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Atmospheric Structure Simulation:

An Autoregressive Model For Smooth
Geophysical Power Spectra With Known
Autocorrelation Function

1. INTRODUCTION

Atmospheric fluctuations in wind speed and gravity waves are characterized by continuous
power spectral density functions. For example, one dimensional wind speed PSD's are found to
have log-iog slopes of about -5/3. Such spectra often are used in simulating an environment or
predicting atmospheric structure. Fast Fourier transform analysis provides a means for filtering
white noise with spatial filiers to simulaie a stationaiy time or spatial data set. In many
applications the transform technique provides adequate pre~-3<ing speed. For exarple,
repeatedly using the double precision IMSL routine DF2TCF, ¢ :u. ., point transformm averages
6.91 ms on the Phillips Laboratory Convex model 210 computer. wcophysical data however, are
multidimensional, and otten exceed 1024 points. Three dimensional Fourier simulation of atmos-
pheric structure that realistically allows for variable coherence length scales, RMS huctuation
levels, and spectral slopzs would require months of execution tirne on a work station.

The Phillips Laboratery Strategic High Altitude Atmospheric Radiance Code (SHARC)! uses
first principles to calculate point-to-space and limb viewing atmospheric background infrared
radiance and transmittance. Real atmospheric infrared background perturbations occur from
fluctuations in temperature and density of the contributing molecular species. Version 4 of the
SHARC code envisions a capability to evaluate radiance structure from estimated variances in the
standard temperature and density profiles. Tc provide a realistic but practical two-dimensional
structure scene capability will require creative, efficient, and tested algorithms. The purpose of
this report is to study the possibility of producing synthetic structure from autoregression
analysis as contrasted with the common Fourier method with a view toward reducing the

Recetved for publication 4 Febri.ary 1993

Isharma. RD.. etal.. {1991 Description of SHARC-2. The Strategte High Alttude Atmnospheric Radixice Code,
Phillips Laboratory technical report. PL-TR-91-2071. ADA 235008




computational burden. Only one-dimeénsional analysis is treated here but a subseguent report will
present a two-dimensional approach.

2. THEORY OF AUTOREGRESSIVE DIGITAL SPECTRAL ESTIMATION

This section is a brief review of autoregressive digital spectral estimation as presented by S.
Lawrence Marple* and Steven M. Kay>,

An autoregressive moving average (ARMA) model for a discrete time series, x(n). that
approximates deterministic and stochastic processes can be represented by the filter linear
difference equation:

x(n)= —ia(k)x(n ~k)+ ib(k)z(n- k)
x=0

k=1

in which »{n) is the output sequence and £(n) a white noise input driving sequence. The a(k) and
b(k) coefficients form the autoregressive and moving average portions of the ARMA model
respectively. A z transform analysis of the difference equation shows that the ARMA power
" spectral density (PSD) is:

B(S)

Para(f) = Tpy, 6

where,

A(f)=1+ alk) exp(-2nifkT)

k=]

q
B(f)=1 PZb(k)exp(—?,r:gﬂ(T).
k:]

T is the sampling interval and p,; is the variance of the white noise process. If all the moving
average coefficients are zero, except b(0) = 1, then

p
x(n) ==Y ali)x(n~k)+e(n)

k=1

and the process is strictly autoregressive of order p. The autoregressive PSD becomes,

2I\Aarple. S.L. 1987 Digttal Spectral Analysis with Appilcations. Chapter 6. Prentce -Hall. Epglewood Clffs. New
Jersey.

