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Introduction
The 33rd annual Sanibel Symposium, organized by the faculty and staff of the
Quantum Theory Project of the University of Florida, was held March 13 to 20,
1993, at the Ponce de Leon Conference Center located at the north gate ofthe city
orSt. Augustine, Florida. In spite of extreme weather conditions with high winds,
rain, and cold temperatures that crippled air traffic along the entire eastern seaboard,
over 320 participants gathered for 8 days of lectures and informal discussions.
Tornadoes touched down at the conference site and the schedule had to be worked
around power outages and telephone interruptions, but the adverse conditions did
not in the least affect the high quality of the daily schedule packed with plenary
sessions in the morning and late afternoon, and with poster presentations in the
evening, often lasting until midnight.
The program contained a special tribute to the work of Professor Clemens Roothaan and a retrospective on the Chicago School of Theoretical Chemistry, with
some of the key members of that school representing several generations of scientists
giving plenary lectures.
"The format of the symposium adopted for the past few years was followed again
this year with a compact 8-day schedule with an integrated program of quantum
biology, quantum chemistry, and condensed matter physics. The topics of the sessions covered by these proceedings include Advanced Scientific Computing, Interaction of Photons and Matter, Quantum Molecular Dynamics, Electronic Structure
Methods, Polymeric Systems, and Quantum Chemical Methods for Extended
Systems.
Special sessions were held in memory ofThomas D. Bouman and Michael Schlfitcr, who both were regular participants in these symposia.
The articles have been subjected to the ordinary refereeing procedures of The
Iniernatinal.lournalof Quantum Chemistry. The articles presented in the sessions
on quantum biology and associated poster sessions are published in a separate
volume of the The InternationalJournalof Quantum Chemistry.
The organizers acknowledge the following sponsors for their support of the 1993
Sanibel Symposium:

"* U.S. Army Research Office (Physics) CRDEC through Grant DAAH04-93-G0072 "The views, opinions, and/or findings contained in this reports are those
of the author(s) and should not be construed as an official Department of the
Army position, policy, or decision, unless so designated by other documentation."
"* U.S. Environmental Protection Agency through Grant N00014-93-1-0343
"* The Office of Naval Research (Physics and Chemistry), through Grant NO001493-1-0343
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, ix-x (1993)
CCC 0020-7608/93/01 OOix-02
:c, 1993 John Wiley & Sons, Inc.

x

OHRN. SABIN, AND ZERNER

"This work relates to Department of Navy Grant N00014-93-1-0343 issued
by the Office of Naval Research. The United States Government has a royaltyfree license throughout the world in all copyrightable material contained in
the publication."
"*U.S. Department of Energy through Grant DE-FG05-93ER615
"*Digital Equipment Corporation

"*IBM
"*Kendall Square
"*The University of Florida
Very special thanks go to the staff of the Quantum Theory Project of the University
of Florida for handling the numerous administrative, clerical, and practical details.
The organizers are proud to recognize the contributions of Mrs. Judy Parker, Ms.
Robin Bastanzi, Mrs. Sue Linsley, Ms. Arline Succow, Mr. Sullivan Beck, Dr.
Agustin Diz, Dr. Erik Deumens, Dr. Hugh Taylor. All the graduate students of the
Quantum Theory Project, who served as "gofers" are gratefully recognized for their
contributions to the 1993 Sanibel Symposium.
N. Y. OHRN
J. R. SABIN
M. C. ZERNER
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My Life as a Physicist: Memories and Perspectives
CLEMENS C. J. ROOTHAAN
DIpartneniý of Phi •i•% and ('vianitri'. L nivern•tri of Cluhago. C'hicago. Ilhlin s 60637 and Pipeline
('omputers, In , 5235 S L.i'nveriif Av
.i
hicago, llhnoi., 60615

This paper constitutes a brief personal history from my beginnings as a physicist
through the period of my discc very and consolidation of what has since become
the self-consistent field theory of molecular structure. My career as a molecular
theorist began onlý a few short years after the most traumatic experiences of my
life took place during World War 11. My growth as a scientist did not stop during
those difficult years, but proceeded as if driven by forces independent of the surrounding events.
It is only during the last decade or so that I have spoken somewhat more freely
about the painful experiences described below. However, those events were always
vividly present in my mind. I hope that sharing those memories with my friends
and colleagues will help them to understand me better, and perhaps also the human
condition. And since m~rtraining in the fundamentals of physics occurred during
those years. my account may also offer some insight into how learning can, and
does, occur under improbable circumstances.
But first I like to turn back to my childhood, when I experienced the earliest
stirrings of scientific curiosity. I am certain that my interest in science began when
I was three years old. I did not understand how toasters. lamps and irons dcpended
on a wire coming out of the wall. In those days, wall outlets were surface mounted
and covered by porcelain caps. One day I found an outlet whose cap lad crumbled.
I began to put mN finger systematically on the various exposed parts, intent on
getting some response from this mysterious gadget. I finally did, in the torm of an
electric shock that made me withdraw my finger abruptly, and imbued me with
great respect for the mysterious force I had just experienced.
This was one experiment that I reported to no one, I was brought up in a proper
home and had sense enough to know that, whatever I had done, it was wrong. The
experience increased my prudence but in no way diminished my curiosity. By the
age of seven, I was conducting less dangerous experiments with batteries, lights.
switches and electric bells. Radio broadcasting was just beginning around that time.
At the age of ten, I built my first crystal receiver and, throughout my teens, I
continued experimenting with radio reception to the extent that my meager budget
allowed.
During my last two years at the gymnasium (high school). I elected the mathematical-scientific curriculum After graduation., I enrolled at the Technical University of Delft in the Department of Electrical Engineering.
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Class attendance at Delft was optional; to satisfy requirements, one only had to
pass yearly examinations. During my first two years there, I spent my afternoons
in the shops and laboratories, but rarely attended lectures; I preferred to study
textbooks and the required literature on my own. The extensive language training
mandated in Dutch gymnasia made this self-study possible, since by the time we
graduated, we were able to read the scientific literature in French, German and
English.
During my third year-it was now 1938-1939-I became dissatisfied with my
academic program. The electrical engineering curriculum in Delft was a two-track
program, one with emphasis on electric power (transformers, transmission lines,
electric motors), the other emphasizing electronics and acoustics. I had a strong
interest in the latter, but could not avoid a number of mandatory courses in !he
former, which interested me very little. I had heard that in the German technical
institutes, it was possible to take a program in which one could concentrate fully
on electronics and acoustics. To explore this option, I spent the spring of 1939
auditing classes at the Technical University of Karlsruhe.
Dunng the summer of 1939, which I spent at my parental home in Nijmegen,
all hope for peace in Europe evaporated. Events moved swiftly. In July, the HitlerStalin pact was signed. By mid-August, it was clear that Poland would not yield,
that Germany would attack and that France and England would be brought into
the war. On August 29, 1939, the Netherlands government declared a general mobilization in order to defend its neutrality as it had successfully done during World
War I.
During peacetime, Dutch university students were always permitted, and indeed
encouraged, to complete their academic studies before fulfilling their military obligation. These deferrals were now revoked and, on my 21st birthday, which coincided with the date of the mobilization, I was inducted into the Royal Engineers
Regiment of the Netherlands Army.
The officer corps of that regiment consisted almost exclusively of graduates of
the University of Delft. The army now faced a dilemma: the students from Delft
who had been inducted should be given officers training, but a prerequisite for the
latter was prior graduation from the university.
After about six weeks, during which we were billeted in Rotterdam basically
doing nothiný;, the army resolved its dilemma by sending the entire student contingent of the Royal Engineers back to school in uniform. We were billeted in one
of the university buildings requisitioned for the purpose. After an hour of drill in
the morning, we attended classes and laboratories as normal students for the rest
of the day.
Having concluded earlier that year that I did not want to continue with the
electrical engineering program at Delft, half of which did not turn me on, I decided
to become a physicist. So, while the world situation around us became more ominous
all the time, I eagerly devoured all the physics I could absorb.
The Physics Department at Delft had recently acquired R. Kronig as its resident
theoretician. Kronig's lectures, together with lectures by H. A. Kramers, who came
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in once a week from neighboring Leiden for that purpose, opened up the world of
physics for me. I also learned differential geometry and its relation to relativity and
quantum mechanics from J. A. S(houten, who had pioneered a very original anproach to those subjects.
Our lives were rudely interrupted in the early morning hours of May 10, 1940,
when the German attack on the Netherlands and Belgium was launched-as was
Nazi custom, with no declaration of war. The only declaration of war by Germany
in World War II was against the United States after Pearl Harbor, direct invasion
not being an option.
Our group of student soldiers, who had had no more training than morning drills
for about six months, and who had never fired a gun, was now deployed around
Delft to cope with German paratroopers and glider convoys descending on an
airfield a few kilometers out of town close to The Hague, the seat of the government.
I was assigned to guard one of the canal bridges on the outskirts of Delft. Quaking
in my boots one night, I fired my only shot of the war, missing a moving shadow
that later turned out to be a goat grazing in a nearby meadow. The paratroopers
were contained by more experienced forces, thereby permitting the Dutch government to escape to England.
After four days, The Netherlands was crushed by the overwhelming military
might of Germany. ft was utterly depressing. Nevertheless, despite our defeat, we
believed in an ultimate allied victory, and continued to believe so even after the
narrow escape of the British Expeditionary Forces from Dunkirk and the subsequent
fall of France.
Initially, the German occupation of the Netherlands was relatively benign. Upon
demobilization, the Dutch army was allowed to return to civilian life rather than
being interned in POW camps. Thus, in the fall of 1940, I returned to Delft as a
civilian graduate student in physics.
The Physics Department had recently begun to use teaching assistants, and I had
the good fortune to be selected to assist in an advanced laboratory where several
classical experiments were set up for student training. Among these were the determination of elm by subjecting an electron beam to balancing electrostatic and
magnetic deflections, and the famous Milliken oil drop experiment for the determination of e. The laboratory was directed by a distinguished lady, Dr. H. van
Leeuwen, who had been a student and research assistant with H. A. Lorentz. In
today's academic environment, Miss van Leeuwen would undoubtedly occupy a
prestigious chair.
Gradually the German occupiers tightened the noose and began to interfere in
virtually every aspect of life. The food stores that had been stockpiled by the Dutch
government to be prepared for a blockade were now carted off to Germany. The
first measures against Jews were instituted, beginning with registration, followed
by restriction of movement and exclusion from gainful employment. In the spring
of 1941, university students were required to sign a loyalty oath stating that they
would not undertake any acts of resistance or sabotage against the occupier.
We students considered it dishonorable to sign such a declaration and-perhaps
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naively--decided to register a protest by boycotting classes. In retaliation, the German authorities closed down the universities of Leiden and Delft. Leiden remained
closed during the entire war, but Delft was allowed to reopen a few months later.
Once again, after a relatively brief interruption, I was able to resume my studies
and to continue as a student and teaching assistant in physics for about two more
years. Fortunately, the physics faculty remained intact and library resources were
more than adequate despite the absence of new acquisitions.
By late 1942, the allies were gaining strength and we were heartened by news of
major German defeats in North Africa and Stalingrad. However, the occupation
itself was becoming increasingly oppressive. Dutch resistance gradually stiffened,
culminating in a series of strikes during the month of April, 1943.
The Germans responded by declaring martial law. Young men were now grabbed
off the streets, routinely and at random, to be carted off as slave labor in German
factories. Since university communities would be pnm( targets for this practice, I
decided to clear out of Delft for a while and lie low at my fa'raily's home in Nijmegen.
For the same reason, my youngest brother John returned from Groningen where
he was a medical student, Victor, our middle brother, was still living in Nijmegen
where he was studying sociology.
When the three of us were together, Victor informed us that he was engaged with
a group of friends in underground activities. Shortly thereafter, on April 30, 1943,
he received a phone call alerting him that several members of his group had been
arrested by the security police (Sicherheitsdienst or SD).
Victor promptly took off on his bicycle. John and I reasoned that the SD did
not have anything on us; foolishly, we decided to stay put. A few hours later, the
SD, reinforced by collaborationist Dutch Police, showed up. Unimpressed by our
declarations of non-involvement, they immediately placed us under arrest. They
never found Victor, who managed to remain in hiding throughout the war.
John and I spent the night in the police lockup in Nijmegen. At dawn we were
put on an army truck to take us to a military court in Hengelo, about 90 km away.
On the truck we met four of Victor's co-conspirators-one laborer, Mannus. and
three university students. Later that afternoon, the three students were sentenced
to the firing squad (they were shot the next morning), and Marinus was given a
long term in concentration camp, while John and I were relegated to the police
lockup in Hengelo.
We stayed in that police lockup for three and a half months. We managed to get
books sent to us from our respective university libraries, and tried to keep our
minds focused on our studies. I remember struggling through Hermann Weyl's
"Raum, Zeit und Materie".
We became relatively permanent fixtures in the lockup: most "guests". comprising
common criminals, black marketeers, political dissenters, and Jews who had been
flushed out of hiding, stayed only a few days. I remember seven Jews who came in
during that period., Three managed to commit suicide in their cells: John and I
carried out their bodies.
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On August 13, 1943. John and I were suddenly removed from the lockup and
transferred to the concentration camp at Vught (between 'sHertogenbosch and
Eindhoven). We were never convicted of anything-this was simply "Schutzhaft"
(protective custody). We were to stay there until September 5, 1944.
In Vught, we found new opportunities to keep our academic interests alive. John,
as a medical student, managed to capture the much-coveted position of hospital
orderly. Miraculously, I got back into physics.
Vught is not far from Eindhoven, which was then, as it is now, the company
town of the electronics giant N. V. Philips. The top management. including the
son-in-law of the company founder, had been evacuated by the Dutch army to
England, where they could continue to direct Philips' worldwide operations for the
benefit of the allied cause. However, other managers-including the founder's sonhad been left behind in Eindhoven. Now they were forced by the Germans to
produce electronic components and devices for the German war effort. At the same
time, the ranks of Philips employees were repeatedly subjected to arbitrary drafts
of personnel to serve as slave labor in German factories.
The executives of Philips then suggested to their German overlords that they be
permitted to tap the pool of labor in the nearby camp of Vught. This proposal was
received favorably, and thus Philips was encouraged to set up manufacturing facilities
inside the camp. Working in the "Philips Commando" was considered a great
privilege.
Although the Philips Commando employed only a small fraction of the camp
population, its mere presence improved the ambiance of the camp significantly.
Each morning a group of Philips managers came into the camp to direct the manufacturing operations, namely of electric razors and short-wave radios. The radios
also had to be tested at the end of the assembly line, providing us with an excellent
source of "forbidden" news on a daily basis.
For the academically inclined, the Philips management created the "Computation
Chamber" in which about two dozen professors, students, and scientists from industry got various research assignments. I was invited to join that group.
My first assignment, as a member of the Chamber, was to carry out a KronigPenney calculation of the Schroedinger equation for a one-dimensional finite crystal.
This constituted in a sense my first experience as a practising quantum theoretician.
When that was finished, complete with beautifully drawn graphs of wavefunctions
and charge densities. I was given a much more ambitious project, consisting of a
calculation of elastic constants in a classical crystal, where the interaction between
lattice sites consisted of central as well as non-central forces.
This problem had been formulated by Dr. Druivesteyn of Philips, who had consulted with my professors in Delft to give me a project that would further my
academic program. To learn the field, I struggled through Max Born's monograph
"Dynamik der Kristallgitter". My assignment was completed, and a final report
transmitted to the Philips Management in Eindhoven, a few days before the camp
was evacuated on September 5. 1944. After the war, this work was accepted in
Delft as my master's thesis.
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The evacuation of camp Vught conformed to standard Nazi practice that no
concentration camp inmates should ever be liberated. The allied armies were poised
for a push northward just a few dozen kilometers to the south of us. Unfortunately
for us. that push occurred 12 days later.
On the day of the evacuation, about 500 prisoners who had been in solitary
confinement were executed. The remaining few thousand "less dangerous" inmates
were crammed into railroad cattle cars, and began a three-day journey which ended
on September 8, 1944 at the camp "Sachsenhausen", also called "Oranienburg"
after the nearby Berlin suburb of that name.
The world of concentration camps reminds me of Dante's description of the
seven levels of Hell. At the deepest level were the extermination camps with gas
chambers, and also some camps nicknamed "Nacht und Nebel" (Night and Fog)
from which virtually no-one came out alive. Sachsenhausen-like Dachau and
Buchenwald-was somewhere in the middle; I estimate the survival rate at 1520 0/. Vught had been comparatively benign, due in no small part to the presence
of the Philips civilians.
In Sachsenhausen I had to suspend my pursuit of physics and focus every ounce
of energy on survival. Bruno Bettelheim attributed his own survival to his will to
live and to his understanding of the sociology of the camp structure. I concur that
these were necessary prerequisites, but they were by no means sufficient- in order
to survive one also needed a good deal of luck.
I judged that being a university student would be of little value in landing a good
job. Thus, at intake registration I declared that I was an electrician. My brother
John professed to be a medical orderly. After a short while, I landed a good job
with a "Baukommando" (construction commando), where I started as a draftsman
and later served as an electrician. Unfortunately, John ended up in menial work.
The winter of 1944-1945 was harsh. Every morning at 4:00 a.m., we had to
brave the elements standing at attention fbr about one and a half hours at "Appell"
(roll call), wearing no more than flimsy indoor clothing. After roll call, the prisoners
regrouped to march off to arrive at 6:00 a.m. at their regular work assignments.
By the end of January 1945 the Russian army was on German soil, less than 60
km from Berlin and our camp. The German army dug in for a tenacious defense
of their capital and, on February 1, 1945, camp officials began a gradual evacuation
of Sachsenhausen, moving inmates to the north and west in order to prevent liberation of the prisoners by the advancing Russians. My brother John went with
one of these transports to the infamous camp Bergen-Belsen. where he perished
from deprivation and typhoid in late March.
I stayed in Sachsenhausen until the final evacuation on April 20 when, guarded
by SS troops, with the Russian army at our heels, we began a forced march which
lasted 12 days and covered 160 km. The SS had made no provision for feeding or
billeting the tens of thousands of undernourished miserable victims whom they
were now driving like a herd of cattle to nowhere, either to die along the road or,
probably, be drowned in the Baltic Sea. Anyone whose strength gave out and sat
down was promptly shot. I have made a rough guess that at least one-third of us
perished. My own life was saved in large measure by a fellow prisoner who, as a
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long-time inmate of Sachsenhausen, had been better connected than I and had thus
been able to acquire a stockpile of food which he generously shared with me.
After about one week of this life-and-death strugglc, small rays of hope began to
break through. Swiss staffers from an International Red Cross depot in the Baltic
port of Luibeck courageously took matters in their own hands. They loaded their
trucks with food parcels which had been destined for POW camps, and supplied
any prisoners they could find on the roads with their precious life-saving gifts.
The Red Cross representatives also convinced our SS guards-who had by now
been abandoned by their officers, and were quite demoralized-to let collapsing
prisoners be taken on the Red Cross trucks. Fearful of retribution by the prisoners,
who at this point outnumbered the guards about fifty to one, our remaining guards
gradually disappeared from sight. Many were Eastern Europeans who had been
forced into service and who were eager to return to their homelands. As we now
continued on our own, we were joined by a new group: German soldiers desperately
rushing to the West to avoid capture by the Russians. Our march ended about
halfway between Berlin and Denmark in Schwerin, the regional capital of Mecklenburg, where we met American troops. It was May 2, 1945.
I was repatriated to the Netherlands in late May-I do not remember the exact
date. After resting up for a few weeks, I returned to Germany to see if I could find
some trace of my brother John. After amval in the Bergen-Belsen area, it became
obvious to me that he could not possibly have survived. Later investigation turned
up testimony from a few survivors that he had indeed succumbed about five weeks
before war's end.
I returned to Delft about September 1, 1945, and was officially granted my diploma of "Ingenieur". roughly equivalent to a Master's degree, on October 15. 1
had by then applied for, and obtained, a postgraduate fellowship at the University
of Chicago. I arrived in Chicago on January 6, 1946.
Chicago was then the most exciting place to be for a young physicist. It boasted
the famous site of the first self-sustaining nuclear chain reaction; among the physics
faculty were Enrico Fermi, Edward Teller, Maria Goeppert-Mayer, and Robert
Mulliken. Nuclear research was of course de rigueur. However, since nuclear research
was then still cloaked in heavy secrecy, I concluded that as an alien I would be
better off in a program that was not encumbered by government-imposed restrictions. I applied to and was accepted by Robert Mullik.., as a research student to
pursue the study of molecular structure and spectra.
My studies at Delft had given me an excellent foundation in mechanics, electricity
and magnetism, thermodynamics and statistical mechanics, and of course advanced
calculus and other subjects in mathematics. However, I had not learned much
about nuclear physics, quantum mechanics and, in modern mathematics, linear
algebra and group theory. I spent the period between January 1946 and June 1947
filling in some of these gaps, as well as carrying out semiempirical molecular orbital
calculations on several simple organic molecules with "alphas and betas".
I passed the Ph.D. candidacy examination in physics in June 1947. Shortly thereafter Professor Mullikea suggested semiempirical MO calculations on substituted
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benzenes as my thesis subject. Through the good offices of Maria Mayer. I also
received at that time an offer from Professor Karl Herzfeld of the Catholic University
of America in Washington, DC, to join the physics faculty as an instructor. I accepted
that offer and spent the next two years teaching in Washington while working on
my thesis, making frequent trips to Chicago to confer with Mulliken.
I began with summarizing the theoretical foundations of the calculations I was
to perform. Mulliken expressed his approval and praise for the first account he
received. However, I was not satisfied with the current state of the art. All MO
calculations started with a "one-electron Hamiltonian", but I could not find a
definition of the latter anywhere in the literature.
I realized that a similar problem had been faced for atoms by Hartree and Fock
[1]. At least for closed-shell atoms, there was a clear definition of the one-electron
Hartree-Fock Hamiltonian: it emerged in the process of applying the N-electron
variation principle to a Slater determinant of orbitals which had to be optimized.
Furthermore, F. Seitz and others had extended the model to deal with solids, albeit
again limited to a closed-shell system [ 2]] Clearly, the mode! was also applicable
to molecules, most of which are, conveniently, closed-shell systems. The difficulty
with standard MO theory was that a mystical one-electron Hamiltonian was adopted
before anything at all could be written down.
The solution to the puzzle came to me in June 1948. 1 had returned from Washington to Chicago for the sur,;mer to work intensively on my thesis. I went with a
group of friends, including my future wife, to a concert by the Chicago Symphony
Orchestra at its open-air summer home in Ravinia Park, north of Chicago. Lying
in the grass, listening to the music and looking at the stars, it suddenly flashed
through my head that standard MO theory did not start with the right question.
Just like Hartree, Fock and Seitz had applied the variation principle to an N-- !ectron
Slater determinant of yet to be determined orbitals, one should ;tart the same way
with molecules, with the additional constraint that the MOs are constructed as
linear combinations of atomic orbitals (LCAO). Nowadays we prefer to say that
the MOs are constructed from a predetermined basis set.
The LCAO approximation for the MOs was of course not new; it had been used
for years by Mulliken, Lennard-Jones and others in semi-empirical calculations.
However, entering this approximation formally into the N-electron variation principle provided a new and much better mathematical point of departure for electronic
structure calculations on molecules.
When I communicated my insight to Mulliken, he fully understood its significance. It is a testimony to his stature as a scientist and human being that he wholeheartedly supported that I would now dedicate myself primarily to working out the
details of what I then called the LCAO-SCF theory, rather than the thesis topic
originally assigned.
Having returned to Washington in the fall of 1948, 1continued working out the
details of the LCAO-SCF theory during the following Academic year. The first
three chapters were completed in late 1948, consisting, respectively, of an introduction, a derivation of the closed-shell molecular Hartree-Fock-SCF equations,
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and the analogous derivation of the LCAO-SCF equations [31. Publication in a
journal had to be postponed until after the Ph.D. degree was granted and the Ph.D.
committee had approved the final version of my dissertation.
In June 1949 1 returned to Chicago, this time as a research associate, for a full
year. That period in Chicago proved even more stimulating and exciting than my
earlier stays in Mulliken's laboratory. I had the privilege of interacting with many
young physicists and theoretical chemists who came to quench their thirst at this
watering hole. I recall many stimulating discussions with Jake Bigeleisen, Mike
Kasha, Christopher Longuett-Higgins, Al Matsen, Harden McConnell, Bob Parr,
and Bill Price. I thank them for the many good conversations we had.
During that year, the remaining four chapters of my thesis were completed [4].
These four chapters covered, respectively, ionization and excitation processes, the
use of symmetry in the Hartree-Fock-SCF model, the use of symmetry in the
LCAO-SCF model, and an LCAO-SCF calculation of the benzene molecule. The
thesis was accepted and approved by the committee in June 1950.
The last chapter of my thesis, the LCAO-SCF calculation of benzene, constituted
only a crude and approximate application of the new theoretical framework. This
was, however, all that could be done within a reasonable time frame, due to the
unavailability of adequate computational tools in those days. The inclusion of this
last chapter also put to rest the reservations as expressed by one of the committee
members, "never mind all those beautiful formalities-what can you really calculate?" In the published version of my thesis [ 5 ] I decided to omit this last chapter,
since I was convinced that much better and more interesting and convincing calculations would be carried out within a few years.
While our work in Chicago was available prior to official publication to our
colleagues worldwide through our Technical Reports [Sa], we were not always
informed about developments in other laboratories as they were occurring. Thus,
while I was working out the LCAO-SCF theory, I was not aware of the parallel
development in Cambridge, England, by Lennard-Jones and Hall [6-9]. A comparison between these two separate developments seems in order.
The two developments show a great deal of similarity, both in subject matter
and in methodology. This is evidenced in particular by the adoption of a single
Slater determinant to describe the ground state of a closed-shell molecule; the transformability of the one-electron functions; the application of the N-electron variation
principle to derive the molecular Hartree-Fock-SCF equations as well as the LCAOSCF equations; the exploitation of symmetry; and the treatment of ionization and
excitation processes.
The most significant difference between the two developments is in the interpretation and exploitation of the LCAO-SCF equations. Hall observed that these
equations simplify considerably if M, the number of atomic orbitals, equals N, the
number of occupied molecular orbitals [ 9 ]. Restricting himself to that special case,
M = N, he then derived useful relations between ionization potentials of related
chemical compounds. On the other hand, dealing with the general case where
M > N, I noted that these equations exhibit a striking resemblance to the HartreeFock equations. I proposed that these equations be adopted to calculate wavefunc-
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tions for molecules in actual practice, using an iterative procedure, henceforth to
be called the "LCAO-SCF method" [31.
After obtaining my degree, I was invited to join the faculty of the Physics Department of the University of Chicago, and I accepted. With strong support from
Robert Mulliken and his junior colleague John R. Platt, I now embarked on a
broad-based program, using my thesis as a blueprint, to develop the tools necessary
for calculating all-electron wavefunctions of atoms and molecules routinely and
accurately. Henceforth, the work of Mulliken, Platt and myself would be conducted under the auspices of the "Laboratory for Molecular Structure and
Spectra" (LMSS).
My first major task was LO systematize the calculation of one- and two-electron
integrals over the basis functions from which the MOs are constructed. This work
got a significant boost when I was joined by Klaus Ruidenberg, who had come to
Chicago from Zurich with his mentor, Professor Gregor Wentzel, who had joined
our physics faculty in 1948.
A comprehensive integrals project which would cover polyatomic molecules made
up of any atoms in the periodic table was clearly too ambitious. Thus we settled
for diatomic molecules consisting of atoms in the first two rows of the periodic
table. We furthermore adopted the Slater-type basis functions as the most suitable
building blocks for the construction of MOs. Klaus tackled the mathematically
most demanding class of these integrals, namely the two-center two-electron exchange integrals; I dedicated myself to the remaining types.
A second major task was to prepare ourselves to use digital computers, first for
calculating the integrals we were working on, and later for developing programs
implementing other mathematical procedures which crop up in calculations on
atoms and molecules. This was no small undertaking, since the first computers
available to us had no floating point hardware, while the systems software consisted
of binary input and output routines only; compilers, and even assemblers, were
still in the future.
Many of the tools needed by LMSS in this broad-based program were contributed
by energetic dedicated research associates and graduate students. Prominent among
the former were Reinhart Ahlrichs, Paul Cade, Enrico Clementi, Serafin Fraga,
Juergen Hinze, Sigeru Huzinaga, Wlodzimierz Kolos, Sigrid Peyerimhoff, Bernie
Ransil, Robert Sack and Lutek Wolniewicz; and among the latter, Paul Bagus,
Howard Cohen, John Detrich, Winnifred Huo, Yong-ki Kim, Gulzari Malli, Doug
McLean, Charles Scherr, Chris Wahl, Andy Weiss, Bill Worley and Megumu Yoshimine.
While the first LCAO-SCF model could deal satisfactorily with closed-shell systems, an analagous satisfactory treatment of open-shell systems remained elusive
for quite a while. In fact, this problem was endemic in virtually all SCF formulations,
and had been side-stepped by Hartree for atoms by introducing somewhat artificial
approximations in implementing the N-electron variation principle [I].
The solution to this puzzle, which I discovered in 1958, was another instance
where one had to ask the right question: the variation principle had to be modified
so that all degenerate N-electron wavefunctions, which jointly represent the open
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shell, participate equally in the variational process [10]. While this extension of
LCAO-SCF theory did not lead to a simple scheme for all conceivable cases, nevertheless a large class of open-shell problems now became easily accessible.
In 1962 I became director of the University of Chicago Computation Center; I
held that position until 1968. Since then I have spent considerable time and effort
on the design and development of computer hardware and software for large-scale
scientific calculations. However, I never lost interest in physics and quantum chemistry. During the mid-1970s I worked intensively, in collaboration with my former
student John Detrich, on relativistic effects in atoms and molecules [11,12], and
from about 1980, again with John Detrich, on the MCSCF kmulti-configuration
self-consistent field) model of electronic structure [13,14]. I expect to continue
alternating between physics, quantum chemistry, and computer development for
the foreseeable future.
In conclusion, I want to thank Professor Orville-Thomas for his kindness and
patience, and for inviting me to write this account. I also thank all my friends and
colleagues who 'iave contributed to this issue of "Theochem".
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New Algorithms for Calculating 3n-j Symbols
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Abstract
Compact expressions are presented for the 3n-j symbols, where I < n :< 4, which feature sums over
products of binomial coefficients, and certain integer Inanguiar coefficients. The triangular coefficients
in turn can be expressed as products of binomial coefficients Thus in the formulas presented for the
3n-j symbols, the dependence on numerous factorials, formally as well as computationally, has been
completely eliminated. While formulas which incorporate summations over products of binomial coefficients have been known for the 3-j and 6-j symbols, the introduction of the tnangular coefficients, and
the application of the binomial/tnangular scheme to 3n-j symbols with n > 2, provide important new
results The new formulas are simpler, and they permit more efficient computations of the 3n-j symbols,
both in exact and in floating point format, than most schemes which are currently in use. C. 1993 John
Wiley & Sons. Inc

Introduction
The algebra of angular momenta occupies a central position in the quantum
mechanical description of numerous physical systems and/or phenomena. The
structure of atoms and nuclei, the rotational spectra of molecules, and many scattering processes provide typical examples. In practical calculations one always encounters the so-called 3n-j symbols, where n = 1, 2. ... ; they arise from the
coupling and recoupling of angular momenta, and from the evaluation of matrix
elements of irreducible tensors. For the details of the definitions and applications
we refer to the standard literature [ 1- 15 ].
Racah's Formulas for 3-j and 6-j Symbols
In explicit calculations of the 3-j and 6-j symbols the most commonly used
formulas are slight modifications of the famous formulas of Racah [3]. We adhere
to prevailing practice, while introducing slight changes in notation to suit our purposes; specifically we define the 3-j and 6-j symbols by
* Research carmed out in part dunng the author's stay as a visiting professor at the University of
Delaware, Newark. DE, 1987-88.
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 13-24 (1993)
CCC 0020-7608/93/010013-12
()a1993 John Wiley & Sons. Inc.
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b

(-l

,

=

X

i4a -

-

a)!(h

t-"A,•

fi)!(c - 7)!(a + a)!(b + #)!(c + y)!
(- Oz

-

X

(bh+3-z)!(a-a-z)!(a+b-c-z)!
X (c - a - #3+ z)!(c - b + a + z)!z!

{a bc

1dda

eb fJ '

A.ag*A dbfAdec .
''A'f'hA',

Z

X
(h + c + e + f-

z)!(c+ a + f+ d- z)!

X (a + b + d+ e- z)!
x(Z+)!
(z -- a - b - c)!(z - e - f- a)!
X (z - f- d - h)!(z - d - e- c)!

(2)

where
a)!(c + a - b)!(a + b- c)!
(a+b+c+1)!

!(b + c-

V

(3)

The sums in Eqs. (1, 2) are limited by the requirement that the arguments of the
factorials must be nonnegative. It should be noted that the essence of Eq. ( I ) was
first given by van der Waerden [I], a fact which has often been overlooked.
Note that a, b, c, d, e, fare j-quantum numbers: they must be nonnegative
integer or half integer. The i-triples (a,b,c), (a,e,f), (d,b,f), (d,e,c) must satisfy
the triangularcondition, e.g., (a,b,c) must be capable of forming a vector coupling
triangle of integer circumference. Due to these conditions, the four quantities a +
h + c, b + c - a, c + a - b, a + b - c are all nonnegative integers.

In a similar vein a, 13, y, are m-quantum numbers; the m-triple (a, /0, "y) is
constrained by a + f3 + 'y = 0, as evident from Eq. ( I). Also the jm-pairs (a,a),
(b/,/), (c,-y) must satisfy the line-segment condition, e.g., -a -; a s a, integer steps
being implied: hence a ± a. b ± 13, c ± -f are all nonnegative integ,•rs.
From Eqs. ( 1-3) it is clear that a 3-j or 6-j symbol is in general the positive or
negative square root of a positive rational fraction, or zero. Such numbers have
been called root-rationalfractions, or RRFs, by Stone and Wood [16]; we suggest
that they be called semi-rationalnumbers, a term we shall adhere to in this article.
Binomial and Triangular Coefficients
The binomial coefficients are the expansion coefficients of (x + y)a; for nonnegative integer values of a, which covers our present needs, they are given by
a!

(a)

b

5-

-b-

0(
Osb sa

(4)
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Obviously b is also a nonnegative integer, and thc binomial coefficients are positive
integers.
In his investigations of internal symmetries of the 3-j symbcil, Regge [10] discovered the importance of the square form
b+c-a

c+a-b

a+b-c

a- a

b-

a+a

b+3

0

c--Y

(5)

c + 'Y

which we shall call the Regge square. The sum of the elements of each row or
column of that square is equal to the circumference of the triangle. a + b + c.
Following in Regge's footsteps, we define six positive integer quantities, to be
called triangularcoefficients, or shortly T-coeclfients. with respect to the rows and
the columns of the Regge square (5), namely

1)!
(a+b+c+
(b + c - a)!(c
+ a - b)!(a + bTd)

•

-

(a+b+c+1)!
(a - a)!(b - 03)!(c- -y)!

-

(a+b+c+
(a + a)!(b + 0)!(c1)!
+ "v)!

.
(b

-:- c

c)!

(6)

(a + b + c + 1)!
- a)!(a - a)!(a + a)!

N 0(a+b+c+

1)!

(c + a - b)!(b - #i)!(b + [3)!
•(
(a+b+c+1)!
(a + b - c)!(c - "y)!(c + -y)!
To highlight the relation between the T-coefficients and the Regge square we

introduce the T-coýl/fwient array
Tlain. ,,T
Ta,,h
Th,.,s
7"'j,

d)

ab,. if

(b + c- a)!
(a - a)!

(c + a- b)!
(b - p3)!

(a + a)!

(, + 03)!

T.Ah.I
(a + b-

c)!

(c- y)!
(c + Y)!

The triangular coefficient Tat, is the only one which depends exclusively on the
j-quantum numbers a, b, c, and will be called the principaltriangularcoefficient.
the other five will be called associatedtriangularcoelficuent1 It will býcome clear
in the following that the associated T-coefficients play a role only in the 3-j coefficients, while principal T-coefficients play a role in all 3n-j coefficients.
Comparison of Eq. (3) with the first Eq. (6) yields
(8)
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Note also that the triple product of the T-coefficients from the rows of the Regge
square (5) is equnl to the corresponding product from the columns, as expressed
by
Tat&T-

aT.,•T
T

.

=

T a.

Tac.

# TTv . -Y

(9)

The triangular coefficients can easily be expressed in terms of binomial coefficients.
Using Eqs. (4, 6) we find

Tc=(aa+b +c+ I\(c2a +I(~

-+1

c+a-b)(a+bc+l)

+c-a

Tab=

l)(b+c+a+l\
Ta-hc. .13-= (a+b+c+
a
b )3( c+
(
a+b+c+l (b+c-a+
b+
Tabc.
,,f =
a+

"+ 1)

1

)(c + "Y+ 1)

la~b~~l
\2a+I(10)

T li

I

T b+c-a

l(a+a+ 1)

2a+I

)(a-a(

)(b+f3+1)
= c+ a-b I\/2b
)Ab-l + 1)b+0+1
Tb T2=(a+b+c+

(a+b+c+1)(2c +lI)c+7+1
aab.
a
+b - c

I

-

Yc-

+1

It will be shown in the following sections that in general a 3n-j symbol can be
factorized into a product QR, where R is an integer, which can be positive, negative,
or zero, while the normahzation.factorQ is the reciprocalsquare root of a product
of triangularcoefficients.
For the 3-j and 6-j symbols, the integer R can be factorized into a product ST,
where T is a triangularcoefficient, and S is a sum over products of binomial coefficients.
For the 9-j and 12-j symbols, the integer R is a sum over products of S-sums
from 6-j symbols. multiplied by 2z + 1, where z is the summation variable.
We shall speak accordingly of QST factorization for the 3-j and 6-j symbols,
and QR factorization for the 9-j and 12-j symbols. Pending proofs of these
claims of factorization, it is clear that a precomputed table of binomial coefficients
is all we need to calculate 3n-j symbols without any explicit reference to
factorials.
QST Factorization of the 3-j Symbol
In view of Eqs. ( 1, 6, 8, 9) we can write the 3-j symbol in the form
(a

= Qai,.

s, Raw,.

a-

(11)

where
Qah..,

T
VTý&w

Ta..a,

(12)
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and
Rab,.

= 6.+0+,. o(-1)a-b-"

.,

(a + b

c + 1)!

+

× Tf

(-1)'
(13)
(b+fl-z)!(a- a-z)!(a+b-c-z)!
X (c - a - fi + z)!(c - b + a + z)!z!
We now show that Rah, ,,(0 is an integer which can be factorized in six different
ways, namely as the product of an I one of the triangularcoefficients (10) and a
corresponding sum over triple products of binomial coefficients, to be called a 3-j
S-sum.
In Eq. (13) we convert the factorial outside the sum, (a + b I- c + 1)!, into any
one of the triangular coefficients by inserting the appropriate denominators, while
inserting compensating numerators under the summation sign. Each of these three
numerators can then be combined with a pair of factors in the denominator to
yield a binomial coefficient. We thus obtain six different factorizations of Rab,. a0
into S, T companions, namely
Rah. ,,-.y
Sab,. ,,h Tabh
=
a,,. c,, T- ,. , = S+ . ,,0 T+
=

St,,. aT..

= Sh,., vT 3 ,3,

= S2

(14)

where
Sah,.

.13 =,

o(

a+0+-.

S

-1
),,-

(_l bb+c-al

(a-)a

X 1 (-0:1 ),- --

ba-a-z

z

(-I):(

X

= ,t+.o
( -)

X

s2,

(

b+#-l-

z)

c+•a-a-z)

(15)

- )a-b-,-y
a-

b+ c

( b -#
,.•, 0(- 1)a-b'-,

X.-

c- zb+b-c
b +[

)a

a+c

( a+b-c-z)
S la, ,,v

a-+ab

)

a+b-c

-

z-z

a ib-c-

a +b -a -

a-

ab--

b c [-:

::(+

b+ -c

a- c+-

Z
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Analogous to the T-coefficient array (7) we introduce the 3-j S-sum array
s,

SS(.

S(

S h,. ,,r

Sa&-. d-y

(b+c-- a)
a-

(Ca+a-b\)

( aa+b-cC
+ b - " -c

(a -a-z)

(a + b-c-z)

(ab-

a+ b

b

a

b,,+ c 3
b+
b~ - z)
- Z

S,.
S+a a + b - c - z )

c

z

b+# z
(b +3

b+

-Z

(a- c

-z

(16)

Note that any S, T companions of Eqs. (14) appear in the exact same position in
the corresponding arrays (16) and (7), respectively.
Combining Eas. ( I I) and (14) we obtain as our final result for the 3-j symbol
the six equivalent QST factorizations
(0

= Qath. ,&Y S•,k. ,d-, Ta,

(a

b

c)

(a

0

h . ,,- S
- ) = QaO

(a

(a

h 1,,. ,jj

T a-b . ,, $

= OQh,. ,,, Sabi..,11
T,

b

-y) =

,,i,

a( ')a,
,pySabTl),

a

b3

a3 c

=

QO..0,, S2.(..

2

Qa... "01
S 3,(... T 3• r,,.

where the Q. S. T factors are given by Eqs. ( 12. 15. 10). respectively.
In Eqs. (17) all six T-coefficients, the associated ones as well as the principal
one, occur on an equal footing. It is worth noting that any one of the six Eqs. (17)
can be derived from any other one by exploiting symmetry properties of the 3-j
symbol given by Wigner [2], Racah [3]. and especially Regge [ 10].
The sum Sab,,._j,..
given by the first Eq. (17) was proposed some time ago by
Nachamkin [18] and by Varshalovich et al. [ 15]. and has recently been incorporated
into a 3-j computer program by Lai and Chiu [20]. However in all these instances
the complete formulas for the 3-j symbol, which still contain numerous factorials.
are in practice much more onerous than any one of our Eqs. (17). Also, Nachamkin's [18 ] formula for the 3-j symbol contains an error, having two factors
in the numerator which belong in the denominator.
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QST Factorization of the 6-j Symbol
The 6-j symbol as defined by Eq. (2) refers to and is determined by four vector
coupling triangles, namely (a. b, c), (a, e,f), (d, b,f), (d, e, c). We shall call
the triangle (a, b, c) the primary triangleof the 6-j symbol, due to the appearance
of a, b, c as the upper indices of the 6-j symbol; each of the other three secondary
triangles arises from two lower indices, and the upper index above the third
lower index.
In actual fact the four triangles are equivalent, and the selection of one triangle
as the primary one is arbitrary. Mathematically this is expressed by the statement
that the 6-j symbol is invariant under exchange of any pair of upper indices with
the corresponding pair of lower indices:
{d

b

c}{d

e f}{d

b

f}{d

e

(18)

Another important symmetry relation states that the 6-j symbol is invariant under
any permutation of the three columns:

c

}

a

.cfc e}
b)=l be

d
a

bc

={ja{d

/'
}={.f
cI=

e' adi}

(19)9

The symmetry relations (18, 19) were given by Wigner [2]; they can easily be
verified directly from Eq. (z).
The QST factorization of the 6-j symbol is considerably simpler than the corresponding process for the 3-j symbol. In view of Eqs. (2, 8) we can write the 6-j
symbol in the form
Ie f

(20)

ad,.Rdel

where

(2 1)

Q ahb, =
d

ViTab, Tat TdlhTd.,(

and
,t.

+ c + e +f-

z)!(c + a + f+ d- z)!(a + b + d+ e-

(z + I)!
(z - a - b - c)!(z - e - f- a)!(z - f-

z)!

d- b)!(z - d- e- c)!
(22)
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We now show that Rd,'l is an integer, which can be written as the product of any
one of the four triangularcoefficients Tat, Taf, Tdh,, Tde,, and a sum over quadruple
products of binomial coefficients, to be called a 6-j S-sum.
In view of the equivalence of the four vector coupling triangles, it is sufficient to
show this factorization for just one choice of the four T-coefficients. Accordingly,
in Eq. (22) we introduce TNt,, the T-coefficient associated with the primary triangle,
as the factor outside the sum, and the reciprocal of Ta,, under the summation sign,
yielding
= Sade
,Tah,

(23)

where

S,.= Z (-1):
-a

:

X 7-f-d-b

-b

fa

-e

-

(24)

z-d-e-c

Combining Eqs. (20) and (23) we obtain as our final result for the 6-j symbol

{a

b c}=QuixS
Sde,l

(25

tab.
d e l,,i

(

l

5

where the Q, S, T factors are given by Eqs. (21. 24, 10). respectively.
Lai and Chiu [20] also used a sum over quadruple products of binomial coefficients which resembles our sum Sde, Eq. (24). However in order to convert the
summation term from quotients of factorials to products of binomial coefficients,
they inserted what turns out to be fragments from two different triangular coefficients
as numerators under the summation sign. Consequently, the compensating fragments outside the sum cannot be combined into a triangular coefficient, and their
complete result for the 6-j symbol cannot easily be recast into a formula free of
explicit factorials.
QR Factorization of the 9-j Symbol
The 9-j symbol was defined by Wigner [21 and by Arima et al. [6] in connection
with the coupling of four angular momenta. Nowadays it is customary to adopt as
the starting point for further analysis or computation a formula in terms of 6-j
symbols, namely [16,19,21 ]
a b
de
Ig h

c}
."
/

I (-!I)2':(2z + !){a h1 di
-"=:1

g}{:d
1

e

!;{:

f

4

(26)
(26)

fizab

The derination of Eq. (26) is generally attributed to Wigner [2]. It is also claimed
to have been discovered by Jahn [5]: another independent derivation, in slightly
different form, was given by Arima et al. [6].
Each row and each column of the 9-. symbol must form a vector coupling triangleone consequence of this is that in Eq. (26) the values of the summation index :
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are either all integer or all half integer. Hence the factor (- I )2, under the summation
sign is a constant, namely + I or - 1, for z integer or half integer, respectively.
The symmetry properties of the 9-j symbol have been analyzed in detail by Jahn
and Hope [ 5]. Simply put, the 9-j symbol is invariant when subjected to a reflection
at either diagonal, or to an even (cyclic) permutation of the rows or columns; and
the 9-j symbol is multiplied by (-1)) when subjected to an odd (anticyclic) permutation of the rows or columns, where
a=a+b+c+d+e+f+g+h+i

{a
bci/ f bcac
l ba

(27)

d
g

(28)

For example

c

h

f
i=

f
a=1h i

e

gd

d1(-),
gi=

f
Ii

e d
h g

We now proceed to derive from Eq. (26) a formula which is more suitable for
our purposes. We apply Eq. (26) to the last member of Eqs. (28), and use some
of the symmetry relations ( 18, 19) so that the summation variable z appears as the
upper left index in each 6-j symbol. As indicated above, the phase factor (-1 )0+2,
is independent of the summation variable z, and can be converted, using the fact
that all relevant triangles have integer circumferences, into (- I )', where
f+g+h-i

Tr=a-2a-2e-2i=-a+b+c+d-e+

(29)

Our new formula for the 9-j symbol in terms of 6-j symbols then becomes

g

edh

il==(-1)' 1Zl(2z + 1)

I ebf1

g

c le

b

dl

if

h

(30)

Using Eqs. (30, 25, 21 ) we obtain as our final result for the 9-j symbol

d

i

e

ae df(1

= Qak. def: gh, Rabe. deI gh,

(31)

where
Qai,c. def. ghi

QTabcTder Tgh,TadRTbehTcf,

(32)

and
Rab,. df.

=

(-1)' • (2z + I ) Scbdc S:eh Sif

(33)

The difference between Eq. (30) and Eqs. (31-33) is not trivial. In the first case
the sum is over products of semi-rational numbers, while in the second case the
sum is over products of integers. The occurrence of the summation index z as the
upper left element in each 6-j symbol, together with the fact that each of the three
z.-dependent primary triangles occurs once more as a secondary triangle, causes the
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Q-factors from the three 6-j symbols to combine into a z-independent Q-factor for
the 9-j symbol.
We note that Eq. (33) contains four formal summations, namely those required
for each of the three S-factors, and the explicit summation over z. Extensive efforts
to reformulate the 9-] symbol so that one or more of the summations can be carried
out analytically were undertaken by Jucys and Bandzaitis [ 13 ], and by Aligauskas
and Jucys [ 17 ]; they succeeded in deriving a formula containing one less summation.
Starting from that formula, Lai and Chiu [21 ] attempted to recast the general term
under the triple sum as a product of binomial coefficients. Introducing some needed
constant factorials, they managed to convert the summation term into a product
of eight binomial coefficients and three factorials. Our own attempt, making some
different choices, resulted in eight binomoial coefficients and two factorials. Needless
to say, for both conversions the constant factors outside the sum contain many
factorials which cannot be combined into triangular coefficients. Both these conversions at least achieve that the required summation is over products of integers,
which is a necessary prerequisite for obtaining exact results.
QR Factorization of Two 12-j Symbols
Two 12-j symbols have been defined: one by Jahn and Hope [5] in connection
with the coupling of five angular momenta, and another one by Elliott and
Flowers [ 8 ] as the matrix element of a particular irreducible tensor. Following
Judd [12] we shall refer to them as 12-j symbols of the first and the second
kind, respectively. The original notation adopted by Jahn and Hope [5] for
the first kind has been replaced by a more sensible one proposed by
Ord-Smith [7].
The two 12-j symbols are defined by very similar formulas, namely

{ a

d

g

h

j

=

.(-1)'(2Z + !)
c

2115: :

k

ad

g

7.

jg

(2+i

X

b

c}{z

f

el

where
k =a+b+c+d+e+
f+g+

f+i+j+k+l

(35)
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The difference between the two 12-j symbols is in the topology of the index
structure. In Eqs. (34) the upper right index pair of each 6-j symbol appears
again as the lower right index pair of its right neighbor; the last upper index
pair, 1k, appears as the first lower index pair in the 12-j symbol of the second
kind, but reversed as k1 in the 12-j symbol of the first kind. The latter "'twisted"
index structure was illustrated by Ord-Smith [7] in a diagram using a M6bius
strip.
Comparing Eqs. (34) for the 12-j symbols with Eq. (30) for the 9-j symbol, the
analogy is striking. Using Eqs. (34, 25, 21 ) we obtain as our final results for the
12
-j symbols

{£ b

Sa Cd
c d

k

C

e

f

h
g
g

where

h

jI

€)

=

Qh,,. adj, A(fi

1,"
}(2'

.•(2)

o,}
Rh,,,, adgj.

,.h.iadg. AJi

1
=

VIah?,,,Thd,.T~ aTgh
fT,

=

VTAabTlaCTIdTT(dfTegi, Tt, TI,2
1 T11

(2)

TIIhA T,,,
(37)

1

,.h. ,iadgi.
hi

(f
(36)

d(2)

Q~)1

Q

A,

and
R

adg.adc,
A =

(I )'+:(27 + I) Sb',S:S
:1

2)1)Sh

Rle.adgi. fi

=

(2z +

I)

k sdb s;Ale jsi,

S,,

lS1 (38)

(8

Bibliography
I] B L van der Wacrden, DI (iruppentheorelt.whe Methode in der Quant'nnwithanik (SpringerVerlag. Berlin. 1932).
[2] E. P. Wigner. On the Matrue%iIn/hh Rednue.he Kron'wker I'roduit al Repreentatinn ofS R
Gronup. unpublished manuscript (1940). later published inQuantiun Iheoo)af.lngidar falmentumi.
L. C. Biedenharn and H. van Dam. Eds. (Academic Press, New York. 1965. pp. 87-133).
[31 G. Racah. Phys. Rev. 63. 438 (1942).
[4] J. P. Elliott, Proc. R Soc. A218, 345 (1953).
[5] H. A Jahn and J. Hope, Phys. Rcv. 93,318 (1954).
[6] A. Arima. H Hone, and Y. "ranabe. Prog. Theor. Phys. II, 143 (1954).
[7] R. J Ord-Smith, Phys. Rev. 94, 1227 (1954).
[8] J. P. Elliott and B. H. Flowers. Proc. R. Soc. A229, 536 (1955).
[9] A R. Edmonds. ,4tguhlr.ihannjin in Quantutm Ah' hanm (Princeton Uni'ersitq Press. Princeton.
NJ. 1957).
110) T. Regge, Nuovo Cimento 10, 544 (1958).
[Il] M. Rotenberg, R. Bivms. N Metropolis. and J. K. Wooten. The 3-jand6-jSimnhhc'( (MIT Press,
Cambridge. MA. 1959).
[12] B R. Judd, Operator le~hunque%in fionun'Sp,'lrovtopi (McGraw-Hill, New York, 1963)

24

ROOTHAAN

113] A P Jucys and A. A Bandzaitis, The Theory of Angular Momentum in Quantum Mechanicsv
(Mintis. Vilnius, Lithuania. 1965); 2nd ed., (Mokslas. Vilnius, Lithuania. 1977)
114] L. C Biedenharn and J. D. Louck, AngularlMomentumi in Quantum Physics, I'ol 8 ofEncyclopedia
of Afathevatics and as Applications, G. C. Rota, Ed. (Addison-Wesley. Reading. MA. 1981 ).
[15] D. A.Varshalovich. A.N. Moskalev. and V. K. Khersonskii, Quantum Theor~y ofAngulariMomentum
(Nauka, Leningrad. 1975). in Russian: (World Scientific Publishing. Singapore. 1988).
[16] A.J. Stone and C. P.Wood. Comp. Phys. Comm. 21, 195 (1980).
[171 S.J.Aligauskas and A. P.Jucys. J. Math. Phys. 10, 2227 (1969).:12, 594 (1971)
118) J. Nachamkin. J. Math. Ptiys. 16. 2391 (1975). Eq. (40).
119) D. Zhao and R.N.Zare. -oI.
Phys. 65, 1236 (1988).
(20] S.-T. Lai and Y.-N. Chiu. 2'omp. Phys. Comm. 61, 350 (1990).

[21] S.-T. Lai and Y.-N. Chiu. Comp. Phys. Comm. 70, 544 (1992).

Received June 23. 1993

The Diatomic Molecule Project at LMSS
1956-1966: Broken Bottlenecks
BERNARD J. RANSIL
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Introduction
The title for this brief account of my association with the Labonatory of Molecular
Structure and Spectra (LMSS) at Chicago is taken from Chapter 25 of Robert S.
Mulliken's autobiography, Life of a Scientist [ 1]. It is apt for two reasons: The dates
provide a convenient, although approximate, window of reference for the period,
and the term "broken bottlenecks" alludes to the "bottlenecks" that were identified
at the historic Shelter Island Conference in 1951 as the most important barriers,
at the time, to the computation of accurate analytical molecular wave functions.
As it happens, the dates selected by Mulliken to delimit the period coincide with
the year of my arrival at the University of Chicago as a post-doctoral research
associate and the year that he was awarded the Nobel Prize in chemistry. But there
were many events prior to 1956 that led up to the project, upon which it had been
built, and without which it could not have happened. And neither my departure
from the project in 1964 nor Mulliken's acceptance of the Nobd Prize in 1966
signaled the project's decline or close, for under Cade and Roothaan it proceeded
at a momentum that carried it through to the publication of the extended basis set
functions in 1974.
Among the many events that led up to this decade at LMSS and made it possible,
let me cite a few of what I consider to be the most significant.

"*Publication of Pauling's valence-bond and Hund aad Mulliken's MO theories in
the 1930s and the subsequent dissemination and discussion of these theories
during the next several decades, with many publications on small molecule calculations by workers in Europe, the United States, and Japan.
"•The Shelter Island meeting in September 1951, which brought most of the workers
in the field together in five sessions, including two that focused on the integrals
problem, especially the difficult three- and four-center integrals, and the means
of calculating these with existing computers. Individuals presenting papers at the
Integrals Session were:
Boys, Cambridge
Herzfeld and Griffing, Catholic University
Roothaan and Ruedenberg, Chicago
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 25-32 (1993)
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Kotani, University of Tokyo
Barnett and Coulson, Oxford
Kopineck, Max Planck Institute, Grttingen
Lundquist and Lbwdin, Uppsala
Buehler and Hirschfelder, Wisconsin
Parr, Carnegie Institute of Technology

"*Development of centers for integral calculations: Kotani in Japan; Roothaan,
Ruedenberg, and Jaunzemis at Chicago; Barker, Thorne, and Eyring at Salt Lake
City; Sklar at Catholic University; Coulson and Barnett at Oxford; Preuss in
Gottingen; Sahni and Cooley at New York University.
"*Development of early digital computers: Whirlwind at MIT, SEAC at NBS,
Washington, DC, ILIAC at University of Illinois, and the Remington Rand
Univacs.
"*Development of digital computer programs to compute intcgrals by Barker and
Eyring at Utah, Roothaan and Ruedenberg at Chicago with an offshoot at MIT,
Nesbet at Boston University, Slater at MIT, Barnett at Oxford, and others; publication of accurate integral tables by several centers.
For myself, a young, inexperienced Ph.D., fresh from a year of post-doctoral work
in the Heat Division at the National Bureau of Standards, where, at the suggestion
of my chief, Charles Beckett, I had become acquainted with the Bureau's digital
computer, SEAC (Standards Eastern Automatic Computer), there was a series of
events that led, in random walk fashion, to my decision to go to Chicago. Among
these, I recall the following as the most decisive:

"*The availability of a home-made analogue computer in the Chemistry Department
at Catholic University in the early 1950s, on which my Ph.D. dissertation-an
LCAO-MO-SCF treatment of the H 3 complex in open-shell minirmal Slater orbital
approximation-was done, using self-calculated integral values and values interpolated from Kotani's tables.
"*The publication of Roothaan's seminal and breakthrough paper on the LCAOMO-SCF nie~hod for computing wave functions in 1951, just as I entered the
Ph.D. program at Catholic University [2].
"*A post-doctoral year at NBS 1955-56 during which I learned the theory and
elements of digital computing by programming the SEAC, with the assistance of
Emilie Haynsworth and Phil Walsh, to solve the Schrrdinger wave equation for
the H3 complex; verified the analogue computer results to three-figure agreement,
which was one to two figures less than the integral accuracy; and recognized the
possibility of generalizing the program to compute wave functions for simple
diatomic molecules.
"*A letter to Professor Mulliken in the spring of 1956, inquiring about the possibility
of doing a post-doctoral at LMSS.
"*The gradual coming together of many things involving Mulliken and a grant that
he was negotiating with NSF to support such a progiam; the integrals work by
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Roothaan that had been in progress at Chicago for several years- Roothaan's
plans for a one-year sabbatical on a Guggenheim in Europe; the decision that
Roothaan's graduate students at the time, Doug McLean, Andy Weiss. and Megumu Yoshimine, would contribute their integrals work and programming skills
to the construction of a computer program on the Remington Rand Univac 1103
at Wright-Patterson Air Force Base, to which LMSS had contractual access. The
program would compute ab inttio diitomic molecule wave functions in minimal
Slater orbital LCAO-MO-SCF approximation, in which the Slater exponents would
be iteratively optimized for minimum molecular energy. Three levels of approximation were visualized, distinguished by the orbital exponents: Slater exponents,
best optimized atomic exponents, and best optimized molecular exponents. The
concept of an ab mttio computer program had occurred to others as well, e.g.,
Nesbet at Boston University, working alone, was programming integrals and an
SCF routine at the time for selected diatomics.
Early Days in the Project
When I arrived at LMSS in September 1956 as an NSF Research Associate, the
faculty consisted of Professor Robert S. Mulliken, Associate Professor John R.
Platt, and Assistant Professor Clemens C. J. Roothaan. Ruedenberg had just departed
for Iowa, and Scherr, completing his thesis on N2, was about to leave for Texas.
Jaunzemis had already been gone a year. Doug McLean and Andy Weiss were
rescarch assistants working toward their Ph.D.'s. The computational staff consisted
of Tracy Kinyon on a desktop mechanical computer at Chicago, Phil Merryman
on the Whirlwind at MIT, and Megumu Yoshimine programming integrals. Bill
Lester was an undergraduate student working as a research assistant. Augmented
by Doug McLean's dog, Rover, McLean, Weiss, Yoshimine, and I constituted the
group working on the diatomic molecule project for the subsequent 18-24 months,
with Robert as Big Boss, Clemens as Little Boss, and me as Straw Boss, titles conferred on us one memorable day by Andy, Doug. and Megumu.
The Project Under Way
[The history of the next 18-24 months is succinctly recounted in Chapter 25 of
Mulliken's autobiography from which the following highlights have been adapted.]
Beginning in the fall of 1956, the project moved ahead steadily for the next 18
months with the team of Weiss, Yoshimine, McLean, and Ransil flying back and
forth to Dayton in groups of twos, threes, or fours, for two to three evenings and
nights of computing, wii,h Ransil assuming responsibility for the overall design of
the computer program, tne production runs and administrative problems, and
Yoshimine, McLean, and Weiss assuming responsibility for programming the integrals and the SCIF routine. Everybody on the team did what is now called alpha
and beta testing against the very rigorous hand calculations of Tracy Kinyon on
his mighty Marchant mechanical desktop calculator, and the Kotani tables. Most
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calculational work in those days was done on Monroe, Marchant. or Olivetti calculators.
When Roothaan returned from Europe in December 1957, the minimal-orbital
diatomic molecule program was close to produclion-run status. It was agreed that
McLean, Yoshimine, and Weiss would remain on the project until the program
was debugged and operational, after which they would spend full time on their
doctoral theses.
In the mec-itime, as Wright-Patterson updated to an 1103 and later to an
1 103A, we began to talk of an extended orbital version of the program, and
Roothaan recruited a new generation of graduate student assistants and began
his accurate atom and molecule calculations. The second generation of graduate
student programmers began to trickle in to LMSS beginning the summer and
fall of 1958 and continuing into 1960, with Paul Bagus in the vanguard followed
by Malli, Miroslav Synek, Chris Wahl, Winifred Huo, and many more during
the early sixties.
Minimal Basis Set Production Runs
But to return to the diatomic molecule program, early in 1958, Serafin Fraga
Sanchez arri%:d from Spain on a Juan March Fund scholarship to join the project,
preparatory to a collaboration with Mulliken. When the diatomic molecule program
became operational in the spring-summer of 1958 and McLean, Weiss, and Yoshimine undertook their thesis work on Hartree-Fock quality atomic and molecular
calculations under Roothaan, Fraga and Ransil began production runs on the first
row diatomic homopolar and hydride and selected heteropolars (BF, co, and LiF).
The output consisted of the LCAO-MO wave functions, total molecular and orbital
energies, binding energies, ionization potentials, dipole and quadrupole moments.
population analysis, spectroscopic constants, limited mixed configuration functions,
and potential energy curves for H2, He2", and He 2. The original output, bound in
hard-board covers, still exists.
Early Fruits of the Project
The early results of the diatomic project and Roothaan's exact atom and molecule
work were presented at the Conference on Molecular Quantum Mechanics at
Boulder in June 1959 and were subsequently published in the issue of the Reviews
of Modern PIvic.•s dedicated to that meeting [3]. By this time, the prospect of
accurate numerical, rather than analytical, solutions to the Schr6dinger eq1,ation
had been seen as realizable and was being actively pursued by Roothaan and Wlodzimierz Kolos. on leave from the University of Warsaw.
Also, by this time, LMSS was a beehive of activity with many student technicians.
rese-rch assistants and research associates. and visitors from all over the world.
Am- ig the individuals who came to participate in, and contribute to, the various
LMSS actixities in this 10-year period as research associates and faculty, the LMSS
Technical Reports record the following:
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Karl H. Hausser
Takashi Itoh
James R. Richardson
Robert G. Parr
Robert A. Sack
Serafin Fraga Sanchez
Sigeru Huzinaga
David Peters
Charles W. Scherr
Paul E. Cade
Enrico Clementi

Max Pla.'ck Institute, Heidelberg
University of Tokyo
Purdue University
Carnegie Institute of Technology
British Rayon Industries
Juan March Fund Fellow. Spain
Kyushu University
Royal Holloway College, London
University of Texas
University of Wisconsin
IBM

Wlodzimierz Kolos

University of Warsaw

Stanton Ehrenson
John B. Greenshields
Roberto Moccia

Brookhaven National Laboratory
Duquesne University
Instituto Chimico della
Universita, Naples
University of London
Purdue University
University of Iowa

Keith Sales
John J. Sinai
Willis B. Person
William Lichten
Sigrid Peyerimhoff
Lutoslaw Wolniewicz
Juergen M. Hinze

Sloan Foundation Fellow
Justus Liebig University
Giessen, Germany
Nicholos Copernicus University
Torun, Poland
Bielefeld

29
9/56-6/57
12/56-12/57
4/56-9/56
6/57-7/57
9/58-10/59
6/59-4/61
6/59-7/61
10/60-9/61
6/60-2/61
9/61-8/69
10/60-7/61,
1/66-12/66
7/57-6/58,
6/61-9/61
also 1966, 1967
9/60-12/62
9/62-8/64
12/60-8/62
9/61-1962
2/61-7/64
9/60-9/61, also
1966
1/62-1/63
-4/64
-7/64
2/66-1970

Minimal Basis Set Results
The LMSS contributions to the Boulder meeting earlier that year had included
Roothaan's SCF formalism for open-shell atomic systems and accurate calculations
on atoms and 2- and 3-body systems, with Kolos. Sack, Sachs, Weiss. McLean,
and Yoshimine; Ransil and Fraga's minimal orbital diatomic molecule results;
Mulliken and Ransil's systematization of LCAO nomenclature; and Mulliken's study
with Fraga of coulomb energy in valence bond theory. Following the meeting, the
production runs on the minimal orbital project were completed and were eventually
published in eight journal articles and two reports in the LMSS Technical Reports.
The first two papers, containing a description of the project and tabulated wave
functions, were published in the Revtewt of Modern Physici in 1960 [4,5]: the
remaining six, reporting computed spectroscopic constants, population analyses,
potential curves for H2, Hel', and selected first row diatomics and limited config-
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uration interaction (as it was called then), for selected first row diatomics, appeared
at intervals in the Journalof Chemical Physics until 1962 [6-13].
The operational success of the atomic calculations and the ab initio diatomic
molecule program and the results it generated, clearly heralded the dawn of a new
era. It seemed at the time that as both computer speed and memory capacity improved, the main obstacle to obtaining accurate analytic wave functions and energies
for small molecules would be how to give accurate analytical representation to
electron correlation. All other considerations-the nature of the basis sets, basis
set expansion limits, and parametric optimization-were perceived as technical
problems that would yield to the inexorable advance in computer technology.
In 1959, Mulliken and Roothaan surveyed the progress made since the Shelter
Island conference eight years earlier, in breaking the two major bottlenecks that
had been identified at that time. The first, the methods of computing difficult integrals, had been solved by Kotani, Amamiya, and Sumose in Japan, Roothaan
and Ruedenberg at Chicago, and Coulson and associates at Oxford. The second,
the excessively time-consuming process of computing these integrals and solving
the Schrodinger wave equation, had been solved by the timely development of highspeed computing machines.
Moving on to Extended Basis Set Functions
Coincident with the harvesting of the minimal basis set prograrr was the planning,
design, and beginning implementation of a second generation, extended basis set
diatomic molecular program, with the assistance of the new generation of graduate
student programmers recruited by Roothaan. Ransil made plans to enter medical
school in September 1960, during which he worked parttime at LMSS to complete
the publication of the minimal orbital work, and to relinquish responsibility for
the extended basis set work to Paul Cade from Professor Hirschfelder's group at
the University of Wisconsin. Cade took over in September of 196 1. At that time,
it was projected that he would follow a design similar to the minimal orbital study,
but would use an extended Slater basis set LCAO-MO-SCF approximation. This effort
eventually produced a rich harvest of diatomic molecule studies; tables of the extended basis set functions %ere published by Cade et al. in 1974 [14].
Accurate Numerical Functions
As these activities were carried out on the molecular side, Roothaan concentrated
largely on accurate numerical calculations on the hydrogen molecule with Kolos.
Others involved in Roothaan's accurate atomic and molecular ualculations during
the decade being remembered were Sack, Weiss, Sachs, and Wolniewicz, a student
of Kolos, from Copernicus University in Torun, eoland.
In Retrospect
Looking back from the perspective of some 30 years, it is my perception that
what happened during the first half of that eventful decade at Chicago, as a result
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of (1) the mathematical and integrals groundwork laid by Kotani, Roothaan, Ruedenberg, Coulson, and a host of others, (2) the development of the first generation
of commercial digital computers, and (3) the emergence of graduate students and
post-docs trained in the physics of molecules, mathematics, and early computer

science, was the gradual coalescence of all these factors into a new science, in a
serendipitous environment that made working together not only possible but fun.
It was a privilege to be there at the time and to work with Andy, Doug, Megumu,
and Clemens. I have never had the opportunity, and probably never will again, to
publicly thank them and to ackno~vledge my deep and lasting indebtedness to them
for being what they were to me in those days: teachers, colleagues, and stalwart
friends. It was a once-in-a-lifetime experience, and I thank the organizers of this

conference for setting aside time over the coming few days during which we can
revisit that era, reflect upon it, catch perhaps some of the optimism and spirit of
the period, and appreciate it for what it was: the birth of a new scientific discipline
that was neither chemistry nor physics, neither mathematics nor computer science,
but a fusion of all of these which produced a prototype tool for exploring and testing
theories of molecular binding and interaction.
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Abstract
Statistical electron correlation coeffLients provide oserall measures of the difference between the electron
pair densitr and the product of one-electron densities. Explicttly correlated wa.e functions are used to
compute radial and angular correlation coefficients for 29 low-lýimg states (n'S. nhS. n'P. n'P. nWD. and
W3D with n - 7) of the two-electron ions from helium through Ne". This data base of 1566 correlation
coefficients permits a sNstematic study of trends with respect to %ariation of nuclear charge, degree of
excitation, angular momentum, and spin multiplicity.
1993 John Wile. & Sons. Inc

Introduction
In contemporary quantum chemistry. those effects neglected by the HartreeFock model are normally called electron correlation effects. However, from a statistical standpoint, electron correlation means that the motions of electrons are
statistically correlated; that is, the electron pair density is not simply the product
of one-electron densities [I]. These two interpretations of electron correlation are
different because the antisymmetric Hartree-Fock wave function does account for
the Fermi correlation [2] between electrons of like spin. Statistical electron correlation has received onli a -ery tiny fraction of the attention that conventional
electron correlation has.
The purpose of this paper is to explore systematically how statistical correlation
varies with nuclear charge Z, degree of excitation, angular momentum L, and spin
multiplicity in the helium isoelectronic series. To this end, we consider statistical
electron correlation in 29 low-lying states (n'S. h'S. n'P, n 3p. nWD, and n 3 D with
n < 7) for each of the nine ions from He through Ne". It would be difficult, if not
impossible, to assimilate mentally the trends displayed by a series of plots of statistical
pair correlation densities for each of 261 states. Therefore, it is natural, and even
imperative, to turn to simple measures that give an overall sense of statistical correlation. Convenient indices of this sort, termed statistical correlation coefficients.
were introduced by Kutzelnigg et al. [3]. In this work, we use three radial and three
International Journal of Quantum Chemistrý Quantum Chemistry S.mposium 27. 33-42 (1993)
, 1993 John Wiley & Sons. Inc
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angular correlation coefficients to characterize the statistical electron correlation in
each of these states. Even with this simplification, we are left with the task of discerning trends in 1566 correlation coefficients. The method is outlined in the next
section, and the results are presented and discussed in the third section. Hartree
atomic units are used throughout.
Method
Standard concepts from mathematical statistics and probability theory led
Kutzelnigg et al. [ 3 ] to use probe functions g(7) of the electronic position vectors
to define generalized correlation coefficients in terms of one- and two-electron expectation values:
(g(71)g(7A)> - (g(71))'(1
Tg =
Kg2 (Tl)> - (g(71)) 2
(1)
Thakkar and Smith [4] pointed out that Eq. ( I ) can be rewritten as
2

f c(f 1,,72)g(-Pl)g(-P 2) d7, d72
,=

fJ DI(71)DI('

(2)

2
2
2 )[g (71) + g ('72 ) - 2g(71)g(7 2 )] d1f, d72

where
weeC(71,72)

= D2(71,7f2) - D,(7,)DI(72)

(3)

is the statistical pair correlation density in which
D 2 (7 1,7 2 )

=

f

4*(1,-12,..

--

)(-,-2

..

X,)

da, d0 2 d! 3

d! 4 " • • dg
(4)

is the unit normalized one-electron density. Equations (2) and (3) clearly show
that a statistically uncorrelated pair density, c(f 1 ,72) = 0, is a sufficient, but not
Dl(- 1) = f •b*(X,1,
.
.......
-• -..

