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1 Introduction

Modern space surveillance requires fast and accurate orbit predictions for myriads of objects
in a broad range of Earth orbits. Conventional Special Perturbations orbit propagators,
based on numerical integration of the osculating equations of motion, are accurate but ex-
tremely slow (typically requiring 100 or more steps per satellite revolution to give good
predictions). Conventional General Perturbations orbit propagators, based on fully analyt-
ical orbit theories like those of Brouwer, are faster but contain large errors due to inherent
approximations in the theories. New orbit generators based on Semianalytic Satellite Theory
(SST) have been able to approach the accuracy of Special Perturbations propagators and
the speed of General Perturbations propagators.

SST has been originated by P. J. Cefola and his colleagues, whose names are in the refer-
ences at the end of this document. The theory is scattered throughout the listed conference
preprints, published papers, technical reports, and private communications. Qur purpose in
this document is to simplify, assemble, unify, and extend the theory.

SST represents the orbital state of a satellite with an equinoctial element szt (a,,- - - ag).
The first five elements a,, - - - a5 are slowly varying in time. The sixth element ag is the mean
longitude A and so is rapidly varying.

SST decomposes the osculating elements @; into mean elements a; plus a small remainder
which is 27 periodic in the fast variable:

a; = a; + ni(a,,- - ae, t) (1)

(Here we use hats to distinguish the elements of the osculating ellipse from the elements of
the averaging procedure. The values of a free index are assumed to be obvious from the
context; e. g. , here ¢ can have the values 1, 2, 3, 4, 5, or 6, so (1) represents 6 equations.)
The mean elements q; are governed by ordinary differential equations of the form

da.~

- = n6i6+Ai(ala°"a57 t) (2)

dt
Here t is the time, n is the (mean) mean motion, and é;6 is the Kronecker delta (i. e. ,
616 = 626 = 836 = b4 = bs6 = 0, b6s = 1). The short-periodic variations 7; are expressable in
Fourier series of the form

o0

ni =Y _[Ci(a1, - as, t)cos jA + Si(aj,-- - as, t)sin jA] (3)

i=1

Having formulas for the mean element rates A;, we can integrate the mean equations (2)
numerically using large step sizes (typically 1 day in length). The formulas for the Fourier
coefficients C} and S} in (3) also only need to be evaluated at the integrator step times.
Values of the osculating elements a; at request times not coinciding with the integrator step
times can be computed from (1) using interpolation formulas.

In subsequent chapters we will outline the methods of derivation and give explicit formulas
for the terms A;, C}, S} corresponding to various perturbing forces.




2 Mathematical Preliminaries

2.1 Equinoctial Elements

The generalized method of averaging can be applied to a wide variety of orbit element
sets. The equinoctial elements were chosen for SST because the variational equations for
the equinoctial elements are nonsingular for all orbits for which the generalized method of
averaging is appropriate-namely, all elliptical orbits.

In this chapter we give an overview of the equinoctial elements, which are osculating
(even though they do not have hats). They are discussed in more detail in [Broucke and
Cefola, 1972], [Cefola, Long, and Holloway, 1974], [Long, McClain, and Cefola, 1975], [Cefola
and Broucke, 1975), [McClain, 1977 and 1978], and [Shaver, 1980].

2.1.1 Definition of the Equinoctial Elements

There are six elements in the equinoctial element set:

a = a semimajor axis
= h . .
a2 } components of the eccentricity vector
azy = k
Z‘ i fl) } components of the ascending node vector
s =
e = A mean longitude

The semimajor axis a is the same as the Keplerian semimajor axis. The eccentricity vector
has a magnitude equal to the eccentricity and it points from the central body to perigee.
Elements h and k are the g and f components, respectively, of the eccentricity vector in
the equinoctial reference frame defined below. The ascending node vector has a magnitude
which depends on the inclination and points from the central body to the ascending node.
Elements p and g are the g and f components, respectively, of the ascending node vector in
the equinoctial reference frame.

There are actually two equinoctial element sets: the direct set and the retrograde set. As
the names imply, the direct set is more appropriate for direct satellites and the retrograde set
is more appropriate for retrograde satellites. It is possible, however, to use direct elements
for retrograde satellites and vice versa, and for non-equatorial satellites this presents no
problem. For equatorial satellites there are singularities which must be avoided by choosing
the appropriate equinoctial element set. For direct elements

‘lim,r P+q¢*=00 (1)
while for retrograde elements
lim \/p? + ¢% = 00 (2)

For each equinoctial element set there are three associated vectors (f, g, w) which define
the equinoctial reference frame. These vectors form a right-handed orthonormal triad with
the following properties:




Figure 1: Direct Equinoctial Reference Frame

UNIT SPHERE

Figure 2: Retrograde Equinoctial Reference Frame




1. fand g lie in the satellite orbit planr.
2. w is parallel to the angular me- .entum vector of the satellite.

3. The angle between f and the ascending node is equal to the longitude of the ascending
node.

This leaves two chuices for f and g, one associated with the direct element set and one
associated with the retrograde element set. The two sets of (f, g, w) are illustrated in
Figures 1 and 2. In the Figures, and throughout this document, (z,y,2) denote a set of
Cartesian coordinates whose origin moves with the center of mass of the central body and
whose axes are nonrotating with respect to inertial space.

2.1.2 Conversion from Keplerian Elements to Equinoctial Elements

If a, ¢, 2, N, w, M denote the conventional Keplerian element set then the equinoctial ele-
ments are given by:
= a

= esin(fw + IN)

= ecos(w+ IN)
p = [tan (-;-)]Isinﬂ
q = [tan (%)]’cosﬂ
A= M+w+1IQ

The quantity [ is called the retrograde factor and has two possible values:

/= { +1 for the direct equinoctial elements )

—1 for the retrograde equinoctial elements

There are two auxiliary longitudes associated with the equinoctial element set: the ec-
centric longitude F and the true longitude L. They are related to the Keplerian eccentric
anomaly F and true anomaly f by the equations:

F = E+w+1Q (3)
L = f+w+1IQ (4)

These auxiliary longitudes are used in converting from equinoctial elements to position and
velocity. In addition, certain perturbations are modeled with Fourier series expansions in F

or L.




2.1.3 Conversion from Equinoctial Elements to Keplerian Elements

In order to convert from equinoctial to Keplerian elements, it is first necessary to compute
an auxiliary angle ¢, which is defined by:

. h
sl = e
k
TR

(1)

The Keplerian elements are then given by:

a = a

e = JRTF
i = r(151)+21arctan\/p2+q2

. Y4 2
sin] = ——m—— (2)
vp+4q
q
cos{) = —me——r
VPt +gq
w = (=19
M = A=(

where I is defined by (2.1.2-2).

The Keplerian eccentric and true anomalies are given by:

E
f

F—¢
L ¢ (3)

2.1.4 Conversion from Equinoctial Elements to Position and Velocity

The first step in converting from equinoctial elements to position and velocity is to determine
the equinoctial reference frame basis vectors (f, g, w). Their components in the (z, y, z)
system are

1 [1—P2+q2'

f=—s— 2pq

1402+ q2

TPt =2Ip |

1 2£pq2
=———— | (1+p -} 1
el S (+p2qq) (1)
o] [ i ]
13071 a2 -

AL a-p -

7




The second step is to find the eccentric and true longitudes F’ and L, respectively. To
find the eccentric longitude F, one must solve the equinoctial form of Kepler’s Equation (see

Section 6.1)):
A=F+hcosF —ksinF (2)

Then define two auxiliary quantities, the Kepler mean motion n and a quantity called b:

n = /5 (3)
b = 1 (4)
T 1+ VIR

Here, and throughout this document, g is the gravitational constant GM of the central body.
The true longitude L is then given by:

(1 — k%b)sin F + hkbcos F — h
1—hsinF —kcos F

(1 — h?b)cos F + hkbsin F — k
1—hsinF —kcos F

sinl =

(5)

cosl =

The third step is to compute the position and velocity components (X, Y) and (X, Y)
of the satellite in the equinoctial reference frame. The radial distance of the satellite is given
by:

a(l — h? — k%)
14+ hsinL +kcoslL

r=a(l —hsinF —kcosF) = (6)

The position components are then given by:

X = a|(1 ~h*)cosF + hkbsin F — k) =rcosL

7
Y = af(1 -k%)sinF + hkbcos F — k] =rsinL @

The velocity components are then given by:

na(h + sin L)
ioh =R
na(k + cos L)

i-R-R

. na2 2 .
X = —r—[hkbcosF— (1= h*b)sinF] = -

Y =

2
2% [0 = k?b) cos F — hkbsin F] =

Here dots denote differentiation with respect to the time t.
The final step is now to compute the position and velocity vectors:

r = Xf+Yg
= Xf+Yg 9)




2.1.5 Conversion from Position and Velocity to Equinoctial Elements

The first step in converting from position r and velocity F is to compute the semimajor axis
a, which is obtained by inverting the well-known energy integral for the two-body problem:

1
2P
Irl  p

(1)

a=

The second step is to compute the basis vectors (f, g, W) of ‘he equinoctial reference
frame. The w vector is obtained by normalizing the angular momentum vector:

_ rxr
T e x|

w

(2)

Equinoctial elements p and q are then given by:

P = 14 Tw,
y 3)
- y
9 14 1w,

Vectors f and g are then computed using elements p and ¢ in equations (2.1.4-1a, 1b).
The third step is to compute the eccentricity-related quantities. The eccentricity vector
e is given by:
r rx(rxr)
e= L 4ix(rxP (4)
Ir} p

Equinoctial elements h and k are then given by:

h = e g
k = e-f (5)

The final step is to compute the mean longitude A. First compute the position coordinates
of the satellite in the equinoctial reference frame:

X =r-f
Y = r-g (6)

Then compute the eccentric longitude F:

L (L= R2)Y — hkbX

mnF = h
sin a1 — h? —k? (7)
(1 — k2b)X — hkbY
cosF = k+

P gy ¥y =

where b is defined by (2.1.4-4). The mean longitude A is then given by the equinoctial form
(2.1.4-2) of Kepler’s equation.




2.1.6 Partial Derivatives of Position and Velocity with Respect to the Equinoc-
tial Elements

Let
A = na®=/ua
B = \/1—h2-k2=-15-1 (1)

The partial derivatives of the position vector r with respect to the equinoctial elements are
then given by:

or _r
9  a
ir. = Q{f.{.g_
oh ~ Oh ' Gh®
ar X, oy
% = ok " .
or _ 2lq(Yf - Xg)— Xw]
dp C
or _ 2[p(Xg-Yf)+Yw]
dq C
o P
o  n
where . .
X kX aYY
Bk - Tni+B) T 4B
ay kY aXY
8k - " n(1+B) AB ° 3
8X _  hX  a¥X )
% T wq+B T aB " °
Y RY aXX

o ~ n(1+B) AB

The partial derivatives of the velocity vector r with respect to the equinoctial elements

10




are given by: 5
r
da

LI2LTIe AL

where .
0X
Bk
)4
kb
X
Bk
Y
ok

P

" 2a
= gﬁf.{.@g
h " Bh
= a—X.-f+~a—Y
Ok~ " ok> ()
_ 2[lq(Yf — Xg) — Xw]
- C
_ 2I|p(Xg - Yf) + Yw]
N C
_ nar
,.3
aY? A [ akX Y?
ﬁ+3(1+3—§)
aXY A [ akY XY
~AB rs(HB*F) )
aXY A ahX XY
AB"5(1+B+T)
aX* AfaY X?
_ﬁ"ﬁ(ﬁ'ﬁ"ﬁ')

2.1.7 Partial Derivatives of Equinoctial Elements with Respect to Position and

Velocity

Let %‘;} and %“,-} represent the vectors whose components in the (z,y, z) system are the partial
derivatives of the element a; with respect to (z,y,z) and (2,9, 2), respectively;

da;
ar
da;

or

22 80 20

Oz Oy 0z

Q‘.'.i 6a.~ aa,- (1)
0z 0y 0z

11




The partial derivatives of the equinoctial clements with respect to position are then given

by
b _ 2
or ~ 3 ‘ .
Oh _ abhBr + k(pX - IqY)w B at
or r3 _AB A Ok
_6_/5 _ _abkBr h(pX - IqY)w + _Izﬁ
o r3 AB Adh
op _ CYw
g = 2AB
9g _ CXw
gr = 2AB _
o ¢ (pX-I1qY)W bB [, Or
& - A7 4B a\"atk
The partial derivatives of the equinoctial elements with respect to velocity are given by:
0o _ 2%
ai B A . . .
oh (2XY—XY)f——XXg+k(1qY—pX)w
o o . AB
0k (2XY - XY)g-YYf h(lgY —pX)w
or AB
op _ CYw
or ~  2AB
0q _ ICXw
o = 2AB
an __2_r+ k3t —h%E  (IgY —pX)w
or A 1+ B A
2.1.8 Poisson Brackets
The Poisson brackets of the element set (a,,- - -, a¢) are defined by the equations
da; 8a; Oa; Oa;

%) =5 % "o or

It is immediately evident that

(ai, a;)
(ais aJ')

12
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(2)




The fifteen independent Poisson brackets for the equinoctial element set (a, k, k, p, ¢, A)
are given by

(a, h) = 0 (h,A):—A(—lh%j

(a k) =0 (k, p) = 320

(a,7) =0 (k, q) = o2=

(a,9)=0 ) = 1

(a,4) = —;12; (p, @) = —4A;1 ¥
(h, k)= = (%) = L

(h, p) = — 52 (. 3) = 2

(h q) = —2z

2.1.9 Direction Cosines (a, 3,7)

The conservative perturbations are more conveniently described by the direction cosines
(a, B,7) of the symmetry axis rather than the equinoctial elements p and ¢q. For central-
body gravitational spherical harmonics, let zg be the unit vector from the center of mass
to the geographic north pole of the central-body. For third-body point mass effects and
shadowless solar radiation pressure, let zg be the unit vector from the center of mass to
the third-body. The direction cosines of zg with respect to the equinoctial reference frame
(f,g,w) are then given by

a = ZB-f
B = zp-g (1)
Y = ZpW

The quantities (a, 3, 7) are not independent but related by the equation
o +p+y =1 (2)

Note that (a, 8,7) are functions of p and g, since the unit vectors (f, g, w) are functions
of p and ¢ through equations (2.1.4-1). Note also that (a,(,v) are functions of ¢, since
zp is a slowly varying function of time. If the vector zg along the geographic axis of the
central-body is parallel at epoch to the z-axis of Figures 1 and 2, then the direction cosines

13




of zg are at epoch

o = —_dp
14 p* +¢?
- 2
P =137 P*+q? ®)
(1-p - ¢!
7 1+p*+¢?
The partial derivatives of (a, 8,v) with respect to p and g are:
Oa  _  2(IqB+17)
op C
O _ 2Ip8
q  C
o _ 2qa
o  C
08 _ _Ulpa=1) W
dq C
oy _ 20
dp ~ C
o _ 218
dq C

2.2 Variation-of-Parameters (VOP) Equations of Motion

The Cartesian equations of motion for an artificial satellite in an inertial coordinate system
are [Battin, 1987]:

. ur
=L 1
r mE +q+ VR (1)

Here r is the position vector from the center of mass of the central body to the satellite,
F = ‘;—;'- is the acceleration vector, g = GM is the gravitational constant of the central
body, q is the acceleration due to nonconservative perturbing forces (atmospheric drag,
solar radiation pressure), and R is a potential-like function called the disturbing function
from which one can derive the acceleration due to conservative perturbing forces (central-
body spherical harmonics, third-body point-mass). If m and II are the mass and potential
energy, respectively, of the satellite, then the disturbing function R is given by:
I
R=-— 2)
In order to apply the generalized method of averaging, it is necessary to convert the
equations of motion into a form giving the rates of change of the satellite orbit elements
as a function of the orbit elements themselves. The equations of motion resulting from
this conversion are called the Variation-of-Parameters (VOP) equations of motion. The
derivation of these equations is discussed in some detail in [Cefola, Long, and Holloway,
1974] and [McClain, 1977).

14




In this section we let (a,,---a¢) = (a, h, k, p, ¢, A) denote the osculating equinoctial
elements (even though they do not have hats). Then the VOP equations of motion turn out
to be . .

Oa;
1. = nd. —.q-— iy @) — 3
a; = nbig + 5 4 J;(a a’)aa_,- (3)

Here r = % is the velocity vector, n = \/ﬁ- is the Kepler mean motion, and é;¢ is the

Kronecker delta. The partial derivatives da;/0F are given by equations (2.1.7-3), and the
Poisson brackets (a;, a;) are given by equations (2.1.8-2,3).

The VOP equations of motion (3) include three contributions to the orbit element rates
of change. The two-body part is:

('1.' = n&;'s (4)
The Gaussian or nonconservative part is:
da;
3, = — - 5
=29 ()
The Lagrangian or conservative part is:
6 oR
a =—) (ai, a;)5— (6)
j2=:l ! aa,-

In the remainder of this document it will be convenient to discuss these contributions sepa-
rately, but they must be added together to obtain the total orbit element rates of change.

The Lagrangian part of the VOP equations of motion contains the partial derivatives of
the disturbing function R with respect to p and ¢. The perturbations which contribute to R
are not conveniently described in terms of p and ¢, however. For these functions, it is better
to write R as a function of (a, &, k, X) and the direction cosines (a, 3, 4) of the symmetry
axis of the perturbation. The partial derivatives of the disturbing function R with respect
to p and ¢ can then be obtained by applying the Chain Rule:

OR _ OROa  OROB  OROy
Op Oadp O0BOp 0Oy Op (1)
OR _ OROa  OROB  ORy
dq Oadq 0809 Oy dq
The partial derivatives of (a, 8, v) with respect to p and q are given by (2.1.9-4). To simplify

the notation, let us again use the auxiliary quantities A, B, C defined by (2.1.6-1). Also, let
us define the cross-derivative operator

Roa= age - Bo ®
Note that R, = —R,s.. Then the partial derivatives of R with respect to p and ¢ turn out
to be oR 5
=, = A (Rm-y +IqR’aﬁ )
Op C (9)
o’ U (Ropy +5Roas )
aq C 3By TP sap
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With this notation, equations (6) for the Lagrangian part of the VOP equations of motion
become:

i - BR
T A0
; BOR k hB OR
b= Z% a5 (PR lRe ) - g By
. BOR h kB 0OR
ko= =[5+ ap (PR ~TRe ) * 50 By 5
. C [ (s aR (10)
p = 2AB [P (R)hk "R’aﬁ --E-A_) - R,ﬁ‘y]
. C OR
9 = 318 [q (Rshk —R,ap —Ex) - IR,a'y]
‘ 2a IR B OR JR 1
A= ~A%a + m (hg’y + kﬁ) + E(PR,M —IqR,m)

2.3 [Equations of Averaging

The Generalized Method of Averaging may be used to divide the VOP equations of motion
(2.2-3) into a short-pericdic part which can be integrated analytically and a slowly-varying
part which can be integrated numerically using time steps several orders of magnitude longer
than the time steps appropriate for integrating the untransformed equations of motion. The
Generalized Method of Averaging and other perturbation techniques are discussed in [Nayfeh,
1973]. Only a summary of the application of this procedure to (2.2-3) will be given here.
More details can be found in [Cefola, Long, and Holloway, 1974], [McClain, 1977], [McClain,
Long, and Early, 1978] and [Green, 1979).