J 3Kay. Steven M.. 1988 Modern Spectral Estiration, Theory & Applicatton. Prentice-Hall. Engilewocd Cliffs. New
ersey.
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where ry s the autocorrelation sequence 1t k and py, 1S the variance of €(n). The relationship
between the autocorrelation sequence and the pure autoregressive model is

)2
=Y alky,(m-k)  form>0
k=i

P,
e (M) =4 —-La(kkxx(wkh Py Jorm=0
Jeeel
I, (~m) form<0

This exnression may be evaluated for t'i2 p+1 lag indices 0 < -» < p bv:

g/ru(0> ru("'l) r,u(.—p) WI/ i \‘I {Ipw\

@) re(0) v rg(a()) | a(®) |} 0

Is

) mlpm) - 0 JLQ(',,),I Lo,

This expression forms the autoregressive Yule-Walker equations. Given the autocorrelation
sequence for lags O to p, the autoregressive coefficients may be found from the above. Since
Iyex(-K) = (k). the autocorrelation matrix is both Toeplitz and Hermitian. A standard "Levinson”
algorithm, which takes advantage of the Hermitian-Toeplitz matrix equation, was employed to
solve for the AR parameters. The same Yule-Walker equations also occur if we attempt to solve the
problem: find the "best”, in a least square sense, set of equations that determine the coefficients

P S
what predict X from (n) =—2a(k)x(n—k). where (i(n)- x(n))" =p... [n summary, the Levinson

k=1
recursion computes sets of coefficients {a)(1). py}. fag(1). ag(2). pol. ... tap(i), ap(Q), .. ap(p). ppl
where the final set at order p is the desired solution of the Yule-Walker expressions. For the AR(p)
process. ap(?t =a(i) fori=1.2. 3, ..., p and pp is the minimum prediction error. thatis, py = Pp =

Prain = &[X"1n)(x[n] - X[n)}|. The algorithm is initialized by:

S

with the recursion for k=2, 3. ..., p given by




k=l

Rl K]+ D a1 [k - £)

fei

Prel

ats[k] =
alil= apy[i]+ e, [Klagy [k~i] i=1,2...k~1

Pp= (1"!‘1#{’;][2)9&1

The aglk] coefficients are known as reflection coefficients.

3. AFPLICATION TO ATMOSPHERIC POWER SPECTRAL DENSITIES

Aunospheric power spectral density functions nften are modeled by power law functions of the '

form*®

C

BSD(k) = —m—lamee
O e

The constant C is found from the definiton that the total variance of the associated time series,

o2, is equal to the area under the PSD°,

ot =2 [Psp(ba =2 [ ~—Epac ﬁr(v)1
’ ’ (‘12”‘2) 2{1°"T‘[v+-2=j
Vi

s0 that the PSD model is

VA
c'a”'Tj Vs

PSD(k) = - — j‘%
Jrr o) (et +2)7 7

The relationship between the frequency domain PSD and the time or sypatial domain
autocorrelation function is specified by their Fourier transform pairs. Thus the autocorrelation
function. (ACF). for the real even PSD function is

4Tatarsk!. V.I.. 1961 Wave Propagation tn a Turbulent Meduun. McGraw-HiL. .

SRutterman. Wi. Schweltzer. EL. and Newt. JE. 1991 "Estmation of Scere Correlation ilengths”,
Charactrrizadop. Propagation, and Stmulation of Sources and Backgrounds. Proceedings SPIE - The intematonal Soclety
of Optical Engineering. V1486. ppl127-140. Oriando. Florida.

SFor the integral. see for example, Gradshteyn. 1.5, and Ryzhik. 1.M.. 1965 Table of Integrals Sertes and Products. eq
3.241.4. Academic Press




ACF(x) = IFFT(PSD) =2 | G )

The integral is evaluated using the Bessel function of the second kind of fractional order, Ky to
b€7
" 20V (3rax)” K, (2rax)

iy ACF(x)= )

Expressions for two and thiree dimensional power spectral densities can be evaluated from the
model autocorrelation function by performing two and three dimensional Fourier transforms of
ACF(x). For example, over the valid rauge for v, the two-dimensional isotropic power spectral den-
:_,_r,. Sity is

F(F) = ﬁ”cos(f F)ACF(FuF
[2n

v

. 2
£ ’ﬂ(az +f}:2)\+1

while the Lhree-dimensionéu isotropic power spectral density is

oy L
di(k)=-a;?fﬂ cos(E+7)ACF ()7

ke

Ty I
"

I“(.v AR
(I)(f;:) = 5 2l W%
admr(v)(a? + 12)

P T

The parameter "a" can be expressed in terms of the integral scale or equivalent width of the ACF.
An equivalent width is defined as the area of a function divided by its central ordinate®, or

ol
g2 L

[0
£(0)

Thus the large scale correlation length L. is defined by integrating ACF(x) over all positive values
of x.

