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Propagation of Radius—Tailored Laser Pulses Over
Extended Distances in a Uniform Plasma

L Introduction

The physics of intense laser pulse propagation in an underdense plasma is a problem
of recent interest for a variety of applications,!? including radiation generation (laser
harmonics, x-ray sources) and advanced accelerators (laser wake-field accelerator, plasma
beat-wave accelerator). Some applications, particularly the laser wake-field accelerator
(LWFA), require laser propagation over several laser diffraction lengths at ultra-high laser
intensities. In the LWFA 3% a short (17 < 1 ps), high power (P > 1 TW) laser pulse
propagates in plasma to generate a large amplitude (E; > 1 GV/m) wake field, which can
trap and accelerate a trailing electron bunch.

Ultra-high-intensity laser pulses require a tight focus and are characterized by an
intensity high enough that relativistic effects become significant (a9 ~ 1) and a vacuum
diffraction length, or Rayleigh length Zg, that is is relatively short (Zgr < 1 cm). Here,
a9 = eAg/mc® is the peak amplitude of the normalized vector potential of the laser
pulse, Zp = xr3 /), ro is the laser spot size at focus, ) is the laser wavelength, m, is
the electron mass, and a Gaussian radial profile has been assumed. In terms of the peak
laser intensity I, ap = 8.5 X 10~2°A[um]I*/2[W /cm?®] for linear polarization, which will be
assumed throughout this paper.

Computer simulations of such laser pulses can be problematical because of the dis-
parate time and length scales involved. Typically, A €« L €« Zg, where the laser pulse
length L = c1y is defined as the full-width-at-half-maximum of the laser intensity. A
numerical code, LEM (Laser-ElectroMagneiic), has been developed to simulate laser prop-
agation in an underdense plasma for arbitrarily high values of ap. It is based on the

- cold-fluid model equations given in Refs. 7 and 8. In developing this code, the model equa-
tions for the plasma response to a given laser field were recast in a numerically tractable
form. In this paper, the numerical equations are presented and, as an example, the code
is applied to the propagation of radius-tailored laser pulses. Theoretical model equations
governing the choice of radius tailoring are also given.
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Radius-tailored laser pulses, which were discussed briefly in Ref. 7, have a unique prop-
erty in that they can propagate over extended distances (> 10ZR) in a uniform underdense
plasma. While previous simulations of such pulses” were performed in the context of the
paraxial approximation, which gives a constant laser group velocity v, = ¢, the present
study shows that, for cases of interest, variations in the group velocity of the laser pulse
over the length of the pulse can have a significant effect. In the present study, theoreti-
cal model equations governing the choice of the axial pulse profile for radius tailoring are
discussed and parameter requirements and tolerances are given for such pulses and for the
injection of these pulses into a plasma. Also, the construction of a radius-tailored laser
pulse from from a series ultra-short Gaussian pulses is considered.




IL. Model Equations
These simulations were based on the laser-plasma fluid model described in Refs. 7
and 8, which utilizses (r,{ = z — ct,7 = t) coordinates. The laser pulse moves in the
positive z direction such that the front of the laser pulse remains near { = 0. The physical
region of interest extends from { = 0, where the plasma is unperturbed, to ( < 0. The
. model, which takes advantage of the separation between the fast (1) and slow (Zg,),)
time and space scales, is valid when Zp > L, Zgp » );, A € 1, and A < ),, where
Ay = 2mc/wp is the plasma wavelength, w, = (47we?ng/m.)'/? is the electron plasma
frequency, no = n(®)(r = 0) and n(®)(r) is the initial electron density profile (in the
simulations shown below, an initially uniform plasma radial density profile is assumed).
Laser pulse evolution is described by the wave equation

