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M\esh Optimization

Hu11gues H~opple- Tony DeRose' Tomn Duchampt
John \lcDonald \Veincr Sttuetzle*

Uniiive-si iv of'W'asl iington

Abstract

We p~resent a muetho lioii o solving t he lol lowing p roblniti Givyen at set of* dIata p)i itis ~('a ttered in

three dimensions anid ani initial t 6a ngilaj m iesh .1h). pimod uce a inesh .11. of' I hie ~anie topological
typ~e a~s .110. that. fit~s the dat a well a iid has a small n nitil her of vent ices. ()m-i a l)liroach i., to ninimize
an energy function thiat explicitl lv miodfels thle ('0111 pet iig (esi res of .onlci seness of' 1(1) resent ation
and fidelity to thle (lata. We show that. inesli op~ti lizat.ion can be effect i el 'v used in at least
two applications: si ilace r-ecouistirn ct ion [m-iii ii norga inzedl I int s. anid mnesh Isiin pifica tion ( thle
r-eduction of the nunin her of ver-tices inl ani in itially (dens mCiveshI of i a ngles')

CR Categories and Subject Descriptors: 1.3.5 [(Giuier(aplticsl: ( ¼uniplitational

Geomnet ry aind Ob ject Model1(1inig.

Additional Keywords: ( ieoiiiii-k( Nodohinlg. Sn fcelit? ' i.I'l iee- fiiinellsioullt Shapev He-

1 Introduction

'rhe nzcsh oI)Iimiz-alim p-ohieni coiisidol-of ill this paecanl be i-olighhv sI~t(i ate, asollows: ( iveiu at
Collection of data p~oints N il R: aiid anl iiiit ial t riaiiguiilar mlesih.1( livnar tilie ifata. finid at mesh .1l
of the same top~olog-icali IY~ t-,p a.! 11, la fiat, lit s d~(at a volf anld mas ;I Small iiluinfbeer (of vi c
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Figure 1: Examples of mesh optimization. The meshes in the top row are the initial meshes M0 ;
the meshes in the bottom row are the corresponding optimized meshes. The first 3 columns are
reconstructions; the last 2 columns are simplifications.

As an example, Figure llb shows a set of 4102 data points sampled from the object shown in
Figure 11a. The input to the mesh optimization algorithm consists of the points together with the
initial mesh shown in Figure 11c. The optimized mesh is shown in Figure 12c. Notice that the
sharp edges and corners indicated by the data have been faithfully recovered and that the number
of vertices has been significantly reduced (from 1572 to 163).

To solve the mesh optimi,;ation problem we minimize an energy function that captures the com-
peting desires of tight geometric fit and compact representation. 'The tradeoff between geometric
fit and compact representation is controlled via a user-selectable parameter C,.•. A large value of
Crep indicates that a sparse representation is to be strongly preferred over a dense one. usually at
the expense of degrading thc fit.

We use the input mesh MI as a starting point for a non-linear optimization process. During
the optimization we vary the number of vertices, their positions. and their connectivity. Although
we can give no guarantee of finding a global minimum, we have run the method on a wide variety
of data sets; the method has produced good results in all cases (see Figure 1 ).

We see at least two applications of mesh optimization: surface reconstruction and mesh simpli-
fication.

The problem of surface reconstruction from sampled data occurs in many scientific and engi-
neering applications. In [2], we outlined a two phase procedure for reconstructing a surface from a
set of unorganized data points. The goal of phase one is to determine the topological typo of the
unknown surface and to obtain a crude estimate of its geometry. An algorithm for phase one was
described in [5]. The goal of phase two is to improve the fit and reduce the niumber of faces. Mesh
optimization can be used for this purpose.

Although we were originally led to consider the mesh optimization problem by our research
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onl surface reconstruction. the algori thIn we have dieveloped(- ani also be aplplied to the piroblem of
mesh simplification. Mesh siimplificatioin. as, consideredl 1) Turk [16] and Schroeder et al. [11], refers
to the problem of redlucin tigle nu mber of faces in at dense niesh while mninimially pert urbing the
shape. Mesh optimization can be used to solve Ithis problem as, follows: sample dlata. points X from
the initial mesh an(l use thle inmitial mnesh as the starting p)oint .1Io of the optimization procedure.
For instance. Figure 14a. shows a. triangular approximation of a. minimiial surface with 2032 vertices.
Application of our tnesh optimization algorithmn to a. sample of 6752 points (Figure 141)) from this
mesh produces the meshes shown iii Figures 14c (41871 vertices) and 14d (239 vertices). The mesh
of Figure 14c correspond~s to a relatively small value of c,.~,, and therefore has more vertices than
the mesh of Figure 1-ld wvhichm corresponds t~o a somewha~t larger value of c r~

Time principal contributions of' this piaper are:

"* It presents anl algoritIi in for fit 1,i ug at mnesh of a rbi trar 'v topological t 'ype to a set. of (data points
ais op~posedl to volmi te data. etc. ). Dutring tilie fittingy process. the nuinber anid connectivity

of the vertices. ats well ats their posit ions, are allowed to vary.

"* It casts miesh simpi fication i as ali oiptimtinzat ion p~roblelm i with aui energy fuiict ion that directly
measures deviation of te lefinal mnesh from tihe originial . As a coinsequtence. tilie final mesh
nzAturallY adapts to curvta tu re variiations in thle original niesh.

"* It demonstrates how het( a Igorit hut's ahi lit v to recover sharp edges and1( cortners can be ex-

ploitedl to a utoinat ica llv segmnent the fi nal ineshi i mit o smnoothI connected componients (see
Figure 12e).

2 Mesh Representation

h~it itivelv. a nirsh is a piecewise linear surfa ce. cotisist iiig of, 16 iangitar faces paste id togehraln
hleir edges. For out l)Iirl)05Q it is iniiport antl to ilainit am tilie (listiiict ion bet weenl thle coliimectivit ,v

of thle vertices and tlc~i r geomietric posit ions. Formiall ,v. a miesh .\ I is a p~ai r ( It. V). \. vhere: It'is a
.s;i nplicial comnpI( . representitn mg t lie ci mnec t ivii v of thle vert ices, edges. a nd faces. fI hs determining
the topological t. vpe of' It( heimeshi: V = v.......v711 1. vi E R~i is at set oh' vent ex posit ioiis defininig

hie shape of the mnesh in R` (Its geconiet nc realization)

A si mplicial comnplex It cotisist s if a set (if vent ices { I ... i }/ 1 toget her wit It a set of mion-emiptv
sitbsets of thIe vertices. cal led tHie sinii p1ices of' A'. sticli that a ii 'v stcowsisjt i ii,, of exact l~v one vertex
is a simplex in A'. amid ever ' iio ii-etini )tv stiliset oif a siniiplex ini A' is agaili a siniplex ini It ( cf.
spa then [.1]). Trhe 0-siin iti(Ces {II} E IA ate( called vertices. tlie( 1-siniplJ~ices i.jj }EE It are called
edlges. and thle 2-simuplices j. j. kj E It are called faces.

A geometrtic realization (ifa niesh as at sti rface in~ R:' calii he obtained ats follows. For a given sinm-
lplicial complex I'. hotiiii its-,)IO'U loooi(a r(a/iZ(Illo jOIIA ini R... by (idet ifyinug tilie vertices J1 1.....In)}
with the staitdardl basis vectors jet . ... e ) )'4 R'. VOr each -tmmplux .1 C- It lot '! denote tie

conivex ihull of, it,, vent ceý lit R.''. and fet A11= UE1/. 1"1- Let o : R"' - R.3 he 1t li linear mnap thfat

"seids thle i-ih Iista da md basis vector e, 4- R... toi v, E R t' (.-we l'igtm e 2).



Simplicial complex K
vertices:{ 1}, {2}, {3}
edges: {1,2}, {2,3}, {1,3}
faces: {1,2,3}

Topological realization AIl Geometric realization (V)

e ze2 0 y v2 Il

e3 Rf / 3Y V

RR3

Figure 2: Example of mesh representation: a mesh consisting of a single face.

The geometric ,'cali-ation of .1 is the image ov( I IC). where we write the map as o. to emphasize

that it is fully specified by the set of vertex positions 1V = {v1 ..... v...}. The map ov is called

an Enmbedding if it is 1-1. tlhat is if otv(I K ) is not self-intersecting. Only a restricted set of vertex

positions V, result in o01 being an embeddinig.

If ov is an embedding. any point p E ov(]KI) can be parameterized by finding its unique

pre-irnage on AKJ. [ie vector b E I1i' with p = ol.(b) is called the barycentric .oordinat( cector of

p (with respect to the simplicial complex K). Nole that barvcentric coordinate vectors are convex
combinations of standard basis vectors e, E R.. corresl)oi(ing to the vertices of a face of K. Any

baarvcentric coordinate vector has at most I hi'e lnon-zero entrlies: it has Oil lV two nlonI-Zcro entries
if it lies on an edge of' 14I. and oil[. one if it is a verteX.

3 Definition of the Energy Function

Recall that the goal of miesh optimizat ion is to obtain i a mesh that provides a good fit to the point

set X and has a sinall tiimber of vertices. \\'e find a simnplicial complex A' and a set of vertex
positions V" defininig a imesh .11 A '. V ) thati minimizes the etler-v function

E( A'. V') = A'-,,( h'. I V) + Er,( I" ) + EI-,9i, q( A'. I ).

The first two terms correspond to the two st ated goals: the thbird term is motivated lbelow.

The distance energy l.','t is equal to the sumi of squared dislances from the points X =

{x! . . . .. x } to the imesh.



The represent ationi energy LE,p penalizes mieshies withi a Ia rgc number of' vertices. It is set to

be proportional to tile tnunber of vert ices Ini o, A'-

/_ , 1 ( A-) =~

The optimization allows vertices to be both adldedl to anol removed from the mnesh. When a vre

is added. the distance energy E~i~ is likelyiN to be reduced. thle term Er F, makes this operation inicuir

a penalty so that vertices are not added indefinitely. Shimilarl~y, one wants to remove vertices from

a dense mesh even if E~i~ increases slightly: in this case Err 1 acts to encourage the vertex removal.