'\ﬁﬂm ‘ﬂi‘“' ol | ll”m:"ﬂwi'

se

ACF(x)dx
L ===

< 2

g

Tlotd.. Eq € +32.5

8Bracewell. RLN., 1978 The Fourter Transform and Its Applicautons, McGraw-Hil. New York .



“where 62 is the autocorrelation dt zero separation. Obsérving that the equivalent width of a
function i equal to the inverse of the equivalent width of its transform?, the correlation length
may L.e written as

PSD(0) _ PSD(0)

L E
2 J’?JSD(L)dk 2¢°

80 that,

o N2 e N2
© et drT(v)a®™  2JRT (Via

[0}

e zﬁr(vz L

oy

\ <]

“These relationships are visually compared in Figure 1. The upr er left quadrant of the graph shows
~ alog-log plot of the PSD function for a slopc of -3, 62 = 0.2, L, = 5.0 and a = 0.05. The upper right
quadrant shows a linear plot of the PSD with L ‘and o2 calculated from the curve. The
autocorrelation function is plotted in the lower left quadrant and also shows L, and o2 calculated
from the curve. Quite obviously the parameter "a" depends upon the value of v, such that "a"
coincides with the “roll over" or "corner frequency” of the PSD. The correlation length, on the other
hand, corresponds to a much higher frequency (and smaller PSD). As shown in the lower right
quadrant of Figure 1, the parameter "&' assumes a value near the frequency of the peak power
while 1/L, assumes a value on the far tail of the power curve,

4. IMPLEMENTATION
In practice a given power law PSD was constructed from the PSD and ACF models:

26%Ax

\/;T(\')(a + f H’/ Il*ia.el SrfAx

2=V Y
ACF(x) =32 (2rax)" K, (2navx)

r(v)




- . where,

series was checked as follows, Using a forward and backward estimation method!©, a set of NN by

6'§ = residual error
Ax = spacing
g4 = model parameters

jeN=1

f = frequency (Hz)

Then, a spatial data sequence was simulated using a normally distributed set of
pseudorandom numbers G(J). The simulation of M sequence values procecded as follows:

Set Y(1) = Y(2) = Y{(3) = -~ =Y(N) = 0. Then for J = N+1, N+2, -, M+1000, create Y(J) from
Y{J)=G(J)o, ~?a Y(J-1i). The simuleted sequetce is then contained in Y(1001), Y(1002). -,
Y(M+1000).

After simulating such a discrete spatial sequence of a given PSD the PSD of the simulated

coefficients were found to estimate the simulated PSD from the formula,

~262Ax

- PSD(f)=
1+ ) el

where Ax is the same spacing used to generate the synthetic series.

The forward and backward method solves the following least squares problem. Given M
discrete series values Y(J). forJ = 1, 2, -, M, we find b, values that minimize ERR. where,

row oy \!7\| O NN Y\
ERR=1 Y " ¥())- Zb,Y’ iy Y |Y(J)——Zb,-Y(J+1) ’
\J-mwk i=! )/' \ J=l =t J/l

ERR

c is then equal to —————.
2(M ~ NN)

5. RESULTS

10aykin, Stmon. ed.. 1991 Advances (1 Spectum Analysts and Array Processing. Vol. 1. Prentice Hall. Englewood
Clffs New dexsey pp.155- 156.



The following discussion is aimed at producing a practical autoregressive model of
atmospheric structure consistent with having a pre-assigned power spectral density and
autocorrelation function. Correlation lengths and G? variances are taken from Strugala, et.al.!!

Figure 2 shows an 8000 point sequence of Gaussian "white noise” having a spacing of 100 m,
mean of zéro, and standard deviation of 0.055. Figure 3 presents a histogram of the Gaussian
data and Figure 4 shows the "flat" white noise spectra and associated autocorrelation function.
The theoretical and calculated statistics agree, with the calculated having an average of 0.000117
and ¢ of 0.0549. Correlated sequences, histograms, PSD's and ACF's of subsequent plots may be
compared to this "unfiltered sequence.”

