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ABSTRACT

An abstract framework for the analysis and ý.pproximation of a class of nonlinear optimal control

and optimization problems is constructed. Nonlinearities occur in both the objective functional and

in the constraints. The framework includes an abstract noný ,ear optimization problem posed on

infinite dimensional spaces, an approximate problem posed on finite dimensional spaces, together

with a number of hypotheses concerning the two problems. The framework is used to show that

optimal solutions exist, to show that Lagrange multipliers may be used to enforce the constraints,

to derive an optimality system from which optimal states and controls may be deduced, and to

derive existence results and error estimates for solutions of the approximate problem. The abstract

framework and the results derived from that framework are then applied to three concrete control

or optimization problems and their approximation by finite element methods. The first involves

the von Kirma.n plate equations of nonlinear elasticity, the second the Ginzburg-Landau equations

of superconductivity, and the third the Navier-Stokes equations for incompressible, viscous flows.
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1. Introduction

The need to solve optimization and control problems arises in many settings.
Although in some cases these problems may be easily solved, either analytically or
computationally, in many other cases substantial difficulties are encountered. For
example, candidate optimal states and controls may belong to infinite dimensional
function spaces and one may have to minimize a nonlinear functional of the state and
control variables subject to nonlinear constraints that take the form of a system of
partial differential equations whose solutions are in general not unique. In this paper,
our goal is to construct and analyze a framework for the approximate solution of
many such problems. The setting for our framework is a class of nonlinear control or
optimization problems which is general enough to be of use in numerous applications.
The major steps in the development and analysis of our framework are as follows:

"* define an abstract class of nonlinear control or optimization
problems;

"* show that, under certain assumptions, optimal solutions exist;

"• show that, under certain additional assumptions, Lagrange mul-
tipliers exist that may be used to enforce the constraints;

"* use the Lagrange multiplier technique to derive an optimality
system from which optimal states and controls may be deduced;

"* define algorithms for the approximation, in finite dimensional
spaces, of optimal states and controls; and

"* derive estimates for the error in the approximations to the op-
timal states and controls.

Two of the key ingredients used to carry out the above plan are a theory given in
[211 for showing the existence of Lagrange multipliers and a theory first developed in
[6] for the approximation of a class of nonlinear problems. In both of these theories,
certain properties of compact operators on Banach spaces play a central role. We
point out that the nonuniqueness of solutions of the nonlinear constraint equations
deems it appropriate to employ Lagrange multiplier principles.

After having developed and analyzed the abstract framework, we will apply it
to some specific, concrete problems. In each case, we use the abstract framework to
analyze the concrete problems by merely showing that the latter fit into the former.
The particular applications we consider are:

"* control problems in structural mechanics having geometric non-

linearities that are governed by the von Kirmin equations;

"* control problems in superconductivity that are governed by the
Ginzburg-Landau equations; and

"* control problems for incompressible, viscous flows that are gov-
erned by the Navier-Stokes equations.

In considering these applications, we will purposely choose different types of controls
in order to illustrate how these can be accounted for within the abstract framework.
In all three cases, approximation will be effected through the use of finite element
methods.
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2. The abstract problem and its analysis

In this section we define and analyze an abstract class of constrained nonlinear
control problems; an outline of the definitions and results of this section is as follows.

"* In 52.1, the abstract class of constrained control problems that
we consider is defined.

"* In J2.2, a list of assumptions about the class of abstract prob-
lems is given.

"* In Theorem 2.1 of S2.3, some of the assumptions listed in S2.2
are used to show that optimal solutions of the abstract problem
exist.

"* In 52.4, some additional assumptions of §2.2 are used to show
that Lagrange multipliers exist that may be used to enforce the
constraint; also, first-order necessary conditions are given.

"* In Theorems 2.5 and 2.6 of §2.4, the first-order necessary condi-
tions for determining optimal states and controls are simplified
under additional assumptions about the control set.

"• In 52.5, the optimality system from which optimal controls and
states can be determined is made more amenable to approxima-
tion by simplifying the dependence of the objective functional
on the control.

2.1. The abstract setting

We begin with the definition of the abstract class of nonlinear control or opti-
mization problems that we study.

We introduce the spaces and control set as follows. Let G, X, and Y be reflexive
Banach spaces whose norms are denoted by 11 IGa, 11 i x, and 11" Ily, respectively. Dual
spaces will be denoted by (.)*. The duality pairing between X and X* is denoted
by (., ")x; one similarly defines (., -)y and (., -)G. The subscripts are often omitted
whenever there is no chance for confusion. Let E, the control set, be a closed convex
subset of G. Let Z be a subspace of Y with a compact imbedding. Note that the
compactness of the imbedding Z C Y will play an important role.

We assume that the functional to be minimized takes the form

(2.1) J(v,z) = A (v) + A C(z) V (v,z)E X X 0,

where " is a functional on X, £ a functional on E, and A is a given parameter which
is assumed to belong to a compact interval A C IR +.

The constraint equation M(v, z) = 0 relating the state variable v and the control
variable z is defined as follow. Let N be a differentiable mapping from X to Y, K a
continuous linear operator from e to Y, and T a continuous linear operator from Y
to X. For any A E A, we define the mapping M from X x E to X by

(2.2) M(v, z) = v + A TN(v) + A TK(z) V (v, z) E X x E.

With these definitions we now consider the constrained minimization problem:

(2.3) min J(v, z) subject to M(v, z) = 0.
(V,Z)EXxe
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In (2.3), we seek a global minimizer with respect to the set ((v, z) E X x E0
M(v, z) = 0). Although, under suitable hypotheses, we will show that the problem
(2.3) has a solution, in practice, one can only characterize local minima, i.e., points
(u, g) E X x ( such that for some e > 0

4J(u,g) <J(v,z) Y (v,z) E X xe such that
(2.4) M(v, z) = 0 and Ilu - vIJx :_ f.

Thus, when we consider algorithms for locating constrained minima of J, we must be
content to find local minima in the sense of (2.4).

After showing that optimal solutions exist and that one is justified in using the
Lagrange multiplier rule, we will introduce some simplifications in order to render the
abstract problem (2.3), or (2.4), more amenable to approximation. The first is to only
consider the control set E = G. The second is to only consider Frdchet differentiable
functionals C(-) such that the Frichet derivative V'(g) = E-'g, where E is an invertible
linear operator from G* to G.

2.2. Hypotheses concerning the abstract problem

The first set of hypotheses will be invoked to prove the existence of optimal
solutions. It is given by:

(HI) infVEx Y(v) > -oo;

(H2) there exist constants a, # > 0 such that t(z) >_ aIlzII, V z E 0;

(H3) there exists a (v, z) E X x 0 satisfying M(v, z) = 0;

(H4) if u(n) - u in X and g(n) - g in G where {(u(n),g(n))} C X x 0, then
N(u(n)) -- N(u) in Y and K(g(n)) - K(g) in Y;

(H5) J(., .) is weakly lower semicontinuous on X x E0; and

(H6) if {(u(n), g(n))) C X x 0 is such that {Y(u(n))} is a bounded set in IR and
M(u("), g(")) - 0, then {u(n)} is a bounded set in X.

The second set of assumptions will be used to justify the use of the Lagrange
multiplier rule and to derive an optimality system from which optimal states and
controls may be determined. The second set is given by:

(H7) for each z E 0, v #-4 J(v, z) and v P-+ M(v, z) are Frichet differentiable;

(H8) z "- C(z) is convex, i.e.,

C('YzI + (I - "Y)z2) :< 'Y 16(z,) + (I -Y") E(z2) V Z,, Z2 E E), VY Er [0, 1];

and

(H9) for v E X, N'(v) maps X into Z.

In (H9), N' denotes the Fr~chet derivative of N.

A simplified optimality system may be obtained if one invokes the additional
assumption:

(H10) 0 = G, and the mapping z '-* C(z) is Frichet differentiable on G.

Hypotheses (H7)-(HIO) allow us to obtain a simplified optimality system for al-
most all values of the parameter A E A. In many cases, it is possible to show that
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the same optimality system holds for all values of A. The following two additional
assumptions which will only be invoked in case (I/A) is an eigenvalue of -TN'(u)
each provides a setting in which this last result is valid:

(HII) if v" E X" satisfies (I + A[N'(u)]*T*)v* = 0 and K*T'v" = 0, then
v* = 0; or

(H 1l)' the mapping (v, z) '-- v + A TN'(u)v +A TKz is onto from X x G to Y.

In order to make the optimality system more amenable to approximation and
computation, we will invoke the following additional assumption:

(H 12) C'(g) = E-1g, where E is an invertible linear operator from G* to G and
g is an optimal control for the constrained minimization problem (2.4).

2.3. Existence of an optimal solution

We first use assumptions (H I)-(H6) to establish that optimal solutions exist.

THEOREM 2.1. Assume that the functional J' and mapping M defined by (2.1) and
(2.2), respectively, satisfy the hypotheses (HI)-(H6). Then, there exists a solution to
the minimization problem (2.3).

Proof: Assumption (H3) simply asserts that there is at least one element of X x e9 that
satisfies the constraint. Thus, we may choose a minimizing sequence {(u(n), g(n))} C
X x O such that lim j(u(n),g(")) 

-- inf J(v, z)
n-oo (V,z)Exxe

and
M(u(n), g(n)) = 0.

By (H 1) and (H2), the boundedness of {3'(u(n), g(n))} implies the boundedness of
the sequences {(fg(n) (G) and {fj(u("))}. Then, by (H6), we deduce that {flu(n)JIx } is
bounded. Thus, we may extract a subsequence {(u(n), g(n))} such that u(") -- u in X
and g(,) - g in G. Since E is closed and convex, we have g E E. Of course, u E X.
We next show that (u, g) satisfies the constraint equation. Using (14), we have that

lim (TN(u(n)), f) = lim (N(u(n)), T'f) = (N(u), T'f) = (TN(u), f) V f E X*
n -o n-oo

and

lim (TK(g(n)),f) = lim (K(g(n)),T*f) = (K(g),T*f) = (TK(g), f) V f E X*
n oo n-co

so that

0= lim (M(u(n),g(n)),f) = (u+ATN(u)+ATK(g),f) Vf E X,
n-'*oo

i.e., M(u,g) = 0. Finally, we use (KS), the weak lower semicontinuity of j(., -), to
conclude that (u, g) is indeed a minimizer in X x e satisfying the constraint M(u, g) "
0. 0

2.4. Existence of Lagrange multipliers

We now wish to use the additional assumptions (H7)-(H9) to show that the La-
grange multiplier rule may be used to turn the constrained minimization problem
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(2.3) into an unconstrained one. Actually, the Lagrange multiplier rule will only en-
able us to find local minima in the sense of (2.4). We first quote the following abstract
Lagrange multiplier rule whose proof can be found in (21].

THEOREM 2.2. Let X, and X2 be two Banach spaces and e an arbitrary set. Suppose
.7 is a functional on Xx e and M a mapping from X, x E to X2 . Assume that
(u, g) E X 1 x e is a solution to the following constrained minimization problem:

(2.5) M(u, g) = 0 and there exists an c > 0 such that iJ(u, g) _< J(v, z)
for all (v, z) E X 1 x 0 such that Ilu - vlix, _< e and M(v, z) = 0.

Let U be an open neighborhood of u in X 1 . Assume further that the following conditions
are satisfied:

(2.6) for each z E 0, v ,--, .J(v, z) and v '-4 M(v, z) are Frichet-differentiable at
v =U;

(2.7) for any v E U, zl, z2 E e, and - E [0, 1], there exists a z., = z.,(v, zi, z2 )
such that

M(V z)= YM(V,ZI) + (I -- Y)M(VZ 2 )

and
J(v, zy) _< 7J(v, z1 ) + (1 - y)3'(v, z2 );

and

(2.8) Range (Mu (u, g)) is closed with a finite codimension,

where Mu(u,g) denotes the FricIhet derivative of M with respect to u. Then, there
exists a k E R and a p E X; that are not both equal to zero such that

k(ju(u,g),v) - (p,Mu(u,g)v) = 0 Vv E XI

and
min C(u, z, p, k) = C(u, g, #, k)
ZEO

where C(u, g, 14, k) = k J(u, g) - (p, M(u, g)) is the Lagrangian for the constrained
minimization problem (2.5) and where 3'u(u, g) denotes the Frichet derivative of .7
with respect to u. Moreover, if

(2.9) the algebraic sum Mu(u,g)XI + M(u, e) contains 0 E X2 as an interior
point,

then we may choose k = 1, i.e., there exists a p E X2 such that

(Ju(u,g),v) - (p,M.(u,g)v) = 0 V v X

and
min£C(u, z, p, 1) = L(u,g,p, 1).
Zee

Proof: See [21]. 0
Next, we apply Theorem 2.2 to the optimization problem (2.4). In doing so, we

will need the following result.

LEMMA 2.3. Let the spaces X, Y, and Z and operators T and N be defined as in §2.1.
For v E X, assume that N'(v) maps X into Z. Then, TN'(v) is a compact operator

5



from X to X, and therefore u(-TN'(v)), the spectrum of the operator (-TN'(v)), is
at most countable with zero being the only possible limit point.

Proof: Since Z '-•-- Y, we see that N'(v) is a compact linear operator from X to
Y. Also, T is a bounded linear operator from Y to X so that TN'(v) is a compact
operator from X to X. Hence, u(-TN'(v)) is at most countable and consists only of
0 and the eigenvalues of (-TN'(v)). 0

Note that in the following result, the existence of at least one pair (u, g) satisfying
(2.4) is guaranteed by Theorem 2.1.