The user-specified p~arameter Cr~p p~rovidles a controllable trade-off lbetween fidelity of geometric fit

antd parsimony of represent at~ion.

kWe discovered. a~s ot hers have before uts [7]. that minimiizi ng E,11s + ErrPj does not produce the

dlesired results.. As anl illulst ration of, whlat. call go wr.[ong. Vigure I1(1 shows t lie result of' iiiiiniizing
Fj,tj alone. The esti mat ed su rface glas severall Spikes ill regioins whiere t htere is 110 dat ia. These spikes

are a manifest at ion ol' t he lii ida ineiiia I p rob~lein Ihat ain iniiiinn ini of' E.1 ist + iriap 1~1i ot exist,.

Po guarantee t lie exist eice of a niiii iiini inn (see A ppenii~ix A\. I ) . we add t lie t ldird termi. I lie spring

energy Ep2I! It Iplaces onl each edge of ft( lie esh a sprin g of' reMI lengt Ii zero anid spriniq- constant

{j,klEK

It is worthwi~vfle eni pliasizinig thlat I lie sprin g energy is not -a smoot.hness penal ty. Our intent
is not to penalize sli arp dihiedral anigles iii tlie iiieshi sin ce s iicli features nay he presenit in the

uinderlying surface and slioiildl be recoveredl. We vie I&[II;asaOglila rizilgý teriii t hat Ilellps guidle
lie op~timizationi to a desirable local iiiiii11ii1iiii A.s I lie( opt imizat ion coniverges, to Ilie solution. tHie

magnitude of Esrijcall be graduially reduiced. \We ret i ni to t his issule ill Sectionl II.

For some applicat ions we want t lie hprocedliire to be sca le-i iv Illit. whiichi keqmiivaleiit to defining

a minitless energy funct ioni E. To achlieve invarianice unlder E~uclidean uiiotiou and uniformi scalinig. tHie

poinits X and lie initial miesh l I/are lvt'e-scak'd it Iliformii[Y to lit iii a uiiit cube. .. fter opt1imiizationi.

a post.-processiiig step cai muiido t his iiiit ial t ransforniationl.

4 Minimization of the Energy Function

Our goal is to mninimiize t ie eiiergv Imimict ioni

V( It' I ) = 18 ( It. I + 1",0 )( K ) + /..lllm ( K. I

over thle set A: of' sininplicial coniiillexes A' lionieoinorphiic to lie iniitialI sinmplicial comp llex A'(. and

lie vertex p~ositions V dlefinling tilie em beddinig. WVe now preseiit ani onutIinie of on r opt imizationi

algorithm. a pseudo-code versioni of w Ii ic I a ppearms inl Figimr i3:. 'F lie (eletaiIs ar id(eferredl to tilie next

* tIwo) subsections.

To mninimiize E( It. V ) over bothi At awl~ 1'. we part it ion tie problemi iiito twko niestedl subproblemns:
* anl iinner mninimnizat ion over V for lixed sinipliCialI coiiilleX k . anld a1 011101c Iliminiinzat~ioi over A'.



In Section 4.1 we describe an algorithu tfat solkes like inler minimization problemn. It finds
E(K) = mini E(K.1 ). tie energy of the best possible embedding of the fixed sinmplicial complex
IC. and the corresponding vertex positions 1'. given an initial guess for V. This corresp,,ids to the
procedure OptimizeVertexPositions in Figure 3.

Whereas the inner minimizatioln is a continuous optimization prof em. the owuer minimization
of E(K) over the simplicial complexes A' E K: (procedure OptimizeMesh) is a discrete optimization

problem. An algorithm for its solution is presented in Section -4.2.

The energy function E(K'. V:) depends on two parameters C,.P and KC. The parameter Crep

controls the tradeoff between conciseness and fidelity to the data and should be set by the user.
The parameter K. on the other hand. is a regularizing parameter that, ideally. would be chosen
automatically. Our method of setting t, is described in Section .1.4.

4.1 Optimization for Fixed Simplicial Complex
(Procedure OptimizeVertexPositions)

In this section. we consider the problem of finding a set of vertex positions I' Ihat minimizes the
energy function E(/I'. IV) for a given sitlplicial complex A'. As E,.,p(K) does not depend on IV. this
amounts to minimizing lJ',lstf ,K. 1V) + E.p,.tn( I'. - V)

To evaluate the dislance energy l'. 8ist(l. V ). it is necessary to compute the distance of each
data point xi to .11 = 'l'. Lach of these distances is itself' the solution to the minimization

problem
l2(xi,. .'v(lh')) = a i x, - '.)o '(bj)11 2 .

h,ElIKI

in which the unknown is the har~vcei tric coordinate vector b, E IIC' C R" of the projection of x,
onto JI (Figure 1). Titus. uinimizitt /-.'(lK.V) for fixed A' is equivalent to inininlizing the new

objective fu nct ion

K( h. 1'. B) =Z lix - oj,(b,)l12 + I4,.,.( h. U)
i=I

= jxj - ot'(Ib,)lI2 + HIflv, - vA.II
,=1 L..ktEIl

over the vertex posit iotts I = { ..... V v, E R.' a nd I Iti ha rYcewti c coord i nat (' = { b, . b, }. bi E

AI c R".

To solve this optiinizationt problem (procedure OptimizeVertexPositions). our method alternates
between two subproblenms:

1. For fixed vertex positions I'. fintd opittial Ihar'centric coordinate vectors 13 b) pro jEction

(procedure ProjectPoints).

2. For fixed barvcentwric coordinate vectors I8. fimld opt llial vertex posiliolns I bY solvitig a linear
least squares problem ( proced(u(re IrmproveVertexPositions).

6i



OptimizeMesh( K 0 .1i )
A' K

V' OptimizeVertexPositions(AK0,Ij))

- .5olve the outer ,nininzization 1IobbI(mf.
repeat I

(K',I ' Genera te~egal Move( K.VA
V'= OptimizeVertexPositions( A".1'

if E(IC'. I'I) < /.( It'.V) Itlieni

endif
}until convergence

returni ( KV.)

-S'olve thec innzer op)limtitair. /)Ioh( mn

E(K) = intlj I,( It. V)

-for fixed sim~picial conpIlrx A-.

OptimizeVertex Positions( NA'A'
repeat f

:3= ProjectPoints( K.V)

3 ilinimiz1 L( A*. I '. 18) VJ' /S)f a- Un jol.,ifi'/Uf !ld(Ii
:'= ImproveVertexPositions( IC.!)

} ititil CO IiVCI"er II'ce

ret ur Vi

GenerateLegaI Move( A'.VI) i
Select a legal mjove It => A".
Locallt, mO1lilv V to out aiii V' a ppropriaf fo' r N"'.
returin (A"A") -

Figure 3: .\ it Nidelized )('I pmio-(c(I versioll of' te0 mininimizal ion algorit liii
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Iicatr *1v 1: Dsti aIf(e( of, i poi fit X, Irtonil I lie Iioesl.

Because we fi ndI0) opinma soluittions to hoth1 of 1 lise sit I obliets. Ft A. 13) can iinever incitcease.
and since it is bo11unded fr-om b~elow. it mu lst coltver-ge. Iii pit inci ple. one conuld it er-ae tinlt i somle
fo-ma~l convergence cr-it erion is met. Inslstead . ats is comnmon. we per-formi a Fixed tn niber- of it erations.
As a~n example. Figurev I Iv showvs thle r-esult of optimnizinig thle niesh of Figurev 1 lc over the vertex
positions while holding the si mIpicial comll)ex fixed.

It is conceivable t hiat pr-oced iirev OptimizeVertexPositions reti unrs af set V of' ve-t ices for1 which thle
mnesh is self-inter-secti ng. i.e. ov is not ain emblleddl ing. hietispsblto(e'k(Iot rI-
ori whether oly is anl emiibedding. (onsti-atining thle opt imiizat1ion to alIways pr-oduce an em bedding
appears to be difficult . Thlis has niot plresehitedh at lrohlelll ill thle exampiles We hilvv 1-1111.

4.1.1 Projection Subproblem

(Pr-ocedm-ie Project Points)

'lite pr-oblem of' opt~imuizihg, /"( 1. 1'. 13) over. lie bai rvcvit t-ic (oor~i id Ite vectors 11.....i..... b,1
whbile hioldling tilie ver-tex p)osit ions V = JV1 ... V11} an i(I lie si lii lic li1 (complex It constanit. (de-
composes into n separ-ate opt imizatio Oh 1 )lXehnits:

b,= aniuruIil lix, - .- (Hb)JJ

fit other wor-ds. b, is filie luarvcelitliti coor~dillttic vector, ctorrespolidilg to Itle point1 p E eGt'( 1(1)
closest to xi.

A naive approach to compuin~1Iitg b, is to liro~iect xi onito all of' tlie faces of .1!. an 1 t1h len find the
projection wvith mini nimtal d(ist anrce. To s peed it j) tilie pr-oJect joti. we fit-st enteit lite f'i ces of tlie inesl
into a spatial part~i tioning data. str-i~cttille (si nuilar. to the onie tlsed in [1 7]). Th len fot. each poinlt X,
only' a liea.rb *v sulbset of' thle faces needs to be (onsideired. and1( t he pr-oJect ion step taikes expected
time O(na). l'or add~itionial speedup11 we eXlloit (olieel-ece bI weeln Iletat ioils. hInsteadl of' pr-o ectilig
each p)oint globally onto. thle Iinesh. we assiumie t hat at poinit's piro~c~t ion lies ill at Itighiboiltood of
its pro Jectiol1 ill lhe pireviotls it et-atioti. S peci ficall v. we pr-oject tilie p~oint onuto all faces t ha~t share



it vertex with thle previmis l~acc .. \t bloughl I Ilis is a Ilienrist ic I hlat (a;li fail, it hlas, performned well inl

practice.

