. Dy
[ As-juI B,
vi. has full row rank for all w

Assumptions i~vi are made for the reasons given in Section 3.2 for an H; problem.
Since the H, problem is a regular problem, it will guarantee a proper stabilizing
controller will result; therefore, the H,, assumptions from Section 3.3 are relaxed.
In particular, D.q is not restricted to zero and no assumptions are made as to the
ranks of D, and D,4. Furthermore, no restriction is placed on jw-axis zeros of the
associated Hamiltonians. Therefore, singular and non-strictly proper Ho, constraints

are allowed in this development.

The controller in Figure 5.1 is given by

éc = Aczc +ch

u = Cuz.+D.y (5.6)




Combining (5.2) with (5.6) produces the closed-loop state space equations for Ty,

3

(A+ By, D.Cy)2; + By,Ccc + (By + By, DDy )w

(Cz + DzchCm)xz + DzuCczc + Dzchwa

= B.Cpz;+ Acz. + B.Dy,w

(5.7)

Notice that D,,D.D,,, must be identically zero for the two-norm of T}, to be finite;

therefore, assumption iv implies D, = 0. Thus, we can assume without loss of

generality that the controller K is strictly proper. It should be noted that the set of

admissible fixed-order controllers may not achieve the same minimum value of the

infinity-norm of T.q as the set of all stabilizing controllers. Therefore, 7 may not be

the same as in the optimal order case.

Closing the loop of our system we get

where

Xg =

2z =

Az =

Aaxa + Byw
C:x2

Ao + Bad

CeXoo + Degd

(5.8)

(5.9)

(5.10)

(5.11)




Deq

Ax B,,C.
I B.C,. A
:

B,
| B.D,,

B
| B.D,
r

C. DuC |

(e, puc.]
D.q

5.2 The Lagrangian and Necessary Conditions

The mixed H;/H,, problem is now to determine a K(s) such that:

i. A; and A, are stable

ii. ||Ted|loo < 7 for some given v > 4

ili. ||Tyw||z is minimized.

The following theorem will be necessary for the development of this problem.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

Theorem 5.2.1 Let (A, B.,C.) be given and assume there ezists a Qo, = QL >0

satisfying

AQo0 + Qoo AL + (QooCT + BaDL)R ™ (QuCT + BsDL)T + B4BT = 0

where R = (y2] — DyDT;) > 0. Then the following are equivalent:

i. (A, B4) is stabilizable
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#. Ay 18 stable
. Az is stable.

Moreover, if the above hold then the following are true:

0. || Tedlloo <7

v. the two-norm of the transfer function T,, is given by
I Toll3 = 8[C:Q2CT] = r{QaC] C.]
where Q3 = QT > 0 is the solution to the Lyapunov equation

A2Q; + QA7 + B,BT =0

vi. all real symmetric solutions Q.. of (5.18) are positive semidefinite

vis. there ezists a unique minimal solution Q. to (5.18) in the class of real sym-
metric solutions
viti. Qoo i3 the minimal solution of (5.18) iff
Re[A\i(Aw + BiDLRC. + QoCTR™C,.)] < 0 for all ¢
iz. |Tedlleo < (<) 7 iff Re [Mi( Ao + BDLRCe + QuCTRIC.)] < (<) 0 where
Qo 13 the minimal solution to (5.18).
Proof: i = ii: From the dual of Theorem 2.5.7, (A, B4) stabilizable implies
Ao is stable. ii = i: Ay stable implies (Ao, By) stabilizable. ii < iii: Implication
comes directly from Lemma 4.1.1 and the definition of internally stability. With 4
stable, iv comes directly from Theorem 2.5.11. v is directly from the discussion of
two-norms in Section 2.3.1. vi is from the dual of Theorem 2.5.6. vii and viii come
from the dual of Theorem 2.5.5. Finally, ix follows from the duals of Theorems 2.5.5,
2.5.8, 2.5.9, and 2.5.10, .




The key result of this theorem is that, given a controller which is closed-loop
stable for the H; problem, we can determine the minimum level of the H,, constraint
by determining the minimum value of 4 for which a positive semidefinite solution to

(5.18) exists.

Using Theorem 5.2.1 the mixed problem can be restated as: Determine the
K(s) which minimizes
J(A., B.,C.) = tr[@,CTC,] (5.19)

where Q; is the real, symmetric, positive semidefinite solution to
A2Q; + QAT + B,BT =0 (5.20)
and such that
AQoo + Qoo AL, + (QuCT + BiDL)R™(QuCT + BsDL)T +BaBS =0 (5.21)

has a real, symmetric, positive semidefinite solution. To solve this minimization
problem with two equality constraints, a Lagrange multiplier approach is used. The

Lagrangian is
L = tr[@QCIC, +tr{[A:Q2 + Q2A] + B,B]X}

+ tr{[Aono + QooAg + (QooCeT + BJDL)R_I(Q«»C:T + BJDZ:i)T

+ BBV} (5.22)

where X and ) are symmetric Lagrange multiplier matrices. This approach is similar
to the one used by Ridgely, et al [10], but it incorporates the feedforward (D.q) term.

Furthermore, Theorem 5.2.1 allows the case where the H,, constraint is singular.
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The first order necessary conditions for the minimum of this Lagrangian are

o
PA. X53@1 + XaQ:2 4+ Y3Qu + V2@ = 0 (5.23)
ac T T T T T T T
58: = XanCm + XQQqu + Xan + Xch‘/z + leQGCyQ
+Y2QL0T + YiVis + YaB.Vi + (Y5Qa + Y2Q%)CTM
+(Y3Qa + YaQs)CT DIM = 0 (5.24)
ac
56. = PaXiQu+ Bl X:uQs+ BLQu + RiCeQz + B YiQu
+ Bz:” Yqu -+ RZ',,Q.,Yl Qab + RZanYIZQb + RZanbez'Qab
+ R3,QuYa Qs + RC-QLYiQu + RiCQuY5Qus
+ RyC.QY12Qs + RC-QuV2 Qs
+ P(Y1Qus + Y12Qs) + Pa(Y3Qus + Y2 Qs) = 0 (5.25)
ac T T
5% = Q2+ QuAl + BB =0 (5.26)
oc T T
s = AX+XA+CTC, =0 (5.27)
0Q;
g_; = AwQo + QuoAL + (QuCT + BiDL)R(QoCT + BDL)T
+ B85 =0 (5.28)
3%‘_ = (A +BDLRC. + QuCTRICYTY
+ Y(Aw + BsDLRC. + QuCTR™C.) = 0 (5.29)
5-10




where

Qs

B.BT

B«DLR Dy + IBY

R™'D.4DJ, (5.30)
DT R'D.4B} (5.31)
= DT MBT (5.32)

[ @: Qu-
r g (5.33)

o 12 : -

Xl )(121
(5.34)

X% X,
Q; Qa (5.35)

| Yab Qb

i T
h Y (5.36)

REERE

i

Bu [ gr pr BT
| Fw ywe

( | V12 BT

(5.37)
| BVE BVBT

B
* |@%RDa+)| BT DLBT |

| B.Dy

)
Vo VaBT

(5.38)
| B.VE B.ViBT
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CT
chc¢ = i [ Cz DzuCc ]
CI D,
[ Rl R12Cc
= (5.39)
| CTRY, CTRyC.
CT
CZ‘R—lce = ¢ R_l [ Ce DeuCc ]
| CTDZ,
_ Ra Rach (5 40)
| crRs, crRic. ’

These equations have not been solved analytically but do provide some insight
into the nature of the solution. In particular, (5.29) implies that either ) = 0 or
(Ao + BiDLRC. + Qo CT RC,) is neutrally stable. The former condition means
the solution is off the boundary of the H,, constraint (where the boundary is defined
by the constraint being satisfied with equality), and the latter condition implies the
solution lies on the boundary of the H, constraint and Q. is the neutrally stabilizing
solution for the H,, Riccati equation (5.21). This relation will be used to develop

the solution to the problem.

5.8 H,; Order or Greater Order Solution

The order of the controller is now fixed to an order greater than or equal to the
order of the underlying H, problem, ny, and the mixed H,/H,, problem is solved.
Since the controller order is greater than or equal to ny, the unique optimal solution
K,,,, is admissible and the H,, constraint achieves an infinity-norm of ¥ with this
controller. Thus, for the mixed H3/H,, problem with 4 > ¥ the optimal controller is
simply the H, optimal controller. Similarly, no controller of any order exists which
can reduce 7 below the level of the optimal H,, controller, v; therefore, for the

mixed H;/H, problem, no solution exists for 7 < 7. Finally, the two-norm of the
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H, problem associated with the optimal H,, controller is, in general, infinite. Thus,
the only region remaining is y < 7 < 7.

Returning to the last of the first order necessary conditions (5.29), the solution
to the problem must either lie on the boundary, v* = <, or it must be off the
boundary, ¥ < 4* < 7. The latter condition results in Y = 0 and the Lagrangian
(5.22) reduces to

L = tr[Q:CTC.] + tr{[A2Q2 + Q2AT + B,BT|X} (5.41)

which is the Lagrangian associated with the H, optimization problem. These facts

lead to the following theorem.

Theorem 5.3.1 Assume n. > ny. Then the following hold:

i. If v < 7, no solution to the mized Hy/H,, problem ezists
#. Ify <7 <7, Kniz 15 such that y* = v
. Ifv 279, K, is the solution to the mized Hz/H,, problem.

Proof:

i. Assumeq < 5. Then there is no controller which can satisfy the H, constraint.

ii. Assume y <y <7 and v* <~. This implies Y = 0 and the Lagrangian (5.22)
reduces to (5.41). From Lemma 1 in [10], the only controller which satisfies the
first order necessary conditions for a minimum of (5.41) is the unique K,,,.
However, this solution lies outside the admissible region; thus, a contradiction.

Therefore, v* = «.

iii. Assume 4 > 7% and 4* < 7. Again, this implies ) = 0 and the optimal solution
is Kj,,,, which is admissible. If y = %, the Lagrangian reduces to (5.41) and

K,,,, is the optimal solution.

5-13




N
T, §
N
N
bl E—
@ AL NNNNANAN NNNNNNNY
1 N
Y Y= Y
WT M.

Figure 5.2. Typical mixed H;/H,, a versus v curve

For a controller with order greater than or equal to the order of the H, problem,
the solution to the mixed H3/H, problem with 4 < v < ¥ lies on the boundary
of the Hy, conmstraint, v* = 4. Moreover, for v < 7 < ¥, Theorem 5.3.1 implies
there are no extrema except those on the boundary of the H,, constraint. Thus in
this region, a® is a monotonically decreasing function of 4 as shown in Figure 5.2.
Finally, the solution to the Riccati equation (5.21) must be the neutrally stabilizing

solution. The following theorem states this connection formally.

Theorem 5.3.2 Assume A is stable and R = (7’] - D,dDZ;) > 0. If there exists
6 Qo > 0 satlisfying

AcQoo + QuoAZ, + (QuCl + BaDZ)R™(QuCl + BaDZy)" + BaBI =0 (5.42)
then the following are equivalent:

2 “Teduoo =7
#. (A + BsDLRC, + QuCT R71C,) is neutrally stable

Furthermore, in this case Q. i3 unique.
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Proof: This is directly from Theorems 2.5.9, 2.5.10, and 2.5.11 and Theorem 5 in
[10]. .

5.4 Summary

This chapter developed the first order necessary conditions for a fixed-order
mixed controller. The assumptions made in previous work were relaxed to allow
gingular H,, constraints and those with a feedforward term. Further, the order of
the controller can be reduced to as low as the Hp order. Finally, the necessary
conditions were used to show that the controller must satisfy the H,, constraint
with equality whenever the constraint is active (and feasible). Currently, there is
no way of applying these conditions directly to find analytic solutions to the mixed
H,/H,, problem. In the next chapter a numerical approach, based on the results in

this chapter, will be developed for the mixed problem.
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VI. Numerical Approach

The previous two chapters characterized the optimal (order-free) solution and
determined the necessary conditions for a fixed-order solution. However, the de-
velopment thus far has not provided a technique for synthesizing controllers. This
chapter will develop numerical approaches to the mixed problem which will approach
an optimal fixed-order solution. The resulting controller is usually super-optimal, a
controller which does not satisfy the constraint but is as close as numerically possible
to the desired solution. Sub-optimal solutions, those which satisfy the constraint,

but are not optimal, can also be found in many cases.

Ridgely, et al [9], developed a numerical method for synthesizing solutions
to the general mixed H,;/H,, optimization problem. The technique is based on a
homotopy method. A connection between the H,, central controller (the controller
found by the method in Section 3.3 with Q=0) and the mixed controller is used to

develop a new performance index
Ju=(1- I‘)”Tm“g +p tr[QooCeTCe] (6.1)

where p € (0,1]. As p is varied from one to zero, the resulting controller approaches
the desired mixed controller. For p = 1, the optimal controller is the central H,
controller. Using this as an initial condition, u is decreased and a new controller
is found which minimizes J, using a Davidon-Fletcher-Powell (DFP) method [37].

This process is continued until the two-norm is converged.

There are several drawbacks to Ridgely’s numerical solution to the H,;/H,,
control problem. First, this method requires a considerable amount of computation
time due to a DFP search being accomplished for each increment of the homotopy
parameter x. Furthermore, each run produces only a single controller for a fixed y

on the curve shown in Figure 5.2. The computation time required to find one point
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on the curve is on the order of one week. Thus, the first objective of this chapter is

to develop a numerical approach which reduces the computation time.

Another limitation of Ridgely’s approach is it assumes the controller order
is equal to or greater than the plant augmented with the H, and H,, weights. In
addition, the method assumes the H,, constraint is strictly proper. As was discussed
in the previous chapter, there are several reason why these assumptions need to be
relaxed. Therefore, the next two objectives are to reduce the order of the controller
to as low as the H; problem and to incorporate a feedforward term in the H,

constraint.

Finally, the greatest limitation of Ridgely’s method is it is based on the central
controller. Therefore, it does not allow singular H,, constraints, since the central
controller may not be strictly proper (or even proper) if the underlying H,, constraint
is singular, this poses a serious problem if the H,, constraint is singular. As we saw in
the last chapter, this places a limitation on the designer if only regular H,, constraints
are allowed. Therefore, the last objective of this chapter will be to develop a method

which allows singular H,, constraints.

Two numerical methods will be developed in this chapter—one will treat the
H,, constraint as an equality constraint and the other will treat it as an inequality
constraint. Furthermore, methods of computing the gradients for the objectives and
constraints will be discussed. Finally, an F-16 longitudinal control design problem

will be used to demonstrate the numerical approach.

6.1 Numerical Method

An alternative method for solving this problem was motivated by Figure 5.2.
Since the optimal H; controller is relatively easy to calculate and it provides a point
on the desired curve, it was selected as the initial controller for the new method.
The problem now is to start from the optimal H, controller and step along the a

versus v curve by progressively reducing v from ¥ to 4 by some increment. This is
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a new approach to the mixed problem which has resulted in a significant reduction
in computation time. The primary reduction is due to the fact that each iteration
of the method results in a new point on the a versus 4 curve. The reduction in

computation time will be discussed further at the end of this chapter.

6.1.1 Egquality Constraint Approach.  Applying the results from the previ-
ous section, it is seen that the optimal mixed H;/H,, controller for a fixed v will
have the property that ||T.4|jec = 7. This suggests an equality constraint approach.
To enforce the equality constraint, the square of the error between the constraint
and its desired value are adjoined to the objective function. While this does not
guarantee the constraint is satisfied, it will result in a method which attempts to
minimize the objective function while concurrently reducing the error in the H,,

constraint. This approach results in the following pe.1. mance index
Iy = | Tewll? + A (|| Tetlloo — ) (6.2)

where ) is a penalty on the error between the desired 4 and the infinity-norm of the
transfer function. Define the vector Z as

T
Z=[ar RO S S - B 63...] (6.3)

€1 Cme €1

where a;, b;, and c; are the columns of A, B. and C., respectively. The first order

necessary conditions for J, to be a minimum are

0Jy _ OITwl , 8Tl — )]

52_.- 0z; 8z

_ Ol
= 5=l (Tl — )

0| Teall 0

o =0 (6.4)

fori=1,...,n, and n, = n. X n. - n. X p+n. X m, where z; are the elements of Z.