THEOREM 2.4. Let A E A be given. Assume that assumptions (H1)-(H9) hold. Let
(u, g) E X x E be an optimal solution satisfying (2.4). Then, there exists a k E IR
and a p E X* that are not both equal to zero such that

(2.10) k (ju(,,,g), w) - (,Mu(u,g).w) =0 VwE•X

and

(2.11) rmin'(u, z, P, k) = (ugP, •k).

Furthermore, if(I/A) V o'(-TN'(u)), we may choose k = 1, i.e., for almost all A,
there exists a p E X* such that

(2.12) (J.(u,g),w) - (P,M,(A,u,g) . w) = 0 V wE X

and

(2.13) minC(u,z,p, 1) = £(u,g,p, 1).
sEe

Proof. Let A E A be given. To show the existence of k and p such that (2.10) and
(2.11) are valid, we only need to verify that the hypotheses (2.6)-(2.8) of Theorem 2.2
hold with X1 = X2 = X, since in this case (2.5) reduces to (2.4). Obviously, (2.6) is
merely a restatement of (HU). Since e is convex and since the mappings T and K are
linear, we have that if z-, = yz1 + (1 - -)z2, then

"M(v,z.y) = v + ATN(v) + ATKzy

=- 7(v + A TN(v)) + (1 - y)(v + A TN(v)) + 7 A(TKzi + (1 - 'y)TKz2 ))

= 7 M(v, ZI) + (I - 7 )M(v, z 2).

Moreover, (H8) implies that

J(v, z1 ) = AY(v) + At(Z) = AY(v) + A(-YZI + (I - -Y)z2 )
_< A T(V) + A (YE(zI) + (I -Y C)(Z2)) = 'Y J(V, Z1) + (I -Y) (V, Z2).

Thus, (2.7) holds. The operator M,(u, g) from X to X is defined by

M.(u,g).w=w+ATN'(u).w VwEX

or simply,
M, (u,6g) = I + ATN(u)

,,, • ,,,,mm m mim mmmmm mmlmi i I i || 6



From (H9) and Lemma 2.3, we have that TN'(u) is a compact operator from X to X.
As a result, Mu(u,g) = I + ATN'(u) is a Fredholm operator so that it has a closed
range with a finite codimension, i.e., (2.8) holds. Thus, by Theorem 2.2, there exists
a k E R and a p E X* which are not both equal to zero such that (2.10) and (2.11)
hold.

To show the existence of a p such that (2.12) and (2.13) are valid, we only need
to verify that the additional hypothesis (2.9) of Theorem 2.2 holds. In fact, if, in
addition (1/A) V o.(-TN'(u)), then it follows that X = Range(I + ATN'(u)) =
Range(Mu(u,g)) so that Range(Mu(u,g)) contains 0 E X as an interior point, i.e.,
(2.9) holds. Hence, by Theorem 2.2 and Lemma 2.3, we conclude that for almost all
A, there exists a p E X* such that (2.12) and (2.13) hold. 0

So far E has only been assumed to be a closed and convex subset of G. No
smoothness condition on the control variable g has been assumed in the functional
or in the constraint. Thus, the necessary condition of optimality with respect to
variations in the control variable is expressed in the cumbersome relation (2.11). We
now turn to the case where E contains a neighborhood of g, where (u, g) is an optimal
solution. In particular, we assume that e = G. In this case, (2.11) can be given a
more concrete structure.

THEOREM 2.5. Let A E A be given. Assume that assumptions (H1)-(HIO) hold. Let
(u, g) E X x G be a solution of the problem (2.4). Then, there exists a k E R and a
p E X* that are not both equal to zero such that

(2.14) k k(j,(u,g),w) - (p, (I +ATN'(u))w) = 0 V wE X

and

(2.15) k({E(g), z) - (p, TKz) = 0 V z E G.

Furthermore, if(1/A) V o'(-TN'(u)), we may choose k = 1, i.e., there exists a E X"
such that

(2.16) (ju,(u, g), w) - (p, (I + A TN'(u)) w) = 0 V w E X

and

(2.17) (C'(g), z) - (p, TKz) = 0 V z E G.

hold.

Proof: Since the hypotheses imply that J(v, z) is Frichet differentiable with respect
to z, (2.14)-(2.17) follow easily from Theorem 2.4. 0
Remark. If k = 0, then there exists a p : 0 such that

-(p,Mu(u,g)w)=0 VwEX

so that the optimality system necessarily has infinitely many solutions. In fact, for any
C E R, (Cp) is a solution whenever p is a solution. This creates both theoretical and
numerical difficulties. Thus, it is of great interest to try to eliminate this situation.
Fortunately, Lemma 2.3 and Theorem 2.4 tell us that we may set k- = I $ 0 for almost
all values of (1/A), i.e., except for the at most countable set of values in oT(-TN'(u)).
0
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If the control g enters the constraint in a favorable manner, then we may take
k = I even when (1/A) E or(-TN'(u)). Specifically, we invoke one of the assumptions
(HII1) and (Hli)'. We then have the following result.

THEOREM 2.6. Assume that the hypotheses of Theorem 2.5 hold. Assume that if
(I/A) E a(-TN'(u)), then either (HIII) or (Hll)' holds. Then, for all A E A, there
exists a pj E X* such that (2.16) and (2.17) hold.

Proof: Because of Theorem 2.5, we only need to examine the case (I/A) E u(-TN'(u))
and show that the algebraic sum M, (u, g)X-r- M (u, G) = X. If (H 11)' holds, the result
is a direct application of Theorem 2.2.

If (HII) holds, let (1/A) be a nonzero eigenvalue of (-TN'(u)). Then, A is
also an eigenvalue of (-N'(u)*T) with a finite dimensional eigenspace having the
corresponding eigenfunctions {fv}Tl C X* as a basis. We claim that {KT*v!}= C
G* is a linearly independent set. To see this, we assume En a- K*T*v! = 0 with
a, E R; this expression can be rewritten as K°T* (•=1 ai v') = 0. Because each v!
is an eigenvector, we have (I + A N'(u)*T*) i a, v? = 0. Thus, the assumption
(H 11) implies that . rv? = 0. Since {v•}Tl is an eigenbasis, and is therefore
a linearly independent set, we have each ai = 0. This shows that {K*T v }.i= is
linearly independent set in G*. Hence, we may choose an orthonormal dual basis
{zi}!. C G such that (zi, K*T* v) = 60.

Now, let w E X be given. We choose z = 1 ~i(w,v?)zi. Then (w,v) -
A(TKz, vj) = (w, v*) -A(z, K*T*vj*) = (w, v*) - E"]nf(w, vi )6, =O0for j=1..,m

Thus, by Fredholm alternatives, there exists a unique v E X that satisfies (I +
ATN'(u)) v = w - ATKz, or, (I + ATN'(u))v + ATKz = w; thus, we have shown
that Mu,(u, g)X + M(u, G) = X. Hence, by Theorem 2.2, there exists a A E X* such
that (2.16) and (2.17) hold. 0

2.5. The optimality system

Under the assumptions of Theorem 2.6, an optimal state u E X, an optimal con-
trol g E G, and the corresponding Lagrange multiplier p E X* satisfy the optimality
system of equations formed by (2.2), (2.16), and (2.17). From (2.1) we have that

=u = AP' and J,, = At', where 7' denotes the obvious Fr6chet derivative. Then,
(2.16)-(2.17) may be rewritten in the form

(2.18) p+A[N'(u)]*T*p- A:"(u) = 0 in X*

and

(2.19) C'(g) - K*T*p = 0 in G*.

For purposes of numerical approximations, it turns out to be convenient to make the
change of variable = T*'p. Then, the optimality system (2.2), (2.18), and (2.19) for
u E X, g E G, and { E Y* takes the form

(2.20) u + ATN(u) + ATKg = 0 in X,

(2.21) + A T*[N'(u)]ý - A T*r"(u) = 0 in Y,

and

(2.22) C'(g) - K*ý = 0 in G*.

8
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It will also be convenient to invoke an additional simplifying assumption concern-
ing the dependence of the objective functional on the control. Specifically, we assume
that (1112) holds. Then, (2.20)-(2.22) can be rewritten as

(2.23) u+A.TN(u)+ATKg=O inX,

(2.24) f + AT[N'(u)] - AT*Y'(u) = 0 in Y*,

and

(2.25) g-EKJE=0 inG.

Remark. Note that the optimality systems, e.g., (2.23)-(2.25), are linear in the adjoint
variable t. Also, note that the control g may be eliminated from the optimality system
(2.23)-(2.25). Indeed, the substitution of (2.25) into (2.23) yields

(2.26) u+ATN(u)+ATKEKJC =0 inX.

Thus, (2.24) and (2.26) determine the optimal state u and adjoint state ý; subse-
quently, (2.25) may be used to determine the optimal control g from t. This observa-
tion serves to emphasize the important, direct role that the adjoint state plays in the
determination of the optimal control. 0
Remark. Given a f E Y*, it is not always possible to evaluate g exactly from (2.25).
For example, the application of the operator E may involve the solution of a partial
differential equation. Thus, although it is often convenient to devise algorithms for
the approximation of optimal control and states based on the simplified optimality
system (2.24) and (2.26), in some other cases it is best to deal with the full form
(2.23)-(2.25). Thus, when we consider approximations of optimal controls and states,
we will deal with the latter. 0
Remark. In many applications we have that X* = Y. Since these spaces are assumed
to be reflexive, we also have that Y* = X. In this case, we have that both u and
belong to X. D

3. Finite dimensional approximations of the abstract problem

In this section we define and analyze algorithms for the finite dimensional approx-
imation of solutions of the optimality system (2.23)-(2.25); an outline of the definitions
and results of this section is as follows.

"* In §3.1, we define the finite dimensional approximate problems
that we consider.

"* In §3.2, a list of assumptions about the approximate problems
is given.

"• In §3.3, we quote a result of [6] that we will use to analyze
approximations obtained as solutions of the approximate prob-
lems defined in §3.1-3.2.

"* In §3.4, we provide error estimates for the approximation of
solutions of the optimality system (2.23)-(2.25)
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3.1. Formulation of finite dimensional approximate problems

A finite dimensional discretization of the optimality system (2.23)-(2.25) is de-
fined as follows. First, one chooses families of finite dimensional subspaces Xh C X,
(y*)h C Y*, and Gh C G. These families are parameterized by a parameter h that
tends to zero. (For example, this parameter can be chosen to be some measure of the
grid size in a subdivision of 11 into finite elements.) Next, we define approximate oper-
ators T' : Y -* X", E' : G* - Gh, and (T*)h : X* --- (y*)h. Of course, one views
Th, Eh, and (T*)h as approximations to the operators T, E, aA. T*, respectively.
Note that (T*)h is not necessarily the same as (Th)*. The former is a discretization
of an adjoint operator while the later is the adjoint of a discrete operator.

Once the approximating subspaces and operators have been chosen, an approxi-
mate problem is defined as follows. We seek uh E Xh, gh E Gh, and ýh E (y*)h such
that

(3.1) uh+AThN(uh)+AThKgIh =0 in Xh,

(3.2) ýh + A (T.)h[N,(uh)].h - A (T*)hA,(uh) = 0 in (y*)h

and

(3.3) gh - EhK.%h = 0 in GA.

3.2. Hypotheses concerning the abstract problem and the approximate
problem

We make the following hypotheses concerning the approximate operators Th,
(T*)h, and EAh:

(H13) lim II(T- Th)yIIx = 0 V y E Y,
h-0

(H 14) lim II(T* - (T*)A)vliy. = 0 V v E X*
h-0O

and

(HI15) limII(- E h)sIIG = 0 V s E G*.h--0

We also need the following additional hypotheses on the operators appearing in
the definition of the abstract problem (2.4):

(H116) N ECS(X;Y) and F E C 3 (X;IR);

(H 17) N", N"', F", and Y"' are locally bounded, i.e., they map bounded sets to

bounded sets;

(H18) for v E X, in addition to (19), i.e., N'(v). E £(X; Z) where Z -+-+ Y,
we have that [N'(v)]* E £(Y*; Z) where Z '-.-+- X*, that for 17 E Y*,

[N"(,v)]" -q £(Y*; Z), and that for w E X, ."(v) , w E £(X; Z); and
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(H 19) K maps G into Z.

Here, (.)" and (.).. denote second and third Fr~chet derivatives, respectively.

3.3. Quotation of results concerning the approximation of a class of non-
linear problems

The error estimate to be derived in Section 3.4 makes use of results of [6] and [10]
(see also [13]) concerning the approximation of a class of nonlinear problems. These
results imply that, under certain hypotheses, the error of approximation of solutions
of certain nonlinear problems is basically the same as the error of approximation of
solutions of related linear problems. Here, for the sake of completeness, we will state
the relevant results, specialized to our needs.

The nonlinear problems considered in [6], [10], and [13] are of the following type.
For given A E A, we seek 0 E X such that

(3.4) O(A, t) - + T(A,tp) = 0,

where T E £(Y; X), 9 is a C' mapping from A x X into Y, X and Y are Banach
spaces, and A is a compact interval of R. We say that {(A, O(A)) A E A) is a branch
of solutions of (3.4) if A --* (A) is a continuous function from A into X such that
lH(A, 0\(A)) = 0. The branch is called a regular branch if we also have that *H(A, 0(A))
is au isomorphism from X into X for all A E A. Here, X,(., .) denotes the Frdchet
derivative of W(-, -) with respect to the second argument. We assume that there exists
another Banach space Z, contained in Y, with continuous imbedding, such that

(3.5) ,p(A,O)Ef£(X;Z) VAEAand'PEX,

where Q•(.,.) denotes the Frdchet derivative of C(., .) with respect to the second ar-
gument.