4.1.2 Linear Least Squares Subproblemn
(Procedutre ImproveVertexPositions)

Minimizing E( K. 1'. 1B) over the vertex 1 )ositioris V wifile hioldhig B and It fixed is a liniear least
squares problem. It (lecomnposes ihit( thlree inuleIpemlemi subproblems. onie for each of the three

coordiniates of tilie vertex p)051tiorns. We will writ e (lown thle p~robleni for th lie first coordiniate.

Let e be thle nutimber of edges ( I-simllllices ) inl K: note that ( is O( m). Let v' b~e the in-

vector whose I-th elemenit is thle first coordiniate of v, .Let d' be the (it + ( )- vector whose first it

eletents are the first coorliina~t es of tOli dat a poi itts xi. anld whlose last (elemlentls ar cZeiro. WAit h
these definitions we c-aii express t ie least shpiuares p roblemn for tlie first coordiniate ats nil niimizi ng

f1.l.v' - d'I112 over vI. The designi matrix .1 is an (n + ( o:,l matrix of scalars. 'FThe first ii rows of
.A are the lbarvceitt nc coordiniate vectors b,. Iacli of tlie frail ing ( rows coiiahi 1 2 nion-zero entries
with values ý_ a iid -\/ ill thle collili in s correspondiitgi to t ie nrdices of hie vddges. endpoints.
The first it rows of the( least sqjuiares2 p blvi~ll(l corres poii ( o V )~ I) . w Iii Ic Hiie last (rows

correspondh to E~prin,( K. V). .\lt imlport alit featulre oft lie nliatrix .1 is thlat it conitainls atl wost2

nion-zero enit ies inl eachi rowv. for at tot al of ()(n + it)) 11011- zero ewitrics.

TO solve tilie least squiares prob~lemil. we iuse t lie cotiiiui-ate grailiewi methiod (cf. [3] j. This is anl
iterative method gtiaraiiteeol to li id tie exaut s oltitioii ill as- itaiivy iterations. a" tihere are (histilict

singular values of .1. i.e. iii ait most o ite'a t ions. ['siially f ar fewer it erat ioits are reqliiredl to get

at result withI accep~talble precisioti . Vor exa llll)le. We fill l11imha for inl as. Iaru.~e as- l0. t.,a few as 200

it era~tions are sti fficieuiti

TFie two I imie-coiisiilmilig operat Oiols Iin evcli it erat ion of' tlie conitipuate -radieii auk-orithni are

O le inti1ltiplicatioti of' .1 bY all (/I + f -\i(tot midIll tle til11litplicatioli of .1'" 1) aili ,i-vo'ctor. Because

* 1 is sparse. I hiese tv WIo 1)ilt iolls c;Ill I' i'Xei'llted ill ( )( 1 + ii, I tine. We stole I Iil ;I s.);Ii'5 formi

that requires oid ' 01 it + ill) space. Hills. all aIccehitahle sohlitionl to 111vi least s(pliires problemt

is obtainied *Ii1 0lui + io ) Ilute. hii coiji last.. at I vpical lioli~l (rat ive met hod for ,oivimlg (lense least

hqtiare polemsk'i. suichi a,, QH~ ecoliihposit ioti. \%olli~ re(jlli le ()( (it + 111)11-,2 t linei to find ali exact

soluitionl.

4.2 Optimizationi over Simplicial Complexes
(Procedure OptimizeMesh)

Tro solve tilie (itrliiiiti~iizat iou, prohleii. niiiilillliiillg I;.) A* over. A. we defiiie aI sot of, ! Ilree ele-

meietar rv% t rarislorutiat ios. ' dq cofiln).".n ((/I( . a)/llda (I dqt w~lap. taiiking, a ,inmplii alI coinphex A'

to aniother simphi('ial coiiplex K' (see Figuire .i).

\VP define aii m/l 1 mor( to be t11e ippicut ioll (II uine of t Ilse eleilieiltarv 1 ratlsoru~l;litouts to anl

eolge of It IhIat leaves I lie t opologicalII tv~le of K 1lllcliatigeil . Ihel set oh eleliveit arY I ralilshorullat ions

is compllete inl the seulse t hat onq si uiplicial coimplex ill k call lie (tbltaiiied fromt KNe t irougig at



.. ......

edge collapse edge split edge swan~

Figure 5c: Local sit ~plici al comnplex Ii ransformar ionis

sequenice of legal m~ovvC's t

Our goal thelie is to 1111( such at sequei(1cc taking-1 is.- from A'( toa iti iiii mu niu of' El K) We do this
using a, varianrt of raiidoin descent: we raiidomitl ,,elect aI leg..al move. K =:, AC. If E( A" I < E( IC). we
accept tile move, ot herwxise we I I'v agaili. If a large nlumber of Irials fails to prodluce anl acceptable
move. we terminiate thle search.

MIore elaborate select iou strategies. such as st eep~est descent or simulated a imeali n ý. are possible.
As we have obtaineod good resutlt s witl Hit ie ,imiiple a g of rautdoni descent, we hiave niot Yet
impllemenlt~ed the ot her st tat egies.

Identifying Legal Moves A\il edgesii t raisi-orijat jot is always a ; lei'id l ove. ;,it canI never
chanlge the topological type ohf K. *I'l( othecr two t ratisfortttI;ItIo1I.. ()n the other hand. cai. cause a
chanige of topological type. so tests lu1t.It he p~erfo)rmted to uleterminite if' they aIrv le.l moves.

We definie ati edhge I/. j) E A' to he at hnioday:, (d(/!I( iti is aI subtis' ol'onlY one face l. j. k} E A'.

anid a vertex {ill to he at bowodar rq cl, . if thlere exi"s ts a ot l-la rY edge ij) r- K.

Art edge collapse t ratisfortuatjolt KC => AC that collapses the evlge { i. j } A' is, aI legal miove if
and onlyv if the following coithitiotimi ate satisfied (pr~oof'l A*\ppeiidix A\.2):

"* For all vertices ~IkI adljacettt to hoth IO im at j) (j} i. k} -ZK IC an (I k} A, . ji. k.}- is, at
face of A'.

"* If {I}l atid ~JA are b)1I oth btudarYvo\rt ices. ji.j} is a houtuldarY edg.e.

"* A' has more tihaut I vorftice~s 11,11 tu1i.i heO { i ot 1.11 ate holmdnarv veil ies. or A, 11a. more thanl
:1 vertices it' eit hler i }* or ~J. I ate hbottttiharv vertice~s.

-71 -fact.. wve prove iii AppendixAA. t hat cdge collapse anid ('IIZ split are siilticietit \e includcedoge Swap to allow

the optimization proceduire to * imin-ticJIhro~ugh maull hills, in IItie energy himnction.
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An edge swa p I raiislott inatI ioui It =- ' I IlIit Itrella(Is I he cdge{ tw E IA wit II A. 1} E_ It' is a
lega~l move if and oidY if { k.l I It'.

4.3 Exploiting Locality

The idealized algorithmn descri bed so 1lat is too itiefficient to he of' practical ulse. InI this section, we
(lescri be some leieuristics which (Iranin at ma iv red uce thle ruimi ii lf time. These lieu ist its capitalize
onl the fact that a local change itt the structurie of the miesh leaves the olptilila~l positionts of distant
verttces essent iallY ii iclmiagedl.

4.3.1 H{euristics for Evaluating the Effect of Legal Moves

() ur st rategy for selectinig legoal Ilioves re(Iuireis evalmntionm of' [( It') = in ', j- L"( K'. V) for a simiplicial
cotmplex K' obt a i ied froml K iiiroughl aI legal mlove. Id(eal liy. \te( won 1(1 use p roce( iire OptimizeVer-
texPositions of Sect ioi .1.1 for Ihiis pmi riose. as, i tidicawtd ilu Figiire :1. I it practico. however. this is
too slow. Instead. we use, laist locall lieu rist its to ("'thi nat e the efl*'ct of at legal mnove onl the energy
ftitnc tion.

Eacht of thle lietirislics is basedl onl ext ratting at ýii lush Iil intlie iieihri borhood oftlhe tra utsforma-
tion. along with Ittle sit bset of* t he (kIaiia pohi t projecithi g outo thle suhmiesht . The change inl overall

* energy is est imia ted 0 ' on I consideri ig thle coti tril mt io of' thle sibritiesli alld thle corres pollid iiig

p~oint set. ntis est imate( is ai wa vs pe(Isi tuist ic. ats fill] opt i tizat ioi \wotil( onlyv fnrt her reduce the
energy. Therefore. thle lieu rist ics niever suiggest (hatiges that will inlcrease thle trute energy of the

* niesli.

Definition of neighborhoods iii a siniplicial complex TO reIfer to neikhdborhoods inl a sinipli-
cinl complex. we need to Hilitrod nice omtvi fui it1o linot at ioit. \\e write .,'' < ., lo) (eiiotv t hat si niplex

is it iioui-('ipt'. Silb~m' of, "ittijley .,. [or ~i iiple,\ ._ K ( F'igure 6i):

star) .s: A')= E A' < .

star(.,;: K) = 'E A' It E Ktr.% ) <~ 1)~

Iinik(.s: A') =t A'(~ ) \ tA'(~ ).

Evaluation of Edge Collapse To evidiale ite t ia sl'Ormtiao it' jolt It"K collapsing anl edge {i. j }
into aI sinlgle vertex ill}I Figitre I \\e take tihe stilmitshi to he .,tar( ill: K) U JtAr{j: K). and
Olpti In ize over t Ilie si Ig I ývertex poI t iotII V, WhItile l11o1li1ig all it IetW111 Ver'teX Ito-,ititotIs colIiStatit.

