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LAMINAR BOUNDARY LAYER ON CONE IN SUPERSONIC FLOW AT LARGE ANGLE
OF ATTACK'

BNy FRANKLIN K. MOORE

SUMMARY (suchi as velocity and p)ressure) arc( ontan40t aloii, 1111 ta1

The laminar bouamlary-laijer flow aboult a ci'rcular' conle at poedngfo the(ft j.'ll Hoio 1,
large anybs of attack to a supe)rson je stream has bee)) flnaly/ td outeri flow, conatinited in references I 1o3 an v14 i cidaltetl '111

reference 4, is considIeredI adequlate foi- thle purposes (i thisl"in. the plant of symmaetry/ by a1 method ap)Jlicable in [Jentral to
the fleu' about con ical bodies. repiort, blut subljecit Ito retr5 ictionts which \%ill lbe dliscus~sed

At the bottom of the c'one, rclociti/ profiles were obtainedl sho~ir' Ul)bSeqluetl\ .

big the exrpectedl tendteny of the boundlary layer to becomle th in nO, InI figure 2 is shown quatlit at ivelY (t( l -ie ittitoferet inal
on the unde r sidel of the cone a., the anyh' of attack iy incIetPxetl. pressurte (list riblnt lonl onl it le cone surftace pei* iehtd for xr

At the top) of the cone, the analysis failedl to Iliele anu iotis, angles of at tack (seeý ref. 4). Iise pressure dilbt ii -

solutlons, etrcptm fo small angles of attack. Bey/ond a certaiii tionS dilepetu only oil tble chiaracteri of thle iitlivjs(loll flew%

I- Iical angjle of attack, bo ndlary-lal/er flow dloes not e~rit III eodIlebuiavlyt titetsiiii oita h
the plane. of syrnmnittry. th us, indicating separation. Th i., bondr layer iS Ix r(t~l i. We Ie g fatc

(llitilad aa ige is pl-iea~teed as a function of Mlach numbel, an is v-ery1 small, the pr-essure theteases itonotouitiall * v frontt

COne ert~ei aitgle. the biottomn of the( conic around toi thle tolp. Flo *Ia1tret
aingles of at tack there appears a re-loti near thle tlop of Ible

INTRODUCTION (-one wherein the priessure gradleiit rwevirses anid tie pressure

Thle sup~ersonic aerodpinamics of pointed bodies hias con- inrae oadteto.A i nl f taki i te
sidet'alle current interest in connection withi the (design of increased, this teg~ien becomles great ci' In extent.

aircraft and missile fuselages. Ani important feature of the
flow about suchi bodlies is the behtavior of thev boundary laver
andi, in particular, the flow separation whiichi may oc'curi along
the low-pressure sidle of the bod *y (tie to angle of attack.
Thle p~resent r'eport will c'onsidler tile development of the hunil- --- - - - -- -- ---- -- -

nuar boundary layer on the surface of a right. circutlar cone at
an angle of attack to a. suipersonic stream (see fig. 1). Thle
c'onic'al configuration may be considered anl idlealizat ion oif 1 () (b) I

the nose portion of a supersonic aircraft fuselage. 0 it0 0t 0p
Outside a thiin boundary Inver onl a cone, the nonviseous

supJer'sonic flow (uipon wh11Iich 'thle boundary lavNet' itself de- (a S allo. Ib) M0414ralt a. iov IarpgV

('onical' t Sensez(; IFn;i 2.----resshtrt diterittmnion~ :,r,,,ti com- for \virion-i 1r4)44O, -,
1)111(1) is "oia"in tlie lintht pI)t sical hluanitities angle4 of ait ,ik.

Parbolc s a consequenc'e of the conical naturtei of thle non viscouls
bonar t flow, it is shown inr refer'en ces ;i and 6 thatot thle ha ati not'

lo'P. . W - ~ boundary layer hats p~arabolic sitnliarit v along" generat ors of
thet cone; that is, v-elocity, prtessuire, and demisit v inside tilie

IF ~~boujndar~y lIne a-t're constat nt along any parabola (see fig. 1)
drawn in any one meri(l ionail pIntTIe (plaimn passing thriiouglh

IF f thle body axis). Of c'ourse, circumiiferential v-ariation (of these

qhuantities is to be eXlleeted when the cone is at.t angle of
attack.

In reference 7 thie effect of ang le of at tack onl the latuinar
b ioundlary la :yer is analyzed, in thle limit, of very smintll angle

Shock wave of attacký, withl tile result thalit the boundary laye~r tends to be
Fmitbam,? J.-C-ile at angle of attark to stipersmein aitreau. th~iciie on the, Lop or :ic Lwie, than on thte button, (iig. ~3(a)).

I Supersedes NA('A TN 2M4, "Lamninar Boundary Layer on Cone tn Supersonic Fiow at Large Angie of Attack" by Franklin K. Moore, 1952.
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(tig,. 3~(b)). Witent file itngh'l (it ittack is furthter inc relted.i
the' 01 lobe patern) fialklY brieak" awa2Y front tIhv bod'ý to fortit

it vorte(x st reet 0fig. 3(10)

R(centt I.N ( ref. S). ait the I owl. is h rilo i t t it a hijf expeit-
filelt was1 earrtedolt ill1 Minc wittl totkul-Ilvild ptofw, %il, 11jhticd

Ithe (!oi(-ii apjex (fi~g. 4(a)). 'I'llo (-()t(' %%as mounted in it
ttJ)('t(ltlifc winid tunlnel, an fiti pr' )obe wat, used toi tItilkel;lt4

the totall heaid lit til' bouindary-N layer ait it fixed hevight liomS Si t( stirlfac:' as tit( angl"e of ltat'itk wavlki:1 [(fl

(a) Sinall a. (bi) MIoderate' a. (c) L~arge' a. idc tedtotilIva ittlel"eofitic tk lrwd
F i; t RE} 3. -- ross-s'ec ioital views of b1((1)ndarY layer oil colne at variolt fromu tll'mal ivet positiv I ('If) 141v be lv-r dt

angles of attack. 2

'FThis is to bt' expec ted since' thle fil id twam tilie balse of thle of th con'e'11. Bev a i e rtai ti a glnl of im , this let)d1-

boundf~arv laver has low inertia. is thtetrefotre inclined to VIICY' r1 eveses, and tilebilnu 1(111 tV I'lV t lr aparen till Y bci 4(1114

follow thle ditect ion of te le (ireltnf('eit ial ptx'ssure gradin'tt thinntier als t ite, angb' of attacitk is increased5(4 . ~IThis is, a fo

111011' closelY thltin is till' ouiter' flow, and( thtus tenlis to (Itilill sibl)e indication of tit'. tnldetiev to foriti lobes. as illust k-al 4d
alway froml bet'leat h tilie conle a111( aecitttuitlate liearl till' top. ill figitti' :30).

No se'parat ion is enc(ounlter'ed b'cautse, for small iitigie of In. thile prset('1t reot( t (of resteartch tutu litit vdi duii ithe 1)

aittac'k, the' pressure graldienft is always fa vorable'(fg 20t)). sllI1114'Iof 1952 itt tile' NA( A Le'wis liInborlihit. flit, ItltiJtIMI

For larg(er angles of at tac'k, whe'n tile p~re'ssure gradlient ltollti~ld rv Itt ('t ill Itie llivr idinal phiute of sytitttlicv o f tiilt

re'verse's dirlct ion niear the' top of tli' ('011 (fig. 2(h))), ('xperi- flow is anlily ~zed for Ia t-gt 11ttgles (If att ack ilt order it) proiduij

nient indic'ates the formation of boitndai'v-la yr "'lobe's" ve'locity profiiles oltile I ott' 11 ll olf tile' (0th' 111(lid to 4 prvide
at certainl deg"ree oIf inisight intl tilte qu1est ion (If stelantI ill)

/ t-Tta-hadtube Onl tile tolp.

or SOLUTION OF BOUNDARY-LAYER EQUATIONS IN PLANE OF
SYNIMEITRY

ROVINDAIRY-LAYER EQtUATIOINS IN PLANE (IF symmE~rRi

Ini refe'renice 7, it is sbown thtattleiuesiieslttiikr
Boundary loyer1111(-tXa- ( 11 tIsf t tJl-0)ii fo I ' l 1*itl