Approximations are defined by introducing a subspace XA C X and an approxi-
mating operator T'h £(y; Xh). Then, given A E A, we seek 'Ph E Xh such that

(3.6) 7jh(,\, 0jh) = P + Thg(A\, 10h) = 0.

Concerning the operator Th, we assume the approximation properties

(3.7) lim II(T4 - T)wllx = 0 V w E Y
h-0

and

(3.8) lim lI(Th - 7T)Il (z;x) = 0
h-,0

Note that whenever the imbedding Z C Y is compact, (3.8) follows from (3.7) and,
moreover, (3.5) implies that the operator T904 (A, 0) E £(X; X) is compact.

We can now state the result of [6] or [10] that will be used in the sequel. In the
statement of the theorem, D29 represents any and all second Frdchet derivatives of g.

THEOREM 3.1. Let X and y be Banach spaces and A a compact subset of R. Assume
that g is a C2 mapping from A x X into Y and that D2 0 is bounded on all bounded
sets of A x X. Assume that (3.5), (3.7), and (3.8) hold and that {(A, T(A)); A E A) is a
branch of regular solutions of (3.4). Then, there exists a neighborhood 0 of the origin
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in X and, for h < h0 small enough, a unique C2 function A --* Oh(A) E Xh such that
{(A, Obh(A)); A E A} is a branch of regular solutions of (3.6) and 1kh(A) - ?(A) E 0 for
all A E A. Moreover, there exists a constant C > 0, independent of h and A, such that

(3.9) II5h(A) - C(A)IIx <CI(Th - T)9(A,. ¢(A\))IIx V A E A. 0

3.4. Error estimates for the approximation of solutions of the optimality
system

We now apply the result of Theorem 3.1 to study the approximation of solutions
of the optimality system. Set X = X xGx Y*, Y = Y xX*, Z = Zx Z, and
Xh = Xh x Gh x (y*)h. (Recall that Z was introduced in (H18).) By the hypotheses
on Z and 2, we have that Z is compactly imbedded into Y. Let T E £(.Y; X) be
defined in the following manner: T(F, f) = (fi, ,) for (F, f) E Y and (ii, 4, t) E X if
and only if

(3.10) 6 + T= 0,

(3.11) 7+ -f 0,

and

(3.12) - EK• = 0.

Similarly, the operator T' E Z(Y; Xh) is defined as follows: Th(, f) = (h,i h' h)

for (F, f) E Y and (ih, 4h, ýh) E Xh if and only if

(3.13) ih + T h = O,

(3.14) •h + (T)h: = 0,

and

(3.15) 4h - EhKe= 0.

The nonlinear mapping g : A x X -- Y is defined as follows: g(A,(ii, ,)) = (F, ý)
for A E A, (6,j, ) E X, and (F, f) E Y if and only if

(3.16) F = A N(fi) + A Kj

and

(3.17) i = A fN'(fi)l* - A F'(fi).

It is evident that the optimality system (2.23)-(2.25) and its finite dimensional coun-
terpart (3.1)-(3.3) can be written as

(u, g', + T9(A, (, ( ,) = 0
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and
(u", h, fh) + ThV(0 (Ah, ( h, fh)) = O,

respectively, i.e., with 0 = (u,g, t) and Oh = (uh, gh, Oh), in the form of (3.4) and
(3.6), respectively.

Now we examine the approximation properties of T'.

LEMMA 3.2. Let the operators T and Th be defined by (3.10)-(3.12) and (3.13)-(3.15),
respectively. Assume that the hypotheses (H13)-(H15) hold. Then,

(3.18) lir II(T - TA)(r, r)I[x = 0 V (r, r) E Y.
h--o

Proof- Let (, = T(r,r), i.e., (6,j,•) satisfies (3.10)-(3.12). Let (jhh,,h) =
STh(r, r), i.e., (iih, §h, ýh) satisfies (3.13)-(3.15). Subtracting the corresponding equa-
tions yields that

J116 - jjllx = II(T - Th)rllx,
I1•- elly- = II(T" - (T*)h),rlly.,

and d Il - 9A11h - I1(E - Eh)K*e• + EK*(ý- eh)IIG

< II(E - Eh)K'*e1,G + IIEK IIllc(yG) I1(' - )ll .

Thus, for some constant C > 0,

II(T - Th)(r, T)llx

<C {II(T - Th)rllx + 1I(T" - (T*)h)Trlly. + hI(E - E h)K*ýhllG}

Then, the result of the proposition follows from (H13)-(H 15). 0
Next, we examine the derivative of the mapping g.

LEMMA 3.3. Let the mapping g: A x X' -- Y be defined by (3.16)-(3.17). Assume that
the hypotheses (H9), (H16), and (Hl8)-(H19) hold. Then, for every A E A and every
(u,g,•) E X, the operator G(u,g,()(A, (u,g, )) EC £(X;Z).

Proof.. A simple calculation shows that g(u9,g0)(A, (u, g, ý)) E £(X; Y) is given by

(u(,(ii N'(u).-ii+ Ki )
•c,,,•(, (• g,•))"(•,•, • = [N"(u) -fi". - + [N'(u)]" •- 1"(u) • ii"

Then, the result follows from (H9) and (H18)-(H19). 0
A solution (u(A), g(A), t(A)) of the optimality system (2.23)-(2.25) is called regular

if the system (for the unknowns (fi, §, ý))

(3.19) i + A TN'(u)fi + A TKg = i,

(3.20) + A T* [N"(u)]fi . + A T* [N'(u)]f - A T*YI"(u)fi -

and

(3.21) - EK'- =i.
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is uniquely solvable for any (i ,j E X f= X x G x Y*. (Note that the linear
operator appearing on the left hand side of (3.1g)-(3.21) is obtained by linearizing the
optimality system (2.23)-(2.25) about (u, g,t)-

In the following theorem, we will assume that the solution (u(A), g(.\), t(A\)) of the
optimality system (2.23)-(2.25) that we are trying to approximate is a regular solution.
The assumptions we have made, in particular (119), (H18)-(H19), are sufficient to
guarantee that for almost all values of A, this is indeed the case.

LEMMA 3.4. Assume the hypotheses of Lemma 3.3. Then, for almost all A, solutions
(u(-\), g(A), t(A)) ojf the optimality system (2.23)-(2.25) are regular.

Proof: The system (3.19)-(3.21) is equivalent to

(3.22) (1 +A TS(u,g, t)) (ii, 4, ) = (,i

where the linear operator S(u, g, f) X -Y is defined by

- I

([N"(u) - fi) - +[(u)] -i+ t - Y"(u). -f

Now, T E C(Y; X'), so that, by Lemma 3.3, (1 + A TS(u, g, ý)) is a compact perturba-
tion of the identity operator from A' to A'. Thus, for almost all A, (3.22), or equivalently
(3.19)-(3.2 1), is uniquely solvable, i.e., for almost all A, the solution (u(A), g(A), f(A))
of the optimality system (2.23)-(2.25) is regular. 0

Using Theorem 3. 1, we can now provide an error estimate for app!: mations of
solutions of the abstract problem.

THEOREM 3.5. Let (u(.\), g(-\), t(-A)) E X, for A E A, be a branch of regular solutions
of the optimality system (2.23)-(2.25). Assume that the hypotheses (H13)-(H 19) hold.
Then, there exists a 6 > 0 and an ho > 0 such that for h < ho, the discrete optimality
system (3.1)-(3.3) has a unique solution (Uh(A),gh(A),4h(A)) satisfying

jI~uA),(A)~(A)-(Uh(A),gh(A\),Eh(A\)))jj < 6.

Moreover,

(3.23) limn Ij(u(A\),g(A),f((A)) _ (Uh(A),gh1(A\),h(A\))(jX = 0
h-'O

uniformly in A E A and there exists a constant C, independent of h and A, such that

lim 1 (u(A),g(A\), e()) - (uh(A), gh'(A), Mk)) liXA-0O

(3.24) :5 CA{JJ1(Th - T)(N(u(A\)) + Kg(A\))IJx + ll(Eh - E)K~t(A)llG

+ 11 ((T*)h - T*) ([NI(u(A\))]*f - .r'(u(A))) 11Y.}I

Proof: Assumptions (H16) and (1117) ensure that 9 E C2(A',y) and D2g Maps
bounded sets of A x X' into bounded sets of Y. By Lemma 3.3, assumptions (1118)
and (1119) imply that (3.5) holds. By Lemma 3.2, assumptions (H13)-(H15) imply
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that (3.7) holds. Then, since Z is compactly imbedded into Y, (3.7) implies that (3.8)
holds. Thus, all the hypotheses of Theorem 3.1 are verified. Then, a direct application
of Theorem 3.1 yields (3.23) and (3.24) follows from (3.9). 0

It is easily seen that (3.23) and (3.24) are equivalent to:

lim{IIU(A) - Uh(A)IIx + 11g(A) - G+ - Vh(A)Iv. } =0h-0 I

uniformly in A E A and that there exists a constant C, independent of h and A, such
that

IIu(,) - uh(A)IIx + llg(A) - g'(,\)JIG + IIt(,) - th()JJY"

_< C,\{II(Th - T)(N(u(A)) + Kg(A)) llx + II(Eh - E)K't(A)llG

+ II((T)h _ T)([NI(,(A))]*•(A) - Y'(u(,\)))lly.}.

If, in (3.9), the operator 7T is invertible, we have, using (3.4), that

Il~h(A) - 0(A)Ilx < CIl(-h-- - J)0(A)1Jx V A E A.

Thus, if the operator T from Y to X is invertible, we have that (3.24) is equivalent to

IIu(,) - Uh(,)IIx + IIg(A) - gh(A)IIG + I1•(A) - f('\)llY"

(3.25) :_ C{II(ThT-1 - I)u(A)Ilx + II(EhE-1 - I)g(A)IIl

+ II((T*)h(T')-P - I).(A)1jy" }.

4. Applications

We now apply the framework and analyses developed in §2 and §3 to some concrete
problems, all of which feature constraints on admissible states and controls that take
the form of a system of nonlinear partial differential equations. In each application,
we use a different control mechanism so that the discussion provided in this section
illustrates the treatment of a variety of such mechanisms. However, one could use any
of the control mechanisms discussed in any of the applications in any other application,
or in fact, use any combination of such mechanisms.

Before examining any specific application, we establish some notation. Further
notation will be established as needed when the individual applications are considered.

Throughout, C will denote a positive constant whose meaning and value changes
with context. Also, Hs(D) for s E IR denotes the standard real Sobolev space of order
s with respect to the set V, where D could either be a bounded domain 2 E FRd,
d = 2,3, or part of the boundary r of such a domain. Of particular interest are the
spaces H°(V) = L2(p),

H'(D)~ E 2-) EL2(,D) for j-l, .... d

and

H2(D){ EL2(D) 92_ E L 2(D) forj, k=I,...,d .
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Also of interest is the subspace

Ho'(2))={ 0 E Hl'D) I 0=0 on&D}

where BID denotes the boundary of V.
Dual spaces will be denoted by (.)*. Duality pairings between spaces and their

duals will be denoted by (., .). Norms of functions belonging to H'(f0) and H'(l) are
denoted by I11 115 and I1 II-,, respectively. Of particular interest are the L2 (il)-norm
11II l0, the H'(fly)-norm 4 1 21

11112 = ±0 + 11112,1

and the H 2 (Q)-norm

II1 ll1 = 2 0 112 + 11 112 "
j,k1l

Corresponding Sobolev spaces of real, vector-valued functions having r compo-
nents will be denoted by H'(D), e.g., H'(1) = [Hl(D)]r. Of particular interest will
be the spaces L2 (V) = H°(D) = [L 2(D)jr,

H'(V) vE L2() ý E L2() for =,...,r and k = l,...,d,

and

H2(V)= v E L2(1) I o- E L2 (D), 2 Vi E L2(fl)

for j = 1,...,r and k,t= ,...,d,

where vi, j = 1,. . . , r, denote the components of v. Also of interest is the subspace

HI(P)= {VEH'(V) vj = =OonHOD, j= I,...-,r}.

Norms for spaces of vector-valued functions will be denoted by the same notation as
that used for their scalar counterparts. For example,

"r r
Ilvll}= -2 llvIl2 and IIvIl8,r= IIvslr.

j=1 j=1

We denote the L2 (fl) and L2(fl) inner products by (., .), i.e., for p, q E L2(fl) and
u, v E L2(fl)

(p,q)=jpqdll and (u,v)=ju.vdO.

Similarly, we denote by (., )r the L2(I") and L2(I') inner products, i.e., for p, q E L2 (r)
and u, v E L2 (r)

(p, q)r= fpqd and (uv)r= uju.vdr.
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Since in all cases L-apaces will be used as pivot spaces, the above inner product
notation can also be used to denote duality pairings between functions defined on
H"-spaces and their dual spaces.

For details concerning the notation employed, one may consult, e.g., M1].

4.1. Distributed controls for the von Kirmtn plate equations

For this application we will use distributed controls, i.e., control is effected through
a source term in the governing partial differential equations. Let f0 be a bounded, con-
vex polygonal domain in R2 and let r denote the boundary of 0. The von Kirmin
equations for a clamped plate are given by (see, e.g., [9] or [18])

'I+ 1[02,I02]= 0 infl,

A2 02 - [01, A2] = AX in f,

and 101 0 ¢2 =!02 0o¢•=-- =2=-- = 0 onr,
On On

where
492'p a024+ L92f' !024 2 02€' 4920O 2,O2 + O2 O O2X O22

O1 O 2  2x O1 OZlZ2 0Z1X2

Here, 01 denotes the Airy stress function, 0i2 the deflection of the plate in the direction
normal to the plate, Ag is an external load normal to the plate which depends on the
loading parameter A, and O(.)/On the normal derivative in the direction of the outer
normal to r.

