- .
275 758 O

AD \\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\

TM #931139
NAVAL UNDERSEA WARFARE CENTER
DETACHMENT NEW LONDON
NEW LONDON, CONNECTICUT 06320 D T ! ("v

K1 e .
N FEB17Ioi]
TECHNICAL MEMORANDUM j c ,;&g

OUTPUT STATISTICS OF THE SALFAS FM NORMALIZER
SMOOTHING/PREDICTION FUNCTION

Date: 2 April 1993 Prepared by: %
F n Khan

Code 3314 NUWC

DIIC QUALITY Irisrmorgp g Dr. Carl Wenk
DR S 1) - e

A&T Engineering
Technology Center

4-05140
il ||\\\ |1| R

APPROVED FOR PUBLIC RELEASE; DISTRIBUTION UNLIMITED

94 2 16 009




ABSTRACT

An analytic performance evaluation methodology for the determination of the
expected value and variance of the noise mean estimate of the smoothing/prediction
function of the SALFAS FM normalizer is presented. These statistics are necessary for

the determination of the output Receiver Operating Characteristic (ROC) curves of the
normalizer.
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1.0 INTRODUCTION

The FM matched filter output envelope is normalized relative to the local noise
background using an estimate of the noise mean level in each cell of interest. The
normalizer algorithm is designed to provide robust and on-line adaptive processing
features which include [1]:

a. ldentfication and removal from the noise estimation data window interfering
target echoes, unwanted background clutter edges, and noise data statistical
outliers which would contaminate the window and bias the noise mean estimate.

b. Estimation and compensation for underlying noise background dynamic
(nonstationary) intensity variations from cell to cell such as may occur in
reverberation-limited shallow water or convergence zone environments.

c. A sufficient number of effectively independent samples, thus achieving desired
random error smoothing and minimizing normalizer SNR losses while
maintaining desired control of false alarm rate.

Noise mean estimation is achieved in two steps as described in [1]. First the
matched filter output envelopes are operated on by a sliding split-window, median-based,
peak-shearing estimation process. This is designed to suppress interferences in the noise
data estimation window. The second step uses a sliding split-window process with a
forward/backward two pole exponential filter to produce an estimate of noise mean of the
test cell located at the center of the window. The data recursive filter allows for enhanced
following of arbitrary noise mean level fluctuations while maintaining desired random
error reduction. [2]

Figures 1 and 2 shows the median based processing and the forward/backward
smoothing and prediction structures respectively. The window and gap sizes in both
processing functions can be different as shown in the figures. The analysis which follows
determines the expected value and variance of the predicted noise mean estimates of the
forward/backward processing as defined in [1] which are necessary for the generation of
the normalizer output Receiver Operating Characteristic curves [2].
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Figure 1 - Sliding split window structure for the median based, two-pass peak shearing
function.
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Figure 2 - Forward/backward smoothing and prediction function window structure.
2.0 FORWARD SMOOTHING AND PREDICTION

The output of the two pole recursive exponential smoothing filter in the forward
direction is

SL=sfl + alz - sfI;_] (1a)




2= 52+ a[sfI; - £2,_}] (1b)

where sfI; and sf2; are the outputs of filters 1 and 2 at time index i and z; is the input
to filter 1 (this is the output of the Median Processing Function).

In Vector-Matrix form the filter output is given by

ii =A :‘zi—l + Qz,‘ @
where
Az [ l-a 0 ]
a(l-a) 1-a
b= o o],
ST = [ 2],

andi = {k-G-W+1, .., k-G-1).

Equation (2) represents the output of the two pole recursive exponential filter at time i
where i is the sample index in the forward smoothing window of size W, excluding the
leftmost sample in the window at time k-G -W.

The forward predicted noise mean estimate of the test cell at time & in the middle
of the normalizer window (see figure 2) is

a(G

1
Wi =2y - 6.1+ —Tji‘l (Fh-G-1- S2c-1) ®)

where uf, is the predicted noise mean at time k and G is the normalizer half gap size.
The predicted noise mean estimate uf, is dependent on the output of the recursive filters

at time k- G - I and the constants « and G. Equation (3) can also be written in Vector-
Matrix form as




Wi=¢ Sy 6-1
4

a(G+1). ¢, = (l . a(G+1)

here ¢7 = andc, = 2 +
where ¢’ = [¢; ;] cl " o

Solving (2) iteratively with an initial state of sf,, = 12, the output of the forward
smoothing filter is
ii = Ai-ka l zko + 2 Ai-l _b z, (5)

4=k0el

where IT = [I 1]and k0 = k-G-W.