A DFP algorithm [37] is used to minimize the performance index. The one
dimensional search in the algorithm uses a parabola fit to reduce the number of
function evaluations required to converge to the minimum. The DFP iterations
are continued until a predetermined maximum number of iterations (normally, 20)
is reached or |VJTHV J,| is below some preset tolerance, where VJ, is gradient
vector and H is the DFP curvature matrix. Further, if no convergence is found by
the one dimensional search, the DFP routine is exited, the step in 1 is -ased, and
the search is continued. This allows a relatively large step size for v . used. As
< approaches v, the step size is decreased so as to keep v > 7. The basic algorithm

is as follows:

i. Compute the optimal H; controller and set up the initial Z vector
ii. Compute 7 and set y =%
tii. Decrement vy
iv. Perform DFP search over the Z vector space for minimum J,
v. Store resulting controller and repeat from step iii.

To avoid unstable closed-loop systems, J, is set to a value of 10?° if the closed-
loop A; matrix has any unstable eigenvalues. This results in an “artificial wall”
which insures the algorithm only searches in the direction of stabilizing controllers.

Initially, the algorithm can be run with loose tolerances on the DFP search to
define the desired a versus -y curve, then the convergence tolerances can be tightened
and a particular point can be refined to desired accuracy. In addition, this new algo-
rithm can be applied from any initial condition, not just the optimal H, controller,

by substituting the appropriate initial Z vector and +.

6.1.2 Inequality Constraint Approach. Unfortunately, there are several
numerical drawbacks to equality constraint approaches for numerical optimization.

However, these can be overcome using an inequality constraint approach. Consider
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the program
K otgl}d'l?:iug f( Z)
P { sub ject to (6.5)

9(2) <0

where f(Z) = ||T:w(Z)||3 and 9(Z) = ||Tea(Z)||ec — 7- One approach to minimize
this performance index is called sequential quadratic programming (SQP) [52]. This
technique converts the nonlinear program into a quadratic subproblem with a linear
constraint. The objective function is expanded in a Taylor Series around a nominal
Z vector. The constant term is dropped and the expansion is truncated at the
quadratic term. The constraint is expanded in a Taylor Series and truncated after
the linear term. The resulting subproblem is

Jnin %aa'H,.d + V§(Z)Td

subject to (6.6)

V9(Z)Td + 9(Z4) <0

where Z,, is the value of the Z vector at the kth iteration, Hj is a positive definite
approximation of the Hessian matrix and n, is the length of the Z vector. This
subproblem can be solved using available quadratic programming algorithms [37,
52, 53] and results in search direction dj for the kth iteration. The Z vector is then
updated by

Zhyr = Zp + apdy, (6.7)

where ay, is determined from a one dimensional search. The Hessian matrix can be
updated in several ways, but a common method is the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method [37] as follows

wgx _ Hi Ha

atsx  s] Hysy, (6.8)

Hppy = He +
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where 8, := Z5,, — Z, and
@b = V(Zun) + AVg(Zun1) — VA Z)AVg(Z) (6.9)

where A is an estimate of the Lagrange multiplier. The same algorithm proposed in
the previous section can be used, substituting the SQP minimization for the DFP
minimization in step iv.

Another advantage of the SQP approach is it allows infeasible solutions. This
allows the optimization routine to approach the solution from both the feasible and
infeasible region. This has the advantage of not forcing the routine to bias its search
direction to ensure it remains in the feasible region. If the SQP converges with a
stability constraint violation, the point will have to reattempted with a smaller step
in 4. In general, this was not found to be a problem. For the problem at hand, this
means we can allow controllers which result in unstable closed-loop systems. This is

done by adding a second constraint
H(2) = max{RelM(4)]} (6.10)

This constraint is added into the program (6.5). Since the closed-loop system can be
unstable, a stable/antistable projection of the H; transfer function must be used to
compute the two-norm (see Section 2.3.1). A central difference method can be used
to compute the gradient of the Lagrangian corresponding to the stability constraint.
Analytical gradients for the stability constraint were not considered, but may be
possible.

6.1.8 Computing Gradients of the Two-Norm. The gradient of the square

of the two-norm can be computed using the results of the previous chapter. Recall

| T3 = tr [@2CTC,] (6.11)




where Q3 is the real, positive semidefinite solution to the Lyapunov equation

A1Q2 + Q247 + BuBL =0 (6.12)
Forming a Lagrangian,
L = tr [Q:CTC.| + tr [(A2Qs + Q247 + BLBL)X| (6.13)
the resulting gradients are
oc
374: = XszQn + XzQ: (6'14)
ac T T T AT T
9B, _ X121 Cy, + X3Q1,C,, + X;3Vi2 (6.15)
oL T 7 T
o0, = B,,XiQ12 + B,,X12Q1 + R{;G12 + R:CQ: (6.16)
oL T T
3, = ATX + XA +CIC, =0 (6.17)
C
gjf: = A3Q2+ Qa2Az + B.,,BZ,' =0 (6.18)

where the various matrices are defined as they were in the previous chapter. The

method for actually computing the gradient V||T,,]||2 at some Z, is as follows:

i. Solve (6.17) for X and (6.18) for Q,
ii. Compute gf;’ 383%, and -8%‘.": from (6.14), (6.15), and (6.16), respectively

iii. Compute the gradient by
oc
57 = | GE) -~ ()L (&) -

(35,)T (%‘)IT (30—‘-):] (6.19)

1 4
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6.1.4 Computing Gradients of the Infinity-Norm. The gradient of the
infinity-norm represents complex matrix relations and is not easy to evaluate ana-
lytically. There are two different approaches which have been taken in this work.
The first method uses a modified central difference method. An improved approach
to computing the infinity-norm of a closed-loop system is also developed for use with
the central differences. The second uses the sensitivity of the maximum singular

value of a matrix developed in [54].

6.1.4.1 Central Differences.  The basic central difference formula is

NTed( 2o _ NTedZ + 8Z:)|lc — | Ted(Z — 8% oo
0z 26z;

(6.20)

where

5Zi==[0---0 8z 0---0] (6.21)

If the closed-loop A.; matrix of the perturbed system has any unstable eigenvalues,
the infinity-norm is set to a value of 10?°. This results in an “artificial wall” which
insures the algorithm only searches in the direction of stabilizing controllers. Fur-
thermore, to avoid computing a false partial derivative due to the artificial wall, a
one-sided difference is used at those points. If the resulting slope reduces J, in the
direction of the artificial wall, the derivative is set to zero; otherwise, the one-sided
difference is used.

As was pointed out by Ridgely [9], the computation of the infinity-norm of a
transfer function using the Hamiltonian method is not numerically stable enough
for accurate numerical partial derivatives. This is due to the numerical ill condi-
tioning of the Hamiltonian. However, Gahinet [55] suggests using the generalized
eigenproblem to improve the numerical robustness of the infinity-norm computation.
This can be accomplished by finding an associated matrix pencil which has a similar

eigenstructure to the original problem. Since the generalized eigenproblem does not
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require an inversion of the Hamiltonian, it is numerically better conditioned. In
[565] Gahinet develops such a generalized eigenproblem by defining the generalized
Hamiltonian

(A 0 o B]

0 —-AT CT o
H = (6.22)
C 0 ~I D

| 0 —B" DT 4l

I ©
I = (6.23)

| 0 Oy

where A € ™", B € R**™, and C € RP*". The generalized spectrum of the
pencil H — AZ coincides with the spectrum of the Hamiltonian plus m 4 p infinite
eigenvalues associated with the singular part of Z. The QZ algorithm [56] can be
used to find the generalized spectrum. To implement the generalized eigenproblem
algorithm, the lower bound on 4 is set to zero. An upper bound ¥ = vypper is
gselected and the QZ algorithm is used to compute the generalized spectrum. If the
real part of any eigenvalue is within epsilon of the jw-axis, then Y,pper is increased
and the routine is repeated. Once an upper and lower bound on the infinity-norm
are found, a bisection method (57] is used to refine the value. Since the eigenvalues
of the generalized eigenproblem are symmetric about the origin, they will always
approach the jw-axis in pairs and separate along the jw-axis in opposite directions
as 7 is decreased. To improve the accuracy of the bisection method, two tests on
v are used to determine the jw-axis intercept: is the real part of the eigenvalue
within some epsilon of the jw-axis, and is the difference in the imaginary part of
the twc eigenvalues within epsilon? Figure 6.1 graphically presents the region of the
jw-axis intercept. Since the eigenvalues of the pencil H — AT are symmetric about




=

Re Axis

Figure 6.1. jw-axis intercept

the real axis, one must account for all the eigenvalues on the imaginary axis. This
was incorporated into the algorithm by computing the difference between all pairs of
eigenvalues on the imaginary axis and then ensuring the sum of the results is less than
some epsilon. This results in a more numerically robust method for determining the
axis intercept. By incorporating both the generalized eigenproblem approach and
the combined real and imaginary test, the overall robustness of the infinity-norm
computation has been improved enough to provide sufficiently accurate numerical

derivatives for a DFP algorithm to be used.

6.1.4.2 Singular Value Sensitivity. A second approach for computing
the gradient value of the infinity-norm is based on the sensitivity of the singular value
of a matrix developed by Giesy and Lim [54]. Assuming the maximum singular value
of T,4 evaluated at Z has a single peak for w € R*, the derivative of the infinity-norm
can be written as

N Tedlloo g [ 3Ted(wo)
6z,- = Re " dz;

. vl] (6.24)
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where u; and v; are the singular vectors associated with the maximum singular value
of Teq, wo i8 the frequency where the the maximum singular value reaches its peak

value, and Z,,,, i8 the nominal Z vector. The derivative of the transfer function can

be determined from
dTed(wo) _4 [C, (jwo — Aw) ™" Ba+ Ded] (6.25)
dz; Znom dz,- )

Znom

The advantage of this approach is that it eliminates the bisection search re-
quired in the central difference approach. This can result in a significant savings in
computation time as the size of the Z vector grows for complicated problems. In
addition, the accuracy of the gradient is better than that of the central difference
approach. This is due to the fact that we are not taking differences of small numbers
which often results in bad information due to truncation and roundoff errors. Fur-
thermore, since there is no requirement to search for the ¥ which causes the real part
of the eigenvalues of the Hamiltonian to go to zero, the sensitivity method is better
posed numerically. Finally, the gradient of the infinity-norm of the H,, constraint
is often a piecewise continuous function of the controller (Z vector). This is due
to the norm definition; it is the peak magnitude of the function. As the controller
is perturbed, the frequency where the peak magnitude occurs can change and the
gradient associated with the peak at the new frequency is usually not the same as
the gradient at the previous peak. Thus, a central differences approach can result
in an incorrect gradient. The sensitivity method does not have this problem since it

only provides information on the unperturbed transfer function.

The sensitivity method does have some disadvantages. The first and most often
encountered problem is when the maximum singular value reaches its maximum at
multiple frequencies. As discussed above, this results in a point where the gradient
is discontinuous. Thus, the infinity-norm is a continuous, but not smooth, function

of Z. Another limitation of the sensitivity method is it depends on determining
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the peak of the maximum singular value over frequency. This is accomplished by
selecting a finite frequency range and computing the maximum singular value. While
a priors knowledge of the behavior of Ty can be used to determine the proper
range of frequencies, there is no guarantee that the range will remain fixed as the
optimization routine iterates. Therefore, when using this method, a check must
be made to ensure the maximum actually occurs in the selected range. Finally,
the peak value of the singular value is determined by searching over a finite set of
frequencies. This set must be fine enough to ensure an accurate peak is determined.
If the selected grid is too coarse, the computed maximum singular value can be in
error. One method to overcome this drawback is to take a two-step approach. First
find the maximum singular value with a coarse grid, then refine the grid and find
the maximum again. This method was not included in the original code used in this

work, but has subsequently been incorporated.

Both of these methods have been implemented for SISO and MIMO problems.
To date, the sensitivity method has been found to provide better results than the
central difference method, due to the reduced computation time required and the

improved numerical accuracy. All the examples in this work used the SQP approach.

6.1.5 Initial Conditions and Controller Realizations. = The two algorithms
described above use the optimal H; controller as an initial condition for starting
the routines. This controller was chosen due to its ease of computation; however,
the algorithms can be applied from any initial controller, not just the optimal H,
controller, by substituting the appropriate initial Z vector and 7. In general, both
methods can result in either sub-optimal or super-optimal solutions, depending on
the particular choice of y. However, as the minimum infinity-norm is approached,
both routines generally result in super-optimal solutions only. This is due to the
limitation of the numerical accuracies in the gradients described above. If it is
imperative that a sub-optimal solution be found, the value of 4 can be reduced

below the desired level and the method applied.
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Finally, the Z vector was defined with a fully populated state space form; by
using canonical forms, the number of variables can be reduced. However, there are
drawbacks to using some canonical forms such as the controllability canonical form
due to numerical instability which can result. The modal canonical form is more
numerically stable [58, 59] and has been used successfully to reduce the parameter
space. However, the drawback to this form is it only allows eigenvalues with partial
multiplicities of one. This has not been a problem for the controllers used in this
work, but should be a consideration for any future implementations, especially for
controllers with a large order where repeated eigenvalues are more likely to occur.
One approach to handle partial multiplicities greater than one is to put the controller
into a modified Jordan Canonical form [60]. While this adds a second super-diagonal
of the A. matrix to the Z vector, and thus increases the size of the parameter space,
it does account for all possible controllers. Incorporation of this form should be

accomplished in follow-on research.

6.2 Numerical Ezample: SISO F-16 Longitudinal Controller

An F-16 longitudinal controller design is used to demonstrate the numerical
method. The system consists of a short period approximation of a continuous, linear,
time-invariant normal acceleration command system. The plant is augmented with
a first order pre-filter at the input to model the servo dynamics. The filter is a
simplified model of an hydraulic actuator and captures the lag inherent in such a
system. Additionally, a first order post-filter is augmented at the output of the plant
to model the control delay. This delay accounts for the measurement hold in the

accelerometer.

The plant states are the angle of attack (a) and the pitch rate (g). The input
is the stabilator deflection (§.) and the output is normal acceleration (n,). The
plant is given in Appendix A. The objective is to design a controller which provides

good noise rejection, state regulation, and minimizes control usage while concurrently
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providing acceptable tracking of a normal acceleration step input as well as achieving

acceptable vector gain and phase margins.

This problem is solved using the mixed H,/H,, method. The H, portion will
minimize the effect of the wind disturbances, measurement noise, and provide state
regulation and limit control power. The H, portion will be used to incorporate

tracking performance and margins.

6.2.1 H,; Problem. The H, problem is: Find the internally stabilizing
controller which minimizes the response of the normal acceleration and weighted
control due to the wind disturbance and measurement noise. The weight on the
control is added to ensure the control usage is limited to a realistic range. However,
since only the energy of the control usage is penalized, unrealistic peak deflection
and control rates can result from the Hy problem. To ensure that the controller
as designed will work, a truth model of the sysi=m which includes magnitude and
rate limiters must be used to analyze the closed-loop system. However, the primary
purpose of this example is to demonstrate the mixed H,/H,, control design method,

and a complete analysis of the resulting controller will not be performed.

This problem is the standard LQG problem. A block diagram of the H; prob-
lem is given in Figure 6.2, where the control weight is p = 10.0 and the state
weighting matrix H is identical to the system C matrix (i.e., we are regulating the
normal acceleration rather than the states). The wind disturbance is modeled as a
white-Gaussian noise (WGN) with a strength of 5.0 x 10~ rad®-sec which enters the

system as a pitch rate perturbation resulting in

[ 0.996 |
—0.96

T = (6.26)
0

0
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Figure 6.2. F-16 H; block diagram

While feeding in the process noise as a pitch rate disturbance is not physically

the best approach, it done here simply to provide an example LQG controller with

poor tracking and margins. The next example in this chapter will address the more

realistic problem with the process noise modeled as an angle of attack perturbation.

