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I. INTRODUCTION

Reported below are the results of a study carried out at the Center for Communicaticns
and Signal Processing Research, at the New Jersey Institute of Technology, between April 1.
1992 and June 30, 1993. This research is a continuation of previous research performed during
the same period in 91/92 [1]. The aim of the research is to further analyze and evaluate the
performance of a fast algorithm known as the “bootstrapped algorithm.” Historically, the
idea of the algorithm as a way for cancelling interferences was first proposed by the principle
investigator in 1981 (2], and later it was used for cancelling cross polarization ip satellite
communication {3] and in the microwave terrestrial radio line [4-6].

The bootstrapped interference canceler is principally composed of two separate cancelers.
each using the output of the other canceler as its reference (desired signal) input. In fact.
such a structure performs as a “Signal Separator” rather than an interference canceler. Since
for its operation there is no need for a reference signal. it is sometimes justifiably called a
“Blind Separator.”

Three different structures were proposed in [1], namely. the Backward/Backward (BB).
the Forward/Forward (FF) and the Forward/Backward (FB). They are depicted in Figures
1,2, and 3. The different weights of these two-input/two-output separators can be controlled
by minimizing the output power or minimizing the absolute value of the cross correlation
between the two outputs.

During the first phase of this report [1], the steady state behavior of these separators was
examined. It was shown that under acceptable conditions they converge to a state which
represents the desirable signal separation. The effect of additive noise on the performance
of the separator was also studied in [1].

It was also demonstrated that extensions of all three structures to multi-input/multi-
output are possible. Such extensions are particularly important in multi-channel communi-

cation, such as Code Division Multiple Access (CDMA) applications or neural networks.




Some preliminary work on the applicability of the algorithms was also performed and
some results were presented. Special emphasis was put on the usage of the three structures
in handling dually-polarized signals where we examined the error probabilities of the boot-
strapped cross-pol cancelers for M-ary QAM signals. Their performance was compared to
other kinds of cancelers known in the literature.

It was concluded that the bootstrapped algorithms have many useful properties which
make them excellent candidates for use as signal separators or interference cancelers when
other algorithms have difficulties. In some cases, it clearly outperforms other algorithms.
In particular, it was demonstrated that the algorithm has the property of converging to
its steady state, where signal separation occurs, much faster than other algorithms. Unlike
other algorithms, the speed of convergence does not depend on the signals’ power ratios and.
hence, does not depend on the eigenvalue spread of the input correlation matrix.

During the current phase of the research we continue to examine other properties and
advantages of the algorithm. We propose and study some applications to communication
systems.

First, it is stated that the different structure exhibits a different level of complexity.
particularly when it is used in very high frequencies, as in microwave communication. They
presents different delay path to the signals and, hence, have different svstem bandwidth.
This raises the question of existing complexity - bandwidth trade-off.

For every control system the question of stability of the steady state point is always
asked. This is of particular interest with the bootstrapped algorithms, as they are highly
nonlinear.

Clearly, when one proposes an adaptive algorithm, it is crucial to suggest an adequate
real-time realization of the recursive control of the weights. Two methods of dynamic con-
trol are studied. One uses orthogonal perturbation sequences and is applied to the Back-

ward/Backward structure and controlled via the power-power criterion. The other uses




weights dithering with a PN sequence and is applied to the Forward/Backward structure
and controlled via the power-correlator criterion.

Delay controlled structures of the bootstrapped algorithms were also proposed in {1]. In
this report we further study these structures and examine some of their applications. For the
multi-input/multi-output application, we obtain new results in blind separation of signals
when the environment is dispersive.

Possible applications of the algorithms are numerous. Two of such applications are in
the fields of blind equalization and CDMA. In the second field. which will be studied further
in the future, we will present some ideas which, although they are not implement with the
bootstrapped algorithm, would become a basis for comparison with these cancelers as they
are applied in CDMA systems.

Section (2), below, is a technical summary of the study performed in this phase of the
research and its results. Detailed reports on which this summary is based are given in the
appendices of this document. Each appendix covers a specific part of the research and is
written in a way that can be read independently of the other parts. Section (3) contains the

conclusions and recommendations for further studies.




II. TECHNICAL SUMMARY

2.1 Bootstrapped Algorithm — Separation of Two Superimposed
Signals

Figures 1, 2, and 3, the configuration of the three bootstrapped algorithms for separating

two superimposed signals,

1(t) = anhi(t) + a2lo(t) + ny(t) | (

—
~——

z2(t) = anhi(t) + aznla(t) + na(t), (2)

where z,(¢) and z(t) are the received superimposed signals at the first and second channels.
respectively; I;(t) are the two data signals such that for i=1,2 [; is an M-ary signal from set
{£1,£3,...£(vVM - 1)}; and a;; i=1,2 are channel coupling.

The performance criterion used in controlling the algorithm weights are, respectively, the
power-power, correlation-correlation and power-correlation. A detailed discussion of these
criteria and their corresponding steady state values is given in [1 of Appendix A| and the
effect of noise on these values is given in [1 of Appendix B]. Note the insertion of the dis-

criminator, which is crucial in obtaining unique steady state points.

2.1.1 Bandwidth Complexity Trade-Off

Comparing the steady state performance for the three systems (1 of Appendix A] showed
that the symmetric B/B and F/F correlation systems have identical output signals and
signal-to-interference ratios, while the asymmetric B/F system has slightly different out-
put signals and signal-to-interference ratios at its output ports. Nevertheless. they are all
equivalent in that the desired signal separation is ideal provided certain conditions or as-
sumptions are valid; specifically, when the effects of added noise, quantization error. and
non-zero circuit delay are assumed to be negligible.

An examination of Figuresl-3 illustrates that the three configurations require different

4




levels of hardware complexity. The F/F, correlation-correlation scheme is expected to be
the most complex since it requires correlators with zero offsets, while the B/B, power-power
scheme is the least complex. Also, the three canceler systems have different signal paths
through the individual circuits and, thus, when they are applied for separation of dually
polarized signals directly at microwave frequencies 5], or high L.F. frequencies (as in a dual
polarized microwave terrestrial link [4]), different system delays are expected. Therefore, in
Appendix A of this report we present a thorough study of the effects of these delay differences
on the performance of each of the different cross-pol separator configurations. In particular.
we analyze and discuss system bandwidth limitation due to these delays. For each of the
three different schemes, we study the effect of delay on the optimal weights, on the outputs’
powers and ratios. These effects are presented in terms of the autocorrelation of the two
signals as well as the mixing ratios at the superimposed inputs. Using the relation between
autocorrelation and signal bandwidth, we estimate the different separator bandwidths and.
hence, we obtain the level of signal bandwidth limitation that each separator shows. These
bandwidth limitations are presented in the form of a lower bound on the depth of cancellation
as a function of both signals’ bandwidths and system delays. The results obtained in this
research are summarized in Tables 1-4 of Appendix A.

Based on these results, a practical example from a typical 14-18 GHz microwave circuitry
shows that in the design of a B/F power-correlation separator, one can obtain as much as
20dB input-output improvement in the signal-to-interference ratio (in corresponding to a
40dB signal-to-interference ratio at the output when the input cross-pol ratio |a;2| = |as | =
0.1 or 20dB), when the signals’ bandwidths are of the order of 500 MHz. On the other hand.
with the same assumption regarding the accuracy of the delay timing, we can achieve almost
'34dB improvement (54dB output signal-to-interference ratio), if the signal’s bandwidths are
only 100 MHz.

The B/B power-power scheme can handle only a small bandwidth. In fact. the power-

(1]




power scheme might be applied with reasonable success in lower frequency low bandwidth
applications. For example, if the frequency band is in the 4-6 GHz range then the delays are
of the order of 1 ns, so that 20dB input-output improvement in signal-to-interference can be
accomplished with approximately 8 MHz. If the cancellation is performed in the 70 MHz [F
frequency then the m/4 wavelength delay needed for the in-phase-quadrature weighting will
restrict the delays to greater than 3.5 ns. If we assume delays of 5 ns, the bandwidth will
be limited to approximately 2 MHz. Notice, however, that the power-power scheme requires
much simple hardware than the other two schemes, so that the hardware complexity band-

width trade-off is exhibited.

2.1.2 Stability Consideration

In every control system, adaptive or non-adaptive, one is always concerned in finding
whether the steady state optimal weight solution is stable or unstable. For a linear dynamic
system this is done by examing the eigenvalue of the corresponding weight control equation.
It is of interest to examine and classify the steady state point of the three structures proposed
in (1 of Appendix A]. However, since the control equations for the bootstrapped algorithms
are highly nonlirear they require special attention. This is done in Appendix B of this report.

For each of the structures. we first derive the steady state equilibrium points for the no

noise case. These are respectively;

1. The Backward/Backward, Power-power Scheme

- _%22a _ auna 3
Wyoptl = Tam —T1 Waoptl = Tan =T (3)
_ aua 1 ap a 1
and Puaopt2 T T v =T Wmopt2 = T - = Y (4)

2. The Forward/Forward, Correlator-Correlator Scheme

a2 A an A

w = ——=-r w =——== —-r
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(8)

The stability parameters are found by linearizing the control equation around the equi-

librium point of equations (3) to (8). This linearization process leads to a matrix differential

equation of the form

X = AAw (9)
where Aw = [Aw;z, Awy]T and
X = [3X1(ww + Awig, wa + Awy) 0Xa(wiz + Awig, wa + dwn) T
= - 8w12 ! ale
(10)
where
i 32X1| %X, ]
dw?, “opt Owy20wy, ' OPt
A= (11)
%X, 32X2,
L 0w128w21 wopt 3w§1 wopt )

The functions X,(-,-) and X;(-,-) are different for each structure. They represent the de-

riving term for the weights’ recursive equations and depend on the criterion used. Therefore

(9) describes the change in time of the weights deriving terms from an initial Aw away from




the optimal weights. If for example the eigenvalue of A are all negative, the weight deriving

terms X;(-,-) and X(-,-) will decrease to zero and, hence, to the steady state point. etc.
The stability of equilibrium points depend on the eigenvalues of matrix A. Considering

the characteristics equation of the matrix A from |A\I — A| = 0, we can find the eigenvalues

of A by solving

A—bl+c=0 (12)
where
33X, 9*X,
b = ml‘"opt + -aTgl'lwopt (13)
S N T ¢ X, (14
- Bwfz wopt Bw% wopt' 3w123w21 wopt 6w123w21 wopt.

The nature of the eigenvalues of A in the complex plane, or equivalently the relation
between b and c defined in (13) and (14) determines the classification of the equilibrium
point.

After finding the matrix A for each of the three structures and for both equilibrium points
of equations (3) to (8), we determine the condition for the stability of each structure. For
the symmetric power-power and correlation-correlation, it was found that w;,,, (Eq. (3) and
(5)) are stable provided that the step size u is positive and the effects of the discriminators
are such that

621612 > 611622 (13)

That is, the discriminator always favors different signals at different outputs. Under the
same conditions, the other equilibrium point w,,,, is an unstable saddle point.
For the power-correlator scheme, a stable w,,,, occurs if beside the condition in (15).

the effect of the second discriminator is such that it is more pronounced than the cross-pol




power;

b _ E{B(n)} (a1 6
622 E{Il(ﬂ } (au) ( )

2.1.3 Dynamic Studies

With any adaptive algorithm, one first tries to define the performance criterion that the
algorithm would seek to optimize, by finding the control weights which give the optimal
performance. However, in a real time variable environment condition, the designer must
devise a suitable algorithm which recursively would try to reach the steady state optimal
weight values. For the bootstrapped algorithms, recursive procedures were suggested to
simultaneously control the two weights. They require the knowledge of the gradient of the
output power (when minimum power criterion is used) or the gradient of the square of
correlation between outputs (when minimum correlation is sought). Instead. one may use an
estimate of the gradient. Such possible estimation is the sample value of the gradient. Also a
direct real-time measurement of a gradient of a random variable is difficult if not impossible.
particularly if this is performed with signals of very high frequencies as in communication
applications.

Without direct measurement, we present in this report two techniques for reaching the
optimal weights with a recursive weight-updating procedure using estimates of the gradients.
With the first technique, the estimates of the gradient are obtained by applying two orthog-
onal perturbation sequences to the two weights simultaneously. With the other technique.

the weights are dithered with PN sequences. These are described next.

2.1.3.1 Dynamic Study of B/B Power-Power Scheme Using Orthogonal
Perturbation Sequences
Figure (4) presents a Backward/Backward, power-power scheme of a cross-pol interfer-
enre canceler controlled by orthogonal perturbation sequences. Two such sequences p,(n)

and py(n) with an amplitude A (taken to be sufficiently small) are added to the current

9




weight w,(z) and wy(¢). The two outputs are then multiplied respectively by pi(n) and
p2(n). The results give a measure of the corresponding change of the output powers.

In Appendix C of this report, we analyze the control structure of Figure (4). We show
that the estimate of the gradient obtained with the perturbation method, converges in the
mean to the actual gradient and, hence, the weights converge in the mean to the optimal
weight. This is shown by examing the dynamic behavior of the error between the estimated

weight and its desired optimal value. The condition for such convergence is also stated.

2.1.3.2 Dynamic Study of B/F Power-Correlator Scheme Using Weight Dithering
with PN Sequences

Figure (5) presents a Backward/Forward, power-correlator bootstrap separator with
weight dither control. A PN sequence is added to the weight w{. The output power of
y1(t) is multiplied after eliminating the DC component by the PN sequence. A low pass
filter smoothed the control signal before it was added recursively to the previous weight
value.

In Appendix D of this report we analyze this dither control structure. Since a possible
candidate for such scheme is a microwave dual channel separator, we prefer to use the analog
presentation of signal instead of the discrete one. Therefore, we examine the change in the
weights versus time instead of checking convergence of the recursive equations. We found
that under certain conditions which relate signals’ power, system gain and dither magnitude
the dither control results in weight steady state value that gives signal separation. However.
depending on the magnitude of the dither, some small interference residue is retained. This

sensitivity of the quality of separation to power of dither and other systems is also studied.
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2.2 Bootstrapped Algorithms — Wideband Signal Separators
In 1], we performed some preliminary study in applying the bootstrapped algorithms to
wideband signals. There, we suggested structure whose controlled elements are delays in-
stead of complex weights or digital filters. Two applications of the wideband structures are
considered in Appendices E and F of this report.

Figure (6) describes the scenario where two wideband sources are received by an array

of two sensors. The outputs of the two sensors are:

zi(t) = si(t — D) + s2(t = D2) + erft)

Zz(t) = S1(t+D1)+32(t+Dz)+€2(t) (17)

where s;(t) and s2(t) are the signals radiated from the 1st and 2nd sources respectively. e;(t)

and e;(t) are the additive noise processes in each of the sensors and D; is given by,

D.-=isin0.~ t=1,2 (18)
2¢c

d is the distance between the sensors. ¢ is the propagation velocity and 8; ,: = 1.2 is the
bearing of the ith source. We assume that the random signals sy(t), s2(t), e;(t) and ey(t)
are mutually statistically uncorrelated.

In fact, the model described above is applicable to many communication and signal pro-
cessing problems which can be put in three groups: bearing estimation (source localization).

source separation, and interference cancellation.

e For bearing estimation (source localization) one is interested in Dl and Dz and not in
the signal estimates $,(¢) and 3,(¢). In this application, particularly in active radar or

sonar, much is known about s;(t) and s;(¢).

e For source separation, the objective is to get the cleanest possible version of s,(¢) and

s2(t), while Dy and D; are nuisance parameters. Indeed. in some cases there is some

11




prior knowledge about 8; and 8; which can be used to restrict the possible values of
D] and Dg.

e For interference cancellation, the objective is to get a clean replica of one of the signals,
say s;(t) while the other signal, as well as D, and D, are nuisance parameters which.

in some applications, are partially known.

In Appendix E of this report we present adaptive systems which receive z;(¢) and z(¢)
at the input, deliver as output signals y,(¢t) = $;(¢) and y(t) = 32(t), and simultaneously
provide the estimates of Dy and D, from which the bearings of the two signals 6, and 8, can
be derived. However, in order to enable separation, some information (statistical or physical)
about the signals s,(t) and s;(t) is required. This information will be utilized in the design
of the control loop. It enables initiation of the separation procedure. If further information
is available (such as knowledge, for example, of one of the two bearings) the same algorithm,
which then bootstraps itself, will result in performance improvement.

Two different configurations of the delay control bootstrapped separation algorithm are
given in Figure (7); for the Backward/Backward and Forward/ Forward structures. They
are examined using small-error analysis of the outputs spectra. It is shown that while both
configurations are able to perform simultaneous source separation and delay estimation (and

hence direction-of-arrival), they exhibit several differences.

1. In the ideal situation, i.e., when ¥; = 7, — D; =, (; is the controlled delays) is zero for
i=1,2. The BB configuration provides undistorted versions of the signal waveforms.
while the F F configuration decouples the signals but provides, at the outputs. a filtered
version of them. Therefore, if an exact replica of the source signal is needed. the BB

configuration is to be preferred.

2. In the presence of additive noise, the F'F configuration provides better estimates of




the unknown source directions (the delays) than the BB configuration. Thus, the F'F

structure is better for direction of arrival (DOA) estimation.

3. The BB configuration exhibits difficulties in the presence of noise when applied at

baseband.

In comparison to narrowband separators, we conclude the following:

1. The F/B configuration can only be implemented in the narrowband case.

!O

Unlike the narrowband, when the B/B separator is used in the broadband case. decor-

relation cannot be replaced by minimization of the output powers.

3. If the signals are only known to be uncorrelated and have the same spectrum, then. as
in the narrowband case, a discriminator is needed to achieve separation. If. however.

their spectrum ‘s known to be different, then such a discriminator is unnecessary.

In Appendix F of this report we present a noval approach for rejecting a broadband
interference from unknown direction when received by an array of two sensors. Two config-
urations of such an approach are presented. Both perform perfect interference cancellation
when the input signal-to-noise ratio (SNR) is large enough, and do it much faster than LMS
canceler. However, additive noise causes performance degradation to both. It is shown that
no general claim can be made about the superiority of one configuration with respect to
the other. The output signal to interference-plus-noise ratio (SNIR) depends on the spatial
separation between the interference and the desired signal, as well as on the interference-to-
noise ratio (INR), in a different manner for both configurations. This appendix also contain

guidelines for the choice of one or the other configuration in different scenario.
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2.3 Bootstrapped Algorithms — Multi-Input, Multi-Output
Separators

In many applications such as in neural networks and signal separation in multi channel

CDMA, there is a need for multi-input,multi-output separators. Extension of the two-

input/two-output separators was suggested and its performance was examined in [1 of Ap-

pendices E & F]. However, emphasis was put on nondispersive channel. In Appendix G of

this report, we studied the performance of the backward/forward structure when it separates

multi-signal composites in a multi-channel dispersive environment.

2.4 Bootstrapped Algorithm — Other Applications

Beside the application of the bootstrapped algorithm to cross-pol cancellation which was
considered in [1] and in this report, initial work was performed in this phase of research in
two important applications, blind equalization and spread-spectrum multi-signals separation.
The first is important particularly in time division multiple access (TDMA) and the other
in code division multiple access (CDMA) communications.

Decision feedback is generally preferred to other equalization methods. as it can com-
pensate amplitude distortion with minimal noise enhancement. This structure is therefore
used in our research. Decorrelation of the equalizer output is taken as performance criterion.
As such this is a noval way of equalization which demonstrate many advantages (see Figure
(8))-

In Appendix H, we show that this blind equalizer converges to correct equilibrium despite
error propagation. [t is also shown, using simulation, that the algorithm converges to the
right equilibrium regardless of the initial condition, and, hence it is globally convergent.

In Appendix I of this report we included the results of research within adaptive scheme
which separates two CDMA signals (see Figure (9)). Although it does not show bootstrap-

ping phenomenon. it is rather different from the other canceler schemes in that it contains

14




decisions in the cancellation path. This study would be used in the future as a reference for

comparison with the bootstrapped scheme for CDMA signal separators.

III. CONCLUSIONS AND RECOMMENDATIONS

In the period of this report we continue to analyze and evaluate performance of the boot-
strapped algorithms. As in the previous year’s work, reported in [1]. we considered the
three different structures, the B/B, the F/F and the B/F. It was then concluded tnat the
algorithms result in signal separations. Also noted that unlike other algorithms. the speed
of convergence does not depend on the signals’ power ratios and hence does not depend on
the eigenvalue spread of the input correlation matrix. Furthermore. the algorithms do not
require supervisory reference and, hence, deserve to be named blind signal separator.

In this research, we first considered the question of bandwidth each of the three structures
can tolerate. It was found that both the F/F and the B/F can be made reasonably wideband
if it is used at microwave or higher band. The B/B is quite limited in bandwidth. The
former structure require correlator in its implementation while the later require only power
measurement. hence, we concluded on complexity - bandwidth trade-off.

The question of stability was also addressed. Linearization around the steady state point
led us to conclude that values of optimal weights which result in signal separation are stable
points.

Two schemes of real-time control of the weights were proposed. one uses orthogonal
perturbation sequences and the other weight dithering with PN sequences. Both showed
satisfactory results in that the weights converge in-the-mean to their optimal values.

Using delay control for wideband application. we show that the algorithms could perform
simultaneous spatial separation of wideband signal while estimating their direction of arrival.
It was also shown that delay controlled bootstrapped structure can successfully be used to

cancel wideband interferences.




In the extension to multi-input/multi-output, we show that the algorithms can be used
also to handle dispersive environment.

Finally we note that the previous research dealt mainly with dual channel cross-pol in-
terference. This report contains some results related to the problem of blind equalization of
digital data. It also contains an adaptive canceler for CDMA, which would become basis for

comparison in future research when the bootstrapped algorithm is used.

The work carried out led us to make number of recommendations for further
study.
a. Adaptive Algorithms - Impletementation

We suggest further study of the theoretical and practical aspect of implementing the

bootstrapped algorithms. In particular,

o Suggest specific control strategies to adjust the weights/time delays of the bootstrapped

algorithm for the two-input/two-output configuration.

e Study convergence properties of the algorithm for the multi-input/multi-output case.
Specifically, we will determine the feasibility of using dithering of the weights to improve

convergence and enable time-multiplexing of control hardware.

e Continue to investigate the link between eigenvalue spread and performance of the

bootstrapped algorithms.

b. Application to Signal Separation in Satellite Communication

e Further examine the possibility of cross-pol cancellation in satellite communication
channels. Extend the current results obtained with M-ary QAM dual polarized signal
to other possible modulation schemes.

e Develop the algorithm for handling signals such as frequency hoppers.
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e Examine the effect of multipath of signal separation performance.

¢ Improve the quality of separation of code division multiplexed signals.

c¢. Adaptive Blind Equalizer
Bootstrapped algorithms in particular the minimum correlation schemes, are good can-

didates for blind equalizer, therefore, we propose

o Investigate the application of the bootstrapped algorithms to the blind decision feed-

back equalizer.

e Study the performance of such a scheme and compare it with the performance of the

blind feed forward equalizer and the regular (non-blind) decision feedback equalizer.
e Examine convergence property of the algorithms.
e Examine ill convergence of the algorithm, and the conditions for false lock.

d. Application of Neural Networks

The bootstrapped algorithms can be applied as a new leaning paradigm and topological
structure for designing a new class of neural networks. This new class of neural networks has
the potential to revolutionize and improve various existing applications in the field of neural
networks. Fast convergence, the self-organizing property. and reference signals which are no

longer required, are among the major advantages that should be verified and investigated.

In particular, we propose

e Map the bootstrapped algorithm onto a neural network framework. The resulting
network, which belong to the class of recurrent self-organizing neural networks. will be

referred to as the generalized.
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e Demonstrate supremacy of the bootstrapped network in terms of performance, conver-
gence and stability of the network will not only be demonstrated through simulations

but we will attempt to prove it analytically as well.

e Explore potential applications including channel equalization, separation of superim-

posed signals, pattern recognition and prediction.

e. Demonstration Modules for Signal Processing Workstation [t is important to
try and build software modules for each of the applications suggested. It is proposed to use

COMDISCO Signal Processing Workstatién (SPW) version 3.0, for these modules.
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Figure 6 The model of the spatial signal mixture.
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Figure 7 The different structures of the delay control separators - (2) the basic BB structure.
(b) the modified BB structure, (c) the basic FF structure, (d) the modified FF structure.
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APPENDIX A
BOOTSTRAPPED ADAPTIVE SEPARATION OF TWO
SUPERIMPOSED SIGNALS -
BANDWIDTH COMPLEXITY TRADE-OFF

by
Yeheskel Bar-Ness

I. INTRODUCTION

Three different bootstrapped systems were introduced in [1] for the purpose of cross-
polarization (cross-pol) interference cancelation and signal separation. They differ by the
criterion used to determine the performance index for realizing the optimum weight, gain and
phase for each canceler module (e.g., minimization of each of the interfering signal powers
at the output separately or the correlation between the two different outputs). The three
systems: power-power, correlation-power and correlation-correlation cancelers are shown in
Figures 1-3. A detailed steady state analysis of these separators is included in [2]. It was
shown in (2] that each of these cancelation arrangements results in a power separation (a
highly desired signal-to-interfering signal ratio at both output ports).

Since there is no need for a supervisory reference signal in the form of a training sequence.
decision feedback, etc., these separators are in the category of blind separators. Comparing
the steady state performance for the three systems showed that the symmetric power-power
and correlation-correlation systems have identical output signals and signal-to-interference
ratios, while the asymmetric power-correlation system has slightly different output signals
and signal-to-interference ratios at one of its output ports. Nevertheless, they are all equiva-
lent in that the desired signal separation is ideal provided certain conditions or assumptions
are valid; specifically, when the effects of added noise, quantization error, and nonzero circuit

delay are assumed to be negligible.




Since the introduction of the bootstrapped idea for signal separation (power-power) in
(3], the three different bootstrapped scheme has been proposed and implemented for dif-
ferent applications. In particular, the power-correlation scheme was used in dual channel
downlink cross-pol canceler operating over the COMSTAR satellite system [1]. Later, the
same scheme was included in the design of the cross-pol canceler for dual-channel terrestrial
digital microwave radio communication [4]. The power-power scheme, on the other hand.
was proposed for tactical communications application in [5]. Other references related to
the performance of the bootstrapped signal separator (interference cancelation) including
extension to the multi-signals case are contained in [6]-[9)].

Independently during the mid-eighties, a group of European researchers addressed the
separation problem, in particular, for neural networks applications (see [10] for reference to
these works). Recently, a third group of signal processing researchers applied a similar idea
to speech signal separation [11].

Examination of Figures 1-3 illustrate that the three configurations require different levels
of hardware complexity. The correlation-correlation scheme is expected to be the most
complex since it requires correlators with zero offset, while the power-power scheme is the
“least complex. Also the three canceler systems have different signals’ paths through the
individual circuits and thus, when they are applied for separa.ti-on of dually polarized signals.
directly at microwave frequencies [1] or high L.F. frequencies as in dual polarized microwave
terrestrial links [4], different system delays are expected.

The purpose of this paper is to examine the effect of these delay differences on the
performance of each of the different cross-pol separator configurations. In particular. any
bandwidth limitation due to these different delays is analyzed and discussed.

In the next three sections of this paper, we consider, respectively, the power-power, the
power-correlator and correlator-correlator schemes. In each section we study the effect of

these delays on output powers. Power ratios are considered next. In particular, the lower
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bound on system bandwidth is estimated and used to calculate the bounds on input-output
improvement in signal-to-interference ratios. Assuming uniform input signal spectra, the
actual system bandwidth and the improvement signal-to-noise ratios are calculated. Finally.
in section V the results are summarized and compared. Numerical examples are depicted
to show the suitability of the different schemes to different applications. It is important to
emphasis that in our analysis we will use the assumption that delays are quite small relative

to the signals’ correlation times.

II. THE POWER-POWER SCHEME

Figure 1 depicts the separator structure termed power-power. That is. the corresponding
separator weights are chosen to minimize the powers at the two outputs respectively. In this
section, we will examine the effect of system delays on the optimal weights. on the outputs’

power and ratios and finally conclude with the level of bandwidth limitation as a result of

these delays.

2.1 Effect of System Delays on the Optimal weights

Directly from Figure 1, we can write

vp(t) = s(t—mn)+bn(t—n)+des(t -1 — 1)+ In(t =2, — 1)

+aBv,(t — 2 — 273) (1)

where we used, v1(t) = s(t) + bn(t),v2(t) = cs(t) + n(t) as the two inputs (in complex
notation), b and c are complex valued with |b|? and |c{? as the input interference coupling
ratios. 7y and 7, represent the path delays as they are depicted in Figure 1. o and J3 are
the complex weights controlled by the two processors. The signal s(t) and n(t) are assumed

to be zero-mean uncorrelated stationary complex processes. In cross-pol signals separation
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applications | b | and | ¢ | are much smaller than one. Using (1) we can easily find

lvp(t) — aBuy(t — 21 = 27,)]2 = (1+ |aBI?)P — 2Real[af|R,, (271 + 272)
= (1+1B¢l*)IsP + 2Real(Be]Ry(ry + 72)

(181 + |81")[nf? + 2Real[Bb"|Ra(ry + 72)  (2)

where the overbar stands for the expected value and R, (7), R,(7) andR.(7) are the auto-
correlation {unction of the output stochastic processes v.(t), the signal s(t) and the signal
n(t), respectively and P = | v,(t) |2.

Equation (2) can be rearranged to become,

|1 —aB|*P + 2Real[aB|(P - R,, (211 - 272))
= |1+ Bef*[sP? - 2Real[Be|([sT* — Ry(n + 2))

+ 18+ b*In|* ~ 2Real[8b7|([n|2 — Ra(m1 + 72)). (3)

Notice that when r, = 7, = 0 (ideal case) then

_ L+ Bels] + |8 + b*[nP?

P
11— apf?

(4)

The same equation was obtained in [2]. There, we showed that optimal weight, 3 = —b
and perfect cancelation of the n signal results. However, for 7, and 7, # 0. if we assume
la] << 1 and |B| << 1! then the second term on the left hand side of (3) can be neglected.
For the same reason the second term on the right hand side might be neglected, particularly
if 1 4+ 7, is sufficiently small, leaving

i+ 3c|2l—sF + 18 + b*|nJ? - 2Real(8b)(An(T1 + T2))

P TR ()

where

An(7) = |n]? = Rn(7) (6)

1Such assumption on | a | and | 3 | is reasonable in cross-pol applications where in | 4 | and | ¢ |<< 1 and
when the weights are close to their optimal weight
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and the asterisk denotes complex conjugate.
To find the optimal value of the weight 3 we equate to zero the derivative ? of the output

power after processing by the discriminator; P;, with respect to 3:

AP, 2(1 — aB)[(1 + Bc)(a+ c)*6afsl + (b + B)"(1 + aB)bn[n? — (b+ @38 )éni(An(7y + 72))]
a8 |1 —agl4

(V)
where 0,; and 6., depict the effect of the discrimination network at output P and the
derivative of a real function P with respect to a complex variable 3 is defined by dP/d3 =
OP[3Br + jOP[3B;. Br and P are the real and imaginary part of 3 and j = /—1.

From 9P, /38 = 0 we get after certain manipulation

__(e+0)"8a]sl? + b(1 + ab)*8n|nl2 = bbui ([ — Rl + 72))
c(a+c)*bas]? + (1 + ab)*bn|n|2 = a*b*6n1(|n[? — Ra(m1 + 1))

,Bop

_ (a+c¢) qslrsz_'*‘ banl(R:l_(Tl +13) + a*b*6,[n[?)
c(a + ¢)*0yls|? + 6,.1|.r_1-|-i + a*0*bn1 Rn(my + 12)

(8)

Notice that in contrast to the ideal case we cannot easily conclude that perfect cancelation
of the n signal take place.

Using similar steps we obtain, for the output at the other port,

11+ ab*In + |c + of*[s]? - 2Realac)(A(T1 + 72))

= 2 ad
Q lvql “. _03'2 \9)
where
A7) = s = Ry(7) (10)
When 1 = 7, = 0 (ideal case) then
1 + Bc|fnf? 252
o = L+ BePRE + e + o' -

|1 — aB|?