).1,2

...... .)da,

dX2 d.3

d.4". .

d. n

(5)

is the unit normalized one-electron density. Equations (2) and (3) clearly show
that a statistically uncorrelated pair density, c(7 1 , 72) = 0, is a sufficient, bmt not
necessary, condition for vanishing correlation coefficients. There are two ambiguities
in the definition of the T9 coefficients. They depend on the origin of the coordinate
system used, and the product of probe functions is ambiguous if the probe is a
vector function. These ambiguities are resolved as follows. Since we are concerned
onl, with atoms, the nucleus is the natural origin. The product of probe functions
will be interpreted as a scalar product [3].
Radial correlation coefficients are obtained if the probe function is spherically
symmetric. The simplest radial probe function is g(7) = r4, which leads to
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k - ()2

Kr2k> _ rk>2

(6)

The radial coefficients with k = + 1 have been studied for the five lowest states of
the two-electron ions [3-5 ] and for the ground and first excited states of the Lilike and Be-like ions [6-8]. The k = -1 coefficient was considered in the latter
studies to investigate shell effects. Since the Rydberg states we consider are relatively
diffuse, we also examine k = 2, which should place emphasis on the outer regions.
We use the k = -1, 1, 2 coefficients to characterize radial correlation in the Kshell, intermediate, and Rydberg regions, respectively, of the charge cloud.
Angular correlation coefficients result from the probe function g (7) = -PrkThus,
(7)

-

(r] +>

These angular correlation coefficients cannot exceed I in absolute value. Perfect
positive correlation (r = 1) means that the position vectors are expected to coincide
whereas perfect negative correlation (T = - I ) means that the position vectors are
diametrically opposed with respect to the nucleus. Statistically uncorrelated pair
densities lead to T = 0 but so do orthogonal position vectors. The case k = 0 is of
special interest because r; can, in principle, be obtained experimentally [4,9]. When
k = - 1, the probe function is a unit vector, and the correlation coefficient is simply

the expectation value of the cosine of the angle 012 subtended at the nucleus by a
pair of electron position vectors: Tr/r = (cos 012>. We choose the k = -1, 1. 2
coefficients to characterize angular correlation in the K-shell, intermediate, and
Rydberg regions, respectively, of the charge cloud.
Three radial and three angular coefficients were computed for each of the 29 low
lying states (n'S, n 3S, n'P, n3P, n'D, and n 3D with n < 7) for each of the nine
ions from He through NeO'. The computations are based on Cann and Thakkar's

systematic collection of very accurate wave functions for these states [10]. Their
spin-free wave functions incorporate explicit dependence on the interelectronic
distance r12 = il - i 2 as follows:
N

'I'= • ck(l ± P12 )r I exp(-aokr -- 3•r2 -- y~rj2)Yt..o(Sl)Yo.o(S22)
k-)

N+AM

+ L.2

2

dk( I ± P12 )rlr

2

exp(-aArl - fl3 r2 - y3r, 2)Y(Qj, 22),

(8)

k=N+l

where
Y(Ql, t22 ) = 2Yj. o (Q2)Y1o0 (( 2 ) + Y1,(AQ1)Y.-1(Q 2 ) + Y,-.(Q1)Y1J(Ql2) •

(9)

In the above, upper and lower signs correspond to the singlet and triplet states,
respectively, 7, = (r,, 1), P12 is a permutation operator that interchanges 71 and
7 2 , L is the total orbital angular momentum quantum number, 61.,2 is a Kronecker
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delta. YI..M are spherical harmonics, and the {CA, dk, ak, flk, Y'k} are variational
parameters. They each contain 100 terms, with N = 70 and M = 30 for the D
states. These wave functions lead to the lowest variational energies published so far
except for neutral He and the 3VP and 3 3P states of the ions. Even in the worst
cases, the energies are no more than 3OnE,, above the best ones [10]. A fuller
discussion of the wave functions may be found elsewhere [10]. Correlation coefficients in the infinite Z limit were computed from hydrogenic wave functions.
Results and Discussion
The correlation coefficients are shown graphically; complete tables may be found
elsewhere [11]. Figures 1-3 show the K-shell correlation coefficients TI/, and r/,r
for the n = 1, 2, n = 3, and n = 4 states, respectively. Figures 4-6 show a similar
sequence for the intermediate region correlation coefficients

7-9 show the Rydberg region correlation coefficients

T,2

rr and T7,

and

T-,.

and Figures

The results for

the n = 5 and n = 6 states are not shown because they resemble those for n = 4

qualitatively, because the trends observed as n increases from 3 to 4 persist to larger
n, and because rT and Trr show some large Z erratic behavior that is probably a
computational artifact.
The ground state is qualitatively different from the excited states; in the orbital
model, the two electrons occupy the same orbital in the ground state whereas they
occupy different orbitals in the excited states. Moreover, statistical electron correlation in the ground state has been studied previously [ 3,4], as have some of the
coefficients for the n = 2 states [4,51. Therefore, in this paper, we focus on trends
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of the excited state correlation coefficients with variation in nuclear charge Z, angular
momentum L, degree of excitation n, and spin S.
Consider the relative magnitudes of correlation in the three regions. The ratio
T Ir:Tr:Tr: is approximately 3:7:5, indicating that radial correlation is most important
in the intermediate region, and least important in the K-shell. Angular correlation,
on the other hand. decreases in importance with distance from the nucleus. For n
- 2, the ratio r7'/r:r7:T- is 4:2:1 but for n = 6 this ratio becomes 100,000:500:1.
These ratios can be understood quite simply. In the K-shell, angular correlation is
more efficient than radial correlation because of the small size of the K-shell; thus,
in the K-shell, correlation energy is obtained primarily through decreased shielding,
leading to an increase in electron-nucleus attraction. In the intermediate region,
both forms of correlation can be important. In the huge Rydberg region, radial
correlation is favored because greater stabilization can be obtained by reduction of
interelectronic repulsion than by increase of attraction to the distant nucleus. The
probability of finding both electrons in one of these regions is greatest for the intermediate region, and so radial correlation is most significant there.
On the basis of the arguments presented above, one would expect radial correlation
to increasingly overshadow angular correlation as the size of the Rydberg region
increases with n. Indeed, the figures show that as n increases, the radial correlation
coefficients increase slightly in magnitude but the angular correlation coefficients
decrease dramatically. T h/r, T;, and T-r decrease by factors of 40, 4000, and 500,000,
respectively, as n increases from 2 to 6.
The behavior of the correlation coefficients, for fixed n. L, and S, as a function
of Z is describe-d by l1Z expansions [41:
Tg =

ag.o + ag.1 /Z + ag2, 2/Z2 + •

.

(10)

For each of the correlation coefficients in each of the 29 states. the leading coefficient
in the l1Z expansion was computed from hydrogenic wave functions, and one or
two higher order coefficients were obtained by fitting and/or differencing our calculated values; tables of these 117 expansion coefficients may be found elsewhere
[1 I]. The figures show that most of the radial r decrease linearly with I/Z, showing
that the higher order terms in Eq. (10) are not significant for Z Ž 2. By contrast,
the angular T show distinctly nonlinear variation with l1Z.
The variations with L and S are not simple. We set aside Tr and r11 , because
radial correlation in the K-shell and angular correlation in the Rydberg region are
less important. The rr and Tr2 show that radial correlation is mere important in
the S states than in the P and D states. This is reasonable since the spherically
symmetric S states are less conducive to angula, correlation than the L > 0 states.
The T7/, and T- suggest that angular correlation is most significant in the P states,
and confirm [4] that positive angular correlation coefficients are found only for
large Z and only in the 'P states. The only plausible explanation that we can offer
for these observations is that they may be artifacts of the probe function used; it
may be interesting to test probe functions with more general angular dependence.
The triplet is always the more compact state of the singlet-triplet pair associated
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with each Z, n, and L [12]; however, the correlation coefficients do not show
behavior that can be attributed to this size effect. Radial correlation seems more
important in 1P states than in 3p states. Detailed studies of pair correlation densities
may help explain some of these features of the P states.
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Abstract
Supermoleculai model of the intermolecular interaction energy is studied The correlation energy
components are calculated by using the many-body perturbation theory (MBPT) in the canonical representation as %weli as in the localized one. The components of the corrections of the different order are
analyzed individually. The effects of the localization procedure and the basis set are also investigated
An H2 0 tnmer is used to study the two- and three-body components of the interaction energy. ( 1993
John Wiley & Sons. Inc

Introduction
The difficulties of the determination of the intermolecular interactions in a theoretical way are numerous. The various problems of the quantum chemical calculations are the subject of several excellent review articles (some of them are not
restricted to the discussion of two interacting systems). It is well known from experience that a large number of intermolecular interactions behave itself in quite
a different way when they are acting in a reaction catalyzed or uncatalyzed. The
presence of water molecules, e.g., may effect seriously the interaction energy of
reacting systems. The interaction between the molecules CHO and NH 3 is an
example for this case [1,2 ]. It was shown [3 ] that a single ancillary water molecule
interacts favorably with the reacting system. It was also pointed out, in the same
study, that the incorporation of a second water molecule leads to a further decrease
the distance between the interacting formaldehyde and ammonia molecules.
One can thus conclude that the ancillary water molecules aid the catalysis. The
accurate study of this and similar interactions are of incredible importance because
of their biological activity. Although the above calculations have been performed
on ab M11to SCF level, some attempts have already been done including the effects
of electron correlation, too [4]. It is generally believed that, for serious investigations
of intermolecular inteliaction energies, the correlation component must be taken
into account [5].
Tremendous efforts have been made in the past years for shedding light on the
understanding the van der Waals bonding, the hydrogen bonding, the solvatation
effects, etc., using a large variety of quantum chemical methods [Nonadditive poInternational Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 43-50 (1993)
,c 1993 John Wiley & Sons. Inc
CCC 0020-7608/93/010043-08
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tential, configurational interaction (cl), many-body perturbation theory (MBPT),
coupled cluster theory (cc)] [6-20].
The theoretical investigations, using ab inaio methods including the study of
correlation energy components are varying from the exhausting analysis of the
dipole moments [II], of the dipole-dipole exchange, etc. partitioning [12 ] up to
the discussion of these components in the localized version of the MBPT [13-16].
Some of the present authors also contributed to these investigations [17,18 ].
The important role of the so called basis set superposition error (BSSE) has also
been studied in several papers (see, e.g., Refs. [ 19-21] and references therein).
As the interaction of water molecules is of basic importance in chemical and
biochemical systems many papers have chosen them as model [ 7,20,21 ]. Recently
various papers have been published on the van der Waals interaction in the (H 20)
trimer systems. In Ref. [8] the nonadditive potental of Campbell and Mezei is
used to determine the local minima of the energy surface. In Refs. [22,23] the
interaction energy is calculated by MBPT with fairly large basis sets. For the water
dimer the localized version of the MBPT was successfully applied [ 24,25].
Theory
The MBPT in the supermolecular model starts as taking zero-order approximation
the HF approximation of the interacting total system. The higher-order terms contain
the many-electron effects.
The symmetry adapted perturbation theory (SAPT ) (see Ref. [26] and references
therein,) starts with the noninteracting monomers as zero-order approximation. It
is a double perturbation theory, the perturbations are ( ) the intermolecular interaction and (2) many-electron perturbation.
Our method is a version of the supermolecular model [17,18,241. The occupied
(ý,, 1 = 1, 2 ...
N) and the virtual (', a = N + !, N + 2 .... , M) solutions of
the canonical HF equations are localized separately by unitary transformations

,

h

(2)

VbOb .

The off-diagonal Lagrangian multipliers are incorporated into the Fock operator
of the localized representation (the zero-order Hamiltonian),
P.o = p_ I

Z la)eaCb(bI

li>c,1 (jl -

t,]
1#j

(3)

a.b
a,•h

and also appear in the perturbation operator
I'f+ 7_"- Z Ii)c,/j +
AI

t11. I
10]

I
a.b=N+ I
al#b

la~cahbli.

(4)
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The perturbation operator consists of two terms: Wis a two-particle interaction,
and the second and third terms are single-particle perturbation due to the LMOs. It
means that the MBPT in the localized representation is a double perturbation theory.
The perturbational energy corrections have two indices: El".., n denotes the order
with respect to the two-particle perturbation, and m denotes the order with respect
to the single-particle perturbation.
Summing over the second indices to infinite order
c

(n,rn)

Z El

p

=

(5)

m=1

we obtain the canonical perturbational series. The localization (1), (2) can be
carried out by an ordinary Boys' procedure [27].
It is usually suitable for the occupied orbitals, but, for the virtual subspace particularly in case of larger basis sets, the ordinary Boys' procedure disperses the
centroids of the LMOs, and the virtual LMOs are not localized in the same regions
as the corresponding occupied ones. As can be seen from Eq. (4), the single-particle
perturbation will be small if the LMOs are well separated and the off-diagonal Lagrangian multipliers are small at the same time. These two requirements cannot
be satisfied simultaneously by an ordinary Boys' procedure. We are using the following modified procedures. For medium-sized basis sets for the localization of
virtual LMOs, taking into account the spatial symmetry of CMOS, we partition them
into several groups and localize these groups separately.
In this way the LMOS will be less localized, but the off-diagonal Lagrangian multipliers will be smaller (see Ref. [ 28 ]). With these modification we obtained adequate
LMOS for many cases. For large basis sets we suggest another modification: localization of the LMOS according to a given localized set of functions (see Ref. [ 28]).
The essential character of our method that LMOs are used also in the virtual
space. As a consequence, every effect can be attributed to a certain "localized" part
of the wavefunction.
Calculations
Our purpose is the investigation of the correlation energy components of the
interaction energy as function of the distance of the monomers. Therefore, the
geometries have not been optimized. We carried out the calculation for various
geometries. Water molecule I and the 0 atoms of molecule II and III lie in the xy
plane, and the OH bonds of molecule I point towards the lone pairs of molecules
II and III. The intramolecular distances are taken as fixed and the intermolecular
distances are increased from d = 4.0 a.u. to d = 12.0 a.u. (see the Appendix).
We applied standaMl 6-31 G * basis set, which is insufficient for small systems but
for larger (especially biological) systems is widely used. We think that the standard
basis set is suitable to carry out preliminary inquiry in the application of LMOS.
For these geometries Hartree-Fock calculations have been carried out for the trimer,
dimer, and monomer systems [28-32]. The calculations have been carried out for
the corresponding dimer and monomer systems but with trimer, dimer, and mono-
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TABLE I

ASCF
AE( 2)

"NEM

AE(4)

The contributions of the correlation energy to the interaction energy of the (HzO) 3 tinmer
at different geometries (in phartree units).'
4.0

5.0

6.0

8.0

10.0

12.0

-550.09
-2891.92
700714
945590

-4241.91
-1771.33
455.35
33661

-2329.45
-645.426
1008.08
1702.89

-514.66
-50.10
813.15
564

-190.34
-13.23
4404.02
29656.49

-85.47
-4.85
8536.12
-15114.48

' CP corrected results.

mer basis sets in order to use the full counterpoise (WO,) method. For example, the
binding energy of the trimer AEt I, I are calculated in the following way:
AEi 11i1 = EC11111- E 1 11111
basis)

-

EI, III 1111
basis)
b
s -- Ea
(I II!!l basis)•

This correction is calculated for every order of the perturbation theory similarly.
In the localized representation the BSSE can be taken into account in a different way.
The two-electron integrals are transformed to those in terms of canonical molecular orbitals (CMOs) and the second-, third-, and fourth-order perturbational
corrections are calculated by the canonical many-body perturbation theory
(CMBPT) [33-38].

The results for the water trimer are shown in Table I. for certain geometries. The
contributions to the interaction energy are given in detail (ASCF, AE( 2 1, AE' 3 ,
etc.) applying the Boys-Bernardi full counterpoise correction and without it (see
Table II.) To show the effect of increasing the basis, we repeated the calculatton
for water dimer with two d-sets (d exp: 0.73 and d' exp: 0.30). The results are
shown in Table III, and compared to those obtained with single d set. It can be
seen that the CP corrected second order interaction energy component increased
by 27%. (The increase of the total energy is much less.) For certain geometries the
CMOs were localized by using the modified version of the Boys procedure [28]. As
we have already pointed out, the LMOs have very interesting properties.

TABLE II

ASCF
AE(2 )
AE (3)
4

AE(

)

The contributions of the correlation energy to the interaction energy of the (H20) 3 tinmer
at different geometnes (in phartree units).
4.0

5.0

6.0

80

10.0

12.0

-3885.72
-5223.23
1036.28

-4923.23
-2493.15
559.39

-2603.06
-83006
-260.11

-513.18
-56.38
-394.94

-199942
-13.26
-2195.04

94.47
-4.85
-4260.51

-8997.01

-45271

-1027.68

-879.18

-14800.04

-5957.04

I Results without CP correction
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TABLE Ill.

The change in the components of the interaction energy of the
water dimer when the basis set was increased

6-3IG*
6-31G* + d'

-345.21
-468.83

-6129.98
26.32

-4644.28
-97.44

At the geometry d = 6.0 a.u. (in phartree).

Several contributions of the LMOS for the monomer, dimer. and trimer systems
can be investigated. The transferability of the Fock-matrix elements, for example,
and of the two-electron integrals over LMOs have advantages. Good results have
been obtained for any interacting dimer systems studied so far by our method.
The characterization of the LMOS can be done in different ways. We give the
coordinates of centroids for the occupied bond- and lone-pair LMOs as well as the
largest centroid lengths of centroids for the virtual LMOs. The centroid vector r, of
an LMO is defined as r, = (•, Ir I, ). The results obtained for the systems studied
at several intermolecular distances are in agreement with our earlier conclusions:
All of the LMOs are well separated. The contributions Of LMOs are expected, therefore,
to show systematic changes when enlarging the intermolecular distances. Up to
correlated level, we investigated the correlation energy components of all of the
monomer, the dimer. and trimer systems, respectively, at the second and at third
order of the MBPT. The results obtained at the MP2 and the MP3 levels both in the
canonical (CMBPT) and in the localized (LMBPT) representation make possible a
comparison between the corresponding values and thus to get information on the
"quality" of the LMBPT. The results are given in Table IV and Table V, respectively.
One can see that for all the systems studied the values of CMBPT and LMBPT are
close to each other. It is encouraging however, that the deviations between the
corresponding canonical and localized correlation energy are less than 10% in
each case.
The transferable properties of LMOs as well as the satisfactory agreement between
the canonical and localized energy values both at the MP2 and MP3 allowed us to
calculate the one-, two-, and three-body interaction energies at the different levels
of correlation.
TABLE IV.

Interaction energy calculated -v,y
the I.MBP in the water miner at d = 5 0
geometry.
Uncorrected

2nd order
3rd order

One-body
Two-body
One-body
Two-body
Three-body

-558.30
-971.48
- 15691.36
4.66
--0 89

mhartree
thartree
phartrec
uhartree
phartree

BSSI: free
-560.72
-993.42
- 17101 65
27.57
-0 34

mhariree
phartree
uhartree
uhartrce
uhartree
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TABLE V.

Interaction energy calculated by the .MBPT in the water trimer at d = 6.0
geometry
Uncorrected

2nd order
3rd order

One-body
Two-bodN
One-body
Two-body
Three-body

-557 31
-322.77
17542.56
7.02
-0.21

BSSE free

mhartree
phartree
phartree
phartree
phartree

-534.42
-254.48
-17599.84
7.57
-0.21

mhartree
uhartree
uhartree
uhartree
hartree

It has already been pointed out [ 18,23 ]: when the (localized) basis sets are nonoverlapping, the intramolecular parts can be assigned to each monomer separately.
For a trimer (ABC) system, for example, the intrasystem (one-body) correlation
energies can be obtained if we sum over only those occupied and virtual LMOs'
indices in the so called pair-correlation energy terms (see details in [24]) which
belong only to the monomer A, only to the monomer B, or only to the monomer
C, respectively. The two-body terms can be expressed in a similar way: the indices
run over only the corresponding LMOS of the monomers A and B. or A and C, etc.
The two-body terms can also be named the dispersion energy part of the correlation
both at the MP2 and MP3 levels. The results obtained for the intrasystem correlation
energies for the water monomer and dimer have already been discussed in [24].
Here we present the values obtained for the many-body terms at the MP2 level (see
Table IV, first part). The advantage of using the LMBPT theories lies. furthermore,
in the calculation of the three-body interaction terms (in similar manner as described
above). The results obtained for the studied tnmer system are presented in Table
IV and Table V. These values are significantly smaller than the tv o-body terms, as
expected.
The localized representation of the MBPT (LMBPI ) are carried out up to third
order As shown in Eq. (5) summing over the single-particle perturbation (order
in) we obtain the canonical series. In our case if we sum over in to 2, for n = 2,

TABLE VI.

.V
f2O (1)

1,0 (11)

112O (111)

O•
H
H2
02
111
I` 4
O1
H1
H1
6

0.0
1.4306
-1.4306
4.5937
45937
45937
-4.5937
-4.5937
-4.5937

1

I.1073
0.0
0.0
-2.4483
-10178
-3.8789
-2.4483
-1.0178
-3.8789

Z

00
0.0
0.0
0.0
-1.1073
-1 1073
00
-1.1073
-1.1073
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Figure I.

Water rimer (see Appendix).

we obtain the canonical second order correction with an error of 0.28%. If we omit
completely the single-particle perturbation, i.e., if we evaluate the canonical diagram
with localized orbitals, we obtain 94.96% of the canonical second-order correction.
If we sum over ?n to 4 for n = 3, we obtain a corresponding canonical third-order
correction with an error of 3.7%. In our calculations we stopped the summations
at these orders. Omitting the single-particle perturbation from the third-order terms,
we overestimate the canonical value by 10.11%. It means that, in the LMBPT, MP2
level calculations contain a finite summation; consequently, it is, literally, a near
MP2 calculation. Also MP3 level calculations are, literally, a near MP3 calculation.
The localized representation has some advantages. The interaction energies can
be partitioned according to their source. The occupied orbitals belong uniquely to
one of the interacting systems. The interactions accordingly can be partitioned as
one-, two-, three-body, etc. interactions. In a trimer system in second order we
obtain one- and two-body interactions. In third order we obtain one-, two-, and
three-body interactions.
Another advantage of the localized representation is that we can easily find out
the source of the BSSE. The LMOs are approximately transferable from the noninteracting monomers to the interacting systems; by utilizing this we can omit the
contributions of the LMOs which comes from the other monomer. The BSSE calculated by this method are usually smaller than those calculated by Boys-Bernardi
procedure.
Appendix: Model Geometry Taken for the System Studied
The intramolecular values (0- H = 1.809 bohr, HOH = 104.52° ) are the same
for the three H 20 molecules. The distance between monomers was systematically
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enlarged, starting from an intermolecular distance (di) of 4.0 bohr, and then increased
through 5.0, 6.0. 8.0, 10.0 up to 12.0 bohr. The coordinates for the first geometry
arrangement are given in Table VI.
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Abstract
A review is presented of our recent work which deals with some aspects of the inclusion of connected
triple excitations in single reference coupled-cluster theory We first consider basic aspects of the theory
and computational cost. noting the need for accurate and economical approximations to the complete
coupled-cluster single, double and triple excitation method (ccsDT). Several such approximations are
now av.•ilable, including the ccsD I•'tCCSD) and ccSD(T) methods. We have now efficiently implemented
analytical denvative methods for these and related methods for open-shell reference determinants, including
restricted open-shell Hartree-Fock for CCSD(T). Some results with large basis sets are presented for the
HCO radical which further demonstrate the reliability of these methods for the spectroscopic characterization
of small open-shell species The remainder of this article deals with several applications of the complete
CCSDT method, a new implementation of which we have recently completed Like our previous work,
this isfor general single reference determinants, although we have now incorporated Abelian symmetry
We present a companson with full configuration interaction data for CH3; a study of the N2 potential
curve using restricted and unrestricted Hartree-Fock references, a comparison of the dipole moments
and polanLabilities of BeO, and a study of the harmonic force field of2z C'. These studies also provide
assessments of the accuracy of the approximate schemes for including T3. Finally, we present some
timing data for some CCSDT calculations with our new implementation C,1993 John Wiley &Sons, Inc

Introduction
Coupled-cluster (cc) methods are now widely used to compute the electronic
correlation energy of atoms and molecules, as well as the correlation energy of a
wide variety of other physical systems. The theory was introduced by Coester and

Kummel to study nuclear matter [1]. It was first formulated for the electronic
structure of atoms and molecules by Ci•ek [2] in the 1960s. These methods were
later applied within a semi-empirical framework and to a minimal basis set ab
mnitio study of BH 3 [ 3 ]. Several years after these pioneering studies, the coupledcluster doubles (CCD) method was independently implemented in general purpose

programs by Bartlett and Purvis [4] and Pople et al. [5]. In the subsequent 15
years there has been intense activity in the field, which has led to clear definitions
and efficient computational implementations of a wide variety of cc methods, and

there have been many applications. Several reviews [6] document this work.
A wide variety of methods are included by the term cc methods. There are

several categories, all of whose wave functionq. at least in the exact versions of the
theories, are obtained through the action of some kind of exponential wave operator
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 51-66 (19931
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010051-16
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on one or more determinants of orthonormal spin orbitals. When there is just one
reference determinant, we have the single reference version of the theory, which is
the most highly developed and widely used. There are several kinds of multireference
versions of the theory, including the Fock space [ 7 ] and Hibert space [ 8 ] theories.
These fields are now being actively investigated and applied. As well as the single
and multireference methods, there is the equation-of-motion method (also termed
linearresponse cc method), which may be viewed as a generalization of the single
reference theory to excited states [91.
In this article we focus on two aspects of the inclusion of triple excitations in the
single reference theory. The first is concerned with the evaluation of analytical
derivatives of the energy for several cc methods which include triple excitations
noniteratively. The second describes some recent research with the complete cc
single. double, and triple excitation method (CCSDT). Along with results, we shall
include some timings of CCSDT calculations with a new implementation of this
method. This will help to assess the degree to which this most rigorous way of
including effects of triple excitations can now be applied to chemical problems.
The emphasis throughout this article is on the results rather than on the details of
the theory. We shall present some basic equations but will not go into details, which
are covered in cited literature.
Basics of cc Theory
FormalAspects
Single reference cc theory begins with a reference determinant of orthonormal
spin orbitals, 14'I). This may be made up of SCF orbitals, but this is not necessary.
The cc wave function is obtained by operating on 'I,(o) with the exponential wave
operator:
ID,, > = e" Il4oý
1
where T is the sum of one-body, two-body, three-body, etc. cluster operators
T= T, + T2+ T., + ...

(2)

These are given in second-quantized form by
T,= 2 t',{a'i}

(3)

T,4
= - yab, at{a'ibhj}

(4)

and so on. The t , tb
o are terme I the cc amplitudes, and obtained by solution of
the cc equations. The cc equations and energy expression are obtained by inserting
I1,, ) in the Schr~idinger equation, operating cn the left by e-T, and projecting on
tl.e left with either the reference determinant or an excited determinant. Writing
the energy as
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E = (4I'01II14'o
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(5)

+ AE,,

and defining
/A =

11-

(6)

( 4'o III (o

we obtain equations for the amplitudes [2]

.. , 'IIe,I4I,)o
le

4

!"",
(fl/'

;),u 0 =0

(7)

and the correlation energy
.1,E

e

=,-1,

lI, e

I t,, = (e1,)o(mil\e, ),1I4)()

(8)

The subscript c indicates the restriction to "connected" diagrams [2, 10]. Although
presented in this abstract and general form, these equations may readily be written
in terms of Fock matrix elements, two-electron integrals, and cluster amplitudes
[10]. The\ are nonlinear in the amplitudes, but by suitable definitions of intermediates may be rewritten so that they are simply a series of contractions of an
amplitude and an intermediate, operationally taking on the appearance of equations
which are linear in the amplitudes [II, 12]. and are thus well-suited to exploiting
vector computer architectures.
T'runcation and Comptutational Cost
The formal theory is all well and good, but without approximation it is just the
CC representation of the full configuration interaction (I (I) wa-c function and

energy. Therefore in order to obtain computationally feasible (v methods. the
cluster operator T' is truncated. Just as cI expansions are truncated For a system
represented by n occupied orbitals and N Nirtual orbitals, the costs of the different
truncations scale as indicated in Trable 1. The rapid increase in cost means that in
order for these methods to be of practical -alue. a large fraction of the correlation
energy must be recovered by low-order cluster operators. Fortunately, this is the
case., with T72accounting for a considerable fraction of the d-namic correlation
energy (i.e. the CC'!) method [4.5]). Important orbital relaxation effects are accounted for by 7T1.so that for many purposes the "'singles-and-doubles" model
(C(vsD) [ 13] is a very good approximation, much better, for example, than the CIS()
approximation, even with the usual Langhoft-Davidson unlinked diagram correc-

"IABI I I
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tion [14]. However, in order to achieve high accuracy, one must include 7T3. Judging
by comparison with Fci results for small systems, the CCSDT method [15,16,171
does indeed seem to be a rather accurate method. Adding T 4 either through the
CCSDTQ model [ 121 or various approximations thereto [ 18,19] shows usually small,
but sometimes significant, improvements.
Unfortunately. even the CCSDT approximation is somewhat too expensive for
most applications. Therefore, a lot of effort has been devoted to finding ways of
approximating CCSDT yet reducing the cost. Two approache!s have been followed.
The first is iterative approximations, in which the T3 equation is truncated but is
still iterated. This leads to methods termed CCSDT- I [20,211, ccsDT-2 [221, and
CCSDT-3 [ 22]. The second approach makes what sounds like an even more drastic
approximation, which is not to iterate the T 3 equation at all, but to estimate the
contnbution of T3 to the energy from CCSD T, and 7T2 amplitudes using equations
based on perturbation theory [10]. This has led to several methods, including
CCSD + T(CCSD) [21], CCSD(T) [23], and CCSD + TQ*(CCSD) [19]. The first and

a
second of these are rather economical, requiring a CCSD calculation followed by
3 4
single evaluation of the T3 energy, the latter requiring a cost proportional to (n N
+ n4N 3 ). The third method is more sophisticated and includes connected quadruple
excitation (7T4) corrections, but is correct through fifth order of many-body per3
). The
turbation theory and has a T 3 cost proportional to (n 3N 5 + n 4N 4 + nWN
alremarkably
well
[24-291,
simple noniterativeapproximation CCSD(T) works
It
is
[30].
somewhat
fortuitous
though we caution the reader that this is often
when
a
molecule
200
basis
functions
used
with
over
sufficiently economical to be
has C2, or higher symmetry [31-33]. Accordingly, this and the closely related
QCISD(T) approach [34] (which is equivalent through fifth order of MBPT) are
being widely used.
Analytical Derivatives for CC Methods with Noniterative Triple Excitations
As we discussed in the last section, simple noniterative methods of including T3
are of wide applicability. Therefore efficient analytical evaluation of energy derivatives for these methods is of considerable value. This we now consider.
Methods for the analytical evaluation of derivatives of the CC energy are now at
an advanced level. These techniques are essential for exploration of potential energy
surfaces, including location and characterization of stationary points, as well as
computation of vibrational frequencies and intensities. They may also be used for
the computation of first-order properties. Although only first derivatives are routinely
available, these may be numerically differentiated to obtain higher derivatives, and
this is cheaper and more numerically stable than numerical differentiation of the
energy.
At first sight, evaluation of derivatives of the cc energ%appe2ars to pose a serious
computational problehn. Thus, the derivative of the energy with respect to some
property a (for example, a nuclear displacement or electric field) may be written
in the general form
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aE = (h,"'
0-

aOE
OaOc
at
Ox OX + -c
-• + OE
Ot O

(9)

when f(Ih" is a function of thVperturbation, h". Here X denotes basis functions. c
denotes MO coefficients, and t notes cc amplitudes. For nonvariational (or
more precisely nonstation1ry) mc ' Js such as cc methods, all of these tel ms must
be evaluated. For variational methods, however, one or more of these terms Nanishes.
For example, in SCF and "'SCF methods, the second and third vanish, and for CI

methods the third term vanishes. For cc methods the third t-rm must be considered,
and this appears to present a significant difficulty. Thus, it appears that in order to
evaluate the cc energy derivative, one must explicitly evaluate the derivative of the
cc amplitudes, which would require solution of 3N cc-like equations for computation of the force. Fortunately, however, further investigation showed that there
was an alternative, much more economical evaluation of the effect of these amplitude
derivatives [35-38 ]. This requires the solution of a single perturbation independent
set of equations (the A equations [38]).
Recent work with expectation value and unitary cc schemes [ 39] has brought
to light a straightforward derivation of these equations, which is more transparent
than the original derivations and provides more insight into cc energy derivatives.
Consider the functional

AE(A, T)

=

(4DoI(1 + A)e-7ItAe

7

14)o>

(10)

where A is a de-excitation operator defined by
(11)

A = Z Xa{ i'a} + Z Xa~h'{i+aj b} +
at

abtl

If we attempt to make AE(A, T) stationary with respect to A amplitudes, then
we obtain the cc equations. For example, differentiating with respect a particular
amplitude Xb . and setting ,he result equal to zero yields
(4oI {i +ajb'''
}I(P + Q)e'-HveTI1o)
=K4ol{iajb ... }lh)(hl&e-HNe 14o)

=

0 (12)

where P is the reference state projector, 1'I) > ''o1 and Q is the projector for the
manifold of excited determinants Ih)( hi, and we have used P + Q = 1. It follows
that

0hi et
--

TBeT14)o>

0

(13)

and we have recovered the cc equations [ Eq. (7)]. Similarly, if we attempt to make
the functional stationary with respect to T amplitudes we find

K,4oI( 1 + A)e-71 1te7 Ih) - AE,,.-(IoIAlh) = 0

(14)

which are the A equations [38]. If the functional is stationary with respect to A
and T, it follows that
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dAE(A, T)

_ 0410 + A)e-Ta1i--

e T l4'o)

(15)

From this it is readily apparent that the derivative of the cc (and MBPT) energy
has the same general form as that for ci and other methods [40], namely, after
'ransforming to the atomic orbital basis set
Off
Ocr

0/- +
dac

5a

O"+
("va
cc
OctUf

(16)

That is, the derivative is expressed in terms of derivatives of one-electron, twoelectron, and overlap integrals. The matrices D, 1, and G are independent of the
perturbation a, but of course contain amplitudes of A. The derivatives of overlap
integrals arise from the orbital response.
As a result of the introduction of A, analytical derivatives have now been implemented and are routinely evaluated for several cc methods, including CCSD
[41-45],CCSD(T)[46-49],CCSDT-1 [50], as well as for QCiSD [5 1] and QCISD(T)
methods [48,52'].
For the CCSD(T) method analytical derivatives have been implemented for closedshell RIF reference determinants [46,47], likewise for QCISD(T) [52]. In recent
research we have extended this to the case of umF reference determinants for the
CCSD + T(CCSD), CCSD(T) and QCISD(T) methods, as well as MBPT(4) [48]. This
has been implemented in the ACES Ii program system [53,54], with a vectorized
algorithm and Abelian symmetry incorporated along similar lines to.previously
presented work [55]. The resulting program has been used in several applications,
including C4 [33], HCCO [56], and Hoo [48]. The computational effort to evaluate
the energy derivative is about twice that required to evaluate the energy.
In related work we have considered derivatives for CCSD(T) when the reference
determinant is of the restricted open-shell Hartrcc-Fock (RoiF) type. While cc
methods largely remove the spin contamination of the UHF determinant [6,57],
this is not always the case and consequently it is sometimes beneficial to use ipin
eigenfunction ROHF reference determinants (or other "quasi-RHF" (QRHF) determinants) for open-shell systems [57 ]. Just defining the energy expression for such
a method is not entirely straightforward [45,49], however, and has led to confusion.
We earlier presented the formalism and initial results for ROHF-CCSD(T) [45],
and expanded on this recently [49]. Of great importance is the need for a transformation to semicanonical orbitals [58] (i.e., the occupied-occupied and virtualvirtual blocks of the spin orbital Fock matrix are diagonal). This removem the
equivalence of the a and # spatial orbitals, but does not alter the spin cigenfunction
characteristics of the method. If one does not transform to semicanonical orbitals,
it is necessary to iterate the T3 equation in order to achieve proper invariance
propnrties, which defeaLs the whole purpose of noniterative methods such as
CCSDtT). Building on a previolus implementation of ROHF--CCSD gradients [45],
we have now implemented analytical derivatives for our ROHF-CcSD(T) method

149]. The cost is essentially the same as in the uiv czse.
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As an illustration of results tha. can be obtained with ROHF-CCSD(T ) gradients,
we show data obtained for lwce with several basis sets [49], compared with experiment [59]. in Table 11. This is a good example for comparison since this is one
of the few open-shell molecules for which harmona frequencies have been deduced
from experiment. With the largest basis set, very good agreement with expenment
is achieved. This example and work on HOO [48] illustrate that these methods
should be suitable for characterizing small transient molecules. It should be emphasized that the basis set used, while large. certainly did not exhaust our capabilities.
In this example, for which UHF spin contamination is not large. we also see the
equivalence of UtF- and ROHF-based results.
Some Recent Research with the CCSDT Method
The CCSDT method was first implemented by Noga and Bartlett in 1987 [15],
followed by Scuseria and Schaefer in 1988 [16]. These implementations were explicitly restricted to RHF closed-shell reference determinants, and we implemented
the method for general closed- and open-shell reference determinants in 1990 [17 ].
C('SDI is rather an expensive method, and chemical applications are somewhat
limited, although there have now been a large number of studies of small systems
with DZP or slightly larger toasis sets [ 15-17,27-30,60,6 1]. Included among the
larger CCSDT calculations are our studies of the harmonic force fields of C3 [61]
and 03 [30] and a study of the hyperpolanzabilities of Ne by Rice et al. [62]. Our
initial implementation of CCSDT did not exploit point group symmetry'. and nor
did that of Noga and Bartlett. We have recently completed another implementation
which exploits Abelian symmetry by the DPD approach [55], and this has been
irplemented in ACES 11 [53,54]. This should enable us to tackle somewhat larger
p-jbiems with CCSDT than has hitherto been the case. This will be discussed later.
First we present results of four series of CCSIT calculations.

TABLE II

UHi-Fand ROIII-(CCSI)(1) calculated properties of.\ '1'H(o

Ref/Bas'

ri(/,.

rco/A

f0/'

R/421
U/421

1.1212
1.1214

11974
I.1972

124.25
124.24

2779
2778

1882
1890

1136
1136

R/532
U/532

I 1198
1.1
199

I.1812
I 1811

12400
12401

2677
2676

1871
1878

1132
11"4

R!5321

I.I174

1 1797

124.41

2727

1896

1134

R/5421

I.I163

1.1804

124.55

2765

1893

1121

Expt

1.119

1.175

124.4

2790

1920

1126

W1 , W2.

/ o-'

Reference determinant and basis set R and U denote RoI1I and toIi reference detcrminantb respectively. 421 denotes a 4Qpld basis set. 532 a 5.03p2d set, and so on.
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FCU Comparison of Bond Stretching in CH3
As bonds in a molecule are stretched, the reference determinant becomes a progressivelN poorer approximation, and great demands are therefore placed on single
reference methods at the stretched geometries. cc methods have been compared
with FCI results for several molecules, mostly closed-shell species [15]. although
there have been some open-shell comparisons [17.34,49]. We now compare the
performance of the CCSD, CCSD(T ), and CCSDT methods for the simultaneous
stretching of the three C-H bonds of CH 3. The FCI data are from the work of
Bauschlicher and Taylor [63]. UHF and ROHF reference determinants are used in
the cc calculations. The data are shown in Table 1I1.It is seen that both CCSD and
CCSD(T ) methods are unable to reproduce the energy at 2 R,. very well at all. Moreover, the results obtained with the two reference determinants are quite different.
Moving to CCSDT, however, much better agreement with FCI is achieved, with the
energies from the two determinants being relatively close (the FCI results will be
the same for the two determinants, of course, apart from the small difference due
to different dropped core orbitals). The UHF-based results su.Ter considerably from
spin contamination, some of which is removed by the cc methods. especially CCSDT.
It is noticeable that the performance of CCSD(T) at stretched geometries appears
to be poorer for open-shell molecules (e.g., CH3. NHI2, and SiH 2 ) than for closedshell molecules (e.g.. H2 0). regardless of whether a UHF or ROHF reference determinants is used [49].
Bond Stretching in N2
This example provides another stern test for single refierence c ( methods. Some

"workon this problem was done some time ago by Laidig, Saxe, and Bartlett [64],
who investigated the behavior of several single reference CC/MBPT methods, along
with MR-CI and a linearized MR-CC method. With an RHF reference, all single
reference methods fail in various %vays,yielding curves which have a local maximum
before falling well below the true curve. At an internuclear distance of about 2.2a,.

"I iii I III

Bono stretching in A. CH,. Comparison N1itli full i for a i)Zr basis cet Data arc dcoations
from ri-i energies in 10- E,. The rci data are from reference 63.

Ref?
R11011

Method
((sl)

OCli(

1.5R,

2R,

2 849

37.322

19771

((Si)i

-0.722

8 843
2 111
0 138

si)

R 1('S

ROiii

R,

T()

0518

2790

8.768

1i1i

(• Si) i 1(cC v))

0.474

2.230

till
,'ii

(cSi)(1)
( s-0.744
SW

0499

2669
- 0.108

",.,peof reference de

rminant.

10.984

4.402

-32.157
--28 908

1732

59

TRIPLE EXCITATIONS IN COUPLED-CLUSTER THEORY

there is an RHF-UHF instability of a,, symmetry, and so a UHF determinant of C,.
orbitals may be used for larger distances. This greater flexibility in the reference
determinant helps the CC/MBPT methods, as shown by Laidig et al. [64]. In particular, it was found that the UHF-CCSD curve was quite reasonable. We have now
investigated this problem with the full CCSDT method with both UHF and RHF
reference determinants and the same 4 s3 p Id basis set as used by Laidig et al. The
RHF results are shown in Figure 1, and are largely in iii.c with those of Laidig et
al., even the full RHF-CCSDT method failing at large enough distances. The UHF
results are shown in Figure 2. Here the behavior is much better. Addition of triple
excitations improves the CCSD results, and the CCSDT curve is in very good agreement
with MR-CI. Note, the CCSD(T ) result turns over from spin contamination, although
the CCSDT energy does not appear to reflect that, but other properties may. It is
seen from this work that UHF-based CC methods can describe the breaking of a
triple bond. In fairness it should be mentioned that the UHF reference dissociates
approximately into ground state atoms in this case. which is not always the case
(for example, -, 02). Further work on a wider class of systems is needed to
establish fully the ability of UHF-based single reference CC methods to describe
molecular dissociation. Incidentally, when T 3 is included, RHF- and UHF-based CC
methods are well known to be able to describe dissociation of single bonds [64].
One practical problem encountered in UHF CC calculations at highly stretched geometries is slow convergence, although RHF-based CC calculations exentually will
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•1090
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Figure I. Calculated potcntial cnergý cur'es for .arious c( methods based on an RiM
reference determiiant (4031i d basis set. D.h coinrulational sNmmcir. ). The MR-cI and
MR-cc data are from the %orkof Laidig cl al
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Figure 2. Calculated potential energy curves for various cc methods based on a UHF
reierence determinant (4s3p I d basis set, CQ,computational symmetry). The MR--Ci and
MR-CC data are from the work of Laidig et al.

not converge at all at such geometries, as several amplitudes get very large. Also,
in the present work on N 2 the symmetry was relaxed to C 2,, making the calculations
more costly than if D2h symmetry was used.
ElectricalPropertiesof X'I BeO
The ground state of BeO is highly polar and provides a challenge to theoretical
calculations [65]. Electrical properties have been of interest for some time [66],
particularly in view of the stability of various complexes 1671 and the dipole bound
anion [68]. In recent work we have been comparing different cc methods through
calculations of the dipole moment and parallel and perpendicular dipole polarizabilities. A series of calculations were performed with the POL basis of Sadlej [69],
which is a 5s3p2d set designed to provide a reasonable description of electrical
properties, even though it is only of modest size. For methods for which analytical
derivatives were available, the dipole moments were evaluated analytically, and a.:
was obtained from the difference of dipole moments evaluated in the presence of
electric field along the molecular axis, while a,, was obtained from finite differences
of energies. For other methods, all results were obtained by taking finite diffetences
of the energy with respect to an electric field. The results a.e shown in Table IV.
Particularly interesting is the fact that the CCSD(T ) result for a:, is so different from
the CCSD + T(CCSD) and CCSDT-I and ccsDi-3 results. Since the three latter meth-
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TABLE IV.
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Electrical properties of BeO. R = 1.3308 A.
5s3p2d basis set. Atomic units.

Method
SCF
MBPT(2)

MBPT(4)
CCSD
CCSD + T(CCSD)
CCSD(T)
CCSDT- Ib
CCSDT-3
CCSDT

A

a-,

a:.

2.95
2 48
2.30
2.56
2 26
2.43
2.27
2 30
2.40

22.4
32.3
36.1
31.3
38.7
35.1
35.3
34.9
34.3

19.7
29.3
37.3
29.8
45.9
34.4
45.6
44.6
36.0

ods all give somewhat similar results, one would not expect the method of inclusion
of triple excitations to affect the results very much. Moreover, through fifth order
of MBPT, CCSD(T) is equivalent to CCSDT-lb and CCSDT-3. Somewhat to our surprise, then, we have found that the CCSDT result turns out to be rather close to
CCSD(T). The agreement of CCSD(T) with CCSDT is evidently somewhat fortuitous.
Moreover, it is not certain in this case how close the CCSDT result is to FCI since a
noniterative estimate of T4 effects indicates a significant value for these [ 70]. More
discussion of results for electrical as well as spectroscopic properties is provided
elsewhere [ 70], along with some interesting results obtained with the QCI methods.

Hessian Rank of '

I

C3'

The C3 cation has been the subject of considerable recent theoretical attention
[61,71-76]. This has stemmed from the uncertainty of its geometrical structure,
experimental data being unable to clearly resolve whether it is bent or is linear but
with a low bending frequency [ 77 ]. All reliable theoretical work has indicated that
a bent structure (electronic state 2 B2) with a bond angle of about 700 is of lower
energy than the 2u species with which it correlates in D~h. The exact value of the
energy difference differs considerably according to method and basis, although it
is likely to be only a few kcal/mol. What has received less attention, but is somewhat
intriguing, is the question of whether there is a linear local minimum. Investigation
of this point has been hampered by symmetry breaking, and so the imaginary
frequencies for a, have been regarded with suspicion. Also, there are multiple UHF
solutions, and the less contaminated one has several Hartree-Fock instabilities,
including one of au symmetry. In our previot, work [61] we showed that use of a
quasi-RHF reference determinant, consisting of neutral C 3 orbitals, circumvented
these problems for the bent species; the reference orbitals are unambiguously determined and do not suffer from symmetry breaking. Another point of interest
regarding linear geometries is whether the linear species is stable to bending or not.
We have therefore investigated the linear geometries with the QRHF approach and
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the full CCSDT method using the same DZP basis set as in our previous work and a
5s3p2 d basis set defined by Taylor et al. [ 75 ].
We present the data in Table V. The UHF-based results indicate clearly instability
along the asymmetric stretching coordinate, and show that the bending frequency
is small. It is interesting that the CCSD(T) method predicts a real bending frequency,
in line with the findings of Raghavachari and Taylor et al. with the QCISD(T)
method, which indicate that there is a local maximum along the path connecting
the B, and 2 states. With CCSDT, however. this seems not to be true. Moving
now to the QRHF results, we see that with both basis sets the imaginary a,, frequency
remains, which seems to be strong evidence that this is not an artifact after all.
These results also show instability to bending. It is interesting to compare our
results with second-order electron propagator [ EPT(2)] results of Ortiz [ 76 ], which
represent the most detailed investigation of the force field of the linear species to
date. These, which also are based on neutral C 3 orbitals, predict an imaginary a,,
but a real 7r,, frequency. Ortiz allowed the two bond lengths to become inequivalent
and located the 2s+ state, which he finds to be a local minimum. Taylor et al. also
located this state at the CASSCF level but appear to regard it as an artifact. Finally,
one might ask why the bonds of linear C3' would be inequivalent. A plausible
answer may come from the second-order Jahn-Teller theorem. Thus, according to
the calculations of Ortiz, the 214 state lies less than I eV above the 22+ state, and
these states may be coupled by the a,, vibration, leading to a 241+ state.
Prospects for Larger CCSDT Calculations
In Table VI we present preliminary times for CCSDT calculations with our new
implementation. Where these are available, we present also times for our previous
implementation. I he times for the new implementation are roughly a factor of 10
smaller than for the old version for two C2,, examples. and this is a conservative
ratio since the T, vector was not held in core in the new implementation, while it
was in the previ,, s implementation. The use of the DPD algorithm to exploit sym-

TABLE V.

Harmonic vibrational frequencies of-v-' C. (cm-').

Ref/Bas'

Method

a•

a.

r,

U/421
U/421
U/421
U/421

scr
CCSD
('('SD(T)
CCSDT

1277
1208
1149
1158

2456
25001
14311
451i

1901
1761
59
761

Q/421

CCSDT

1162

20641

691

Q/532

CCSi)T

1177

25641

2151

Reference determinant and basis set (sec footnote to Table II). Q denotes
a QRHF reference determinant comprising neutral C3 orbitals.
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TABLE VI.

Some preliminary timings of CCSDT codes on Cray-N MP (CPU sec).
Symmetryb

Nt_ý

Oldd

New'

R/421

C',

48

15215

1478

U/421
U/532

C2,
D2h

48
72

9850

795
2200

U/54321

D2h

110

System

Ref/Bas"

'A, 0 3
2

B2 C*

C3

2
3

11] C,

63

3289

determinant and basis set (see footnote to Table II).
SCmnpwtatonal symmetry.
'Number of basis functions.
d Old code had T3 in core.
a Reference

'New code had T3 out of core. All calculations were run with 6.5 Mwords of memorý

metry allows for a theoretical speedup of h12 where h is the order of the computational point group, so a factor of 10 is reasonable given the different modes of
T3 storage. With the new implementation, it is seen that CCSDT calculations with
over 100 basis functions (for relatively small numbers of electrons) are quite feasible.
Of course, such calculations require of the order of hours of supercomputer time,
and one can often achieve similar quality results with approximate methods such
as CCSD(T) in a small fraction of the time. However, as seen in some of the examples
in this and other articles, there can be significant differences between the methods,
and so it is always helpful to be able to compare approximate methods with CCSDT.
If there are large differences, it may be true that the approximate method is not
appropriate for the problem, although it may (fortuitously) yield good agreement
with experiment. If the CCSr•T results are in agreement with those of a more approximate method, it is likey that application of the approximate method is appropriate.
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Abstract
Ground state electron correlatin is introducer. into the one-particle propagator via coupled cluster
theory. This defines a simlantry transformation of the Hamiltonian. which leads to the complete separation
of the ionization and electron attachment aspects of the propagator The latter makes it possible to solte
for each property independently. Furthermore, the frequency (or energy) dependence which characterizes
propagator theory iseliminated by introducinga wave operator formalism It is shown that this procedure
isequivalent to the summation of certain types of terms in the electron propagator perturbation expansion
to infinite order. Finally, the resulting equations are found to be equivalent to those of the Fock-space
coupled-cluster (or equivalently the equation of motion coupled-cluster) method, which provides an
explicit wave function for each state, demonstrating the connection between these different approaches
for the calculation of ionization potentials and electron affinities Understanding this relationship permits
new and powerful approximations to be proposed. ,c 1993 John Wiley & Sons, Inc

Introduction
One-particle propagator methods have been employed in molecular theory primarily for the calculation of electron binding energies (ionization potentials and
electron affinities). Applications have been presented by Pickup and Goscinski [I]
and Purvis and Ohrn [2 ] using the electron propagator, Simons and Smith using
the equation of motion method [3 ], and Cederbaum employing the Green's function
method [4]. All these approaches have been shown to be equivalent [5-8]. Propagator methods depend upon two approximations, one for the reference state which
defines the average value of operators, and a largely independent choice of operator
manifold that permits the description of ionized, electron attached or excited states
Consequently, hybrid methods have been proposed, where coupled-cluster (cc)
theory [9-11 ] is used to define the reference state solutions together with customary
operator choices as in propagator theorý. This has been done for the electron propagator [12] and for the polarization propagator [13], however, the exponential
nature of the cc wave function invariably requires making rather several approximations to just linear or maybe quadratic terms [ 12,13 ] in implementation that
jeopardizes the full advantages of the cc method. In this paper, we consider the
natural evolution of this idea for the electron propagator and demonstrate its cul* Permanent address Physics Instihjte, Pedagogical University, PL-42 200 Czqstochowa. Po-land
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 67-80 (1993)
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mination in Fock space cc [14-16] and the equation-of-motion (EOM-CC)
method [18,19].
A characteristic feature of the electron propagator method is that it couples problems of ionization potentials and electron affinities [5-81 (for an overview, see
[5 ]). In this paper, we consider the electron propagator formalism in which electron
correlation effects for a reference state are assumed to be known and calculated
within the cc framework [9 ], without truncation of the exponential cc wavefunction, except to excitation levels like CCSD [201. The cluster operator is used to
perform a similarity transformation of the Hamiltonian. Then, in this way, the
transformed Hamiltonian replaces the original one in the electron propagator superoperator formalism as similarity transformations do not change the eigenvalue
problem. Th. equivalence holds, however, in the general case and cannot be extended to approximate schemes. The transformed Hamiltonian has a very simple
right-hand-side eigenfunction corresponding to the total ground state energy which
is the Hartree-Fock determinant. In this way both the transformed and the zeroorder Hartree-Fock Hamiltonian have the same right ground state eigenfunction.
The use of the transformed Hamiltonian leads to a great simplification in the electron
propagator equations. First, it decouples the ionization and electron attachment
problems which permits them to be treated separately,. Second. we can reduce the
superoperator formalism, which is a compact form of commutator and anticommutator algebras, to simpler Fock-space operator considerations. Third, the transparency of the modified theory facilitates introducing new and improved approximations.
Another characteristic of electron propagator theories is that in most formulations
tie frequency dependence is retained. That suggests a Brillioun-Wigner (B-W)
perturbation expansion as a natural way of handling the problem [5-8]. If the
transformed Hamiltonian is used, then the perturbation expansion is, of course,
expressed in terms of the new transformed Hamiltonian. However, the B-W type
expansion has several disadvantages. First, it permits obtaining only a single frequency at a time in spite of the fact that the entire matrix representation of the
electron propagator must be constructed. Second, unlike the Rayleigh-Schrrdinger
expansion (R-S), each calculation must be performed in a self-consistent manner
due to the frequency dependence [5-8]. To avoid all these problems one can introduce a correlation operator and effective Hamiltonian (see, for example, [14])
that eliminate the frequency dependence. Once the correlation operator corresponding to a selected part of the spectrum is determined, diagonalization of the
effective Hamiltonian provides all frequencies due to the universality of the formulation. Moreover, it can be seen that truncation of the correlation operator at
some excitation level is equivalent to a summation of _,:-tain types of thc B-W
perturbation diagrams to infinite order.
The electron propagator formalism based on the assumption that the transformed
Hamiltonian includes a description of correlation effects for the ground state and
on the elimination of frequency dependence, results in a set of equations that can
be found to be exactly those given by the Fock-Space cc (Fscc) formalism for
ionization and electron attachment calculations with all orbital levels assumed to
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be activL [ 15-17 ]. Furthermore, the equivalence of FSCC and the EOM-CC method
for the principal ionization potentials (IPs) and electron affinities (EAS) has also
been established [21]. This shows some formal advantage of the FSCC and EOMcc methods over the electron propagator formulation. It does not necessarily mean
that the numerical performance of the standard electron propagator approaches
should be worse, since the electron propagator furnishes energy differences, and a
poor description of the ground state accompanied by a comparably poor description
of ionized or electron attached states can result in a quite reasonable energy differences. Instead, the Fscc or EOM-CC method assumes a higher standard for the
description of the reference state and hence a comparable standard would be anticipated for the other states to get adequate IPs and EAS. In the following we will
address formal aspects only. The next section is devoted to demonstrating the separation of the ionization and electron attachment problems. Then in the third
section the problem of the ionization potential is discussed in detail. The fourth
section briefly addresses the electron affinity equations, which differ little, conceptually, from those for ionization potentials.
The Superoperator Representation of the Electron Propagator
with a Correlated Ground State
Superoperators have been employd [ 1,7 ] to recast the commutator and anticommutator algebras involved in the standard electron propagator formulation into
matrix and vector space techniques. This has been dohe by introducing a linear
space, elements of which are linear combinations of the field operator products [I]:
hi{a,},{aa},

I <i<N<a,

h3 = ata,aj},{ataaab},

I <i<j<N<a<b,

(la)
(lb)

which could be continued to h5 or higher. N is the number of electrons of the
system. The above are operators formed from the Hartree-Fock basis where i, j,
...
indicate occupied spin orbitals while a, b, , • • are those of unoccupied orbitals.
ForA and B being general elements of this linear space the superoperator idertity
f and superoperator Hamiltonian H can be defined as [ 1,71
[A =A,
/1A = [A, H] .

(2a)
(2b)

The scalar product then takes the form [ 1,7 ]
(AI B) = ( ,1,[B, At]+I4)> M [B, A+>,

(3)

vhere I 4') is the Hartree-Fock determinant and < > means the Hartree-Fock
average. These definitions permit expressing the electron propagator in the compact
matrix form
G(E) = (aI(EF- /)-'a),

(4)
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where a is a column supermatrix containing all annihilation operators. Employing
inner projections and the partitioning technique of Lowdin [ 22 ], the superoperator
resolvent becomes the matrix inverse [1,7]
G(E) = (alh)(hl(Ei-/l)h)-'(hla),

(5)

where the inner projection manifold h consists of elements of the linear space.
Partitioning of h = { a;f } with (al f ) = 0, where a spans the model space while f
is its orthogonal complement leads to [ 1,7 ]
G-'(E) = (al(EIf- /)a) - (alHf)(f I(Ef-

H)f)-(f Ifa).

(6)

The unperturbed superoperator /o is chosen and then

f = f+

v,

(7)

where 1Vis a perturbation superoperator. One can express Ho in second quantized
form as

Ho =

ckakaa.

(8)

k

Using the partition of the Hamiltonian, we can write the Dyson equation [ 23]
G-'(E) = Go'(E) - M(E) ,

(9)

Go' =(aI(EI-Ho)a),

(10)

where

and the self-energy X(E) is defined as the remainder in Eq. (6.L ip, and EAs are
given by the poles of G(E), from
det G-`(E) = 0.

(11)

In the following we assume that we are interested in the eigenvalue problem
only. It is easy to see that Ips and EAs are invariant with respect to a similarity
transformation of H
e-iHeT,

(12)

where the cluster oeprator T is defind as [ 9-l]
N

=•
rn=1 a2<.. •.<a,

:•

al'.--a.. t .

a,,..

a,, .

(13)

11<•.. .<In

The T amplitudes are antisymmetric in their upper and lower indices. According
to the definition of the superoperator, we can also add some constant term to the
operator without causing any change. Hence, we define a new superoperator H
instead of f, where
=THeT-_Eo0.

(14)
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It is assumed that T amplitudes and E0 satisfy the equations
(DFIIjII) =00
/,ata,,DjI~4)> = 0,

(15a)
(15b)

(ata,alab4) I/ (P) = 0.

(15c)

and so on; hence Tand Eo can be obtained from these equations [9,10]. Eo is now
the total ground state energy. Equation (15) can be equivalently written in the
form
(16)
/il1k) = 0.
/I is expressed as a second-quantized normal-ordered (with respect to the HartreeFock determinant) operator consisting of one-, two-, • • - particle parts (see, for
example, [24] ). The zero-particle part does not appear due to the definition (14).
Let us now introduce an additional classification of tht elements spanning the
orthogonal space. Considering the action of elements of f on -t, we can obtain two
classes of elements, f = {X*, Y }, defined as

fE Xt

if

K', I.1= 0,

(17a)

fi

if

fI4'> = 0.

(17b)

Y

It should be noted here that elements of X and yt do not belong to the linear space
under consideration. The annihilation operators with respect to the physical vacuum
can be transformed into a new set of annihilation and creation (quasiparticle or
particle-hole) operators but now with respect to the Hartree-Fock determinant as
the Fermi vacuum [91:
b = aa.

(18a)

b, = a,.

(18b)

They fulfill the same anticommutator relations as the a and at operators. Now it
can be seen that each element of Xt is a product of new creation operators while
each element of Y is a product of the new annihilation operators. It can be noted
that Xt includes 2h-p, 3h-2p, •
operators and Y¥ contains 2p-h, 3p-2h, •
operators.
Let us show the consequences of using H instead of H for the structure of the
G `(E) matrix. Consider [G -'(E)],, elements. For the first term on the rhs of Eq.
(6), we have
.

(a, (E-

Hl)aa)

<Hat, - aaolqa, + ataa - a*,aH) = 0.

(19)

In a similar way we obtain
(XtIHY) = O,

(20a)

(XIfa.) = O,

(20b)

(a, JHY) = O.

(20c)
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Equations (20a-c) can be used to show that

(a, IHf)(f I(Ef- R)f)-'(fIfaj)

(21)

is also zero for an, i and a. In order to do this. one can use the expansion
(f1(E1-

H)f)-'

=

E-(flHf)•--

.

(22)

Because of Equations (20a) and (20b). a nonzero contribution from the last two
factors in Eq. (21) is
-

E-J'(Y IIfY)J'-'(Yj tla,,'

Finally we have the following expression for (21)
(a, IHY¥)(Y I(Ei- t))Y) '(YlI•)a,,) •

(23)

(24)

but it is equal to zero because of Eq. (20c). In this way we have shown that
[G-'(E)],a = 0,

(25)

for all i and a. Hence, G -'(E) has the structure
i

a

a

Because of this we can write
det G-'(E) = det[G-'(E),a] det[G'-(E),,]

(26)

and instead of Eq. ( I I ) one can consider two equations
det[G-'(E),h]

=

0

(27a)

det[G-'(E),j]

=

0.

(27b)

separately. That means that the use of H instead of ! decouples the calculation of
ionization potentials and electron affinities, or, in other words, the inclusion of
correlation effects for the ground state leads to separation of these two problems.
One should also notice that the transformation / -- A/' prov ides the similar effect
of eliminating the other off-diagonal block,
[G-'(E)], = 0.

(28)

for all a and i.
To arrive at Eq. (25) we have taken advantage of the fact that the transformed
Hamiltonian has a very simple right eigenfunction which is the Hartree-Fock determinant. That leads to separation of the eigenvalue problems given bN Eq. (27).
However, one should be aware that this separation does not include properties
other than energies. For the eigenvalue problem knowledge of the right ground
state eigen-ector of If is sufficient for the separation. If one is also interested in
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other properties than IPs or EAS. then again the whole matrix of G-'(E) must be
considered. This is because for other properties, a knowledge of the left eigenfunction
of f is also necessary. One can introduce the left eigenfunction of / in the electron
propagator formalism in an explicit way since the left eigenfunction of H can be
obtained as discussed elsewhere [ 25 ]. See also Arponen [26 ]. That would lead to
Nanishing of the second off-diagonal submatrix of G -'(E) and complete separation
of both subproblems. Very recently such an idea has been explored by Nooijen and
Snijders [27]. In the following, we shall concentrate on the eigenvalue problem
showing the relation with other approaches designed to calculate IPs and EAS.
Ionization Potentials
In this section we consider the [ G-'(E)], submatrix which corresponds to the
ionization potential calculation. In the following we assume that we are interested
in principal ionization potentials. From Eq. (6) we have
[G-(

,= (a, I(El- H)a,)
-

(a,j 1X 1)(X t I(EI- /)X)-H'(X

t

I/a,)

(29)

where X' replaces f because of Eqs. (20c) and (20a). Denoting by
(X t IXa1 ) = (X t I(Ei-

7)X t )-'(Xt IIla,).

(30)

t IXa ).
I/I)a,) - (a, I fX')(X
1

(31)

we have from (29)
[G-'(E)],, = (a, I(E

-

It should be noted that X is not explicitly defined by Eq. (30) since it gives
only the matrix representation of X. Multiplication of Eq. (30) from the left by
(X'j(EJ- FI)X t ) gives
(X* la,) + (X' IRV))(X*IXa,) - • (XtIxa,) 6,,E = 0.

(32)

It can be seen that by introducing X the problem of lealing with the inversion of
the matrix (X*[(El - /!)X*) can be avoided. The possibility of obtaining the
inverse matrix directly is limited because the dimension increases rapidly with the
size of orbital basis [ 7]. Some progress in dealing with the matrix inversion problem
has been made by Baker and Pickup [28]; however, the most frequent approach
in electron propagator theory is to express the inverse matrix through a perturbation
expansion. From Eq. (31 ) we have
[G-'(E)],,

=

l:,,

(a. IIla,) - (a, I--IXt)(XtI a,) .

(33)

Let us introduce the following notation:
Iey'r -(a, I/Ha,) + (a, I/•X+)(X tI xa,) .(34)
From (27b) we have that diagonalization of 11 ff at the energy poles gives the desired
frequencies
(1 1dc
b,,E)c,(L) = 0.
(35)
'
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where c(E) is an eigenvector of He'corresponding to the eigenvalue E. Multiplying
Eq. (32) by c,(E), making the summation overj. using (35), and finally taking
into account that the c(E) are linearly independent, one can get an equation for
the matrix elements of X which is E-independent:
(X/*Ia,) + (XVIH-X*)(X'Ixa 1 ) - I (X t Ij a,)Hcfr = 0.

(36)

1

"Theset of equations (30,; P id(34) is for H,ff and matrix elements of the superoperator X. In this way the E dependence has been eliminated from the equations.
Now diagonalization of t,"• gives all principal ionization potentials. By inserting
(34) into (36), one can see that Eq. (36) is nonlinear in the matrix elements of
x, and thus has more than on. solution. The other solutions provide a description
of the satellite ionization potentials (shakeups) [29].
Similar equations are well known from the theory of effective Hamiltonians,
where H'ff is called the matrix rmpresentation of the effective Hamiltonian while X
is usually called the correlation LIpcrator. X can also be expressed as a secondquantized operator (see, for example, [14]). Equations (36) and (34) allow a determination of (X* [IXa,) iteratively. Equation (36) can be expressed in the form
(VXI(rj - io) X) (X *I a,)
=

(XVIHa,) + (XVIHXt)(X'Ixaj) - 2: (X*IXa,)Z,-,

(37)

where
= H"T - c•,j = (a, Iiaj) + (a, I1iX)(X1I a,),
2;

(38a)

and
H=

-fl
-Ho ,

= Ho - (Ho).

(38b)

The matrix (Xlcqi - Ho)Xt) is diagonal and contains the R-S PT energy denominators. For XV
aaAa,, one has the energy denominator D = Ci + Ca - CA/- Cl.
One can notice that the superoperator formalism is not too convenient once the
ionization and electron attachment problems are separated. Using the definitions
(2) and (3) and Eqs. ( 16) and ( 17), we have
(X(cr

-

tto)X')KX[X, aj]>
=

(Xla,) + (XflX t >(X[X,as])-

F, (X[X,a,]> ;,.

(39a)

;,,= Ka•Ha.) + (a,'ftXt>/X[X, a,]>.
(39b)
We assume that the operators
H0 , and Y are in normal order with respect to
the Hartree-Fock determinant 4P [14-17]. Due to the definitions (14) and (38b),
fl and 11o do not contain the zero-particle parts (constant terms). Now we can
deine the X operator explicitly. We argue that X can be expressed by the linear
expansion of connected operators

fl,

N

X=

;X(n).
ný2

(40)
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with
x...:"'a,
xa,'"a1

X(n)
a,<"
...

<a,-, t1<'... <t.

***

,a

,at

(41)

i

where the X coefficients are antisymmetric in the a and t indices. Connected means
here that the equation for X contains connected terms only.
Due to the definition, Eq. (41), we have

KX [X, a,]) = (XXa,).

(42)

To obtain an explicit form of the equations, diagrammatic methods can be used
[24, 30]. The rules for creating a diagrammatic representation follow from the
generalized Wick theorem. The graphical representation of /i is shown in Figure
1(A). Equation ( 15) is also presented in diagrammatic form in Figure 1(B). Diagrams representing X are shown in Figure 1(C). Since X contains one hole-annihilation operator, then the X diagrams must have precisely one line at the bottom
representing aj and an odd number of lines at the top representing the product of
quasiparticle creation operators corresponding to elements of X t. The equation for
the X(2) operator that represents excitations to the space created by X3 while acting
on 4, [see Eqs. (lb) and (17a) for the notation] is shown in Figure I(D). The
equation is very simple and identical with tho3e of the Fock-Space cc method for
ionization potentials with all active orbital levels [ 15-17 ] and the equation of motion
cc [ 18-20]. One can note that only connected diagrams can be obtained. This is
because of the fact that disconnected diagrams can be constructed only with those
shown in Figure 1(B), but they are equal to zero due to Eq. ( 15b). This observation
can be extended for equations for all components of x, making our assumption of
connectedness of the X expansion Eq. (40)-(41 )justified. The connected structure
of the equations for X is usually sufficient for extensivity (connected structure in
terms of the perturbation expansion) for the principal ionization potentials but not
for the satellite roots (for details, see [ 31 ]).
However, the most frequent approach in the theory of electron propagators is
not to employ the correlation operator X, but instead keep the E dependence through
the self-energy term M(E) [Eq. (9)] [5-8]. In such a case the Brillioun-Wigner
type of perturbation expansion is the most natural choice for generating approximations. Thus the second order or third order as well as z,'me schemes allowing
approximate summation of certain types of terms to infinite order have been extensively exploited [5-8 ]. The importance of different types of diagrams has been
investigated showing that it is essential to include ring and ladder diagrams in the
third order [4].
The B-w expansion can be easily obtain within our formalism if one uses Eq.
(32), where
(X(E-

Hlo)X')(XXa,> = (X ta,) + (X

Then, since (X (E - /o)-`Xt)

(XXa>) =

ý(X(E
k-O

X)(XMaj) .

(43)

is diagonal, one can obtain the simple expansion
- f/o)-IiXt>k(X(E

-

lo)-'faj,

(44a)
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+

H +

+ X(A)

0

..

(B)

+
I+

Figure 1. (A) Graphical representation of R. (B) Graphical representation of coupled
cluster equations (15). (C) Graphical representation of operator X. (D) Graphical representation of equations for X and I with the orthogonal space restuicted to X3.

and finally
[:(E)],, = <a~ta,) -, Z <a•/4Xt)(X(E - Ho)'/HXl>k(X(E

- /o)-'/a,).

k-O

(44b)
Both approaches are exact in the limit, but they differ in truncation schenies. For
FSCC we consider types of X operators that should be included [15-17 ] (or, equiv-
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alently, a truncation scheme for X*) while the order of the perturbation expansion
is the natural choice as the truncation criterion for the second zpproach [ 5-8 ].
One can notice that Eqs. (39a-b) and (44b) are equivalent as long as restnctions
imposed on X* are the same in both approaches. Hence, with a certain approximation for X%, FSCC can be regarded as a method that sums contributions from
certain types of terms in the perturbation expansion to infinite order. For example,
if the orthogonal space is restricted to X 3, FSCC can be considered as a method that
sums all 2h-p terms (intermediate states are restricted to those having two holes
and one particle) to infinite order. They include the ring and ladder diagrams that
have been found to be very important in third-order calculations [4].
The energy can usually be expressed in terms of the perturbation expansion as
a sum of connected terms (diagrams) to infinite order. This takes place for the
Rayleigh-Schr6dinger (R-S) perturbation expansion but usually not for the B-W
one. However, in this specific case where the cluster expansion for X is reduced to
a linear one, the B-W expansion has this property as well.
The above considerations show how some important contributions appearing in
the electron propagator ionization potential perturbation expansion are summed
to infinite order by the FSCC method.
Electron Affinities
Because of the nonhermicity of H, the structure of equations for electron affinities
can be different from those for ionization potentials. To have equations for electron
affinities similar to those for ionization potentials requires use of /H instead of H
for which the left eigenfunction corresponding to the ground state is known. This
leads to the property of Eq. (28) and, again, separation of EAs and Irs. We have
[G-'(E)]ab = (aal(Ef- HI)ah) - (aaI/-Y)(Y I(Ei-/

)Y)'(Y Ii t ab),
(45)

where now f is replaced by Y, because
(4Ih, = 0,

(46)

(aa/HtXt) = 0,

(47a)

(YIHtXt)=0.

(47b)

(YIXtab) = (Y I(Ei- I )Y)-(Y IHab),

(48)

and hence

Denoting by

we have from Eq. (45)
[G-'(E)]ah = Ebb -

Kablta•)

-

<lab. xt]Yt)(YH)ta>,

(49)

and from Eq. (48)
<abH/'YV) + ([a,, xt]Yt)(Y(fli - E)YV) = 0.

(50)
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Taking the Hermitian adjoint of Eq. (50), we get
(YH/)a6,

+ (Y(/H-

F)Y)(Y [x, at]> = 0,

(51)

and similarly for Eq. (49)
[G-`(E)] 'a = Ebb,-- (aflKab) ++

aafle

)/Y[X, aJ]).