Becauise we perfor oiii *nv a .,tia11 inunwt1litra (1,01 (rva.iMi5of (lsrvficivllc ,). ibe initial choice
ol vi, greatly iiiliteilceM, tlie acc, I'c' III tiresitlit. lTheti'loue. we at t ettipt t treve opt ititiationls, withI
Vh starting at v,. V,. alid 1(v + ±V! ). ;al1(l .iccelpt Ilie bestI ointe.
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threshol d.

4.3.2 Legal Move Selection Strategy
(Procedure GenerateLegal Move)

The simple strategy for selecting legal moves described iii Sect ion -1.2 can be improved b.) exploiting
locality. Instead of selecting edlges coinlletely at, randomi. edges ale selected fromn a candidate set.
This candidate set consists of all edges I hat may lead to b~eneficial moves. and initially contains all
edges.

To generate a legal iiiove. we rnudomnly reinove an edige from the candidate set. %Ve first
consider collapsing the edge. accepting thle move if it is legal and redluces the total energy. If the
edge collapse is not accepted. we thloe consider edge swvap a iid] edge split it) that ordler. If one of
the transforrnat ions is accepted. we upd)11ate thle cauididat e et 1) adding all nieighboring' edges. The
candidate set becomies ver~y tiiseftiii toward thle enid of' opt iminiza tion, when tOlw fraction of beneficial
moves diminishes.

4.4 Setting of the Spring Constant

kWe view the spring eniergy Esi,, as a regti Iarizil. iilgier I hat. lielps guidle the opt~imization process

to a good minimuni. Thle sp~ring constanti i; (eterinilies t lie cont rihilition of this t ermn to the total
energy. We have obtainied goodl r,ýsults bY inakiiig suiccessivye calls to p~rocedlure OptimizeMesh. each
wvit h a dlifferent valuine of ti. according to at schledI ile I hatI giadi ial lY decreases tK.

As an example. to oht ailtie lieliial Imiesli inl Fiiure 12c starting Iroimi lie minesl ili Figure 1 Ic.
we successivelY set i; 1o 10-2. I10". to-". a tid 1 0' (see 1"igiii-es I If-1I2c ). This saime schiedule wvas
used in all the examples.

5 Results

5.1 Surface Reconstruction

From the set of points shown il l'igu re 111). phlase onec ol our recolist ninct ion alg-ori' Ii [513 pr'oduces
the mnesh shown iii Vi-gumie I Ic: I his itlesli has I lie( correct I opologjcal type, hut it is rat her dense. IS

fa~r away from the dlata. anid lacks t lie( sharp featumres of thle original inodlel ( Figure II ai). Using this
mnesh as a starting l)ioiiit . inesli opit imiizatioii prnodiuces t lie miiesl inl Figuire 1 2c.

Figures 1 3a- 131 show Iwo exampi Iles of smi iace mecotist rmictioii fromn actmual laser atnwge (dat a ( coulr-
tes * of Technical Arits. lHedn iod . WA ). Figures H a a iidI 131) show set~s of poinlts obtained b) 'vsam-
pling twvo ph ,ysical objects (at (istri ltittor cap anid a golf' (,fll) head) withI a laser ia nge finder. The
olitputs of phiase ohi(' aie sliowti ill l.iguiries ) 3c aii(lI j3d. Thie holes presewi inl lie suirface of Fig-
tire ic3c are artifacts of t lie data, as sel f-sliadowi itg puevemit em sotmie regon.os of, thle sum rface fromn beinmg
icatncel. Adaptive select iou of.scami ud tig nut lis lprevett iig siich shiadowitig ks an intieresthingarea of
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future research. lin this case, we itia iiiial ' v fitlled Iliev holes, leaving; a single houn id a i at the bottom.
Figures 13e and 1:11 show the op~t imized iteshes ob~tainmed wit.h on r algorithti.

5.2 Mesh Simrplificationt

For mnesh simplification, we first sampl~e a. set, of points, randoml ' from the original mesh using
uniform random sampling over area. Next, we add thle vertices of the niesh to this point set.
Finally, to more faithlfuilly preserve the boundaries of* the iiieshi. we sample additional points from
boundary edlges.

As a~n example of mnesh si mplificationi. we st art withI I lhe minesh containing 20:32 vertices shown in
Figure 14a. From it. we obt aini a. sample of[6752 pointis shiowni iii Figure 1-11) (.1000 ranmdoni points.
2032 vertex. points, and 720) bominmda rv po int s). \Mesh opt iin ization. wi th c'" I, =~ 1-. reduces the
mnesh down to 487 vertices ( Figi me I1.c ) I v se't Ii ig c,., =10-1. we olbtain a coarser miesh of 2:39
vePrtices (Figure 1.1d).

As these examples ill list rate. basin mig esh sim plificat ion onl a measure of (distance between the
simplified mesh anid thle or'igi nat h as at mm muber of benefits:

"* Vertices are (dense ilm regions of high Caiissian ciirvaltire, whereas a few large l'aces span the
flat regions.

"* Long edges are ali gned ill dIirect ion s of' low cii rva t ure. anmd the aspect raia os of the t riangles
a~djust to local ctiirvat tue.

"* Edges and vertices of' lie sininphlifed timesh la ar placed nevar shiarpI) fattures (if thle original miesh.

5.3 Segm-Ientationi

M\eshi optimization eiiables Its to (letect stia it) lea tlim mes ill thle iimiderlvi ug sutrf'ace. V. sing a simple
thresholding mnet hod . t he opt itui zed l mesh canl be segnilen ted inito mictot h components. To this end.
we tbuild a gra pt iii whticth tie nodes are thte l~aces of niesil Tw n( modes ofthtlis gra ph are connected if
the two corresponin~ Itg 'laces are adja ceii anmd thtei r Ii lied ia aii gte is snmallcr than mm given threshold.
The connectedl coinpommeits of* this .gra ph idenililv thle (lesi red siiioothI segmients. A\s anl examp~le.
Figure 12e shows the segmineti atioii of time opt imtized iimesmi imto I I corn poiments.. \ ter segmnent ation.
vertex normnals can be i'st iuimated frloiti miei-glbillomiti k.Ices withlin each component. and a simoothly
shaded surface can be c reatedm ( Figtire 1 2 f).

5.4 Paramieter Settings anid Performianice Statistics

Table I lists thle s peci Ii pa~ra mmiei em vat nes ol'C '*q' mmll K i ise lto generate tilie nieshes inl thle examlles.
along with other pemi1ortmiaiice Statilstics. Ill all t li(se ('xammmlle~s. Ihle t able emitr m'va.(d-(( mefers to
a. sprimng constant schviehile of J 10-2. 10-". l10-. l0-`). lit fact. all mevshes inl Figuire I are also
created using thle Sallie pa ta mlet 'is (excep~t Ilia I Cr, ,/ was clia migem inl two Cases). Execut~ion titmes
wvere obtaimmed onl at DEC imiiiir)ocvssor .\ I lila workst ation.

I I



Fi.#vertices j#faces #data f Paraniet~ers ]lesul ting eniergies fti me
Mt 1,~ 1 1____________ [ Edj .,t [ E (min.)

11C 1372 :3152 .1102 -- s.U7xI0 2  
-

lie 1372 3 152 41102 10'- 10-2 8.04 X10-4.- X 10 -2  1.5
11 f 508 1024 -1102 10 ~ 10-2 6.84 X10-4 3.62 X10- 2  (±3.0)
12a 270 5-48 41102 l0 ~ 10-: (i.0SX 10 -4  6. 9.1x10~ (+2.2)
12c 16:3 334 .1 [02 10-5 -12 8 .86 X10-4  22.12 x 10 17.0
13c 9220 18272 127415 - -6.41 x10 - -

13e 690 13-18 127415 10-s' 1 0 {2-. S -1.23X10-3  1.1,S X10-2  47.0
13d 4059 '8073 168641 - 2.720 xlW- - -

13f 262 51.5 16864 1 1 10 2-3-1-8 2.19) 0 4.95 x 103  44.5
14a, 2)0:32 3832 ------

14c Is-, ! 916( 6752 1 0 1 0 1 N68( xl 10- 8.05 xl 10" 9.
1-4d 2:39 -132 67152 10-' jl)i-2-:i.- I.Sý 9 .19X10-: 1.J 4 x10 10.2

Ta ble 1: eroiiicestatitic's for ItelIeS11 ShIOWIl inl F-igure II

6 Related Work

Surface Fitting Thiere is aI latrge ibodl of liit erat I, re onl fittinig emn beddings of a recta atigultar domain:
see Bolle andl Vemitiri [11 for a review. Schn~dvy a iid Bal lard [12. 1:3] fit embeddihigs of a sph)Iere to
p)oint la~ta. Goshitashy [.1] works wit Ii em ibeddi ligs of cvii Ilers aii l111ori. Scla roff all P1Lenitland [14]
considler embeddiings aý (I efOrlie(I Mi perqiiadrnc. Miller ei a i. [S] a pp~roxi iat e a il isosinrface of
voluime (fata Ib. fitt igr a ines Ii bltomeoilnorp Iiic to a s fli ere. \\Widle It appe~ars t li at t heir mietlhod
cotild b~e extended to fhidnhi ng isosn ia-kces ofartint ta rv topological t vpe. it it less obvioii s hIow it colild
be mfodlified1 to ia nllde J)oi lit itlstv(ad of) vollittii( (dat a. N llt[6i] disclisses ulterplmat ionl of fuinct~ionls
over( simpl~ici al cont l1exes of' a rbintra rv t opmobgical t\I t .

On r miethod allows fitting of a p~arailletrmlc si if eo 11tr v top~ological typ~e to a set of three-
dIimenesionial p~otint . Itt [2]. we sket~ched aii a Igorit h in for fit ti iig a mieshi of fix(d( veirtex coliniectivit.v
to thle data. Tihe algorwin u ,e('teIhr is all ext elisioni of' t his idea. inl wvIt1(1 we also allow thle
nu im er of vertices an I1( htir (omlnect ivi t to variv. To t11 be os t of on i kniowledge. h is htas hot beeni
done b~efore.