To apply the Generalized Method of Averaging we first assume that the osculating orbit
elements a; are related to a set of mean elements a; by a near-identity transformation:

&,’ = a; + Ze’m’(a, hs ka b, q, ’\at) (1)

i=1

Here again, the indexed variables (a;,---,a¢) refer to the equinoctial orbit elements
(a,h,k,p,q,A) and hats distinguish the osculating elements from the mean elements. The
quantity ¢/n] represents a small short-periodic variation of order j in element i. The quantity
€ is called the “small parameter” and plays the role of a variational parameter in deriving the
Equations of Averaging. (Note that the superscript j is used in the symbol ¢/ to designate
a power and in the symbol 5] to designate an index.)
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The short-periodic variations are as<umed to contain all of the high-frequency components
in the osculating elements @;, so that the mean elements a; vary slowly with time. This
requirement can be expressed by the following two sets of inequalities:

L|da|
n |dt ¢
da; .
1jaai < 1 for 1=2,3,4,5 (2)
dt
1(dA < 1
dt
where n is the Kepler mean motion, and
d"‘“a
k
A+ T < a
k+1 3)
d*tla;
k i
A“W < 1 for 1=2,3,4,5,6

where k is the order and A is the step size of the numerical integrator. Inequalities (2) ensure
that second-order effects will be small, while inequalities (3) ensure that the integrator errors
will be small.
Using the variational parameter €, we can write the osculating Cartesian equations of

motion (2.2-1) as

&’

@ =i
As € increases from 0 to 1 the resulting motion varies smoothly from two-body motion to
the actual motion. The osculating VOP equations of motion (2.2-3) then become

+ «(q+ VR) (4)

da; 0 da;
L — @b+ e |2 q— 3l 2) IR (5)
i=1
which can be written in the form
da,
S = n(@)bis + eFi(a, b, kg4, 4,1 (6)

The terms €F; give the osculating element rates of change due to the perturbing forces as
functions of the osculating elements.
We assume the following form for the mean VOP equations of motion:
da, j
dt n(a ¢6+ ZCJA (a h k P4, ) (7)

j=1

The terms /A’ give the mean element rates of change due to the perturbing forces as
functions of the mean elements. For most perturbations, the A} are independent of the fast
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variable )\ as indicated in (7). For central-body resonant tesseral harmonics, the A? are also
slowly-varying functions of jA — m# (see section 3.3). .

The osculating rate functions F; and the mean rate functions A} may be explicit functions
of the time t because the perturbing forces may change with time when the satellite position
and velocity are held constant, e. g., due to motion of the Moon.

We now expand the osculating rate functions in a variational power series about the mean
elements:

F.'(&,il,k,ﬁ, éa th) = F.-(a,h, ka P4 A,t) + 2 ij.j(a, h,k, P9, Ast) (8)
J=1
Here
JF;
T ph-L2Y ©
12_:130, )
8. OF; 1 & & #F
[ — —tp? L ! plpl
fl ng:l aa_ng + 21—;; aajaaknjnk (10)

Similarly, we expand the osculating Kepler mean motion about the mean semimajor axis:

n(a) = n(a) +Z.°1ei1vi(a) (11)

Here }
vo= ) (12)
N? = [‘%%J'%S(’:%] n(a) (13)

3 1,2 1)3
N3 = [_2_77_1 E”l’h _ i?('h) ]n(a) (14)

2a 4 q? 16 a3

Having all the necessary expansions, we can now derive the Equations of Averaging.
First, differentiate (1) with respect to t and use (7) to obtain one expression for the osculating
element rates. Next, expand the functions on the right side of (6) using (8) through (14)
to obtain another expression for the osculating rates. Then equate the two expansions and
require that they be equal for all values of ¢ between 0 and 1. Since the powers of € are
linearly independent, the coefficients of ¢/ must be equal. Taking j = 1,2,3,--- yields the
Equations of Averaging of order 1,2,3,- - - respectively:

1 on}
A}+%‘-n(a)+—a”t—' = Fa,h,k,p,g,\1) + N6 (15)
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.

on? on? s on
Al+gpnle)t gy = SN SR Al (16)
J=
33773 M 2 was (00 g, O,
Ai n( )+ at - f:’ +N 636 ; 6a_,~Aj+aajA’ (17)

In the Equations of Averaging shown above, the osculatmg rate functions F;, the mean
rate functions A}, and the short-periodic variations ] contain effects due to many pertur-
bations. In order to obtain practical expressions for A! and 57, it is convenient to partition
the Equations of Averaging to separate the effects of different perturbations.

The first step in partitioning the Equations of Averaging is to express the osculating rate
functions F; in terms of the contributions F;, of the separate perturbations:

eF; =) vaFia (18)

The sum is taken over all perturbations of interest. The parameters v, are variational
parameters, one for each perturbation. Each v, can vary from 0, at which the perturbation
is turned off, to 1, at which the perturbation has its actual strength. The partitioned
Equations of Averaging are required to be valid for all values of the v,.

Substituting equation (18) into the first-order Equations of Averaging (15) leads to the
following expressions for A} and 75}:

€A = Y VoA, (19)
e = Y Vallia (20)

Substituting equations (18)~(20) into the second-order Equations of Averaging (16) leads to
the following expressions for A? and %

ezA,2 = Zuo,ugA,-ag (21)
af

Enl = Y VaVlliap (22)
af

Substituting equations (18)-(22) into the third-order Equations of Averaging (17) leads to
the following expressions for A? and #3:

EAT = Y vavpryAing, (23)
afy

En = Y VaVptslliasy (24)
afy

Similar expressions exist at higher orders. (Remember that the first index in F,, A;a, %ia,
etc. refers to the orbit element.)
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If we substitute (18)-(20) into (15) and then equate the coefficients of each v,, we obtain
the partitioned form of the first-order Equations of Averaging. Similar procedures with (16),
(17), - - - lead to higher-order equations. The partitioned Equations of Averaging of arbitrary
order can be written in the concise form

on; on;

A+ -b—xn(a) + i G; — =—n(a)bis (25)

Explicit expressions for the G; functions up to order 3 are:

Gia = ia(avhakvpan Avt) (26)
S, OF, 15 n1amp °. O,
o5 O DA e~ S Se 4, 27
Gaaﬂ ng aaj N8 + 8 ao? n(a) 6 ng:l 6(1)' J8 ( )
s aﬂa 1 s e azFia 157710"16’7 357]10’715’711
Giopy = ,2=:1 Ba, 1P + '2'12__:”;] 34,0, 10" + (T 7 16 )n(a)éss
6 37) on:
S ((Fmios |, O
,2;,( B Ant o A,,,,) (28)

Comparing the partitioned Equations of Averaging (25)-(28) with the full Equations of
Averaging (15)-(17), we see that the first-order equations are identical. The second-order and
higher-order partitioned equations include auto-coupling equations (eg,a=8=---=1)
which are identical to the full equations, but in addition include cross-coupling equations
(eg.,a=1,8=2).

The partitioned Equations of Averaging (25)-(28) give the fundamental relations which
can be used to derive expressions for the mean element rates A;a; Aiag, Aiapy and the short-
periodic variations Nia, Miag: Miagy- Then the total mean element rates Al, A2, A? and short-

periodic variations 7}, 7, 73 can be obtained from the decomposition relations (19)-(24).

2.4 Averaged Equations of Motion

The Equations of Averaging (2.3-25) can be solved for the mean element rates
Ao, Aiap, Aiapy - - - by applying an averaging operator < --- >, to be defined in this sec-
tion, to both sides of each equation. The resulting expressions for the Aia, Aiagy Aiapy -
can then be added together as shown in equations (2.3-19, 21, 23) and substituted into
equations (2.3-7) with € = v, = 1 to form the mean, or averaged, equations of motion:
%=n(a)5.-6+;ma+§maﬁ+ 5 At (1)
[+ ] a7y

These equations can then be integrated with a numerical integrator to obtain values for the
mean elements g; at a given time.
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The averaging operator is required to be linear; that is, if p and o are any two real
numbers and f and g are any two real piecewise continuous functions of the mean elements,
then:

<pf+og>=p< f>4+0<g> (2)

The averaging operator is also required to be idempotent; that is, if f is any real piecewise
continuous function of the mean elements, then:

<< f>>=< > (3)

To make the averaging transformation useful, we also require the averaging operator to have
the property that solving the Equations of Averaging with it yields slowly-varying mean
element rates and small short-periodic variations.

In order to be able to divide the Equations of Averaging into separate equations for the
mean element rates and the short-periodic variations, we impose the following conditions:

<n>=0 (4)

It is not immediately obvious from the Equations of Averaging (2.3-25) that the short-
periodic variations can be required to average to zero (equations (4)). Let us first observe
from (2.3-26, 27, 28) that, at any order, G; are predetermined functions of the osculating
rate functions F;, and the solutions of the lower-order Equations of Averaging. Therefore G;
are fixed, while we can vary A; and 7; in any manner which satisfies (2.3-25). Let us assume
that the short-periodic variations 7; do not average to zero, and write

<7 >= k.' (5)
Let us then define

’ ak. ak. 3n

A = A+ noX + r + Ezkléis (6)

o= ni—k (7)

Solving (6)-(7) for A; and 7; and substituting the resulting expressions into (2.3-25) yields
by Om Oni _ 3m

Atngy T =Cim g ®)

We see that A} and 7] are solutions to the Equations of Averaging, and we can thus choose
A} and 7! to be the preferred solutions. Averaging (7) and applying (2, 3, 5) yields

<n5>=0 (9)

We can therefore require the short-periodic variations to average to zero (equations (4)).

If the osculating rate functions F;, for a given perturbation are small, 27-periodic in the
satellite mean longitude ), and slowly-varying in time when the satellite orbit elements are
held fixed, then the single-averaging operator has the required properties:

1 T
<f>=5 [ flahkp,0,2dr (10)

Most of the perturbations commonly acting on a satellite can be single-averaged:
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1. Central-body gravitational zonal harmonics.
2. Third-body gravitational point mass effects.
3. Atmospheric drag.

4. Solar radiation pressure.

Some perturbations are quickly-varying when expressed as a function of time but slowly-
varying when expressed as a function of both time and a perturbing-body phase angle 8
which varies linearly with time. If the osculating rate functions F;, for such a perturbation
are small, 27-periodic in both A and 6, and slowly-varying in time when 8 and the satellite
orbit elements are held fixed, then the double-averaging operator has the required properties:

1 LIS
<f> = o [ [ flahkp.g,)0,1)drd8 (1)
+% > [cos(jA—m(f) "7 f(a,h,k,p,g, N, 8,8) cos(jX' — m#')dN'de"
T ; -rJ-r
(.m)eB

+sin(j) = m0) | " [ #ab,k,p,0,,8,t)sin(iN - mo')dxda']

(Equation (11) may be written in alternate forms, one of which is used in (3.3-2).) Here B
is the set of all ordered pairs (3, m) with the following properties:

m>1 (12)
[jA — mé| < 27" (13)

where 7 is the minimum period desired for perturbations included in the averaged equations

of motion. The same minimum period should be used for all double-averaged perturbations.

Inequality (13) is called the resonance condition and denotes the satellite frequencies j and

perturbing-body frequencies m which are in resonance with each other. It often happens

that the satellite has no resonances with the perturbing body, in which case set B is empty.
The minimum period 7 should obey the following inequalities:

T 2 3n (14)
T 2 31 (15)

where 7, and 7y are the periods of the satellite and the perturbing-body phase angle 6
respectively. In addition, 7 should be at least 8 times as long as the step size used in the
numerical integrator, and much longer if accurate integration of perturbations with this
period is desired. It is dangerous to make 7 too long, however. Components of the double-
averaged perturbation which have periods equal to 7 or shorter will be excluded from the
averaged equations of motion and treated as short-periodic variations. If 7 is too long and
deep resonance exists, some of these short-periodic variations may be large enough to cause
large second-order coupling effects, making the averaging expansions (2.3-1) and (2.3-7)
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diverge. For this reason, 7 should be less than 100 times the integrator step size. Making 7
'small enough to ensure convergence of the averaging expansions takes priority over inequality
(15), which must be dropped if the perturbing-body phase angle 8 varies too slowly. If 8 is
the rotation angle of the Earth, this will not be necessary, since the Earth rotates quickly.
If 6 is the rotation angle of Mercury or Venus, it may be necessary to drop condition (15),
depending on how large the m-daily (j = 0) short-periodic variations due to the gravitational
tesseral harmonics are. The Moon is a borderline case.
The following perturbations can be double-averaged:

1.

Central-body gravitational sectoral and tesseral harmonics. For this perturbation, 8 is
the rotation angle of the central body. (For a more precise definition of 8, see Section
2.6.) The double-averaged central-body gravitational spherical harmonic model in SST
is fully-developed and will be discussed in Section 3.3.

. Third-body point-mass effects, if the third body orbits the central body. For this

perturbation, @ is the equinoctial mean longitude of the third body. The current double-
averaged third-body model assumes that the third body orbits the central body in a
slowly-varying Keplerian ellipse. Methods for predicting the effects of short-periodic
variations in the third-body orbit on the satellite orbit have yet to be developed. For
Earth satellites, the short-periodic variations in the orbit of the Moon are substantial.
If they are included in the Lunar ephemeris used with the double-averaged third-body
model, the integrator step size will be driven down to values appropriate for the single-
averaged third-body model, thus destroying the usefulness of the double-averaging
expansion. The step size reduction is avoided by using a smoothed ephemeris for the
Moon, but this creates an error in the computed satellite mean element rates due to
the Lunar perturbation, and the size of this error is not known. Because of these
limitations, double-averaged third-body perturbation models will not be discussed in

detail in this document. For a complete description of the current model, see [Collins,
1981].

There are some perturbationé for which no averaging operator with the required proper-
ties can be found. These perturbations are called non-averageable and include:

1.

3.
4.

Atmospheric drag, with an asymmetric spacecraft and fast, non-periodic attitude vari-
ation.

Solar radiation pressure, with an asymmetric spacecraft and fast, non-periodic attitude
variation.

Continuous thrust, with fast, non-periodic changes in direction.

Impulsive thrust.

These perturbations are typical of directed flight, which in general is not required to be either
slowly-varying or 27-periodic in A or any other phase angle. Semianalytic Satellite Theory
cannot predict the effects of these perturbations, with the exception of impulsive thrust (see
below), and should not be used unless they are small enough to ignore.
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Some types of directed flight are averageable, and these include many scenarios of prac-
tical interest:

1.

A drag-perturbed satellite whose solar panels always point directly at the Sun. The
attitude of the satellite relative to the atmosphere will be 2x-periodic in A and will
vary slowly in time as the Earth revolves about the Sun.

A spacecraft with a solar sail which is feathered when approaching the Sun and per-
pendicular to the Sun line when receding. The attitude of the sail will be 2x-periodic
in A and will vary slowly in time as the Earth revolves about the Sun.

A spacecraft with a constant-thrust ion engine whose thrust is always parallel to the
orbit. The direction of the resulting acceleration will be 2x-periodic in A and the
magnitude will vary slowly in time as reaction mass is depleted and the spacecraft gets
lighter.

Of course, the perturbations remain averageable only as long as the orbit remains elliptical.
Parabolic and hyperbolic orbits are beyond the scope of this document.

Impulsive thrust is not averageable, but its effects can be predicted using the following
procedure:

1.

Integrate the averaged equations of motion (1) up to the time of the impulsive maneu-
ver.

Compute the short-periodic variations as functions of the mean elements using equa-
tions (2.3-20, 22, 24) and the equations in Section 2.5.

Add the short-periodic variations to the mean elements to get the osculating elements
(equations (2.3-1)).

Convert the osculating equinoctial orbit elements to position and velocity using the
equations in Section 2.1.4.

Add the velocity change Av caused by the irﬁpulsive maneuver to the satellite velocity.

Convert the satellite position and velocity to osculating equinoctial orbit elements using
the equations in Section 2.1.5.

Invert equations (2.3-1) to convert the osculating elements to mean elements (see Sec-
tion 6).

This procedure is always valid, but if impulsive thrusts occur more often than once per orbit,
it may be too expensive to make the use of averaging worthwhile. For additional methods
for modeling impulsive maneuvers, as well as continuous thrust, see McClain [1982).

Some perturbations are usually averageable, but cannot be averaged in certain circum-
stances because of large second-order effects. These include:
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1. Third-body point-mass effects, for a satellite whose orbit comes too close to the orbit
of the third body. This perturbation will be non-averageable even if resonance locking
ensures that the satellite will always remain far from the third body.

2. Third-body point-mass effects, for a satellite whose orbit comes too close to the bound-
ary of the central body’s gravitational Sphere of Influence.

3. Atmospheric drag effects, during the terminal stage of reentry.

Semianalytical Satellite Theory should not be used under these circumstances.

It is worth considering at this point whether the averaging operators (10) and (11) ac-
tually have the required properties (2)—(3). It is immediately clear from equations (10) and
(11) that both operators are linear (equation (2)). It is also clear from equation (10) that the
single-averaging operator is idempotent (equation (3)). To show that the double-averaging
operator is idempotent, we double-average both sides of equation (11) to obtain

1 L L 4
<<f>>"5§.mi,<f>dAM
42— 3 [cos(jA — m0) / ’ / " < f > cos(jN — m8')dNd6’
21!’2 (jm)eB - J-r

+sin(iA=m) [* [* < f > sin(iX — m#')dNde')

1 L4 n
= — A
4n? ,/-r - fd d

+I:F Y [cos(jA — mé) / i / " cos?(j A — mf')dN'de’ / i / " fcos(jA" — m@")dA"de"
(j.m)es - J=7 —-XJ=7
+sin(j) — mf) / / sin?(j) — m@')d\'de’ / / Fsin(GM — m@")d\"de"|

=< f>
(16)

Note that, if f is independent of 6, the double-averaging operator (11) reduces to the
single-averaging operator (10). Thus we can without inconsistencies apply the single-averaging
operator (10) to perturbations that do not depend upon 8, and the double-averaging operator
(11) to perturbations that do depend upon 6.

If the perturbations can be averaged with the operators (10) or (11), then the Equations
of Averaging (2.3-25) can be solved for the mean element rates by averaging both sides of
each equation. Note that the averages are always taken with (a,h,k,p,q,t) held constant.
Using (4), we thereby obtain for the mean element rates A; at any order

A=< G;> (17)

Substituting (2.3-26, 27, 28) into (17), we can obtain explicit expressions for the mean
element rates at each order.

The explicit equations for the first-order mean element rates have the same form for both
single-averaged and double-averaged perturbations:

Aia =< Ra(a’ ha k7p7q’ A,t) > (18)
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The averaging operator used is single in the first case and double in the second.