(52)

That leads to the following expression for the matrix representation of the effective
Hamiltonian
He

=

<aatTath) - <aa/Y ><Y[X, aht]>.

(53)

Diagonalization of Heff gives the d( - ,d electron affinities if the energy dependence
is eliminated from (51) in the way iijl cated in the previous section. The resulting
equations are those of th,. FSCc [14-17] and EOM-CC [18,21,31,32] methods for
electron affinities. Again, the discussion analogous to that for ionization potentials
could be presented showing similar relations.
One ca- a!so s.e that Eqs. (51) and (53) can be reached in a different way.
Starting wit' a differeut definition of the space under consideration
!zj= S{at}.
a},
,t
-t
,-={aliqa},,a, aja ,
and highei

.

I si:N<a,
l i<;<N<a<b,

(54a)
(54b)

te one-elec. ,n p, 'pagator defined accordingly,
C

one can obtain t' ,cquatic ....
previous section.

'

(Ei-f)

'a t ),

(55)

iectron affinities in the manner indicated in the

Conclusion
The electron propd,% tor is potentially capable of simultaneously describing ionization potentials and electron affinities as well as some other properties of the
system. Also the frequency dependence that is kept in many approaches complicates
calculation since for each of the IPs and EAS separate calculations must be performed.
However, if the correlation effects for the ground state are known, a priori,then
the formalism can be significantly simplified. We have assumed that the result of
a coupled cluster calculation for the ground state is known and we used it to perform
a similarity transf "rmation of the Hamiltonian, Eq. (12). The transformed Hamiltonian has, of course, the same eigenvalues in the Fock space, but it has a very
simple right-hand-side eigenfunction corresponding to the ground state energy
which is the Hartree-Fock determinant. Use of the transformed Hamiltonian R
instead of Jt resuits in vanishing of one of the off-diagonal blocks of G '(E). This
asymmetric behavior is caused by the lack of Hermicity of fl; however, disappearance of one of the off-diagonal blocks is enough to decouple IP and EA calculations.
Elimination of the energy dependence from the self-energy expression X(E) provides a method that is equivalent to the summation of certain types of terms in the
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perturbation expansion of M(E) to infinite order. It also makes the approach universal in the sense that it furnishes the set of 2nergies simultaneously. The resulting
equations are equivalent to those of iscc or EOM-CC for ionization potentials and
electron affinities in spite of the fact that both these formulations represent completely different approaches to the problem. Using the terminology of Oddershede
[5], FScC and EOM-CC are state function methods that start from defining the
wavefunctions of states under consideration. The FSCC method is characterized by
a valence universal strategy [15] that assumes a heirarchical calculation of the
ground state energy, ionization and electron attachment energies, single excitation
energies, and so on. In each step results of the previous steps are used to isolate
and determine only the genuine changes in the system. The electron propagator
method represents a different philosophy in that it attempts to include the effects
of the ground state correlation, ionized and electron attached states simultaneously.
The derivation presented here demonstrates the link between these approaches that
allows a better understanding of the relation between them as well as the evaluation
of the quality of particular approximations.
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On the Removal of the Exchange Singularity in
Extended Systems
GERRARD AISSING and HENDRIK J. MONKHORST
Quanton Theory Projeci. L niverstt, of Flonda. Gainesville. Florida32611-2085

Abstract
A serious problem in the ab-intto Hartree Fock calculation for extended systems is a singularity in
the exchange contribution to the band energies (the "exchange pathology"). In the homogeneous electron
gas this pathology is exactly cancelled by the correlation contribution ansing from the sum of all timeordered ring diagrams (RPA approximatiorn). In this article e show that this cancellation is more general
and does also occur in periodically extended systems. 9 1993 John Wiley & Sons. Inc.

Introduction
One of the problems associated with ab initio calculations on extended systems
at the Hartree-Fock (HF) level is a pathology introduced by the exchange interaction.
This pathology has some well-known symptoms: Bandgaps and band widths are
too large (both by a factor or two or more), and the density of states at the Fermi
level for metals vanishes. As a consequence, results from HF calculations on extended
systems are generally considered inferior to those obtained within the local-density
approximation. The latter does not suffer from the same drawbacks and gives more
realistic values of the properties mentioned above. The exchange-corrdation potentials used in local density are all to some extent based on the recognition that
exchange and correlation correcions have to be treated on an equal footing to
avoid the pathology introduced by exchange alone. For the electron gas Gell-Mann
and Brueckner's RPA results shows that this is due to an exact cancellation of this
pathology [ 1,2 ]. A similar result can be obtained using the dielectric theory in the
RPA approximation. This leads to the formulation of a screened interaction. For
the homogeneous electron gas this was first worked out by Lindhard [3]. Quinn
and Ferrell showed that the same result can be obtained by the study of the selfenergy at the Fermi surface [4].
In the early 1960s the problems associated with the unscreened exchange in solids
attracted considerable attention [5-7]. These efforts eventually culminated in the
work of Hedin, who expanded the self-energy in terms of a screened potential. This
expansion is expected to converge faster than the expansion in terms of the unscreened Coulomb interaction [8,9]. However, after the appearance of the landmark
articles by Hohenberg and Kohn [10] and Kohn and Sham [I I], the attention
shifted away from calculations based on ab initio methods to density-functionalbased methods such as local-density and local-spin-density methods. A more rigorous
International Journal oftQuantum Chemistrý Quantum Chemistry Symposium 27. 81-89 (1993)
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approach starting from Hedin's quasi-particle equation has lately attracted considerable attention and has been applied to a number of real systems [121 showing
great improvement of the standard local-density methods for excited-state properties
in semi-conductors.
For periodically extended systems tlhe situation is more complex than for the
homogeneous electron gas. Monkhorst, however, was able to show that the pathology
'of the exchange in such systems has exactl) the same origin as the one in the
homogeneous system. In fact, the pathological behavior of the exchange is completely
due to the homogeneous part of the charge density in the crystal [ 13 ]. The analysis
of this pathology and its origin is easiest expressed in the momentum space representation of all quantities involved.
In this article we will revisit part of the proof given in Ref. [13] and continue
from there to show that the cancellation of pathologies that occurs in the homogeneous electron gas also occurs independent of the shape of the Fermi surface and
consequently independent of the inhomogeneity of a realistic system.
The current analysis will be based on the quasi-particle equation of Hedin [8]
and will be expressed in terms of the self-energy contributions from exchange and
RPA-like terms. It could be derived just as well using the total energy expression
and the Landau liquid theory [ 14]. We will try to identify the "'dangerous" terms,
that consequently have to be treated and calculated together, leaving terms that do
not introduce any pathologies.
The Singularity in the Exchange Self-Energy
The exchange contribution to the self-energy does not depend on the energyparameter and is simply given by the familiar result:

where '3only sums over occupied orbitals. In an extended system the orbital labels
are a combination of a band-index (p) and a k-vector, which lies inside the first
Brillouin zone (Bz). Eq. (1) then becomes:
-•

n,(k + q)(Mk; v(k + q)lrT2 i'(k + q); uk).

(2)

Here we have introduced the occupation numbers of the one-particle states
n

f=I

0(q)

ifc,(q)_<e -:
if(q) >

,

(3)
(3

where cl. is the Fermi energy as obtained from the Hartree (or Hartree-Fock) calculation.
In order to analyze this expression. we express the matrix element in momentum
representation (see Appendix A). For the exchange integral we find
4),,.(G + q, k)4I,,,(-G2 - q, k + q)
-47r
(G+q)
,.,,,,,(k)- Z"
(
"• I€G tn,.(k + q)
)

(4)
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We now immediately realize that the "dangerous" contributions in Eq. (4) come
from the terms with G = 0. We can therefore split the self-energy into two contributions:
,(k) = !`k)

+ 1`2(k).

(5)

where
!-'(k) _4+
47=
.,,,
=j"

q
n,.(k+q)

(,,.q,
k)FD,(-q. k + q)
q2

(6)

and
.,,,2

= -47

n,,(k + q) ,);,,(G + q. k)P,:(-G - q, k + q)

(G + q)

~q(;tO

(7)

2

Equation (7) does not contain an- dangerous terms and can therefore be calculated
without any further precaution. We can now analyze Eq. (6) further to see what
exactly causes the pathology of the exchange.
For orbitals whose band-energy c,(k) > c, the summations will not introduce
any pathological behavior, because when q -- 0, the numerator vanishes because
of Eq. (A7). Therefore, the exchange pathology will only occur for occupied bands,
where x,(k) _5- . However, the same argument as used for unoccupied states applies
to the occupied ones, unless A = v. Therefore, a singular behavior of the integrand
only occurs for
-47r
,(q,k),,(-q,
k + q)
S(
.n(k+ q)
q2
(8)
Because the quantities (Dare continuous and smooth across the Fermi surface, the
pathology must be caused by the denominator and hence is an end-point singularity
associated with the singular behavior of I /q 2 itself. This behavior is independent
of the actual shape of the Fermi surface 113 ]. It leads to the well-known logarithmic
behavior of the Hartree-Fock orbital energies at the Fermi surface.
The parts of the exchange self-energy that do not show any pathology can be
calculated uithout an.y further special treatment. In fact, they can be added to the
Hartree-operator to form a modified Hartree-Fock approximation that will have
no exchange pathology, but does include most of the exchange contributions. The
pathological term in Eq. (8) has to be treated separately. As we will see below, this
special treatment of the singular exchange contributions is made redundant by the
inclusion of the RPA self-energy into a screened interaction, that does not show any
singularity.
The

RPA

Self-Energy

The starting point of this work is the quasi-particle equation introduced bý Hedin
and Lundqvist [8.9]. The single-particle functions 4, and quasi-particle energies
E'A satisfy the equation
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[h(x) + V(x) - EA],OA(x) + f 2(x, x', EA) 04k(x') dx' = 0,

(9)

where x and x' are space- and spin-coordinates (r, ý). Here h is the sum of the
kinetic energy and the external potential. 'is the effective Coulomb potential, and
1 is the self-energy, containing the effect of exchange and correlation on the quasiparticle energies. As indicated in Eq. (9) the self-energy is generally nonlocal and
energy-dependent. Hedin suggested to expand the self-energy in a screened potential
Winstead of the unscreened Coulomb potential to improve the convergence of the
resulting perturbation series [ 8 ]. The lowest-order approximation to 1 is then simply
given by the product 1 = GW4. The simplest screened potential results from the
RPA screening.
We can define the screened interaction in terms of a dielectric response function
H*(Xx, X2, w) = f

(10)

.', w).

d3V(XI, X3 )e(3,

where w is the frequency. Note, that in atomic units (m = h = e = I ), frequency
and energy are expressed in the same units. Note also, that Eq. (9) reduces to the
Hartree-Fock approximation when 4is chosen identical to the unscreened interaction. The dielectric response function can be related to the irreducible polarization
propagator by

e(x1 , -2X,
- W) = 6(X1 , x2) - f P(x1 , x 3 , w)v(r3. r,) d.x3

.

(11)

The RPA approximation is made by assuming, that P has the simple form
t-f d- G(x1 ,x,2, w')G(x 2 , xi, w' - w)e'"" .

P(xI, X2, w)

(12)

We can noA solve the equation for e by making a quasi-particle assumption about
the Green's function G. i.e.,
G(xl, x 2 , w) = •

k(Xl)

(X 2 )

(13)

where the one-particle functions Ok are assumed to be the solution of some suitable
one-particle equation, and 64 is defined as
6•=

{6_
6

if CA:< CF;

(14)

if CA> C1.

Inserting this into the polarization propagator, we obtain
P(X', .2', w) =

where

11

A

'k - n",
AAw'Au- CA'-

(/bA(X,)t(k.\2)4kA'(.2)('(XI).
0
o
s

is the occupation number (either 0 or I ) or of the state OA.

(15)
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In order to facilitate further discussion, we again use momentum space representation for the quantities involved. We will therefore trans"orm all quantities
involved to momentum space. For a solid the quasi-particle states OA are assumed
to be Bloch-functions and therefore have the form given in Eq. (AI). This allows
us to express all resulting expressions in terms of reciprocal lattice summations
only, which will facilitate the analysis of the final result.
Inserting this into the equations for the dielectric response we find
e(q, q + K, w) = 6(q, q + K) - P'(q, q + K, w)v(q + K)

(16)

where K has to be a reciprocal lattice vector, and P' is given by
P'(q, q + K, o)

2 2: 2 n.(k) -n,,(k - q+ K)
(27r)' ,
c-(k) - n.(k
- q + KI)

V (q, k)(k,(q +K, k)

( 17)

The factor 2 in the numerator is due to spin, and the reciprocal lattice vector K,
has to be chosen such that k - q + K, is in the first Brillouin zone. Here we have
also used the definition of the Fourier transform of the interaction potential
47r

S=(18)
This dielectric function is known as the random phase approximation (RPA) response function. For the homogeneous electron gas it has a relatively simple form
due to the fact that the off-diagonal elements of e(k. k + K, w) vanish. In real
metals the off-diagonal elements are related to the so-called local field effects.
In order to examine the atialytic behavior of the screened interaction it is sufficient
to examine the diagonal approximation to this function only. Wiser has shown that
the off-diagonal elements of the RPA response function are often negligible [15].
Moreover, we are mostly interested in the behavior of the dielectric response function
at the Fermi surface, where the structure effects are most efficiently screened out
by the electron cloud. The diagonal approximation to the dielectric response is:
c(q. q, w) = I - P'(q, q, w)v(q)

(19)

Using this expression in the screened interaction, we find
W(q, q, o)

=

v(q)c-'(q, q, w)

=4
V q2

-47r

P q

,w

(20)

It is clear that the limiting case for both q and w vanishing is dominated by the
behavior of P' in that limit. It is now easy to show that
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kn(k)-n,(k-q4-KI)

1

limP'(q,q,0)=lim

XPj'Jq. k) '%(q, k)
I

=lim

n,_(k)_-_n_(k_-_q)

c,.(k) - ,-(-k -- q)

,_o ý---

I

(21)

q.V7 ng(k)

q. 7Ae (k )

47r

where j sums only over those bands that cut through the Fermi surface. This last
expression on the right-hand side can be evaluated by realizing that the gradient of
the occupation number vanishes everywhere except at the Fermi surface, where it
has the value
(22)

Vný(kF) = -SF,

where SF is a unit vector normal to the Fcrmi surface. Then the sum (in the continuous limit an integral) of Eq. (21 ) becomes a surface sum, which is exactly equal
to
I

S=

-!

-VNF

(23)

4r krSF I kCA k)I

where NF is the density of states at the Fermi surface. We then finally find
lim e(q, q, 0) = I + 47rVNF/q 2 .

(24)

q-0

This last result is identical to the Thomas-Fermi screening formula, which, of
course, is exact in the long wavelength limit. However, it also shows that the use
of Hartree-Fock bandstructures as a starting point for correlated quasi-particle
band structures is not a good choice, because the density of states at the Fermi
surface vanishes in that case. Then, the screening at the Fermi surface vanishes
also, leaving an effectively bare interaction at the Fermi surface. The singularity
introduced by the exchange will therefore not be lifted, but merely reduced in
strength. It is quite easy to prove that the Hartree-Fock singularity in the density
of states will in lowest order be reduced to a In In q singularity [20]. Moreover,
the correction to the band energy at the Fermi surface will be related to an effertive
potential of the form [21]:
W(q. q, 0)

(e-'(q, q, 0)-

l)v(q).

(25)

This expression will vanish in the long-wavelength limit, showing again that little
improvement of the bandstructure around the Fermi surface will be obtained.
Discussion
In this article we have shown that the pathologies introduced by the exchange
in density of states are removed by the RPA contribution to the self-energy.

SINGULARITY IN EXTENDED SYSTEMS

87

We have, in addition, shown, that the resulting expression does not contain any
pathological terms. In fact, it behaves completely regular for long wavelengths. The
resulting effective potential has the form of a screened exchange. This is similar to
the situation for the homogeneous electron gas. In fact, all the long wavelength
cancellations that characterize the homogeneous electron gas will also occur in the
periodically extended systems, because in the long-wavelength limit the structure
of the lattice has no influence on the expressions.
Iteration of Eq. (9) will not introduce any new singularities and neither will
vertex corrections, because the latter tend to reduce the singularities in the potential
by softening the delta-function behavior of the vertex.
In addition we showed that the dielectric response thus calculated will only give
a screened potential in the limits q - 0 and w-- 0 when non-Hartree-Fock orbitals
are used as unperturbed states. The pathology introduced by the exchange will only
be lifted if correlation and exchange are combined at every level of theory. This
result was also anticipated by those obtained for the homogeneous electron gas.
Although the results in this article are obtained within the quasi-particle approximation, we do not believe this is an important limitation. Calculations on molecules
and extended systems have shown that this approximation does not produce serious
errors in the determinatior of electron detachment energies [16-18].
The results derived in this article do not rely in any way on the shape of the
Fermi surface. This result is in line with the earlier observation by Monkhorst that
the singularities of the exchange interaction are related only to the incomplete
integration inside the BZ and not to the actual shape of the enclosing surface(s).
Another noteworthy point is the fact that the results do not in any way depend
on the basis set that is used in obtaining the orbitals. The only restriction might be
the fact that the basis functions (and hence the orbital set) must have a Fourier
transform. In most of the ab initio band structure calculations the basis functions
are either Gaussian functions or Slater-type fu.ictions, which both have easily calculated Fourier transforms. The technique described in this article can therefore
without problem be applied to the bandstructures obtained with these basis sets.
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Appendix A: Momentum Space Representation of the Two-Electron Integrals
The solutions of the Hartree equations form an orthonormal set of orbitals for
an infinite system. We will denote these orbitals by Omkk(r) and the associated orbital
energies by ej(k). We can expand these orbitals in a complete set of crystal plane
waves:
(-)r) 3/ 2
Omk(r)

=

G

0,,
/i(G + k)

exp(i(G + k)- r)

V

1/2

(Al)
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where f2 is the volume of the unit cell, V = NQ (N is the number of unit cells in
the total volume), and
+ k)

f

f(G
(21r)3/2

=

(,k(r)e-

(A2)

.

In these expressions the vector G is a reciprocal lattice vector, and the sum in Eq.
(Al) runs over all reciprocal lattice vectors. A goneral two-electron matrix element

between four of these Hartree orbitals can then be written

ý juk ; vk 'jr i•2Ip(k + q); cr(k ' - q)) = 47
X

7-

2 rT

0*(G, + k)4*(G, + k')•O(G, + k + q)Ok(G, + k'W
- q)

(GP - G, + q)' 2

G,,G,GoG

(A3)
,

with the additional condition on the summations that
(A4)

G, + G, = G, + G,.
Using this condition, and writing G

4P,(Q, k) = 2r

=

2:

G,

-

G, and using the notation

*(G + k)o,.(G + Q + k),

(A5)

G

we finally obtain
(<pk; vk'[r,21p(k

+ q); a(k'- q))

(A6)
4,,,(G + q. k) 4,,(-G - q, k')

47r
G

(G + q)

2

Note that Eq. (A5) implies that
4),(0. k)

(2i-)3

Z 0*
¢•(G + k)Oj(G + k) = S,,,,(k) =6u,_
G

(A7)
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In Memoriam
Michael Andreas Schliuter

1945-1992
Though not a frequent participant in the Sanibel meetings, Michael Schljiter's
work in many-fermion theory, especially density functional theory and studies of
complex systems, was so important that he was a presence in many sessions he did
not attend. To give but one example, his paper with Lu Sham on the so-called
band-gap problem in density functional theory[l] was cited many times in both
presentations and discussion.
Two times he gave plenary Sanibel lectures, in 1984 ("Point Defects in Semiconductors with Strong Electron-Lattice Coupling"[2]) and 1988 ("Electronic
Structure and Superconductivity of High T, Cu Oxides"[3]). Each was a model of
his clarity of thought and ability to communicate truly central issues.
Perhaps as remarkable were his comments from the floor. SBT recalls the 1984
Symposium as a particularly lovely example. There had been much discussion on
use, in solids, of self-interaction corrections to local density approximations. Eventually Michael asked for the floor, rose quietly to full height, and gave a one-sentence
diagnosis of the difficulty: "The problem with self-interaction corrections is that
there :s no intrinsic scale length over which to localize them in anything but an
atom." Equally quietly, he sat down.
Born in Germany, Michael learned fluent French on account of his girlfriend,
then wife, now widow. HJM recalls their meeting for the first time at the 1971
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Menton Conference, with hikes between sessions devoted to French practice, fundamental problems in semiconductors, and reflections on moving to the USA.
(HJM had already emigrated. Years later he and SBT would try. in vain, to persuade
Michael to move again, this time to University of Florida.) Michael was already
participating as a full peer in luncheon discussions with frequent Sanibel participants
such as Norman March, Jan Linderberg, Frank Harris, Jean-Louis Calais, Keith
Johnson, et al. One particularly notable event was a dinner in the mountains above
Menton that included John Ziman. Michael began his Diplom studies at University
of Karlsruhe in LF's group in 1968. Recognized immediately for his innate ability
to understand and communicate physics, he became a kind of walking reference.
LF recalls dispatching Michael to brief various experimental groups and getting
back rave reviews. After the Diplom, Michael confessed his chagrin at not speaking
French. In response, LF suggested that Michael could join a friend's group at the
new EPFL in Lausanne. He did and, at breathtaking speed, both picked up French
and wrote a pseudo-potential code with which he studied layered compounds. In
1972, a Swiss Science Foundation fellowship took him to Marvin Cohen's group
at Berkeley as a Postdoc. He went to Bell Labs in 1975 and continued to build the
record of achievement noted above.
The three of us are honored to have had the opportunity to give memorial remarks
at the outset of the "Michael Schhiter Memorial Session on Density Functional
Theory" at the 33rd Sanibel Symposium. We are grateful that our lives were graced
by his life and much saddened at the premature loss.
LOTHAR FRITSCHE

Institut filr Theoretische Physik. Technische Universitiit Clausthal
HENK MONKHORST
SAM TRICKEY

Quantum Theoriy Project. Univ,?rsit.v of Florida
I]l L.J. Sham and M. Schluter, Phys. Rev. Lett. 51, 1884 (1983)
[2] G.A. Baraff and M. Schliter. Int. J. Quantum Chem. S18, 737 (1984).
[3] M. Schluter. Internat. J. Quantum Chem., S22, 735 (1988).

Local Density and Gradient-Corrected Functionals
for Short-Range Correlation: Antiparallel-Spin
and NOn-RPA Contributions
JOHN P. PERDEW
Department of Phi vlcS and Quantum Theory Grnop. Tulane Universmt.
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Abstract
In many situations, the most long-ranged parts of the exchange and correlation holes surrounding an
electron cancel one another Apparently for this reason, local spin density and generalized gradient
approximations are more accurate for exchange and correlation together than for either alone. A studs,
is made of the ability of these density functionals, and also the unmodified second-order gradient expansion.
to describe various short-range effects in atoms the correlation contnbution to the interacting kinetic
energy, the antiparallel-spin correlation energy, aad the correction to the random phase approximation.
Generalized gradient approximations, constructed with no adjustable parameter from the electron gas
of slowly varying density, are found to give results of useful accuracy for real atoms Prospects are
discussed for use of the new functionals to improve the accuracy of electronic-structure calculations
C. 1993 John Wiley & Sons. Inc.

Introduction
The noninteracting kinetic energy, the exchange energy, and the correlation energy
are all functionals of the electron density [1,2]. The first two artse from the exchange
hole surrounding an electron, while the third arises from the coupling-constantaveraged correlation hole. The holes may be expanded in powers of the density
derivatives at the position of the electron., The resulting gradient expansions have
a characteristic structure: When the density does not vary too rapidly over space,
the addition of each successive order in V improves the approximate hole close to
its electron, while worsening it far away [3,4 ].
From this analysis, the local spin density (LSD), second-order gradient expansion
(GEA),

and generalized gradient

(GGA)

approximation,

E[nt, nj] = f d 3r e(nt, n,, Vnt, Vnj)

,

(I)

are expected to be relatively more accurate for energtes that sample the more shortranged features of the holes. For example, the noninteracttng kinetic energy samples
only derivatives of the exchange hole at the position of the electron- its GEA makes
typical errors of less than 1%, and is its own GGA [5].
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27, 93-100 (1993)
CCC 0020-7608/93/010093-08
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This analysis suggests why it is often better to treat exchange and correlation
together in the same density functional approximation than to combine an exact
(Hartree-Fock) description of exchange with a density functional approximation
for correlation. A striking example is the atomization energy of C 2 [6], which is
0.7 eV in Hartree-Fock, 2.3 eV when GGA correlation is added, and 6.55 eV when
both exchange and correlation are treated in GGA; the experimental value is 6.36
eV. The explanation seems to be that the exact exchange and correlation holes have
long-ranged components which tend to cancel one another. The same cancellation
between the most long-ranged components of exchange and parallel-spin correlation
occurs in the electron gas of uniform density; each hole has a nonoscillatory R 4
tail, where R is distance from the electron [3,7]. The residue of this cancellation
is plasmon-dominated [3,7] at large R and falls off like R- 5 .
In previous work, accurate generalized gradient approximations for the exchange
energy (E,) and correlation energy (E,) have been developed from first principles
by cutting off the spurious long-range parts of the second-order gradient expansions
for the holes [ 8,9 ]. From the GGA for E,, a GGA for the correlation contribution
T, to the interacting kinetic energy has been developed [5,10] and shown [10] to
be independent of the most long-ranged part of the correlation hole.
The aim of this work is to develop and test density functionals for two other
short-range properties: the antiparallel-spin correlation energy (next section) and
the correction to the random phase approximation (third section). Table I compares
GGA and nearly exact values [ 11-15 ], where available, and confirms the good success
that GGA has had for the total correlation energy. Prospects for the practical use of
the new functionals are discussed in a later section.
Table II compares LSD, GEA, and GGA results for the neon atom. Note that GEA
is typically very unrealistic due to its violation of a sum rule on the correlation hole

TABLE I Comparison between generalized gradient approximation (GGA) and exact values for -L,
(minus the correlation energy). T, (the correlation contribution to the kinetic energy), -Es1
(the antiparallel-spin contribution to -E/), and E,-E rA (the correction to the random phase
approximation.'

Atom

GGA

He

0.046'

0

Be

0 094'

0 .0 9 4

Ne

0.382'

0. 3 9 '

Ref. [I 01
bRef. [I I1.
'Ref. 1121
d Ref. 1131.

'Ref. 1(41.
'Ref. 115]

4

Exact
0 4 2 "'

bc

GGA

/ -E PA
E

-E."

T,

-I-

Exact

d

0038'

0 .03 7

0.073'

0 .0 7 4

0 313'

-

d

GGA

Exact

GGA

0.041
0084
0306

0 .0 4 2bv

0.031
0.062
0.188

0 091C
0.31'
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TABLE

II

Comparison among local spin density (LSD). second-order gradient expansion (GEA), and
generalized gradient approximation (GGA) results for the neon atom (hartree)?

Property
7T,

LSD

GEA

GGA

117.76

127.83

127.83

Exact
128.55

-

11.033

11 775

12.115

12.108

-E,

0.743

-0.780

0.382

0.39

T,
-Ett
I,F"-EWA

0.496
0.434

0.530
-0.217

0.313
0.306

0.201

0.174

0.188

0.31
-

T7(the noninteracing kinetic energy) and E. (the exchange energy) from Refs [5] and [61.

respected by LSD and restored in GGA. LSD is rather unrealistic for the total correlation energy, but less so for the short-range contributions, as expected.
Antiparallel-Spin Correlation Energy
At least in the uniform electron gas [7 ], and perhaps more generally, the most
long-ranged part of the correlation hole around an electron (which cancels the most
long-ranged part of the exchange hole) arises from parallel-spin correlation alone.
The GGA for the total correlation energy is [6,9] (in atomic units)
E,.Int, nil

f d 3rn[c,.(r,,,

where n = nt + n4 = i4rr3

=

) + H(t, r,

irk6/192,

= (n,

e(r,, ), Cri),)
c,

(2)

-n)/n,

t= IVnIl2gk,n

(3)

and
g =[(

+ -)21 3+ (1

) 2 131/2.

(4)

Note that e,, H, and g are even functions of V. For a slowly varying density (t --I
0), the right-hand side of Eq. (2) becomes

f

d3rne(r,. V)+

f d r[C,.(r)3

3C,/7]gIVn12 /n41

3

+

.,

(5)

where C, = -0.001667. The first term of Eq. (5) is LSD and the sum of the first
two terms is GEA. The second or gradient term depends weakly upon " since g
varies from I at ý = 0 to 2'1( at V = 1, and neglects small [16] Vý'contributions to
the first-principles GEA. The gradient coefficient C(r,)g is doriinated by long-wavelength, plasmonlike excitations [ 3 ]. In a plasma oscillation, all electrons participate
equally without regard to their spins. This observation suggests that the parallelspin contribution to C(r,)g is proportional to the probability that two electron
spins are parallel, [( I + V)/2] 2 + [(I -f)/2]2 , which varies from 1/2 at= 0 to
I at V = ±1.
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The H, term of H =H +/ H is an anomalous [9] parallel-spin contribution
which gives rise to the -3('/7 piece of the gradient term in Eq. (5). Thus, without
the painstaking derivation required by the GEAS for E, and T(, a guessed GGA for
antiparallel-spin correlation is

Et= f d3r n[e-. 4(r,, ý) + Ho(t. r,, L.c (r,,),

C•.(r,.))],

(6)

with 0 = v CP(r5 , ý) in Eq. (13) of Ref. [6]. This reduces to

f dr nc.(r,, ý)+ f d3 r Ct,(r.. ý)gI Vn1 2 /n4

/3

+

(7)

in the slowly-varying limit. From the high-density limit of the uniform electron
gas, the antiparallel-spin correlation energy per electron is approximately* [7]

For " 0 and 0.01 _<r, _<2, Eq. (8) deviates by no more than about 5% from the
estimate of Nozieiev and Pines [18] who started from second-order perturbation
theory and cut off the unconverged small-wavevector contribution, at r, = 5, the
deviation is still only 12%. From the argument at the end of the preceding paragraph,
C~(rfl=Ccr.)1

(

2

~~)2 + (I

29
.,)2]

(9)

= +, 1, e
Ct', and E•' all properly vanish. The integrand of Eq. (6), like
that of Eq. (2), is everywhere properly nonpositve and vanishes as t --•
. The
antiparallel-spin correlation potential 6EP/61n°(r) can be found from Eq. (33) of
Ref. [91.
While Eq. (2) is derived, Eq. (6) is only an obvious guess which could be improved
by refining the ingredients c4, and C.1, and by making a real space cutoff[8,9] on
the gradient expansion of the antiparallel-spin correlation hole.
LSD, GEA, and GGA results for 17 spherical atoms or ions with Hartree-Fock
densities [ 191 are presented in Table III. Note that the contribution of antiparallelspin correlation to -E, varies from about 90% for few-electron spin-unpolarized
atoms to 74% for the 54-electron atom Xe. Contrast this with the spin-unpolarized
uniform electron gas of high density, in which only 60% of the correlation energy
arises from antiparallel spins. Preferential suppression of long-range parallel-spin
correlation is a characteristic feature of small systems like atoms.
There are twu reasons to hope that this GGA for E-t might be more accurate
than the GGA for E,: ( 1) GGAs are better suited to more short-ranged effects. (2)
This GGA for Et4 is self-interaction-free, i.e., it properly vanishes for a one-electron
system.
For

*

The model pair distnhbuton function which implies this result for the uniform electron gas issupported

by results of Pickett [ 171
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TABI.L I11. Comparison of LSD, GEA. and GGA results (hartree).3

E,-E PA

-EN'
Atom

1.SD

GEA

GGA

%

LSD

GEA

GGA

H
He*
He
Li'
Be 2
Li
Be'
Be
Ne6"
N
Ne
Ar
Zn' 2,
Zn 2 '
Zn
Kr
Xe

0.000
0.000
0.065
0.078
0.088
0.080
0.091
0.130
0.195
0.227
0434
0 832
1.057
1.511
1.556
1.916
3.038

-0.000
-0.000
-0.035
-0.089
-0.147
-0.068
-0.108
-0.099
-0.454
-0.145
-0.217
-0.432
-1.243
-0.714
-0.636
-0.777
-1.183

0.000
0.000
0.041
0.048
0.053
0.050
0.057
0.084
0 123
0.166
0.306
0.606
0.762
1.134
1.167
1.450
2.344

0%
0%
88%
94%
99%
86%
91%
89%
100%
83%
80%
79%
82%
76%
76%
76%
74%

0.018
0.020
0.037
0.039
0.041
0.054
0.057
0.072
0.083
0.136
0.201
0.365
0.393
0.598
0.630
0.760
1.153

0.007
0.007
0.018
0.020
0.022
0.037
0.040
0.049
0063
0.111
0.174
0.338
0.374
0.579
0.614
0.742
1.145

0.014
0.015
0.031
0.033
0.034
0.045
0048
0 062
0072
0.124
0.188
0.349
0.376
0.580
0.613
0.743
1.135

210%
204%
67%
65%
64%
78%
77%
66%
59%
62%
49%
45%
41%
39%
40%
39%
36%

The 1t column displa~s the ratio of the GGA for a given property to the CGA for -E,.

The self-interaction error of the LSD or GGA approximation for the total exchangecorrelation energy has several undesirable consequences, which are avoided by approximating only tht antiparallel-spin correlation energy. One of the most striking
is the self-interaction error of the exchange-correlation potential E.,, /6no(r), which
is roughly a positive constant over the interior of an atom, but decays like +e2 /r
as r - x . This error of the potential is qualitatively similar in the neon [20] and
hydrogen atoms. Another error of the GGA potential, its divergence (like V2n) as
r -- 0, is probably reduced but not eliminated by approximating only antiparallel-

spin correlation.
Correction to the Random Phase Approximation
The random phase approximation [3] (RPA, sum of ring diagrams, or timedependent Hartree approximation) is exact for long-range correlation, because it

constructs the correlation hole from a density-response function X(r, r', W)which
becomes exact in the limit Ir' - r I - oc. However, RPA is poor for short-range
correlation. For the uniform election gas at metallic denstties, it produces a correlation hole at the position of the electron (r' = r) that is much too deep.
The GGA of Eq. (2) is constructed beyond the random phase approximation
(RPA). However, it is easy [6] to make an RPA version by using RPA results for the
ingredients -,(r,, ý) and CQ(r2 ). The cutoff parameter [9] in H should remain
unchanged, since RPA should become relatively exact in the high-density limit.
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TABLE IV. Parameters of Eq. (10) for the
second-order gradient coefficient of the
correlation energy, within and beyond the
random phase approximation (RPA)
RPA

,
6

Beyond'

0.001254

0.023266

2.6 x 10-9

7.389 x I0-0

0.444
0.0071

8.723
0.0472

Ref [221.

The Perdew-Wang analytic representation [211 for ec(r,,
(r)
works equally well
within or beyond RPA; only the parameters change, as shown in Table I of Ref.
[21]. The Rasolt-Geldart analytic representation [22]
Cr,)r

=

-C, +

0.002568 + ar, + 4O3r0
+
b+"yr,+6r+
10 /3rs'

(10)

may also be used within RPA. Table IV shows the parameters determined here
from a fit to the RPA C,(r,) from Ref. [3] at r, = 2, 4, 6. and 12.
The difference between Eq. (2) evaluated beyond and within RPA is the GGA for
E, - EPA, the correction to the random phase approximation. LSD, GEA, and GGA

results for 17 spherical atoms and ions are presented in Table Ill. [An alternative
GGA for ERPA - E, could be constructed in the form of Eq. (6), but with "RPA
minus exact" inputs for e, and C,.]
E, - EtPA is the only correlation energy studied here for which GEA provides a
reasonable estimate,* and for which LSD is close to GGA. Note that it is an important
part of the total correlation energy (67% of-E, for He and 36% for Xe). Moreover,
(E, - E ,PA)IN (the contribution per electron) is typically close to 0.024 hartree,
the second-order exchange constant which corrects the RPA e,(r,, f) in the highdensity limit r, -- 0.

Table IIl shows that, for spin-unpolarired atoms within LSD, E, - EPA is
typically between 40% and 60% of - E(1. This result is not unexpected: wavevector
analysis of the RPA correlation energy for the uniform electron gas shows [ 18]
that RPA is exact in the small-wavevector limit (long-range, parallel-spin correlation), but is too negative by a factor of two in the large-wavevector limit (shortrange, antiparallel-spin correlation).
Prospects
LSD and GGA density functionals have been constructed and tested for two shortrange contributions to the correlation energy: antiparaliel-spin and non-RPA. It
' Vosko and Langreth 123] have suggested that GEA ma> suffice for the second-order exchange energy.
the leading correction to RPA in the high-density limit.
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appears that functionals of this kind are potentially more accurate for the shortrange contributions than for the total correlation energy. How could these new
functionals be used to improve the accuracy of electronic-structure calculations?
The GGA for antiparallel-spin correlation might be combined with some more
accurate description of exchange plus parallel-spin correlation energy. Quantumchemical methods like "coupled cluster" [24] are well suited for this purpose, since
they would not be required to build up the cusp of the correlation hole at the
position of the electron, which is carried by other electrons with antiparallel spins
17]. This hybrid approach is similar to that c" Savin [25], who made a different
separation between long-range and short-range correlation. Alternatively. a fully
nonlocal weighted density approximation [26] might be used for exchange and
parallel-spin correlation [27,28].
The GGA for E, - ERPA might be combined 127] with a full RPA calculation of
the exchange and correlation energies. RPA-like calculations hae been carmed out
for finite systems [29.30] and for metallic hydrogen [311. but usually in versions
Of RPA more elaborate than the simple ring sum needed here.
The generally good results obtained from a GGA with no adjustable parameter
should finally answer the old question: "What does the electron gas of slowly%aryingdensitý have to do with real atoms and molecules?" It is onl%human beings
who draw• a distinction between condensed matter physics and quantum chemistrN;
to Nature, electronic systems form a seamless whole.
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Abstract
In this article we calculate the asymptotic structure of the exchange potential for the Fermi level
electron in the vacuum region outside a metal surface, and show it to be the image potential. In this
asymptotic region the exchange potential due to the Fermi level electron isequivalent to the optimized
potential of exchange-only density-functional theoi). Thus, the asymptotic Kohn-Sham effective potential
at a metal surface is the image potential, and arises solely due to correlations which result from the Pauli
exclusion principle © 1993 John W:ley &Sons. Inc

Introduction
In density-functional theory [1,2], the electrons of a nonuniform system in the
presence of an external potential are treated as noninteracting quasi-particles moving
in a local effective potential. This effective potential is the sum of the classical
Hartree electrostatic and exchange-correlation potentials, with all the many-body
effects including those due to the correlation contribution to the kinetic energy
being incorporated in the latter. The many-body potential is derived by application
of the variational principle for the energy to be the functional derivative of the
exchange-correlation energy functional of the density. The asymptotic structure of
the effective potential in the classically forbidden region is that of the exchangecorrelation potential since the Hartree potential decays exponentially as the density
in this region. In this article we address the issue of the structure and physical origin
of the effective or equivalently the exchange-correlatien potential for asymptotic
positions of an electron far in the vacuum outside a metal surface.
In the literature, semiclassical calculations [ 3-6 ] obtain the asymptotic structure
of the exchange-correlation potential at a metal surface to be the image potential
- 1/4x for an electron at a distance x from the metal surface. In these calculations
the asymptotic electron is treated as an external test charge distinct and independent
from the inhomogeneous electron gas at the metal-vacuum interface. As a consequence, the asymptotic image-potential structure of the exchange-correlation potential is attributed to being due to Coulomb correlation effects.
* Present address. Center for Advanced Technology. Indore 452013. India.
International Journal of Quantum Chcmistrý. Quantum Chemistry Symposium 27. 101-109 (1993)
q 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010101-09
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The asymptotic electron, however, is not separate from but part of the interacting
nonuniform electronic system at the surface. In recent work [ 7,81 the integral equation [6 ] relating the functional derivative of the exchange-correlation energy to the
electron self-energy of many-body perturbation theory has been solved self-consistently within two approximation schemes for the self-energy. The asymptotic structure of the resulting approximate exchange-correlation potential in each case is
image-potential-like, and in the latter calculation [ 8 ] this structure is shown to be
due to the Coulomb correlation contribution to the self-energy. In this calculation
[8] the self-energy is replaced by the first term in an expansion [9] in powers of
the dynamically screened electron-electron interaction. Further approximations
invoked are the replacement of the response function by that within the random
phase approximation, and the assumption that the Kohn-Sham and Dyson equation
Green functions are the same. On the other hand, the -l/r asymptotic structure
of the effective potential in atoms, as obtained via the integral equation by employing
[61 the tact that only the highest occupied orbitals contribute to this structure is
shown [ 6 ] to be a consequence of Pauli correlations. Thus within this framework,
the asymptotic structure of the effective potential of the nonuniform electron gas
in atoms and molecules is due to Pauli correlations whereas that at metal surfaces
is a result of Coulomb correlations.
In contrast, by application of a physically based many-electron theory [10,111
developed by us, we have shown that both the asymptotic image potential at a
metal surface [ 12,13 ] as well as the - I/ r asymptotic potential in atoms [ 10, 11, 14 ]
are due to Pauli correlation effects. In this theory the local potential representing
the correlations due to the Pauli exclusion principle and Coulomb's law is obtained
as the work done to move an electron in the force field of its Fermi-Coulomb hole
charge distribution. Since the total Coulomb hole charge is zero, Coulomb correlation effects do not contribute to the asymptotic structure of this potential. As
such the physizal origin of the asymptotic effective potential of all nonuniform
electronic systems is universal in that it is due only to correlations arising from the
Pauli exclusion principle. Thus the asymptotic structure, which arises as a result
of the Coulomb interaction between the asymptotic electron and the Fermi hole
charge distribution, is exactly known. In the theory the asymptotic electrons are
explicitly treated as part of the nonuniform electronic system, and no approximations
are made in determining the asymptotic structure of the effective potential. The
asymptotic image potential structure at a metal surface is obtained from the delocalized [ 15 ] Fermi hole spread through the crystal, whereas the - l/r potential in
atoms is derived from the Fermi hole localized [16 ] about the nucleus of the atom.
In the present work we show by calculating the asymptotic structure of the rigorously defined [ 17.6] exchange potential of exchange-only density-functional theory
that, as is the case for atoms, the asymptoti: effective potential at metal surfaces is
an exchange effect. Furthermore, this structure is that of the image potential. Once
again, no approximationsare made in arriving at these conclusions. The calculations,
performed within the context of density-functional theory, are distinct from those
of our previous work [12,13 ]. However, the conclusions of the two independent
formulations are entirely consistent.

103

KOHN-SHAM EFFECTIVE POTENTIAL

Exchange-Only Density-Functional Theory
The exchange potential MA,
(r) in exchange-only [17] density-functional theory is
defined as that obtained by the optimized potential method [181 (OPM). In the
OPM, the electrons in an external potential Vcxt(r) are assumed to move in a local
effective potential JVOPM(r) so that the differential equation governing the electronic
orbitals k,(r) is
[- V2 +V..J~r) + vVoM(r)]OP,(r) = c,ojr).
1
These orbitals are then employed to determine the Hartree-Fock theory energy
which is the expectation value KH)HF of the nonrelativistic Hamiltonian taken
with respect to a Slater determinant of the orbitals 0, (r). The potential VOPM(r)
is varied until a minimum of the energy is achieved, i.e., the variation
0
l5(H)HF/vV
o

M

(r) = 0

(2)

is performed. The resulting potential is the optimized potential. The exchange part
of this potential is obtained by subtracting from it the Hartree potential f dr'p(r')/
Ir - r'I. where the density p(r) = Z' 10, (r)1 2. The variation of Eq. (2) leads [18]
to the following integro-differential equation for the exchange potential:
ý

f dr'[A,(r') - v.,(r')]G,(r ', r) 0,(r')44* (r)

=0,

(3)

where G,(r, r') is the Green function
G,(r, r')

=

•' l1(r)¢7(r')/c•

-

(4)

J

and where v,. (r) is the Hartree-Fock theory orbital-dependent potential [ 19,20]
t, (r)

-f p.,(r, r')/Ir - r'l dr',

(5)

with
p,.!(r, r')

=

• 47(r')c1 (r)¢,(r')/k1 (r)

(6)

being the orbital-dependent Fermi hole charge at r' for an electron at r. The OPM
has been applied to the nonuniform electronic system at metal surfaces [21] and
atoms [ 22 ], and leads to properties that are essentially equivalent to those of Hartree-Fock theory [ 23,241. The OPM calculations [21] at a metal surface were, however, not carried out for asymptotic positions of the electron in the vacuum.. Such
a self-consistent solution of the integro-differential equation Eq. (3) for the determination of the asymptotic structure of the exchange potential would be a numerical
tour de.force.

Now it can rigorously be shown [251 that in the asymptotic region (as in the
vacuum outside a surface or far from the nucleus of an atom) where the only
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contributions to the density come from the highest occupied orbital 0,,(r). the
exchange potential u,(r) is equivalent to the highest occupied orbital-dependent
potential v,....(r) of Hartree-Fock theory [see Eq. (5)]. In other words, the
asymptotic structure of the exchange potential at a metal surface arises from the
Fermi level electrons. We note that it is only in the asymptotic region where the
orbitals decay exponentially is the orbital-dependent potential vA.,,(r) physically
meaningful. In other regions, the potential can be singular as at the nodes of the
orbitals. From the above, and the fact that the orbital-dependent Fermi hole charge
integrates to unity, we see that the asymptotic effective potential in atoms goes as
- I/rand is purely an exchange effect. In order, therefore, to determine the asymptotic structure of the exchange potential A,(r) at a metal surface, we calculate the
asymptotic structure of the orbital-dependent potential u,.,,,(r) corresponding to
the Fermi level [19].

Application to the Jellium Metal Surface
In the jellium model of a metal surface, the Hamiltonian of the system is
H=-IIV2
+
I
I
2 ,

V
ljtr,)
+ II Z' I. 1r j
:
2 .j I r, - r.

(7)

where the external potential I'•(r,) = -f drp+(r)/Ir - r, I is due to the uniform
positive background Pharge p- (r) = • 0(-x + a) beginning at the surface at x =
a, and p- the bulk density of the metal. The constant term corresponding to the
self-energy of the jellium charge is not included in the Hamiltonian.
At ajellium metal surface, the translational invariance in the plane of the surface
requires the wavefunction of an electron with momentum k to be of the form
Ik(r) = k,(IXi )YACV), 'k,,(x,,) = (I/V'i) exp[ikt,- xl.], FA(x) = (-V2/L)OA(x).
where q'A(x) is the component of the wavefunction perpendicular to the surface. k
and _v the momentum and position vectors in that direction, and k. and x, the
corresponding components in the plane parallel to the surface. This wa~efunction
is then substituted into Eq. (5) for the orbital-dependent potential which in knotation is
f
t,,.k(r)

=

dr'
- r'l k'

41'* (r)' T',(r') Pk,(r)P
'(r')
xI'*(r)*k(r)

(8)

where we have multiplied the numerator and denominator bý T'k*(r). However.,
since it is onl. the component of the electron momentum perpendicular to the
surface that contributes to the asymptotic structure. we Slater average [20] the
potential ,,.L(r) with respect to the component of the wavefunction in the plane
of the surface. This leads to the potential t
which is dependent only on the
w(.)
component k of the electron momentum. Thus
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= -

(9)

E,.A(r)
k•'

I

÷(x)4)k(x)

dr'
jr ---r'l

f

X O(.Ar()4)(x') 2:

*k,(X11)*k,,(x'1)

Z *k*,(r')*k,(r)

khk

_,,( jj)
2:k,,( Tj1)(10)
On solving the momentum space integrals analytically to the degree possible, and
rewriting in terms of the variables y = kFx, y' - k.x', Yll = kFx l, R IY'1I, q =
k/k 1.., q' = k'/kF, Q = ( I - q2 )112 and Q' = (I q, 2 )112 where k•F = /ar[ a-' =
(91r/4)"'] is the Fermi momentum and r, the Wigner-Seitz radius, the above
expression reduces to
V.Qq(JV)

8

_y)

(3kF/27r)

3Q

2

f'
l'kq(.)J

QJ,(QR)

Fq(y')y,)2 + R
dR3R7(

dR'

dq'0q*,(y')0.,,(y) Q'Jj(Q'R),(1

×

where J1 (z) is the first-order Bessel function. At the Fermi level q = 1, so that Eq.
( 11) becomes

V,.I,(y)

4 _fd•

=

3-01 (j),)

(3k-/27r)

,0 ( , f d ,oq'(J)A'

)'•~'

q4',y)by

J,(Q'R)
xF-dR
SV(y - y,)2 + R2'

(12)

where we have employed limQ-.o J1 (QR) = QR/2. Finally, since the R integral
can be done analytically, we have the orbital-dependent potential corresponding
to the Fermi level electron with momentum perpendicular to the surfi,'e [19] to
be
uv,.I(y)
(3k,../21r)

= _
3401(y) f-

d4'41.. 1(Y')

" IY-Y'I
J

f

dqJ i*(Y')-q(Y)(1-

e0

1

'").

(13)

d•I

We have calculated the potential v,.I (v) for the semi-analytical wavefunctions
generated by the finite linear potential model [26] of a metal surface. These wavefunctions are highly accurate and reproduce (see the Appendix of Ref. [13]) the
results of fully-self-consistent calculations [ 3 ] for the surface energy and work function of simple metals. The wavefunctions which are exponential in the classically
forbidden region and oscillatory in the metal bulk are
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,Ok(X) = sin[kx + 6(k)]O(-x) + [BkAi(ý) + CkBi(f)]
X[0(x)-O(x-b)]+Dk exp(-Kx)O(x-b),

(14)

where k = Vii-, K = V2(W - E), ý = (x - E/F)(2F) 1 . E is the energy, Fthe
field strength, W the barrier height, and Ai(U) and Bi(ý) are the Airy functions.
The phase factor 6(k) and the coefficients BA, CA, and DA are determined by the
requirement of continuity of the wavefunction and its logarithmic derivative at
x = 0 and x = b. The calculations are performed for a metal of density corresponding
to r, = 2.0. The wavefunction parameters are the same as those employed in our
previous work [ 12,13 ] and once again taken from the Appendix of Ref. [ 13 ].
In Table I we quote the values of the universal function v,.j (y)/(3kF/27r) as a
function of electron position y for distances outside the surface ranging from y =
10 to y = 20. We also quote in Table I the values of the function -I 12y = -0.24/
x for these positions of the electron. A plot of these functions is given in Figure 1.
The jellium surface edge is at y = 1.33. Note that y = 27r corresponds to a Fermi
wavelength. Numerical calculations beyond an electron position of Y = 20 are
difficult due to the delocalized and highly oscillatory nature of the dynamic orbitaldependent Fermi hole charge. The further out beyond the surface the electron, the
deeper within the metal this charge distribution is spread. For a study of the orbitaldependent Fermi holes at a metal surface, we refer the reader to Ref. [13 ]. In the
present calculations, the spatial integral has been performed up to approximately
75 Fermi wavelengths inside the metal. It is evident from the results that the potential
v, I (y) merges with the function - I /2y. This means that for asymptotic electron
positions, the total exchange potential s,. which is equivalent to v, 1 (O')there, will
go as the image potential. Thus, when the asymptotic electrons are considered as
part of the nonuniform system at the metal surface, the asymptotic effective potential
arises solely due to exchange effects and is the image potential.
3

TABLE 1. Values of the universal exchange
potential function v,.,(y)/(3kF/2r) and the

function 1/2j, for asymptotic electron
positions y (in units of XF/27r) in the vacuum

region.
y

-vjl(y)/(3kF/

2

,r)

- 1/2y

10
II
12
13
14
15
16
17
18
19

0.0592
0.0524
0.0470
0.0421
0.0384
0.0352
0.0326
0.0303
0.0283
0.0263

0.0500
0.0455
0.0417
0.0385
0.0357
0.0333
0.0313
0.0294
0.0278
0.0263

20

0.0251

0.0250
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-0.02

(y)

2y -- ,//

-0.03

-

(3kF/210)
-0.04

-0.05

/

-0.06'
8

10

12 14 16 18
y (units of ?IF/2n)

20 22

Figure I. Variation of the universal exchange potential function v,. 1(y)/(3kF/27r) as a
function of electron position y. Here v,.I(y) is the orbital-dependent exchange potential
corresponding to the Fermi level. The function - 1/2y is also plotted.

We also note that although the exchange potential v•,, (y) due to the Fermi level
electron merges with -1 /2y by y = 19, it does not mean that the effective potential
is the image potential from that point on. Rather it indicates that since the potential
v•,I (y) has the image potential structure, the asymptotic structure of the total exchange potential A,will be the image potential. Near the surface other high energy
electrons which lie below the Fermi level also contribute to the total exchange
potential so that *# v•,. Iy) there. Therefore, in this region the Kohn-Sham effective
potential will not be image-potential-like. It is only by approximately y = 40 that
the effective potential at the surface becomes [12,131 the image potential.
Conclusions
To summarize, we have shown in this article that the asymptotic structure of the
density-functional theory effective potential at a metal surface is the image potential,
and that it arises solely due to the effects of Pauli correlations between the electrons.
The calculations are rigorously quantum-mechanical in that the asymptotic electrons
are treate,- as part of the nonuniform system with the electronic wavefunctions
being explicitly employed to determine the potential. These results are entirely
consistent with the conclusions of our previous work [ 12,13 ] in which the asymptotic
effective potential was obtained by calculating the work required to move an electron
in the force-field of the (orbital-independent) Fermi hole charge distribution. Thus,
we note that two distinctly different quantum-mechanicalformulations lead to the
same conclusions.
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We reiterate, however, that there are two schools of thought on the fundamental
issue as to the physical origin of the asymptotic image potential at a metal surface.
Whereas our present and previous work [ 12,13 ] shows this asymptotic structure to
be due to Pauli correlations, the work of Eguiluz et al. [7,8] indicates it to be a
Coulomb-correlation effect. Further research is evidently required to better understand the source of this difference, and on this we are in agreement with these
authors (see footnote 23 of Ref. [8]). On the other hand, the conclusions of semiclassical theories have little bearing on this issue. This is because the asymptotic
electron is treated in these calculations as an external test charge that is distinct
from the inhomogeneous electron gas at the metal surface. The resulting image
potential structure of the asymptotic effective potential can therefore only arise as
a consequence of correlations due to Coulomb's law.
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Correlation Corrected Band Structures of Quasi 1D
and 2D Periodic Systems and Level Distributions of
Disordered Chains; New Method with Correlation
for Dynamic Nonlinear Optical Properties
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Abstract
In this paper, methods of correlation corrections for I D and 2D periodic systems as well as for I D
nonperiodic poi'mers are reviewed These procedures include not only the correlation correction of the
total energy per unit cell. but also the recalculation (using the generalized electromn polaron model) of
the band structures themselves in the periodic case. as well as the density of states (Dos) in nonperiodic
chains ai both cases the inverse Dyson equation was used in an iterative way in the MP/2 and MP/3
level. The programmingofthe same procedure for the coupled cluster method is in progress In a number
of eAamples (ground state properties of (SN)k. the gap of alternating trani-polyacetylene. the exciton
spectrum ofdiacetylene. polyglycine and polyalamne. ofa cylosine stack, the bulk modules of polyethylene,
the hopping conductiv.ity of insulin), we have obtained quite good agreement with experiment, ifa good
basis set ab inio calculation was supplemented of the correlation Lorrection at the bands or DOS curves,
respectively. In the second part of ,he paper a new method isdeveloped to take into account the simultaneous effect of a stati - and a periodic time-dependent electric field on the one-electron wave functions
and on the total electronic energy of a periodic polymer. The method uses a variational technique
(coupled |-lartree-Fock equations) instead of perturbation theory for the time-dependent one-electron
wave functions. The proper tr,ýatment of the potential caused by the field, which in this way does not
destroy the periodicity of the polymer, as well as the inclusion of correlation at the MP/2 level of the tand w-dependent quasienergy per unit cell is part of the method Finally, it is shown how one obtains
in the usual way the different polarizabilities. second- and third-order hyperpolarizabilit) tensor elements
with the help of the derivatives of the quasienergies according to the different field (both static and timedependent) components. -c 1993 John Wiley & Sons, Inc.

Introduction
The ah inmtio Hartree-Fock (HF) theory (scF LCAO) crystal orbital (cc) theory
has been known since the early work of 1.6wdin [I]. Our work and the work of
Andr6 et al. for ID, 2D. and 3D periodic systems was first published in 1967 [2],
and It has become since that time a standard procedure [3(b).(c)]. Closely related
work was undertaken also in 1969 by Kunz [3(a)]. Computer codes also for 3D
systems have been developed by Pisani's group (Crystal 80, 90, 92) [4].
International Journal of Quantum (hemistry
I193 John Wiley & Sons. Inc.
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As the next step, methods based on the generalization of the electronic polaron
idea [5] were applied to correct the band structures themselves in the MP/2 [6],
MP/3 [ 7 1, and in the coupled cluster (CCDD) approximations [ 8] (with localized
orbitals [ 9 ]). For these calculations the inverse Dyson equation [ 10 ] (see below)
was used.
For the determination of the electronic density of states (DOs) of disordered
polymers, the so-called negative factor counting (NFC) procedure (based on Dean's
negative eigenvalue theorem [II]) was applied both in its simple [12] and matrix
block form [13]. The latter method has also been developed in a form that also
takes into account correlation [14] and has becn applied for se-'ecal diserdered
polymers [ 15 ].
In all cases, when the calculations could be performed with a good enough basis
set and correlation corrections were applied, for unrelated completely different
physical properties, results in quite good agreement with experiments were obtained
(for several examples, see the next Section).
Short Review of the Treatment of Correlation in Periodic
and Disordered Polymers
We can write the Dyson equation in a matrix form as
G = Go + GoVG,

(I)

where G is the Green's matrix of the perturbed and Go the same quantity for the
unperturbed system while V is the perturbation matrix. Expressing G from (1).
one obtains
G

(1 - GoV)-'Go.

(2)

The poles of G give the quasiparticle (QP) (correlation corrected energies) of the
system:
0 = [(1 - GoV)-'Go]-'

(3)

Writing out the inverse matrix results in
(4)

0 = GO-1(1 - GoV) = Go' - V .
In the diagonal approximation [101, one can write for a state I (i,k)

0

=

W, -cI'+

vil,j

= r)II+

V1.

(5)

which is the inverse Dyson equation where w1 is the QP and c, the HF energy,
respectively, and the form of VI has to be determined by a (size-consistent) ap1
proximation used for the correlation, that is, MPif2 (W.), Mpi'(wo)
+ MPI 3'(Wo)
CCSD, CCDD(Yc(w,) +
h(w 1 )), etc. Here MP• )(w.). m,(P1w.) are the
Moeller-Plesset [16] expressions for state I, respectively, Yl,,(wj) + I•(wl) the
electron and hole self-energies obtained for the state I in a given approximation of
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the coupled cluster theory (see Eqs. (9), (10), (21), and (22) of Ref. [9] for the
CCDD case [ 17 ]).
To keep the discussion simple, we write down explicitly only the expression for
MP12,(wl) (MP/2):
()21

T.jj4JB(2
MP.I(o•+

VIjIB

-

JF_ OF-

W +

J.4.B

I/iR,1) +
C

Jeocc
.. BC unoc,

"

--

.

(6)

Jeunocc
4.Bt~otc

Here V'j IBis, in the Bloch orbital basis. the usual two-electron integral
V

=J,

('k0(
1)oj( 2 )l l/r,210A( I )OB(2))

(6')

One has to substitute (6) into (5) and iterate until SCF W1values are obtained.
In this way, for the fundamental gap of alternating trai.s-polyacetylene in the
MP( 2 ' approximation 1.8 eV [7] and in the MP 12 ' + MP(') approximation 2.2 eV
were obtained [ 7 ] in quite good agreement with experiment.
One should mention that if one is interested only in ground state properties of
a polymer near to its equilibrium geometry, one obtains quite good results already
with a better basis set HF calculation. Thus we have obtained good agreement with
experiment in the case of (SN )A [ 18 ] for the effective mass and density of states at
the Fermi level as well for the charge transfer from S to the N atom using a Gaussian
lobe valence-split basis set [19].
Using the above described formalism in the MP level as starting point, Suhai has
also obtained, with the aid of a generalized ab initio form of the intermediate
exciton theory [20.2 11, quite good agreement with experiment for the exciton energies and intensities for polydiacetylenes, polyethylene. and a cytosine stack (showing
the experimentally well-established nyperchromicity of DNA) for polyglycine and
polyalanine [22].
We have performed also QP band structure calculations for different periodic 2D
systems (H 2 lattice, graphite, BN layer) [23]. The obtained gaps seem to be again
close to the experimentally measured ones (in graphite the part of k space is meant,
where the gap is not close to zero).
In the case of polyethylene a good basis (6-31G**) + correlation (MP/2) calculation has provided also very good agreement with experiment for the bulk modulus (theoretical value 303 GPa, experimental ones 250-350 GPa) [24].
Turning now to disordered quasi ID polymers, the most accurate method seems
to be the NFC one [12]. To describe this briefly one starts from the tridiagonal
Hiickel determinant of a finite but long disordered chain (N = 300-10,900 units)
a, - X
/32

IH(X)I

=

0

cy

02

0

--

f/33

03

'V3

0

X

...

0

=40- .

(7)

The Hickel parameters a and /f can be determined on the basis of the band positions
(a) and bandwidths (0) of ab mitzt co calculations of the components of the chain,
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repeating them periodically. The determinant (7) (if we would know its roots X)
could be written in the form

IH(X)I =

(X- X).

(8)

1=1

On the other hand, with the help of a successive Gaussian elimination, (7) can be
written in a didiagonal form. Then we have, instead of(8),
A

IH(X)I

c,(\).
M

=

(9)

where the diagonal elements of the determinant e(X) (at a parameter value X) can
be computed with the help of the recursion relation (which follows from the Gaussian eliminations)
= a,
a,(\)
- X - 0/e,-I(X).

(10a)

c 1(X)= a-X.

(lOb)

This means that if we choose a certain parameter value X1 in any case when an
eigenvalue X,< I, one obtains a negative factor in (8). Since Eqs. (8) and (9) are
equal, the number of negative factors for the same X has to be the same also in (9)
(which can be computed easily). Choosing another trial X2 , one obtains another
number of negative factors in (8) and (9). In this way one can determine the
number of eigenvalues X, which lie between the two trial values. Scanning in
this way the whole spectrum and taking a dense grid, one obtains a good DOS
histogram [12].
One can prove [13 ] that if one has matrix blocks instead of simple matrix elements
in (7). relations (I a) and (0Ob) still hold, if we put into them instead of elements
the corresponding blocks:
V,(X) = A, - XS, - (B, - XQ,+)U; 1,(X)(B, - XQ,),

(la)

UI(X) = A, - XSI

(Ilib)

Here the A, - s are the diagonal blocks which occur in the determinant (since in
this case we have an ah intio formulation both at the diagonal and off-diagonal
part of the determinant not simply Xbut its product with the corresponding overlap
matrices S, and Q,, respectively, occurs) and the off-diagonal matrix blocks B,
describe the interaction with a unit with its first neighbor. For actual calculations
in the first neighbor's interactions approximation, one has to perform dimer cluster
calculations. For instance. if the chain starts with the units .,B. one has to perform
an ab initio HF calculation for it:

F(AB) - XS(AB)

(F

A

-

=F.BT -

xS:4
XS4B'

F"4 - XSIII
F"
BXS .

(12)
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Here FP and F1' are AI and A>, respectively, FI B= B2 , S' and S 8 stand for S, and
S2, iespectively, and finally S"' = Q0.
If the chain continues with a unit C. one has to perform a cluster calculation for
the dimer BC. One can build up in this way the full matrix of th, whole chain
from the matrix blocks belonging to the •t:osequent dimers. One should mention
that to join at B the AB and BC clusters. one has to take, for F` - XSB, I8 - XS8 ,
where F"B=
+(F'
+ F2) (the Fock matrix blocks corresponding to the unit B in
the two different clusters ,46 and BC, respectively, which are not the same). Further
if the chain does not show a simple translational symmetry (like in a polynucleotide
or pol peptide helix), one has to be careful to perform all dimer calculations in a
common coordinate system.
Having built up the IF - XSI determinant in the described way of the whole
chain, one can show that [12.13]
IF - XSI

=

si

(X-

X) =

uA(X)

(13)

Here the .s, are the eigenvalues of the matrix S, the ;' those of S-"12FS-",1, N is
the number of unit cells, the 1,a, e the dimensions of the matrices U,(X), and finally
u,A(X) stands for the kzh eigenvalue of the matrix block U,. Forming the matrices
' with the help of relation ( 11 ), one can diagonalize them and count the number
of those zt,k for a given Xthat are negative. Ii this wsay. one obtains the number of
states betw~een two trial X values originating from all bands. Scanning again the
whole spectrum, one obtains now, in contrary to the previous band case, the
total DOS.
To test this NCF matrix block method, first a periodic Gly-Gly-Ser chain (in
1.1. 1composition) was calcu~lated, once with the help of the co method with periodic
boundary conditions and once with the matrix block NFC method. The DOS histograms obtained haxe shown a remarkably good agreement [251. After this, the
sequence of the Gly and Ser units was taken randomly using a Monte Carlo program.
In this case the Dos histogram broadened in a very significant amount [25].
Similar calculations were performed for aperiodic DNA sequences [ 261 (including
a part of an oncogene) and also for a larger number of aperiodic polypeptides [ 27 ].
If one has at least three or four rather different units, the Dos curves of the random
chains show in all cases a -very large broadening. This is different to the periodic
case (like (,tBICD)%). when Nery narrow nearly 5-function-type peaks occurred
[26,27]. The explanation of this phenomenon is that if one has a random sequence,
a certain unit has four different left and four different right neighbors ( 16 possibilities
with 16 diffirent perturbations. including the two cases when one neighbor is the
same as the reference unit and in one case both neighbors of the unit are the same.
causing a rather larger perturbation of its le el scheme). On the other hand, if one
-. -'"en unit sees alwaxs the same two (and different)
has an (. JBCD)h-hikc system
neighbors.
In the case of the four-.,).. p ncnt Gi (gliycine)-Ser(serine)-Cys(cysteine)Asn(asparagine) 300 units long polypeptide [27]. we hate determined, with the
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help of the inverse iteration method [28], the physically interesting lowest 25 unfilled
levels. Namely, in a DNA-protein complex. due to the negative charge on the P0 4
units and to some positively charged subunits. like arginine. in nucleohistone, most
probably there is a charge transfer from DNA to the protein. The results have
shown that all the states being close to the lower edge of the "conduction band"
(and therefore below the mobility edge) were completely Anderson-localized on
single amino acid residues.
Generalizing the approximate expression given for the primary jump rates of
hoppings (hopping frequencies) by Mott and Davis [29] for the case if there are
more than one orbitals per site, one can write

=l.I(

( t,.B
,

xu.m

exp - k T "(

14 )

where A/E:, =
c-, are the one-electron levels of the orbitals between which the
hopping occurs. Finally v is the frequency of acoustic modes which have values in
proteins between 10 " and 10-2 s-', these modes in a pol! peptide chain correspond
to the relative vibrations of the side chains. Taking hoppings within the same residue
and between first and second neighbors. we have obtained values in the order 1012
W07-10, and 105. respectively [28]. They have the same order of magnitude as
the estimated hopping frequencies in good amorphous conductors (silicon or chalcogenides [30]).
We have repeated the whole described calculation (NFC in matrix block form.
inverse iteration for the eigenvectors, and determination of the hopping frequencies),
taking into account also the disulfur bridges and its experimentall' determined
geometry for a small protein, the hormone insulin [31]. The hopping frequencies
were in order of magnitude the same as for the preyiousl. investigated four-component random (artificial) system. Applying these hopping frequencies as input
for the random walk theory of Lax and coworkers [32] (after generalizing it again
to arbitrary number of orbitals per site). we have determined the frequencydependent hopping conductivity Io(w)I of this system. We hae found that in the
frequency range between w = 10"-108 (where measurements were performed)
IU(w)I has values between 10-' -IVcm-` and 10-5 QV-` cm ' [33]. which fall
between the experimental values found for the different chalcogenides [34].
One should mention that no correlation corrections were taken into account as
first approximation in the hopping conductivit\, calculation of the disordered polypeptide insulin (the treatment of correlation in disordered chains see below). It
looks like that. since in the a(w) calculation onlN hoppings between different excited
states was taken into account (the cross gap hoppings would be extremely small
due to the very small Boltzmann factor in this case), though their spacing without
correlation may be too large. the overall effect is not very large. Anyway. one expects
that if one takes into account in a subsequent calculation also correlation, the level
spacing would be generall. smaller and therefore the Boltzmann factors larger. This
could cause easily an increase of I (cw) I at a given w value of I or 2 orders of
magnitude. Even if this were the case, one would still remain in the upper range
of the measured values of chalcogenides [ 34 ].
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In this way, we could prove that there is a nonnegligible electronic conduction
along a disordered polypeptide chain, if it is doped (which in vivo easily can happen ).
This was postulated by Szent-Gy6rgyi [35,36 ] already in 1941 to explain different
biological phenomena (electron transport through proteins at oxidation metabolism
and by photosynthesis, fluorescence of a chromophore in proteins which lies far
away from another chromophore which has primarily absorbed light, etc.).
We can close this review with the observation that if one performs a good basis
HF CO calculation for a periodic system, correcting well enough the resulting bands
for correlation, practically all kinds of physical properties of all types of polymers
can be computed (using for these properties the right theory) in good agreement
with experiment. This opens the possibility of predicting polymers with three to
four different unrelated optimal properties ("tailor-made" polymers), which is, of
course, of great practical importance. We are working now in cooperation with
computer scientists on the acceleration of the different programs (direct SCF +
parallelization + vectorization and some other procedures). In this way, we shall
also be able to perform the above-described calculations for polymers with larger
unit cells.
Returning to the case of nonperiodic polymers, one can combine the matrixblock NFC method also with the inverse Dyson equation. Namely, if
FU = SUe,

(15)

where the unitary matrix U contains the vectors u, which fulfill this equation and
the diagonal matrix c its eigenvalues, one can write
(F + A)U = SU&.

(16a)

A = SUVU*S

(16b)

with

Here the diagonal elements of w are the correlation corrected QP energies of the
disordered system. To prove the correctness of Eqs. (16), let us substitute (16b)
into (16a), multiply from the left by U', and take into account the normalization
condition U'SU = 1. In this way we obtain
UWFU + U+SUVU+SU = U'SUct
C+

V = W,

(17a)
(17b)

which is the well-known inverse Dyson equation, for which we can write in the
diagonal approximation
-`,F+

1 =w1

(I = i, k,).

(18)

This provides in the MP/2 approximation
I

+ Mpil(+ ).)

(19)
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For the actual calculation of aperiodic polymers, one has to perform ab initio
cluster calculations for dimers. For instance, for an AB dimer, we have now to
write instead of Eq. ( 12)
F(AB) + A(AB) - XS(AB)

(

FA

=FAST

FS + A 4B _ XSA\

+ AA - XSA
+ AS

T-

_ASAB

T

FB +

AS

xsSB

(20)

From the dimer clusters matrices, one can construct again the determinant of
the whole chain, and, for its diagonal blocks (after successive Gaussian elimination),
one has now with the notations A, + A, = A,. B, + A,÷, = B,, A, = F, B, =
F'.'•l A,, 1 = A',
(21)
U,(, - X ,).
0,(X)= A, - XS, - (6,7 - Xo-T )0;Q
Diagonalizing the blocks ( X,), we can count again the negative eigenvalues ii,A (X)
at a given ,. Taking a fine grid in X, we can scan again the whole spectrum and
find out again the total DOS, but in this case with correlation.
The described method has been successfully applied to treat several disordered
polymer chains (like Li-H chains, disordered polypeptides) with correlation, which
resulted again in the decrease of the gap between the "valence levels" and "conduction levels" region and decrL:.sed also the width of the allowed energy regions
in the DOS histogram.
A New Correlation Corrected Variation-Perturbation Method
for the Calculation of Dynamic Polarizabilities of Polymers
General Formalism
In a previous paper [37], a theory for the interaction of a laser pulse with a
periodic quasi ID polymer was developed on the basis of the coupled HartreeFock equations. This method has considered the simultaneous effect of the electric
and magnetic field of the laser, and therefore the resulting equations have become
rather cumbersome. Furthermore, the perturbation term in the Hamiltonian due
to the electric field (Ek(0, 7)7) was not partitioned into a part which shows lattice
symmetry and to another one which causes change of Z of the electrons [38,39].
This method has been already successfully applied for the calculation of the static
(hyper)polarizabilities of different infinite polymers ((H 2). (H 20)A and (LiH)x)
chains [40].
The other problem that was not addressed in the previous paper was the inclusion
ofcorrelation effects in the laser light-polymer interaction. To solve this formidable
problem, we return to the case of the perturbation of a periodic polymer by a timedependent penodic homogeneous electric field*
* To simplify the expressions, first we shall not consider in addition to the time-dependent field an
additional static electnr

field.
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E

Eo(e'"l" + e-'"")

= 2½

(22)

but put the magnetic vector potential A = O.
It should be pointed out that Rice and Handy [41,42] have already treated the
effect of correlation on dynamic polarizabilities, but only for molecules. Furthermore, instead of applying a variational approach, they have used perturbation theory
for the determination of the field- and time-dependent one-electron orbitals, which
is certainly correct in the case of weak fields, but becomes questionable if one thinks
on a later extension of the method for interactions with intense laser pulses. On
the other hand, their perturbation theoretical expansion of the one-electron orbitals
probably gives more insight into the physical nature of the response at different
orders.
The total Hamiltonian of an n-electron system can be written as
I! =/

0o +

I,'.

