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The Performance of Adaptive Equalization for
Digital Communication Systems Corrupted by Interference

Richard C. North, Roy A. Axford, and James R. Zeidler
NCCOSC RDT&E Division
San Diego, CA 92152-7304

Abstract

This paper analyzes the effects of interference on the
steady-state performance of several popular adaptive
equalization algorithms. It is shown that adaptive
equalizers based on the linear equalizer structure have a
built-in capability to reject narrowband interference,
however performance deteriorates as the bandwidth of the
interference increases. The existence of a time-varying
misadjustment component in the adaptive equalizer weight
vector is shown to affect the interference cancellation
properties. In  addition, simultaneous multipath
propagation and interference is investigated. These effects
on the performance of the adaptive linear equalizer are
especially important to applications where intentional or
unintentional interferers may be encountered.
L. Introduction

Modern digital communication systems typically
employ modulation formats like M-PSK or M-QAM to
increase spectral efficiency (eg. bits/sec/Hz) of the
transmitted signal. Successful use of these spectrally
efficient modulation formats requires the receiver to have a
greater capability to: (1) compensate for distortion
introduced by the channel, transmitter, and receiver, (2)
cancel interference, and (3) provide for matched filtering.
Adaptive equalization is a single channel technique which
is frequently used in receivers to compensate for linear
distortion (eg. intersymbol interference (ISD) introduced
by the channel and transmit/receive filters. It can be
particularly useful when the channel distortion is not known
precisely or is time-varying. In this paper, we examine the
ability of the adaptive linear equalizer (AEQ) to reject
additive interference.

Previous work has shown that the adaptive linear
predictor (ALP) can be effective in cancelling (or
enhancing) narrowband interference [1]-[8]. The ALP
forms a narrowband notch centered at the interferer
frequency by exploiting the sample-to-sample cormelation
in the narrowband interferer. Broadband interference was
considered for the ALP in [9] and [10]. In[10], it was shown
that the ALP performance degrades rapidly as the
bandwidth of the interferer increases. As the bandwidth of
the interference increases, the sample-to-sample
correlation  decreases and the predictability of the
interference decreases. Similar results for the AEQ are
presented in this paper.

The analysis technique used in this paper will be to
decompose the output of the adaptive linear equalizer into a
Wieper filter (WF) term and a Misadjustment filter (MF)
term. This is an established technique which offers insight
into the dynamics of the adaptation process [3]. For the

conditions investigated in this text, the second-order
statistics of the output will be approximately the sum of the
second-order statistics of the output of the WF and the
output of the ME. The MF will be further separated into a
random component and a time-varying component. The
random MF is generated by the gradient estimation noise
and will be quantified here as being uncorrelated with a
resulting white spectrum. The time-varying MF is
generated by periodic terms in the filter input, x(k), and will
be sample-to-sample correlated giving a colored spectrum.
It is the time-varying MF that gives rise to the “spectral
broadening™ in the ALP [4] and the “notch broadening” in
the adaptive noise canceller (ANC) [12]-[15]). It will be
shown in this paper that the performance of the ALP and the
AEQ are dependent on their respective time-varying MFs.
Under certain conditions, the time-varying MF is shown to
enhance the CW cancelling capabilities of the AEQ.

Only T-spaced 2-sided adaptive linear equalizers will be
presented. Future work will include fractionally spaced
AEQs with and without decision feedback. While
numerous fast algorithms exist for adapting the equalizer’s
weights, this paper will coasider the Least Mean Square
(LMS) algorithm [16], the stabilized Fast Transversal Filter
(FTF) RLS algorithm [17] and the RLS Lattice algorithm
with directly updated coefficients (DUPL) [18].

The rest of this paper is organized as follows: Section II
provides a brief description of the signal and interference
models and the AEQ structure. Section I analyzes the
performance of the AEQ with CW interference and no
multipath. Itis shown that the WF of the AEQ is a constant
multiple of the WF of the ALP. However, the differences in
performance are significant and linked to the difference in
their MFs. Ideal bandpass Gaussian noise is presented in
Section IV as an interferer whose bandwidth is easily
controlled. Performance of the AEQ is shown to degrade
rapidly as the bandwidth of the interferer increases. Section
IV also shows some simulation results of the AEQ faced
with both a multipath channel and interference.
Performance degradation is found to be a function of the
severity of the multipath as might be expected.