Figure 5 is typical of all the plots in this report showing log-log PSD's in the left panel and

ACF's in the right panel. This and subsequent plots have PSD's measured in
{8 Temperature / Temp_eratt_xr_&)z

and wavenumber measured in km-!. Three curves usually appear in
Wavenumber

each panel. The solid unmarked curves arc the "theoretical” or inputted PSD or ACF. The curves
marked by an X are the autoregressive predicted PSD’'s and ACF's, and the curves marked by an
open square are PSD's and ACF's derived {from the simulated data sequences. Except where
otherwise noted, the data spacing is 100 m and the Nyquist frequency is. 6 km-!. The input
_parameters for Figure 5 are L= 1.75 km, 62 = 0.00102, spectral slope (S) = ~6/3. Using six linear
predictor coefficients, the predicted values are L= 1.44 km from the PSD and 1.50 km from the
ACF, and o2 = 0.00107 from the area of the PSD. Using 12 coefficients to determine the simulated
- results, the values for the simulated curves are L= 1.38 km from the PSD and 1.44 km from the
ACF, and o2 = 0.00106 from the area of the PSD. Visually examining Figure 5, clearly shows that
using 6 coefficients for the predictor and 12 coefficients for the simulated values reproduces the
theoretical slope quite well except at the highest wavenumbers. Also, at low wavenumbers, the
predicted and simulated PSD's show a 16 percent DC bias from the theoretical. Part of the high
wavenumber divergence is due to the sharpness of the autocorrelation function at zero lag. In
fact. for the specified input spectral slope of -5/3, a sharp cusp exists at zero lag. This cusp intro-
duces an error into the estimate of the linear prediction coefficients that affect the PSD at high
wavenumbers. To test this hypothesis, the first value of the autocorrelation function at zero lag
was modified by setting it equal to a value linearly extrapolated from the second and third values.
This modification led to the curves in Figure 6. Here we see much better agreement between the
theoretical and modeled curves at high wavenumbers and improvement at low wavenuribers. Im-
provement in the spectral paranieters is also evident. L, improves to 1.54 km for the predicted
PSD and 1.60 km for the predicted ACF. Figure 7 shows a sequence of 8000 data points simmulated
over 800 k. When compared with Figure 2, the -5/3 spectral filtering is obvious. To see if the
simulated data retains the Gaussian PDF, a histogram of the simulated data is examined in
Figure 8. The figure shows that the variance of the siraulated data = 0.00102. matching the input
parameter, o2. Also, the histogram closely follows the shape of the theoretical PDF as shown by
the solid curve. The effects of using more or fewer predictor coefficients are shown in Figures 9

11St:rugala. L.A. Newt, J.E.. Futtermnan. W.1. Schweitzer. E.L.. Herman. B.J., and Sears. R.D. 1991 Development of

High Resolution Statistically Non-stadonary Infrared Earthlimb Radiance Sccnes. Characterization. Propagation. and

f}lrguiaét_(on oflfgéxrces ané:! Backgrounds, Proceedings SPIE - The International Soclety for Optical Engineering. V1486. pp
-187. Or o. Fiorida.



and 10. Figure 9 is oaleulated for only one predictor coefficient while Figure 10 is calculated using
20 predictor coefficients. Except for the bias at low wavenumibers, using only one coefficient for
the predictor does remarkably well for the specified input parameters. However, with the use of 20
coefficients, any difference between the theoretical, predicted, and simulated curves is practically
erased, Resultant values for the predicted and simulated spectral parameters also improve, For
example, L, improves to 1.63 km for the simiulated PSD and 1.70 km for the simulated ACF.
Figure 11 provides a visual perspective of how the 20 corresponding reflection coefficients
decrease as a function of reflection coefficient number. Ordinarily, the reflection coefficient
decreases smoothly and monotonically, However, introducing the modification to the ACF that
was mentioned above causes the second reflection coefficient to dip below the smooth value.
Evidently this helps compensate for the cusp in the ACF,