(23)

where /o is the usual unperturbed Hamiltonian of a system with n electrons and
I•' will become, in the case of the expression (22) of E and A = 0,

I1'(71 ...... ,, to,

t)

. Eo(e"'•'
T
+ e-1"'1")

= -- 'lele,

=

cos Pnw Eoi,

-Iee 1
1=

I

.

(24)

II

As is well known due to the form

q,(•-7Y) =

e'7'u,((. -•)

(25)

of a Bloch orbital, where t,,( k, ") shows lattice penodicity, - Ie1 E7 can be rewritten
as [38-40]
-[el E-F = -il elEe' 'Vke-'r + il elE•Vr •

(26)

Here the first term on the rhs is invariant under transformations of the symmetry
group of the lattice (it can be sho-' i that it does not mix states with different K_
vectors), while only the second onL which has no 7-dependence can have nonzero
matrix elements between Bloch orbitals with different T-vectors [ 39 ]. Thus, if one
is interested only in the polarization effect of the field (which is usually the case in
nonlinear optics), one has to include in II' only the first term of the rhs of (26).
Thus we can write
k7'

tH' =-tdel 2: 1 cos mw Zoe't
I
e

-'7

.

(27)

t= I ??= I

We can now proceed in the usual way applying Frenkel's variational principle

[431*:
* Lowdin and Mukherjee [441 have shown that by the vanation of the expression in (27). one really

obtains a stationary state if the norm of 4, exists.
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J = rf<,PjI÷1

"4J.b=0.

(28)

Here 11 is defined through Eqs. (23) and (27) and for the field- and time-dependent
total n-electron wave function
÷(T:-..... 7-•. 10
.-. . t
we apply the Ansatz
(

,. E-.
Fw. t)

......

=

e-''.1"fJ

(

t. To. W)

(29a)

1jo. w)e"'].

(29b)

t=l

with

7p,(Lf, , o. ,•)
=

7,(T,)
+

[Awo.,,,(

,.

T
Lo. w)e""' + A•,,(',.

Finally. 1!11is the eigenvalue of Ho.
Substituting (29a) with (29b) into (28) and performing all the operations and
the variations according to the unknown one-electron functions A,+.,,, and
Arp .... respectivelý, one obtains the following coupled Hartree-Fock (RPA) equations (up to quadratic terms in .Ži,,)
[45] for their determination
(,,- e,±-,nw)IA.,,,(T,, E0. w)> + h•(,)
n12 nI

~

2 -P 1 .

+

<'

•oj(72)] I ,(Th)

=

0..

r12I

i= 1.2 .....

n m= 1.2 .....

Ný.

(30)

Here P/- is the exchange operator. c, the eigen-values of the unperturbed Fock
operator of the problem.
fl,#(72)
=

P•:(,(:)+
r22A4I

fiI

( 31 a)

A\

E, A-

-

, "(31b)

[(2N + I ) is the number of unit cells in the polymer. A,, the n. .aber of nuclei in
the unit cell. :,, the charge of the ath nucleus and RT,its position \ector in the /th
cell.] Furthermore, in this case.

it = -I Iel T("ý"Vze J!

(32)

12!
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Introducing an

LCAO

expansion for the functions

~CjqIAO
..... ( S=

(33)

W.•)(7).

where ,ih is the number of basis functions in the unit cell, X, is the sth AO in the
qth cell. Substituting (33) into (30), one easily arrives at the matrix equation
(AT,,

B, )(\1C3,.,

(D,

(34)

where
inw) I xq)

(X()
)q(7
(O(7

?11

Z0 x,(r )x?(r 2 )
7.

I~., =

l

2-

+ B_

(35a)

15--

r3

7)'('•.)?

-,

(35b)

h1P

(35c)

Equation (34) can be rewritten as
A1.,,,C7,,, + B,Ct,,, = D,.

(36a)

B,Ct.,,, + A+,,,

(36b)

C4... =

D,.

Since the matrices A,,, and B, are, in the case of a linear chain with periodic
boundary conditions, cyclic hypermatrices, they can be block-diagonalized with
the help of the unitary matrix U (the p, qth block of U is Up.q = exp[i27rpq/
(2N+ 1)]1 [1]
U'A;,,,A, ,,,UU4 C,,, + U-B, UU 4C, ,,, = U4 D,.

(37a)

U B, UU 4C,., + U+A,.,,,UU C,.,,, = UWD,.

(37b)

Using the notations A,-,',,
can write

A

=

U4 A-,,,U, etc.. F±.,,

BD,-1

+BD

....1)Fl.,,,. + B.
B,l D F,,,

=

U4 C±,,,, and G,

=

U'D,, we

-

F,,,, = G,.

(38a)

A 4B
. F%, = G,.

(38b)

This system of equations can be reduced easily to such matrix equations in which
each matrix has only the order ih X ih. For N -- 7-. one can introduce the continuous variable k = 27rp/a(2N + I ) (if p runs from -N to N, the quasicrystal
momentum k will have the range -7r/a _ k :- 7r/a [I.2] if a is the elementary
translation). In this case we can write [1.2]
A,.,,,(k)F,.,,,(k) + B,(k)F,+,,,(k) = G,(k).

(39a)

B,(k)F,.,,,(k) + A;.,,,(k)F;.,,,/(k) = G,(k) .

(39b)
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(At-,?,(k)

Putting back the two equations in the hypermatrix form, one obtains

B,(k)

B,(k)

F,(k
-i

A+,,,(k)

F,.,(k))

/ G()M
IG,(k))

(

which can be solved at each point k and values EPo and w to obtain the coefficients
transformation*
C,•(k, to, w). For this we need the back
,o)
= 0F2.,,,(k,

Cm(k, ko, w)

Furthermore, from the unitary transfo nations preformed in Eqs. (37), it follows
[1] that
N

,,(k)=

2: elAqaA-A,,(q),

(41a)

q=-N
N

e'•qaB, (q).

(41b)

2: e'•*aG, (q).

(41c)

B, (k) =

:

q=-N

G, (k) =

N

q- -N

Finally the
field •P., as

LCAO

crystal orbitals can be written in the presence of the electric

)
p,(k, _Po, 7,t
- 2N
+ 1 Z

1
'"'
[C",,,.(k, -T, wV)e

Z e""[C,.(k) +

7
),
+ C .,,,,(k, Zo, w)e -"' ]]X ,'(

(42)
where the coefficients C,.,(k) belong to the LCAO expansion of the unperturbed
crystal orbital p, (k, 7 ).
We can define E instead of(23) in the more general form
E

P=+,, +

+

=

+ e-""),
Eo(e"''
-

2

(43)

ni• I

including the static field EP.
For the determination of the effect of E on the one-electron wave functions,
one can apply perturbation theory [40] with the perturbation operator
* Actually 0 and 0i are those blocks of U and U', respectively, that are necessary for the transformations
of these vectors. For instance, in the equation
U*Q;.,,(k) = F,*,•(k).
O*C,'.,(k) = •.U(k)C,..,,(k) = F,*_(k),
Ioi

where U (k) stands for the A,Ith block (considenng Aas a discrete ,anable which has 2N + I possible
values) of the big matrix U*
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fi, = -il el kte7r! Ze- k-; .*

(44)

If we apply again an LCAO expansion for the part of the one-electron wave functions
due to this perturbation (44) can be written as
N

, E,,)

th

1 C,.5(k, E,,)x;(7,)

Z e'•''

=

qf-A

(45)

V=I

We can apply again the same formalism for a periodic chain as before to find out
the coefficients C(k) [40].
Thus we can write now for the one-electron wave functions
•, ,(71, t, Z•',, t;o) = ýo,(7 ,, k) + ( ,lt(71, k ,, k)
+ E (AO,n(,T,

E0o, w, k)e""' +

too(,,F,
, w, k)e-":"').

(46)

Thus we can finally write

$,i(7,t,o),k-, E,, E,,)
1
-2N + I

ekaq Cj(k) +

e

+ •

E,,)

-,(k,

[C4,,,.(k, Eo, w)e1 ''"' + C,,,(k, EoO

in= I

(47)
Definition qf the Quasi-Hartree-FockEquations
We can build up the total wave function of the polymer now with the help of
the generalized crystal orbitals (46) as
ý(7F ......

, k, t, w, 1, Fo) = e- 'b

'

7

1(T,

t, k, w, Ekt, to).

(48)

1=|

With the help of (48) we can now define a quasienergy of the polymer in the
presence of the static and time-dependent field as
W(k, t, w, EP, Eo)

=

<'(k)I,11(k)>

(49)

* One should point out that if one takes into account also the effect of E,. in the coupled HartreeFock equations (30). one has to put instead ofp,(7,) and c,. respectively., .(-,) + •,•(7, E.) and
c, + At',% respectively. Here A,' is the shift of the eigenvalues of the unperturbed Fock operator c, due
to the perturbation (451
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Here the brackets mean only integrations according to the spatial variables of the
n = (2N + I )h•electrons (,i is the number of electrons in the unit cell).
Since the crystal orbitals 0, still have to be orthonormal. (, lJ) = 6,,* we can
write the variational equation
.
o) +
b[f'(k. 1. w. P,.

II-_)1 = 0.

,

(50)

I.1

where in (49) the total Hamiltonian is defined in the general case as
11 -io

+ H',.

with
=

-iPeIe'

•

[ . + .o(ell?"

(51)

+ e

and Ito is unperturbed many-electron Hamiltonian of the polymer.
With this definition of /, one car, obtain with the help of the usual variational
procedure for given 1, w,. and k values and for vectors E 1 and To. respectively, the
quasi Hartree-Fock equations
F( F,,, E.o.

[•k1 =

E0, co, t,k)4•,1 '. w, 1, A, E, E•0 )

k),, = Z,( T,

.; see Eq. (46)] with quasi-Pock operators
F(E,. L--,.

w. t.k) = I/,(

EIT

(52a)

n/2

. w. 1. 7) +

(2j, - k,).

(52b)

Here the quasi-Coulomb operators j, and quasiexchange operators K, are defined
in the usual way but not wvith the help of the unperturbed crystal orbitals ., but
with the perturbed ones i'. Furthermore,
1F" = tI" + •

[L•,

+ 12 o(e'

+ e-P"1•/)IerrV~

e-l•

(52c)

(tA"is the one-electron operator of the unperturbed polymer).

Substituting the LCAO expression of(46) into (52a) one obtains in the usual way
the matrix equation
F(k, wo,t, E-, Eo)dj(k, (o,t, T.,,, -Po) = i,(k. o. L,t,
,)Sd-.
(53a)
Here matrix elements of ý are defined as
A

[P(k)],,•

E e""`(x~

rlj"l×,ý

(53b)

•/=- ,A

* Even if the oribtals (p' and , are orthonormal. <,;'," ') = ,5.,h,,. ,Z',/
) =
their sum •, does
not form an orthonormal orbital set We can appl%Schmidt's orthogonalization prot-cedure and renonnalizc
also the orbitals P,. In this way we can also write (-, 12 >
, .
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with F given in (52b). S(k) has the elements
[S(k)],. = Z e'•"(xl

(53c)

.

and the vectors d, are defined as
C1(k) + C,(k, k,)

d,(k, .•)

[[c.,,.(k, Eo, w)e'.'.. + C;.,,,(k. Zvo,

+

)e-"]'. (53d)

I

,f=

With these definitions one can solve Eq. (53a) for given k. W,t, kl, and Eo in the
same iterative way as one does in the unperturbed case. In this %ay one can obtain
the SCF quasi-Fock operator FSCF and with the help of (52b) the SCF quasicrystal
orbitals
'C(71 ... )sc

A

2 elqads,(k t, w, E,,ETo)xq,(-)

=

(54)

2N+ 1-N
and the SCF quasi one-electron energies isT. These quantities are needed in the
subsequent treatment of correlation.
One should mention that in the possible case if the iteration procedure for F
does not converge, one can still use the orbitals ý, [see Eq. (46)] (after orthogonalization and renormalization) as one-electron orbitals for an MP/2 calculation, and
one just can approximate the quasi one-electron energies e as

•,

=(@j/•'lj•.(55)

Moeller-Plesset PerturbationTheory
After having computed the quasi one-electron orbitals ft1 and quasi one-electron
energies Z, one can apply the MP/2 expression for the second-order correlation
correction of the quasitotal energy (49) for given k, u), t, L and LT. In this case
the Moeller-Plesset perturbation operator will be
1,w, k,SE,

M 1

)) "ZF(7,nF

(56)

(n1=

(2N + 1). With the definition (56), one can derive in the standard way [46]
the second-order correction to the quasitotal energy (for given t,i,
Et, and ET)
• • )I(I/rl,)
*(r
5-,-2)I01,(•,. • )OB(

• *(b(-l
)

1p2()=
MP

_

X (I
I.J.

Here, of course, E

• )>1I
...

57
7

-(

:

I.B

itj

+

ZJ

-iI

i

t,
), because the perturbed crystal orbitals #i(7,
•) and quasi one-electron energies depend on the same variables (this is meant
in the argument of the t 1t, etc. by the three points). The k-dependence is ex-
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pressed by the combined indices I = i, k, etc. Therefore. the fourfold summation
includes the threefold integration over k (because of the conservation of momenta k, + kj = k,, + kh) (for the details, how one calculates the matrix elements
(
si .1tjj occurring in (57) see again [46]).
After having calculated EMDP we can write for the total energy with second-order
correlation correction
a

E=. w. T5

t121

27r

[,k, t. w, _E, Eo)dk + E(2

k-,

-/a

o ,,

E

E

(

The development of the program package for the rather complicated formalism
developed here and in the previous two subsections is in progress in our laboratory.
The Calculation of the Polarizabditfiesand Ilyperpolarizabilities
Having the quasi total energy (58), we can formally express it in the presence
of the electric field
X
,•'
: = E,( + E...= '.+
>- E0 (e''""` + e-"'') = ES + 2 Eo cos mwt (59)
as
,

E

(E) +

(2

E
E+1M

w. 51 L0
EU.~
+

+ ;i+E,, + E+a(w)E

+H

EE+ 3E!-E+yE2 E + •

(60)

.

where E (•,,
1 and E)(2 are the Hartree-Fock and Mp/2 energies of the polymer in the
absence of the field and
+
+ 1EjstEst
Es2
$1

=

E+ tstE
E
51 E

3! s 5

(61)

+

is the part of the induced dipole moment due to the static field. It can be easily
calculated with the aid of the expression
2

f

l( p,(7,k)
+ pJ f,.
1
X

k)]

(',,k)
7
+ po'(?%.
(7

. k)

dkA

(62)

(7, ,.
where the dipole moment operator
= eUsing expres-' ns (49), (58). and (59), one can apply the time-independent
Hellmann-Feynmrann theorem [46]
al

K•aI/OE5 IcI,

(63)
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(for the conditions of its validity, see [42,44]). P re L is the total energy [see Eq.
(59)], dk the many electron wave function [see Eq. (48)1 and 1i the full perturbed
Hamiltonian [see Eq. (51)] (if we neglect overtones in the expression of T., that
is, we put m = I). On the basis of Eq. (63). we can write following [42] but using
our notation

aXM(O, 0)-

0"F"(0; 0, 0)

(64a)

O/-'St.X T

A0 =

OE

.

(64b)

a

-

(64c)

a'"(-W: W)cos WI =

E

21';(0: -w, w) + 10""(-2Lw; w, w) cos wt

= -

(65a)

.t

,

(65b)

and finally
/•W"(-.,

0, w) cos W• =

-

(65c)

In these equations ESt., and K., respectively, are the Xth component of E., and
the jth one of E•. respectively. Furthermore, we can determine 0""(
0 , - W,W)and
fl( -2w, w, w) separately from Eq. (65b) if we compare the coefficients of the terms
containing as factor cos wt and those of the constant terms. One can deduce also
the symmetry relation
f[x3,(0. w,-w) = I3~).(W; 0, W)
[42].
(66)
There are, of course, more combinations in w inthe 86possible, but they are not
measurable at the present time [42].
Formally one can write also for the elements of -y similar expressions as fourth
derivatives of t. For instance.
yXY"W(,W: 0,0.

W)cos Wt = -

(67)

Conclusion
It was shown that if the coupled Hartree-Fock equations based on Frenkel's
variational principle are applied for the determination of the Wdepending part of
the one-electron wave functions in the presence of E_. one can easily define a 1, cW,
and field-dependent quasienergy as Rice and Handy [41.42] did in their pcr-
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turbational theoretical approach to the determination of the orbitals. One can
also add to E, a static field E,, and define the quasienergy with its inclusion.
From this quasienergy quasi Hartree-Fock equations were derived with Fock
operators Fý(I. uw.E, Eo) which give rise also to one-electron energies Z,, which
depend on the same quantities as F. The whole formalism was extended from
molecules
also to periodic polymers. Finally the quasi MP/2 energies for polymers
F-(21were also derived. Adding those to the SCF quasitotal energies, one obtains the
tot d1energy of a polymer per unit cell Eý(w, t, Est, Eo)/(2N + 1).
With the aid of these quantities the polarizability and hyperpolarizability tensor
elements can be expressed in the usual way [41,42]. Very probably for the necessary
numerical derivatives the same procedures can be applied as before [41,42]. The
programming of our coupled HF equations in the presence of E = E,, + E,. for a
linear polymer as well as the correction of its quasitotal energy per unit cell for
correlation is in progress.
As next step we plan to apply a laser pulse instead of E(t) which means that the
magnetic vector potential A. # 0, but
A=

[Aoe"'m" + Ate""]

(as it was done before without correlation and without the correct treatment of
lattice symmetry in [37]). Finally. we plan to extend the theory to 2D and later
also to 3D periodic lattices.
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Abstract
The structural and electronic properties of po silane. (SiH 2 ), and poly silene. (SiH ), v ill be compared
with their carbon-based analogues polethyilene. (CH 2 ),. and polxacet.lene. (CH),. as investigated b.,
the ab mawo crystal orbital method using seweral. partly highly polanzed. atomiL, basis bets of inreasing
size at the Hartree-FoLk (wi-) level and by including electron correlation effects up to the third order of
Moller-Plesset perturbation theory The single-particle energy bands have also been corrected for correlation effects applying the electron polaron quasiparticle (QP) method Election correlation plays an
essential role in stabilizing the gaumhe conformation of polysilane against the Ira i.s form While the
gaiIhe-tran. energy difference is about 0.25 mH at the H- lexel. it will be reduced to about 0.8 mH
due to correlation Also the energy bands and band gaps will be substantially modified in going from
the HI to the QP description, resulting in AEp = 9.5 and 11.8 eV for trans and gauthe polysilane at li'.
and 5.12 and 5.56 eV at the QP level, respectively. Polysilene turns out to be a semiconductor (similar
to polvac-tylenc) for which bond-alternation energetically stabilizes the semiconducting phase (as coinpared to the equidistant, metallic one) by 1.4 mH at the Hu and by 0 6 mH at the MP2 levels, with bond
alternations ofAR = 0.1327 and 0.0865 A, respectively. ,c 1993 John Wiley & Sons. InL.

Introduction
Experimental and theoretical research of the past decade conincingly demonstrated several interesting physical and chemical properties of carbon-based organic
polymer%like polyacetylenes, (CH).,, with a wide range of new technological potentials [ ]. The experience with this type of materials has led to the common belief
that the efficient charge and energy transport phenomena in organic polymers should
be related to their extended r-conjugated double-bond system. Some early band
structure calculations on the a-bonded backbone of polypeptides [2,3] indicated.
however, that efficient electron delocalization may also result without 7r-electrons.
In fact, theoretical effecti-ve mass and mobility values for both electrons and holes
indicated more pronounced semiconductive properties in a tNo-d,mensional polypeptide sheet along the a-bonded backbone of the amino acid residues than in the
perpendicular direction, between the 7r-electron systems of the peptide units.
Recent experimental progress in investigating a relatiely neA class of siliconbased materials, the polydiorganosilylenes (polysilanes), (SiRR,),, with a
backbone comprised entirely of Si -- Si a-bonds, has shown, on the other hand,
International Journa! of Quantum Chemistr.y. Quantum Chemistry Symposium 27. 131-146 (1993)
c 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010131-16
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that a-bonded polymers are capable of delocalizing their electrons much in the
same manner as normally ascribed to the more familiar 7r-conjugated materials
like polyacetylenes. polydiacetylenes, etc. It is a striking observation that, though
polvsilanes are the structural analogues of polyolefins (e.g.. polyethylene), their
electronic and optical properties resemble more closely those of quasi-one-dimensional 7r-conjugated polymers (like polyacetylenes). They exhibit, for instance. a strong and conformationall) dependent optical absorption in the near
uv [4-17],. possess relatively low-lying ionization potentials [18,191, and show
an excellent nondispersive photoconductivity [20,21]. Whereas the use of polysilanes as photoconductors depends on their ability to transport charge (they
can be doped to about 1 S/cm [22]), their application in nonlinear optical
de%ices [23-25] takes advantage of their unusually high capacity to delocalize
electronic excitations. Thev proved to be valuable as microlithographic contrast
enhancement layers in submicron lithographv [26] and may replace silicones
in some cases [27] due to their higher thermal stabilities and better strength.
Unlike many of the carbon-based polymers, polysilanes are almost invariably
air-stable and processible bv standard industrial techniques. Two recent reviews
provide further details on the properties and of the potential applications of
these exciting polymers [28-30].
In %iew of these experimental developments, it seems to be an attractive theoretical problem to systematically compare the structural and physical properties
of analogous silicon- and carbon-based materials, respectively, and try to trace
back the similarities and differences in their properties to their electronic structure. As a first step towards this goal. the theoretical work to be reported here
has mainly concentrated on the Si and C backbones of the corresponding polymers themselves (taking always hydrogen atoms as side groups R, and R 2 , respectixely ). There are, however. several convincing experimental evidences for
the importance of the detailed chemical structure of these side groups in governing the phy sical properties of polysilanes. On the basis of some preliminary
calculations applying methyl groups as substituents. we have also obtained some
hints for their expected influence through the Si -C orbital mixing but their
more accurate investigation has to be the subject of further elaborate investigations. Besides polysilanes. for which a large volume of experimental data are
available, we will also report theoretical results on the hypothetical trans-polyacetylene analogue (SiH),, both in its equidistant and (single-double bond)
alternating conformations, respectively. Though it seems to be very intricate to
sy nthesize stable compounds containing silicon-silicon double bonds [ 31], the
first successful synthesis of such a compound [32] induced theoretical work on
silicon-containing polymers containing unsaturated bonds [33-36].
Most of the earlier theoretical investigations aiming at the prediction of the structural parameters of polysilanes used small oligosilanes (up to pentasilane) as model
compounds apart from empirical force field calculations [37-40] that could use
chains up to 30 Si atoms. Among the semiempirical methods. CNDO/2 has been
used to compute the structure and ionization potentials [41] as well as low-lying
excitation energies [42]. MNDO [43.44] and MNDO/2 [45] calculations predicted
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reasonable Si - Si bond lengths for different trans and gauche conformations, respectively, while AM 1 and PM3 [461 have been used to analyze the conformational
effect of various substituent groups. In the first ab int'10 HF cluster calculations,
Mintmire and Ortiz [47,48] utilized a polarized (3-21G*) atomic basis set and
obtained reasonable bond lengths and valence angles, respectively, and provided
vertical ionization potentials of the first four oligosilanes in good agreement with
experiment. At the same level of theory, Nelson and Pietro [491 studied the evolution
of the valence band of polysilanes from cluster energy levels, while Balaji and Michl
[50] performed ca calculations with a double-zeta + d + Rydberg-type basis set to
obtain the singlet excitation energies of the Si, H 2,+ 2. n = 2 - 5 series. Finally,
Kirtman and Hasan computed in a recent study 151] linear and nonlinear static
electronic polarizabilities of H 3 - (SiH 2 )n - SiH 3 oligomers until n = 13 in the
trans conformation.
The most sensitive part of the abovementioned conformational studies is the
computation of the dihedral angles of the Si backbone that play a decisive role
in determining the photophysical properties of these materials [ 52 1. trans and
gauche conformations have generally been identified as local minima of the
potential energy surface but the location of the absolute minimum remained,
due to the small energy differences obtained, mostly beyond the credibility limit
of the methods applied. Methods applying empirical potential functions usually
favored the gauche over the trans form, while single determinant MO methods
(neglecting dispersion forces) predicted mostly the less compact trans form as
the absolute minimum. A very important hint for the need of including electron
correlation in these investigations came from the MP2/6-31G* calculation of
Mintmire and Ortiz [47] who found that the MP2 energy (computed for the HF
optimized geometry) slightly inverts the stability order in tetrasilane (favoring
the gauche form by 0.04 kcal/mol).
Theoretical work on infinite polysilanes concentrated mostly on the computation
of the band structures by using semiempirical [41,53,54 ] or local density functional
[55-58] methods and standard geometrical parameters. Ab initio crystal orbital
geometry optimizations have been performed at the HF level, however, for the trans
conformer using a minimal basis set [59], for both of the trans and gauche conformers, respectively, with a double-zeta basis [60], and for different mixed composites of the two structures again at the minimal basis level [61]. The linear polarizability of trans-polysilane has been investigated with STo-3G and 4-31G basis
sets recently [62] without geometry optimization.
The present article will give a short review of a first principles method for the
calculation of electron correlation effects on the total and single particle energies
in infinite polymers and it will present new results concerning the geometrical
structure and the electronic band indices of several infinite polyene models. The
next two sections will summarize the methodological aspects related to the computation of the conrelated ground state in the second order of PT and of its HF part,
respectively, while the fourth section will provide the necessary working expressions
to compute (correlated) quasiparticle energies. Finally, we will present our new
results for five different infinite polyene models.
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Computational Method: Hartree-Fock and Moller-Plesset
Schemes for Infinite Regular Polymers
Our ab inilio computational procedure to calculate electron correlation effects
for infinite polymers has been recently described [63,64]. Here, we only summarize
the basic expressions to define the various theoretical levels as applied to polysilanes.
The zeroth-order (Hartree-Fock) N-electron wavefunction, 4o, will be written as
a Slater-determinant built, utilizing the translational symmetry of the polymer,
from doubly filled Bloch functions, 45(f), in the form
4)o = (N!)-11 2 det[" • "

F,))a(a,)dP(-,+
)
)P3(o,+r)

.

(1)

40 (-) stands here for a one-electron state with quasi-momentum kin band n. The
Bloch functions themselves will be expressed as linear combinations of symmetry
adapted Bloch basis orbitals in the form
(2)

Ca,4a4(r),

=0w
a-I

where v is the number of basis orbitals per elementary cell of the polymer and the
Bloch orbitals 4,r (7) are themselves linear combinations of (Gaussian-type) atomic
orbitals:
(3)

Z exp{ii'Rj}x (7) .

- N-'

J=1

N, stands here for the number of elementary cells and the atomic orbital X (7)
X,(7 - Ra - R?) is centered in the cell j at Ra + RJ. The nonrelativistic electronic
Hamiltonian of the polymer (in atomic units) has the form
I

221

N,

nA

1

ZA

-A7
h --ARl

h
h-•I, Z=
-I I1-I

<,,

.
171- 7 1•,

(4)

nA is here the number of atoms per unit cell and ZA is the core charge of the atom
A at position RA, respectively. Variation of the expectation value (I4o I/41, o) leads
to the polymer HF equation
A=

)5

)

nef (-,)-

(5)

with the Fock-operator
I

N,

2A
2(71)

nA
.. ,

ZA

1-71RT -

_ f d 3 -f P(71,7,,,) P(3'j.3)
where the permutation operator

C
RAI + f d3 ',

'

'

P(7 .. 7,.)

7',-,I

(6)

interchanges the variables 71 and 7,,, respectively.
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before integration for the function standing behind him. The first-order density
matrix p(71, ,,,) is constructed from the occupied Bloch orbitals as
occ {B/

Z

,=

()

(7)

For the computation of the correlation energy, we will apply the Moller-Plesset
partitioning scheme [65] of the Rayleigh-Schr6dinger many-body perturbation
theory (RS-MBPT) [66] by writing the full many-particle Hamiltonian (4) in the
form

H=H,,+Q.
=

Z

I.

Al

11,

Q=

1/2

J

eIcIc

(9)

KIJ(LM~c'c>ic.c1.

Y
I

(8)

2 (LIIILJ)nC1cCj

I

J

(10)

I.

c and c' are here creation and annihilation operators, respectively, referring to the
Bloch spin orbitals k, (the compound index I refers to the band index t and quasimomentum A,), n1 is the occupation number, and the four-center repulsion integrals
are defined by
<IJ] LM) =

f dfi,(T)*,(j
f d72

2

)*r

'(Th)4"(-2)

(11)

Integrals of the type . • •.-11
... • are in their structure analogous to Eq. ( II ) with
the difference that the Coulomb operator is multiplied in them by the factor ( I P12) to take account of exchange. The zeroth order many-electron wavefunctions
are eigenfunctions of I-,:

/,,÷•= E•÷.

(12)

The working expressions of MBPT can be written in a compact form using the
reduced resolvent of Al,, belonging to its lowest eigenvalue, E,,:

6,=

(E,, - E•)'lx) 4,\>ý4)\
(x

In terms of 6, the first three orders of the
El =

RS-MBPT

(13)

are given by

,%,1014,,,)

(14)

E,2 = ('%,,IGQI,01>

E3 = (,t,,ICG51~i4),,) - (K4,,IOGG0QI4,,)

(15)

I>,,)
4,,I

(16)

Since E' = E,, + El, the correlation energy, defined as the difference between the
exact eigenvalue offi and Eiji, can be obtained as the sum of all higher order terms
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in the perturbation series starting by E?. If we take into account the translational
symmetry ofthe polymer, substitute the resol ent operator from Eq. ( 13)and make
use of diagrammatic techniques [66], we straightforwardlN arrive at the expressions
t Iý ,--

-,

12,

Eý1=EZJJJZJ ZEEZ
a<I,
+

<

-r7,i-+
7

d,

<* - , 'a

(X
+

+

+

C,

(+'

X

+<d'

P

Cd

-,'

-•

+ aol -X+4Z, -

Z' 1,
0",

•7•-.7,

l

X

(r'+Cl '/ 'P+4e Z''Nel-•(
,•+ell - C'+q,+ _7 - ,/ r,'

Il1,q,

•

(18)

The notation follows here the convention that indices 1, ,•.
denote energy
bands occupied in the ground state and a, b. • - • stand for virtual bands.
The termination of the perturbation expansion at the second order has two major
advantages. At first, in this case only matrix elements between the ground state and
doubl.v excited configurations will have to be computed. (Starting at third order.
also matrix elements between doubly excited states will be required, whose list
substantially exceeds that of the former elements, since even with the use of basis
sets of moderate size the number of,,irtual bands exceeds by far that of the occupied
ones.) At second, E?
2 can be thought of as a sum of separate electron-pair contributions if it is written in the form

E2, =

"
I

(19)

J

where the pair-correlation energies e1, are defined by the comparison of Eqs. ( 17)
and (19). In this way. the particle concept can also be preserved beyond the HF
theory, and one can define quasiparticle states (and energy bands) that incorporate
correlation effects at the given level of approximation.
The HF method is especially efficient if the Bloch orbitals are calculated in the
form of a linear combination of atomic orbitals (LCAO) [67,68] since in this case
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the large amount of experience collected in the field of molecular quantum mechanics can be used in polymer studies. In post-HF computations (like correlation
and excitonic effects, impurity levels, etc.), however, the transformation from the
Bloch basis to that of Wannier functions [69] turned out to be a very efficient
procedure. The connection between the two basis sets is given by the Fourier transformation
t,

- R,) = N-" 2 • exp(-iAkRt)4,(7).

---w,,(

(20)

where the Wannier function w'(') 7
w,,( • - R,) is centered around the monomer
at RA.From the point of view of the accuracy and economy of the above mentioned
calculations, the optimal (minimal) extension of it,, over neighboring unit cells in
the polymer is of great importance. The originally undetermined phase of the Bloch
functions, represented by the transformation 4,r(f) = 01(V) exp[iX,,(k)] (where
X,,(k) can be any analytic function of k possessing the symmetry of the BZ) can
be utilized to determine the phase factor exp {iX,,()k) in such a way that the Wannier functions will be localized [70]. After transformation (20), the Wannier functions are obtained in the same AO basis, in which the Bloch functions are calculated:
•,(
-

A1) =

d`,,x,(7 - R, - Rh).

EE
h

(21)

1p

The ,ariational optimization of the phase factors reduces first the sum h over a few
neighboring cells. For a given cell, the Wannier function components EP dp,,(j RJ - Rh) are similar to molecular orbitals (Mos). It is not surprising, therefore, that
methods worked out for MO localization may also provide excellent tools in polymer
theory. The Wannier transformation is, unfortunately, not feasible in the case of
metallic systems. For this case, a special numerical procedure has been developed
[71] that starts from Bloch functions in tight-binding form
C, (7)

=

A't '

A.

-

exp{,'kI}A n(7 -

A,).

(22)

with

A7
- )

C,,(m,

(23)

a-1I

and expands the A factors into a series of trigonometrical functions according to
k-within the BZ. In this way, the four-index transformation will have to be performed
only on the expansion coefficients (and not on the A functions themselves at a
large number of k values in the BZ). It turned out that also for metallic polyene
(as found previously for simpler model systems [ 71]) the leading terms of the Aexpansion until second power provide enough numerical stability to compute the
correlation terms.
Electron correlation influences, besides the ground state total (binding) energy
of the system, other observables as well. Within an approxim-te physical model,
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the so-called electron polaron theory [ 72,73 ], one can reasonably correct for such
effects, for instance, the single-particle energies of the valence and conduction bands,
respectively. The physical meaning of the energy bands is given by Koopman's
theorem stating that the band energies, as calculated by Eq. (5), are in fact the
momentum-dependent electron affinities (EAS) and ionization potentials (Ips) of
the HF N-electron system, respectively. Generalizing this statement to the correlation
problem (at second order MP perturbation theory [ 71 ]), the corresponding quasiparticle (QP) energies can be obtained as EAs and Irs, respectively, of the correlated
N-particle wavefunction
cc-(QP)

ei'(QP)

=

£c(HF)

+ Mcc

= e;'(HF) +

)(e) +

(-'+' (h)

(Y-ý)(e)+ Z27V(h) .

(24)
(25)

The correction terms appearing in Eqs. (24, 25), in addition to the HF band energies,
are the electron and hole self-energies, X2(e) and X(h), respectively. The physical
origin of these self-energy corrections is a cloud of virtual excitons accompanying
the HF particles in analogy to the lattice polaron problem where virtual (optical)
phonons dress the polarizing particle. A more detailed analysis of the structure of
the corresponding expressions reveals [71-73] that the various ',T(c)-type terms
tend to stabilize and the 1(h)-type terms tend to destabilize the corresponding
quasiparticle states, respectively. As a net effect, the correlated IPs and EAS will be
reduced, as compared with their HF values; the valence bands will move upwards
and the conduction bands downwards, respectively. Since the upper and lower
band limits will be usually influenced to a different extent, a Franck-Condon type
band narrowing effect can also be observed (as in the case of phonon polaron
states).

Conformational Properties: A Comparison of Carbonand Silicon-Based Polymers
The conformational parameters of the simplest silane polymer, (SiH 2 )A, have
been investigated both at the HF and MP2 levels of theory, respectively. To understand the dependence of the physical properties of these polymers (especially those
strongly depending on correlation effects) on the size of the atomic basis set, we
have employed in these studies several such sets starting from the minimal-type
STO-3G, through double-zeta (Dz) [74] up to several polarized sets like DZ(p),
DZ(d,p), DZ(2dp), and DZ(2dfp). The exponents and contraction coefficients
of these basis sets have been taken from the Gaussian suite of quantum chemical
programs [ 75 ]. Our crystal orbital program package also uses several parts of the
Gaussian system including all integral routines. Table I summarizes the structural
parameters obtained for the three basic rotamers of polysilane, the trans, eclipsed.
and gauche structures, respectively. Small cluster calculations [47,48] also indicate
the presence of a fourth (eclipsed) conformer at the dihedral angle 0 = 00 but our
SCF program could not converge to this solution.
We can see that, apart from trivial deviations, all basis sets for both methods
properly locate these structures around the 0 values of 1800, 1200, and 600, re-
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TABLE I. Structural parameters of three polyhydrosilane. (SiH 2)X. structures (trans. gauche, and eclipsed,
respectively) as optimized at the Hartree-Fock (HF) and second-order Moller-Plesset (MP2) levels of
theory using different atomic basis sets. These structures are charactenzed by the dihedral angle 0 as
defined by four consecutive Si atoms of the polymer (the trans form corresponds to the fully extended
chain). The potential surface of the polymer has been scanned for 0 values around the expected local
minima of the trans and gaiche structures (0 = 1800 and 0 = 600, respectively), and in the neighborhood
of the expected maximum for an eclipsed structure (0 = 120°).a (Distances are given in A, angles in
degrees.)
R(Si--S)

R(Si-H)

a(Si-Si-Si)

fl(Si-Si--H)b

1.4848
1.4835
1.4805

111.93
112.04
112.14

109.83

HF/DZ (2dfp)

2.3917
2.3793
2.3728

110.12
110.16

180.
180.
180.

MP2/DZ
MP2/DZ (dp)
MP2/DZ (2df p)

2.3977
2.3591
2.3559

I 4984
1.4813
1.4782

112.02

111.92
111 92

109.61
110.28
110.28

180.
180.
180.

HF/DZ

HF/DZ (dp)
HF/DZ (2d4,p)

2.4012
2.3912
2.3878

1.4849
1.4830
1.4802

112.02
112.38
112.35

109.89
110.18
110.23

120.29
120.09
120.15

MP2/DZ
MP2/DZ (d~p)
MP2/DZ (2dfp)

2.4070
2.3734
2.3706

1.4985
1.4809
1.4776

110.85
111.75
111.78

109.76
109.88
110.07

120.84
121.21
120.66

HF/DZ

2.3925
2.3807
2.3736

1.4849
1.4801
1.4782

111.79
112.18
112.24

109.65
109.96
109.98

64.50
61.29
60.65

2.3986
2.3610
2.3582

1.4982
1.4812
1 4786

111.38
111.06
111.04

109.50
110.18
110.39

61.63
58.13
60.24

Method/basis set
HF/DZ
HF/DZ (dp)

HF/DZ (dp)
HF/DZ

(2dfp)

MP2/DZ
MP2/DZ (dp)
MP2/DZ (2df,p)

O(Si-Si-Si-Si)

. There is another expected local maximum for an eclipsed structure with 0 00. Due to convergency
problems of the scF procedure for small 0 values, our program could not reach this point on the potential
surface.
"The H-Si-H plane is peipendicular to the Si-Si-Si plane and bisects the corresponding backbone
angle a.

spectively. The bond angles obtained for the polymer are also in good agreement
with those obtained earlier for small clusters using 3-21 G* and 6-3lG** basis

sets, respectively [47-49,51]. The Si--Si bond length is, however, very sensitive
to both basis set and correlation effects varying by 0.03 to 0.04 A from the DZ to
the DZ(2dJp) levels. Since the binding energy of the conformers very sensitively
depends on this distance, even its small variations as functions of the dihedral angle
are important. It elongates by about 0.0 15 A (both for HF and MP2) in going from
the transto the eclipsed conformation and relaxes nearly back to its trans value at
the gauche conformation.
The energetic changes accompanying the torsional motion of polysilane are shown
in Table II. It is interesting to note first that even the use of the DZ(d,p) basis
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(comparable to the 6-31 G** basis set) does not completely saturate the HF energy
per SiH, unit in polysilane. The additional set of d- andf-functions further decreases
the HF energy by 20 and 8 millihartrees, respectively. This is in striking difference
to its structural carbon analogue, polyethylene, for which the DZ( d,p) basis is very
close to the estimated HF limit (Table III). The relative HF energies are, however,
less sensitive to polarization functions also for polysilane. The height of the eclipsed
torsional barrier (1.7-1.8 millihartree) is, for instance, reasonably described by
using one set of d-functions for the Si atom [DZ( d)]. This situation is similar to
polyethylene tnough the barrier height is substantially larger for the carbon backbone
(6.8-6.9 millihartree). Since the correlation contribution is very similar in the trans
and eclipted conformers of polysilane, respectively, the MP2 level barrier values are
nearly equal to the HF ones ( 1.6-1.7 milihartree). Furthermore, though the thirdorder correlation contribution. E3 , substantially lowers the total energy (its value
is about 46-4 3% of E2 in polysilene and 37-44% in polyethylene, respectively), its
influence is r,latively small on the conformational energy difference since it changes
quite slowly as a function of 0.
Since the gauche conformation is much more compact than the two previously
discussed ones, dispersion interactions become more important for it. In polysilane,
the lrans-gauchebarrier is about 0.25 millihartree at the HF level but it diminishes
at ti,, MP2 and MP3 levels, respectively, and the gauche structure will be stabilized
b.U tabout -0.8 millihartree relati',e to the trans conformation. This differs again
from polyeth.lene where, though the corresponding barrier is also reduced by correlation. it seems to be stabilized at about 1.4 to 1 6 millihartree, i.e., the trans
TABI II Hartrce-Fock (l-m). second- and third-order coirelation (L' and E,). and total energies
(LMpeand Lmp,). respectjiel., obtained (using different atomic basis sets) per unit cell of pol'.eih)lene
in different conformations. tran (dihedral angle 0 = 1800). gamhe (0 - 600). and eclipsed (0I
1200)
The absolute energies for the Irani conformer are given in hartree. the relative energies for the gaitdhe
and eclipsed structures.. ,,pectiel,. are measured in millihartree from the corresponding trani-,alue
Energy
Eiji' (vans)
E2b(lran•)
1"30 (iraon)
L'mp.,b (iron%)
L'.,,{' (tiris)

STO-3G

DZ

DZ (d)

-38 580150
-0052657
-38.632689

-39.022111
-0.101050
-0.045211
-39.123008
-39.168219

-39 039101
-0.142073
-39.181045
-

-

oz (d,p)

DZ (2d.p)

oz (2dl.p)

-39 042697 -39 043195
-0.155058
-0.166158
-0.057358
-39 197612 -39.209208
-39.254970

-39.043797
-0.178008
-

-39 221652
-

.. L:'m(eclipsed)
AhMP2" (eclipsed)

6.250
-

6.482
5.736

6.864
5.981

6921
6.030

6.874
6.152

6.862
6968

'"LMP'+' (eclipsed)

-

5642

-

5.881

-

-

1.657
0.381
-

1 691
0.353

1.624
0.328
-

1.334
0.330
-

-1 Im p." (gauche)

.,l,' (gauche)

-

1.599
0.377

.1L"Mpj" (gatuthe)

-

0.386

SEnergy

1.617

at the optimized uir geometry.
h Energy at the optimited MP2 geometry
"Single-point calculation at the NiP2 optimized geometry.
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configuration remains the energetically favored one. Since the conformation energy
differences obtained here are comparable to the thermal energy at room temperature
(kT is about I millihartree at 300'K), these polymer backbones will be extremely
flexible against conformational excitations at higher temperatures. Furthermore,
since interchain interactions in the corresponding polymer crystals will also play
an important role in determining the most stable single chain structure, z final
conclusion on relative stabilities will be possible only after their inc usion. The
available experimental structural parameters also refer to polysilanes with more
complicated side chains so that a more serious comparison with experiments will
have to await their inclusion into the computations. (More details on these potential
surfaces and on the corresponding zero-point vibrational corrections will be published elsewhere.)
Table IV presents the IIF and MP2 energies, respectively, for the hypothetical
polymer trans-(SiH),, optimized first as a bond-alternating and then as an equidistant zig-zag chain. The development of the bond alternating geometry in polysilene is very similar to the case ofirans-polyacetylene [64,7 1]. While the increasing
quality of the HF description [STO-3G, DZ, and DZ( d,p) basis sets, respectively],
produces bond alternation values (difference in the lengths of single and double
bonds, respectively) of AR = 0.1438, 0.1074, and 0. 1167 A for polyacetylene [ 71 ],
the corresponding AR values for polysilene are 0.1529. 0.1159, and 0.1327 A. As
correlation reduces AR to 0.1105, 0.0834. and 0.08)16 A for polyacetylene, it has
the same effect in polysilene leading to 0.1121. 0.0990, and 0.0865 A,. respectively.
Though the energy barrier of about 1.4 millihartree between the alternating and
equidistant chains at the HF level will be reduced to approximately 0.6 millihartree
at the MP2 level, it definitively persists and favors the bond-alternating (semiconducting) phase as the energetically stable one.

TABLL IV Hartree-Fock (LIII). second-order correlation (L 2). and total energies (LMp.). respectively,
obtained (using differtnt atomic basis sets) per SiH unit of pol~hydrosilene, (Sill),. in alternatingtran%
(alt ) and equitiwant tranm (equ.) conformations. respectively. The absolute energies (E) ar- given in
hartree, the relative energies (AE) in millihartree.
STO-3G

DZ

i)Z (dp)

DZ (2dfp)

EIII (amlt)
1J.b(el.qt)

-286.154454
-0.049050
-286.203000
-286.152922
-0.050179

-289.446521
--0.114584
-289.560313
-289.445485
-0.115073

-289476705
-0.156216
--289.476016
-289.475306
-0.157010

-289.498665
-0.172212
-289.670768
-289.497253
-0.172788

I'-p2" (equ

-286.201808

-289 559785

- 289.631699

--289.670200

--23•80
-1.192

-I 036
-0.528

'm* (ali.)
E2' (ai)

E',•pP (afl)

AEHj"(all -cqu )
A.1E&,p2(alti-eq)

Encrgy at the optimized iii geometry.
b Energp at the optimicd MNi2 geomctr".

-1.399
-0.533

-1 412
-0.568
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TABLE V. HF and quasiparticle (QP) energy levels at the limits of the valence and conduction bands.
respecti~ely, of tran.s-polyhydrosilane, 1-(SiH 2)1, computed with double-zeta (DZ) and polarized atomic
basis sets, respectively (in eV)
DZ

C,.

Cv...
c. in

Ccm,.
AEpp

DZ (2d1,p)

DZ (d~p)

HF

QP

HF

QP

HF

QP

-13.652
-8.473
1.276
9 501
9.749

-12.588
-7.612
0.942
8902
8.554

-13.816
-8.588
1.224
9.408
9.812

-12.246
-7.386
-1.471
6.912
5.915

-13.829
-8.677
0919
9.308
9.516

-12.067
-7.138
-2.012
5.942
5.126

Energy Bands in Hartree-Fock and Quasiparticle Theory
Tables V and VI contain the limits of the valence and conduction bands, and
the width of the forbidden gap computed for the trans and gauche conformations
of (SiH 2 )Xusing selected basis sets at the HF and electron polaron levels, respectively.
The HF bands seem to be quite stabilized at the DZ basis set level including the
band energy shifts due to the backbone torsion. The valence band of the gauche
modification will be stabilized by about 0.8 eV compared with the trans one, and
it becor-es narrower by I to 1.2 eV. A similar shift to lower energies occurs for the
HF corduction band in going from trans to gauche but its width will be reduced
by 2.5 eV. The formation of correlated quasiparticle states according to Eqs. (24.
25) shifts the valence band for both systems upwards by an amount depending on
the magnitude of the correlation energy associated with the basis set in question
(ranging from 0.8-2.2 eV for different basis sets). The lower edges are shifted
somewhat stronger (by 0.A -0.8 eV) resulting in the previously mentioned FranckCondon type band narrowing. Similar observations can be made, in the opposite
energetic direction, for the conduction bands. As a net effect, the semiconducting
band gap will be substantially reduced due to correlation: its trans HF value of 9.5
eV diminishes to 5.12 eV and the gauche value from 11.8 eV to 5.56 eV.
TABLE V:

HF and quasiparlicle (QP) energy levels at the limits of the valence and conduction bands.
respectively, ofgaut he-polyhydrosilane. g-(SiH 2),, computed with double-zeta (DZ) and polarized atomic
basis sets, respectively (in cv).

DZ

C,,.mn
C Mal
rm.
,-

AEpp

DZ

(d~p)

DZ

(2d.,p)

HF

QP

HF

QP

HF

QP

-14.602
-10.486
1.530
7.105
12.016

-13.208
-9.216
0.948
6287
10.164

-14.588
-10.512
1.406
6.997
11.918

-12.711
-9002
-2.200
3.067
6.802

-14.617
-10590
1.192
6.872
11.782

-12.208
-8.422
-2862
2.433
5.560
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Spin-Polarized LCGTO-FF Band Structure Technique:
Application to 3d Transition Metal Monolayers
J. C. BOETTGER
Theoreital Ditt~sion, Lo Alamnos National Laboratory. Los Alarnos. New Mexico 87545

Abstract
The linear combinations of Gaussian-type orbitals-fitting function (LCGTO-FI-) technique, as embodied
in the program package FILMS, has been extended to include spin-polarization effects. The spin-polarized
LcCGTo-rF method is described here. Test results are presented for square monolayers of seven 3dtransition metals (Ti, V, Cr, Mn, Fe, Co. and Ni) at the lattice constant of Ag(OO1). The LCGTO-FF
results compare favorably with previous results obtained with the FLAPW technique cc)1993 John Wiley
& Sons. Inc

Introduction
During the past decade, the linear combinations of Gaussian type orbitals-fitting
function (LCGTO-FF) technique [I] has been used to calculate the properties of a

number of ultra-thin films (UTF); see Ref. [2 ] for a review. Most of those calculations
have been restricted to UTFs composed of relatively small atoms (Z < 20); although
there have been some exceptions [3]. This focus on small systems has been due,
in part, to two basic limitations of the program package (FILMS) used for those
calculations: ( I ) neglect of relativistic effects, and (2) neglect of spin-polarzation.
Here, the program FILMS has been modified to incorporate spin-polanzation
effects into the LCGTO-FF technique. This extension of the method is straightforward
but has potential pitfalls due to the particular formalism used by FILMS to fit the
local spin-density approximation (LSDA) exchange-correlation (XC) kernels (e.,

and I'j. For this reason, the new sptn-polarized version of FILMS has been tested
carefully by calculating the sptn magnetic moments for square lattice monolayers
of seven 3d transition metals (Ti, V, Cr, Mn, Fe, Co, and Ni), all at the theoretical
lattice constant of Ag(001 ); a = 5.51 a.u. [4]. This particular test allows direct
comparison with previously published results obtained with the FLAPW technique
[5] using the same LSDA model as is used in FILMS (that proposed in Ref. [4]).
The basic LCGTO-FF method and its extension to include spin-polarization effects
are described in the next section. Results will then be presented for the cohesive
energies, spin magnetic moments, and work functions of the 3d transition metals.
Brief concluding remarks are given in the final section.
International Journal of Quantum Chemistr.. Quantum Chemistr. Symposium 27. 147-154 (1993)
CCC 0020-7608/93/010147-08
. 1993 John Wile. & Sons, Inc.
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Methodology

The LCGTO-FF Technique
The LCGTO-FF technique is an all-electron, full-potential, electronic structure
method which is characterized by its use of three independent Gaussian basis sets
to expand the one-electron orbitals, the charge density, and the LSDA XC energy
density and potential. The current implementation of the LCGTO-FF technique in
FILMS is derived from a fitting function UTF electronic structure code due to
Mintmire, Sabin, and Trickey [6], which in turn was related to a fitting function
based cluster code [ 7 ]. Although FILMS is directly related to these other GTO fitting
function based methods, the present implementation of the LCGTO-FF technique
has several distinctive features (see below).
The purpose of fitting the charge density with GTOS is to reduce the number of
Coulomb integrals required in the calculations by ensuring that only three-center
integrals appear in the total energy expression and the one-electron equations, instead
of the usual four-center integrals. Thus, the total number of Coulomb integrals
required for a system will scale as NON, (where N(, = the number of orbital basis
functions and N, = the number of charge fit functions), instead of the usual N,4,.
Since the charge density is a nodeless function, unlike the orbitals, N, is generally
less than N,;' thereby providing an additional reduction in the total number of
Coulomb integrals. In all of the extant GTO fitting function codes, the expansion
coefficients of the charge density fitting functions are determined by variationally
minimizing the error in the Coulomb energy due to the fit [6,7]. Once all the
necessary Coulomb integrals have been evaluated analytically, the variational charge
fit can be accomplished by solving a simple linear matrix equation [6,7 ].
The calculation of the three-center Coulomb integrals involves lengthy lattice
summations over a pair of orbitals and a charge fitting function plus a neutralizing
array of nuclei [6]. To improve convergence, the integral sums for the very diffuse
orbitals are calculated with mixed real and reciprocal space techniques [6]. The
remaining integral sums are accelerated via multipole expansion techniques [6].
In FILMS, the pure real-space integral summations for the s-type fitting functions
plus their neutralizing point charge arrays are further accelerated by splitting the
sums into a short-range part consisting of the fitting function and a single neutralizing
positive point charge and a long-range part formed from the nuclear array and a
single negative point charge [ 8 ]. This procedure is both faster and more stable than
the original method used in Ref. [6].
The xc fitting function procedure ran be understood best as a rather sophisticated
numerical quadrature scheme which allows a highly accurate evaluation of the xc
integrals on a relatively sparse integration mesh by fitting of the integral kernels
with GTOS. The expansion coefficients of the xc fitting functions are obtained from
a weighted least squares fit to the energy density or potential on the numerical
integration mesh. This least squares fit can be expressed as a linear matrix equation
whose elements are obtained via numerical integration. The fitted energy density
and potential then can be used to evaluate the xC matrix elements of the secular
equation and total energy analytically to a much higher level of precision (and in
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less time) than would be possible with direct numerical integration. The accuracy
of the xc matrix elements is also improved by constraining the fit procedure to
ensure that the numerical integral of the charge denr;-y times the difference between
the fitted and exact energy densities (or potentials) \.anishes [91.
In FILMS, the numerical xc integrals arl carried out with an integration technique
specifically designed to exploit the UTF geometry [8]. The UTF unit cell (which
has infinite extent in the z-direction) is divided into three distinct regions: ( I ) a
collection of touching spheres centered on the atomic sites in the cell, (2) a vacuum
region which lies outside of two horizontal planes which just touch the outermost
atomic spheres, and (3) an interstitial region. In the spheres, the numerical integrals
are factored into a radial integral on an exponential mesh and an angular integral
using Gaussian quadrature including all spherical harmonics through I = 12. In
the vacuum region, the integral is divided into a z-integral on an exponential mesh
and an x,y integral on a uniform mesh exhibiting the symmetry of the 2d lattice.
In the interstitial region, the integral is calculated with a simple histogram technique
on a very dense uniform mesh whose x,y coordinates exhibit the symmetry of the
2d lattice. This numerical integration scheme is substantially more accurate (and
requires less time) than the numerical integration scheme used in Ref. [6].
The most important difference between the present implementation of the
LCGTO-FF technique and other GTO fitting function methods is in the xc fitting.
In FILMS, the XC fitting procedure is referenced to the fitted charge density
[ý(f)] in place of the exact density [p(7)] [I]; i.e., once ý(f)has been found, it is
used in place of p(-F) in all xc expressions. This approximation produces a significant
speedup in the calculations. Forming b(7) at a given point on the numerical integration mesh only requires summing over N, fitting functions. whereas forming
p(f) requires summing over No products of orbital basis functions for NAk inequivalent Bloch vectors (1) in the Brillouin zone. Thus using b( ý) in place of p(7)
reduces the time required for the XC fit by a factor of(N2NA/NJ); typically more
than two orders of magnitude. As an added benefit, the use of b(7) also produces
a more stable Xc energy calculation by replacing the usual rather slowly converging
numerical Brillouin zone integrations with analytical real space integrals.
Unfortunately, the use of b(7) in the xc fit introduces a source of potential
difficulties in the LCGTO-FF calculations. The variational charge fitting procedure
ensures that the error in the Coulomb energy will be minimized. However, there
is no proven way to constrain the fitted density to be positive everywhere. Thus,
in some cases, the charge fit procedure will yield a fitted density which is negative
in the far vacuum region (in essence sacrificing the far region to get a better description closer to the nucleus). Althoagh this negative density has negligible impact
on the Coulomb energy, it can alter the work function 4P of a film significantly by
spuriously reducing the dipole barrier. In addition. tbere is no meaningful way to
calculate the xc kernels for a negative b(f). For these reasons, it has been found
that the best solution to this problem is to be careful to select a charge fit basis
which does not produce any negative density. If a charge basis does produce a
negative density, it can usually be removed by using a slightly larger exponent for
the most diffuse s-type Gaussian. It has been found generally that the work function
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and cohesive energy for a given system are relatively insensitive to the choice of
the charge lit basis provided there is no negative density.

The generalization of tile i.ccviO-F technique just described to include spinpolarization elecls is straightlorward. Instead of'fitting only the total charge density,
the spin-up and spin-down densities must be fitted independently. Then spin-up
and spin-down parts of' the x(" energy density and potential can be formed and
fitted on the numerical integration mesh. The only significant concern in this procedure lies in the fiact that the minority spin charge density will generally be more
locali/ed than the majority spin or total charge density, Thus the fitted minority
spin charge density is more apt to have regions of negative density. Although such
a result would not a11ect the Coulomb energy or the work function, provided the
total charge density is positive everywhere, it could adversely affect the x(" energy.
"This point will he discussed further below,

It has been found that for atoms in the outer layer of a Iti i:. the s-type and p,type orbital basis sets should he atomic-like (diffuse). while the p,-typc and p&-type
basis sets should be crystalline-like (well localized) I 101. Similar guidelines for dstates can he infierred. Flor the seven 3d transition metals considered here (Ti, V.
Cr. Mn. Fe. Co, and Ni), the orbital basis sets used are derived from Huzinaga's
[Ill ( 14.s(gp5d) atomic basis sets.
For each system, the s-type orbital basis is formed by contracting the live most
local (;TOs in the atomic basis using the expansion coefficicnts of the Is atomic
orbital as contraction coeflicients. For the p-type orbital bases, the four most local
atomic (;ir)s have been contracted using the 2p orbital coefficients. Because the
highest occupied p-slate in the atom (3p) is quite local, the p-type bases for the
monolayers have been augmented with a (vro whos exponent is 0,14 for all atoms.
except Ni for which an exponent of0.1 5 was preferred. The p: manifold was further
augmented with a uvro ofexponent 0.06. For the d-typc orbital basis, the four most
local atomic 'Jros were contracted using 3d orbital coefficients. All of the d-type
bases used were augmented with one additional GTO whose exponent depended on
the atom under consideration (0.16-Ti. V. Cr: 0.18-Mn; 0.20-Fe, Co, Ni).
To avoid linear dependencies, the exponent of the most diffuse d-type atomic
(;r() for Ti and V was replaced with 0,32; twice the value of the exponent used to
augment the basis. For all or the monolayers. the final orbital basis set used .'1s a
14slOpi6di- Ip:) primitive basis contracted to af 10(s7p3d+ 1p7) basis.
In keeping with previous expcricnce, the fitting function basis sets for the charge
fit and x(, fit have been chosen to be identical (the fit basis) 1121. The symmetries
of the monolayer dictate that only two types ofrjros (with I • 2) can appear in

the fit basis; sand d.2

112,20

,2),.

A single I I

G;'ro

s-type basis has been used for all

of' the monolayers considered here. Three distinct 3 (i-ro d-type basis sets were used
depending on the atom under consideration. All of the fit function exponents used
here are given in Table 1. Note that for the lighter atoms, the d-type exponents
used are larger, Localization of the d basis set was necessary for those systems to
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TABLE I. Fitting function exponents for the seven transition
metal monolayers. One s-type basis was used for all seven systems.
Three distinct d-type bases were used depending on the specific
atom.
s-type

d-type

All monolayers

Ti. V, Cr, Mn

Fe

Co. Ni

3000000

3 80

3.00

3.00

4500.00
750.00
240.00

1.80
0.80

1.20
0.50

0.90
0.30

80.00
27.00
9.00
3.00
0.90
0.27
0.08

avoid negative values of the minority spin density, as discussed above. Test calculations on Mn using the most diffuse and the most local of the three d-type fit
bases produced roughly a 10 mRy shift in the total energy (an acceptable variation
for these systems) and roughly a 20 mRy shift in 4P. The shift tn 4, is larger than
would generally be considered acceptable. However, this shift is not indicative of
the imprecision of the final value used for ,P because the more diffuse basis produces
negative electron density in the far vacuum region which, as was noted above, has
disastrous consequences for 4'.
Additional Computational Details
The real-space numerical integration mesh used in these calculations was of the
general form described earlier. The atomic sphere region included 91 exponentially
spaced radial points and 28 nonequivalent angula: points. In each vacuum region,
15 exponentially spaced z-points and 36 nonequivalent symmetrically distributed
(x,jy) points were used. A total of 3673 uniformly distributed points were used for
the interstitial integration. Thus, the real-space numerical integration mesh included
a total of 7274 points in the UTF unit cell.
In all of these calculations, the irreducible triangle of the Brillouin zone (Bz) was
sampled at 36 uniformly distributed Bloch vectors. The necessary BZ integrations
were carried out using the linear triangle technique. The SCF cycle was iterated
until the total energy was converged to less than 0.01 mRy. In all cases, the spin
magnetic moment ju was converged to 0.001 ALB.
Results
The most fundamental quantity yielded by any LSDA calculation is the total
energy. For this reason, it is important to obtain the cohesive energy (E.I) of the
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TABLE ii. Atomic energies (E.), monolayer cohesive energies
(E,,), and bulk cohesive energies (E,.,b) from Ref. 141 all in eV.

System

E.

E.

E,.b

Ti
V
Cr
Mn
Fe
Co
Ni

23055.438
25625.982
28358.633
31254.251
34317.464
37553.985
40968036

4.04
3.27
2.27
2.66
3.35
3.30
278

6.12
6.12
4.82
4.95
6.26
6.48
5.70

monolayers even though they have not been geometry optimized. Table II lists
total LSDA energies for isolated atoms of Ti, V, Cr, Mn, Fe, Co, and Ni calculated

using the same orbital basis sets as were used for the monolayers; except that the
p, and p, basis sets are augmented to make them identical to the p: basis. The
atomic configurations were assumed to be identical to those given in Ref. [4]. The

largest sources of error in E, are two inconsistencies between the atomic and
monolayer calculations: ( 1 ) the atom calculation did not use fitting functions and

(2) the atom calculation did not include off-site orbital basis functions. These inconsistencies may introduce an error in E,3 on the order of a few tenths of an eV.
In Table II, the present values of E,,L are compared with bulk cohesive energies

(E,.b) reported by Ref. [4]. The ratios E, I/E,.b for these systems all lie in the range
0.47 to 0.66; smaller than has been found in other monolayer systems [3]. Given
the fact that the monolayers are calculated at expanded nearest neighbor distances,

these values for E.,, are quite sensible.
In Table III, the total spin magnetic moments obtained here for the 3d transition
metal monolayers are compared with those reported by Ref. [ 5 ] at the same lattice
Ill. The total spin magnetic moments (M,)and muffintin-sphere spin magnetic moments (ju,.j) found here for the
transition metal monolayers using the LCGTO-FF method are
compared to the values of p,,,t found in Ref [5] with the FLAPW
method and the bulk values of M,from Ref. [4]; all in iie.
TABLE

System

Ti
V
Cr
Mn
Fe
Co
Ni

LCGTO-FF

2.05
3.10
5.04
4.57
3.32
2.13
0.96

1.62
2.70
4.52
4.33
3.27
2.15
0.98

FLAPW

Bulk

1.72
2.87
4.50
4.32
329
220
1.02

2.15
1.56
0.59
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IV. The theoretical work functions (4)1) for the transition
metal monolayers are compared with experimental surface work
functions ((,)given in Ref. [13]. Theoretical values of 4', obtained
in Ref. [14] with the surface Green's function method are also
given. (All values are in eV).
TABLE

System

4P

-P,exp.

4P,theo.

Ti
V
Cr
Mn
Fe
Co
Ni

5.01
5.30
5.08
4.11
4.73
5.24
5.41

4.33
4.3
4.5
4.1
4.67
5.0
5.22

4.50
5.52
5.75

constant using the same LSDA. Since the values given in Ref. [5 ] are calculated
inside of muffin-tin spheres, equivalent muffin-tin values are given for the present
calculations. In all cases there is good agreement between the FLAPW and LCGTOFF muffin-tin sphere values, demonstrating the high quality of the present results.
It is also worth noting that the muffin-tin sphere values of 1 seriously underestimate
the total values for Ti, V, Cr, and Mn. This result is due to the rather diffuse
character of the majority spin d-states for the lighter transition metals. Table III,
also includes theoretical bulk values ofu reported by Ref. [4] for Fe, Co, and Ni;
using the same LSDA as was used here. Comparison of the monolayer and bulk
values reveals the now standard enhancement of the spin magnetic moment of the
monolayer relative to the bulk.
One additional calculated quantity which bears a careful examination is the work
function (f). In Table IV, values of '1,are reported for all of the systems studied
here, together with experimental surface values [13]. Table IV also includes theoretical values of (b for Fe, Co, and Ni surfaces (with square symmetries) obtained
with a surface Green's function technique [14]. Given the differences in the types
of systems considered (expanded monolayer versus surface), the present results are
in reasonable agreement with the experimental values, except for the lighter Z
systems. The larger difference for Ti, V, and Cr may be due to the fact that the
monolayer is spin-polarized while the surface is not. Overall, there is no evidence
of difficulties with the new spin-polarized version of FILMS.
Conclusions
The calculations presented here demonstrate that the new spin-polarized version
of FILMS is capable of producing reliable results for transition metals. This method
could be further improved by allowing diffeient fitting function basis sets to be used
for the majority spin and minority spin charge and xc functions. A further useful
development would be inclusion of relativistic effects.
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The present calculations have also demonstrated the need to include the interstitial
contributions to the spin magnetic momeni. For hi' 'y polarized materials, using
only the muffin-tin sphere portion of the magnetic miometit may result in as much
as a 20% underestimate of p.
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Density-Functional Theory in Glass Chemistry
MICHAEL P. TETER
Rfe.'arch Depuaoneai, (Corning,Inc. Sullivan Park. Corning. New York 143JI

The development of new inorganic mate-rials at Corning, Inc. has a long and
distinguished history. A short and necessarily incomplete list of important materials
discoveries at Corning includes low expansion borosilicatc glasses such as Pyrex,®
ultra-low expansion titanium-silicate glasses made by flame hydrolysis, silicones,
fiberglassO, the complex field ofglass-ceramics which ranges from ultra-high strength
materials to machinable mica-based forms, photochromic glasses, x-ray absorbing
television glasses, extrudablc oriented ceramics, and the ultra-pure materials for
optical fibers. While extremely successful, the development of new materials at
Corning has been a difficult process. From the start of a research project until the

manufacture of a commercial product can ..ike from 5 to 10 years, and the vast
majority of research projects fail. One important factor at the heart of the long
development times and the high failure rate is a lack of fundamental understanding
concerning reactions and btructurc in amorphous materials. New materials are

developed by a mixture of intuition and empiricism.
From the tim,: of Zachariason [I], we have had reasonable ideas about glass
structure, In summary, first neighbor environments look almost exactly the same
as they do in crystals, but these building blocks of first neighbor configurations are
put together in a continuous random network. Electro-neutrality is preserved in
the smallest possible volume consistent with ion sizes. Unfortunately, the bonding
differences between a glass such as fused silica and the crystal structure of quartz
are reasonably subtle. We know the structure of quartz through the analysis of xray diffraction experiments. The repeating nature of the quartz crystal give, many
diffraction peaks which allow the structure to be unambiguously extracted. Fused
silica has no repeating units other than the SiO 4 tetrahedra and :he strong diffraction
peaks are related to these. The bonding differences between crystalline and amorphous silica occar primarily at third neighbors and beyond, and it is precisely this
information which is wah(!d out by diffraction from the amorphous structure.
Most other probes again give strong information about first neighbors, weak results
about second, and arc washed out by third neighbors. Thus we are not certain
,about the structure of the most prototypical of all glasses, fused silica, which serves
as a backbone for most of the silicate glasses.
Doris Evans, an x-ray crystallographer at Corning, built a model of fused silica
in the mid 1960s [2] to see if a model could be built with the constraint that the
only construction variable was th. bonding angle between SiO 4 tetrahedra. She
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 153f :62 (1993)
(oC1993 John Wiley & Sons. Inc.
CCC (W20.7608/93/0101554)M
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built a model of over 1200 tetrahedra and was able to convince herself that the
procedure could be continued indefinitely. A carefu! analysis of the model showed
that it could nearly reprodice most of the known properties of fused silica. The
most important discrepancy was in the density. A careful study of variations in the
density showed that it could be varied over 10% without rearranging the bonding
or violating the constraint of perfect tetrahedra [3]. There had to be something
other than a geometric constraint which determined the final values of the physical
properties. Clearly structureb arrange themselves to minimize the free energy at
elevated temperatures. At low temperatures, the product of temperature and entropy
becomes negligible and the free energy converges to the potential energy. Fused
silica is a child of the elevated temperatures at which its bonding arrangements are
formed and the relaxation in geometry but not bonding at lower temperatures.
Consequently it was felt that tne only way to attack the problem of molecular
structure of glasses was through molecular dynamical modeling at high temperatures
which could properly account for the dynamic effects of entropy coupled with a
slow decrease in temperature to relax the geometry.
Born-Meyer-Huggins pair potentials were created for silicon ions and oxygen
ions, and I performed molecular modeling for fused silica for over 1,000 ions. This
led to a model which resembled the model of Evans but was different in many of
the details. She then asked me if my potentials could reproduce the structure of
the crystalline polymorphs of silica, i.e., quartz, cristobalite, cohesite, tridymite,
and stishovite. Since I was claiming to be able to model amorphous SiO 2, I should
be able to reproduce the periodic structures that silica found to be the most natural
ways to arrange itself. I found to myrdismay that I could not reproduce such structures. This led to Evans Law of Glass Structure: "Accept no model of glass structure
which cannot ieprod, ze as stable structures the underlying crystalline polymorphs
of similar compositic. i"

In the early 1980s, the need for a first principles treatment of glass chemistry
was becoming more urgent, and I undertook a new survey of the field to find
changes and opportunities. At MIT, talks with Professor John Joannopoulos convinced me that the state of the art of density-functional quantum mechanics developed by Kohn and Sham 14] had reached the point where solids could be realistically modeled without parameterization.
The typical condensed matter calculation modeled a semiconductor with a few
atoms in a periodic cell. Planewaves and pseudopotentials were used, and to model
silicon required approximately 50 to 100 planewaves per atom. The diagonalization
of matrices a few hundred square was not a demanding task, but since the coinputational effort to carry out diagonalization grew as the number of planewaves
cubed. much bigger problems were computationally intractible. Because of the
deep nonlocal pseudopotentials required to accurately model oxygen, oxygen requires ten times as many planewaxes per atom as silicon. To simulate quartz would
require the diagonalization of 10,000 by 10.000 matrices.
Douglas Allan and I at Corning had the opportunity to develop a new cce from
scratch. The first analysis we performed was with respect to basis sets. Table I shows
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Properties of vanous bases.