By introducing appropriate rescalings, i.e., by replacing P by A01 , 'P2 by A02 ,
and g by Ag, we can rewrite the von Kirmbn equations as follows:

(4.1) A2 j[+'0•2 ,0 2]=0 innf,

(4.2) A2 
2 -A[Ifi, , 2]=Ag infl

and

(4.3) 01l -• =2 ¢•= 0 on r.
(43)On On

We introduce the spaces

Ho(0 f 0 E H2(• 0 = 0, Onn = 0 on r

H0(0l) = [Ho2(fl)] 2 , H- 2(fl) = (H2(jl)), and H- 2 (nl) =(2(())"

and the bilinear form

a(,, 0) =fn AP• AO di V P, E H 2(n1)

17



in order to define the following weak formulation of the von Kirman equations (4.1)-
(4.3): find ( 0, 4') E H03(11) such that

(4.4) a(,P, ,1) + j ([42, , 0,1,) = 0 V 01 E Ho(f)

and

(4.5) a(0)2,4#2) - A(Q'P 1 ,02],0 2) = A(g,0 2) V 02 E H02(n).

Using the identity

(4.6) ([4',•1,C) = ([•,(],•) V,4,,( E H0•(1),

one can show that for each g E H-2(il), (4.4)-(4.5) possesses at least one solution
# = (0i, 02) E Ho(fl) and that all solutions of (4.4)-(4.5) satisfy the a priori estimate

(4.7) II01llh + 1102112 :5 C1lUl1-2;

see, e.g., (18], for details. In the sequel a solution to (4.1)-(4.3) will be understood in
the sense of (4.4)-(4.5).

Given a desired state #o = (Ibl0, #ho) E L2(fl), we define for any • = ('1, 0'2) E
H2(fl) and g E L2(fl) the functional

0=

(4.8) = -/((i - '1o)-(# 42o)2)dfl - j- 2dn

We then consider the following optimal control problem associated with the von

Kirmin plate equations:

(4.9) min { ,(, g) H 6 H2(11), 9 E E } subject to (4.4)-(4.6),

where 0 is a subset of L2(0).
We define the spaces X = H0(l), Y = H-2(Qk), G = L (il), and Z = L'(0).

By compact imbedding results, Z '--'--+ Y. For the time being, we assume that the
admissible set e for the control g is a closed, convex subset of G - L2(0).

Let the continuous linear operator T E £(Y;X) be defined as follows: for f =
(fi, f2) E Y = H-2(fj), Tf E • 6 X = H0(fl) is the unique solution of

and

a(02,2) = (h:,02) V 0 2 E HO2(n).

It can be easily verified that T is self-adjoint.
We define the (differentiable) nonlinear mapping N : X - Y by

1 [82, INN(#) 2 V,[• #] E
-h,018



or equivalently

(N'(•), #) ([4•, •2], •i) - ([4'i, •t2], •2) v € = (•, •2) e X

and define K: g E L2(g) -. Y by

or equivalently, (K9,#)=-(g,02) V#=(01,02)EX.

Clearly, the constraint equations (4.4)-(4.5) can be expressed as

# +\TN(#) +.TKg =0,

i.e., in the form (2.2). With the obvious definitions for YF(.) and C(.), i.e.,

1' • 1 ( p , 0 10~)2 + ( 0 2 _ 0 2,o) 2) d o

and
C.(g)- 9 2dg YgEG,

the functional (4.8) can be expressed as

J(#, g) = A F(o) + A t(g),

i.e., in the form (2.1). Thus, the minimization problem (4.9) is in the form of the
minimization problem (2.3).

We are now in a positSzon to verify, for the minimization problem (4.9), all the
hypotheses of §2 and §3.

4.1.1. Verification of the hypotheses for the existence of optimal solutions.
We first verify that the hypotheses (HB)-(H6) hold in the current setting.
(HI) is obviously satisfied with a lower bound 0.
(H2) holds with a = 1 and f = 2.
(H3) is verified with the choice (10(°), g(0 )) E X x E, where g(o) is an arbitrarily

chosen element in e and #(0) - (0(0) 40()) is a solution of

,&20o) + 0•r,.o
'\ [0(0)] 0= 0 in 0 ,

+ 2~4 I in2

,&244i0 ) [ A0(40) fi(O)l g(O) in fl,

and
bP --=00 (0= -- ='P0 onr.

41' ~~ 2 Ona

In order to verify (H4), we assume {g(fl)} C e is a sequence satisfying g(") - g
in L2 (fl); then, we have g(f) -g in H- 2 (fl) so that limn..,z(g(n),z) = (g,z) for
all z E H2 (fl), i.e., Kg(") - Kg in Y. Assume that the sequence {0(n)} C H0(f)
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Satisfies •0, in H2(fl); then, (02#(n)/OziOz.•) _ (02#/8z,8Z,) in L 2(Q) and,
by using a compact imbedding result, #(n) -- 1 in L2 (fl). Now, using the identity
(4.6),

([02, 411, 12) (f tih , 02 , 02,)

S([02, 1021, 01) - ([01,0 21, 02) = (N('),4)

Hence, (H4) is verified.
The verification of (H5) follows directly from the observation that the mappings
T i "(#) = (1/2)11 - ,o012 and g - 6(g) = (1/2)llgJI] are convex.
The verification of (H6) is a trivial consequence of the a priori estimate (4.7).
It is now just a matter of citing Theorem 2.1 to prove the existence of an optimal

solution that minimizes (4.8) subject to (4.4)-(4.5).

THEOREM 4.1. There exists a (#,g) E H2(fl) x e such that (4.8) is minimized subject
to (4.4)-(4.5). 0

4.1.1. Verification of the hypotheses for the existence of Lagrange multipliers.
We now assume (#, g) is an optimal solution and turn to the verification of hy-

potheses (H7)-(H9).
The validity of (H7) is obvious.
(1S8) holds since the mapping g #-+ C(g) = (1/2)11gjJJ is convex.
(H9) can be verified as follows. For any • E X, the operator N'(#) X -- Y is

given by N'(*)[02, 021 =(0 ,,02) EX.
Jv'•).÷ -[Ifi, 02] - [102, 01]

Thus, using the definition of [., -], we obtain that N'(#) • . E LV(fQ) = Z.
The Lagrangian is given by

Z*g ) k) = L.J(*,g) - {a(ibi, 'ii) + ~([102, 0b2], 171)

+ a(02, '12) A-•([,, 021, q2) - A(g, q2)}

for all (,g,q, k) E X x G xXx R = H2(fa) x L2(fl) x H2(la) x R. Note that in this
form of the Lagrangian, the Lagrange multiplier q E X = Y* so that we have already
introduced the change of variables indicated between (2.17)-(2.18) and (2.19)-(2.21).

Having verified the hypotheses (H7)-(H9), we may apply Theorem 2.4 to conclude
that there exists a Lagrange multiplier ft E X = H2 ((?) and a real number k such that

(4.10) -+ A T ([N'(#)]" -9 - k J#(#, g)) = 0

and

(4.11) C(, gi ),k) _< £(#,z,),k) Vz E e
and that for almost all values of A, we may choose k = 1.
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Recall that T is self-adjoint. Also, note that for any 0 E X 0 H2(fl)

[N'V,)" •,• ['02, qI - [01, 172

Thus, (4.10), with k = 1, can be rewritten as

(4.12) a(CI, 91) - A([ 2, V2, (1) -- A(01 - Ol0, (1) G( E H a2(f0)

and

(4.13) a((2, q) + A([02, Q11, (2) -A ([01, 92], C)
.A(02 - 02 0,G2 ) V 2 EHg(n).

Using the definition of the Lagrangian functional, (4.11), with k = 1, can be rewritten
as

S(z, z) + •(z,9) - (o, ) - (g,2)0 VzE).

Note that, in the above exprassion, we have already employed hypothesis (H 12) which
in the current context is trivially satisfied with E the identity operator on G* = G =
LV(fl). For each e E (0, 1) and each t E 0, set z = -t +(1 -()g E e in the last equation
to obtain

C2

so that, after dividing by ( > 0 and then letting e -* 0+, we obtain

(4.14) (t-g,g+q) > O Vtie.

We see that for almost all values of A, necessary conditions for an optimum are
that (4.4)-(4.5) and (4.12)-(4.14) are satisfied. The s.stem formed by these equations
will be called an optimality system.

We now specialize to the case e = L2 (1.). Note that the hypothesis (HI0) is
satisfied. Then, using Theorem 2.5, we see that the inequality (4.14) becomes an
equality and, by letting z = t - g vary arbitrarily in LV(fl), we now have, instead of
(4.14),

(4.15) (z,g + 12) =0 V z E L2(fl).

Thus, according to that theorem, we have that for almost all A, an optimality system
of equations is now given by (4.4)-(4.5), (4.12)-(4.13), and (4.15). However, we can go
further and verify that the hypothesis (H 11)' is valid, which in turn will justify the
existence of a Lagrange multiplier satisfying the optimality system for all A E A. We
now assume the domain fl is a convex polygon with no angles greater than 1260.

Let A be given such that I/A is an eigenvalue of -TN'(#'), where (#, g) E H2(Il) X
LO(fl) is an optimal pair that minimizes (4.8) subject to (4.4)-(4.5). We wish to show
that for each f E H- 2 (fil), there exists a i E L2(Q) and a C E H0(QI) such that

*+ ATN'(#) -i+ ATKj=f

i.e.,

(4.16) a 1) + A([=,2, 2], 01) = (.f,•&,) V& 0E H2(fn)
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and

(4.17) a(2, 02) - A ((#1 012 , 0 2) - A ((0 1, 2 J, 0 2 ) -~, 2(4.12,02 V 02 Ho'()

To show this, we first let E H02(fl) be a solution of

and
a(i, 2) ([i, 021, = ( V 02 E H2(11).

The existence of such a can be shown in a manner similar to that for showing the
existence of a solution to the von Kirmin equation; the key step is that by adding the
two eq%.ations with the test function 0 replaced by #, we have the a priori estimate

a(4I,,4,) + a(( 2, t 2) = (1i, ,) + (f 2 , k )

Then, we choose i = -[01, ý]. Note that regularity results for the biharmonic equa-
tion applied to (4.4)-(4.5) yield # E H"(f0) (see (3]). Hence, using imbedding theorems

we deduce that i E L2(fl). It is obvious that i and i satisfy (4.16)-(4.17), i.e., we have
verified (HI1)'. Hence we conclude that for all A, the optimality system (4.4)-(4.5),
(4.12)-(4.13), and (4.15) has a solution. Thus, we have Theorem 2.6 which, in the
present context, is given as follows.

THEOREM 4.2. Let (#, g) E HR(fl) x L2 (fl) denote an optimal solution that minimizes
(4.8) subject to (4.5)-(4.6). Then, for all A E A, there eZists a nonzero Lagrange
multiplier f) HE2(fl) satisfying the Euler equations (4.12)-(4.13) and (4.15). D

4.1.3. Verification of the hypotheses for approzimations and error estimates.
We finally verify the hypotheses (H13)-(H19) that are used in connection with

approximations and error estimates.
A finite element discretization of the optimality system (4.4)-(4.5), (4.12)-(4.13),

and (4.15) is defined in the usual manner. We first choose families of finite dimensional
subspaces Xh C H2(f1) and Gh C L2 (Jl) parameterized by a parameter h that tends
to zero and satisfying the following approximation properties: there exists a constant
C and an integer r such that

(4.18) inf 11 - Ah1 2 - Chm ll#ll.+ 2 , V 0 E Hm+2 (Q), 1 < m < r

and

(4.19) inf fzZ - zIlo < Ch'Ilzllm, V z E H (fl), I < m < r.X&EG16-, - -

One may consult, e.g., [8] for some finite element spaces satisfying (4.18) and (4.19).
For example, one may choose Xh = Vh x Vh where Vh is the piecewise quintic-C1 (2)
finite element space constrained to satisfy the given boundary conditions and defined
with respect to a family of triangulations of 0l. In this case, h is a measure of the grid
size. For simplicity, one may choose Gh = Vh.
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Once the approximating spaces have been chosen, we may formulate the approx-
imate problem for the optimality system (4.4}-(4.5), (4.12)-(4.13), and (4.15): seek
#CE X, g E GA , and •h E XA such that

(4.20) a(t,0 4) + ý([•,0h'•2],I')=0 V vh,

(4.21) a((b',qb')- A([•b,q•],Cb) = (-,C) V • Vh,

(4.22) , = A([ -,qb]o,) V( h - Vh'

(4.23) a(,• (¢,,,)-•[,,•,# (• - 20,(2) (2 E# I h,

and

(4.24) (zhgh+ rj)=0 VzhEGh.

The operator TA E £(Y; Xh) is defined as follows: for f E Y, Thf = #h E Xh is
the unique solution of

a(0h•, 0,) Oh', ,) V Oh• E vh

and a(0h, 0h) =(f2, Oh) V 0h E vh.

Since T = T*, we define (7*)h Th.
We define the operator Eh : L2(fl) --+ Gh as the L2 (fl)-projection on Gh, i.e., for

each g E L2(j)),
(Ehg,0A) = (g,0h) V ch E Gh.