The explicit equations for the second-order mean element rates involve coupling terms
between two perturbations, which may be two different perturbations (cross-coupling) or
copies of the same perturbation (auto-coupling). If either perturbation is single-averaged,
the equations take the form

S /8F, 15n
Aigg = ng <—aa—jﬂja> + o (mamp) bis (19)

If both perturbations are single-averaged, a single-averaging operator is used. If either
perturbation is double-averaged, a double-averaging operator is used. If both perturbations
are double-averaged, the equations take the form

e io 15 n > ia
Aiag = ; <aa%77jﬁ> + 5 72 (mamp) 6is — Z <%Am> (20)
= 1=1 b

If both perturbations use the same perturbing-body phase angle 6, then a double-averaging
operator is used. However, if the perturbations use different perturbing-body phase angles
0 and #’, then a triple-averaging operator is used.

Derivation of the explicit equations for the third-order mean element rates will be left as
an exercise for the reader.

2.5 Short-Periodic Variations

Once the mean element rates A;,, Aiag, Aiagy,- - are known, the Equations of Averaging
(2.3-25) can be solved for the short-periodic variations 74, Miag, Mias~, - by using Fourier
series expansions for the functions G;4,Gisg, Giagy,- -~ The resulting expressions for the
Nias MioBs Niapy> - - - €an then be added together as shown in equations (2.3-20, 22, 24) with
€ = V, = 1 and substituted into equations (2.3-1) with ¢ = 1 to give the osculating elements:

G=a+Y Mo+ Mas+ I Tapy+ - (1)
a af afy

Of course, using Fourier series expansions for the functions G; assumes that the osculating
rate functions F;, are 27-periodic in the phase angles of the expansions. Most perturbations
can be expressed with more than one kind of fcurier series expansion. In this section we shall
give formulas for the short-periodic variatiors corresponding to several possible expansions.

Some of the general expressions presented in this section are new, so enough steps in
the derivations will be presented to enable the reader to rederive them. Qur derivations
are based on the work of [Cefola and McClain, 1978], [Green, 1979], [McClain and Slutsky,
1980], [Slutsky, 1980], [Slutsky and McClain, 1981], and [McClain, 1982].

2.5.1 General 5; Expansions in )

Recall that the Equations of Averaging of arbitrary order can be written as




where G; are predetermined functions (equations (2.3-26, 27, 28)) and
A =< G; > (2)

At order m, the Equations of Averaging contain m perturbations, which may all be different
or may include multiple copies of the same perturbation.

If all of the perturbations in the Equations of Averaging (1) are single-averaged, then the
equations can be solved for the short-periodic variations 1; by integrating over the satellite
mean longitude . It is convenient to first define the short-periodic kernels §;:

1
== / (Gi — A;)dA (3)
The constant of integration is specified by requiring
<é>=0 (4)

In the absence of explicit time-dependence, the full short-periodic variations 5; are then given
by: 3
ni =& — ‘2—06.'6/{1 dA (5)

The conditions (2.4-4) and (4) require

</g,d,\>-_—o ©6)

In the presence of explicit time-dependence, the full short-periodic variations 5, are given
by:

l)k akgidAk

no= E.+E

5 -1 6 {1 k II

Here K is the order of the highest order partial derivatives desired in the expansions. The
conditions (2.4-4) and (4) require

( / g.dA*) =0 forall k> 1 (8)

Here the following somewhat unusual notation is used for the operator which is the k**
indefinite integral (the inverse of the k** derivative operator):

/kf(,\)d,\"=/---/f(A)dA---dA 9)
A el k

Alternately, knowing the short-periodic variations n? in the absence of explicit time-
dependence, we can compute recursively the short-periodic variations 9 including the kt*
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order time derivatives:
3
M= G- ot 61N

1)¥ o*
nwo= T (n") 33,’ —ed + ( 1)**16:6 / "‘dA"“

Explicitly, we suppose that the functions G; can be written as a Fourier series in the
mean longitude A:

(10)

Gi(a,h,k,p,q,\,t) = C2(a,h,k,p,q,t) (11)
+§: [C{(a,h,k,p,q,t)oosj)\ + S{(a,h,k,p, q,t)sinjA]
i=1
where o ) Gd)\
! 2r
¢l = %_”G,-cosj)\d)\ (12)
S = % :G.-sinj/\d/\

Using (2.4-10) and (2), we can obtain the mean element rates A;:
Ai=C° (13)

We can then obtain the short-periodic variations 7; by performing the integrals (7, 8). The
final result of these calculations is:

= 3"[C? cos jA + Si sin jA] (14)
=1
where
: 1 [.; 3164 1 [8C]  326608S]
] = |8 -2 271
2 jn[s' 2a j C] (Jn )2[ 2a 3 Ot
U Q’is’_ié‘fﬁa”ci __ 1 [ 3480°S{]
Gny |92 247 o8 |~ (jn)t 2aj Of (15)
S = 1 ci+316'651 1 _8_8_,’_22151990_{_
: jn |l  2aj (]n)2 |t 2a 5 Ot

L 2aj o2 (n)yi| 0@ 245 o8

1 [6’6’ 33 6i6 8°S]] 1 [335" 346 ch,]

2.5.2 General 7; Expansions in F

In this section we suppose that the functions G; are expanded as a finite Fourier series in
the eccentric longitude F:

G,-(a,h,k,p,q,F,t) = C?(a,h,k,p,q,t) (1)
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J A .
+Y [C,?(a, h,k,p,q,t)cos jF + S}(a,h,k,p,q,t) sinjF]

i=1
where | e
C? = — G;dF
2x -
¢ = % Gi cos jF dF (2)

S = % " G;sinjFdF

Again we may use (2.4-10) and (2.5.1-2, 3, 4, 7, 8) to obtain the short periodic variations
7;. To do this, it will be necessary to convert the integrals over A into Fourier series expansions
over F. We begin by supposing f(\) has a finite Fourier series expansion in F with known
coefficients and it averages to zero:

J .
F(A) =€+ (C’ cos jF + & sin jF) (3)
=1
<f(A)>=0 (4)
Using
[ 10ax= [ 5 Ixar ()
OF
the following consequence of the equinoctial form (2.1.4-2) of Kepler’s Equation
o r i
a—F—;—l—hsmF—kcosF (6)

and the following well-known trigonometric identities

cos(j — k)F + cos(j + k)F

cosjFcoskF = 5

cosjFsinkF = SnU+EBF - sin(j — k)F

sin jF coskF s+ HF -; sinj — k)F (7)
sinjFsinkF = cos(j — k)F ; cos(j + k)F

we can convert the right side of (5) into a Fourier series expansion in F. Note in particular
that the condition (4) implies that the constant term C° in (3) must be related to the Fourier
coefficients C! and S? by

_ka b
= 2C + 28 (8)
Higher-order integrals can be computed using recursion formulas obtained from the equa-
tion
m+1 _ m
[ fax = / /m F(A)dA™d) (9)

29




We summarize the conversion for the general multiple integral with the following notation:
/ FA)dA™ = U9 (C¢,8¢) + Z [U2.(C¢, 8% cos jF + V2 (C¢,8¢)sin j F) (10)
m i=1

</ F(A)A™ >=0 (11)

Here the arguments (C¢,S¢) denote that the functions U7, and V;, depend upon the coeffi-
cients C’ and S’ appearing in (3) through the relations:

for1<;<J: . _
U =¢’
Vi=s
form>0:
k h
o _ R Rin
U, = 2Um+2Vm
hk h? h k
1 = 2 2 Yy g2 B2
k? hk k h
1 = —_ 1 _ Dyt M2 fyp2
(12)
for2<j<J+m+1:
; 1 . h_ . k_ . h_ . k.
; = =|=VI 4 Ui~V 4 yi-r_ i+l 4 Zyitl
m+1 ]( Vm+2Um +2Vm 2Um +2Vm )
; 1 .k h_. k. . h. .
Vi, = 2 |Ui - Zyi-t4 Zyimt _ Zpit . Zyah
fory>2J+m+1:
Ui = 0
Vi =0

With this notation, we can write the mean element rates A; and the short-periodic
variations 7; corresponding to (1):

k h
= 09— 2l - _g!
4 = € -Cl-38) (13)
J+K+2 . .
o= Cl+ Y, [C,-’cost—%-S,-’sinjF] (14)
=1
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where

k h
o_fm g
P = 5Cl + 38,
: 1. (-p* ¢t &*Sf
C! = ;UIJ (C.'c:si() Z nk+ Uk+1 (W’ otk
3.1 (=Dt 5 (oct @St
~5-bie [;Ué (cl,sf)+k21(k+l),,,.7 i+2 (a,—,,‘, Y 5)
. 1. . (-1* 1)" . (F*Ct O*St
S = ;V{ (Cf,Sf) 2 nk+1 Vin (Ek—’ otk

3 1 ( —1)* v It 9+
—5g% [;VQJ (Cusl()‘*'kz_:l(k’*'l nk+1 Vi (atk ’ atkl

2.5.3 General 7, Expansions in L

In this section we suppose that the functions G; are expanded as a finite modified Fourier
series in the true longitude L:

M
Gi(a,h,k,p,q,L,t) = CX(a,h,k,p,q,t)+ > D(a,h,k,p,q,t)(L - A)™
=1
" (1)
+Z[C’(a h,k,p,q,t)cos jL + Si(a, h, k p,q,t)sm]L]

J—

Here the quantities (L — A\)™ are written separately, rather than by replacing them with their
Fourier series expansions recorded below.
The equation of the center may be calculated from the Fourier series expansion

L—-A:Z}?:(ajcost—p,-sinjL) (2)

Jj=1
Here
; 1 /= )
p; = {cosjL) = —-/ cosjLd\
27l’ -
.. 1 ¢/~ . . (3)
o; = (sinjL) = 5;/_1 sin 7L d)

The auxiliary quantities p; and o; can be evaluated using the equations *

*Let Z = 'L and use the Residue Theorem to integrate

(l_hz k2)3/2/ IJL
27 - (l+hs1nL+lccosL)2

pj +io; =
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b = (1+3B)(=byCslk,h)
o; = (1+3B)(-b)S;(k,h)
where b and B are given by (2.1.4-4) and (2.1.6-1b), and

Cj(k, h) + iS,’(k, h) = (k + ih)j (5)

(4)

are obtained from the recursion formulas

Cis1(k,h) = kCj(k,h) —hS;(k,h), Co=1

(6)
S;+1(k,h) = hC;(k,h)+ kS;(k, k), So=0
The quantities (L — A\)™ may be calculated from the expansion
(L=XA)" =&+ (s, cosjL + 1 sinjL) (7)
1=1
Here the first-order coefficients ] and 1] are obtained immediately from (2):
"(1) =0
. % -
K =
o= S (8)
9 = -2
J

Higher-order coefficients «J, and vJ, are obtained using the following recursion formulas,
obtained by multiplying the series on the right sides of (2) and (7):

m+l Z (C’kﬁ —Pk'/’k)

: 20; = 1
K1 = —2~°+2.

+ Z (UkK'J+k - Pk"/’”k) + (1 - Jl) Z (UJ-kK + pj—k'/) )

9)
. 2,, o (
J - 20 . ah . k

m+l = ; Km £j+k(01+k¢m +P1+kl€m)

(U.H-k'c pJ+k¢’ )

=N ; =21
+ 3 (@i + periF) + (1= 8;0) Y —(0i-k¥k, — picint)
k=1 k =1t~ k
Note that if m is odd, then (L — A)™ is antisymmetric about perigee. Therefore we have
1 L
K =5 [ (L= 2*+dL =0 (10)
27 J-=
i. e. , only even powers of (L — ) have nonzero constant terms.
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Again we may use (2.4-10) and (2.5.1-2,3,4,7,8) to obtain the short-periodic variations
7:. To do this, it will be necessary to convert the integrals over A into modified Fourier series
expansions in L. We begin by supposing f()) has a modified Fourier series expansion in L
with known coeflicients and it averages to zero:

fO)=Cc+ i D™(L - A" + }f‘,(ci cosjL + 87 sinjL) (11)
m=1 =1
<f(A)>=0 (12)
Using o
[1ovar= [ sgpdL, (13)

the following consequences of (2.1.4-2,5,6) and (2)

L (5)- A= =R 25 (p,cosjL+0;siniL), (14)
L~ JT-h—-F \a) ~ (I+hsinL+kcosL)? =~ &g PeRIHT oo
the integral
_ m _ (L_/\)m+l — m
/(L mdr = = +/(L A)mdL (15)

the identities (2.5.2-7) and expansions (7), we can convert the right side of (13) into a Fourier
series expansion in L. Note in particular that equations (3) and (12) imply that the constant
term C° in (11) must be related to the Fourier coefficients C*,S* and D* by

M J
CO==3 D - Y (Cip; + S0y (16)
m=1 =1

Note also that we need the following formulas for the product of two Fourier series:

J . ) ) ) ] )
D (C’cosjL + S’sinjL) ;Z(Pk coskL + opsinkl) = % Z{Ii’(j)((f’pj + 8%0;)
=1

1=1 =1
-1 : : -3 _
+ [(1 —&1) Y (e =STle) + TG (M pe+ ST ay)
{=max(j-J,1) =1
J
+Y (Cipise+ S‘a,-_,_,)] cosjL (17)
=1
Jj-1 ) ) J-j _ ‘
+ [(1 —61) Y (Ol + 8 p) + T TN(G) Yo (~C ¥ o + 57 py)
=max(j=J,1) =1

J
+3 (Clojpe— S‘p,~+z)J sin j L}

£=1
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Here T!(j) is the inclusion operator defined by

1 fr<)<s
0 otherwise

zuﬁ={ (18)

Higher-order integrals can be computed using recursion formulas obtained from equation
(2.5.2-9). We summarize the conversion for the general multiple integral with the following
notation:

M<+k
A FOdAF = UR(CE, 85, DF) + fj wm(Cs, 8¢, D)L — A)™

m=1 (19)
+2 |Ui(c¢, 8¢, DF) cos S L + Vi(CE, 8¢, D) sin j L]
([soax) =0 -

Here the arguments (C¢, 8¢, D¢) denote that the functions U}, V;/, and W] depend upon the
coefficients C?,S7, and D™ appearing in (11) through the relations

forj > 1:
. j_l . .
Uy = - [I’(J S+ DA (1-6) 5 (CFot S
m=1 k=max(;-J,1)
J-j , J
+IJ 1 Z —Citkg + SH'kpk) + Z(Cka'j.',k - Skpj+k)J
k=1 k=1
. Jj-1 . _

W= [IJ(J O+ S DL (1= b)) T (- Sy

m=1 k-max(j -J,\1)
+Z77'(7) E (C7+ pp + 87Fay) + Z Cpsr + S a,.,_,,)]

k=1

Wl = —¢°

m Dm—l

wrr = - - (21)
for k> 1:
0 M+k
Uy = - z Wik, —Z(Uic’p1+‘/l¢61)
m=1 i=1
. 1 M+Ic— »
Uipg = —; + Y Wiyl +(1- ,,)Z(UJ ot + Vi %p))
m=1

+Z( UJH"l + Ulf"jﬂ + V},’“pz - thl’j+l)
=1
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1 M4k-1 _t ¢
Vin = = Ui+ ¥ Wrel +(1- ,1)):((/’ pe — Vi ‘ar)

J m=1 =1
F U e+ Ulpyae + Vi oo + v:a,-“)]
=1
WI:I-H = -UI?
Wm—l
Wi = - :n

With this notation, we can write the mean element rates A; and the short-periodic
variations 7; corresponding to (1):

M J . .
A = C0+ Y Drel+ Y (Cloi + Sloj) (22)
m=1 =1
M+K+2
n = Cl+ Z DML - A"+ Z(C’ cosjL + S!sinjL) (23)
m=1 I=1
where
M+K+2
CP = = Y DPl - 3(Cip;+Si,)
m=1 J-
- " orcs g+S¢ o D¢
_ { of ( t i f
Cg - Ul C' ?Sl 7D Z nk+1 Uk+l ( &k 4 atk ' otk )

. NP Gl s e
——2;6.'6[;(/2’(01(,51(,99*'2(]‘7"’1 Ui (G e )]

R 1)k a*c{ st 9Dt
S = ;.W(cf,Sf,D<)+§: ,,+ lg+l(atk Yotk 6t")

1

(24)

(- l)ka 2(6"61‘ oSt akvf)]
+

3¢ 11 ot e
-ﬂaie[gmcl,sl,vl)wtg(k«t1) Py 5 G0 ok

nk+1

K k¢ Ak ol ¢
) _ (~1)* gt B+S¢ DS
D™ = IM“(m) Wi (C4,SE, D) + 3 IV (m) W, Ot ' 5tk ' Otk

=1

-.2.;5‘6[1M+2(m)-w'"(c§,s< %)

o*Ct 9*Sf 9D
+EIM+I=+2( )(k+ 1)( k+)1 Wk+2 ( 6t"l’ 6t"1’ atkl)]

k=1

In the absence of explicit time-dependence, equations (23)-(24) can be simplified. The
short-periodic variations become:

M+2
=C? + Z DML - A"+ z:(CJ cosjL + S’ sinjL) (25)

=1
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where

M+2
c? = -Y DIl —ZC’p,+S’oJ)
m=1 1=1
Cl = ZUI(CS, 85, D)~ 5= baUi(CS, S5, D)
S = %V’(Cf,s,‘, D‘)—ié.-st/{(cf,sf, D) 6)
D} = —2C0+ 3 5UR(CS, S5, D)
D = -%D}-m&scf
pr = —%D}""—%m—("?_—m&svi"'z

2.5.4 General 5, Expansions in A,0

If one or more perturbations are double-averaged, then the functions G; can be written as a
double Fourier series in the mean longitude A and the perturbing-body phase angle 6:

Gi(a,h,k,p,q,2,6,8) = 3_[CI™(a, b, k,p, q,t) cos(jA —mB) + S]™(a, h, k, p, ¢, ) sin(j A — mf)]

Jm

(1)
where e
o _ _- .
e = [ [ G
cim = L / " Gy cos(jA — m8)dAdo 2)
! 272 Jox Jor
. 1 L 4
m = .sin( 1\ —
S; = /_ [ Gisin(jx - mo)drds
Using (2.4-11) and (2.5.1-2), we can obtain the mean element rates A;:
Ai= Y [CI™cos(jA — mB) + SI™sin(j A — m)] (3)

(3m)eB

We can then obtain the short-periodic variations »; by integrating the Equations of Averaging
(2.5.1-1) in a manner similar to the single-averaged case in Section 2.5.1. Assuming that the
coefficients Ci™, Si™ and the rotation rate § do not explicitly depend upon time, we obtain

3 [CI™ cos(j1 — mf) + SI™ sin(j A — mb)) (4)
(5,m)¢8
where
cim = __ 1 [s.:'m _ §I‘..&_cm}
' jn~mé |’ 2ajn-—mb (5)
S‘-jm _ 1 [CJ"I 4+ 2 3n 6 S]m
T jn-mé " 20]n—m0 !
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2.5.5 First-Order 7,, for Conservative Perturbations

For conservative perturbations, it may be advantageous to use an alternate solution for the
first-order short-periodic variations #,, which avoids having to obtain the osculating rate
functions F;,. If a perturbation a is conservative, then the osculating rate functions F;, can
be expressed as (2.2-6):
8 OR
Fio = =) _la;,0;)5— (1)
E nea 3aj
where (@, - - - ag) are the equinoctial elements (a, h, k,p, g, ), the quantities (a,,a;) are the
Poisson brackets given by (2.1.8-2,3), and R is the osculating disturbing function.
HIf the perturbation a is single-averaged, we can define the mean disturbing function U:

1 Fg
U=<R>= 27/_ R(a, h, k,p,q, A, t)d) 2)

Averaging both sides of (1), we obtain the first-order mean element rates due to this pertur-
bation:

5 U
Ao = —Z(Gi,aj)g—aj (3)

1=1

Note that the sum in (3) only goes up to j = 5 because %—ﬁ' = 0.
The first-order short-periodic variations caused by this perturbation can be obtained from
a potential-like function S called the short-periodic generating function:

S = /(R—U)dA 4)

<5> =0 (5)

Using (2.3-26), (2.4-10), and (1)-(4), we can obtain the first-order short-periodic kernels §;,
by performing the integrals (2.5.1-2, 3) (with the subscript i replaced by ia):

13 dS
§ia = —;E(aiyaj)éz (6)
From (5) it is clear that:
(ia) =0 (7)
Combining (2.1.8-2,3) and (6)-(7), we obtain:
2 05
€10 = nZa N (8)
2
/Cladz\ = -n—zzS (9)
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Substituting (6) and (9) into (2.5.1-5), we obtain the following expression for the first-order
short-periodic variations 7;, in the absence of explicit time-dependence:

. ['Z(a,,aJ)a 3 6,65] (10)

In the presence of explicit time-dependence, the first-order short-periodic variations 1, are
given by:

Nia = _—{g(aﬂaJ)a

(= 1)" : o*S oS . .,

PP ,E.‘: i ,) [ SN+ (@) [ S (11)
3 ~1)F 1 8*S

+—bie [S + ?;(k + 1)( n") B d,\"]}

2.5.6 Second-Order 7;,5 for Two Perturbations Expanded in A

In this section we suppose that the osculating rate functions F,, and the first-order short-
periodic variations 7;, can be written as Fourier series in the mean longitude A:

F;'a(aa h,k, p.q, ’\) = c?a(aa h,k, P9, t)

+3[CL(a, bk, p,q,t) cos jA + S (a, b, k,p,q,t)sin jA] (1)

1=1
Ma = D (ClycosjA+ S, sinj)) (2)
i=1

From (2.3-27), the second-order functions G;,g are

JF,, 15n Mia
Giap = E B, —~— s+ Sa 25.6711a77w Z c?:’z A.p (3)

r=1 r=1

Substituting (1)-(2) into (3), and using (2.5.3-17) with J = oo, we can write G5 as a
Fourier series in A:

Giap = Copp + Z 1o COSJA + S.'J;,ﬁ sin jA) (4)

Ji=1
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where

2
3=1 Lr=1 8

1 & aci, 35,",, i 15 . —
o= 5 3 | (Gt + Gt 435Gk - iCLSia+ pnbeCiaCls + Sty

: 5. |ace acl, 1-¢;, 2 (acit asi;*
* N i fa f2) ‘o
ioB—Z[a C Coﬁa + 9 Z(aarc a S)

1 & facitt BC,'; itk | asit 0Sh, civk
5};( Cly + GeoCigt + 52siy + S22 )}

—iCeés SJ + l—_]i Z [ -k (S;Ja—kceﬁ + C"-kssg) + @61'6( J-kC S"_kS )]

8a?

+5 2 [+ RNSECEy - € 56) + HSECE" - L")

NJIH

+@6.6(Cf:"cf,, +CELCIY* + s sk, + s,as“")] (5)

- ac: 85I, 16,1 (aci* .,  oSit
] ta o 0 o Jl i
Siap Z [6 Svs = Crs da, 3 kz=:1( Oa, ot Oa, C )

) ac;’:k acca J+k asj+k aSta- j+k
+§Z<asas aca,c)

1-1

+iC3HCh + — 52 X [~ ki ¥ty - citol) + S8 Cli Sty + Siz*Cly)]

+5 Z[ (G + k)(SiH*SEs + CLT*CE) + K(SE S + CLCi)

k—l

+gartn(—Cla* sty + L Sif* + sit*ch, - st,ciph)|

Then the second-order mean element rates are

mﬁ = c.aﬂ (6)

and the second-order short-periodic variations are

o0

Niag = Z(C,-jaﬂ cosjA + Si 23 5in JA) (7)

j=1
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where the C;’;,ﬂ and S.Jaa are given by (2.5.1-15) (with the subscript i replaced by iaf) in

terms of C;-"a[, and S},5. The formulas in this section were published in [Danielson, March
1993].

2.5.7 Second-Order 7,,; for Two Perturbations Expanded in L

In this section we suppose that the osculating rate functions F;, and the first-order short-
periodic variations 7;, can be written as finite modified Fourier series in the true
longitude L:

Fio(a, b k,p,q,L,t) = Cl(a,h,k,p,q,t)

Je . 1
+ E[C;’a(a, h,k,p,q,t)cosjL + S! (a,h,k,p,q,t)sinjL] (1)
=1
Mo
nia(a, b, k,p,q,L,t) = C?a(a,h,k,p, q,t) + 2 Di (a,h,k,p,q,t)(L — A)™
o @

Ka
+Y_[CL (a,hk,p,q,t)coskL + S%,(a, b, k,p,q,t)sin kL)
k=1

The second-order functions Gi.p are again given by (2.5.6-3). Differentiating (1)-(2), we
can obtain the needed partials

dF, = i v
= CL+ Y (ClcosjL+S)sinjL) (3)
da, =
617 AMor Kear
aa“’ = Co+ Y DE(L—A"+ > (C¥coskL + Sk sinkL) (4)
T m=1 k=1
The product of two Fourier series can be converted into a single Fourier series with the
formula
J . K
> (CPcosjL+ & sinjL) Y (C*coskL + S*sin kL)
=1 k=1
= lJf{Imin(-’»K) WCICT + 89S
= 3 LT EC + 5°8)
J=
min(j-1K) . min(J-jK) .
+[I§’+K(j) Z (CJ-ka __SJ"'kSk) +Ii]-1(j) z (CJ+ka +SJ+kSk)
k=max(j-J1) k=1
min(K -j,J)

+IK5) X (CRCIHE 4+ 8557 cos L

=1

min(j-1,K) ) . min(J-;,K) . .
HIKG) X (@SSO HIING) Y (-S4 7O
k=max(j-J,1) k=1
nﬁn(K-J'J) . .
+IFN(G) Y (ChSHE - SFCH*H))sinL) (5)
k=1
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With the use of (2.5.3-7), we then obtain

Mo +M?

w . .
Giap =Cog + Z Dis(L = A" + Z(C-'Jaa cosjL + S} 5sinjL)

m=1
where

) I M?

=1

6 . . . .
Chp=2 [C:’;C?g +52, 2 (Clann + Sizvn) Dl

r=1 I=1m=1

1 min(J°" K#)

+; X (Cflcfa+53:535)-ArBCf§]

i=1
15n L& G
+’875i6 [CfaC?g + 3 Z z (Clakim + Sl
j=lm=1

| min(JoKE) o
+'2' ) (Cfacfﬁ‘*'sfasfa)]

=1

, 6 : o
Cho = Zl{zf‘(j)Cf;c:ﬂ+I{ (7)CiCY%

min(j-1,K?)

J? Me

1 . o
VDT + 2 3" 3 (Cisrl, + 59 ) Di

1=1m=1

1 ar g . k.7 y—k.7
+ TG X (CMCH - SiSY)

=max(j-J°",1)
min(J°r-j,K#)
2 k=1
min(K?-3,J°7)

1 ar . , * y r
+=T7G) Y (i ek + stk

1 : ; :
+ I Y CECE +SESEY

k=1

3 M’
—TE" () ApClL + 3 DRI (5)
m=1]
j-1

1 ) —k,r
H0-8) X @M
k=max(;-J2r,1)

Jar—s

1 ar_1, .
+§Il 1(.7) Z
k=1
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7. .
(Cor™ wn + S 00) + 5 2

jr .0
Cia Km

—SiTMyE)
1 Jar

k=1

ckrnj+k

i 'm

+SEvi)

(6)




J
af

8 —286{Z°(5)CL,Cls + TF°()CYC,

min(j-1,K?)

1_xa .
+ LG X (il - Sitsty)
k=max(j-K°,1)
1 o kay,. min(KZ3K?) +k +k
+547'0) kZ_:l (CI"Cly + S13"Sks)
1 o min(K?-j,K?)
+_IIK —l(j) E (ClaCJ+k+ SlaSJ+k)
k_
a 1 =
+ 3 DTG afm+3(-6) 3 (Clfxp - Sictun)
m=1 k=max(j-K2,)
ha
+2Il\°—l( ) Z CJ+’¢ J+k¢k)+ 1 Z(Cla Jm+k+S;ca¢;1;z+k)]
20
i-1
+ZD LI (5)Cin, + (1* §1) Y (Ciptkk - SiRuk)
m=1 k_max(J—Kp 1)

+ II\ﬁ 1 ) 2 (C‘H'klck +51+k¢k)+ Z(Clﬁ '::k'i’sfaw;’:k)]}

6
O or ar r
S{IFG)Cs Sty + T (j)sEC?
r=1
1 ar g jP min(j-l'KB) 1
+3LTNG) X (G S+ SR C)
k=max(j—Jor 1)
1., jar min(Je" - j,K %) N
+§Il ) kz_:l (— C'J: rsra*‘sal;krca)
min(K‘—j,J‘")

1 .
+H I Y (st - shcirt)
k=1
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~IF () ArsS + S DISIT ()8 kS,
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15n . i a,.
+§;1—2-5i6{11’(’(1)0$a5i’ﬂ+1{( (J)Cfﬂ 1

1 _koyks,. min(j—1.K*) -k j—k
+§Iz + () Z (CJ Sm"'SJ Cw)

k=max(;—~K<°,1)

1 min{K*-j,K?)
+5IEIG) L (-CiEtshy+ sittch)
k=1
1 - 'min(K"-j,K") b itk "
+511 G X (ChsiEt-shoidh
k=1

j=-1

+ E D IK‘(])S N?,, + ‘12‘(1 ‘—61'1) z: ( ,¢, + SJ -k k )

k—mu(; K° ,1)

_IK"—l ) Z( CJ+k¢'k +Si1+k k)+ Z C ¢J+k S{‘an-::'k)]

2
J—l
+ Y DRI G)SI + 20 -60) T (Clruk + Sl
m=1 2 k-max(J l\"l)

IK*’ 1( ) Z( CJ+k J+lc k)+ E(C W+k n,::.k)]}

k=1

my = Z[If"(m)C?;Dl’}a—Ii"”(m)AraD.’I‘.']

15"6,6[11"" JCS, Dl + TM* (m)CS, D +1M°+M"(m)zp'"-fufﬁ]

J_

Then the second-order mean element rates are

Mary M5
A'Oﬁ - C:aﬁ + Z Dy, aﬁ'c + Z taﬁpJ + SmﬁaJ) (8)
m=1 =1

and the second-order short-periodic variations are

Moty MP+K+2 )
Niap = C?aﬂ + z: taB(L A)m + Z(C iaf OOS]L + S{aﬁ SlIl]L) (9)
m=1 Jj=1

where the Ci ) ,S,aﬁ » Diap are given by (2.5.3-24) (with the subscript i replaced by iaf

and M replaced by M°" 4+ M?) in terms of C} tap and Sfaﬁ The formulas in this section were
published in [Danielson, August 1993].

2.6 Partial Derivatives for State Estimation

Observational data may be used to improve the estimate of a satellite’s state. Some differ-
‘ential correction algorithms which have been used in conjunction with SST are described in
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[Green, 1979], [Taylor, 1982] and [Long, Capellari, Velez, and Fuchs, 1989]. It is our purpose
here only to explain how to obtain the partial derivatives needed in such filters.

We let O; denote the value of the k'* observed quantity computed with the SST orbital
generator. The SST state variables are the initial mean elements a;(to) and various constant
parameters ¢; (the geopotential coefficients Cpy, and Spr, in (2.7-1), the drag coefficient Cp
in (3.4-3), tie solar radiation pressure coefficient Cg in (3.5-6), etc. ). Required for a batch
filter are the partial derivatives of the O, with respect to the state variables a;(to) and ;.

The actual observations are commonly of position and velocity components in a local
coordinate frame fixed on the surface of the Earth. However, through transformations these
components may be expressed in terms of the orbital elements, so we can regard the O; as an
implicit function of the osculating elements @;. Application of the chain rule then produces

20, i,

60.(to) 12_; 0a; 0a;(to) (1)
90y, 9a,
dc; Z 7 0a; ac, (2)

Assuming we can obtain the partials 3 &* analytically, our remaining task is to calculate the

partials z—4~ aa (z 3 and 32 a . Differentiating the decomposition (1-1) yields

6a, & On;\ Oay
Fy %
Barity) ~ = ( et aak> Ba: 1) 3)
da; <& On; \ Oar = On,
dc; Z=: ( ik + aak) Oc; t dc; (4)
The partials 53—‘;}— and ng are often arranged to form a matrix ®, referred to as the
state transition matrix:
L T N L N L W
6a1 (to) aas(to) 661 8c[
®(t,1,) = | 9ax(to) Oag(to) e dce (5)
0 - 0 1 0 --- 0
. . 0 1 .
: : : 1 0
0 e 0 0 --- 0 1 _|

Here £ is the number of parameters c;. Differentiating (5) with respect to ¢t and interchanging
the ordinary and partial derivatives, we can obtain the following initial value problem for
Q(t, to)I

@(t,10) = Fd(1,10), ®(to,t0) =1 (6)
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Here 1 is the identity matrix and

(04 Oa ) G4 04 ]
301 605 3c1 aC(
dig O o Das . Das
F=| 0a das dc, dc, (7

The ® matrix is a function only of the five slowly varying mean elements, and therefore
the numerical integration of (6) can be done with the same large step size as used in the
integration of equations (1)-(2) for the mean element rates. Values of ® at observation times
not coinciding with the integrator step times can be obtained by interpolation.

Our task has thus been reduced to the calculation of the partial derivatives 52%{-, %:{-, %’-},

and %’%’-. These same partials are also needed in a sequential Kalman filter. For the two-body
part of the mean element rates

d,‘ = n6.~5 (8)
the only nonzero partial in (7) is
Oag _ _3n (9)
da; ~  2a
and thus
- 1 0 o0 cee e eee eee 0
0 .
0
0
0 :
®=| 3n(t-t) : (10)
2a .
0
i 0 R R | I W

Although the differential correction algorithm for updating the initial mean elements may
converge with only the two-body partials (10), the speed of convergence can be improved
by including the dominant perturbation partials. Analytical formulas have been obtained
for the partial derivatives with respect to the mean elements a; of the J, contribution to
the mean element rates @; (equations (3.1-12)), the partial derivatives with respect to the
geopotential coefficients C,n and Spm of the resonant tesseral contribution to the mean
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element rates a; (equations (3.2-9)), and the partial derivatives with respect to the mean
elements a, of the J; contribution to the short periodic variations n; (from the expressions
in Section 4.1).

2.7 Central-Body Gravitational Potential

The well-known expression for the disturbing function due to the gravitational field of the
central body is [Battin, 1987):

g N minM) pyn . .
R(r,¢,¢) = = )IEDD (:) Prm(sin ¢)(Cpm cos my + Sppm sin myp) (1)

n=2 m=0

Here
r = radial distance from center of mass of central body
¢ = geocentric latitude
Y = geographic longitude
¢ = central-body gravitational constant
R = central-body mean equatorial radius
P, = associated Legendre function of order m and degree n
Cnm, Snm = geopotential constant coefficients
M = maximum order of geopotential field (M < N)
N = maximum degree of geopotential field

In this section all elements are osculating (even though they do not have hats).

In the first subsection we shall outline the development of the central-body gravitational
potential into the form used in SST. Complete details are to be found in [Cefola, 1976],
[McClain, 1978], [Proulx, McClain, Early, and Cefola, 1981}, and [Proulx, 1982]. Then in
the remaining subsections we describe methods for calculating the various functions used in
the expansion.

2.7.1 Expansion of the Geopotential in Equinoctial Variables

We start by writing (2.7-1) in the complex form

N min(n,M) n
R = Re {g D> ({3) Pon(sin ¢)(Crm — iS,,m)e‘”‘“’} (1)
n=2 wm=0

Here i = /-1 and Re {z} is the real part of z. With the goal of expressing (1) in terms of
the equinoctial elements, we set

Yv=ap—0 (2)

where 6 is the central body rotation angle and ap is the right ascension. If we let (x5,yg,2p)
denote a right-handed orthonormal triad fixed in the central body, with xp pointing to the
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prime meridian and zp to the geographic north pole, then 8 may be calculated from [Early,
1982):

. —f.-yp+1g -xp
= 3
sin 6 1+ 14 (3)
_ f-xp+Ig-yp
cosf = T+ 17 (4)

(Remember that « is defined by (2.1.9-1c).)
Next the spherical harmonics Py,(sin ¢)e'™*® are expanded as a Fourier series in the |
true longitude L, using a rotational transformation theorem for the spherical harmonics:

Pan(sin g)e™® = 37 VST e (5)

a=—-n

The V7 coefficients are defined by:

(-=1)* T (n+s)(n—s) if n—s iseven
ym o] G- m

ns T (6)
0 if n—s isodd

The rotation functions SJ**(a, 3,4) may be expressed in terms of the dot products (a, £,7}
of the zp vector with the equinoctial reference triad (f, g, w):

((21)™*2 (a4 84 (1 + I) ™ P () if +<-m
Wn — !
so = pn ] (VP EEIEES g1 4 Iy PE™G) i ] < m

| 27 (= iB)" (1 + I) T PIT () if s>m

(7)
(Remember that I is defined by (2.1.2-2).) Here P;*(v) are Jacobi polynomials. (Note that

m—s,—m—s

commas are used to separate indices in a symbol such as Py, in order to prevent
ambiguities.)

Next the product (Z)"e*L is expanded in a Fourier series in the mean longitude A (the
sixth equinoctial element ag):

T\n is — ns _ij
(=) b= yre? (8)

j=—-0

Now the Hansen coefficients X7* are defined by [Hansen, 1855]

Tin is = ns_ij
(Cye = 3 XpeeM (9)

j==oo
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and the kernel K7 of the Hansen coefficient X* is defined by
K7*(e) = e7lilX 7o (e) (10)

where f is the true anomaly, M is the mean anomaly, and in (10) e is the orbital eccentricity.
Hence, remembering equations (2.1.2-1, 4), we can express the functions Y** as

Y *(h, k) = [k + ihsgn (s — j)]*~ K (11)
Here
(@) 1 if >0 (12)
S =
ENTI=N 21 i z<o0

The last step is simply a rearrangement of the order of summation, so as to isolate the
total disturbing potential due to the phase angle jA — m#, and to facilitate the use of stable
recursion formulas. We also introduce some new notation, to enable the results to be written
concisely. First, define the functions

(=1)™"*2%(1 + Iy)~Im if s<-m
! !
rm —_ _1\m—-39-m (n + m)(n — m) Is < 13
ns(7) (—1)™*2 T o) 9)! (1+Iy)'* if |s|<m (13)
270(1 4 Iy)'™ if s>m
Next, put
. “\1|js—7 . m-1Is :
G 4l = [k + z.h sgn(s —]')]l -’ll(a + ?Iﬂ) if |s|]<m (14)
[k + ih sgn(s — j)]*~7)[a — iB sgn(s — m)]*~T" if |s| > m

Then define the Jacobi polynomial P} indices by

¢ { n—m if |s|<m
n—|s| if |s|>m
v = |m-s| (15)
w = |m+s|
The disturbing function can now finally be written as
p o M N N R X
R=Re{= 3 ¥ ¥ Y (S)VRTR K
j=-00 m=0 s=~N n=max(2,m,|s|) a (16)

(Ghry + iH3,)(Com — iSum)e*m9}

Note that the functions G7,, and H’,, defined by (14) are of degree |s — j| in the eccen-
tricity; the power |s — j| is called a D’Alembert characteristic. In SST the number of terms
retained in the expansion (16) is truncated by prescribing the maximum possible value of
the D’Alembert characteristics, together with the maximum degree N (and, if desired, the
maximum order M < N) of the geopotential field.