(a) conle ar Ie

16 IF P'týO) a 2,] 22
E j __ __ 1) 3__ _ 6 J 30~ :1

I P. 2 2

-r - [.xx- (11))g] xx

__ _ __ _ __I _

8__ c____ ____ . 2p( ~xz )tl)

Equiat ions (Iit) mitd (11)) ar'e Inionienltl11 eqiatitions. equatlil o
______ 4 (1c) is kall ienergy balainc', 1111(1 equtat ion kId) is tile' ('(filtolt11

W b o If state'. A comtplete list of 5y111(ibo is p)rovidled inl appl)(id ix

(b)- ___ A. IThe futnet ionis (X,,p) al11( g (xP) tire relaIted( to tile tw-o-
48 12 comlpotletit ve'ctor p)otential dliscussed'i ill re(fe'rentce 6) aind are'

tAngle of attack, a, deg dlefinedl acc(ordling to the relations
(a) Test contfigutrationt.

i(b) Variation (f total he'ad withI attgh' of attack. .1 -fx)

F~nimnR 4.-Variation whith angle of attack of total heiadt inasiri'iii (2)
boundary layer of conev. M, 3.095; 0, 7.50.=g
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in ina manner sutch as t o satI isfY t i' ront iillt v eq~at ion vvoci t~v componenil'its sho(5015 take SIII I lhe '.4)le'-J5iid iiI

islenirlt , o~v. il0ltVlit'O(15 vaiiiins
The coordinate X has been formed ats follows: , w) 11 hp) (fill

R P t tle one urfcvthe u 11111 ir velocities shlould vaiiislh

'the( coordinat e , P1i the( angle bet w'een (if- Vericl p5lalne111 of (, ( le
s 'vmmilet 1r*v of the flow and1( till * mneridional plane- of lie( bodl fdt, v~t,) )(

(fig. I ). Equations (I) and (3) imipll that paraolohe silil- find thle iiorinal velocity r shouldl vaoiusi. It is sIlcoN illii
[a ri t of (lhe Blasius tyvpe exists fin iii edjorittio pla nes. As reference (~ ; thait 1l11is last requ lii len ect is ii is't if
pinmt esd out in references 5 aind 6. tlhis conclus-ion of paraolitc ~ g(t, 0(G
similarity alpplies for t ie )lfdtVlyr na sinuoth

conically Sy m iillietrnc body* ill supiersonlic flow (foil exa mple, it 1:111 til I lol (invo lvinV g t wo( illnI WIdepenen IV 11 iabh- II('. tilt
('0111 of elliptic c'ross section). be qulite difficult to solve ini general. H owever. at ceitaili

In reference 7, till quailt tit ies ar niad d11 ccimiension less, 1) ,y v 11111)1111 of informa11t ion cali l~ be11 oti ned 1 Y restrlistting ('01-

referring t hem to thle p ropert ies of tilie n)011viscous flow titt side ot iol Ito tilie p1 lan (If 5ymnllItetry 1vthus yieldiing 2i tract able
tile out er edge of tilie boundary liaver when lthe ('one is tit st't of ordliiiliav eqato. invill X it. il,. only independenls'it
zero angle of littack. Inl t ll(' presenlt iciollr it will be con- var iiable
vellicnt to use af diff'erenlt referenice condit ion (subscript r) In tilie pllane sof s~iitillei rv ( w~),I=g,\- t0. Beca usce

whIicih will be dIefinedl su hsequecntl lv\. Thel( following (1111t1 at fx- is e'vein abou)11tli )1 ill'' (Iln f sy1IIi t V1111ler and folly be'
lit ils oil thet left arec to be idlent ified xv-mthI thlc dlimensionless expecte toiIl be regular there. f,,=t. rbi, at''slie 11(

g'rouips onl tIll', righlt: tihe densit v tire also even'i. 1111 theisrefore' P'(S, vaiiishies ait

Pý0,~r. Thus, in tile plalne (of s~niniillt i*V equlationi 1 1 I1 i'c'c~~elcics's to the( folslowing equation ili: 71

r+ (± 2~ g,) fx -12 fxx 0 7a

p _ p 1) , Every teinm lii e('tiltin(ilU1b1 vanishes5' lit till' plIlil( of svill-J ~ ~ililtriV; and. thiere'fore in orderi tco o~btinl ii ilis'aiii'lgfllI

.rl P?1 X C Pr 1,MCL qualt ion, it is nelcessalry first to1 differeint lat' e'quat ioni (11))

whr Ills constant C( rssfo h supino i( wVill) re'spect to , 'l0 nd thicti drop) tl'nilts whvicl valilishli t

ýp=0,r This procecitlre v1('lcs thle fssllclwulg reslilt
l'lpeoI ie-icoiY reilation of (2 lapmnan ansd RubesinI

(ref. 9): T + ý " gx,\ 6 (g'- _:2 gxp-+g,,0(b
CI (5a) ( 3 0 3 3

Mr 1', l~~quation t(1(c) IbeecciW5

w~ithi C being defined as follows. in order to imatch equation T + (f\) 2 = T,_1?1 (7c)
(5it) to tile Siutherland formula at the cone surfaice (denoted
lY sub sc rip ?r)1 ): Equtationls (7) ilay 1)1 conlsidlered if set olf ordinary differ-

enlt ia0 'l eq ai on Iic s fo i-t isl' funti eioins *i(X 0) il 1( g,,(X I), ) sr

C SlT, (5b) PfX,7r) ansd 91(X`7)- depen1dillg s"t wehl't ie tile' sollii) ou i
to equtitt onls (2). thie i'(stiltPRX.t) oIn r) iaov be differentiatted

TIe iq' antitut0y S fllly le taIIkeni as equatll to~ (2 160 R )2 cr:, i i ele' (IXt0gVI ?l rtf I I iil i oii ` 1I't'1
Tb flioi l~ 15 cl tion11 pysiallisliilll~t insiiis'o'ii t il e plain(' of sYmn1111'tny . 'i'lle for ,iItismI le'd 1 v tIile eii-

ilodill il l'(t~atiils (): (tiiifl'rent ill ve'locity p~rofile' it- as 'P-A ort ir is gien bV
(af) A thini houndatry laver across which tilie static lpiesstiil r X ri)i h snetli tasal iglrdsac /

is rntlnme o n constantraiofsefc away fronm tile plane of syimmletry. 1w ýgv (/1o.

(he Pants nuy e f1adclsal ai fsei Thle boundary conditions, (eqs. (6)) become, in the plane

(c) No hleat transfer through tile sturface o y mty

Froiit l'(huiltion (1c), sincee tlle eisc of Prundtl nlumlber' of I .fA( o,( or ri)al -= it0 or in)

anid nos bieat transfer is (considered, . ill equa1t1ioni (.5b) Ilily g"\( ,I)0 oi' in)=?rj,(( or ir) (8)
be talkeni equal to theii dimen'isionlless strietiiu stagmat ion f"(t),0 of- n) =g,,,(0.t)0' of) r)=f(0,0 of' 7)~=g,(0.0 or vr)=0
I'llra ifCir he.
Tilt- bsouindaiy conditions otl the funtt ciols 'f(Xp) and (.c) In View of tile first of equiat ions, (8) and of e'qutitonl (7c), it is

are: At the oulter edge (If tile bountditry Inver, Ili(- u, and w' conlvenient to specify tile reference coindition (siihsci'ipt r)
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to be titat existin titi a it he outer edg~e of tilie bmuti(larv layer, I a b Itiat etl '11 cit ase of zer-o angle of attack (ref. V)1
for tilie jtiirt tichir augh' of atit ack undt r leoloijsdera t loll, solved exact lv inl tihe senlse tha Flo t it tis 11111 t ion it of til
evaluated lit eithler iý' or 0I lr (l. ieper~i di g otil xvietilier tilie Vertex anigle is iii at It. 'lThe equatitolns tlr, then~ eNpaltintI t in
itnalysis pertaulsl- to tile hot tiuti or lopj (if tile ciuje. powers of angle of attack wvith tihe uise of tite zero-minle-itt-

Bt'calijse tilie pressure is as'stiniiie cotista itt across the at tack solution as the first. approxiuaition. Termis linvtjr ill
htoiildliii layver, equattions, (1di) and (7c ) land( tile a~ssumption t~ingle of attack tire p~resenited iii reference 2. intI tieniis prlo -
(if Constilint. pre~ssure- across the( houtiitida I laver (p~ pj) port ional to t ie( sqtuare of aingle of ait tatk art- presetedt iiiil
providle that reference 3. Refeiecnt- 4 cltirifies thle applicatio I i fl thetlt

t (f)11+1 (9) theoryN to tile -omlpultation of flow conlidtioui's alt 1i1v toil-
p~ Ti 71+ Surface.