(Vi X 2,2 2 8?’87) iy = klp,d,. (1)
To include variations in the laser group velocity, the 82/8(8r term is retained in Eq.
(1), in contrast to Ref. 7. In Eq. (1), ay = eAs/m,c? is normalised vector potential of
the laser pulse, &, is the slowly varying amplitude (a; = é;exp(iko()/2 + c.c, where c.c.
denotes complex conjugate), k, = wyp/¢, p, = n,/v,m0, n, is the plasma density, v, is the
relativistic factor of the plasma, and the subscript s denotes a slowly-varying component.
The plasma response to a given laser field &; is given by”®

VJ_.D = P-“n - bgzv¢u (24)
(V.’L + &53 ::,) ¢, =k} (70Pl - P“)) ’ (28)
‘g‘(‘(ua-ﬂc)= V(7l-¢o)’ (2¢)

wl, +ligf2/2+ 92
T+ %) (2d)

where the Coulomb gauge has been used (V-a, = 0) and ¥, = ¢, < a;,. In Eqgs. (2a-
d), 8, = eA,/me® and ¢, = e®,/mc® are the normalised vector and scalar potentials,

Yo=1+




respectively, u, = p,/mc is the normalized momentum, p{°) = p,(¢ = 0), and the plasma
ions are assumed to be immobile.

In the axisymmetric case, Eqs. (2a-d), along with V-a, = 0, can be combined to yield
a single equation™® of the form 8%v,/8{* = G(¥,, |as|?). This equation can be written as

Ot = (s~ V1) e 2 (Vi -0, (30
where Uzs = Vs — ¥, — 1,
1 8
uj = E;;gc'(v.ﬂbn)’ | (3b)
and
! ; 55 (P +871%). (3<)

A form of equation (3a) is solved numerically to obtain the plasma response. Both the
derivation of Egs. (3a-c) and the details of the numerical solution are discussed in the
Appendix.

The LEM code has been used to simulate the effects of several instabilities of recent
interest, such as the forward Raman scattering (FRS) instability®? and the self-modulation
instability.®®® Certain instabilities, however, cannot be adequately described using the
formulation given here. In particular, the growth large-angle Raman scattering, also called
Raman side-scatter (RSS),19!! is suppressed by the numerical scheme, which includes a
radial smoothing algorithm. This smoothing algorithm is required to suppress a numerical
instability and is discussed in the Appendix.

It is reasonable to neglect the effect of RSS on the simulation results given below
because of the short pulse duration (k,L = 12) and because the intensity varies over the
length of the pulse. Specifically, Ref. 10 indicates that the growth of RSS over the length
of the pulse is minimal for short pulses with k,L < 10 — 20. Furthermore, additional
simulations of radius-tailored pulses, with k,L > 10, showed that the growth of the FRS
and self-modulation instabilities were strongly suppressed by the radius tailoring. This
suggests that radius tailoring may also suppress large-angle Raman scattering.




III. Radius—Tailored Laser Pulses

A radius-tailored laser pulse is a pulse configuration which is designed to to propagate
over a long distance by the mechanism of relativistic optical guiding.}?!'3 Relativistic opti-
cal guiding, which generally occurs when the laser power Py ~ 21.5(ag7g/A)? GW exceeds
the critical power P. ~ 17(A;/A)? GW, where Py /P, = (kproaq)?/32, is problematical be-
cause the leading portion of a laser pulse (|{| < },) tends to diffract as if in vacuum® 7 and
because long pulses (L > ),) tend to undergo self-modulation.®~!° With radius tailoring,
the laser spot size at focus is tapered from a large value at the pulse front to a small value
over the length of the laser pulse while keeping P/P. ~ 1 throughout the pulse. This
condition is met when az({)rr({) =~ 0.9),, where rL is the laser spot size and a; = [dy|.
Radius tailoring is designed to relativistically guide the high intensity portion of the laser
pulse while allowing the leading portion of the pulse to simply diffract. The tapered radius
produces a locally large diffraction length at the pulse front, Zro(¢ = 0) > Zg (¢ = —L),
where Zpo = xrr({,7 = 0)/). Hence, the pulse can remain focused over large distances
er > Zpo({ = —L). Furthermore, self-modulation is suppressed for L < 2), because the
increasing laser intensity over the length of the pulse does not excite a strong wake field
within the pulse. Note that while the spot size at focus varies along the length of the pulse,
each point along the pulse must reach its focus simultaneously.