*In obtaining the complex derivative of a real function A = |d +e8|? with respect to the complex variable
6 we used the simple general rule dA/d6 = 2¢*(d + ¢6)
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From equating to zero the derivative of the output power after processing by the second
discriminator, @, we have

. = (b+ B)"6nz[nl® + (1 + c8)"6s]s = cbya([sP® — R(T1+T2))
op = ==

b(b+/3) bnz|n]? + (1 + cB8)*6,a|s]? — c*3°653(]s|? — Ry(1 + 72))

_(b+8) ba2[nf? + cbia(Ru(m + 72) + c*B"8,2]8[7)
(b+ /3)'6,,_2'"-'2 + 6s2|3|2 + C.B. 32R (Tl + 7'2)

(12)

where 6., and §é,; show the effect of the discriminator at output Q.

We notice in (8) and (12) that a,, and 3., depends on 7, +7,. To examine this dependency.

we define
Bog; = G +e (13)
Qp = Qo+ 6 (14)
where 3, and «, are the corresponding optimal weight when r, = r, = 0. It is easily
noticeable from (8) and (12) that 8, = —b and a, = —c¢. In which case a perfect cancelation

of the interferences at both ports is obtained. Also, it was demonstrated in [2] that these
values will be attainable by the system if a search algorithm is used. and appropriate signals
discrimination networks are implemented.

Using (13) and (14) will result in a set of nonlinear equation in €; and ¢;, which become
linear if we neglect certain second order terms. Using the smallness condition on ¢ and b.
and the fact that r; + 7, are quite small relative to signals’ correlation times (but not zero).

we finally find in Appendix A-1 the approximate solution for these linear equations. namely

e = BLFb) b =1+ be)bu(Nelm + 72)/Mn(rs + 72)) (1)
(1 = cb)*(p/8s2)In*/ An(m1 + 2)

(1 + bc)"s2 — b°(1 + be)bn2(An(T1 + T2)/ s (11 4+ 72)
(1 ‘Cb)'(P/&u)‘ 2/ (1 + 72)

where
p= 63267:1 - 6316112 (17)
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It is obviously assumed that p # 0. Notice *hat in ine case where 7, = 73 = 0. Aj(T1+72) =
An(T1+72) = 0 and hence ¢; = 0 and ¢; = 0 is the unique solution for the linearized equation

in €, and ;. This solution corresponds to the perfect cancelation case.

2.2 Effect of System Delays on Outputs’ Powers and Ratios

Thus far we have considered the effect of the system delays on the optimal weights. To
find the effect of this delay on the power outputs and the outputs power ratio and therefore
on the depth of cancelation, we first notice from (3) together with (13) that the power of
the s-signal,

11 — b2l + cer/(1 — eb)|*s]?

P, =
|1 — adl?

Using (15) and the fact that | ¢ |[<< 1 and | b|<< 1 one can show that ce; /(1 — cb) can be

neglected leaving

1= bef2 —
P, ~ %‘TJI‘Z‘ISP (18)

From (3) the power of the n-signal is given by,
P, = |3 +b/*[n® — 2Real[3b"|An(m1 + T2)
= |8+ 6l + 205 An(m1 + 72) (19)

In the last step we applied the results established in Appendix (A-2) namely: Real[3b"] ~

~]bj%. Using 3 + b = ¢, and (13) for ¢; into the corresponding terms of (5) we end up with

1 [b(1+bc)'5n1—c‘(1+bc)6,1(,\,/,\n)2— b2 — .
T=adF| (- beralialnfhe | R

Also, in the interest of brevity and when it is clearly understood we sometimes drop the

P, ~

dependence of the A’s on the delay 71 + ;. Notice that the first term of (20) depends inversely
on ([n[2/Aa)? while the second one depends inversely on (In]?/An). From the discussion in
Appendix (A-3), we conclude that for almost all values of [r[2/),. (20) is dominated by the

second term of its left hand side.




The s-signal to n-signal power ratio is obtained form (18) and (20) with the aforemen-

tioned conclusion,
|1 = belPInfP/An(ny + 72) g =g

= 2 21
PJ/Pﬂ - 2‘bl2 ISI / | ( )

But |1 — bc|? ~ 1 and if [s[?/[n]? ~ 1 then
(Py/Pa)ap = (Inf/An(m1 + 72))aB — 348 — |bl35 (22)

That is, the input-output improvement in the s-signal to the n-signal is upper-bounded by
10log [(1/2)[nf?/Aa(my + 72)]-

Because of symmetry we conclude easily, by using (8) for the Q port, that

1= b’ =

Qn = TP

——n (23)

Q ~ 1 c(1+bc) 6:2—b.(1+bc) n2( n/’\
TT 1 -aBf? (1 = cb)"(p/8n1)Isl?/ A,

Using the same previous argument, we end up with

—~ bel?]s|? S
Qu/Q = P 2T (T (25)

Also since |1 — bc|? ~ 1 and if |n|?/|s|? ~ 1 then

(Qn/Q4)as = (Is]2/As(m1 + 72))ap — 3aB — |c|25 (26)

That is an input-output improvement of 10log(1/2)[s[2/A,(m + 7;) in the n-signal to the
s-signal power ratio. Clearly when 7, = 7 = 0 (no delay) we have an infinitely large im-

provement which corresponds to the ideal perfect cancelation.

2.3 Bandwidth Limitation
Most of signals communicated via dual polarization are of very wideband nature. There-

fore it is very important for these applications to estimate the separator bandwidth. To
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obtain the system bandwidth limitation, we first notice using Taylor series expansion that.

for example:

Ai(ri+72) = [n = Ra(0) — (1 + 72) Ra (0) = (1/2)(r1 + 72)? Ra (0) =+ [

[
=1

where the dots stand for the derivatives with respect to r, + ;. The autocorrelation function

is an even function so that R, (0) equal zero. Also R,(0) = |n|2, and (27) reduces to
A11(7'1 + T2) = ~(1/2)(7'1 + 7'2)2 Rn (0) (28)
Using the Wiener-Khintchin: eiation [11] we get

An(mi+ 1) = —(1/2)(11 + ) /—:o %[Sn(f)ejzﬂfr] df

T,

2 Wa
= B2l ™ (o s, (f1af (29)

-Wn

where S,(f) represents the two-sided spectral density of the n signal process and ¥, is the
bandwidth (without loss of generality the signals are assumed at baseband). Using (29),

An(m + T2) can be upper-bounded as follows:

A(n+n) < (T1+T2 (27 W) /

(T1 +T2 2T
= — )% |n2. (30}

On the other hand, if the signal spectral density is approximately uniform in (~W,, I¥})

then, S.(f) = [n[?/2W,. Substituting this value of S,(f) in (29), we obtain

n4+1)? nff [Wa
Ml = LEBLRE [ o g

T + 13)? —_—
= (_‘6—2)-(27rw,,)2|n|2. (31)

Substituting (30) in (21) we get

11 — bef? 1 -

P,/P, >
[Pr2 |5]2 [27rW,,(T1 + 73)
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and for the uniform spectral density signals we obtain

3|1 - bef? 1 S —

) ~ 2
(P Po)o = =gy ST /T (33)

Clearly in order to minimize the effect of the systems’ delays on the performance, we

must require 7, + T << ;
€q 1 2 W,

Similar argument leads, for the other output, to

- bel? —_—
Q1@ 2 T e (P (34)

for a signal s(t) having any form of spectral density limited to a bandwidth W,. If s(t) has

approximately uniform spectral density then

3L —bef? 1 S —
(@u/@u) = T T, (35)

Equations (32) and (34) might be written as

a PJP, 11 — bef? .
= _——> 36
ke [s2/16]2[n[Z = (22Wa(n1 + 7))? (36)

_Qu/Q, b
[n?/]cl?]s2 = (2rW, (11 + 72))?

e
\%

Ya

where <, and v, represent the input-output improvement in signal-to-interference ratio at P

port and @ port respectively. For signals having uniform spectral density we have

) 3|1 — bef? 5
e [2eW,(1 + 7))
3|1 — bej?
Yeu 1L = b (39)

2rW,(m + 2)]?

As an example, let |1 — bc| ~ 1, W, ~ W, = 100Mhz. Then, for an improvement of
at least 20dB (corresponding to the 40dB signal-to-interference ratio at the output when

|6] ~ |¢| = 0.1), 7, + 72 must be less than 0.16 nanosecond.
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When the signals’ spectral densities are approximately uniform, then , + 72 must be less
than 0.27 nanosecond. These values of delay are obviously difficult to accomplish. On the
other hand, if 7, + ™ =~ 12 nanoseconds (values which are practically reasonable) then W,
would have to be less than 1.3 MHz or about 2.25 MHz if the signals’ spectral densities are

known to be approximately uniform.
III. THE POWER-CORRELATION SCHEME

Figure 2 depicts the separator structure termed power-correlation. That is, the corre-
sponding separator weights are chosen to minimize the power at one output and the corre-
lation between the two outputs. This section will follow the same steps performed for the

power-power scheme in the previous section.

3.1 Effect of System Delays on the Optimal Weights

From Figure 2 we can write

vp(t) = s(t—mn)+bn(t—n)+des(t—r2—1/2) + 3In(t =7, — 1 /2)

+ads(t — 2r;) + adbn(t — 21,). (40)

Using the definition of P we obtain after rearranging terms.

P =Tw,(t)? =1+ 3(a+c)[sF — 2Real[3c|(s]? - Ry(m1/2 - 72)) (41)
~2Real[aB)(Js2 = Ry(m1 = 27;)) = 2|8|* Real[ca”)([sE = Ry(71/2 — 7))
+1b+ B(1 + ab)*[n[? — 2Real[36™)([n]Z ~ Ra(11/2 = 7))
—2{bl* Real[aB)(In? = Ra(7, - 272)) = 2|31 Reallad)([nl? — Ra(r1/2 - 72)).

For m = r, = 0 (ideal case) we get

P =11+ 3(a+c)*s]?+ b+ 3(1 + ab)P*|n[? (42)
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in agreement with the result of [2]. However, if we assume that |b| and |c| are much smaller
than unity, as is the case for signal mixtures obtained from depolarization of dually polarized
signals, and |a| and |3| are constrained to a value which is very small compared to unity, the
second, third, and fourth terms of the left hand side of (41) can be neglected in comparison

to the first term, particularly if 7, — 27; is sufficiently small, leaving

11+ B(a+¢)’[s]? + 16+ B(1 + ab)'n[® — 2Real(8b°)([nf? — Ra(71/2 = 72))

— 2|b|*Real[aB)(|n|® = Ra(ry — 272)) — 2|B]*Real[ab](|n]? = Ra(T/2 — 12)). (43)

To find the optimal value of the weight § we equate to zero the derivative of the power

of this output after processing by the discriminator; P,, with respect to 3

P —

3/-31 =(a+c)6als?  +8|a+c|?balsP? + Bl + ab?6n[n]? + b(1 + ab) 6, [n|2
~2b6n1([n]2 = Ra(m1/2 = 7)) = 2|06 (|n|? = Ra(m — 273))
—4BReal[ab)bn(|n|* = Ra(m1/2 — 12)) (14)

where 6,1 and 4. are the effects of the discriminator on signal s and signal n. respectively.

From 9P;/38 = 0 we obtain

_b(l + ab)'&nlw Q +c sl|3|2 - 966 ( 71/2 - T ) - 9|b|2a-6n1(/\n(T1 - 27'2))

Bop =
P 11 + ab|26x |n]? + |a + c|28,4]s[? — 4Real[ablbn (Mn(T1/2 = 7))
_ B+ ab)" 6w + (@ + "8 SF = 26(1 + 206)*8 (hn(1/2 = 72) N
11 + ab|2bn1|n|? + |a + c[26.]s[? — 4Real[ab)bni(An(11/2 — 7)) 33)
where we approximated [n[?2 — R,(m — 271;) by (‘-I_— R.(n/2 - 7).
For the @ port we notice that
v(t)=as(t —m -7 /2)+abn(t — 1, — 1 /2) + cs(t ~ 7)) + n(t — ) (46)
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and
Q=) = la+clls[? —2Reallac’|As(11/2 — 72)
+{1 + ab|*[n|? — 2Real[ab]Aa(T1/2 — T2). (47)
When r, = r, = 0 (ideal case) then
Q = la + cl*[s[? + |1 + ab*[n]? (48)

is in agreement with the results in [2]. However, under the regular smallness condition
assumed previously, we can neglect the last term in (47), particularly if 7 /2—; is sufficiently
small, leaving
Q = |a + ¢*[s]? = 2Realfac’|\ (/2 = 72) + |1 + abf*[n]? (49)
Also, from Figure 2
Q2 = [ou (O3 (0)| = |4 (50)
vq, contains the effect of the discriminator at output 2.
Where using (40) and (46) we find in Appendix A-4, (P-12):
A = (a+c)6afsP — abar(n/2 = m2) + 3%|a + cf*6.2R, (11 /2 = 1)
+2j8" Inlac™)8:22s(11/2 = 72) + B7|1 + ab[*6n2 Rn(71/2 — 72)
+2j 8" In[ab]da2An(T1/2 = 72) + b°(1 + ab)bnz]n]?
—a|b|28p2An (11 /2 = T2). (31)
Close to the optimal solution, @ = —c. it is plausible to assume that Real[d|a + c|*] <<
Real[(a + ¢)] and Imag{Bla + c|*] << Imag[(a + c)]. Therefore we can neglect the third
term of (51) in comparison to the first. Also since 71/2 — 1, is assumed to be very small.
then one can neglect the last term of (51) in comparison to its preceding term. leaving
A = (a+¢)ys]? — abor(11/2 = 1) + 258" Imbsfac’|As(11/2 = 72)
+8%|1 + ab|?*8naRa(11/2 = 12) + 23" Im[ab]bn2An(m1 — 272)

+57(1 + ab)baain]?. (52)
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Equating A = 0 gives us the optimal value a,,’

ap- = c—(1+ab)(b+ B(1 + ab)) énzln|*/éss|

=2jB" In[ac’)n2As(11/2 = T2)/b52)5]

—27 8" Im[ablbnzAn(T1 /2 = 72)/8s2]s)? (53)

where we used [n|? 2 R,(n1/2 — ;) and 812 ~ Ry(11/2 = 72).
We notice from (45) and (53) that (3,, and a,, depend on 7/2 — 7;. To examine this

dependency, we define,

Bo + & -
o = 34
Bor 1 +ab (54)
Qop = Qg+ € (33)

where 3y and ag are the corresponding optimal weights when 7, /2 — 7, = 0. It can be shown.
using (45) and (53) that in this case o = —b/(1+ab) and ap = —c. and a perfect cancelation
of interferences is obtained.

As in the case of the power-power canceler, by using (54) and (35) we get a set of
nonlinear equations which can be linearized by neglecting the second order terms in €; and
€2- In Appendix (A-3), we present the arguments and the analytic steps used to derive this
linear set of equations. The solution of this linearized set is further simplified by using the
regular smallness condition on |b| and |c| to obtain (see (P-20) and (P-21))

26(1 - bc)‘6,2 - 2j1m[Cb]631(5n2/5n1 ))
(1 =be)*(p/6n1)Inf2/An(T1/2 = 72)

€1

3 27 I [cb}ény + 267(1 — bc)bny
(1- bc).(l’/‘sﬂ)is—‘z//\n(rl/? - 72)

where 6,; and é,;,¢ = 1,2 represent the effect of the discriminator networks (p is assumed

€ =

non-zero). Notice that if 71/2 = 1, Ap(7/2 = 1) = 0, then ¢, = 0 and ¢ = 0 is the unique

3In fact there might be other conditions other than A = 0 which lead to minimizing Q2 of (50). However
if the delay are sufficiently small then applying the arguments in [2] we showed that if certain smallness
conditions apply then, A = 0 is the only condition that implies minimum Q,.
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solution. This corresponds to the ideal, perfect cancelation case.

3.2 Effect of System Delays on Outputs’ Powers and Ratios
To find the effect of the system delay on the power outputs and the outputs ratio and
hence on the depth of cancelation, we first notice using (43) together with (54) and (35),

that
1 = bc + €€, 2
1 — be + be;

P, = ’ T (58)

and

Pu = |b+3(1+ ab)*[nf? - 2Real(867](In[? = Ra(71/2 = 7))

=2|8]2Real[aB)(|n]? = Ra(n ~ 272)) — 2|8 Real[ab](in|* — Ral71/2 — 12)).
Applying (P-22) of Appendix (A-6) we get

Po = |b+58(1+ ab)l*Inf? + 2|B[*(Inf® - Ra(n1/2 — 7))

—2Real[8%6](|n]? — Ra(11/2 - 7)) — 2|6 Real[ad](|n|* = Ra(m = 273)). (59)

It is clear that because |3| = |b| then |b|*Real[af] < |bl|a||3|?. Therefore if |e;] << | 3| then
Real[3%¢;] << |B|? the third and fourth terms of (59) might be neglected in comparison to

the second term leaving
P, =[b+ 3(1 + ab)*[nf? + 218 Aa(n1/2 = 7). (60)

Using b + 3(1 + ab) = ¢, and (56) we end up with

(1 — be)*bs2 = 25 In[ch](6n2/6mi) P — 20617 —
Pn = ( ) ; 7 _L_zl( '2/ l) |n|2 + _ nP (61)
|1 = bel?(p/bn1)In|?/ A, [nf2/\;,

where we defined

A= An(1/2 = 1) = [n]2 = Ra(11/2 — 1)

and used |3]% ~ |b|2.
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In the interest of brevity we sometimes do as we did in (61), drop the dependence of the
An(n/2 — 1) and A,(71/2 — 73) on the delay 7;/2 — r,. However, to distinguish these \'s
from the previously defined ones, we use primes. Notice that the first term of (61) depends
inversely on [In_li/ /\:,]2 while the second depends inversely on In?/ A.. But X/, depends on
71/2 — 7; so that [n[?/)\, can easily be made very large. From the discussion in Appendix
(A-T) we conclude that for [n]?/ A!, moderately greater than unity (> 1.41), (61) is dominated
by the second term.

Therefore s-signal to the n-signal power ratio is given by

R/ dn(11/2 = 72) o s
P/ Pn = = (IsP/InP) (62)
When [s[?/[n]? 2 1, then
(Py/Pa)ag = ([n2/Aa(71/2 = 72))aB = 348 — |bl35. (63)

That is, the input-output improvement in s-signal to the n-signal is upperbounded by
1010g(1/2)[nF/An(m1/2 = 7).

For the other port we have from (49) together with (35)

Qn |1 - bel'[n? (64)
and
Q. = |a+cf’|s? — 2Real[ac’|\y(11/2 = 72)
= la+cf’sP +2lc*As(n/2 - 12) (65)
where we used Real[ac®] = —|c|*+ Real[c"¢;] ~ —|c|? (see similar argument used in obtaining

(19) in Appendix (A-2). But by (55), a + ¢ = ¢; and together with (57) we write

—_ 2j1m[Cb]6nl + 2b.(1 - bc)énl 2— 2|CI2 Ta12
(1 = be)(p/6n2)[s]2/ N,

Qs (66)
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where we defined

X, £ 0, (11/2 = 1) = = R(mi/2 = 7). (67)

From the discussion in Appendix (A-8) we conclude that for almost all |—s-|_2-/ X, (66) is

dominated by its second term. Therefore the n-signal to the s-signal power ratio is given by

Ts[? A, 1 2 - ) ™5 T8
L e = 1 o ). (68)

Qn/Qs =

When [n|?/|s|? ~ 1, then
(@n/Qs)as = (Is*/Xs(11/2 = 72))aB — 3aB — |¢lip- (69)

That is, the input-output improvement in the n-signal to the s-signal is upperbounded by

10log(1/2)[s[2/As(11/2 = 72).

3.3 Bandwidth Limitation

By comparing (22) and (26) to (63) and (69) we conclude that despite the difference in
hardware implementation between the power-power and power-correlation scheme. a similar
relation governs the effect of the delays on the output power ratio. Nevertheless. while the
first scheme depends on A(my + 7;) the second depend on A(7;/2 — 7). Similar calculations

which lead to (32) and (34) gives, for this case,

1 1 —— -
PS/PH 2 W[‘ZTWR(T[/‘Z‘-TQ)]g(lS‘ /lnlz) (‘O)

1 1 — e _
/R 2 Tl /sl (71)

where W, and W, are defined as before. Equation (70) and (71) represent a lower bound

on the performance for any kind of signals’ spectra. For the uniform signals’ spectra we get

(see (33) and (35)),

3 1 —_— -
(B Pa)e = alogr ey sP /) (72)
3 1 —_——— -
(@n/Quu = ol sl P/ sP). (73)
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As an example, let W, = W, = 100MH:. Then for an improvement of at least 20dB.
71/2 — 72 must be less than 0.16 nanoseconds. In practice, we can take r, >~ r; = 6 nanosec-
ond. If we can adjust the difference to 5% of each delay (0.03 nanosecond) then we can
obtain at least a 20dB improvement for as much as a 500MHz bandwidth. or better than a

34dB improvement (corresponding to a 54 dB signal to interface ratio at the output when

|6} ~ |c} = 0.1) a for LOOMHz bandwidth.

IV. THE CORRELATION-CORRELATION SCHEME

Figure 3 presents the separator structure termed correlation-correlation. That is. one
separator weight is selected to minimize the correlation between one output after it is pro-
cessed through a discriminator network and the other output and vice versa for controlling

the other weight. In this section we will follow the same steps used for the other structures.
4.1 Effect of System Delays on the Optimal Weights
From Figure 3, we can write,
Up(t) = s(t =)+ bn(t — 1) + 3es(t = — 1/2) + 3n(t = 2 — 7y)2). (74)
Therefore,

P=ut)? = |b+ 31" n]? - 2Real[36"|\a(71/2 — 7)

+ |1+ 3cl*ls]? = 2Real[3c|\(T1/2 = 72) (73)
where A,(7) = [3]2 = R,(7) and A (7) = [n[? = Ra(7).
When n = 7, = 0 (ideal case) then
P = b+ 3*nf? + |1 + Ie|*[s[? (76)

46




in agreement with the results in [2].

Also from Figure 3, we have

v(t) =n(t—n)+es(t—7)+abn(t =7, — n/2) +as(t = — 7y /2) (77)
so that
= |y ()] = lc+ a|*[s]? + 2Real[ac’|A (11 /2 — 72)
+ |1 + ab?|n]? = 2Real[ab]An(T1/2 ~ T2). (78)

The control loops operate on the correlators’ outputs P, and Q2 respectively,

as shown in Figure 3,

P =Toa(Ovr (O 2 |42 (79)
where one can easily show that
Al = (c+a) (1 +cB)ulsE ~ (" + 3lc)As(T1/2 = m2)6n1
+(b+ 3)(1 + ab)s, |‘T (3 + a6 Aa(11/2 = 72)6n1 (R0)

with dn1 = nyn~/|n|? and 6, = sls‘/W. n, and s; reflect the effect of the discriminator
on output 1.
Similarly

Q2 = Jvga(t)v3(t)]? = |4, (31)
with
A2 = (b+8)"(1 + ab)bnz[n]? — (3" + alb)Aa(1/2 = 72)b02

+(c+ a)(1 + ¢8)"8,2[s]2 — (a + 3"|c|)A(11/2 = 72)ds2 (82)

and §,; = $257/]|s|? and 6,2 = nyn~/|n|?. n, and s, reflect the effect of the discriminator on

output 2.
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To find 3., we must equate P, /38r and P;/dp, simultaneously to zero. Again follow-
ing the same arguments used in [2], and provided the delays are sufficiently small, one can
show that P, /8Br = 0 and 8P,/3B; = 0 if and only if A, = 0. similarly a,p is obtained by

equating A; to zero. From A, = 0 we get

_b(l + ab)'&nlw - a'|b|2A,.(‘r1/2 - Tz)&,u + (C + a).éslm-i - a.As(Tl /2 - T2)6sl

(1 + ab)*6n|n|2 = An(11/2 — 72)6m1 + c(c + @) bs1[s]? = |e|2As (T2 /2 = 72)bs)
(83)

gop =

From A, = 0 we obtain

_ ol +ed)6alsP = BlelAs(11/2 = 1) + (b + 3)*8maln 2 ~ 3" An(11/2 = T2)bn2

o S T T L 4 B) 03l = M(1/2 — 72)bsz + (b + B) 6x2lnl? — [B[2Aa(71/2 = T2)6m2
(84)

To find the effect of delay r,/2 — 7, on the optimal weights we define

Bop = Bota (33)
Qop = Qo+ € (86)
where 3o = —b and a9 = —c are the optimal weights when /2 — 7, = 0.

Again, by using (85) and (86) in (83) and (84) we get two nonlinear equations in ¢, and
¢2. These can be linearized by neglecting second order terms in ¢; and ¢;. The resulted set

of linear equation is then solved (see Appendix A-9) to finally obtain

:b(_l + be)*
(1 = cb)*|n?/An(T1/2 = 72)

€1 (87)

—ﬂ + be)”
(1 = cb)*pls]2/As(m1/2 = 72)

Notice that if 7, = 7, then ¢; and ¢; are zero and we have the ideal perfect cancelation case.

€2 (88)

4.2 Effect of System Delays on Outputs’ Powers and Ratios
To estimate the effect of the system delay on the power outputs and the outputs ratio
we first notice, using (73), that

P, ~ |1 + Bc)?|s]? (39)
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where the last term in (75) was neglected due to the fact that |c| is assumed less than unity.
|3| is restricted to less than unity, and. particularly, for 71/2— 12 small, A(1,/2 - 72) is small

in comparison to [sI?. Using (85) with 8o = —b, (89) becomes

P, 11 = be + ce|?]s?

R

|1 - bef*[sf2. (90)
Also from (75) by using (P-9),

P, b + 31*Tn]? ~ 2Real[36 ) Aa(11/2 — 72)

~  |b+ 31n + 206} (An(11/2 = 72)). (91)

But b + 8 = ¢; and together with (87)

= 2— 9 2
P _ b(1 + be) T+ 2[b|

(1 = be)*|n|?/An(T1/2 = 72) |n|2/An(11/2 = T2)

inf%. (92)

It is easy to notice that if |bc| << 1 then (92) is dominated by its second term. Therefore.

the s-signal to the n-signal ratio is given by

11 = bel![nZ/ An(11/2 = T72) s ez

B,/ Py = r (Is?/Inf?). (93)

Notice that this is exactly (21) obtained for the power-power scheme. except for the depen-
dence of A, on 7,/2 — 7, instead of on 7, + 7. Comparing it with (62) obtained for the
power-correlation, we notice the small difference due to the inclusion of |1 —bc|® ~ | in (93).
Both in (62) and (93). A, depends on 7,/2 — r;. Because of the symmetry we get by using

(78) and implying similar steps and arguments;

Qn = [1=bcf|n? (94)
¢(1 + be)" g 2|cf? —

s 4+ == S 95

Q (1 = bc)*|s|2/As(T1/2 = 73) sl 152/ As(11 /2 = 7'2), | (99)

and
11 = belFsPZ/As(T /2 = T2) — —s

Qn/Qs = 21l
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Equation (96) is exactly the same as (25) obtained for the power-power scheme except for

the dependence of A,. It differs slightly from (68) obtained for the power-correlation sciieme.

3.4 Bandwidth Limitation

Disregarding the small differences between (93) or (96) and (62) or (68) respectively (|1—bc| =~
1), then (70) and (71) are lower bound limits on the output signal-to-interference ratio. In
the case when ‘he signals’ spectra can be a.pproxima:ted by uniform spectra limited to band-
widths, W, and W, for the n-signal and s-signal respectively, then (72) and (73) obtained for
the power-correlation scheme are also in effect for the correlation-correlation case. Therefore

the numerical examples used there are also valid for the correlation-correlation scheme.

V. SUMMARY OF RESULTS AND CONCLUSION

In this section the different results obtained in this paper are summarized. These are as

follows:

1. The optimal weights 3,, and a,, of the three schemes with delays r; and r; are shown

in Table 1A.

o

The corresponding zero delay optimal weights Jo and ag are given in Table 1B.

3. The effect of circuits delays on the optimal weights (Table 2) are represented through

&1 = 3p — Jo and €2 = a,p — ag, except for the power-correlation scheme where

G = (1 + ab)(ﬂop - ,30)

4. The effect of circuits delays on the output power ratios are shown in Table 3.

Ut

Input-output improvement in signal-to interference power ratios are shown in Table 1.

6. Output power ratios as a function of signals’ bandwidths and circuits delay are shown
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in Table 5. For the case when the signals’ spectral densities are assumed uniform. then

the output power ratios are 5dB above the lower bound values shown in Table 5.

The effects of nonzero hardware delays on the performance of the three different cross-pol
cancelers were examined in this paper. Firstly, the effects of these delays on the optimal
weights were considered and the variations from the ideal zero delay case were obtained.
Secondly, the output powers and power ratios at each of the canceler ports were exhibited
as a function of the actual circuit delays. Depending on the different configuration. differ-
ent forms of dependence resulted. In particular, we notice that while in the power-power
scheme the performance depends inversely on 7, + r, where 7 and r; are delays of the
summation and cancelation paths respectively, the performances of the power-correlation
and correlation-correlation schemes depend inversely on /2 — ;. Finally, using the relation
between the signals’ autocorrelation and spectral density we could estimate the lower bound
on the depth of cancelation as a function of both the signals’ bandwidths and system de-
lays and hence establish bandwidth limitation due to system delays. For the case when the
signals’ spectra are approximately uniform and limited to W, and W, respectively for the n
signal and the s signal, we shew the output signal-to-interference ratio as a function of these
bandwidths, the system delays, the input power ratio and the input cross-pol ratios. Using
the power-power scheme. the output signal-to-interference ratio depends inversely on r; + 7.
for the other two schemes it depends inversely on 7,/2 — 7;. Since this delay difference can be
made very small. these cancelers are preferable and yield good cancelation over a much wider
signal bandwidths. The relative delay difference /2 ~ 7, can be held to under 0.3 ns for
values of 7 and 7; 2 6nsec (as one may expect for a typical 14-18 GHz microwave circuitry).
Using these values in the design of a power-correlation or correlation-correlation systems.
one can obtain as much as 20dB input-output improvement in signal-to-interference ratio
(corresponding to 40dB signal-to-interference ratic at the output when input cross-pol ratio

|b| > |c| =~ 0.1 or 20dB) when the signals’ bandwidth are of the order of 500MHz. On the
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other hand, with the same assumption on accuracy of the delay timing we can achieve almost
34dB improvement (54dB output signal-to-interference ratio), if the signal bandwidths are
only 100MHz. Similar examples show that the power-power scheme can handle only a small
bandwidth if 7, = 77 is of the order of 6 nanoseconds. However, the power-power scheme
might be applied with reasonable success in lower frequency low bandwidth application. For
example, if the frequency band is in the 4-6 GHz range then 7, and 7, are of the order of
1 ns, so that 20dB input-output improvement in signal-to-interference can be accomplished
with approximately 8 MHz. If the cancelation is performed in the 70 MHz IF frequency
then the 7 /4 wavelength delay needed for the in-phase-quadrature weighting will restrict the
delay T to greater than 3.5 ns. If we assume 7, = 7, = 5ns the bandwidth will be limited to
approximately 2MHz. Notice, however, that the power-power scheme requires much simpler
hardware than the other two schemes, so that the hardware complexity bandwidth trade-off

is exhibited.
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VIII. APPENDICES

A-1
Substituting (13) in (8) and (14) in (12) we obtain, respectively;

—~(1 = cb)[s[?e38,1 + b(1 + be — bea)*An(T1 + T2)6n1

6 = == (P-1)
cbs1]s|2€3 + (1 — cb + bex)*bn1|n|? — b°(e2 = c)*An(m1 + T2)6m
and .
€ = —(1 — cb)|n|?€1dn2 + b(1 + bc — bey)" Ay (T1 + 72)052 (P —2)
2 = 2

b&nglnPE; + (1 —cb + bél)‘&nZW - C‘(él - b)'/\,(Tl + T2)6,2 )
These two equations can be linearized by neglecting the second order terms that contain €, €}

and ez¢], namely;

(1 =cb)"6mIn? + b°C*8mida(mi + T2)]er + [(1 = cb)b1[3[Z + midn(Ty + 72)]€5

= b1+ bc).‘snl/\n('rl + 72) (P-3)

([(1 = cb)"82]sZF + b7c82hs(m1 + m2))e2 + [(1 = cb)én2[nP? + [c|28:20,(T1 + 72)]€]

= (1 +be)"8s2As(11 + 72). (P-4)

(P-3) and (P-4) also contain the effect of the two discriminator networks 8.;, 851, 6.2 and &,,.
For simplicity of notation, we sometimes use |n,|? = 6n1|_77|_2, |ng|2 = 6,;2|T|2-, [5112 = 6,1]s]?
and [s3]2 = 8,2]s]?. Equations (P-3) and (P-4) can be written as

[ (1 = cb)™rl? + b°c*bmAn(Ts + 72) (1 — cb)[51[2 + |B|26n1 hn(T1 + 72)

(1 - cb)'[n2|2 + |C|26,2A,(T1 + Tg) (1 - Cb)|32|2 + bClS,gA,(Tl <+ Tz)

6 b(1 + bc)*SmiAn(my + 72)
x - (P-5)

e c*(1 + bc)és2As(1 + 72)

If |b] << 1 and 7, + 72 is small enough then it is reasonable to assume that

612601 An(m1 +72) << Real(1—cb)|s;|2. Similar argument implies that le|2852(As(m1 +72)) <<
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Real(l — cb)*|n2]2. Also A(m + 72) << Fl_li» and A (1 + 1) << Is_l"’ so that the second

tems in all the matrix elements can be neglected. Thus (P-5) becomes

(1 —cb)fnyi[? (l—cb)W} [1} [b(1+bc)'5n1)\n(7'1+T2)
= ) (P-6

C.(l + bc)632’\s(rl + T‘.’)