48




2.7.2 Calculation of V? Coefficients
The V® coefficients are defined by (2.7.1-6). Since

Voo = (-1)'V., (n
we can restrict our discussion to the case s > 0 without loss of generality. Furthermore,
since V", = 0 when n — s is odd, we need only consider the case when n — s is even. Also,
note that the lowest value of the degree n in the summations (2.7.1-16) is greater than or
equal to 2,m, and |s|.

Suitable recurrence relations are

m _ _(ntst+l)n-s+1)
T n-m+2)(n-m+1) ™ (2)
Vit = (n-m)V,

Appropriate initialization is provided by

Vo% =1
Ve = .(2_3'_*'_})‘/0 (3)
s+1,5+1 (8+ 1) 3,8

Le., to calculate the V.3 coefficients, first use (3) to get values for m = 0 and n = s for
s =0,1,---. Then use (2b) for m > 0 and still n = s. Finally, use (2a) for increasing n
with any nonnegative m and s.

2.7.3 Calculation of Kernels K?* of Hansen Coefficients

(Throughout this section e represents the eccentricity.) From the definitions (2.7.1-9, 10),
the kernels of the Hansen coefficients are given by

e_l"_jl

K3*(e) = S5— [ (Eycos(sf - iM)dM (1)

The kernels of the Hansen coefficients are thus functions of the orbital eccentricity e. Note
from (1) that
Kp* = K2 @

so we can restrict our discussion to the case s > 0 without loss of generality.

For the special case j = 0, the kernels may be evaluated in a form algebraically closed
in the eccentricity. This is because the Hansen coefficients with j = 0 are related to the
associated Legendre functions by [McClain, 1978]

—n— - I)Ix"
X n-1,3 = (n p?
0 (n+s~1) "1

~1)s _ -n-1 (3)
= (n(n j—-llb)?)!x Pia(x) forn>0

(x) forn>1

n,s
Xo
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where 1 1 1

= = = — 4

X= /e Vi-k-k B @

and many recursion formulas are available for the associated Legendre polynomials, which
for arguments in the range 1 < x < oo are defined by

P) = == - 1) — 1y (5)
n(x - 9onp! X - dxn+, X

For the special kernels with the first superscript negative (needed in Sections 3.1 and 4.1),
appropriate recursion formulas are

0 for n=s5>0

142s
for n=s+12>1

Ko—n—l,a — 3

(n—1)x*
(n+s-1)(n-s-1

)[(2n K™ — (n—2K;™| forn>s+222
(6)

For the special kernels with the first superscript nonnegative (needed in Section 3.2), appro-
priate recursion formulas are

( 9% —
A Ss I)Ko'z"_l forn=s-121
n,s 2$+1 \
K0’=* (8+1) 0 forn=321 (7)
2n+1 n-1,s (n+s)(n ) —-~2,8
K, —-—-————K f > 1>2
| 711 n(n+ )C 0 orn2s+12
with initializations
Kg‘o = 1
o (8)
.Koy = —1

The general kernels K "~1* may be computed from the following recurrence relation
[Proulx, McClain, Early, and Cefola, 1981]:
2
K‘—n—l,s = X 1— —n,s
J B-n)(1-n+s)(1- s) { —n)(1-n)@3 - 2n)k;

—(2-n)[3-n)(1-n)+ _]K—n+l 4520 - n)Kj_"J's”}

(9)

To initialize this recurrence relation, we need the values of the three kernels K; ™, K; ™,

and K; "+32 at n = max(2,m,s). These latter kernels are calculated by infinite series
representations. In a study of the various possibilities [Proulx and McClain, 1988], it was
found that the expansion of choice is

o0

KM= (1= ey 3 Y, €™ (10)

a=0
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Here X 0
a = max(j — s,
v 1)
b = max(s-30)
The Y;? terms are called modified Newcomb operators and may be computed by the recur-
rence relation

4(p+ o)y, = 2(2s-n)Y,7, (s —n)YtE — 2(23 + n)Y" ol

po-1 (12)
~(s+ )Y 422 +20 — 4= n)YH

Recursion formula (12) is initialized by

and by treating quantities with negative subscripts as identically zero. Note that the Y.
terms are rational constants, and therefore they can be computed once and stored for all
later applications.

2.7.4 Calculation of Jacobi Polynomials P;*

The Jacobi polynomials appear in the expression (2.7.1-7) for the rotation functions. P7“(7)
is a polynomial of degree ¢ in <, which from (2.1.9-1c) is the cosine of the angle between
a vector from the geographic south to north pole of the central body and the angular mo-
mentum vector of the satellite. The Jacobi polynomials P/*(y) with m = 0 in the indices
(2.7.1-15),ie. £=n—-s82>0and v=w =s > 0, are related to the associated Legendre
functions P,,(v) by

P2 (7)) =2 —=(1 - 9%)"*/*Po(7) (1)

( +8)'

The Jacobi polynomials can be computed from the standard recurrence relation [Szegd,
1959]:
2l +v+w)(2+v+w—-2)F(y)=

(2 +v+w-1D[(20+v+w)(2+v+w—2)y+v2 - w]Py4(y) (2)
=2+ v -1+ w—1)(20+ v+ w)P%(y)

This recursion formula is initialized by

|
[

vw
Ko

pro 3)

i
o

2.7.5 Calculation of G, and H?, Polynomials

From the definitions (2.7.1-14), the functions G? , and H} , are polynomials in the equinoctial
elements h,k and the direction cosines a, 5.




These polynomials may all be calculated from one set of generic recurrence formulas,
based on the C; and 5; polynomials obtained from (2.5.3-6):

o _ { Clocst(k B)Crm—10(a, B) — Isgn(s = §)Siusi(k, h)Sm_12(a, B) for |s| <m
m Cla—jl(k’ h)Cls—ImI(aa ﬂ) + sgn(s - j)sgn(s - m)Sls-jI(k’ h)Sls—ImI(a’ ﬂ) for |s|(—>-) m
1
Hi = { ICls—jI(k» h)S —Ia(a’ ﬂ) +sgn(‘s‘_j)Sla-—jI(k7h)Cm—Ia(a’ ﬂ) for lSI <m
™ —sgn(s — m)Clomji(ky k) Sjo-1mi(a; B) + sgn(s — §)Sjs—ji(k, h)Clomrmi(c, B) for |(.s|)2 m
2

2.8 Third-Body Gravitational Potential

The disturbing function due to the gravitational field of a third-body point mass is [Battin,
1987}):

U3 R; T cos ¢)
R(r,¢,t) = — - 1
( ¢ ) Ra (IRa—l" Rs ( )
Here
r = vector from the center of mass of the central body to the satellite
R3(t) = vector from the center of mass of the central body to the third body
¢ = angle between the vectors r and R3
p3 = third-body gravitational constant
In this section all elements are osculating (even though they do not have hats).
The quantity TR%’-TI can be expanded in the following series:
Bs & =3 (5) Patcos) (2)

|R3 - l‘l = 2rcos¢ r2 py
1 — Rs + -}213- n=0

where P, is the Legendre polynomial of degree n. Hence the third-body disturbing function
(1) can be written as

=83 (&) Prleosd) 3)

where N is the maximum power of the parallax factor & to be retained in the expansion.

The further development of the third-body potential into the form used in SST is similar
to that of the central-body potential in Section 2.7. Complete details are to be found
in [Cefola and Broucke, 1975}, [McClain, 1978], [Cefola and McClain, 1978], and [Slutsky,
1983].

2.8.1 Expansion of Third-Body Potential in Equinoctial Variables
With the goal of expressing (2.8-3) in terms of the equinoctial elements, we set

cos¢ =acosL + fBsinlL (1)
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where L is the true longitude, and now (a, 3,7) are the dot products of the unit vector
E-;i with the equinoctial reference triad (f,g,w). Due to the motion of the third body,
(a, B,7) are slowly varying functions of the time ¢ and are the source of weak time-dependence
effects.

Next the expression P,(acosL + fsin L) is expanded into a Fourier series, using an
addition formula for the Legendre polynomials:

Pp(acos L + Bsinl) = i(2 = 604) Vos@na(7)[Cs(a, B) cos sL + S,(e, B)sinsL] (2)
=0

Here &y, is the Kronecker delta, and the polynomials C,(e, 8) and S,(a, B) are the same as
those in (2.7.5-1, 2). The new coefficients introduced in (2) are defined by:

(1) (n—s)!

if n—3s is even

V=1 22 () (3)
0 if n—s is odd
Qusly) = ﬂﬂ (4)

After substituting (2) into (2.8-3), we can write the result in the complex form
~ e 330~ 0) (1) VesQulCalo ) ~ i8] (2) b
3 n=2 =0

The last steps are simply the replacement of the product (f)ﬂ e*l by the expansion

(2.7.1-8), and a rearrangement of the order of summation. The disturbing function can then
be written as

{ 5 Z Z Z (2 - 603) (_];_s)n ‘/rz.ay;naQns[Cs(a, ,B) - iS,(O, ﬂ)]e""‘} (6)

3 j=—o0 =0 n=max(2,s)

2.8.2 Calculation of V,, Coefficients

The V,,, coefficients are defined by (2.8.1-3). Since V,,, = 0 when n — s is odd, we need only
consider the case when n — s is even. (Note from (2.7.1-6) that V™ = {ntslly, )

(n—m)!
A suitable recurrence relation is [Cefola and Broucke, 1975]
+ 1)
Virgs = (n s 1
Appropriate initialization is provided by
Voo =1
1 (2)
Vitl,e41 = (—) 83
o0 = (575 | Ve
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2.8.3 Calculation of Q,, Polynomials

The Q,, polynomials defined by (2.8.1-4) are derivatives of the Legendre polynomials eval-
uated at v, which from (2.2-7c) is the cosine of the angle between R3 and the angular
momentum vector of the satellite. The polynomial @,, can also be expressed in terms of the
asscciated Legendre function FP,:

Qn8(7) = (1 - 72)-'/2Pn:(7) (1)
(Note from (2.7.4-1) that P2 (v) = 2’—"!—?Q,,,(7) .)

n-s (n+s .
Recursion formulas for the Q,, polynomials follow directly from standard recursion for-

mulas for the P,, functions [Cefola and Broucke, 1975]:

(25 = 1)Qs-1,5-1(7) for n=3s
Qns(7) = (2s + 1)7Q,,(7) for n=s+1 @)
(2n —1)7Qu-1,(7) = (n + 5 = 1)Qn—3,(7) for n>s+1
(n—s)
These recursion formulas are simply initialized by
Qoo =1 (3)

3 First-Order Mean Element Rates

As we have seen, the first-order mean element rates A;. are given by equations (2.4-18). The
osculating rate functions F;, for a conservative perturl .iion are given by (2.2-10) and for a
nonconservative perturbation by (2.2-5). In this section we record the specific form of these
equations for each of several perturbations.

3.1 Central-Body Gravitational Zonal Harmonics

For the central-body gravitational zonal harmonics, the appropriate averaging operator
< --+ > is (2.4-10) and the appropriate disturbing function R is (2.7.1-16) with m = 0.
Further details of the reduction of the averaged equations to the form recorded here may be
found in [Cefola and Broucke, 1975] and [McClain, 1978].

The first-order contribution of the central-body gravitational zonal harmonics to the
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averaged equations of motion (2.4-1) is

da

i 0

:11_’: _ %%%+ Ak (PUsay —IqU )

j’: 3_% _ %(pum —~IqUss,)
-

“__ v

d\ 2a U B oU | U 1

(hm + k=) + (pU,.,,,y —1qU g4 )

@ " A% T ausp "t ok

(1)

Here (a,h,k,p,q,)\) are now the mean elements and U is the mean disturbing function
(2.5.5-2). In deriving (1) from (2.2-10), we have made use of the following property of the

cross-derivatives for the mean disturbing function:
Uik _U,aﬂ =0
The mean disturbing function reduces to

5 5 -8 (B) nvkim G,

8=0 n=3+4+2

& l

Here

geopotential coefficients

coefficients calculated from (2.8.2-1,2)

Kyt kernels of Hansen coefficients calculated from (2.7.3-6)
functions calculated from (2.8.3-2,3)

G, = G}, polynomials calculated in Section 2.7.5

S
I
|
&
o

O

:

2
o

Since
G,+iH, = G3, +iHY, = (k + ih)*(a — iB)’
an alternate set of ursion formulas for the G, polynomials is
G, = (ka + hﬂ)Ga—l - (ha - kﬂ)H -1, Go=1
H, = (ha—kB)G,.1+(ka+hB)H,y , Hy=0

(2)

(4)

(5)

Note that the G, polynomials are of degree s in the eccentricity; for small eccentricity orbits,
the series (3) may be truncated by prescribing the maximum possible value of the D’Alembert

characteristic s.
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In equations (1), we need the partial derivatives of U with respect to (a,h,k,a,B,y).
These are easily obtained by differentiating equation (3):

‘;_’j - %;(2—60.)(n+1)(§)"Jan 7" Q.,G,

e R A L e

A —ﬁz(z—so,)(g)wnvm@.., (oG oo ) o
%g - T ,n(2 50:)(22)” Vas Ko™~ “QmaG

%% = _22(2—50,)(2)"&%,1(5 "“"’Qm%%

z - —fg;(z—60,)(§)"Jnm,Ka"""df;’G,

-n—1,s

Here we have obtained the partial derivatives with respect to h and k of K| (x) from
the chain rule and the definition (2.7.3-4).

-—n-—1,0
Recursion formulas for f—ﬂ—dx—m are obtained by differentiating the recursion formulas

(2.7.3-5):

f 0 for n=3s
2s
N __.___(1+2’3)X for n=s+1
dK—ﬂ ? -n,s -n+1,8
o o (n —1)x? dK, dK; (1)
dx (r+s—-1)(n—-s+1) (2n —3) dx ~(n-2) dx
2K""'1’ forn>s+1

Recursion formulas for 5%(3’)- are obtained by differentiating (2.8.1-4):

d n,s
Q (7) = Qns41(7) (8)
Recursion formulas for the partial derivatives of G, may be obtained by differentiating (4):
oG,
oh = sﬂGJ—l - SQH,_]_
96, = saG,.1+spH,_,
ok
PYe (9)
2 = SkG,_l —shH -1
Oa
aG,
aﬂ = ShG,_l + skH -1
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If we retain only the J; term in the expansion (3), the central-body gravitational dis-
turbing function simplifies to

2=}
U= a3(1 - h? _3k2)3/2 (10)
where 2
J — 3;‘R Jg
4

The contribution of (10) to the averaged equation of motion (1) is

da

=0
dt
dh _ Jk[37% -1 4 29(pa — 14B))
dt AB4q?
dk_ Jh[3y* =1+ 2y(pa — 1¢B))]
dt AB*4a8
dp  CJBy (11)
dt ~  ABia®
dg  ICJay
dt ~  AB@®
dx _ J{(1+ B)(3y* — 1) + 2v(pa — I4B)]
dt AB*a?

In order to update the orbital elements in a differential corrections procedure, it is nec-
essary to compute the partial derivatives with respect to the mean orbital elements of the
mean element rates (the g—'ﬁ in the matrix F defined by (2.6-7)). The partlal derivatives of
the J; contribution (11) to the mean element rates are easily obtained, using (2.1.6-1) and
(2.1.9-4). The nonzero derivatives are
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oh

_TJk[3+* — 1 + 27(pa — 14B)]
2a*AB?
4Jhk[34% — 1 + 24(pa — 1¢P)]
alABS
J(1 = A% 4 3k%)[34* — 1 + 29(pa — I¢P)]
alABS¢
2Jk[6ay + 2p(a® — 1?) — 2¢’ay — 2IgB(a + p7) + Can]
a3ABC
21Jk[68Y + 2pay + 21¢v* — 2Ipqay — 2p* By + CBA|
- a*ABC
TJh[37% — 1 + 27(pa — 1¢B)]
2a*AB*
(1 — k* +3h%)J[3+* — 1+ 29(pa — I¢B)]
a3AB®
__4Jhl~:[3‘y2 — 1 + 2v(pa ~ I¢B))
alABS
2Jh[6ay + 2p(a? — 4?) — 2¢%ay - 21¢B(a + pv) + Car]
B adABC
21Jh[68y + 2pay + 21g7? — 2Ipqay — 2p* By + C ]
alABYC
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CJIB~y
2a4tAB*

ACJhpy
T @AB®

4CJ kB
" @AB®
_2J[pBr + a(B + 1q7)]

a*AB?
21J[-1CqBy + B — 7* + par]
alABAC

7C1Jay
2a*AB*
N 4C1Jhaxy
a3ABS
_4CIJka'7
a3ABS
_2lJ[pay + o® — v* - IgB4]
alAB1t
_2J[gClay + fla — py)]
aSAB‘C
_1J[(1 + B)(3+* — 1) + 29(pa — 14B)]
2a4AB*
Jh[(3y* —1)(4 + 5B) + 87(pa — 14P)]
asAB¢
JE{(37* — 1)(4 + 3B) + 8v(pa — 195)]
a3ABS
2J[6(1 + B)ay + 2p(a® — 742) — 2¢’ay — 2IpgBy + Cay)
a*ABC
_21J[6(1 + B)By + 2pB(a —~ py) + 2197(7 — pa) + CBA]

alABC
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3.2 Third-Body Gravitational Potential

For a third-body point mass, the appropriate averaging operator is (2.4-10) and the appro-
priate disturbing function R is (2.8.1-6). Further details of the reduction of the averaged
equations to the form recorded here may be found in [Cefola and Broucke, 1975] and [Mc-
Clain, 1978].

The first-order contribution of the third-body gravitational disturbing function to the
averaged equations of motion is identical in form to equations (3.1-1) for the central-body
zonal harmonics. Of course, the direction cosines (a, 3, ) have different interpretations for
the two perturbations.