The measurement noise is modeled as WGN of strength 1.6 x 10~° g*-sec and

w,, = 1. The resulting H, matrices are

[ _1.491  0.996 —0.188 0
9.753 —0.96 —19.04 0
Ay =
0 0 —20.0 0
| 35264 —0.334 —4.366 —40.0 |
[ o0.02271 0] 0]
—0.021466 0 0
B, = B.,
00 20.0
_ 00| 0
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—35.264 0.334 4.366 80.0
C, = (6.29)
0 0 0 0
C,,,=[—35.264 0.334 4.366 80.0] (6.30)
00 0
Dy = D,, = Dy, = [0 0.004] D.,..=[0] (6.31)
00 10.0

The resulting LQG design does a reasonable job of regulating the normal ac-
celeration following an initial 5° angle of attack perturbation as shown in Figure 6.3.
Also, response to low and high frequency disturbances is minimal. As previously
stated, this LQG problem was deliberately set up with poor step tracking. As a re-
sult, the system does not track a normal acceleration unit step command, as shown
in Figure 6.4. The control usage for the initial perturbation and the unit step are
given in Figures 6.5 and 6.6, respectively. The regulator does not demand too much
control for these tasks, but Figure 6.6 shows an increasing ramp-up in control which
may lead to unacceptable control demands. Figure 6.7 presents the desired loop
shape at low frequency for good tracking and disturbance rejection and at high fre-
quency for sensor noise and unmodeled dynamics rejection. The H; open-loop GK
avoids the high frequency barrier, but does not clear the low frequency barrier. We
will use the mixed approach to modify the controller to clear this barrier.

Finally, the vecter margins are examined to determine how robustly stable
the system is with the optimal H; controller. These margins represent the largest
independent variation in either the gain or phase for which the system remains stable.
For a SISO system, the gain margin is the union of the complementary sensitivity gain
margin and the sensitivity gain margin. However, for MIMO systems, this is not the
case; thus, in general, both forms of the gain margins shculd be presented. For more
information on the vector margins, see [61]. For this problem, [—4.0 6.0]dB gain
margin and a phase margin of greater than 30° are desired. With the H; controller,

the complementary sensitivity and sensitivity gain margins are [—0.473 0.448] dB
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Figure 6.3. F-16, H; controller, response to initial 5° angle of attack perturbation

and [—0.473 0.500] dB, respectively. The phase margin is 3.21°. These vector
margins are unacceptable. The H,, portion of the mixed problem will be used to

improve these margins.

6.2.2 H, Problem. The H,, problem is a closed-loop model matching
problem, as given in Figure 6.8. A performance and stability bound on the open-
loop transfer function, GK, is defined; then the desired closed-loop sensitivity is

derived as
1

1+ G(s)K(s)
Figure 6.7 gives the desired bounds and the desired open-loop GK shape. The low

S(s) = (6.32)

frequency bound is chosen to give good noise rejection and step tracking. The high
frequency bound is set to attenuate system response to high frequency sensor noise
and unmodeled dynamics. For a good discussion on how to pick these bounds, see
[19] or [61]). The desired open-loop GK shape has a crossover frequency of 1 rad/sec.
This was selected as a first cut to a desired loop-shape; however, the closed-loop

bandwidth is affected by the open-loop crossover. The closed-loop bandwidth can be

6-17




normal acceleration (g)
w
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Figure 6.4. F-16, H, controller, response to unit normal acceleration step

stabilator deflection (deg)

0 0s 1 15 2z 25 3 35 4 45 5
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Figure 6.5. F-16, H; controller, control usage for initial 5° angle of attack
perturbation
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stabilator deflection (deg)
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time (sec)

Figure 6.6. F-16, H, controller, control usage for unit normal acceleration step

10

Figure 6.7. F-16, H; controller, open-loop GK
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Figure 6.8. F-16 H,, block diagram

increased by increasing the desired open-loop crossover. To completely understand

the sensitivity of the resulting closed-loop bandwidth to the open-loop crossover,

several open-loop shapes should be chosen and the control problem should be re-

peated for these designs. Since this example is only a demonstration of the mixed

H;/H,, method, only one loop shape will be used.

The H,, problem is set up to minimize the weighted sensitivity (W,S), where

the weight is the inverse of the desired sensitivity, given by

The resulting H,, matrices are

o

—1.491

9.753
A = 0
35.264
| —35.264

s+1.0
*= 50,0001 (6.33)
0.996 —0.188 0 0
—-0.96 —19.04 0 0
0 —200 0 0 (6.34)
—0.334 —4.366 —40.0 0

0.334 4.366 80.0 —0.0001
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[ o [ o]
0 0
Byg=1] 0 B., = 20.0 (6.35)
0 0
I.OJ i 0
C.=| —35.264 0.334 4.366 80.0 1.0] (6.36)
Cyoo = [ ~35.264 0.334 4.366 80.0 0] (6.37)
D,a=[1.o] De..=[0] D,a=[1.o] D,,.,=[o] (6.38)

It is desirable to determine the minimum + () for which the H,, constraint
can be achieved. Since the H,, constraint is a singular H,, problem (D, = 0;
therefore, there is no direct penalty on the control usage), the optimal v cannot
be determined using available methods. To overcome this limitation, an almost
singular H,, problem was solved by adding a small perturbation to D.,, making the
problem a regular one. As the perturbation was reduced, the optimal infinity-norm
converged to 4y = 1.274. The feedback-loop in the singular problem was closed using
the controller resulting from the perturbed problem. However, the resulting closed-
loop system was unstable. Thus, the perturbed problem was only able to give us an
estimate of 4 for the singular problem. While this does not allow a direct comparison
of our results to an H, controller, it does provide a known lower bound for our H,,

constraint.

6.2.3 Results. The initial controller for the numerical mixed solution is
the optimal H; controller. A fourth order conmtroller is designed to demonstrate
the method for controller order equal to the H, order. The SQP method is used
to find the mixed H,/H,, solutions as 7 is reduced from ¥ to 4. The resulting o

versus v curve is given in Figures 6.9 and 6.10. The points marked on the curve
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Table 6.1. F-16 Hy/H,, Vector Margins

a v Complementary Sensitivity PM (o)
Sensitivity GM (dB)
GM(dB)

4th Order Controllers
0.3116 178375.7400 [-0.473 0.448 ] [-0.473 0.500 ] 3.21
0.3120 109041.6000 [-0.762 0.701 ] [-0.762 0.836 ] 5.26
0.3139 59340.3730 [-1.352 1.170] [-1.352 1.602] 9.66
0.3147  200.0969 [-0.756 0.696] [-0.756 0.828 | 5.21
0.3158  100.0144 [-0.756 0.696 ] [-0.756 0.828 | 5.21
0.3175 50.0256 [-1.160 1.023] [-1.159 1.338 | 8.19
0.3272 10.0176 [-2.488 1.932] [-2.481 3.486] 19.03
0.3428 5.5869 (-2.277 1.803 ] [-2.260 3.063 ] 17.09
0.3493 3.3604 [-3.514 2495] [-3.476 5.884) 28.49
0.3567 2.0091 [-5.129 3203 ] [-3.937 7.399] 33.32
0.3664 1.7627 [-5.376 3.296 ] [-3.946 7.434] 33.42
0.4088 1.4900 [-5.900 3.481 ] [-4.588 10.340] 40.72

8th Order Controller
0.4500 1.2808 [-6.270 3.604 ) [-5.013 13.186] 45.96

are used to generate the remaining plots in this section. It can be seen that these
curves are not monotonically decreasing; this is due to numerical accuracies. If it is
desired, the curves can be regenerated with increased tolerances on the convergence,
but the additional computation time required will not add to this example and thus
was not accomplished. Table 6.1 gives the resulting two-norms and infinity-norms
of the controllers. Notice that the infinity-norm can be reduced significantly with
little increase in the two-norm. This allows a large increase in both margins and

performance with little loss of noise rejection.

Figures 6.11 and 6.12 show the recovery of the desired sensitivity shape and the
resulting complementary sensitivity as v is reduced. Notice that the low frequency
sensitivity is reduced as desired for the performance bound while the desired 40 dB

roll-off is maintained. This can also be seen in the evolution of the open-loop GK as
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Figure 6.11. F-16, Hy/H,,, n. = 4, closed-loop sensitivity

« is decreased (Figure 6.1°). Further, the open-loop shape clears all the barriers at
the final value of ~.

The performance of the system is determined by its ability to track a unit step
in normal acceleration. The performance improvement with decreasing 7y can be
seen in Figure 6.14. Moreover, there is little noticeable increase in noise in this plot
as v is decreased. Thus, substantial performance improvement has been made with
minimal loss of noise rejection. To compare the control usage of the mixed controller,
only the system corresponding to the lowest v in Table 6.1 is plotted. Figure 6.15
shows the control usage has increased for the mixed controller. Moreover, the initial
control response is 2.5 times greater than the H; case. This is due to the larger
system gain at low frequency for the mixed controller. The increased control is part

of the reason the two-norm increases as v decreases.

The system maintains good regulation with all the mixed controllers as can be
seen in Figure 6.16. This is not surprising since all the controllers result in sufficient

low frequency gain for regulation performance. Again, Figure 6.17 shows that the
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Figure 6.12. F-16, Hy/H,,, n. = 4, closed-loop complementary sensitivity
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Figure 6.13. F-16, Hy/H,,, n. = 4, open-loop GK
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Figure 6.14. F-16, Hy/H,,, n. = 4, response to a unit step in normal acceleration
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Figure 6.15. F-16, Hy/H,, n. = 4, control usage for a unit step in normal
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Figure 6.16. F-16, Hy/H,, n. = 4, response to a 5° initial angle of attack
periurbation

system with the lowest 4 has a large initial control deflection. This is expected since

the low frequency gain of the system is large.

Referring back to Table 6.1, improvement in the vector gain margin (GM)
and phase margins (PM) as 4 is decreased is clear. This is another measure which
can be used in a trade-off analysis to determine the best 4 for the desired system.
As v approaches y (1.274), there is a point where the margins decrease as v is
reduced further. The cause of this fluctuation is clearly seen in the sensitivity and
complementary sensitivity plots (Figures 6.11 and 6.12). As v is decreased from
¥, the majority of the recovery is made at low frequency, and the margins and
performance reflect the improvement in the loop shape. As v approaches v, the
margins sometimes decrease as the performance improves. This fluctuation in the
margins is due to the process attempting to match the desired sensitivity. As the
low frequency portion (performance) of the sensitivity is reduced, it forces the high
frequency portion (margins) to increase. The resulting waterbed effect drives the

margins up and down as the infinity-norm of the weighted sensitivity is reduced.
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Figure 6.17. F-16, Ha/H,, n. = 4, control usage for a 5° initial angle of attack
perturbation

Next, the controller order was doubled to n. = 8 and the SQP algorithm was
used to converge to the lowest 4 possible. The last row of Table 6.1 presents the
marging for this controller. The additional degrees of freedom have allowed the
margins to be reduced further than was possible with the fourth order controller
(this may also be due to numerical difficulties, as will be discussed later). The
performance of the controller is shown in Figure 6.18 and 6.19, where the scale has
been chosen to allow a direct comparison to the previous results. Regulation was
not significantly changed (not shown). Notice that the overshoot is comparable to
the best fourth order controller, but the settling time is decreased. The sensitivity

of this system °s given in Figure 6.20.

While the eighth order controller does provide better margins and tracking than
any of the fourth order controllers, this is at the expense of doubling the controller
order. The design engineer must determine which one of these factors will influence
his decision the most. However for the purpose of this example, the flexibility of
trading off controller order, noise rejection, tracking performance, and vector margins

using the mixed H,/H,, approach has been clearly demonstrated.
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Figure 6.18. F-16, Hy/H,,, n. = 8 and n. = 4, response to a unit step in normal
acceleration
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Figure 6.19. F-16, H3/H,, n. = 8, control usage for a unit step in normal
acceleration

6-29




S

40+ - - - Desired sensitivity
-60f”
-80 2 v shun R At asgaate 0 oaoasan IS U TY VT E G i WY
103 102 10 100 101 102 103
Froquency (rad/sec)

Figure 6.20. F-16, Hy/H,, n. = 8, closed-loop sensitivity

6.2.4 Modified Hy Problem.  As discussed in Section 6.2.1, the wind noise
model used in the previous problem was not realistic. An improved model is given
here where the wind disturbance enters the plant as an angle of attack perturbation.

To accomplish this we must modify I' by using

[ —1.491 |
9.753

r= (6.39)
0

| 0

This results in B,, becoming

[ _0.0333 0 ]
0.2181 0
00

00

The remainder of the problem is the same as above.
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The problem was solved by determining the optimal H; controller and then
applying the SQP approach to iteratively decrease 4 to as low a value as the numerical
approach would achieve. Only the results for the optimal Hj controller and the mixed
controller with the lowest infinity-norm (y = 1.45) will be discussed.

For this example, there was significantly more low frequency noise present in
the Hj design; therefore, the resulting open-loop GK transfer function had more low
frequency gain as seen in Figure 6.21. This result can also be seen in Figure 6.22
which shows the low frequency sensitivity is below 0 dB. However, Figure 6.23 reveals
that is there not enough gain to achieve the desired tracking performance. The
[-9.5 8.9]dB vector gain margin and 38.8° vector phase margin which result with
the optimal H; controller are acceptable. Finally, a = 0.84 and ¥ = 4981.0.

After completing the mixed design, the final controller, with 4* = 1.45 and
a* = 0.91, was selected for comparison to the H; controller. As can be seen in Fig-
ures 6.21 and 6.22 the mixed controller meets the desired loop-shape and it matches
the desired sensitivity much better than the H; controller. Furthermore, the tracking
performance shown in Figure 6.23 is significantly improved. This improvement in
performance has come at the expense of a reduction of the vector gain margin. The
mixed controller results in a [-5.8 10.3]dB gain margin and 40.7° phase margin.
The reduction in the lower gain margin is acceptable considering the impro(rement

in performance.

Comparing this example to the previous one, it can be seen that the addition
of a larger process noise in the H; design resulted in better low frequency perfor-
mance and margins. The previous example showed that these objectives can also
be achieved by incorporating a weighted sensitivity H,, constraint to the H; prob-
lem. Therefore, it may be possible to use the Hy portion of the mixed problem
to determine the high frequency properties of the resulting system (something H.,,
optimization has problems with). While the low frequency process noise in the H,

problem cannot be reduced to zero, it can be artificially lowered below its expected
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Figure 6.22. F-16, H;/Hy,, n. = 4, closed-loop sensitivity, improved process noise
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Figure 6.23. F-16, Ha/H,,, n. = 4, response to a unit step in normal acceleration,
improved process noise

level. In this manner, mixed H,/H,, optimization can be used to design a controller

which achieves desired objectives at both low and high frequency.

6.2.5 Convergence. To conclude this example, a discussion of the conver-
gence of the numerical search algorithm is needed. Using Ridgely’s method [9] on a
Sun System SPARC 2, converging one point on the mixed curve took approximately
one week of computation time. The DFP approach developed here can converge
a controller in approximately one hour. Finally, the SQP method can converge a
controller in a matter of minutes. All of these computation times increase as <y
approaches v, as will be discussed below. While the SQP and DFP methods have
a significant computation time advantage over previous methods, they are not yet
refined enough for control design applications. The major problem with the methods
arise at the “knee” of the curve, the point where there is a significant trade-off in a
for 4. This knee has usually been found to occur in the neighborhood of v, as one
should expect. This is due to the two-norm of the system tending to infinity as the

optimal H,, controller is approached.
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At the knee of the curve, problems with multiple peaks in the maximum singu-
lar value curve are present. The multiple peaks result in the gradient of the infinity-
norm being piecewise continuous over the optimization parameter space. Thus, for
any given nominal point, the resulting gradient may only be good for a small neigh-
borhood of the point. This results in numerous small steps being taken in order to
converge to a desired 4. In addition, if too large a step is taken, the search may
depart the desired region. These issues are still open and will require further refine-
ment to improve the method to the point where it is ready for everyday application

by control engineers.

Finally, the SQP method was able to converge to controllers with a lower value
of 4 than the DFP method. This was partly due to the SQP method admitting
unstable closed-loop system during the search. If the artificial wall approach is used,
the DFP and SQP methods had about the same performance as far as reducing
7. However, the SQP method converged to a desired 4 with a lower two-norm.
Moreover, the SQP required fewer iterations and function evaluations to achieve
these better results. Therefore, the SQP method was determined to be a better
approach for solving the mixed problem numerically.