I1. Preliminaries
A. Signal Model
The complex baseband representation of the received
signal can be written as,

x(0) = k(D *s() + i) + n() (1
where h(t). s(t). i(r). and n(f) are the complex baseband
channel impulse response, transmitted signal, interference
signal, and additive noise respectively. This paper will
consider the case of a time-invariant two-path channel.
h() = h, () + h,0(t — 1), where 1, is the channel delay
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spread. The complex baseband channel can be related to
the real bandpass channel by h, = H,and h, = H,e /¥4
where H, and H, are the direct path and multipath tap-gains
of the real bandpass channel and f, is the carrier frequency
[19]. For digital communication, the complex baseband
transmitwd signal is described by.

0 = V2§ Z:,, Pt — ., where S is the average
transmitted sxgnal power, {5z} represents a sequence of

symbols transmitted at the symbol rate of R = 1/T
symbols per second and P {(t) is the baseband pulse shape.

The autocorrelation of Eq. (1) can be written as [19],

@ = 3 Elx() x'¢t = 1)
= ¢h°:lc‘:(t) + ¢i,‘(f) + ¢n,.(t) (2)
where it has been assumed that the componeats of x(k) are

mutually uncorrelated. Using the two-path channel model,
it can be shown that,

Greasmi@ = (MZJP,,(x + T,) + (10,1 + lh,P)p, (@)
+ (h;hzbu(t -7, (3
where for P{{) = 1 in the interval [0,T] and O elsewhere,

_H) _
.0) = [s (1-§) -r= r=T (4)
0 otherwise
Two types of interference are analyzed in this paper.
The first is CW interference given by, i(f) = J2U eisti ),
where /, f,, ¢ are the power, carrier offset frequency, and

phase of the interference respectively. The autocorrelation
of the CW interference is,

$.(x) = I e*/9s" (5)
The second type of interference is bandpass white Gaussian
noise with power spectra defined by,
B B
PSDf) = {Ns fa D) sfs/f, + (6)
0 otherwise

Its autocorrelation can be computed by taking the inverse
fourier transform of Eq. (6) giving,

B.() = N,B (“‘"’B 2 ) e (7)

Thus interference model encompasses both narrowband and
broadband interference with a single parameter, the
bandwidth B. For very small but finite B, Eq. (7) reduces to
Eq. (5) where I = N,B is equal to the total baseband
interferer power.

xk + N,)

Finally, the additive noise is assumed to come from a
white Gaussian process with power spectral density
PSD, () = N, for all frequencies. Its auto-correlation
function is ¢, ,(r) = a2 d(r) = N, o(r).

B. Adaptive Linear Equalizer Structure

Fig. 1 illustrates the 2-sided T-spaced AEQ where T is
the symbol duration. The ideal equalizer will extract the
transmitted signal, s(k) [for notational convenience s(kT)
will be written as s(k)], from the received data described by
Eq. (1) at each instant in time. In this paper, it will be
assumed that the receiver has perfect symbol
synchronization and that no carrier offset exists. The filter
output and the filter error output can be written as,
y(k) = w(k) x(k) and e(k) = d(k) — y(k) where
w(k) = [w N B, woB), oWy D), x®) =[xk + N)),..

(), .. Nz)]’ d(k) is the desired signal (also called
the pnmary signal), and H indicates Hermitian transpose.

Tbe AEQ is typically employed in the receiver of a
digital communication system with the (ideal) task of (1)
correcting for intersymbol interference (ISI), (2) cancelling
interference, and (3) providing matched filtering. The AEQ
requires a priori information about the transmitted signal,
usually in the form of a training sequence. After the symbol
error rate decreases below about 0.01, symbol decisions can
be used as the desired signal. It will be assumed that the
combination of training and decision-direction results in
only correct symbols used for the desired signal.

Note that Fig. 1 can be easily modified to form a 2-sided
T-spaced ALP (alsocalled an adaptive whitening filter or an
adaptive line enhancer with unit decorrelation delay) by
setting w, = Oand d(k) = x(k). With this configuration,
the ALP will first estimate the interference with the filter
output, y(k), and thea subtract this from the received signal,
x(k), resulting in an estimate of the transmitted signal at the
fiiter error output, e(k) . (Note that another functionally
equivalently configuration of the ALP is w, = — 1 and
d(k) = 0, which results in the filter output estimating the
negative of the transmitted signal.) The ALP has the
advantage of not requiring a priori information about the
transmitted signal. It can be effective in cancelling
narrowband interference (see for instance [7].[8]) but was
shown in [10] to degrade system performance when no
interference is present. It is introduced here because of its
similarities with the AEQ, both structurally and
operationally, although the AEQ will always out perform
the ALP for SNR > 0dB.