The selection of a pulse profile is motivated by considering the envelope equation of
Ref. 9, which describes the evolution of the laser spot sise r.({,7) of a pulse with an
approximately Gaussian radial profile in the limits a* « 1, r}k} > 1. Assuming an
initially uniform plasma, the envelope equation can be written as

PR &

' ' P({")/Pe _
=y {1 4R‘k,/ d{’ sinfky(' — O][R’(«:)+R'(c')]’}'°’ (4)

where R = rz({,7)/r0, ro is now defined to be a constant equal to the minimum spot
sise at focus (corresponding to the peak value of |éy| = ag) and Zp = »r3/A. The
second term in Eq. (4) represents vacuum diffraction whereas the third term represents
the focusing/diffractive effects of the plasma.

Initially, for e7 € |ZResfl, R~ R(r = O)[1 + (cT/ZR,e7)*]*/?, where the inverse of
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the effective diffraction length x* =1/Z3} ., is
2 _ 1 / v ' P(¢")/ P
x 1-4R* sink : 5
In this notation, x = 1/Zpo corresponds to vacuum diffraction, x = 0 indicates a
“matched” (-slice (focusing and diffraction forces are balanced) and x? < 0 corresponds
to net focusing. The choice of initial pulse profile, specified as P(¢) and ar({,r = 0), is

‘ motivated by the desire to have x vary smoothly from x = 1/Zg o({ = 0) at the leading
* edge of the pulse to & ~ 0 at the tail of the pulse.

| To illustrate, consider four radius-tailored pulse configurations, each at constant
power: (a) az = agsin(—(r/4,), 0 < —( < 2A,, P = F,; (b) Case (a) with P = 1.2F,;
(c) & = —¢al/2Ay, 0 < —( < 2)y, P = Pi; (d) Case (c) with P = 1.14P,. Plots of
(xZR)? versus { are shown for each case in Fig. 1. Here, (xZr)? = Z}/2% .,/(C) is 2
i measure of the initial rates of diffraction/focusing throughout the pulse relative to the
vacuum diffraction rate associated with the back of the pulse. For comparison (xZg)? for
a rectangular pulse with af = a9, 0 < —( < 2,, and P = P, is shown in Fig. 2. Figures
1 and 2 illustrate key phenomena that have been observed in LEM simulations of tailored
and non-tailored laser pulses.

The most significant diffraction in Fig. 1 is observed at the peak of (xZg)? near the
beam head (|(| < Ap/2), where the laser is everywhere slowly diffracting. For example,
I the peak diffraction in case (a) occurs at { ~ —0.65),, where (xZz)? = 0.015. This
corresponds to Zgss = 8.2Zp. The peak diffraction near the beam head can be reduced
by increasing the laser power in this region. In case (b), the peak diffraction corresponds
to ZReys = 10.5Zp. This suggests that a carefully designed tailored pulse might have
peak power somewhat greater than P, at and near the pulse head, tapering to P ~ P, at
the tail of the pulise.

For constant P/P,, there is a trade-off between diffraction near the head and over-
focusing in the body of the pulse. Simulations show that, at ro = ), the allowable range
is 1 < P/P. < 1.5, with optimum results at P/FP. ~ 1.2. While a detailed study has not
3 been performed, it is clear that this tolerance will vary with ro. In particular, for ro 3 A,
and P > P., simulations have verified that the relativistically-focused tail portion of the

iy
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pulse is far from radial equilibrium. For P > P, a laser pulse in a transverse equilibrium
state'?!? has a characteristic radius req < ).