6.3 Summary

This chapter presented two approaches for computing mixed H,/H,, con-
trollers numerically. The first method converts an equality constraint to a penalty
function and uses the Davidon-Fletcher-Powell optimization method. The second
approach appends the H,, constraint as an inequality constraint and uses sequential
quadratic programming to converge to solutions. Both methods have advantages
over the existing method. First, they allow singular H,, constraints. Next, feed-
forward terms in the constraint are allowed. Thirdly, the order of the controller
can be reduced to as low as the H; order. Finally, both methods have significant

computation advantages over the previous method.
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The SQP method was found to converge to lower values of the H,, constraint
due to the fact it admits infeasible solutions. In particular, it allows controllers
which result in an unstable cloged-loop system. Thus, the SQP method imposes
less constraints on the search direction and results in faster convergence to greater
tolerances. The numerical method was demonstrated on an F-16 longitudinal contro!
problem. The example demonstrated the trade-off between controller order, noise
rejection, performance, and margins available to the designer using the mixed Hy/H,

method.

6-35




VII. Mized H,/p Optimal Control

The F-16 example in the last chapter demonstrated how mixed Hj/H,, opti-
misation can be used to achieve some measure of robust stability. In addition, the
closed-loop system had the desired level of nominal performance. Recently, there
has been a great deal of interest in formulating controllers which have robust perfor-
mance in light of expected system uncertainties (see {2] for references). Further, it is
desired that a system have minimal response to noise perturbations. The robust per-
formance problem has been successfully addressed in the p framework [2], while the
noise rejection problem can be formulated as an H; problem. This chapter considers
the joint problem of designing a controller which rejects noise while simultaneously

providing robust performance.

One technique for designing controllers with an upper bound on g is the D-K
iteration developed in Section 3.4.2. This approach is an iterative method which
determines an optimal scaling matrix D and an associated H,, controller K. The
method results in a controller order equal to that of the original plant augmented
with the scaling matrices. One key attribute of this u-synthesis method is it uses Hy,
techniques for controller design. The controller order can be reduced using any one
of several available order reduction methods, but we desire to reduce the controller
order in an “optimal” fashion, where optimal is defined by the mixed H,;/pu problem.
Thus, we desire a mixed Ha/H,, optimization problem which minimizes the two-
norm of an H, transfer function and provides an upper bound on g through an
H,, transfer function. Furthermore, u-synthesis can result in a non-strictly proper
controller which results in an unbounded two-norm for the H; transfer function in
the mixed problem. By incorporating the mixed Hj/H,-synthesis method into the
“K” portion of the D-K iteration process, the order of the controller and bounds on

the two-norm can be addressed.
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Figure 7.1. Perturbed closed-loop system

This chapter will develop the H;/u problem. The method is based on a fixed-
order controller, and the order can be reduced to as low as that of the underlying H,
problem. Next, the robust stability and robust performance problems will be recast
into the mixed framework. The numerical approach from Chapter VI will be modi-
fied to handle this problem, and demonstrated on a SISO F-16 normal acceleration
control design problem and a MIMO HIMAT longitudinal control design problem.

7.1 Mized Hy/p

This section incorporates y-synthesis into the fixed-order mixed Hy/H.,, frame-
work from Chapter V. Consider the closed-loop system 7.4 with a block diagonal
structured perturbation A shown in Figure 7.1. Recall from Chapter III that the
set of all dynamic perturbations which have the desired diagonal structure is given
by

M(A):= {A(a) € RH, l A(s0) € A for all 55 € _C’_+} (7.1)

The complex structured singular value of a dynamic transfer matrix T,q4(s) over the

structured perturbations A(s) € M(A) is defined by

ITes(s)la = sup s [Tua( )] (72)
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Figure 7.2. Mixed H,/p problem

Define the set of scaling transfer functions D which have the same block diagonal
structure as A, where each individual block has the property D; = D} > 0. Then,

an upper bound on the structured singular value of a transfer matrix is given by

IIT,d(a)"A < sup inf ?(DT,JD_I) (7.3)
NERDED
= st IPTD ., (0

Thus we can convert a g constraint into an H,, constraint.

Let T.4 be the closed-loop transfer function from d to e in Figure 7.2 with the
PK loop closed, T, be the H, transfer function of interest and A be a bounded
energy structured perturbation. Let D,y € D represent a scaling transfer function

which achieves the infimum in (7.4), and define

Tys := DopeTeaD3} (7.5)
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Figure 7.3. Mixed H,/p boundary plot

An upper bound on u can now be determined by finding the infimum of T, over all
K (i. e., the final step in a D-K iteration). Thus 4 is the minimum upper bound
on p; that is, the minimum achievable value of g from D-K iteration, assuming the
controller order is selected to be large enough. Moreover, T,,, achieves a minimum
of a with the controller K;,,,, and there is a corresponding ¥ (> 4) which is the
upper bound on y corresponding to K3,,. Thus, the problem reduces to a trade-off
between H; performance and p performance along the 4 versus a curve given in
Figure 7.3 fory <7y <7.

One of the assumptions made in setting up the mixed H,/y problem is that
the scaling transfer function D, is known, which is generally not the case. However,
this transfer function can be approximated using existing u-synthesis methods. The

proposed algorithm for solving the mixed H/p optimal control problem is as follows:

1. Compute Doy using p-synthesis
ii. Define Ty, := DopeTeaDox

iii. Compute K3,,, a, and 5




iv. Set 4* to the desired value

v. Compute K,,i, and a* using Hy/H,,-synthesis

7.2 Robust Controllers Using Hy /p

7.2.1 Robust Stability. Consider the perturbed system given in Fig-
ure 7.1, where T.4 is the closed-loop system and A is a structured uncertainty
with A € M(A), the set of all stable proper transfer functions which have the
desired structure. Then the following theorem provides a less conservative approach
to robust stability than H,, optimization combined with the Small Gain Theorem
(Theorem 1.1.1).

Theorem 7.2.1 Lety > 0. The loop shown in Figure 7.1 is well-posed and inter-
nally stable for all A € M(A) with ||Alle < ,—11- if and only if

| Ted)la = sup pa [Tea(jw)) < v (7.6)
wER

Proof: See [44], Theorem 3.6. "

Thus, using this thecrem and the algorithm from above, we can determine an
upper bound on the largest perturbation under which the system is guaranteed to
be robustly stable. Combining this with the mixed framework, a trade-off can now
be made. Either the level of noise rejection can be determined for a given level of
perturbation, or the maximum perturbation can be determined for a given level of
noise rejection. More likely, the trade-off involves finding some level of noise rejection

which is acceptable given the resulting level of robustness.

7.2.2 Robust Performance. Consider the robust performance problem
given in Figure 7.4, where 1,4, is the transfer function for the desired performance
cbjective, || T4, [l < 7 (for example, output sensitivity), with nq, inputs and =.,

outputs. T4 is the closed-loop system and A is a structured uncertainty where

75
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Figure 7.4. Robust performance closed-loop system

A € M(A), the set of all stable proper transfer functions which have the desired
structure. The transfer function T,,q4, can be written as an upper fractional trans-
formation of T, and A, denoted T,,4, = F,(Teq, A). Our performance objective can

be combined into the perturbation by defining an augmented perturbation

where A is a fictitious perturbation. Robust performance can now be determined

A

A€ A Af € CMaXna (7.7)
0 Ar

using the following theorem.

Theorem 7.2.2 Lety > 0. For all A € A with |Alle < 2, the loop in Figure 7.4
is well posed, internally stable, and | Te,a, || < v iff

|Teallar = SUp A [Tea(jw)] (7.8)
- -1
< i:g 15161{) F(DTaD™") <~y (7.9)
Proof: See [44], Theorem 3.7. n

Thus, if our desired level of performance is represented by ||Te,d,||c0c < 4, We can guar-

antee this performance in light of all structured perturbations where ||Ap|lec < 1/ if
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Figure 7.5. p block diagram

and only if ||Teallar < 7. Another interpretation of this theorem is: if ||Twalla, = 7,
then robust performance is guaranteed to a level of ||T,, 4, }|cc < 7 for all perturbations
such that ||[Ap|lc < 1/7. Now, the mixed structure developed in the previous sec-
tion can be used by defining T\, := D TeaD_,; and applying the algorithm. Again,
a trade-off can now be made between the achievable level of robust performance and

H, performance.

7.8 Ezamples

7.8.1 SISO F-16 Design. The SISO F-16 longitudinal controller de-
sign problem from the previous chapter is used to demonstrate the above method.
The system consists of a short period approximation of a continuous, linear, time-
invariant normal acceleration command system augmented with a pre-filter for the
servo dynamics and a post-filter to model the control delay. The plant is given in

Appendix A.

7.3.1.1 Problem Setup.  This problem is solved using the mixed Hy/p
method, where the H, portion minimizes the effect of the wind disturbance and
measurement noise, provides state regulation, and minimizes control power. The u

portion incorporates performance robustness.

The H; portion of this problem is identical to that in Section 6.2.4. The
p# problem is shown in Figure 7.5. The performance objective is to minimize the

weighted output sensitivity in light of an input multiplicative perturbation. The
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sensitivity weight is a low-pass filter selected to improve tracking of a step input

based on the desired open-loop GK from Section 6.2.2. The weight is given by

s+1.0
W. = o001 (7.10)

The input perturbation represents uncertainty in the nominal model including uncer-
tainties in the control actuators, aerodynamics, flight conditions, aircraft geometry,
structural bending, and other unmodeled high frequency dynamics. The weighting
associated with this perturbation is a high-pass filter given by

__ 50(a + 100)

= 1
W s + 10000 (7-11)

This weight emphasizes the high frequency content of the perturbation set we are
trying to model. For a good discussion on the choice of both sensitivity and comple-

mentary sensitivity weights, the reader is referred to [19].

The closed-loop system T4 is now formed as

W.KG(I - KG)™* W,K(I - KG)™!
Tea = (7.12)
W.G(I -GK)! W,(I-GK)?!

The scaling D, is determined using the hinfsyn,mu, and musynfit routines
from MATLABT™ 4 Toolbox [44]. These routines are combined to perform D-K
iterations. First hinfsyn is used to determine a nominal closed-loop system. Then,
mu is used to determine the value of g and the optimal scaling for this controller.
Finally, musynfit is used by the operator to interactively select the order of the
scaling D which best approximates the optimal scaling. The process is repeated
until 4 is converged o some desired level. The H,, transfer function is then formed
as T,, = DopuTeaDy};, whete D,y is the last D from the above process. The H,

matrices are




[ _3840.04 573746  17039.10
_573746 —18685.07 11506.45

0 0 ~1.49
0 0 9.75
0 0 0
0 0 35.26
0 0 ~35.26
0 0 0
0 0 0
o 0 0
~38654.94 —483.14 0
~26103.56 —32626 0
0 0 0
0 0 0
0 0 0
~40.00 0 0
80.00  —0.0001 0
0 0 —10000.00
0 0 0
0 0 0

79

—161.38 -—2110.08
—108.98 —1424.93

1.00 -0.19
—0.96 —19.04
0 —20.00
—-0.334 -4.37
0.334 437

0 0

0 0

0 0

—4247.39  2868.25
—2868.25 1936.92

0 0

0 0

0 0

0 0
8.79 —5.94

0 0

398.35 2869.22
—2869.22 —20621.99

(7.13)




[ 879 0 | [
-594 0 0
0 0 0
0 0 0
0  20.00 20.0
B, = B, = (7.14)
0 0 0
002 0 0
0 0 50.0
879 0 0
| 594 0 | 0
c 483.19 —326.29 —1938.38 18.36 240.04
) 0 0 0 0 0
4397.42 54.96 0 483.19 —326.29
(7.15)
0 0 —990000 O 0
C,,,,=[0 0 —35.26 0.334 4.37 80.00 0 0 8.79 -5.94] (7.16)

D,..=[0.02 o] Dy =[0] (7.17)

1.00 0 0
Dw = Dw =
0 0 50.0

7.8.1.2 Results. The process is initiated by computing the tenth or-
der u-synthesis controller given in the last row and column of Table 7.1. A Schur
model reduction is used to compute reduced order controllers. This method models
the plant as a reduced order plant with an additive perturbation. It attempts to
reduce the infinity-norm of the perturbation and therefore, the modeling error. A
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Table 7.1. F-16 H,;/p Optimization Results

Hy/p p-synthesis
Controller (model reduction)
order a I/ a 7
4 0.895 2.34 unstable
6 0.935 1.98 6.36 1.81
8 0.940 1.77 6.36 1.597

10 0953 1.71 4.41 1.591

Schur decomposition is used where needed and the resulting method is more numer-
ically robust than the often used balanced order reduction. The reader is referred
to [62] for more information on Schur decomposition, Schur model order reduction,
and balanced order reduction. The tenth order controller is reduced to the eighth
and sixth order u-synthesis controllers given in Table 7.1. A stabilizing fourth or-
der controller could not be found using the available model reduction methods in
MATLABTM [44]. The tenth, eighth, and sixth order p-synthesis results were used
as initial controllers for the numerical Hy/p optimization, and mixed controllers were
designed. The resulting mixed controllers which gave the best trade-off between H,
and u performance are given in Table 7.1. The optimal H; controller is used as the
initial controller for the fourth order mixed controller and the resulting best mixed

controller is also given in Table 7.1.

The tenth order p controller has the best level of robust performance, but
it also has a high level of high frequency noise response, as shown in Figure 7.6.
By comparison, the tenth order H;/p controller has robust performance for slightly
smaller perturbations since the upper bound on p is 8% higher; therefore, the nominal
performance is also decreased as is seen in Figure 7.7. However, the mixed controller
has better high frequency noise response, as is expected, since the two-norm is about
one fourth the size of the two-norm with the px controller. Moreover, Figures 7.8 and
7.9 show that the control usage is considerably reduced with the mixed controller.

Again, this result is expected since the H, portion of the mixed controller includes a
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penalty on control usage, while u-synthesis does not take this into account. Similar

results can be seen for the eighth and sixth order results shown in Figures 7.10-7.17.

One advantage of the mixed approach in this example is the consistent ability
to find a stabilizing controller at orders as low as the Hj order; in this case fourth
order. Model reduction techniques resulted in non-stabilizing fourth order controllers
for the pu-synthesis approach, but the mixed approach is able to compute a stabilizing
fourth order controller. As can be seen in Table 7.1, the upper bound on g for the
fourth order controller is 47% greater than the pu-synthesis tenth order controller;
thus, the perturbation size for robust performance is reduced. Nominal performance
is also decreased with the peak overshoot increased from about 0.5 g to 0.7 g, and
the settling time is about the same for both. The high frequency noise rejection is
improved fourfold with the mixed fourth order controller as compared to the tenth

order p-synthesis controller. These results can be seen in Figures 7.18 and 7.19.

The vector margins for the resulting controllers are given in Table 7.2. As can
be seen, the tenth order u-synthesis controller resulted in the best margins. Although
the tenth and eighth order H,/u controllers resulted in decreased margin, it is an
acceptable trade-off for the increased noise rejection. Notice that the sixth order
H,/p controller has better upper gain margin and phase margin than the tenth and
eighth order H;/p controllers. This is due to the trade-off between performance and
margins which occurs at the knee of the a versus v curve; as 7 is approached, there
is an underlying trade-off which is made to minimize 4. The fourth order Hp/p
controller resulted in significantly reduced margins. Therefore, a design decision

must be made between the order and the desired margins.

Finally, the response of the system to an initial 5° angle of attack perturbation
is given in Figure 7.20. Notice that there is no significant difference in regulation
between the controllers. This indicates that the increased two-norm is due almost
entirely to the increase in response to high frequency noise and increased control

usage, as is seen in the time responses.
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Figure 7.11. F-16, step response, 8th order H,/u controller
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Figure 7.13. F-16, control usage for step response, 8th order H,/u c~ntroller
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Figure 7.14. F-16, step response, 6th order u controller
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Figure 7.15. F-16, step response, 6th order Hy/p controller
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Figure 7.17. F-16, control usage for step response, 6th order H,/p controller
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Figure 7.19. F-16, control usage for step response, 4th order Hy/u controller
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Figure 7.20. F-16, initial 5° angle of attack perturbation response

Based on these results, the designer must make a choice of controller order.
Since performance is not considerably different for all the mixed controliers, the
primary factor in the decision is the trade-off between order and robustness. If the
expected perturbations are known to have an infinity-norm less than 1/2.34, then
the fourth order controller is the best choice. However, if larger perturbations are

expected, the controller order will have to be increased to remain robust.