Since G = L 2 (n) is reflexive, Eh is in fact an operator from G -0 GA.
By the well-known results concerning the approximation of biharmonic equations

(see, e.g., [2] or [8]), we obtain

II(T - TA)fllx -" 0

as h --+ 0, for all f E Y. This is simply a restatement of (H 13).
(H14) follows trivially from (H13) and the fact that T is self-adjoint and we have

chosen (T*)h = TA.
(H15) follows from the best approximation property of L2 (rZ)-projections and

(4.19).
(H16) and (H17) follow from the fact that N and T" are polynomials. Here we

also use imbedding theorems and Cauchy inequalities.
We set Z = Z - L0(). For each I) E H (fl) and C E H02(l), Sobolev imbedding

theorems imply that

(N'(~) .~ = ( 02,1121~] E
230, , )
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( ( " ). 1= ( [(2, -�(2,1721 E1( 7-11 - [(1,1721
and

(PTO•). ). E •• 2.
V72(2)

These relations verify (H18).
From the deuinition of the operator K we see that K maps L2 (f2) into L'(Q), i.e.,

K maps G into Z. Thus (H19) is verified.
Hence, we are now in a position to apply Theorem 3.5 to derive error estimates

for the approximate solutions of the optimality system (4.4)-(4.5), (4.12)-(4.13) and
(4.15). It should be noted that Lemma 3.4 implies that for almost all values of A, the
solutions of the optimality system are regular.

THEoREM 4.3. Assume that A is a compact interval of R+ and that there exists
a 6ranch {(A,:(A),g(A),t(A)) A E A) of regular solutions of the optimality system
(4.4)-(4.5), (4.12)-(4.13), and (4.15). Assume that the finite element spaces Xh and
Gh satisfy the hypotheses (4.18)-(4.19). Then, there exists a 6 > 0 and an ho > 0 such
that for h < ho, the discrete optimality system (4.20)-(4.24) has a unique branch of

solutions { (A' ,h (\), gh(\), h(\)) : A E A} satisfying

{II'h(A) - O(A)11 2 + 11g"(A) - g(1)\l0 + 119h(\) - u)(A)112) < 6 for all A E A.

Moreover,

limf{llh("\) - IO(A)112 + Ilgh("\) - g(A\)110 + II(lA() - 1(),)1121 = 0,

uniformly in A E A.
If, in addition, the solution of the optimality system satisfies (10(A), g(A), 1)(A)) E

Hm+ 2 ((l) x H m (fl) x Hm+2 (f)) for A E A, then there exists a constant C, independent
of h, such that

110(\) - 104(\)112 + jjg(A) - gh(A\)Ilo + IIn(A) - h(A)112
<_ Ch'(1I#(A)ll,.+ 2 + U1g(,\)I1, + 1I(KA)11,+2),

uniformly in A E A.

Proof: All results follow from Theorem 3.5. For the last result, we also use (3.25) and
the estimates (see, e.g., [2] or [8])

II(ThT-' - I),IPl2 _< Chm l,11.+ 2  for #' E Hm+2 (f),

II((Tr)h(T")-r - 1)9112 = II(ThT- - -)'111I - ChmIl•.!.,+2  for q E H-+2(1),

and

II(EhE-' - I)gIlo :_ Chm Ilgilm for g E Hm (Q).

In these estimates, the constant C is independent of h, #, g, 9, and A. 0
Remark. In fact, we obtain from (4.15) that g = -772 so that the term ))g(A)jIm in the
right-hand side of the error estimate is redundant. 0
Remark. By using (4.15) again,.along with (4.24) and the error estimate in Theorem
4.3, we have the following improved error estimate for the approx'imation of the control
g:

I11(A) - 9"(A)11 2 = 11172(0) - 12(A)II2 _< Chm'(II,#(A)I11.+ 2 + IIQ(A)Ilm+ 2)
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Of course, we also use the fact that we have chosen GA = V0 C H 2 (0). 0

4.2. Neumann boundary controls for the Ginsburg-Landau superconduc-
tivity equations

For this application we will use Neumann boundary controls, i.e., control is ef-
fected through the data in a Neumann boundary condition. Let 11 be a bounded open
domain in iR4, d = 2 or 3, and let r be its boundary. A simplified Ginzburg-Landau
model for superconductivity is given by

-A,01 + (,p + p2 + JA 12 _ 1) pl - V.- (A'02) -- A V'02 = 0 in 0,

-A'02 + ( 2 + J AI 1 ) 02 + V.- (API) + A. V7• = 0 in Q,

n. (VP -+ A'02 ) = Ag9 on r,

and
n. (V02 - A 10) = Ag2 on r.

Here, fi and 02 denote the real and imaginary parts, respectively, of the complex-
valued order parameter, A is a given real magnetic potential, g, and 92 are related
to the normal component of the current at the boundary, and A > 0 is a "current
loading" parameter. These equations are a special case of a more general model for
superconductivity wherein A is also unknown; see, e.g., [22] for a derivation of the
general model. It can be shown that in certain limits, e.g, high values of the applied
field, the above simpler model is valid; see [7].

By introducing appropriate rescalings, i.e, by replacing 10j by A10i and gj by Agi,
j = 1,2, we can rewrite the above Ginzburg-Landau equations as follows:

(4.25) -AOI + (IAI 00) - V. (AI 2 ) - A. V 2+A( + A 1 2 0 in (,

(4.26) -A02 + (JAI 2 )02 + V. (A0i) + A. -V + A ( 2+ 02 = 0 in 0,

(4.27) n-(VO, + Ai1 2) = Ag1 on r,

and

(4.28) n. - A0 1) = Ag2 on r.

We introduce the bilinear forms

a(b,P)=/ .v, +(1A1 2 -=)4•) d 1 1E00'(Q)

and

We assume that A E H1 (f0). Note that

a(V, 0) = a(O, 0) and b(b, 0) = -b(O, 0).
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Then, a weak formulation of the Ginzburg-Landau equations (4.25)-(4.28) is defined
as follows: seek 0 = (01, 102) E H1(0) such that

(4.29) a(4t, 01)+b(02, 01) +(1 ), = A(gi,0)r Vi EH'()

and

(4.30) a('02,0 2) -b(01,,0 2)+D((04+ )b 2,0 2) = A(g2,02)r V02 E H'(O).

It can be shown that, for each g = (g1,g9) E H-/ 2 (r), (4.29) and (4.30) possess at
least one solution 0 E H' (1) and that all solutions of (4.29) and (4.30) satisfy the a
priori estimate

(4.31) 11401Ill + 1102111 (11 < (lgI-I/2,r' + I1g211-1/2,r)

see, e.g., [11], for details. In the sequel, a solution of (4.25)-(4.28) will be understood
in the sense of (4.29)-(4.30).

Given a desired state #0 = (010o, 020) E L 2(n), we define for any 10 = (01, 02) E
HI () and g = (gl,g2) E L2 (r) the functional

)'~ ~ I l)2r (g2 -+ g2s r
(4.32) ZJ(O, g) = ý (('pi Pi) + ('P2 '0120)) dil + i. J 1~ +2) dr.

We then consider the following optimal control problem associated with the Ginzburg-

Landau equations for superconductivity:

(4.33) min {, (O, g) 10 E H'(()), g E E} subject to (4.29) and (4.30),

where e is a subset of L2 (r).
We define the spaces X - HI(Q), Y - (HI(f1))*, G - L2(r), and Z =

[HI/ 2+'(Q)]* where E E (0, 1/2) is chosen such that H'(SI) --- Hl/ 2 +E(f) --+ L4().
By compact imbedding results, L4 /1(0) ,-- Z •--+-- Y. For the time being, we assume
that the admissible set 0 for the control g is a closed convex subset of G - LW(r).

Let the continuous linear operator T E £(Y; X) be defined as follows: for each
f = (fi, f2) E Y = (H'(Q))*, Tf = 0 E X = HI(Q) is the unique solution of

a(4,Pl0)-+-b(402,01)-= (fl, 01) V 01 E Hi(Q')

and
a(2, 02) - b(0l, 02) = (12, 0) V •2 E H'().

It can be easily verified that T is self-adjoint. Also, it can be shown that for most
choices of A, the operator T is well defined; see [11].

We define the (differentiable) nonlinear mapping N : X --+ Y by

N(O)= (10? + k22

or equivalently

) = + ((1 +';)'P2,02) V= ((, •E1 X
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and define K H- 1/2(r) --+ Y as the injection mapping:

(Ks,v) =-(z,v)r VsE H- 1/2(r),vv vE H'(f).

Clearly, the constraint equations (4.29)-(4.30) can be expressed as

# + A TN(#) + A TKg = 0,

i.e., in the form (2.2). With the obvious definitions for T'(.) and £(.), i.e.,

•'(•) = • ~((01 - 010)' + (0b2 - 2))d•V 1 0

and
C(g)=• ~(g+g2)dr Vg9EG,

the functional (4.32) can be expressed as

J(O, g) = A• F() + A E(g)

i.e., in the form (2.1). Thus, the minimization problem (4.33) is in the form of the
minimization problem (2.3).

We are now in a position to verify, for the minimization problem (4.33), all the
hypotheses of §2 and §3.

4.2.•1. Verification of the hypotheses for the existence of optimal solutions.
We first verify that the hypotheses (H1)-(H6) hold in the current setting.
(HI) is obviously satisfied with a lower bound 0.
(H2) holds with c = 1 and f = 2.
(H3) is verified since 0 = 0 and g = 0 is obviously a tlution of (4.29)-(4.30).
In order to verify (114), we assume fg("l)} C E C L2(2"' is a sequence satisfying

g(n) -_ g in L2((r); then, we have g(') - g in H- 1/2(r) so iiat lim,_,.o(g("), v)r =
(g,v)r for all v E H'(0), i.e., Kg(n) -- Kg in Y. Assume that the sequence
110(n)} C H'(0) satisfies i(n) __ in H1 (f)); then, by using the compact imbed-
ding H 1 () -•---+ L 4(n), p(n) -- q in L 4( ). Now,

(N ,On))#- ((O(~n))2 + (,j f))2)04fl) + (((1pn))2 + (,p~n))2)Ot~n),~2(N(,fi2) +) p2-, 0,)+ 0 + p2

Hence, (H4) is verified.
The verification of (115) follows directly from the observation that the mappings

* ' .T(#) = (1/2)ti - 10 It11 and g - C(g) = (1/2)IJgJ12r are convex.
The verification of (H6) is a trivial consequence of the a priori estimate (4.31).
It is now just a matter of citing Theorem 2.1 to prove the existence of an optimal

solution that minimizes (4.32) subject to (4.29)-(4.30).

THEOREM 4.4. There exists a (0, g) E H1 (Q) x E such that (4.32) is minimized subject
to (4.29)-(4.30). 0

4.2.2. Verification of the hypotheses for the existence of Lagrange multipliers.
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We now assume (10, g) is an optimal solution and turn to the verification of
hypotheses (H7)-(H9).

The validity of (H7) is obvious.
(H8) holds since the mapping g ý-* C(g) = (1/2) fr Ig12 dr is convex.
(H9) can be verified as follows. For any @ E X, the operator N'(0) : X Y is

given by
(302 + Q)01 + (2••'0=2)0

(02 22(3 + ) + (2,0102)01

Thus, we obtain that N'(#) . E L4/ 3(fl) - [H1/ 2+(fJl)]* - Z.
The Lagrangian is given by

'C(O, g, 9, k) =k J(*, g)

- {a(01, qm) + b(0 2 , 01) + 1((• + 2)1,) - A(gi, 1dr

+ a(02, 12) - b(0'1,02) - (( + 2)'2,172) - A(292,12)r}

for all (#,g,q, k) E X x G x X x R = H 1(fl) x L2(r) x Hl(Qt) x R. Note that in this
form of the Lagrangian, the Lagrange multiplier f E X = Y* so that we have already
introduced the change of variables indicated between (2.17)-(2.18) and (2.19)-(2.21).

Having verified the hypotheses (H7)-(H9), we may apply Theorem 2.4 to conclude
that there exists a Lagrange multiplier i E X = H1 (0) and a real number k such that

(4.34) •/+ A T* (rN'(*)]* i- kJ'~(•, g)) = 0

and

(4.35) £(O, g, 9, k) < C(O, z, q, k) V z E

and that for almost all values of A, we may choose k = 1.
Recall that T is self-adjoint. Also, note that for any 0 E X = W(O),

1((3# + 2 + (2•,Pl2)q12 (1 ,i) E X.[•'()]""• = (3jb +,02)112 + (201)00th •=(m • •x

Thus, N'(#) is self-adjoint as well and (4.34), with k = 1, can be rewritten as

(4.36) a(Ci, i) - b(C1, 12) + A ((3-' +1 ) ,2 ,)(4.6)+ A ((2,h 102)772, (1) = -\(Ifb - '010, (1) V (I E H'(11)

and

.a((2 ,112) + b((2 , i11) + \((3,0 + ,)172, (2)

(4 3 7 2(~ 1v 2 , 2 C(4.37) ~+ A((2V/•/•2)171,(2) =A(••2 - •/20,(2) V •2E•H'(Q).

Using the definition of the Lagrangian functional, (4.35), with k = 1, can be rewritten
as A A

i(z, z)r + A(z,/)r - 2(g'g)r - A(g,•)r 0 V z .
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Note that, in the above expression, we have already employed hypothesis (H 12) which
in the current context is trivially satisfied with E the identity operator on a* = G =
L2(r). For each e E (0,1) and each t E E, set a = et+(l-E)g E e in the last
equation to obtain

C2-(t- g,t-g)r+(t-g,g)r+e(t-g,)r_> 0Vtee

so that, after dividing by f > 0 and then letting e --, 0+, we obtain

(4.38) (t-g,g+r1)r2!0 VtEO.

We see that for almost all values of A, necessary conditions for an optimum are
that (4.29)-(4.30) and (4.36)-(4.38) are satisfied. Again, the system formed by these
equations will be called an optimality system.