Mesh Simplification TIwo tiot a ile' p)11ets Ii scli.Si hgI ilie t I tesli shitu ph ica tion jlrobliei are Schiroeder
et at. (Ill and Tuirk (I 61.

The mnotivat ioni of Schiroeder et It. is to shifin hfv titeslies genierated by~ -niarclhi ig c'Iibes' t fiat
miay consist of itiore tbtan a in ill ioli t rima gles. InI t heir it eta tiye a l)l)roacli . thle ba sic op~eration is
removal of a vertex aii(I re-t riait~glilat ott oft Ilie Ilole, I its ctea,;te(f(. Ilie criterioti for vortex removal iii

the simuplest case (in i erior veIt ex lint on il (Ige or cornler) is t lie (list alice fromn ithe vertex to the j)lanie
app~roxima~thing its sit roii idhing vertices. It is wort1wIt i dle itothiot ttha t. thtis cri terioni onil[\ considers
deviationi of thle niew ii tes Ii from t lie i lie(S Iir(eated( ill tOlie j v iollieration: devi at ion from thle
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original mesh dloes not, figure in the stralegy.

Turk's goal is to redutce the aioun t of (letail ill a mnesh while remaining faith fiil to the original
topology and geometry. His basic idea is to distribl~lte p)oints on lthe existing mesht that are to
become the new veirtices. Ilie t hen creates a airiagulati.101 containing both 01(1 and new vertices.
and finally removes the old vertices. The dlensity,, of' the new vertices is chosen to b~e higher inl area~s
of high curvature.

The principal advantage of our niesl simiplificatioii method0( compared to the techniques men-
t~ioned above is that we cast mnesh simiplilication- as an optiimizat~ion problem: we find a new mesh of
lower complexity t~ha~t is as close a~s p)ossib~le to thle original miiesh. This is recognized as a desirable

p~roperty by Turk (Section ý. p). (63): 'Ainother topic is finin~itg measures of hiow closely' matched a
gi.e r-tiling is to tilie original miodel . (aui such a. (qualit1y iiieasu re be used to guide the re-tiling
process?". Optimizationi a ut onatically' retains" m1ore vertices in areas of high ciiirvai in re. and leads to
faces that are elongalted along directions of low ctiirva ttire, a hothlei' propertY recognizel ats (lesirable
1w Turk.

7 Summary and Future Work

W'e have described al ii eergy n 1ilin liizatuonl a pproaclh to solvinig thle mimesh opt iminiza tion probleni.
The energy fiunction we use consisls ol 111'e hlreerumls: a (list a jce energy thla~t measures lie closeness of
fit. a representation eniergy thIiat [enaizes Ii C5nes lies wvit i a la rge niu iner of vest ices, antd a regularizing
term that concCJpt allyk places sp)11iigs of lest leegthI zero on jie teeges of'th lie esh . Our miiinimnization
algorithm partitionis t lie prioblemiiiito two tiestedl su bproblenis: anl inner cont inuoiis minimization
and an outer discrete' iiiliiinmizat ion. l'li search space conisists of' all mleshles lionievoiiiorphic to tile
starting mesh.

Mesh optminiizat mul has lprovol('1i elicti y as t lie se.otl(l phase oh' ourl mletihod for1 surface recosi-
struction fromntiiiorgaiiizeol poinits, ais discuss"ed iii [5]. ( Phiase two is r'?shpolisilble f'or imuproviiug the
geomnet~ric fit amid revd icil" I Ilie iiiiuiihwr ol, veil ices ()f I lhe 1cluelpoce ill phasew one.)

Our method lias also perl'orined well loriniiesli silispli hicat ion. t hat is. thle redujct ioni oft lite numbher
of vertices in a dense I riamigula r mel(sh . It prodlices lilesli('s whose egsalign thleinselvyes along
directionis of low ctiirva tusre, anid whose vertices cosiceni Slate iii areas ol high G aussian cuirva ture.
Because the energy dloes niot. penalize si rfa~ces withI shta rp di liedia I aii gles. tilie in et 110 ca 'm recover
sharp edges anid coirners.

A number of areas oh' fsit sue researlch still ieVismaiim.iicl(1 g

* Investigate the use of' more s01)1051icat ed opt inlizat iolln ietliods. suich ais shi iilated aiinea~ling
for dhiscrete opt iniizatiomi all h 1 qiad ratic miii 110(5 (or lioii-liteiir least squiares, opt ilization. iii

order to avoid U iiolesir-alle local miliiiiisl inl the eiier-gv al midto accelerate colivergence.

* Cainl m1ore inlsighIt illto thle ulse of, tie s'primig (1uel1gy a.s aI leguilalizuli. 1crill, especially ill thle
p~resence of' appreciable iioi se,.

* fInprove Ilie speed of' th le a Igoril t11 ia11( ill iive(st igate i inl llelimientat ioiis Onl parallel architectures.
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*Develop niethlods for fliii ig hiighier ordecr sp)1iles. to (niore a(cii iatel v anid (Oil i selv mlodel
cuirve(1 suirfaces.

"* Experiment withI sparse. non-iimiiformi. and noisY data.

"* Extend the current algorithmn to other distance measures sulch as inaximumiii error ( L' normi)

or average error ( L' normn). inisteadl of the ctiirrent L2normi.

A Mathematical Appendix

Ini this appendlix. we address somec mat hiinat ical issuies alludledl to in the l)odY of' tilie paper. Sec-

tion A. I contains a proof that there is a iiiesh (A',,,,,.I~, , at which lite absoluite miiiinuimu of the

energy function is at tai iiedl. Ili Sect ion A .2. it is shownit that thle siniiplicial operat ions introduced

in Section 41.2 arie comnplet e ini lthe senise t hat I heY iiaY lbe iiscd to generate all trina gulations of

tolpologicai surfaces. Ini Sectioni A .3. we priove lie iiecessitIy anmd snufficiency of the 'mit elia for legality

of anl edlge collap~se given ini Sectioni .1.2

A.1 Absolute Minimra for the Eniergy Functionial Cani be Attainied

llecall that onie of tlie reasons for a (1(1ii~g lhe sprin~g eniergy lecmi L.-.,)r,,e to the eiiergy fuinctions

was to insuire thle existence of a iiiesh realizhi g a miniiniii111lii. Ini t his aphpeii(lix. we priow, that this i.s

thte case.

To see what is i mivol ved . let ( > 0) he t1lie abshsol ie Iliilli 1mm in Of E7 a iid let NA.. 1'41 ) he a sequence

of mneshes with Ii niA..- P,( K4. 1~. V) . \i th lnt I lie spin eiergy I cmi. it is possible to construct
examiples in which thle vent eX coiifigumrat iou V~ Iecoiiis li1)011boiidled ;vs 4 alpproaclies i iifinlity.

[hiis caninot. liappeii if tIIe spriii" eneorgy enmn1 is imicfiided. We will Show t hat for Suifficiently

large V tilie enlergy fiumict ionial VlA.I) is 11(11inlelo fromi below by at iniiltiple otf' lite mqiiare of tilie

ELuclidean normn of 1'. ( omiseqpilew ly. t(e iniiimiiniizimig sequemice ( Nhk.. V ~ ) is coittaimied in aI finfite ball

and mutst, thierefore. (ohita iii a smb fsequi emic cc oliveigi iig to at Imesli ( NK,11171. I,, ,, ) . BYv const I'll ct ion

E( K,71,,, ,,I = (

TIheoremn 1 Tharr( Is ai nifsh ( Ki,111,. I ',,,) wit~h Ili pop ,HY Moti

for cm'ermj iesh ( It. V).

Remark 1 It is iin;)oriatii to) iiot( h( u tHad i/u i( i map , I K,1 - Rtmay not b( anm mnbed-
(ling. In gfe'± fl(I. Ihc Ifinijflillf of P. nmaymi alx (iil( d bYi o d(q(nI( maI( mnappilng iC/ox( imagi(J ma1~y

We proceedl now with ti lieIccli iicalit ics of 1 lie, fmntia p roof.
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Recall that For ;. iesh ( K. IV) and a data set .l . /I is tIle lam nher of datia point.s and m is the
number of vertices of' I. Assute that .V is contained i in a lall of radius r > 0 centered at the
origin. If V = (v1 .v2 ..... Vill) is viewed as a veclor in RW'.. then its Euclidra norin on R3  is
,,iven bv the formula.

III*IIl = fl'= ' • v ll

where 11viIl is the standard Euclidean norm1 of RW.

Lemma 1 ,Snppo.se. tlit I111 > 4 t/ 7 ,.r. l1h(,,

>lk 111 Ž1 1 j$) !nvn2 + C",p i( to I (j

Proof. Recall that

I(K. I) = C.'.prn,,j( !K. y ' + Ei..) + lF,>( h).

Let b = max3 jvjji and a1 = n.n, ljv.,i.. Notice that b satisfies the inequalitY

SII~lI>, _>1-11

There are two cases to consider: a < b/2 or a > b/2.

Suppose that a < b/2. Choose v,,. and Vm..,,, in v .. v,,,} .. ch that a V=1,1,1 and
b = [jv,,,7 [. rhier( is a seqieice of' k <K il e(dge of Kx coml led ing o v,,,,,.,. o v V.. The spring energy
of these connecting edges is easilv t,,owim to I) grealer I hail t k(b - (0)2 /k,.2 S.1i

S (b -(.) /,2 ji 1I
b ' - > - -- >

I he inequality

holds when (1 < b/2.

Now suppose thal a > b/2. Then for all x, E ..

dist 2 (x'.o°vi(jf)) ( i - - 2 >- - 2 > 2 / - ->
(2 ) 2vinl ) \n - (275 l61nl

166I:.,,.,,(/I,.l) =Zd ,ist-(x..,t.(i1{lŽl)> -Il nif.