7.8.2 MIMO HIMAT Design. A longitudinal controller design problem
for the HIMAT, a highly maneuverable, remotely piloted, technology demonstration
vehicle, is used to demonstrate the mixed approach for MIMO problems and to
demonstrate further application of mixed H,/u. The model is taken from data for
the HIMAT vehicle [44]. The model is a four-state, continuous, linear, time-invariant,
description of the short period and phugoid modes. The control inputs are elevon
(8.) and canard (é.) deflections and the measured outputs are angle of attack (a)
and aircraft attitude (). A block diagram of the system is given in Figure 7.21. The
plant and simulation truth model are given in Appendix B.
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Figure 7.21. HIMAT system block diagram

7.8.2.1 H; Regulator. The H, portion of the control design is based
on a standard Linear Quadratic Gaussian (LQG) problem. A wind disturbance is
modeled as an angle of attack perturbation by a zero-mean white Gaussian noise of

intensity 5.0 x 10~ rad®-sec and

-

[ _36.6
~1.90
I— (7.18)
—1L7

0 -

L

The measurements are corrupted by zero-mean, white Gaussian noises of strength
1.6 x 10~® deg®-sec (W, = I). The controlled outputs for the LQG design are control
usage and state perturbations with unit weightings (p = 10 and H = I).

Thus, the H; problem is set up to design a minimum control/state regulator
operating in the face of process and measurement noises. No attempt is made to
force the system to track a step or guarantee vector margins for the closed-loop
system. Robust performance will be achieved through the use of u constraints. The
resulting controller is fourth order, and the minimum two-norm of the closed-loop

system with K, , is o = 0.20.
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Figure 7.22. HIMAT, H; controller-velocity response to initial 5° angle of attack
perturbation

The H, regulation is shown in Figures 7.22-7.25 for a initial 5° angle of at-
tack perturbation. The H, controller provides good regulation with minimal noise
response. The control usage in Figure 7.26 shows there is little response to high

frequency noises.

The response of the system to unit step in angle of attack and pitch angle
are given in Figures 7.27—T7.32. Notice that the H; solution is not an acceptable
tracker, but does have acceptable noise rejection, particularly at high frequency.
Furthermore, the control usage is minimal, but not unexpected since there is no

apparent tracking.

7.8.2.2 Robust Performance. The mixed controller objective is to
design a controller such that the closed-loop system has robust performance measured
at the output with an input disturbance perturbation. This problem is solved by
appending the performance objective as a fictitious perturbation and combining it
with : :e disturbance into a structured perturbation. The controller is then designed

using the mixed framework.
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Figure 7.23. HIMAT, H; controller-angle of attack response to initial 5° angle of
attack perturbation
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Figure 7.24. HIMAT, H, controller—pitch rate response to initial 5° angle of attack
perturbation
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Figure 7.26. HIMAT, H; controller-control usage for an initial 5° angle of attack
perturbation
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Figure 7.27. HIMAT, H; controller-angle of attack response to angle of attack unit
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Figure 7.28. HIMAT, H; controller-pitch angle response to angle of attack unit
step input
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Figure 7.29. HIMAT, H; controller—control usage for angle of attack unit step input
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Figure 7.30. HIMAT, H, controller-angle of attack response to pitch angle unit
step input
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Figure 7.32. HIMAT, H; controller-control usage for pitch angle unit step input
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The disturbance enters the system at the input to the plant and is modeled as
a high frequency perturbation by appending a high-pass filter at the output ;. The

perturbation filter transfer function is

50(s + 100)

Waai(s) = 000 12

(7.19)

The performance objective is to track a step at the output. The fictitious “perfor-
mance perturbation” is modeled by a low-pass filter appended at the output e;. The
performance filter transfer function is

_05(s+3),

Wele) =50

(7.20)
The system is considered to have robust performance to structured perturba-

tions A € M(A) where ||Aljo < 7 if

1
| Tealla < 5 (7.21)

where T4 is the closed-loop system

WaaKG(I — KG)™ WaaK(I — KG)™
T, = | WaKG( )7 WaaK( ) (7.22)

WPG(I - GI()'_1 Wp(I — GI()_1

In this particular case, it is desired to have y < 1.

The first step in the process is to compute the best g controller. A 20th order
controller is found using the MATLABTY musynfit function [44] which achieves the
desired level of robust performance. A third order fit is used which results in a sixth
order D transfer function. The resulting controller order is the sum of the four model
states, the two performance weighting states, the two perturbation, and two times
the six states of the scaling matrix D, or 20th order. The response of the system

to unit steps in angle of attack and pitch angle are given in Figures 7.33-7.38. This
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Figure 7.33. HIMAT, u controller-angle of attack response to angle of attack unit
step input

controller possesses good tracking of both angle of attack and pitch angle inputs.

Further, the control usage is not excessive after an initial large transient. Notice

that the response to high frequency noise is increased over that of the H, system.

The objective now is to attempt to reduce the order of the controller and im-
prove the high frequency response using the mixed approach. It should be mentioned
that model reduction of the u controller can be used. In this case, a Schur model re-
duction method was attempted for 16th, 12th, 8th, and 4th order controllers, but all
the resulting controllers suffered from large increases in 4 and thus did not provide

an acceptable level of performance robustness.

7.8.28 H,/p. The mixed optimization problem is set up by defining
Toe = DmT,dD;Plt (7.23)

where D,y is determined from the previous pu-synthesis. The mixed problem is then

solved using the inequality constraint approach with an SQP algorithm. It is desired

7-30




pitch angle (dog)

4).10 0.5 1 1.5 2 25 3 3.5 4 45 s

time (sec)

Figure 7.34. HIMAT, u controller-pitch angle response to angle of attack unit step

input
20— ——— — - —
1s} ]
— elevon deflection
10} - - - - canard deflection
5

control usage (deg)
in

104 ]
“F /WWW““"W* L, SR
-20 .% )/ ‘1

25} 7
¥

—_ 2 L " — " T

.30 A N
0 05 1 15 2 25 3 35 4 4.5 5

time (sec)

Figure 7.35. HIMAT, p controller—control usage for angle of attack unit step input
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Figure 7.38. HIMAT, u controller—control usage for pitch angle unit step input

Table 7.3. HIMAT H;/p Optimization Results

Controller
order a B
H, 4 0.20 6808.1
N 20 442 0.987
H;/p 4 70 120
Hy/p 8 69 111

to find a low order controller; in this case, the order of the H; problem or n. = 4.
This does not imply that lower order controllers don’t exist; in fact, this approach
can be applied to design controllers with order less than the H, order, but there is

no guarantee that 4* = + for the optimum or even that a stabilizing controller exists.

Table 7.3 presents a comparison of the Hy, p, and mixed H;/u results. Notice
that the fourth order mixed controller provides robust performance to perturbations
that have a norm bound which is 83% of desired. Furthermore, this controller has
a two-norm which is almost an order of magnitude less than the two-norm of the p

controller, but nearly two orders of magnitude greater than the H, controller.
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Figure 7.39. HIMAT, H,/u, n. = 4, angle of attack response to angle of attack
unit step input

Figures 7.39-7.44 show the impact of these results. Comparing the step re-
sponses to those of the 20th order p controller, it is seen that the fourth order mixed
controller has a slower initial response to a step, but reaches steady state at ap-
proximately the same time as the p controller. Moreover, the high frequency noise
rejection is seen to be about the same-in fact, the mixed controller results in slightly
better noise rejection, but it is not significantly better than the noise rejection when
the g controller is used. Notice that the initial control usage is higher for the mixed
controllers but then it drops off faster as steady state is approached. Finally, the
controller and the fourth order mixed controller regulate the states equally well to

an initial angle of attack perturbation (not shown).

The last controller computed for this problem is an eighth order mixed con-
troller. As can be seen from Table 7.3, the eighth order mixed controller has a greater
level of robustness than the fourth order, but still does not meet the desired level
of 1.0. The time responses for this controller are comparable to that of the fourth
order and are not shown. This process could be continued with high order controllers

until the desired level of robustness is met. Since robust performance is obtained by
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Figure 7.41. HIMAT, H,/p, n. = 4, control usage for angle of attack unit step
input
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Figure 7.43. HIMAT, H;/u, n, = 4, pitch angle response to pitch angle unit step
input
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Figure 7.44. HIMAT, H,/p, n. = 4, control usage for pitch angle unit step input

the 20th order u controller, a mixed controller which guarantees robust performance
with order less than or equal to 20 exists. This example has demonstrated the ca-
pability of the mixed H3/p method to reduce the controller order. Furthermore, the

reduced order controller retained desirable robustness qualities.

7.4 Summary

p-analysis and synthesis were seen to provide the design engineer with an
improved measure of robust stability. Moreover, u is currently the best way for
designing systems with robust performance. However, p controllers cannot handle
white noise inputs, and generally result in high order controllers. By incorporat-
ing p into the mixed Hy/H,. approach, both of these limitations were addressed.
The H,, constraint was formed by scaling the transfer function with the D transfer
function from the last D-K iteration step of a p design. Then the mixed method
from the previous chapter was applied. An F-16 and HIMAT longitudinal control
design examples demonstrated the H,/p optimization. Significant reduction in both

controller order and high frequency noise response were obtained using the mixed
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approach rather than just the p controller. This improvement was at the expense of

some reduction in the robust performance of the system.
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VIII. Multiple H,, Constraints

Multiple H,, constraints arise in many control problems. Consider the multiple
input/multiple output system in Figure 8.1, where G represents the plant to be
controlled, K is the controller to be designed, W; A, represents an input perturbation
to the system, and W,A, represents a fictitious “performance perturbation”. The
problem is to design a controller which is robustly stable to perturbations at the
input and has nominal performance at the output. One approach to this problem is
to combine the perturbations into a single A, bringing the weights W; and W; into

the system as shown in Figure 8.2.

The resulting H,, problem is to find a controller which reduces the infinity-
norm of the closed-loop transfer function M to a value less than or equal to the

inverse of the infinity-norm of the perturbation A, or

1
Mo < +—— 8.1
where
Ay O
A=|"" (8.2)
0 A,

A common choice of M [39] is

M=[W‘T * ] (8.3)
* WzS

where T :ud S are the input complementary sensitivity and the output sensitivity,
respectively, and x are picked to make the problem a regular H,, problem. This
approach guarantees the stability and performance requirements are met when the
inequality (8.1) is satisfied. Generally, the resulting controller is very conservative

with regard to the actual perturbations A; and A;.
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A less conservative choice for M is

M= (8.4)
W,S

While this is less conservative, the problem cannot usually be solved by available

state-space techniques since it results in a singular H,, problem.

An even less conservative approach is tc separate the perturbations into two

H,, problems

1

W < _
1

W < —_—

There is no conveni-nt way of solving this problem under the current H,, optimal
control theory. However, a controller which meets the desired H,, constraints can be
found using mixed Ha/H,, optimal control. This method has the added advantage of

minimizing the effect of white noise on selected controlled outputs from the system.

Another approach to solving this problem is to use p-synthesis through D-K
iterations. This method has the advantage of not only finding a controller which
provides robust stability and nominal performance, but also provides a measure of
robust performance. The ability of u-synthesis to provide robust performance is due
to its exploitation of frequency information as well as the block-diagonal structure
of the perturbation. The mixed H,/H,, optimal control method exploits the block-
diagonal structure of the perturbation, but only contains peak gain information
provided by the infinity-norm and does not have the same frequency information as u-
synthesis. Furthermore, the cross-terms in 8.3 are not considered by the multiple H,,
cons'~aint approach as they are in u-synthesis. Therefore, the resulting controller will

not guarantee robust performance. The mixed approach does, however, guarantee
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a controller which provides robust stability and nominal performance at controller

orders as low as the H; order.

The above example is the simplest case of a multiple constraint problem. How-
ever, the design engineer is often interested in performance and margins at more
than just one point in the system. Using the multiple H,, constraint framework,
robustness to multiplicative perturbations at the input and the output as well as
additive perturbations (and the inverses of all of the above) can be accounted for
simultaneously. Further, any other desired constraint such as control power limits
can be augmented to the problem in this framework. Thus, the mixed H,;/H,, opti-
mal control problem with multiple H,, constraints is a powerful tool which provides
substantial flexibility in control design and trade-off analysis. The application of
multiple constraint mixed optimization problems which include g will be examined

further in the next chapter.

The objective of the first section of this chapter is to characterize the optimal
(order-free) solution to the mixed H3/H,, optimization problem with multiple con-
straints. The conditions for fixed-order controllers will then be presented. Finally,
the numerical methods developed in Chapter VI will be extended to include multiple
constraints and the F-16 longitudinal control problem will be used to demonstrate
the methods.

8.1 Uniqueness of the Optimal Controller

This section will extend the results of Chapter IV to the H,;/H,, optimal
control problem with multiple H,, constraints. Consider the system in Figure 8.3,
where d;,i = 1,...,n, are of bounded energy and w is zero-mean, white Gaussian
noise.

The transfer function P is the underlying plant G with all weights associated
with the problem absorbed. It is assumed, in general, that there is no relationship

between e;,¢ = 1,...,n,, and z or d;,4 = 1,...,n,, and w. As before, the aug-
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Figure 8.3. General mixed H,/H,, optimization problem

mented plant P is formed by wrapping the weights from an H, problem from w to
z and the weights of the H,, problems from d; to e; around the basic system. To

simplify the discussion, the following additional definitions are made:

A A (87
% = |Tutllw when K(s) = Ko, (8.8)
Kmis := a solution to the Hy/H,, problem for some set {y1,...,vn.} (8.9)
% = |Tetllo When K(s) = Kumio (8.10)

As in the Chapter IV, this problem can be formulated as a convex program
through a Youla parametrization as shown in Figure 8.4. The convex program is:

find a @ € H; which satisfies

a= jaf [Tl
P= subject to (8.11)
Tedilloo Svifori=1,... ne

This problem is more complicated than the single constraint problem due to

the nature of the regions where solutions can exist. In the single constraint problem
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Figure 8.4. J-Q parametrization of the mixed H,/H,, problem

shown in Figures 4.3 and 4.4, there are only two possibilities; either the controller is
the optimal H; controller, or it is a controller which satisfies the H,, constzaint with
equality. However, for the multiple H,, constraint problem, there are more regions

to consider in order to determire the nature of the mixed controller.

Consider the mixed problem with two H,, constraints, where 4; and v; are
specified. Figure 8.5 presents the four possible regions in the H,, constraint plane
where the values of 7; and 7, can be chosen. Note that the point (v;,42) in this plane
indicates the point at which both inequality constraints are satisfied with equality.
We will denote the actual mixed solution by (y;,7;). Region IV is defined as the
region where v; > ¥, and 4; > ¥,. Region Il is defined by 71 < 7; and v, greater
than or equal to the value of ||Te4, || When a Kpie from the Hy/||Teq, || curve (that
is, the single constraint mixed controller) is used to form T4, at a given value of 7.
This value of y; will be denoted 4,. Similarly, Region III is defined like Region II
but with 1, 73 and Tey, , Teq, changing roles, and 7, is the value of 1; on the optimal
mixed H3/||Teg, ||oo curve. Finally, Region I is defined by the values of v, and 7, less

than those given by the optimal mixed single constraint curves, but greater than
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II’I‘edgll°° H2/||Tedlllw Optimal Curve

Figure 8.5. Admissible solution regions

the minimal values achievable for a two-constraint problem. The lower left corner of
Region I does not necessarily reach the intersection of the lines 7, = 7, and 72 = 7,;
this is due to existence questions in this region which will be discussed later. In

particular, the point (7,,7,) is most likely not achievable.

Figure 8.6 shows a three-dimensional plot of the surface formed by plotting
corresponding values of a*, 4{, and ;. This is the mixed {[Touw||2/|[Ted; ||loo/ || Teds |00
surface. With this surface in mind, we will use some geometric insight to determine
the nature of the solution for each region. Starting with Region IV, one can see from
Figure 8.7 that the optimal H; controller is in the admissible region—since this is
the global optimal, it is the solution to the mixed problem in this region. Thus, for
(71,72) in Region IV, the optimal mixed solution is (v{,73) = (71, 7a)-

In Region II, the admissible region can be seen in Figure 8.8. The minimum
value of a will be achieved on the optimal Hj/|[Teq,[lec curve. Thus, (v,93) =
(71,73) in Region II. Similar results will occur for Region III, so (75,73) = (41,72)
in Region III.
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Figure 8.7. Admissible solutions-Region IV




WTeyle  H,IT,, 1, Optimal Curve

/ H, Optimal

1 " h

Figure 8.8. Admissible solutions-Region II

For Region I, the admissible region is shown in Figure 8.9. The geometric in-

sight from Figure 8.6 is that the solution will fall at the intersection of the constraint
boundaries; i. e., (7{,73) = (11,72)

The following theorem will confirm this insight. First, define K,,;., (1) as the
unique optimal controller for the mixed Hy/|[Teq, |co problem at a fixed v;. Kmiz,(72)
is defined in a similar fashion.