We now specialize to the case e = L2(r). Note that the hypothesis (HI0) is
satisfied. Then, using Theorem 2.5, we see that the inequality (4.38) becomes an
equality and, by letting z = t - g vary arbitrarily in L2(r), we now have, instead of
(4.38),

(4.39) (z.g++ )r=0 VzEL 2 (r).

Thus, according to that theorem, we have that for almost all A, an optimality system
of equations is now given by (4.29)-(4.30), (4.36)-(4.37), and (4.39). However, we can
go further and verify that the hypothesis (H 11) is valid, which in turn will justify the
existence of a Lagrange multiplier satisfying the optimality system for all A E A.

To verify (H 11), we first note that, through the change of variable = T*v, that
assumption can be equivalently stated as follows:

ift E Y" satisfies (I + ATi[N'(u)l*)t = 0 and Kt = 0, then t = 0.

To verify this version of (HII), we assume that 4 E Y* = H'(fQ) satisfies (I +
AT* [N'(,0)Jf) = 0 and K'f = 0, i.e.,

a(Cti)- b((1 ,, 2 ) + A ((3w + 2){i,(i)

+A ((20102)62,(1) = 0 V (i E H'(Q),

a((2,f2) +b((2,.ý1)+ A((3+)t2 22)

+A((2,f02)6,(2) = V( 2  H'(),

and
C=0 onF.

(Note that Nl = fIr.) Let 0' be a smooth extension of 11 such that U is a compact
subset of 0'. W'e then define f', 0' and A' to be the extension, by zero outside Q,
of f, V4 and A, respectively. Let the forms a'(., .), b'(., .), and (-, .)' defined over 0'
be the analogues of corresponding forms defined over Q2. We may show from the last
three equations that

4' E Hi(f'), b'E LE6 (f'),

.'(¢,, C') - b((,, ý') + A, ((30,2 + 0,/){,' (I)'
+A ((¢¢)=() -0 V (i E H•0(Q'),
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and a'(C2, f2) + b'((2, f') + ,A ((310,2 + opt •2,(2)'

+A ((2,'0')f',C2)' = o v • E (').

In the sense of distribution, 4' satisfies

(4.40) 2 - 2'. v + (IJA' 2 + % (30,2 + t2) _
(4.40) ~-(V. A' - 2,•"O-'1i' f2, 0 in fl'

and

(4.41) -Z2 + 2A' -V4 + (V *A' + 2A ,',P2)f,

+(IA' + A (3•12 + ,•_I)-1)f, = o in 0'.

We now quote the following unique continuation result whose proof can be found in
[17]. See also [12] and [19].

LEMMA 4.5. Let fl' be an open and connected subset of Rd, d = 2 or 3. Let the
unctions V E [Lq (J)')]dxd for some q Ž 2 and W E [L -1(n')idxdxd be given. If

10C = I k=1 E3 )H' (d') , -Afi + 1 W.( / + I V,,f, = 0 (in the sense of
distributions), i = 1, ..., d, and 4 = 0 on an open, non-empty subset of 0', then f = 0
on 0. 0

Since A E HE(Q) and # E HI(0), it is easy to see that the coefficients in (4.40)-
(4.41) satisfy the regularity requirements of Lemma 4.5. Also note that 4 = 0 on
(1 , \ Q) which contains an open set. Thus we obtain that f' = 0 in 0', or 4 = 0 in Q,
i.e., (H 11) is verified.

Hence we conclude that for all A, the optimality system (4.29)-(4.30), (4.36)-
(4.37), and (4.39) has a solution. Thus, we have Theorem 2.6 which, in the present
context, is given as follows.

THEOREM 4.6. Let (0, g) E HE (f0) x L2(r) denote an optimal solution that minimizes
(4.32) subject to (4.29)-(4.30). Then, for all A E A, there exists a nonzero Lagrange
multiplier q E H1(0) satisfying the Euler equations (4.36)-(4.37) and (4.39). 0

4.2.3. Verification of the hypotheses for approximations and error estimates.
We finally verify the hypotheses (H13)-(HI9) that are used in connection with

approximations and to derive error estimates.
A finite element discretization of the optimality system (4.29)-(4.30), (4.36)-

(4.37), and (4.39) is defined in the usual manner. We first choose families of finite
dimensional subspaces Xh C H1 (Q) and Gh C L2(Ir) parameterized by a parameter h
that tends to zero and satisfying the following approximation properties: there exists
a constant C and an integer r such that

(4.42) inf I #,-.h1  •ChmII1llm+i, V EHm++(0l), 1 <m<r

and

inf JZ - s5 I0or : Ch- inf IIVII,+•/ 2 ,
(4.43) zhEGA vEH 1'/ 2 (f(),vlr=X

VszE H+/ 2 (P)f, I <I n 5 r.

30



One may consult, e.g., [8] and [15], for some finite element spaces satisfying (4.42) and
(4.43). For example, one may choose Xh = V" x Vh where VA is the piecewise linear
or quadratic finite element space defined with respect to a family of triangulations
of Q. In this case, h is a measure of the grid size. For simplicity we may choose
G" = (XA)Ir, i.e., the functions in Gh are the restrictions to the boundary r of
functions belonging to Xh.

Once the approximating spaces have been chosen, we may formulate the approx-
imate problem for the optimality system (4.29)-(4.30), (4.36)-(4.37), and (4.39): seek

'E X, gh E G", and ,h E X' such that

(4.44) ,(OO) + b(h, O) + AhI ((,/)) + (,A)2),ph' 0h = ,(g,", O)r V•Oh E VhA,

(4.45) a(,", Oh) - b(,O,, O) + ,{ ((0,)2 + (f0/4)2),tkA ,A A(gh, O)r V O E Vh ,

'446 ,h, ,'') - b(h ,h,) + + ((3(,) + ),
( 4 .4 6 )121 

h+ ((2• •)v,¢,C) = (•h~ _ •'o,(h) V (• E VA,
1 2 1 1h

(4.47) ((', ) + b((•, r) + A ((3(,Ph) 2 + (,)2)•, 2)(4.47) 1 ,(2•b 1b), , 2) h- •••-•0• 2
+ h hA(O 020,C(2) V(2h EVA

and

(4.48) (zs,gA+qh)r=O VsZEGh.

The operator TA E £(Y; X) is defined as follows: for f E Y, Thf = 0h xh is
the solution for

a(h, 0h) + b(oh, 0h) = (fl, O) V O E Vh

and
a(•,P )- b(4, 0) = (y2, 0) V O E VA

Since T = T7, we define (7")h - TA.
We define the operator EA : L2(f) --+ Gh as the L2(r)-projection on Gh, i.e., for

each g E L2(r),
(Ehg, A)r = (g,sh)r Vs y E GA.

Since G = L 2(r) is reflexive, Eh is in fact an operator from G* --- GA.
By results concerning the approximation of the Ginzburg-Landau equations (see,

e.g., [11]), we obtain
JI(T - T5 )fllx -- 0

as h --+ 0, for all f E Y. This is simply a restatement of (H13).
(H 14) follows trivially from (H 13) and the fact that T is self-adjoint and we have

chosen (7 ')A = TP.
(H 15) follows from the best approximation property of L2 (I')-projections and

(4.43).
(H16) and (H17) follow from the fact that N and T are polynomials. Here we

also use imbedding theorems and Cauchy inequalities.
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Setting Z = Z = H /+,(f?), we have that Z '-=-* [H1(fl)]" = X*. For each
q E HI( () and C E H1 (fl), Sobolev imbedding theorems imply that

[N'(•)]'.= ((3,2 +,2), + (20,02)172 C ,
k(3tp2+ ,'?)V2 + (2,P1 02)?17 E

([N"f#) = C) (9(60kiCi + 203CO)171 + (2,01(2)q12 + (2(10i2)q2~' E L 4 / 3 (n) C Z
( (6'02 + 2,0(1)q2 + (2,1(2)q, + (2(102)71 /

and
( ( C) " '- ?ICi E L 4/ 3 (j2) C Z.

1 72(2)

These relations verify (H118).
From the definition of the operator K we see that K maps L2((r) into [H1/ 2+'(O)]*,

i.e., K maps G into Z. Thus (H19) is verified.
Hence, we are now in a position to apply Theorem 3.5 to derive error estimates

for the approximate solutions of the optimality system (4.29)-(4.30), (4.36)-(4.37), and
(4.39). It should be noted that Lemma 3.4 implies that for almost all values of A, the
solutions of the optimality system are regular.

THEOREM 4.7. Assume that A is a compact interval of R+ and that there exists a
branch {(A, iO(A), g(\), 9(,A)) : \ E A} of regular solutions of the optimality system
(4.29)-(4.30), (4.36)-(4.37), and (4.39). Assume that the finite element spaces Xh and
Gh satisfy the hypotheses (4.42)-(4.43). Then, there exists a 6 > 0 and a ho > 0 such
that for h < ho, the discrete optimality system (4.44)-(4.48) has a unique branch of
solutions {(A,4/(A), 9(,), 9h(\)) A \ E A) satisfying

{limh(,A) - #,()Ili + Jigh(A) - g(A)Ilio,r, + II9h(A) - q(A)Il I < 6 for all A E A.

Moreover,

lim{UI,'(A) - #,(A)IIi + Ilgh(A) - g(,A)Ilo,r + ((qh(Al) - ,(,A)11 1 = 0,
h-.o

uniformly in A E A.
If, in addition, the solution of the optimality system satisfies (#(A), g(A), 9(A)) E

Hm+l(fl) x Hm+l/ 2(fQ)Ir X H"+1(f) for A E A, then there exists a constant C,
independent of h, such that

1IWA) - ,h(,)II + Il9(A) - gh(,)lo,r + 11(,\) - 9h(,\)II
< C, hn(ll•(A)llm+i + inf IlVllm+1/ 2 + IIi(A)IIm+i),VEH-+1/2(Wl)vlr=g

uniform•ly in A E A.

Proof: All results follow from Theorem 3.5. For the last result, we also use (3.25) and
the estimates (see [11])

II(ThT-l - I)#Ill • ChmIllll-+, for # E Hm+1(fQ),

II((T*)h(T)-_ I)fIll = II(ThT-1 - I)qlll < Chmll'l•,+i for Q• E Hm+1(Ql),
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and (me, e.g., 12], [8] and [15])

MEAE_- - I)gllor < Ch' inf IIVIIn+1/2 for g r Hm+l/ 2(Q)Ir.
vEHm-+/ 2

(0),vlr=9

In these estimates, the constant C is independent of h, #, g, q, and A. 0
Remark. In fact, we obtain from (4.39) that g = -qlr which implies

inf IlVll-.+12 <5 I1ý1-+1/2 5 IIfjll-+1
vi:H-+1/3((0),vlr=s

so that the term (infvEH.+a,/(A),.1r=s IlVI6+ 1/2) in the right-hand side of the error
estimate is redundant. 0
Remark. By using (4.39) again, along with (4.48) and the error estimate in Theorem
4.7, we have the following improved error estimate for the approximation of the control
g:

Ilg(A) - g6(A)III 2,r < Cllq(A) - 9h(A)ll1 < 1 h"1(ll'(A)llm+i + Ihl+()Il,+i)

Of course, we also use the fact that we have chosen Gh = (Xh)Ir C HI 2 (r). o

4.3. Dirichlet boundary control for the Navier-Stokes equations of incom-
pressible, viscous flow

For this application we will use Dirichlet boundary controls, i.e., control is effected
through the data in a Dirichlet boundary condition. Let 0 denote a bounded domain
in R•, d = 2 or 3 with a boundary denoted by r. Let u and p denote the velocity and
pressure fields in 0. The Navier-Stokes equations for a viscous, incompressible flow
are given by (see, e.g., [13], [14], or [20])

-v V. ((Vu) + (Vu)T ) + (u. V)u + Vp = f in Q,

V.u=O inO

and
u=b+g onr,

where f is a given body force, b and g are boundary velocity data with fr b -n dTI = 0
and fr g " n diT = 0, and v, denotes the (constant) kinematic viscosity. We have
absorbed the constant density into the pressure and the body force. If the variables in
these equations are nondimensionalized, then a, is simply the inverse of the Reynolds
number Re.

Setting A = 1/v = Re and replacing p with p/A, b with Ab, and g with Ag, we
may write the Navier-Stokes equations in the form

(4.49) -V. ((Vu) + (Vu) T ) + Vp + Au Vu= A f in Q,

(4.50) V.u= 0 inO,

and

(4.51) u=A(b+g) onr.

33



We introduce the subspaces

0Q(fl){P E L 2(p) I f) = }

and

H1(r) {gE H1(r) I .gndr = 0

We also introduce the bilinear forms

I I ((Vu) + (VU)T) : ((Vv) + (VV)T) df V u,v E H(f)a(u, Y) =dlV~v H(l

and
b(vq)=-inqV.vdfl VvEHI(fl)andVpEL 2 (fl)

and the trilinear form

c(u, v,w) = (u.V)v. wdfl Vu,v,wE H1(fl).

These forms are continuous over the spaces of definition indicated above. Moreover,
we have the coercivity properties

(4.52) a(v, v) > Callll "V 1 V E HI()

and

(4.53) SUP > Cbdqlo V q E Lo(f)
OOVEHo'(n) 1v1III

for some constants Co and C& > 0. For details concerning the notation employed
and/or for (4.52)-(4.53), one may consult [13], [14], and [20].

We recast the Navier-Stokes equations (4.49)-(4.51) into the following particular
weak form (see, e.g., [15]): seek (u,p,t) E HI(f)) x x H- 1/2(r) such that

(4.54) a(u,v)+b(v,p)- (t,v~r+Ac(u,u,v)= A(f,v) Vv E W(R),

(4.55) b(u,q) = 0 V q E L0(f),

and

(4.56) (s, u)r - A (s, g}r = A (s, b)r Vs E H-1/2 (F).