The tendency of non-tailored laser pulses to erode®’ is illustrated in Fig. 2, which
indicates diffraction over a region of length A\;/4 near the head of the rectangular pulse
(ZR,efs = ZR at the pulse head). Figure 2 also shows regions of focusing and defocusing
which lead to the self-modulation instability of Refs. 6-10. These periodic regions are due
to the plasma wave generated by the rise time L,i,./c of the pulse (for a square pulse,
k:Lf.,-,. < 1). Figure 1 shows that radius-tailored pulses also have this tendency, but to a
lesser degree (the characteristic defocusing lengths are smaller by approximately an order
of magnitude). Simulations show that for L *» A, self-modulation can be a significant

effect, even for radius-tailored laser pulses.
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IV. Simulations

As an example of radius-tailored laser pulse propagation, consider a laser pulse with
radius tailoring over the region 0 < —( < 2);, where P = 1.14P, and a} = —(a2/2), as
in case (c) above, and decreasing power over the region 2\, < —( < 5),/2, where rp, =7y
and a} = —2a3(¢ + 2X;)/Ap. With ao = 0.96 and plasma density ny = 5.5 x 107 cm 3,
we have rg = A, = 45 pm, P. = 35TW, P, = 40TW, and Zg = 4577, = 0.64cm.

The simulation begins at 7 = 0 with the laser pulse outside the plasma, one Zp away
from the focal point. The transition from vacuum to full plasma density occurs over a
distance of 0.3Zz such that full density is reached at the focal point. Simulations show
that with a longer transition region, the laser over-focuses and the effectiveness of radius
tailoring is reduced. The simulation continues until ¢r = 16Zg.

Figure 3 shows plots of the normalized laser intensity |a|? at cr = Zg, as the pulse
enters the plasma with a minimum spot size £z min = Ap, and at e = 16Zg, where the
minimum spot sige i8 77 min = 0.59),. In this code, the r is the radius enclosing 86.5%
of the laser power (for a Gaussian pulse, a ~ e~" /72).

Several interesting effects have been observed in this and in other LEM simulations.
Firstly, the laser pulse deviates from its initial Gaussian profile, becoming highly peaked
on axis. As a result, the quantity azr; does not remain constant. Secondly, because
vg < ¢, there is a noticeable degree of slippage in the {-position of the pulse versus time.
Thirdly, because of nonlinear effects, v, varies with the laser intensity.>* The tendency
of the laser to “steepen” and develop a peaked profile versus { can be attributed to this
effect. In fact, the range of validity of these simulations was limited by this tendency:
when az|8az/8(|~! ~ A, Eqs. (2a)-(2d) no longer hold. Fourthly, a large amplitude wake
field, with E; ~ 30 GV/m, is generated behind the laser pulse.

Note that the results stated above and in the previous section indicate requirements
on plasma uniformity and on the sharpness of the vacuum-plasma boundary. Because
P. ~ 1/nq, the requirement that 1 < P/P. < 1.5 indicates that a variation in ny as large
as +15% is acceptable for a radius-tailored pulse with uniform power. This was verified
to some degree in simulations of radius-tailored pulses in which the plasma density varied
by +10% with 2-4 oscillations per Zg. These density variations produced no discernible




oy

change in the results. When the laser power is nonuniform, as in the cases below, this
requirement becomes somewhat more strict. The requirement, stated above, that the
vacuum-plasma interface have a width smaller than 0.3Zp should not pose a significant

difficulty, since Zg » A, for typical tailored-pulse parameters.
While the ideal laser pulse configuration of Fig. 3 may be difficult to produce in the

laboratory, it may be possible to construct an approxima‘e radius-tailored pulse through
the superposition of several ultra-short pulses, each with a different spot size. A somewhat
idealized configuration of 5 overlapping laser pulses is shown in Fig. 4. Each pulse has a
Gaussian radial profile and an axial profile given by ay, ~ sin(—({7/2L),0 < —( < 2L, with
L =17 pm (L/c = 57 1s). This configuration is idealized in the sense that the overlapping
pulses are phase-locked, resulting in constructive interference, and the separation between
pulses is 23 um such that the variation in power along the pulse is minimized with peak
power Ppear = Py = 40 TW, as in Fig. 3, and (-averaged power (P) ~ P.. This simulation
is otherwise identical to that shown in Fig. 3. As in that case, a laige amplitude wake field
E, ~ 25 GV/m is generated behind the laser pulse.