('onseq (entlY'. i f V~l > Iv,77, lh(,,l

r K. I *) + I-,*,.a( A*. V ) Ž il ( )



from which the ineqluali tv in tlhet statement of lhe leimia follows. Q.E.D.

The next leninia is an i ninediale consequence of Leinma I and the definition of the energy
functional.

Lemma 2 Let b = E( K(o. 1') iche:rr ( A*u. l1') i.s (i inc.ih. Siippo.( that ( K. I) i.s anothcr mesh such
that E(K.1) < b and let in bte t ,hi nnd)ir of ccrlice.s oj I'. 1lh1(n

" in < blcK,.p.

"* KIl < 4 max (V1TP'. Vnin(4i/.n2 . <) max .b 1

Proof. (of Theorem 1) ('hoois a seqUelnce of meshlies ( I'd.. ',.) with Iili n1§('- IC..I) =I'd

Let ni k. be t lie In1l1111), ('1' of (, 'lies of A,',.. I-'in'sl Note t hat ili(ce k'( Al K,.. I . ) > C-11 i ,n.. the number
of vertices in -,,. is )0ounided liv all i iieger .11. Biut therev are on ly a tinite nIniber of simplicial
coml)lexes with at linost. .11 vetiices. (uIise(illelltly. we iniaV c(hoose a snlbseq ueilce ],', With Ii' , -

\'/,-+, for all j' ;anli \il 1 im ' .... /;( Nk,,,. J , ) = . .et A/',,,, denote such at cornlplex.

By Lemma 2 the vectors Ik., all lie withiii a ball of [iiiite radiusi. B'v coinpact ness. there is a

subsequence of I k. , whichii Olver•es to ai vector I,,,. ThWe m0esh ( A',1117.. 1",,,, ) satisfies I he condition
of the theorem. Q.E.D.

A.2 Completeness of Operations

\Ve want to show that thle operatiol)s oIf edge Sl)lit. edge swap aind ede collapse form a complete
,et in the sense that if A, a•nl L are sil lpicial srlal',ces wit Ih hlinonim orphic Iopoloical realizations
t lien I, can be oltaiiie(d hfroii AN bY a iiiii(, se(,Illelice ()l'(I(fde ,plit•s. edge swap•s ai d( e'de collapses.

Although edge swaps have proved iselill ill or11 optliliizatiiol procedure. lhe ileXt proposition
shows that the. are ieot ii eeded 1o prove (Ollipl)lelelless.

Proposition 1 -In (d/g( .s;(ap i., .quiha(1 nl to (lit 1,/f/( Split JJllhw(.d by (ll (d(I vo.laph..

Proof. Let I', {= Ci. r> V:} ttilld 1F2 = Ci. •'.>. rl} he t'o t riaiigles ofa siml)licial surface A' with
common edge ( = {I'l. A'.}. \il ,(1(,I :V- ai) almlil (. i((ili('5s A' I() (iv' a lie\ cOlmpl)leX I" obtained
I) replacing ( w'ith Ile edge ' -- .' ali(l Ti ;ii(h 7 wilhi the , ne". Itii1n ICes i' c3  4
and T) = { 2 .13. r} 'lids i. ('(liliValeill to prl'ornlii ill i ('(Ie split along ( followed b)y an edge
collapse (see Figure S ). Q.I.EI).

Theorem 2 (Completeness) Ib I A' md L, In t.o .implicial .,[ .fr. .,u thnt Nha I and ILI (I,,
ho 1il(onlorphir. l)h( I, i. iL, li's h, to (I .,nnpln'iaI tpi3i)/ .r hlai on'(Id jfriont It' bY i ./ioite .,(qtUc(

of edgle collap.cs e id ( d11 ((Iq( l.",.
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(a) -(b) ()(d) -

V '1' T2 1 . ýI

~'1 V1

>
K~K'

Figure 8: An Edge swap is equivalent to an edge split. followed bv an edge collapse.

To facilitate the proof of the theoremi. we review of some basic facts abotit simplicial complexes
(see (10]). Recall that a simpliciol .xi'J'ac( A" is a fihiit , simplicial complex whose topological
realization jA'I is homeomorp inc to a compact 2-diineisilal manifold. l)ossilhy wift I boundar ' v. If
.11 is a compact topological surface, a trio iungjltioii of .1 is a simplicial sirface A. together with
a horneomorphism from nIKJ to .11.

A subdivision of A'. written `"' \A'. is a simpli'cial comIplex A". together with a homeoliorphism.

o I 'I IKI. which is afline iiiear ion Jer] for each simplex (T e K'. Thus. the vertices of A" can
be identified with points of IKI and h" in(lnces a triaignlation of each each 2-simplex of I K'.

If K and L are two simplicial snrfaces. a .simpliJiaI mop. o : K - L is a map from the set of
vertices of K to the set of' vertices of A'. such thai if (7 = { r(. 't ..... ,} is a k-simplex of K then
o(0') = jO( o) - )( l) ..... 0'.)0} is contained in a simplex of L. A simpllicial map o K - L is
called a .;implicial l.somot'hl . m i.fit is a Ii.ijec, ion a, ( : )- is a simpliciaI ma p.

A simplicial map o extei(is to a piecewise linear map 1(.-> : K] - IL-I by the lrninla

where vi are the veilices 2 of A anmd ), are tie hary''ceinric coordinates of a point in hI". If o is a
simplicial isomorphism then ao] is a piecewise Itinear houenomorphism.

\Ve need the following well knownl thiorenm froii i)i,(e'ewise liiear topology [9. lTh1eorem 5. page

Theorem 3 If K nod I. ti•( Ii .vI'mplicial .wftJ(i'(., ,'ilh I/,,mnwomorphic lopologial v((fi/Zation.

hlri-n 1l/F re ro( .,iibd1iT1.,moi h/ .A' 'I/ /id L' " I. (//l a .iii/iiiI i.o,,,ii 'lrp/i.si 0 : A' - L'.

Our proof of Theorem 2 relies oin lhe observation t hat, I he operation of performing ail edge
collapse can be umndone by a so(tlenice of edge splits awidI eg•e collapses.

'As is standard. wv al) V ioiation liillvY and ihIVItitv vcr IV,. ii-,itlliV,'. anI( thlcir imaizcs i In O( iopological
realization of the comipilex. ThaI i;.. v {r} ,.
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Figure 9: Ani edge collap~se (((a) =: (b)) call be reversed lNv ia. sequence of edge splits ( (b ) => (c))
followed by a. sequence of edge collap~ses ( (c) => (d)).

Lemma 3 Supposi( thatl th.- Lpci .s objc I~ t~ibiai)(d haml d~i.( simpicia/liti- .U ac( KC by (in

(.dIjc (ollaps( . Tht It' i / isamimomphic t(Ia a i/ICW mj blaimd ];onm L 1)! a1 ,(qt(/ic( of 0 ((ItC
s~plits followed bY (m ~im of( a tdjr coaiiaps.s.

Proof. Sn ppo~s that L~ is obtained Iront At bv collap~sIng thle edge f s ~}which is coirnilon
to tile two triangles T ={q. s.s) iind T' St=j~s t. .I}.~he link of vertex .5' consists of the set
of vertices f{q = qo. qIt (12. q/:3 ....... ,. (/t I . I Lt T, {q., ii. ~r}j =1 (mm + 1). Thus. L
is obtained from K It' idnivigs wit i ., iid reinovintg thle t ia ngles T ind V' (see Figure 9 (a)

* and (b)).

To recover It fromn L. begin by sequeneiltlal lv erforini ug edge sp~lits along thle edges { .s~ ql)}
* {'~. ~2}.{J- ~Ii ). laibel (lie new~ v('ltic(-5 flls olbtaiiiedlS aid let L' denote the final

si m plicial su rface (see F'igu re 9 ( c)

Let Vi dlenot e thle shiiiiplicial sur-face obt i nled 1),ysequlent iall v co IIa I)s I i t, Iie odgEs I -~ -S2

-`2 .53 .{si ;1 n, d ad vleliot Il it g.bY I lie s Ing')le vert Iex t o whIIi ch 11 ~ , .ollapt se. It is not
dIifficult to see thalt. wi t Ii this labeling`. I," A'. (-wee Vigu re 9(d))

A\ sinmilar airgum~ient iij)p),ies in Ihle (.ase, where I' is at bolidiiidar v edge anid. thlms. c-oiiiiiloml to onl1Y
one trangle. \Ve leve a-v formul a~.l oof of m his case to thle rea iler. Q .E.D)

Lemma 4 If A` is 0i sub(/wjsjaom ola.sipwa mm tc K. I/mumt h- cti br( ot/itiimtd ]Voin A" ri11 a/
sctcne' of .-/fcdqe (iI).(I/h..