2 There tire tw-o obijecio tns to tit(w use of this ilieorY ]ii iii

Froiti coniventiions ý4 ) T, = 312. For eo0iive14IWtCe. present application:
'A' 1 / ~(I) Neglect of ternis inl thle e-xpansionl beyondl loit M i-

thelolowigdeltit tnsalt iiaie:volving the sqtiare of angle' of attacek miay' lead to at ilinsittli-
30 ~cieitly accurtate representation of the flow alit lie Ia rgi' angle,

(X.0 or ~r) N t' X (10la) of attack whitli are of jiltervest. infortrinatelY. n lii)u-

viscotus theory is available that treats t lie effect oif aiw~iv i f

30 u'l'(0 Or-7 (1 0h) attiick w~ithi greater' precision. Tin re'ferencie 4, at vonipmlttjI"Nst
of tilie thieoretical and experimienital pre(ssture (list rdintlol iitsi

E iatoi out 0)) iind dlefinitio. (10 ar inrdcelno qa resenited for at vone of seiniivortix tangle tof loo), al a'\I Ma It
i ons 20a aiid (71)), and aaios(t)) of l"it o r) iicassigned eqit- numberl~ of 2, and of tin angle iof tilt tack oif 12.2'. Tle~ at-rit-

sktvnti with thle iiitlviscoiis erluati ,ltsitt the( oilti''eg of Iiettn Shown is vt'tv gOodt, e'spec'ially since' t Ilei 11igli' of alt tickl

fiii bomiiilar av e and"( or r ma coitveniently be' oh- is stifficien tlv Iantiig that thle p~ressuire (list ihbut ion is of 1111

laitwi~l froml eqita toils (1 h) lad(6) in set t ing t~x~gvpv shown in figure 2(b).
\%lieni Xý (2) Inl reference 10. Ferri poinits outl that 1 ii(' Iiii'tliol of

'I'lie fo o~thuwii pa ir of sli iiiltaii eous; oi-din ar- iliifeeniclt ia 1 expansion used iii reference's 2 antI 3 is impoe n ~~I iear 014, i

eutiliitions tlienl results: torn' sU-faiite and leadis to tin erroneous forut of t~it ilit op\
distribtu tion ariotind tilet conev. T Ii i'refo Ic, tilei t Iieo. ' v ica inot

(fA-j-- " 2.f''' b li) ie applied if tilie Vertex anlglt'. tlit(' aitligi of at t tck. t)I- lit
i\ [ac itl lit herel is soi Ia 1g-v tha t t ile flow 11111 [lot itv col-tit i llt'i

(f - A-~ ~/'j- 2/'' k- 4/)2 ~,', tssentiahlv isentr1oph'. It irefer-ence 7' a till-g."liient is Pit'-
3seflt('t to tile e'ffect tiat in tlw limjit of infinit esinial i alili' of

k' 1+1 1 f ) 1Itt ttack tlie pre'senc(e of at boiundaryi- laver e'nsure-s that. tiei

3 T,1 (-' 2  0 (111)) errol- in ent r-opY (list rihuit ioll Is of nlo i'olsi'qteince eveni for
large !-one ver'itex angles. That atrgunient in no way aplieits,

a rol htouttilatv (-ll tillo ii(58) Ibe'oijte to thle present anial 'ysis hecTitise the iangle-s of at tack (-ohl-
-idered tire tiot infinitesinmal. F'or tlei putrpisso f hi

.f' ( ) '' ( ) = (I 2ii) repor-t, thie use of i-eferences, 2 anld 3 itt their- presenit formii is

f' ()) =~'' 0~ 0(12b)) tistificd otl"Y in case-s fot- whi-h istit I'tc flow intla b
asstlnie(.

(t0) 4(0) =40 (1 2c) According to reference- 4, tlie( x-elot'itYVil componientit t ilIie
cone Surface atre, using tlit(' nota tion of refetrences I to :3 for

Twxo piarameters alppear: k-, -which dlependls ess-entially' onl quantities taibulated thlereinl.
angle of attack, and 7", which- is essentiallY dependent on
Mlacli number. If the tingle of aittack (,and hence k-) is zero u, 0p)i x
or nevat-x- zero, equations (11) becotme pret-iselx- those con- U U
sii eretl il refe -renc ve 7 an d m nay' he solved q utite rea diil y, sin ce 2 L 0 1 X C t ( + + Z 2 UI X Cot ( + 1equtation (11th) becomes linear and tite- soltition of equtation 5 2 C _2 Cýt -277 o +p -
(I Iii) is well knowxn ats thle Blasiuis function. When k- differs (3
stibstiintiallý- fronm zero (moderate or lar-ge angle of attack),
equations (1t) tir-e both nonlinear taft1 thet solutions are Sill) pz a 'VS cot 0] sin 2ýp+ ... (14)interdepenidetnt. For an.N p~articular case, when only tile uL UJ
stream Machi tinumber, cone vertex tingle, tand angle of atttack
al-c specified, tile parameters kr and T, must b~e obtained by The pressure and density arc
i'ecolirse to at theory of the outitr nottviseous flow~. pl') i+" cos p±a2 FP-+1 p± +12 cot 0+

OUTER NONViSCOUS FLOW p p T 2 2

In references 1 to 3, the results of at theory of nonviscous R27 12_
1 

71Coto~ 2 ~
supersonic fiow aiboutit Circutlar cones at angle of aittack are 2 9 CS
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p ~ < O p f--a'co 0

+I2 I cot cos 22±.. (it6) 2[ra- i.z x 1p 2 2l~" T I k- - -2cx 1t7,

The barredl qulant itijes tire t hose pert aining to the caIse- of 3 61OI6 0 - 07-

zero anglev of at tack. From equatin (1015),~l (I13), andl (14),

1w.1 ~-.6 The phis or. hinllis signl refers ito 4p 0 or Ir, resjpeit ivtl.

k a: _1 -- -0 T From co vvnlt'lionsI1 (4.1 eutt Iiti0-t 1:Uti 15. 1,11 a ~ rid and

1±~a 2f I_;- the result of reference- I lhat li a1

+ I2 +1k I I (+\ j1 ')] Pý)+ [I2+ 2 T

or, approxunlat ely,

XJ' + .22 + -+2Q 71 1-7

In figure 5 are shown k and 1 '7" as- funeticions of a for at colne 1 ___ - -2

of semlivertex angle of 7.50) and( a st realn 'MIach number of
3. 1. From tile, t abulaations of re ference 2, it iiaY be a in ferred
that U 11(1er thIiese tvonlidt ions, thle isen tro )ic a ssu mptImion I ead Is G
to errors of less tba IH percent ii qulant it ies pro1p)0rt ional 0.0
to the angle of attack.

SOLUTION OF EOUAT1ONS AT r=O

Fquations (It) have been solved, Subject to b~oundlary
condlit ions (12), at sp=t), andl various, angles, of att aek for at aaee

COne of senliivert ex angle of 7.5' and1 at st reaml Mach(1 nuimber
of 3i. 1 for whuic t lie values of 4- andI I T, alt giveni in figulre 5.C - - --

Thel( comipu tations were ca rriedl out 1)V ' v)r. Lynni A~lbers of t lie I
Lewis laboratorv and are described inl appendix 11. The - -

resulting lhmindarv%-laver profiles of mevridional velocit v (111and
griIetof (irculifef('rtiat m el 'ocitY y iw z are shown in figure

6. T1 i v clirves for a=0 are obt aimed from reference 7. The I v ___

p~rofiles show clear] v t but, ats Iii anughe of aIttlack is linc'rellsed .
the boundary* la -ver becomies t hinner onl the bot tomi of t lie! -0. 2.2___
cone, and the shear stress tit thle wall inlcrease's. _____2.