The solution of (P-6) is given by

b(1+bC).6nl‘—C (1+bC) ( ,(T1+T2 //\ T1+T2))
(1= cb)*(p/bs2)Inl?/Aa(T1 + 72)

c(1 4+ bc)"bs2 — b7(1 + bc)bn2(An(m1 + 2)/Ag(T1 + 72))
o = 2 A (P-3)

(1 = cb)*(p/bni)Is|?/As(T1 + T2}

where
p = 6;25111-5316112
Al +7) = [sP=Ry(r +7)
A(ri+7) = [nfF = Ra(n + 7).
A-2

By definition of 3,
3b" = —|b|* + ¢ b
and using (P-7)

lb|2(1 + bc)"6,; ~ (]bc]2 + b7¢*)d51( A5/ An)
(1 - eb)*(p/6s2)In[2/As
—(1 = cb)*|bI(p/6:2)In[2/ An + 1621 + be)"8n1 = (1be]? + b7 )041(As/ An)
(1= cb)*(p/6s2)[nI2/ Any
—1b12((£/652)InP/ An = bn1 + 1e2851(Xs/An)) + €6 (1012(0/8,2) 12/ A + 162601 = 641 (Ne/ An N
(1= cb)*(p/bs2)Inl2/ Any

flb' =

~[6[* + €16




For simplicity of notation, we dropped the argument of A, and A,. If r, + 7, is sufficiently
small so that W/z\,. >> 1 then we can assume ||c|?8,1(As/An) — On1] << (p/ds2 )W//\n and
|6126a1 << 1b](p/6:2)In[*/ An.

Therefore,
b*c 851 As/ An

—|bl? b~ —|b* - :
16" + €1 16 (1 = cb)*(p/6s2)inl?/ An

Because [n[?/)\, >> 1 we conclude that,
Real[3b") ~ Real[—|b|* + €,b] ~ —|b]*. (P -9)

A-3
To compare the magnitudes of the two terms in (20), we notice that both terms are
monotonically decreasing with [n[2/A,. For [nf2/ A very large the second term is larger than

the first. Cross over occurs (i.e., the value for [r[2/A, below which the second term becomes

smaller than the first) for

/A = |5(1 + be) 81 = (1 + bc)bsi(As/ An)?
" |1 = cb|*(p/é,2)?21b]2

(P - 10)
By its definition [n[?/A, > 1. Equality occurs only when 7 or ; is sufficiently large. For
n=71=0 [n[2/\, — co. It is easy to show that if

11+ bel(|]én1 + 1€|651(As/An))
1 — cbl(p/6s2)

< 1.41/8] (P —11)

then the right hand side of (P-10) is less than unity so that for almost all values of n12/ An.
(20) is dominated by the second term. Since 8,3 < &,y = 1,As2/An1 =~ 1 p >~ 1 and |b] ~

le|] << 1, then (P-11) is easily satisfied.
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A-4
From (50)
A = vy, (t)u3(t)

4

and using (40) and (46) we obtain after some manipulation.

A = (a+0)dals]? — aba(As(n/2 - 1)) + 3la+ c|*652Rs(11/2 — T2)
+8%ac b,3(As(T1/2 = 12)) = B ca b2 Rs(11/2 — 72) — Ry(1y — 272))
+37|1 + ab|*6nzRa(11/2 = 73) + 3°abbny(Inf2 = Ra(m1/2 = 12))
—3"a"b"6n2( Ra(11/2 — T2) = Ra(m1 = 273))

+b7(1 + ab)6na|n|? — a|b)26n2([n]2 = Ra(m/2 = 12)).
Combining terms and using the approximation W— Ra(11/2=1) =~ Ro(m1/2—T2) = Ra(n1 —
2r,) and [s]2 — Ry(1/2 = 72) = Ry(T1/2 — 73) — Ry(11 — 27;) we obtain.
A x> (a+c)dyls|®? = aba(A(r/2 - )+ Ila+ |62 Ry(T1 /2 — T2)

+27 8" Im[ac™]852(As(T1/2 = 13)) + 37[1 + ab|*bna( Rn(T1 /2 — T2)

+2§3° In[ab]bnz(An(T1/2 = 72)) + b7(1 + ab)n2[n[?

—al|b*n2(An(T1/2 — 7). (P-12)
A-5

Using (54) in (53) we obtain,

(1 4+ ab) 8,is%e2 = —(|1 + ab|?6.2[n[? + v, + va)e; + b7(vs + va) (P =13)
where
vy = 2jIn[ac’)ba( A (11 /2 — 72))
and
Un = 2j In[ablbna(An(T1/2 = 72)).
By using (55) and rearranging term, (P-13) becomes

-
|
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(1 + ab)*8,a]s[Pez — 276" Im[€2¢"1652( Ma(T1/2 = 72)) = 28" Im[€2b]6n2(An(T1/2 — 72))

+{|1 + abl*6n2[n]? + 2jIm[€2¢"]6s2(As(11/2 = 72)) = 2 Im[(—¢ + €2)b]8nz(An(T1/2 = 72)) } €

= =25 In[ch]na(An(T1/2 — T2)). (P-14)
Since As(71/2 — 12) and Aa(71/2 — 1) is much smaller than W, it’s reasonable to assume
that both the real and imaginary parts of the second and third term of (P-14) are much

smaller than the corresponding parts of the first term. Neglecting these terms as well the

second order term in ¢; and ¢; we get;
(1 = be)*6s2[se2 + {|1 = bc|?6n2[n? + 27 Im[ch|bn2An(T1/2 = 72) }€]
= —2j1m[Cb]6n2/\n(Tl/2 - Tg). (P'IS)

Using (45) and recognizing that € = b+ 3(1 + ab) we get after some manipulation
_ —(1 = bc)(@+ ) 8,als]® + 2b(1 + a”b" + 2|abf*)dnzdn(11/2 = T2)

1= ———

[1 + ab|?bn2|n|? + | + c|2W — 4Real[ablbp2An(T1/2 — 72)

By neglecting 2|ab|? at the numerator, using a + ¢ = ¢; and neglecting the second order

terms in €¢; and ¢; we obtain

11 = bc[?6milnPer + [(1 = be)[s[? = 2(b[26mAn(T1/2 = 7)€
= 2b(1 - bc)‘5,,,An(T1/2 - Tg). (P-IG)

Equations (P-15) and (P-16) are a set of linear equations in ¢; and ¢;, which can be written

in matrix form;

[ 1L = cb|26[n2 (1 = cb)ési[s]? — 20b[26a \n(71/2 = T2) €

= 251 [ch)dn2An(T1/2 = 12) (1 — cb)dsals|?
[ 2b(1 - bc)'6,.1A,,(r1/2 - T2) ]

|1 - Cblzéng 6;

(P —17)
25 In [bC)bn2An(T1/2 = 72)

If b << 1 and r,/2—7;, are sufficiently small then 2|b|26,, An (71 /2= 72) << Real(1—bc)éy 512

With this in mind the solution of (P-17) is given by
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] (1 = 6c)(26(1 — bc)*6:26m[sPAn(71/2 = 72) = 27 Imlc
1 - =§.

(1- )Il = bel2(pInlPIsT?) + 2j Im[cb]ls]

Bl8a16n2s[2An(T1/2 = 72)]
An(T1/2 = 73)

(P-18)
|1 = bef*[—2j Im[cb]6mibnalmiPAn(11/2 = 72) = 26°(1 = be)bmibaz[n[PAa(11/2 = 13)]

“ = (1 — b)*[L = be2(pInTEISP) + 23 Im[cBlBarbm2 S IPAn(m/2 — T2)

(P-19)

In obtaining (P-19) we used the assumption that the real of 2b(1 — bc)* A, (7, /2 — 72) is much
smaller than |1 — bc|?[n]? and the imaginary part of 2b(1 — bc)™ Im[cb]An(T1/2 — T2) is much
smaller than the real part of (1 — be)*|1 ~ bc|?|n]?. The second term at the denominator of

(P-18) and (P-19) can easily be neglected in comparison to the first so that we can write
2b(1 — cb)*8,2 — 2] Im[cb]851(6n2/6n1)
11 = cbf?(p/6n1)Inl? [ An(1/2 = 72)

€

(P-20)

25 I [chl6ay + 26°(1 = be)s,
@ = ——2 zlc] 142671 — be)bn (P-21)
|1 = cbl?(p/bn2)|s12/An(T2/2 — 72)

A-6
From (54) we have
,3 + ﬂab = -b + €1

= 181> +|Bl%ab = 3(-b + &)

|31? Real[ab] = ~|3|* — Real[3"h] + Real[3"€,]
=  |3|*Real[ab] + Real[3b%] = -|31* + Real[3%€,). (P-22)
A-7

For [n[2/ ), very large the second term of (61) is larger than the first. The second term

becomes smaller than the first only if

26(1 = bc)*8s2 = 2j I [cb]651(8n2/6m1) |} , |
11— bl (p/ 62 )V/210] > Inf?/ X, (P - 23)
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Now if
|1 - bC||b|5s2 + Im[Cb]631(6n2/6nl)
|1 = bc?(p/bm1)

then the left-hand side of (P-23) is less than C. But [n?/\. is greater than unity, (in fact since

< Clbj/1.41 (P —24)

An is a function of 7,/2 — 5; it can easily be made greater than some constant C). Therefore
if (P-24) is satisfied then (P-23) cannot be satisfied, for all X, such the [n[2/)\, > C. and
the second term of (61) dominates the first. Since 85 < é,2,p ~ 1 and |b] >~ |c| << 1 then

(P-24) is easily satisfied for C slightly greater than 1.41.

A-8

First we write (66)

25 Im[cBl6my + 26°(1 = bS)6ms |* — = 2|c]* — .
.= I + = . P-25
@ = = bepn e | T (P =2

If the two signals have approximately similar statistical properties and bandwidths. then

with varying the delay, X/}, remains approximately constant. Therefore, the first and sec-
ond terms of (P-25) varies inversely proportional to ([s]?/ A,)? and Is?/ X, respectively. Thus

applying the same argument of A-7 the second term of (P-25) dominates the first.

A-9
Using (85) and (86) in (83) and (84) we obtain respectively, after algebraic manipulation

—(1 — be)[sP8,1e5 — b(1 + be = bes)"An(1/2 = 12)6m1 = (blel® + ¢ = ) \o(11/2 = 7).

€ = —_—
! c|s128,165 + (1 — cb + bez)"[n[26n1 — An(T1/2 ~ 72)6m1 — [c|2Ay(T1/2 — 72)00

-(1 - bC)W[ 4 = (1 4 bc—c&y)* Ay (11/2 = 13)b,7 — (c|b|2 + 6" - e;)/\n\"}f <= T3)0n2

€ 1
: bin|26n2€e7 + (1 = cb + ce1)*[s]2852 — As(T1/2 = 713)852 — [BI2An(71/2 = 73)6s2

By neglecting the second order terms that contains €,¢5 and €z¢], we can reduce these equa-

tions to the following linear set of equations,
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[(1 = be) [nPoar = Aa(T1/2 = T2)8m1 — lc|*As(11/2 — 2)bui]ex
+ [(1 = be)[s[251 — As(11/2 = 72)801 — |6 An(71/2 — T2)]€;

= —'b(l + cb)'/\,.(rl/2 - 7'2)6,.1 - C.(l + Cb)/\,(Tl/Q - T2)6,1

(1 =be)TsPbsz = As(T1/2 = T2)652 — B> Aa(71/2 = T2)bn2]€r
+ [(1 = b6)[nPénz = Aa(11/2 = T2)6n2 — lc|*As(T1/2 = 72)6.2]€;

= —c(14+ch)* A (11/2 — 2)8s2 = b°(1 + cb)An(T1/2 — T2)bn2
or in matrix form;

[ (1 = be)[al = Xy)éns = [ePX 81 (1 = be)[sP? = X)bn1 = [B[2A, 61 } [ €1 }

(1 = be)*Inf? = X,)6nz — [cPN, 602 (1 = be)[sP — A)6s2 — [BPAnénz | | €&
[ —b(1 + be)"N.6n1 — c*(1 + be)N, 6y }

—b(1 + be)" N, 6,2 — c*(1 + be) N6y

where X’ stand for A(11/2 = 72). If |¢| << 1, 841 < 8n; then |c|?N,8,1 << |n|6n1. particularly
if [s|? ~ [n]? and 7, /2 ~ 73 is very small in comparison to the signals’ correlation time. Also.
/2 — 75 small implies X, << [n[?>. This leaves (1 — bc)"[n[?6,1 and (1 — be)[s[%6,; at the
diagonal of the matrix in (P-26). By similar argument we can neglect in the off-diagonal

terms the A/, and A term in comparison to [n[? and [s|? respectively. Thus (P-26) reduces

(1 = bc)"[nf26n (1 — bc)[s[%64,1 } [el }

(1 = be)*[nf?6n2 (1 —bc)[s?6,2 ) | &
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~B(1 + be) Nyar — c*(1 + )X,
= (P-27)
(1 + be)*N.6nz — (1 + be) N6y

whose solution is given by

o = == be)(1+ be)[sPAn(ri/2 = 7a) (P-28)
' |1 - cbf2[sP2|n]?

—c(1 = be)(1 + be)*[n[?A, (/2 — 1)

€2
1 — ebf?|s|?|n|?

(P-29)

In the derivation of (P-28) we used; p = 6,200 — 80022 With 6,3 < 8,2 and 6.2 < dni.
|6)2[n]ZN. 6n18nz  is of the same order as |c|*[s|ZN,6518s2, € [B|*\26n16n2 + 7|2 AN 8010,
<< c"|bFsPA p,  blchIPN N 61852 << b|c|?[s]PN.p and  b|b[2A26,,8,; << bs[2N, p. Sim-

ilar assumptions were applied in the derivation of (P-29).
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input #1:
V,(D=s(t) + bn(t)

VAQ)

input #2:

V, ()= c s(t) + n(t) Va(®)

Figure 1. Power-Power Bootstrapped Cross-Pol Canceler.

68




B -(—)2 Discrimi —
X
() + >y
W, Wiz
+- > y,m
X, (n)
2
Q; ()
| Discriminator  [—
Y

Figure 2. Power-Correlator Bootstrapped Cross-Pol Canceler.
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Discriminator

Y, ()

X, (n)

Figure 3. Correlator-Correlator Bootstrapped Cross-Pol Canceler.

70

»Y,m




APPENDIX B
BOOTSTRAPPED ADAPTIVE SEPARATION OF TWO
SUPERIMPOSED SIGNALS -
STABILITY CONSIDERATIONS

by
Abdulkadir Din¢ and Yeheskel Bar-Ness

I. INTRODUCTIONS

In a previous.study (1], we found the equilibrium points for the weights of the boot-
strapped algorithm. The question which arises is whether these equilibriums are stable
steady state points. We will answer this question for the three schemes of the bootstrapped
algorithm, the power-power, correlator-correlator and power-correlator. separately. We will
restrict our discussion to the case of no noise; that is the dual channel noises £{n?(n)} and
E{n3(n)} are zero. Also, for the sake of simplicity, we will consider the signal to be real.
This is the case, for example, when the transmitted data is an M-ary signal. From Fig.1.

the channel response in the no noise case is.

i(n) = aph(n)+ap2lz(n)

Iz(n) = aglll(n)+0221'z(n) (1)

where z,(n) and z;(n) are the sampled received signals at the first and second channels
respectively. [;(n) ¢ = 1,2 are the inputs of the channel. which are taken to be real.
equally likely distributed from the set {%1c, +3c,.... £ (VM —1)c} and ¢ is a constant which
determines the distance to the decision boundary from each signal location. Also, we will

assume in this study the channel co-pol and cross-pol responses to be real. that is.

alZ_r az1 - (2)
-—— =T, — =T :
a22 ayn

(&)




r1, T2 denote the magnitude of the normalized cross-pol interference (XPI) constants of one

channel onto the other.

I1. EQUILIBRIUM POINTS
2.1 The Power-Power Scheme
With the arrangement of the power-power cross-pol canceler (XPC) of Fig. 2, the canceler

‘outputs, y1(n) and yz(n) are given by,

_ 2un) + za(n)uwnz
n(n) = rp— (3)

za(n) + Il(n)wn.

= 4
yaln) 1 — wywy (4)
Substituting for z,(n) and z;(n) from (1), we get
n(n) = L(n)(an + wn;ln) + I(n)(ai2 + wy2a27) (5)
— Wy 2w2
ya(n) = Ii(n)(axn + wnan) + L(n)(axn + UJ21(112)- (6)

1 — wyawy

For this scheme the control algorithm simultaneously minimizes the output powers P and
Q. In fact it simultaneously searche; for E {y14(n)?} /0w, = 0 and
OE {y24(n)?}/Bwy = 0, where E{-} is the expected value and y14, y24 are the outputs of the
discriminators. Finding the zero derivatives can be done by successive use of the following

recursive equations, provided that 1 — wywq # 0.

i i 4 i -
wit! = wi+m _3wizE{yw(")2} (V)
i . a i
wil' = wh + e 6_w§1 E{y34(n)*} (8)

where u; and u, are the constants which determine the stability of convergence. The dis-

criminators enforce a change in the powers of the I; and I, signals by §;; where i=1.2 refers

w2




to the two outputs y; and ya, respectively, while j=1 refers to signal I, and I, respectively .
Due to the assumption that the channel responses and the signals are real, wy; and w,,; are

also real. Clearly, the equilibrium points must simultaneously satisfy the following equations

OP (w12, wn) 3 2

—_ . = —_— = 9

4 I mawnE{ym(n) }=0 (9)
Q1 (w12, wn) - a 2y _

- = p2 awnE{yzd(") }=0, (10)

where by using (5) and (6), we get the power at the output of the discriminators:

SuE{I}(n)}an + wyz2an)? + 812E{I3(n)} a1z + wy2a22)?
(1 — wypway)?

Pt(wu, w21) =

SnE{[*(n)}an + wnan)? + 6nE{I}(n)Hazx + wnai2)®
(1 — wiawyy)? '

Q1(w12, wa1)
Wyz0pt a0d Wa1ope are taken to be the steady state value of these weights from (7) and (8).

respectively. That is, they satisfy (9) and (10). Taking the derivative of (11) and (12) with

respect to wyz and Wy, and multiplying with the convergence constants respectively we get:

P, (wq2, w 2
#1“1—(‘9&2& = (‘1—_‘1%0;)‘5[5115{13(")}(011 + wy2an (a1 + waai)
+ 612E{I3(n)Haiz + wr2a22)(az + w2lal2)] (13)
9Q1 (w2, way) 2u,
ﬂZT = 1= w1awa )° [521E{If(n)}(au + wyzaz1)(an + waayy)
+ $nE{I2(n)} a1z + wizaz)(az + wzlalz)] (1)

Note that without the inclusion of the discriminator the two equations in (13) and (14) are
dependent. If the discriminator is chosen such that 811622 # 671612 then (13) and (14) are
independent. These solutions determine the equilibrium points for (7) and (8). Writing these
equations in matrix form

SuE{If(n)} 612E{I%(n)} } { (@11 + wi2a21)(wnay + az) 0
= (15)
bnE{I}(n)} 6n2E{I}(n)} {

(@12 + wizan)(wnarz + az)

3




we notice that if 8;,82; # 81262, these equations are independent. Therefore (13) and (14)

become zero if and only if
(a1 + wizaz)(wara1; +a2) =0

and

(@12 + wi2a22)(wnay2 + az) = 0.

There are two solutions for wy; and wy; (assuming 2 # 22),

a3 312
1 = %2 _ _ _%un _
( ) w120pt1 = —agz = - w210pt1 = —------a11 = —r;
(.-)) an 1 a2 1
2) w = em—=—— W G e — = m
120pt2 an ™ 210pt2 12 .

2.2 The Correlator-Correlator Scheme

From Fig. 3, the outputs of the canceler can be written as,

n(n) = z1(n) + wiprz(n)
y2(n) = z2(n) +wazi(n)
Substituting (1) in (20), we get

n(n) = ILi(n)an + wizan] + [2(n)[a12 + wizaz)]

y2(n) = ILi(n){an + wnaun] + [2(n)[azz + waaa).

(16)

(17)

(21)

The control algorithm simultaneously minimizes the output correlation powers C; =

Af(wn,wzx) = [1'7{.1/14(71)1/2(71)}]2 and C; = Bf(wlg,wzl [E{yl(n Jy24(n

n)}]?. It simulta-

neously searches for 0C)(wi2,ws1)/0wi2 = 0 and ICy(wya, wy)/dwe = 0, where y;4 and

Y24 are the discriminator outputs. This can be performed by successive use of the following

recursive equations.

Wy, = wn + Illa [Ax( wxza “’21)]2

i i B P
' wyy + p2 —aw{, [Br(w),, why)]?
1

5
I

4




where A,(wiz, w2) and By(wyz, wn) are the correlation between the output of channel 1.

and the output of channel 2 after discrimination. and vice versa, respectively. That is:

Ay(wnz, wn) = E{yia(n)yz(n)} = SuE{li(n)Han + wizen)(waan + an)
+612E{I§(n)}(au + wyzaz2)(waay2 + a22)
(24)
Bi(wra, wn) = E{pi(n)ya(n)} = Sn E{I}(n)}aw + wizan)(wzau + az1)
+62E{I}(n)} (a2 + wi2azz)(wanarz + ax).

(25)

Notice again that for equations (21) and (22) to be independent. discrimination effects 9,
are necessary.

The optimum weights can be obtained from

9C (w2, w :
ul__-——‘( mWn) 2um A(wiz, wa) 5—A(wiz, wn) =0 (26)
w2 Ownz
9C; (w2, w : :
42 0Cs (w2 wn) 2uq Bi(wr2, war) 5= Bi(wiz2, wn) = 0. (27)
wq Jw

[t was shown in 1] that for (24) and (25) to equal zero simultaneously. it is necessary to
have Aq(unz, w1) = Bi(wiz2, wa1) = 0. simultaneously. Therefore, equations (24) and (25)
are simultaneously zero if and only if Ay(w12. w21) and By(wi2, w21) equal zero. The optimum
weights wy;0p¢ and Wy10pt ar€ found by equating (24) and (25) to zero, respectively. Except
for the normalization (assumed non zero) these equations are the same as (13) and (14) so
that the two possible optimum weights are the same as in the power-power scheme.

2.3 The Power-Correlator Scheme

From Fig. 4 , the canceler outputs are

n(n) = ni(n)(l + wizwy) + wnzz(n)

y2(n) ri(n)wy + z2(n). (28)

(& 1]




Substituting (1) in (28), we get
n(n) = h(n)len +wiz(an +waen)] + h(n){az + wiz(ezz + wnaw)]  (29)
y2(n) = Li(n)lan + wuen] + I(n){en + waaia]. (30)
In this case, the control algorithm simultaneously minimizes the output power P, =
E{y:14(n)?} and the correlation power Q; = B2(w13, wn) = {E{y1(n)y24(n)}?. It simultane-

ously searches for 8E {y14(n)?}/8w12 = 0 and 8B3(w12, wn)/Owx = 0, where yy4, y24 are the

discriminator outputs. This can be performed by successive use of the following recursive

equations.
i+1 ; 3
Wy = Wptm m’f’z(wm wa1) (31)
i ; 2
wi' = wy e Fui, Q2(w12, w21) (32)

where u; and u- are the constants which determine the stability of convergence. From (29).
we write the power at the output of the channel 1 discriminator
Py(wiz, wn) = E{I}(n)}{an + wiz(an + wnan)?
+612E{I}(n)}a12 + wiz(azz + waa12))? (33)
and the correlation between the output of channel 1 and that of channel 2 after discrimina-
tion;
Ba(wiz,wn) = nE{If(n)}an + wiz(an + waan)|lax + waan]
+62E{I3(n)} a1z + wiz(a22 + waarz)]laz + wanara). (34)

Taking the derivative of (33) with respect to w;,; and and multiplying by the convergence

constant u;, we get;

3P2(w12, w21)

T S = 2 [6“E{112(n)}[a“ + wiz(aa1 + waian)|(an + waan)

+612E{I3(n)}a12 + wi2(asz + wna12)][aze + w21012]]-




From the definition of Ba(wi2, wa;), we have Q(wr2, war) = (Ba(wiz, wa))?, therefore.

9Q2(wr2, wa1) 2
g —— "

= 2u2B;(wy2, wa) Bs(wy2, wa1) (36)
Owq Jwn

Similar to the correlator-correlator scheme, we showed in (1] that (36) becomes zero if and

only if Bz(wy, w1) = 0. Writing (34) and (35) in matrix form and equating the result to

zero;
SuE{I(n)} 612E{I3(n)} (a1 + wiz(az + waan))(waen + az) 0
= . (37)
621E{If(n)} 522E{I’§(")} (@12 + wrz(az2 + waay2))(waar2 + az) 0

We notice that if 8;;822 # 612621 these equations are independent, so that (34) and (35)

become zero if and only if

(a1 + wrz(a + waen))(waen +an) =0,

and
(@12 + wiz2(az2 + wnay)(wanaiz + az) = 0.

There are two solutions for wy2 and w,; (assuming 22 # 222);

a11 a12
a2 a21
w = - w = ——— = - (38)
120ptl a2a 210pt] 2
p azll — - atz p an
11422
and;
an a2 1
Wizopt2 = an(l a22G11 Waopt2 = —0—12_ : (39)
atl —

ITI. STABILITY PARAMETERS

Equations (7) (8), (22) ,(23) and (31), (32) are all nonlinear in w;; and wy,. Therefore
to classify the equilibrium points of these equations . we will consider a small deviation from

the equilibrium points, i.e, by varying w1z and w21 to wyyopt + Awiz and wy ot + Away.

T




respectively with Aw,, and Awy, very small. For Aw;; and Awg; small, any differentiable
function X (w2, ws;) satisfying mﬁ—’l;ﬁ—‘l = 0 can be approximated by
0X1(wr20pt + Awnz, Warope + Awgy) _ 3*X,

= —. Aw
dwyz dw?, |w0Pt 12
%X,
—_— A 40
0X2(wy2 + Awyz, wa + Awyy) 31X,
= 221 Awg
a‘w21 8w126w21 Opt
621¥2
_— Aw 41)
where
T
Wopt = [Wiz0pt> Waropt]” (42)
In matrix notation
X =AAw (43)

where Aw = [Aw., Aw'n]T and

X = [3X1(w12 + Awig, wa + Awy) 9Xo(wiz + Awniz, wa + Awy ) 1T
=7 0wz ' Owy
(44)
where
[ 32.‘(1' X, 1
8w§2 wopt Bwlgawn WOPt
A= (43)
89X, X, |
L 8w126w21 wopt dw%l wopt J

The stability of equilibrium points depend on the eigenvalues of matrix A. Considering
the characteristics equation of the matrix A from |AI — A| = 0, we can find the eigenvalues
of A by solving

/\z—b/\+c=0 (46)
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where

X, 3 X,

b = — —= 47
5w, "opt T Ful; Mopt 47)

c X, | X, | 71X, | %X, (48)
Bwfz wopt' ngl wopt aw126w21 wopt awn&wgl wopt'

The nature of the eigenvalues of A in the complex plane, or equivalently the relation be-
tween b and c defined in (47) and (48) determines the classification of the equilibrium point.

Next, we intend to find the different entries of A for the different bootstrapped schemes.

3.1 Stability Parameters of The Power-Power Scheme

Here, X(wi2,w21) and Xa(wi2,w21) are given by pyPi(wiz, wa) and p2Qy(wiz, wor).

respectively from (13) and (14). First notice that for any rational function in r. f(z) = ;:;;

df (z) D(z)52 — N(z)E
dz ‘N(-l‘)-‘:() = Dz(z) ’N(:):O

dN(z) 1

o e—

dz D(z)

(49)

Using this relation in (13) and (14), we get

32P1(wu,w21)

3
owi,

3

2
w = [suB{12(n
Vopt (1 = wya0ptWaopt)® uEthin}

(a2 + Wyropt&11)@21 + §12E{I3(n)}(an2 + wnoptaw)an)} (30)

32@1("’12, wzl)

2
ows,

)
" o = s E{13(n)

opt (1- wlzopthxopt)

(an + wyyopt@ar)an + bnE{IZ(n)} a2 + wlzopt,an)alz]- (51)

Substituting for Wopt from (18) and (19) in (50), we obtain respectively

32 Py (wy2, wy 612E{13(n)}al,
ow?, (1= rir)?

b = g SuEUR)ed
opt2 1

] — -—

)‘w = 2

1 optl -

2
d Pl(wmwzl

31 310%2

mr2
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and substituting Yopt from (18) and (19) in (51), we obtain respectively

62Q1(w12, ‘Wn) 621E{112(n)}a¥1
= 54
dwh, ,WOPtl 22 (1 = rrp)? (54)
ath(wu,wzl) 5225{13(71)}032 -
K2 ngl l“’opt.2 = 2uq L T o (53)
riT2

Similarly by applying (49) to (13) and (14) with respect to w,; and wy, respectively

02 Py (w13, way) 24, [
, = SuE{I}(n
a Owq1 0wy, Iwopt (1~ wl20ptw210pt)3 11 { 1 )}
(ann + wuoptazl)au + 5125{122(71)}(012 + wlzoptagg)alg] (56)
Q1 (wy2, wy) 2u, [
, = SnE{1?
dwndwrz  opt (1- Wis0ptWaopt)? nE{l{(n)}
(an + w210ptall)azl + 6 E{I3(n)}(as + w210ptal2)a'22]- (57)

Also, substituting (18) and (19) in (56), we obtain respectively

9% Py (wrg, wy) o, SuE{l}(n)}a}, -
32P1(w12,w21) 5125{12(71)}(12 .
i dwyndwy; opt2 2 1 2 l 212 (39)
™mra
and using (18) and (19) in (57), we obtain respectively
02Q1(w1z, wa) o, SnE{I}(n)}adl, (60)
2 Bwi 0wy optl T (1= rirp)?
02Q1(wrz, wy) bnE{I¥(n)}a},
2 Bwi20wy IWOP"'2 = 1 - L (61
rra

Using (52) and (54) in (47), we can calculate boptl and by using these equations together
with (58) and (60) in (48) we can calculate Coptl-
Let u; = s = p, then for the first equilibrium point (wlzoptl’wzxoptl)' we have,

2p
bopt1 = m[5210f15{13(n)} + 81203, E{I}(n)} (62)

4pu?
Coptl = (T—:WagzaflE{Ig(n)}E{If(n)}(énén—622611). (63)

30
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For the second equilibrium point, by using (53) and (55) in (47), we calculate bopt2 and

by using these equations together with (59) and (61) in (48), we calculate Copt2;

2
bOpt2 = ———”1——[622af2E{122(n)}+5ua§1E{112(n)} (64)
-2 |
172
—au?
Copt2 = _“1_4“;2“%13{Izz(n)}E{Ixz(n)}(%lfslz—511522)- (63)
(1-—)
L L

3.2. Stability Parameters of Correlator-Correlator Scheme
For this scheme, X; (w2, w1 ) and Xa(wya, wy ) are respectively, py P {wiz, way) = py A (wiz, wa)

and u2Q;(wr2, wa1) = p B (wiz, wa ).