Ak Ny

(W) = $h ] 5(k)

JL Decnsmn —

oy (3
dik) = s(k) decision directed A
dik) = s(k) — training d(k—

e(k)

Fig. 1: 2-sided T-Spaced Adaptive Linear Equalizer.
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II1. Performance with CW Interference
The adaptive linear equalizer weights can be
decomposed into a WF and a MF,
w(k) = wr + w(k) (8)
The WF is a time-invariant solution that can be found by
solving the normal equation. It is the optimum solution in
the sense of minimizing the mean squared error (MSE),
E{le(k)1*). Once the WF is found, the MF can be found from
Eq. (8). Each component of the filter output can then be
analyzed separately since k) = (w)"'x(®) + (w™(B)) x(&.
If w™(k) is approximately uncorrelated with x(k), and
E{w™(k)] = 0 (or equivalently when E[w(k)] = w"),
then we may write the power spectrum of the filter output
as,
P(w) = PP (w) + Py (w) 9)
Even though the existence of a time-varying MF could
result in a time dependence of E{w™(k)), insight will be
gained by plotting the terms in Eq. (9) separately.
A. Wiener Filter
The AEQ will have a Wiener component of the weight
vector as long as the cross-correlation between the filter
input, x(k) . and the desired signal, d(k) = s(k), satisfies
¢.,(D) = 0for I = - N,...N,. The Wiener component
can be found from the normal equation,
¥
Z w? ¢..(l - n) = ¢.,(Dforl = - N,,...N, . Thiscan
n=—-N
be sollved by the method of undetermined coefficients for
the CW interferer case (as was done in [1] for the 1-sided
ALP and in {7} for the 2-sided ALP filter) by letting
w¥ = A, e”s" for w, = 2xf,/f, where f,/f, is the offset
frequency nommalized to the sampling frequency. Solving
for A, it can be shown that,

Ao= 1

o .1 1
e esl -]
A TN, +Ny) (10)
A=A,= - 2 o
(N, + Ny + ( +10)
forn= - N, .- 11,..N,. The frequency response of

the WF can be found from wow) = > w2 e for
N =N, = Ny tobe. T
sin(ATwN

S

Y S ]
S+o?

where Aw = w - w, and A, given by Eq. (10). Eq. (11)
describes the frequency response of the AEQ WF between
the filter input, x(k) . and the filter output. y(k). From Eq.
(11) it can be seen that the WF of the AEQ creates a notch
filter centered at the center frequency of the interferer. As
the filter length increases, the bandwidth of the notch
decreases and the depth of the notch increases.

WP (w) = Ao[l -

cos(d—‘w(N + l))
2 . Aw
sin)

It is interesting that the Wiener weights of the 2-sided
AEQ derived above are a constant multiple (A, of the
Wiener weights of the 2-sided ALP derived in [7]) (which is
also identical in form to the Wiener weights of the 1-sided
ALP derived in [1).[2).[5])). This implies that one might
expect the performance of the AEQ filter to be similar to
that of the ALP filter. However, it will be shown below that
the performance of the AEQ is superior to that of the ALP
for SNR > 0dB due to the differences in their MF.

Given the Wiener weight solution, the average power at
the output of the Wiener filter can be found from the
autocorrelation of the output of the WF for zero lag,

R R
(N1+Nz+ [")z
12)
N, + N. (
+A§l(l”——i—§:;’2:)z

N, + N, +
The first term in Eq. (12) is the WF output power due to the
two broadband components while the second term is the
WF output power due to the CW interferer. Note that for a
finite length filter, the residual CW power is nonzero.
B. Misadjustment Filter

The characteristics of the MF depend on the weight
update equation used in the AEQ. The MF will be further
separated into a random MF and a time-varying MF. The
weights of the random MF (time-varying MF) will be
assumed to be uncorrelated (correlated) from
sample-to-sample.

The time-varying MF exists because the CW interferer
is present in the filter input, x(k), but not in the desired
signal, d(k). A similar condition is reported in [13] and [15]
for the ANC. The time constants of the time-varying MF are
equal to time constants of the mean of the weight vector,
E[w(k)], which are for the LMS filter {12],

Tius =~ ﬁ fl (sec) (13)
fori = 1,2,...,Ng,, and where Nj,,, = N, + N, + land u
is the LMS step-size. It can be shown that the eigenvalues
of the input correlation matrixare A, = I N, + S + 02,
A, =S +olfori = 2,..,Ng,, . An equivalent expression
for the time constant in either the FTF or the DUPL
algorithm is {11],

Tris = ﬁ }‘ (sec) (14)
where W is the exponential weighting parameter. It is
important to recognize that 7, is independent of the power
in the components of the input signal and independent of the
filter length unlike 7, .