Skin friction. -- The on(ieriona I an cir ti r aferien tiall co ii- - ___

Iponents of the viscous sbear strless ait thle hot tomi of t lie cont'
surlface mayl)' bevrit ten' in coefficient form as follows:-128

[cf.], -o 0 _

2 I4

Fi~wtF; V 5. -Variationt of Iparatiite'trs k andr 1 IT, lNith wiagle of attack.

where the quantities on the right. are in dimiensional form.3.;0

Application of equations (Id), (2), (3), (4), (5), and (1011) [6f']-= 0 (19b)
yieldls

e'1, f()(19a) _ .ý3064"'1(0) (19c)
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I I j .6
Velocity ratios

0*-- / ' ='i) •-••, __ __ p ~

•.8aw / /a L

.4 (de 2 12
0_. , l ] I . ____ ' _ _ _ t__ ,_ t.de

00 1 .2

1 E5 .

-C

-l I/i/ / 1.8 .251 .385 .741 .474 -

i// / 2.4 .729 .904 .929 .966 ____
S ii , ___ 3.2 .876 .979 .987 .996

1 I0 / .C96-

1 __ _ _

S/.8 .902 92.54.952
€/ I .6 l.292 1.165j1.143 1.088-/ 2 .4 1.325 '.09911.072 1.029

6 3.2 12051.029 ,.016 .004
4.03 .0891.0051 4 L_____

FR-GURE 6.--Velocity profiles at €=O. M, 3.1; 0. 7.50. ____I___ _______

where •

.2i

Variation of these skin-friction coefficients with angle of p
attack is shown in figu~re 7 for a particular case.

Displacement thickness.--ln reference 11 it is shown that
the displacement thickness •A for a cone at angle of attack is
the solution of the equation

3  
\ 0 4 8 12

Z(6w(-•)= (2) A ngle of o tto c k, a , d eg

where FIxuREF 8.--Displacememnt thickness at €=0O.M, 3.1; 0, 7.5'

"(21) where k is defined in equation (0lb). From equations (5)

-°( • and (9), with ,• defined in terms of a Reynolds number,

At €=0 w•=0 and equation (20) may. be solved directly R=P1u•P

( 2 4.32) 6.0 12.0R -( 1; o.
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Using equations (10) anld applYing [Hl-ospital's ruIle ti) Thus. lit- as 'vniptotiv comiplemoent ar.% 511111ions. of equalltioni
evaluate at p A' thle limit of thle ratio iw 'irj appearing in (241)) are
equation (21) yield 1 ( I~

~ 14 [t-#'+ (~ fd) dX (23h))

Tlherefore, 2 ' 2fi b)

01 + U -j k) + T)l (1L 11X Biecause it is i'qiiired that VI'' 1 0. ohitijoft161,1

F~igure S shows- the variation of (displacemfent thickness with Whieni k>.t) (lit lit-e otioiii of lie coille), the voiiijletv ol('ll-
tingle of attack for a particular vase andi again illustrates the( I t ionl of equalk ions ( II )exists la id is i11llqi li.ad ýoh0i it on
expected progressive shift of thle houindar I-layevr from biottoml (261)) is to be' rejecte4ýl inl for-Iiiing lilt, j'-'iiillplo010 Sol~lfl1on

to top) ats the angle of attack is decreased. Therefore, if soliition (26bi) aind thle ai;soci~lt 'd 4oli'lil 111111ii1

LIMITATIONS OF METHOD ATp=, be I&'taiiiil(l whicti V- -1 3 . it 1, clear dm ll(, t vi oin fililh

Ecpt for quite smnall angles of attack. equlations ( I I souioi en feritieti1 3r raiiiiiihericah illegn ionv of dequleil11, INC.

cantinot be solvedllat t ile tolp of thle conle ( r.Overi part ats described ill aiplvieluix B. I
of the range of angle of attack, thle solutionis are indletermIli- This iii~ileterminiii' arises bcll''ilsi' esseniailt ilifoijiioi loll1

nate; and. bey, ond a certain angle of attack. the sohit ions hias been lost hIs)%- al~ii iv ctliol oils" Ito a1 ik), olll ill
do not exist ait aill. Teeprop~erties (of equations (I)i~i llte p)laiie of synimet irv. Wilviei the' equlatlioll all' sowil 41
be ilernonstrateil and discussed in the following paraigraphs. itsiniidtatlehoiir-ic dvoiuin n

Asymptotic forms of equations. -T[le dlifficutites just plane of snntrvis affecteid 'oll lvýb. colliollbs ill 111:11
mentioned miay bes t he inferred from the asvm ptot ic forms plane. The( lot enad regioni of 11inlii cli ocaf po 4ill 511tli on fII( hod
of equat ions (111) at large X. From equation (1 2a ) it is clear inth l eo vnati lospiufoial i'-h ld

hat fo lage . fandti may he writ ten as follows: eisinktdes( 011b.liidigIiIlelwii

f~ Xf-FI)molecul arI diffiisiol Nii.wenl. ls lil tlie pieselit nilst~ani'. I here
1s 1141 pressure gradient inl the sI en'tro lrlt 11v loll. Fluidf clii1

#= -- *I'(x) thle boliiidlirv lo1ver fronit I he oul c st reoiii. If I lie 111nd111 I)e
wher "~ 3*'lioves liitenill. (becallse of tlie( ang~le of at tock) oit of lilt

wh'r F, ( ) . SubIstituitioni into~ eqluationis (I I region of infilli.ence of tile 1)111111 of svIieiv as siwiill
Yi eld s thle asv inptot iv forms for large X ~ sket ch (a), titlieflow is tiliiiIielY detl c iiiil V11111edb clit slrvleaii

( ) -fAXP'' 4I- 2''- P ) (2 4 a) eol'Oli oltis inI 'lie p'tlae of sviilutr . (eal, tlh's istli
Case %%]tlle P- ~r and (it is smaill. iinid whl(i 4ri 0 and a has ourv

1)pos 3it ive vau.Whleil r except foi. ýiiolll oligles o;f
3 3 T, 3 ] ttac11k, the laiterail miotioni of lithe fluid is inward relatfive to

(24b) the regioni of influience, as shown inl sketch (I). This tillid
then brings into the region of inlitjlicil of t(lie p1111w of svrii-

Indeterminate solutions. -Considerat iotn will now he given me ' ifri. o oieiil ~~iiIir-oirdvlpiieiit
to the p~roblenm of obtaining the complementary soluition of' as it' proceedls Ilil-llill the v11114 from t'hei ,attn. 'n
equation (24b). IDefining a new dlependlent variable quieiitlv, oulte'r stri'1iiii lcondlitionsi at ýý ir maI~ not iiiiiqiicly

14k4 (lterniiiic tIt(. hioinidorv. -lover char:11acteristics at r- 7rw anii
G, e I inidetermninat e siollitionis of i-quilt ionls (t1)1l\ bea ant oiitiplited.