One may see the effects of increasing the value of the correlation length L, in Figures 12-14.
These curves are calculated for L, = 10 km, 62 = 0.0049, and S = -5/3. Using 6 coefficients for
the predicted PSD and 12 coefficients for the simulated PSD, produces the curves of Figures 12
and 13. Figure 12 illustrates the increased difficulty in simulating a PSD and ACF having a large
L. withi a small number of coefficients. Figure 13 clearly shows the effect of the larger correlation
length on the simulatec_l spatial sequence. As expected, greater smoothing (data. correlation)

“results from using the larger scale size. Figure 14 illustrates the improvement in the predicted
and simulated PSD and ACF by using 20 predictor coefficients for both the predicted and
simulated curves.

Figures 15-20 show the result of repeating the calcidations for a spectral slope of -2. Figures
15-17 have inputted spectral parameters of L = 1.75 and 02 = 0.00102 while Figures 18-20 have
Le = 10 and o2 = 0.0049. For a slope of -2, using & coefficients for the predicted PSD and 12
coefficients for the simulated PSD. gives good agreement between theoretical, predicted, and
simulated curves, even for L, = 10. For a theoretical L= 1.75, 62 = 0.00102, the predicted values
are L= 1.73 from the PSD and 1.75 from the ACF, and o2 = 0.00104 from the area of the PSD.
The values for the simulated curves are L= 1.65 from the PSD and 1.67 from the ACF, and o2 =
0.00103 from the area of the PSD. Figure 16 shows the sequence of 8000 data points simulated
over 800 km for the -2 spectral slope and L.= 1.75. When this result is compared with Figure 7,
the increased fiitering is evident. Again the simulated data retains the Gaussian PDF as shown in
the histogram of Figure 17. The figure shows that the variance of the siniulated data = 0.00102,
matching the input parameter, 2. As shown in Figure 18, inputting a theoretical L= 10 and 02 =
0.0049 gives the predicted values of L.= 9.98 from the PSD and 10 from the ACF, and o? =
0.00491 from the area of the PSD. The values for the simulated curves are L= 9.37 from the PSD
and 9.39 from the ACF, and o2 = 0.00472 from the area of the PSD. Wigure 19 shows the se-
quence of 8000 data points simulated over 800 km for the -2 spectral slope and L.= 10. Figure 20
again shows that the histogram of the simulated data retains the Gaussian PDF and that the
variance of the simulated data = 0.00468, approximating the input parameter, ¢2.

Figure 21 repeats the calculations for a theoretical special slope of -3, L.= 1.75, and ¢2 =
0.00102. Up to this point the autocorrelation function has been modified at zero lag as discussed
above. However, as evident in Figure 21, for slopes of -2 and greater. the modified ACF results in
a divergence of the predicted PSD at high wavenumbers whereas the unmodified ACF produces




good fidelity at high wavenumbers, For this reason, use of the modified ACF is appropriate only
for the -5/3 spectral slope. For slopes of -2 and larger, subsequent analysis will use the
unmodified ACF exclusively.

Figures 22-27 show the result of repeating the calculations for a spectral slope of -3. Figures
22-24 have inputted spectral parameters of Ly = 1.75 and 62 = 0,00102 while Figures 25-27 have
Lo = 10 and o2 = 0.0049. For a slope of -3, using 6 coefficients for the predicted PSD and 12
coefficients for the simulated PSD, good agreement obtains between theoretical, predicted, and
simulated curves, although there is less agreement at low wavenumbers for L, = 10. For a
theoretical L= 1,75, 62 = 0.00102. the predicted values are L= 1.88 from the PSD and 1.88 from
the ACF, and 62 = 0.00102 from the area of the PSD. The values for the simulated curves are Ly=
1.79 from the PSD and 1.79 from the ACF, and ¢2 = 0.00102 from the area of the PSD. Figure 23
shows the sequence of 8000 data points simuiated over 800 km for the -3 spectral slope and L=
1.75. Comparisons with Figure 16 show the -3 versus -2 increased filtering. Again the simulated
data retains the Gaussian PLF as shown in the histogram of Figure 24. The figure shows that the
variance of the simulated data = 0.00102, matching the input parameter, 62. As shown in Figure
23, inputting a theoretical.L,= 10 and o2 = 0.0049, gives predicted values of L= 16.6 from the
PSD and 16.6 from the ACF, and.¢? = 0.00490 from the area of the PSD. The values for the
simulated curves are L= 16,1 from the PSD and 16.1 from the ACF, and 2 = 0.00473 from the
" area of the PSD, Figure 26 shows the sequence of 8000 data points simulated over 800 km for the
-3 spectral slope and L= 10. Figure 27 again shows that the histogram of the simulated data
retains the Gaussian PDF and that the variance of the simulated data = 0.00471, approximating
the input parameter. ¢2 gure 28 shows the improvement that is made by using 12 predictor
coefficients. In this case, the predicted values are L= 13 from the PSD and 13 from the ACF, and
02 = 0.00490.