Planewaves

Orbitals

Muffin
tins

Finite
elements

Yes
Yes

No
No

No
No

No
Yes

No

Yes

Yes

Yes

Yes
Yes
Yes
No

No
No
No
Yes

No
No
No
Yes

No
Yes
No
Yes

Yes

No

Yes

No

Yes

No

No

No

Yes
Yes

No
No

No
No

Yes
No

Orthonormal cour,plete
Fast transform
Hi resolution with
small number
Easy solution to
Poisson's eqn
Exact density
No Pulay corrections
All-electron for all Z
Easy re-riodic
implementation
Fast iterative solution
methods
Natural X--C
integration god
Easy to code

the various basis sets in common use at the time and their relative advantages and
disadvantages. The ideal basis set would clearly have no defects.
We generated simple plane-wave, gaussian, and finite-element codes and began

comparing performances on model problems. In 1985, Car and Parrinello [5] wrote
an article on quantum-mechanical molecular dynamics which emphasized the iterative approach tc matrix diagonalization and showed how to derive an eigen-vector
by a method which scaled nearly linearly with the number of plane%aves. The new
method required local pseudopotentials which would not work for oxygen and was
still too slow, but we began a systematic development of a planewave program
because the possibility of major performance improvement was significant. The
nonlocal pseudopotentials of Hamann, Schluter and Chiang [6] were generating
physical properties whose errors were at the few percent level and lookea extremely
promising. We began a program to see if we could utilize these nonlocal pseudo-

TABIF II.

a-Quartz structure (tngonal P3221)

(%)

Parameter

Experiment

Theory

.

a (nm)
c (nim)
SI (M)

0.49134
054052
0.46987 (9)
0.4141 (2)
0.2681 (2)
0.2855 (I)

04880
0.5.70
0.4638
0.4081
0.2758
02782

-0.68
-065
-1.3
-1.4
+29
-2.6

0

(A)

0 (y)
0 (:)
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TABLE 111. a-Cnstobalite structure (tetragonal P41212).
Parameter

Expenment

Theory

a (%)

a (nm)
(nm)
Si (x = y)
0 (x)
00()
O (:)

049570 (I)
0.68903 (2)
0.3047 (2)
02381 (2)
0 1109(2)
0.1826 (1)

0.495
0.6906
0.3030
0.2380
0.1112
0.1825

0.04
0.23
-0.56
-0.04
0.27
-0.05

potentials in a Car-Parrinello approach. We were aided by an article by Kleinman
and Bylander who showed how to generate nonlocal pseudopotentials which were
separable in momentum space and which scaled linearly in the number of plane
waves. Unfortunately their article came out before the advent of fast iterative solution
methods, so the initial advantages of using their methods were minimal since solution time dominated matrix setup time. The real importance of their approach
was developed later.
Using the new separable pseudopotentials, Allen and Teter [ 71 showed how oxides
could be modeled successfully, and Teter, Payne, and Allen j8] showed how eigenvectors could be extracted most efficiently. The details of the resulting iterative
diagonalization along with a review of the planewave pseudopotential method may
be found in the review article by Payne et al. [9]. For the first time, this made the
pianewave pseudopotential treatment of oxides viable. We then began the systematic
treatment of silicates using ab initio methods and have fulfilled Doris Evans' challenge that all crystalline polymorphs of silica be faithfully modeled by this method.
The tables below show the calculated versus measured structural parameters for
several silica and titania crystals [10]. These are reproduced in Tables II through V.
After developing a general response functional capability within the planewave
code, the optical phonons in quartz were simulated [I I]. The results were with a
few percent of experiment, but more importantly, the interaction between ions
could be quantitatively measured. A study of the Born Effective-Charge Tensor for
oxygen shows that no model which treats oxygen ions as charged balls can effectively
model the dynamics in oxides. flhe polarization of the ions is at least as important
as their charge in determining the correct interactions, and this is fundamentally a
quantum-mechanical effect.

TABLE IV.

Stishovite structure (tetragonal P42/mnm).

Parameter"

Experiment

Theory

A (%)

a (nm)
C(Jim)

0.41773 (I)
026655 (I)
030614(3)

0.4255
0.2604
0.3082

1.9
-2.3
0 67

0'.

v)
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Rutile (TiOz
2 strL:cture (tetiagonal P42/mnm).

Parameter

Exper.ment

Theory

A (%)

a (nm)
c (nm)
0 (x y)

0.4594
02958
0.305

0.4584
0.2961
0.3044

-0.22
0.10
-0.20

Having generated an ab initio code for studying oxides we began the study of
defects in crystalline structures such as oxygen vacancies and interstitials. We found
interesting dynamic reactions involving these defects whose barriers were c f the
order of a few tenths of an eV. The question naturally arose as to whether etther
LDA or the pseudopotentials were really this accurate. Since the solutions methods
were now really fast for hundreds of thousands of grid points we began a systematic
investigation of the all-electron behavior of carbon. The finding was that under
compression, the norm-conserving pseudopotentials had deviations in the total
energy versus lattice constant curves when compared with the all electron results
of the order of 1.5 ev. These results are shown in Table VI. This was clearly too
much error in the pseudopotential approximation to trust the earlier results. As a
consequence, a great deal of effort was expended to determine the major source of
error remaining in the pseudopotential approximation. This was determined to be

TABLE VI. Energies for diamond under isostatic compression for norm-conserving pseudopotential,
all-electron and extended norm and hardness-conserving pseudopotential. A constant has been subtracted
from both pseudopotential calculations to make tbeir average energies the same as the a1l-electron case.
Also included are the standard deviations of the differences from the all-electron case, the equilibrium
lattice constant ao, the bulk modulus B, and the pressure derivative of the bulk modulus.
ENHC

Norm-cons.

Lattice constant
(bohr)

-63.112325
(hartree)

All-electron
(hartree)

-62.361247
(hartree)

5.0
5.8
60
62
6.4
6.6
6.8
7.0
7.2
8.0
a (hartree)
aO (bohr)
B (hartree/bohr 3 )

-73.559096
-74.206141
-74.281435
-74.334449
-74.360408
-74.389790
-74.398456
-74.397801
-74.389796
-74.313485
0.0492
6.882
0.01362

-73.679091
-74.242149
-74.301995
-74.342446
-74.364967
-74.374818
-74.373822
-74.364842
-74.348265
-74.247460

-73.677824
-74.240666
-74.300981
-74.340841
-74.364244
-74.374361
-74.373871
-74.365143
-74.350026
-74.251898
0.0018
6.689
0.01571

3.728

3.599

dB/7P

6.678
0.01628

3.648
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VII. Structure of a-quartz for norm-conserving, hardness
and extended norm-conserving pseudopotentials and experiment.
TABLE

Parameter

Norm-cons.

HENC

Experiment

a (bohr)
c (bohr)
Si .
Ox
O '
Oz

9 363
10.304
.4638
.4081
.2758
.2782

9.285
10.209
.4688
.4140
.2699
.2839

9.290
10.215
.4697
.4135
.2669
.2858

a difference between the responses of the atom and pseudoatom with regard to
changes in occupancies of the valence states. A prescription for forcing the pseudopotential to mimic the correct response as well as fulfill the earlier constraints
led to more than an order of magnitude reduction in the pseudopotential error,
and typical differences between the all-electron results and the pseudopotential
results were .05 eV [12]. Because these pseudopotentials give response correct to
second order in arbitrary occupancy changes in the valence states, they are called
Hardness-Conserving pseudopotentials. The structure of quartz was relaxed using
the new pseudopotentials with the basis set taken to energy convergence well below
the millihartree level. The results are in Table VII. You will notice that the experimental numbers are different from those in Table N. For the earlier work, a room
temperature measurement for the silica structure was used. Since we had every
reason to believe that we had significantly reduced the error in the structure, we
found a zero degree kelvin measurement. The error when compared with experiment
has been reduced by over an order of magnitude. The same pseudopotentials were
then used to regenerate the optical phonon frequencies and it was found that the
errors dropped from around 5% to below 1%. For the first time we were able to see
systematic deviations in the frequency errors. The lower the optical frequency mode,
the more the harmonic frequency fell below the experimental result. It is currently
conjectured that this difference is due to anharmonic corrections which are expected
to be greater for lower frequency modes, and this is being tested. The summary of
these results seems to be that for structural properties in solids, the LDA is better
than previously believed, and most of the error seems to be pseudopotential error.
I also expect some improvement for isolated molecules, versus earlier pseudopotential calculations, but in these cases, the self-interaction in the tails of the wavefunction probably dominates the error more than in a solid where the density
never really goes to zero.
Having generated a reference plane-wave code and a new gene, ation of pseudopotentials, we are now ready to attack realistic glass-chemistry problems. Unfortunately, this tool cannot be used directly. Glass is unique in that the major
unknown in glass structure is the bonding topology. The differences between bonding
topologies in fused silica, and the normal silica crystals begin at about third neighbors. Clearly the correct bonding arrangement is that which minimizes the free
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energy at the glass formation temperature. If one wants to simulate infinite amorphous structures by using very large periodic cells, then the minimum cell size
which allows freedom for third neighbors to bond without interference with periodic
images is about 400 atoms. More realistically 1,000 to 10,000 atoms should be
modeled. The upper limit on the plane-wave code is about 100 to 200 atoms, for
a few dozen dynamic steps. We need millions of dynamic steps to achieve a reasonably annealed structure. The reference code must then be used to generate models
which can go much faster. We have a few rudimentary ones under development
with a few simple calculations, but it is clear that a new generation of molecular
modeling which allows dynamic bond forming and breaking is needed to realistically
model glass chemistry.
In the spirit of the Sanibel conference, I would like to close with a few words
concerning my view of the future of density-functional-based molecular modeling:
1) First, with regard to basis sets, I believe that plane-waves and pseudopotentials
will probably vanish like dinosaurs in the coming meteoric collision of computational methods with wavelet representations. Professor Joannopoulos's
group at MIT has recently shown that it is possible to represent accurately the
IS state of uranium as well as its adjustment under any reasonable perturbation
with a few hundred three-dimensional wavelets [13]. It takes oN er 1,000 planewaves to accurately represent the 3D state of titanium, and over a billion to
represent the IS state of uranium in a box large enough to simulate a significant
molecule. Wavelets seem to represent that ideal represeItation with no defects,
at least within the list shown in Table I. At the moment both our optimism
and ignorance are unbounded, and to quote the immortal Murphy, "The
best thing about a new idea is that we don't know what's wrong with it."
2) We in solid state physics are seeing the development ofnew ab initio solution
methods which scale linearly in the number of atoms. These are, at the moment, ponderous and represent no threat to current methods. As a prognosticator, I feel that these methods will dominate ab initto calculations in large
systems within 5 years.
3) New density functionals hold the promise of reducing the LDA errors by an
order of magnitude, without a corresponding increase in computational effort.
Some of these are based on gradient corrections. Careful comparison between
gradient-corrected LDA calculations and exact results from diffusion Monte
Carlo calculations show that the gradient corrections still have serious difficulties. I personally believe that the most promising new functionals are based
on an improved weighted density approach utilizing a nonlocal integral formulation of the exchange-correlation hole.
4) Lastly, I believe that a new generation of accurate molecular modeling is
coming which will include electron degrees of freedom and allow not only
reactions, but be fast enough to handle systems of 10,00G atoms for millions
of time steps. These models will be parameterized directly from the densityfunctional codes. While we have one of these under development for glass
chemistry, it is too early to speak of results other than qualitatively it seems
to work.
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Ab Initio Investigation of Void Stabilization: Oxygen
in Nickel
RANDALL C. BOEHM and AJIT BANERJEE
Theory Project, Materials Chemistry, Idaho NationalEngineeringLaboratort, EG&G of Idaho, Inc .
Idaho Falls. Idaho 83415-2208

Abstract
We have used the ab intito technique of UHF/LANLIMB to study the interactions between absorbed
oxygen atoms and molecules with their host nickel lattice. The host lattice is approximated by a small
cluster of nickel atoms that are arranged as face-centered-cubic, except for a tubular void described by
the absence of three or four lattice elements. The oxygen absorbates are placed, one at time, within this
cavity. We conclude that, for tubular cavities, the interaction between the nickel lattice and the oxygeii
absorbates is stronger than the interactions between pairs of oxygen atoms, suggesting that the absorbates
are mostly atomic (as apposed to diatomic) in character, while the (energetically) most preferred number
of oxygen atoms to reside inside an n-site, tubular hollow of nickel is simply (n - 1) & 1993 John Wiley
& Sons. Inc

Introduction
The stabilization of microcavity voids in face-centered cubic (fcc) solids is believed
to result in an increase in the homogeneity of the material as well as an increase
in the microstructure stability [1,2]. In turn, these changes are believed to result in
an improvement of bulk properties such as tensile strength, fatigue strength, and
creep resistance [3]. We have undertaken this study in order to gain fundamental
understanding of void stabilization and its relation to the microstructure of a material. The lattice of nickel was selected, with oxygen (atomic and molecular) impurities, as a specific system to study because of a collaboration we have with
experimentalists from this lab who are analyzing the properties of this system. The
term "void stabilization" taken by itself is ambiguous in that it is not inherently
clear what is taken as the reference point. Ultimately, one would like to compare
the energies of void defects, with and without absorbates, to the energy of the pure
metal plus molecular 02 and to the energies of other kinds of defects (stacking fault
or divFlcation loop) with and without absorbates. We feel the best way to progress
toward this comparison is to make a tendency toward their standard heats of formation in the following manner:
Nij(s) + (m/2)02 (g) -

inOm(s) (single defect),

rxn 1: Ni,(s) -* Ni,(s) (single defect),

AH

= AOKHf,

AHl = void formation energy,

rxn 2: Ni,(s) (single defect) + (m/2)0 2(g) - NiO,(s) (single defect)
AH2 = void stabilization energy.
International Journal of Quantum Chemistr.. Quantum Chemistry Symposium 27, 163-173 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0)20-7608/93/010163-11
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The body of this report is concerned only with reaction 2, the heat of which we
define as the void stabilization energy. An alternative view is presented as an appendix. Namely, a definition of void stabilization is given by the following equation:
NiO,,,(s) (single defect) + 0(g) -- Nin0m+i(S) (single defect)
Method
The host lattice is approximated by a small cluster of nickel atoms that are
arranged as face-centered cubic, except for a tubular void described by the absence
of three or four lattice elements. The oxygen absorbates are placed, one at time,
within this cavity. Elucidation of the electronic structure was accomplished at the
spin-unrestricted Hartree-Fock (UHF) level with the LANLI MB basis. The full basis
set description has been published elsewhere [4] but will be reviewed here briefly
for completeness. Each electron's orbital around oxygen is described by three gaussian primitives, contracted into each of the ls and 2sp shells. The Is through 3p
electrons on Ni, taken to be core electrons, are described by a single pseudopotential,
while the remaining 4s and 3d valence electrons go into orbitals that are described
by single sets (three primitives per set) of s-, (five) p-, and d-type functions.
In the interest of easing computational demands, while maintaining computational integrity, the optimized nuclear configurations which are shown in Figure 1
were determined under the following constraints based upon the symmetry of the
cluster or the bulk. For the reference structure all Ni-Ni bonds were constrained
to be of the same length (R) and all Ni-Ni-Ni bond angles were fixed at 180'
or 1200 as shown in Figure 1. The so-optimized structure was then taken as the
host lattice, which remained rigid for all subsequent calculations. In structure A 1,
the oxygen atom resides at a distance (R 2 ) of 4.126 A from the edge of the cavity.
A full description of the potential as a function of the :-coordinate of oxygen is
shown in Figure 2. For structure B I, the 02 bond distance (R.) was reoptimized to
1.268 A from its gas phase, UHF/LANLI MB value of 1.217 A [5]. Concurrent to this
optimization, the distance from the center of the 02 bond to the edge of the cavity
(R3 ) was determined. For structure A2 a D21 symmetry constraint was enforced
throughout the optimization of R 2, the distance between atomic oxygen and the
edge of the cavity. However, once determined, the energy of this structure was
compared to the energy of an alternative structure that has one oxygen atom in
the center of the cavity and the other a distance of R 2 from the edge of the cavity,
as well as several others.
The structure A2 shown in Figure 1 is the lowest energy configuration. The
values of R 2 and R 3 were optimized in a similar manner for structures B2, B3, and
A3. Structure A4 is simply an fcc layer with four nickel atoms displaced by four
oxygen atoms. Finally, a single point energy calculation was completed foi structure
B4 as a check on our presumption that the AH 1 of these clusters will increase
quickly as the number of atoms inside the void exceeds the number of vacancies
defining the cavity.

165

OXYGEN IN NICKEL
Reference

Structure

R-2.822

B

A
R2=4.

R3=5.05

26

Ro-1.27

112-3.92

R2=4.22
R2

R3-4.22

R2=4.01

113-3.6

4~2
Figure 1. (a) The layout of this figure is something like a table in that the structures are
delineated by rows and columns. Structure B2, for example, is in column B and row 2.
(b) The open circles represent nickel The plain shaded circles represent atomic oxygen.
The wavy shaded circles represent molecular oxygen. (c) All structures shown belong to
the D2h point group, except for structure AI which belongs to the C2, point group. (d) R
is the distance between adjacent nickels. Ro is the distance between oxygens, and R2 is the
z-position of oxygen, relative to the edge of the box R3 is the z-position of the midpoint
of 02, relative to the edge of the box

Results
One Ovygen Atom
The behavior of a single oxygen atom trapped inside a tubular void of an fcc
solid is interesting not only because it lays the foundation for understanding void
stabilization, but also because it displays at once several fundamental aspects of all
physical systems. Its behavior is influenced by symmetry, by a periodicity of the
field generated by the host metal, and by edge effects which are akin to the particlein-a-box model. It was shown many years ago [61 that any molecular system, characterized by a nondegenerate electronic state which is at a stationary point within
point group G, will also be at a stationary point within any subgroup of G. The
highest-order point group to which this Ni/O cluster (oxygen trapped within a foue -
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0.150.100.05-I

S.0.15-0.20 '
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Figure 2.
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5

The solid line represents a fit to the ab mnhio data: represented by open circles.

site tubular cavity in nickel) conceivably could belong is D2h. This conformation
has oxygen at the center of the void, and it must correspond to a local stationary
point. In the bulk system, that we are simulating, the potential along the (x)direction
is exactly the same as the potential along the (y') direction, where the y' direction
is perpendicular to the z-axis while it makes an angle of 600 with the x-axis, and
the z-axis runs along the length of the void. In our model, the width of the void is
4.887 A, just 10% more than twice the UHF/LANLIMB bond length (2.208 A) of
NiO gas. Because of these two points, it is unlikely that the energy of system would
decrease as oxygen moves, within the xy-plane, away from the geometric center.

TABLE I. Absolute energies (hartrees).
Species

UHF energy

.SS + I)h2

R2, or bond (A)

Ni
NiO
02
Ni,
Nio
Ni, 0 0 2
Ni12
Ni12 O
Ni, 022
Nt120 3
NiI20 4
Nii2O2(0 2)
Nil2(O2)2
Nii 20(O 2)2
Ni.2 (02 3,

-73.8042
-38.9803
-112.7492
-147.6342
-77.9527
-389.6730
-537.4486
-467.7216
-541.5954
-6154290
-689.2588
-763.0271
-763.0382
-763.0665
-836.3584
-910.6624

2.000
2.000
2.854
2.000
2.004
10.129
10.762
10.700
I1 295
12.206
13.494
13 710
12.653
13.394
-

2.208
!.217
2.742
2.822
4.18
2.822
4.13
4.22
4.01
3.92
4.42
3.59
3.00

o
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TABLE II. Off-center energies of Ni[20.
Distance off center (A)

AE = (eV)

y 0.05
y 0.00
y = -0.05

0.07
0.00
0.07

The results shown in Table II validate this presumption for the one oxygen case,
and we presume that such a condition also holds for multiple absorbates.
Now that we have established that oxygen should lie somewhere on the z-axis,
we may defend our c., cision to include a single plane for our model by simply
noting that the xz and yz planes are exactly equivalent while a third plane (y"z) is
shown in Figure 3. Deletion of the (y'z) and (y"z) planes is expected to effect no
influence on the qualitative predictions of our model, as the kinds of interactions
that are prevalent in the (y "z) plane are outweighed by the closer, shifted interactions
prevalent in each of the (y'z) and (xz) planes. The quantitative predictions are,
however, likely to be compromised, but this kind of result is already compromised
by computational level and basis set size. Therefore, we feel nothing significant is
lost by considering a single plane.
For displacement of oxygen along the z-axis, we reiterate that the D2h structure
corresponds to a minimum or a maximum by symmetry. In this directio'n. however,
there exists 4.85 A (as apposed to 0.23 A in the (x) or (y) directions) of"fie" range
before the boundary of the box is first impeded upon. Any potential energy curve
covering ,Ais much distance, through chemically significant regions, is likely to
encompass several extrema. Certainly the periodic Ni/O system we are simulating
will exhibit three or four local minima (with two unique well depths) in which the
oxygen atom could reside. Our model gives three minima (see Fig. 2). The D2h
structure is slightly higher in energy than shown in Figure 1 (A l), as well as (of
course) is mirror image reflection through the (xy) plane.
Yt t

Figure 3. A four-site cavity in nickel: the (Y"Z) plane.
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The potential energy curve (Fig. 2) can be divided conceptually into three distinct
partitions. Empirical fits to each of these partitions are shown in Figure 4. The
periodic part [Fig. 4(a)] is due to interactions of oxygen with the Ni cores. The edge
effect [Fig. 4(b)] is due to the physical boundary of the box. The delocalized partition
[Fig. 4(c)] is due to a propagated and progressive difference in the valence region
of the Ni atoms from the edge to the center. Such o decomposition mnay be useful
for making projections of the behavior of one oxygen atom in progressively larger
tubular voids. We, however, have employed it as a guide in our characterization
and analyses of multiple oxygen atoms within the same, four-site hollow.
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Two Oxygen Aloins
For two oxygen atoms inside the void, there exists four physically distinct nuclear
configurations that may correspond to local minima on the ground electronic surface. There may be one oxygen atom in each of the wells near t3 A [Figs. 2 and
4(a)], there maybe one oxygen atom at either of these locations while the second
oxygen is near the geometric center, or there may be two oxygen atoms in any one
of the wells shown in Figure 2. Each of these configurations was explored in some
detail.
We have found no local minimum corresponding to a pair of oxygen atoms (i.e.,
an oxygen molecule) inside a single well. This indicates that oxygen-oxygen attractions are overwhelmed by oxygen-lattice interactions, at the UHF/LANLIMB
level. Each of the remaining two configurations do correspond to local minima.
The minimum at (z, = 2.83, z2 = -2.83) is 0.29 eV lower in energy than the local
minimum at (z, = 2.63, z 2 = 0.01), %,,hichis about the same as the difference in
energy between the two distinguishable structures for Ni,20. The position of the
first oxygen in the higher energy structure (of NiM20 2) is, however, shifted by 0.2 A
relative to the position of oxygen in the lowest energy structure of Ni 120 and relative
to the first oxygen in the global minimum for Ni 1 20 2. Of course, the second oxygen
atom, in the higher energy structure, is also shifted somewhat from the geometric
center, as expected within the laws governed by C2 , smmetry rules. These shifts
indicate that oxygen-oxygen attractions are exerting some influence on the relative
positions of each oxygen within the void. Taken with our earlier said conclusion,
this influence is propagated through a barrier rather than within a single well.
Three Oxygen Atoms
Using our results for the two oxygen case as a guide, we doubt that wore than
one (locally) minimum energy configuration exists for the three oxygen case. The
arrangement of the single, expected minimum energy structure is D2h, as shown in
Figure 1, structure A3. The direct (and indirect) force exerted by the center oxygen
on the two "edge" oxygens is divided equally between them, thereby diminishing
its magnitude relative to the higher energy structure of the two oxygen case. At the
IIHF/LANLIMB level this direct force is insufficient (relative to oxygen-lattice inte, actions) to effect an appreciable influence on the relative positions of each oxygen
within the void. On the contrary, the electron withdrawing character of the oxygen
atoms appears to affect the host lattice in such a way as to increase the magnitude
[the curvature of curve 4(c), if you will] of the propagated difference in the valence
region of the Ni atoms, resulting in a net increase in the skew of the edge oxygen
atoms toward the edge of the cavity.
The resultant void stabilization of this structure is the greatest that we compiled
during the four-site hollow portion of this study (the compilation is given in Table
Ill). It is interesting to note that most of the volume of the Ni cavity is occupied
by the three oxygen atoms, distributed throughout the void so that the largest unoccupied hollow is just 4.01 A in length (and 4.89 A in diameter). The results in
Table III also suggest that the change in stabilization energy decreases as more
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TABLE 111. Void stabilization energies.
Figure

Stabilization energy
(no. of impurities in cavity)
Pattern A

Pattern B

1

1.54

208(2.4)

2
3
4

1.99(2.2)
2.34 (3.3)
1.01 (4.4)

(1,I)k-b

1.31 (3.4)
1.39 (3,5)
1.1 (3.6)

are in units of eV.
first number in parentheses is the total

a Energies
b The

number of (atomic and/or molecular) impurities.
while the second number is the total number of
atoms.

oxygen atoms are stuffed into the void: Ni,20 2 is more stable than Ni,20, while
Ni 1204 is 0.26 eV less stable than Ni 12O3, etc.
Four Oxygen Atoms
The four oxygen case is interesting because it has more oxygen atoms confined
within the cavity than the cavity has wells into which the atoms may reside. It
follows then that at least one well will have to accommodate two oxygen atoms (an
oxygen molecule), provided that the analysis of the PES shown in Figure 2 remains
qualitatively correct. We have explored those regions of the PEs near the equilibrium
geometries of each of the structures shown in Figure 1, A4, B 1, and B2, as well as
an additional structure which is described later in this section.
Structure A4 is expected to correspond to saddle point configuration because
each of the four absorbed oxygen atoms reside at a maximum on the periodic
portion of the PES [see Fig. 4(a)]. Further, we observe that there exist four ways

that each of the two interior oxygen atoms may fall off these maxima. These are
represented by structures Bl and B2 and by a doubly degenerate structure with a
molecule in one of the outer wells and a single atom each of the remaining two
wells. Note that the pair of outer oxygen atoms is presumed to fall inward due to
the edge effect that becomes strongly repulsive as "z" surpasses 4.2 A (as R2 drops

below 2.8 A).
Each of these nuclear configurations were found to be lower energy structures
than that of A4, as expected. Hence we observe four directions that lead to lower
energy than that of structure A4. Therefore, the energy of structure A4 represents
an upper bound of the barrier to conversion between structure B I and B2 (or any
couple of the four minima described above) [7]. At the LANLIMB level, structure
B I is more stable than structure B2 by 0.77 eV, while the barrier to conversion of
B2 to B I is less than 0.30 eV. The doubly degenerate C 2, structure, not shown, has
an energy only slightly lower than that of structure B2. This is surprising as we
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expected (based upon the arguments presented in the next section) the energy of
this structure to be about half that of structure B2, taking the energy of structure
B I as zero (possibly, we missed the minimum by a significant amount as our search
was somewhat limited).

Apparently the effect shown in Figure 4(c) continues to increase in magnitude
as the number of oxygen absorbates continue to increase. We say this for two
reasons: The first is that the difference in energy between the global minimum and

the next lowest minimum increases steadily from the one oxygen case to the two
oxygen case to the four oxygen case. The other reason is that degree of skew of the
outer oxygen atoms in the three oxygen case toward the edge of the box points to
an increase in this effect, as discussed in the section devoted to the three oxygen
case. In the four oxygen case this skew loses its meaning as it is impractical to
distinguish between those effects which result from oxygen-oxygen interactions
and those which result from delocalized lattice-oxygen interactions.
Finally, let us speak to the probability of finding two oxygen molecules inside a
four-site, nickel lattice hollow. Table III shows that the greatest stabilization is

effected by the three atomic oxygen absorbates. If such cavities at first form quickly
around impurities, rather than by diffusion of impurities into preformed cavities,
then three atomic oxygen absorbates is an unlikely number, as is any odd number
of atomic oxygen absorbates in any cavity. The exception to this rule is the event
which includes the collapse of a large cavity during a latter stage of solidification,
after the molecular oxygen absorbates have dissociated and dispersed throughout
the void. The question we have answered is whether a four-site hollow is more
likely to form initially around one oxygen molecule or two oxygen molecules. The
results in Table III indicate that the net stabilization energy, defined as the energy
of the naked nickel cluster (Ni1 2) plus n times the energy of gaseous 02 minus the
minimum energy of Ni, 2O2,, is nearly the same for each case. On this basis, one
cannot determine which of the above scenarios is more probable. However, the
rapid solidification of nickel is a process that occurs at high temperature; thus
entropy is expected to be an important factor in the determination of most probable
void sizes and nucleation sites. Usually this factor will favor the channel with more
translational degrees of freedom, and there is no reason to expect anything different
here. Hence, the scenario which describes nucleation of a void around a single
molecular impurity. followed by dissociation into a pair of trapped oxygen atoms,
is expected to be the most probable.
Five and Six Oxygen Atoms
The supersaturated case studies were performed primarily to determine the maximum number of oxygen atoms that could be placed inside a four-site Ni hollow
without effecting a net positive AIt2. This number is six, or a pair of atoms per
natural well of the system. We propose the maximum number of oxygen absorbates
in any tubular void is governed by the same physical circumstance. Hence. (2n 2) is the maximum number of oxygen absorbates that can be packed into any nsite tubular Ni hollow.
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Three-Site Hollow
Those results in Table III that point to "three" as the optimal number of trapped
oxygen absorbates inside the four-site Ni hollow already suggest that it is energetically
favorable to have each natural well of the void be occupied by exactly one atomic
absorbate. The results for two oxygen atoms inside a three-site hollow strongly
reinforce this suggestion. The stability of Ni10O 2 is 1.86 eV greater than that of
Ni120 2 . Taken alone, this suggests that number of vacancies defining a tubular void
in nickel is not persuaded by energy to exceed (2n + 1), where n is the number of
02 molecules around which Ni is solidifying. There are, of course, many other
components that need to be evaluated (such as the energy required to create an nsite hollow from a perfect fcc lattice, for example) before one can say definitively
that the creation of one cavity size, in the presence of oxygen, is preferred over
another. We feel the comparison above is one very important component toward
this end.
Conclusion
We have shown that n-site tabular hollows in nickel exhibit (n - 1) natural wells
into which oxygen might reside. The interaction energy between the nickel lattice
and these oxygen absorbates is greater than the interaction energy between pairs of
oxygen atoms. This implies that the absorbates exist in a form which is predominantly atomic, as opposed to diatomic. The most preferred number of these atomic
absorbates is (n - 1). exactly matching the number of natural wells resulting from
the structure of the host lattice. The maximum number of oxygen atoms within a
single n-site hollow is 2(n - 1). or one molecule per natural well. Finally let us
remind the reader that each of the stated conclusions apply, at the UHF/LANLIMB
level, only to tubular (i.e., linear) cavities. Substantially different conclusions may
result from studies of 2D and 3D cavities, especially for larger cavities that begin
to share more characteristics with adsorption, than with typical absorption.
Appendix
Let us alternatively define void stabilization as the binding energy of an oxygen
atom inside a nickel/void complex that is already occupied by m oxygen atoms,
in = 0-5 (see the first section). Using this definition, we find that void stabilization
decreases steadily from 1.89 eV at m = 0 to -0.33 eV at in = 4 before increasing
slightly again at in = 5. From this approach we find that in = 4 is the maximum
number of oxygen atoms that can be inserted into the cavity before the void stabilization energy (VSE) changes sign. This contrasts with the previous answer of(at
least) six absorbates before the sign of AH 2 changes. Clearly this difference is the
result of differing definitions of void stabilization. The binding energy (BE) equal
to zero marks the point at which it is no longer energetically favorable to bind the
nickel/void/oxygen complex with another oxygen atom. Thus, the BE definition of
VSE would also suggest that in = 4 is the most favorable number of oxygen absorbates
to insert into the nickel/void complex. However, in = 4 is only slightly favored
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over m = 3 so that we cannot determine definitively which nu'iber is most preferred.
This is again in sharp contrast to the AH 2 definition of VSE which leads to m = 3
as a clear favorite, with m = 2 and m = 4 being too close to --all. These differences
prove that great attention must be paid to which definition of void stabilization
has been invoked, a number of which have been seen in the literature [8-10].
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Abstract
An ab mwtto perturbed ion study using X-ray diffraction data has been carried out for ZrSiO 4 (zircon).
ZrO2 (monoclinic zirconia. baddeleyite). and S1O 2 (a-cnstobalite) crystal lattice structures. The different
4
substitutions of V"' for Zr"' and Si" occurring in these host lattices have been analyzed. Geometry
optimizations have been performed with the aim of determining the relative stability, cell parameters,
and force constants of radial displacement associated with the local relaxation for pure and doped structures.
Numerical results are confronted against expenmental data and compared %ith previous results The
geometncal cell parameters of different structures obtained by computer simulation and the results of
the X-ray diffraction studies agree with previous experimental data. For the zircon lattice, the substitution
of V` for Zr" at an eightfold-coordinated site is energetically favorable while the substitution of V`
for Si•" at a fourfold-coordinated site is unstable. For ZrO 2, the substitution of V" for Zr4 isenergetically
favorable while the substitution of V" for Si" in S1O2 isenergetically unfavorable. There isless sensitive
influence of the crystal lattice parameters for substitutions occumng at the eightfold-coordinated ion
site in ZrSiO 4 and S1O 2 structures. The doping process produces a decrease of force constant (k) values
associated with the breathing fundamental vibrational mode for all structures. The Aassociated with the
radial displacement in dodecahedral substitution in the ZrSiO 4 structure is especially high The force
constants for this movement in tetrahedral substitution in the ZrSiO 4, ZrO2, and SiO 2 structures have a
lower value. The differences between ionic radii reported by Shannon and Prewitt of the species concerned
in the doping process are not capable of explaining the relaxation of crystal lattice parameters in the
ZrO2 and SO 2 structures. (c. 1993 John Witcy & Sons. Inc

Introduction
It is well known that there is considerable interest within the cerimics industry
in the zircon structure, ZrSiO 4, due to its natural capacity to accept replacements
of its cations by foreign cations in a substitutional solid solution [I]. In particular,
the discovery of the vanadium-zircon blue pigment with high stability and comparatively low cost was a fundamental advance in the ceramic pigments
field [2-4].
The principal structural unit of zircon is a chain of alternating edge-sharing SiO 4
tetrahedra and ZrO8 tnangular dodecahedra extending parallel to the c-axis. The
chains are joined laterally by edge-sharing dodecahedra. In zircon, octahedral sites
are present but contain no cations [5]. Therefore, the foreign cations could occupy
the Si4" position and/or the Zr" in the zircon structure.
From an experimental point of view, it is difficult to assess spectroscopically the
exact substitutional site because both positions have the same. D12h, symmetry. This
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27. 175-186 (1993)
CCC 0020-7608/93/010175-12
© 1993 John Wilev & Sons, Inc.
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fact has produced an interesting controvcrsy in the literature: Demiray et al. [61
have concluded that the V` 4 ion only occupies the dodecahedral sites in the lattice,
replacing the Zr44 'on. Di Gregorio and Greenblatt [7] conclude that the V41 ion
would preferentiallv occupy the tetrahedral environments, replacing the Si"~. Lastly,
Hong et al. [8]. using the previous experimental results and calculating the distribution of energy levels. have concluded that V4' replaces both Si4 ' and Zr4` in the
zircon lattice. Recently. Chandley and Clark [9] suggest that vanadium occupies
either the Si4 ' alone or both the Zr` and Si"~ sites but predominantly the Si4 l site
in ZrS10 4.
Our interest in the zircon structure has existed for a considerable time, and we
initiated our experimental research by examining the s~rnthesis of different kinds
of solid solutions bý a sol-gel process and their characterization [ 10]. From a theoretical point of'.iew, two studies have been carried out bN us [II]I and Chandley et
al. [121 in order to determine the site at which -vanadium prefers to be doped in
the zarcon structure. From this aspect, the present paper can be considered as a
prolongation of these wvorks.
There are several ways to address the problem of substitution of V`~ into the
ZrSiO, lattice, depending upon which mode of synthesis is being anal,,zed. We can
consider two procedures:

(i) In a flux-grown crystal. the most simple analysis inv~olves two possible substitutions. as defect reactions show:
V"'(g) +x-(Z--SiO 4 )(S) -Zr,-,VSiO
4

V 1(g) + .v(ZrSiO4)(S) -ZrSi.
(Hi) ZrSiO4

4

,(S) + Zr 4'(g).
44

IV0 4 ,(s) + Si (g) .

(-

(2)

can be formed by the reaction of V41 with ZrO2 (monoclinic zirconia,

baddelevite) and SiOz (a-cristobalite) that act as precursors [9.10]. then the incorporation of V4 1 into ZrSiO 4 is therefore dependent on the defect re,:.ctions:
V4 I(g) + v(ZrO,)(s)
4
V41
(g) + .V(SiO,)(S)

-~Zr,

-*Si,

1V0 2 ,(S)

+ Zi 44 (g)

,VO2,,(S) + Si4 1(g)

(3)

.(4)

!n conclusion, depending on the chemical en' ironment present during the synthesis of ZrSiO 4. V4 1 can be readily substituted either for Zr4 .',viadirect substitution
[Eq. (1)] or via ZrO2 doping [Eq. (3)]. or for Si44. viv direct substitution [Eq. (2)]
or via SiO 2, doping [Eq (4)].
The ab hiftiio perturbed ion (aiPi) method has been successfullyV applied to the
calculation of the electronic structure of different structures like halides [13]. hydrides
[ 14]. binary oxides [ 151, different oxo. and fluoropcrovskites [ 16]. This method
gives detailed information on the ionic wavefunctions and the microscopic interactions determining the relative stability of pure or/and doped structures.
Following recent achievements in applving this methodology in order to acquire
an understanding of the physical and chemicail properties relevant to condensed
matter, the present work has been launched with the aim of investigating theoretically
the following aspects:
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(i) Calculation of different properties like lattice energy, equilibrium cell parameters ofZrSiO 4. ZrO,. SiO 2, Zr,_• VSi,O•,. ZrSi, 1 VO 4,. Zr,_1 VO,,. and Si,- 1
VO2, structures.
(ii) Calculation of force constants associated with breathing or radial vibrational
modes of pure and doped structures.
(iii) Numerical results are analyzed and compared against other theoretical results
and experimental data.
The method and model are summarized in the next section. The results and
discussion are presented in the third section. A short section of conclusions closes
this paper.
Method and iviodel
atn methodl
The aiPI method [17] provides an adequate quantum-mechanical treatment of
the atom-in-the-lattice structure. The particular features of this method have been
described by Luahia and Fl6rez [18]. and it is suitable for studying crystal defects
in terms of clustcrs whose size and characteristics can properly simulate the effects
induced by the presence of impurity ions.
Effective energies and optimized structures are reported for clusters of the pure
crystals. ZrSiO 4 , ZrO2. and SiO_. and of the vanadium-doped structures. Zr,_1
VSiO 4,. Zr, Si,_ VO 4,, Zr, 1VO., and Si, I VO 2,. The impurity ions occupying
cationic vacancies in the crystal are simulated assuming that the substitution occurs
in a single center. which is the reference origin in the construction of the clusters.
The clusters have been built successively adding shells of ions that are symmetrically
distributed around the origin.
Mot/el
To avoid undesirable effects related to the cluster-lattice interface as have been
pre%iously noted in other theoretical studies by Luafia and Fl6rez [ 18]. the different
structures and the impurity center (V4") are simulated by a large cluster. In this
work, we have self-consistently computed the electronic structure of eight different
clusters that includes a total number of atoms from 53 to 117 (20-46 shells of
neighbors). Zr21Si 1400. Zr_,VSil408O. Si 2 ,Zr 4O 7 (,. and Si22_VZr 14076 (around 4%
molar of doping) clusters embedded in a zircon lattice have been used. Zr 70 3, and
Zrl(,V0 3( (around 61" of doping) clusters embedded in a monoclinic zirconia lattice
while Si,90.8 and Si, 8VO0, (around 4r of doping) clusters embedded in a a-cristobalite lattice have been employed.
Ltarge STO basis sets are used on every ion: (5s5p) for 02 . (5s4p) for Si4 '. (8s6p5d)
for V4". and (10s9p5d) for Zr 4' [19]. The wavefunctions and effective potentials.
used to represent the lattice enwironment on each cluster. have been obtained from
a previous aiPI calculation on the pure. infinite cluster. The Madelung potential,
responsible for the largest part of the interaction energies. has been analytically
integrated. The quantum mechanical contributions to the interaction energies have
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been counted for a large number of neighboring shells until a convergence of 106
hartrees is achieved in the effective energy of the clusters. The effective energy
includes corrt.ation estimated by means of the unrelaxed Coulomb-Hartree-Fock
formalism [20]. The term unrelaxed is used because the aipl wavefunctions are not
affected by this correction.
The geometry of the different crystal structures was optimized, varying the structure and calculating the effective energy. The optimized distances were calculated
in the following way: The geometry of the first shell was varied until a minimum
effective energy was obtained: with the first shell fixed at the minimum, we proceed
to optimize to the second ,
and so on. A schematic representation of ZrSiO 4,
ZrO2, and SiO 2 :. 'p:esented in Figures 1, 2. and 3, respectively.
Results and Discussion
Stri

lare"

The calculated crystal lattice parameters for ZrSi0 4. Zr,_1 VSiO 4,, Zr, Si,_ 1
VG4,, ZrO2 , and SiO 2 obtained from - X-ray diffraction study [ 10] using the Rietveld
method [21.22] are ';sted in Table I. In Tables Ila and lib are given the calculated
bo- J1len. ths for pure a d vanadium-doped zircon at Zr"' and Si4l sites, respectively.
The , pe -, nental ;istances are o 'tained from the values presented in Table I,
coiziderir -he 1-tragonal 141/amd space group.

0

Qo
Figure I. Schematic representaton of ,rcon structure. rhe chains of alternating edgesharing Si. 4 tetrahedra and ZrOg triangular dodecahedra extendcig parallel tot andjoined
laterally by edgc-sharing dodecahcdra.
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Zr

Qo

(b)

(a)
Figure 2.

\0,i

Schematic representation of monochnic zirconia (baddeleyite) (a) 7-coo,dination
of Zr' (idealized): (b) projection of atomic dispositions

00
* Si
Figure 3. Schematic representation of ,-cristobalite structure.
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TABLE

I.

Lattice calculation data: crystal lattice parameters.

Lattice

a (bohr)'

b (bohr)'

c (bohr)

V (bohr)'

b (deg)

ZrSiO 4

12.485
12.4609
(12.4741)

12.485
12.4609
(12.4741)

11.304
11.2854
(11.2968)

1762.19
1752.32
(1757.81)

90
90
90

Ref. [23]
This work
This work

ZrO 2

9.7234
9.7330

9.8408
9.8485

10.0358
10.0482

947.87
950.71

99.23
99.23

Ref. [23]
This work

S1O2

9.407
9.4089

9.407
9.4089

13.130
13.1506

1163.41
1164.20

90
90

Ref. [23]
This work

Ongmn

Doped structure values in parentheses.

In Tables lc and lid the corresponding bond distances for pure ZrO 2, SiO 2 and
doped Zr,_1 VO2, and Si,-I VO2 structures are summarized, and the experimental

distances are obtained from the values presented in Table I, considering the monoclinic P2 1/c and tetragonal P4 12121 space groups, respectively.

For the zircon structure, a comparison of the optimized and experimental values

reported by us and Hyde and Andersson [23] (Tables Ila and Ilb) shows a good

agreement, around 2%and 5%difference for geometrical parameters related to Zr4'
and Si" sites, respectively. The effect of doping vanadium into the zirconium site
is to shorten the four equatorial metal oxygen bonds and to lengthen the four axial
metal oxygen bonds. The presence of the impurity center in the lattice produces a
change of equatorial oxygen ions that are moved 0.0944 a.u. closer to the metal

ion, altering the bond distance from 4.2087 (Zr 4+-O 2 -) to 4.1143 a.u. (V 4 +_-O2 -).
The effect of doping vanadium into the silicon site is that the four oxygen ions
bonded to the vanadium ion move away from their original positions, altering the
lattice ion to oxygen bond lengths from 3.1881

(Si 4 +_O

2

-)

to 3.4332 a.u. (V41_

02-), a difference of 0.2451 a.u. This is compensated for by moving the zirconium
and silicon ions bonded to those oxygen ions further away from the dopant ion,
and by small changes in Zr 4'-O 2- and Si4 --O 2- bond lengths. Thus the greatest

TABLE

Ila.

Metal ion
Pure structure
Zr4 *
Vanadium-doped
structure
V.

Calculated bond lengths (a.u.) for pure and vanadium-doped zircon at Zr÷ site.

Ion

Optimized
distance

Experimental
distance

From the literature

4.%02- (axial)
4x 02- (equatorial)

40351
4.2087

4.0351
4.2997

4.025 123]
4.288 [23]

4x 0 2- (axial)

4.0394

4x 0 2 - (equatorial)

4.1143

4.0394
4.3041

3.855 [12]
4.301 [12]
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TABLE lib.

Calculated bond lengths (a.u.) for pure and -,,nadium-doped zircon at Si'" site

Metal ion
Pure structure
Si41

Vanadium-doped
structure
V4"

TABLE Ile.

Metal ion
Pure structure
Zr4

Ion

Optimized
distance

Experimental
distance

4.x 02- (I)
2 YZr4"
4. 02- (2)

3.1881
5.6427
62310

3.0315
5.6427
6.2310

3.065 [23]

4x 0 2- (I)
2x Zr*
4., 02- (2)

3.4332
5.8745
6.3251

30346
5 6484
62374

3.322 [12]

Calculated bond lengths (a.u.) for pure and vanadium-doped ZrO2.

Anion

Optimized
distance

Experimental
distance

O- {(I)
02- (2)
02- (3)

36837
3.7037
3.8648

3.8776
3.8986
4.0682

3 75

3.95

02- (4)
02- (5)

3.8719
3.9073

40757
4.1129

02. (6)
02- (7)

4.0246
4.0693

4.2364
4.2835

3.96

4.18

Average

Average
Vanadium-doped
structure
V,

From the literature

02-(I)
02- (2)
O2- (3)

32960
3.3138
3.4580
Average

02- (4)

3.36
3.4643
3.4960
3.6009
3.6410

02- (5)
02- (6)
02- (7)
Average

3.55

Ref. (24]

3.91

4.18
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TABLF lid

Metal ion
Pure structure
Si"

Calcu:.ted bond lengths (a u ) for pure and vanadium-doped S1O2.

Ion

Optimized
distance

Experimental
distance

2xvO- (I)
2x O- (2)

2.9485
3.0566

3.0392
3.0400

3.003

3.040

5.8160
6.6234

58160
6.6157

A~erage
4% Si"
2.AO' (3)
Vanadium-doped
structure
V4"

2

2x0 - (I)

3.1007

2.AO2- (2)

3.1015
Axerage

Ref. [23]

3.04

3.101

4x Si4"

5.8160

2A 02- (3)

6.6234

distortion of the lattice on doping occurs with vanadium doping into the Si 4l site.
These results agree with the data reported by Chandley et al. [12]
For the ZrO, structure, a comparison of optimized and experimental distances
shows a 5c; difference (Table llc). In this lattice the Zr44 is 7-coordinated (Fig. 2),
and three oxygen ions have a practically coplanar arrangement while the remaining
four ox.gen ions present a tetrahedral coordination with a larger mean distance
from the metal ion. The effect of doping vanadium into the zirconium site is to
shorten the two groups of metal oxygen bonds. The three coplanar oxygen ions are
moved in an av erage of 0.39 a.u. closer to the metal ion while the tetrahedral oxygen
ions are displaced in an average of 0.41 a.u. closer to the metal ion. The doping
process produces a noticeable compression.
For the SiO 2. a comparison of optimized and experimental distances shows a 3%
difference (Table lid). The effect of doping vanadium into the silicon site is to
lengthen the four metal ox.gen bonds while the remaining bond distances are unaffected.
Energetic•
The defect reaction (AE) energies to substitute Zr44 and Si44 in the host materials
ZrSiO 4 for V4 1: Vz,:ZrSiO 4 [Eq. (1)] and Vs,:ZrSiO 4 [Eq. (2)]. respectively. are
listed in Table Ill. together with AE to substitute vanadium for Zr 4' in ZrO,2 Vzr:
ZrO 2 [Eq. (3)] as well as vanadium for Si44 in SiO 2. Vs,:SiO 2 [Eq. (4)]. In this table,
AE (experimental structure) is the calculated defect reaction energy associated with
experimental geometr. %ithout optimization procedure while A.E(optimized struc-

V"* DOPING INTO SiO 2. ZrO2. AND ZrSiO,
TABLE III.
Impuriti

center

Vz,'ZrSiO 4
Vs,:ZrSiO 4
Vz,:ZrO 2 (i)
Vs,:S:O 2 (a)
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Defect reaction enurgies (a.b.).

AL (experimental structure)

AE (optimized structure)

-0.2021
1.3564
-0.2513
0.7587

-0.2212
02509
-0.5723
0.7505

ture) corresponds to the value obtained optimizing the geometry as described in
the previous section.
The AE values show that V41 ion would substitute more easily for Zr 4' than for
4
Si ÷. The substitutiop of V4" on the Zr4' site is favored throughout by -0.22 and
-0.57 a.u. in ZrSiO 4 and ZrO 2 structures, respectively. Considering that ZrSiO 4 is
not formed by the reaction of a V4 1-bearing melt with ZrSzO 4, [9.10] but rather by
the reaction of doped ZrO 2 and SiO 2, Zr4÷ can be readily substituted for V41 via
ZrO 2 doping.
It is important to note that the geometry optimization process for the Vs,:ZrSiO 4
structure significantly modifies the value of AE from 1.36 to 0.25 a.u. For the Vz,:
ZrO2 structure, this change is minor, from -0.25 to -0.57 a.u. This results can be
explained due to large changes of crystal lattice parameters when the optimization
of geometry is carried out (see Tables lib and llc).
Force Conslants
The aim of this section is to simulate lattice relaxation around a point defect
and to use this to evaluate the energy and force constant (k) associated with the
symmetric breathing (radial) fundamental vibrational mode. The k value was studied
by means of the calculation of the effective energy as function of the crystallographic
displacement which was changing in a stepwise fashion; a fitting method to a fifth
potential polynomial is used.
The k values for pure and doped ZrSiO 4, ZrO 2, and SiO 2 structures are listed in
Table IV. These numerical values can be summarized as follows: (i) The doping
process produces a decrease of k values for all structures; (ii) the k value associated
with the dodecahedral site in the zircon structure is especially high: (iii) the k values
for the tetrahedral site in the zircon structure, ZrO2 and SiO 2 cry .- l lattices render
similar values: (iv) the doping in tetrahedral substitution for zircon structure produces a considerable decrease of k value. This fact agrees with the appreciable
geometrical distortion after this substitution occurs at the tetrahedral site in the
zircon structure and with the experimental values on compressibility studies reported
by Hazen and Finger [25].
If we try to rationalize our results on the basis of a comparison of the ionic radii
of the species concerned in the doping process, taking ionic radii from Shannon
and Prewitt [26] the differences in size between the substituent V4' and the ion in
the host lattices are: R(V 4") - R(Si4") = 1.380 - 0.756 = 0.624 bohr and R(V 41)
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TABLE

IV.

Force constants (a.u.).

Tetrahedral site

Dodecahedral site

ZrSiO,
Pure structure

(V-doped)
S0 2 (a)
Pure structure
(V-doped)
Zr0 2 (M)
Pure structure
(V-doped)

1.86

82.62

(0.64)

(68.80)
2.51
(2.38)
1.82
(1.64)

- R(Zr 44 ) = 1.380 - 1.625 = -0.245 bohr. For the zircon structure, the geometry
relaxation following substitution on the dodecahedral site is expected to be less
sensitive if we consider the similar ionic radii of Zr4' and V4 ' as our data show.
However, for the doping process in ZrO 2 and SiO2 structures, this argument does
not work. The use of the relative size of ions and volume of the crystal cells (see
Table I) do not reproduce theoretical and experimental evidence for these crystal
lattices.
Conclusions
Cluster-in-the-lattice simulations of pure and doped ZrSiO 4 , ZrO 2, and SiO2
structures and X-ray diffraction studies appear to be an appropriate procedure to
systematically characterize the energy, the changes or distortions of cell parameters.
and force constant for these crystal lattices associated with the doping process.
The results of the presert study can be summarized as follows:
(i) The calculated crystal lattice parameters obtained from a X-ray diffraction
study using the Rietveld method for these structures are similar to these reported
by Hyde and Andersson.
(ii) Less sensitive influence of the crystal lattice parameters for substitutions
occurring at the eightfold-coordinated ion site in ZrSiO 4 and SiO 2 structures.
(iii) Substitutions of V"' for Zr" at the dodecahedral site in zircon structure
and V4" for Zr" in ZrO 2 structure are energetically favorable.
(iv) Our stability results disagree with Chandley's et al. [ 12] conclusions: however,
the structural data and distortion of the lattice which take place on substitution are
similar.
(v) An analysis of the defect energy and the breathing fundamental vibrational
mode for substitutions of V4` for Si"' at the tetrahedral site in the ZrSiO 4 and SiO 2
structures does not reveal any indication of energy stabilization for this doped
structure. This behavior confirms previous findings [6) while being at variance with
others (7,91.

V4"
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(vi) The doping process produces a decrease of force constant values associated
with the breathing fundamental vibrational mode for all structures.
(vii) The k associated with the breathing displacement in dodecahedral substitution for the ZrSiO 4 structure is especially high. The force constants for this movement in tetrahedral substitution for the ZrSiO 4 - the ZrO2 , and SiO,, structures have
a lower value.
(viii) The differences between ionic radii of the species concerned in the doping

process do not explain the relaxation of crystal lattice parameters for the ZrO2 and
SiO 2 structures.
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Structure of Mott-Insulating Transition
Metal Oxides
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Abstract
Due to suggestions that Self Inter iction CorrectionsS'. ), gradient corrections, and short-range electronelectron interactions in the Local (Spin) Densitt Approximation (L(s)DA) scheme may significantly
influence the computed electronic structure for the Mott-insulating (MI) transition metal oxides (TMOS),
a comparative study has been made of Hart-ee Fock (HF) and L(S)DA computations for NiO Since HF
lacks electronic correlation. it overestimates bend width (in conductors) and/or band gaps (in insulators).
It gives the band gap for NiO two times larger than that in expenment, while LSDA gives the gap one
order of magnitude smaller than the experimental value We demonstrate that the HF results are consistent
with some previously believed to be well-understood experiments, while the L(S)DA results are not It
is sugge.ed that HF may offer a better referente state for the development of a LSDA scheme © 1993
John Wiley & Sons. Inc

Introduction
The discovery of the high-T, superconductors (HTSCS) [1] based on copper oxide
layer structures has re-opened interest in the study of the (MI) TMOS, a class of
materials to which the HTSCs also belong, and for which the theoretical computation
of their electronic structure has been always a challenge. In order to understand all
important properties of these materials including the high-T, superconductivity,
detailed knowledge of their electronic structures is essential.
Due to the relatively poor computers available at the time and the imperfections
of the computational methods, early electronic structure studies on the (MI) TMOS
[2] obtained electronic structures which compared poorly with experiments in some
very critical features, such as magnetic properties, band gaps and widths, relative
positions of bands, etc.
Recently, there have been many attempts to improve the understanding of these
problems. Singh and Pickett [3] added gradient corrections to the exchange-correlation potential within the L(S)DA [4]. Yu and Freeman [5] included a shortrange electron-electron interaction in addition to the normal L(S)DA potential in
order to describe the electronic correlations of the localized electrons more properly.
Svane and Gunnarsson [6] added to the L(S)DA scheme the sic, which result from
the approximate treatment of the exchange. On the other hand, Shen et al. [7]
reported recently experimental band structures for NiO. In the r - X direction,
International Journal of Quantum Chemistry Quantum Chcmistry Symposium 27. 187-194 (1993)
CCC 0020-7608/93/010187-08
c 1993 John Wiley & Sons. Inc.
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there are bands at about -11 eV below the Fermi energy (cp) which cannot
be identified as any of the L(S)DA bands, no matter which corrections have
been made.
In order to find out how these deviations come about, the electronic structure
has been calculated in the present study within both HF and LDA approximations
for NiO, which is a typical (MI) TMO. Comparison has been made between results
from both methods, and with typical previous LSDA results [8]. It should be mentioned that Wilson (1970) [9] and Kunz ( 1981 ) [101 studied the (MI) TMOS with
approximate HF methods and obtained valuable physical insight but their studies
were ignored in the literature.
Methods
The presumably most advanced method for electronic structure calculations of
solids is the Density Functional (DF) theory with the use of the Kohn and Sham
[Ill one-electron Hamiltonian. It includes, along with the kinetic and Hartree
terms, an effective exchange and correlation potential, W,(p), which is in turn a
functional of the electronic density p(r). The exact form of this functional for
almost all realistic systems is unknown. The L(S)DA has to be made by evaluating
1',,(p) at the local density, i.e., R,,(p)l, = W',,(p(r)). In practice, the explicit
form of the functional W,,(p(r)) is usually considered not to be critical, except
that it should be exact in the limit of the homogeneous electron gas [12].
The HF method [13]. on the other hand, does not suffer from the local approximations on the exchange-correlation potential. The corresponding single determinanta! wavefunction is a clearly defined quantity which takes account of the
different nodal structures of the different orbitals via its non-local, exact exchange
term In principle, it is known what is missing from the HF state and how it can be
improved by introducing correlation either through perturbational or variational
procedures [ 14 ]. As a result, HF calculations can be used as a good reference for
other computations. In fact, Kohn and Sham in their original article [iI] suggested
an alternative LDA scheme by using HF as the reference rather than the usual noninteracting system.
With the HF method, it is known that because the non-local exchange term is
not compensated due to the lack of electronic correlation, calculated conducting
band structures, especially for metals where screening is important, are about twice
as wide as those from experiments, as are band gaps for insulators and semiconductors. However, HF calculations may be considered as the lower limit of approximate screening in insulators while the L(S)DA is the upper limit. Generally,
the HF method overestimates band widths and band gaps while L(S)DA underestimates.
Another important fact is that in the presence of strong correlations, as in the
TMOS with their quite localized d electrons, both methods may lead to large deviations because in the HF approximation, by definition, correlation is not included
at all while in the L(S)DA, the very inhomogeneous charge distribution, which is
far from that of the electron gas. invalidates the approximation. Although L(S)DA
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considers electronic correlation to some extent, it is really not known which effect
is larger. In this study for NiO, both methods were employed and it is hoped that
comparison between the results from these two methods and with that of experiments
may reveal which effect is more important for the calculated electronic structures
of these materials. In the present study, the restricted HF calculation was done with
CRYSTAL [ 13 ] because there is still no facility in the present laboratory to do a
spin polarized HF calculation, and a corresponding non-magnetic LDA calculation
was carried out with WIEN which is a Full Potential LAPW LDA program [15].
The NiO crystal has the NaC1 structure of space group O(Fm3m) [16], a =
4.17 A, and atomic positions Ni(0.0, 0.0, 0.0) and O(0.5, 0.0,0.0). For the present
HF study, a He-core pseudopotential for 0 [ 17 ], an Ar-core pseudopotential for Ni
[ 18] are used. For Ni-3d valence orbitals, TZ GTOs are used with 4s basis [ 19 ]. For
0, a DZ GTO basis for the 2p valence orbitals are employed [ 171.
Results and Discussions
Electronic structure studies for MI TMOs, as well as for the parent materials of
HTSCs [20], show that the uppermost band, the 0-p and metal-d a-antibonding
band, is half-filled. Because of the strong on-site Coulomb repulsion, a gap opens
between the lower- and the upper-half bands and the system undergoes a metalinsulator transition. Therefore, these materials exhibit antiferromagnetism (AF)
below the N&l temperature and poor conductivity. As discussed in Ref. [6 ], LSDA
electronic structure calculations for NiO and MnO with artificially dimerized unit
cells result in AF insulating ground states, as they should, but fail to give such a
ground state for CuO, CoO, and FeO. LSDA gave the other non-bonding metal t 2g
d-bands slightly (ca. I eV) below the bonding metal eg d-band(s) and above the
O p-bands. However, the recent LSDA calculations by Svane and Gunnarsson [6]
with SIC included successfully found AF insulating ground states for CuO, FeO, and
CoO as well, in contrast to usual LSDA scheme [6 ]. Unfortunately, bands and DOS's
were not published from these calculations. For comparison, the band gap for NiO,
which ic ine of the most critical criteria, as listed in Ref. [6], is 4.3 eV as from
experiment, 0.2 eV given by traditional LSDA, 2.5 eV give by Svane and Gunnarsson, but 14.4 given by Unrestricted HF [21].
In Figure 1, the non-magnetic HF band structures of NiO are shown, in comparison with the corresponding LDA results, as can be seen for the r - L portion
also in Ref. [22]. The corresponding HF densities of states (DOss) are shown in
Figure 2; a previous LSDA DOS by Terakura et al. [ 8] is given as an insert. It can
be seen from Figure 1 that the LDA and HF results are very consistent with each
other for bands around CF. The crossing points of the partially filled p - d antibonding band (marked with "A - B") with cF from both methods are in good
agreement. The splitting and dispersion of the partially filled band fror both calculations are very similar. However, it should be emphasized again that for a nonmagnetic study, all band structure methods fail to give a gap in the partially filled
band. The comparison given shows that both methods yield similar features in the
considered energy regions under similar conditions.
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S0.2B

D

-0.6-Figure 1. Non-magnetic band structures of NiO calculated with both HF(CRYSTAL)
and LDA(WIEN) methods. The Fermi energies are set at 0.0. The antibonding Nid- OP
band is marked with "A-B".

It is not surprising that the HF band dispersion is about two times larger than
the LDA because the two methods differ by the treatment of exchange and correlation.
The most significant difference is, however, that HF predicts the metal d,2, to lie
below all other valence bands. Yet the typical L(S)DA result leaves them only I eV
or less under the uppermost occupied band (referring to the LDA parts of Fig. I).
This difference can also be seen from the DOSs in Figure 2, where LSDA predicts all
metal d-states to be concentrated to give one single peak lying within 3 eV below
the CF, while HF gives three peaks, one around cF, one far below cF and all other
valence bands (d,2, non-bonding bands), and another in between (which is from
the pure Op bands and the metal-d - O-p bonding bands).
Traditionally [2], the d,,, - d,, splitting was considered to be a pure crystal field
effect. The two sets of orbitals were believed to differ by roughly an energy of the
order of magnitude of the overlap integral between d,, and the ligands, which is
about ca. I eV. The d,2, is considered to be unchanged. But in this understanding,
an important effect, relaxation,was missed. In reality, however, once the d,, electrons
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Figure 2. HF DOSS of NiO corresponding to Figure 1. The shaded part in the HF Ni(d)
DOS is the contributions of Ni- do,-9 + Ni- d,2 states which take part in the Nid- OP
i-bondint'. It is clear that the DOS around the Fermi energy is predonminantly of Ni - d
charactet rlhe spin polarized LDA total DOS by Terakura et al. 18] is shown as the insert.

form bonds with ligand electrons and become delocalized, they will leave space for
the d,2, electrons, and the latter see a less screened core and drop to an even lower
energy. This process results in a splitting much larger than the overlap integral with
the leading term due to the difference in electron-core interactions. This feature
can hardly be reproduced by the standard LDA scheme because in such a scheme
there is usually a physical boundary between core and valence regions, into which
the valence electrons can never penetrate. But this is not true for 3d electrons as
they can be very close to th core in reality. It was shown by an ab initio correlated
electronic structure calculation for Cu -0 clusters [23] that the HF results are
very close to experimentally determined metal d and 0 p occupations, which are
critical to explain the magnetic momentum and on-site Coloumb interaction. Recently, Anisimov et al. showed that in an improved LSDA model band structure
calculation, the metal non-bonding d band lies below all other valence bands [ 24].
Recently, angle-resolved photoemission experiments by Shen et al. [ 7 ] provided
an experimental band structure for NiO. The uppermost antibonding band and
the 0-p bands confirm both the L(S)DA and HF results. But in the r - X direction
(referring to Fig. 25 in Ref. [71), there are two very weakly dispersed experimental
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bands below the O-p bands, which cannot be assigned to any of the LDA and/or
LSDA bands. However, these two bands fit fairly well with the metal d,, -bands from
the HF! In fact, if we look back at some old experiments, believed to be well understood, we can see that they can be interpreted very well by HF calculations but
not by LDA.
The satellites in the photoemission spectrum of TMOs and their assignment first
proposed by Wertheim and Hiifner [25 ] is the first of such widely discussed topics.
From L(S)DA computations, all metal d states are concentrated (see the insert in
Fig. 2, from Terakura et al. [8 ]) within 3 eV below cF. It is very difficult to interpret
the satellite structure within L(S)DA without invoking complicated many-particle
processes. But, these satellites are located just at the positions of the non-bonding
metal d,2g states predicted by HF, and it is stra-.ghtforward to assign the satellites to
these states. Comparison of the HF DOS of NiO in Figure 2 with Figure 1 (NiO) of
Ref. [ 25 ] shows good agreement.
In the early 70s, Powell reported the photoabsorption spectrum for a NiO crystal
(Fig. 3 in Ref. [26]). This spectrum can be understood also very well by referring
to the HF DOS of NiO in Figure 2. In Figure 3, the theoretical photoabsorption
spectra are shown in companson with the experiment. They were calculated by
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Figure 3 The theoretical HF and IDA photoabsorption spectra are shown in comparison
with the cxperimeat by Powcll [26]. A shift was made to position the edge ofthe platform
at about 4.3 eV in order to compare with the experimental result.
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integrating the HF and the LSDA DOS's weighted with the X-ray absorption cross
sections from cF to the bottom of the metal d and 0 p bands. The HF spectrum
reproductcs all the basic structure of the experimental spectrum! If one keeps in
mind that the inclusion of electronic correlation wiU open a gap in the half-filled
band across the CF, which will result in a "steeper" stepping-up for the spectrum
at the beginning, and a higher platform between 4.3 to 9.1 eV. The narrowing of
the bands due to correlation will open up gaps and thus leave shoulders at 13.1
and 14.3 eV. On the other hand, it is difficult to see any similarity of the LSDA
spectrum with the experiment.
Conclusions
From the calculations discussed above, it is clear that the computational techniques for the electronic structures of (MI) TMOS still need essential improvements.
In LSDA, because of the shortcomings of its approximations, the computed band
gaps of the MI TMOs and the magnetic moments are not quantitatively, in some
cases even not qualitatively, consistent with experiments. The magnetic correlation
effect above the N6el temperature is not necessarily commensurate [23], so that
the current treatment of magnetism by simply dimerizing the unit cell cannot hope

to fit experiments in every detail. HF, on the other hand, does not include
correlation at all by definition, and thus cannot hope to give a correlatedelectronic
structure. It should be emphasized though that a UHF computation can give a band
gap and an AF insulating ground state for NiO with artificially dimenzed unit cell
[ 21]. The results shown above imply that the HF state may cffer a better reference
state for further improvements as Kohn and Sham suggested in their first article [I I].
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Abstract
The structure of small Rh clusters compatible in size with the particles that are present in highly
dispersed supported catalysts are studied at the SCF level by means of intermediate neglect of differential
orbital (INDO) calculations. In agreement with experimental determinations and calculations on other
metals, we have found nonpenodic (precrystalline) structures of C5, and D$d symmetry the most stable
ones. An analysis of these geometries suggest that they result from first- and second-order Jahn-Teller
distortions of icosahedra. Although higher multiplicities characterize higher symmetry structures, we
find that the lower symmetry structures are characterized by low multiplicities. The electronic characteristics
of the surface sites Lre analyzed at the ci level. In contrast to extended periodic surfaces, which are
characterized by negative charge density on the metal atoms, the surfaces of the small clusters appear as
electron deficient structures, with negative charge localized on the internal atoms. This may be a key
factor in understanding the different catalytic activity of metal surfaces and supported metal catalysts.
Cc)1993 John Wiley & Sons. Inc.

Introduction
The field of metal cluster chemistry has reached a particularly exciting point in
its development because the size of the cluster being characterized may be large
enough for meaningful comparison of their physical and chemical properties with
bulk metal and metal surfaces, and, on the other hand, sufficiently small as to be
able to examine by quantum chemical techniques [1].
A metal cluster compound has been defin2d as a group of two or more metal
atoms where direct and substantial metal bonding is present [2]. The size of the
arrangement can, thence, vary from two to several hundred atoms, and most of
the research in this field has focused on the way several properties, such as chemical
hardness [3], ionization potentials [4], electron affinities [4], binding energies
(BES) [ 5 ], and polarizabilities [6 ], change with size, allowing an examination of
the transition from molecular to metallic behavior [7]. The geometry of a metal
cluster also changes from a polyhedron (precrystalline) structure to a reticular,
lattice-based one, defining a transition for a certain number of atoms that depends
* Permanent address. Proyecto Quinor, Facultad de Ciencias Exactas, Universidad Nacional de ]a
Plata, Casilla de Correo 962, (1900) La Plata, Argentina.
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 195-211 (1993)
CCC 0020-7608/93/010195-17
© 1993 John Wiley & Sons, Inc.
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on the element under consideration [4-8]. In this framework, the structure of a
cluster is one of the most controversial subjects, because it is both difficult to probe
experimentally and hard to calculate. This is especially the case with transition
metal atoms, and their agglomerates, many of which are of great industrial
importance.
Cluster sizes of particular stability are often revealed in a mass spectrum by
striking maxima in the envelope of peak intensities. The number of atoms associated
with the maxima which defines the most stable structures (magic numbers) [9]
depends on the bonding character of the atoms forming the cluster [10]. The van
der Waais bonded rare gas clusters have magic numbers of a complete icosahedra
[6,9,10], whc-reas the smallest magic numbers of alkali and noble metals correspond
to the shell structure of the valence electrons [6,9,10]. Magic numbers corresponding
to icosahedral packing of Na, K, Ca, Ba, Sr, Mg, Ni, Co, and Cu atoms have been
also found [8-10]. However, the icosahedral clusters have the same magic numbers
as the cubooctahedral structures, and the question then naturally arises as to which
one is formed more easily.
Transition metal clusters are important in catalytic research, where highly dispersed metal catalysts, of particle size small enough to be considered precrystalline
structures, are associated with the higher activity due to the occurrence of a larger
concentration of active sites. In order to understand their particular reactivity, the
geometric and electronic characteristics of the different sites must be accurately
determined. Modern quantum chemical technologies that include gradient-driven
geometry optimizing algorithms are particularly suited to examine the individual
bonding behavior of the elements that make up precrystalline structures, and, in
turn, can be used for the calculation of the electronic descriptors on the different
sites cf a given optimized structure.
When dealing with systems of catalytic importance, mainly associated with elements of the second and third transition series, only small clusters (three or four
atoms) have been treated in configuration interaction calculations [11-15 ]. Molecular dynamics [101, as well as Monte Carlo [II] simulations, however, have
been used in an interesting fashion to analyze the precrystalline to reticular transition
in extended systems as a function of the number of atoms required for the transition
structure.
Because of our interest in reaction mechanisms on supported catalysts, we are
looking for an accurate and quantitative description of the geometric and electronic
characteristics of the different reaction sites in the smallest structures compatible
with those that can be found in the real support.
Rhodium clusters have industrial uses as catalysts in a variety of hydrocarbon
oxidation reactions, perhaps the best known use that in automotive exhaust antipolution systems [16-18]. Considerable progress has been made in the knowledge
of the influence of the particle size, surface structure, and surface composition on
the reactivity of Rh clusters. Particle sizes as small as I nm have been characterized
in supported catalysts [19 ], a size that is associated with precrystalline structures.
Surface atoms represent the majority of the atoms in these particles, and sites of
different topologies (kinks, edges, and corners) are defined. Theoretical investigation
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is, however, a challenging task, primary due to the large number of incomplete d
shells of the metal atoms, which lead to a great number of low lying states and
associated structures. The presence of so many states causes serious convergency
problems when self-consistent field (SCF) techniques are applied, and most often
necessitates a treatment that includes electron correlation. These concerns make
examination of open-shell clusters using scF-based techniques that can address
questions of structure and multiplicity difficult to apply.
In this work we apply a version of the intermediate neglect of differential overlap
(INDO) model [20], at both the SCF and the configuration interaction (aI) level,
using the ZINDO program [2 1] to determine the structure as well as the electronic
characteristics of the different sites in the small Rh particles that ma* be present
in highly dispersed supported catalysts. We stress mar here, for in this preliminary
study we have not considered the interesting possibility that the support itself might
influence structure as well as electronic properties.
Computational Details
Most often each calculation starts as configuration-averaged Hartree-Fock
with an average multiplicity for the number of electrons considered [22a].
A small ca using these orbitals on several interesting multiplicities then indicates
which states should, in general, be pursued through the restricted open-shell HartreeFock (ROHF) procedure [22b]. For each structure and possible multiplicity, a separate geometry search is made using the ROHF procedure as described below.
The geometry optimization step of the calculation is particularly important in
obtaining a proper description of the geometric and electronic parameters that are
responsible for and, at the same time may justify, the different catalytic activity of
the surface sites defined on a given structure. The calculated geometries are the
result of a full optimization of the coordinates (interatomic distances and angles)
without any constrain on their variation. The Head and Zerner technique [23.24]
has been used, with the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm to
update the inverse Hessian matrix. For a complete search of the structure of minimum energy on the potential energy surface. different initial geometries, associated
with different s%mmetries of the cluster, have been defined as initial guesses for the
geometry optimization routines, including both polygonal structures and pieces of
the bulk. In this way, the relative stability of different stable geometries that may
be present in the precrystalline structures are also compared. The number of atoms
in the cluster has to be, then, compatible with the definition of octahedral, icosahedral. fcc, and hcp structures free of undesirable effects of nonregular environments
on the atoms of the borders. Rh1 • and Rh,, match these requirements; the latter
are close in size to the I nm particles characteristic of highly dispersed catalysts.
Although pieces of bulk (fcc and hcp) structures may be a priori ruled out for
precrystalline structures, because the precrystalline to reticular transition would
occur for a cluster size larger than I nm. it is nevertheless interesting to compare
the energy of the crystalline structures with those of the precrystalline ones for the
different cluster sizes.
(CAHF).
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c

(d)

(C)

Figure I. Starting Rh31 structures for the geometry optimization procedure. (a) icosahedrai
symmctrN. IA; (b) "d'"
s~mmetr. Dsd: (c) octahedral symmetr. Oh: (d) close-packed
D3,,. (c) close-packed fcc structure (el, e are different views of the same structure). Dd.
Starting geometries represented by Figures (a). (b). and (c) evolve into the same final
structure depicted in Figure 2.
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I. Total energies (a u.) associated wvith the most stable multiplicities of the different Rh1 geometries
after a full optimization procedure.*

M

hcp

2
4

-294.81
-294.76

6

-294.72

fcc

Oc

D5

Ic

-294.87
-294.86

-294.69
-294.67

-294.87
-294.86

-294.87
-294.85

-294.81

-294.62

-294.84

-294.83

'Only the hexagonal and distorted octahedral does not change to a D5 symmetry.