Theorem 8.1.1 Assume no, = 2 (i. e., there are 2 d;’s and 2 e;’s) and let 4, and
72 be given. If a controller K whick solves the convez program (8.11) ezists, then it
is unique and K is given by:

t. If 1 £ 41 and v3 < 72 (Region I) then the optimal controller K must satisfy
both H,, constraints with equality.

#. If y2 > 93 and 11 <7, (Region Ii) then K = Kpiz, (1)
#i. Ify1 > % and v3 <7, (Region III) then K = Knmis, (72)

w. If n > 7, and 13 > 7, (Region IV) then K = K,,,, .

89
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Figure 8.9. Admissible solutions-Region I

Proof: From Lemma 4.1.1, the two-norm is a strictly convex functional; therefore,
from the corollary to Theorem 9.4.1 [35], any solution to the convex program (8.11)

18 unique.

i. Define the Lagrangian

L = | Teolla + X1 (1Tety lloo = 1) + A2 (1 Ted; lloo — 72) (8.12)

If neither constraint is satisfied with equality, then the Kuhn-Tucker conditions
imply A; = A3 = 0. The problem reduces to the optimal H; control problem
which has the unique solution K,,,. However, referring to Figure 8.9, it can
be seen that this solution is not admissible. Therefore, at least one constraint
must be satisfied with equality. Now, assume 9] = v; and 7; # 7., which
implies A3 = 0. The Lagrangian reduces to

L= Teulia + M (1Tedilloo — 1) (8.13)
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iv.

which is the Lagrangian associated with the mixed Hj/||T.4, || optimal control
problem, which was shown in Theorem 4.2.1 to have a unique solution. Again
referring to Figure 8.9, it can be seen that this solution is not in the admissible
region; thus, 7; = v;. A similar argument can be made for 4; = v, and 97 # 7.
Thus, the only remaining possibility is (v7,v3) = (71,72)-

Assume neither constraint is satisfied with equality. Again, the only controller
which satisfies the Kuhn-Tucker conditions is Kj,,,, which is not in the ad-
missible region as shown in Figure 8.8. Thus, at least one constraint must be
satisfied with equality. Assume now that 4} = v; and 4; # v, which implies
A2 = 0. The Lagrangian then reduces to (8.13) for which the Kuhn-Tucker
conditions are satisfied by the unique Kz, (11), which is in the admissible re-

gion. Since the optimal solution is unique, Kz, (1) is the optimal controller

for Region II.
The proof is analogous to that of ii.

Assume neither constraint is satisfied by equality. Then (8.12) reduces to the

H, problem and K, is admissible; therefore, it is the optimal solution.

The question of existence of a solution still needs to be addressed. In the single

constraint problem, controllers existed for all 4 > 7. For the two-constraint problem

where the constraint intersection falls in Regions II, III, and IV, the existence of a

solution is guaranteed by the definition of the boundaries. However, in Region I,

there is a question of existence of solutions in the neighborhood of the intersection

of 7, and 7,, as depicted by the dashed curve in Figure 8.5. There is no guarantee

that a solution to the mixed problem will exist which satisfies y; = 1, and v; = Yy

concurrently. In fact, numerical results have suggested that there is some limit of

performance in this region. Since no analytical approach has been devised thus
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far to determine the existence or non-existence of controllers, numerical studies are

required to determine where controllers can be found.

8.2 Fized-order Solutions

8.2.1 State Space Formulation. Thus far, the order of the controller has
been free, but for practical design problems it is necessary to fix the controller order.
This section will develop the fixed-order problem and determine characteristics of the
solutions. Unfortunately, with a fixed-order controller, it is no longer possible to use
the Youla parametrization to parametrize the problem over a convex set. However,
conditions can be derived which must be satisfied for an extremal using the first

order necessary conditions of a particular Lagrangian.

Returning to the system in Figure 8.3, the state space of P is formed by wrap-
ping the stable weights from the H; problem from w to z and the stable weights
of the H,, problems from d; tc > around the system G resulting in the augmented

plant i
A By, ++ Bg,_ B, B,
Coo |Dasr -+ Doty Dew Do
P=]: : P : : (8.14)
~e..,, be,.‘,, d °°° -[)e,.,, duco j)eamw ~=umu
% | D v Dut Do Du
-v Dydz : Dvdm Dyw Dw _

where [] are the matrices associated with the system augmented by the H, and H,,
weights. The order of the individual H; and H,, problems will generally be less than
that of P, since P incorporates all the Hy and H,, weighting states. The state space

equations of the H, and H,, problems can be written as
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€3 = Axa+ Byw+ Byu (8.15)
z = Cyzq+ Dyw+ Dyyu (8.16)

y = Cpza+ Dypyw+ Dpyu (8.17)
Foo; = Aoo;Zoo; + Badi + By, u (8.18)
€& = Cooo; + Deg;di + Dew,u (8.19)
¥ = Gy ZToo; + Dya;di + Dypyu (8.20)

where z, is the state vector for the underlying H; problem and z.,, are the state

vectors for the underlying H,, problems.

The mixed H;/H,, problem is: Find a controller K(s) which satisfies

K“aibl}lfiziug | Tewl|2 subject to || Teg;lloo < ¥y =1,2,... 700

where
Tew = Ci(sI — A3)'By+ Dy (8.21)

Tet, = Coi(8] — Aco;) 'Ba; + Deg; (8.22)

are the closed-loop transfer functions from w to z and d; to e;, respectively. The

various matrices in (8.21) and (8.22) will be defined shortly.

To solve this problem the following assumptions are made:
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iii. (Aa, Bya) stabilizable, (Cy3, A3) detectable
iv. DT, D,, full rank, D,,, DY, full rank

| A, —jwl B
v. L “ has full column rank for all w
C. D,,
_
Ay —jwl B,
vi. 1T Iw has full row rank for all w
i Cy, Dy

The rationale for these assumptions is the same as given in Section 5.1.

As in the single constraint problem, D,,D.D,,, must be identically zero for a
finite two-norm of T, to exist; condition iv then implies D, = 0. Thus, consider the

controller K(s) in state space form

i, = Az.+ By (8.23)

u = C.z. (8.24)

Closing the loop of our system we get

*2 = AzXz + wa
= C,
B . (8.25)
Xoo; = Aoo.-xcog + Bd,dl
e = Ce,.x,,,. + Ded'd,
where
_ .
X3 = (8.26)
Zc
-
L oo:
Xoo; = ) (8.27)
- zc
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A, B,C.
Ay = ? (8.28)
| B.C,, A
[ A, B..C:
Ap, = i (8.29)
| B.Cy., A
[ B,
B, = (8.30)
B.Dy
:
Ba,
By = “ (8.31)
| BeDya; |
C.: = |C, D,,,Cc] (8.32)
Ci = | C, D,..,.Cc] (8.33)
D.i; = Deg; (8.34)

8.2.2 The Lagrangian and Necessary Conditions.  The mixed Hy/H,, prob-

lem is now to determine a K(s) such that:

i. Az and A, are stable for all 4
ii. ||Teg;)loc < 7 for some given set of 3; > 7,
iii. ||Tyw||2 i8 minimized.
Extending Theorem 5.2.1 to the multiple H,, constraint case, one obtains the

following.

Theorem 8.2.1 Let (A., B.,C.) be given and assume there ezist a set of solutions
Qu; = QZ;‘. > 0 satisfying

.A,,,.Qoo..+Q°°..A£..+(Q°°‘C£+B¢..DZ;‘)R;l(QwiC£+B¢‘DZ;'.)T+B¢,.B£ =0 (8-35)
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S

for all i, where R; = (v}1 — Deg,DT;) > 0. Then, for each i, the following are
equivalent:

i. (Aooi, Ba;) is stabilizable

#. Ao, 13 stable

8. A: is Staue.

Moreover, if 1, 4, and iii hold, then the following are true:

. [|Tetilloo < % for all i

v. the two-norm of the transfer function T,,, is given by
I Tzl = tr[C.Q2C]) = tr[QaCIC]
where Q; = QF > 0 is the solution to the Lyapunov equation

A3Q; + Q3A7 + Bu,BT =0

vi. all real symmetric solutions Q,; of (8.35) are positive semidefinite for all 1

vii. there ezists a unique minimal solution Q. to (8.85) in the class of real sym-

metric solutions for each &

vill. Qo are the minimal solutions of (8.35) iff
Re[Aj(Ac; + BdiDZ'd.-Rzlcei + QwicZ;Ri_lcei )] < 0 forallj

. Teglloo < (<) % iF Re [M(Auei + BaDILR7Co + QuiCLRTCe)]| < ()0
Jor all j, where Qo are the minimal solutions to (8.85) for each :.

Proof: This is an extension of Theorem 5.2.1 for multiple H, constraints. =

Using Theorem 8.2.1, the problem can be restated as: Determine the K(s)
which minimizes
J(A., B.,C.) = tr[Q,CTC,) (8.36)
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where (), is the real, symmetric, positive semidefinite solution to
A1Qz + QAT + B,BT =0 (8.37)
and such that
AooiQoo; + Qoo A, +(QooiCZ; +Ba, DL )R (QoaiCr, + B, DLy, )T +BaBY, = 0 (8.38)

has a real, symmetric, positive semidefinite solution Qo for each i. To solve this
minimization problem with equality constraints, a Lagrange multiplier approach is

used. The Lagrangian is

L = tr[Q:CTC,] + tr{[4:Q2 + QAT + B,BT) X}

+ 32 r{[ A Quos + Qoos AL, + (QooiCT + B DL )R (QuniCT + By, DT, )T

=1

+ B4 BZ1¥i} (8.39)

where A and ) are symmetric Lagrange multiplier matrices. The resulting first

order necessary conditions are

oc

94 = M@+ X:Q:+ Y Qu +YiQu =0 (8.40)
% _ XTQ.CT + X,QY.0T + XTViy + X,B.Va + YZ.Qa.CT
ch 12W1il,, W1y, 12¥12 2DeV2 12, Wa: Ly,
+Y2Q%,CT_ + Y3 Vi, + V2BV, + (Y. Qa, + Y2Q%,)CT M;
+ (Yi5,Qab; + YaQy,)CT DI M; = 0 (8.41)
5o = BLXQu+ Bl XuQa+ REQu + BaCQs + BL YiQun

+ BY_Y12,Qs + R5,Qa.Y1,Qas; + RS, Qu,Y12,Qn: + RS, Qub Yi3,Qa;
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oc
0x

8L
6Qs

o
oY

oL
Q0

where

+ G Qa2 @y, + R CeQ, Y12, Qs + Ro.CoQuY2,Qn,

+ Ry, CcQ5,,Y1,Qas; + Re,CeQ1, Y75, Qa;

+ Py, (Y1, Qa; + Yi2,Qu;) + Pa, (Y75, Qup; + Ya Q) = 0
= Q2+ QAT + BBl =0

ATX + XA, +CTC, =0

i

(8.42)

(8.43)

(8.44)

= Aw.'Qeo.' + QooeAg.- + (Qwic: + Bd.'Der.-)Ri_l(Qoo.'c: + BdeDer; )T

+ BBl =0
= (Aco, + BJ;DZ;‘R‘TIC:.' + QooaceT.-'Ri_lcei)Tyi

+ yi(‘Aco.' + Bd.'D:erd.-R;lcee + Qot:.'cez.j '_lce.') =0

ES
I

R.-_ID,J.-DL
P, = Dz'u._R‘-—lD,d..Bg".
P, = DT MBT

[ Ql Qn ]

| QT Q: |

| Xt X

-Qa.' Qab.

Qo; =
| Q% Qu

8-18

(8.45)

(8.46)

(8.47)
(8.48)

(8.49)

(8.50)

(8.51)

(8.52)




Vi

B.B]

By, (DZ;' R 'D.g, + I)Bg"

cTc,

CIRC.,

]

,
Y. Y

‘T' % (8.53)
| Yl!.‘ },23'

Bo [BT DT BT]
| B.D,,, oo

Vi VaBS (8.54)
| B.V; BB '

Ba, .
| B.Dy,
[ V.. VBT
 bi BT (8.55)
r C},

[¢. Duc. |
crDI,
( Ry R,2C,
| CTRT, CTR.C. (850)
[ T
“ & 0 Dac. ]

| oTDr,

Boi R 8.57
| CTRYL, CTR.C. (8:57)

As in the single constraint case, these necessary conditions have not been solved

analytically but do provide some insight into the nature of the solution. In particular,
(8.46) implies that either J; = 0 or (Ao, + By, DT} R 'Ce; + Qoo,CL R IC.; ) is neutrally

stable for all . The former condition means the solution is off the boundary of the

corresponding H,, constraint, and the latter condition implies the solution lies on the
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boundary of the corresponding H,, constraint, and Q. is the neutrally stabilizing
solution for that H, Riccati equation. This relation will be used to develop the

solution to the problem.

8.2.8 H,; Order or Greater Solution. The order of the controller, n., is
assumed to be fixed at an order greater than or equal to that of the underlying
H; problem, n,;, and the mixed Hy/H, problem is solved. Since n. > ng, the
unique optimal controller K, , is admissible and the associated H,, problems achieve
infinity-norms of ¥; with this controller. Thus, for the fixed-order mixed H,/H,,
problem with 4; > ¥; for all 4, the optimal mixed controller is simply the H, optimal
controller. Similarly, no controller of any order exists which can reduce v; below the
level of an optimal Ho, controller, y,; therefore, for the mixed H;/Hy, problem, no
solution exists if any ¥; < 7, As was discussed at the end of Section 8.1, a region
where solutions do not exist can exist inside Region I. Currently, this area can only

be determined numerically.

To simplify the discussion, for the remainder of this section it will be assumed
that there are only two active H,, constraints. From the first order necessary con-

ditions, the following theorem can be developed.

Theorem 8.2.2 Assume n. is fized to a value greater than or equal to ny and

Ne = 2. Then the following hold:

i. if 1 2 7, and 72 > ¥,, the solution to the mized H,/H,, problem ezists and
is K,
#. if 1 <7, or 12 < 7,, and a solution to the mized Hy/H,, problem ezists, it

will satisfy at least one of the H,, constraints with equality.

Proof:

i. Since the global optimal K3, is admissible, it is the solution.
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ii. Assume the solution is off both boundaries (i. e., neither constraint is satisfied
with equality). This implies Y, = ), = 0 and the Lagrangian (8.39) reduces
to

L = tr[QC7C.) + tr{[A2Qa + Q2A7 + BuB[]X} (8.58)

From Lemma 1 in [10], the only controller which satisfies the first order nec-
essary conditions for a minimum of (8.58) is the unique K,,,. However, this
golution lies outside the admissible region; thus, a contradiction. Therefore the

optimal solution satisfies at least cne of the H,, constraints with equality.

Notice, inside Region I, we cannot claim that both constraints will be satisfied
with equality as was true in the single constraint problem. While Theorem 8.2.2 does
not fully characterize the solution to the fixed-order mixed problem with multiple
constraints, it does provide insight into methods of solving the problem. For a
strictly sub-optimal solution, the problem can be split into two problems, one with
an equality constraint on the first constraint and an inequality constraint on the
second, and vice versa. The solution will then be the controller which minimizes the

two-norm of H; problem, while satisfying both constraints.

However, if super-optimal solutions are acceptable (i. e., solutions which do
not necessarily satisfy one or both of the constraints, but are within some tolerance of
satisfying them), both constraints can be appended to the H; problem as minimum
distance constraints such as the square of the error from equality. The solution
to this problem will be a fixed-order controller which is minimum distance in a
two-norm sense from the optimal. Since K, is always in some neighborhood of
the global optimal (unconstrained order), a solution to the fixed-order problem,
with order greater than or equal to nj, is guaranteed to exist. The uniqueness -

of the solution, however, is not guaranteed. The super-optimal approach has been
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successfully applied to the multiple constraint mixed problem, as reported by Ullauri,

et al (63].