The final spectral slope examined in this report is for a slope = -4. Figures 29-34 present the
results of repeating the calculations for a S = -4, Figures 29-31 have inputted spectral parameters
of L. = 1.75 and o2 = 0.00102 while Figures 32-34 have L, = 10 and o2 = 0.0049. In this case,
using 6 coefficients for the predicted PSD and 12 coefficients for the simulated PSD yields good
agreement between theoretical, predicted, and simulated curves. For a theoretical L.= 1.75, 02 =
0.00102. the predicted values are Lo= 1.75 from the PSD and 1.75 from the ACF, and o2 =
0.00102 from the area of the PSD. The values {or the simulated curves are L.= 1.67 from the PSD
and 1.67 from the ACF, and o2 = 0.00102 from the area of the PSD. Figure 30 shows the
sequence of 8000 data points simulated over 800 km for the -4 spectral slope and L.= 1.75.
Comparisons with Figure 23 show the -4 versus -3 increased filtering effect. Again the simulated
data retains the Gaussian PDF as shown in the histogram of Figure 31. The figure shows that the
variance of the s‘mulated data = 0.00102, matching the input parameter, 62. As shown in Figure
32, inputting a theoretical L.= 10 and o2 = 0.0049, gives predicted values of L.= 9.98 from the
PSD and 9.98 from the ACF, and o2 = 0.00490 from the area of the PSD. The values for the
simulated curves are L= 10.1 from the PSD and 10.1 from the ACF, and ¢2 = 0.00463 from the
area of the PSD. Figure 33 shows the seauence of 8000 data points simulated over 800 km for the
-4 spectral slope and L.= 10. Figure 34 again shows that the histogram of the simulated data
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retains the Gaussian PDF and that the variance of the simulated data = 0.00461, approximating
the input parameter, o2,

Up to this point the analysis has been based on a data spacing of 100 m. The effect of
doubling the spacing is demonstrated in Figures 35 and 36. These plots have inputted spectral
parameters of S = -5/3 and L, + 5. Figure 35, which was calculated for a data spacing of 200 m,
may be compared with Figure 36 which has a data spacing of 100 m. Of course, doubling the data
spacing from 100 to 200 m halves the spatial resolution and reduces the Nyquist frequency from
5 km! to 2.5 km-!. If reducing resolution is acceptable, the positive effect is the improvement in
the predicted correlation length. For example, by using 6 linear predictor coefficients, the
predicted L.= 3.6 km for a spacing of 100 m but L.= 4.28 km for a spacing of 200 m.