Now,
3*P , JA , 2 2. "2,
" 1(w13 wa;) =2#1[( (w2 w21)) + Ay (w1g, wa) 41(’u122 Wy ) (66)
3w12 awlg awn
In section 2, we concluded that for the optimum weight, we must have
Al(w”’w”)l“’opt = 0. Therefore, (66) results in
32P1(‘w12a Wy ) . 0A (w2, wy) 2 -
g g = 2 () 15%)
and
.’ 3*Py(uns, w21)| ~ o 0 A (wr2, w21)| dA(wiz. woy) (68)
! a‘wgl 6w12 wopt ' 8w21 Wopt f)lL‘u wopt‘ '
Similarly for Qq(wy2,wa)
32Qx(w12» w21) 331(?1112, wer) :
=2 —_— !
e 250 S22} (69)
and
ale(wl‘Zaw?l) 9 aBl(wu, w21) 3Bx(w12,w21) -
H2 w = a2 |w ; |w . (‘0)
Owz wy, opt Owyy opt dwy, opt

Also using (24) and (25), we can write,

dA (w2, wa)

s = ouE{li(n)}an(wanay + az)

81




+612E{3(n)}az(wanaiz + a22) (71)

0A (w12, way) = 5‘1E{112(n)}a11(w12‘121 +an)
Own
. +612E{[3(n)}ar2(wiza22 + a12) (72)
0By (w12, w) = 6uE{I*(n)}an(azn + waay)
w2
+612E{I}(n)}azn(az + wna) (i3)
0B, (ws2, wn) = bnE{I}(n)}an(wizan + ayy)
own

+622E{I2(n)}ara(wiz2a22 + a12). (74)

Using (67) together with (71) and substituting (18), (19) we get respectively. for the two

equilibrium points,

%P , 5 N
H1 1(81:’;’2 Way ) lwoptl = 21 [512E{I§(n)}a§2(1 - rlrz)] (75)
azpl(wua wo ) 5 ) 1 2 )
o dwi, ,Wopt2 = 2m [6“E{Il(n)}az1(1 - m)] (76)

Similarly using (69) together with (72), we get

Q1 (wz, w - 5
12 Ql(awlg 21) Iwoptl = 2u, (5215{[12(n)}a31(1 - rlrz)] (77)
1 L
0%Q1 (w13, wa) [ 2 ) 1 12 _
B2 aw%l IwOpt2 = 2U, _522E{12(n)}a12(1 - ;l-;;)] (18)

Also, using (68) and (70), we obtain respectively, for the two equilibrium points.

azpl(wlszzl)

dwi20wy ' optl

;n = 2m[E{I{(n)}E{I}(n)}a},a},

(1 = ryr2) 261261 (79)
azpl(wﬁ’ w21)

M i 0we,  Mopt2 2ui[E{I}(n)} E{I%(n)}a?,d?,
1
(1 - 5)2512511 (80)
Q1 (wr2, w
4, 21wz, ) = 2my[E{I}(n)}E{I}(n)}d? d%,

awnawgl woptl

(1 = rir2)2621622 (81)
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32Q1(w12,w21)

Ow,20wy

= 2y [E{I3(n)}E{I}(n)}a%a},

“2 lw

opt2
1
(1 = =—)%62162. (82)

r\T2

Finally, using (75) and (77) in (47), we calculate bloptl and using these equations
together with (79) and (81) in (48), we can calculate c14p¢]-

Let uy = g2 = u, then for the first equilibrium point,

biopt1 = 26(1 = rra)? (BB Ea) + (EnE (el )
2
Cloptl = 4y’ [E{Izz(n)}E{If(n)}af1a§2(1 - 7'17'2)] 621612(612021 — d11622).

(84)

Similarly, for the second equilibrium, using (76) and (78) in (47) and (80). (82) in (48),

we can calculate blopt? and Clopt2; respectively;

biopta = 26(1 = Z22V2(8,E{I}(n)}ady)? + (8 E{[X(n)}ad,)? (85)
P a12a21
_ 2 2 2 2 2 ajaz)? o
Clopt] = —4u [E{Iz(n)}E{Il(n)}axzazl(l - 822011(012021 — 611822).
P 212821
(86)

3.3. Stability Parameters of The Power-Correlator Scheme
For this scheme, X (w3, wo1) and X2(wy,, we;) are given by uy Po(why, woy) from (33) and
12Q2(wya, wa1) = p1 B3 (wy,, wy) from (34), respectively.

From (35)

4 32P2(w12, woy )
! awfz

3>
-

= 2, [5"5{13(71)}(@1 + Wa0ptat)

+612E{122(n)}(a22 + wnoptalg) ] (87)

and from (36)

3?Q(w12, war) > [(332(1012»'-”21) 2
K2 =2u|| ————

3? By(wy3. wn)
owi, Swa ) + By(wy2, wa) ]

ow}, (88)
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But in section 2, we concluded that at the optimum weights, we must have

Bg(wlz,Ung)lwopt = 0. Therefore, (88) becomes;

4 62Q2(w12,w21)| =9 (BB'Z(wlst'ZI)I )2
2 ow}, “optl ~ K2 dwqy Yoptl/ -

From (34) we find that

0B, (wy2, wn)
Owyy

= nE{l}(n)}{a}, + wi2a11(a12 + waray)]

622E{I3(n)}{a}; + wizai2(az2 + warz)]
0 By(wn3, way) ’
Jwy2

Substituting (38) and (39) in (87), we get, for the two equilibrium points,

3% Py(un3, wn)

= 2umébnE{I}(n)}a3,(1 = riry)?

|w

M 8w¥2 optl
3 Py(wn2, wa) 1
) - 9 2 2 —_ 2
M8, wope2 2mbuE{Ii(n)}an(1 rlrz) '

= bnE{I}(n)Han + waan)? + 82 E{I3(n)}(aze + wanaiz)>.

(89)

(92)

(93)

Similarly (90) in (89) together and using (38) and (39), we have for the two equilibrium

points,
82Qa(wiz, wn) ,,
#e zawl';l - |“'optl = alfnE{l{(n)}a}, - 6nE{L}(n)}a},]?
32Qz(wya, w
2((9101%21 21)|Wopt2 = 2ug[—6nE{I}(n)}a, + 622E{I3(n)}a?,)%.

Also taking the derivative of (35) with respect to wy,, we get

9% Py(wiz, wyy)

6w128w21

+5125{122(n)}[032 + 2wya(az + w2lal2)al2]]-

41 = 24, [cSHE{If(n)}[af1 + 2wiz(an + waayy)ay|

Substituting (38), (39) in (96), we get respectively.

02 Py (w1, way)
Owi0wy ' optl

82P2(w127 wy)
Owy20wn lwop‘i2

= 2m[SuE{I}(n)}a?, - 612E{I3(n)}a3,]

=2m[6nE{I{(n)}a}; — 612E{I}(n)}a,).

#
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From the definition of Q,(wi2, wz1) and (36), we have,

3%Q (w13, wn) [3Bz(w12 way) 9B (w2, wa ) 3Bg(w12,w21)]
’ =2 ’ + By(wyg, wyy) 22| (99
H2 DwnOwig K2 dwn Bz 2(wr2 21) dw120wa { )
But at equilibrium point, B2(wi2, w21) is equal to zero and we get,
ang(wu, w2l) aBz(wlz, wy) 0B, (w2, Wy )
U2 w = Qg ————|w —_—|w 1 (100)
Owq 0w,z optl Jwy optl Jw2 opt

Using (90) and (91) in (100) together with (38) and (39), we get respectively, for the two

equilibrium points

?Qy(wy2, w ”
T ) = 2albn B }ah ~ SnE (T m)at
S E{I}(n)}ad,(1 = rir2)? (101)
0%Q2 (w2, w2 )
a:u(u:;wnn l‘"opt? = ~2u[6nE{I}(n)}a}, — 6nE{[}(n)}al}]
S E{I2(n)}a2 (1 — —)2. (102)
T1T2

Finally using (92), (94) in (47) , together with the definition of X; and X for this scheme,
we calculate b20pt1 and by using these equations together with (97) and (101) in (48). we
calculate czgpt - '

Let uy = uz2 = u, then
broptt = 2u[Buah LRI — rral? + [ B}, - 6B {Em)}ad] |
C2optl = AP E{I3(n)} E{I}(n)}af,ady(1 = riry)?
-[&nE{If(n)}afl — 6nE{}(n )}af,](anén — 611622). (103)
For a second equilibrium point of (39) we calculate b2opt‘2 by using (93) and (95) in (47)

and by using these equations together with (98) and (102) in (48), we calculate C20pt1- If

p1 = p2 = 4, then;

2
broptz = 2u[uad B} — S22 4 [~ E(In)al, + onE{Li(m)a| |

az1a12
a
Croptz = WPE{L(n)}E{I}(n)}adad(1 - 1)
p G21a12
[5215{112(’1)}“31 - 5225{122(")}032](621512 — 811622)- (104)
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IV. STABILITY CONDITIONS
From the characteristics equation in (46), the two eigenvalues A\, and A; are related to b
and c as they are defined at the two equilibrium points;

The stability condition can be summarized as follows,

e If ¢ < 0, the eigenvalues of (46), A; and \; are both real and A;A; < 0. Since one of

the eigenvalue is positive , then the equilibrium is unstable.

o If ¢ > 0 ,the two eigenvalues are either both real or complex-conjugate pair. and
A1A; > 0. Both eigenvalues (if they are real) or their real part (if they are compiex)
are negative if b < 0, positive if b > 0. Therefore, the system is stable if ¢ > 0 and

b < 0 and unstableif ¢ >0 and b > 0.

e If ¢ = 0, then one of the eigenvalues is zero an the other one is equal to b and the

system is unstable [2].

4.1 Stability Conditions for The Power-Power Scheme

The equilibrium point; for this scheme are given by (18) and (19). First, for ¢ at the
first equilibrium point to be positive , we must have from (63); 62,6,z > 611622 and for b to
be negative, we must have from (62) u < 0. These two conditions will result in convergence
of the algorithm at point (18). However, from (64) and (63) these conditions will result in

divergence at the second equilibrium point in (19) (saddle point).

4.2 Stability Conditions for The Correlator-Correlator Scheme

The equilibrium for this scheme is the same as the previous scheme and given by (18) and
(19). Again at the first equilibrium point it is convergent if §3,6,2 > 6,622 and {1, p2 OF p are
negative. This results from the signs of ¢; and by given in (83) and (84), respectively. The

same condition leads to divergence as a result of the signs of ¢; and by given in (85) and (86).
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4.3 Stability Conditions for Power-Correlator Scheme
The equilibrium points for this scheme are given by (38) and (39). For c2 at the first

equilibrium point in (103) to be positive, we must have from (38) that;

1. 821612 > 611622, and

5& E{I}(n)} G122
2 2> B} an

and for bs < 0 to be negative, we must further have y,, s or u be less than zero.

For the second equilibrium point from (104), the same conditions lead to divergence.
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Figure 1 No noise dually polarized channel Model.
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APPENDIX C

BOOTSTRAPPED ADAPTIVE SEPARATION OF TWO
SUPERIMPOSED SIGNALS -
DYNAMIC STUDY OF POWER-POWER SCHEME
USING ORTHOGONAL PERTURBATION SEQUENCES

by
Abdulkadir Din¢ and Yeheskel Bar-Ness

I. INTRODUCTIONS

In a previous report (1], we studied the steady state behaviour of the different configura-
tions of the bootstrapped schemes. In each scheme, the computation of the optimal weights
require the knowledge of the channel model as well as the signal and the noise powers.

Alternative procedures to find these optimal weights are to use recursive relations. These
recursive algorithms were presented in {1} Appendix A for power-power, correlator-correlator
and for power-correlator schemes. All these recursive procedures require knowledge of the
gradient of square of the output powers or the gradient of correlation between the outputs.

In this rep.rt, we will present a dynamic analysis of the power-power scheme. That is a
backward/backward structure whose weight is controlled via minimizing the output powers.
respectively. We will present a technique for reaching the optimal weights with a recursive
weight-updating procedure using estimates of the gradients. The estimate of the gradients
will be obtained by applying two orthogonal perturbation sequences to the two weights
simultaneously, and measuring the corresponding changes at the two output powers P and

Q of the power-power scheme.
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II. THE SEPARATOR'’S SYSTEM AND PARAMETERS
2.1 The Channel

The received signals sampled after matched filters, are taken to be;

ri(n) = anli(n) + ar2la(n) + ny(n)

(1)
z2(n) = anli(n) + axply(n) + na(n)

where z,(n) and z,(n) are the sampled received signals at the first and second channels
respectively. I;(n) and n;(n) are the corresponding signals and noises at these outputs such
that I; : = 1,2 are M-ary signals from set {. +1,£3,%1....+ (VM -1)}anda;; i.j=1.2
are real channel couplings. n;(n) and ny(n) are assumed independent samples of zero mean

Gaussian with;

E{n¥(n)} =0 i=1,2. (:

1!

(8%
e

2.2 The Canceler Outputs

From Fig. 1, the outputs y;(n) and y2(n) are as follows

z1(n) + z2(n)wi2(n)
1 — wyz(n)wa(n)

yi(n)

Zy(n) + z1(n)wey(n)
1 = wia(n)wn(n)

yz2(n) (3)

Substituting for z1(n) and z3(n) from (1) we get the outputs after the discrimination at
the n th instant of time, respectively,

V&iIi(n)(an + wiz(n)an) + Voizla(n)(a12 + wia(n)as) + ni(n) + na(n)wia(n)

vd(n) = 1 — wyz(n)wa(n)

(4)
VEuli(n)(an + wn(n)an) + Vzzla(n)(az + wa(n)arz) + ni(n)wan(n) + ny(n)

ya(n) = 1 — wya(n)wa(n)

(3)
where §;; 1, j=1,2 is the effect of the discriminator at output i on the power of signal j.
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Also, from Fig. 1, we can write the weights w;3(n) and w,(n) as a sum of a nominal

value wyz(:) and wy(z) plus perturbation sequences p,(n) and p,(n) whose magnitudes are

A. That is
wiz(n) = wi2(z) + Apr(n) (6)
wa(n) = wx(i)+ Apa(n). (7)
2.3 Approximate Canceler Outputs

In ref([1] Appendix A), we found that, in the no noise environment the optimal weights

; — a3 - 312
are; Wy opt = —3 and wyyont = uz,
1 P 22

Given that the cross-couplings ﬁﬁ- o2 << 1, then.
wyz2(n)wy(n) << 1. (8)
The assumption in (8) will be used to simplify the analvsis of dynamic study. With this
approximation, we can write (4) and (5) as
Yal(n) = [ buli(n)(an + wi(n)an] + \/é1202(n)[a12 + wiz(n)as;)]
+mi(n) + na(n)wia(n)| 1 + wia(n)wn ()] (9)
yad(n) = [ énli(n){aa + wa(n)an] + +/érla(n)laz + wa(n)as]
+nq(n) + nl(n)wn(n)][l + wia(n)wy(n)]. (10)
2.4 Mean Qutput Powers
In the steady state, using (9) and (10) respectively. we can write the mean output powers
with weights fixed at w12 and war; P(wiz.wy) = E{yf,(n)} and Q(wiz, wa) = E{y3,(n)}.
respectively,

P(wiz,wn) = |6nE{I}(n)}an + wizan)? + 612 E{[3(n)}(a12 + wiza;)?

+E(ni(m)} + E(nd(n)}wd] (1 + wiawn ). (11)

Qwiz, wa) = L521E{112(n)}(021 + wanan)? + 62 E{I3(n)} (a2 + waayn)

+E{n3(n)} + E{nf(n)}w%,](l + wiawy )? (12)
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where E{(.)} denotes the expected value of (.).

2.5 Optimum Weights

The optimal weight vector; wopt, = {wy20pt; wnopt]T which minimizes the mean output

powers P and Q are found by taking the derivative of P and Q with respect to w;; and ws

and equating the result to zero, respectively.

From (11) and (12), we get respectively,

3P(w12, Wa )

8w12

and

aQ(wl‘h wzx)
Owyy B

= 2[511E{If(n)}((1 + wiawa )?(ay, + w2821 )an

+(1 + wy2wy)(an; + w12021)2w21>
+512E{I22(n)} ((1 + wiawa )} (@12 + wizaz)axn
+(1 + wyawy )(ar; + -wxzazz)zwzx) + E{n}(n)}(1 + wigwq )wn

+E{n3(m)} (1 + wigwm Vs + (1 + wiawn Jwhun ) |. (13)

2[621E{112(n)} ((1 + wiawn ) (a2 + waan ),

+(1 + wi2wn )(azn + waen) wn)

+62E{I2(n)} (1 + wiawa1)?(a22 + warai2)are

+(1 + wyawy ) (a2 + woray2) wu) + E{ni(n)}(1 + wypwn )wra

+E{n3(n) b (1 + wiawn Prom + (1 + wyzuen )lt’élwlz)}- (14)
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III. GRADIENT DESCENT
An alternative way to get to the optimum weights is to use gradient descent method.
With this technique, the weight vector at time i+1 is computed by using the gradients of

(13) and (14) according to the following recursive relation,

| . 9 _
wit' = wi; — m 5;;;-25{!/;4(")2} (15)
wit! = wy — #z—a-—E{yéd(n)z}- (16)
owb,

3.1 Gradient Estimation Using Orthogonal Perturbation Sequences

The use of random search and weight perturbation techniques for gradient estimation in
adaptive systems have been reported by many authors ([2], [3]). In this report. we will follow
Cantoni’s gradient estimation definition (3] in which the estimate of the gradient is obtained
by perturbing the weights (different sequence for each weight) simultaneously with different
orthogonal perturbation sequences and correlating the outputs with the same sequences.

That is, the estimates of the gradients of the outputs are obtained from

(i+1)N

a(i) === Y yu(m)p(m) (=12 (17)
‘VA m=tN+1

where yZ,(m) and y3,(m) are the instantaneous powers of the outputs after discriminator:
g1(7) and g,(7) are taken as the estimates of the true gradients given in (13) and (14).
respectively.

The perturbation sequences p;(m) are each taken to be periodic with period N and size A
which assumed a positive real constant and are much smaller than unity. Different sequences
are mutually orthogonal and zero mean over N cycle. For normalization, we divide by the

sequence period N to obtain unit average power. Therefore, such sequences will satisfy the

following,
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and for higher moments

1 X _ 1 k=1 and if both v and z are even °
N Zp,,(n)p, (n) = { 0 k # ! orif at least one of them is odd. (20)

n=1

It is possible to find such a family of sequences that yield an unbiased gradient estimate
(for example, the rows of Hadamard matrix {3]) .

For updating the weight vectors we use the estimated gradients g;(i) and g,(7) as follows
wip(t+1) = wia(2) — pai(?) (21)
wa(i +1) = wa(?) —pg(i) 1=12,.. (22
and after each recursion step the weights are operated on by

wi2(t+1) = clip(w2(t +1)) (23)

wn(i+1) = clip(wn(:+1)) (24)

where, clip(-) is a clipping function such that

w lw| < a

clip(w) =¢ a4 (25)
— |w|>a
lw]

and p is the constant which determines the stability of convergence. The clipping operation
ensures that each weight is bounded by a constant a to be less than one so that the desired

equilibrium point, is reached.

3.2. Gradient Estimates, ¢,(:) and g,(¢) for the Power-Power Seperator

From (17), we write the expected value of gradient estimates conditioned on the weights.

] G+
E{yx(i)IW(i)}=m _57:,’ E{yiy(m)lw(i)} p(m) 1=1.2. (26)

Substituting (9) in (26), and taking the expectation of both sides conditioned on the

weight vector w(i), we get

| G+ON
E{g,(i)IW(i)} = m Z [5115{1‘2("!)}(011+wx2(m)021)2

m=iN+1
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+612E{IZ(m)} a1z + wiz(m)az)? + E{ni(m)*}

[EV)
-1

+E{n§(m)}w¥2(m)][1 + wiz(m)wa(m))’pr(m) (

and

(i+1)N

V_IA- 2 [6‘215{112(7'")}(‘121‘*’“’21(’")““)2
4 m=iN+1

+522E{I§(m)}(a22 + wa(m)ay2)? + E{na(m)?}

E{g:(:)lw(i)} =

+E{nf(m)}w§l(m)] [1 + wia(m)way (m)]*pa(m) (28)

where wy2(m) and w,(m) are the perturbed weights and related to the nominal values wy2(?)
and wy(¢) by equation (6) and (7). Using these relations and the orthogonal properties of

the perturbation sequence stated in (18) to (20), we find in the of this report,

Eln@iw(} = 2[6uB{I0}([1 +walilon(i)lon + wiliaulax
+[1 + wa(wnlon + wialian()wnli)
+6B{H[1 + wialion ()Pl + walienlar
+{1 + wialiwa(d)]fon + wia(Danltwa ()
+E{n3(0) L+ wia(iwn(i)|wn(i)
+E{nd)} (1L + wialiywn () Pwnli)
+H1 + wia(i)wa(i)]wi )wzx(z))] (29)

From a similar evalua.ti’on as well as exploiting symmetry properties between y,4(m) and

y24(m), we get for the expected value of gradient estimator g,(z) conditioned on wiz):

E{g.(2)|w(:)} = 2[5215{1 }([1 + wi2(é)wn(2)]*laz + wa (t)an)an
+{1 + wi2()wn (i)} {an + war(i)an ) wia(d ))
+62 E{I2(i }([1 + wi2()wa (1)}*[a22 + wai(i)ara]arn

+[1 + wia(2)wa(3)][az2 + war(2)ar2)?wia( l))
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+E{n}(1)}1 + wia(i)wa (3)]wia(i)
+E{n§(z)} ([1 + wlz(i)w;l(i)]len(i)

H1+ vl wn (il )| (30)

IV. CONVERGENCE IN THE MEAN

In this section, we will investigate the convergence in the mean of the recursive relation
n (21) (22) to the optimum weights. We will also find an upper bound for the step size u
with which such convergence in the mean will occur.
4.-1 The Error’s Mean

Convergence in the mean of weight vector; w(i) = [wy2(i), wa1(?)]T to optimum Wopt =

T
[w120pt> Wyopt] » Means

'l_l.rg E{w(i)} = Wopt- (31)

We first define a weight error vector at time i as é(z) = [e;(i), e2(¢)]T, with
el(d) = wii) - Wi20pt (32.)
e2(?) = wa(i) — Wa0pt- (33)

We know that at the optimum weights, the gradients of the mean output powers P and

Q are equal to zero, i.e

9P (w13, wa1)

Bwra l“’opt =0 (34)
9Q (w12, wa1) -
T dww opt " 39)

Subtracting the optimum weights wy,op¢ and wy,op¢ from both sides of (21) and (22).
respectively and the gradients in (34) and (35) from the estimate of the gradients ¢;(i) and

92(2) in these equation respectively, we can write,

) ) .. OP ,

wiz(i + 1) = wyopt = wra(i) ~ Wysept — l‘[!h(z) - _____(;’11‘)2121021) I“’opt] (36)
. . . 0 ,

onli+ 1) = wnopt = wal) = ot~ afel) - ZEEL ]
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By using the definition in (32) and (33) in (36) and (37), respectively, we write.

) ) .. OP , W
T I
et+1) = ei)—u rgz(i) _ 9Q(wz, wy) w . (39)

L 8w21 0pt‘4

In order to investigate the convergence in the mean, we take the expectation of (38) and

(39) conditioned on the weight vector, w(z). We get,

Efeli + D)} = E{e()Iw()} - uE{gi (i)

6P(ll)12, UI21) I
31012

—E{ Iwm}] (40)

Yopt

E{eali + 1)[w(i)} = E{ez(i)IW(i)}—#[E{gz(iilW(i)}

0Q(wr2, wzl)lw |w(i)}]. (41)

-E
{ 31.021 Opt.
4.2 Approximate Terms for the True and Estimate Gradients

In the case when the cross coupling constants |§;§-| and || are -10 to -15 dB then

wiawy; << 1, and we can approximate the true gradients from (13) and (14), by:

OF n)? ,
—{aL:,i%'—}'“’opt ~ 2[511E{112(n)}[(au + Wyzopt @)@ + a3, Wz 0pt]
+612E{I3(n)}(a12 + anWiyopt a2 + afz‘”zlopt]
+E{ni(n)}wyopt + E{ni(n)}ic;50pt (42)
and
9E{yad(n)?}

w =~ 2[521E{112(n)}[(021 +anwyopt)an + aéxwlzopt]
+6nE{13(n)}((az2 + ar2wyopt )a12 + a3, 50pt]

+E{"%(n)}w210pt + E{nf(n)}wuopt]- (43)
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Similarly, under the assumption that E{I}(n)} = E{I}(i)} and E{ni(n)} = E{n}(:)} k=

1,2, then, the estimated gradients can be approximated from (29), (30) to get

E{()iw(@} ~ 2[6uE{I(m)H(on + onwia(idan + adywn(i)
+o12E{I3(n)}{(a12 + azawrz(i))az2 + afyw (1))

+E{n3(n)}wa(i) + E{n';'(n)}wn(i)] (44)
and

E{g:(d)|w(s)} =~ 2[521E{112(n)}[(an + anwn(i))an + afwia] + 6 E{}(n)}
(@22 + arpwa(i))arz + a3una(i))

+E(nn)}wn () + E{n(n) huna(i)]- (45)

Subtracting the true gradients in (42) and (43) from the estimate gradients in (44) and

(45) , we get respectively;

OE{y14(n)*}

0w,z |w°

E{g:1(2)lw(2)} - pt = 2[511E{112(n)}af1[w21(i) - wzlopt]
SnE{I{(n)}a3,[wis(3) - wlzopt] + 512E{I§(n)}a§2[w12(i) - wlzopt]

+62E{I3(n)}alylwn (i) - wnopt] + E{n}(n)}wn(i) - wzlopt]

+E{nj(n)}wia(s) - wlZOpt] ' (46)
2
Elm(iw(i)} - 24, oo B (el on (i) = wnopd]

Sn E{I{(n)}a3,[wra(s) - wlzopt] + 802 E{[}(n)}aly[wra(i) ~ Wi20pt]
+82E{I;(n)}atslwa (i) — wyopt] + E{ni(r)}wa (i) ~ wyopt]

+E{n3(n)}[wia(i) — wl20pt]] (47)
Using (46) , (47) in (40) and (41) respectively, we have
E{ai + D)Iw(i)} = (1 - ua)E{er(i)lw(i)}

—ubE{ex(2)|w(7)} (48)
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E{ex(i + 1)iw(i)} = -—ucE{ei(s)|w(2)}

+(1 — pd) E{ea(i)|w(i)} (49)
where

a = 2[612E{I§(n)}a§2 + 611E{112(n)}a§1 + E{ng(n)}] (50)

b = 2[5115{112('%)}931 + 812E{I3(n)}ai, + E{n}(n)}] (51)

¢ = 2[6E{l}(n)}al, + nE{I}(n)}al, + E{n3(n)}] (52)

d = 2[6nE{I}(n)}a?, + 6nE{I3(n)}d}, + E{n}(n)}]. (533)

In matrix notation, we can write

E{e(i + DIw(i)} = (I - pA)E{e(i)lw(i)} (54)

where I and A are the identity and the weight error matrices, respectively.

a b -
A= [ e d ] (33)

Taking the expected value of (53) over the weights.w(i) we can write .
E{e(i + 1)} = (I pA)E{e(i)}. (56)

If {{I -~ pAll <1 then lim;—,, E{e(i)} — 0. Therefore, we can establish an upper bound

for the convergence constant g

O<u<
Amax

where Amax is the maximum eigenvalue of the weight error matrix A.

V. RESULTS
Using a computer, we simulated nondispersive fading channel and employed a power-

power canceler to eliminate the effect of cross-pol interference. Perturbation sequences
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used in the computer simulation are chosen from the rows of Hadamard matrix (i.e py =
(1,-1,1,—-1,.] and p, = {1,1,-1,-1,1,1,.]).

The block diagram of the power-power canceler using perturbation sequences in the con-
trol algorithm is given in Fig. 1. We applied two independent uniformly distributed bipolar
data to the nondispersive channel. Then, corrupted data is applied to the canceler. In Fig.
2, the interference power residue versus the data sample is given for -14 dB cross-pol interfer-
ence with the perturbation length N=8 and different perturbation magnitudes A. The same
experiment is done for different perturbation sequence sizes and depicted in Fig. 3. The

results depicted in these figures aforementioned are the average of four random experiments.

VI. CONCLUSION

In this report, we studied the dynamic analysis of the power-power canceler by using
orthogonal perturbation sequences in the control algorithm. The results of the computer
analysis shows that as the perturbation magnitude is reduced, the interference power residue
decreases. Also, as the perturbation sequence length is increased a smooth estimate of the
gradient is obtained, but the convergence time takes longer, as expected.

We conclude perturbation sequences can be used effectively in cross-pol interference can-

celation.
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VIII. APPENDIX

Let

E{g()iw(i)} & E{gu()lw(i)} + E{g12(i)Iw(i)}
+E{g13(2)|w(i)} + E{g14(2)|W(i}} (P-1)

where g;x k = 1,..4 are the different four terms in (27). For the sake of simplicity. we
evaluate (27) term by term,

That is:

SuE{I3(:)) TV

Efgu@iw(@)} & =75 3 (e +wn(m)an)’
‘ m=iN+1
{1 + wiz(m)way (m)]*pr(m) (P-2)
2 (i+1)N
E{gi2(3)|w(z)} = %l Z (@12 + wiz(m)az;)’?
m=1iN+1
(1 + wiz(m)wan(m)]pr(m) (P-3)
201 (i+1)N
Efan@w@) & 2R S 1wy mpwn () (P-4
¢ m=1N+1
a E{nj)) "&Y

E{ga(2)|w(2)} > wh(m)[l + wia(m)wn(m)]*pr(m) (P-3)

NA m=iN+1
where we also used the fact that the random sequences [;(i) and ni(i) { = 1.2 are
stationary.

Using (6), (7) in (P-2), we can get;

suE{I3:)} &Y

E{gn(2)lw(?)} = _—N—A— Z (au+[wrz(i)‘*'APt(m)]an)2
m=iN+1

.(1 + [wi2(2) + Apr(m)}[war(2) + Apg(m)]>2p1(m)
S E 12 (i+1)N
= 2B TS s m) X miprm) (P-6)

m=1N+1
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where,

(an + [wi2(2) + Api(m)]an)? (P-7)

il

Xu(m)
Xalm) & (14 fwni) + A (m)llwnti) + Apa(m)]) (-3
As a function of the perturbation py(m) and pa(m), we write (P-7) and (P-8) as
Xu(m) = A+ BAp(m)+ CA’p(m)pr(m) {(P-9)
Xi2(m) = D+ EApy(m) + FApa(m) + GA’py(m)pa(m) + HA’pr(m)pr(m)

+IA%py(m)pa(m) + JA%py(m)pa(m)pa(m) + K A%pa(m)py(m)pr(m)

+A*pr(m)pr(m)pa(m)p2(m) (P-10)
where,
A = [ay + anwa(i))? (P-11)
B = 2aglan + anwiz(i)) (P-12)
C = d (P-13)
D = [1+4wn(i)wa()] (P-14)
E = 2[1+w12(i)w21(i)]w21(i) (P-13)
F = 2[1+w12(i)w21(i)]w12(i) (P-16)
G = 21+ 2wiz(i)wali)] (P-17)
H = wh(i) (P-18)
I = w(i) (P-19)
J = 2wp(d) (P-20)
K = 2wn(i) (P-21)

Therefore, from (P-6), and by using the orthogonal properties of the perturbation se-

quences p;(m) and p2(m), we get

SmE{L(:

2
Eln@w) = 204 4 ppjay
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+(AJ + BH + BI + CE)A®N + (B + CJ)A®N] (P-22)

For A << 1 the second and the third terms in the parenthesis is small in comparison to

the first and we have,
E{gu(d)lw(i)} = éuE{I}(:)}(AE + BD) (P —23)
with A, B, D and E defined in (P-11) , (P-12) , (P-14) and (P-15) respectively. Therefore:;

E{gn(d)|w(?)} = 9511E{112(i)}[[au + azrwiz(1)[1 + wiz(i)wa (3)]war (i)

+[an + anwiz(i)]an(l + wia(i)wa(2)]? (P-24)

Similarly, using (6) and (7) in (P-3), we get,

512E{12(2)} (i+1)N

E{g12(2)|w(3)} = VA Y Xu(m)Xi(m)pi(m) (P —25)
m=iN+1
where,
Xis(m) & (12 + [wia(i) + Apr(m)]azs)? (P - 26)

and Xj2(m) as in (P-10).