Finally, the constraints can both be appended to the objective as inequality
constraints. While this is easier to implement than a one equality/one inequality
constraint method, it can lead to numerical difficulties if the region of convergence

is highly non-convex. In practice, this has not been found to be a problem.

8.8 Numerical Solution

Two approaches have been developed to compute controllers which solve the
mixed H,/H,, problem for multiple constraints. The first method, called the Grid
Method, computes the set of controllers which satisfy the H,, constraints in the
region of interest. This is accomplished by holding all but one constraint constant and
varying the remaining constraint. The second method, or Direct Method, attempts to
simultaneously reduce all the H,, constraizts. For the remainder of the discussion
it will be assumed that there are only two H, constraints. The results can be
extended as necessary to handle lazrger constraint sets. Both methods are based on
the inequality constraint program

4
Ko ing | T2

) subject to
I Ted; lloo — 11 <0
| “Tedzuoo -712<0

(8.59)

However, both methods could be modified for equality constraints if desired.

8.8.1 Grid Method.  The grid method consists of solving a series of mixed
problems by holding one H,, constraint constant and reducing the second. Once
the optimal curve has been determined, the first constraint is decremented and the

process is repeated. The initial controllers for the method are determined by solving
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the two single constraint mixed H3/H,, problems to define the region of interest.
The process results in a surface defined by a versus 4, versus 4;. An example of
a surface generated using the grid method is given in Figure 8.10. The values of
71 and 4; corresponding to the optimal H, solution is denoted in the figure, and
the boundaries extending from the optimal H; point are the results from the mixed

H3/||Te, || and the Ha/||Teq,|! optimal control problems.

Figure 8.10. Typical surface generated by the grid method

8.8.2 Direct Method. As was discussed in the introduction to this chapter,
design objectives are often stated as H,, constraints. Since the design objectives are
often limited to one region of the constraint hyperplane, one approach to synthesizing
a controller would be drive all H,, constraints concurrently to the desired region
without computing the entire grid described in the previous approach. The direct
method is an iterative approach where all the constraints are decremented from some
initial point and a solution is found. The process continues until all the constraints

are in the desired region.

For the two-constraint problem, the process used in this approach is to begin

at the optimal H; controller and simultaneously reduce v; and 7, until a controller is
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found which meets both objectives. This results in a controller of fixed-order which
meets both the H,, constraints and has the smallest two-norm for the H; transfer
function. An advantage of the direct method is that the initial controller can be cho-
sen as any stabilizing controller with order greater than or equal to n;. Numerically,
the direct method has been found ‘o work better in the neighborhood of 4, than
the grid method. One reason for this is the direct method approaches the minimum
point from a better conditioned portion of the curve. The grid method attempts
to track the solution along a minimum v curve and is generally less numerically
well conditioned. Once a controller is found via the direct method which satisfies
the design objectives, a reduced size grid approach can be used to determine design

trade-offs in the admissible region.

8.4 SISO F-16 Example

The SISO F-16 longitudinal controller design from Chapter V is used to demon-
. strate the multiple H,, constraint method. This example demonstrates the applica-
tion of the grid and direct methods for finding solutions to multiple-constraint mixed
problems. However, it is not intended as an in-depth analysis of a controller design

with all trade-offs explored. A source for such an exploration is [63].

Recall that the problem is to design a normal acceleration tracker which also
has good noise rejection properties and margins. In the previous example, the H,
portion of the mixed control design was used to minimize response to noise, regu-
late the states, and limit control usage. The H,, constraint was a sensitivity model
matching problem designed to achieve the performance objective and provide ac-
ceptable vector margins. As was seen in the example, there was a trade-off between
the margins and the performance as the solution approached an acceptable tracker.
To exploit this trade-off, a second H,, constraint is appended to improve margins.
Thus, the problem will be an LQG design with a weighted input complementary

constraint to recover margins and weighted output sensitivity constraint to improve
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performance. Since this is a SISO plant, the margins and performance at the input
and output of the plant are the same; however, the methodology which is presented
here can be applied to a MIMO plant to recover acceptable margins and performance
at both ends of the plant. See [63] for a MIMO example of the multiple-constraint

mixed optimization.

8.4.1 Problem Setup. The H,; problem is the same one defined in the F-16
example in Section 6.2.4. The H,, constraints consist of the same transfer functions
used in the Hy/p example in Section 7.3.1.1, except the constraints will be treated
individually. Thus, T.4, will be the model matching input complementary sensitivity
which is used to provide a measure of robust stability. The second constraint (7.4, ) is
an output sensitivity model matching problem which provides a measure of nominal

performance.

The objective is to concurrently:

i. reduce the value of ||T.q4, || below 1 to guarantee robust stability to expected

perturbations

ii. reduce the value of [|7ey, |l to as low a value as possible for nominal perfor-

mance
ili. minimize [T’y ||2 to provide noise rejection, output regulation, and limit ontrol

usage.

The H; and the T.4, matrices are the same as the H, and H,, matrices in

the example in the Sections 6.2.4 and 6.2.2, respectively. The weighting on the

complementary sensitivity is selected as a high-pass filter and is given by

_ 50(s + 100)

¢~ "s+ 10000 (8.60)
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The matrices associated with the complementary sensitivity constraint T.q4, are

[ _1491 0996 -0.188 0 0
9.753 —0.960 —19.04 O 0
Aw, = 0 0 —20.0 0 0 (8.61)
35264 —0.334 —4.367 —40.0 0
| —35.264 0.33¢ 4.367 80.0 —10000.0 |
[ 0 0
0 0
Bd; =10 Buml =] 20.0 (862)
0 0
| 9] L 0]
C, = [ —1763.2 16.7 218.35 4000.0 —495000.0] (8.63)
Cyeoy =[—35.264 0.334 4.367 80.0 o] (8.64)
Deay =[0] Dewy, =[0] Dy, =[1.0] Dy, = [0] (8.65)

8.4.2 Results. A controller order of four was selected so the results could
be directly compared to those of the example in Section 6.2. The problem was ap-
proached by first solving the single constraint problems Ha/||Teq, (oo a0d Ha/||Ted, || oo-
The results of these two problems defined the optimal single constraint curves in
Figures 8.11-8.13. Additionally, the problems defined the constraint plane region in
Figure 8.14, where a trade-off could be made between robust stability and nominal
performance. Of particular interest in Figure 8.14 is that there is no real trade-off
until v, is reduced below 60000. However, for our particular problem, we are inter-
ested in the region close to 7, and 7,. Thus, a direct approach was used to minimize

both constraints concurrently. The result of this search was a controller that yields
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Figure 8.11. F-16, H;/||Te4, ||cc @ versus 7; curve

71 = 0.861, 74 = 1.78, and a = 0.411. This controller produced the lowest values of
71 possible using the available numerical methods.

Now that the minimum point has been determined, it is desired to find the
trade-off of 4;, 3, and a that can be made in the neighborhood of the minimum point.
Thus, a grid method was used. The initial controller was the optimal Hy/||Teq, ||oo
controller corresponding to 43 = 200. This resulted in 4, = 9.37. The grid was
generated by first fixing the value of 4; and reducing the value of ;. The value of ¥,
was then decremented and the process was repeated. The values of 4, used were 200,
100, 50, 20, 10, 5, 2, and 1. To complete the grid, the roles of «y; and 4, were reversed,
and another grid was generated using «, values of 8, 6, 4, 2, 1, and 0.5. The surface
which resulted is given in Figure 8.15. The shape of the surface is as expected, with
an obvious trade-off between H, performance and the constraints. Since our first
objective is to obtain robust stability, we can accept any solution which results in
11 < 1. Figure 8.16 is the projection of the mixed surface in the constraint plane.

Any solution in the acceptable region will guarantee robust stability. Therefore, the
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problem reduces to a trade-off analysis between v; and a. If it is desired, the grid
can be further refined in the acceptable region to determine the best solution.

One interesting result of this particular problem is that the controller with
the best robust stability (a = 0.411,4, = 0.86,y3 = 1.78) yields a different con-
troller from the best one found in the single constraint problem given in Section 6.2
(a = 0.409,v, = 1.02,7; = 1.49). The time responses for both controllers are given
in Figure 8.17. Notice that we give up some nominal performance in order to increase
stability robustness. If we desire, the ; (robust stability) constraint could be relaxed
to 711 < 1.0 and the minimum 43 can be determined. In fact, 4, = 1.02 for the single
constraint controller nearly meets our robust stability bound. Thus, for practical
purposes, the 73 = 1.49 controller achieves our desired robustness bounds. Finally,
the vector margins for the multiple constraint controller are [-7.55 7.31]dB gain
margin and 33.8° phase margin. These are lower than the margins resulting from the
single constraint controller which are [—5.9 10.3]dB gain margin and 40.7° phase
margin. Thus, while the multiple constraint controller has the best robustness to the

modeled perturbations, it has less robustness to independent gain and phase varia-
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Figure 8.17. F-16, Hy/H,, and H,;/multiple H,, controllers, response to unit nor-
mal acceleration step

tions. Since the single constraint controller achieves our robustness bound, and also

provides better performance and margins, it is a better choice for implementation.

The trade-off in performance to achieve our robust stability bound is not sig=**
icant for this problem. This is not a surprising result due to the relationship between
the input complementary sensitivity and the output sensitivity for a SISO system.
However, this will not be true for all problems. In particular, a MIMO system can
result in constraints on the input sensitivity and complementary sensitivity as well
as the output sensitivity and complementary sensitivity. In addition, there may be
constraints on additive perturbations and control usage. Thus, a more significant

trade-off is expected, in general, between the different objectives.

8.5 Summary

This chapter extended the H;/H,, control problem to include multiple Ho,
constraints. The optimal solution for this problem was shown to be unique. Further,

a set of relationships were developed between the level of the constraints and which
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constraints must satisfied with equality for an optimal solution. Fixed-order con-
trollers were addressed next, and it was shown that the solution is either K,,, or it
must satisfy at least one constraint with equality. Based on this result, two numerical
approaches were developed. A grid method can be used to determine the trade-off
available between the constraints. A direct approach can be used if a particular level
of the constraints is desired. Finally, an F-16 longitudinal control design example
was used to demonstrate both numerical methods. It clearly showed the various
trade-offs available to the designer between robust stability, nominal performance,

and margins.
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IX. Mized Hy/Ly and Hy/H,/p/Ly Optimal Control

Thus far, the problem we have examined is a convex program consisting of
an H, objective function with a finite set of H,, constraints. This problem can be
extended to include any finite set of convex constraints. In particular, this chapter
will develop a methodology to include an L, constraint. Once again, the uniqueness
of the optimal (order-free) controller will be shown. Further, a numerical approach
based on an equivalent discrete-time system will be suggested. To conclude this
discussion, all the constraints discussed in this dissertation will be combined into a

multiple-constraint mixed problem.

9.1 Mized H,/L, Optimization

Often the control engineer is faced with requirements which can include limits
on control surface deflections, maximum positive and negative accelerations, limits on
angles of rotation, and so forth. In the mixed H,/H,, problem, these limitations have
been included as bounded energy limitations. While this often works adequately, it
does not ensure that the magnitude limit will be met. A better way of incorporating
these requirements is to treat them directly as bounded magnitude limitations. Thus,
if we consider a system with a bounded magnitude input r and desire to place a limit
on the worst case magnitude of the output m, we can define an induced operator
norm on the system as || Ti,,[|; which, for continuous systems, is just the L;-norm of
the impulse response of the transfer function from r to m. For discrete systems it is

the £;-norm of the pulse response of the transfer function.

There is currently a great deal of interest in developing control synthesis meth-
ods based on the {;-norm (for an in-depth examination of the subject, see [20}). In
this work, we are not interested in trying to solve an {; control problem; rather, we
are just interested in adding an L, or {; constraint into the framework. This is not

as straightforward as the H,, constraint since there is no convenient method of com-
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Figure 9.1. General mixed H,/L, optimization problem

puting the L;-norm of a frequency domain transfer function. However, we are still
dealing with a normed constraint; therefore, the problem remains convex and the
previous work will hold. The fixed-order approach will be modified to compute the
£;-norm of an equivalent discrete transfer function. In general, the problem should
be posed in the discrete domain and both the H, and {; problems solved there. One
reason for this approach is that the final implementation will usually be performed
in the discrete domain. Therefore, a controller designed in the continuous domain
will have to be discretized, which will result in a sub-optimal controller. However,
the discrete problem is beyond the scope of this work; this section will only charac-
terize the optimal (order-free) solution for the Ha/L; problem and develop a hybrid
algorithm for including an £;-norm overbound on the L, constraint in a frequency

domain H3/L; problem.

9.1.1 Uniqueness of the Optimal Hy /L, Controller.  Consider the general
control system shown in Figure 9.1, where w is a unit intensity white Gaussian
noise input, r is a bounded magnitude input, and z and m are controlled (possibly
fictitious) outputs where it is desired to minimize the energy of z and the magnitude
of m. It is assumed that there is no a priori relationship between w and r or z and

m. The measured output is y and the control law is u = K(s)y.




The mixed H;/L, problem is to design a controller K(s) such that the transfer
function from w to z has minimum energy subject t¢ maintaining the magnitude gain
of the transfer function from r to m below some predetermined value v. The former
problem is an H; problem and the constraint is an L; problem. As in the Hy/H
problem, the full plant P(s) is formed from some underlying plant G(s) augmented
with stable weighting transfer functions on the inputs r and w and the outputs m
and z. Partitioning P in a similar fashion to the previous work, this system can
reduced to two separate problems: the H, problem, which is to find an internally

stabilizing controller K(s) which minimizes ||T,,, ||z where
Tew = Pow + Pou K (I — P,K) ' P, (9.1)

and the L; problem, which is to find an internally stabilizing controller K(s) which

satisfies || Tonr]l1 < v for some v where

Tonr = Py + PnuK (I — PuK) ' P, (9.2)

As before, it is assumed that T, is strictly proper and thus has a finite two-
norm. The mixed H;/L, problem can be stated as: find a stabilizing controller
K(s) which minimizes the two-norm of T, and satisfies the constraint that the one-
norm of T, is less than or equal to some fixed ». This mathematical programming
problem can be transformed into a convex programming problem through the use of

the Youla parametrization. The convex program is

Jaf I1Th, + T0,QTs 2
P subject to (9-3)
”Th + T21QT31"1 <v

where T;, are defined in a similar method as T;_ in Section 4.2. Define v as the

minimum v for which a controller exists and v* as the value of v when the loop is
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closed with the optimal (order-free) mixed controller. Also, define ¥ as the value of

v when the loop is closed with K, ,.

Theorem 9.1.1 Let v > v be given. The controller which satisfies the convez pro-

gram (9.8) is unigue. Furthermore, the following hold:

1. if v > U, the controller is the optimal H, controller

#. Ifv <7, v* = v at the optimal (i. e., the solution will satisfy the L, constraint
with equality).

Proof: The proof follows directly from the proof of Theorem 4.2.1. ™

In general, the optimal (order-free) controller will be unique for any convex
constraint. In fact, this result is easily extended to include any finite set of convex

constraints.

9.1.2 Fized-Order Controllers—Numerical Approach. Assume the con-
troller order is fixed at a value greater than or equal to the order of the H; order.
The mixed H,/L, problem can be solved numerically using an approach similar to
that used in the mixed H3/H,, problem. There will be no attempt to characterize
the nature of the fixed-order controller; rather, an algorithm will be developed which
attempts to find a fixed-order controller in a neighborhood of the optimal (order-
free) controller. As before, the region of interest for this problem is ¥ < v < ¥ since,
if v > 7 the optimal controller is K,,,, and if ¥ < v, no solution exists.

Define the program

K3 ing | Towll2
subject to (9-4)

| Tomells —v <0

Program (9.4) can be minimized using the SQP routine described in Chapter
VI. The algorithm will be identical to the previous results with the exception of
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the calculation of the constraint and its gradient. As was discussed in Section 2.3.3,
there is no convenient way of computing the L;-norm. However, the £;-norm of an
equivalent discrete system can be computed to any desired accuracy. Further, from
Theorem 2.3.1, by using an Euler approximation system of the continuous system, we
can always insure that the discrete £;-norm will be an upper bound to the continuous

L;-norm.

To compute the £;-norm, first put the system into an EAS discrete form us-
ing the method described in Section 2.3.3.3. For synthesis, the time step 7 in the
discretization is fixed based on the bandwidth of the system. Once the equivalent
discrete transfer function is determined, the £;-norm is determined using the method
given in Section 2.3.3.2. The acceptable level of error in the norm is also used to

determine N, the point where the infinite sum is truncated.