Proof. B~eca use A' is at s I)(i visioli of' It here is at piecewise Iitinear Iioineoimuorplikisii I : jK' -

IKIC. \Ve will Obtain I%* front It' ill tiree step~s:

Step 1. For each tra ngle Tf of' IK. let V1 denowteh le set of' vertices of A"' which mialp u nder 0
to the interior of' 1T. ( 'or soimie ti na nle~s. V./. Iliny av em 1)1 v. ) Sn pp~ose that It', is thle siniuplicial
suirface obtalined bv (lentlviktigl thle vort ices of ealch iioii-eiiiji pV . with ;l a iiile vertex my-. This

*cani be done vlia a sequlence of' edge ('ollill)ses illoiii. edlges joitli lit!, vert ices formled IY identifying
vertices of' VT. To "ve that ICk a. uit ýInlivisionl of K. \.( weived OnlY const ruct at j)iecewise linear
horneomorphismn o' : jKA f - I IC . Set o1(1*) = (cqr) i1 r is niot of tlie formIl 'T Mitd let O(VmT ) he thle
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harvcenter of ITI for each yr.1 [or I 1 54 0 . it is lot diiti to yeriY lv [at. oj ext ends iiniquel~y to a

piecewise linear oinoniciiorphismi ol I A', I - NI.AJ

Step 2. Let V ~ deniote thle set of' vortices of It' itiappJi iig ii id~er ol to H ie iut erior of an edge of

JK. Let A'2 be tilie siniiplicial su1rface obtainied by ideiait lviii n te vertices of each iioii-enipty V E to

a single vertex CE. Notice tha~t A'2 call be ob~tained fromi [k~ lb a sequence of edge collapses along

edges joining only pairs of vertices coiaiiatned iii a. single set of the formi I . It is not diffcult to

show that K 2 is a subdivision of A' and that, the hioineotnorphisin o-2 : AK2 1 - ANI can be chosen

so that o'( VE I is the barycenter of thle edlge E for each nion-eipt y VE

Step 3. Let A*3 be tilie siinPliicial ('01111jdex olbtai iied froii A"2 by collapsinga each edge joining a

vertex Of thle forml IT TO a vertex Of KC. Each vertex of A's canil be idlentified wvith either a vertex of

A' or with the barv' ceniter of a triang-le of' A' awl the Iic~ i s inear miap o:, :A'ý - A i' indultces

by this i(Ieftificat ioni is a honioiiiorpikisii. 'hitis. /%* i as Mi -oi)lvisimn of' A-.

Step 4. Final[ lv. fOr each eit ex10 of' W1' of lIbe tor1-111 1-. colapse ;il 11VO edge t )Ajinin IýT to a

vertex of A'. The re nit i tigil coninplex is Kt. Q.EF.DI.

Proof.of Theorem 2) . First niote h lat bY ITlieoreiii 3. thlere are stibdi vi -ioiis It" < It' and

L' L. such that It" aiid L' a ie isomnorphic.

By Lemmia -1. At canil be oIbtai ned front K' anid L fronit V' I fiiiit e edg-e collapses.

But. by Lemmna :3. each edlge collapse (,aii he reversed ioc , kequeni~ tg splits and edge

collaplses. (onsequtenily A" (;ill be oIbtaliiied froml %"b A t ail v,(piveiice of edge (01 Ia pses and edge

splits.

Since there is a Ii iiite se(ieii-e of ('(Ie (olla P5 '5 amid edIge splits I raisl'Orniiii- A' hi0 IA'. wvhichi

is isomiorphic to L'. atd th1 Iere is at finite seqIllieick' of edge splits auid edge coil apsv5C, I rainsforining L'

into L. it follows I hiat thlere is anit iiie sequlence ol ed~ge splits aiili edge collap.,ve raiisformling It'

into( at simlplicial coll plex w Iichi is isomniorj-ili to ( L. Q. F. ).

A.3 Tests for Legality of an Edge Collapse

Thie prtpose of this a ppemidi x is~ to pt -ove 'i'lieoretnl I whlichl "lio'N, t1at h liOl~t'clit ionis givenl ill

Sectioni -. 2.1 are niecessa tv awil ifflicietLi, lo iu a ii ede coll apste io he legal.

Let Kt be a siinplicial -omiplex whlose 1 ojolo-gical lalI/.i i1n I it a com1paci uirface wvithi

1)ossiblY non-emtptyN boundi~ar~y. Let K%' be tlie sinilplicial coin llex obtainied bY idenitihyiii the vertices.

iand J. where { i.J } is at --si inpllex of A'. We say I ham A"' is 01)1ai iedl fromt At bY anll (dJf collapse.

Recall that we requtiirIe that I K'I be homevomorplhic to I IC. Wheni such is lie case. we saY tha~t the

edge collapse {i. 'I - h is lujal. Not all edge collapses are-( leg-al.

Theorem 4 L, t h`' b( //h .simplWicii roiph.) obI(0Jiad fromi 1/1 .,illpluicia comi)( .r A' byi rohI(Ipsing

the cdge J{.'. j)}. i/u u I A'I is Itottieuimiip/ii to I K I if (11 ooihj if //I ]oillollIi riond 0Iitiolls (11T a//l

.satisfied:
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1. K has iloI,. Ih/,i ',h- ifilc II( i ic nor J Ai} 1,-1.{j } (l. bondar,.y •i•.tic., oi A,. Ims more. than

.3 ,er,'tic s if (i l/, ," {i } of. {jj} , II( boundlary ctcii1'.s.

2. If i and j are'" both boundary ce rtic•s. {i.j} is aI bouuidar' udgq.

.1. For all rcrli.cs k ad .jacctd to bhb i ,mid j (i.(. {1 1. I E A' and {j. k} E A"). Ii.j. k} is a face

of Kc.

We consider first the case where A' has fewer thaii 5 vertices. Observe that no eidge collapses
are legal if A' has only 3 vertices. For each siniplicial asill'face has at least 3 verti'ces Isince it must
have at least one 2-simplex). Since this is tr rte of I". t lie coomplex K must have at least -4 vertices.

Now suppose that A has exact lv I verti'ces. ihein condition (3) is atitoniatically satisfied. If It'
admits an edlge collapse. theln It" has 3 \•rt'ices and .o JAh" is hoineoniorphic to *l disk. But then
Ah1, is also honteotnorphic to a disk antd so has nlon-emt ' v houitndarv. Notice. that in this case. K

may have only two plossible con )igni rations 4,,ither 2 o0r :3 la-ces). and (ond(itiois ( I ) and (2) ensure

I hat only legal edge collapses are allowed.

\Ve have now shown t hat cotilit ioin., ( I (3) •ire n•,('ess;Iiv ;1tid s-ntlicient ii th(,e case where K
has fewer than 5 vertices. 1leitlcefOrt I. we shall asstilme that A has at least 5 veil'ices.

The proof of '[,ieorm 4 rlies o• litidiltg a lseh'l ('hla ',r(ctiZatioii of 'sinilicial surfaces. To give
0

it. we need a few defin it ios. If'l; is a siminplex of Iht' lhen Sh denotes t he iiterior of the topological

00
.'S is h1011omeo orphic' to) all l) ilnlt iV ad i fi .i ' i ,S a ;0-Si Illex .•= 1.,1. If 1, i., a s• ,set of K (not

necessarily a sitlcoill)lex) 1 h1(.11 tile lopolgiceil /(Iliz-loil of I. (also calleu thlii imh rI/l1qf topological

•J"act of L) is the topological st•1,ipac'

'/I=U :"- jq~.

The s.•andar(rd o/,( i di.s4 is t he set ofl) poiit s l ) = { (.). y) I r - !+2 < I} C R` i :d h lie staindard
Ialf-open disk is lhe s•itbset set D)+ = (.r.!) IE 1) I Y >- 0}. [lie closures •1f /) and /). in R 2

are written T) and /-)+. respectively v. I'ilie Slal/elird ,irr •. w\'itten S. is the t)oun(larYv (of D. The
half-circle S+ is the inttersection .S n /)+.

By definition. a ., iilplicial sl' iac'e " k a ,imi lic'ial coimple(x with the ir()lpertlY that. for each
vertex r. there is a htoiiieoiierltlri.stii het uveeti, r: A] ' tid ('ilher D or /)+ .,eii"ii, r to the origin.

If v is an interior vortex thenl I* r: hl is homteoiiorplhiic to) D and if c" is a houndarv vertex then

I* r,: •I is hoineoinorplhic to /)+. For our1 I)IIrl)]Ms,. a diffreint (but eoliiivaleht ) characterization is
needed. It is not (dilfi(cult to show thhat I * (1: Al is hIoti•ieomorphic t,) 1) if tid ol• 'vy if Ilink( ': A')l is
homeomorphic to S and that it is honloinorplhic to /)+ if aiid onl if Ihimik( 1': /01 is homeomorphic
to Ilie half-circe S'+. T'his had, t( ) h14 •r , chi(; ,r,,.itioiz)t siif it'implicial ,''irficeS gi'venl ill tile next
lemma.
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Lemma 5 Al sifn~pfical colD phi It' of (liti1( 1isiou .2 j.,ý ai .'imlpliclal S~urifaec if ad o11/y if for fach

rccrtex v of A' Ihic topological .spaJ(It( /Al r: A )I is hoiwlolnwijl)hijc to ( jthr , ha circlr S (in which
case, v is (in jnl( nior i'crI( a) or ai haf-circh( S+ (in which cos. is~ a bowidar~ij v( rtcxj.

Proof of Necessity. We now lIo that conldi tioris (2) a itd (3) are iiecessarY conditions for
{'.}- h to be legal.

Consider first cond~ition (2) byv sliowiiig that the if tilie edge collapse { i. j} - h is legal and
anrd j a~re houndairv vertices tlien ji. 'I }iiriist be aI honnida rv edge. Sti ppose that i and j are both
boundfl~ary vert ices anrd supos bY)~ ~ watV of ('oil ad i cliou thIiat. { i.Jj }is not a b)0111(1a rv edge. TV e
vertices i and j are each Hi rcjidet to t wo)1) boiillar ivedges aI( Ii lie hon nida iv edges i icid(lent to ian
to j are disjoint (shice they iiecessaril 'v have dlist irict eoldpoinitst. But thent a totail oIf I boundlary*
edges of It" will be hicid~elitt to h,.i Sil(-( h can(ii id~ he iiicidletii to 2 1)01 rlda rt vd(gos we have reached

a conitradlict ionl.

Tro prove the nlecessil ' t oh, corlitjionl (3). Siippose thatI k is aI veirtex of It s uclh that Jk.i } and
{ k.j } are inl It but ji.j. 14 is not aI sini plex of A'. There are t wo cases to consider: ( i) k anl interior
vertex and (ii) k~ a bounidary veril x.