A less ideal configuration of overlapping short pulses is illustrated in Fig. 5. Here, the
idealization of phase-locking is removed, with each pulse having a randomly-chosen phase
shift. Since tailored pulse simulations at 7y = )\, show successful guiding for 1 < P/P, <
1.5, the pulse spacing has been decreased to 20 um. Thus, in the case of perfect constructive
interference, Ppear =~ 1.5P), where again Py = 40 TW. Because this configuration contains
a random phase-shift for each pulse, the results from an ensemble of simulations must be
considered. For practical reasons, a statistically small ensemble of 20 simulations was used.
Of these, five were deemed “successful”, i.e., a wake with E, > 20 GV/m persisted over
a propagation range greater than 10 Zr. Results from one such case are given in Figs.
5 and 6, with Fig. 5 showing the laser intensity plotted at ¢ = Zg and at e = 11Zp,
and Fig. 6 showing the laser power plotted versus {( at 7 = 0. For comparison, P versus
¢ is also shown for the ideal phase-locked case of Fig. 3. The results of the remaining 15
simulations were characterised by the axial break-up of the laser pulse. In many of these
cases, one or more of the resulting “beamiets” propagated greater than 10 Zg, but with a
reduced wake amplitude (E; <15 GV/m).




Clearly, experimental confirmation of the results of Figs. 4 and 5 would be difficult.

While it is beyond the scope of this paper to provide an experimental design, it seems
reasonable to speculate that in such an experiment a long laser pulse would be split into
five separate pulses with separate optical paths. The optics would have to be tuned in
such a way that the pulses arrive at focus simultaneously. Only small errors in the relative
timing and focal positions (<€ 20 um) would be allowed. It is not clear whether or not
such an experiment could be performed using present technology.
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V. Conclusions

The numerical fluid code LEM, described above and in the Appendix, allows simula-
tion of intense laser pulses over extended distances (¢ 3> ZR). Because the code computes
the evolution of the laser envelope on the plasma time-scale, these simulations are signifi-
cantly faster than those carried out by more conventional means, such as the particle-in-cell
method. Simulations of radius-tailored laser pulses propagating in a uniform underdense
plasma show that such pulses can remain focused over distances greater than 10Zp in
accordance with Eq. (5), which was derived from the laser-plasma envelope equation of
Ref. 9. These simulations show that large amplitude wake fields (E; > 1 GV/m) can be
generated behind the radius-tailored pulse provided that the intensity terminates in less
than a plasma wavelength. Simulations also show that a radius-tailored laser pulse can be
constructed from a series of overlapping ultra-short (L/c ~ 50fs) Gaussian pulses.
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Appendix: Numerical Solution of the Model Equations

The model equations are given as Eqs. (22-d) in the main text. These equations make
use of the quasi-static approximation, in which it is assumed that the scale length over
which the laser field evolves is long compared to the laser pulse length (Zg > L). In this
limit derivatives with respect to 7 are dropped relative to derivatives with respect to { in
the plasma fluid equations, but not in the wave equation. In addition, Eqgs. (1) and (2a-d)
have been averaged over the fast ()) laser oscillations. The resulting simulation code,
LEM (Laser-ElectroMagnetic), describes the laser envelope é; and the plasma response

on a spatial grid that resolves A, L and ro, with a time step that resolves the evolution of
the laser intensity (Zgr/c) and the phase oscillations, due to plasma dispersion, of the real
and imaginary parts of é;, which have a characteristic period kA2 /wec.