As a function of the perturbation pi(m), we write (P-26) as

Xis(m) = Ay + BiApi(m) + C1A*py(m)pr(m) (P —27)
where,
A1 = [a12 + azwi2(?))? (P-28)
By = 2[aiz + azwiz(i)]as (P-29)
C, = ai,. (P-30)

Therefore, from (P-25) and by using the orthogonal properties of p,(m) and ps(m), w
get,

Elgatiiwt) = 2B,

+(AJ + B H + BII + C1E)A3N + (B + CiJ)ASN). (P-31)

E + BiD)AN
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For A << 1, the second and the third terms in the parenthesis is small in comparison to

the first and we have,
E{g12(1)Iw(i)} = 6, E{I3(:) (A1 E + B\ D) (P - 32)
with A;, By, D and E defined in (P-28), (P-29), (P-14), (P-15), respectively. Therefore,

E{ga(d)lw(i)} = 26:E{I}(:)} [[4112 + azwiz()P[1 + wi2()wa (2)]wa ()

+{a12 + az2wi2(?)]az(l + wu(i)wn(i)]z]. (P-33)

Again, using (6) and (7) in (P-4) , we get,

E (i+1)N
{1’\‘,—‘\)} Y Xy(m)pi(m) (P —34)

m=iN+1

E{gis(i)lw(i)} =

with Xj2(m) as in (P-10).

Applying the orthogonal properties of the perturbation, we get
Etgu(iw(i)} ~ Z0O gy o jpoy, (P - 35)

For A small the second term can be neglected and using (P-13) and (P-20) in (P-33). we
get;
E{g13 IW } ~ 2E{n1 }[1 + wu(i)wgl(i)]wn(i). (P - 36)

~ Finally, using (6) and (7) in (P-5), .-e get,

E{n2(;)} (G+IN
_{_‘:;Iiz_)} Y. Xu(m)Xiz(m)p(m) (P-37)

m=tN+1

E{q14(3)|w(3)} =

where;

Xi(m) & [wia(i) + Apy(m))?

= wi(i) + 2wia(i)Apr(m) + A’pi(m)py(m) (P-38)
and Xjz(m) as in (P-10).
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Again applying the orthogonal properties of the perturbation, we get

2
Euw) = 23 (im0t 4 2Dugwlay
+[E + 2w‘2(z)H + 211012(1.) + waz(i)]a\:s.\'

+(J + 2wy(1))A3N. (P-39)
With the same approximation in (P-33), we can write
E{gis(i)lw(i)} = E{n3(1)}[2D + Ewia()jwi2(2). (P-10)
With D and E defined by (P-14) and (P-15), respectively. Therefore.

E{gu()Iw(i)} = ‘21'3{"3(2')}[[1+wn(i)wu(i)]2

+{L+ wialiwn (Mwn(iwn(i)] wild). (P-41)
Combining the four terms from (P-24), (P-32), (P-36) and (P-41) in (P-1). we write,

E{g:(i)lw(2)} = 2[6115{112(i)}<[1+wl2(i)w2l(i)]2[all+w12(i)a2l]a'2l
+[1+ waa(wn(ilan + walian()Pua()
4B} (11 + wialidwn(a + wizli)azslas
+H1+ walDun(an + walianlwa()
+E{n}()}1 + wia(d)war()]wn(i)
+E{D} (11 + wialdwn ()l
+HU+ wn(iwn(uhien()| (P-12)
Similar lengthy manipulation can be applied to obtain the estimate of the gradient of
Q with respect to w;;. However. due to the symmetry, we can obtain Q(wya.wa;) from

P(w12, wy) by taking [3(:). na(t). azz, az, wy; respectively instead of [,(i). ny(i). ay;. aia.

w2 and vise versa. Also. replacing é,, and 8,; by 8,2, 64;.
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Applying these changes and replacements to (P-42) we get,

El@w(@)} = 2[6aB(IEO} [+ wialun()Plan + valanlan
+1+ wa(wn(illon + walilan() i)
+nEABO} (11 + wialiyon(i)az + wn(ianlars
+{1+ wa(ium(i)on + wali)anwa()
+E{3(0)HL + wiai)wa (i) unali)
+E{Z0)}([1 + wiali)wn()Fum(i)

+H1+ wu(i)wn(i)]wg,(i)wu(z’))].
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APPENDIX D
BOOTSTRAPPED ADAPTIVE SEPARATION OF TWO
SUPERIMPOSED SIGNALS -
DYNAMIC STUDY OF POWER-CORRELATOR SCHEME
USING WEIGHTS DITHERING WITH PN SEQUENCES !

by

Ruth Onn and Yeheskel Bar-Ness

ABSTRACT

This report considers the dynamic behavior of a blind signal separator, suggested and
study by on of the author (Bar-ness). In this implementation, the error functions. which
are derivatives of easily calculated functions, are estimated by adding a dither series to the

weights. The resulting differential equations are analyzed. Constraints, imposed on the

various parameters by the need for stability in the control loops, are found, as well as the

sensitivity of the output to the interfering input.

'This work was presented at CISS held at Johns Hopkins University, March 1993.

This work was partially supported by a grant from Rome Air Force Lab, (AFSC), Griffis Air Force Base.
N.Y., under contract F30602-88-D-0025, Task C-2-2404.
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I. INTRODUCTION

The topic of blind signal separation has recently been attracting vast interest among
researchers [1,2]. Three structures of two signal blind signal separator were suggested in
[3]. They can be adaptively controlled by either output power minimization and/or output
de-correlation. It was shown that, in the absence of noise, these criteria lead to total signal
separation. The research group at the Center for Communication and Signal Processing
at NJIT has been examining this separator, analyzing both its theorétical aspects and its
practical applications. This work has resulted in a few journal articles dealing with the
bandwidth-complexity tradeoff [4], the question of noise effect (5], spatial separation of wide-
band sources [6], etc. Application to satellite and microwave digital communication links
were also examined [7,8]. Recently some results were obtained in applying the blind separator
to decision feedback adaptive channel equalization.

This paper considers the dynamic behavior of these separators. In order to obtain a
gradient of the output power needed to control the weights, a pseudo-random sequence is
used to dither the weights. Minimizing the magnitude of the correlation between the two
outputs is effected directly by forcing the correlation to zero.

As was shown in [5], one of the structures, called Forward/Forward, must be controlled by
correlation zero-forcing. Another structure, termed Backward/Backward. can be controlled
by either minimum power or correlation zero-forcing.

In this paper we will concentrate on a two input two output configuration. with the
Forward/Backward structure, see figure . One weight will be controlled by minimum output
power, while the other by zero-forcing of the correlation between the two outputs. Dvnamic
behavior of the other two structures can be similarly analyses.

Following the notation in [5] the two inputs to the interference cancelled are given by:

Ti(t) = s1(t) + arsa(t)
z2(t) = a251(t) + 92(2)
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where a, and a; are unknown complex numbers, 5;(t) and sa(t) uncorrelated signals. The
separation is attempted by applying complex weights w, and w, to the inputs to obtain

(possibly scaled) estimates of the signals.

51i() =n(t) = zi(t) + wize(t)
52(t) = y2(t) = wozi(t) + z2(t)

Based on considerations of complexity and bandwidth, error functions are chosen to control
the separating weights. Estimates of the error functions are integrated to form the weights.
In this implementation a dither series is added to the weights, and the error functions which

are derivatives of easily calculated functions are estimated in this way. Thus. the weights

D

n

are composed from the controller output wS and the dither sequence w
w,.:wf-kwa n=1,2 (1)

The dither sequence is scaled by a small constant g, chosen so that
p<< |wlln=1,2 ' (2)

The complex dither sequences, w2 n = 1,2, are produced from two uncorrelated pseudo-

random sequences by staggering the real and imaginary part.

where j is the square root of minus one. Thus
E [wh(t)wf,(t)] =0 for K,L = R,I
where E [-] is the expectation operator. This implies

E [w1(t)w2(t)] =0
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II. THE POWER CORRELATOR DITHER CONTROLLED SIGNAL
SEPARATOR
This scheme of separating the signal involves a trade-off between complexity and band-
width [4]. It is composed of two loops, one is controlled by the power in one of the outputs.
the other by the cross-correlation of the two outputs. The power controlled weight, which we
deal with first necessitates estimating the derivative of the power function with respect to the
controlled weight. The second weight is controlled directly by the sample cross-correlation.

and therefore no dither has to be added to it.

2.1 The Power Controlled Loop

The output, the power of which controls the first weight is
ni(t) = (1 + wi(wz + a3))s1 + (a1 + wi (1 + aywe))se (3)

Substituting (1) into (3) and dropping the dependence on ¢ we have

n = (1+wf +uw1 Wws + a3))s1+

(al + wl + wy )(1 + a1w2)32
1+ wf(wg + a3))sy + (a + wlc(l + ayws))s2+
+ (w2 + a2)81 + (1 + a1w)s)w?)

Where we used (2) to disregard entries with p?. Taking the power of y, gives

2
lnl? = l(l + wi (w2 + a2))s1 + (a1 + wf(1 + ayw,) Szl +
+2uR [((1 + w8 (w; + az))s1 + (a; + wl(1 + ayw,)) 2)
((w; +a3)s7 + ((1 + a;wzc')sz)wlp‘)]
where the superscript * denotes the complex conjugate and R (-) denotes the real part. When

we average the power over a proper time period, we can assume that 5753 = 515; = 0. thus

lnl? =1 + wf(wz + az]s1]2 + |a; + wl (1 + ayw,) s,
2uR [((1 + wf (w2 + a2)) (w5 + a3)lsa” +
(a1 + wf (1 + aywa))(1 + ajw;)[sz? ) wP]
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This signal is passed through a capacitor which we will assume ideally suppresses all entries

that do not depend on w? or wP*

ln1l?lac =2u32[((1+wlc(w2+¢12)) >+ a3)|s 2+
(al+wf(1+alw2))(l+alw2 |s2 )

Taking the product of the above with the dither wP gives

er = 2w (14wl (wg + ag))(w§” +a5)[s1 P + (5)
(a1 + wi (1 + aws))(1 + ajw§ " )sa? ) + (6)
i (1 + wf™ (w3 + a3)) (w2 + a2)[s1[? + (7)
(ai + w{*(1 + ajwy))(1 + ayws)fsal® ) (wP)? (3)

We used |wP|? = 2, which follows directly from the definition of the dither signal.

The control signal is next passed through a filter with the response

U)f = —9 €1
l+rp
where p is the Heavyside differentiation operator. Note that (wP)? = —2juwFuwb. We will

choose the time constant r in the filter to be such that the time average —2j wZ;uD) can be

substituted for (wf)2.

d — —
(14+7— +2gu [lwz +agflsi 2 + 1 + alw?lzl‘”"] Jut

dt
—2gu [(w2+02)-|51|2 + a1 +¢11w2)'l->‘2i2] + (9)
-2jgu [lwz + a1 ]2+ 1 + 01w2|2|32|2] wlc.(wlDRwlDI) + (10}
~2jgu [(02 + a2)[s1]? + aj(1 + arws)[s2lF] (e Fpuct) (11)

: d .
The operator notation was replaced by the regular 7 notation. The terms in (9) through

(11) have the following interpretation. The first term is the desired one. for in the steady

d .
state, when —w¢ = 0. it leads to

dt
W€ = ~2gu [(wg +a3)* 5112 + ay(1 + alwg)'I.SgI?]
v 1+ 29uG
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with

= |ws + a2)|s1? + [1 + arwal?]s,)? (12)

This is the optimal solution for the power controlled weight, provided
1 << 2guG (13)

(see [3] equation (30)). The rest of the terms, as well as the dither added to w¢ will cause
degradation of the separation, relative to the optimal value predicted in (3].

These must be held to an acceptably small level. The terms in (10) represent the cross
coupling of the real and imaginary parts of w{, and thus affect its dynamic performance. In
(10) the coupling is weighted by the correlation between the real and imaginary part of the
dither sequence w?.

Taking into account at first only the contributions of (9) and (10) we obtain the following

differential equation

d . .
T wé = —(1+29uG)w’ — 2jgulwhwl)wt (14)
—2gu [(wz +a2)"[s17 + a1(1 + ayw;)"[sa[? ]
The differential equation (14) can-be written in vector form
wC 1 +2gpG 29uGlwirwl) c
d 1R Wig
2 -
dt [ wC } 29uGlwihw?l) 1+ 294G [ c }
u Wy
[ ((wf +a)lsiP+ ] (13)
—2gu (a1 + |a12w§)]s2f? )R
— ((w§ + a2)sn [ +
(a1 = |a|*wf)sal? ),
The eigenvalues of (15) are given by
M2 = 1429uG(1 - wirwy)) (17)
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Thus the system is stable only if
1+2guG > 2gpGwipwy)
and taking (13) that means
1> (wlﬂwll) (18)

The term in (11) is expected to affect mainly the steady state response of w§. We are

especially concerned in how it affects the sensitivity of 3; to s;. Thus we define y;; and y12

as follows
n(t) = yusi(t) + yzsa(t) C(19)
y(t) = 1+wf(wr+ar) + pwl (w2 +a) (20)
yia(t) = a+ (1 +aws) + pwP(l + ayw,) (21)

Rearranging (9) and (11) we have

—2gu [(Wg + az)*|s1]2 + ar(l + alwg)'|32|2’
1+ rp+29uG

~2gu [(wz + a2)[s1 7 + aj(1 + a1ws)[sa?] wirwl)

C -
I =

w

(22)
1+ 7p+2g9uG
Substituting (22) into (21), and using the definition of G in (12), we get
_ a1 = 2gu(w; + a3)(1 — a1a2)|s:1/?
yi2(t) =
1+ 7p+29uG
N -2gu [(wg + az)|s1]% + a(1 + aywa)|s2f?| (1 + alwz)(wlDRwP,)
1+ 7p+29uG
+ muwlo(l + ayw3)
To get the sensitivity we are seeking we will consider E [|y;,|?].
—_— 2
a —2 5 2)(1 — 2
E [|y12|2] - 1 gu(w; + a2)f a1az)|s1|
14+ 7p+2g9uG
+ 4¢% 1|1 + qywePl(w2 + a2)[si
2 whwd) |
+ aj(l + aw2)|s E 2
1( wa)ls2f? | ‘1+ 7 + 295G (23)

+ 2431 + aqywy)?
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To evaluate (23) we will use the fact that the sequence chip rate % is much greater than the

closed loop bandwidth. We will approximate the sequence by Gaussian noise with the same

power density value of 21rT~E-—w2tts

iz over the closed loop bandwidth. For a low pass filter, the

two sided noise bandwidth equals the reciprocal of twice its time constant. Therefore

E [I fwihwi)

2 1 27T (1 + 2pgG)

(1 4+ 2p9G)? 2r
=T 1
T 1+ 2u9G

14+ 7p+ 29uG

Substituting in (23), the equation reads

—_—2
a — 29#(“’; + a;)(l - f11¢12)|-91|2

2] _ 9
E [Iyul ] B 1+ 7p+2guG (24)
2,2
anTow (25)
T ——— —
11 + ayws|?|(ws + a2)]s1]? + aj(1 + ayw;)|s2)? |2
1 +2ugG

+ 2431 + ayun? (26)

The expression in (24) dominates the right hand side of the equation. Under the assump-

tion 1 << 2guG it will yield

(w3 + a3)(1 - )i |
G2

E [jynaf?] =

Which is exactly the one in [3]. (25) represents the effect of non-zero chip duration. and will

be made small by making the chip duration as small as possible. It will increase with ug.
(26) imposes the limit on the size of u. This will make obtaining a large ug hard without

a large g. The size of ¢ is in turn limited by considerations of stability, which will come up

if the loop is not simply first order.

2.2 The correlation controlled loop
In this loop the weight is controlled by the average power in the sample correlation
between the two outputs, |y1¥3|%. As is proven in [3], the relevant signal in the derivative of
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the power is the cross-correlation itself, thus we do not need to add a dither component to
w,. The averaging time constant is chosen such that the output depends only on the power
in the signals s; and s,.

The inputs of the correlator are the two outputs of the circuit. Recall

1 = ((s1 + a152)(1 + wywa) + (az3) + s2)wn)”
= sj(wi{w; + a2) + 1) + s3(wi(ajw; + 1) + a])
Y2 = (81 + a151)wz + (azs1 + s2)

s1(we + az) + s2(a w2 + 1)

Averaging the product of the two inputs gives

iz = i (wilw; + a3) + 1)(w2 + az)+
|s2|? (wi(ajw; + 1) + af)(a1wz + 1)
Due to the averaging the terms that involved s}s; or sys; will null.

This is the error signal e;. It is passed through a filter with the response of 75 and

thus w, obeys the differential equation

(14 72w = =g (T i +a3) + 1) + 0o

—di (27)
+[s2l? (wi(afw; + 1) + aj)(ayws + 1))
The steady state response will be
ls1? (wi(w; +a3) + (w2 +a2) + [s2f? (wi(afw; + 1) + a])(arwz + 1)
= —22. (38)
g

Provided g is chosen large enough, the right hand side of (28) will be almost zero. This will
give us the expected response for ws.

To study the dynamics of (27) around the solution, w, = —a, we will linearize the
equation. Let € = w; +a;. We will assume ¢ small enough. so we can disregard entries with

€.

d — _
T—e= —(1+g(|s1]?> + |s2|? |01|2))€ = gls2]? (wiai(l = araz)%e + wia (1 ~ ajaz)e”)

dt (29)

+az — gls212(1 — a1az)(a] + wi(l — aya,)%)
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To obtain results on the stability of (29), it can be represented in vector form. The matrix

in this representation has the following eigenvalues

/\1
A2

=L 1+9I31|2 +g|32|2 lay?)
(1 + g[s1[? + g[s2l? [ar]? + gs2P R (wiaj(1 - araz)))

A is obviously always negative. ); is also negative provided

a 2
—_— > |a(wla;(1 — a1a2)) |

Thus, the equation is stable if {:—;l:- is not too small.

The steady state response of ¢ is

€ss =} ,\2(1 + gls1? + glsal? |a1]?) x (a2 — gls2l* (1 — @raz)(wi(1 = a1a2) + a1)") (30)
+rfg|32|2 ay(l —a1a2)" x S (wl(ﬂz ~ gls2f? (1 = aaz)(wi(1 = araz) + a1) '))
Using (30) and ¢ >> 1 we can get
w = g (9T + TP lanl?)x (52 (1 ~ avaa)(wa(1 = araz) + a1)') )

+jls22ai(l = araz)* x § (wl( 212 (1 = araz)(un(l — ayaz) + @4)" ))]

If we now assume that w, = oo, we will get that the steady state € is very small. Thus

if 6 = wy + =2— << 1, (29) will become

l=ajaz
e (l - -
|s1]% € — |32|2 a(ll-m:;‘;f € + |32|25 R ((ay(1 —a‘_)__) = —|s2]?|l = aya,]?s (32)
si?e = —[s2? ]l — ayaq[?6”

From (32) it is clear that |e| will get smaller with |§], and will do so in a reasonable pace.

.y 1t 2 .
provi«i=a 1‘-:3{,- is not too large.
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ITI. CONCLUSIONS
Using the proposed model for the weight controller, we obtained a differential equation

for the constant part of the first weight, w¢ from (14)

r—wl = — (1+29uG)uwf - 2jgutwirwi)w’

= 29p [(w2 + a2)Ts1 [ + a1(1 + aywn) 527

where, G = |w, + ag|*[s1]? + |1 + a1w;|*[s2]?, w? is the dither sequence added to the
weight, and (-,-) denotes the time average of the product.

For‘the weight w, we examined its behavior in the vicinity of its steady state. w; = —as.
By letting € = w, + a;, and assuming € << 1, we showed that ¢(¢) is controlled by the

following differential equation (29)

d _
rge= = (L+g(sl +sallarf)e
- 2g|s2/2 wiR (a1(l — aya2)%€)
+ a2 — g|s2}? (1 — a1a2)(a] + wi(l - araz))
Studying the differential equations in (14) and (29) we obtained the conditions for con-

vergence in the mean of the weights and their steady state values. We also studied the

sensitivity of the quality of separation to the power of the dither and other system parame-

ters.
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Figure 1 A diagram of the Forward/Backward bootstrap blind signal separator with

dither control.
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APPENDIX E
SIMULTANEOUS SPATIAL SEPARATION AND
DIRECTION-OF-ARRIVAL ESTIMATION OF
WIDEBAND SOURCES USING
BOOTSTRAPPED ALGORITHMS !

by

Hagit Messer and Yeheskel Bar-Ness

ABSTRACT

This paper presents two versions of a novel adaptive algorithm for simultaneous spatial
separation and direction finding of two wideband, uncorrelated sources received by two
separated sensors. The algorithm provides estimates of the sources (direction of arrival -
DOA) and outputs two signals which are filtered versions of the source signals. We describe
the different configurations of the separation system and study sensitivity of the two signal
estimates to the accuracy in estimating the DOA of the sources. \We show that perfect
separation is achieved even if the DOAs are not perfectly estimated. at the cost of degradation
in the output signal-to-noise-ratio. Then we propose implementation of an adaptive control
algorithm and we discuss the steady state performance in the presence of an additive noise.
We compare the complexity, performance and noise immunity of the two versions of the

proposed algorithm.

1This work was partially supported by a grant from Rome Air Force Lab, (AFSC), Griffis Air Force Base,
N.Y., under contract F30602-88-D-0025, project E-21-T49, Task C-2-2404.
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I. INTRODUCTION
Fig. 1 describes the scenario where two sources are received by an array of two sensors.

The outputs of the two sensors are:
Zl(t) = Sl(t—Dl)+82(t'—D2)+el(t)
z2(t) = si(t+ D) + sa(t + D2) + eat) (1)

where s;(¢) and sz(t) are the signals radiated from the 1st and 2nd sources respectively. e;(t)
and e3(t) are the additive noise processes in each of the sensors and D; is given by,

D,-=_-;-£sin0.- 1=1,2 (2)
d is the distance between the sensors, c is the propagation velocity and 6; .: = 1.2 is the
bearing of the ith source. We assume that the random signals s,(t). s2(t), e)(t) and ez(t)
are mutually statistically uncorrelated.

In this paper we present adaptive systems which receive =,(¢) and z;(t) at the input,
deliver as output signals y,(¢) = 3:(t) and y2(t) = $2(t), and simultaneously provide the
estimates of D, and D, from which the bearings of the two signals 6, and 8, can be derived.
However, in order to enable separation, some information (statistical or physical) about the
signals s1(t) and s;(t) is required. This information will be utilized in the design of the
control loop. It enables initiation of the separation procedure. I[f further information is
available (such as knowledge, for example, of one of the two bearings) the same algorithm.
which then bootstraps itself, will result in performance improvement.

In fact, the model described in this paper is applicable to many communication and
signal processing problems which can be put in three groups: bearing estimation (source

localization), source separation, and interference cancellation.

e For bearing estimation (source localization) one is interested in D, and D; and not in

the signal_ estimates 3,(t) and 3,(t). In this application, particularly in active radar or

sonar, much is known about s,(t) and s,(t).
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e For source separation, the objective is to get the cleanest possible version of s,(t) and
s2(t), while D, and D, are nuisance parameters. Indeed, in some cases there is some
prior knowledge about 4, and 6, which can be used to restrict the possible values of

D, and Da.

e For interference cancellation, the objective is to get a clean replica of one of the signals.
say s;(t) while the other signal, as well as D, and D, are nuisance parameters which.

in some applications, are partially known.

If the signals s;(¢) and s;(t) are narrowband signals, centered around a known .o, then

a complex envelope notation can be used and Eq. (1) can be written as

n = e-JWoDx s1+ e—on0252 + e

2 = ej“D‘sl + ej‘“°D’32 + 3 (3)

so the unknown model parameters are represented by the complex constant a1y = exu(—jwoD1).
aj2 = exp(—jwoD2), an = ai; = exp(jwoDy) and az; = aj, = exp(jwoD2). Eq. (3) can
then be written in a matrix form: z = As +¢, where A is a matrix which is a function of two
unknown complex parameters. The linear separation problem resulting from (3) was studied
and discussed in many papers{l-5| and bootstrapped algorithms, similar to those proposed
in this paper, were shown to be useful in its solution. However, such problem formalization
is not applicable for wideband signal environment, where Eq. (3) is no longer a proper rep-
resentation of Eq. (1). In such a case, the received signals are not a linear function of the
unknown model parameters, and the model is inherently non-linear. We will show that the
bootstrapped principle used in narrowband signal separation can be adapted to solve the
wideband separation problem.

The wideband DOA estimation problem, that is of estimating D; and D, in Eq. (1),

has attracted many research efforts in the last decade or so. Different algorithms for DO A
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estimation were proposed, very few of them are adaptive. However, the estimation of the
source signals is rarely considered. Our proposed algorithm can be regarded as an adaptive
wideband DOA estimation algorithm as well as a signal separator and, in particular. a
wideband interference canceller

The paper is organized as follows: We first study the different bootstrapped configu-
rations, we discuss the topology of possible two-inputs two-outputs linear systems which
contain variable delay lines and summers only, and we present two configurations for which
separation of the signals s;(t) and s3(t) is achieved if and only if the variable delays equal
Dy and D; of Eq. (1). In Section 3 we study the sensitivity of these two structures to the
deviation of the variable delays from the desired solution. We present a small-errors analysis
of the second order statistics of the outputs, which shows the separation performance of the
adaptive algorithm in a tracking mode of operation. We prove that with both configurations
source separation is guaranteed in this mode of operation. Section 4 discuss the adaptive
algorithm from the theoretical and practical points of view. We show that if the two signals
to be separated do not have exactly the same spectrum. then the algorithm converges to a
state of total signal separation with only ambiguity in assigning an output to a signal. We
also discuss the effect of additive noise on the steady-state performance of the proposed two
versions of the algorithm. Section 5 presents a comparison of the two configurations of the
bootstrapped algorithms, dra,ws.guidelines for the question of when to use each of them. and |
emphasizes differences between the proposed algorithm and the one developed for narrow-
band sources. Important issues such as stability of the algorithm, rate of convergence. etc.

are studied in an ongoing research.
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II. THE DIFFERENT CONFIGURATIONS OF THE DELAY CONTROL

SEPARATION ALGORITHMS

We suggest that the delay-control separation system consists of pure delay lines and
summation devices only. In the steady state the delays in this svstem are the estimates
of the delays in the mixing models (Eq. (1)); that is r, = Dy : , = D;. The outputs
of the system, y,(t) and y2(t), are used to control the delays m, and 7, following certain
optimization criteria.

The frequency-domain mixing model of Eq. (1) can be described by the matrix

e=twD1  g=uDz

M(w) = [ gDy g1uDs } = func(Dy, D.) (1)

In open loop, the separation system is a linear system having the transfer function matrix

H(w) = [ g;:g::; g;zg:; ] = func(my, 72) (3)
Now, since
Y(w) = Hw)Z(w) = Hw)[M(w)S(w) + E(w)] (6)

then perfect separation of the signals s;(t) and sy(t) is achieved if the matrix T(w) 2

H(w)M(w) is a diagonal matrix.

If narrowband signals are assumed (such that the model of Eq. (3) is valid). three different
bootstrapped separation structures can be used [2]. These structures are the backward-
backward (B B) configuration. the forward-forward (F F) configuration. and the backward-
forward ( BF) configuration (3]. When adapting the bootstrapped principles to the wideband
case we found that the BF scheme must be excluded. if the filters Hy(w) and H,)(w) (see
Fig. Al) are required to be pure delay lines (see appendix A).

The BB structure discussed in this paper is a special case of a feedback topology structure
introduced in [4] for separation on .V source signals using an array of W > V sensors. It is

shown there, that this structure is a feedback implementation of the least-squares estimates
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of the source signals, if the direction of arrivals of the sources are perfectly known. This
paper considers the special case where M = N = 2. However, its results for the BB
configuration based on the topology presented in [4] and the control algorithm of section 3
can be generalized to any M > N. The generalization of the F'F configuration is still to be
studied.

For the two separation structures, the backward/backward and the forward/forward, we
first find the transfer function matrix H(w) and use it to exhibit the output power spectrum

matrix, and its properties. From (6],
Syy(w) = H(u)szz(w)H-(w) = T(J)S,,(W)T-(w) + H(“})See(w)H'(W’) (T)

where T(w) = H(w)M(w) is the transfer function matrix between the signals to be separated

and their estimates.

2.1 The Backward-Backward Configuration
Fig. 2.a depicts the basic structure of the BB configuration. The transfer function matrix

of this system is given by:

Hps(w) : [ o o ]

= 2sinw(r — 1) | —e eUn
Using Eq. (4) we have

Tpa(w) = Hpa(w)M(w)

= — L |sin(Di-7) sinw(D; - 7)
sinw(m — 1) | sinw(m = Dy) sinw(r — D»)

(9)
From Eq. (9) (and Eq. (6)) it is easy to see that if , = D, and = = D,, then Tgp(w) = [ and
a perfect separation of the signal is achieved. The output signals are then y;(t) = s,(¢)+7(¢)
and ya(t) = s2(t) + na(t) ; where 7i1(t) and fi2(t) contain no signal components.

The system of. Fig. 2.b is exactly equivalent to that of Fig. 2.a. However. if one can

tolerate the outputs to be a delayed versions of the signals to be separated, y1(t) and yo(t)
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can be regarded as the outputs of separation system, which is somewhat less complex than

that of Fig. 2.b. For the system of Fig. 2.a, the transfer function matrix between z and y is

given by,
- e-iW(ﬂ-"z) 1 _e—-JZufz
Hgp(w) = —
BB( ) —2; smw(n —13) [ —el2wn 1
j e"]‘“("l—ﬁ) _e—Jw(Tl."fZ)
= : w(T1+72) —jw(r~mg) (10)
2sinw(mn — 7)) | —e/vINTR eTywinTn
and
. - 1 e~ Msinw(D) ~ 1) e “Nsinw(D; - )
T = H M o ———— i . ) - P4
sa(w) = Haa(w)M(e, = o —s [ emsinw(ny — D) &7 sinu(, - Da)
(11)

Ts B(w) is a diagonal matrix for m = Dy and 7, = Dy, but it is no longer the iden:ity matrix.
I

Assuming that the signals to be separated are uncorrelated, wide sense stationary (W' S5)
processes with power spectral density (PSD) S;(w) and Sz(w), respectively, the PSD matrix
of the outputs of the BB configuration is given by:

sinw!Dl—h! 2 sinw(D2—12)\2 ~ sinw(n —Dy ) sinw(D; —1;)
SRR + S (B2 S1W) mm =) snain=ra)

+ Sz(w)sinw(Dz-rg) sinw(r1=0>)

Spalw) = S( sinw(r;—Dy) sinw(Dy—7;) sinw(T—72) sinu(ri—-ry)
1 U)) sinu(z’b-ﬂ) )s'mw(n-fz)
- sinw(Dz—13) sinw(r—D>) S sne(n=Dy)y2 | g, (. )(8Rwin=Da) 2
+b2(w) sinw(r;-72) sinw(r~m2) bl(w)(ﬁ_"z_—#%) + Sa(w)( sslix:!t(rflx—fz) )
N(w) 1 —cosw(mn — 1) :
— r12y
2sin‘w(r — 1) | —cosw(m — 77) )

Eq. (12) is derived from Eq. (7) using Hag(w) and Tgp(w) of Egs. (8) and (9). where we
assumed that the noise processes are uncorrelated and have equal spectra S,, (w) = Se,(w) =
N(w). It can be shown that Sgg(w), which is related to Hag(w) and 'i‘gg(w) of Egs. (10)

and (11) is very similar. The only difference is that the off-diagonal terms are multiplied by

e-Iwlni+n)
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From Eq. (12), the output PSD at une of the outputs, say yi, is given by,

sinw(Dy — 1)

sinw(D2 — 12) 5 N(w)
- +
sinw(my — 73)

sinw(m — 12) 2sin’w(m — )

Sy (w) = Si(w)(

)2 + Sa(w)( (13)

and a similar term for the power spectral density of the other output. The cross spectrum
between the outputs consist of three terms each related, respectively, to the signals to be
separated, s;(t), sz(t), and to the additive noise. Note from (13) that at the output. y(t)
the term related to sy(t), for example, can be viewed as having resulted from passing s,(¢)
via a filter with transfer function -’ﬁ%‘;}f—f- This transfer function is highly non-linear in
the unknown parameter(s) and their estimate(s). Therefore, although a pure delay line is
a special case of a linear filter, the problem discussed here is very different from the linear
model in [5-7] and in (8], where the unknown linear filters are assumed to be rational (F IR
or IIR) filters of unknown coefficients.

- Also note that the possibility of ; = 72 must be avoided, and that at w = 0 the output

noise term diverges. Therefore, this BB configuration can only be used with band-pass sig-

nals that impinge on the array from directions not very close to one another.