The open-shell structure of the Rh atom (d's') defines a certain number of
unpaired electrons for the Rh13 and Rhj 9 systems. The stabilities of the different
multiplicities (M) have been compared at the ROHF level for the different starting
geometries. This procedure is complex, for we find that different multiplicities form
different structures, or, perhaps, vice versa.
Two parameterizations of the INDO theory are used in these studies: one for
geometry, which utilizes two-center two-electron integrals that are calculated
ab initio, and one to calculate the electronic descriptors at fixed geometries,
which obtains these integrals empirically from atomic spectroscopy 120,25-27 1.
The calculation of the electronic descriptors as well as the analysis of the molecular orbital interactions has been done, in the framework of this parameterization, at the Ca level. The resonance integrals "fi" are chosen according to a
formula that takes into account different electron negativities [ 28 ]. This parameterization reproduces the available experimental geometries and excited state
manifold of Rh 2 and Rh4 , but does incorporate a correction for overbinding
proportional to the calculated bond index [28]. Other aspects of the method
are given elsewhere [20,25 ].
Results and Discussion

Rh, 3 Structures
We first compare the stability of regular but nonperiodic structures with that of
pieces of bulk, represented by means of the same number of atoms, whose repetition
TABLE II. Total energies (a.u.) associated with the different multiplicities for the different calculated

Rh 4 geometries.
M

Square planar

Tetrahedral

1
3
5

-90.311
-90.308
-90.248

-90.3"71
-90.337
-90.282

-90.038
-90.019
-90.030

7

-90.161

-90.168

-90.045

Tetrahedral (2.69

A)

First and second columns refers to the full optimized square planar and tetrahedral geometries. The
third column gives the total energy of the tetrahedral structure for the bulk Rh-Rh interatomic distances.
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S~2.57
2.32

Figure 2. Most stable Rh13 structure as the result of a full geometry, optimization procedure,

C,.,. Geometri. parameters are indicated. Electronic parameters

=

local density charges

on the atomic centers [q (a~u.)] are as follows: qz = ,q2 = q•= q4 = q3 = -0.128, q6 = q
= '= - 7 = q1o = +0.197, q1, = -0.919, ql2 = +0.366. eii3 = +0.201.

in three dimensions would develop the three-dimensional periodic structures characteristic of the bulk metal.
Among the regular structures, icosahedral and cubooctahedral structures can be
constructed by means of either 12 or 13 rhodium atoms which occupy only the
vertices of the icosahedral or both the vertices and the center of the structure,
respectively. However, 12 atoms is not an appropriate number to construct pieces
of fcc or hcp bulk structures. In addition, a comparison of the BE per metal atom
for the Rh, 2 and Rh, 3 structures gives a higher stability to the latter (0.5 eV for the
icosahedral and 0.25 eV for the octahedral geometry), making Rh, 3 a much more
attractive structure to examine.
For these reasons, we have chosen a Rh, 3 cluster size to build up structures of
icosahedral of D5 and cubooctahedral symmetry, as well as fcc and hclp pieces of
bulk [Figs. I (a)-(e)] as starting structures for a full geometry optimization pro-.
cedure. The fcc and hcp structures can also be described as centered cubooctahedral
and anticubooctahedral symmetries [l]. Because they are characteristic of closepacked metallic lattices, we have chosen this related nomenclature. The octahedral
structures depicted in Figures 1(c) and 1(d) are almost equivalent, as can easily
be seen from a comparison of these figures. However, the structure referred to as
cubooctahedral (Ic) has a distortion along the z-axis that increases the distance
from the apex atoms to the center by 40% of its regular value. Different Rh-Rh
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~2.62

2.49

2.62

2.62

,

Figure 3. Most stable Rh "'icosahedral' structure after a full geometry optimization.
The Rh-Rh interatomic distances R(4-5). R(3-6), R(7-8), R( 1-10), R(2.12), R(9,13)
are 3%longer than the others (see text).

interatomic distance., between 2.0 and 2.7 A,have been used to build up the initial
structures. The lowest energies are always achieved for closest interatomic distances
of about 2.5 A, which appears to represent a compromise between the interatomic

distance in the diatomic (2.20 A [28]) and that in the bulk (2.69 A [129]).
Rh 13 clusters are open-shell structures characterized by a multiplicity (M) larger

than 1. Each structure has been examined for different M values. Results in Table
I demonstrate that the occupation of low-lying energy levels stabilizes the lowest
multiplicity. We stress that each structure, associated with a given M, has been
derived from a full optimization of all distances, without imposing any geometry
or symmetry constraints. When symmetry results, it results as a consequence of
the optimization.
The same result, related to the higher stability of the lower M values, has been
found for Rh4 clusters, which show an interesting behavior relative to the importance
of the geometry optimization in the definition of the multiplicity and vice versa.
Starting from either square planar or tetrahedral structures, the optimization of
both multiplicit'.-s and bond lengths gives a regular close-shell structure, either
square-planar, with Rh-Rh bond distances of 2.1056 A, or tetrahedral, with bond
length 2.2728 k. These smaller structures yield interatomic distances that are close
to that in the diatomic. On the other hand, if the distance is kept frozen to that
observed in the bulk (2.69 A), the most stable structure is associated with 6 unpaired
electrons (Table II). This result is in agreement with density functional calculations
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0.51002 --

Virtual
_

0.54071
0.54760 --

t2g
hg
Open

0.58970

tlu

0.63821

hu
Closed

\A

0.64178
0.64317

Ag

-

-'-t2u

gu
gg

0.68029
0.68735

Rh

3

icosahedral

Figure 4. The frontier molecular orbitals obtain for Rh 1 iflnlA symmetry from a CAHF
calculation with four electrons in eight orbitals Note that the closeness in energy of these
orbitals leads to very many nearly degenerate states Energies arc in hartrees The dashed
lines indicate the doubly occupied space, the "open" space, and the virtual space.

[30] that model the Rh( I ll) surface structures by means of regular tetrahedron
constructed with four Rh atoms separated by the bulk interatomic distance. Six
unpaired electrons give the lowest energy under these conditions. However, when
the bond length is allowed to relax to the equilibrium interatomic distances, the
electronic configuration
4from (A 2 )la' lt21e 2t23 22e -aIlt'lt2, to lowest
6
"21t6 4 changes
energy('Al)lalt21e 2023022e 2a~lt'. The decrease in multiplicity is clearly associated with the relaxation of the interatomic distances, leading to larger spinpairing due to the more efficient overlap of the atomic orbitals. and the resulting
stronger interactions. The comparison of the Milliken populations on the Rh atoms
for both interatomic distances shows a larger population of the d orbitals in the
septet (5so0 5•5p -74d 8 "5vs. 5so 595pO 544d 794 ). The higher occupation of the more
diffuse sp orbitals favors the more efficient overlap in the close-shell structure. The
shortening of the bond distances in small metal clusters is not surprising on the
basis of the well-known contractions of the lattice parameters in small particles
associated with surface stress that has been experimentally determined for several
transition metal atoms [5,31 ], and which are easily confirmed in these calculations.
Table I summarizes our results for Rh 13, and indicates that the most stable geometry (Fig. 2) is one of near C5, symmetry and is achieved after the optimization
of the initial Dsd symmetry structure. The same final geometry is obtained from
full optimization of the fcc and the icosahedral starting structures. The fcc structure,
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ai12

+5
4
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"13

b
dx2"y2

ý

3
dx

2

-y2

;dx2"y2

dxy
,x2d.y2

Figure 5. Molecular orbital interactions that involve the unpaired electron of the Rh, 3
structure. (a) Bonding interactions between opposite atoms on the alternate pentagons.
Antibonding interactions are between the s orbitals on the pentagons and the p on the
central atom. (b) Bonding interactions between the d orbitals of the atoms on one of the
pentagons.

in particular, goes through a remarkable modification of its geometry, requiring a
large number of cycles in the geometry search to finally reach the structure of Figure
2. An energy barrier is associated with the transition from hexagonal and from a
distorted cuboctahedral to the final structure depicted in Figure 2, and thus these
structures represent proper minima on the potential energy surface. In these two
cases, the change in geometry from the initial one assumed to begin the optimization
procedure involves a shortening of the interatomic distances approximately 4%,
again favoring bond lengths closer to that in the diatomic.
Icosahedral structures have been identified in several inorganic Rh compounds,
as [Rhl 2Sb(CO)27]- 3 [32]. Cubooctahedral geometries have also been found in,

204

ESTIU AND ZERNER

VIRTUAL

0.43321
0.4.5255
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t2g
ItU

0.4.7976
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0.50034
0.50613

CLOSED

0.51453

-

0.52618
0.55397
0.55536

hg
hu

--

Ag

t2u
-u

gg

Rh 13 icosahedral
Figure 6. The frontier molecular orbitals obtained for Rh 13 in hsymmetry from a CAHF
calculation with five electrons in eight orbitals. Note that the closeness in energy of these
orbitals leads to very many nearly degenerate states. Energies are in hartrees. The dashed
lines indicate the doubly occupied space, the "open" space, and the virtual space.

for example, [Rh 13 (CO) 24 H 3 ]- 3 and [Rh 1 2Pt(CO) 24 ]- 4 [33]. The presence of the
carbonyl ligand, which is known to involve important charge transfer interactions
with the metal [ I], preclude, unfortunately, any inference from these structures to
that of the naked Rh13 clusters. Rather both icosahedral and cubooctahedral are
made plausible.
According to our calculations, the structure of Rh, 3 clusters (Fig. 2) can be
described as distorted icosahedron, defined by 12 fivefold axis and 20 triangular
faces. Ten of the 12 vertices, on the other hand, define two alternate pentagons,
while the others are aligned with the center of the structure, perpendicular to them.
It is distorted in the sense that the edges are no longer of equal length and th,
inversion center is lost. The full symmetry characteristic of the icosahedra [34],
with 120 symmetry operations, does not apply.
In this particular case the distortion from a regula, icosahedra involves mainly
(Fig. 2):
i. A change of the relative sizes of the alternate p.,ntagons, from two equal in a
regular icosahedra [Fig. I (a)], to a larger and a smaller one, of interatomic distances
of 2.31 and 2.62 A, respectively.
ii. An asymmetric lengthening of the distances along the z-axis, more important
between the larger pentagon and the adjacent apex atom.
iii. A change in the distance from the atom in the center to the atoms in the
pentagons which, instead of equidistant as in a regular icosahedra, is closer to the
larger pentagon.
Origin of the Distortion: According to the Jahn-Teller (JT) theorem [35,36 ], any
nonlinear system where there is orbital degeneracy has a vibrational mode which
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(a)

Figure 7.

b)

Starting Rhj 9 structures for the geometry optimization procedure. (a)

Dsh

sym-

metry; (b) closed packed fcc structure; (c) close packed hexagonal structure. Both the Dsh
symmetry and the fcc structure evolves to the same final structure depicted in Figure 6.

will lower the symmetry and also lower the energy of the system. A Jahn-Teller
distortion would, then, change the geometry of the system in order to decrease its
symmetry in such a fashion that the electronic state is no longer spatially degenerate.
Calculations by other authors [ 11,37-39 ] have shown that the most stable structure
of a metal cluster is strongly influenced by the JT effect, as we find here. Because
of the nature of the distortion in Rh 13 we examine the structure of Rh t3. The hope
here is that the positive ion has states that are further separated in energy than the
neutral and the results could guide our thinking on the neutral. Starting from an
icosohedron, a geometry optimization is made for each multiplicity. The lowest
energy of all these structures is a singlet of C2h symmetry (see caption in Fig. 3).
This structure might be understood as resulting from an 'H, state from an idealized
lh structure obtained from a CAHF calculation in which four electrons are averaged
over eight orbitals, the I,,,and hg orbitals of Figure 4. Other schemes we tried either
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2.355

166

2.58-

2.67

Figure 8. The most stable Rh19 structure (D56) calculated from a full geometry optimization. Geometry parameters are indicated Electronic parameters local density charges
on the atomic centers [q (a.u.)l are as follows. qj = = = q3= q= '1s • = '1is = '116=
= q=q 10 = -0.480, q1 =q,=
-1.200. q1is= q19 =
q = qls = +0.360. q6 = q =8 '1,
+0.690.

did not lead to icosohedron, or led to orbitals which did not have the symmetry of
the nuclear framework. This iHa state undergoes a distortion along an hg mode
and gives a ' E2u state in Dsd which further undergoes a first order iT distortion to
C2h along an e1g mode. As is usually found for highly symmetric structure with a
large number of degenerate orbitals, the lowest Ih structure is not a singlet but a
5
Hg state. We calculate that the 1H, state lies 0.03 eV above the 5Hg one for the Ih
geometry. The lowest quintet, however, lies considerably higher than the singlet in
the final C2h structure. Within 0.1 eV of our lowest calculated 5Hg state lie more
than 350 states.*

In the C2h structure the t•, and hg orbitals (the frontier orbitals active in the
CAHF) are calculated nearly degenerate, with an energy difference obtained from
•The idealized 16 structure we start with corresponds to a perfect icosohedron that results after symmetrizing the C8sstructure obtained from the geometry optimization. Because of the large number of
molecular orbmtals very close in energy, pure states are very hard to separate, as they tend to mix during
the SCF cycles. Molecular orbitals characteristic of an icosohedron can only be kept by means of CAHF
calculation. In order to properly choose a good set uforbitals to be averaged, we started by the analysis
of the orbital that result from extended Hckel (sHT) caleulations. From the EHT results we first averaged
four electrons in the gna
orbital. However, when the pure spin states were projected by means of multireference cW
calculations, the h, orbitals were always involved. We therefore extend the CAHF calculations
of four electrons in eight orbitals. Calculations using the resultant basis gves a reasonable explanation
ofthe JT distortion as discussed
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the CAHF procedure of only 0.001 eV (Fig. 3). The three Lowest Unoccupied
Molecular Orbital (LUMO) orbitals are mainly formed from contributions of the s
(and some d) orbitals of the Rh atoms of the pentagonal rings, and the p,, p,, p:
orbitals on the central atom.
The occupation of one of these eight nearly degenerate orbitals to form the neutral
molecule brings about a new interaction, which is:
-

-

bonding on the s orbitals of opposite atoms of different rings [Fig. 5(a)]
antibonding between the s orbitals on the atoms of the rings and the p orbitals
on the central atom [Fig. 5(a)]
bonding on the d orbitals on the atoms 1, 2, 3, 4, and 5 (Fig. 3) on one of the
pentagons [Fig. 5(b)].

The first interaction shortens the interatomic distances between adjacent atoms
on different pentagons by 0. 1 A, from 2.62 in the cation to 2.52 A in the neutral
molecule. The d interaction, on the other hand, shortens the interatomic distances
between the atoms of one of the rings from 2.62 to 2.32 A, leading to a more
effective overlap of the s and p orbitals on the central atom. This interaction moves
the central atom closer to the other pentagon, due to the antibonding character of
the sp interaction.
In spite of considerable work, and our experience learned from Rh 13, we have
not been able to track the reason for the distortion of Rh13 from l4. Our final state
is a doublet with C, symmetry, a structure which is very nearly C5,.
CAHF calculations with five electrons in eight orbitals (t,,and It,) does yield an
Ih structure. After CI our lowest state is a 6A1, state which should be JT stable. The
lowest octet, 8G,, is calculated 310 cm-' higher in energy, than a quartet.'4t,
1990
cm-I above 6 A ,. The lowest doublet 2H., is calculated some 3000 cm' higher in
energy, but this is the parent that leads to the lowest energy C, structure. Some 250
states lie within 0.1 eV of the 6A I, state. A feasible chain for the distortion is
2
HJ(Ih) _ 2 Aig(DSd) _ 2 A ,(C 5,). I he first step is first-order JT through an h,
mode. The second is a second-order JT distortion along an a,,, mode that mixes
the 2 A ,,(Dsd) state with a 2 A ,,(Dsd) state that we calculate nearly degenerate. Indeed,
the lower of the two depends on the size of the Ca. We have not proven this-a
mathematical problem, but not a physical one. Starting from nearly any structure,
we obtain the same lowest energy structure and multiplicity.
Returning for the moment to the density of states of near lying energy, it may
be that many doublets are sampled at any reasonable temperature, each with somewhat differing geometries leading to a somewhat flexible structure.
Consequences of the Distortion. In the resulting Rh 13 structure there are several
surface sites (Fig. 2). Because of the different electronic environment and local
density charges, each one can be associated with a different catalytic activity. Single
coordination sites may correspond to atoms on the pentagons or to apex atoms,
having a different local density due to the different environment. In the same
way, bicoordinated sites may be de'ined between atoms on one pentagon, between
an apex and an atom of a pentagon or between atoms of two different pentagons,
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and three coordinated sites between two atoms of one of the pentagons and the
adjacent apex or between atoms of different pentagons. The interactions of an
adsorbate will be different on each of the different sites, and they have to be
analyzed separately if we assume the structure is fairly rigid, or that absorption
may lock in the different sites.
Although positive and negative local charges are defined on the surface atoms,
the surface of the cluster is, on the average, electron deficient, bearing a 0.91 a.u.
positive charge (0.076/surface atom). A charge of the same magnitude and opposite
sign is concentrated on the atom in the center.
The positive charge density on the surface of the cluster contrasts with the local
negative charge density on the terrace atoms in the bulk [28], and is a key factor
in understanding the different catalytic activity of both structures.
Rhi9 Structures
Larger D5 structures can be grown from the 13 atom icosahedron by adding
pentagonal ,aigs around each vertex [40]. The arrangement Rh1 9 is obtained by
adding one pentagonal ring around a fivefold axis and one additional atom on it
[40] (see Fig. 6). This double icosahedron [Fig. 7(a)] is formed by two interpenetrating icosahedra sharing two central atoms and one pentagonal ring. This cluster
size is also compatible with fcc and hcp pieces of bulk [Figs. 7(b) and 7(c)].
Nineteen Atom D 5 structures have been found in Pt and Au compounds [ 1,40].
The "double icosohedron" structure has also been characterized for laser-evaporated Ni 19 clusters [ 9c]. Because of the small size of the cluster, it seems reasonable that the lower energy be associated to the precrystalline structure rather
than the reticular one.
The structures depicted in Figures 7(a)-(c), constructed with Rh-Rh interatomic
distances of 2.5 A, form starting geometries for a full geometry optimization, free
of constrains on the variation of any of the coordinates or symmetry constraints.
The lowest energy structure we obtain is given in Figure 8. It is of Dsh symmetry.
The behavior of the Rhi 9 cluster is very similar to that of Rh, 3 in two main
aspects:
1. The final structure results from the same kind of distortion described for Rh 13 ,
which stabilizes a smaller central pentagon with Rh-Rh distances of 2.3 A and two
larger pentagons with Rh-Rh distances of 2.56 A. However, there is no change in
the D51, symmetry from the initial lFig. 5(a)] to the final (Fig. 6) structures, and
the complications we encountered in the smaller structure are avoided.
2. The fcc starting structure goes to the same distorted D5 one upon geometry
optimization, while the hcp keeps its original symmetry, decreasing the bond
length to an average value of 2.3 A, giving a structure 2.08 eV less stable than the
Dsh one.
In the same way previously described for Rh, 3 clusters, the distorted geometry
is associated with a distribution of positive and negative charges on the surface,
negative on the atoms of the smaller pentagon and positive on the others (Fig. 6).
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The surface charge is positive, 2.4 a.u. A negative charge of the same magnitude is
uniformlb distributed between the two central Rh atoms. Different surface sites,
and in particular electron-deficient ones, are obtained for these structures, and
characterize the structural and electronic properties of the active sites in the small
particles of highly dispersed catalysts.
The larger stability of the structures of fivefold symmetry for both Rh 1 and Rhi 9
clusters lead us to inf•r that these may be the preferred symmetry of the small Rh
particules that are present in highly dispersed supported catalysts, and the sites
defined in these structures might be the surface sites of catalytic activity.
The energy of the different structures for a particular cluster size is the result of
a balance between the surface and the bulk energy. The structure,, f the crystalline
habit is the ni-ist stable for a bulk metal (fcc for Rh). In the small clusters, on the
other hand, most of the atoms are surface atoms, and the surface energy becomes
the dominant contribution to the total energy. Icosahedral symmetries are characterized by a large concentration of triangular faces, which are the minimum part
of an fcc( I Il ) structure, associated with the larger packing density and the lower
total energy. This gives a plausible explanation for the larger stability of the icosahedral-like structures in small clusters of fcc metals.
Previous studies of the structure of transition metal clusters also seem to favor
icosohedral structures. However, distortions of a lower symmetry are not often
discussed, as the structures obtained are often the results of geometry optimization
with symmetry constraints. Ab imtio multireference calculations suggest an I),symmetry with a lowest 6A, state of icosohedral sym metry for both Li 1[ 41 ] and Cu 1 3
structures [42]. Dynamical calc-ilations on the structure of Ni,, clusters (n = 413). minimizing the BE using a near first principle-corrective effective medium
theory (CEM) yield an Ih,symmetry 0.1 eV more stable than the Oh or D3h ones for
Ni1 3 [43].

The results presented in this paper show the solution of the structure of small
transition metal cluster when the coordinates are allowed to completely relax. One
might expect that only after this relocation can a proper descnption of the electronic
feature that characterizes the different surface sites be determined. We might add,
howexer. that with so many low lying states, the actual sites might be characterized
by an average, or be determined by a specific interaction with an absorbate.
In general agreement with systematic calculations of the properties of metal clusters as a function of size [43], we find an increase of the BE per atom from 1.10
eV for Rh 4. 2.97 eV for Rhj 2 , 3.55 eV for Rh 13 , and 4.48 eV for Rh 19 .
Conclusion
We have calculated at the SCT-CI level the most stable structures of the small Rh
clusters. Rh,1 and Rh 1q, that maN be present in highly dispersed supported catalysts.
as well as the structural and electronic characteristics that helps define the particular
reactivity of the different surface sites.
In agreement with prexious calculations and experimental research on other
transition metal atoms [8-I ]. a lowercr..rgy is found for the structures of fivefold
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symmetry. As has been described for the Rh1 1. molecule, Jahn-Teller distortions

play an important role in the determination of the final geometries. In addition,
we nole that the final s:.ructures generally form lower multiplicities, rather than the
higher multiplicities that seem to characterize the higher symmetry structures.
In the final structure, diflircnt surface sites are defined that might show a different
reactivity towards a given adsorbate. The surface ns a whole is characterized, for

hodhRh1 and Rhj,) by an electron deficiency, which will help determine the nature
of the interactions with a given adsorbate.

In the final analysis we caution, however, that the support, itself, might effect
the electronic characteristics of the surface cites. Preliminary studies suggest sizable
harriers for CO migration on the various surface sites, and that. in fact. each cite
might he expected to have a somewhat different reactivity [44].
The characteristics of the resulting structure demonstrate the importance of a
careful geometry optimization procedure in the analys% of the reactivity of a given
metal cluster, capable of differentiating the surface sites whose structural and electronic characteristics are far from those that may be present in regular structures
Of a higher symmetry.
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Electronic States Induced by a Ga Vacancy
in the GaAs 1-xP, Alloy
L. M. R. SCOLFARO, R. PINTANEL, A. FAZZIO, and J. R. LEITE
lnsttuo de Fisica da ULnversidade de Sdo Paulo. C.P 20516. 01498-970 Sdo Paulo, SP. Brazil

Abstract
Self-consistent one-electron state calculations are carned out, for the first time. for a gallium vacancy
in the GaAsi 1xPx alloy. The cluster model, within the framework of the multiple-scattenng Xa theory,
is used to calculate several charge states of the vacancy. Suitable clusters have been considered in order
to simulate the phosporous concentration x in the alloy and how the nearest-neighbors configurations
affect the vacancy-related levels. It is found that the defect introduces a deep energy level into the band
gap which follows the host-valence band edge as x varies The same trend in donor and acceptor levels
is observed, with a very small Mott-Hubbard potential ei.ergy. (c 1993 John Wile% & Sons. Inc

Introduction
Among the native defects which appear in III-V semiconductor compounds,
vacancies are the most common ones. They are usually mobile and can thus migrate
in the material, being trapped by other defects or impurities and forming complexes.
They introduce deep localized states into the fundamental band gap of the semiconductor and may appear as neutral, positively or negatively charged depending
on the position of the Fermi level.
It has been shown that an alternative way of investigating the electronic properties
of localized defects in III-V semiconductors is to gradually vary the host material,
for example. by alloying or applying hydrostatic pressure, and then to study the
changes induced in the defect properties [1,2].
Experiments where the host band structure of GaAs is continuously altered
through chemical alloying with P, have been proposed to investigate the particular
case of transition metal impurities in the GaAs 1-P., alloy [ 3,4 ]. Due to perturbation,
band edges of the host band structure are shifted and impurity states are affected
differently depending on their detailed nature. The same trend observed in the
impurities acceptor binding energies along the alloy has been recently confirmed
by is through calculations performed within the framework of the multiple-scattering X. cluster model [5].
In the present work we apply the molecular cluster model and the multiplescattering X. theory to investigate the electronic properties of a Ga, unrelaxed
vacancy in GaAs,-, P,. Self-consistent electronic state calculations are carried out
for the neutral, positively, and negatively charge states of the defect (V " V 1, V International Journal of Quantum Chemistrý. Quantum Chcmistr%Symposium 27. 213-217 (1993)
cr 1993 John Wiley & 5ons. Inc.
CCC 0020-7608/93/010213-05
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a)

b)

c)

d)

e)

0OGa
* As

Figure I. Schematic representation of the 17-atom cluster models used to simulate the

GaAM. , P, host alloy ror t a) x = 0; (h) x = 0.25: (c) x = 0.5: (d) x = 0.75: (C) x

I.

We analyze the trends in the vacancy energy levels and discuss the stability of
charge states as x varies along the alloy.
Theoretical Model
The results presented here for the Ga vacancy in the GaAs,-xPx alloy were obtained through Watson-sphere terminated 17-atom clusters centered at the substitutional Ga site [6,71. The cluster models consist of a central atom surrounded by
4 nearest neighbors and 12 next-nearest neighbors. By starting with the perfect host
alloy and considering the extremum x = 0, i.e., the GaAs, the cluster then comprises
a central Ga atom, the first shell or 4As atoms, and the second shell of 12Ga atoms.
The P concentration x in the alloy is simulated by replacing some of the 4 As
nearest neighbors by P, keeping the second shell of 12 Ga atoms unchanged. Within
the molecular cluster model, if n of the 4 nearest neighbors atoms are As, then
(4 - n) atoms are P. This configuration will correspond to a P concentration x =
(4 - n)/4 in the alloy. Therefore, by changing the configuration of the nearest
neighbors, we simulate the undoped GaAs,-P, alloy for x 0, 0.25, 0.5, 0.75,
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and 1. The correspondent calculated clusters are GaAs (x = 0), 3As + IP(x =
0.25), 2As + 2P (x = 0.5), lAs + 3P (x = 0.75), and GaP (x = 1). The cluster
models are schematically shown in Figure 1. The group symmetries are Td, C3 ,
C2,, C3,, and Td for clusters GaAs, 3As + IP, 2As + 2P, lAs + 3P and GaP,
respectively. In order to simulate the Ga vacancy in the alloy (system GaAs,-.P•:
VGa) the central Ga atom is removed in each of the five configurations above, and
all other parameters are kept the same as in the perfect host alloy. The radii of the
muffin-tin spheres utilized for the GaAs and GaP clusters are the covalent radii as
reported in previous works [ 6,7 1. For the 3As + 1P and 2As + 2P clusters we have
used the same muffin-tin parameters as for GaAs; for the IAs + 3P cluster the GaP
parameters have been adopted. The model, as it has been applied to study defects
in GaAs [ 8,9 ] and GaP [ 7 ] is described elsewhere. Recently, we have also used the
cluster models adopted here to describe impurity levels induced by copper and
manganese in the GaAs,-xP, alloy [5].
The calculations carried out here were performed within the framework of the
spin-unrestricted approximation, by including all the electrons except those filling
inner atomic shells, up to 3d in As and Ga which were kept frozen. Electronic levels
were calculated by taking into account the Slater transition-state concept [101.
Results and Discussion
We start by analyzing the results obtained for the extrema of the alloy. The
neutral Ga vacancy in GaAs and GaP gives rise to a deep threefold degenerate t2
level within the band gap. Since three valence electrons are removed from the lattice
when a Ga vacancy is created, this level is partially occupied with three holes and
therefore the defect can act as deep acceptor and/or donor centers. Its electrical,
optical, and magnetic properties are then related to the broken sp 3 chemical bonds
which originate a, and 12 defect levels, the former appearing as a resonance below
the top of the valence band while the latter is introduced into the band gap. For
the 3As + I P cluster (x = 0.25) the t2 level splits into two levels, a, and e of the
C3, group symmetry which are occupied with two and one electrons, respectively.
In the case of the 2As + 2P cluster (x = 0.5) in C2, symmetry, three levels a,, bl,
and b2 appear within the band gap, with the uppermost occupied being a b2 level
with one electron. For the lAs + 3P cluster, again in C3, symmetry, an a, level
fully occupied and an e level occupied by one electron are found within the band
gap. The charge distributions obtained for the vacancy 12 gap level, and t2-derived
gap levels, show that they are mostly localized in the first shell of nearest neighbors,
with practically the same percentage of charge in all cluster configurations (52%
inside the first shell). Similar results have been predicted by previous theoretical
calculations for the Ga vacancy in GaAs [1 1,12] and GaP [13].
The trend observed for the highest occupied t2-derived energy level indicates that
the vacancy gap level remains nearly constant, in relation to the top of the valence
band, as x the concentration of P in the alloy varies from 0 to 1. This practically
independent behavior of the vacancy defect gap level with x is consistent with its
bonding state character of a Ga p-atomic orbital. It is worth mentioning that a
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completely different picture is obtained for transition-metal impurities replacing
Ga atoms in the GaAs,_,XP, alloy. It has been shown that the deep transition-metal
impurity levels in III-V compounds do not follow any of the host band-edges;
instead, they are pinned to the vacuum level, due to their antibonding nature with
respect to the impurity-host orbital bondings [14]. Contrary to previous suggestions
[15], our results for vacancies in GaAs, P, reveal a host valence-band pinning of
the deep vacancy-related levels.
In Figure 2 we present the trend in the donor (0/+) and acceptor (-/0) energy
levels as a function of x in GaAs 1 _,P_. The calculated electronic levels shown,
evaluated through the transition-sate concept [10], do not include spin-polarization
effects. We should mention, however, that all eigenvalues within the gap are lowered
by less than 0.2 eV, for all cluster configurations, when spin-unrestricted calculations
are performed. As can be seen in the figure, a similar trend for (-/0) and (0/+)
levels along the alloy is observed. The difference in energy between the (- / 0) and
(0/+) levels, which accounts for the Mott-Hubbard potential energy U, is of the
order of 0.05 eV. This is consistent with the expected multiple charge states character
of the vacancy [ 16 ]. According to our results, at least three charge states (V +, V 0,
V -) are predicted for the Ga vacancy in GaAs1 _ P.,, which can occur stable depending on the position of the Fermi level. However, it is interesting to note that
due to the valence-band pinning of the donor and acceptor transition energies, for
a fixed Fermi level position the vacancy charge state is independent of the alloy
composition x.
In summary, we have shown theoretically that the donor and acceptor energy
levels induced by an ideal Ga vacancy in the GaAs,-•P, alloy are pinned to the
host valence band edge. Therefore, these levels cannot be used to determine GaAs/
GaAsP, heterostructures band offsets, as has been the case of transition metal
impurity levels [14].

CONDUCTION BAND

,V.

q-2.0.[
W

or
-o 0.5

0

(-/0)

VALENCE

BAND

t-to
x in Ga Asix P,

Figure 2. Calculated donor (0/+) and acceptor (-/0) energy levels for the Ga vacancy
in GaAs,-_P, as a function of the alloy concentration x. Energies are related to the top of
the valence band. The solid lines were drawn to guide the eyes.
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Electronic Stopping Power for Protons in

an LiF Monolayer
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Abstract
In our previous work. the stopping properties of metallic and covalent films were investigated. Here
we consider an tonically bound film. The energy loss of a proton in an LiF monolayer (LiF-IL) is
calculated in orbital fashion, based on kinetic theory. The required momentum density and mean excitation
energy are obtained from the local density approximation and local plasma approximation respectively.
For comparison. the LiF molecule is treated by use of a large intermolecular distance in the film. We
find the stopping cross section of the LiF molecule to be only slightly larger than that for the LiF- IL.
The Bragg rule (additivity of stopping for the corresponding atoms) is not valid for the ionically bound
molecule nor the corresponding extended system, but may be valid if additivity of stopping of atomic
ions is assumed. Cc1993 John Wilcy & Sons. Inc.

Introduction
While many stopping calculations have been performed in the last half century,
so far as we know none has treated stopping in an ionically bound crystal or molecule, except by using Bragg's rule [1]. Mean excitation energies have been calculated
from the local plasma approximation (LPA) [2], but the electron densities p(;)
were estimated roughly from the p(7)s of corresponding atomic neutral states and
ionic bond parameters. Some experimental stopping results for LiF are also known
(that of Bader et al. [3] is rather old; Biersack et al. [4] measured 1-2 MeV alpha
stopping powers in LiF; Kubo [5] measured the depths of regions damaged by a
proton in an LiF crystal). In our previous work, the stopping properties for ultrathin
metallic and covalent films were investigated [6,7]. Here we extend consideration
to an ionically bound film. Since the alkali halides are the prototypes of ionically
bound systems, and the calculated structural and electronic properties for the ground
state of an LiF- IL are available [8], we considered the electronic stopping powers
for a proton * i an LiF monolayer and in isolated LiF molecules. Electron capture
by the proton (charge state changes), and ionic dissociation of LiF were leglected.
The section next describes the method which we used, with results and ,cussion
in the section after next.
Methodology
The linear energy loss of a swift, massive, charged particle in matter is known as
I dE

International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 219-226 (1993)
,c) 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/01021(-08
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where N is the number density of scatterers (here the unit scatterer is an LiF ion
pair), S is the stopping cross section per scatterer, Z is the velocity of the incident
particle, E its energy, and x its path length. We use Hartree atomic units in Eq. (1)
and throughout this paper. Because electrons in different energy levels have different
stopping properties, the stopping cross section must be calculated in a state-dependent fashion (that is, via an energy-based decomposition [9]). Following Sabin and
Oddershede, we employed Sigmund's kinetic theory of stopping [101 in the form
2

L(B)
f -•
L '(• )71N

(2)

L(ýv)
my47reZ2Z
mt•2

S(i)
=

(3)

X LI(-Z),

.
3 Vv=
t ,,1n t '2 L ( - - • ! ' ' ' - 2 -')l
2

OL',

V2.P

(4 )

ý=V

In Eqs. (2), (3), and (4), Z, is the projectile charge, Z 2 the number of electrons per
molecule, PA( 2) is the momentum density of the Ith energy subband and l/(nhN,,11)
is the normalization factor for P,(i 2). We discuss the choices of subband below.
In Eq. (4) L01 is of Bethe form with a low energy cutoff

(5)

LOOv) =-I-n (2v-

where n is the number of molecules per unit cell. The orbital mean excitation
energy I, is determined solely from the orbital charge density through the orbital
local plasma approximation (OLPA)
In I,

=

-

dz f dapl(7) In[Xh (47r2(r)

(6)

For simplicity and clarity the scaling parameter X was chosen to be unity throughout.
The required momentum density is constructed from the Fourier transform of
the Kohn-Sham (KS) eigenfunctions in real space:
0CC

1

ZBZ

()[27rN(,A]' 1 2 f-

o•

dz f

dci e'

'ý,•(7).

(7)

The Lam-Platzman correction [11 ] was omitted. The KS functions were obtained
in the local density approximation (LDA) .,ilizing the Hedin-Lundqvist (HL) model.
The atomic calculations used the same OLA and LDA but were spin-polarized in
the central field approximation.
The electronic structure calculations used the code FILMS [12,13]. In it the KS
functions are expanded in a linear combination of Gaussian-type orbitals, the "KS"
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basis [14]. The charge density and exchange-correlation energy density are expanded

in two auxiliary Gaussian bases sets, the "Q" and "XC" fitting bases. The various
basis sets are tabulated in Ref. [8].
The lattice structure utilized corresponds to the (100) plane of the NaCI structure.
The irreducible triangle is 1/8 of the Brillouin zone (BZ); ten k points in that irreducible triangle were used [8].
The energy subbands were chosen as follows: Atomic stopping was used for the

Is bands (in tests, the discrepancy between atomic and 1L stopping for this band
is in the second decimal place of the stopping cross section at its maximum). The
three energy bands of 2p-like character are all in a similar energy range, and hence
were grouped as one energy subband. This grouping was tested by dividing the
energy range of those three energy bands into three windows (E11 to E1 ) according
to
2l
2
E=Empi. + l[(E'mPax - EmPJ)/3],
1 = 1, 2, 3,
(8)

and then calculating the stopping cross section at one velocity (near the maximum
position of the stopping cross section). Again the discrepancy between the two
calculations is only in the second decimal place in the stopping cross section at
that v.
In the momentum integral [Eq. (4)], the domain can be reduced to an irreducible
region in momentum space by use of symmetry properties. Since the KS functions
are only available within the irreducible part of the BZ, one must rotate the wave
vector into the irreducible part and make the corresponding rotation for the corresponding momentum based on the symmetry properties to evaluate the momentum density. A useful result (for computational speed) is that ,
is a nonvanishing
function if and only if p = Km - k, where {Kn} are reciprocal lattice vectors.
To treat the isolated molecule, we used FILMS but with a large distance (15.0
a.u.) between the molecules in a square lattice. The molecular orientation was along
the edge of the square. We refer to this calculation as the LiF "quasimolecule."
Results
For convenience, the relevant basis set parameters, total energies, structural
parameters, energy subbands, mean excitation energies, and stopping cross sections
for the LiF- IL, the LiF quasimolecule, the Li atom, and the F atom are all shown
in Table I. The structural properties and energy bands reported here are from
Ref. [8].
Figure 1 shows the stopping cross section as a function of proton velocity. An
interesting qualitative feature is that the stopping cross section for the LiF-IL is
very close to that of the LiF molecule. The molecular cross section is only slightly
bigger, about 3% at most. This is very different from the behavior of both metallic
and covalent systems. However, it is unsurprising since the total energy of the
molecule is close to the total energy per formula unit of the IL and the valence
band for the 1L is rather flat. These features all reflect the fact that most of the
cohesive energy with respect to isolated atoms is in the molecular ionic bonding.
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I Comparison of the phase difference in proton stopping by the targets of LiF-IL, LiF
molecule, and Li atom+ F atom.'
Li atom + F atom
F atom

KS bases

Li atom

13s8p

U3s

Q and XC bases
Distance between Li and
F (a.u.)
Ex (H)
F-like Is band
Energy range (H)

Infinity
-106.47322
-24.19804
-24.1 6 73 8 b
483.498
0.160

1 (eV)
Sat v = 2.25 a.u.
Li-like Is band
Energy range (H)

1 (eV)
Sat v = 2.25 a.u.
2p band
Energy range (H)

13s8plpz
12s4p for
l3s7d for
I1s4d for
3.50

-106.71320

-106.81508

-23.92276

From -24.00958
to -24.00958
483.651
0.160

72.493
2 745

-1.11586

-0.12463

-0.89822

From -0.99472

- 1.0 5 5 2 7b

-0.

3.420
8.072

62.943
4.054

62.465
4.108

25.935

From -0.25208
to -0.22604
48.184
11.314
79.308

From -0.38650
to -0.28574
50.688
10.923
81.134

-0.44410
-0.38525b
54.363
8.034
91.148

04807b

-1.81928

From -1.75448
to - 1.75041
72.580
2.778 (film)
2.745 (atom)

to -0.97130

St"t at v = 2.25 a.u.

23.002

18.273

17.969

S.
v at S,,,

40.489
0.61

18.290
2.32

17.962
2.33

a The

unit of S is 10`

5

for F
Li
F
Li

-1.87535
- 1.86729b
71.424
2.745

62.550
3.991

1 (eV)
Sat v = 2.25 a u.
1tow

LiF monolayer

l3s8plpz for F
13s4p for Li
13s7d3p, for F
12s4d2p, for Li
2.80

483.682
0.160

1 (eV)
Sat v = 2.25 a u.
2s band
Energy range (H)

LiF
quasimolecule,
molecule along
x direction

eV cm 2/molecule.

b Two energy levels are for two spins.

This dramatic influence of binding upon stopping also is illustrated in Figures 1
and 2. There we have applied the Bragg rule for a compound, say AB, to wit
(9)
with A and B chosen as the Li and F atoms, respectively. The Bragg rule stopping
drastically overestimates both the IL and isolated molecule stopping, as shown in
SAB(V)

SA(V) + SB(V),
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Figure 2. which displays the difference. Since the latter two are close, it is clearly
molecular binding effects (missing from the Bragg rule) which are the cause of the
large suppression of stopping.
Application of Bragg's rule with A and B as ionic species is another matter.
Experimental results [4] for the stopping power for boron-doped LiF, in thin evaporated layers, are found to agree with Andersen and Ziegler's [ 15] predictions within
a few percentage points, if the validity of Bragg's rule for ions is assumed. We could
not perform a similar test using addition of isolated constituent ions because of a
well-known problem in LDA. As a consequence of improper self-interaction cancellation, LDA does not yield a properly bound negative ion without introduction
of some arbitrary confining potential. However, since the LiF- IL has a very localized
charge distribution which is quite similar to that for the LiF molecule, it is reasonable
to predict that Bragg rule additivity based upon the corresponding ions will be valid
for both ionically bound films and molecules, consistent with the experimental
results just mentioned.
Further insight may be obtained by comparison of the 2s and 2p stopping for
the F and Li atoms with that of the LiF- 1L as shown in Figure 3. The figure makes
apparent how much the 2s and 2p orbitals of LiF are dominated by F contributions.
The 2s-like stopping for the LiF-I L is almost the same as that of the F atom. The
2p-like stopping in the I L has the same behavior but is bigger than that for the F
atom, a consequence of charge transfer, (there are six electrons involved for the 1L
whereas there are five for the isolated F atom).

.
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Figure 3. Comparison of the 2s stopping and 2p stopping for the atom F, atom Li. and
LiF-IL.
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TABLE

11. Analytic fitting parameters and standard deviations for LiF-IL, F atom, and Li-atom
2s orbital.
Range

LiF-IL
F atom
Li atom 2s

(a.u.)

a,

a2

a3

a4

Standard deviation

1.0-20.0
1.0-20.0
0.35-20.0

0.617
0.622
0.0579

6.490
7.103
0.168

97.317
69.998
9.735

76.429
57.256
0.00283

0.09
0.06
0.28

As another means of tabulating stopping and to provide an efficient summary
of our calculated points, we consider analytic fitting. As shown in Figure 4, a simple
four-parameter fit modeled on the Bethe logarithm works quite well. The fit is so
good for the Li 2s atomic stopping that the original and fitted curves are essentially
in distinguishable. The general form is
(v)

3 "+

)(lIn

t).

(10)

When fit over the range 1.0 a.u. < v < 20.0 a.u. (or 0.35 a.u. < v < 20.0 a.u. for
the Li 2s atomic stopping). We get the parameters and standard deviations tabulated
in Table II.
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Abstract
Results of first-pnnciples, density-functional, LMTO calculations on quasi-one-dimensional systems
are presented. Special emphasis is put on the problems related with studying the properties of real
materials by means of electronic structure calculations. As examples we discuss undoped and doped
trans polyacetylene, an MX chain compound, CaNiN, and a comparison between polycarbonitrile and
hydrogen cyanide. It is argued that single-chain calculations on undoped polyacetylene predict a bondlength alternation, whereas this may be suppressed in multichain calculations. For an MX chain we
demonstrate the importance of including the full ligand structure, whereas many properties of CaNiN
can be understood as intrinsic to single chains. A companson between the covalently bonded polycarbonitnile and the hydrogen-bonded hydrogen cyanide reveals differences between delocahzed and localized
electrons but also inaccuracies in the relative total energies. Finally, results for doped trans polyacetylene
indicate relatively large electronic dopant-polymer hopping integrals as well as problems in describing
electron transfers for weakly interacting systems when using a local-density approximation. In total it is
demonstrated that reliable and useful informations are obtained in most cases, but also that one has to
be careful in choosing the idealized system that is to represent the real material and that certain aspects
of the local-density approximation should be improved. © 1993 John Wiley & Sons. Inc.

Introduction
One of the goals of materials science is to understand the physical and chemical
properties of materials with the purpose of being able to predict the properties of
new materials and to select materials with predefined properties. This requires development of general models that describe the properties and/or materials of interest.
These models may be derived by analyzing experimental or theoretical results for
a number of specific materials. However, the interpretation of the experimental
outcomes may not be simple or obscured by unwanted effects like those of inhomogeneities, impurities, surfaces, etc. Similarly, detailed theoretical studies of realistic
materials are often beyond the limits of any computer facility, and one has to study
idealized systems that may or may not be related to the real systems.
We shall here report results of theoretical studies of the electronic properties of
quasi-one-dimensional materials. We shall concentrate on general problems related
to theoretical studies of materials properties by discussing some few typical examples.
The focus is not on the chosen examples but on the general problems. The materials
of our interest are characterized by being extended in at least one dimension and
having interatomic interactions that typically are substantially stronger in this diInternational Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 227-243 (1993)
CCC 0020-7608/93/010227-17
© 1993 John Wiley & Sons, Inc.
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rection than in the other two. We have previously developed a first-principles method
for quasi-one-dimensional, periodic, infinite systems [ I]. This method will be briefly
reviewed in the next section. There we also discuss a procedure for studying the
properties of the material when the periodicity is disrupted. The third through
seventh se:tions contain various examples of applications. In the third section the
well-known and thoroughly studied conjugated polymer irans polyacetylene is discussed. We shall here concentrate on whether the material can be idealized as oneor three-dimensional and on problems associated with estimating the size of correlation effects. The fourth section is devoted to a so-called mixed-valence halogenbridged transition-metal linear chain compound which has features resembling those
of polyacetylene. This is chosen as an example of the systems for which omitting
apparently less important aspects may lead to significant effects. In the fifth section
we discuss another metal-containing material CaNiN. A comparison between a
hydrogen-bonded polymer (hydrogen cyanide) and a conjugated polymer (polycarbonitrile) is the topic of the sixth section, and the seventh section is devoted to
doped polyacetylene. These two systems exemplify problems of the local-density
approximation but it is also demonstrated that useful information can be obtained
despite these problems. A conclusion is presented in the last section.

Computational Method
Periodic Chains
Using the Born-Oppenheimer approximation and the Hohenberg-Kohn [2]
density functional formalism, we calculate the ground-state properties of the system
of our interest by solving the Kohn-Sham equations [3]

[ 2m

2

17+ Vf(

The exchange-correlation parts of the effective potential ffrae approximated
using a local approximation. Thereby tne potential V~fr becomes a well-defined
functional of the totaL electron density which in turn is the sum ofthe single-particle
densities,
p ()CAh1
=

(2)

Equations (I) and (2) are solved by expanding the eigenfunctions •/,(F) in a
basis consisting of linearized muffin-tin orbitals (LNITOS) defined as follows. The
nuclei are assumed occupying the centers of nonoverlapping (muffin-tin) spheres.
An LMTO centered at the nucleus at R is outside all spheres defined as a Hankel
function times a harmonic, iK"'[(21 - I)!!]-hi(')(KI7 - RI)Yt,(r - R) with L
=-(1,m) and K2 < 0. Inside any sphere this function is augmented with linear
combinations of the so-called 0 and 4 functions such that the resulting function
becomes continuous and differentiable everywhere. The functions (Pof a specific
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site are obtained by replacing V&of Eq. ( 1) with its spherically symmetric component. In that case Eq. ( 1) can be transformed into a one-dimensional differential
equation that can be solved numerically when choosing c = c, "reasonable" (i.e.,
in the energy region for which that particular function has it largest components).
4) is the derivative of ) with respect to the energy c,. 0 and 4 are specific for the
atom at A and the angular quantum number I and depends parametrically on e,.
For more details the reader is referred to Refs. [1,4-8].
Since the LMTOs are unfamiliar to many and only rarely depicted, we show in
Figure 1 the LMTO s and pz basis functions for a CO molecule placed along the zaxis. Especially the augmentation inside "other" spheres makes the LMTO basis set
different from many basis sets. Thereby the well-known basis-set superposition
error is essentially lacking. In this figure we also show the potential and its spherically
symmetric part inside the spheres. Since the deviations from spherical symmetry
is only small, we expect the LMTOS per construction to be good approximations to
the true eigenfunctions of the Kohn-Sham equations inside the spheres.
Before proceeding it may be worthwhile discussing advantages and disadvantages
of the present approach. 'I his discussion may be separated into two parts: the use
of the density functional formalism and the choice of the LMTOs as basis functions.
The density-functional formalism is in principle exact, but, due to the local approximation, one introduces right from the beginning an approximation that may
or may not be good. On the other hand, the single-particle form of Eq. (1) allows
for larger systems a much more accurate solution than the exact many-particle
Schr6dinger equation does.
By choosing LMTOs as basis functions these are to a large extent potential-adapted
such that the basis set may be kept at a limited size without loss of accuracy. Using
Gaussians or plane waves instead of LMTOS would correspond to approximating
the potential by harmonic potentials or constants, respectively, which clearly is a
worse approximation than the potential used in constructing the LMTOS. On the
other hand, since we are including the full potential (and not only its muffin-tin
parts) the calculations become more evolved, partly due to the separation of space
into two parts, for which, furthermore, all quantities are given analytically inside
one part (the interstitial region) and numerically inside the other part (the muffintin spheres).
Finally, for a quasi-one-dimensional system that is assumed being infinite and
periodic in one dimension, we form Bloch waves from the atom-centered basis
functions. This procedure can with advantage be applied also for polymers with a
general helical symmetry (see, e.g., Refs. [1,5,8]).
Structural Defcts
Structural defects may have crucial impacts on transport properties (e.g., charge
and proton conductivities) of the materials. and it would therefore be highly desirable
to include these in the first-principles description of the systems. However, they
destroy the penodicity, and one would have to study systems of finite size, to consider
periodically repeated defects, or to use a Greens function technique. As a simpler
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Figure 1. (a.b) Potentials and (c-fj basis functions forda CO molecule. The C atom is
placed at the origin and the 0 atom at (0,0,2.3) a.u. All quantities are depicted along the
molecular axis and in a.u Irn (a.b) we show the full potential (the solid curve) and its
spherically symmetrc part (the dashed curve) inside (a) the carbon and (b) the oxygen

muffin-tin sphere. (c~d) and (e.f ) show s and p:, respectivel3. basis functions centered on
(c~c) the carbon atom and (d.f) the oxygen atom. Here. the vertical dashed lines mark
the boarders of the mu~ffin-tin spheres. the full curves are the b3sis functions, and the
dashed curves the Hankel fun~ctions

alternative, we have decided to use model calculations in the study of the structural
defects, for wvhich the models are based on results of first-principles calculations on
defect-free systems.
In Figure 2, we show a chain consisting of a number of almost identical units.
These units may have internal structure and will in most cases consist of a smaller
number of atoms. The internal structure is in that case related to the relative position
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Figure 2. Schematic representation of an infinite chain consisting of repeated units with
internal structure. The regions R and L are each regular, whereas D corresponds to a
domain wall (a defect region).

of the atoms. In order to describe the structure of the chain, we will ascribe a single
structural parameter x. to the nth unit. It is thereby assumed that all other structural
parameters of the nth unit are relaxed upon variation of x, and are irrelevant in
describing the defect-containing system.
The central region in Figure 2 (denoted "D") separates two parts ("R" and "L")
where the chain is regular. Thus, xn is a constant in each of the regular parts and
varies from one value to the other inside the D region. If the R and L regions are
different but energetically degenerate, the D region is a domain wall that can easily
move up and down the chain. D is in that case often denoted a soliton. If the R
and L regions are identical, D is a polaron, and also this is highly mobile. The
importance of the defects stems from the fact that they may be the carriers of
charge, energy, protons, etc. For certain systems they occur, moreover, in the groundstate configuration of the charged system.
In all cases x, vanes inside the D region smoothly between two values x, and x,,.
In order to study the system of Figure 2, we perform first-principles calculations
on periodic chains, i.e., x,, = xo = const, x, <- x0 < x,. The results of these are
subsequently mapped onto a suitable model Hamiltonian with which we finally
study the defect-containing system. Since doping or low-energy photoexcitation
leads to changes only in the occupation of the frontier orbitals, the model Hamiltonian will typically contain a tight-binding part for their description plus a simple
function of the structural parameters describing the remaining part of the total
energy. The on-site energies and hopping integrals of the first part will depend on
the local environment as given by {x,, }. A typical example is trans polyacetylene
to be discussed in the next section. It should be stressed that the success of this
approach depends on a number of assumptions including that, for a given x, all
other structural parameters are relaxed in the same way independent of whether
the nth unit is a part of a periodic chain or of a defect-containing chain, and that
effects specific for the defects (e.g., long-range Coulomb effects or effects due to an
increased localization of electrons) can largely be ignored. This is discussed in detail
in Ref. [9].
Trans Polyacetylene
Transpolyacetylene (Fig. 3) is the prototype of the conjugated polymers/synthetic
metals that exhibit large changes in their properties upon doping or photoexcitation
(see, e.g., Ref. [ 10]). There is accordingly a vast literature dealing with this material.
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(a)

(C)
Figure 3. Trans polyacetylene. (a) and (b) show the regular, energetically degenerate
phases. (c) a soliton The black and white circles represent carbon and hydrogen atoms,
respectively.

From a theoretical point of view it is an ideal compound since its unit cell-when
considering only one isolated infinite chain-contains only four atoms, C2H2.
The doping or photoexcitation is supposed to lead to the creation of solitons
[Fig. 3(c)] which are the domain walls in the language of Figure 2. The two regular
chains (R and L in Fig. 2) differ only in the way the C-C double and single bonds
alternate, and each unit in Figure 2 consists of one CH unit.
The experimentally studied material is far from homogeneous. It contains longer
and shorter chains that are arranged partly parallel and partly at random. On the
other hand, in the parameter-free studies idealizations are investigated. These are
either infinite, isolated, periodic chains, infinite, periodic, three-dimensional crystals;
or isolated, finite molecules. This may be one reason for the scattered agreement
between theory and experiment regarding the C-C bond-length alternation.
Whereas experiment finds a clear alternation (bond lengths alternating equal to
2.57 and 2.72-2.73 a.u. [11,12]), the theoretical results range from good agreement
with this to a vanishing bond-length alternation (see, e.g., Ref. [6] and references
therein). In our own study [6] on an isolated, . ifinite chain we found bond lengths
equal to 2.58 and 2.76 a.u. which are seen to agree well with experiment. Moreover,
it turns out that the (almost) vanishing bond-length alternation mainly has been
found with local-density calculations on three-dimensional crystals. Since the localdensity approximation tends to overestimate the strength of chemical bonds [ 13 ],
one may speculate that also the interchain interactions are overestimated, which
in turn may lead to smaller inaccuracies in the intrachain interactions. This might
ultimately lead to the (almost) lacking bond-length alternation. On the other hand,
all density-functional calculations on single, finite or infinite chains have predicted
a bond-length alternation.
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In Figure 4 we show our calculated [6] total energy as a function of C-C bondlength alternation for a single chain with the unit-cell length kept fixed at the value
of the optimized structure. We see here that the energy gain upon bond-length
alternation indeed is small and thus that it may be strongly modified upon smaller
changes in the assumptions. Therefore, the results may depend crucially on whether
one studies an isolated chain or one embedded in a multichain environment.
We next turn to the discussion of the solitons and apply the procedure outlined
in the previous section. We accordingly map results of first-principles calculations
on periodic chains with different C-C bond-length alternations onto a suitable
model Hamiltonian. To this end, it is useful to follow the ideas of Su et al. [1416 ]. They realized that the orbitals split into energetically low-lying a orbitals formed
by carbon sp 2 hybrids and hydrogen s functions as well as 7r oibitals generated by
carbon p functions around the Fermi level. This separation is recovered in Figure
5, where we show our calculated band structures of trans polyacetylene [ 6 ].
Suet al. included a tight-binding description of the 7r orbitals (the frontier orbitals)
whereas the remainder of the total Hamiltonian was written as a harmonic function
of nearest-neighbor bond lengths. This corresponds for the periodic, neutral chain
to separating the total energy as done in Figure 4. Applying this model on a doped
chain (i.e., a chain with more or fewer electrons), Su et al. found that chains
containing one soliton per charge were the stabler ones in the dilute doping limit.
The solitons lead according to their model to gap states exactly at midgap. However,
according to experiments the gap states are found somewhat off(about 0.2 eV) the
0.15

rE•

0
$4

0

00t

- 5. . . . . . . . . . . . .0.00. . . . . . . . .. . .0.15
-0.15
Ad

(A)

Figure 4. Total energy, the r electron energy (dcfined as the sum of the single-particle
energies of the occupied 7r orbitals), and the remainder (the a energy) in eV/C2H2 unit
as functions of C-C bond-lengtn alternation Ad (defined as the difference in the lengths
of the two nearest-neighbor C-C bonds).
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Figure 5 The band structures of the optimized tranv polyacetylene chain. The dashed
line marks the Fermi level, and k = 0 and A = I is the zone center and zone edge, respectively.

midgap position [17-19]. The origin of this discrepancy is far from clear. It has
been argued that correlation effects are the reason [20], but also single-particle
effects may explain at least parts of the difference [6]. The first-principles calculations
can be used in refining the model and its parameters. Thereby. we showed [6] that
one may extend the simplest model of Su et al. with some realistic single-particle
effects that ultimately lead to a shift of the gap states. The thereby obtained shift
was. however, only half as large (about 0. 1 eV) as that observed by experiments.
An MX Chain
Another class of materials that recently has attracted considerable attention (see,
e.g., Ref. , 10 ]) is the so-called mixed-valence transition-metal halogen-bridged lincar-chain MX compounds. As a prototype of those we shall here focus on
Pt 2Br6(NH 3 )4 . This material consists of linear parallel chains with alternating Pt
and Br atoms along the chain axis. To each Pt atom are two further Br atoms and
two NH 3 molecules attached as sideligands.
According to experiments the Br atoms of the cnain backbone are placed pairwise
closer to every second Pt atom resulting in an alternating valence of the Pt atoms.
We may now relate the structure to that of Figure 2 with every unit being one
Pt 2Br6 (NH3) 4 unit. The occurrence of two energetically degenerate structuresdiffering in the valence alternation-leads hence to the possibility of the existence
of solitons, as originally proposed by Baeriswyl and Bishop [21].
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The present interest in this class of materials stems from the possibility of tuning
the properties by using different types of metal atoms (e.g., Pd, Ni, Pt) and/or
halogen atoms (e.g., Cl, I, Br) (see, e.g., Refs. [10,22,23]). Also by varying the
sideligands or applying pressure the properties can be changed.
We have studied the Pt2 Br6 (NH 3)4 compound using both single-chain calculations
(with the method of the second section) and full-potential LMTO calculations on a
three-dimensional material [24]. Model calculations as described in the second
section have not yet been carried through, but it was shown [24] that the parameters
extracted from the first-principles calculations agree well with those usually assumed
realistic for these materials.
According to the simplest picture, one would expect the frontier orbitals to be
generated by Pt d:2 and Br p. orbitals, where the z-axis is assumed parallel to the
chain axis. The alternation in valence is then ascribed to a Peierls distortion which
doubles the unit cell. This picture is only partly verified by calculations on PtBr
chains for which all sideligands have been neglected. Both according to the singlechain calculations and according to the crystal calculations, the optimized Pt-Br
distance was roughly 13% too small compared with experiments [25] (i.e., 9.14
a.u. vs. 10.49 a.u.). Moreover, several bands were found to cross the Fermi level,
and there was no sign of a dimerization.
One might expect that these results were obscured by the exclusion of the Br
sideligands. Since Br is an electronegative, open-shell atom, these atoms may remove
orbitals of the PtBr chain from the region around the Fermi level. Although this
was confirmed by the calculations, the lowest total energy was still found for an
undimerized structure. Only by including also the NH 3 sideligands was the experimentally observed dimerization found, as shown in Figure 6. Moreover, only then
we found Pt d:2 and Br pz orbitals as the only frontier orbitals. Although NH 3 is a
closed-shell molecule, it is polarized, and one may understand the result as due to
interactions between nitrogen lone pairs and Pt orbitals.
CaNiN
CaNiN [Fig. 7(a)] was synthesized some few years ago [26] and is interesting
since it combines one-, two-, and three-dimensional features. Thus, it consists of
two-dimensional layers of one-dimensional NiN chains separated by layers of Ca
atoms such that the whole system becomes three-dimensional [Fig. 7(a)]. The
question we here shall address is whether the basic features can be understood
"within a one-dimensional picture." If so, the material would be interesting as a
polymer based to a large extent on transition metals.
We first performed single-chain calculations on an isolated NiN chain [ 27 ]. This
gave an optimized NiN bond length equal to 3.28 a.u., which is somewhat smaller
than the experimental value of 3.38 a.u. [26]. Including one Ca atom per NiN unit
as shown in Figure 7(b) led to an optimized Ni-N bond length of 3.50 a.u., i.e.,
larger than given by experiment. According to Mulliken gross populations, 0.4
electrons have been transferred from Ca to NiN, but due to the presence of the Ca
atoms the electrons of the NiN chains have to some extent been redistributed and
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r for the MX chain without (dashed curve) and with (solid curve) inclusion of the NH3
sideligands. "is the shift of the Br atoms of the chain away from the midpoint measured
in units of the Pt-Pt interatomic distance.

the transferred electrons do accordingly not only enter empty orbitals of the NiN
chain. The distance between the Ca atoms and the NiN chains is found to be much
larger (6.05 a.u.) than the experimental value (4.72 a.u.). Due to the fairly large
Ca-NiN distance, the main interactions are of electrostatic nature. Since these
are long-ranged, the relative position of the Ca atoms and the NiN chains becomes
Mb)

(a)

0

0
0

*N

* Ni

Oa

Figure 7. Schematic representation of(a) the crystal structure of CaNiN and (b) of one
CaNiN chain.
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very sensitive to treating a single chain or the complete crystal, explaining the
difference between theory and experiment.
In order to compare the single-chain results with those of the crystalline material,
we finally performed one calculation for the experimental geometry using the LMTOASA programs for crystals [4,28-30]. In Figure 8 we show the densities of states as
obtained for the NiN chain, the CaNiN chain, and the CaNiN crystal. We observe
here close similarities for all three systems. Thus, the low-energy region in Figure
8(c) resembles those of Figures 8(a) and 8(b) except for some shoulders due to
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Figure 8. Total density of states of (a) a single NiN chain, (b) a single CaNiN chain,
and (c) a CaNiN crystal. The vertical dashed lines mark the Fermi level. Only in (a) and
(b) is an energy-zero defined (infinitely far away from the system).
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three-dimensional effects. Also closer to the Fermi level there are similarities: the
peak around -8--6 eV (-5 eV) in Figures 8(a) and 8(b) corresponds to that
around -4--2 eV (0 eV) in Figure 8(c). However, the band structures for the
crystal (not shown) reveal also some dispersion (i.e., interactions) in the direction
perpendicular to the chains especially for the upper valence bands. This is responsible
for the differences in the density of states closest to the Fermi level. Finally, the
differences in the w'idth of the lowest shown peak can be related to different lattice
constants.
Polycarbonitrile vs. Hydrogen Cyanide
Upon replacing every second CH unit of trans polyacetylene with an N atom,
one arrives at polycarbonitrile which may be classified as another conjugated polýmer. The unit cell of this polymer contains the same three atoms (H, C, and N)
as hydrogen cyanide, which is a hydrogen-bonded polymer consisting of covalently
bonded linear HCN monomers linked through weak hydrogen bonds (cf. Fig. 9).
A comparison between these two thus gives information on the differences between
systems with delocalized electrons and those with localized electrons. As a third
polymer that can be included in this comparison, we include the hydrogen-bonded
(CNH)., polymer of Figure 9 [ 31 ]. We shall here concentrate on the first-principles
results and refer the reader to Ref. [31] for a discussion of the structural defects
which were studied using methods as described in the second section.
The optimized structure of polycarbonitrile was found to be very realistic, although
precise experimental information was lacking. On the other hand, the unit cell
length of (HCN), was found to be about 8% smaller than the experimental value
(7.62 a.u. vs. 8.20 a.u.), and, moreover, the polymer was found to be only metastable
compared with dissociation into isolated monomers. A similar metastability was

(a)
(b)

(c)

Figure 9. Schematic representation of(a) hydrogen cyanide (HCN )x, (b) (CNH).,, and
(c) polycarbonitnle (CHN),. (c) is a conjugated polymer; the other two hydrogen-bonded.
The filled circles and squares represent carbon and nitrogen atoms, respectively, and the
empty circles hydrogen atoms.
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obtained for (CNH),, for which we found no experimental information. We believe
this to be a consequence of the tendency of the local-density approximation to
overestimate strengths of chemical bonds, i.e.. also of a small covalent component
of the otherwise weak hydrogen bonds. This overestimate may lead to too short
hydrogen bonds and in turn modify the covalent bonds of the HCN and CNH
monomers, thereby interchanging the energetic order of the monomers and the
polymers. Some recent results [32,33 ] have indicated that this failure is relatively
general for local-density calculations on hydrogen-bonded systems, although calculations on hydrogen halides have given very realistic results (see, e.g., Ref. [ts]).
However, by using a so-called nonlocal-density approximation proper structural
properties are obtained [ 32,33 ]. We have not yet studied this for the present systems.
We believe the local-density approximation also to be responsible for our finding
that the conjugated polymer is the stablest isomer [ 31 ]. We shall discuss this finding
in some detail. In Figure 10 we show our calculated relative energies. However, the
overestimate itn the strength of a covalent bond due to the local-density approximation depends mainly on the type of bond and is between less than I and more
than 2 eV per bond [ 13 ]. For the sake of simplicity, we shall here assume it to be
2 ± 0.5 eV per covalent bond. For the conjugated (CHN), polymer, we have three
covalent bonds per unit cell (one C-H and two C-N bonds), giving an overestimate in the binding energy of about 6 eV. For the other two systems, the number
of covalent bonds per unit ce!! is only two, giving an overestimate of roughly 4 eV.
Thereby the relative total energies get modified as indicated in Figure 10. In total,
we thus see that the calculations do not permit us to make any reliable statements
of the relative stability of these compounds due to the different types of bonds of
the d~fferent systems. Related arguments should also be applicable for the relative
stabi ity of the hydrogen-bonded polymers and the corresponding isolated monomers
for which we find the total energies of the polymers to be about 0.4-0.8 eV per
monomer above those of the isolated monomers.

CDoIO (CHN)L

(10L)

O[HL

Figure 10. Relative total energi,ý. per monomer of the different H-C-N compounds
as calculated (lower part) and when modified as descr-b,'d in the text (upper part).
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Despite the problems related to obtaining accurate structural informations, the
calculations can be used in providing insight into differences between localized and
delocalized electrons. In Figure II we show the band structures of the three polymers.
The localization in the hydrogen-bonded systems results in considerably smaller
band widths, which show up in the density of states and photoelectron spectra as
significantly narrower peaks (see Ref. [ 31 ]). Nevertheless, similarities are observed.
Thus, the lowest band for the conjugated polymer is due to C-N a orbitals and
is to some extent recovered for the other two polymers. The uppermost a valence
band in Figure 1 (c) is due to N lone pairs and can also be found for the HCN
polymer. Also the 7r band in Figure 11 (c)-due to C-N 7r bands-is observed
for the other two systems.
The discussion of localization versus delocalization can be extended to include
electron densities in position and momentum spaces. We shall not discuss this
point further here but refer to Ref. [31]. Moreover, a similar comparison can be
carried through for polyacetylene and polycarbonitrile [ 34].
Doped Polyacetylene
In the third section, we mentioned that the properties of polyacetylene can be
changed significantly upon doping. Within models such as that of Su et al., the
dopants are merely treated as a passive electron reservoir donating or accepting
electrons to or from the polyacetylene chains, and all changes are intrinsic to the
polymers. However, electron spin resonance (ESR) experiments [ 35-371 on doped
polyacetylene L.av- :,ldicated that the role of the dopant is more active. We therefore
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studied a single polyacetylene chain doped periodically 33% with monatomic dopants ranging from Li to Na (i.e., Z = 3-11) [38]. Although the dopant concentration is higher than experimentally achievable (up to 15-20%, see, e.g., Ref. [10]),
dopant-dopant interactions are largely excluded such that the results should al]be relevant for lower dopant concentrations.
Our main interest was to see at which energies dopant orbitals occurred (i.e.,
whether they could be expected to be important in the transport processes) and to
estimate the electronic dopant-polymer hopping integrals. However, due to inaccuracies in the local-density calculations, this was related with some uncertainties
as we shall see.
It turned out that the frontier orbitals for all systems except for the Ne-doped
polymer had large components on the dopants. Moreover, the Mulliken populations
indicated a fractional electron transfer (-0.3- +0.8 electrons) between the dopants
and the polymer. This implies that the dopant-polymer interactions have a significant covalent component. Whereas most transfers in principle agree with chemical
intuition, we found-surprisingly-that Li and Na receive electrons instead of donating them.
In principle, the eigenvalues E,of the Kohn-Sham equations ( I ) are not related
to electronic excitation energies except for the uppermost occupied orbital whichfor the exact density functional-should be related to the first ionization potential
VIp ( 39 ]. However, the local-density approximation gives a much too weak dependence of this as a function of the atomic number Z [40,13] for isolated atoms.
Therefore, the uppermost occupied orbitals of weakly interacting systems will tend
to have noteworthy components on all subsystems, as we found for doped polyacetylene. Moreover, small changes in V1p as a function of atomic number-as, for
instance, caused by effects due to the presence of more than one atom-will easily
lead to an electron transfer in the wrong direction. We believe that this explains
our results for Li and Na.
These results imply that some features for weakly interacting systems may be
related with significant uncertainties when calculated with a local-density method.
On the other hand, we believe the occurrence of fractional electron transfers and
of significant dopant-polymer hopping integrals (we estimated them to be -0.5
eV [38]) to be true such that our results also may be considered a theoretical
verification of the experimental ESR results of Bernier and coworkers [ 35-371.

