
Form Approved

AD-A276 034 )N PAGE OMBo 004-088
P~h( : ýo u rIU o~r, -s•DoPse rrPualq thr P tot re-o l P 'P q' ln tfrU rl i ýearu {nq P. %1," d4ata %Ourcpr

.l lll ll II;I Si11 DII 11111 U I U r 1111 , , o, on o . ... dorda.oo • th, buw dens. • , - te or n Iii. 11. .. ,,1,jl .....n , ..... as. of t.,o

0evn tli 1,i rnf ..nd U(•(e! P I erwo' HeýM ,utor P. I eý (0 /04-0 '88) rV A q on I C 2003

1. AGt•nq-i . -D 3 REPOw TPEAND DATES COVERED

I December 22, 1993 a_-7_Lp 16- d

4. TITLE AND SUBTITLE 5. FUNDING NUMBERS

Multivariate Spline Approximation

6. AUTHOR(S)

Carl R. de Boor and Amos Ron DF T |IC
7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) S ERFORMING ORGANIZATION

University of Wisconsin-MadisonNUMBER
Center for the Mathematical Sciences FEB 2 4 1994
1308 W. Dayton St.

Madison, WI 53715-1149

9. SPONSORING/ MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING, MONITORING

AGENCY REPORT NUMBER

U.S. Army Research Office
P.O. Box 12211
Research Triangle Park, NC 27709-2211 ko o?-7 0 fAZ-- f

11. SUPPLEMENTARY NOTES
The views, opinions and/or findings c-ntained in this report are those of the

author(s) and should not be con:tr-,ed -s an official Department of the Army
position, policy, or decision, unloss so designated by other documentation.

12a. DISTRIBUTION I AVALABILITY STATEMENI 12b. DISTRIBUTION CODE

Approved for public release; diF. on unlimited.

13. ABSTRACT (Maximum 200 words)

XVe started out with the goal of un . ig approximation order in a multivariate
context, including the approximation o. es. In addition, we wanted to understand
better the use and analysis of our approa, iltltivariate polynomial interpolation.

We ended up concentrating on approxi. ,Lion from shift-invariant spaces of functions
on Rad. Here, S is shift-invariant if f E S implies that also f(. - a) E S for any integer
vector a. The simple, yet widely applicable, model we considered concerns the behavior,
as h -, 0, of the distance dist(f, Sk) of a (suitably smooth) f from the scaled space
Sh := {f(./h) : f E Sh}, with each Sh a shift-invariant space. Examples of such spaces

are provided by finite elements on a regular grid, in particular, box spline spaces, also

the spaces which make up the multiresolution analysis generated by wavelets.

14. SUBJECT TERMS 15. NUMBER OF PAGES

multivariate, shift-invariant, splines, radial functions, 5
wavelets, approximation, box spline, approximation order 16. PRICE CODE

17. SECURITY CLASSIFICATION 18. SECURITY CLASSIFICATION 19. SECURITY CLASSIFICATION 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT

UNCLASSIFIED UNCLASSIFIED UNCLASSIFIED UL
NSN 7540-01.280-5500 Standard Form 298 (Rev 2-89)

PtPc,,d b, ANSI Sid 1j19,16
111 10 

Ao



Multivariate Spline Approximation

Final Report

Carl de Boor & Amos Ron
December 20, 1990

for the
U. S. Army Research Office

DAAL03-90-G-0090

Center for the Mathematical Sciences
University of Wisconsin-Madison

~ ror
13

approved for public release; NTI"S CRA&I i

distribution unlimited UnaDT oJncei TA

JustitiCat Ly(.,

By
{Vistr lbutgor AfIdbgt oe

Avalaildbit¥ codes

AvdFI 3'd / or
Dtst Soecial

94-05780

The view, opinion and/or findings contained in this report are those of the authors and

should not be construed as an official Department of the Army position, policy, or decision,
unless so designated by other documentation.

'4 2 23 029



I

A. STATEMENT OF THE PROBLEM STUDIED

We started out with the goal of understanding approximation order in a multivariate
context, including the approximation of surfaces. In addition, we wanted to understand
better the use and analysis of our approach to multivariate polynomial interpolation.

We ended up concentrating on approximation from shift-invariant spaces of functions
on IRd. Here, S is shift-invariant if f E S implies that also f(. - a) E S for any integer
vector a. The simple, yet widely applicable, model we considered concerns the behavior,
as h --- 0, of the distance dist(f, Sh) of a (suitably smooth) f from the scaled space

It := {f(./h) : f E Sh}, with each Sh a shift-invariant space. Examples of such spaces
are provided by finite elements on a regular grid, in particular, box spline spaces; also
the spaces which make up the multiresolution analysis generated by wavelets are (scaled
versions of) shift-invariant spaces, as are the related spaces generated by hierarchical bases
(of use in the efficient numerical solution of elliptic PDEs); in the latter two examples,
h = 2 -k, k = 0, 1, 2,.... Finally, shift-invariant spaces had been recently invoked (in a
quite unexpected wayl) for the construction of approximation schemes to scattered data (in
2-, 3-, and higher dimensions) by translates of radial basis functions.