2.2 The Forward-Forward Configuration

Fig. 2.c depicts the basic structure of the F'F configuration. The transfer function of this

system is given by,

evm  —eTIwm .
Hrr(w) = | _jun = | = —2sinw(n —n)Hpp(w) (14)
Using Eq. (4) we have,
.| sinw(Dy — inw(D; - ..
Trr(w) = Hep(w)M(w) = =27 [ oD g et T | = 2 sinw(n=r,) Tas(w)

(15)
Note again that if r, = Dy, , = D, the two signals are indeed separated. However. each

of the two outputs rather than being a delayed version of the corresponding input. consists
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of superposition of delayed versions of the separated inputs. In fact, y,(¢t) = s,(¢ = &) —
si(t + A) + ~4(t) and ya(t) = sa(t — A) — s2(t + A) + A,(t), where A = Dy, — D, and ny(t)
and ni(t) contain no signal components. Thus the separated outputs are distorted versions
of the input signals, and for applications where such a distortion cannot be accepted. the
BB configuration should be used. On the other hand, if the signals’ waveforms are nuisance
parameters and one is mostly interested in the unknown delays D, and D,, then the FF
configuration of Fig. 2.c, or its equivalent simpler version Fig. 2.d can be used. In the
system of Fig. 2.d, the outputs 7;(t) and §2(t) decouple the inputs if D; = 1, and D, = 7,
so 1(t) contains no part of sy(t) and y,(t) contains no part of s,(t). Both outputs, however.
contain distorted versions of the decoupled inputs.

The power spectral density matrix for the FF configuration is given by (see Eq. (7)).

From Fig. 2.c,

[ Si(w)sin?w(D; — 73) Si(w)sinw(my — Dy)sinw(Dy = 15) ]
+ Sy(w) sin® w(D; — 1) + Sz(w)sinw(D, — 75)sinw(m, — Dj)
Srr(w) = 4
Si(w)sinw(m — Dy)sinw(Dy — 1) Si(w)sin®w(D; — )
+ S2(w)sinw(D; — ;) sinw(ry — Dy) + Sa(w)sin® w(m — D») ]
+2Nw) | _ cos w(ln ) - W(IT1 ™) | = ysin? w(71 — 72)Spa(w) (16)

By comparing (16) with (12) we notice that the power spectrum and cross spectrum of the
outputs of the BB and F'F configurations differ only by 4sin?w(m — ;). The FF config-
uration can be regarded as containing zeros-only, or FIR system. while the BB has poles
and zeros, or IR system. As such, the FF configuration can handle low-pass signals too.
and is not sensitive to 'situations where 7, = 7;. Also notice that the BB configuration can
be looked upon as an FF configuration, followed by a 2 x 2 system with a transfer function

matrix -—1—‘—2)1 , where [ is the 2-dimensional identity matrix.

4sin® w(ry -7
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III. SMALL-ERRORS ANALYSIS OF THE OUTPUT SPECTRUM

In both FF and BB structures, i, = D) and 7 = D, result in perfect separation of the
source signal. If D; and D; are unknown, they should be estimated. To study the effect of the
estimation errors on the separation performance of the two configurations we next find the

cross-spectrum of the outputs under small error assumption; (i.e., [¢:| = [r — D;| << |Dil,

i=1,2).

3.1 The Output Power Spectral Density Matrix

We look at the linear approximation of the output power spectral density matrix. 1.e.:

S oS
Sy(w) = sy(w) |'01=’1’2=0 +¢'l[~% |'Ju=’b2=0] + w&‘#(:))' |w1=w:=0] (1-‘-)

where ¥, = 1, — Dy ,and ¥, = 7, — D, are sufficiently small.
From Appendix B we know that the linear approximation of Eq. (12) is

N Sy(w)(1 = wlt(wA)) (01 51(w) = ¢252(W))m
585(0) X | (1ySi(w) — Sty @)1+ v

+ gt (=1 + ¥2) — cos(wA)
N(w) + mea(l+ cos?(wA))(—=wy + v2)
2sin?(wA) - cos(wA)
+ mea (1 + cos?(wA))(—v1 + v2) I+ 25 (=1 + va)

where A = D, — D,. Similarly, for the F F configuration, applying Eq. (17) on Eq. ( 16)
yields (see Appendix B):

Si(w)[sin?(wA) = Yowsin 2wA)]  wsin(wA) (151 (w) = ¥2S2{w))
Srr(w) = 4

wsin(wA) (Y1 S1(w) = ¥252(w))  Sa(w)[sin®(wd) + vywsin 2(w)]

1 (Y1 = Y2)wsin(wd) — cos(wd)
+2N(w) [ (1 — ¥2)wsin(wA) — cos(wA) 1 ’ 1 ]

(19)
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Note that for both configurations, small errors in the estimates of D, and of D, such that
|%}| ~ 0, |%§-| =~ 0 but not identically zero, still guarantee separation of the two signals. The
power spectral density of each of the outputs (diagonal elements in (18) or (19)) contains a
filtered version of only one of he signals (plus noise).

From Eqs. (18) and (19) we notice that:

1. For ¥y = ¥; = 0 the signals s;(t) and sy(t) are separated so that at y,(t) we have no
component of sz(t) and at yy(t) we have no component of s,(t). This holds in both
configurations and is still true if ¥; = 0 and ¥, =~ 0. However while for v; = v, = 0
the output of the BB configuration consists of an exact replica of the input signal. for
v1 = 0 and ¥, = 0, this separated signal is a filtered, distorted replica of the input
signal. For the F'F' configuration the output signal is a filtered version of the input.

when ¥, and v, are almost zero (small errors) or exactly zero.

!\3

If N(w) = 0 (no additive noise), then w; = ¥; = 0 guarantee uncorrelated outputs
(Syir2(w) = 0 in both configurations). If neither v, nor ¥; is zero the outputs are. in

general, correlated.

3. In the presence of noise, the outputs are correlated even if v; = y; = 0.

3.2 The Output SVR

With perfect delay estimation; ¥, = w; = 0. the output signal-to noise ratios for the two

structures are given, respectively, by

SNREE = _JwSilwldw 20
‘ fW 23;:11 ;:A)dw ( )
2 i Si(w) sin?®(wA )dw
N FF w .
SNR,, T N(w)do (21)
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i

where W is the processing bandwidth. The inputs SN R are given by;

i _f Si(w)dw .
SNRYw = TN oo

=1,2 (22)
We notice that for both configurations, the cancellation of the other signal (interference)
causes degradation in the SNR —the output SNR is worse than the input S.NR (but,
hopefully better than the input SINR - the signal to interference plus noise ratio!). From
Egs. (20) and (21) we see that as A = Dy — D, is smaller (the spatial separation between
the sources is smaller), the output SIVR is smaller. Notice, however. that the output SVR

is different for the two configurations.

For the case of flat spectral density, Si(w) = P, and V(w) = Py over wg — W/2 < |w| £
wo + W/2, we have for the inputs SNR, SNR; = Bl = p;,i=1,2 and for the outputs S.VR

is (see Appendix C),

W i W ~ cos 2w _
SNREZ® = —” < Al il s (23
. +;3- . :A) SII:VA
wo - 3* sm! w

sin WA
WA

+ 2
SNRf:F = pW/ wz sin?(wA)dw = pi(1 — cos ZwpA ) 5 =12 (24)
wo=F

Notice that if W « wg (a narrowband assumption), Egs. (20) and (21) yield.

1 . a2,
SNRBB M . SNRFF » 2S;(wo) sin® woA
. s-:;!L:% ) .’V(WQ)

=> SNRIF = SNRE? = 25in? woASNR,,, ; i=1.2 (25)

That is, under perfect separation and narrowband assumption, the outputs S.VR is the same
for the two configurations, while, as can be seen from Egs. (23) and (24), in the wideband
case it can be very much different. Also notice that in the narrowband case. the outputs
SN R satisfies SNR,, = 'ySNan where 0 < v < 0.5, so the SVR degradation is, at least 3
dB. In the wideband case, depending on the relative bandwidth, the maximum degradation

in SN R can be smaller. Clearly, due to the perfect cancellation of the other signal at each of

140




the outputs, the outputs SN R are the same as the output signal-to-interference-plus-noise-
ratio (SI.VR). Eqs. (23)-(25) show that the outputs SI.VR is a function of the input S.VR
(not the input SI.VR, which is smaller) and of the weighted spatial separation between the
sources, A.

As suggested by Egs. (18) and (19), the output S.VR in a “small errors™ scenario. i.e..
w1 = 0 and ¥; = 0, are different from those obtained with no errors (v, = w; = 0). even
though in both cases the signal-to-interference ratio (SIR) in the two outputs are infinite
(perfect separation).

The important conclusion from this subsection is that when signal separation is achieved.
the “cost” in degrading the output S.VR can be severe. Unless the other signal (the interfer-
ence) input 5.V R is high. it is not guaranteed that the output S.VR is indeed larger than the

input SI.VR (signal to interference + noise ratio), even in the ideal case where vy = v, = 0.

IV. OPTIMIZATION CRITERIA AND SEPARATION ADAPTIVE
ALGORITHMS
A signal separation problem similar to the one addressed in this paper. and which is
highly related to a multi-channel identification problem, is widely considered lately under
different names and/or scenarios (e.g. [8]). Most optimization criteria used for controlling
the algorithms are related to the assumptions that the signals to be separated are statistically

independent and that at least one of them is a non-Gaussian process[5-7]. Based on these

assumptions a family of higher-order spectra (HOS) optimization criteria are proposed. The
spatial separation problem addressed in the present paper is often related to cases where the
signals to be separated are both Gaussian (e.g.. passive localization in sonar). The signals
can be assumed uncorrelated (or statistically independent) but no higher-order cumulants (or
spectrum) can be used as optimization criteria. Decorrelation of the output signals. which is

indeed a necessary condition for separation when no additive noise is present. can be used as
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an optimization criterion. In the sequel, we study how outputs’ decorrelation can be made
a sufficient condition for source separation in our problem. This is a special case of [8]. in
which the outputs’ decorrelation criterion was used for any linear-filtered combination of the
two signals. However, the case we study, where the combination filters are pure delay lines.
is of special interest because of the related applications. Also, the non-linear dependencies of
the filter(s) on the unknown parameter(s) 7 make the use of existing results in our problem,
far from being trivial.

Assuming that the inputs are zero-mean processes, that no-noise is present (.V(w) = 0),
and that 7, # 7, then from Eq. (12) or (16) we conclude that for both BB and FF

configurations the output signals are decorrelated if and only if
Si(w) sinwyy sinw(A — 33) = Sy{w)sinwwssinw(A +vy) :© Vw (26)

It is simple to note that (26) will be satisfied for every w and hence the outputs will be
decorrelated if ¥ = ¢, = 0. On the other hand if ¥, # 0 and w,; # 0 we want to find
conditions under which this equation is satisfied, for any w.

With the small errors approximation of Eq. (18) or (19), we get, instead of Eq. (26) :
1 S1(w) = ¥253(w) (27)

Since ¥ and y; are to be constants (in the steady state of any algorithm). Eq. (27) is

satisfied for ¥; # 0,w, # 0 if and only if 5)(w) = aSy(w). That is :

If the signals have the same 3pectral shape, the outputs can be decorrelated with

w1 and Y, being non-zero, but small, only if Y, /12 = 1/p12, p12 being the power

ratio between the signal si(t) and the signal s4(t).

If 5i(w) # aSz(w), the only solution to Eq. (27) for every w is w; = w; = 0. Thus. we

conclude that, at a small error scenario, then if the input spectra are of different shape (and
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that V(w) = 0). a necessary and sufficient condition for ¥y =0 and y; =0 is decorrelation
of the output signal.
Is this result valid also if no small-errors assumption is used? Given that 5)(w) # aSa(w),

then beside ¥, = ¥3 = 0 (26) is satisfied only if

—

. ¥1 =0, Y # 0 and A = —y; = 0 which is equivalent to D, = D,.

o

w1 =0, Y2 £ 0 and A = ¥, = 0 which is again equivalent to D, = D.

3. A+, =0, A— 1,y # 0 which is equivalent to A = ¥, = —w,. This condition leads
to i, = D; and m, = D,. That is, signal separation in the opposite direction (yi(¢) is

proportional to s3(t) and y,(t) is proportional to sy(t)).
This ambiguity is inherent in the model identification problemfe.g., 8].

Thus, a proper criterion for separation of two uncorrelated Gaussian signals of

different spectra is decorrelation of the separation outputs.

If the signals have the same spectral shape (so 5(w) = aS;(w)), a discriminator. which
exploit slight prior information about distinuishability of the signals to be separated. can be

used to trigger the algorithm as suggested in [1] for narrowband signals.

4.1 Decorrelation Algorithm

Decorrelation can be performed both in frequency domain (imposing S, ,(w) = 0.Vw)
or in the correlation-lag (time) domain ( imposing Ry, ,,(a) = 0,Va)?. Because of availabil-
ity of hardware components, we are interested in time domain algorithms. The algorithm
adaptively controls 7, and 7, to reach of outputs decorrelation. That is, we need to solve two

delay control equations simultaneously, in order to obtain their unique solution ¥; = v; = 0.

2Notice that for the two configurations (BB and FF) the frequency domain requirements result in the
same equation, while the time domain requirements are inherently different.
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The time domain decorrelation criterion introduces an infinite number of equations in the
form:

E{n(t)y2(t = &)} = Ryypp(@iym,2) =0 -0 <a; <20 (28)

(E stands for statistical expectation). For any choice of @) and a; we can solve simultaneously

Ry p(ayyn, ) = 0 (29)

Ry p(agim,m) = 0 (30)

for , and 7. The choice of a;, a2 should be such that Eqs. (29) and (30) are linearly
independent.
Under small-errors conditions and no-noise assumption, then using Eq. (18) for the BB

configuration, Eqs. (29), (30) become:

® w8 (w) ; © wSy(w) ;
PN pdwar o, woy g, — 3
i< /.oo Sa@a) _'ﬁ’/m sawa) =0 (31)
® WS W) warg, oy, [T 9529 uarg, -
4 ./-oo sin(mA)(‘3 d =~ ¥r /-oo sin(&...rA)e dw =0 (32)

If ) # az then coswa; = coswa, only for discrete point of w which has a measure zero on the
real axis w. Therefore, we have coswa; # coswas on set of intervals with a positive measure,
and hence the set of equations (31) and (30) are linearly independent. Finally we conclude
that if the algorithm brings the controlled delays to the vicinity of ¥4 = ¥; = 0. then the
algorithm converges to these values. Similar argument apply to the FF configuration and
equation (19).

The proposed control algorithm is depicted in Fig. 3. From which we note that it reaches
a singular point only if Rym(al) = 0 and similarly for ;. Assuming that wg is the center

frequency of the processing bandwidth we suggest, as a rule of thumb, to choose a; = 0 and

T
C!g:w—o.
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4.2 Practical implementation considerations

1. Practically, oy and a3 in Fig. 3 can be changed during the adaptation. The choice of
these delays may have great effect on the rate of convergence, even if the steady-state

values are the same. This subject is worth further investigation.

2. For the BB configuration and the parrowband case, decorrelation criterion can be
replaced by minimization of the output powers[3]. In the more general wideband
case, one can show (see Appendix D) that decorrelation of the outputs is a sufficient
condition, but not a necessary one for minimum power, so that minimum power criteria
can not replace decorrelation. In particular, for the delay control case since the output
power is given by,

P. = / A i=1,2 (33)

a necessary condition for minimum power is 3'3& 0, : # 5 i,j=1.2 for which it is

sufficient to have:

a 7
'a'_";smm(w) =0 ;5 7=SpyW)=0 ; Yu (34)

From Eq. (12), with N(w) =0, we get,

ad 2w
5;;‘9?191 ("") = "-_"'*—"[Sl(w)

sinw(m — 73)

sinw(m — Dy)sinw(Dy ~ )

sinw(m — 72) sinw(m — 1)

sinw(D, — ;) sinw(r, ~ Dy)

+ Sa(w) sinw(m — 72) sinw(m — ;) |
= _J_Smyl (w) (3

sinw(m — 72)

and similarly,

0 2w
5y, Snn (W) = Snw(r =) mn@) (36)
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We see that imposing decorrelation of the output signals (Sy,,, (w) = Sy, (w) =0, for
every w) is equivalent to imposing Eq. (34). Using Eq. (35) or Eq. (36) in Eq. (33) we

have,

(U [~ _wSu(e)

aT; ®  J-oo sinw(m — 72) i iy =12 (37)
" Thus, decorrelation of the outputs, i.e., Sy,,,(w) = 0 for all w, is sufficient, but not
necessary, for minimum power. Therefore, the criterion of minimum power nsed in the
narrowband case, does not necessarily leads to the desired separation in our case. [A
special case is that when S,,,,(w) = constant, i.e. - the cross spectrum is flat over the

frequency band of interest then decorrelation is a necessary and sufficient condition for

minimum power].

. In practice, decorrelation of the outputs 7, and ¥, in Figs. 2.b and/or 2.d is sufficient for
separation, and therefore these outputs can be used as inputs to the control algorithm
of Fig. 3. If one can bare constant delay of the outputs then the part of the scheme
which uses §; as inputs to produce y; can be removed, resulting in a simpler separation

scheme.

. The optimization criterion used assumes no noise (N(w) = 0). However, the noise can
have dramatic effect on the performance of the algorithm as in the narrowband case

[3]. We discuss this effect under the “small errors” assumption:

By comparing the off-diagonal entries of Eqs. (18) and (19) we see that at v; = 0.1¥; =

the cross-spectrum function of the separator output is approximately zero for the two
configurations as long as N(w) = 0 and sin(wA) # 0. However, the effect of the
additive noise is dramatically different for the two schemes. The average cross-power

noise for the F'F configuration is given by,

NEF = R 2N (w)[cos(wA) + (Y2 = ¥1)w sin(wA))]dw (38)

27 J-o
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while for the BB configuration it is given by

NSB = ! /oo N(w) )[cos(uA) + (Y2 — Y1) ——(1 + cos?(wd)|dw  (39)

[
21 Joso m sin(wd)
We mainly notice that in the cases where A is small (which is related to a “high
resolution” scenario) the effect of the noise on the performance of any output is more
dramatic in the BB structure than for the FF one. As in the case of narrowband

signals(3], the presence of an additive noise causes bias to the estimates of D, and D,.

If welet , = Dy, and 7, = Dg be these estimates:

T = Dl = Dl + €y (40)

T = D2=D2+5‘2 (41)

then ¢; and ¢, are non-zero mean random processes. Their mean is proportional to the

average cross-power noise of Egs. (38) and (39), and is larger for the BB configuration

than for the FF.

V. CONCLUSIONS AND DISCUSSION

In this paper we presented two bootstrapped-like algorithms for spatial separation of

wideband sources. We show that by seeking decorrelation of the outputs of either a sym-

metric feedback or a forward structure we achieve both separation of the source signals and

estimation of their relative delays. An adaptive bootstrapped algorithm for such output

decorrelation is proposed and its performance for scurce separation is evaluated using a

small error analysis. We show that if tracking is achieved (i.e.. 7 = D, and m, = D,). per-

fect separation of the source signals is performed at the cost of increasing S.VR and signal

distortions. These distortions can be compensated for by standard equalization methods.

The effect of delay estimation errors caused by the presence of additive noise at the inputs

is studied and is shown to be potentially harmful.
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Two different configurations of the algorithm, denoted by BB for backward-backward and
FF for forward-forward, are discussed. While both are able to perform source separation

and delay estimation, they exhibit several differences :

1. In the ideal situation, i.e., when ; = ¥ = 0, the BB configuration provides undis-
torted versions of the signal waveforms, while the FF configuration decouples the
signals but provides, at the outputs, a filtered version of them. Therefore. if an exact

replica of the source signal is needed, the BB configuration is to be preferred.

2. In the presence of additive noise. the FF configuration provides better estimates of
the unknown source directions (the delays) than the BB configuration. Thus. the FF

structure is better for direction of arrival (DOA) estimation.
3. The BB configuration exhibits difficulties in the presence of noise when applied at
baseband (see {39)).
In comparison to narrowband separators {1-3], we conclude the following:
(a) The mixed forward-backward configuration [2] can only be implemented in the
narrowband case.

(b) Unlike the narrowband in the broadband case decorrelation cannot be replaced by

minimization of the output powers, when backward-backward separator is used.

(c) If the signals are only known to be uncorrelated and have the same spectrum:.
then, as in the narrowband case, a discriminator is needed to achieve separation.
If, however, their spectrum is known to be different, then such a discriminator is

unnecessary.

Further study of the control algorithm under different scenarios is currently being pur-

sued. Also under current examination is the question of generalization of the separation
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algorithm to NV inputs and M sensors, M > N. For this it was already shown in [4]
that the BB configuration can be naturally generalized and it results in a least-square
estimate of the signal waveforms. The generalization of the FF configuration and of

the control algorithms is still ongoing.

VI. APPENDICES
Appendix A
The transfer function matrix for the F B configuration is given by (see Fig. A.1):

1+ Hi(w)Hy(w) —Ha(w)

H(w) = (A-1)

—Hl (W) 1
Thus, T(w) = M(w)H(w); the transfer function matrix between the signals to be separated

and their estimates are:
r e—ij; e—ijz

T(w) = H(w)

[ e™“Pr(1 4+ Hy(w)H(w)) — Hy(w)e D2 — Hy(w)e™wPr 4 ¢=2wD2 }
(A-2)

e/“P1(1 + Hy(w)Ha(w)) — Hy(w)evD2 ~Hy(w)evDr 4 e1wPn

For signal separation we need T(w) to be diagonal, so one needs:

Hy(w) = ePr=Da) (A-3)
Hi(w) = Pr=Da)(1 4 H(w)eP1=D2)) (A-1)
or
elw(D1-D2) 1 1
Hw) = A —— - = —
1 — ej2w(D1~D2) e—1w(D1-D3) _ gijw(D1~D>) —2jsinw(Dy = D,)
= J (A-3)

2sinw(D; — D7)

Notice that H;(w) can not be implemented by a simple pure delay line. so the F B structure

cannot be considered if this constraint is valid.
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Appendix B
From Eq. (16),

Si(w)sia’w(Dy — 72) Si(w)sinw(ry = Dy)sinw(Dy = 72)
+ Sp(w)sin?w(D2 — 72) + Sy(w)sinw(Dq = 72) sinw(m, — D2)
Srr(w) = 4
Sl(u) sinw('rl - D1) sinu(D, ot Tg) Sl(u) Si!l2 U(Tl - Dl)
+ Sy(w) sinw(Dy = m2) sinw(m — Do) + Sz(w)sin® w(ny = Da2)
1 ~cosw(m — T2)
+ 2N (w) (B-1)
—cosw(m — T2) 1 :
Thus
45;(w) sin?(wA) + 2N (w) =2N(w) cos(wA)
Srr(w) IW1=¢2=0 =
—ON(w)cos(wd) =~ 4Sa(w)sin*(wA) + 2N (w)
Silw) O 1 — cos(wd)
= 4sin*(wd) + 2N(w)
0 Sa(w) —cos(wA) 1
(B-2)
From Eq. (B-1)
0 wceosw(ry — Dy)sinw(Dy — 12) 51 ()
S Fr(w) _ ., +wsinw(Dy — 1) cosw(m — D2)S2(w)
on wcosw(m — Dy)sinw(Dy = 12)51(w) 2wsinw(m — Dy)cosw(m — D1)S1(«)
+wsinw(D; — 1) cosw(m — Di)S2(w) +2w sinw(m — Dp)cosw(ry = D2)S2(w) J
: 0 wsinw(m — 72)
+ 2N (w)
wsinw(m - 72) 0 |
(B-3) ‘
so
8Srr(w) _ 0 wsin(wé)Sl(u)
5 lyy=n=0 = 4 _
! wsin(wA)S(w) 2wsin(wd) cos(wl)Sax(w)
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0 wsin(wd)
+2N(w) (B-4)

w sin(wd) 0
Also-
=2wS(w)sinw(Dy - ) cosw(Dy — T2) —wSy(w)sinw(n = D,)cosw(Dy = T2)
3SFF(w) . - 2wSs(w)sinw(Dsz - r)cosw(D2 = 12) - wSa(w)cosw( D2 — 72) sinw(m — D2
om —wSi(w)sinw(n = D) cosw(Dy = ™2}
- wSa(w)cosw(D, - ) sinw(T = Da) 0
0 —wsin(w(n = 72))
+ 2N (w) (B
—wsin(w(T — T2)) 0
and

ISrr(w) _ 25 sin(wA) cos(wd) —wIzsin(wa) 0 w sin(wd) \
lnsva=0= 4 —2N(w)

o2 —wSysinwd 0 w sin(wd) 0 l
(B—-6)
Therefore. from Egs. (17). (B-2). (B-4) and (B-6)
ISFFi a8 ;
SFF(“J) ~ SFF(“") l’tﬂzvzzo +u, ;::U) ‘w1=u-z=0 +ua F:‘f“') ‘w1=w:=0
Si1(w) 0 1 - cos(wa)
= 4sin}(wd) +2V(w)
0 Sa{w) = cos{wA) 1
0 151 (w) + 2N (w)
+ pywsin(wd)
| 48y(w) + 2V(w) 85a(w) cos(w)
85 (w)coswd  4352(w) + 2N (w)
- Yaw sin(wd) (B-T)
| 452(w) + 2N(w) 0
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Alternatively,

45 (w) sin®(wA) + 2N(w) N(w)cos(wA) ]
— 4wS;(w) sin 2(wA) ¥, + usm(uA)( 1(4S1{w) + 2N (w))
o o - Ua(4Sa(w) + 2N(w)))
Frw) = —2N(w) cos(wA)
' + wsin(wA)(P1(451(w) + 2N (w)) 45;(w) sin*(wA) + 2N (w)
! — ¥2(452(w) + 2N (w))) + Y1wdSy(w) sin 2(wA)

[ Si(w)[sin®*(wA) —wsin2(wA) ¥,  wsin(wA) (Y1 Si(w) — ¥252(w))
4

wsin(wA) (Y1 S (w) — ¥2S2(w))  Sa(w){sin®(wA) + wsin 2(wA) v

1 wsin(wA)(¥, — wa) — cos(wd)

+2NV(w)
wsin(wd) (¥ — W) — cos(wd) 1
(B-8)

Notice that y;(t) contains only s,(t) and noise and y,(t) contains bnly s2(t) and noise. so

under linearization the signals are separated.

For the BB configuration, we use the fact that Sgg(w) = ms rr(w). Therefore,

about ¥; =0,y =0:

_ 1 1 ISrr(w)
SBB(“‘") - [4sin2 U(Tl _ Tg)SFF ]WI"Wz‘O +uv [4sin2(wA) 6T1 ‘W1=W2=0

2w cos(wA)

- msrp(w) lor=w2=0]

1 OSrr(w) 2w cos(wd)

w : =0 +——3——5
* 2[45“12(WA) ar, lvr = 0+4sm3(wA) FF(@) lu=v:=o0]

1 2w cos(wA)

Sps(w) = MSFF(W) + o wd) FF(W) luy=vy=0 (=¥1 + ¥2)

152




{S’l(w) 0 ] y [-—251(40)008(&9&)1/)2 W1 S1(w) = w2 Sa(w)

0 Siw) | BB | yi8i(w) - vaSalw)  2Sa(w)cos(wA) wy
w ‘ , cos(wd)
sin!(luA) sin(uA)(wl - y2) = sin!((uA)
+ 2N (w)
sin(wwA)(wl —¢2) - s‘;n;(‘:fl) sin!:uA)
Siw) O
, 2eeton) b
Sln(w ) 0 52((4))
2N (w)2w cos(wA) 1 — cos(wl) (— w1 + b2)
N 41
SIRS(WA) — cos(wA) 1

Sl(w){l tg(uA) ‘bl} ,m(uA){'plSl(u 252( )}

m{:ﬁﬁdw) — ¥252(w)} wi{l + ,gm,wz}

, w c zguA! ]
m(l - E(l'i—)('/’l -¥)) (¥~ w2)(sin(uA) + 2“":: (uA))

_ cos{wd)
sin‘ (wd)

+ 2N (w) cos? (wd)
“bl )(sm(wA) + 2w sin (ug)
- sC.:"(‘:f;) sTnf(luA)(l - cg(:.;)( ~ w2)) ]
' ‘ (B-9)
Therefore,
Si{w)(1 - ,g(wd)wl) moa(niSi(w) — v252(w))
Spe(w) =
ﬁJA—)(wlSl(w) - ¢252(W)) S ( )(1 + tg(wA) )
1+ si(y2 — ¥1) (w1 = w2) gy (1 + cos?(wa))
N(w) — cos(wA)
2sind(wd) | (%1~ o) gmisgy (L + cos’(wA))
— cos(wA) I+ tg(z:A)(W2 - )
(B-10)

Here also, the small error (¥; & 1, = 0) guarantees separation each of the output contains

one signal only (plus noise).
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Appendix C

From [9]:
[ sin® zdz = }(z — sin z cos z) (C-1)
[ ghdz = —cotz = — LBz (C-2)
Therefore,

+W/2 Alwo+W/2) 1 1. .
/w ! sinf(wA)dw = L sin® zdz = ;—[AW = 5sin A(2wo + W)
) - -

-wy/2 A Ja(w-W/2)
1 w _ sinAW
+ 5 sin A(2wp — W) = —2—[1 — cos 2wp < ] (C-3)
Also,
wt+W/2 ] d 1 [Alwo+W/2) | 1 cos A(wo + W/2)  cos A(wo — W/2),
= —-— I =
wo-W/2 sin? Aw A Jawo-wy2) sin’z ~Alsin Awo + W/2) sin A(wg — W/‘Z)J
_ 1 sin A(wp — % —wp — % - W’";VPZA
T AsinA(wo + %) sin A(wp — % sin A(wg + L W) sin Alwo — _g“f)
= owSin WA | (C-4)

WA cos AW — cos 2Awyg
Appendix D

In a general backward configuration, yi(t) = z:(t) — h;(t) * y;(t) (see Fig. B.1).
The impulse response of the filter, A(t), is a function of an unknown parameter (to be

controlled) say 8;. Thus,

n(t)= ()= [~ bt =ndr=a(t) = [~ hr0a(t-rr (D=1

The output power is given by P, = E{y?(t)}. A necessary condition for minimization of the

output power is a—PJ- = 0, That is:

% = o EEO) = ECnw )2} = B (035 (0) = [ hr, e = 7))
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o gh o Jgh(r,0
= -2E'{y1(t)/_°° 9 g;zaz)yz(t - r1)dr = =2 /-oo 59;2 2)E{yl(t)yg(t - r)}dr}

= Jh(r,0;)
-2 -2
.../_ 39, Ry, . (T)dT (D-2)
From Eq. (D-2) we see that R, ,,(7) = 0 is a sufficient, but not a necessary condition for

%% = 0; i.e.. decorrelation guarantees minimum power, but not the other way around.
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Figure 1 The model of the spatial signal mixture.
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d IR ORI -k ey
(b) @ ¥

Figure ? ™ e different structures of the delay control separators - (a' .2= basic BB
structure. (b) the modified BB structure. (c) the basic FF structure. (d) the modified FF

structure.
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Figure 3 Possible implementation of the adaptive control algorithm.
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Figure A1l The topology of the FB structure.

Z1(t) Q1(t)

ha(t)=h(t,8;)

LTI
system

e ——

Qz(t)

dassssseassssee——————

Figure B1 The general feedback structure.
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APPENDIX F
BROADBAND INTERFERENCE CANCELATION USING
A BOOTSTRAPPED APPROACH !

by

Yeheskel Bar-Ness and Hagit Messer

ABSTRACT

In this paper we present a novel approach for rejecting a broadband interference from
unknown direction when received by an array of two sensors. Two configurations of such
an approach termed “bootstrapped-based algorithms” are presented. Both configurations
perform perfect interference cancelation when the input signal-to-noise-ratio (SNR) is la.rgeA
enough, and do it much faster than the common LMS interference canceler. However. addi-
tive noise causes performance degradation to both. It is shown that no general claim can be
made about the superiority of one of the configurations with respect to the other. The out-
put signal-to interference-plus-noise-ratio (SINR) depends on the spatial separation between
the interference and the desired signal, as well as on the interference-to-noise ratio (SNR),
in a different manner for both configurations. The paper provides guidelines for the choice

ot one or the other configuration in different scenarios.