( Suppose t hat A. is anl inuterior vertes. Th'lenlii jhk( A: A *)l is liolivoliiorhpliic to aI circle. Hence.
Otere are vertices p,,. (1 1.2.... n. ii > 2 slicli I hatI

liiik(A-: It) { pu }. 0)I ... {p, 0 }1 u M) {i'i. 0Ž}. -. P 1)

Moreover. {p, '+ }~ a silipl~ex (If It for a = 1.2.... li ( where 1),+u 7 pr ). W\e mnayt arrange
hlat I = pi and because JI. i. / is nlot at iiiiplex of' N1. J = p." ,01i soijie I < a < /I. Thie existenice

of such a contfigrirationl. hlowever. iiuiplie, t hat thue space A" is n~ot ai srilface. For- tie linlk of A- ill It"

is; thle sirniplicial comlplex oblained frorii hillki : Nx)I)by identifvi, vigl thle points pt aii~d p.,,. It is easily'
.~'nthat file tol)ohog-ica;l r;izadi/ilt d11 thII is is a ~~ir I-.liit IrII 01 alcsh~uun ~wt

replaced by I N.!

(ii) ( orsider nevxt thiecae whiere A.i I" u ;Iil ivo~rt x. l'i'ell thlure are \rtisp..a

2.... Ii. > I uItchi hatý

hhk:A') = { p .{J {~, }U /'J.} {2pn . P'-..,}

Moreover. 14is aI -,iniplex of A' f~r a = 1.2.... ii - I and jk.p Ni aiid {k ,}are both
boundary edges. Ini hlis case. lliink) A: /%)I 'is lornevoinorpluic to I lie half-circle . .gaini hirik( A: It")
is ob~tained froth ii : A') lbY i(iouti fvirg i a rid j arid againi Leniniia 5) applies. Thus1 Iiliik(4- IC:K)!
mnust be hioineorriorphiic to elither thIe circAle or tIlle hualf-cii-cle.

If (eithier of' i or .j is I., for' I < .a < r ilien thle Ilii k( : /%')I is easil lv ý.ee il to I lollwonllor-phiic to

neither the circle nior tilie hualf-ci rche (it is thle splaced obi aineol by iderit itving- aili hiuterior po1int of
the closed fiiliii iI~teVl-i I I wi 1 alot hler po~iilll d I tIlie i liier-va I. I lance, We rliia assum I hat p1 = and
'= j . 'FThe tunion of' I lie tIn ree edges ji . j)}. I.. kA }a lid A-. }1 t hle ori-nis" a1 bollri(dia i v corulhpolleflt of
N.and the effect of liw edge (0oliapse f I..]) - /I is to revlnove olie of Itie boll lila ry ('0111ponlents of

It. Hlence. although it. rIna.t. ha ppe'l t hat K' is a sirirplicial surflace. thle lwe lopological spaces JKJ
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aitd IA"I cannot be I ioiteoiorp l'Iic 'i Iwe (if I hey are both I urfaces) t Ieir boitidaries have (Iifferent
nimbers of boundariv component s.

Proof of Sufficiency. Now sitpposve tha the ni imber of vertices of K is at least 5 and that
conditions (2) and (3) are satisfied. We wrant to show that the spaces K I and I K' are homeomor-
phic.

Observe that K and h" agree outtside of si III plicial 1ieitJIhborIioods of {i.j} and hI. More precisely.
if we set

x =.: = U *j: A and NV = */. A'

and

= lien
/. := I\- N K' - A" .

The topological ,pace ILI (a it r ilh be viewed int two way.s:

"* as the space obtailned lv removilttg tII(' opet set ' , (I *jI from IIA

"* or as the space ol)1ainetd I)b removitg thle opent set /-hi from IK"j-

"This coistrut1iott cia it(, he reversed:

I A*I = EL I U .\I I ,,td I A] n I.\l = I CI

and
K/" = /I IU I.\" I ,,, I t II I ," I7 I .\) IN I 'I

(i.e. IA'l is obtained Iy. alttachitli-, .\ •o ILI along_: th<le -,t I(C alt, A1' is ol~tait,",l at tachintg A.'
to ILl along ICl).

Thus. IKI and II'l ate lhoieomorpfiic if and otilv if there is a homeonlorpliiski between N I
and IN'j which is thlie identitv on (1. We show ht11 this is in fact the case. It is best to consider
separately the three cases: (a) i atid I)<th i I tier' ,I't'ric'es. (I)) exac(tl'V one of i aiid j are interior
vertices and ( c) both i and j are ot indary vertices.

Case (a). Supl)os(e that I aid j lre hot h i tite'ior vrlite-',,. Ih thhere are exactly two vertices

po and qo such tI ia I. lie I t imi pli(es J.i. p.} a/, ti .I .(I aIre i It . I ,ecause IA" is a •imIIplicial surface.
the links of i and j ati' circles. iltici. there are verlice,-

p,). /11 .. .. l,,, it lid q(I. qI .. .. q,, = /;( .

such that

1.i. .,.I/+I } is it] A l 'Im . = 0. I.... -

j.,l7/..q I+t } is iii A' lot = 0. 1... -
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Pm qO

q2

Figure 10: The sets N\ itt Ile cases where: (a) iand J' are hot h interior vertices. (b)I)) its a botundary%
vertex and j is anl in terior vert ex. and ( c) i and jare b~othI boundarY vertices.

Thus.

I -J: Aj I j{J..]/)()II U H, Ii. /I),/L~ fu ('.-JqOijf

an d

I*i:A = .{zjqO} U U. 'q,,. q,,+' U {'j-/)o}II

W'e claim that t he ver-tices

....... ........p,, -I . qu. q, -.

are distinct. To see this note first Ithat 1),,. a = 0. 1 . i..n are dlistin ct beca use JIi nk(J: A')f is a
circle. By the saine reasoitimig. %~,. 1) = 0. 1 . ... i are (list inct(INow if p, ==1 10! fotr Sm 0 < a < 11)

and 0 < b < n. then coundit ion (3~) im plies that { I.J. p,' is in A'. Ilence. cir her (. b ) = atm.0) or
(a. b) = (0. 11).

Observe also thiat mi + ii > 2. b 'sn lwsi not thenivii .q~ antd ýj. pip qaj ;1are in A' from
which it is [lot difficult. lo( show I tat 1a ha nttlY I vet] ices an tit is a tel ralte(toti.

Thuts.

=U 1Tj,ý A U ITl,

is honicomiorphic to F) antd (JC (thle hoti dar 'v of .V I) is Itoineotnorphic to .S. It i.s now easyv to
construct a. liomteoinorlplismh bet woee JX anad IN'j which is the idettt it v on 1(7 fromt whIich it follows
that I Al and( JVJ' ate liotiieomtotpli .

Case (b,). Suppose that i is a bontidar 'v verte x and J is atn interior vertex. 'lihen there are
exa~ctly' two vertices, , an 1(p)q such that {j,. ~p(,} an 111{ . j*. q( a te in A'. Bieca use A' is a s-iniplicial
silt-face. the link of' i is at hal f-ci tcle antd Ilie linik of j is at circle. H etnri. there are vertices

ro "i....... = r, an itlpa. pl...... q= ,A and1( qa. qt.........

suich that
1'. /',,+1) E A' 1*or a = 0. I ..... I -I.-



{J,Pb,P1+tl } E K for b = 0.1 ..... n- I

and
{.qcq,.+} E K forcO= 0.1. n- I

Consequently.
,n-1

*j; hq = U I{fj1Pb.JPb+i}I U l{ i.iJ. I} I U I I i.j,~ o}I

6,=0

and
I-1-1

I*i: I= U Il{i,r',,r1+U} IUl{'.j,po}I U {i.jjqo}j U UI{i.qcqc+,}l

WVe claim that the vertices

I() ..... r'- - 1 po ..... pj - I. qo ..... q, 1

are distinct. The reasoning is the samie as that used in case (a): we leave it to the reader to fill iii

the details. This iniplies that

1- I 11-1 L- 1

INI = U I{ fi .'.+lI u I f{j.pl,,.pi,+ }I U J I{j.q•,q,+ }I
el =U b=O C=O

is homeomorphic to the closed half-disk D+ and Il to the half-circle S+. The construction of a
homeomorphisnm between I.I and IX'l which is the identity on ICI and which sends i to h is then
routine. Thus. in this case. too. the spaces IhK' and Ih"I ate honteonmorphic.

Case (c) Reasoning similar to t hat of cases (a) and (b) shows that .-\' is homeomorphic to the
half-disk D+ and ICI is honeotforl)hic to the half-circle S+. and that there is a hoineomnorphism
from IN' to j.V'I which is I he i(leintity on IC(1 atid sen(ls ito h. Ilence. Ih'I and 1ih"I are honueomorphic.
Details are left to the reader.
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(a) Object to be sampled (b) Sampled points A (n =4102)

(c) Output of phase one (Mlo) (d) Result of mesh optimization without E,,Prriq,

(e Otiiztin orfiedKo(t 1-' () ptmiatonwih e 0-

Fiur 1: urac ecnsrutin rm imlaedmut-vewraged/ a



(a7piiainwt c 1 -3 (b piizto it e 1

(c)~~~~ ~ ~ ~ ~ Fia pimzto it e 1

Ana

(e)~~~~~ ~ ~ ~ ~ ~ Sufc semntto (1 opnns f)Sot hdn atrsgetto

Figure~~~ ~ ~ ~ ~ 12 Sufc eosrcin(otne)



(a) Points from laser range finder (n 12, 745) (b) Points from laser range finder (n -16, 864)

(c) Output of phase one (d) Output of phase one

1A

AAN

(e upto paeto(pimzdneh ()Otu fplmeto(ptmzd -eh

Fiue13 ufcercnsrcin rmaculrng aa



(a) Original mesh Mo (b) Sampled point set X (n =6752).

(c) Simplified mesh (cep 10') (d) Simplified mesh (Crep 1 0-4)

Figure 14: M~esh simnplification examplec.