Formally we have
t = [-ps + (Vu + (Vu)T) nit,

i.e., t is the stress force on the boundary. The existence of a solution (u, p, t) for the
system (4.54)-(4.56) was established in [15].
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Given a desired velocity field uo, we define for any (u,p,t) E H'(0) x Lof(f) X

H- 1 /3(r) and g E H(I(r) the functional

(4.57) J(u, p, t, g) = ju - Uol dn+ - J (Vg[ 2 + 1g12) dr,

where V, denotes the surface gradient.
We define the spaces X = H1(fl) x L2(fl) x H-1/ 2(r), Y = [H (fl)]* x L02(Q)) x

H1 / 2(r), G - H1 (r), and Z = L/0 2(fl) X {o} x HI (r). By compact imbedding results,
Z is compactly imbedded into Y. For the time being, we assume that the admissible
set 0 for the control g is a closed, convex subset of G - H. (r).

We then consider the following optimal control problem associated with the
Navier-Stokes equations:

(4.58) min{J(u,p, t,g): (u,P Pt) E X,g E e) subject to (4.54)-(4.56).

We define the continuous linear operator T E £(Y; X) as follows: for each
( x, , ,) E Y, T(C, 7, x) = (ui, 0, i) E X is the unique solution of

a(fi,v)+b(v,p-) -(,v)r= - (Cv) Vv E H'(fl),

b(i, q) = (r), q) V q E LO2(fl)

and
(8, Ur =(s, X)r Vs E

It can be easily verified that T is self-adjoint.
We define the (differentiable) nonlinear mapping N : X -+ Y by

N(u'pt A 0 0
b

or equivalently

(N(u, p, t), (v, q, s)) = -(f, v) + c(u, u, v) - (s, b)r V (v, q, s) E X

and define K : H1 l2(r) -- Y by

or equivalently

(Kg, (v,q,s)) = -(s,g)r Vg E /
2 (r), (v,q,s) E X.

Clearly, the constraint equations (4.54)-(4.56) can be expressed as

(u, p, t) + A TN(u, p, t) + A TKg = 0,
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i.e., in the form (2.2). With the obvious definitions for F(.) and 6(.), i.e.,

Y "(u pt)-I Ju-uoI4d' V(u,p,t)E X

and

e(g) = J (ligI2 + 1g12) dr,

the functional (4.57) can be expressed as

J(upt,g) = A Y(u,p,t) + Ae(g),

i.e., in the form (2.3).
We are now in a position to verify, for the minimization problem (4.58), all the

hypotheses of §2 and J3.

4.3.1. Verification of the hypotheses for the existence of optimal solutions.
We first verify the that the hypotheses (Hl)-(H6) hold in the current setting.
(HI) is obviously satisfied with a lower bound 0.
(H2) holds with a = 1 and 0 = 2.
(M3) is verified with the choice (u(flP(O),(t(0 ),0) E X x e where (u(0),p(0 )) is

a solution to the Navier-Stokes equations with Dirichlet boundary conditions, and
t(°) = [-p(°)n + (Vu(0 ) + (Vu(o))T) n'r; see, e.g., [13] or [20].

In order to verify (M4), we assume {g(n)) C e C HI(l7) is a sequence satisfying
g(f) -_ g in HI(F); then we have g(") .-_ g in H1 / 2(f) so that limn,_.oo(g(n),v)r =
(g,v)r for all v E H'(0), i.e., Kg(n) -- Kg in Y. Assume that the sequence {u(n)} C
H'(0) satisfies u(") - u in H'(11); then u(n) --, u in L4 (11) by the compactness of
the imbedding H1 (0) •-.+--+ L4 (1). Now,

(N(u(n)), v) c(u(n), u(n), v) = c(u, u(n), v) + c(u(n) - u, u(n), v)
-C, u( , v) + 0 = (N(u), v) asn -- oo.

Hence, (M4) is verified.
The verification of (H5) follows directly from the observation that the mappings

(u, p, t) '• .F(u, p, t) = (1/4) In - fIL.(a) and g '-* C(g) = (1/2) IlgII,r are convex.
To verify (M6), we combine a priori estimates obtained from the constraint equa-

tions and the functional. Let {u(k),p(k), t(k),g(k)} C HI(Q) x L 2(g) x H- 1/ 2(r) x
H' (r) be a sequence such that

(4.59) J(u(k), g(k)) < C,

(4.60) a(u(*), v) + b(v, p(k)) - (t(0), v)r + c(u(k), u(k), v) - (f, v) V v E H1 (c),

(4.61) b(u(k), q) = 0 V q E LO2(g),

and

(4.62) (s,u(k))r - A(s g(k))r = A(s,b)r Vs EH-1/2(r).
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~±~w*. -7

First, (4.59) implies that (u(b), g(b)) is uniformly bounded in L'(Q) x H' (I). For each
90,we may choose & (W(k), r(k)) E HI (0) x LQ(() that satisfes the Stokes problem

(4.63) a(w('), v) +b(v r(h))=- f, v) V vE H'((),

(4.64) b(W(k), q) = 0 V EL(fl)

and

(4.65) w -) A(g(k) + b) on r'

Furthermore, there holds the estimate

(4.66) 11W(k)If, :5 C(flfflo + ll~bjII/2,r + jjg(k)fII ,r)

By subtracting (4.63) from (4.60) with v 0 ~) - w(k), also using (4.61) and (4.64),
we obtain

(4.67) a(u(k) _ W(k), U(k) _W(k)) = Ac(u(k), U(k), U(k) _-~ )

-Ac(u(k), U(k) _ W(k), u(k)).

Note that

Ic(uMk, u(k) - k) k)I

Uk ((V(u(ht) _ W(k))) + (V(U(h) -W(k)))T) . dfl) d

CII(V(U~k) _ W(k))) + (V(U(k) _ W(k)))TII1 IIU(k)1l 4l.(O)
-L II(V(U(,t _ W(k))) + iVu(h~) _ W(k)))T 2i + CA 11 (k) J4L'(X

so that, using (4.67), we have that

mum(~(1'' - W(k))) + (V(u(k) _ W(k)))T(1 2 < C.\ IU(k) 114(n

Then, by (4.66) and the triangle inequality, we have that

II(VU(k)) + (VU(k))T ILJCIf~ bi ~r+ ~ +I~U(L)112 4()

Thus,

II(Vu(k)) + (Vu("))T ho + Ijulk)I~o,r

<5 II(VU~k)) + (Vu~k))TIlb + IjIbIjo,r + 1(lor

<5 C~lf 110 + IIbIl,,2,r + I~g(k)Iji,r + L()

Since the mapping u i.-+ IIVU + (VU)TIJo + Iululoxr defines a norm on H' (0) equivalent
to the standard H' (f)-norm, we have that

I~u~~lI < {I~f~o l~II,,r + ~ +IIU(k)1124(n)1,
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and, since Ilu(*)11L4(n) and ~g (k)111 r are uniformly bounded, we conclude that Iiu(k) 1l1
is uniformly bounded as well. One easily concludes from (4.60) that IIt(k)Ji..i/2,r is
uniformly bounded. Thus (H6) is verified.

It is now just a matter of citing Theorem 2.1 to conclude the existence of an
optimal solution that minimizes (4.57) subject (4.54)-(4.56).

THEOREM 4.8. There exists a (u,p,t,g)E H'(Q) x Lo2(Q) x H-1/ 2 (() xe such that
(4.57) is minimized subject to (4.54)-(4.56). 0

4.3.-2. Verification of the hypotheses for the existence of Lagrange multipliers.
We now assume (u, p, t, g) is an optimal solution and turn to the verification of

hypotheses (H7)-(H9).
The validity of (H7) is obvious.
(H8) holds since the mapping z -•- C(g) = (1/2) fg(IVJgI2 + IgP2) dr is convex.
(H9) can be verified as follows. For any (u, p, t) E X, the operator N'(u, p, t)

X --+ Y is given by

N'l(u, p, t).- (v, q, s) 0
0

for all (v, q, s) E H'(0) x L 2(0) x H-1/2 (r). Thus we obtain N'(u, p, t). (v, q, s) E
L 3/2(f) {0} x HI(r) = Z.

The Lagrangian is given by

Z•(u, A t ,g V, 0 ,r, k)

= k J(u, g) - {a(u, t,) + A c(u, u,v) + b(v, p) + b(u,)- (r, u;r
- (t, v)r - A (f, V)r + A (r, b)r + A (r, g)r)

for all (u,p, t, g,^,, ,k) E X x G x X x R = H1(Q) x L02(p) x H- 1/ 2(r) x HA(r) x
H1(0) x L2(p) x H- 1/2(r) x IR. Note that in this form of the Lagrangian, the
Lagrange multiplier (P, 0, r) E X = Y* so that we have already introduced the change
of variables indicated between (2.17)-(2.18) and (2.19)-(2.21).

Having verified the hypotheses (H7)-(H9), we may apply Theorem 2.4 to conclude
that there exists a Lagrange multiplier (y', 0,r) E X = HI(Q2) x L2((2) x H- 1/ 2 (r)
and a real number k such that

(4.68) (y, 0,,r) + A T* ([N'(u,p, t)]* • (P, 4, r) - k J(up,t)(U,p, t, g)) = 0

and

(4.69) £(u,p,t,7 v,P,,r,k) , £(u,p,t,g,Y,O,r,k) V z E E

and that for almost all values of A, we may choose k = 1.
Recall that T* = T. Also, note that for (u,p, t) E X =H (0)x L02(p)xH-l/2 r),

the operator [N'(u, p, t)]* : X -- Y is given by

(-U'.VV+ V'.(Vu)T)

[N'(u,p, t)J' . (v, q, s) = 0 V (v, q, s) E X.
0
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Thus, (4.68), with k = 1, can be rewritten as

(4.70) a(w, a) + A c(w, u, a) + A c(u, w, P) + b(w, (r) - {, w)r

= A ((u- Uo) 3 , w) V w E H' (fl),

(4.71) b(m,r) = 0 Vr E L0(fl),

and

(4.72) (y,s')r = 0 VY y E (r).

In the right-hand side of (4.70), we use the notation (v 3 ,w) - (-VJ• ,).
Using the definition of the Lagrangian functional, (4.69), with k = 1, ,an be

rewritten as

(V.s, V.s)r + (z, z)r - (Vg, V.g)r

A
- (gg)r-A(r,z)r+A(rg)rŽ>0 VsEe.

For each e E (0, 1) and each z E e, by plugging (z + (1 - t)g E e into the last
,rleq'ality we obtain

(7.9, V.((z - g)) r+ (g,z- -g)r + 12 (V,(z - g), V.(z - g))r

C2

+-y(s- g,+-g)r - (,- g)r_0 VzEe

so that, after dividing by ( > 0 and then letting e -- 0+, we obtain

(4.73) (V-g,V.(z-g))r+(g,s-g)r-(v,z)r >0 VzEe.

We see that for almost all values of A, necessary conditions for an optimum are
that (4.54)-(4.56), (4.70)-(4.72) and (4.73) are satisfied. Again, the system formed by
these equations will be called an optimality system.

We now specialize to the case E- = HI(r). Note that the hypothesis (H 10) is
satisfied. Then using Theorem 2.5, we see that the inequality (4.73) becomes an
equality and, by letting z = k - g vary arbitrarily in H'(r), we now have, instead of
(4.73),

(4.74) (Vtg, Vz)r + (g,z)r - (r,s)r = 0 V sEe = H'(r).

Thus, according to that theorem, we have that for almost all A, an optimality system
of equations is now given by (4.54)-(4.56), (4.70)-(4.72) and (4.74). However, we can
go further and verify that the hypothesis (Hll) is valid, which in turn will justify the
existence of a Lagrange multiplier satisfying the optimality system for all A E A.

We now verify (H 11) which we again note can be equivalently stated as follows:

if E Y" satisfies (I + A T'[N'(u)j)• = 0 and K'• = 0, then 0 = .
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To verify this hypothesis, we assume that (4, 0,9) E Y* =- Hl(0) x L2(0l) x H-1/2(r)
satisfies (I+ A T'(N'(u,p,t)]*)(f,o-,#) = (0,0,0) and K*(4,o,,9) = 0, i.e.,

a(w,C)+Ac(w,u,C)+Ac(u,w,C)+b(w,o')- (G,w)r = O Vw E H'(1),

b(f,r)=0 VrELO2(11),

(y,f)r = 0 V y E H- 1 /2(r),

and
o=0 onr.

(Note that K*(f, or, ) = 0.) Let 0' be a smooth extension of Q such that N is a
compact subset of 0'. We then set fl, ou and u' to be the extension, by zero outside
0, of f, o, and u, respectively. We may show from the last four equations that

•'E Hft) E Lo(')

(4.75) a'(w,f')+ Ac'(w,u',C')-+ Ac'(u',w,f') +b'(w,oa) = 0 Vw EH0(),

and

(4.76) b'(f', r) = 0 V r E L('),

where the forms a'(., .), b'(., .) and c'(.,., .) defined over D' are the analogues of cor-
responding forms defined over Q. Using a unique continuation result for the system
(4.75)-(4.76) that was established in [16] or [17], we obtain •' _ 0 and a' = 0 in 0',
ore = 0 and o' = 0 in Q. Thus (H1) is verified.

Hence we conclude that for all A, the optimality system (4.54)-(4.56), (4.70)-
(4.72), and (4.74) has a solution. Thus, we have Theorem 2.6 which, in the present
context, is given as follows.