To estimate the magnitude of the misadjustment
component, consider the approximate expression for the
output power of the MF [12],

¢;';’(0) = Cmm Nﬁll.er (S + I + olz'l) (15)
for ... equal to the minimum MSE. An exact analysis of

m (k) , similar to that presented in [4] for the 1-sided ALP,
is beyond the scope of this paper.
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C. Discussion and Simulations

Figs. 2-5 show simulation results for the AEQ with high
SNR and a QPSK signal. Probability of symbol error, P, ,is
found from Monte Carlo simulations after convergence.
From Fig. 2 it can be seen that both the LMS AEQ and the
DUPL AEQ work very well in ing the CW
interference. The stabilized form of the FTF AEQ {17)
sometimes becomes unstable as the SIR ratio decreases.
This is presumably due to the large condition number of the
input correlation matrix. A closer look at the symbol errors
in the FTF AEQ shows that they occur in bursts when the
algorithm automatically reinitializes. Figs. 3 and 4 show
that the performance of the LMS AEQ (and the DUPL AEQ
in Fig. 6) is equal to or better than the WF.

Itis interesting to note in Fig. 4 that the measurable 3dB
bandwidth in the filter output is smaller for a larger LMS
step-size. The reason for this is found in Fig. 5 where the
output spectrum of the filter output is separated into its WF
and MF components. The AEQ is seen to use its
time-varying MF to fill the notch created in the filter output
spectrum by the finite length WF, This reduces the filter
error output power below that of just the WE As the
step-size is reduced the MF spectral peak in Fig. 5 becomes
ma’enanow’l‘hxssuggeststhatastheumeoonstant
increases, the time-varying MF is unable to adjust fast
enoughtooanpensatefonhenotcheddata(ISI)aeatedby

thletheDUPLABQfollowsthesameuendasthe
SNR is increased to 10dB, the situation changes for the
LMS AEQ as illustrated in Fig. 6. For the LMS AEQ,
Cmin = 02, thus the magnitude of the MF (Eq. (15)) is much
larger than in the previous case. The ability of the AEQ to
estimate the transmitted signal depends on both the
magnitude of the MF and on the time constant associated
with the weight vector given by Eqgs. (13) and (14).

10°

E SNR = + 25
107" 5 No Fitter
Py ]
1072 3
107 3
?WQ-U(,;IQ% LMg
§ u =' .
lO 4 a T Y

-30 20 -10 0 10 20 30
Signal-to-Interference (dB)
Fig.2: P for LMS, FTF, and DUPL AEQ as a function
of CW Interferer power.
Recall that this section showed that for the case of CW
interference and no muitipath the WF of the AEQ was
within a constant multiple of the WF of the ALP. However,

10°
No Filter SNR = + 25dB
10!
Py
10?
= 0,001
10-? % = 00005
4 = 0.0001
Wiener Solution
10—

0 100 200 300 400 500
Fitter Length
Fig. 3: P, for LMS AEQ with CW Interferer
SIR = -10dB, SNR=+25dB.
0.125

SNR = + 25dB

0.100+

0 100 200 - 300 400 50C
Filter Length

Fig. 4: Notch Bandwidth in the Filter Output of the LMS

AEQ created by a CW Interferer SIR = -10dB.
Psormam y wiemt(n) y. ms(n)

40 — -
SNR = + 2548
2l SIR = — 10dB |

R " N N
-8.5 04 03 02 01 0 o1 02 03 04 0.5

Fig.5: Output Spectrum of LMS AEQ with CW
Interferer 4 = 0.001, Ng,, = 31
Figs. 7-9 show quite clearly that the performance of the -
AEQ is superior to that of the ALP for high SNR. This is due
to the difference in the magnitude of the MF and due to a
difference in the operation of the time-varying MF. For the
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10° 7
. No Filter SNR = + 10dB
10-! ',\ Wiener Solution LMS
, u = 0001
Ps 0 >, -
10°? .
10-?
10—4 v T T T

0 100 200 300 400 500
Filter Length

Fig.6: P for LMS & DUPL AEQ with CW Interferer
SIR = -10dB, SNR = +10dB.

AEQ, {wn = 0%, but for the ALP {,, = S, thus the
itude of the MF in the ALP is 25 dB greater than that in
the AEQ. Fig. 8 shows that the reason the ALP performance
degrades with filter length is that the time-varying MF is
creating & notch in the error output, destroying s(k). The
3dB bandwidth of the notches match the expression,
W = 1/(x 7.,). (plotted in dashed lines in Fig. 8) which
was shown in [15] to be created by the time-varying MF.
Fig. 9 illustrates that if the power in the MF was larger (as is
the case in Fig. 8 for large filter lengths), the time-varying
MF would enhance the depth and the width of the notch
aeawdmthemwtpmbytheﬁmtehngthWF Thus, by
generating a spectrally broadened estimate of the
interference the ALP can cancel the interference but also
cancels the communication signal and as a result the
probability of symbol error degrades.