The mean disturbing function is now

a n
Z Z (2 - 608) (E‘) VnsKSJQnsGs (1)
3 =0 n=max(2,s) 3
Here
Vs = coefficients calculated from (2.8.2-1, 2)
Kg® = kernels of the Hansen coefficients calculated from (2.7.3-7, 8)
Qn,('y) = polynomials calculated from (2.8.3-2, 3)
G, = polynomials which can be calculated from (3.1-5)

The partial derivatives of U needed in equations (3.1-1) are easily obtained by differentiating
equation (1):

ou
aa R a 2(2 603)"‘ ( ) VnsK:)uQnsGs

_ _32(2 — 60s) (-R—) Vos@ns (K{,'s aaC;; °G, dKn,)
ZIZ z): 3 Y- 503)(1‘;3) ViesQns (K{;s OCI’; + kx3G, d(]{{f,) )
aa fos 2(2 0s) (k%) Vas K:;’Qn,——
5D o(3) e
AL -

Recursion formulas for ﬂ;—fi are obtained by differentiating the recursion formulas
(2.7.3-6, 7):

o 0 for n=s-1 or n=3s
dKO = 9 dK™-1s -2,3
dx n+1dKyg~ " (n+s)(n—s)dKg 2(n+s8)(n—s

n+1 dx n(n + 1)x?2 dx n(n+1)x3

)K{,"z’s for n>s

3)
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Recursion formulas for the derivatives of @,, and G, are given by (3.1-8, 9).

If we wish to retain only the dominant terms in the expans:on (1), we should include at
least the first two terms, since the n = 2 term vanishes in the % % h and ““‘ ; €quations for zero
eccentricity orbits, leaving the n = 3 term dominant [Collins and Cefola, 1978].

3.3 Central-Body Gravitational Resonant Tesserals

For the central-body gravitational tesseral harmonics, the appropriate averaging operator is
(2.4-11) and the appropriate disturbing function is (2.7.1-16) with m # 0. Further details of
the reduction of the averaged equations to the form here may be found in {Proulx, McClain,
Early, and Cefola, 1981)] and [Proulx, 1982].

The first-order contribution of the central-body gravitational tesseral harmonics to the
averaged equations of motion (2.4-1) is identical to (2.2-10), except that R is replaced by U:

. _ 20U

2= Ao

: BoU & hB AU

h = Z??F+Z_§<pU’°’—IqU’B")_—A(1+B)6—A

, BoU  k kB 9U

b= -39+ ag (P - IqU"”)*A(HB)EX

. Cc U (1)
p = m[P(U,hk—Umﬁ—m->—U,p—y]

. C aU
9 = 515 [q (Ushk —U,up —5')?) - IU,.,.,]

24 U B U aU\ 1
A% AL+ B ( o ’“m) + 25 (PUer ~TaUssr)

Here (a, k, k, p, g, A) are now the mean elements and U is the mean disturbing function defined
by

1 r T
U = <‘R>—m/—ﬂ/_ R(a, h, k,p,q, ), 0,t)d\ df

+Re{ Z [et(JA—ma)/ / R(a h k Py A' 0, t)e_,(JAl_mo:)dA’ do,]}

2n? (m)es
(2)
Remember that B here is the set of all ordered pairs (j,m) with the properties (2.4-12, 13).
The mean disturbing function is identical to (2.7.1-16), except that now only the resonant
tesserals are included in the summations:

U=Re{% > DD (g) VT K" v

m=1 s=-N n=max(2,m,|s])

Gmyee (Gl + H3,)(Cam = 1S )3~}

(3)
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In equations (1), we need the partial derivatives of U with respect to (a,h,k, A, a, 8,7).
These are easily obtained by differentiating equation (3):

& - Ref-£ ¥ (4 1) () IVETLK ™ PP(Gh, + HA) Cum — iSum)e ™)
a jm,an

oU _ [ad (E) myympym pvw —
5 = Re{a ,-,,,.Z,..,n =) I"VIT7P(Conn = iSam)
0Gi,, .OHI, dK "M
-n-1,s ms : 3 1(3A-m#f)
[K; (ah +i )+2h(G + ;) —2—]e }
U p R\™ o Dow :
= Rels T (3) MRTRA Con i)

Jm,s,n

—n-1,s 6G{n aHJ K—'n l,s _
[Kj 1, ( ak’ +1 al:") +2k(G +H;1na)___]es(_7k mﬂ)}

| =

o = Re(® 3 5 (B) rvarn K (Gl 4 H) G — iSum)e ) )

Jym,s,n a

ou — [d R\" mympm pr-n-15 pow aG'zna aHms i(jA—m#)
5c = Reft ,,;(3) I™VrTm K P ( St 4 imp )(Cnm iSum)e }
W et ¥ () rvmrmaoiep (2, O —
B - Re{aj’"gm =) I"VITL K" P (6[3 +i55" ) (Com —iSa m)e0r=m}
%% - Re{% P> (g) I"VIKT" (G, + iH],)(Crm = iSam)

Jm,;sn

dare dPr\
(P;"" I ) elr-m)

Here we have obtained the partial derivatives with respect to h and k of K" "*(€?) from
the chain rule and the relation h? + k? = €%, where e is the orbital eccentricity.

Recursion formulas for ﬂ(‘— are obtained by differentiating the expansion (2.7.3-10):

dK;“_ (n+32)
de? ~  (1—e?) 7

Kns + (1 _ e2)n+2 Z Ynsa a+662(a_1) (5)

a=1

Recursion formulas for
(2.7.4-2, 3):

d—g{; are obtained by differentiating the recursion formulas
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dpvw
TR A S 50

dPy
2l +v— 1)l +w—1)2+v+w) di/*(-,)

6
+(2+vrw—1)(20+v+w) 2 +v+w—2)P(1) )

dFyY
dy =0
dpPYy
dy =0

Recursion formulas for the partial derivatives of G? , and H?,, are obtained by differentiating
(2.5.3-5) and (2.7.5-1, 2):

|8 = #1C1s-ji-1(ks R)Cm1s(@, B) — I(s = 7)Ss—ji-1(k, h)Sm-1.(a, B) for |s| <m
o = 1 18~ I1Cu-si-1(k, )Cloctmi(@, B) = (s = j)sgn(m ~ 8)Sjo—ji-1(k, h)Sjs-tmi(, B)

for |s| 2 m

aG?

(7)
etc. Formulas for %& are obtained by differentiating (2.7.1-13).

In order to update the geopotential coefficients C,,, and S,,, in a differential corrections
procedure, it is necessary to comgute the partial derivatives with respect to the coefficients
of the mean element rates (the 32 in the matrix F defined by (2.6-7)). These are easily
obtained by partial dlfferentlatmg (1) and (4) with respect to Cy,, and S,,,. Introducing
the parameter

(8)

0 otherwise

C={ 1 if max(2,m,]s|) < n

we can write the results in the compact form

G, 05 _mig o5 (Y v p( 1B -
= my/mom n-1,s pvw Hi i(jA-m8)
3 tigs o = 4 J_Z_;W_E Cj I"VETm K Pre(GE, + iHi e

(im)eB

9

etc.
If we assume that the orbital eccentricity is zero, the averaged equations of motion for
the resonant tesserals significantly simplify. See [Collins and Cefola, 1978].

3.4 Atmospheric Drag

For atmospheric drag, the appropriate averaging operator is (2.4-10), and the first-order
mean element rates are obtained by substituting (2.2-5) into (2.4-18). To avoid having to
solve Kepler’s equation, and to smooth the perturbation around perigee, we can convert the
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integrals over the mean longitude A into integrals over the eccentric longitude F' or true
longitude L by use of (2.5.2-6) or (2.5.3-14). The first-order contribution of drag to the
averaged equations of motion can then be written in either of the forms

d.‘ 1 /A 7] i
Gl (05 (1a

da; _ ! /L° (1)2 (?ﬂ- )dL (1b)
dt ~ 2rv1-h2—k?Ji, \a P
The quantities ~ and %‘:_vl are given in terms of the equinoctial elements by equations
(2.1.4-1, 6, 7, 8, 9), (2.1.6-1), and (2.1.7-3).
The limits (Fy, F3) in (1a) or (L, L,) in (1b) indicate the values of F or L at atmosphere
entry and exit. If the satellite enters and leaves the atmosphere at a critical distance ¥ from
the center of the central body, then

or

F=F+w+I0 (2a)
where L%
E = arccos [ - ;}
e
. Li= -FtwtIf
1=—J+w+
Ly=f+w+1Q (26)
where
_ s}
J = arccos ——’—;——]

Of course, if the satellite remains totally within the atmosphere, the limits of integration in
(1) can be taken to be (—m, 7).
The perturbing acceleration due to atmospheric drag is commonly modeled by the formula
[Escobal, 1965]:
a=-22 0k~ v -v) 3)
Here
Cp = drag coefficient of satellite (Cp = 2 for a sphere,
Cp = 4 for a flat plate perpendicular to v)
A = cross sectional area of satellite
m = mass of satellite
p = density of atmosphere
r= % = velocity of satellite
v = velocity of atmosphere
If we assume that the atmosphere rotates with an angular rate equal to the angular velocity
w of the central body, then v = w x r. The vector q is resolved along the (z,y, z) axes of

Figures 1 and 2 for use in the quadratures (1).
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The developers of SST have used various density models for the upper atmosphere of the
Earth. One of these is the modified Harris-Priester atmosphere (described in
[Long, Capellari, Velez, and Fuchs, 1989)):

P = Pmin + (Pmax — Prin) COSN(%) (4)

where

Pmin(H) = Pmmle%m-‘_f
Pmax(H) = Pmu1eH
Hoi H, - H,
n (3=2)
Hl - H2

Pmax,

i

Hmax

Here pmin(H) and ppax(H) denote the minimum and maximum densities at a height H above
a reference ellipsoid (Hy < H < H;), Hy, H;, Pminys Pmax,» Pmings Pmaxys N are constants
whose values are available from Tables, and ¢, denotes the angle between the diurnal bulge
and the satellite. If b denotes a unit vector pointing from the Earth’s center to the diurnal
bulge, then
b-r

Cos ¢p = - (5)
The diurnal bulge follows the path of the Sun but, because of the Earth’s rotation, lags the
sub-solar point by an angle 8, (approximately 30° at 2 P.M. local time). We can obtain the
vector b by rotating the vector zg (pointing from the Earth’s center to the sun) through an
angle 8, about the Earth’s axis of rotation. Letting R denote the 3x3 matrix whose elements
are direction cosines between the (z,y, 2) axes and an Earth-fixed set of Cartesian axes, we
can write the transformation law between the (z,y, 2) components of b and zp as

bz' ZBx
b, ZBy (6)
b,

2Bz
Here R7 denotes the transpose of the matrix R (see [Danielson, 1991]).

=R/ sinf, cosf, 0

0 0 1

cosf, —sinf, 0 }
RT

3.5 Solar Radiation Pressure

The general equations expressing the first-order contribution of solar radiation pressure to the
averaged equations of motion are formally identical to the equations (3.4-1) for atmospheric
drag.

The limits (Fy, F3) in (1a) or (L4, L;) in (1b) now indicate the values of F or L at shadow
exit and entry. If we assume the shadow is a circular cylinder in shape, the shadow exit and
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entry longitudes are determined by the shadow equation (as explained in [Escobal, 1965] and
[Cefola, Long, and Holloway, 1974)):
S$=0 (1)

Here
S=1-M(1+kcosL+ hsinL)® ~ (acos L + fsin L)

R
M = ai-wm-m
R;
a = Ef
R;
B = R, B

where Rg is the central-body radius, and Rj is the vector from the center of mass of the
central body to the sun. To obtain the solutions to equation (1), the following quartic
equation must be solved:

Agcos® L+ Aycos® L+ Aycos? L+ Ascos L+ A, =0 (2)
where

A = 4B*+(?
A = 8B Mh+4C Mk

A; = —4B 4+ 4M*B2 2D C + AM??
A; = -8B Mh—4DMk

Ay = —4AM*p2 4+ D?

B = aof+ Mhk

C = o* -+ MK -h?

D = 1-p8°—M(1+h?)

The real roots of (2) must be sorted to eliminate extraneous roots and to determine the exit
and entry values of true longitude L. The correct values of L must satisfy (1) as well as the
condition

E-£=cos¢=acosL+ﬂsinL<0 (3)
R3 r
At exit from shadow as
3> 0 (4)
while at entry into shadow
o8 <0 (5)
oL

Of course, if the satellite remains totally within sunlight, the limits of integration in (3.4-1)
can be taken to be (—=, ).
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The perturbing acceleration due to solar radiation pressure is [Cefola, 1982]:

= 6
2m ¢ ©|r—-Rsp (6)
Here
Cr = radiation pressure coefficient of satellite
(Cr = 2 for a spherical mirror or black body,
Cr = 4 for a flat mirror perpendicular to (r — R3))
A = cross sectional area of satellite
m = mass of satellite
L = mean solar flux at surface of sun
¢ = speed of light
Ry = radius of sun
r — R3 = position vector from sun to satellite
If we suppose that the satellite is always in sunlight, and that the parameter
CrAL _,
T 2m ¢ Re (7)
is constant, we can derive (6) from the disturbing function
T
R=—m— 8
R~ ®
Use of the expansion (2.8-2) then leads to
T X /r\»
R=-L (-—) P.(cos 9
7 2 () Puleos 9 9)

The radiation disturbing function (9) is identical to the third-body disturbing function
(2.8-3), except that the factor p3 is replaced by —7 and the summation starts from n = 1.
Hence we can immediately write down the mean radiation disturbing function by analogy
with (3.2-1):
T X N a\"
U=-z% ¥ @-&)(5) Vaki'Qus, (10)
3 5=0 n=max(1,s) 3

If we retain only the first nonzero term in the expansion (10), the mean radiation dis-
turbing function simplifies to

U =V(ka+ hB) (11)
where 3T
a
V = m
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The contribution of (11) to the averaged equations of motion (3.1-1) is

@="a taplr— k) 2
dp _ CVhy

dt ~ 2AB

dg  ICVky

dt ~ 2AB

d\ 2+ B)WV(ka+hB) Vv

&= Aaa+B)  _agtr— 1k

4 First-Order Short-Periodic Variations

Knowing Fourier series expansions for the osculating rate functions F;, or the osculating
disturbing function R, we can construct the first-order short-periodic variations 7;, from the
results in Section 2.5. In this chapter we record the specific forms of the expansions for each
of several perturbations.

4.1 Central-Body Gravitational Zonal Harmonics

For the central-body gravitational zonal harmonics, the appropriate disturbing function R
is (2.7.1-16) with m = 0. From the results in Sections 2.5.1 or 2.5.5, we can construct a
Fourier series expansion in the mean longitude ) for the first-order short-periodic variations
7iay a8 was done by Green [1979)].

However, for the central-body zonal harmonics, it is possible to construct a finite modified
Fourier series in the true longitude L for the 7;,. For single-averaged perturbing forces which
increase rapidly as the satellite approaches the central body, notably central-body zonal
harmonics and atmospheric drag, a Fourier series expansion in L will converge faster than
equivalent expansions in F or A when the eccentricity of the satellite orbit is large. This
happens because the magnitude of such a- perturbation is strongly peaked around perigee
when considered as a function of A. Transforming the independent variable to L broadens
the peak considerably, making it easier to approximate with a finite Fourier series. In this
Section we outline the construction of this most desirable expansion in L. Further details may
be found in [Cefola and McClain, 1978}, [Kaniecki, 1979], [McClain and Slutsky, 1980}, and
[Slutsky, 1980].
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The disturbing function less it’s mean can be written as

R-U-= Re{ EZ(? bos) (-?) JoVas@ns[Ci(a, B) + iS,(a, B)) Z Y "o 1i-s ""}
@ =2s=0 Jj=-00
Jj#0
(1)
Here
Jp = ~Chro = geopotential coeflicients
Vs = coefficients calculated from (2.8.2-1,2)
Qns(7) = polynomials calculated from (2.8.3-2, 3)
C,(a,B), Sy(a,8) = polynomials calculated from (2.5.3-6)
) Fa = coefficients of the expansion (2.7.1-8):

(E)n-i-l misk _ Z Y b )

r jm—moo

The short-periodic generating function (2.5.5-4, 5) is easily obtained by integrating (1):

N =n o Y—n-l -’e:p\
S= Re{__zzz ) () InVa@ulCule ) + iS (2, 9] 3 ———}

n=2s=0 j=—00 1
i#0
(3)
The infinite series in the mean longitude X in (3) can be replaced by a finite modified
series in the true longitude L. To see this, first integrate both sides of (2) with respect to A

to obtain
o0

-n~-1,~-s ¢ n+
DML L [
j=—00 ] r {4)
7#0
Next perform the integral in (4) by using the expansion
( ) —VITHCR Y Yytieit 5)

j=-n

and the change of variable (from 2.5.3-14)

The infinite series then becomes

oo )/j-"“ly"ﬁeij)‘ n—-1 %—"’lu—jei(j—a)L X
4 _° o - YL - )
]:Z—oo 1] j=__(zn_l) l(] - 8) ° ( (7)

i#0 it
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Replacing the infinite series in (3) with (7), and introducing the kernels Kg" ' of the
Hansen coefficients through (2.7.1-11), we obtain

S=U(L-2)- Re{% 5> 3e-6) (2) 110

n=2 »=0

"2':‘ [C.(a, B) +iS,(a, B)IICi(k, k) — isgn(5)Syii(k, b)) Kg "' tli—o)k (8)
j=~(n-1) ij =)
j#s

Since all of the symbols in (8) except for ¢ = /~1 are real, we can easily cast S into the real
form

N n n—1 . [ . s ) . .
S=UL-X)-£3 3@~ bl {Z o e L ]

n=2 s=0 =0 j—s
J#s
&ty [—discos(j + s)L + Jj,sin(j + s)L
3| G ),-+.., G )]}
(9)
where 'Y
L) = (3) VasRualm)
Gi» = Ci(k,h)Cyi(,B) + S;(k, h)S,(c, B)
H;, = Cj(k,h)S,(a,B) - S;(k,h)Cy(a, B) (10)
L, = Cj(k,h)S,(a,B) + S;(k, h)Ci(c, B)
Jis = Cj(k,h)Ci(a, B) — S;(k,h)S,(a, )

The last step is a redefinition of indices, so as to isolate the coefficients of cosjL and
sin j L, and a rearrangement of the order of summation. The short-periodic generating func-
tion can then finally be written as the finite modified Fourier series

2N-1 .
S=C’+U(L-)+ Y (CPcosjL + SsinjL) (11)
Jj=1
Here the coefficient C° is ot
=Y (Cp; +8a;) (12)
J=1
where p; and o; are given by (2.5.3-3, 4). The coefficients C’ are
Cl =IN(G)C! + ¢ (13)
where
. 4 N-1 N .
ek EA N DIRD D CE IR LA WY, a2
=3 n=s41
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(14)
N-j N

- X (2—60J+,)J,.H,J+,K;“'"’Li*’]‘2’-’§“<J‘)J,~Ho,,»1<a""'°”}

3=0 n=max(j+s.)+1)

, =} , :
c* = L {Iév(j) Y (2- 50J-a)JjI'J"K“_J—L’Lj_‘]
s=1

aj
. (15)
+IY () LZ > 2- 6o.j-,)JnI,,,--,KJ"‘"’Lf:‘] +I§”"(:‘)§:{}
s=1n=j3+1
, $-1 minG-1N) |
o= Z Z (2—60,1_,)JﬂI,,J-_,KJ"'l"Lf’
s=j~min(j—1,N) n=j-s
min(j-1,N)=1 min(j~1,N) ‘ (16a)
+ 3 3" (2 b0jos)Inlsj-sKg T LL® for j even
’=.21 n=s41
_ min(j-1,N)-1 min(j-1,N) '
1= 3 (2~ b0j-s)nlijos KoL
,=J_;_l_ n=s+1
for N = 2,3
for 7 odd
+ 2 min(i-1.N) .
V) X > (2-bojea)dnlejo o K" LIT? for N 2 4
s=j-min(j—-1,N) n=3-s
(16b)
Similarly, the coefficients S’ are
8§ =IN(j)§ + 8§72 (17)
where
, M N-1 N .
$ = - I{V—I(J) Z Z (2_60.s—j)JnGs,s—jKo_n-l'aL:_J
aj s=j n=s+1
(18)
N-; N ] . .
+3, X (2= b0se)nGugue Ko "L 4217 (j)JiGo i Ko 0L
=0 n=max(j+s,j+1)
. p i=1 o
§% = - {Ié” () [2(2 - 60,,--,)JJ-J,,,-_,KJ""’L;"}
s=1

ri w ; 19)
+IN-() [E 3 (2- 50’,-_,)JnJ,‘J-_,KO'"-I"L;"] + IszN—l(j)Ezz}
s=1n=j41
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$-1 min(j-1,N)

v o= 3 Y (2-b0joa)dnds s KoL
s=j-min{;—1,N) n=j-s
mi;(j—l,l\Jl)—l min(j-1,N) _ (20a)
+ > Y (2 b0j-0)dndsj- o KoV LIT* for j even
‘=j_ n=s+1

2

min(j—1,N)-1 min(j-1,N)

Z% Z: Z (2 - 60,j—a)Jan,j—sKo—n-l"L{;’

I = § n=s+1
]

0 for N =2,3

for j odd
+ 5 min(j~1,N) .
VG Y Y (2= bo0jos)Indsj-sKg ™V Li*or N > 4
s=j-min(;—1,N) n=j-s
(205)

Note that the first index of the G, H, I, J polynomials defined in (10) indicates their degree
in the eccentricity; for small eccentricity orbits, the series (14)-(16) and (18)-(20) may be
truncated by prescribing the maximum possible value of the D’Alembert characteristic s.