Yields thle equmat ion

C,-[")L k + 7 +( I +k) x2] (1=O0 (25)

This is essentiallY Weher's equtalion (ref. 1 2, paragraph W
16.5), and the asymptotic solutions aire

I 1k X-3k . /I

+, 14.3

L- i2(V/Il+k X)2
ea 2b c

243,1_71_53 -
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The' conidition A-ý - 1.1 spec'ifies till angle of ait tack stitli diat flt-e hoiiiolar.%v ioioit loll". aijil. ilicrtfolr,. thei' l'aulltl lowI la r% -

tit P'-- T, tile outer flow strt'andiiiiS are' just tal1-iglit to till- hivoreqtitiattlls fjii to tlestcrib till flow. Till,i %\Iý f ii-,t
parabolie region of influience. Thiis stta ellen t Inay h . e pointed ouit 1) 'v hai'ves ill referie .7). Tile Praimi t cI equat onl
proved its follo%% 5 1Fronti definlition (tloll, if kc l.,-. thien tijirer ftioo theit' e\,t tequations 4-.siitiaIvInI. I hlat ai111
w', 0,m >- - '2. Neatr p-vir (see sketch (c)), i', w1 hioniitala% hliver Is alssliliied. ThIiis, if k< - . flit, himlildo\

T v7r _ -lve a',uo be - T~ it, iI' hill t le, aiv he 1witi! II tI
1, rhus, \% -it A- T -. Front tis litst laeruaiit;o (2)it pi. hiw ._I l"d~lcil'l

equati onl alndil te gt'oIletriaId properVItie'S of flitaI'll s 1(2SIt ma11Y t I iic kiiess aii) roi liiesi ili i Iit Iv.
he inifer'red that thet streaminites are.( parabolais with focus, at AnyV hoiiiiilaiv layver gI~o\\- b\ tilt- eiimi)la elitil(1 1(it tin)
the cone apex. Therefore. tilt situation shiown ill sketch its ouiter edg"e. That1 is. tilui ai i avyjuos \iii't c~lX h\
(b) aipplies if Ic ¾aind equaltions (h1)Ithave no uniq1ilt' entryv inito tilt, bolluiiiiar hiv\ei. Tin I-vtri-e puiowt cifiiiilo
solutit on. occur - fluid piruticies cannllot lealve flti- iioini(1,i X hti iF clI Ill]

It is fint worth .N that tile niathlemat hall liatuire of tile losilig thieir viiii. Ill tue l.Ils( Iliiiiii cloii'Ideia hull. it
indieterinate iiiv so fai describe'd Is, quite simlihlir to tilliit whiich, will lie sliwii (Ilii \%ibell V- -- I , fiet, -iearuillirfeý at tit( i, '
characterizes solutions of tihe Falkiier-Skaim equamtioli for the edge of tin', h~olt~iiidiv lave,. would proueii Ii\ jlulmr tvilati\'

planeW1)0 bi 11(111C hive i Whien t ii' niteri flow veloct'it y is pro- to thet h~olul~llnlr\ v lyr, if the bolottitary lv 1\41,%\l to)nIi
l)ortionllI to J.- (.r being" tile streeilinwise coordinate anld /it it parabolic siuliloint ,v. Becaue~lllý i ac It Wi tiotim Is \iilI
positive fuitlller). 1hiartree (ref. 13) hals treated tiiis ptob- impossible. thle iPraIltid iqitations, fail to 'viciul a 'oI'it ifii.
lent Inl de~tail iind fititistall "eXtra' aISVlapIto it' sollut inl simlilar Fiont referelice 1 1, tie iiouiiii velocit :0a I tin' 1tl*ild-ti
to equaitioni (2t6b), t'teresinl- with ditiitace a~waY fioiit tile of the iitllidillii llYe a~v'it ý r T I
surfacev acct ord ing to at POWVeI ]tl\-. Th iis eX 11.1 solulitn is111

rtejected bt y IIIIIt lee oil tilit girountdu thaiit an1 liii tea list aivi 11Y~i
thick btutindalry layer WotuldtZ be prlediictedt If thet solutitn +tl ± - .11 (' "

A thorough studyl of the llsvillptot ic naltulre of eqjuat ions w~ilriih it is soiiiiwfiatI arbira t II\ detitiit io ll of tit( in d_-,.

(1) ight lead to a1 similar coiicluision ill thei pretse'nt p~roblemi. of tile hilihily ve-ilud1 0 ~isthaieittiiatl'
HIow ever., in t ilIe prtesen t p rob lemi, tile ma11the ii mt icai dificulty Yt I

gloes deteper; whten k> - ¾. ntlumerical integrationl failed to of tilt- oterit' iltllvisctil5. tlow,\. Thell quatlit ll (if qoitililit1111

gIMe till101itV results, evten tlioti.-h solutitonil (26b) is certiiillly for. thile otitt' ll)\\-W. "\ ahitiilt1 i at t lii' siiittiiioit thu com. ill 00h,

hut ratilll'l only * v eces'arvY for tuniquieness. *

Insptect ion of till' profiles shown in figure 6 for a Ic -0 inlli- + -+t( o (t29)
ca tes thait, for ON- > - la, the streamllinets withitn tile bioundlt- j 6
ary lover maly be1 exp~ectetd to Intcline nmorte sharply, towal'tl Withi eIitititous (21%" and (29' c'ombihneid, thei flow Hichiitatwlt
thle lplant' o 71 thaln 110 the strerlmillnes nearll tile t'dg of the(

botntlrylayr ait thtisma br ti i fom a in fom t'lt' t i ti tilte titer ti4giv of tii'he~luli li\veIs

tilt, cotle e'ven tliough the outer ones ldt not. Thiereforte, thet 0A A I ~,' o

('sar ondlit iont for uniqtztn -ss woluld bte (si't t'qs. (2)~- , ~j
and (l1ut)):

______~~ Thei P1,0111 ti ( thill() iItl ll~vlii 1''1.1Y het u'xpetvIt to) -XiSt,

or, 2 nYI I >

Figure 6 indhicates that perhlaps till' maximumi vahlue of 4 i.W titqt tit 8t)ilraiiudi

is to be fouind at X -0, ifl which cii(lst' crIiterIionl (27i11) w~ouldlI oil~' > ±,:1
becomec (2b)01, o), L>i[ +h -J', 1

k>- f"(O)
3c 4,(270b) if pairabtolic similaritY is aissiumetd (ih anti A ('1111 propotrtional

Nonexistence.-The solution of equlation (24a) istoNi neultY31)bcns

I+k 1 owL. :3
e-4oil I Otp> 2

The( requirement that I`'( co) =0 is met onlyv if c> - 1. If or', frtml equaltiotn (lob).ý
k <-1, no solution of equation (24a) exists wvhich satisfie's k>- I
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SEPARATION -Vreshts

fIll' ciriticatl condt~itionl A- - I Inaught Ile expected tol Iii' of
ptlisica I a, wellI as a111 'a lv t iva I signifticaince 1 cala sa sllline si 1z,,,-,,1

of caatatstrophia' t Ii ike nutg of tilie hi at in ltat\ vIn via is imnpl ied I
In p~araticuIlar'. this ci''t ical ci'adiition. Ia , v 'e'atsElatlil lI)(

slilpposied to Ile' conneitcteda witi ilt-t~ phlicinateitora of latlllitar'"
searJalttiont. In. oi'ilei tao aexploare this piassilalit ,v, it is first 7

lteC'esslt rv to a esati I w qutad itatuiivei v wIhat is In ealt hYi lvseprl
utitl in. th1ree''a-d imentsionala I ta unal ati'-Iaa ia' flow. 1)1 iffaicut

I aas eeni'no t it er 'll ast abll isil in,-ag asalt isfan torY o it l Ita lit alivea

crlit erioni for thItree-d Iimenisionaltt sepiarait lolla (see, fori exat itt (1,'

ref. 5 l. 'F'lti'a'fari'. ill the suabsaiaeiuet ptaratgratphts. tiI e
1gal i'rail pra'etl it Elf thraele-adimitensioal ilsiparatition it %-ill Iii'7

adisacussead. anal the tiiit (a, IalI'ticulila -tr i'a otf thle aitae ait 1aragle
of atttatck wvill Ileci'aatsialara'al

(;ENF.RAL COINSiIDERATIONS f

Plane flow. lii pllaneti flan%% sea']taii I Ion is iIlstoilljjtilY
iafenatitfied hv tIn', aippea'ranicea of reave'rsa flowx (sketch (di)). pat!tern 4)f liat, airait slim-awit u skataci fi . '[lieIwo laillaita

Il otaI-d' t(* vlgeraeialize t his a'llicE'lt to) three'i-dlttimensjaionatl al woutldl lii' preicitaed taa plut matass flow I)Y cli!traitlatatatt

Ilo% aw it is itecessar 'v to aconidtej r thie separ ate tealtgiolt at-. a asi tocisarailleln .ll!i ttailsIIi i'ti
whole, lit planue 1. aW. tile sepIaraattion po~int oif sketaci (,d) otf til, retalst a~lgaat jolt poaint!. 'l'leare. till. iiaass flaiw voia!tatitiul

ttiglat hie regatraleal is Illei forwatral baaiiiaaav aof it vortexi ila tile ia'la ulaarvlai, ci %- atiar1 s11t fitatll~ laava' I lie lmdanl\ atnad paaaaaia