Finally, the gradient of the constraint is determined analytically. The gradient

i8

[ N
o=, 8 Ug |z Al Bs| + |DEI] 03
82,' a-‘Bi .
[ N
8|3 |cU-rAyrB|+ |D|]
- Lke=0 (9_6)

6::,-

where (Ag, Bg, Cg, Dg) is the EAS equivalent of realization (A, B,C, D) of T,,,.

This proposed method has not been implemented to date. However, it would
appear to provide a straightforward approach to handling L; constraints. Further

development along these lines of research are being pursued.

9.2 H, Optimization with H,,, p, and L, Constraints

To complete this dissertation, we will look at how we can put this all together 4o

solve an aircraft control problem. The various exogenous inputs to the system include
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Figure 9.2. General mixed Hy/Ho/pt/ Ly optimization problem

white noises from wind disturbances and measurement noises. In addition, there
are plant perturbations due to unmodeled dynamics and aerodynamic variations.
The primary design cbjective is to ensure the system remains stable in light of the
noises and plant perturbations. Furthermore, the performance objectives include
attenuating response to noise and perturbations and providing desired response to
commanded inputs. Moreover, it is desired that this performance remain at an
acceptable level in light of the perturbations described above. Finally, there may
be some catastrophic perturbations, such as the loss of a control surface, which are
not desirable to include in the above objectives. However, some limited subset of
the stability and performance objectives must be met in light of these catastrophic

perturbations.

The above objectives can be recognized as the robust stability and robust
performance problems defined in the introduction to this dissertation. Moreover,
we have now developed the necessary tools to handle a set of these objectives in an
optimal fashion. Consider the block diagram given in Figure 9.2. Following the
standard notation from the previous chapters, w represents the white noise inputs,
d and s are the bounded energy inputs and r represents the bounded magnitude
inputs. The controlled outputs z, e, and v are bounded energy and m is bounded
magnitude. As before, no a priori relationship between w, d, s, or r and z, e, v,orm

is assumed. The problem can now be stated as: Find the controller K which solves
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the program

a=_ inf ||Twla
K stabilizing

subject to

P\ 1Tl < ®.7)
1Toelleo < B

| [Tmell < v

Through the use of the Youla parametrization from Section 3.1, the problem

can be transformed to the convex program

(= jof |ITs, +T0,QTsla

subject to

P 3 i + T2 QT lloo < 7 (9.8)
Ty, + T5,QTs,)le < 8

Ty, + T, QT | < v

where T;, are associated with T, T;, are associated with T.q4, T;, are associated

with T,,, and T}, are associated with T,,.
Theorem 9.2.1 Assume the convez program

a= inf 171, + T2,QT5, |l
P subject to (9.9)
Ty, + T3:QTs:lls; <

where §; € {o0,1} andi=1,..., N, is consistent. Then the Q € H, which achieves
the infimum is unique.
Proof: From Lemma 4.1.1, the two-norm is a strictly convex functional, therefore,

from the corollary to Theorem 9.4.1 [35], any solution to the convex program (9.9)

is unique. [




The characterization of where the optimal (order-free) solution will fall rela-
tive to the constraints is complicated for this problem due to the increased number
of constraints. However, the optimal solution must still satisfy the Kuhn-Tucker

conditions.

For fixed-order solutions, both the direct and grid methods from Chapter VIII
can be extended to include the larger set of constraints. As the number of constraints
increases, greater insight into the desired objective bounds will be needed to limit
the region of interest. In addition, the increased number of constraints provide the
designer with more trade-offs. Thus, by incorporating H,, p, and {; constraints
into the H; optimization problem, the designer can now account for a larger set of

stability and performance objectives in an optimal fashion.

9.8 Application of Mized Oplimization

While this section cannot provide a complete method for solving all control
design problems using mixed optimization, some thoughts on applications are ap-
propriate. To begin, it is necessary to determine exactly which portion of the mixed
method will be used to handle each design protlem faced. It may turn out that a
combined approach can be taken where one problem is addressed by a combination
of the objective and constraints. Since the H; problem is the objective function it

is the logical starting point for this discussion.

Traditionally, the H, problem is set up to minimize the influence of both low
and high frequency noise. Additionally, it has been found that tracking can often be
obtained by adding a low frequency noise at the output and minimizing the energy
of the output. While this has some merits, the tracking problem can be directly
approached by using an H,, constraint or an L; constraint. Furthermore, we saw
in the F-16 problem that a good output tracker also had good low frequency noise
rejection. Thus, it may be possible to use the H; portion of the mixed problem

primarily to limit the response of the system to high frequency noise. Of course,
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we assumed that the H,; problem is regular, so some low frequency noise will be

necessary.

The next problem to attack is how to achieve robust stability and perfor-
mance. As we saw, p-synthesis provides a method for achieving the desired robust-
ness. Therefore, the expected perturbations and performances requirements should
be incorporated into a u constraint. However, as has been mentioned earlier, there
may be some perturbations which have a low probability of occurrence, but for which
we desire some minimal level of robustness to. These catastrophic perturbations can
be incorporated into the problem as an H,, constraint. Therefore, a trade-off can
be made between our “normal” capability and the ability to handle catastrophic
events. It should be mentioned that the desire is not necessarily to design a con-
troller which provides for every situation, but rather one which provides some level
of stability and performance while the catastrophic event is identified and the control
laws reconfigured.

Finally a discussion of the level of nominal performance achieved throughout
this work is needed. Using H,, techniques we have been able to find controllers
which track beiter and have better margins than the LQG regulator we began with.
However, we have not achieved the level of tracking performance desired in most
applications. In particular, we are often given specifications on the rise time, over-
shoot, and settling time resulting from tracking a unit step input to the system. All
of these are inherently bounded magnitude constraints. Thus, the obvious approach
to incorporating these constraints is to define them as L, transfer functions and ad-
join them to our optimization problem. Therefore, we are able to address a number
of concerns of the designer and, through the mixed Hy/H,,/u/L1 approach, provide
a method of designing controllers by trading off the various objectives.




X. Conclusions and Recommendations
10.1 Summary

This dissertation has characterized the mixed norm optimization problem for
both order-free and fixed-order controllers. The first problem considered was the
general mixed Hy/H,, optimization problem for output feedback. It was shown that
the problem can be restated as a convex program through application of the Youla
parametrization of all stabilizing controllers. This form was then used to prove that
the optimal order-free solution is unique. Furthermore, through a duality approach,
the controller for a special case of the Hy/H,, problem was shown be non-rational

or infinite order.

Due to the real world requirement that controller order be reduced to an imple-
mentable level, a fixed-order solution was sought. For the mixed H,/H,, problem, it
was shown that optimal fixed-order solutions exist for orders as low as the H, prob-
lem. Further, the necessary conditions for an optimal fixed-order controller were
developed for the mixed problem with both a singular and proper (but not necessar-
ily strictly proper) H,, constraint. In addition, the nature of the optimal fixed-order

controller was characterized based on the level of the desired H,, constraint.

A numerical synthesis method was developed based on the results of the fixed-
order solutions. This method is based on the relationship of the optimal two-norm
versus infinity-norm curve. It has the advantage of only requiring a regular H,
problem, and thus can handle singular H,, constraints, including those that have as-
sociated Hamiltonians with jw-axis zeros. The numerical search was based on either
a Davidon-Fletcher-Powell or a Sequential Quadratic Programming algorithm. Since
the optimal H; solution is easily computed, it was selected as a convenient initial

controller. Both sub- and super-optimal solutions can be found using the method.

10-1




The gradient of the two-norm objective function was derived from Lagrangian
L = tr [Q:CTC,| + tr [(AQs + QAT + B,BI)X| (10.1)

The gradient of the H,, constraint was based either on a central difference or
on an analytical gradient of the associated maximum singular value. The sensitivity
method resulted in more accurate gradients and therefore converged to solutions
faster and more accurately. However, it is limited due to the piecewise continuous
nature of the H,, gradient. Both the DFP and SQP methods took significantly
less computation time than existing methods. Finally, the SQP method was able to
converge to controllers with lower values of y and required fewer iterations than the

DFP method.

The new numerical method was used to demonstrate the application of the
mixed problem to a SISO F-16 normal acceleration control design problem. It was
found that a significant reduction in the infinity-norm constraint could be made
with little increase in the two-norm. This trade-off allowed the mixed controller to
improve both stability robustness and tracking performance without suffering loss of

noise rejection or excessive control usage.

The mixed problem was also extended to include robust performance through
the addition of a p constraint. This was accomplished by substituting the mixed
approach for the last controller design in a D-K iteration. Using mixed Ha/p opti-
migation, both the robust stability and robust performance problems were developed.
The SISO F-16 normal acceleration control problem and a MIMO HIMAT longitu-
dinal control problem were used to demonstrate the usefulness of the mixed Hy/u
problem. In both examples, the order of the controller was reduced significantly
below the order resulting from a u-synthesis design. Furthermore, the F-16 design
demonstrated a significant reduction in high frequency noise response and control

usage when compared to the x controller.
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To extend the class of problems to which mixed optimization can be applied,
multiple H,, constraints were incorporated into the H/H,, problem. It was shown
through convex analysis that the optimal (order-free) controller is unique. Further,
the necessary conditions for an optimal fixed-order control controller were developed.
In particular, it was shown that the optimal fixed-order controller must satisfy cer-

tain conditions based on where the intersection of the H,, constraints fall in the

constraint plane. Two numerical approaches, the grid and direct methods, were de-
veloped to find solutions which satisfied design objectives. Again, the SISO F-16
normal acceleration problem was used to demonstrate the methods. The various
regions in the constraint plane were found and the direct method was used to find a
solution which satisfied the design objectives. Moreover, a grid was produced in the
neighborhood of this solution to demonstrate the available trade-ofts which could be

made between the two-norm and the constraints.

Next, the mixed problem was extended to include L; constraints. Again, the
uniqueness of the optimal (order-free) solution was shown. In fact, this result can be
extended to any set of convex constraints appended to the H; problem. A numerical
approach to the Hy/L, problem was proposed. It is based on computing the £;-norm
of an equivalent discrete-time system.

Finally, all of the above results have been combined to form an H; optimiza-
tion problem with any finite set of H,,, 4, and L, constraints. Such problems arise
often in aerospace applications. One particular example is a robust performance
problem which also has a robust stability objective due to another potential catas-
trophic perturbation. If the catastrophic perturbation is included in the structured
perturbation, it can limit the performance available under “normal” perturbations.
Therefore, it is not desirable to include the catastrophic perturbation into the struc-
tured perturbation for the g robust performance constraint. However, with the

mixed approach, the catastrophic robust stability objective can be appended to the
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problem as an additional H,, constraint. Now a trade-off can be made between

robust performance and “catastrophic” robust stability.

10.2 Recommendations for Future Research

While this dissertation has contributed to the understanding of mixed norm
optimization problems, there still remains a number of questions to be answered.
The first of these is what the optimal order of a mixed controller is, and what the
optimal mixed curve looks like. While the optimal order appears to be infinite, this
has not yet been proven analytically. This problem may possibly be solved through
the operator-theoretic approach developed in this work.

Another question which has not been answered is the uniqueness of the optimal
fixed-order controller. Numerical results to date tend to indicate the controller is
unique. However, due to the lack of convexity of the underlying set, it has not
been shown whether or not the optimal fixed-order solution is unique. Perhaps the

application of nonconvex analysis to this problem will be able to answer the question.

Thirdly, the synthesis method proposed in this work has not been refined to the
point where it is ready for everyday application. In particular, the numerical solution
has problems around the knee of the a versus «y curve. The largest contributor to this
problem is the nature of the H,, constraint. For problems of interest, the gradient of
the H,, constraint is only piecewise continuous; this leads to the gradient being valid
in only a small neighborhood of the nominal solution. Thus, the step size of the one
dimensional search must be reduced, resulting in an increased number of iterations
to converge to a solution. Another problem is the non-uniqueness of a particular
state space realization of the controller transfer function. This has been partially
overcome through the use of the modal canonical form, but this does not allow all
possible controller transfer functions (i. e., it only allows controllers with first order

Jordan blocks). Incorporation of a modified Jordan form [60] should overcome this
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limitation. Refinement of the numerical method is an open problem which should

yield a significant advance in optimal control synthesis.

The fourth open area is the H;/L; optimization problem. While a continuous
approach to this problem has been proposed, the appropriate approach is in the
discrete domain. In fact, the entire mixed framework should be rederived in the
discrete domain. This has the advantage of producing a controller which can be
directly implemented by a digital computer without adding the complicated and sub-

optimal step of discretizing a continuous controller. This work is currently underway.

Finally, mixed H; optimization with H,, g, and L, constraints needs to be
demonstrated on a realistic control design problem. As was suggested, a robust per-
formance problem combined with a catastrophic robust stability objective would be
ideal for this. Further, the ever-present noise rejection and state regulation problem
can be incorporated into the H; problem. Finally, the L; constraints can be used to
enforce time domain constraints, such as control deflection and normal acceleration
limits. Through such control design examples, the flexibility and power of the mixed
optimization approach can be further explored and refined.
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Appendiz A. SISO F-16 Short Period Model

The F-16 normal acceleration command control system is modeled by a con-
tinuous, time-invariant linear system shown in Figure A.1. The system consists of
a two-state short period approximation of the normal acceleration command system
augmented with a pre-filter for the servo dynamics and a post-filter to model the
control delay. The plant states are the angle of attack (a) and the pitch rate (q).
The input is the stabilator deflection (8,) and the output is normal acceleration (n,).

The plant (W,,) is given by

& [ _1.491 0996 | [ a] —0.188
+ 5]
0.753 —0.96 | | q |

J L

(A1)

7 r 1| @
[ n, | = | 35.264 —0.334 + [ —4.367 ] [ [ ]

The actuator dynamics (W,) are modeled as a first order relation between the

commanded stabilator deflection (é..,., ) and the actual deflection given by

8. = —20.05, + 20.06,... (A.2)

A first order Padé approximation is used for the time delay (W;) and is given by

d

Nrgney = 80.0d — m,

-40.0d + n,

(A.3)

where (n,,,,,,) is the output of the system.

A wind disturbance is modeled as an angle of attack perturbation by a zero-

mean white Gaussian noise with a strength of 5.0 x 10~* rad*-sec. The measurement

is corrupted by zero-mean, white Gaussian noise of strength 1.6 x 10~% g?-sec. The
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Figure A.1. F-16 model block diagram

strength of the noises were determined by tuning a linear quadratic estimator. The
truth model for the tuning and analysis includes a first order Von Karman wind
model for the low frequency process noise (W,,), which entered the plant as an alpha
perturbation (T'), and a high-pass filter to model the measurement noise (Wy,). These

models are given, respectively, as

Z, = —6.Tz, + 0.0187w, (A.4)
E = Tw (A5)
zm, = -—10z, + 0.004w, (A.6)
7 = 1.0z, + 0.004w, (A.7)
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where w, and w; are unit strength white-Gaussian noises, z, is the wind state, z,, is
the measurement noise state, ¢ is the process noise, and 7 is the measurement noise.

T is the first column of the plant A matrix given in (A.1).




Appendiz B. MIMO HIMAT Model

The model is taken from data for the HIMAT vehicle [44]. The model is a
coatinuous, time-invariant linear system, consisting of the four-state longitudinal
dynamics. The states are forward velocity perturbation (§,), angle of attack (a,),
pitch rate (g), and aircraft attitude (6,). The control inputs are elevon (é.) and
canard (§.) and the measured outputs are angle of attack (a) and aircraft attitude

(9). The plant is given by

[ 4, ] [ _0.0226 —36.6 —18.90 —32.1 | [ 4, |
& | 0 -190 098 0| o
il 0.0123 —11.7 —2.63 0| q

| 6, | i 0 0 10 0|6

[ 0 0]

| oae o [s,] 5.1
~77.80 2240 | | &

L 0 0-

o
a|] [osm30 offa
[0]_[0 0057.3] q

L 0,- 4

The design and truth model noise inputs are the same as those given in Ap-
pendix A only with the units on the sensor noise changed to deg’-sec. The truth
model is shown in Figure B.1, where A, B, and C are defined in the normal way and

T is the second column of A.




s

X,

'B | C
0
K |

Figure B.1. HIMAT model block diagram
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