The matrix form A™ in (5) represents an m-fold product AxAx...xA (A? = I) andis
referred to as the transition or fundamental matrix of a system. Inspection of equation
(5) reveals that the first term on the right represents the response of the system to the
initial conditions only. The second term represents the response due to zero initial
conditions and the input z and is essentially a convolution sum. Esser:ial to the
determination of the output is the m-fold matrix product A™. A brute force method for
determining A™ is undesirable since it would be time consuming for large m and insight
into the structure of the filter response will not be obtained. Closed form solutions to the
martrix polynomial A™ are obtainable 3, 4] and would be shown later.

The expected value of the forward smoothing function is
by = E{s,) ©

= A" 1E(z,,) + 2 A" bE(z,}

L=k0+]

. " -
=AM, + Y A by,
4=k0+1

where 4, is the mean value of the median processed data at time sample i . Applying
(4) the predicted mean in the forward direction at time k is




G-I
Wi =¢ [Aw"l 2o + 3 AMCH L”z] 0)

L=k0+1
w-2
= QoZpo + zam 2k.G-1I-m
m=0

where a, = (1 -a)¥! (cI +c21 + a(W-I)))
and @, = a(l-a)™ (c1 + acXl + m)).

The expected value of the forward predicted noise mean is
i w-2
E[”fk] = ao ul.O + Zaﬂ ”Zk,c_'_. * (8)
m=0

Utilizing (7) the variance of the forward smoothing function becomes

2 2
ok, = E(ufi} - E{ufi) )
- o2 < T T p
- 003&0 t200,, & ROy .1t 2 R
r W-1 0 0
where R = | 0 -, 0 ]isadiagonal matrix and
0 0 r 1
roazzk—G-l "% 1% -, "t Tw-203, 6 0% G owa
R = T1%% 6291 6-) T00% 6-2 "t TW-395 6 2% g we
|"W-201, 6 we1%% -1 "W-303 6w %% g2 roofk—G-WH J

is a symmetric matrix. The vector & where

gT=[ao a; - aw_zl




is a vector of the forward smoothing/prediction filter weights which are a function of the
filter constant «, the window size W and gap size G. The vector g where

T — e s
CGirm [clt-a-l O1.6.2 Glt-c-w.t]

represents the standard deviations of the samples which are mapped into the forward
window which have been median processed. The correlation coefficients 7;_; are those

of the median processed samples z; and z; .

=J

The output of the recursive forward smoothing/prediction filter (7) is the sum of
the filter response due to the initial state of the filter and the convolution sum of the filter
weights and the median processed input. The expected value and variance of the forward
noise mean estimate are given in (8) and (9) respectively.

3.0 BACKWARD SMOOTHING AND PREDICTION

Following the same procedures as in (2.0), the output of the backward two pole
recursive smoothing function is

sbj = Asb;,; + bz; ¢)

where j = (k+G+W-1, ..., k+G+1}and A and b is as defined before. The
backward predicted noise mean estimate at time k is

pb, = ¢ sbriGal (10)

Again solving for the output of the backward smoothing filter iteratively you get

sbj = A* 1z + t AY bz, (1)
t=kl-1

where k1 = k+G+W. The filter is initialized at j = kI where sb,; = 1z;,.




The expected value of the backward smoothing function is

M, = E{sb;)
(12)

= Akl.j lE {zkl} + i Al-j QE {Zt}
t=kl-1

BT WL
i=kl-1

Using (10) the backward predicted noise mean estimate at time k is

ub, = T | A% | Ty

k= € Iz + YA bz, (13)

t=kl-1
w-2

= Qg2 + Zam Zk+G+l4m -
m=0

The expected value of the backward predicted noise mean estimate is

w-=-2
Elub)= Gopy, + X 0mbsyg,.n (14)
m=0

The variance of the backward predicted noise mean estimate becomes
o2, = E {ub?} - E {ub J (15)

T

zll

= 2 - T
= 0y +20y0,,a Rg + a

=Zk+G+lem - [’

Zx)

where




- -
roofucn 7192464194642 " TW-204,,6.,%%.Gow-)
R = T1921.6.2 %2461 LT " TW-39%.6. Ttregaw- ,
| "W-202,,60w-1%%4601  "W-302,6.w-1C24Ge2 o ofucow-l J
and g{uc.:‘m = [o'lnau Otiuger ™ alua-lv-l] .

The results for the backward noise mean estimate is exactly the same as those of
the forward noise mean estimate except that now the samples are those mapped in from
the backward window.

4.0 FINAL PREDICTED OUTPUT NOISE MEAN ESTIMATE STATISTICS

The final predicted noise mean estimate at time & is the average of the forward and
backward predicted noise means given by

M= 3 (Wi + Hby). 16
The expected value of the final noise mean estimate is

1
E{m} = 3 (E{ufe) + E{ub}) a7n

where E{uf, } and E{ub, } are given in equations (8) and (14) respectively.