The first-order short-periodic variations 7, generated by the function S given by (11)
can be derived using equations (2.2-10), (2.5.2-7), (2.5.5-10), and the following:

oL 13 h? + k? 2

5 - -E{ikukb(n > )+2(B+k b) cos L
+2hkbsin L + -122[3 + (k* — h*)b] cos 2L + %(B + 2k?b) sin 2L}

aL 1,3 h* + k2

— = —{= 21

2 = BoighB+hb (1+ > )+2hkbcosL (21)
+2(B + h?b)sin L + g[—B + (k* — h?)b) cos 2L + lzc-(B + 2h%b) sin 2L}

oL 1 2+ R+ K2 ) k? — h? ,

o 733{-———5———- +2kcos L + 2ksin L + cos 2L + hksin 2L}

Here, as usual, & and % are equinoctial orbital elements and b and B are defined by
(2.1.4-4) and (2.1.6-1D).

In the absence of explicit time-dependence, the first-order short-periodic variations can
be written as the finite modified Fourier series

2N+1 .
Mia =CP+Di(L=X)+ Y (C!cosjL + S!sinjL) (22)

=1

(Remember that the equation of the center (L — A) may be calculated from (2.5.3-2,3,4).)
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Expressions for the coeflicients in (22) are given below in terms of the following quantities:

1.

e o e W

~

The equinoctial elements (a, h, k, p, q) and the retrograde factor I (equation (2.1.2-2)).

The direction cosines (a, 3,v) of the perturbation symmetry axis in the equinoctial
reference frame (equations (2.1.9-1)).

The Kepler mean motion n (equation (2.1.4-3)).
The auxiliary parameter x (equation (2.7.3-4)).
The mean disturbing function U of the perturbation (equation (3.1-3)).

The coefficients C? and &’ of the modified Fourier series expansion in L for the short-
periodic generating function S (equations (13)-(20)).

The cross-derivative operator (equation (2.2-8)).

. The inclusion operator (equation (2.5.3-18)).

The constant terms in the expansions (22) are given by:

2N+1 .
C{=- 3 (Clp;+Sio)) (23)

=1
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The short-periodic coefficients for the semimajor axis a are given by:

¢ = T (4kU—hkC‘ il hzs‘)]

+T36) | 2 (k7 - K)0]

3
eN-3 [ X 2, K2R
+IEV ) [5G + 2) (—hkCTH +

)
2N-2 . 2_Xi . _hCIt j+1

+T; ()[ ]+1)( hCH* + kS )]

+1’2N l])[BX ]SJ]

+I§N(j)[n—2;(j ~1)(hC" + k')

+I2NH j)["—3 (7 — 2)(hkC™2 + kz_hst)]

k? — h? (24)

s = 1 J)[x (4hU + c‘+hks‘)]
+I§(j)[-"—2hw]

— h?

-G (]+2)( ——C*? + hkST*?))
—TEN=2( ])[2" (7 + 1)(kC’“ + hS7+)]

~I{N- ‘(J)[3X X = Xjed]
-ng(,-)[_X—(j ~1)(kCi~* — hSi7)]

R AAA0)| YU (s
Dl = 0

Ci=% + hkS77)]
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The short-periodic coefficients for elements h are given by:

-T2

+I2N—1( )[

+IG) [
12N+1(J)
5G) 3
+22(5) [

+IV7()
+I3N () |

+I3N*1(5)

1 oU

D xna? ok

4n2q?
2
—12 (J) [2n2a2

-3/ X
_1’2N 3(])[4 22

I2N -2 ])[

n22

(kc' + hS")]
kU

G+ 2)(ij+2 + th“)]

(i + l)C’“]

2 (pC2, —14C 5, ) +
(J - 1)¢
[4 a2k -
i (8U — hC' + kS')]

1
xn?a? Ok

157

3hx

2n%a?

is’]

(25)

X
5 ku]
+IIN-3(5) A=

-IN)

fozazli + D(hC — k5]
-7—2(] + I)Sj“]
n2a2 (pS’ ay IqS,m)
G = D)§]

(7 — 2)(hC7? + kST7%)

IqU’ﬂ'Y )

1 88’ _
xn2a? 0k

3hx 'Cj]

2n2a2‘7

422
kx
nla?

=5 (PUsay —
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The short-periodic coefficients for element k are given by:

Cci = 11(1)[4 : 2(ssu-hc‘+k5')]

3

+I,(J)[2 > 2kU]
HING) [l + D (ke + k)

+TN ) [5G + D)S™]

_ 1 8¢ 3kx ..,
—I2N l( )[ (pc’a'y -1 c’ﬂ’f) xn2a? Oh - 2n2§2]SJ]

+I () [ S5 - 187
I§”“<J)[4nzaz (= 2)(he"™? + k577%)]
S = DOz (ke + b)) (26)

+:r2(3)[2 : 2hU]

(kC’“ + hS”’)]

- 2(J)[ (J+1) ]

L 1 98"  3kx .,
_1—2N I(J)[____(ps, IqS,ﬁ,y) xna? Oh 2n202]CJ

I"Nm[ 2 = 1]

+TVNG) [ — 2 (—keT? + hST2)]
1 oU hx
D; = —W%—nzaz( pU,ay —1qU 5y )

The short-periodic coefficients for element p are given by:

Cz _ IzN-l(-)M[_C,%-{—p(c,ik—c,ip_jsj)]

2n2a?
. (4P + ¢ . o
s = 1V ()(—%‘%)&[—S,}h+p(3,f,k—S,f,ﬁ-HC’)] (27)
D, = _1+P+@)xUps
! 2n%a?

The short-periodic coefficients for element ¢ are given by:

; s, (1 +PP+ )X ; ; e
¢ =" ](J)(__zﬁﬁ—')_["lcu Q(C,ik —Cls —15’)]
; _1 (14 P2+ ¢%)x ; P
Sg = I?N 1(.7)(—'E{2—-2'—)_[ IS)a»y +q(8’ik _873:6 +.7CJ)]

D — (14 p*+ ¢*)x1U,qy
5T 2n%a?

(28)
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The short-periodic coefficients for the mean longitude A are given by:

X2 k2 — R2

Ci = —I‘(])[W(4hU+ C' + hkS')]
~B30) a4V
T D (B R ey s
~IN() —————ni‘;{lili ] (kC7*! + hs7+1)|
APt P ) e 1) < ]
O et -]
+I3V(5) [anaf T f)x)(k 2"2 ~ hks77%)]

Si = I}(j)[2—n—27>g,—_—‘_—;)-(4kU —hket + ; hzs‘)] (29)
B0 Y]

2/ 2 2
3 X0 +2) : k* —h? .
R0 i 4 (M = =55

o[ XPG+1 - :
+IEN%(j) _n’fa.ﬁzl m ;) (hei*t — ks7+1)]

+IIN) [

L n2q a  n%2a?(1+y

2 087 0S8’ as’ 3 .
1 )(h Oh +E ak) n2a 2(p5"” -I S’B") nzaQSJ]

NP . .
+I3"(5) BTE(TT%J("CJ ' kSTY)]

2¢ 2 2
AT X7 —2) ., kP—hR? . _
+I§N+l(])[m(hkﬂu 2+ “T-S’ 2)]

2 U LU,

_— = oY X _ ,
D6 - n2a aa + n2a2(1 + X) k Bk) + n202 (pUaa-y Iq[/,ﬁ‘y)
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Note that the D; coefficients are simply related to the first-order mean element rates A,,
(given by the right sides of (3.1-1)):
D, = Aie (30)

n

From the central-body gravitational potential, there are three possible sources of explicit
time-dependence:

1. Motion of the central-body symmetry axis. For the Earth, this is a combination of
precession of th2 equinoxes, nutation, and polar motion.

2. Variations in the central-body rotation rate.
3. Tidal potential.

The principle effects of 1 and 2 are accounted for in SST by using at each time step the epoch
triad (xp,yB,z8) to evaluate the direction cosines (v.,3,7) from (2.1.9-1) and the rotation
angle 6 from (2.7.1-3,4). However, for the Earth the above sources are thought to be too
small or two slowly varying to cause significant explicit time-dependence effects.

In order to update the orbital elements in a differential corrections procedure, it is nec-
essary to compute the partlal derivatives with respect to the mean elements of the short-
periodic variations (the 7 —-'- in (2.6-3, 4)). The partial derivatives of the J; contribution to
(22) are currently avallable in the SST code, for the special case of zero eccentricity and
replacement of (a,3,7) with the explicit formulas (2.1.9-3) in p and ¢ (thus motion of the
central-body symmetry axis is neglected).

4.2 Third-Body Gravitational Potential

For a third-body point mass, the appropriate disturbing function R is (2.8.1-6). From the
results in Sections (2.5.1) or (2.5.5), we can construct a Fourier series expansion in the mean
longitude A [ur the first. .rder short-periodic variations 74, as was done by Green [1979)].

However, for the third-body disturbing function, it is possible to construct a finite Fourier
series in the eccentric longitude F for the 7,,. Since the D’Alembert characteristics are
bounded, this solution is of closed form in the eccentricity. In this Section we outline
the construction of this most desirable expansion in F. Further details can be found in
[McClain, 1978], [Cefola and McClain, 1978), [Slutsky and McClain, 1981}, and [Slutsky,
1983).

The disturbing function less its mean can be written as

R—U=Re{ 53000 (1) VaQuiCile8) - iS.(a, ) 3 Ve } )

3 n=23=0 j=-o00

7#0

Here
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Vs = coefficients calculated from (2.8.2-1, 2)
Qns(7) = polynomials calculated from (2.8.3-2, 3)
C,(a,B), S;(a,8) = polynomials calculated from (2.5.3-6)
Y = coefficients of the expansion (2.7.1-8)

The short-periodic generating function (2.5.5-4, 5) is easily obtained by integrating (1):

{ >3-t (1 ) VauQuilCiles ) - 15400, )] 3 = e "} o

n=2s=0 J——m ]
i#0

The infinite series in the mean longitude A in (2) can be replaced by a finite series in the
eccentric longitude F'. To see this, first integrate both sides of (2.7.1-8) to obtain

oo Yns 172 ) L
= e*“dA — AY,”
P A : o)

%0

Next perform the integral in (3) by using the expansion

(E)neigL — Z W;&aeijF (4)

a

i=—n
where
Wns —_ ﬂ -1 '8 (5)
and by using the change of variable (from 2.5.2-6))
d) = (2) dF (6)
The infinite series then becomes
oo yns 72 n+1 W?H'La i F
Y A=y D LymiF-)
j=—c0 W J==(n+1) ) (7)
i#0 i#0

Replacing the infinite series in (2) with (7), recalling the relationships (2.5.3-5), (2.7.1-11),
(3.1-4), and introducing the mean disturbing function U through (3.2-1), we obtain

S = U(F -\
n+1 C’ , _ 'S, : W;H»l.s ijF
{ z:22:(2 bos) (R) VasQns z(: ])[ (0, B) — ¢ (17 B € }
n=22=0 1=—(n+

J#0

(8)
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The coefficients W** may be expressed in the form
W = &bl [C);_y(k, k) — isgn(j - 5)S);-si(k, )] (9)
The functions w?* possess the Jacobi polynomial representation

s n (n+ s)l(n—s)!
wp = (i - ) (<)) nt D=1
te (1 = ¢3)=bl plizatis+sly for |s| < Ij|

(1= )Py for |s| > Ij]

(10)

Here again x is defined by (2.7.3-4), e is the orbital eccentricity, and

_ e _ Vh% 4 k? (11)
C14VI-@ 1+ V1I-R R
After substituting (9) into (8), we can easily cast S into its real form. The indices may

be rearranged as usual, and Kepler’s equation (2.1.4) may be used to replace (F — ) in (8)
by

Cc

F—-X=ksinF—hcosF (12)
The short-periodic generating function can then finally be written as the finite Fourier series

N+1 .
S=C"+U(ksinF — hcos F) + Y (CPcosjF + 8 sinjF) (13)

3=l
Here the coefficient C° is (implied by < S >= 0 and (2.5.2-8))
k h
0_Fo1,
C 2C + 25 (14)
The coefficients C’ and &7 are

N N
¢=y 3 o

{—e=lwf**[sgn(j ~ $)Cu(@, B)Sijaiiks h) + Su(a B)Clicai(k, b))
=0 n=max(2,j-1,s)
+€_(j+’)w’_:}-l"[—Ca(0, 3)Sj+s(k1 h) + Sa(aa ﬁ)Cj+’(k’ h)]} (15)
: N N Gna j—s|, , nt+ls y
=% 3 e G @ BICh (kD) = sgali = )5, 8) Syl )
=0 n=max(2,7-1,s
+e~ I (C (@, B)C;as (ks b) + Si(e, B)S;sa(k, h)]} (16)
where M a\"
= B39 _ —_
Gna— R3(2 604) (Rs) Vans (17)
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The first-order short-periodic variations 1;, generated by the function S given by (13) can
be derived using equations (2.1.8-3), (2.5.5-10), and the following (obtained by differentiating
(2.1.4-2)):

?6% = —gcosF

%1’:- = gsinF (18)
oF a

A r

where r is given by (2.1.4-6). The partial derivatives of S with respect to the elements
a,a, B3, follow by straightforward differentiation of (13):

os __ v U
da,0,8,7) 9(a,0,8.7) O(e,a,B,7

)(ksinF— h cos F)

N+1

ac! ) o8I .
> ( daa ) "t Haapiy ) (19)

The coefficients C?, 57 and the mean disturbing function U are functions of the semimajor
axis a through the powers of the parallax factor alone, functions of the direction cosines
a and B through the polynomials C,(a, ), S,(a, ), and functions of the dlrectlon cosine
4 through the polynomials Q,,(7). A finite Fourier series representation for Z 2 may be
obtained by partial differentiation of (2) with the infinite series replaced by (2.7.1- 8) followed
by substitution of (4) and (9) and the usual reduction to the real form

N :
%; =C)+ Y (Chcos jF + S, sin jF) (20)

=1

Here the coefficients are

k h

. N N .
C?,\ = Z Z Gna {e_b—’lw_?a[ca(a’ ﬂ)Ch-al(k’ h) - Sgn(j - S)S,(Q, IB)SIj~a|(ks h)l

3=0 n=max(2,j,s)

+e" U+ [C, (@, B)Cits(k, h) + Si(a, B)Ssea(k, b))} (21)
. N N :
S =Y X Gu{eDusgn(s - s)Cula, B)Sis-ak, k) + Su(e, BYCy_ ik, b)]

3=0 n=max(2,j,s)

+e" 0+ (C,(a, B)Siaalk, B) = Sul, B)Cjaa(k, )]} (22)
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The partial derivatives of S with respect to the elements h and k may be obtained by
differentiation of (13) and use of (18) and (20):

% = on Thgp oo ah

N+1 : ' :
+ Z [(?—-C—i - —C’ - C",\H) cos jF + (gé- - lS" - %S_’,\“) sinjF]

oS act  aU in F — [a(hU)+C°X] (23)

Oh
8s _ 8c°  [a(kU) | U
F = Bk +[ o +C|sin F — hak cos F (24)
N+1 . .
+ Z [(@i — 181 1 SJ+1) COS]F + (aai ';'Ci\—l - %C:’;l) sm]F]
=1

In the summations in (23)-(24) C’, and &, are defined to be zero for values of j outside the
range 1 < j < N. The dependence of C/, §7 and U on the elements k and k is through
the polynomials C¢(k, k), Se(k, k), the eccentricity e, and the coefficients w}*, Kg°. In the
absence of explicit time-dependence, the first-order short-periodic variations can thereby be
written as the finite Fourier series

N+1 _
Mo =CY+ Y_(C}cosjF + S!sinjF) (25)

i=1

where the coefficients C? are given by (2.5.2-15a).

Green [1979] studied the effects of explicit time-dependence by 1ncludmg several terms
in the formulas (2.5.1-15) for the coefficients C? and S} of the A-expansions (2.5.1-14) of
the short-periodic variations. He used finite dlﬁergnce formulas to compute the partial
derivatives with respect to time of the coefficients C} and S} in the A-expansions (2.5.1-11)
of the osculating rate functions. For medium or high altitude Earth satellites, he found
that the Lunar point mass perturbation varies quickly enough for explicit time-dependence
effects to be significant. McClain and Slutsky [1988] also found that the inclusion of explicit
time-dependence effects due to the Moon and Sun improved the performance of SST for high
altitude Earth satellites.