Conclusions
In the present paper we have discussed how first-principles, density-functional
calculations--mainly on quasi-one-dimensional systems and when using an LMTO
approach-can be used in understanding the chemical and physical properties of
specific materials. These results may in turn be used in developing more general
descriptions of larger classes of materials and/or properties. Most real materials
are, however, too complicated to be the subject of any parameter-free study, and
one has accordingly to examine idealized systems. The main result of the present
paper was that the outcome of such studies might depend critically on the choice

242

SPRINGBORG

of the model system. Thus, the bond-length alternation observed experimentally
for trans polyacetylene was not reproduced by some other theoretical studies. We
suggested this to be related to differences in treating three-d'.mensional structures
vs. single chains. As another result the simplest chemical picture of the MX chain
was only recovered when including the full ligand structure. On the other hand,
the electronic properties of CaNiN were well described as a quasi-one-dimensional

metal-containing material but three-dimensional effects were important when addressing the question of the position of the Ca atoms relative to the NiN chains.
As a further example of the importance of having the proper description, we
considered models for investigating the soliton-induced gap states for trans polyacetylene. The simplest single-particle model of Su et al. predicted these to appear
exactly at midgap whereas experiments found these off midgap. Effects beyond
those of a single-particle picture can describe this but also further single-particle
effects can be (parts of) an explanation of the discrepancy.
In the last two sections, we addressed some more fundamental problems of the
local-density approximation. We found that the structural properties of the cova-

lently bonded polycarbonitrile were well described but those of the hydrogen-bonded
systems were less accurate. Moreover, the relative stabilities were not well described.
Results of some recent studies indicate, however, that a nonlocal approximation

within the density-functional formalism may solve this problem. Despite these inaccuracies the calculations could give interesting information on localization vs.

delocalization of the electrons.
Finally, the results for doped polyacetylene indicated nonneglhgible dopant-poly-

mer interactions but also problems for local-density calculations in obtaining reliable
electron transfers for weakly interacting systems. This problem may be related to

the fundamental problem of local-density calculations in describing the gap between
occupied and unoccupied orbitals accurately.
Bibliography
[I]
[21
[3]
[41

[5]
[6]
17]

(81
[9]
110]
[II]
1121
[131
[14]
[15]
[161

M. Springborg and 0. K. Andersen, J. Chem. Phys. 87, 7125 (1987).
P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964).
W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).
0. K. Andersen, Phys. Rev. B 12, 3060 (1975).
M. Springborg, J. Chim. Phys. 86, 715 (1989).
M. Springborg, J -L. Calais, 0. Goscinski, and L. A. Eriksson, Phys. Rev. B44, 12713 (1991).
S. Yu. Savrasov and D. Yu. Savrasov. Phys. Rev. B46, 12181 (1992).
M. Springborg, Int. Rev. Phys. Chem., to appear.
M. Springborg, Physica B 172, 225 (1991 ).
Proceedings of International Conference ofScience and Technology of Synthetic Metals, Gothenborg,
Sweden, August 1992. Synth. Met. 55-57.
C. R. Fincher. Jr.. C.-E. Chen. A. J. Heeger. A. G. MacDiarmid, and J. B. Hastings, Phys. Rev.
Lett. 48, 100 (1982).
C. S. Yannoni and T C Clarke, Phys. Rev. Lett. 51, 1191 (1983).
R. 0. Jones and 0. Gunnarsson, Rev. Mod. Phys. 61,689 (1989).
W. P. Su. J. R. Schrieffer. and A. J. Heeger, Phys. Rev. Lett. 42, 1698 (1979).
W. P. Su, J. R. Schrieffer, and A. J. Heeger, Phys. Rev. B22, 2099 (1980).
A. J. Heeger, S. Kivelson, J. R. Schrieffer, and W.-P. Su, Rev. Mod. Phys. 60, 781 (1988).

DENSITY-FUNCTONAL LMTO STUDIES

243

[1717 M. Tanaka, A. Watanabe. and 3. Tanaka, Bull. Chem. Soc. Japan 53. 645 ( 1980).
[18] A. Feldblum. J. H. Kaufman. S. Etemad. A. J. Heeger. T -C. Chung, and A. G MacDiarmid. Phys.
Rev. B 26. 815 (1982)
[19] Z. Vardeny. J1.Orenstein. and G. L. Baker. Phys. Rev. Lett. 50, 2032 (1983).
120] D. K. Campbell and A. R. Bishop, Phys. Rev B 24, 4859 (1981)
1211 D.Bacnswvl and A. R. Bishop. Phys. Scr. T19. 239 (1987).
122) J. T. Gammel. A. Saxena. 1. Batisti6, A R Bishop. and S. R. Phillpot. Phys. Rev. B45, 6408

(1992).
[23] S. M. Weber-Milbrodt. J. T Gammel. A R. Bishop, and E. Y. Loh. Jr.. Phys. Rev B45. 6435

(1992).
124] M. Alouani. R. C. Albers. J. M. Wills, and M. Springborg, Phys. Rev. Lett. 69,.3104 (1992).
[25] H.i. Keller. B. Keppler, G Ledezma-Sanchez, and W. Steiger. Acta Cr~stallogr B37,.674 (1981)
[26] M. Y. Chern and F. J. Disalvo. J. Solid State Chem. 88, 459 (1990).
[27] M. Springborg and R. C. Albers. Synth. Met. 56, 3383 (1993).
1281 0 K. Andersen. 0. Jepsen. and D. Glotzel. Proceedings q/ the InternationalSchool of Plqsics
"~Enrico Ferini.'"F. Bassani. F. Fumi. and M. P. Tosi. Eds.. (North-Holland. New York 1985).
Vol. 89. p 59.
[29] 0 K. Andersen. 0. Jepsen. and M. Sob, in Electronic Band 5Srzic urc and hts ,Ipphicallom, M
Yussouf. Ed. (Spnnger-Verlag. Berlin. 1987). p. I.
[30] MI. van Schilfgaaide. T. A. Paxton, 0. Jepsen. and 0. K. Andersen. Max-Planck-lnstitut ffbr Festkorperforschung. Stuttgart, Germany (private communication).
[31) M. Springborg. Ber. Bunseniges. Phys Chem. 95, 1238 (1991 ).
[ 32] F. Sim, A St-Amand. I Papai. and D R Salahub. J Ami Chem Soc 114, 4391 (1992).
[33] C. Lee. D. Vanderbilt. K Laasonen. R. Car, and M. Parnnello. Phys. Rev. Lett. 69. 462 (1992).

[341 M.Springborg. Z.Naturforsch. A.48. 159 (1993).

135]
[36]
[37]
[38]
[39]
140]

F.Rachdi and P. Bernier. Phys. Rev. B33. 7817 (1986).
A. EI-Khodary and P. Bernier, J. Chem. Phys. 85, 2243 ( 1986).
C Fite. A El Khodary. and P. Bernier, Solid State Commun 62. 599 (1987).
L A. Enksson and M. Springborg, Phys Rev. B46, 15833 (1992).
C.-O. Almbladh and U. von Barth. Phys Rev. B31, 3231 (1985).
S. B. Trickey. Phys. Rev. Lett. 56. 881 ( 1986).

Received April 16, [993

Rules for Intrinsically (Super) Conducting Polymers
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Abstract
We propose a number of rules based on topological and structural considerations for the synthesis
of intnnsically conducting polymeric materials. These rules can be summarized as follows: (i) The
polymer has to have a glide plane or a twofold screw axis when infinitely extended; (ii) the unit cell
must contain 4N + 2 valence electrons; (iii) the packing into the solid is restricted by symmetry rules
that conserve the twofold degeneracy caused by rule (i). These rules are necessary (but not sufficient)
for superconductivity. The inorganic polymer poly(sulfur-nitnde), which is a metallic superconductor
with a critical temperature of T, = 0.33 K, is identified as a striking example of these rules. © 1993
John Wile) & Sons, Inc.

In 1964 Little [ I] proposed the attractive idea that there may exist certain organic
polymers which can become superconducting at high temperatures. Such organic
molecules should, according to Little's original proposal, consist of two parts: a
conducting chain (the backbone) and a series of side groups attached to this backbone. If these side groups are easily polarized, the electrons in the spine can be
coupled by the polarization-induced interaction of the side groups. This interaction
can provide the attractive coupling necessary for superconductivity [ 2 ]. In spite of
many attempts to synthesize conducting polymers based on conjugated backbones,
no significant progress has been made in the synthesis of intrinsically conducting
polymers. Most of the organic conductors synthesized to date are semiconductors
that become conducting only after heavy doping (see, e.g., the recent publications
in Ref. [ 3]). Unfortunately, the structural and mechanical properties of these doped
polymers are not always useful for large scale application. More progress has been
made in the field of molecular organic (super-) conductors [4]. Values of T, have
now reached a value of 12.5 K [5] and will likely continue to rise. The discovery
of the superconducting properties of Li-, Cs-, and Rb-doped Buckminster-Fullerenes
also indicates that superconductivity of organic materials is far more common than
originally believed [6-9] (Ref. [9] gives results for mixed-Cs, Rb compounds).
So far, only one intrinsically conductive polymer has been synthesized. There
are several possible reasons for this fact. First, there is a technical one: Up to now
the techniques for synthesis of polymers with high crystallinity have been insufficient
to create conductive polymers in which the charge carrier mobility is comparable
to that in metals or semiconductors. Second, a one-dimensional conductor is supInternational Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 245-248 (1993)
CCC 0020-7608/93/010245-04
( 1993 John Wiley & Sons, Inc.
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posed to undergo a Peierls distortion, which will result in a gap at the Fermi level
[10]. In that case, the density of states at the Fermi level will vanish and so will
the metallic conductivity. The resulting polymer will only become conducting after
doping. However, doped polymers usually do not crystallize in well-defined crystal
structures due to the disorder caused by the doping. It therefore seems worthwhile
to investigate the possibility of the existence of a class of intrinsically conducting
polymers that do not undergo a Peierls distortion.
If we consider an isolated polymer chain, we can immediately state the conditions
under which it will be conducting.
I. The polymer structure should have an almost rigid backbone, with glide plane
symmetry and/or twofold screw axis symmetry when infinitely extended. This
rule is a consequence of Herring's theorem. This theorem implies that a onedimensional system with a glide plane or a twofold screw axis along its spine
will show a double degeneracy at the zone boundary for all one electron levels
[11,12]

2. There should be 4N + 2 electrons per unit cell. Under this condition the
highest occupied MO will be filled exactly up to the zone boundary. This rule
could be called a superaromaticityrule, as it is the polymer extension to the
Hiickel stabilization rule for aromatic molecules. It is this degeneracy at the
Fermi level that may offset a Peierls distortion [101. Moreover, it assures a
high density of states at the Fermi level.
A polymer that obeys both rules, and does not undergo a Peierls distortion, is a
conductor. If we crystallize this polymer into a solid and succeed in packing the
polymer in such a way that the above-mentioned rules still apply, then the resulting
system will still be conducting. In that case the interchain interaction will not reduce
the polymer to a semiconductor. This represents our third rule.
In fact, the interchain interaction may be important for more than one reason.
If these interactions are strong enough, so that the resulting solid polymer is not a
one-dimensional system, but has to be regarded as a highly anisotropic three-dimensional system, a Peierls distortion may be avoided.
This seems to be the case with poly (sulfur-nitride). From calculations and experiments one can conclude that this remarkable polymer obeys the two rules stated
above. The crystal symmetry is P2, Ic [ 13 ]. The S-N chains are oriented along the
b-axis, which happens to be the twofold screw axis of the unit cell. There are two
crystallographically equivalent chains per unit cell, which are related by screw axis
symmetry around the b-axis of the monoclinic unit cell. Moreover, there is proof
that the interchain interaction is almost as strong as the intrachain interaction due
to the close proximity of S and N atoms in neighboring chains, and therefore (SN)"
has to be seen as an anisotropic three-dimensional solid and not a one-dimensional
polymer [14]. This strong interchain interaction is apparently the reason (SN),
does not undergo a Peierls distortion, although ab initio LCAO-CO calculations by
Dovesi et al. show that the energy difference between the symmetric and the symmetry broken state is exceedingly small, indicating that the absence of a Peierls
distortion may also be an intrinsic quality of (SN), [15]. The conductivity parallel
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to the molecular axes at room temperature is oal = 4 X 103(g cm)-' [16,171. At
4.2 K this value is about 1000 times as high. At low temperatures the ratio a I a.L
is of the order of 1000 [18]. Furthermore, (SN). undergoes a transition to a superconducting state at 0.33 K. It is believed-at this moment-to be a "normal"
type II BCS superconductor. Both a and T, increase under pressure [19-21].
A key issue is the preparation of conducting polymers with a high degree of
crystallinity. Experiments with doped polyacetylenes show that high crystallinity
increases the conductivity dramatically by increasing the effective conjugation of
the chains. In these systems the crystallinity can be improved by annealing techniques [22].
Further possibilities for achieving high crystallinity lie in the synthesis of soluble
polymers, which can be crystallized from solution.
Finally, the question has to be asked: Can conducting polymers that obey our
two rules be superconductors? According to Little's model, this is certainly a possibility [1]. We can imagine that the conductive backbone has a number of side
groups that are highly polarizable, thus inducing attractive interaction between the
conduction electrons, leading to a Bcs-type pairing [2]. Due to the one-dimensionality of the polymers, the density of states at the Fermi level will be high, leading
to a stronger coupling of the electrons and hence a higher T,. This situation can
be compared to that observed in the A- 15 compounds, where the one-dimensionality
of the transition metal chains is considered to be responsible for the rather high
values of T, [23], On the other hand, a mechanism involving the interactions
between the conduction electrons in one chain with the neighboring chains could
also occur. A similar mechanism was recently discussed as a possible explanation
of the high-To superconductivity in the layered cuprates [24,251. This additional
fourth rule is more quantitative than the first three. The actual unit cell composition
and chemical structure must be involved, and a predictive theory must recognize
these factors explicitly [ 261.
Polymers that contain large side groups and sheet (2D) materials that resemble
the Cu-O type materials in structure and meet the original topological requirements
of Little's model for excitonic superconductivity are currently being investigated.
The main focus of these studies is, however, on organometallic systems [27 ]. Also,
a number of sandwich materials have been produced. They are, however, very hard
to process because of their air sensitivity, involatility, and insolubility [28 1. At this
moment, a number of experimental groups are studying the possibilities of synthesizing polymers that obey the rules presented in this paper. The results of these
efforts will give us opportunity to test and, if needed, tune our rules. We believe
the three rules, stated here, are qualitatively correct. Feedback from experimental
results will be important to turn these qualitative rules into a quantitatively predictive
theory of (super) conductive polymers.
In summary, we propose a number of simple topological and structural rules,
that will lead to intrinsically conducting polymers. If these polymers, in addition
to our rules, have side chains of high polarizability, they can become superconducting
at fairly high temperatures. Because the proposed class of polymers is intrinsically
conducting, none of the disorder problems arrising from the usually applied heavy
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doping occurs. In addition, our rules can be used as practical guidelines in the
search for intrinsically conducting polymers.
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Abstract
We evaluate binding energies, ionization energies, and second-order energy differences as functions
of valence electron number for small spherical clusters of stabilized jellium. using the Kohn-Sham
equations with the local-spin-density (LSD) approximation. Cohesive energies are also reported. A comparison is made with semiclassical formulas (liquid drop model and Padi approximant, with surface
and curvature coefficients derived from first pnnciples). These formulas nicely average the shell-structure
oscillations of the energy, which are found to be almost the same as for ordinary jellium. Spherical
clusters with 1, 7, and 9 electrons have binding energies very close to those of the semiclassical predictions.
© 1993 John Wiley & Sons, Inc.

Introduction

In the simple metals, the delocalized valence electrons experience a weak ionic
pseudopotential, which in simplified treatments is often replaced by the potential

of a uniform positive background with a sharp boundary (jellium).
The stabilized jellium model [I] for surface and cohesive properties of simple
metals is intended to cure well-known deficiencies of the ordinary jellium model.unrealistic results for the binding energies at all densities, for the compression prop-

erties at low densities (negative bulk modulus for the density of cesium), and for
the surface properties at high densities (negative surface tension for the density of
aluminum). All these unrealistic results follow from the fact that jellium is unstable,
except at a density close to that of sodium. At that density, jellium and stabilized

jellium have identical surface properties. The stabilized jellium model retains the
simplicity and universality ofje!lium. With only two inputs, the density and valence,
this model provides an accurate overall description of the binding energies of all
simple metals, in the framework of density-functional methods. Given only the
density, it delivers reasonable overall surface properties (work function, surface
tension, etc.). This result is achieved by subtracting from the energy functional of
the jellium model the spurious self-interaction of the bulk positive charge and by
introducing inside the solid a constant potential, the average value in the Wigne:International Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 249-261 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010249-13
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Liquid drop model coefficients a., a, and a,. The surface and curvature coefficients are from

a Kohn-Sham calculation for the planar surface of stabilized jellium [8] \lso indicated are the work
function Wand the distance xo from the image plane to the jellium edge of the planar surface, from [9].

Al
Na
Cs

r,
(bohr)

a.
(eV)

a,
(eV)

a,
(eV)

W
(eV)

(bohr)

2.07
3.99
5.63

-1058
-626
-4.64

0.87
0.59
0.42

065
024
0.13

4.27
2.94
2.26

I 01
1.27
1.55

XD

Seitz cell of the difference between a local pseudopotential and the jellium background potential.,
The jellium model should have the same drawbacks for metallic clusters as for
the bulk system. For example, it does not yield realistic binding energies, and it is
completely inadequate to describe compression effects of finite systems. Notwithstanding these deficiencies, the jellium model with the help of density-functional
methods has been extensively used for understanding metallic clusters [2,3,4 ]. Those
studies support the image of the cluster as a system of electrons bound in a oneparticle potential due to the spherical (or deformed) jellium background and the
other electrons. Clusters with "magic" numbers of electrons (2, 8, 18, 20, etc.) are
more stable than their neighbors, due to the presence of larger gaps above the
highest occupied level., The occurrence of ionization energies with local maxima
for magic systems corroborates that picture.
Here we shall evaluate the effect of the "stabilization" ofjellium on static properties of clusters, such as binding energies, ionization energies and second-order
energy differences. In other work [ 5 ], the stabilized jellium model will be applied
to describe compression effects for clusters at any density.
This work calculates energies of small spherical stabilized jellium clusters, as
functions of electron number, using the Kohn-Sham equations of density-functional
theory (within the local-spin-density approximation, LSD). By "small," we mean
that the number of valence electrons is N _520. The quantal energy of the cluster
is compared with a classical liquid drop formula. A variant of the iiquid diop
formula, using a Pad6 approximant, which has been proposed recently for the study

TABLE 11. Pad6 coefficients for the stabi-

lized jellium model [5]. The r, values are
those of Table I

Al
Na
Cs

b,

b2

b3

0.742
0399
0308

G.326
0.284
0227

0 123
0 146
0.147
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Figure 1. Non-bulk binding energy per valence electron E/N - a. for clusters of sodium
(r, = 3.99), within the stabilized jellium model. The symbols 0 and 0 represent, respectively,
the Kohn-Sham results for stabilized and ordinary jellium. The dashed line represents the
liquid drop model, and the dashed-dotted line the Pad6 approximant. The bulk binding
energy is a. = -6.26 eV for stabilized jellium and a, = -2. 10 eV for jellium.

of small voids inside solids [6], is also considered. The enhancement of stability
due to shell effects, which is known for jellium, is examined for stabilized jellium.
Ionization energies of stabilized jellium clusters are evaluated. Finally, the energies
of stabilized jellium atoms are used together with bulk binding energies to obtain
cohesive energies.
In the next scction, we present the Kohn-Sham equations applied to spherical
clusters of stabilized jellium. Results are then displayed for the energetics of three
metals (Al, Na and Cs), which cover the whole range of metallic densities. In the
last section, further work with stabilized jellium is proposed.
Kohn-Sham Equations for a Cluster of Stabilized Jellium
Let us adopt the atomic system of units (e = m = h = 1). We consider a spherical
uniform positive background of finite density n, such that
n.(r) = i O(R - r),

O(R - r) =

(r>R)
10 (r~R) ,

(2.1)
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Figure 2.

Ionizatioi. energies for clusters of sodium. The symbols 0 and 0 represent, re-

spectively, stabilized and ordinary jeUium results. The dashed line represents the result of
formula (2.22) for the stabihzed jellium model. Experimental data are indicated by X [22].

with

3

n- 7=47rr,3

kF

3.r2'

(2.2)
22

and R the cluster radius. From the neutrality condition

f d 3rn+(r) = N,

(2.3)

the radius of the background sphere must be
R = N"/3r .

(2.4)

The self-consistent Kohn-Sham equation is
[_ JV 2 + Vyn(r, o)]f'a,(r)

=

eaa¢'o(r),

(2.5)

where a denotes a set of quantum numbers and a is a spin number (up t or
down ý).

In Eq. (2.5), the effective potential is
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Figure 3. Second-order energy differences for clusters of sodium. The symbols 0 and 0
represent, respectively, stabilized and ordinary jellium results. The dashed line represents
the liquid drop model for stabilized jellium.

vaff(r, (r) = v+(r) +

j

d 3r' .n(r'__+.)
Ir - r'l

r),

(2.6)

where v+ is the electrostatic potential for the interaction between the background
and the electrons, n(r) is the total electronic density, and u4'(r) the spin-dependent
exchange-correlation potential. We have

v+(r)

r

+ b~,

N[(r)']
_

(r <R)

R

(2.7)

N7

(r> R),

r

with
<bv>ws = \V/W5

k
5

+ 4F + L, dre

47r

(2.8)

3 dry'(28

the average potential difference which appears in the stabilized jellium model [1].
(cc is the correlation energy per electron of the uniform electron gas [7].) The
second term in (2.6) is the Hartree potential. The last term is the exchange-correlation potential
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The same as Figure I for aluminum (r, = 2.07). The bulk binding energy is
a. = -10.59 eV for stabilized jellium and a. = -0.21 eV for jellium.

a

;.c(nt(r), n4(r)) =

a-

[ne•(nt, n;)] ,

(2.9)

where nj (r) and n4 (r) are the up and clown spin densities, respectively. Here C, =
c, + c,, with e,, = -3kF/47r the exchange energy per electron of the uniform gas.
The total electronic density is given by
n(r)= I

(2.10)

no(r),

with
n.(r)

2
12f=ol¢'o(r)I

=

(2.11)

The f,., are occupation numbers of the orbitals defined by the quantum numbers
f = N).
ao (f.. = e(F - e..), with CF the Fermi energy, and
The total energy of the stabilized jellium cluster is
E(N) = 2, f.ýea - (U[ n ] + Z f d3r j4(nt, n)n,,(r) )+ UL[n+]
a+l

a

+ f d3r ec.,nt, n4)n(r) ,

(2.12)
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Figure 5. The same as Figure 2 for aluminum. Note that only N = 3. 6, 9. 12, 15, 18
are physically meaningful. Experimental data are taken from 123].

where
U[n]

2

dj3r

d 3r n(r)n(')(2.13)
I-r'

(.

is the electronic Coulomb repulsion energy, and
UB[ n,

=3

5

N(N- N
R

3

)

(2.14)

the background Coulomb repulsion minus the self-repulsion energy within each
V'igr'er-Seitz cell. We have adopted the version of stabilized jellium in which the
effective valence is unity (z* = I ), since this version gives the more realistic bulk
modulus. The ordinary jellium model is recovered by dropping the last term of
Eqs. (2.7) (r < R) and (2.14).
For a spherical system. 'le self-consistent Eq. (2.5) is
1 d( 2 d,,A+(~
1(1+1)
\
2r 2 dr Ir2 dr + v(r, a) /(+2r 2 Io C
0,
(2.15)
.,

where R., = Rnimo is the radial wave function. As an approximation and to oblige
the system to have spherical symmetry, we ,eplace the true electronic spin density
by the spherical average
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The same as Figure I for cesium (r, = 5.63). The bulk binding energy is a,
-4.64 eV for stabilized jellium and a, = -1.98 eV for jellium.

n.(r) =

-2:

Ij5n,tm(r)1 2

(2.16)

In order to solve (2.15), with the approximation (2.16), we have used an atomic
code where the nucleus with constant charge has been expanded to the desired
cluster radius.
It is known that the energy of a finite quantal system, such as a cluster, can be
described in an average way by the liquid drop model (LDM)
ELDM(N) = aN + asN213 + aeN1/ 3 +

. . .

(2.17)

The coefficients a, (volume), a, (surface), and a, (curvature) for the stabilized
jellium model have been obtained with the aid of the so-called "leptodermous
expansion" [8]. They are given in Table I for Al. Na, and Cs.
We can write (2.17) in the form
ELDM(N) = a,,N + as(N)N 21 3.

(2.18)

The Pad6 formula for a stable cluster is [6]
a5 (N) = a,[l - bN-"3 + b2N-21 3 - b3N-']-' .

(2.19)
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The coefficients bl, b2, and b 3 are given in Table II. This formula was developed
to connect the liquid drop expansion for a spherical void of large radius with the
perturbation expansion for a void of small radius. It effectively sums the leptodermous expansion to all orders, and has been adapted to clusters by changing the
sign of the curvature R-'.
We compare the liquid drop prediction with the quantal result, looking for special
stability (shell closures) for numbers N such that
E(N) < ELDM(N)

(2.20)

Relative stability is also indicated by local maxima of the ionization energy

I(N) = EN(N - I) - EN(N),

(2.21)

where the subscript N,;enotes the fixed positive charge. A smooth formula for the
ionization energy is
I

I(N) = W+ 2(r5 1v,3 + Xo)

(2.22)

with W the work function and x0 the location of the image plane for the planar
surface. (The values in Table I are taken from [9].) Eq. (2.22) is an approximation
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TABLE Ill.

Cohesive energies for the stabilized jellium (SJ) and jelhum (J) models (in eV). using different
appromximations. "LSD" means local-spin-density, "LDA" local-density approximation, "Sic" self-interaction
correction. "LDO4" liquid drop model. "Pad
MadE approximant. and "Exp" experiment (from [18]).
Here we use densities which are slightly different from those of Table I. The values in this table refer to
zero temperature, while the previous ones are room temperature values.

(bohr)
Al (N = 3)

2.07

Si

3
Al (N = 1)

2.07

Na

3.93

Cs

5.62

Si
J
Si
J
Si
J

LSD

LDA

SIC

LDM

PadM

Exp.

3.79
0.72
1.91
0.48
0.92
088
056
062

3.93
0.84
2.41
0.91
1.18
1.15
0.74
0.81

3.21
0.21
1.61
0.24
081
0.78
0.51
0.57

2.75
-0.25
1.52
0.08
0.85
0.82
0.59
0.66

3.02
-0.07
1.90
0.19
0.82
0.78
0.54
0.76

3.34
-

1.13
0.83

to the liquid drop expression [10], in which a weakly size-dependent LDM chemical
potential A(R) _ - W appears.
A third measure of stability is the second-order energy difference, which has been
used to interpret mass spectra of metallic clusters:
A 2(N) = E(N+ l) + E(N-

I) - 2E(N).

(2.23)

A peak of this quantity means an enhancement of stability with respect to neighboring values of AT.In the liquid drop model, Eq. (2.23) becomes A2 (N)
a 2ELDM(N)1/N 2 . We shall see whether the criteria for relative stability based on
(2.20), (2.21), and (2.23)agree.
Results
Bulk jellium is stable at the density r, = 4.2, where <bV>ws = 0. Sodium (rQ=
3.99) has therefore been used as an application of the jellium model [ 11, 12 ]. Since
the ,.tabilized jellium model yields a small value of Kbv>ws for Na, the surface
prop,'-ties of jellium and stabilized jellium should be practically the same for this
metal, although the bulk binding energy per particle a, is very different in the two
models. Small clusters of Na are more bound in the stabilized jellium description
than in jellium (see Fig. 1, noting the different a, for stabilized jellium and jellium).
Nevertheless, the shell structure, i.e., the oscillation around the smooth curve given
by the liquid drop formula, is essentially the same, with magic numbers N = 2, 8,
18, 20. The binding energy is also well below the LDM curve for N = 19, where the
2s shell is half-filled. For the electron numbers N = 1, 7, 9, 17, the quantal result
agrees closely with the LDM prediction. These "tell-tale" numbers might be used
to estimate the exact (beyond LSD) surface and curvature energies from careful
quantum-chemical calculations for small spherical clusters. For Na, the Pad6 representation practically coincides with the liquid drop formula.
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The shell structures of jellium and stabilized jellium are also displayed by the
ionization energies. The ionization energies of the two models agree closely (Fig.
2). The ionization energy for N = 19 is bigger than that for N = 20; this fact,
known for jellium in LSD [ 13 ], holds for stabilized jellium as well. The local maxima
at half-filled shells (N = 5, 13) are a characteristic of LSD, and are not seen in
the local-density-approximation (LDA) [14 ]. (LDA is LSD with nt, n4 replaced by

n/2, n/2.)
Figure 2 also presents experimental ionization energies for Na clusters. For the
smallest clusters, the spherical stabilized jellium results are not in good agreement
with experiment. In fact, clusters of five or fewer atoms are typically planar [ 15,16 ].
Moreover, the instability of many spherical open-shell -lusters is evident from the
total energies of Figure 1. For example, the total energy for N = 3 is greater than
the sum of total energies for N = 2 and I. These unstaole clusters will start to
deform away from spherical shape toward fission. In many cases, they will reach
energy minima before fission occurs. Spheroidal distortions can correct most of the
difference between our ionization energies and experimental ones [ 17 ].
The second-order energy difference is almost identical in jellium and stabilized
jellium (Fig. 3). The liquid drop result for A2 (N) is practically constant (A 2 (N)
0), providing a good average of the quantal values.
Turning to Al, we find that the shell fluctuations are bigger than for sodium,
although the two patterns are similar (Fig. 4). The Pad6 approximant and the LDM
formula agree, except for the smallest clusters (N < 8). For N = 1, the Pad6 formula
reproduces the quantal energy; recall that N is the number of valence electrons and
not the number of atoms. The ionization energies of stabilized jellium (Fig. 5) are
bigger that those of jellium, although the peak structure is the same. For N > 12,
our results agree with experiment.
In the case of Cs (Figs. 6 and 7), the nonbulk binding energies E/N - a, and
the ionization energies of stabilized jellium are below those ofjellium. As expected,
a negative value of (bv)ws (as in Al) increases the nonbulk binding energy E/N
- a,, the ionization energy, and the amplitude of A2 (N) oscillations, while a positive
value (as in Cs) has the opposite effects.
The cohesive energy is the energy difference between the free atom and an atom
in the bulk. It can be written as
eCh = -a~z + E(N = z),

(3.1)

where z is the valence of the atom. This quantity can be read directly from Figures
1, 4, and 6. Table III gives values for the cohesive energy of stabilized and ordinary
jellium, in different approximations.
In the case of Al, an atom of stabilized jellium is a cluster with (bv)ws constructed
from an effective valence z* = 1, but with N = 3 electrons (real valence). We have
also included in Table III the case N = 1, since this provides a fair test of the LDM
and Pad6 formulas.
We see from Table III that stabilization ofjellium drastically improves the cohesive
energy of Al, in comparison with experiment. Table III also shows that the Pad6
successfully predicts the LSD cohesive energies of monovalent metals (N = I ); the
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discrepancy for N = 3 may be attributed to shell effects. Our LDA values agree with
the "ideal metal" results of Rose and Shore [ 18 ]. The surface and cohesive properties
of the ideal metal are the same as those of stabilized jellium; the small difference
we find arises from the use of a different correlation energy. We note that the LDA
cohesive energies are close to experimental ones. However, this close agreement is
due to a cancellation of errors between the LDA and the stabilized jellium approximation. The exact cohesive energy for monovalent stabilized jellium is given by
the self-interaction correction (sic) [19 ], and is smaller than the LSD value.
Conclusions
We have analyzed the properties of small clusters of stabilized jellium. Stabilized
jellium is similar to the pseudojellium model of Utreras-Diaz and Shore [20], but
unlike the latter it does not use phenomenological information other than the density. Binding energies, ionization energies, second-order energy differences, and
cohesive energies have been calculated. The shell structure is essentially the same
for ordinary and stabilized jellium. The various measures of stability tend to agree.
The cohesive energies are more realistic in the stabilized jellium model than in the
ordinary one, particularly for Al.
Future work with stabilized jellium could investigate different breakup channels
for charged clusters (a problem which has been studied within the ordinary jellium
model [14 ]), self-compression effects (since a cluster should have a central density
bigger than the bulk value [ 5]), large clusters (e.g., the analysis of supershells [ 21 ]),
and the static and optical response of clusters.
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Density-Functional and Ab Initio Computational
Studies of Palladium Clusters
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Abstract
Nonlocal density-functional and correlated ab initto methods have been used to compute singlettriplet separations for the Pd atom and Pd2 , as well as the dissociation energies of the latter in its ground
and firs' excited states. The results are in good agreement with the available experimental data and with
other high-level calculations. Single-point local density-functional computations were carmed out for Pd
clusters up to Pd 22 (1012 electrons). The interaction energy per Pd-- bond appears to be approaching
a limiting value for Pd 22. © 1993 John Wiley & Sons. Inc.

Introduction
We are interested in applying density-functional theory (DFT) to small clusters
of transition metal atoms. One of our objectives is to determine how large a cluster
is needed to realistically simulate a metal surface, in order to permit the investigation
of chemisorption and catalytic processes; and to determine the ground state atomic
and electronic structure of small transition metal clusters.
In the present work, we have focused specifically upop palladium, and have
proceeded on two levels: (a) We have compared sophisticated nonlocal DFT and
ab initio methods in computing the singlet-triplet separations for the palladium
atom and the Pd2 molecule, as well as the bond length and dissociation energy of
the latter in each state; and (b) we have used a local DFT approach to carry out
single-point runs on clusters as large as Pd 22 ( 1012 electrons).
Methods
Density-functional theory [ 1-4 ], as it has been applied in this investigation, is
based on the Hohenberg-Kohn theorem [5] and the Kohn-Sham procedure [6].
In the latter, the total energy of an N-electron system (as would be obtained by
solving the Schr6dinger equation exactly) is found by minimizing, with respect to
the electronic density p(r), the total energy functional E[p],
E[p] = f vexi(r)p(r) dr + T,[p] + Vc:•[p] + EýcIp].

(I)

V, 1t(r) is the external potential due to the nuclei, T,[p] is the kinetic energy of i
hypothetical set of non-interacting electrons having the same density p(r) as the
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 263-268 (1993)
CCC 0020-7608/93/010263-06
© 1993 John Wiley & Sons. Inc.
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system under consideration, and Va•[p] is the classical energy calculated using
the density p(r).
=

[ f p(r)p(r') dr dr'
Ir - r'l

(2)

"Theexchange-correlation functional, E,,,[p], is expressed exactly in terms of the
adiabatic connection variable Xby Eq. (3):
Exj[I

('fqI Vc.,I 4\) dX - Va [P].

=

(3)

The functions *A'are the solutions of,
= E(4)

where,
/i

= t+

PX
+

1ee.

(5)

In Eq. (5), the electron-electron interaction operator, ye, is linearly scaled from
zero to one by the variable X in a manner such that PA yields the same p(r) for any
X in the interval [ 0,1]. (According to the Hohenberg-Kohn theorem, the potential
determines the density [ 5 ].)
The energy quantity E,, as given by Eq. (3) is clearly not equivalent to the sum
of the exchange and correlation energies as defined in ab initio formalism. Unfortunately, the evpression for E.,[p ] in Eq. (3) can only be evaluated in special cases.
One of these is an uniform electron gas (jellium), for which exact ground-state
solutions have been obtained by stochastic simulations [ 7], fro-n which functionals
have been constructed, primarily by fitting procedures [ 8]. These functionals correspond to the local density approximation. First-order corrections can be made
using gradients of the density, resulting in so-called nonlocal approximations [ 1,2 ].
For the Pd atom and for Pd2 , we have used the sophisticated nonlocal exchangecorrelation functional of Perdew and Wang, the generalized-gradient approximation
(GGA) [11,12 ]. This was developed entirely from first principles, and has no fitted
parameters. We have recently coded this functional into the DFT program deMon
[13,14]. The single-point runs on Pd clusters were carried out with the DFr program
DMol [15], which uses a local-density approximation [16]. We have used the
standard double numerical (DN) basis set. The ab initio results that we report were
obtained with Gaussian 92 [17].
Results
PdAtom
The standard deMon Gaussian DZVPP basis set for Pd, ( I8s, 12p, 9d) contracted
to (6s, 5p, 3d), yields a singlet-triplet separation of 33.5 kcal/mol, which differs
considerably from the experimental 18.8 kcal/mol [ 18 ]. Accordingly we used Huzinaga's ( 17s, I Ip, 8d) basis set [ 19], uncontracted, to compute the singlet-triplet
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separation by both ab initio and DFr procedures. The two DFT calculations were
carried out with the Perdew-Wang E.Lý[p] functionals GGA-PW86 [9,10] and
GGA-PW91 [11,12]. The results are in Table I.
Most of the ab initio correlated results and both of the DFT are within 3 kcal/
mol of the experimental value. It is seen that the effect of including the core electrons
can be quite significant, as much as 5.3 kcal/mol. It is relevant to mention that a
QCi (full core) calculation was terminated after having used more than one hour
of CPU time on a CRAY C-90 for only two iterations (out of possibly 15) of the
triple substitutions; in contras,, the DFT calculations despite slow convergence (more
than 1500 iterations for the triplet) required only about 10 min.
Pd2

Initial results obtained with the DZVPP basis set were qualitatively incorrect, so
we have continued with the Huzinaga [19]. Our computed bond lengths, total
energies and dissociation energies for the triplet ground state and the first singlet
excited state of Pd 2 are given in Table II, as are the singlet-triplet separations, Te.
Experimental and other calculated data are also included. Our DFT-GGA-PW 86
ground state dissociation energy and triplet-singlet separation are in good agreement
with the MCSCF(CASSCF)MRSDCI results and with one of the experimental values
for De.

Pd Clusters
The Pd clusters that were investigated are shown in Figure 1. They were given
geometries corresponding to the [ 11] surface of the metal, with the closest interTABLE I. Calculated energies of the singlet ground state and first excited triplet state of the
palladium atom, using the Huzinaga (17s, l Ip, 8d) basis set.

Method
Hartree-Fock
mP2 (frozen core)
MP2 (full core)
MP3 (frozen core)
MP3 (full core)
MP4sDQ (frozen core)
MP4SDQ (full core)
QCISDt (frozen core)
DFT-GGA-PW86
DFT-GGA-PW91
Experimental'
MCSCF(CASSCF)/FOCI + Rob

Reference [18).
bReference

[20].

Singlet
(hartrees)

Triplet
(hartrees)

Separation
(kcal/mol)

-4937.79120
-4937.91174
-4938.75 159
-4937.90090
-4938.68426
-4937.90689
-4938.71916
-4937.90824
-4940.67375
-4940.66042

-4937.78582
-4937.87904
-4938.71649
-4937.87540
-4938.66039
-4937.87748
-4938.68446
-4937.87999
-4940.64130
-4940.62611

3.4
20.5
25.8
16.0
15.0
18.5
21.7
17.7
20.4
21.5
18 8
13 8

266

SEMINARIO, CONCHA, AND POLITZER

TABLE If. Results for the palladium dimer ground state tnplet and first excited state singlet using the
(17s, IIp. 8d) basis set.
Tnplet
Energy

Method

R,

(hartrees)

Singlet
D,.

(A) (kcal/mol)

Hartree-Fock

-9875.57302

2 78

MP2 (frozen core)
DFr-GGA-Pw86
Experimental'

-9875.81501
-9881 37740

2.46
2.62

Energy

R,

D,

Separation
T,.

(haflrees)

(A)

(kcal/mol)

(kcal/mol)

-9875.82866
-9881.36716

2.9
2.7. --2.8d

33
12.3

-8.6
6.4

59

MCSCF(CASSCF)MRSDCIb

2 48

-5.3
188
16.9, 26.0
19.6

DF'r (model core
potential)'

2.46

31.3

2 87
2.64

3.6
21.9

Reference [211.

b Reference [22].

"Reference [231.

d A very shallow minimum was obtained

Palladium Clusters

Pdi

P(12

Pd3

Pd7

I'd12

Pd4

Pdio

Pd*

V

N122
Figure I. Palladium clusters that were studied using a local density-functional theory
approach.
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TABLE Ill.

Local density-functional theory results for palladium clusters.

Cluster

Number of
Pd-Pd
bonds

Energy
(hartrees)

AE = E(Pdj)- nE(Pd)
(hartrees)

(kcal/mol)

AE per
Pd - Pd bond
(kcal/mol)

Pd,
Pd2
Pd3
Pd 4
Pd 7
Pdo
Pd12
Pdl9
Pd22

0
i
3
6
12
24
24
57
69

-4935.1926
-9870.4412
-14805.7079
-19741.0160
-34546.8208
-49352.7822
-59223.2213
-93770.5585
-108576.53

-0.0
-0.056
-0.130
-0.2456
-0.4724
-0.8561
-0.9099
-1.8988
-2.29

0.0
-35.1
-81.6
-154.1
-296.5
-537.2
-571.0
-1191.5
-1438.5

-35.1
-27.2
-25.7
-24.7
-22.4
-23.8
-20.9
-20.8

-

atomic distance in each case being set equal to the experimentally determined 2.75
A [24]. The calculated total and interaction energies are given in Table III.
The dissociation energy of Pd 2 is predicted from Table III to be 35.1 kcal/mol,
which is considerably greater than our DFT-GGA-PW86 value in Table II, 12.3
kcal/mol. This could reflect both the difference in bond length and also the wellknown tendency of local-density approximations to overestimate dissociation energies [25-27 ]. However a key point that emerges from Table III is that the interaction
energy per bond appears to be nearing a limiting value for Pd22. This suggests that
clusters of this size may be reasonable models for a metal surface (including the
underlying atoms).
Discussion
We have demonstrated the feasibility of local density-functional calculations on
systems having as many as 1012 electrons (Pd 22). At the local/DN level, 660 basis
functions are required for the latter computation. The total energy is in the neighborhood of- 108576 hartrees. At this order of magnitude, the error in the energy
due to the use of REAL*8 precision is about 6 kcal/mol. The use of REAL*16,
which would solve the problem due to truncation in the floating point operations,
is not practical because there are not commercial floating point processors of 128
bytes; accordingly the REAL* 16 arithmetic must be software-implemented. Machines like the CRAY YMP then require about 10 times more CPU time to process
REAL*16 operations. This is in addition to the inherent problem, in these Pd
clusters, of a large number of low-lying states near the ground state, which makes
the SCF convergence very slow and tedious. The convergence problem is independent
of the program. On the CRAY YMP8-864, each SCF cycle required 764 seconds
of CPU time; the numoer of cycles needed for a respectable energy was about 20,
and much more for a good density. About 500 Mbytes of scratch disk space were
required, which is not excessive in view of the size of the system.
Despite these figures, there is reason for optimism. With massively parallel computers, turn-around times are reduced by at least one order of magnitude. DFT
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codes are more vectorizable than are ab initio, and run more efficiently by a factor
of 3 to 5. This efficiency can be made much higher in massively parallel computers.
DFT codes are still in development, and improvements can be anticipated.
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Multiconfigurational Spin-Adapted Single-Reference
Coupled Cluster Formalism
X. LI and J. PALDUS*
Quantum Thwory Group, Department ofApplied Mathematic,,, Univer.olty of Waterloo,
Waterloo, Ontario, Canada N2L 3Gi

Abstract
Wecxploit the unitary group formalism in formulating a multiconfigurational singlo-rcfcrcncc coupled
clustcr method for cases involving one or two electrons in open shells. The linear version of CCsD theory
for the simple open shell casm and for low lying singlet states of closed shell systems are considered in
detail. The entire formalism is related to the unitary group based CISD method, and explicit expressions
for size-extensivity corrections, leading to the L-,CD formalism, are given. An illustrative example of
the minimum basis set model of the BeH radical is also presented. © 1993 John Wiley &Sons. Inc.

Introduction
The connected cluster structure of an exact wave function [1], describing a nondegenerate closed shell ground state, is well known from many-body perturbation
theory (MBPT) (see, e.g., Ref. [2]). This result, often referred to as the connected
cluster theorem [23 (in contrast to a better known linked cluster theorem), immediately implies the standard coupled cluster (cc) exponential Ansatz for the
corresponding wave operator. This cluster ,', nsatz proved to be very useful when
designing size extensive methods that efficiently account for many-electron correlation effe;,ts in atomic, molecular, and even in extended (solid state or polymer)
systems.
An extension of the cc formalism to degenerate or quasidegenerate closed shell
states, or in fact to general open shell systems, proved to be most exacting. Although
the spin-nosiadapted, single reference cc formalism exploiting the unrestricted
Hartrec-Fock (UHF) reference can often provide very useful results, even in open
shell situations, it cannot be regarded as a bona fide theory in view of its inherent
limitations (spin contamination of the resulting wave functions, inability to distinguish various components of more complex multiplet systems, nonanalytic behavior
of potential energy hypersurfaces, etc.). It has been generally recognized that a
proper account of quasidegeneracy effects requires a multireference (MR) veision

of a standard single reference (sR) approach, based on the effective 'A'-'iltonian
concept and the generalized Bloch equation. Two different types of generalizedMR
* Also at Department of Chemistry and Guelph-Waterloo Center for Graduate Work in Chemistry,
Waterloo Campus, University of Waterloo, Waterloo, Ontario, Canada N2L 3G I.
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 269-285 (1993)
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cc Ansktze were proposed, leading, respectively, to the so-called valence universal
or Fock space and state universal or Hilbert space MR CC approaches (see, e.g.,
Refs. [2-41). While initially only various versions of the former approach were
exploited in actual applications (see, e.g., Ref. [5]), lately the state universal formalism is also being explored [6-91. Unfortunately, our knowledge of cluster structure in the general open shell case is very limited, in contrast to the closed shell
case where the situation is much simpler, since this structure can considerably vary
from case to case [e.g., states of different multiplicity, covalent vs. ionic type states
in the sense of the valence bond (vB) theory, multiradicals or transition complexes
far away from equilibrium geometry, etc.]. Nonetheless, it seems plausible that a
satisfactory description may be achieved in most cases by considering only pair
clusters with respect to each reference considered, as in the closed shell case, as
long as a suitably large model space is employed. However, since a given configuration has generally a different excitation order with respect to different reference
configurations, the truncation scheme for the MR approaches is much more complex
than in SR methods and much has yet to be learned concerning this topic.
In any case, the available limited experience with MR CC approaches leaves little
doubt that they are much more demanding than the SR methods, and the computational difficulties and complexity grow with the increasing dimensionality of
the model space employed. For this reason, much attention has been paid to approaches based on incomplete model spaces [10,11 ] (it should be noted that practically all existing applications of valence universal approaches were carried out
with incomplete model spaces and often with different ones for different geometries).
Thus, for purely pragmatic reasons, it seems important to explore the capabilities
of SR Cc approaches employing an open shell-generally multideterminantal or
multiconfigurational (MC)-reference. Such an approach naturally arises when we
apply the SR CC formalism to a spin-adapted reference configuration, such as given,
for example, by the electronic Gel'fand state of the unitary group approach (UGA)
[12-16]. This approach can be palticularly useful for various special cases, such
as, e.g., the ground states of radicals (when in fact a single determinantal reference
suffices) or the low-lying excited singlet or triplet states of molecules having a closed
shell ground state. In designing this type of MC-SR open-shell cc theories, the UGA
[ 12-16 ] or Clifford algebra UGA (CAUGA) [ 171 formalism may be very helpful [ 1820], since a chosen reference may be simply characterized as an electronic Gel'fand
state, a CAUGA VB-type state or yet another MC state, while the required cluster
operator can be expressed in terms of unitary group U(n) generators or, more
generally, in terms of replacement operators from a universal enveloping algebra
of U(n), forming the so-called external algebra [4,18-20]. The derivation of appropriate cc equations and of the energy expression then reduces to a repeated
application of basic commutation rules for U(n)generators or replacement operators
and the rules for the action of these operators on a reference state. One of the first
exploitations of this idea [21] was recently encoded for the high-spin reference
states by Janssen and Schaefer [22], who designed general symbol manipulation
code (written in C) that generates the appropriate cc equations and automatically
produces the required FORTRAN code. However, these authors employed the so-
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called generator basis [15 ], which produces a set of nonorthogonal, overcomplete,
and unnormalized states which, in our view, may lead to various divergence problems when iteratively solving cc equations. A similar program, based on the UGAType MC-SR CC approach [23] and employing spin-adapted and orthonormal excited
state manifold, was designed very recently and is currently being tested [24].
In this paper we shall present a preliminary description of our implementation
of the CAUGA formalism in MC-SR CC approaches, concentrating on a few specialthough very important-cases of simple open shell doublets and singlet and triplet
excited states of closed shell systems. Following a brief outline of a general formalism
in the next section, we illustrate our approach on the simplest open shell case at
the linear level of approximation in the third section. The required explicit expressions for the open shell singlet case are also given in this section. An application
of this level of theory to a simple minimum basis set (MBS) model of BeH may be
found in the fourth section, and the conclusions concerning general MC-SR CC
approaches that can be drawn at this stage are presented in the last section.
Basic Formalism
In our implementation of the general MC-SR cc formalism, we first construct a
set of excitation operators {G, } that generate spin-adapted and orthonormal configurations when applied to the reference, namely,

I't,,) = G,14o ,

(<t,14,) = 6(i)

Since these operators generate spin-adapted configurations when acting on various
states arising through the action of G,'s and/or of a spin-independent Hamiltonian
H on I-o), the whole formalism is spin-adapted and no spin-contamination can
arise. The cluster Ansatz employed takes the standard SR form,
II') = exp(T)I4(o>,

(2)

and the cluster operator T is represented as a linear combination of excitation
operators G,,
T =

tG,

(3)

where the t, designate the corresponding cluster amplitudes. Note that, in general,
with I-o) representing an MC reference, the excitation order of each G, is not well
defined. Nonetheless, we have to truncate the connected cluster components in (3)
at some reasonable level, namely, an essentially biexcited level, so that we obtain
an approximation corresponding to the CCSD method of a standard SR case, when
we use the approximation T = T, + T 2 . Thus, in cases considered by us, there are
at most two orbitals in I(Do> that are not doubly occupied (we shall refer to them
loosely as active or valence orbitals in analogy with the general MR case). However,
in contrast to the general MR situation, all active orbitals (though not the spin
orbitals) are singly occupied in every configuration or Slater determinant constituting

our MC reference 11o >.
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Thus, in our developments, we shall consider all genuine mono- and biexcitations
from IPo), as well as the so-called pseudomono- and pseudobiexcitations involving
core-active and active-virtual excitations. With this generalization in mind, we can
again classify our approximations ,ising the standard acronyms CCSD, cCSDT, etc.,
as in the SR case. Relying on UGA, we then express the excitation operators G,,
corresponding to single and double excitations from I (Do in the above-mentioned
generalized sense, in terms of linear combinations of U(n) generator products.
Clearly, each reference [4"o) will require a specific definition of such an operator set.
We shall rely on a standard algebraic derivation (see, e.g., Refs. [21 and [4]) of
SR cc equations, obtaining for the energy
E = (4ýolexp(-T)Hexp(T)1I4o>

(4a)

AE = E- (4<oIH 4'o) = <41oi[H, T]14 0o)

(4b)

or

+

2<4"ojI[H,

T], T114'o) +.--,

with the cluster amplitudes given by a solution of cc equations

a, +

t, +

2

Cktk + ....

0,

(5)

where the coefficients have the form

a, = <4,1HI4(o) = (4oI GHI4(o,
b,, = (4",,1[H, G,] 14ýo> = ((Pol GtH, G,]14'o>,

c,, = (K4,Ii[H, Gj], GkII4••> = (4"oIGl[H, Gj], GkII4'o>,

(6)
(7)

etc.

(8)

Assuming that I4o> represents the RHF reference for a given state, we can interpret
AE, Eq. (5), as the correlation energy for that state. Note also that the excited state
manifold, onto which we project, is given as a linear span of configurations 14, >,
i : 0, defined by excitation operators G,, 14), ) = G, I(o). For the sake of brevity,
we shall illustrate this formalism in the next section on the simplest possible case,
involving one singly occupied orbital outside the closed shell, restricting ourselves
to the linear level of the cc theory. The open shell singlet case (involving two active
orbitals) was briefly described in Ref. [20 ] and the explicit expressions for the linear
level of the theory are also given in the next section. A complete formulation for
all three cases mentioned above will be given elsewhere.
L-CCSD Formalism for Simple Open Shells
For the sake of brevity, we restrict ourselves to the linear form of cc theory.
Thus, the development presented below parallels the recent work by Neogridy et
al. [25], employing, however, a very different formalism. For near equilibrium
geometries, the linear approach represents already a useful approximation. An ex-
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tension of this approach to a fully quadratic case, as well as to other cases mentioned
above, has been carried out [26] and is presently being tested.

When considering the linear approximation,
a, + •bj

= 0,

(9)

J

we can evaluate the required coefficients a, and b,j either directly, using expressions
(6) and (7), respectively, or we can exploit the relationship between the L-CCSD
and CISD methods [2,27]. The latter approach has the advantage that we can exploit
existing codes for various CISD implementations, not to mention a certain pedagogical value that indicates explicitly the corrections for unlinked cluster contributions that are present in the CISD approach, and are responsible for its lack of
size extensivity. While no corrections arise for the absolute terms, Eq. (6), so that
a, = H,0 = 4, 1HIn4

0 ),

(10)

we have for the linear coefficients that
bij = nj - A,, 1(11)
where H,, = (k, IHI 41,> are standard CI matrix elements and A,, represent size
extensivity corrections,
AQ= <PojGGjHi4ro>).

(12)

Noting that the product G',GJ represents a linear combination of U(n) generator
products of the type
EX,IE

2

"

Ek,

(13)

where the difference between the subscript and superscript index sets L -{ h1,12,
... lk}
I and U- { uh, U2 , ... , Uk}, respectively, is uniquely determined by the
given product G•GJ, we can give the size extensivity corrections A,, the following
more explicit form. Since H involves at most two-body terms, the index sets U and
L can differ in at most two orbital labels (cf., e.g., Ref. 4]), so that we can distinguish
the following three nonvanishing cases:
(i) U = L, when
A,=( oIH I4o >5, = Eobj .

(14)

(ii) UAL = (U U L)\(U nL)={ u, 1}, when
A,= [f ' + (1l1 'O6,.j,(4o IGIt'ho>
+

7, (mllmu)<C1olGGjEME'•l'o>,

(15)

mIn(u.l)

where nt is the occupation number of the Ith orbital in 4ýo and the sum over m
extends over all singly occupied orbitals in -o that are distinct from u and 1.Finally,
(iii) UAL = {u, - u, u2 m v, 1 - l,/2 = k}, when
Auj = [(I + 6.v)(l + 614-)]-'*.(iulkv)<PoIG,GjE'UEV.'o

(16)
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where 9, is a symmetrizer in u and v labels,
tv , = I + (uv),

(17)

with (uv) designating the transposition of u and v. Further, we defined that
f' = zu + f, [nm(mmjlu) - (mlimu)],
(18)
m

with the sum extending over all orbitals occupied in 1 '0) and z" designating the
one-electron integral (u lil>). Finally, we note that we employ here Mulliken notation for two electron integrals, (illkl) = (iki jfl). Thus, once the excitation
operators G, are defined, we can calculate the size-extensivity corrections A,, as
mean values of multigenerator products in the reference state I4'o). Indeed, this
is the case for all coefficients arising in cc equations, as Eqs. (6)- (8) indicate. The
explicit expressions for these quantities in terms of cluster amplitudes and one- and
two-electron integrals can be worked out either "by hand" or with the help of a
computer program. Our results, including those shown below, were obtained in
both ways.
As mentioned above, we shall present the relevant excitation operators G, and
the corresponding correction terms A,, for the simple open shell case, i.e., for a
doublet state with one electron outside the closed shell. Thus, schematically, we
have that

IJPo) = I[coreO, )..

(19)

Obviously, there is --great flexibility in defining the excitation operators G,, since
our singly and doubJý excited configurations involve, generally, three and five singly
occupied orbitals and we are free to choose any coupling scheme we like. In view
of the fact that we are using the Cl-CC connection, as well as UGA formalism, to
formulate the L-CCSD equations, we shall systematically employ the Gel'fand-Tsetlin
basis and thus define our excitation operators in such a way that they produce
electronic Gel'fand states when acting on our reference configuration. In this way
the existing ca programs, employing Gel'fand-Tsetlin basis, can be simply modified
to obtain L-CCSD formalism once the corrections Aj, are known.
To simplify our notation, we designate core orbitals by the letters from the beginning of the alphabet, i.e., as a, b, c, etc., while reserving the letters r, s, t, etc.
from the end of the alphabet for virtual orbitals. The only valence (active) orbital
is labeled by p as already indicated in Eq (19). Moreover, we shall assume that
our reference I-to>, Eq. (19), represents an ROHF wave function and that the SCF
orbitals are numbered in the order [core] [virtual] Lactv ,]. The desired excitation
operators then take the form:
(i) Single and pseudosingle excitations:
(20a)
G, = E,

(20b)

GP = -EP,
r=

(lI/i2)Ea
)(EaEp + EpEa)
I(l/

(m = 1),
(m = 3).

(20c)
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Here and in the following, the intermediate spin multiplicity, designated by m
(in = l, 3). is emplo.ed to label different components of the same multiplet.
(ii) Double and pseudodouble excitations:

"

-"a(-1)•""

"7•,,EaEb•./n2(

I + 6,,h)
(in= lfora=b in= 1.3 fora<b), (20d)

"'Gal,

(-Vl)•""l

+6,,[LE,, + (in

- l-,,]

V-m

(in= I for r =s: in= 1, 3 for r < s) . (20e)
1
' Ga
• =

-"""

r,a•Ux•C

2

;EE

-( I /06) .....
-(2/V6)
( I / EIEl
Il/;6)V 4

(20f)

r

,(

(20g)

(in

3) .

(in

I)',

(20h)

(in = 3).

(in) = 2)

R/2-l,,lJ

"'G, (1/2)V3)4.a),
(1/6) ,
(l/6••) 3 S,,,(-EaE; , + Ea',EE + 3EýE')

(in = 3),
(in = 4),

(20i)

(In = 5)

Inthe last case, when five singly occupied orbitals are involved, we distinguish the
five resulting doublets by the superscript in, in = 1, 2, 3. 4. 5. The spin-adapted

symmetrizer "W,, is defined as
rn)- n•
=) PnGrrP 14)()(n

,,1,91=1

/+(22-n)(ij) (in= 1,3).

4
(21)

The corrections A,,, associated with excitation operators (20). are given in Table

1,while the required coefficients, appearing in these exp-essions, may be found in
Tables II and 111. It should be noted that these expressions reflect the symmetry
that is involved in the excitation operators employed. Consider, for example, the
most complicated case of du'hly excited states involving five open-shell orbitals,

I

aih

). The resulting five doublets may be characterized by the fol-

lowing Young or Weyl tableaux

"1,

2+(2

1

j

1

1.3(22)

where, for greater simplicity, we designated the singly occupied orbitals a, b, r, s,
and p byI, 2. 3. 4. and 5. The symmetry, or transformation properties, of these
states with respect to transpositions (ab) and (rs) of core and virtual orbitals, respectively, are summarized in Table IV. Note that the symbol 131] implies the
transformation property characterized by [31] partition, namely.
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1 ABLI I

Size ex.tensi%it% correction term .-1, for the simple open shell doublet case
6,

'6

Footnote

67
"(6;

11/ 1Ir.+ ".allpp,)]

(iP

h jn/21(2
- in)(71
_ 1.

-,

I~/
rp)

(bpIpp)]pr

(i)=r < s: Vln 7 [(,n - 2)f + (ap I -s/)]
sii> r: V'M,
5J'a
1f + Vnij(aprI y)

z rii< s:6,,

(ar Irp)

G(P,
"("Vl,/2

[2 bi, I + (2 - n~ap Irp)]

G(,
-(i

(r

< s)

a[I+ (all IPP)]

6,'(2
GP

in)VmI/2 (a%Itp)

-

mt-/2[(2 - ny)(arlsp) + (as jrp)]
- m)[6,,,.g - I,,(ap;.sp)J

"(4,(2

in)In2P

C

(i(2

-

"(4,.(2

- in)(n - 2) i_.[4 +
-

(a < h)

PV~I

1/i/2 it2 -

(aop
Ipp)]
in)arlI bp) + (all b r)]

-(2 - mVn)127(hrrIrp)

U

-b,/t.- (2

'G.(2
G,44(

inl)

-

(i) I-

-

mi)(2 - n)(VnnI2)(hpIr)Iq)

611/2 [ I p + 01bpl/)1)]

r: 1V)Dj[(a~Ibp) -J-a.,(aplb%)]

(ii) I = %:V52Ci(~arIbpl) + a,(apjhr)j

c =a: V2ab,[h,4(,,,rIsp) + D,,,(hvIip)]

(;P(i)

Oil) c
(i) c
(i i c

(iii)

V~i',[CjC,(arj.Is) + Dmj,(asIrp)j
a,,I r *Am, I'h + C,,~(hpIsp)

=b:

a.
s' B, 1'
b.= r: a,.If
b.

(i%) c = /7,

"(G,

:

D,_(Qp Irp)
+ Cm,,(ap Isp)

aiL,,,4, + D,,,(apjrp)]

(i) i

r,

(i)

a. (i,,,,[I + 0h1p)]1P'
b a.ii(;..[= I.P + (aI'Ipp)]

(it)

.

W,. defi ne \*,
I V +""
A,,+,
'Wh~n ( = a. S~mmetric it) (a. b) when ni -i and antisyrnmetnic to (',. b" when ill= 3.
' When t= r. S~mmctric to (r. s) when .n =I and antis~mnictric to (r. v) when in = 3.
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IABI FII.

Coetficients appearing in size extensiit\i

correction terms A. of Tables I and V.

n3

I3

,f

I3

mI

t

..-

I

1,,
,,,,,

-1/2
1/2
1/2
I
-1/2

-y,.,,

I

I

I

01/2
- 1/312
- 0/2
0
0/2

V3312
- I/2V/3
1/ 3
I/2 0
1/2V3

1/2
1/2
0
1/2
1/2

3

1 3 +

(34)

and similarly for the last Young tableau in (22). We thus see immediately that the
symmetry with respect to the transposition (ab) is represented by the coefficients
a,, of Table II1. To understand the symmetry with respect to the transposition of
virtual orbitals, (rs). we define the following matrix T,

10 0

-1
T=

0

0

-1/3

I

a.,
h,,
..1,A,
B,,,_

-. ,
-A,

C,,,,

-\s

I
I

(6-,

X4

2 V22

/3

j

3

I
--I
0

-I

0

-A

I
A*½

4

5

I

-I
-I
0

-I
-I
0

0

0

2

3

4

V-

0

X3

-A 1

-A 2

-At,

A,

V7

0

-A5

\6

- %(

- Is

1

16

\

-A

-

-A(,

X6

V

0

N6

Ns

-A.5

A6,,

A

-A

I

A6

- v2

0

0

0

0

0

0
0

0
0

0

-A6

A

I

A.

-Xi

-A

6

A(6

2

A7

5

0

0
A.s

.A
.A

2

0
A.\

-AXf

F1,,,,

F_',

0

(24)

.

I3

m

I),,,,

0
2V2/31

-l

0

Coefficients appearing in size extensitivit. correction terms A.,of Tables I and V.'

n

D_,
U,,,,

01
0

0

0

-0 0

TABLE II.

0

--Vs

A5

-AK

x1
-Al

-.

6

0

-. \,o

-x,
X1

0

-xA
.X4

V.312"
Vj

II!1.

A`4

"- V'1

-X.5

"The following definitions are used to simplify the table. x, = I1 2.=A
= 2/153: .A5 = 1/2V-2 A, = V_/2V2. x7 = 3/2V2: .x, ý 1/216" .\9 = 5/2146: .i,,)=

4

9

V

-A7 5

-A
0

116,
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TABLE IV.

Transformation properties of five
doublets. charactenzed by Young tableaux,
Eq. (22). with respect to transpositions
(12) - (ab) and (34) - (rs).
rn

(12) - (ab)

I

S

S

2
3
4

S
A
A
A

A
A
[31]
[311

5

(34) - (rs)

S and A designate the symmetre and an-

tisymmetric behavior, while [311 indicates the
transformation property of [31] partition, Eq.
(23). See the text for details.

as implied by Table IV and Eq. (23). It is then easily verified that the 5 X 2 matrices
A = [A,,,], B = [Brmn], _.c., with entries given in Table III, satisfy the following

relations
TA = B,

TC = D,

and

TE = F.

(25)

, ie •: nmetry properties involved in the remaining AY terms can be found in an
:.nav -t,:•way.
kcf is stage it is wortl .;hile to observe that the above results immediately imply
•i' -tze extensivity corrections for the closed shell case. TheI only
possible
GI rr
It rs oneI, _rr and
t a-body excitation operators that arise in this case are 'G.G,
G, iGa, 'Gab and
mGa,, (m
= 1, 3). Thus, disreg -rding the cases involving other types of excitation
operators and eliminating any integrals involving the active label p, we arrive at
Aj corrections pertaining to the closed shell case. It is thus easily seen that besides
the most important diagonal terms A,, = E0 , the only nonvanishing AV terms arise
,etween double and single excitation operators. Thus, for example, for G, =
Gab and G1 = 'Ga, we get
A, = (,oI0(mGb)t 'G'aHI-to) = -(2 - m) m /-2f
'.
(26)
In this case, the result is symmetric with respect to transpositions (ab) and (rs) for
m = I and antisymmetric when m = 3. Note that when using RHF orbitals, all
these correction terms vanish, since f a = 0 for any r and a. Finally, in the L-CCD
case, the only nonvanishing correction terms are the diagonal ones, A,, = E0 .
The above-presented scheme may be easily-at least in principle-extended to
other open shell cases, provided that we can define a suitable set of excitation
operators. For the simplest open shell singlet case, describing low energy excited
states of closed shell systems, the required set of excitation operator may be found
in Ref. [20]. The size extensivity corrections AV corresponding to this set of excitation operators is given in Table V. We have also formulated the same formalism
for simple open-shell triplet states.

TABLE V.

Size extensivity correction terms AO, for the open shell singlet case.'
GFootnote

G,
G,

~2If ý+ (0,1kk~)]

GAý

"'(,
G'
GA
G

,4

+ (aklkk) - (aFIkk-)]
01-.b7V/2[f*.
O 1fn-i/2 f* + 2(kk/ki,~)]
a.,,,V5[ff + (kkjkIF)]

)- (k 1)]
+k'l, f +( skIU

+ 56b)[(ak IbA) + (aFI bk)J
O'S. 0A I~/
- mXbkjI rk)+ 26m.,(bklI rk)J
(2
[fr
Fml2
N.,,
Gk
- 2(brl10))
Irk)
j(bk
Vm/12
N.,
Gk
+ (bklIkk) - (bk 19)]
-+b.abaim.,,ffk
I~)'Vl
'h
"(4'
GýP
6,.,(lIV2)[frk + 2(rklkk)]
-6_21p, + (kklkk)]
'Gc4kh
(NhV)~~f+ (bklkk)] - (bklkkT)]
(it
-[f + 2(aklrk) -(aklrk)J
-GGI
V2[m+ Fm12 (akIsk) - &3,,(ak Isk))1
V-2iý,fv + Vm/2(ak Irk) - j,(kIr)
-[2(arlIkk) - (akIrk)]
G4L
FVj,,,i2(asIkk) - (akIsk)]
0- ,,i [2(ar Ikk) - (afl rk)]
Gk -V-m(l -+6,,)2[(rklsk) + (rkjsk)]
-V2-&i4I~ + 2(kklrkF)]
".61

b

GA

i~jff, + 2(kk Irk-)]
[fo + (aklIkk) - (akIkk)]
(I + 6.~)/2 V-mI12
+ (kklkk)J
.ý[
r~
"Ga
G ~ (-1/2)If*,+ 2(kk Irk)]
(Il/V-)ýmrff + 2(kklIsk)J
(I/V-)jý,,, 1If' + 2(kk Irk-)]
(ar ak)
G
Gk (ar Irk)
V-.12[5,, 2 fw,+ (2 - .Xap Irp) + (aq Irq)J
"(4a
Irq)
-V2-(rp
Gr7
V2 (apIaq)
GN
[pr + 2(r)FIkk)]
1 'aG
-[Pk + (aklkk) - (ak-lkk)]
'G.ý
G ~ [2(arlkk) - (ak Irk)]
O 'Vm12(as Iak)
U,
(41
- mXarlIsk) + (as Irk)J
Gi
k.
01Mýrm12[(2
Z
(2 - m)Ib,.f, + t.im,,, [,(2 - n)(2 - mXaplIsp) + (aqlsq)J)
"Va

d
d
d

c

9

Gý,

G

(r< s)

hi
h

(Continued)

TABLE V.

G,

(Connnuzud)
Footnote

6,G,
G P~

-6.1 (rp Isq) + (rq 1sp)J

"r'

bm,(II/V-2f2(a
Ikk) - (aklIsf)J
-074
Vntl[(2 - 'n~arlbA) + (aklbr)]

G af
mO~h Gil
ýG

G;;
n~r

'G4
G'k
mcil GI

I
G'G

GPA

G11
Ga
.Gl

G

Ilkk)]
[J' + 2(s.
0'~,
e/Vm1
k~( ~,,I ' + (ak IAk) - (a(IkK-)]

~

m "+ IM,,t.1,(2

-

nX2

-

mXbptIrp) + (bqjIrq)]~

-bm, (ap Ib) + (aqlIbp)J
4' 6_ [J'r + 2(rk-Ikk)J
e0Vnz12[I + (bkj~k) -(hTklKk)j
-6,,dl/V2-)[2(br!AkT) - (hA Irk)]d
v'V2Cm,,[(asIbA) + a,,Aakjbý)]
V'CD,,Ij(arIbAk)
+ a,,Aakjhr)j
Il 112Vam,4l3,.,(brIsk) + m,
1 (hIrk)J
?7~1k
Of, 1(arlsk) + C.I,(as
Irk-)]
Amj''f+ &,_[,(bplsp) + (2 - n)h,,AbqIsq)]
I
D,,,,I,
+ 6,[(hplIrp) + (2 - n)b.,(bqIrq)]'
+ (2- n)b,,Aaqlsq)];)
am.A P + em,[,(ap Isp)
am,,B,,,J? + D),[,(aplIrp) + (2 - n)b,,AaqlIrq)])
- 6,,, [rpj sq)+ (rqI p)J
-6m,,[(aplhq) + (aqIIbp)]
+ 2(sT-klkk)]
'4h
)E_[,,d
,j-F
'k+ 2(rX Ikk)]
IkmG..[fJk + (b-klkA)
- (bKlkAk))
- (aklIkk)J
tn%'amii,,,fk + (ak IkAA)
(hklsIkA)]I
Ikk)
2(bs
Am,,,
1
a,,Am,,,[2(brlIkT)
- (bk Irk)]
a,,A.,,,[2(aslIkk) - (ak IsA)]
A,.iI2(arlkk) - (aklrk)I

J

j
J

label k designates either p or qopen shell orbitals. We also use a convention that kT qwhen A
AT p when k =q. The phase factors OT~and i4,' are defined as follows: Om =I. 0' =(2 - M?i. 1 =~
b-, We also define N~t, -)','"1
V1+1 b
bWhen c a Symmetric to (a, b).
'When I r. Symmetric to (r, s).
d When c =a. Symmetric to (a, b) when mi = I and antisymmetric to (a.b) when m = 3.
aThe

=pand

1 t = r = s.
ft r < s.
I

s5> r.

When i = r. Symmetnic to (r, s)when m = I and antisymmetric to (r, s) when m =3.
'c =a < b.
c b > a.
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Example: BeH
We have performed a number of test calculations for various systems of simple
open shell or open shell singlet types, using both semiempirical (namely, PPP) and
ab inulo model Hamiltonians. We shall illustrate an application of the above outlined
open shell L-CCSD method on the 2; state of the STo-3G minimum basis set (MBS)
model of the BeH radical. We employed the ROHF reference and used the resulting
SCF orbitals as the MO basis in our cc calculations. The advantage of this model is
the ease with which we can obtain the full cI (FCI) results, representing the exact
solution for our model. Both the ROHF and the FCI results, as well as the one- and
two-electron integrals required in L-CCSD calculations, were obtained with the GAMESS system of programs [28].
The 2; potential energy curves obtained with the ROHF, L-CCSD, and FCi methods
are shown in Figure 1. In the vicinity of the equilibrium bond length Re, the
L-CCSD energies compare well with the FCI results. At the equilibrium geometry,
Re = 2.538 a.u., L-CCSD yields 100.10% of the correlation energy (-0.022595 a.u.
vs. -0.022571 a.u. obtained with FCI). Similarly as in the closed shell case, the
L-CCSD slightly overestimates the correlation energy [27].

-14.25

BeH (2 _,*)
-14.50
FCI

""t
S.---------

L-CCSD
--- ROHF

ROHF

-14.75
--

--_-...- ---..-----.
_--

-15.00-

1.0

1.5

2.0

2.5
3.0
3.5
Bond Length (a.u.)

4.0

4.5

Figure I. Potential energy curve for the MBS model of the Bell radical obtained with
ROIF. L-C"SI). and Fci methods. Note that two ROMF solutions exist in the vicinity of
4 a.u. (see the text for details) and that the Fci curve represents the exact solution for this
model.