THEOREM 4.9. Let (u, p, t, g) E H'(Q) x L2(Q) x H-1/2(r) x H'(r) denote an optimal
solution that minimizes (4.57) subject to (4.54)-(4.56). Then, for all A E A, there
exists a nonzero Lagrange multiplier (v, q, r) E HE (1) x L2(2) x H-1 / 2(1) satisfying

the Euler equations (4.70)-(4.72) and (4.74). 0
Note that, in the above expression, we have already employed hypothesis (H12)

which in the current context is easily seen to be satisfied with E : G --+ G* defined by

(Eg, z) = jr(Vg-V-z+g.z)dr VzEHn(r)=G.

We also note that for each fixed r, (4.74) with g E H'(r) is equivalent to

(4.77) (Vg, V.k)r + (g,k)r + 7jk • ndr = (r,k)r Vk E H1 (r)

and

(4.78) j g" n dr =0,
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where - E R is an additional unknown constant that accounts for the single integral
constraint of (4.78). The equivalence can be shown as follows. First, an application
of Lax-Milgram Lemma to (4.74) on the space HI(I) guarantees the existence and
uniqueness of a solution g E H'(r) to (4.74); this solution g clearly satisfies (4.77)-
(4.78) with y = fr(" - n - Vag: Vn - g- n) dr. Conversely, any solution (g, -7) of
(4.77)-(4.78) trivially satisfies (4.74). Although (4.74) and (4.77)-(4.78) are equivalent,
the latter is more easily discretized.

4.3.3. Verification of the hypotheses for approximations and error estimates.
We finally verify the hypotheses (HI3)-(H19) that are used in connection with

approximations and error estimates.
A finite element discretization of the optimality system (4.54)-(4.56), (4.70)-

(4.72), and (4.74) is defined as follows. First, one chooses families of finite dimensional
subspaces Vh C HI(Q) and Sh C L2(0). These families are parameterized by the pa-
rameter h that tends to zero; commonly, this parameter is chosen to be some measure
of the grid size in a subdivision of 0 into finite elements. We let Soh = Sh n L02(Q) and
Vh = Vh n H'(0).

One may choose any pair of subspaces Vh and Sh that can be used for find-
ing finite element approximations of solutions of the Navier-Stokes equations. Thus,
concerning these subspaces, we make the following standard assumptions which are
exactly those employed in well-known finite element methods for the Navier-Stokes
equations. First, we have the approximation properties: there exist an integer k and
a constant C, independent of h, v and q, such that
(4.79) inf IIv-vhtI111 <Ch"'IvIl,+j V v EHm+l(Q(), 1 <ni<k

vhEV-

and

(4.80) inf IIq- qhjo: <5Ch'm jqjj, V q E H m ( 2p) f Lo(Q), 1 < rn < k.
qhES o 

0

Next, we assume the inf-sup condition, or Ladyzhenskaya-Babuska-Brezzi condition:
there exists a constant C, independent of h, such that

(4.81) inf sup b(vhqh)> C.
O¢qoES OV hvhE l f1v51I Ilqhlj0

This condition assures the stability of finite element discretizations of the Navier-
Stokes equations. For thorough discussions of the approximation properties (4.79)-
(4.80), see, e.g., [2] or [8], and for like discussions of the stability condition (4.81), see.,
e.g., [13] or [14]. The latter references may also be consulted for a catalogue of finite
element subspaces that meet the requirements of (4.79)-(4.81).

Next, let ph = VhIr, i.e., ph consists of the restriction, to the boundary r, of
functions belonging to Vh. For all choices of conforming finite element spaces Vh, e.g.,
Lagrange type finite element spaces, we have that ph C H- 1/ 2(r). For the subspaces
ph = Vh r, we can show the following approximation property: there exist an integer
k and a constant C, independent of h and s, such that

inf Ils- shll- /2r
(4.82) "IEPhs

< Chim  inf Ilvik, V s E Hm(Q)lr, 1 <m < k.
vEH"(A),vlr=S
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We also use the following inverse assumption: there exists a constant C, independent
of h and sh, such that

(4.83) ]]sh11.,r _ Ch' -qsh]9],r V s' E ph , -1/2 < q _< s < 1/2.

See [2] or [8] for details concerning (4.82) and (4.83). See also [15] for (4.82).
Now, let Qh = Vh Ir , i.e., Qh consists of the restriction, to the boundary F, of

functions belonging to Vh. Again, for all choices of conforming finite element spaces
Vh we then have that Qh C Hi(r). We can show the approximation property: there
exist an integer k and a constant C, independent of h and k, such that for I < m < k,
0 < s < 1 and k E Hm+l(fl)lr,

(4.84) inf Ilk - khIIa,r < Chm-°+f inf IIVIm+,-+khEQh E-Inrk

This property follows from (4.79), once one notes that the same type of polynomials
are used in Qh as are used in Vh. We set Gh = Qh n H' (F).

Once the approximating subspaces have been chosen we seek uh E Vh, ph E S~h,
th E ph, gh E Qh, Vh E Vh, 0h E Soh, 7 h E ph and 7 h E R such that

(4.85) a(uh, vh) + A c(uh, uh, vh) + b(vh,ph) - (vh, th)r =A(f,vh) V vh E Vh,

(4.86) b(uh,qh) = 0 V qh E Sh,

(4.87) (uh, sh)r \ A(gh, sh)r = \(bsh)r V sh E ph,

(4.88) (V, gh,Vkh)r + (gh,kh)r+9jk" .ndr= (thkh)r Vkh E Qh

(4.89) jr gh. n dr =o0,

a(wh, -Vh) + A CWh , u h) + \ c(uh, wh, &h) + b(wh, 0h) _ (wh, #h)r-

(4.90) =A((uh-uO)3,wh) Vwh EVh,

(4.91) b(vh,rh)=O V rh ESoh ,

and

(4.92) (Vh,yh) =0 yh E ph.

Note that if (4.85)-(4.92) are satisfied, then necessarily gh E Gh. Also, in the right-
hand side of (4.90), we use a notation similar to that used in the right-hand side of
(4.70).
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The operator Th E £(Y, XA) is defined as the solution operator for

a(uh,vA,) + b(vh, ph) _ (v" tA)r = (f,v h) V vh E Vh,

b(uh, qh) = 0 v qhE SO,

and
(uh,sh)r= (b, sh)r Vsh EPh;

i.e, for each f E Y, TAf - #h E Xh is the solution of the above system of equations.
Since T = T, we define (T*)h - Th.
We define the operator Eh : G* -* Gh as follows. For each T E G*, gh = EAT if

and only if

(V.gA,VzSh)r+(gA,zh)r+ 7 Ahfz hndl= (rA,sh)r Vz hE Qh

and

gA nd = o0.

The existence and uniqueness of a solution (gh, h) E Qh x R is guaranteed by the
Brezzi theory for mixed finite element methods (see [4] or [5]) and the inequalities

(4.93) (VkA, Vkh)r + (kh, kh)r > CIJkj112r V kA E Qh C H'(r)

and

vh fr kh"n dr
(4.94) sup >' fr kAI-n r Cj7' I V 9h E R.

The solution necessarily satisfies gh E Gh. Thus the operator Eh is well defined.
With these definitions we see that (4.85)-(4.92) can be written in the form (3.1)-

(3.3).
By results concerning the approximation of the Navier-Stokes equations with

inhomogeneous boundary conditions (see [15]), we obtain

II(T - Th)fllix - 0

as h -- 0, for all f = (C, , 0,) E Y. This is simply a restatement of (H 13).
(H114) follows trivially from (H13), the fact that T is self-adjoint, and the choice

MY) = Th.

To verify (H15), we note that the nondiscretized version of (4.93)-(4.94) certainly
also holds, i.e.,

(V.k, Vak)r + (k, k)r > ClIkI12r V k E H'(r)

and
sup -frk'ndrc>C17 1 V ER.

O#kEH'(P') IIkI~i,r

Using the Brezzi theory for mixed finite element method (see [4] or [5]), we obtain
that

II(E - E)rll4,r -3 0 as h -+ 0,
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which verifies (H 15).
(H16) and (1117) follow from the fact that N and Y are polynomials. Here we

also use imbedding theorems and Cauchy inequalities.
We set Z = L3/ 2 (fn) x {0) x {0). For each (v,q,s) E X = HI(Q) x L0(2() x

H-"/2 (I) and (w,r,k) E X = HI(fQ) x L2(Q) x H- 1/ 2(r), Sobolev imbedding theo-

rems imply that

[N'(u, p, t)] .(v, q, s)= - (0u •~.(u? EZ,
0

( -( V)v + v (Vw)T

([N"(u, p, t)]. .(v, q, s)) (w, r, k) = - 0)E Z,
0

and ((3(ui - uoi)2Wi V,

(Y"(u, p, t) . (v, q, s)) . (w, r, k)= 3(ud - uOd) 2 ,Wd/d E Z,

0
0

where d (= 2 or 3) is the space dimension. These relations verify (1118).
From the definition of the operator K we see that K maps H, (r) into L3 /2 (f9) X

{0} x Hi(r), i.e., K maps G into Z. Thus (1119) is verified.
Hence, we are now in a position to apply Theorem 3.5 to derive error estimates

for the approximate solutions of the optimality system (4.54)-(4.56), (4.70)-(4.72) and
(4.74). It should be noted that Lemma 3.4 implies that for almost all values of A, the
solutions of the optimality system are regular.

THEOREM 4.10. Assume that A is a compact interval of R.+ and that there exists
a branch {(A, u(A),p(A), t(A),g(A),Y(A), O(A), r(A)) : A E A} of regular solutions of
the optimality system (4.54)-(4.56), (4.70)-(4.72), and (4.74). Assume that the finite
element spaces Xh and Gh satisfy the hypotheses (4.79)-(4.84). Then, there exists a
6 > 0 and an ho > 0 such that for h < h0 , the discrete optimality system (4.85)-(4.92)
has a unique branch of solutions {(A,uh(A),ph\(A), th(A), gh(A), yh(A), •h(A), ,h(A))
A E A} satisfying

(IIu(A) - uh(A)111 + lip(A) - ph(A)Ilo + 1it(A) - th(A)II..11 2,r

+ Ig(A) - gh(A)l 1i,r + IIaV(A) - a0h(A)111 + li0(A) - Oh(A)flo

+ II(A) - •'(A)II-1,2,r) < 6 for all A E A.

Moreover,

li (u(A) - uh(A)Ill + IIp(A) - ph(A)Ilo + lIt(A) - th(A)II-./2,r + 1iE(A) - gh(A)IIr

+ JIi(A) - vh(A)II, + 1iq0(A) - 04(A)Ilo + I11(A) - ?h(A)l- 1•2•r) = 0

uniformly in A E A.
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If, in addition, the solution satiuie. (u(A), p(A), t(A), g(A), &#(A), O(A), T(A)) E
H"+l(fl) x H'(Q) x H"(0)lr x Hm+l(fl)lr x lnt+l(O) x Hn(fl) x Hm (O)lr for
A E A, then there exists a constant C, independent of h, such that

(Ilu(A) - u'(1)4l1 + IIp(A) - ph(4)1lo + IIt(A) - th(4)Il-I/ 2,r + 1g(A) - gh(A)lli,r

+ I1V(A) - V/(,X)1 + II()A) - 0"(,X)Ilo + II?(A) - vh(A)II-1,,rr)

< Chm 1/ (Ilu(A)llm+i + I•p(A)11n + inf IIVllm
vEH-(fl),vlr=t

+ IIYI1V11+1 + IIV()I6+l + 1100A)I. + WEHWfl)l= IWlim)vEH-÷Z(n),vlr=g wvEHý(n 'r

uniformlty in A E A.

Proof. All results follow from Theorem 3.5. For the last result, we also use (3.25) and
the estimates (see, e.g., [16] or [17])

II(ThT-. - I)(u, p, t)llx _< Ch'(llull.+i + liplml + inf IIVII)vEiH-(M)vlr=t

for u E Hm+l(fl), p E Hm (0l), and t E H m (f0)Ir,

- I)(&',Or)Ilv- = II(ThT-' - I)(v,O,r)llx
<Chm(lIIVIlm+, + 11011. + i.nf liwlim)

wEH'(fl),w~r=?

for v E Hm+I(0), 0 E Hm (f)), and r E Hm (Q)Ir,

and

II(EhEI- - i)gIi,r -< Chm- 1 / 2  IIvI•+I+I for g E Hm+'(O)lr.

In these estimates, the constant C is independent of h, u, p, t, g, v, 0, r, and V. 0
Remark. If the control g E Hm+ 3/ 2 (fl)Ir, then the exponent of h in the error estimate
of Theorem 4.10 can be increased from (m - 1/2) to m. 0

5. Conclusions

We have set up an abstract framework for the analysis and approximation of
a class of nonlinear optimal control and optimization problems. Nonlinearities can
occur in both the objective functional and in the constraints. Within the framework we
have defined an abstract nonlinear optimization problem posed on infinite dimensional
spaces, defined an approximate problem posed on finite dimensional spaces, and listed
a number of hypotheses concerning the two problems. We then have shown that
optimal solutions exist and that Lagrange multipliers may be used to enforce the
constraints. We then used the Lagrange multiplier rule to derive an optimality system
from which optimal states and controls may be deduced. We then derived existence
results and error estimates for solutions of the approximate problem. The abstract
framework and the results derived from that framework were then applied to three
concrete control or optimization problems and their approximation by finite element
methods. The first involves the von Kirmin plate equations of nonlinear elasticity,
the second the Ginzburg-Landau equations of superconductivity, and the third the
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Navier-Stokes equations for incompressible, viscous flows. It is certainly possible to
apply the abstract results that we have derived to a variety of optimal control problems
arising in other settings.
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