B. SUMMARY OF THE MOST IMPORTANT RESULTS

This brief outline relies on the fact that more details can be found in the semi-annual
reports submitted during the grant period, and, if need be, in the manuscripts filed with
ARO as required. All boldfaced numbers refer to items in the list of publications given in
C.

The highlight of the research done under this grant concerns approximation from
shift-invariant spaces of functions on JRd. In joint work with Ronald A. DeVore (whose
semester-long visit was partially supported by this grant), we were able to obtain a com-
plete characterization of the approximation order (in the L2 (IRd)-norm) from a sequence
(S") in case each Sh is a principal shift-invariant space, i.e., the L2-closure S(oh) of
the finite linear combinations of shifts (= integer translates) of one function, Oh. This
characterization contains the socalled Strang-Fix conditions, which have dominated such
considerations for the last twenty years, as a very special case. But, in contrast to the
Strang-Fix conditions, our characterization is derived under no assumptions on the gen-
erating functions Oh other than the obvious one that each should be an L 2-function. It is
quite surprising that it was possible to solve this problem in this complete generality.

The solution (in 5 ) is based on a new formula for the orthogonal projection onto
a closed principal shift-invariant subspace of L2 and on the resulting characterization
of the elements of such a space. Both are in terms of the Fourier transform, as is the
characterization of approximation order. Moreover, we found that the approximation
order associated with a sequence (Sh) of arbitrary shift-invariant spaces is already realised
by some sequence (S') of principal shift-invariant spaces with S' C Sh. This settles (see
6 ) a discussion which started when Strang and Fix asserted such a theorem for finitely
generated shift-invariant spaces (in a certain restricted context) which was subsequently
proven to be false (by Jia, while a student of de Boor) as stated, and whose correct
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formulation has been the subject of several papers over the years. We know this result to
be also of interest in the current attempts to construct 'short' wavelets.

The results (in 6 ) on the structure of finitely generated shift-invariant spaces provide
a very convenient platform on which Amos Ron and Zuowei Shen are presently completing
a (mathematical) machine for the analysis of frames and Riesz bases for the space L 2((IRd).

That work focuses on the following practically important special cases: Weyl-Heisenberg
frames (also known as Gabor frames, and which contain the short-window Fourier trans-
form as a special case), and affine (i.e., wavelet) frames. One of the main achievements in
this on-going work is a new and efficient way for computing the frame bounds of such sets.
Also, new ways for calculating the dual frame are obtained. (To recall, efficient calculation
of the dual frame is essential for any" practical use of a frame.)

Shift-invariant spaces play a fundamental role in wavelet theory, particularly in the
decomposition of L2 (IRf() via multiresolution analysis. Such a multiresolution analysis
is given by a nested sequence (Sk)kE2Z, with Sk generated by the 2 -k27d shifts of some
function ,:k, provided certain conditions are satisfied. Anmong these are (i) the density
of the union of the 5 k and (ii) the triviality of their intersection. Simple necessary and
sufficient conditions for (i) and for (ii) are derived in 7 . In addition. 7 provides a new
way to construct such nmultiresolution analysis and the corresponding wavelet spaces in the
full multidimensional setting. In particular, we are able to deal with the situation when
the spaces Sk are not all given in terms of the scales of just one function.

We are also very pleased about our results about approximation order from shift-
invariant spaces when the error is measured in the max-norm. These results are all based
on the observation in 15 that the approximation aE•od 6(. - a) exp(iOa) from S(6) to
exp(i0.) ZE7Ld , exp(iOci) is. within a 0-independent factor, as small as the best-possible
error (as measured in the max-norm). This leads to the easy use of such bounded expo-
nentials where traditionally polynomials were used for judging approximation order, thus
permitting consideration (see 10 ) of 'basic' functions 0 which are not compactly sup-
ported or decay fast at infinity. In particular, surprising results concerning approximation
with radial basis functions are obtained.

The basic results of 5 and 10 have already been invoked by several different groups
for the study of certain special cases. As far as our own work is concerned, we made
applications of the results of 5 to non-stationary multiresolution analysis in 13 and to
radial basis functions in 17 . Also, the scheme of 10 was studied in norms other than
the max-norm in 19 .

While the book 9 ,"Box Splines", by C. de Boor, K. H6llig, and S. Riemenschneider,
was described as close to completion in the Final Report for a previous grant. the actual
finishing turned out to take considerably more time. This was not only due to difficulties
with the publishers (who decided to change the agreed-upon format after delivery of the
final, camera-ready manuscript on 1 September 1992). Rather, it seemed opportune to in-
clude in the book recent results on the use of box splines in the construction of multivariate
wavelets. Also, the Notes at the end of each chapter, concerning the existing literature,
turned out to require much more time and care than anticipated. Finally, it seemed good
to carry out an investigation, see 4 , into the computational aspects of box splines before
publishing the book. Here is one of the 57 illustrations in the book.
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(1)Figure. Part of a bivariate cardinal spline (based on the ZP element)
and the relevant box spline coefficients, i.e., those coefficients
for which the support of the corresponding shifted box spline
overlaps the domain on which the spline is plotted.
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