Tzheat elli~lalla'al, ill. enctiapsutlated'i, withlii at eg-iaiii hoaainaaadledS aaat li llltllVlta latfai'atlatltttl
lhv till. Iloav atnad a streatot suarfatce meeting thie bomkv (sketcht t~lta'l'at iaaIlv athi., laat tat liir titlist alplrtotal iitfittitc thlick-

'keteii' ucaw ala~tiltfilwi a 'attll- Hss ill viadaitiiait ofi thle l'ratatiltl atssuittltlttaa. Ill 1l1iS

atailt!. Of a'aoi'sa. tilte soirt of se'ptarationi aof greattest i'ntitti'i- a'i'gioli. theani, tilte ltft, bounirta ieas of' thae panil. of vortex ýllot

iitg imptlortance'i aoccurais when.i suchaltilt eat'lalibe ie Vor'tex shlect, arei free' to iroll it1 lt) intoacotca Iit nI'll v d\ol~til',- tlois alistottill",
ia ~l I l ta)fot aatla ia'a~taa'ft att alxo'ta'xorissIaaa a a the outea'r floaw in. suti' I a N at y thati t ii aoll ia-alila-u pri as

vorltaex stree't, witha thle conseaqueatce thtatt tlte autetri flow is e'itgilfs, titost of tilen' r'goi whlicht wAvala ot ltarwvisa' bei acclipieal

gi'a'aitlv ilisturlaa'i andita 1 lata'ga pre'ssure e'ffiect (faarttili'atg 21 falit Vortex sheiet. lT'e lea'daiaig atge of tilei sheect.

a aII'a It iwa'veat, is still i'itlstia itle ata ta lit' flat at gatinst th lacI aa l.
Three-dimensional flow. 'Itie foralt nir- descip5tiot an aif

flow tas foallows: A sepatratted Itegiol oil at Iara'ae-dilontsiaartaal

huidv 'onlsists of, a vorita'x slii'it e'itliwi'lalaa laltwe tialt l, Wiail
saarfaia'a aiiid ai stre''llt. surfacea at tacedia to ti lea [laaiav it) a alosead

-- -- a'Ial'veas.1 shoiwn, iii skatach(g which'l is at \Jew aof llt,' IiaaiN

Separation point 'Vortex sheet
(d)(e

If a hottadatiry-latver soiltition of tile tN-vpe shan-via iii ske'tchl
(4e wvere obltaintedl, thea Votrtex shtaet wvoulad lbe i'olitpl'ta'l ,v

tendlto eIi a'd iii afltii h iiEIat am in V till bodyt' teain it .l it p of' accoutttll

possible. effects of itantinar instabhility). I lowevei', If tileSeatd
theore'tic'ally predlicteda vortex shaeet extenuds downtstra regiotnt

inuto at region where' thte thin ltotlida~ry-lave(r aquations- ali
not aipply (thtat is, whtere the( Solult itn "blows tip"' prei'cit ing
ati iatfinitelv thick bottndai'v layer), the'n lint that regiatat thea
Vortex shteet, would atot ha' coitstrained to lae flait itmol thje
rolling-tap process woulhd occur.

Tile foregoing discussion seems to providle thIt propeir
descriptiont of what. occurs behind it bltuff body: A c'oamplete
solution of the tltin lamninar boiandary-laver e'quaationts fot'
tite flow over a cylhinder wouldl probably yield at stt'aitmljnle Wg
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resultant shearII stress fit the surface and 0out sid e the se paralt ed AS th rieariil stgilgif lolthlt poinjt of till- outer f h % iý ;ip'lri a
region. The sit iia 1ion shown in t he sketch woulid correspond II tendi s to zero, while -- 1ji i'eli n a finsliiit e i 11(141 i
to separat ion iand reiattachmeniit inl plane flow. If somewhere Therefore, since - A bx' detiiit io llis hII' e gica ellivi ha i
wit hin or- at thet boundary* of the sepalrated region ti( lie heo- zero, d(h - A 'dxIf tist approach ininii iiy ill i'letir vioati~li i

i'et ical 1)0 tiilar -Ia ver soluit ion wolii 1( a priori be expect ed of tilie bout iu12 IaY11.e assumniptions.
to blowli~'p. then thet vortex syA.steni w~it hin thle separate SEPARATION ON ('ONE AT ANGLE OF ATTACK
region is free to roll tip into af more or less vigoroiiis svsteuii of
vortices. InI tile previous discussion, it was5 i'o'liciilei that si)aliat ifii

'Phus, hnhtimI '~-avi t heor' catil he uised to obtain inv~ol vi ng at stiolivi voritex paitteirn oi'cul 's if to 14.1i atiivc
the following information concerning laminar separation: lloiiiialiti-i'.ei sillilt ionl predicts, a;Il iiillbellill Nort cx slicev

Th ' le soluittion intl v est ablish thle exist ence of at vortex'' cou ipled wvith Iit local Ibreakdlown oi(f tlie( aisstimil p i i( of t a Ilil i

slieet wli icl is eniii! ideIid iii at fla t bubbhle onl t he sur11face anil lioti 1(11 liiver. Ill thle close of tIlle cu ile, iii'ip i 11lit N 3)
wIi jill conuhi adhie i' to t he sit rface andl remiain part of a thinl 11111 be uisei to pred ic t thle vireic (litst 21 iiVVS iuiidl. 1114h ill
houndi ariv latver, pr~ovide fi tlinit title Pra nd t equatiions fire hot iidiii' lav er nmaliv not b e regaIld ed as t Iilii: NI lieni thei fac
valid eve~ryw ~here inl thle sepiaratedl region. of parabolic sinliirlit 'v is int rodutced (hi--A pioo tiolult l~la

(2 'Phle sol ut ion in igh t prediIict thle boni llarv Iliiver to go to -%X)'D invitetility (33) hei'oiiis
to infiniiit e thIicikness sonievlivere in thle se pariatedi region. If
th is ha ppenits then the( se pa ra tedi region is free to rol ii ), tolls u( 1

providiniig at vigorouis wvake (which, of course, is not amenable -ý (34
to boundar 'y-la.ver hcorv ) . /i -

.Foi- flowv about at plane body' . the bouttdarvy-li 'ver solultioni This inewiiniliIt' inidicates Iniiilie botiiiiarv-la vii thIicik-
is not neciled foir predicting the btreakdlown of tilie Praialtl lsoilwhi a'- adeentin.olvfa',isigtv'
111ssliniplt ions. Phyvsica! conisidlera tions, stficthe to establ)1ish iiI stiu tlet ~o e iic nIIareii
whiere Olt stagnatlonl pojint of outer flowv aind whienl (alwiiys) ingtiiltta Tisstreuvfi'nlsu'atac
lie Ibrea kidownt cictii s. lit thIiree-dim iensional flow t his is nlot I ai iitfrwli I '~--I( ve b.\ilei

illiiv soi'ltir iiid t lastcerainfeaure ofthesolt ~ tie aingle of attack is smaller than t his iciit ical value. lie
lire rel in irt I to b e known. Ilit oride fin ht thle hoitunda i'-la vir right meniber of incqiiality' (314) is alasuegatilve i'aad
equiluutions be applicable, the soluttioii titlist be such that tile ~I A t eioijlri ovns i ylilt

110 iillii'r ' It *c vi intitraints II iid (ftlinit is, flowv st rca in ilifes en t ci, tit w ~~~itilut v iota t ig itieqttalitY V , (34
btill doi niit lvlea ', the bOundar m l aveIa r ait its outvtr edge). Ini Th-oeoiguestzlt mat' h e explajitei oii phiysiical gri'idiil
a (Cart esiani svst eni, wheii're /i 0'.:) is the outcite edIge of thle ats follo~vs: As tIlie boini arii Li've la' proieed., a'iiuiiil~ tilie colic.
bottniarY' ii vei. thiis reqiuiiremen t untiv be wr'ite It ius it entraiins flulid \vhliclu it t Ilieul coilve ' s towaird tihe top

uhur h, >u) (3:2) (sntuitletricallY, front bo1th sides of tile coile). lInthile plain'
V_ ' vijitier closec, te fluiidi sinlitarl *' i'olivevcd uIlust~ fliuiall