6. CONCLUSION

Geophysical phenomena within a specified domain often are characterized by smooth
continuous power spectral densities having a negative power law slope. The association of one-,
two-, and three-dimensional geophysical spectral densities with a glven autocorrelation function
was reviewed and the autoregressive methods of modern spectral estimation were explored. An
autoregressive alternative to the more common Fourier transform analysis was studied with a
goal of reducing the enormous computational burden of generating synthetic structure scenes
from Gaussian random number sets. A 6 coefficient AR run to simulate 1300 points, using the
Fhillips Laboratory model 210 Convex computer, showed an average execution time of 0.462 ms,
an improvement of a factor of 6.91/0.462 over the fast Fourler transforin. In generating two-
dimensional synthetic arrays, greater savings would resuit due to the 8-fold symmetry of the
quarter-plane AR coefficients. It was demonstrated how the resolution and accuracy of predicted
and simulated data, their PSD's and ACF's, and their parameters, change with spectral slope.
correlation length, data spacing, and prediction order. In particular, six linear prediction coeffi-
cients are all that is necessary in many cases to generate a synthetic spatial sequence that
retains a specified power law, cormrelation scale, variance, and probability distribution function.
For a desired spectral slope of -5/3 one should employ an autocorrelation function having a
modified zero lag value. For an equal linear predictor order, structured data having smaller
correlation length, larger spectral slope, or reduced data resolution, have greater fidelity to
specified characteristics than those generated for small slope, larger correlation length, or higher
resolution. However, fidelity often can be reestablished by increasing the spectral order from 6
coefficients to 12 or in the worst case 20 coefficients. Sirce the maximum vertical correlation
length over relevant SHARC altitudes is reported to be approximately 10 km, a vertical resolution
of 100 m can be achieved with a minimum of coefficients, However, since maximum horizontal
correlation lengths are reported to be approximately 85 km, horizontal resolution must be
sacrificed or else many more coefficients must be used to achieve fidelity at both low and nigh
frequencies. Where low frequency simulation is unimportant, one may retreat to a minimum
number of coefficients and still achieve fidelity at mid and high frequencies.




Autoregressive (AR) and autoregressive moving average (ARMA) modeling should be
considered in creating large atmospheric structured scenes. A subsequent report will address the
potential for using two-dimensional ARMA modeling to generate two and three-dimensional struc-
tured scenes.
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Appendix

Extensions of AR Methods to Non-Stationary
Data and to Two and Three Dimensions

-Al..NON-STATIONARY.DATA.. . .. _ ... .. _ R
The inethods employed here easily can be extended to simulate a non-stationary discrete
* spatial series. If L, 02, or spectral slope are cillowed to vary slowly, sets of a}‘ coefficlents and
associated oj values for each point k can be evaluated, where af is the ith coefficient at potnt k
with the simulatec results starting at k = 1, Y(k) can then be simulated by setting Y(-L) = Y(-L+1) =
Y(L+2) = - = Y(-L+N-1) = O (where L is some number, say 100, and N is the number of
coefficients). With k = -L+N, -L+N+1, -, 1, the iterative expression for Y(Kk) is:

N
Y (k) = 6,Glic) - Y alY (ke - 1)

{e]
and for k> 1, Y(k) is:

Y(k) = 0,Glk) = Y afY (e - )

t=]

A2, TWO AND THREE DIMENSIONAL SIMULATIONS

The methods employed in the text can be extended to stinulate horizontal and vertical data.
Assume we wish to simulate data av altitudes k = 1, 2, .. Then using either a Fourler transform
ruethod or the linear prediction technique, one may form a simu.ated sequence whose horizontal
PSDs are the PSD from the L. and slope at each horizontal altitude with o set to 1. In addition,
one must form simulaced values at . Ititudes -L, -L+1, -, O from L, and slope (horizontal) for k =1




and for ¢ sét to 1. Let us call the resulting values Z(kj) where k is the altitude and j is a point
number (j could represent a point on a horizontal line or, by extension, a point in a two-
dimensional horizontal sheet). Then the final data having the desired horizontal and vertieal
PSD's, F(k,j), i3 formed by filtering Z(k.j) as follows.

Fork = -L, -L+1, -142, ., 1

Fik, J) = 0, Z(k, J)‘Z {Zlk - i, )

(=]
where ¢, and a} are the values found using the Levinson algorithm with ry, determined from &
and the vertical values of L, and slope at altitude =1.

Then for k> 1,

N o
Flk J) = 0 Z{k,J) - Y afZlk = i,j)
=1

and the vertica] values of Lc and SIOpe at altitude k.

Ir the above analysis, it should be noted that with careful programming only N+1 altitudes
need to be stored at any time during the computations. This can reduce the necessary storage by
a factor of 10 or more,
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