Equations (2a-d) are numerically intractable in the sense that it is not clear which
equation should be solved first, second, etc., or if an iterative method of solving the equa-
tions can be expected to converge to a meaningful solution. This numerical quagmire can
be avoided by recasting the problem into a single equation for the quantity ¥,, given as
Eq. (3a) in the main text. An outline of the derivation of Eqs. (3a-c) is as follows. The
axial component of Eq. (2c) yields the constant of motion u,, = 4, — ¥, — 1. Substituting
és = ¥, + a,, into the axial component of Eq. (2a) gives

%zz,/;_‘ = k2 patts, — Va,,. (41)
Subtracting this from Poisson’s equation, Eq. (2b), gives Eq. (3c) for p, in terms of ¥,.
Assuming axisymmetry (8/80 = 0), Eqs. (2c) and (2a) imply ug,, = ag,, = 0. Substituting
¢, = ¥, + a,, into the transverse component of Eq. (2a) and using V.-a, = 0 and
%9, = ag,, = 0 gives Eq. (3b) for uy , in terms of ¥,. Operating on Eq. (2c) with (V.-)
and using the gauge condition and the constant of motion gives

Via,, = Viu,, - %(V.L “uy,). (A42)

Equation (3a) for 8, /8(? results from substituting Eq. (A2) into Eq. (A1).

12




Equation (3a) can be written in the following form:

[1 vzl + (VJ.PI) R v/ 82¢0

- kgPa k;l’z * 8(2
v? V.LP.
= [1 "t ( k23 ) ‘V‘] Eppins (49
—2 (007} Oy , u
. 2 s x,8
+V. [k, ( 8¢ )V.L %t Vm.]-

The quantities p, and u,,, can be written as functions of ¥, and |as|? usingu, , = 7,—¥,—1
along with Eqs. (2d), (3b) and (3c). Equation (A3) can be integrated numerically in ¢
in a straightforward manner by starting at the { = 0 boundary, where the plasma is
unperturbed and where ¥, = V1%, = V24, = 8%,/8( = 0 is assumed. For the purposes
of numerical solution, the form of Eq. (A3) is preferable to that of Eq. (3a) because the
‘second-order derivative 8%, /8¢?, which occurs in the last term on the right side of Eq.
(3a), now appears on the left side of Eq. (A3). Radial boundary cora. ons in Eq. (A3) are
dictated by axisymmetry at r = 0 and by the imposition of a metallic wall at » = r,, > 7.
Equations (1) and (A3), along with the auxiliary Eqs. (2d), (3¢c) and (3d), provide a
complete description of the laser-plasma interaction on the plasma time scale. |

In numerically integrating Eq. (A3) versus {, care must be taken to avoid a numerical
instability wherein a sufficiently large disturbance in ¢, with a sufficiently large transverse
wavenumber grows exponentially as a function of (. This can be seen heuristically by
considering a small amplitude electrostatic wake field in a uniform plasma (p(®) = 1) with
7 —1 <%, <1 and a,,, = 0. In this case, Eq. (A1) can be written

i‘% = —( + K., (44)
where $.(¢,z) = P.(¢,k1)e~1* and z is the transverse coordinate. For k34, <« k3,
Eq. (A4) produces the usual oscillatory wake field, with wavenumber k,. However, a
numerical instability occurs for any transverse wavenumber that satisfies &3 > k:/\l;.(h_).
In particular, consider the Nyquist wavenumber ky = x/Az (the highest wavenumber
that can be carried on the numerical grid), where Az is the transverse grid spacing. The
stability requirement is that any numerical “noise” at k = kxy must be have a very small

13
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[
amplitude: ¥,(kn) < (2A2/),)?. From Eq. (3c) it can be shown the instability condition
k3 > k3/$,(kL) corresponds to a negative plasma electron density, an unphysical situation.
J The instability is therefore numerical in nature and is avoided by filtering out the high
transverse wavenumbers (k 33> 1/ry) from ¥,.

14
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