EfAitintions (32) aind (28) niaty lie comibined wvith the( equnitioni cri'tlt front thetliouindai'v lav~er wihen tilie stagilat toil poiint

of contjiiuuit v ill the( foruit is treiiicheid. However. oit til cl ie, tlielt, ouiiil*u[t *y aveu' grows
pa rabloli ciillv itloinig getnera tolls; 1ii ii. heni ce, it' tilei I' 015511(1

is not too strong (simall iaigle of attaick ). the( fluid btroiighit
0yI~1 >~(z~h+PWz to tile top) iiiiivN sintlpl. becomei pariit of the gro~~'iiglltiiiihti'rv

to vielil ve - For hirger iiigles of iittiack. thte Iotinlar~v Inviei
canntiot gl'o\\v lit it rtite slillicicuit tt absorb th ile dit joulnui' (h -Apui (h IA)PI11.1>t) fluid, iiini eruptitoil oiiiis witIith he coitse~pieiit llriakilowni
of tihe th l -ho iiin hill rv-lver assumtp titoils.

or, in v'ector notation Ac cord inugly,. it is pro posed thaiit w'len t lii' a ugl e itf a t tac'k
is less thain flint foir which A' -- I, a thiii lbiiiuli'\' Iliivei'

iliv 1(h -- A)p~q,j >0 m nav cover the coine (fig. 3(a)). Foir larger' aiiges of attack,
atin 'vvoirtex sheet pre'sentt wvill roll upt to forml aittach'led lobles,

where A is the( idisplacemniit, t Itickitess, andii1 is t he Velocity (fig. 300)) for' still largeir nigles of lititack, at v'ortex strecet
veitor in thet ouiter flow evaluated at. thle body' surface, is produced.

Thus, wh-len k'<-1t (angle of attack greater t~itan thtat for
lii man *' cases, ciri'iiistanices Ina' l v e founid for whii'h which k 1- ), st roiig viscouls iross. forces (v'iscoius lift) on t hi'

inequalit *y (3:1) cainnot he satisfied. For example, for pliine 'one may~ lie ex peced i. Tbhesie forces are i'diiscu s'sei by1 Al len
iincompressible flow iaboutit a uYhinier aiiil, ats is ciustoinitl rV, ianid Perkins. in r'eferentie 14. Of i'ourse, af veiikness .cf the(
with u, anid r idefiineid parallel to the suirfiace, inequalitY (33) preseint anialy~sis is thaiit nit indicittion is givenl as,. to tilie

maYbewrttn trengthI of flie rolled-up vres *yst ei beca 'li wen kA'
d (h-) I ul tt( pelresiincie of an embedded vor'tex sheet Over thle top part

TX' dX of tlie cone hais not been established. It seems likely tlint
k-A ' 1L sucih af vortex sheet does exist because a rather strong adverse
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co B4 w('ON 
CLUSIONS

____ ____ - - - -FlT'e lamninar l)otndarv-hivt'r flow about a circular cone ait
large angles of at tack to it suplerson~ic st reamil hals beenl ania-

- - - -- - lvzed in tile plane of sv mnmlet ry wvith thle following evsul is":

S- - - - - -1. At the lbottonif of the -olie, profiles of mneridional ye-
15 locity andl of thle gradient of circumafereuntial velocity N ere

-- -- -- -- -- - determninedI aii(l shiowed( thet expectted tendilteicy of tite bounld-
- - -- - - - - -arv laver to become thininer onl the underside of tilie -olie as

.72 1th~e angle of iittack is increa-d.
- -- - - --- tt2. At thle top of the coiie, except foi- very siiiall tingles (of

atack, thle aalltYsis (whlich is rest rictedl to thle plant' of SY1n-

nietry) fatiled for the following reasons:
0 -8 + (it) Forti ngles of at tack greater t han sonic rat her smnall

.2] value, tile boundary laver brings, inforiiiatioii frontl beticathI
Cr ~~~the( cone into theit vicinlityv of t lie planle of s.Ymniet r iv t t lie, top.

64 1 1.4 .B 2.2 2.6 3.0 34 3.8 There~fore, tlie ianiilysis, wliclh dJeals onlyý With tilde plittie Of
Stream Mach number, M svmiletrv, yielded .indetermninatet solut ios.

F1(; RE1 9.-Mininiiiwin anglie of attrack for Nv hih separat ion apjxjars at*
'r(bi) For aingles of at tack greaiter thliii sonic angle (roughliY

of thle order of thle comie seiliivertex angle), no botindal v--
Pres"'lirt gIratbeiit (fig. 2 (b)) alwitvs exists when 1-= - 1 . In -i~tt solut ioniposbe Tt( hrcrsi-sftle tr
fact, it ma11Y be shown (nliost conveniently lby evaltuat ing eq. - isd t os 1 1 ' he knowipaabo ictsimiltrity (If thle botn 'r

(7alo titt tX=t k-)w thatb(hi sinilri ades ofes lit boi.iraietolarvs 1
(7a~ it X ) hatan dvtrst l~~'s inr'gabn 'it lavel' N%'Olll(l togetblie iniplV thlit, beyon1d t isk critical aingle,

whten Ak< -2!3. t here vo lilt b le it comiponeniit of flow lteaving" tilet I I) iii n a rv
Equations (13), (14). atnd (l01b) give thet crit ical angle of Iavt.Ti

ut ~ ~ ~ ~ ~ ~ r tackr T'repnhn oA -1.Ti nl'i lret'lish~is is physically\ impossible. since at louinlarv layer
tittak crrspodig t k - . hisanle s resntd is, alivai enrail is fltiid. Thlius. I ltvont thlit criit ital alult' (If

it f unction of st reami NMatch numibter antd v'rt ex angle. F'igure ittatiik. no Solution can exist, for eqluations wvhiich presiiliit' it
9 Shows thte results of suc'h at calculationt. 'lT'e critical anglte thimim boimmdarv hi ver.
of attack is givten ats it ratio of angle of attack to st'mivertt'x For threte-tdimensional flowv it is p~roposed that it seplaratedt
aituge for convenie'ncte. The retislts suggtest that, in gtenterial, region be r'egardedt as at vor'tex shetet emibteddetd in tilie bouint-
sepatrat ion involving lobes octurs latter (in termis of relative aYlayer, remnaininig flat atgainst thile bodY if thet assumption
a1ngit' of at tack ae,'H) for' tile smaller vertex tingle's, particti- of it thin boiudtam'v lavter is vamlid] thlroughiout thle regionl. If,
larlv titt higher Macth numbers. Figure 9 inditcattes thet pos- ltwvc' hebudai'v-la1vci assumptionis break down anlV-
sibilitv of rathter profotmtd tqualitativte diffterences in t lit where inl tile separatetl region, it is inferretd thiat tilie vor'tex
flows itt high Maclh ntumbetr abotut c'ontes of tdiffertent vtertex sheet miay roll tip to formn strong vortices whiithi Inta\, eithetr
angle's. reinain at taiched or be Shed as a vortex street.