'This work was presented at [CASSP '93.
This work was partially supported by grant from ROME (AFSC, Griffiss Air Force Base. NY) under
contract F 30602-88-D-0025, Task C-2-2404.
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I. INTRODUCTION AND BASIC THEORY

A common problem in many fields (e.g., communication, radar, sonar, EM etc.) is the
need to can.cel a spatial interference in the presence of a desired source. The conventional
approach to solve this problem is based on the LMS algorithm [1]. For narrowband signals.
the LMS algorithm is used to adapt complex weights so as to minimize mean square error
between the array output and a reference signal. For canceling an interference from an
unknown direction when no reference is available a, minimum output power criterion might
be used. It was shown by Compton [2] that this criterion leads to power inversion. That
is, if the input signal to interference ratio (SIR) is p. then the output SIR is 1/p. Bar-Ness
et. al developed a class of "bootstrapped algorithms™ [3-5] that perform perfect interference
cancellation independent of the input SIR. In this paper we use the bootstrapped approach
for brpadband interference cancellation, where the complex weights of the narrowband case
are replaced by pure delay lines. Unlike the narrowband one, in this case the open-loop
system is a non-linear function of the weights (the delays), resulting in inherent differences
between the narrow band and the broadband. However, following the Bar-Ness approach
we developed two configurations of a broadband interference canceler; both perform perfect
- interference cancellation when no additive, thermal noise is present.

The two bootstrapped configurations for broadband interference cancellation denoted by:
backward-backward (BB) and forward-forward (FF), are depicted in Fig. 1. z;(t) and z(¢)

are the outputs of the two sensors and are assumed to be:

zi(t) = s(t—Dy) +i(t = D;) +e(t)

2(t) = s(t+D,) +i(t+ Di) + e(t) (1)

where s(t) and i(t) are the desired signal and the interference signal, respectively, radiated

from bearings 0, and 6;, e;(t) and e,(t) are the additive noise processes in each of the sensors
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and

D, = -‘isinﬁ, and D;= -isin 0; (2)
2¢ 2¢

-

where d is the separation between the sensors and ¢ is the propagation velocity. We assume
that the signal direction, 8,, which is the look direction, is known, while the interference
direction, §; is unknown. The same system can be used for separation of two sources [6]. It
can be shown that the signal denoted by y2(t) in Fig. 1 is an estimate of the interference
waveform. In our special case, we are only interested in the estimating the desired signal
waveform. This is given by the output yl(t). We assume that the random signals s(t), z(t),
ei(t) and e(t) are mutually uncorrelated, wide sense stationary Gaussian processes. with
power density spectrum (PDS) S(w), /(w), and Ey(w) = Eo(w) = N(w), respectively. Based
on this assumption, the PDS matrix of the signals y1(t) (the output) and y(t) in the BB
configuration of Fig. la is given by:

Spp(w) =

inw(D=7)\: i i~1) sinw(D,=D;) 7
S(w) + H(w)(ERdDomrlyz [y dafBizr] saulBo D

I(u)sinw(D.'—r) sinw(D,~Di) I(w) sinw!D,-D,!)z

sinw(Dy-1) sinw(Ds—1) sinw(Dy—7)

N(w) 1 —cosw(D, —7) |
2sinw(D, — ) | —cosw(Dy —7) 1

(3)
.From Eq. (3), the output PDS, from which the output signal to interference plus noise

ratio (SINR) can be calculated for any :
N{w)

2sin‘w(D, — 1)

sinw(D; -~ 7)

Su(w) = S(w) + I(w)(sinw(D ~7)

)+

(4)

Similarly, it can be shown that the power density spectrum matrix for the FF configuration

of Fig. 1.b is given by :
Spr(w) = 4sin’*w(D, ~ 7)Spa(w) (5)
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(From this equation we see that the power spectrum (and cross-spectrum of the outputs) of
the BB and FF configurations differ only by 4sin?w(D, — 7). The transfer function of the
BB configuration includes a pole at w = 0 and therefore cannot process baseband signals.
while the transfer function of the FF configuration is a zeros-only one. As such, the FF
configuration can handle low-pass signals too, and is also not sensitive to situations where
D, = r. Notice that the BB configuration can be regarded as an FF one, followed by a 2 x 2
system with a transfer function matrix m—;‘m-’-_—r—)l, where I is the 2-dimensional identity
matrix.

Eq. (3) suggests that decorrelation of the outputs y;(t) and y(t) is a reasonable opti-
mization criterion for interference cancelation. If no noise is present (.V(w) = 0) then by
imposing decorrelation of y;(t) and y(t), i.e., by controlling r so that the off-diagonal entries
of the first matrix in Eq. (3) are zero, a perfect interference cancellation is performed. Based
on this idea, the control algorithm in Fig. 1 is chosen to be decorrelation of its two outputs.
That is, the voltage controlled delay line »*.ich implements r is controlled by the output of
an integrator, whose input is the correlation of y;(t) and y,(t). Therefore, the steady-state
value of 7 is that for which the off diagonal entries of Eq. (3) are zero for all w. In the next

section, we present a comparative study of the two canceler structures.

II. THE CONTROL ALGORITHM

The algorithm described in the last section is extremely non-linear in 7. To make the
theoretical analysis traceable, we assume that the error. 0 = D; ~ 7 is small and we take
the linearization of equations (3) and (5) to be about ¢ = 0. The control algorithm in the
two configurations is determined by the cross correlation between the output yy(t) and y,(t).

which is the inverse Fourier transform of their cross-spectrum, S12(w). In general, it can be
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described by the differential equation:

d
d-: = kRiz(0;7) = kE{m(t)ya(t)} (6)

where k is a constant and Ryz(a; ) = E{y1(¢)y2(t — @)} is the cross-correlation between the

outputs. Under small errors assumption, this cross spectrum is given by:

SFF(w) = dwsin(wA )[4 (w) + 2N ()] — 2N (w) cos(wA) (

-1
~—

where A = D, — D;. Also

88, \ . St (W) w cos(wA)
Sz (W) = 4sin?(wA) + N (w) sin(wAd) (8)

In this case, the non-linear differential equation (6) is linear in 7 and, for k = 1. is given by:

2«‘1‘3? = — érF /_:wsin(uA)[u(uH2N(u)]du
+2 /oo N(w) cos(wl)dw (9)
prdomn _ /oo wsin(wA)[4I(w) + 2N (w)]
odt BB | ¢sin¥(wA)
w cos?(wA) w) cos(wA)
+ Nw) sin*(wA) )dw+2/oo 4sin®(wd) du

(10)

‘ For the special case where the spectrum of all signals is flat, that is, S(«) = S. I(w) = [ and

N{w) = V in the band, and zero elsewhere, the approximated control equations become:

T dorp N "
oN dt —orF(l +-P1)/W_L;,_ wsin(wA)de
wo+ ¥
+ / v C0s(wA)dw (11)
wo= T
| 2 déss wtd W cos?(wA)
| —_— _— _ 2 2
| N dt #e /wo-g (o) Csnl(wa) T P
+ w+% cos(wA) (12)

wo-% sin*(wA)
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where wp = 27 fy is the center frequency and W = 27 B is the bandwidth of the processing
band. In Fig. 2 we present r = D; — ¢ as a function of time as derived numerically from Eqs.
(11) and (12). In both cases the separation between the sensors is d = 30m. D; = 25n5ec
and A = 18nSec. In Fig. 2a p; = 60dB (high INR), fo = 3.005M Hz and B = 5.99MH:.
In Fig. 2b oy = =30dB (low INR), fo = 12.73MHz and B = 24.5MHz. In both cases,
the BB configuration (the dashed line) converges faster than the FF configuration (the solid
line). However, due to the presence of the additive noise, the algorithms don’t converge to
the true delay (D; = 25nSec in our example) so there is a bias in the estimate of the un-

known delay D;. This bias is larger for the BB configuration in both cases depicted in Fig. 2.

III. OUTPUT SINR, DISCUSSION AND CONCLUSIONS
From Eq. (4) we see that indeed, if the algorithm converges to ¢ = 0. the interference is
completely rejected. For any other 7 # D;, the output signal-to-interference-plus-noise-ratio

(SINR), for the case of flat-spectrum signals, is given by:

SINRBB = 2p,W — ! (13)

f’-’O‘TV 1+2o7 sin® w(D, -7) dw
:_,,o...VZK 2sinéw(Dy~71)

[273 sin?w(D, - 7)dw
w (14)

SINRFF = p, —
W + pr j::__.é sin w(D; — 7)dw

where p, = % is the input signal-to-noise-ratio. However, under a small-errors assumption,

this output SINR become,

SINRE® ~ 20, 15
‘ o ™ Wo*'iz,' LRATTIOTS dw ( O)
fwo—% 2sin‘(wd)
SINRFF x 22 wo+r2£(sin2(wA)— w sin(2wA ) )dw
o N w ow sin(2wA)) (16)

wo-F

(From these last two equations we see that, in both configurations. the output SINR is not

a function of p;. That is, if 7 is closed to Dj, it is sufficient to guarantee that no compo-

166




nent of the interference appears in the output y,(t). Notice, however, that the interference
rejection causes reduction in the SNR. That is, the bias in the estimate of D; resulted from
the presence of additive noise causes only degradation in output SNR (relative to the input
SNR p,) while leaving the output SIR (signal-to-interference-ratio) infinite, provided that
it is kept small. As shown in the numerical examples, although both configurations of the
proposed algorithms guarantee interference rejections, there are differences in their perfor-
mances: rate of convergence, bias, region of operation (bandwidth etc.). These differences. as
well as quantative comparison of the proposed approach with the equivalent LMS canceler.

are now under ongoing research.
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Figure 1a The backward-backward structure.
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Figure 1b The forward-forward structure.
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x10-8 Time history behaviour delay estimation - FF & BB

2.66
sw = de-015 Watt/Hz |
nw = de-021 Watt/Hz
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£2 = 6000000 Hz
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Figure 2a Delay estimation of D; as a function of time. For FF configuration (solid lines) and
for BB configuration (dotted lines), D,=4.33 10~8 sec (known) D;=2.5 108 sec (unknown).
[=4 10~'° Watts/Hz, N=4 10~# Watts/Hz B=5.99MHz (fi=10KHz. f;=6MHz) resulted
bias for FF=-5.57 10~ sec for BB=-1.79 10~!! sec.
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Figure 2b Delay estimation of D; as a function of time. For FF configuration (solid lin es)
and for BB configuration (dotted lines), D,=4.33 10~% sec (known) D;=2.5 10~® sec (un-
known). I=4 10~ Watts/Hz, N=4 10~*! Watts/Hz B=24.5MHz ( f,=500KHz. f,=25MHz)
resulted bias for FF=-1.24 10~ sec for BB=-3.53 10~°.
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APPENDIX G
A FORWARD/BACKWARD BOOTSTRAPPED STRUCTURE
FOR BLIND SEPARATION OF
SIGNALS IN A MULTI-CHANNEL
DISPERSIVE ENVIRONMENT !

by
Abdulkadir Ding and Yeheskel Bar-Ness

Abstract

This paper proposes a new multidimensional adaptive algorithm with Forward/Backward
bootstrapped structure for dispersive channel environment. It is an alternative multi-signal
separator where the loop-bandwidth of the signal separator structure and steady state per-
formance are crucial. It separates superimposed convolutive muiti uncorrelated signals. The
Bootstrapped adaptive algorithm which does not require a training sequence employs the
minimization of output signal correlations as optimization criteria. The control algorithm is
set for the multidimensional case. The learning process of the 2 dimensional signal separator
using computer simulation is investigated and compared to that of the least mean square

(LMS) algorithm for different cross channel eigenvalue spreads.

! This work was presente at [CASSP '93.
This work is supported by grant from ROME Air Development Center (AFSC, Griffiss Air Force Base,
NY under contract F30602-88-D-0025, Task C-0-2456).
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I. INTRODUCTION

Special structure multi-loop separators of multi-channel superimposed signals sometimes
termed “bootstrapped separators” have been discussed in the literature. Applied to the two
signal case and non-dispersive channel, three structures of this canceller were introduced
[1]. These were referred to as Forward/Forward (FF), Backward/Backward (BB) and For-
ward/Backward (FB) (or, according to the performance criterion used. they are termed:
correlator/correlator, power/power, and power/correlator, respectively). One or the other of
these structures proved to be useful in practical application of cross-polarization cancellation.
e.g satellite communication and microwave radio. Applied to digital communication with
high M-ary QAM dually polarized signals, it was recently shown [2] that the bootstrapped
separator outperforms other signal separators including the LMS (least mean square). The
average symbol error probability on both signals was shown to be much lower. which clearly
indicates that the bootstrapped separators result in deeper cancellation of the undesired
signal in spite of the fact that no supervisory signal is needed. Furthermore. due to the
feedback properties of the bootstrapped structure, it was shown (3] that the learning process
is shorter than that of the LMS algorithm, particularly at low signal-to-interference ratios.

Bandwidth-complexity trade-offs of the three structure are discussed in [4]. [t was found
that, particularly when it is applied as a blind separator at very high RF (radio frequency)
such as in dually polarized satellite or microwave terrestrial communications . the FB struc-
ture has the best system bandwidth complexity trade-off when compared to the other two
structures.

Recently, the FF and BB structures of bootstrapped blind signal separators have been
considered as signal separators in a dispersive environment {5,6]. But. while the first can
tolerate a wide system bandwidth it requires twice as many channel equalizers as the FB
structure. On the other hand, the BB structure can use simple power measuring devices

to control the weight and requires no complex channel equalizer. However, it is very much
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limited in handling wide bandwidth signals.

The main purpose of this paper is to present stochastic convergence and steady state per-
formance of the Forward/Backward structure and compare it to that of the LMS algorithm.

Without loss of generality, and for simplicity, the analysis is done with a two input-
output separator. After introducing the structure of the forward/backward scheme of the
bootstrapped separator, the optimal control weights will be presented and shown to lead to
a total separation of the two input signé.ls in the noise-free case. Stochastic approximations
are employed to show convergence in the mean of these weights to their predicted optimal
values. The performance of the FB bootstrapped separator for a dispersive two inputs-two-

outputs interference channel with a different signal-to-interference ratio is compared to that

of the LMS algorithm.

II. CHANNEL MODEL AND PROBLEM STATEMENT

A discrete time model of an N-dimensional dispersive interference channel is given by
x(n) = H(n) * I(n) + n(n) (1)

where * denotes convolution and H is an (NxN) channel matrix. I is an (Nx1) information
vector assumed to be independent and identically distributed sequence and n is an (Nx1)

white Gaussian noise and X is the received signal vectors. respectively.

1 - hy(n)
H = . 1 :
th(n) e 1

The channel responses are assumed to be slowly time varying finite impulse response
(FIR). That is, the channel interference filters are assumed to vary slowly with respect to
the signal L(n) rate and to be less than unity in magnitude.h;j(n) ¢ # j i,; = 1.2..V

are transversal filters. AJ;, AL, ..hf‘j"'l are cross channel filter tap coefficients. The diagonal

coefficients h;; ¢ =1,2..V are assumed to be unity.
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Our objective is to find a multi dimensional bootstrapped adaptive algorithm structure
that will diagonalize the channel matrix H without using a training sequence and compare

its convergence with that of an LMS algorithm .

III. LMS AND BOOTSTRAPPED ADAPTIVE SIGNAL SEPARATORS
3.1 Multidimensional LMS Adaptive Signal Separator

The traditional LMS algorithm which minimizes the error £ {e? + e} +..e%} at the output
of the separator Fig. 12 can be used as a multidimensional signal separator.

The error at each output is given by

N
en) = zi(n)+Y_wi; *z,(n) — L(n) (3)
1=1
where
M,y -1
wij xz;j(n) = Z wizi(n —m) (4)
m=0
and w;, w};, ..w}?" ~! are the tap weight of the w;; transversal filter. From (3) we write
ge} _ <
S = 2E{ei(n)zj(n = m)} m=0.1..(M,, - 1) (3)

ij
The recursive stochastic weight updating algorithm to search for the optimum weights is

given by,

wiln+1) = wi(n)—puein)x;(n—m). i.j=12.N

ein) = yi(n) —L(n) i #; (6)

where Ii(n) is the reference signal vector, obtained by the help of the training sequence or

some other decision feedback means.

2 . .
In order to have the same number of weight as in the bootstrap structure w;; were taken to equal unity
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3.2 Multidimensional Forward/Backward Bootstrapped Signal Separator

From Fig. 2, it can be easily shown that the output is given by;

i=-1

yi(n) = zi(n) = 3 Wi+ zx(n)
k=t

N
- Y wiiryi(n)

1=+l

—
-1
S

A\r’.l-l (m)~-m
m=0 iy~

where w;;*y;(n) as in (4). The z-transform of the tap weight vector is w;;(2) =

Denoting each tap weight vectors as the entries of a matrix, we define two (NxN) weight

matrices
I wyy o0 Wiy
P (8)
0o 0 . 1
1 ¢ 0
Wlower - —Wa ! 0 (9)
—-WxN1 —WnN2 . 1
Using (7) together with (8) and (9), we can write
WUPPC" * y(n) = Wlower * X(n) (10)
Let the z-transform of the signal separator output vector y(n) be given by
Y(2) = Wopper(2) " Wiswer (2) X (2) (1n

It can be shown that in aa no noise condition, the suggested bootstrapped recursive algo-

rithm will result in a matrix N(z) = W;p‘pe,(:)W,owg,(:)H(:) whose off-diagonal entries are

zZero.

3.2.1 Optimal Weights
For simplicity, in the rest of the analysis we show the optimal weight vectors for two

dimensional signal separation in the absence of noise. The optimum weights that minimizes




the output correlations are obtained by requiring
Ryy, (k) = E{yi(n + K)y;(n)} = 0,; 1 #j¢,j=1,2.V (12)
For I;(n) and I(n) identically distributed zero mean independent sequences we have
Ry (k) = a%k, i=1,2 (13)
Hence by using (11) we get for the cross-power spectrum

Spw(z) = o1 + Wia(2)[War(2) — Hu(2)|[[Ha(z7") = War(z71)]

+ X[Hi(2)[1 + Wia(2)War(2)] = Wia(2)][1 = Ha(2~H)Wa(=7H]  (14)

There are two optimum adaptive weight vector solutions that make the cross power spectrum

n (16) to be zero. They are respectively,

Woptl(z) = [Wlopt12 )WoptZI(:)]
(

j ;) ~
T 1~ Hy(z)Hia(2)’ () )
—Hyy(z) 1
Wopea(2) 1~ Hy(z)Hi2(z) ' le(z)] o

by
Y(z) = N(2)I(2) (17)

where

(18)
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3.2.2 The Search for the Optimal Weights
The control algorithm simultaneously minimizes the output correlations f(yi(n))y;(n —
m) i,j =1.N i#j, m=0,.(M; —1), where M;, is the number of filter taps in w,,. The

optimum weights can be found by successive use of the following recursive equations

m

wi(n+1) = wi(n)~uf(yin))y,(n - m)

ij=1.Ni#j m=01.M—1 (19)

where f(y) = y® is an odd nonlinear function and u is the stability convergence constant.

IV. SIMULATION

The inputs [{(n) z = 1,2..N to the channel are taken to be binary + 1 with equal
probability. The simulation is realized for a two dimensional channel, where the cross channel
filters hy2(n) and hyy(n) are chosen to be 3 taps raised cosine. with k(n) = %[H—cos( %“,—’(n—'l))]
n=1,2,3, and W=2.9 [9]. To the outputs of the channel, a Gaussian white noise with signal-
to-noise ratio (SNR), of 40 dB is added. The two outputs of the channel are used in one
hand as inputs to a 4-tap LMS. and to the forward/backward bootstrapped adaptive signal
separators in the other. The results of 500 Monte Carlo runs are given for for different cross

channel coupling ratios, between the ith and jth channel inputs defined as

2
SIR = At (r.lw).}—l
RZE{I}(n)} Ty (RD)?
where k is varied to get the required SIR. We took signal attenuations h;; = I and interfer-

ence fiiter coefficients h;; to be of same value. By setting all the tap-weight vectors initially
to zero, and providing a constraint 1 — H5(z)Hj1(z) # 0 we search for the c;ptimum W
The learning processes of LMS algorithm and the forward/backward bootstrapped algorithm
are compared for different cross channel coupling levels.

In order to compare the two algorithms with the same number of adaptive filters. the weight

vectors Wy = Wy, for LMS are taken to be unity, that is w;; = [1.0..0]T.
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V. RESULTS

In this section, we present the results of the computer simulations for different SIR. In
Fig. 3 and Fig. 4, we present the interference of the power residue. The learning curves with
input SIR = 10.0, 7.6 and 5.6 dB for LMS and F/B bootstrap respectively. The convergence
constants, u used were 0.08 and 0.04 for F/B bootstrap and LMS, respectively. These con-
stant values were chosen to be slightly less than their maximum allowable values. In Fig.
5 we compare the output power residues of the LMS to those of the bootstrap. Note that
output Y; of the bootstrap has high residue due to co channel distortion as is reflected in
(17). Channel equalization will reduce this distortion and make power residue comparable

to that of output y;.

VI. CONCLUSION

From this study, we conclude that forward/backward structure of the bootstrapped al-
gorithm might be proposed as a multi-signal separator. However, some. but not all. of the
outputs of the separator require channel equalizers. For total signals separation. hj;(n)
and hy;(n) are FIR filters, , then the adaptive filters. w2;(n) and w;z(n) must be FIR and
[IR adaptive filters, respectively (see Fig 1). For the system to be stable we must have
1 — Hiz(z)Hxu(z) # 0. That is. there should be no solution on the unit circle. It is clear
from Fig. 5 that the Forward/Backward separator outperforms the LMS separator despite

the fact that the reference signal was not used in the former.
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Figure 1 LMS canceller.
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APPENDIX H
BLIND DECISION FEEDBACK EQUALIZATICN
USING THE DECORRELATION CRITERION!

by
Raafat E. Kamel and Yeheskel Bar-Ness

ABSTRACT

A new blind equalization algorithm is presented which is based on decorrelating the equal-
izer's output. The algorithm is used with a decision feedback structure. The performance of
the new equalizer on nonrecursive channels is illustrated. The resulting equalizer is globally

convergent.

This work will be presented at Mini Conference Globecom '93 Nov. 1993.
This work was partially supported by a grant from Rome Air Force Lab, (AFSC), Griffis Air Force Base,
N.Y., under contract F30602-88-D-0025, Task C-2-2404.
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I. INTRODUCTION

Adaptive equalization has been used to mitigate inter-symbol interference ([SI) in high
rate data communication systems. Conventionally, the process is initiated by sending a
training sequence which helps the equalizer adapt to the unknown channel characteristics.
At the end of the training period, the equalizer operates in a “decision directed mode.” That
is, the detected data is used as a reference in the adaptation.

Blind equalizers are those which do not require a training sequence. Such equalizers
are important in several data communication scenarios, such as multi-point networks (1] or
fading channels where sending a training sequence is inappropriate.

It is important to emphasize that existing blind equalizers are the finite length linear FIR
type, whose tap gains are updated by minimizing a cost function that merely depends on
the channel response and the statistical properties of the transmitted sequence. Therefore.
the quality of the resulting equalization depends directly on the level of ISI at the output of
the channel.

Most of the previous research on blind equalization was devoted to designing cost func-
tions for updating the equalizer’s weights. The first known blind equalization algorithm was
introduced by Sato [2]. The cost function used by Sato was generalized by Godard into
a class of algorithms [1] which involved higher-order statistics of the transmitted sequence.
Later it was found (3] that the Sato and Godard algorithms suffer from ill-convergence. They
converge to local minima and, hence, are incapable of reducing ISI.

Clearly to eliminate ISI. using linear equalizers. one must achieve the channel inverse.
Such an equalizer is called a zero-forcing (ZF) equalizer {4]. The ZF equalizer is known
to enhance noise at frequencies wheré the channel spectrum has high attenuation. This is
undesirable for channels that are subject to frequency selective fades, e.g., radio channels.
On the other hand a finite length linear equalizer can only approximate the inverse channel

response, and for the non-minimum phase system the inverse filter is unstable.
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The above factors have motivated researchers to use the decision feedback equalizer
(DFE), depicted in Fig 1., which can compensate for amplitude distortion with minimal
noise enhancement (5]. In fact. with this equalizer structure, the forward filter C'(z) need
not approximate the inverse of the channel and. thus, it avoids noise enhancement. The
feedback filter D(z) is used to remove part of the ISI caused by previously detected symbols.
In this paper we restrict ourselves to nonrecursive channels [moving-average (MA) models],
since we are interested in frequency-selective radio channels, i.e.. radio links with multipath.
Extension to a more general channel is also possible.

Conventional DFE uses a preamble during a training period and switches to a decision
directed mode during data transmission. Using the decision directed mode in blind equal-
ization is not advisable since, if the initial eye is closed (i.e.. the initial error rate is high).

the equalizer can converge to equilibria that are far from removing ISI.
A
Ik Ak Ak

— C@ -__Q - F

Forward -
Filter D(z)

Feedback
Filter

Figure 1 Decision Feedback Equalizer.

This paper discusses a blind equalization algorithm for use with the decision feedback equal-
izer. This algorithm is based on decorrelating the sequence at the input of the slicer. We
show that this algorithm converges to the correct equilibrium despite error propagation. The
paper does not discuss the effect of noise on the performance of the equalizer. In section 2

we introduce the criterion and algorithm used for the blind decision feedback equalizer. In
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section 3 we discuss the dynamics of the proposed algorithm and show the effect of error
propagation on the performance of the algorithm. An example is given in section 1 and

conclusions in section 5.

II. THE DECORRELATION CRITERION AMD ALGORITHM
The channel and equalizer model under consideration is shown in Fig. 2. The cascade of
the transmit, channel, and receive filters is modelled as an FIR filter with impulse response
N
h(n) =14 hié(n —1)
i=1
where §(-) is the kronecker delta. In the above equation we normalized relative to the first
cursor (hg). A more general model would merely differ by a gain. We also assume that the

input I is a binary white sequence with a zero mean. The channel’s output is thus given by

v
Xe=h+) hidie,,

=1

Channel
L | 1+h 2+ hz*+ . +hz"
(1) LohZ TAT

iz

Adaptive Control

Z' o == = ’

Figure 2 Channel and DFE model.
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We assume the channel is slowly changing with time and the receiver has perfect carrier
and timing information. Referring to Fig. 2, the input to the slicer of the decision feedback

equalizer, A, is given by

Ay = Xe—AL_ W

L+I_H-A,_W, (i)

where X is the output of a moving average (MA) type channel of order V + 1 and is given

by

-

N
.Yk = Ik + Z h"[k-,',

=1

Ai_1 is the vector of the past :V decisions
A;g—l = [Ak—la "/{k-?.v T A»k-N]-
The prime stands for transpose, I ; is the vector of past transmitted information bits

b1 = He=1s Tk, -+, D],

where [;_; takes values from the binary alphabet {—1,1} with equal probability. W and H

are the equalizer and channel parameter vectors respectively;
!
W' = [whwz,"',wN]

H = [hl’h'lv Tt 1hN]

Multiply; eq. (1) by Ak_1, the vector of past slicer’s input, where

Akor = [Arar, Akez, 0 Akey]

to obtain

AkAioy = TctAkoy + A I H ~ A AL (WL (2)
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When taking the expectation of (2), the first term vanishes since
E{Ai-mIi-n} =0 for m > n,
as Ax does not depend on the future data inputs. It can also be shown that

E{Ak-mfik-..} =0 form > n.

Therefore,
ArAka
ArAik-2
Axdr-n
VIRV IR VIRY (PR ETI. VERY Y hy
10 Ar2limz - Ap_oli-n ha
0 oo Apnlr-n hn
Ak1Akmr Ax-1Agoz -0 Axei Ay v wy
_l0 Ap2Ak-2 - Ar—2Ak-n W
0 0 Ak-N/‘ik—N N

The last entry of (3) can be written as

Aedr-Ny = Ag-NIli-NhN = |Ak-y|wnN.
From (1) we get
? AeNnlien =T}y =0} =1.
Therefore
ArAr-n = hn = |Ar_n|wn
hy — _
wy = N ArAr-n
|Ax-n|
= hy — ApA-n, (4)
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where it can be shown that

|Ak_,,| =1 Vn.

It is clear from eqn. (4) that wy = hy iff AxAi—ny =0, i.e., Ax and Ai_n are decorrelated.

Next, consider the (/N — 1)th entry

ArAk-Ny1 = Ae-nsrle-n-1hn-t

+Ak-N+1lk-NhN — AkcNs1 Ak-N+1WN

— Ak N+1Ak-NWN.

But Ak-‘v.,.l,;lk-,v...l = |di_nv41| = L and Ap_nirfk-n = o2 = 1. Furthermore, if wy = hy

then

ArAk-N+1 = Ay —wNo + Ak-Na (Ik-N - fik-,v) h

= Ay-1 — WNog - Ak-N41€k-NAN,

where e; 2 I - ,:lk. We can also show that

ArAr-N+1 = hnoi —wn-t + 2¢k-nAN (B + ),

where g 2 P{ex # 0}. For the mth entry we have

N
Aediem = Abcmleembm + Z hi Ak—mli—;

i=m+1
, N
— W |Agem| = Z WiAg—m Ak_i.
i=m+1
Following the above argument and assuming w; = h; foré =m +1,---, N then

ArAkem = hm — wWm + i hiAk-m (Ik—i - fik-i)

i=m+1

hm — wm + Z hiAg—mer—i.

t=m+1
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It can also be shown that

N
AeArom = A= Wm + 20— 3 hi(hicm + Wicm)

i=m+1

To summarize, we combine (4), (5) and (6) as

ArAk-N = hy—wn

4 Ak-N+1 2qk-nhn(hy + wn) + ANl —wN-y

AcAr_N+2 2qk-Nnhn(hy + we) +

2qk-N+1AN-1(P1 + wr) + An_2 — wN -

ArAemr = 2@-vhn(hy- +wN-r) +
2ge-~Ne1hyy(hn-2 + wNn_2)
+--- 4+ 2qi_2ha(hy + w1) + by — wn.
(7)
The above equation is based on the assumption that the previous weights converged to
the correct channel parameters. It is clear from (4) that wy = hy iff Ay Ai-n = 0. Further
if qx_v is zero, i.e., fik_N was correct, then wy_, = An-1 iff AxAr_~v41 = 0. Similarly one
can proceed and reason that if the N — m previous decisions
(/‘lk_‘v.,.m,m =1.---.N - 1) were correct then wy = hp form=1,---..V iff Tedrm = 0.
This leads to W = H together with Akem,m=1,--- N being correct. We have from (1)
that A is the correct decision and, hence, following similar reasoning Aksm for m > 0 will
be correct. This means that if we reach zero probability of error, the algorithm will continue
to be at steady state of no ISI, provided that A is decorrelated with the previous .V slicer
inputs.

If, on the other hand, some of the previous decisions were erroneous, then the algorithm
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is still in the transient state. The behavior of the algorithm in the transient state and its
convergence to a zero probability of error will be discussed in the next section.
To control the weights in order to decorrelate A;'s we use the steepest descent method.

Any stochastic gradient algorithm can be expressed as
wt = w4 uf()fori=1,---, N, (8)

where u is the constant of adaptation and f(-) is called the error function of the algorithm.
The roots of the error function determine the steady state of the algorithm values to which
the weights will converge.

The previous discussion suggests using Az As_; as an error function for the algorithm.
An appropriate error function in eqn. (8) would be f(ArAk_,) such that f(0) =0 1.e. f(r)
should have a root at zero. Since the roots of the error function represent the equilibrium
points for the algorithm, some of which might not be the optimum. an error function with

a distinct root at zero would be preferred. Therefore, a possible function would be

flz) ==z
As a result, one can write eqn. (8) as
wit = wf 4 p A A fori=1,--- .

In a practical implementation one would estimate the expectation by its current realization.

leading to the stochastic difference equation,
wit! = wF + A Ay fori=1,---, N. (9)

It is clear from the above analysis that the algorithm in eqn. (9) will converge in the mean.

i.e., the mean value of w; will converge to the channel parameter 4;.
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III. DYNAMIC BEHAVIOR

In this section we examine the dynamic behavior of the proposed equalizer. We use the
probability of symbol error, gx, at instant k as a performance index. A difference equation for
qx is developed, which can be solved together with the weight update equation to determine
the probability of decision error as a function of time index k. The derivation given in this
section can be extended to a general order N moving average type (MA) channel. However,
for the sake of simplicity we consider an order 3 MA channel. (The same channel will be
used in the simulation described in the next section.)