Thus, under a high SNR condition, the time-varying MF
improves the AEQ filter performance over that of the WF
alone while it degrades the ALP filter performance over
that of the WF alone. However, the performance of the
AEQ was shown to be dependent on the SNR since the SNR
in part determines the magnitude of the MF.

IV. Performance with Broadband
Interference and Multipath

For the case of broadband interference and/or
multipath, the WF can be found by using Egs. (2), (3), and
(7) to solve the normal equation numerically. This analysis
shows that the WF must compromise between rejecting the
interference and correcting for multipath induced ISL. To
reject broadband interference, the WF forms a spectral
notch of bandwidth B centered at the interference offset
frequency. To cancel ISI, the WF forms a spectral peak to
compensate for the spectral null in the multipath channel.
The MF is found from simulation results to fill the notch
created by the WF in a similar fashion as that previously
discussed for CW interference.

Figs. 10 and 11 illustrate the effect of broadband inter-

10°
No Fiter SNR = + 5‘1&
107!
P H
10-24| |
J7,
Wi
103
10—‘ L I Ll T L] T L T L T
0 100 200 300 400 500
Fitter Length
Fig. 7: P4 for LMS ALP with CW Interferer
SIR = -10dB, SNR = +25dB.
0.125 SNR = -
' = + 25dB -
0.1004 |. # 2 0.001
] N Wiener
Ba?,ﬂdsm ;/Solutzon ]
{Norm. Hz)
0.0504
0.025-
1 .- —\J- -
0 ;/-l-’—.l—’_l--l --l.'--l--.l--'l-
0 100 200 300 400 500

Filter Length

Fig. 8: Notch Bandwidth in the Error Qutput of the LMS
ALP created by a CW Interferer SIR=-10dB.

PSDFIterEmrompu e m(n) a ms(n)

0
SNR = + 25dB
WFOUIpr
% | SR = — 108
20
a MF Output
10 ,
;'
o
Y5 o4 03 o2 o 6F 01 02 03 04 05
m. Freq.

Fig. 9: Output Spectrum of LMS ALP with CW

Interferer 4 = 0.001 , Ng,,

, =31

ference with multipath (dashed lines) (h, = 1.0,
hy = 094 - 30° and without multipath (solid lines).
From the figures it is clear that the AEQ with N, = 6lis
extremely sensitive to the bandwidth and to the power of the
broadband interferer. The performance of the AEQ with




ASILOMAR Conf. on Signals, Systems and Computers 10193

B > 0 degrades more rapidly as lh,| — lh,l. Note that the
DUPL AEQ is less sensitive to multipath than the LMS
AEQ presumably because the RLS algorithm is
approximately independent of the conditioning of the input
correlation matrix. The FTF AEQ which displays stable
operation for broadband interference without multipath,
shows increasing instability as 1h,| — Ih,1.

10°

FRNEY

L Agiguir 4 4 14tpu
.

10}

A i aasips

-4 L I S IR § T T T L] T
0730 -20 -10 0 10 20 30
Siqnal-to-Interference (dB)
Fig. 10: P, for LMS, FIF, and DUPL AEQ with
B=0.03 Broadband Interferer and Multipath,

ok DU —z NoFIer
1073 0 LMS
P 1. u = 0.0005
o DUPL
1023 ;N W = 0999
q '
T
A e =0 SIR =
07T tibath (soic)
1% no muftipath (soli
1 multlpath (dashea;

1079 02 04 06 08

Interference Bandwidth (norm Hz)
Fig. 11: P;for LMS, FTF, and DUPL AEQ with
Broadband Interferer SIR = 0dB and Multipath.
V. Conclusion

This paper has analyzed the effects of interference on
the LMS, FTF and DUPL AEQs. It was shown that the AEQ
rejects interference by creating a notch in the frequency
response of the WF., but that the time-varying MF can under
certain conditions fill the notch (compensate for WF
generated IST) thereby improving performance over that of
the WF alone. In addition, it was shown that for
simultaneous multipath and interference, the performance
of the AEQ is based on a compromise between
compensating for ISI and rejecting interference.
Simulation results suggest that for applications where
intentional or unintentional interferes may exist,

.'4

techniques other than adaptive equalization alone, such as
multi-channel processing, should be investigated.
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