'lT'e fortegoing intterpretatition o~f thte critital condition Ott tile 'onie, ther'efore, tilie critical atnglte of attaick btyontd
A- - I is supporte1 t' vy tlie r'xperiinentith rtesult shown imi which no botmndarv-laver. Solution is p)ossib~le atlit' theIop tof
figure' 4. Fromt figture 5. k=- I whetn a= 6.2' undetri the tile -omie recpresenits, thle miiximumi angle of itttack for -which
tontditions of Ilt'e ttest . Figurte 4(b) shows thit Iineiistime' tlie boundarv lav~er' is everywlhere thi r 'craietl
totatl hetad rising as th liainglte of ittlack is intcreaiseh lbt'ondt mnniim anlof atttack tohiich maor, alternptioen 'ftlie
6.2'. Possibly this teffect is causedl by the' inducetd fieltd of flow Hill% lie expected becatuse tof ilie formation of strtong
theit' vinmnetricitl pair of vorttex lobe's sweetping away th e vortetx lo'bts. Bleyondl this angle of aittack, strong viNcous
thick boundary layer btet ween, thus retestablishing at thin crsfoesmybatiipc.

h~otnthii'vlayr a tI e t~l)of te cne.A simnilar- criteriotn coultd easily be obtained foi- tile bounid-
It Inay , e of interest to note' that if similarity also1 holds ary layer onlal\ ilohclialysnnercbd nspl

for thet t tirbulent botintdary layer onl at cone(, aindtl te siniflarity Soi fo. ui-ntticoictlsfimri'bdinup-
htiu- is nearly lintear (rathter titan pairabolic as in the lamfinar. The assumiption of a suitable sinmilarity law stuffices to es-
c-ast'), sepa~iratiton wouthld first appear ait at highetr aingle tof tahblish a simiilar ctriterion if thme bountdary' layer onl it tconical
iattack than in lamiinar flow. In fact, equations (l0b) anti body is turbulent.
(3tI) or (3~3) would yield tie criterion k= - 4/3.

For thet bountdary layer pr'odutced( by supersonic flow over
any sniootli conically symimetric botdy in supersonic flow
(stuch as a cone of elliptic cross section), inequality (3.3) andi
thet c'ondition of parabolic' boundary-layt'r similarity mnay be LEwis FI~GHT PROPULSION LkBORATRoa"
used( to find a tcriterion equivalent to k= - I for tie niaxinitun NATIONAL ADVISORY COMMITTFE FORl AERtONAUTICS

angle of attack consistent, with a thin boundary layer. CLEVELAND, OHIO, September 15, 1,952
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APPENDIX A
SYMBOLS

Tile following symbols are used in this report: ratio of specific heats
C Constant appearing in temperature-viscosity a ~ displacement suirface height

relation (eq. (5a)) m.nass'-flow defect associated with II lri lional
()zcomponent of sk-in-friction coefficient, in velocity I profile (eq. (21))

.t-(irection 3,miass-flow defect associated with Ii 1i IUni-

Cfcomponent of skin-friction coefficient in fereiitial profile (eq. (2 1)
qf-dirvct ion 0 seinivertex angle of conie

CPspecific hecat ait constant, pressuire 0sine of semnivertex angle of cont,
F(xl) function appearing in itsyniptotic relpreSenta- Xdimensionless varialble (eq. (3~))

tion of f (eqs. (24)) JAcoefficient of Viscosity

f(X,.p) function related tomeridional velocity It by est

eq. (2) 1Pangular coordinate around conec
g(xP) function related to circuiniferential velocity W ) funlction appearing in as *%mlptot ic orep'S1rat 0-

IV by eq. (2) tion of 0 (eqs. (24))
h height of outer edge of b~oundary layer #()function relatetd to circtlzliferemlt jl vl %rh.ilN
k relatedI to circumferential gradient of ci'r- *W ill plane of svmlmet rv by equat ion I

cumnferential velocity in plane of symmetry usit:
(eq. (1 01)))".sbsrps

7tf ach number 1amxiu

P ttcprsuer reference condition, nionviscouls flow at

q1velocityv vector ait outer edge of boundary liP-faceitit St' rpi, hce-ri

Raeynldsnilmr evaluation ait ouiter edge of boundary layer
R. Rynols nuberplui~jul(alternativelv. 11011vi5(*ols flow at1 sur1fa .ce)

I?, it, I?" Reynolds numbers, plujiA!Mt, pjujbz/Ml, 'Subscript niota .tionl for p~artiaul different iati ion
71plulb,/ul 1 , respectively has been used(
7' absolute static temperature

It meridional component of velocity Sulperscripts:
1, component of velocity. normal to Surface 1Priliiis (eleote ordlinallr differentiation wvith
W circuniferentijal velocity component, respe(ct to A or ý0
X coordinate along generators of cone -Bar over quanitity indlicates evaluation of
y coordlinate normial to surface noniviscous flow at surface when colie is

atangle of attack (positive as shown in fig. 1) atit zero angle of attack

APPENDIX B
NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS

By LYNNx ALDIERS

The two simnuilt aneous nonlinear ordinary differential passed through the two sets of v-alues of~f''' and i'''. Then,
e(Iuat ions (t I a) and (I I ) together with boundary Condit ions Iif f, f'j, ('' 4~, rh and ip" aire knowNn lit the fifth point, the
(12) constitute a two-point boundary-value problem. The polyilnoial represenitationls of f... and 4"'' may b~e Integratedl
miethiod of numerical solution used applies directly only to to yield f, f'1fk,~, i'' anid 4'' at thle next (sixthl) point.
problems for which all boundary conditions are specified at These quantities may then lbe substituted inito (hifreretitail
a single itnitial point (tile origin, in the present case). Each equlation-, (11) to yieldf.f'' and 4,"'' at the sixth point. In
numerical integration was therefore performied starting with this way, time solutioni mauy be extenided onle step at at timie, in
toumidary conditions (12a) and (12b) and a tentative speci- each step by use. of tile solution at thet five previouls points.
fication of f'()ad#') nec ae uhitgain In order to begin this proceduire, the solution niust first be

was carried out for a sufficient variety of conditions j"'(0) found atit five points starting at the origin and mutst besuec
and1( 4,"(0) so that thle correct set of initial condit ions yielding to bounidary conditions (12b) and (12c) and the tenitative
the proper behavior at X= co (boundary condition (12a)) selection of~f"(0) and '()
could be inferred to tile desired degree of accuracy. This preliminary calculation was done in the following

Integration was performed according to thle following basic manner: jf...(0) was calculated directly from equations (11)
scheme: W~ith thle value of f"'(x) and "'()given at, five and (12) and was used as ain initial estimate off... at the next
closely spaced values of X, fotirth-degree polynomiials miay be four points. (iivenf(O),f'(O), and f"(0), the values of f,J',
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and f' f"were compu~tted tit the secondi point by integrating a 5. lhayes, Wallace ID.: The Three- I ininesional Boundary ayr

fourth-degree polynomial passed through the five values of NAVORI) Rep. 1313, N(ITS 384i, 1'. S. Naval O rdllatici Test
I ~Station (Inyokern, Ma .% 9. 1951. (Bur. O rdulnace Task A~-f'.In a sinmilar manner, V,, 4#', and Ik' ait the second point sigtuttent, Nt)TS-3G-Re3d-44 1-3.)

'were found. Direct sublst itut ion into equtittions (11) then 6i. Moore, Franklin K.: Three-Ditnensiotial ('oipre.s~iile Iamtniar

yields improvedI estimates for f.'' and ik.. ait the second I )oiilt Bioundary-LaYer Flow. NA('A TN 2279, 1951.
and thus anl impIroved polynomiial rep~resentat ion of these 7.. Moore, Franklin K.: Laminar Boutdar ' Lay' er on a C ircular ()III

funfctions which miay he used to obtaiin values of fj, , fI' ~,in Suipersoniic Flow at a Smiall Angle oif At tack. NA( . TN

',and 4"' at the second point, and so forthi, until imiprovedi 2521, 1951.
8.Moore, Franiklin K.: Use of the B~oundary Layer oif a Cone to

values have been obtained ait the fifth point. This procedure Measure Supersonic Flow Inclination. .NACA TN 2723. 1952.

was repeated i n anl iterative manner until convergence %%as 9. Chapman, Deani R., and Ruluesin , MoIrris V. : Teniperat ire awd

ob~tained at each of the five initial points. Velocity Profiles in thle Comnpressible Laminiar liouindar Layer

All calculat ions were Performed oil the I11M Card Pro- wimiAhtrr'Dsrhtoio ufc emjrtie or.

gramiet ElctrnicCalulaor. Resltsareconidee~lAcrt. Sci., vol. 16, no. 9, Sepit. 1949. pp1. 547-565.
n(1111111lid Elctrnic alclato. Reult areconiderd t1. Ferri, Antonio: Supe~rsonic Flo%\ Aroundn Circuilar Cone,. at

correct to four sign1ificant figures. Anigles of Attack. NACA TN 2236, 1950.
11. Moore, Franikltin K.: Displacemient Effect of a Tliree-1)imietisiotual
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