The channel output X, at the kth instant is given by

X = I + hili—y + halik—z, (10)

where h; and h; are the channel parameters. From (1) the slicer’s input is given by

Ar = Xk — w£k)fik-1 - wgk)fik-z
= Ly + hilicy + halics — wi Ay — wi Ay,

(11)
where we have used the superscript & in the weights w; and w, to emphasize their dependence
on time, since we are studying the transient response of the algorithm. Using eqn. (11) we

will determine the probability of correct decision (gi) as a function of the index k. Using

the total probability theorem, one can write

Gk = P{/-ik#Ik..l}

= P{Ax # Loy | Ak-r # Tie2y Akez # Loa}qr1qk-2
+ P{Ax # Loy | Aeoy # Teezy Akez = Ti_3}qe_1Pr—2
+ P{Ap# Loy | Aeer = Timz, Akca # Teoa}Pro1qi—2

+ P{Ac# Loy | Akoy = Deegy Ay = Ie_3}pr-1pPe-3,
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where we have

P{fik # Iy | A1 # Leza, Ap-z # Lioa}

~ (hq (k)
1 Pl ,> 1 - +z:) )
|h + wl l

1+(h2+w(k)) )
+ P I (13)
{ 7 T+ |

fx(h:,hz,wﬁ"’,wz )

|

e

and;

P{Ax # Li_y | Aeet # Ti-2, kg = Leca}

1 1 = (hy — wd?)
= =|PLli2>
2 ( { - Ay + wi®)|

L+ (= uf?)
+ P>
{“ [y + w0l

falhy, ko, wi® wiy, (14)

e

Also,

P{A # Ii-t | Akor = Teczy Abcz # Li-s}

1 1 — (hy + wi®)
- I~
2 (P{ k-2 > Ihl (k)l

1+ (ho + wi)
4+ PIia>
{“ lhy — )|

ke, hay wi®, i), | (15)

e

and

P{Ak # Ik-.1 | Ak-l = Ik—2v ‘ik 2 = Ik-s}

1 1 - (k2 — wi)
= = PLll_2>
2( {"’ ha = )

1+ (hy — w}?
+ P L > ;f,”})
|hy = wy”|

Falhy, by, i, wi). (16)

lie
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Substituting the above in equation (12)

k k
d = (Ik-IQk-zfl(hl,thwg ’,w§ ))

k
+  Qeo1pr-2fo(hy, by w! )»wgk))

k) (k
+ Pro1qr-2fs(h1, kg, 0P, wi)

+ prorpe-2falhy, ha wl®), W), (17)

where pi is the probability of a correct decision. Eqn. (17) is a second order difference
equation, which depends on the channel parameters k; and k; and on the current equalizer’s

(k)
2

weights wgk) and w; '. For the more general order N, channel eqn. (17) will take the general

form

qdk = f(qk—ls'”7qk—N1hly"'thvwgk)s"'vw%’)) (18)

The instantaneous probability of error may be computed recursively using eqn. (18), weights
update eqn. (9), and the appropriate initial conditions for the probability of error. Eqn. (18)
is highly nonlinear; therefore, only low-order channels are numerically tractable for showing

the convergence of g to zero.

IV. ILLUSTRATIVE EXAMPLE

In studying the dynamic behavior of the blind decision feedback equalizer and examining
the convergence of g in eqn. (17), we will consider two approaches.
In the first we will use the mean of the weights, i.c., the expected values of w{* and wi®.

The controlling algorithm will be
w* = w? ¢ YA A fori=1,2, (19)

and by substituting from eqn. (6) we get

k k k
wit = w4 u(hy - wd)
k
wi = w4 u((h ~ w) + 2qk2hy(hy + ).
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Thus, the result of numerical analysis will show the behavior of the algorithm in the mean
sense. While in the other approach we use the stochastic control of eqn. (9) directly.

As an example, consider the non-minimum phase response of
H(zY)=1+05z"" - 1.44272,

and depict in Fig. 3 and Fig. 4 the probability of error ¢; as a function of k. The initial

probability of error used was q_; = q_; = 1, (g0 = ). In Fig. 3 we used eqn. (19) for

updating the weights, while in Fig. 4 we applied the stochastic estimate of the correlation

as in eqn. (9)

06 1 T
04 190 -
02 3 -
02 k -
04 -
06 t» g
038 * 4
-1 “ w. d
12 : -
‘14 T =
-l 6 | 1 -y L. i H . H L] - 1
0 S0 100 150 200 250 300 350 400 450 S00
iterations
Figure 3 Probability of error for eqn. (19)
1 i =T
0.5 qk m
\/ d
wl/
0 Mg
t
: \,W ,
'0.5 pe ‘" -|
aF <
W ;
LS - -
|
.2 ' l 1 H i 4 L i » l
0 S0 100 150 200 250 300 350 400 450 SO0
erai

Figure 4 Probability of error for eqa. (9)
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With both approaches we notice that g; converges to zero after a certain number of
iterations. Therefore, all the ¢ terms in eqn. (7) vanish and the weights w; will converge to
h; iff 3,Ax_, for i = 1,2. From Figs. 3 and 4 one would note that the probability of error
qx approaches_zero even before the equalizer convergence.

The channel above was used in a computer simulation. The weights of the feedback
filter w; and w, are depicted in Fig. (4), the adaptation constant used was g = 0.01. In
this simulation the weights were initialized to zero. Fig. (4) shows that the equalizer's
weights converge to the channel parameters (in this case wy = 0.5 and w, = —1.44). Next.
by varying the initial settings of the equalizer weights, we show that the algorithm always
converges. to the right point (0.5,-1.44) regardless of the initial condition. Fig. (3) shows |
the trajectories for the different initializations and shows that the decorrelation algorithm is

globally convergent for the channel under consideration.

2

w2
o

Figure 5 Admissibility




V. CONCLUSIONS

In this paper we introduced a new criterion and an algorithm for blind equalization. The
algorithm was used in conjunction with a decision feedback equalizer. It decorrelates the
data sequence at the input of the slicer. It was shown to converge to the optimum irrespective
of the initial error rate.

Because of the feedback structure the equalizer does not suffer from noise enhancement
as the linear equalizer does. A simulation example of a dispersive non-minimum phase chan-
nel was given to illustrate the convergence of the algorithm. With an adaptation constant
4 of 0.01 the algorithm converges after 200 iterations. The simulation also shows that the

algorithm converges to the optimum point regardless of the initial setting.

V1. APPENDIX

Claim 1 The probability density function f,,(-) of the random variable A, defined

in eq. (1) is an even function.

Proof

The input to the slicer in eq. (1) Ak is given by

N

Ak = .Xk - Z w;Ak_;
=1
N

= i+ Z (h,']k_, - wg‘:lk_.') . (A1)
1=1
If we denote the set of all correct decisions by A’ and the set of all incorrect decisions by A”.
i.e.,
A={A:A=1I)

-

A" = {A. A= -—I,'},
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then the input of the slicer in (A.1) can be written as
Ae= I + E h —w;) Lo + Z (h,-+w.-) ;. (A.2)
i A,,._.zA' i A;_.cA"
From the above equation one can see that Ay can be expressed as a sum of independent
random variables. Therefore, the probability density function (pdf) of 4y is the convolution

of the individual pdfs, thus,

fA* = flh * Conv.;A,,_.q,qlf(ht"”')Il-c * Convu“ﬂm,,f(h,.,,w.),k__., (-\3)

- where Conv_, and Conv_, , are the convolution of the probability density functions
L k .“

-t ihad XY

of the corresponding random variables in the summations of eq. (A.3). Since ;s are random

variables taking values of —1 and 1 with equal probabilities we have

fr(z) = =(6(z+1)+4é(z—-1))

f(h.'-wi)lg-.(x) = (5(I + hf - wf) + 5(‘1' - hi + wi))

[N Wl 1 Nl 2

fhirwi) 1ot (T) (6(z + hi + wi) + 6(z = hi — wy)).

The convolution equation in (A.3) can be transformed into a product form by using the

Fourier Transform

Fa = Fr. H }.(h--uh')lk-. ’ H Fihytwn) e (A.d)

i:Ak_,cA’ i:/i;,-,cA"
where Fx is the Fourier Transform of the pdf of the random variable X. Therefore. we have
Fr(w) = cos(w)
Fihmwihoi(w) = cos((hi — wi)w)

Firrwi) oo, (W) = cos((h; + wi)w).

Now we consider the product terms in eq. (A.4). The first term,

1
H 'F(h'-wl)lk—l(w) = .2|_AII-:T Z COS(G{W),

i:A-k-.EA'
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where |A’| is the cardinality of the set A’ and a;s represent all the possible sums and differ-
ences among all (h; — w;) such that Ap_ieA’.
Similarly, for the other product term in eq. (A.3) one can write,
1
I Foswrtw) = AT 3" cos(biw),
c':A.._.eA" b,
where |A”| is the cardinality of the set A” and b;s represent all the possible sums and
differences among all (h; + w;) such that Ar_,ed”.

As a result eq. (A.4) can be written as

1 1
Fa(w) = cos(w)- STAT=T Zcos(a,-u) C ST Z cos(bw)
2 " 2 ”
= cos(w) - mvl-z YY) cos(aw) cos(bw) since | A'| + A"} =V
e 3y b
l
= cos(w) - Py Z Z cos((a; + b;)w) + cos((a, — b;)w)
= 3y b,
¢ 1

= cos(w) - Ty Zcos(c,w),
2 p

where c; represents all the possible pairwise sums and differences of a,s and b;s. Further, one

can write
1 Sy =
Fa, = WZCOS{(C" + 1)w) + cos({c; — 1)w). (A.3)
Taking the inverse transform of eq. (A.3), we can write the pdf of 4, as

fa () = 2;“ Z(&(z-c,- —)+é(z+ci+)+é(z—ci+1)+8(r+c, - 1)). (A.6)

Cy

Therefore, the pdf of Ay is an even function, and it also exhibits half svmmetry about +1.

E{Ak_mf&k_n} =0 for m>n

Proof:
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Consider the joint cumnulative distribution function (CDF) of Ak_,,..-ik_,, vizF A A.,_,.(l" y),

Fy i (zy) = P{Aim <7,Akon <y}
= P{Ak—m <, “ik-—n <y I f‘ik-n = Ik—n}P
+P{Akem S T, Ak Sy | Aken = —Lionlq

= P{Atem S 2, Jkcn Sy | Aken = Lizn}p

—

+P{Ak-m Sz, [ken < y | Agon = —Ic-nlq,
where p is the probability of correct decision and q is the probability of incorrect decision.

FA,‘_M,{,‘_"(I?y) = P{“‘k-m <r l A"ik—n = Ik—n}P{Ik—n < Yy ! -:‘k—n = [k—n}p
+P{‘4k-m S. T l Ak-—n = _Ik—n}P{'—Ik-n < Yy | -'ik-n = -Ik-—n}q

= P{Akem 2, Akon = e} P{Tkcn S y | Ain = Lo}

+P{Akm S 2, Akon = =Licn} P{=Tiep S y | Akon = —L_p}

(A.7)
since As_, is independent of I;_, for m > n. By definition
- Yy -
P{Ik—n <y ' Agen = Ik-n} = /006(#- 1)P{Ik-n =1 dkon = [k-n}
+6(u + V)P{Ihen = =1} Aen = [i_n}dp.
(A.8)

Now. from eq. (1) we write

Agen = Ilc-—n + }/k—nv

where

Y;c-—n ‘é'- EN: (hilk—n-i - wifik—n—i) .

=1

From the definition of .Aik,

P{Akon=lecn | Iicn=1) = P{sgn(Ax-n) = Leen | Lion = 1}
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= P{sgn(l+Yi-a)=1)

P{Yk_n > —1).

Similarly,

P{Axcn = Licp | Itan = =1} = P{Yi_n < 1}.

However from Claim 1 of this appendix the pdf of A, and, hence, of Ai_, and Yi_, is even.

This leads to
P{Ak_,. =lien | Iken =1} = P{.‘ik_n = Ixep | It-n = —1}. (A.9)

Now, using Bayes law,

P{Akan = Iten | Tten = 1} P{ljon = 1}
P{Ak_p = [1n

P{Atan = lten | Iton = =1}P{Lien = 1}
P{Ak-n = Lin .

P{Ik—n =1 l Ak—n = Ik-n} =

P{lien = =1| Agen = It} =
Therefore, by using eq. (A.9) we get

P{Ik—n =1 l “ik—n = Ik—n} = P{Ik-n = -1 l Ak-n = Ik-n} =

| —

Hence, we can write

" 1 rv
Plin Syl din=1lin} = 5[  (8(6~1)+8(u+1))du

= FIk-n(y)' (A.10)
Similarly, it can be shown that
. 1 ry
Pl-linSy| Aecn=—Ln} = ;/ (6(u=1) + 6(u+ 1)) dps
= Fr_.(y) (A.11)

Substituting eqs. (A.10) and (A.11) in (A.7), we get

FAA,_,,‘A,,_,,(J:’ y) = P{Ak-m S T, Ak—n = Ik—n}Fh._,.(y)
+P{Atom S 2Aton = =Lin} Fr_(y)

Farn(z)F1_,(y).
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Therefore, the joint pdf of Ak..,,.fi;,_,. is given by

fanomden = farm (@)1 (¥)-

Hence,
E{Ak-mlik—n} = E{Ak-m}E{Ik—n}
= 0.
Claim 3
Ik-mAk_g =0 n#m
Proof:
We have

Fiyain(®y) = P{Aion < 2, liom < y}
= P{liem Sy, Aton S 7| Akon = Lcn} P{Aken = k=)

+P{Ik-m <v, f‘ik-n <z ‘ /ik-n = —Ik-n}P{fik—n = —Ilc-n.}

P{liem < 4, Jten < 2| Akcn = Lion}Pron
+P{lt-m <y, Ix-n < z| Aion = =Iten }Gken-
It-m independent of I;_, for m # n
Fi_n..(zy) = P{liemn <y| Akon = Tkan}P{Iion < | Agon = Licn}Pren
+P{ltem S Y| Akon = =Tkcn} P{=Tton S T | Akcn = —Ikon}Gk=n-
Using egs. (A.9) and (A.10), we get
Fi o (2.9) = P{lcm £Y,Akn = lten-1} iy, (2)
+P{Itom < Y, Akon = ~Tken1} Fpy_,_,(2)
= Fu_(y)Fn_.(2). | (A.12)
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Therefore, from eq. (A.12), we can conclude that

Akenliem = Tiemlion.

= 0 (A.13)
Claim 4

E{]Ax/} =1 for every n (A.14)
Proof:

The pdf fia, of the random variable |A4| can be expressed as

fianz) = {f"k(x)‘*‘fak(—z) 20

0 z <0
_ QfAk(I) z20
- 0 <0

since f4,(z) is an even function.

Substituting from eq. (A.6)

_f . b(z-1+el)+é(z=l—-cl) £20
fIAnl_ 0 . r <0.

The above equation is symmetric about z = 1, therefore the mean

E{|Ad} =1
Claim 3
Form#n Agx_mAkn=0
m=n Ai-n =1
Proof:
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Assume m < n, then

= P{Ak-n S zs Ak—m S y}

fih-m-‘ik—n

P{J‘ik-n < z, fik—m S Yy ' -'ik-m = Ik—m}pk-m

+P{Ain < 2, Aiem <y | Akem = —liom}qrem
= P{fik-n <z, Iiem <y l fik—m = Ik-m}pk_m
+P{l‘ik-n S z, "Ik-m S Yy l “‘ik-m = -[k-m}‘Ik-m-

Aken depends only on ;- for m > n, hence, it is independent of all I;_, with m < n.

Therefore,

Fio i = PlAkca <z dicm = leam} P{licm-1 < y | Ak=m = lem }Phom
+P{Ar_n € 2,| Akem = =Lk} P{=Tkem < 40| Akem = —Liom }qhom
= P{At-n S 2. Akom = Liem}P{kom Sy | Akcm = Liom}

+P{-‘ik-u <z, l‘ik—m = "Ilc-m}P{"ik-m < y,l l‘ik-—m = -Ik—m}-
By using eqgs. (A.9) and (A.10), we get

Ffik_m;‘ik_n = P{fik-n S I‘ -‘ik-m = Ik-m}Fl,,_,,,(y)
‘+P{“ik_n <z .-ik-m = -[k-m}Flu._...(y)
= F; (z)Fr_.(y). (A.13)

k=n

Therefore,

Ak-mAken = Akonliomoy

0. (A.16)

For m > n, a similar proof can be shown by conditioning on A,_, instead.

For m = n. since the pdf of Ai_, is even, it follows that

P{Abca =1} = P{Ason = -1} =

| r—
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From the above, it is straightforward to show that, for m = n,
—
Al_,=.1

Claim 6

Form+1l<i< N

Ax-mex-i = Ak-m (Ik-i —Ak-i)

2qx-; (hi-m + Wi-m)-

where q._; is the probability that fik_; # L.

Proof:

Note that

Apomeri = Apom ki — AkemAk=i-

From eq. (1),
' N N o
Akom = Ik-m + Z thk—m-j - Z w,-Ak_,,.-j.
=1 y=1
We consider each term separately:

N N
Aemliei = Dol + Y hilemiTici = 3 wijAk-m; li-i.

1=1 1=1
The first term in the RHS is zero, since ¢ > m. Similarly, the summation in the second term
is j = i — m. Using the result in Claim 3 the terms in the second summation are all zero

except for j = i — m. Therefore,
Armdiei = hiem — Wim Akilimi. (A.17)

Now, consider

N ———1— N r Saaaa
ApemArei = DemAimi + 3 hilkemojAkci = 3 Wi Akem—j Akic

1=1 j=1

209




Using Claim 3, the first term is zero. Furthermore, using the same claim. the only non-zero

term in the first summation is j = i —m. On the other hand, using Claim 5 the only non-zero

term in the second sum is j =1 —m.

Avmdisi = hicmAtaiJiei = Wicm A2,

= h;-m;ik-,']k-.' - Wimm- (A.18)
Combining eqs. (A.17) and (A.18), we get
—— ———
Akemei—i = (Ricm + Wi-m) (1 - Ak-t’Ik-;‘) .
(A.19)

= 2Qk-i (hi—m + wi-m)

Claim 7
P{(—1 + (h1 + Wi 1 + (b2 + W) Eez) > 0}
1 1 - (hz + wi) 1+ (hs + wi)
= = |P{lxg > ———73—} + P{Ix_ ———r— A.20
2({ > el TPl T nNm ) O
Proof:
Define P as
A (k)
P2 P{(=1+ (b + w) ey + (ha + wi)Lia) > 0.
Then

(P{( L+ (hy + w{) ey + (hz + i) > 0}

+P{( L+ (b + w{) et = (b2 + wf?)) > 0}) .

g

If (hy + wi®) > 0, then

1 1 — (hg + wi? — (hy + wi?
P = = |P{l > 2} + (P{I- 2 _
2 ( ‘ by + w(® i h1+w£"’
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If, on the other hand, (A; + wg")) < 0, then

1 1 - (kg +wd? 1~ (hg + wl?
P = =|P{lic < + (P{le-1 <
2( {kl h1+w§k) } ( {kl h,+w£k) }
1l 1- (hg + w;k) 1- (hz + wgk)
= =|P{li-1 > - + (P{lk=1 > -
2( -t In+w$k) b+ (Pl hy + wi®
The last step follows since the pdf of Ix—, is an even function. Therefore. combining the
above
P{(=1+ (A + w)Leot + (ke + 0} L) > 0}
1 1- (hz + wg‘)) 1+ (hz + wgk))
= = | P{li-1 > + P{li—y > :
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APPENDIX I
ADAPTIVE TWO-STAGE DETECTION SCHEME
IN SYNCHRONOUS TWO-USER
CDMA SYSTEMS!

by

Zoran Siveski and Yeheskel Bar-Ness

ABSTRACT

An adaptive two-stage scheme for a synchronous, two-user CDMA environment with
unknown received signal energies is presented. It consists of a tandem of the matched filter
front-end followed by the interference canceler whose weights are adjusted by an adaptive
algorithm. The error probability was evaluated analytically. and it was shown that the

receiver provides satisfactory performance in the near-far scenarios.

1This work will be presented at Milcom ’93.

This work was partially supported by a grant from Rome Air Force Lab. (AFSC, Griffiss Air Force
Base, NY under contract F30602-88-D-0025, Task C-2-2404.
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I. INTRODUCTION

A conventional single-user detector implemented in the Code Division Multiple Access
(CDMA) system consists of a bank of filters, each one matched to the signature sequence
of the particular user. The sampled output of each matched filter. besides the desired
signal, contains the residual interference from all other users. Careful choice of the signature
sequences can reduce the amount of interference if the received signal energies are similar.
However, the presence of a strong interference often makes it impossible to detect the weak
user, a condition referred to as a near-far problem. In [1] a receiver that is optimum in
the multiuser interference environment was proposed and shown to provide much improved
performance. The improvement comes at the expense of high computational complexity. A
class of suboptimum receivers that uses decorrelating detectors and which is based on the
linear transformation of the sampled matched filters’ outputs was considered in {2] and [3].
Another approach for suboptimum multi-user detectors with low complexity was proposed
in (4] and [5], where, in order to perform detection of the desired user. tentative decisions op
information bits of all other users are made. The estimate of the multiple access interference
is then obtained and is subtracted from the desired signal. The performance of some of
these is close to the performance of the optimum detector, particularly when the power of
the interferers increases, they become indistiguishable. These schemes. however. have to
perform an estimation of the received signal energies, knowledge of which is required for the
detectors’ proper operation.

In this paper a two-stage detector similar to one proposed in [3] is considered. except
that the received signal energies are not assumed to be known. and therefore t.he canceler’s
weights are adjusted adaptively. A simple iterative algorithm is proposed in order to control
the weights in the second stage of the receiver. The output error probability is computed

and compared to the one of the conventional receiver, the decorrelating detector. and the

detector in [3].
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II. TWO-STAGE ADAPTIVE DETECTOR
In this paper we restrict ourselves to a two-user synchronous CDMA receiver shown in
Fig. 1. It consists of two stages: a matched filter front-end followed by a dual interference

canceler with the forward-forward structure. The received signal r(t) can be written as:

2(t) = 3 b Arsi(t = iT) + by()y/easa(t = iT) + n(2) (1)

where by, b, € {—1.+1} are users’ data bits, and 4, and .4, their respective energies. un-
known to the receiver. The signature sequences s,(t) and s(t) are known to the receiver. each
having same duration T as a data bit. Denoting the normalized crosscorrelation parameter

of the sequences as p we have:
T .
/ Ptydt=1, j=1,2 and
0

T
/O su(t)sa(t)dt = p < 1 (2)
The additive noise n(t) is Gaussian, with a zero mean and a power spectral density of .Vo/2.

In the ith bit interval the sampled outputs of the first stage are:
z1(2) =  A1hi(2) + py/ A2ba(2) + mu(2)
22(3) = \/daba(i) + py/Aib(3) + nafi) (3)

where ny(:) and n,(i) are zero mean Gaussian random variables which can easily be shown
to have variances of Vy/2. and the crosscorrelation pNo/2. (For the sake of brevity. time
index : is omitted from most of the expressions in the text.)

The first stage bit estimates are defined as:

b =sgn[x;] and b, = sgn(xy (4)

yielding the two outputs of the second stage:

h= \/X:bl +P\/A_2b2 —wib +my
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y2 = \[ Azbz + p\/ ALl — waby + N2 (5)

The control algorithm simultaneously minimizes the output powers E{ y?} and E{yi}.

The optimum weights are obtained by using an iterative search:

dE{y? :
wj — wj = d,{,,y.J} j=1.2 (6)
J

where u represents the convergence and stability rate constant. The optimum weights that
minimize the output powers are the steady state values obtained from:

dE{y} d -
i) - B - wib')

= E{(l'l - wll;‘z)(‘a'z)} =0

and
dE{y3} d
dw2 dID2
= E{(iz—wzzl)(°51)} =0

E{(z; - wb) '} (

-1
~

and are expressed as:
Wi = \/ ‘41E{b132} + p\/ AzE{bz‘l;z} + E{nlz'z}
Wog = \/:;E{b{l;l} + p\/ AlE{bl‘l;l} + E{n281} (8)

The joint statistics appearing in the above expressions are evaluated in terms of the system’s

parameters and are presented in the Appendix. After substituting the optimum weights the

canceler outputs become:

Yo = \/_; {bx - E{blzz}zz]
+ A2 [b2 = E{baby}Ba] + E{miBa} +ny

Yo = \/;*: [bz - E{bzgl}gl] (9)
+ P\/A—l [bl - E{blzl}sl] + E{nZEI} + n2

216




From the above expressions one can conclude that if the bit estimates of the sampled
correlators’ outputs were almost perfect (i.e., 51 = b, and 52 = b,), the decision variables at
the canceler output become interference free (i.e.. y10 = VA1by +ny and yo = VA2by + n2).
The error performance of each user will be determined by their respective input signal-to-
noise ratios, SN Ry, = 4,/No and SNR; = 4;/Ny only. This scenario requires a system with
a rather low spectral efficiency (small p), and occurs whenever both S.V Rs are large enough
and are approximately equal.

If the power of one of the signals is large enough in comparison to the other such that.
sav p°SNR; > SNRy, b; will continue to be an almost perfect estimate of b;. Referring to
(8), wio = pv/Az, and the output 1 will again be interference free. However. the signal r,
will now be dominated by the interference from user 2. and b, will mostly be estimated as
b,. By observing (8) again, one can see that it will cause wy = VAz, which is obviously
larger than w;o. This results in the total cancelation of the desired signal 2 in the second
output, which is expected because of the power inversion effect of the canceler. The decision

variable of user 2 becomes y, = p\/A1b, + n, vielding to the disastrous output performance.

-

An easy and logical remedy to such a problem may be obtained by adding a constraint

to the iterative algorithm, such that, at any bit interval,
w; (1) = min{w(¢). wo(7)} J =12 (10}

The restriction effectively prevents an increase of the weight that affects the signal with the
very large input SV R; the one that does not need the interference canceler in the first place.
The effect of the constraint can be observed if, under the same assumptions described above.
the larger of the weights, wo,, is replaced by the smaller one, wo; = pV/Az, resulting in the
second output, y; = (1 — p)VAzb; + pV/A1by + n,. This certainly will not be worse than the
output that results when no constraint is imposed. The amount of improvement depends on
the desired component to the residual interference ratio at the output, [(1 — p)/p]’ASVR.

Another possible constraint considered was in “disabling” the canceling loop that contains
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the larger weight element, such that
max{w (i), we(i)} =0 (11)

In the above scenario, it means w,; = 0. which corresponds to detecting the data bits of

user 2, the one with the larger input S/VR, directly from the correlator output.

III. ERROR PERFORMANCE
The error probability at the canceler’s output is evaluated as follows. The bit estimates

at the output are defined as:
b, =sgn[v)] and }:)2 = sgn[y,] (12)

The two-user output error probabilites P,;(¢) and P,;(¢) are the conditional error prob-

abilities averaged over by, b2, and b, and over by, bs. and by, respectively. For user 1:
P, = Ebhb?‘b-?Pr{b} in error|b;. by, b,}
1 .
=3 Z[Pr(nl > Ay = py/ A2by + wioby)
) b?-b.ﬂ
+Pr(n; < —-\/:\1 — py/ A0, + wlog‘l)]
1
= -5 [Pr(nl >/ A+ o/ A —wp.na < \V/ A + Py Ap)
+ Pr(nl > \/Al - p\/ A2 - Wy, N2 < —\/Az + p\/ 4.1)
+ Pr(ny > v A+ Py A + wyg.np > VA + [3V) A1)
+ Pr(ny > /Ay — py/ A2 + wyg.n7 > -\ 42+ p\/.41)} (13)
Similarly, the error probability P., for user 2 is:
1
5 [Pr(ng >\ A + P\ Ay —wyo,m < vV A+ 3y} 42)
+ PT(ng > \/Az - pv A] —wy, M < -\/“h + PV A'z)
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+ Pr(n,; > \/—A;+P\/:4_1+w20~n1 > \/Z'FP\/Z)
+ Pr(n; > \/Z;—P\/:rf' wao, Ny > —'\/—A_1+P\/A_2)] (14)

When the constraint from either (10) or (11) is taken into account. the weights wyo and

woo in the above expressions should be modified accordingly.
L Numerical results from the computation of the error probabilities are presented as func-
tions of signal to noise ratios and the crosscorrelation coefficient. The error performance
of the conventional receiver is also presented in order to illustrate its vulnerability to the
near-far problem. In addition, the error curves for the decorrelating detector and the system
presented in (5], where the exact knowledge of the received signal energies was assumed. are
included for comparison.

The error probability curves are plotted versus the difference of the two input SNRs.
ASNR = SNR, - SNR,, with SVR,; kept constant. Three different crosscorrelation coef-
ficient values. p = 0.7, p = 0.5, and p = 1/3 are considered; the first corresponding to the
high bandwidth efficiency system. As mentioned previously, a constraint on the weights is
also added to prevent possible cancelation of the larger desired signal component at one of
the outputs. |

In Fig. 2 we use p = 0.7 and ASNR in the range from -4 dB to 12 dB. As expected.
the performance of user 1 is virtually the same regardless of the constraint strategy used.
The error performance of user 2, with no weight constraints imposed. is very poor as could
have been predicted. Marginal improvement occurs at high values of AS.VR when the
constraint from (10) is imposed. However, by using the constraint from (11) instead. excellent
performance for both users is achieved, which is even better than the results in [3].

Fig. 3 is the same except for p = 0.5. Here we observe that the constraint from (10)
provides better performance of user 2 than with the previous value of p. Again. as expected.
the performance of user 1 is virtually the same as in [5]. This is a result of the factor

[(1 = p)/p]* being greater for this case.
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Fig. 4 depicts the case for p = 1/3. Without the constraint on the weights, there is a range
of the values of AS/NV R for which the system performs very well. Notice the deterioration in
performance of user 2 for very high ASNR due to the circumstances (p’SVR; > SVR,)
mentioned in the previous section.

With the coastraint from (10) in place, the performance of user 2 matches the one ob-
tained in [5]. There is a slight performance degradation for user 1 over a limited range of

ASN Rs when the constraint is imposed.

IV. CONCLUSION

A two-stage detector for multiple access systems that does not réquire knowledge of the
received signals’ energies was proposed and analyzed. It incorporates an interference can-
celer whose weights are obtained by an iterative algorithm. It was shown that the receiver
has comparable error performance in near-far situations to similar receivers that assume the

knowledge of the signal energies.

V. APPENDIX
E{bib} = Eb;,bg{blsgn[\/z—lbl + p\/ Azba + ny}
1
= 3 Z by [Pr{nl > —\/:1?71 - P\/sz}

b1,b2

~Prins <~ /o]
_1-0 (ﬂnpm) 0 (ﬁ:-pm)
NEAE /No/2
- VA; + pV/A; VAz — pVA,
E{bb} =1- ) - vz eV
(hba} =1 Q( No/2 ) Q( VNo/2 )
E{b1b;} = Eb;,ln{blsgn[\/A—zbZ +‘P\/Ib1 +nal}

= :11- dob [PT'{TI.'; > —\/A_zb2 - p\/A_lbl}

by .b2
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~Pr{n, < -\/Zz-bz - P\/Ebl }]

(m-pm) _Q(\/z;m/}r)
1V0/2 \/No/z
\/Zf—p\/x) _0 (\/«4—1+P\/A—2)

E{bb} = Q (_J=—No = o

E{nb} = E{nlsgn(\/A—zbz + p\,/zbl +n2)}

1 o0 - -]
= = Jny.n d
4%,:2 [/.oo /—\/T{b‘z—p\ﬂffb, Py na drdny

/00 /—ﬁ’b; -oV/ATh

N1 fayne dnlan]

-1 )]

E{ngl;l} = % Pl;Vo [e-( A|+N° A2)2 N e_( A,-—No Az)z]

NH""

where:
©0 2
Qz) = _—-_ e~ /24t
and:
1 n? +n2 - 2pnn,
frim = —g—F=—=5exp|- : 2
©Noy/1 — p? No(1 - p?)
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Fig. | Two-stage receiver for two synchronous users
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Fig. 2 Error probabilities for users 1 and 2 with p =0.7 and SNR1 = 8dB
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Fig. 3 Error probabilities for users 1 and 2 with p=0.5 and SNR1 = 8dB
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Fig. 4 Emror probabilities for users 1 and 2 with p=1/3 and SNR1 =8 dB
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