The variance of the final normalizer ncise mean estimate is given by the sum of the
variances of the forward and backward noise mean estimates and the covariance between
the forward and backward noise mean estimates.

The variance of the final noise mean estimate is

o, = E{u?} - E(m (18)




(Oky, + Oy, + 2 cov(ufp.iby))

|~

and the covariance between the forward and backward predicted noise mean estimates is

Py

= a? T
cov(pify.1by) = @0y, Oy, Thi-ko + %0y, & RO,
(19)

T § T j
+ @0, a Ra, ., +2 Ra
rw+2G+1 0 0
where R = 0 0 is a diagonal matrix and
0 0 raw+26.1
726420z 6.1 9244641 T26+39% 1944642 "t T26+WO g 198 .6uw-s

13 - T26+39,_6_, %641 7264492 6_3%%44642 "t T26+W+19y 6.2 0% 60w

T26+W02, G w.1Otge T264W+I1%% ¢ we1O2ie2 " T26+2W-203 6w, O2icuw-s

5.0 MATRIX POLYNOMIAL REDUCTION

The evaluation of the expected value and variance of the noise mean estimate
requires the computation of matrix polynomials (m-fold products) which can be time
consuming as the order of the polynomial becomes large and does not provide proper
insight to the structure of the solution. Use of a matrix polynomial reduction technique
can reduce greatly the number of computations necessary and presents the matrix
polynomial in closed form.

CAYLEY-HAMILTON TECHNIQUE (2]

For a matrix polynomial N(A) of degree higher than A, if N(4) is divided by the
characteristic polynomial of A then




N@R) _ R(A)
P(A) - Q(A) + P(3) (20)

where R(A) is the remainder. Multiplying equation (20) by P(2) you get
N(A) = Q(A)P(R) + R(A).
If P(A) = Othen N{Ad) = R(A).

Let N(A)= A™ sothat N(A)=A™. Then the characteristic polynomial P(1) of matrix
Ais

P(A) = A1 - A| (21)
=2%2-28+ pB?

where B = 1 - a, lis the (2x2) identity matrix and matrix A is defined in (2).
By polynomial division as shown in equation (20) you get

m-1 . m-1 _ _1IRM
N(A) = zipi-l Am-l—l + Mﬁ (m I)ﬁ .

(22)
~ 12 _ 252 + BZ

The first term in equation (22) corresponds to Q(A) and the second term is the remainder
term corresponding to R(A)/P(A). Since N(1) = R(A) because P(1) = 0, the

matrix polynomial A™ reduces to a closed form given by

A™ = R(A) = mB™ A - (m-1) B™ 1 (23)

=1 ml 1 0
=(i-a) mo I]

10




6.0 NUMBER OF INDEPENDENT SAMPLES

The effective number of independent samples in the normalizer window is required
to be sufficiently large to achive the desired random error smoothing of the normalizer
estimate. This value is determined from the ratio of the variance of the normalizer test
cell to the variance of the normalizer noise mean estimate. The optimum achievable
performance of a normalizer is its performance in stationary noise. Here performance is
determined solely by the bias in the normalizer mean estimate when compared to the true
mean of the test cell and the variance of the estimate. The larger the number of
independent samples in the normalizer window the smaller the variance of the noise mean
estimate and therefore the better the performance.

The effective number of independent samples is given by the ratio

%,
WIID = ?. (24)
M
In stationary noise 0, = 0, and the variance of the normalizer noise mean estimate is
given by
(., . W=2
0;24 = 7’ ay(1 + reag) + 2, zam('w—z-m + 'W+2G+1+m)
m=0 (25)
o2 W2 w=2
+ ? z Zam Oy (r mn +t T 26+2+m+n)'
m=0 n=0

7.0 NOISE MEAN ESTIMATE BIAS

The bias in stationary noise can easily be determined. The expected value of the
forward noise mean estimate defined in (8) is

11




w-2
Eufi)= aqop, + Yoann,
m=0

= p'(&o + wz—za(l-a)"(cl + c2(l+m))). (26)

The forward predicted mean in stationary noise is given by a geometric series. Using the
identities

Wz o 1p¥d
2P =5
& p¥-! w-2 w-2 w1
S mp™ = 5 (1- 8% - (w-2)"7 + (w-2)8%)
m=0 -

equation (26) reduces to

E[”ft] = H, (¢ + ¢).
Butc, = 1-¢, = ¢, + ¢, = 1. Therefore E{uf;] = y,. The bias in the normalizer

mean estimate in stationary noise is zero. Similar procedure shows the same is true for
the backward prediction.

12
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