We can include the effects of explicit time-dependence in the F-expansions of the present
Section by using (2.5.1-10) or (2.5.5-11) and expressions in Section 2.5.2. Specificallly, the
first-order short-periodic variations 7¥, including the k** order time derivatives are

N+k+1 .
6, =C¥* + Y (Ci*cosjF + SP*sin jF) (26)

i=1
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where
akcé 9*St\ | 3k *Cf 85§
C?'k = COk l ( ) Uk( otk ’ otk ) +_(_1)k+1566U£( 6tkl‘a atkl)
ke k-1, (= 1) *Ct 8+ S¢ FCt oS¢
C;’ = IlN+k(J)C;’ l UJ( atk ’ a,tk ( l)k+16t6UJ dtk ’ 8t"
ik pN+k()Gik= (= 1)" ; [OFCE B S¢ 3k, i, s [O°CS B*SE
Si* = ZHG)S v (Gt o) + S aorsany (G Ot
(27)
The recursions (27) are initialized by
cP® = ¢?
cl® = ¢} (28)
Si® = 8

where the C?,C}, 57 are the coefficients in the expansion (25). The quantities U}, V{ in (27)
are given by the relations (2.5.2-12) with J = N + 1 and m = k, and T?(j) is the inclusion
operator (2.5.3-18).

4.3 Central-Body Gravitational Tesserals

For the central-body gravitational tesseral harmonics, the appropriate disturbing function
R is (2.7.1-16) with m # 0. From the results in Section 2.5.4, we can construct the first-
order short-periodic variations 7;,. Further details beyond those given here may be found in
[Proulx, McClain, Early, and Cefola, 1981} and [Proulx, 1981].

In the absence of explicit time-dependence, the first-order short-periodic variations are
given by (2.5.4-4):

Mo = 35 SICI™cos(i — mb) + SI" sin(j) — m0)] 0

(3m)gB

The CI™ and Si™ are given by (2.5.4-5) in terms of Fourier coefficients CI™ and S§I™ of
the osculating rate functions (2.5.4-1). These latter coefficients are easily constructed by
substituting the disturbing function (2.7.1-16) with m # 0 into (2 2-10). The needed partial

derivatives of R have the same form as (3.3-4). To illustrate, we give below the final formulas
for the coefficients Ci™ and Si™:

g = By > () vtk (G San - )
s=~-N n—max(Z,m EH] (2)
Sjm 2”’] R my/mpm r—-n—18 pyvw
1 = Z Z =) 1 Vm FmK Pl (G Cam + HmsSnm)

8=—N n=max(2,m,|s|)

(Remember that A is defined by (2.1.6-1a).)
This theory has been implemented up to a 50x50 gravity field model [Fonte, 1993].
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4.4 Atmospheric Drag

For atmospheric drag, the osculating rate functions F;, are given by (2.2-5) with perturbing
acceleration q given by (3.4-3). From the results in Section 2.5.1, we can construct an
expansion in the mean longitude A for the first-order short-periodic variations:

Mia = 3_(Ci cos jA + S sinjA) (1)
=1

where C/ and S/ are given by (2.5.1-15) in terms of Fourier coefficients C} and S7 of the
A-expansion (2.5.1-11) of the osculating rate functions:

. A R
¢ = 1 ’(6"'-q)cosjuA

xn \oF
(2)
: 1 % {8a.
) = = . ini
S; w,[\, (61" q)sm])\d/\

Of course, the limits (A;, A;) indicate the values of A at atmosphere entry and exit, and we
convert the integrals over A into integrals over F or L using (2.5.2-6) or (2.5.3-14). Green
[1979] used the A-expansicn (1) for atmospheric drag, but indicated the desirability of an
expansion in another geometric variable.

From the results in Section 2.5.2, we can construct an alternate expansion in the eccentric
longitude F:

Mia = Cf + 3 _(C] cos jF + 8] sin jF) (3)
J=1
where C? and S? are given by (2.5.2-14) in terms of Fourier coefficients C! and S7 of the
F-expansion (2.5.2-1) of the osculating rate functions:

: F :
C! = 1 (% . q) cos jF dF
T JF al'
SJ 1 F 3(1,- iniF dF (4)
P 2 (Ga)oms

But, as was indicated in Section 4.1, the most desirable expansion for atmospheric drag
is in terms of the true longitude L. From (2.5.3-23)

K+2 00 . .
Na=CP+ Y. DML - A"+ (ClcosjL + S!sinjL) (5)
m=1 =1

where Ci,S!, D" are given by (2.5.3-24) (with the index M = 0) in terms of the coefficients
C!,S], D" defined by

. 1 L2 [fa.
J = = . y
C; g (ai- q) cosjL dL
; 1 L2 (Qa; .. (6)
A — .
S; g (61' q) sinjL dL
D=0

)

From atmospheric drag, there are five possible sources of explicit time-dependence:
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1. Variations in the solar extreme ultraviolet (EUV) flux.
Geomagnetic storms.
Seasonal latitudinal variations in the atmosphere density.

Motion of the diurnal bulge in the atmosphere.

LA o

Motion of atmospheric tides raised by the Sun and Moon.

Variations in the solar EUV flux can cause the atmospheric density at a given altitude to vary
by up to three orders of magnitude and are the dominant cause of error in lifetime predictions
for near-Earth satellites. The primary source of variation in the solar EUV flux is the 11-year
sunspot cycle, and it might be assumed that variations with a period of 11 years would be
too slow to cause appreciable explicit time-dependence effects. The sunspot cycle is far from
sinusoidal, however. At the beginning of each cycle, there is a steep rise in solar EUV flux
which could conceivably be fast enough to cause significant explicit time-dependence effects.
In addition, there is a secondary variation in solar EUV flux with a period of about 27 days
caused by the rotation of the Sun, which brings sunspots alternately into and out of view
around the limb of the Sun. A period of 27 days is comparable to the 27.3-day period of the
Lunar point-mass perturbation, which is known to have significant explicit time-dependence
effects. Geomagnetic storms can cause large variations in the atmosphere density over time
scales of a day or less. The potential for significant explicit time-dependence effects is obvious.
The remaining sources of explicit time-dependence effects for atmospheric drag are thought
to be too small or too slowly-varying to be significant. However, explicit time-dependence
effects from atmospheric drag have not yet been studied with SST.

4.5 Solar Radiation Pressure

The first-order short-periodic variations 7;, due to solar radiation pressure are formally iden-
tical to the equations in Section 4.4 for atmospheric drag, where the perturbing acceleration
q is given by (3.5-6). For solar radiation pressure, the simpler expansions (4.4-1) in the mean
longitude A or (4.4-3) in the eccentric longitude F' should be adequate. Also, Green [1979]
found that the explicit time-dependence effects from solar radiation pressure were minor.

As we have seen in Section 3.5, if the satellite is always in sunlight, the perturbing
acceleration q can be derived from a disturbing function R which is nearly identical to the
third-body disturbing function. Hence we can immediately obtain a finite Fourier series in
the eccentric longitude F for the 7;, by analogy with the results in Section 4.2.

5 Higher-Order Terms

Gererally, the algebraic complexity greatly increases when we try to compute higher-order
mean element rates and short-periodic variations. Also, it is assumed that higher-order
terms due to most perturbations are usually negligible. In this chapter we report on those
few higher-order effects which have been studied to date with SST.
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5.1 Second-Order A;,5 and 7;,3 Due to Gravitational Zonals and
Atmospheric Drag

The second-order mean element rates A;,5 and short-period variations 7;,5 due to two per-
turbations expanded in A may be constructed as shown in Section 2.5.6. We can calculate
analytically the Fourier coefficients C, and S}, of the expansions in A for the osculating
rate functions F;; due to the central- body gravitational zonal harmonics by substituting the
disturbing function (2.7.1-16) with m = 0 into equations (2.2-10). We can calculate nu-
merically the Fourier coefficients CJ, and S}, of the expansions in A for the osculating rate

functions F;; due to atmospheric drag from (4.4-2). The partial derivatives %Em and 3:
needed in (2.5.6-5) can be calculated analytically for the central-body gravitational zonals
and by numerical quadrature for atmospheric drag.

At the present time, the only terms in these analytical formulas which are available in

the SST code are:

1. The J,-squared auto-coupling mean element rates A;;;, correct to first power of the
eccentricity and with (a, 3,7) replaced by the explicit formulas (2.1.9-3) in p and gq.
These terms were constructed with the MACSYMA algebraic utilities of [Zeis, 1978]
and [Bobick, 1981].

2. The J;- squared auto-coupling short-periodic variations 7;;;, correct to zero power of
the eccentricity and with (a, 8,7) replaced by the explicit formulas (2.1.9-3) in p and
q. These terms were constructed in [Zeis, 1978] and corrected in [Green, 1979)].

3. The Jy/drag cross-coupling mean elements rates A;2, correct to zero power of the
eccentricity and with the retrograde factor I = 1 and (a, §,7) replaced by the explicit
formulas (2.1.9-3) in p and ¢. These terms were constructed in [Green, 1979].

Green [1979] studied the second-order effects of J, and drag using a combination of
analytical and numerical methods. He found that the drag/J, cross-coupling terms A;;, cause
significant effects for low altitude satellites. He found that Izsak’s J; height correction (1)
applied to the density determination in the formulas (3.4-1, 3, 4) gave a good approximation
to the A;z; terms. The following expression added to the height H is the J; short-periodic
correction (from Section 4.1) to the radial distance r:

LR . 2. .. ecos f 21 —¢?
Ar—4(1—e2)a sin®2cos 2(f + w) + (3sin“¢ — 2) 1+1+m+1+ecosf (1)

Green’s explanation of why Izsak’s J; height correction works is that adding the J; short
periodics to the elements in the drag osculating rate functions and then averaging is equiva-
lent to adding the drag/J; cross-coupling terms to the first-order mean element rates, if we
neglect products of short-periodic variations:

< Fplay +m, - a6+ 76) > = < Fy(ay,-- 06)>+E<

a s AN >
a 1 6) 5 (2)
~ A+ Ain

86




5.2 Second-Order 7;,5 Cross-Coupling Between Secular Gravita-
tional Zonals and Tesseral Harmonics

In high-order shallow resonance orbits, the tesseral harmonics which contribute the most
significant short-period motion are likely to be those with degree and order centered around
the resonant order. For such orbits, the second-order short-periodic variations due to cross-
coupling between these tesseral harmonics and the J; secular terms may also be significant.
In this Section we outline how to construct these critical short periodics. For further details
and a discussion of numerical results see [Cefola, 1981) and [Cefola and Proulx, 1991].

For the present purpose, we retain in the expansions (2.5.1-10) of the osculating rate
functions F;; due to the central-body gravitational zonal harmonics only the mean element
rates A;; given by (3.1-1):

Fa~ Aq (1)

Furthermore, we completely neglect the first-order short-periodic variations 7;; due to the
zonal harmonics:
na1=0 (2)

The osculating rate functions F;; due to the tesseral harmonics may be expanded in the
Fourier series ‘ ‘
Frp =Y [CI™ cos(jA — mB) + S!™ sin(j A — mb))] (3)
J,m
The first-order short-periodic variations due to the tesseral harmonics are then given by
(2.5.4-4): | |
mz= Y [C]"cos(jA — mB)+ S]™ sin(jA — mb)) (4)
(4,m)¢8
where, in the absence of explicit time-dependence, the C/™ and SI™ are related to the Fourier
coeflicients C]™ and S]™ by (2.5.4-5).
To obta:u the second-order cross-coupling terms, we need to construct the functions
G,’lg + G£21 from (23-27)

. [ OF; JF; 15
G2+ Gin = Z_; (8(1,1 N2 + aarznrl) + Zﬁ&‘eﬂnﬂlz
—_ i 6._T’f.l_A + %A (5)
~ 00,'. r2 aar rl
Substituting (1)-(4) into (5) yields
G+ G m Y [C" cos(jA ~mb) + 8" sin(jA — mb)] (6)
(m)gB
where . .
—im 0Ai1 ~vim oc™ : i
c" = E (‘E‘_lcg - Arl"a_a—) - jAaS]
i 2\ Ba, 7 TG, + 74610
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The cross-coupling short-periodics are then

mz = Y (O cos(jA — m8) + 52" sin(jA — mb)] (8)
(7m)eB

where the coefficients 5{"‘ and ?{m are given in terms of Efm and gfm by the relations
(2.5.4-5). The partials -%*1 of the J2 mean element rates needed in (7) are given by equations
(3.1-12). The pa,rtlals a " and —'—- of the tesseral first-order short-periodic coefficients are

related as usual to the partials %*:: and ’a?.:: of the tesseral osculating ra‘e coefficients,
which may be obtained by dlfferentlatmg formulas such as (4.3-2).

Code based on this approximate theory has been developed only for the J; secular/m-
daily terms (j = 0 in (4)), with finite differences used to obtain the partials of the m-daily
coefficients. Construction and programming of a complete second-order theory for a double-
averaged perturbation expanded in A,# has yet to be accomplished.

6 Numerical Methods

The numerical methods which are currently used in SST are standard. In this chapter we
record the essential mathematical formulas. Further details may be found in any numerical
analysis textbook (e. g., [Ferziger, 1981}).

6.1 Numerical Solution of Kepler’s Equation

The equinoctial form of Kepler’s Equation is (2.1.4-2):
A=F+hcosF ~ksinF (1)
This equation can be solved iteratively using Newton’s method:

F =)

_ F,4+ hcosF,—ksinF; — A . (2)
Fin = F'—( 1 - hsin F;, — kcos F; )forz—O,l,Z,---

6.2 Numerical Differentiation

We need to differentiate functions in order to obtain the mean element rates, short-periodic
variations, and partial derivatives for state estimation. Analytical formulas are preferable if
possible to obtain, because of their greater precision. However, the derivatives of a function
can be approximated by finite difference schemes.

We suppose f(z) is a smooth function of z. Then the central difference approximation
for the derivative of f(z) is

daf flz+4) - f(z-4)
iz 24 1)
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The error in this approximation is

& [fetd) - fa-a)] _ardy

=@ i T s a-A<E<a4a @)

For example, Green [1979] used the central difference approximation (1) to calculate the
partial derivatives needed for state estimation (see Section 2.6). He obtained good results
with a step size of A = 10~°z, using double precision.

6.3 Numerical Quadrature

We need to integrate functions in order to obtain the mean element rates and short-periodic
coefficients. Analytical formulas are preferable if possible to obtain, because of their greater
precision. Also, they are more computationally efficient since analytical formulas need to
be evaluated only once per mean equations integration step, whereas numerical integration
requires evaluation at each abscissa of the quadrature [Long and McClain, 1976]. However,
numerical evaluation of integrals of the type

[ @y (1)

is mandatory for the computation of the mean element rates and short-periodic coefficients
involving atmospheric drag or solar radiation pressure with eclipsing. Since the substitution

_2x—(a+b)
- b—a

3 (2)

tranforms the integral (1) into

[ f@ie =252 [ piee )

we can restrict our discussion to integrals with limits between —1 to +1 without loss of
generality.

A quadrature formula approximates an integral by a weighted sum of the values of the
integrand at points on the interval of integration:

[ r©d xS wse), -1sa<b< s ()

=1

An evaluation of different quadrature formulas has shown the Gaussian quadrature formulas
to be generally efficient [Early, 1975]. The weight factors w; for Gaussian quadratures have
been tabulated, and the abscissas ¢; are simply the zeroes of the Legendre polynomial of
degree n. The error in the Gaussian quadrature formula is

22n+l(n!)4 d2nf(€)
(2n + 1)(2n!)3  dé2n

[ 1@ - S wisier ~ 1S5 ©)
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A polynomial of degree 2n — 1 is integrated exactly.

The appropriate number n of abscissas in the Gaussian quadrature formulas needed for
SST can vary from 12 to 96, depending on the highest frequency components contained in
the function to be integrated. For example, Green [1979] found that if the first 10 pairs of
short-periodic coefficients are to be retained in (2.5.1-13), the number n for the integrals
(2.5.1-11) must be at least 48.

6.4 Numer.cal Integration of Mean Equations

The averaged equations of motion (1-2) may be solved witi a Runge-Kutta numerical inte-
gration method. We consider the following system of ordinary differential equations:
dx
— = f(x,t 1
=) M)
Here x denotes the column matrix of mean elements, and f denotes the column matrix of
mean element rates. We divide the t-axis into points (t,12,- -} of equal width &, and let
x; = X(t;). Then the standard fourth-order Runge Kutta algorithm is

Xi+1 =xl+%(k] +2k2+2k3+k4) forz:1,2,3, (2)
where
kl = f(x,-,t;)
A A
k2 f(x,+§k], ,+Z) (3)
ks = f(x;+ 5“2,1; + -2—)

ks = f(x; + Aks,ti + A)
The error in the formulas (2) is bounded by

5d5x,-
cA T (4)
where C' is a constant.

Since the mean element rates depend only on slowly varying quantities, step sizes A
of a day or more can usually be used. The integrator time step A should be % or less of
the minimum period 7 of the oscillations included in the mean equations of motion. Some
limitations are the period of orbital precession due to J; and the period of the moon.

Initial values of the mean elements a;(;) can be obtained from initial values of the

osculating elements @;(¢,) by either of two methods:

1. Numerically integrate the VOP equations of motion over a time interval at least as
long as the period of the largest significant short-periodic effect (usually one or two
satellite orbits - see [McClain and Slutsky, 1980]), and then use a differential correction
procedure to find the initial mean elements which give the best least-squares fit between
the SST trajectory and the Cowell trajectory.
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2. Use successive substitution into the near-identity transformation (1-1) until a specified
agreement is reached:

al(ty) = a(t)
af*t () = @) —mlaj(tr), - af(t),ty] for k=10,1,2,---

)

(5)

This method is faster than method 1, but may require the inclusion of a comprehensive
set of short-periodic variations to avoid a large bias in the initial mean elements.

It should be pointed out that the time averages of the osculating elements over some time
interval are generally not a good approximation to the mean elements [Early, 1986].

6.5 Interpolation

Since the mean elements and short-periodic coefficients are slowly varying, their values at
desired times not coinciding with the mean equation step times can be computed by relatively
low order interpolation formulas.

First, suppose that at distinct times (t;,---1,) we know the values [f(1), - f(t,)] of a
- smooth function f(¢). In Lagrange interpolation we approximate f(t) by a polynomial of
degree n — 1 passing through the known values:

10~ 3 L) 1)
Here (= 1) (E = tiy)(t = tiga) -+~ (t = 1)
o dot) =t )= tig) (B~ L
MO = ) )G ) = k) @
Note that
Li(t;) = &; (3)
The error in the Lagrange interpolation formula is
n —t)) - (t—t,) d"
-3 sy = R LR g, L, @

Lagrange interpolation is currently used to interpolate the short-periodic coefficients, the
velocity vector, and the partial derivatives needed for differential correction. An adequate
order n -- 1 has been found to be 3 (4 interpolator points) [Taylor, 1978].

Next, suppose that at distinct times (t;,- - - ¢,) we know both the values [f(t,), - - f(£,)]
and the derivatives [f(;), - f(t.)] of a smooth function f (t). In Hermite interpolation we
approximate f(t) by a po]ynom]al of degree 2n — 1 passing through the known values and
derivatives:

Z{[l—zt-t (LR FE) + (t - L1 f (1)} (5)

=1
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Here again L;(t) are the Lagrange basis functions (2). The error in the Hermite interpolation
formula is

[(t—t)---(t = ta)2 d*"f

(2n)! dgrn

Hermite interpolation is currently used to interpolate the mean elements and the position
vector. An adequate order 2n — 1 has been found to be 5 (3 interpolator points).

(6)’ tl < { < tn (6)
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