5.0
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As we approach the dissociation limit, the L-CCSD appre-imation suffers a singular

behavior at about 4 a.u., similarly as observed in quasidegenerate closed shell situations [27,29,30]. In fact, this region corresponds to a singular behavior of the
ROHF ground state: Between approximately 3.5 and 4.5 a.u., we can obtain two
distinct ROHF solutions whose energies cross at about 4 a.u. (see Fig. 1) [31]. The
ROHF solution that can be continued when proceeding from the equilibrium geometry towards the dissociation limit corresponds to a mixture of covalent and
ionic structures, similarly as the RHF solution for the H 2 molecule. The solution
that one obtains for large internuclear separations corresponds then to the proper
dissociation limit, the closed shell part describing essentially the Be atom and the
open shell orbital being almost exclusively localized on the H atom [31]. It is
worthwhile to note that this difficult "transition" region is the source of various
difficulties even when one employs the VB- rather than MO-based approaches [ 311.
Although this singular behavior of the L-CCSD approach is overcome when we
include at least quadratic terms in the CCSD equations [32], a more thorough
investigation of the character of this singular behavior would be desirable. We note
that the L-CCSD potential energy curve was obtained by employing the lowest energy
ROHF solution throughout. In other words, the ROHF reference is switched at -4
a.u., where the crossing occurs (cf. Fig. 1). When we employ the ROHF solution
coptinued from the bonded region, much more complex singularity pattern of the
L-CCSD energy arises.
It is of interest to note that the A = [A~j matrix of size extensivity corrections
is much sparser than the CISD matrix H = [Hj]. In fact, if we only consider the
most important and simplest diagonal terms, A,, = Eo (which, in fact, would vanish
if we employ a properly defined normal product form of the Hamiltonian, HN =
H - Eo [2,33]) and neglect all the remaining off-diagonal terms, the resulting
change in the energy, at least in the neighborhood of the equilibrium geometry, is
very small. Thus, using a simplified version of the L-CCSD theory based on the CISD
matrix, namely, defining
a, = Ho,

bj = Hj - Eop,

(27)

will yield very close result to the exact L-CCSD. This is reminiscent of a procedure
advocated by Hoffmann and Simons (cf., Eq. (2.5a) or [34]), assuming that we
employ a multiconfigurational reference, such as given by a solution of the MC SCF
equations or by a suitable linear combination of Gel'fand states. Clearly, such a
method will not be exactly size-extensive; however, minor violations of size extensivity may be outbalanced by the simplicity of such an approach.
Discussion
In this paper we attempted to explore the possibilities offered by SR, but not
necessarily single determinantal, cc approaches. We have also seen that when aiming
for a spin-adapted version of the theory, the UGA- or CAUGA-based formalism can
be very useful. Although the two simplest open shell cases presented here, namely,
a single electron outside a closed shell and a singlet excited state of closed shell
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systems, can be handled directly, without employing special computer codes, the
complexity of the formalism rapidly increases with the number of open shells. For
this reason, a special program (in FORTRAN) was written that is capable of handling more complex open shell systems. A similar program was also designed to
produce the nonlinear form of cc equations and a required code. These programs
were tested on the above presented special cases and are further being simplified
in order to achieve greater efficiency. The description of these codes and their
capabilities will be given elsewhere.

Concerning the linear version of the cc theory considered here, we must stress
again its limitations when applied to general situations that do not correspond to
a bonding region characterizing equilibrium geometries. Nonetheless, even the
L-CCSD results can be very useful if properly employed. It is certainly very dangerous
to make any conclusions when considering only one fixed nuclear conformation.
However, when used over a wide range of geometries, the range of its validity is
easily established. In fact, this region of applicability is already implied by the
character of one-electron MOs and of the reference configuration employed, even
though for more general open shell cases this problem should be investigated in
greater detail.
Let us, finally, address one additional aspect of the formalism described in this
paper. We recall that in order to classify and label the excitation operators G, or,
equivalently, the corresponding excited states I I,,> = G, I Io > that span the excited
state manifold defining the level of the cc approximation employed, we rely, generally, on some suitable chain of subgroups. In this paper we have defined our
excitation operators in such a way that they produce Gel'fand-Tsetlin states, which
are adapted to the well-known canonical chain

U(n)D U(n - 1)D ...

D U(1).

(28)

As already mentioned, the advantages of this choice are (i) the possibility to exploit
UGA formalism and, at least for the linear level of theory, (ii) to rely on the existing
Ca codes and algorithms.
Recalling the orthogonally spin-adapted formalism for the closed shell case [ 331,
we see that the coupling scheme implied by the canonical chain (28), or by the
Gel'fand-Tsetlin states, leads to a rather awkward symmetry properties with respect
to permutation of hole or particle labels, as exemplified by Eq. (23). It is thus
preferable to exploit the following subgroup chain [' 6,35 ]
U(n) D U(rf,.) X U(n,,inw) X G,(n,,t.ve),

(29)

which is presently being explored. Since in any practically viable scheme we have
to restrict ourselves to single and double excitations, the resulting configurations
will involve at most two singly occupied orbitals in the core and at most two singly
occupied virtuals. It is then convenient to couple these orbitals into a symmetric
and an antisymmetric pairs (cf. pp-hh coupling used in the closed shell case [33]).
Clearly, this car.not be done when relying on the canonical chain (28), as seen by
the examples given above, e.g., Eq. (23). Using such a coupling scheme leads to
cc equations having much simpler symmetry properties than when exploiting the
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canonical chain (28). The details of these developments will be presented elsewhere [26,35].
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Abstract
A recently develcped Full Configuration Interaction method is discussed and used to compute wave
functions for N2 and Hs on an IBM RISC 6000 workstation As a further application of the formalism a
cluster and natural orbital analysis of the wave functions is performed for the N2 molecule at various
internuclear distances and for the Hs model. @,1993 John Wiley & Sons. Inc.

Introduction
The Full Configuration Interaction (Full C1 or FCI) method is the simplest among
quantum chemical methods and has the property of giving the best possible wave
function once a one-particle basis set is given. It is not a practical tool for studying
even moderate size molecules, because of the factorial growth of the dimensions
of the a space with the number N of orbitals and the number n of electrons.
However it is extremely important to assess the validity of approximate methods
[I1 ], and also to get a general insight into the structure of the wave function in small
molecules and in model systems. There are two approaches to Full Cl. The first
one uses Slater determinants as basis functions [2-10], tn the second spin adapted
configuration state functions [11,12]. In the second approach the dimensions of
the a space are smaller, but the computer code is more complex and difficult to
vectorize. The first approach seems to allow for better efficiency, in spite of the
longer expansions and the lack of complete spin adaptation. We have recently
developed a a method belonging to the first class [13], which has been used to
compute wave functions with up to 73 million components [ 14]. In this article we
present medium size computations on an IBM RISC 6000 workstation and perform
a cluster and natural orbital analysis of the full a wave functions of N2 and H8 .
In order to test the performance of the method on a vector supercomputer, a few
tests on CRAY machines are also presented.
Description of the CI Method
Although the method is described in detail in [13], we briefly review here its
essential features. According to an idea which goes back to N. C. Handy [2], a
International Journal of Quantum Chemistr%. Quantum Chemistr. S~mposium 27, 287-301 (1993)
ýc 1993 John Wile% & Sons. Inc.
CCC 0020-7608/93/010287-15
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Slater determinant is represented by a product of two strings s, and s 2 specifying
the alpha and beta occupation numbers. If we write down an a, for each I in
position i of the string, we have an ordered product of creation operators defining
the Slater determinant completely, including its phase. If we order the strings in
some way, e.g., in lexical order, the a vector can be addressed as a two-dimensional
array X(s 1 , s 2 ). As usual in direct ca methods, we try to compute an eigenvector
of a huge Hamiltonian matrix H by an iterative procedure in which, at each step,
we have to compute the vector Y = HX directly from the two electron integrals
and the vector X from the previous cycle. Our approach is very simple. From the
second quantized form of the Hamiltonian, one can see that H is a sum of elementary
operators like:
i 1ija ',a,,(I)
(ijkl )a ,,.a ,a ,,aA,

(2)

Ikl)al.ajaj.a,

(3)

(ta

,u, v = a or#3,

1A V

Equations ( I ) and (2) induce a mapping between strings of the same spin, while
eq. (3) induces a product mapping involving both alpha and beta strings. The idea
is to construct, for each operator, two lists of strings mapped one into another
element by element under the action of the operator. Consider as an example
a, a,, which appears in eq. ( I ). We generate all strings in lexical order, incrementing
a counter c at each step. As soon as a string is constructed, we examine it. If we
find that orbital i is empty and orbital I is populated, we add the string (or, better,
the value of the counter c) to the list labeled by orbital indexes I and i, in order.
At the end of the process we have a list of all strings having orbital i empty and
orbital / populated. This list will be put in an array OV(mn; i, 1) where rn labels
the string, i the occupied, and I the empty orbital (the name 0V comes from the
words occupied and virtual). The numbers of strings accumulated in the OV lists
are also computed and stored in an array NOV(i, 1). Now, as shown in [13], one
can prove that the operator aa 1 sends the string OV(m; 1, i) in the string OV(m;
i, 1) multiplied by a sign factor or phase. The proof relies upon lexical order and
extends to operators of type (2). These operators will use lists of strings having two
orbitals, k and 1, populated and ij empty; we call these lists OOVV(m; I, kj, i).
In order to realize the correspondence induced by type (3) operators, we use the
OV lists twice. Since the lists actually contain addresses or pointers, the mapping
in determinant space is realized as follows:
Y(OV(m;" i, 1), I) - X(OV(m; 1, i), I)*phase*integral

(4)

for type (I ) operators, or:
Y(OOV"V(inzj, i, k, 1), 1) *- X(OOVV(m; k, 1,j, i), 1).*phase* integral (5)
Y(OV(mn; i, k), OV"(n;j, 1))

.-

X(OV(m; k, i), OV(n; 1,j))*phase*integral

(6)
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for type (2) and (3) operators, respectively. The phase factors can be stored as

separate arrays, or can be incorporated into the addresses. These phases are actually
the nonzero values of coupling coefficients [ 5].
Our method is essentially integral driven and the strategy is to scan the two

electron integral supermatrix, to pick up for each (ik Jj1i all the corresponding X
values, and accumulate the product in the proper location of Y array. In this way,
integrals which are zero by symmetry or for some other reason are easily skipped.
We will consider the implementation of the two electron loops only. In its simplest
implementation, we keep in memory X, Y, the lists, and the two electron integrals.
The dimensions of X, Y grow very fast with the number N of orbitals and the
number n of electrons; the length of the lists also grows fast, but less rapidly than
the FCI vector. It becomes something like 10% or so already for vectors of dimensions
107 [13 ]. As a second step, in order to treat larger problems, we can exploit symmetry
and divide the strings in blocks. In such a case, we collect all strings of a given
symmetry in the same block and order them lexically within each block. A third
step consists in dividing X and Y arrays in arbitrary blocks simply according to the
length of the array, according to how much memory is available in the computer.
This extension can be coupled to the symmetry blocking and requires no essential
modification of the lists. We will not examine this possibility here.
Consider the structure ofthe two main loops #33and a#3, originating from operators
given in eqs. (2) and (3), respectively. The simplest one is the 1313,
which, in the
case of no symmetry, reads:
/313 LOOP
loop over orbitals i,j, k, I
v = (ikljl) - (illjk)
loop m = 1, length of list OOVV(i,j, k, 1)
I = OOVV(m; k, I,j, i)
S = v*phase
J = OOVV(m;j, i, k, 1)
loop K = 1, number of a strings.
Y(K, J) = Y(K, J) +X(K, J)*S
endloop K
endloop m
endloop i,j, k, 1
The inner loop vectorizes at unit stride; its length is the a dimension of X, Y
arrays; it can be implemented using BLAS routines SAXPY or DAXPY. The characteristic feature of our loop is the use of the two-electron four index list OOVV.
The overall operation count is essentially the same as other schemes, like Olsen's
[61 or Zarrabian's [7,8]; however the structure is simpler and the intermediate
states are completely bypassed. The structure of the aa loop is similar. In this case
the inner loop would vectorize at nonunit, although constant, stride. One can perform a transposition of the X, Y arrays before the loop in order to have stride I,
which gives better vector performance. In the case S: = 0, as pointed out by Olsen
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[6], the contribution of the aa loop is simply given by that of f3f times (-I)s,
where S is the total spin. This means that we can halve the number of operations
and force a definite spin reversal symmetry from the outset.
Consider now the case wlen we group in the same block all strings of a given
(abelian) symmetry. The strings are in lexical order within the block and we have
a list for each operator and symmetry block. The addresses stored in the lists are
relative to the blocks. Moreover, any operator has a definite symmetry, so strings
of a given block are sent to strings of another block of definite symmetry. The
structure of 3f3 loop is now embedded in an external loop over symmetry indices
of Y and X blocks; at each step we read block X of symmetries x., xf and compute
its contribution to block Y of symmetries y., y#; once a block Y is completed, we
write it on disk. Furthermore, the four index lists need to be computed only for
those quadruples of indices which are totally symmetrical. Therefore the string
symmetry is not changed and this loop will be done only in the "diagonal case"
when x. = y,, xO = yo. The dimensions of blocks tend to be quite balanced, even
when the orbitals are quite unevenly distributed among the various symmetries.
As far as the a# loop is concerned, one should remind it is the most timeconsuming part of the algorithm, due to an higher operation count and to its intrinsic
complexity. The mapping induced by aaoaaoak, is a product of an a and a /
mapping of the type described for the #3f loop. The lists used are the shorter oneelectron two-index lists. In this case the inner loop will not run over all strings in
a block, but on those contained in the one-electron list: this means that components
of X, Y arrays are not scanned one by one in sequence, but there are in general
random jumps, although some structure is preserved. In order to achieve efficient
vectorization, one must use gather-scatter operations as pointed out by [ 6 ]. In our
scheme we use two auxiliary arrays of dimensions that can accomodate as many
rows of X and Y array as there are elements in an OV list. The loop structure is
given in the following (0 denotes the group multiplication, and we use the index
of an orbital to indicate also its symmetry):
aO3 LOOP
loop over block indexes xa, y,
x, = Symmetry of ci vector 0 xi',
yý = Symmetry of ai vector 0 y,6',
loop over i, k orbitals (a spin)
skip when (x, 0 i 0 k 0 Ya) not totally symmetrical.
gather rows of X array in a scratch XS multiplied by the a phase; the rows
correspond to the entries in OV(k, i; x.) (vectorized at constant stride).
define NLEN = number of rows transferred.
loop over j, 1orbitals (# spin).
skip when (x# 0j
0)
10 y#) not totally symmetric.
loop m = 1, length of OV(I,j; xO)
S = phase*(ik fl)

291

ANALYSIS OF FULL c1 WAVE FUNCTION

I = OV(m; /,j; xo); J = OV(m;j, 1, yo)
loop K = 1, NLEN
YS(K, J) = YS(K, J) + X(K, I)*S
endloop K
endloop m
endloopj, I
scatter NLEN rows from YS array to Y array; the rows correspond to the
entries OV(i, k; x.) (vectorized at constant stride).
endloop i, k
endloop x3, y0
Lists of all symmetries are needed, i.e., no reduction of list length takes place.
The length of the inner loop NLEN affects the efficiency on vector machines. We
group together two columns of X and Y, in order to have maximum NLEN, i.e.,
the columns corresponding to the terms a~atjaiaA and a'ala,a, of the Hamiltonian.
In order to assess the effectiveness of the method we present here some computations carried out on a workstation IBM RISC 6000, plus a few tests on CRAY
Y-MP and C90. The symmetry adapted version of the program was used. In Table
I we report energy values computed for water with DZ basis [3] at equilibrium
geometry. It is a small computation performed in order to test the program and to
illustrate all the possibilities offered by spatial and spin reversal symmetry. A preliminary SCF computation on the ground state of water was performed by using
the program CADPAC [ 15 ]; the MO's obtained were used to expand the FCI wavefunctions for all cases reported in the table.
A larger and more interesting test case is given by the Ne atom in a [5s3p2d]
AO basis and with eight active electrons, because it can be compared with earlier
I. FcI energies (a.u.) of water with DZ basis [3] with C2,
geometry. Eight different states are reported (the lowest states for
each symmetry). For the four different spatial symmetnes both singlets
(spin rev. = + 1)and triplets (spin rev. = - 1)are considered.

TABLE

Symmetry

Spin rev.

Fto,
0,

N

A,

+1

-76.157866

-1

-75.797148

A2

+1
-1

-75.761016
-75.779894

1,017,744

B,

+1
-1

-75.670399
-75.721598

1,001.536

B2

+1
- 1

-75.742374
-75.867480

1.002,016

1,002,708
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calculations by Bauschlicher et al. [16] and by Olsen et al. [10]. The basis set used
in our computation is slightly different from that of Refs. [161 and [10], because
we used 6-component d-functions and discarded the two highest SCF orbitals of ssymmetry, in order to have exactly the same number of orbitals as a [5s3p2d]
basis with 5-component d orbitals. The only difference between our basis and that
of Ref. [16 ] and [10] is in the radial part of the s functions, not in their number.
For this reason we get a correlation energy slightly different from that reported in
Ref. [16], i.e. -0.245093 hartrees instead of -0.244864. Various timings are reported in Table II. The values reported for the IBM RISC were obtained by using
the function MCLOCK() and include the contribution of I/O, which amounts to
about 10%. It is remarkable that on a workstation we have essentially the same
time per iteration as on a CRAY 2. An all-in-core version of our program was run
also a CRAY Y-MP and on a CRAY C90, giving the times reported which of course
do not include any I/O. These results demonstrate that medium size full cI computations can be efficiently carried out on a workstation.
Encouraged by this result, we decided to consider a larger case, i.e., N 2 in a splitvalence or VDZ basis. Using 18 active orbitals and 14 correlated electrons, the
dimension of FCi space is 126,608.256 determinants, distributed in 8 blocks of 16
millions each in D2h symmetry. The iterative process requires a large amount of
I/O (about 9.5 Gbytes per iteration), and therefore the use of asyncronous
I/O routines (BUFFER IN/OUT) is recommended. The efficiency of the parallelization of our code can be judged from the following data. A preliminary calculation performed on CRAY Y-MP (4 cpu, 64 Mw core memory) gave a total
cpu time of about 1125 s per iteration using the 4 cpu. with an elapsed time of 910
s. By running the same calculation on a single cpu, we obtained a cpu time of 1060
s per heration, and an elapsed time of 1675 s. Therefore, as far as cpu time is
concerned, the parallelization efficiency is 94%, the contribution of I/O being essentially the same in both cases (about 600 s).
This problem was however too large for our RISC workstation. Therefore we
discarded the two highest MO'S of a symmetry and got a dimension of 16,631,136
determinants, partitioned in eight nearly equal blocks in D2h. In Table III we summarize timing data on the RISC 6000 for this and other smaller cases, measured by

TABLE Ii. Comparison of iteration time (in seconds and seconds per million determinants) for Ne 'S,
(5s3p2d) basis set, eight i ýe electrons. G is the symmetry group used for the calculation, IV, the
number of determinants ol the FCI vector using this group, and T,, the iteration cpu time. T,, is given in

seconds and T,,/N,, in seconds per million determinants.
Reference

G

Nd.

Computer

T"

T,,/N&

Bausehlicher et al. 1161
Olsen et al. [101
Present work

D2h
D•,h
D~h
D2h
D.h

9,805,897
5,502,533
9.805,897
9,805.897
9,805,897

CRAY 2
IBM 3090/VF
IBM RISC 6000/950
CRAY Y-MP
CRAY C90

1368
360
1482
85
45

139.5
65.4
151.1
8.7
4.6
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TABLE Ill.

Timing data (in seconds and seconds per million determinants) on IBM Risc 6000/950 for
different systems.

System:
State:
Basis set:
Active orbitalsCorrelated electrons:
Symmetry group:
Symmetry blocks:

H20
'A,
DZ

4

Ne
IS
[5s3p2d]
23
8
D2h
8

8

H,
'Ai,
DZ
16
8
D2h
4

Number of dets (N,,)

1.002.708

9.805.897

16.36 1,136

828,688

126
126.0

1480
151.2

1810
110.6

90
108.4

14
10
C2

Iteration time (T,,):
TJ/N&,

N2
X1 Z
VDZ
16
14
D2h

the AIX function MCLOCK). They are average values including the contributions
of all CPU time used during an iteration (HX, 1/0, normalization, - - •) in the
presence of another concurrent job. The cPu time per million determinants is
frequently reported as an indicator of the efficiency of the program; in our case it
is in the range 100-150 s/million determinants. The time values reported for N2
are lower than those given in Ref. [13 ] for a similar computation. due to the use
of the BLAS routine DAXPY.
Analysis of the Wavefunction
Natural orbital analysis [17] is a well-known procedure to get some insight into
the structure of the wave function. The one-electron density-matrix (one-matrix)
p in the MO basis is easily computed from the Cl vector and the one electron lists
OV. The ij element of the spinless one-matrix is simply given by:
Pij =

I

I

X[OV(m; ij).

K]X[OV(m;j, i), K]

m=I.NOF'(t.j) A' i.Astnngs

+ X[K, OV(m; i,j)]X[K, OV(rn;j, i)]

(7)

when S: = 0 and the wave function is totally symmetric in an abelian group; it has
no ao3 contribution. The eigenvectors of the one-matrix are the natural orbitals of
the system, and the eigenvalues are the corresponding natural orbital occupation
numbers.
An important underlying structure of the wave function is associated with th,:
cluster expansion. This was discovered long ago [ 18 ], and constitutes the basis of
the various coupled cluster methods [ 19] which appear to be powerful and promising
tools at our disposal for computing molecular properties [20 ]. The cluster expansion
of a closed-shell FCI wave function can be written as:
IFCI> = exp(T, +
where Ti, 7T. T 3,

- - -

T 2 + T 3 + - - ")ISCF>

are cluster operators defined as

(8)
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Tk =

lk(i
W
11.. IEOCC P1...

ik;P.h

pk)al

a

a.,.(9)

PtEvirt

They fulfill the following equations:
[TA, T1] = 0

(10)

Tln/k]= 0

(11)

where n is the number of electrons and [n/k] is the ratio rounded to the nearest
integer > n/k.
A cluster analysis of the Fa vector can be performed along the following lines
(see for instance [21]). First of all, the matrix elements of the cluster operators are
extracted from the coefficients of single, double, triple, • • • excitations of the Fa
the operators transforming
vector in the following way. Denote C 1, C 2, C3 ,
the SCF vector in the FCI one:

IFCI = (I + Cl + C2 + C3 + .)SCF)

(12)

in such a way that the matrix elements of C1 , C 2, C 3 are the coefficients of single,
double, triple, • - • excitations, respectively, in the intermediate normalization
(FCISCF) = 1, (SCFISCF) = 1. The operators CkAare therefore given by expressions
analogous to those of the TA.
C=
Ck(i,, . . . , ia; p, . .pk)a,
..
. ....

P1,.... ,pDvzrt

(13)
By equating eqs. (12) and (8) we obtain the chain of equations [22]:
(14)

T, = C1 ,
-T'
2

+ T2 = C

2

(15)

and so on. These equations are easily solved, and they give
t1 ( i; p) = c,( i; p),

12 (i,j; p, q) = c2(i,j; p, q) + 1/2(1 - P,j1)( I - Pp,q)c1(i; p)cl(j: q)

(16)
(17)

and so on. Here P,., and Pp~q are permutation operators exchanging the indexes i,
j and p, q, respectively. Once the matrix elements of the cluster operators are
known, we can compute the vector resulting from the application of any polynomial
in T 1 , T 2, T 3, - - " to an arbitrary vector of the FCI space. If we restrict ourselves
to T, and T2, this requires nothing but the same algorithm described for the application of the Hamiltonian operator. The computer time required in this cas,, is
much smaller than a FaI iteration because the number of nonzero matrix elements
of T, and T2 is much less than the number of nonzero two-electron integrals. This
can be seen from the values of indexes i,j, • • • and p, q, • • • which do not span
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TABLE IV. Computed values of energies and related quantities for the ground state X12:+

",' at
-various levels of approximation. R is the internuclear distance (R. = 2.12, close to the equilibrium
distance), Method represents the level of approximation (see text); Et., is the total energy; E., is the
difference with the SCF energy, cosscF is the cosine between the approximate vector and the SCF vector;
cosFci is the analogous cosine with the exact FCI vector. All values are in atomic units.
R

0.5 R,

Method

Etot

E

%ErC

cosra

cosset

sCF

-104.905525

0.0%

0.988201

1.000000

FC1

-104.989179

-0.083654

100.0%

1.000000

0.988201

SD
exp SD

-104.986737
-104.988142

-0.081213
-0.082617

97.1%
98.8%

0.999803
0.999886

0.988396
0.988315

SCF
ITO
SD
expSD

-108.818276
-109.022844
-108.999695
-109.014873

0.000000
-0.204568
-0.181419
-0.196597

0.0%
100.0%
88.7%
96 1%

0.947271
1.000000
0.996714
0.998655

1.000000
0.947271
0.950394
0.948893

1.5 R&

ScF
FCi
SD
exp SD

-108.518520
-108.897984
-108.791008
-108.871607

0.000000
-0.379464
-0.272489
-0353087

0.0%
100.0%
71.8%
93.0%

0.797811
1.000000
0.969170
0.993576

1.000000
0.797811
0.823185
0.803943

2.0 R,

SCF
FCi
SD
exp SD

-108.226273
-108.825898
-108.588260
-108.769450

0.000000
-0.599626
-0361988
-0.543177

0.0%
100.0%
60.4%
90.6%

0.442780
1.000000
0.847671
0.970143

1.000000
0.442780
0.522335
0.387482

10.0 R&

SCF
FPC
SD
exp SD

-107.750890
-108.815249
-108.351849
-108.672174

0.000000
-1.064359
-0.600959
-0.921285

0.0%
0.243124
100.0% 1 .000000
56.5%
0.694635
866%
0.908307

1.000000
0.243124
0.350011
0.157619

&

0.000000

the full range of N orbitals, but only the occupied and the virtual orbitals in the
SCF determinant, respectively. We can also easily compute the vector
Iexp SD> = exp( T,+ T 2 )ISCF)

(18)

because the exponential series breaks down to a polynomial in T, and T 2 thanks
to the nilpotency property eq. ( I ). This vector can be compared to the FCI solution,
and to the other vector

ISD)

=

(I + C,

+ C

2

)ISCF)

(19)

i.e., with the FCI solution projected on the space of those determinants which are
at most double excitations from the SCF. We note that both I SD I and Iexp SD)
are in the intermediate normalization. The vector (18) contains all unlinked higher
order excitations coming from the connected single- and double-excitations of the
FCI vector.

From an approximate vector I''), either I SD) or Iexp SD), we can compute
thp "variational" upper bound to the energy:
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TABLE V. Occupation numbers of the natural orbitals of N2 at vanous internuclear distances. The
occupation numbers of Io, and I c, natural orbitals differ from 2.0000 by less than 5 10- at all internuclear
distances.
a) R = 0.5 R,
Symmetry

FCI)

ISD)

2a,
3a,
2a,
IV,
1 ,
3ac
4a.
2wr
4a,
27r,

I 9925
I 9976
1.9882
1.9875
00150
0.0078
0.0025
0.0017
0.0017
0.0007

1.9928
1.9977
1.98?5
I 9878
0.0146
0.0076
0.0024
0.0016
0.0016
0.0007

b) R = &
Symmetry

IFCI)

I SD)

2a,
2,,
3ag
1wr
17,
3ao
4a,
2r.
4a,
2r,

1.9896
1.9796
1.9733
1.9227
0.0809
0.0234
0.0093
0.0058
0.0041
0.0010

1.99 10
1.9815
1.9773
1.9307
0.0728
0.0201
0.0082
0.0050
0.0036
0.0008

IFCI)

ISD)

1.9883
1.9816
1.8753
1.6596
0.3386
0.1249
0.0083
0.0066
0.0050
00027

1.9921
1.9862
1.9217
1.7348
0.265S
0.0790
0.0048
0.0043
0.0028
0.0015

IFCI)

SD)

c) R = 1.5 Ro
Symmetry
2a,
2a.
3a,
1lr
IT,
3ac
2w,
4o,
4c,
2w,
d) R = 2.0 Ro
Symmetry
2v,
2ac
3a,
Iw,
I w,
3#,

I 9941
1.9916
1.4836
11719
08211
G5132

1.9980
1.9966
1.7257
1.4185
0.5783
0.2738

jexp SD)
1.9927
1.9976
1.9884
1.9877
0.0148
0.0077
0.0024
0.0016
0.0016
0.0007
lexp SD)
1.9903
1.9807
1.9754
1.9266
0.0770
0.0219
0.0088
0.0052
00038
0.0008
lexp SD)
1.9900
1.9835
1.8929
1.6756
0.3262
0.1083
0.0048
0.0054
0.0034
0.0018
iexp SD)
1.9960
1.9945
1.3424
0.9671
1.0320
06585
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d) R = 2.0 R°(Continued)
Symmetry
2rý
4a,
4or
27r,
e)R= 10.0 R&
Symmetry
2
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(Continued)

IFCI)

ISD)

Iexp SD)

0.0065
0.0057
0.0048
0.0041

0.0033
0.0021
0.0014
0.0011

0.0017
0.0021
0.0024
0.0012

IFCI)

ISD)

I exp SD)

a,

1.9961

1.9995

2aý
3a

1.9961
0.9969

1.9995
1.4174

1.9984
1.9984
0.6086

17ru

0.9969

1.4174

0.6085

17r
3aý
27

0.9969
0.9969
0.0044

0.5802
0.5802
0.0007

1.3911
1.391 I
0.0007

4a
4aý

0.0044
0.0044

0.0020
0.0007

0.0007
0.0007

21

0.0044

0.0020

0.0007

/= iPJlnH ,)(iJ
~

(20)

which gives information about the ability of the vectors (18) and (19) to approximate
the FCI solution. Another measure of the same property is given by

<' IFCI)

IIFCI1
cosFC = 1 +11'l

(21)

i.e.. the cosine of the angle between vector I '') and IFCI).
Remember that our cluster analysis is only partial: the importance of connected
excitations of order higher than 2 can be obtained only indirectly by comparison
with the FCI results.
Applications to N 2 and H8
With this technique we have investigated two systems. The first is the N2 molecule
at five internuclear distances and using the VDZ basis [23] truncated to 16 MO'S.
The results are collected in Tables IV and V. In Table IV we collect total and
correlation energies for the following functions: IScF), IFCI), the projection of
]FCa) in the space of singles and doubles, denoted by I SD>, and the exponential
[exp SD) defined in eq. (18). The cosines of the angles of any vector with IFCI)
and ISCF) are also reported. From these data one can follow the increase of correlation energy with the internuclear distance. It is remarkable how the Iexp SD>
manages to recover a large fraction of the correlation energy: 85.4% of FCI at ten
times the equilibrium internuclear distance, i.e., 21.2 bohr. At this distance the

298

BENDAZZOLI AND EVANGELISTI

TABLE VI

Computed values of energies and related quantities for the ground state 'A,, of Hg at various
levels of approximation a is the distortion from the Dsh symmetry, Method represents the level of
approximation (see text), E,,, is the total energy; E.,, is the difference with the SCF energy; cosscF is the
cosine between the approximate vector and the SCF vector; cosFci is the analogous cosine with the exact
FCI vector. All values are in atomic units.
a
1.0000

Method
SCF
FCI

SD
exp SD
0.1000

SCF
FCi

SD
exp SD
0.0100

SCF
FC

SD
exp SD
0.0010

SCF
FCi

SD
exp SD
0.0001

SCF
FCi

SD
exp SD

Etot

E.,

%EFC1

cosFci

cossc
5

-4.284048
-4.416537
-4.404999
-4.415626

0.000000
-0.132489
-0.120951
-0.131579

0.0%
100.0%
91.3%
99.3%

0.936431
1.000000
0.997102
0.999768

1.000000
0.936431
0.939153
0.936703

-4 167991
-4.315812
-4.291160
-4.308775

0.000000
-0.147821
-0.123169
-0.140784

0.0%
100.0%
83.3%
95 2%

0.836074
1.000000
0.991633
0.996730

1.000000
0.836074
0.843129
0.838160

-4.149155
-4.308362
-4.265770
-4.289768

0.000000
-0.159206
-0.116614
-0.140613

0.0%
100.0%
73.2%
88.3%

0.687678
1.000000
0.983508
0.991195

1.000000
0687678
0.699209
0.691383

-4.147195
-4.308064
-4263109
-4.287676

0.000000
-0.160869
-0.115913
-0.140481

0.0%
100.0%
72.1%
83.3%

0.666401
1.000000
0.982443
0.990397

1.000000
0.666401
0.678309
0.670158

-4 146999
-4.308040
-4.262846
-4.287467

0.000000
-0.161041
-0.115847
-0.140468

0.0%
100.0%
71.9%
87.2%

0664227
1.000000
0982336
0.990316

1.000000
0.664227
0.676171
0.667987

triple bond is completely broken, as can be seen from the occupation numbers of
natural orbitals reported in Table V. However, the absolute error in correlation
energy is very large, i.e., 0.155826 hartrees. These data clearly indicate the importance of connected triples, quadruples, and higher excitations in the FCI vector at
large internuclear distances in N2 . These data also suggest that a "variational"
single reference SD coupled cluster wave function is not adequate to compute a

quantitatively correct dissociation curve for N2 molecule, even though a variational
optimization of the matrix elements of T, and 7T,would increase the percentage
of predicted correlation energy. In this connection is should be reminded that the
usual Restricted Hartree-Fock Coupled Cluster truncated to Single and Double
excitations (RHF-CCSD) gives for this molecule qualitatively incorrect results. The
potential energy curve computed by Laidig et al. shows indeed an unphysical maximum in the region of R = 4 a.u. [24], and seems to decrease to very low values
at large R. The usual procedure to compute the energy in cc methods uses the

transition formula:
(exp SDIHISCF>
<exp SDISCF

(22)
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which is not variationally bounded; both Iexp SD) and I SD> give back to the
exact FCI energy at any distance when plugged into eq. (22). Our results confirm
the usefulness of the extension of cc methods to higher excitations [25] or to
multireference functions [26].
In Table V we report the natural orbitals occupation numbers of N2 at the
same five internuclear distances, for the three wave functions I FCI), I SD> and
Iexp SD>. The first four orbitals (two ag and two o, orbitals) are practically
doubly occupied at any distance. The triple bond is formed by the orbitals 3 0g,
lirx,, and l7riU, while 3 ou, l7xg, and lwr,.g are the corresponding antibonding
orbitals. It is therefore possible to follow the dissociatiun of the triple bond with
the internuclear distance. At long distance, at FCI level, both the three bonding
orbitals and the three antibonding orbitals are populated with a single electron.
Since at large distance they are mainly formed by p atomic orbitals, this corresponds to the correct dissociation of the molecule, with a single electron in
each one of the 2px, 2p, and 2 p,-AO of the two N atoms. The I SD) vector, on
the contrary, has the bonding orbitals more occupied than the antibonding orbitals. This is a consequence of the incorrect dissociation of the closed shell SCF,
since double excitations are unable to produce two neutral atoms starting from
the closed-shell reference. Quite remarkably, the occupation numbers corresponding to the Iexp SD> vector are unbalanced exactly on the opposite way,
with the antibonding orbitals more occupied than the bonding orbitals. This is
due to the absence of linked higher order excitations, which would partially
cancel the products of diexcitations.
Similar computations and analysis were performed on the H8 system (see
Table VI ), originally studied by Jankowski et al. [ 27 ] with a minimal basis set,
and later investigated by Bartlett and co-workers at DZ and DZP level [ 28 ]. In
this model four H2 molecules with fixed internuclear distance (2.0 a.u.) are
initially arranged into an octagonal Dgh structure. Two H2 molecules are then
symmetrically displaced from their initial positions by an amount a, and the
symmetry is lowered to D2h. The level of degeneracy is controlled by the parameter a, which represents the distorsion from the symmetric D8h structure, which
corresponds to a = 0. When a goes to zero, the highest occupied and lowest
unoccupied MO'S become quasi-degenerate, and two configurations are dominant
in the FCI wave function. !n fact, as we can see from Table VI, the weight of the
SCFdeterminant in the FCI vector, which is given by cos6 (FCI), is close to 1/2
as a goes to zero.
We used the DZ basis set of Paldus et al. [29 ], and we performed FCa calculations
followed by cluster analysis for five values of the parameter a. This is a less degenerate
system than a dissociating N2 molecule, and the difference between the exact correlation energy and that associated with Iexp SD> is smaller. However when we
examine the percent of correlation energy recovered by Iexp SD), we find for small
a a value very similar to the corresponding percent for N2 at R = OR,. This
indicates that even in this simple case connected triple and quadruple excitations
are important, as already pointed out by Bartlett and co-workers in the case of
single reference Cc approach for this system.
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A Note on the Calculation of Some
Transformation Coefficients
ZHENYI WEN*
Department of Chemistry. Indiana ULmversitv. Bloomington. Indiana 47405

Abstract
This article gives an improved derivation for U(n1 + nz) D U(n,) X U(n 2 ).
D S,, X S,%,and
other transformation coefficients by using a series of elementary Racah transformations These transformation coefficients can be expressed generally in terms of a product of segments containing 6j symbols
and easily calculated. Possible segment factors are given in Table i. c 1993 John Wiley & Sons. Inc

Due to their importance in applications, the U(n, + n,) D U(n 1 ) X U(n 2 ) and
S,Ný+A 2 D SAý X SA, transformation coefficients have attracted numerous studies
[ 1-I 1]. A motivation for these studies is to exploit the possibility of partitioning a
large system into smaller subsystems in actual calculations. For this purpose it is
obviously desirable to find a simple and effective approach of evaluating the coefficients. For a electron system, with which quantum chemists are particularly concerned, the spin algebra approach based on the spin characteristic of electron spinadapted functions might be conceptually the simplest one. By using the graphic
technique of the spin algebra the author of this note in an earlier publication gave
the closed formulae for SA,+^. D SA, X SA,2 and U(n, + n2 ) D U(n,) X U(n 2)
transformation coefficients [10]. These formulae seem quite easy to handle and
have been involved in the program of ligand field calculations. [12].
Althougn the application of the spin graph approach is straightforward, the procedure obtaining a general expression is often tedious because a series of graph
transformations should be carried out. In this note we shall show that in some cases
the complex procedure of graph transformations may be avoided.
Let us take U(n) D U(n1 ) X U(n2) (n = n1 + n2 ) transformation coefficient as
an example. Suppose that Is(d,)m(d,)) is the spin function associated with an
orbital. Its explicit form depends on the step number di, and can be written as
[I,
d=0
Is(d,)?iz(dr)>

d= I or2

)

1 •..
2 M,
; .47ý 2,,

()

2

2

~m,]ln•/2,,/lm
-

m•00),
I

d= 3

Permanent address: Institute of Modern Physics. Northwcst University. Xian. Shaanxi 710069.
P.R. China.
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 303-308 (1993)
(cb1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010303-06
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According to the SU(2) scheme, and U(n) Gelfand state (so-called canonical
basis) can be constructed by gradual coupling of individual orbital spin, i.e.,
I[X ld, ...d,,, ...d,,) = I[X],I ...S,,, ..
• ¢,1>
=f 2,

1 rj JS,_jRC,_j)js(d,)m(d,)>

mr(d,)} {Af,

r-2

X (Sr-iR-,s(dr)m(dr)j9lr,>

(2)

where S. is the intermediate spin generated by coupling the first r orbitals, AMis
the corresponding component, and f is a phase factor. This coupling scheme can
be symbolized by
(

"((s(d,)s(d2 ))S 2 s(d 3 ))S 3 " -)9n,-'"

.)9n-,s(d,))S9 = S

(3)

or illustrated by labeled binary tree [131 (Fig. I ).
We can similarly construct the noncanonical basis or the basis function symmetryadapted to U(nj) X U(n 2 ) by coupling U(n,) and U(n 2 ) Gelfand states into the
state having total spin S,

I[XIddt ... dn; [X2]d',+, ••

.I

d,,>

I[XIlg,
[X~ ..
......

X2 S' 1

S,)KS.,M.,S'M'ISM)

(4)
(4)

-ft,.- ,.

The coupling scheme for the noncanonical basis is
. "((s(d,)s(d2 ))Sk 2

*

s(d.,))S,(

• •(S(d

2 ))'-'•S(d
2 ..

X ,..'s(d,)S',)S,

=

S (5)

and the corresponding labeled tree diagram is shown in Figure 2.
As is well known that the U(n) D U(n, ) X U(n 2) transformation coefficients are
contained in the following expansion.
s(d,)

0.0
s(di)
S" ..

s(d,
)
1

S.-'
a Sis

Figure 1. Canonical basis.
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s(dj)

s(d2)

S(

sAd.,.,)

-2)

S3 \

Figure 2.

I[Xdld, ...d.,;
=

X21

Y

Noncanonical basis.

d',+, .. d.->'

d1 - • .d,,

d.([Xld,...d,.I[X, 1]d,.
IXld...
X

,;

[d2 ]d' 1+.. .d)

(6)

Comparing the coupling schemes we find that the transformation from (3) to
(5) can be realized by a series of similar elementary transformations,
(S•,(s(d._ )s(dr))S)S.~.•
***((Sns(d,-.
1 ))S',-,.s(d9))Sr..
*.

r= nj + 2,nj + 3, -* n

(7)

Each elementary transformation corresponds a Racah's recoupling transformation,
((Jlj)J 12j3)J -

((jl (j 2j 3 )j 23 )J

(8)

and contributes a 6j symbol factor to the U(n) D U(nj) X U(n 2 ) transformation
coefficient,
(l)..+s(d,_,)++sd)[

S

] /2{d

Is d)

Sr
9,_-,
s(d',-,)

(9)

where
[.,_,,S',] = (2_,1 + 1)(2S9 + 1)
and
-s s~d.+,),
t+)
s(d'_-1) = tsqr-1,

rr~'2(10)
=n
r:#
nj1 +
+ 22

(0

Thus the U(n) D U(nj) x U(n 2 ) transformation coefficient is obtained by multiplying (n - nj - 1) 6j factors together. The transformation process from (3) to
(5) is shown in Figure 3.
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s(d,)

s(d 2 )
•

s(d,)

s(d..)

•

s(d 2 )

•Nxs(d..)

s(d.,÷2)

s(d.,.,)

S2

g

R.'.-

sd

ds(d.)

,

"s(d.)
s(ds)
SSn-I

.s~d•)s(d.,-2)
S

S • sd.,..O s~d,
(.,)

s(d1 )

s(dn,z,)

s(d2 )

s(d,,,)

~

s~ d) sd,3

(

sd,

(dd,,d

j

s-'

S 2 " '%,

(d)sd'),S~.-2

b

a3*2.

sif's~ .

s(d.)

S\

Ir
SS

Figure 3. Transformation from canonical basis to noncanonical basis.

The coefficient can also be written into the product of segments, i.e.,
.d.)I(d,.
<

fl

d•)(d(,, ...d.)> =

9(dd.;bnbb.)

(11)

r-n1 +2

The values of segment factors are given in rable 1.
Another example is the transformation between Yamanauchi-Kotani functions
and Jahn-Serber functions. The former coupling is represented into
(*((S 1 S2 )S2S3 )S3**

(12)

SN)S

while the latter
(" •((SS 2)S' 2(S 3S4)S)S' 4 ...(SN-S)I

$',V-, )•'N)S

(13)

Again we found (N - 2)/2 elementary transformations which will change (11)
into (12). The elementary transformation is
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I. S(d~d,; b., b,. bY).

TABLE

S(d~d,; b,,,, b_, b',)

d,d',
0

0

1P

b;)]"2
•°[!b''+ b,+b'4(b, +2I-b"+ b. +lb

11

)

+
I)b

2
,1 iP(-,I)(b., - b, + b, + 2Xb&,+ b, - b,)1/
I
[
4(b,+ Xb+2)

"2
1 2,1

b4(b,

-'

2

-

2

22
b

3 3

+ 4X-b. + b, + b, +

(b.

4(b, + I)b,

b+

p(- 1)b'+N
1,
=

(-1)b

.*(.2 S2 i+
,+1)S2 t+1S 2 2 ), 21+2 .

d, =1

',

. .

d.,

.'"..

=

2,3

(S2 ,(S2 ,+1S2, 42)S,+ 1)S2 ,+2

i= 1,2,..(N-2)/2
and provides a factor
6(92,+2,2'ý11112

5(S212,S
2 +2)(-1 )S2,+S2u+I+S 2,+2+S2.. 2[g,,

S,

S2 $2,+I 1s2 1+1
2+
2+

l~IS,2

Multiplying these factors together, we obtain the transformation coefficient [14],
/2

N52-1

1-J (- 1)§s2+sý"+'
,,t'/2 [9 21 +.,

S2 ,+,1/

S,-2+I

V2 ++
S
92+292,

2S 1

(14)

The coefficients derived above are only two examples of a big family of transformation coefficients between different angular momentum coupling schemes.
The matrix elements of U(n) generators and their products can also be put under
this family. It is generally proven that the transformation coefficient between a pair
of coupling schemes is expressible in terms of sums over products of 6j symbol
factors or Racah's coefficients [13 ]. This conclusion clearly reveals the close relationship between transformation coefficients and 3nj symbols. As an explanation
of this fact we point out that the overlap part of a matrix element (d'Ie,.Al I d> =
(d'[ (EjEA, - bjkE,) Id> is exactly the first or second kind of 3nj symbol. It is easy
to see that the exchange-type and direct-type matrix elements correspond to the
first and second kind of 3nj symbols, respectively. Based on this correspondence
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we can prove the relation between the two kinds of matrix elements, which is of
course useful for improving the efficiency of the ci program [15].
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Rigorous Interpretation of Electronic Wavefunctions.
IV. Origins of the Unusual Stability of the
1,3-Dimethylimidazol-2-Ylidene Carbene
JERZY CIOSLOWSKI
Department of Chetnstly and Supercomputer Coinpi.tations.Research In•altlie.
Florida State Universiti. Tallahassee. Florida 32306-3006

Abstract
Ab into electronic structure calculations, carned out in conjunction with rigorous analysis of the
resulting wavefunctions. demonstrate that the electronic factors responsible for the unusual stability of
the 1.3-dimethylimidazol-2-ylidene carbene are directly related to the substantial ai-backdonation from
the carbenic carbon to the adjacent nitrogen atoms. The 7r-donation is found to play only a minor role,
ruling out the presence ofsignificant stabilization due to ylidtc resonance structures The unusually large
proton affinity of the carbene is explained by the extra 7r-electron stabilization of the corresponding 1,3dimethylimidazolium cation The MP2/6-31 I+ +G** level of theory is found to be sufficient for accurate
predictions of the geometries of the imidazol-2-ylidene carbenes. Co1993 John Wiley & Sons. Inc

Introduction
The accuracy achieved by electronic structure calculations on ICH2 , the prototype
carbene, is widely regarded as one of the triumphs of modern quantum chemistry
(for a recent review, see Ref. [1]). For larger carbenes, such calculations are too
expensive to be practical, as it takes over 700,000 configurations in the Cl procedure
and very large basis sets to compute the singlet-triplet splitting in !CH 2 within
0. 1 [kcal / mol ] [2 ]. In light of this fact, the necessity of understanding the general
factors influencing stability of carbenes becomes urgent.
Following several unsuccessful attempts by Wanzlick and Schonherr [3], very
recently Arduengo and coworkers have succeeded in isolating several stable carbenes
for the first time [4,5]. These compounds, many of which have been crystallized
and have had their structures analyzed by means of X-ray diffraction, are alkyl and
aryl derivatives of imidazol-2-ylidene. Despite the obvious importance of this discovery, very little effort has been directed by theoretical chemists toward explaining
the unusual stability of the imidazol-2-ylidene carbenes, with the early low-grade
EHT calculations [61 and the recent ab initio study [7] being the only relevant
electronic structure investigations available in the chemical literature.
Several researchers extended conflicting arguments concerning the mechanisms
responsible for the wide variation in the singlet-triplet energy gaps in carbenes (for
a recent review and an attempt to reconcile the different theories, see Ref. [8]).
Regrettably, most of the previously published analyses rely heavily on nonrigorous
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 309-319 (1993)
(cd1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010309-11
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Figure !. The molecular skeleton of C5H8N2.

interpretive tools, such as the notoriously unreliable Mulliken atomic charges. Alt• ,ugh the arguments arising from application of such tools are often qualitatively
correct (note, however, some recent examples to the contrary [9,10]), reliable and
theoretically consistent interpretation of electronic wavefunctions can only be
achieved with techniques that do not invoke the notion of basis functions as "atomic
orbitals." Building upon the topological theory of atoms in molecules [11], we have
recently proposed bias-free definitions of localized natural orbitals [12], covalent
bond orders [ 13 ], measures of steric crowding [ 14], and electronegativities of atoms
and functional groups in molecules [15 ]. In this paper, we employ these rigorous
interpretive tools in order to pinpoint the origins of the unusual stability of 1,3dimethylimidazol-2-ylidene (Fig. 1), which is the simplest stable carbene reported

HI

HI,

C2
C9

H14
N4

N3

"H
12

C10
HIS

CS

H7

C6

H9

Figure 2. The molecular skeleton of CH 9 N2*.
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thus far [ 5 ]. We also report the results of a similar analysis for its parent carbenium
ion, the 1,3-dimethylimidazolium cation (Fig. 2).
Computational Techniques
The geometries of the systems under study were optimized at both the HF/631 l++G** and MP2/6-31 I++G** levels using the GAUSSIAN 90 suite of programs [161. The minima on the respective potential energy hypersurfaces were
characterized with the HF/6-31 I ++G** vibrational frequencies. The total and
relative energies obtained from these calculations are listed in Table I.
The one-electron density matrices were computed at both the HF and MP2 [171
levels. The atomic overlap matrices (AOMS) [ 18 ] were calculated with the VECAIM
program [19]. The LOSSES program [ 20] was employed in computations of the
localized natural orbitals [121 and covalent bond orders [13]..
Results and Discussion
In the singlet ICH 2 with a linear geometry, the degeneracy of Slater determinants
that result from occupying the perpendicular 7r orbitals necessitates invoking a twoconfigurational wavefunction as the correct zeroth-order description. However, decreasing the H-C-H angle to its equilibrium value of ca. 105° significantly lessens
the severity of the degeneracy. making the singly-configurational description reasonable [21]. Therefore, despite relatively large errors in the calculated singlettriplet splittings, one expects the MP2 level of theory to yield geometries and electron
densities accurate enough for a reliable analysis of the electronic structures of singlet
carbenes. The results of calculations on the C5H8N 2 carbene (Fig. 1, Table II)
confirm these expectations. When compared with the experimental values for the
1,3,4,5-tetramethyl derivative, the calculated bond lengths and bond angles are
found to be as accurate as the corresponding quantities obtained with the twoconfigurational SCF [7 ]. The analogous comparison for the geometrical parameters
of the C 5 H9 N ' cation (Fig. 2, Table III) is hindered by the unavailability of sufficiently accurate experimental data.
The C-N bonds in both the carbene and the carbenium cation are strongly
polarized, as reflected by the calculated atomic charges (Tables IV and V). As

TABLE I. The total and relative HF/6-3 I1++G** and
MP2/6-3 I! ++GO* energies of C5HsN 2 and C5H9N2.
AEHF

AEMP2

System

EHF [a.u.]

EMP2 [a.u.l

[kcal/molj'

(kcal/molr

CsH&N2
C5H9N2'

-302.915711
-303 346434

-304.108346
-304.537389

00(0.0)
-270 I (-260.8)

0.0(0.0)
-269.2 (-259.9)

Values corrected for the zero-point energies (at 298 [K] with vibrational
frequencies calculated at the HF/6o31 I ++GO* level) in parentheses.
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TABLE 11

The calculated vs. experimental bond lengths

[A] and bond angles ['] in C5H8N,2.
Expenimental

Bond length or
angle
C1N2
C4N2
C4CI

CgN 2
C4H,

CHo1.089
Cs1-1
1
N2 CN

C

Calculated'

3

(,N2C,
N2C4 CS

C1N2CI
N2C.H6
N2C8H10

N2CsH, I

1.371 (1.349) [1.352]
1.380 (1.384) [1.397]
1.370 (1 334) [1.350]
1.453 (1.446) [n/a]
1.080 (1.069) In/a]
(1.079) In/a]
1.093 (1.085) In/a
101.5 (103.0) [101.9]
113.4 (112.2)[1113.5]
105 8(106.3) [105.6]
122.6 (123.7) [n/a]
123.4 (123AI) n/a]
107.2 (108.0) [n/a]
I10.4 (1108) [n/a]

1.363
1.394
1.352
1.454
n/a
n/a
n/a
101.5
113.5
105.8
122.9
n/a

1.370
1.384
1.338
1.484
0.964
n/a
n/a
102.2
112.2
106.7
122.8
123.5

n/a

n/a

n/a

n/a

'See Figure I for atom numbering.
I++G** values followed by the HF/6-31 I++G** data in parentheses and the TCSCF/
DZP data from Ref. [7] in square brackets
' Experimental values for the 1,3,4,5-tetramethylimidazol-2-ylidene [5].
d Experimental values for the l.3-di-lI-adamantylimidazol.2.yliene [4. 5]
b MP2/6-31

TABLE

Ill. The calculated vs. experimental bond lengths [A] and bond angles []in

Bond length or angle*
C21-1
C2N3

C,N3
CC6
CqN 3
CH,
C9 H,,
C91-11
2
N3C-N,
C2N3CS

N107.0
C-".
N122.2
N3 Cgili1
N3C"H, 2

Calculated'

CSH 9N2'Experimental'

1.080 (1.070) [n/a]

n/a

1.342 (1.314)[11.13161
L'.374 (1.378) [1 384]
1.374 (1.341)[11.345J
1.469 (1.467) [n/a]
1.079 (1.068) [n/a]
1.089 (1.080) [n/a]
1.090 (1.080) [n/a]
108.4 (109.8) [108.2]

1.330
1.380
n/a
n/a
n/a
n/a
n/a
109.7

108.8 (108.0) [109.41

n/a

(107.1) [106.5)
125.5 (126.3) [n/a]
(122.2) [n/a]
108.5 (108.8) [n/a]
109.1 (109.3) [n/a]

n/a
n/a
n/a
n/a
n/a

'See Figure 2 for atom numbering.

"bMP2/6-31II++G** values followed by the HF/6-31 II++G** data in parentheses and the HF/DZP
data from Ref. 17] in square brackets.
Experimental values for the (I.3-di-lI-adamantylimidazolium)* - B(C6H5)4-[4].
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TABLE IV. The HF/6-31 I++G** and MP2/6-31 I++G** Bader
atomic charges and AOM-based covaient bond orders in C5HgN 2.

QB.&b

Atom'
C,
N2

C4
H6
CS
Hlo
H1

"See

0.707
-1.254
0.366
0.033
0.363
0.079
0.022

(1.038)
(-1.620)
(0.496)
(0.067)
(0.598)
(0029)
(-0.027)

Bond
C,-N 2
C4 -N2
C 4 -C 5
C44--H 6
C&-N 2
Cs-H 1 0
Cs-Hi,

Pýob

1.108
1.012
1.609
0.949
0.886
0.916
0.936

(I 034)
(0.981)
(1.7-12)
(0.984)
(0.871)
(0.943)
(0.959)

Figure I for atom numbenng.

bMP2/6-3 I1++G** values followed by the HF/6-311 ++G** data

in parentheses.

expected [22], the ionicity of bonds is grossly overestimated at the HF level. For
this reason, all the subsequent discussion is limited here to atomic and bond properties derived from the MP2 density matrices. The covalent bond orders indicate
the presence of single bonds, except for those linking two carbon atoms in the
imidazole rings, which have bond orders close to 2.
In accordance with the predominantly singly-configurational character of both
CAHsN 2 and C5 H9N2, the occupation numbers of the strongly occupied localized
natural orbttals (LNOS) do not deviate significantly from the limiting value of 2
(Tables VI and VII). The LNOS make it possible to analyze the electronic structures
of the species under study on an orbital-by-orbital basis. Discarding those describing
the core electrons, there are 27 strongly occupied localized natural orbitals in the
1,3-dimethylimidazol-2-ylidene carbene. The presence of C2, symmetry reduces
this number to only 10 distinct LNOS (Table VI, Fig. 3). Taking into account the
TABLE V

Atom'
H,
C2
N3
C5
H7
C9
H11
H12

The HF/6-31 ++G** and MP2/6-31 I ++G** Bader atomic
charges and AOM-based covalent bond orders in C5H9 N2.
Qo,•rb

0.160
0 995
-1.226
0.418
0 147
0.323
0.081
0.091

(0.144)
(1.401)
(- 1.580)
(0.527)
(0.121)
(0.508)
(0.042)
(0.055)

Bond
C' 2-H,
C 2-N,
Cs- N.,
C,-C ,
C,--H,
C9 -N3
C9 - H1
C9 -- H1 2

P1,.b

0.886
1.180
0.985
1.522
0.920
0.848
0.919
0.919

(0.904)
(1.117)
(0.955)
(1.626)
(0.955)
(0 829)
(0.947)
(0.948)

'See Figure 2 for atom numbering

"b
MP2/6-31 I + +G**
theses.

values followed by the HF/6-31I ++G** data in paren-

CIOSLOWSKI

314
TABLE VI.

The valence MP2/6-31 I ++G** strongly occupied localized natural orbitals in C5HsN 2.

Orbital'

Occupancy

Description

8(9)
100(0)
12 (13)
14
15 (16)
17
18(19)
20(21)
22
23(24. 25. 26. 27)

1.963
1.960
1.959
1.965
1.941
1.964
1.971
1.971
1.930
1.971

61.0% ionic C--N c bond. 96.8% localized
46.9% ionic C--N a bond, 96.5% localized
46.6% ionic C--N a bond. 96.4% localized
Purely covalent C--C a bond, 95.4% localized
Tricentric C-N-C
•r bond. 93.9% localized
a lone pair. 90 4% localized on C
II 3% ionic C--H o bond, 97.4% localized
8.8% ionic C--H a bond. 95.6% localized
Purely covalent C-C 7rbond. 85.2% localized
4.2% ionic C--H a bond. 96.1% localized

LNOS ordered according to increasing negative kinetic energies (see Fig. 3) with orbitals related by
symmetry given in parentheses.

local symmetries, eight of these orbitals are of the o-type. With the exception of
the a lone pair. the a LNOS are strongly localized, with the localization numbers
(calculated as the sums of the pertinent atomic occupancies) in excess of 95%. The
imidazole ring is described by the LNOs 8, 10, 14, and their symmetry-related counterparts (Fig. 3). The bonds between the formally divalent (carbenic) carbon and
the neighboring nitrogens (LNOs 8 and 9) are particularly ionic, resulting in a large
positive charge on the carbon atom (Table IV). The ionicities of the remaining
C-N bonds (LNOs 10 and I I for the intraring C-N bonds, and LNOS 12 and 13
for the ring-CH3 C-N bonds) are markedly smaller. The C-H bonds of the bonds
CH (LNOs 18 and 19) and CH 3 groups (LNOS 20, 21, 23-27) are almost completely
covalent. Finally, the C-C bond of the imidazole ring (LNO 14) is purely covalent
due to the underlying molecular symmetry.

TABLE Vii.

The %alence MP2/6-31 I ++G** strongly occupied localized natural orbitals in C5H9N2.

Orbital'

Occupancy

Description

8(,9)
10(11)
12(13)
14
15(16)
17
18(19)
20
21 (22. 23. 24)
25(26)

1.962
1.961
1.961
1.965
1.931
1.972
1.972
1.920
1.971
1.971

51.7% ionic C--N a bond, 96.5% localized
52. 1% ionic C - N a bond, 97.0% localized
53.4% ionic C--N a bond. 97.1% localized
Purely covalent C- C a bond. 95.0% localized
Tncentnc C--N- C 7rbond, 94.8% localized
18.8% ionic C- H a bond. 96 3% localized
17.9% ionic C- H a bond. 97.2% localized
Purely covalent C--C ir bond, 80.7% localized
10.1% ionic C- H a bond, 95 9% localized
9. 1%ionic C - H a bond, 95.7% localized

' I NOS ordered according to increasing negative kinetic energies (see Fig. 4) with orbitals related by
symmetry given in parentheses.
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10

14

22

23

Figure 3. Atomic occupancies (represented by areas of the shaded circles) of the strongly
occupied localized natural orbitals (LNoS) of the C5HsN2 molecule.

The system of the 7r-type orbitals consists of just two distinct LNOs. The LNO
number 14, which pertains to the intiaring C-C 7r-bond, is partially delocalized
over the neighboring nitrogen atoms. The other symmetry-related pair of the 7rtype LNOS (LNOS 15 and 16) describes tricentric C-N-C bonds. Despite the
delocalized character of these LNOS, their occupancies on the carbenic carbon atom
are rather small, amounting to only 12%. This implies only a marginal 7r-donation
from the nitrogens to the carbon atom, especially when compared with the massive
a-backdonation. This a-backdonation also plays some role for the carbon lone pair
(LNO 17), which is only 90.4% localized (Table VI, Fig. 3).
Protonation of C5 H8N 2 is a strongly exothermic process. In agreement with the
previous calculations [7], we find the imidazol-2-ylidene system to be a much
stronger base than other carbenes. We attribute this increased basicity to the extra
7r-electron stabilization enjoyed by the corresponding carbenium cation, for which
"iere is the following evidence: First, the excess electric charge of the proton is
iciently distributed over the entire imidazol moiety (compare the data in Tables
IV and V). Therefore, the increase (by 0.288) in the atomic charge of the carbonic
carbon is much smaller than what one would expect from the loss of the lone pair
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electrons that are now shared with the hydrogen atom. The protonation almost
completely equalizes the ionicities of the three distinct C-N bonds (LNOS 8, 10,
and 12; Table VII), which now span a narrow range of 51.7-53.4%. The newly
formed C-H bond (described by LNO 17) is very similar in its very moderate
ionicity to the other C-H bonds (LNOs 18 and 19) of the imidazole ring.
Second, although the a-type LNOS (including those describing the C-H bonds
of the CH 3 groups and the C-C bond of the imidazole ring) remain strongly
localized in the carbenium cation, localization of the 7r-type orbitals decreases
markedly upon protonation. In particular, the localization index of the LNO pertaining to the C-C r-bond falls by ca. 5%, mostly due to the increased delocalization
over the formerly carbenic carbon atom (Fig. 4). The same carbon atom also
enjoys an increased ir-donation from the neighboring nitrogens, due to changes in
atomic occupancies of the tricentric LNOs 15 and 16 (compare Figs. 3 and 4).
When comparing two chemical systems, the increase (decrease) in the strength
of an analogous bond, as evidenced by its shortening (lengthening), can be attributed
to either increased (decreased) covalent interactions or increased (decreased) bond
ionicity. Which mechanism is the major driving force in a given case can be easily

Figure 4.

12

14

21

25

Atomic occupancies (represented by areas ofthe shaded circles) ofthe strongly
occupied localized natural orbitals (LNOS) of the CsHgN* cation.
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decided by examining the changes in the relevant covalent bond orders. The decrease
(increase) in the bond strength accompanied by the decrease (increase) in the
covalent bond order indicates the predominant decrease (increase) in the covalent
interactions, which can often be explained by delocalization effects. On the other
hand, the decrease (increase) in the bond strength in conjunction with the increased
(decreased) covalent bond order points to the predominant decrease (increase) in
the bond ionicity.
Applying the aforedescribed criterion, one finds that the significant shortening
upon protonation of the bonds linking the carbenic carbon with the neighboring
nitrogens is mostly due to increased conjugation in the carbenium cation. The
accompanying slight shortening of the two other C-N bonds of the imidazole ring
can be attributed to the increased bond ionicity. The C-C bond lengthens somewhat
upon protonation. This, together with the corresponding drop in the covalent bond
order, indicates decreased covalent interactions as the result of the increased 7relectron delocalization (see above).
What are the origins of the unusual stability of the 1,3-dimethylimidazol-2-ylidene
carbene? The factors related to the substituents on the imidazole ring have to be
spelled out first. Among them, the absence of hydrogen atoms in the 1,3- positions
is obviously important, as it prevents rapid isomerization to imidazole through a
1,2-proton shift. Blocking of the 4,5- positions appears to be less critical, although
1,3-dimethyl-imidazol-2-ylidene is much less stable than its 1,3,4,5-tetramethyl analog [4].
The electronic factors are directly traced to the large singlet-triplet energy gap of
C5 H8 N 2 [7]. In principle, two alternative explanations of this large splitting are
possible [ 8]. First, in line with the original ideas of Wanzlick [3], one would expect
the ir-donqtiin to stabilize the singlet state through bonding with the vacant 7r
orbital of the carbenic carbon [ 23 ]. Another possibility is that the a-backdonation
favors the singlet state by increasing the positive charge on the carbon atom [24].
In light of the analysis described above, the first explanation does not appear credible,
taking into account the small degree of 7r-donation present in the carbene under
study. On the other hand, the second explanation is fully compatible with the large
c-donation due to the large electronegativity difference between the carbenic carbon
and the adjacent nitrogens.
It is proper at this point to comment on the relative importance of the two
aforementioned mechanisms to the energetics of the singlet-triplet gap. In principle,
it is possible (although not very likely) for the 7r-donation to play, in spite of its
small relative magnitude, the dominant role in determining the singlet-triplet splitting. The only way to entirely rule out this possibility is to correlate the calculated
splittings with the extents of 7r-donation and a-backdonation. Such correlation,
which has been recently attempted [8], is not without serious dangers of misinterpretation. First of all, the use of the Mulliken atomic charges, with their well-known
deficiencies (see, for example, Ref. [25]), may easily result in misleading conclusions. This is well illustrated by the previous calculations [7] which, on the basis
of the Mulliken population analysis, found the stabilization of the singlet state of
imidazol-2-ylidene due to the 7r-donation relatively insignificant. At the same time,
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the Mulliken charge on the carbenic carbon atom was found to be very close to
zero. ruling out stabilization due to the o-backdonation and leaving the unusual
stability of the imidazol-2-ylidene carbene comp':tely unexplained.
Second, even when rigorously derived atomic charges are correlated with the
singlet-triplet energy gaps, one may expect the proportionality factor to be significantly different from that for an isolated carbon atom. This is so because the
potentials around the carbenic carbon atoms are no longer spherically symmetrical.
This means that the singlet-triplet splitting is expected to depend not only on the
charge on the pertinent carbon atom, but also on its higher multipole moments,
which often have quite large magnitudes. For example, our calculations show that
the carbenic carbon atom in the 1,3-dimethylimidazol-2-ylidene molecule bears
the dipole moment of ca. 1.88 [a.u.], which corresponds to the mean displacement
of the atomic charge density equal to about 0.15 [A]. Therefore, any empirical
correlation between the splitting and the atomic charge must include in an effective
manner variability of these moments with the atomic charge, thus altering the
proportionality factor.
Finally, we would like to bring the reader's attention to a particular feature of
the calculated 1,3-dimethylimidazol-2-yiidene geometry for which we do not have
a simple explanation. As revealed by the data listed in Table II, the bond angle
N2CsH,( (Fig. 1. Table II) between the nitrogen atom, the carbon of the methyl
group, and the hydrogen facing the lone pair of the carbenic carbon is much smaller
(by ca. 30) than the analogous angles (N 2C8 H 1 and N2C8HII ) for the other hydrogens. The difference in angles disappears almost completely upon protonation.
We speculate that the tilting of the C-H bond toward the carbon lone pair is
caused by attractive interactions between the C-H dipole and strongly dipolar
electron distribution around the carbenic carbon.
Conclusions
One can expect the geometries of imidazol-2-ylidene carbenes and the corresponding imidazolium cations to be accurately predicted at the MP2/6-31 I++G**
level of theory. Rigorous analysis of the one-electron density matrices calculated
within the same approximation affords a clear-cut descnption of the electronic
structures of these systems in terms of localized natural orbitals. Taking into account
the results of such an orbital-b) -orbital analysis, the unusual stability of the imidazol2-ylidene carbenes can be directly related to the substantial a-backdonation from
the carbenic carbon to the adjacent nitrogen atoms, with the resulting large positive
charge on the carbon atom strongly favoring the singlet state over the triplet one.
The 2r-donation is expected to be marginal and therefore to play only a minor role,
ruling out the presence of significant stabilization due to ýlidic resonance structures.
The unusually large proton affinity of the imidazol-2-ylidene carbenes can be readily
explained by the extra 7r-electron stabilization of the corresponding imidazolium
cations.
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Molecular SCF Calculations Using a Basis of
Numerical Orbitals
JAMES D. TALMAN
Departments ofApplied Mathematics and Physics and Centrefor Chemical PhYsics.
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Abstract
Techniques for computing the multicenter integrals required for molecular calculations for orbitals
for which the radial factors are given numencally are described. The methods make extensive use of a
numerical algonthm for computing spherical Bessel transforms. The feasibility of using these methods
is demonstrated by applying them to SCF calculations for the methane molecule. K,1993 John Wiley &
Sons. Inc

Introduction
In atomic structure calculations, both numerical or finite difference approximation
and finite basis expansion methods have proved to be of great value and have lead
to successful theoretical calculations. The former approach has been pioneered in
large part by Froese Fischer [I], and the application of the latter in atomic physics
is associated to considerable extent with Clementi and Roetti [ 2 ]. The situation is,
of course, considerably different in molecular physics, where, apart from some
calculations for diatomic molecules, essentially all calculations employ finite basis
expansion methods, as pioneered by Roothaan. Moreover, practically all finite basis
expansion methods employ expansions in Gaussian type orbitals (GTos). The reason
for this is obvious; the calculation of the necessary matrix elements is almost trivial
for GTOs and is practically intractible for other functional forms.
Despite the fact that GTO expansion methods have been widely successful in
describing molecular properties, there still seems to be interest in developing alternative methods for approximating molecular wave functions. This stems in part
from the fact that GTOs are not particularly suited to describing the behavior of the
wave function close to the nuclei and at large distances. This problem is overcome
in part by superposing several GTOS to give a more realistic orbital (the method of
contraction), but this sacrifices part of the virtue of the simplicity of the matrix
element calculation. It is also a difficult computational challenge to optimize the
nonlinear parameters in the GTOs, and this is usually done only partially, using socalled even-tempered nonlinear parameters. The interest in using basis functions
other than GTOS has led to considerable effort to develop techniques for computing
matrix elements for other -,rms of basis functions, namely, Slater orbitals (STOs)
or more general forms of -.xponential basis functions (ETOS). Techniques for such
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 321-330 (1993)
CCC 0020-7608/93/010321-10
© 1993 John Wiley & Sons. Inc.
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orbitals in the two-center case have been developed some 30 years ago by Barnett
and Coulson [31 and Geller [4]. A variety of approaches have been reviewed in
1981 at a conference devoted to these problems [5 ].
As commented above, relatively little work has been done on applying purely
numerical techniques in molecular calculations, although some aspects of this have
been reviewed at a conference in 1988 [6].
Since numerically determined wave functions offer more generality than wave
functions constructed as linear combinations of analytic basis functions, it remains
of interest to try to incorporate such functions in molecular calculations. In this
article some progress in this direction will be described and results of applying the
methods to the CH 4 molecule are reported.
The calculations that have been carried out are SCF calculations using molecular
orbitals that are linear combinations of atomic orbitals that are obtained numerically
as atomic orbitals. It would appear that the use of such orbitals should be optimal,
in that all the energy to be obtained by orbital optimization for the isolated atomic
systems is obtained, and resulting energy differences should represent chemical
bonding energies. In other words, errors from basis set incompleteness should be
very small in this approach. It could also be hoped that, by using more realistic
orbitals, the required number of orbitals to obtain satisfactory results might be
substantially reduced. The extra computational complexity of using numerical orbitals could then possibly be compensated by a reduction in the number required.
The numerical methods used are based on an effective method for computing
spherical Bessel transforms numerically [ 7,8 ]. Since these transforms are essentially
the Fourier transforms of angular momentum eigenfunctions, and translation in
position space corresponds to multiplication by a complex exponential in momentum space, this facilitates the calculation of multicenter integrals for numerically
determined orbitals. This transform method will be reviewed in the next section,
and its application to overlap integrals, nuclear attraction integrals, and two-electron
integrals will be described in the following sections. The results of the application
of the method to CH4 will be given, and the limitations and outlook for other
applications will be discussed.
Momentum space methods for STOs have been studied extensively by Silverstone
and coworkers; these methods have been reviewed by Todd et al. [9]. Similarly,
techniques using so-called B functions which are equivalent to STOs have been
extensively studied by Steinborn and coworkers. This work has been recently reviewed by Steinborn et al. [10].
Numerical Spherical Bessel Transforms
The basis functions to be considered are taken to be angular momentum functions
of the form
f,.(r) =fj•(r)Yj.(i),
( 1)
where Yj,(i) is the usual spherical harmonic. The Fourier transform of fis defined
to be
Jim(k) =

f e k1r,.(r) dr.

(2)
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The familiar expansion of a plane wave in spherical harmonics
eik'r = 4,r Z i'j](kr)Yjm(k)Yim(i)*

(3)

can be readily applied to show that
(4)

11.(k) = 47rifj(k)Yt,.(k),

whe;.
fl(k)
If new variables

K=

jf(kr)fl(r)r2 dr.

=

(5)

In k and p = In r are introduced, this equation can be written

as

jf(e+'+)f(eP)e

fJ(e") =
= e-3'

2

3

P

dp

ji(eP+K)e3p/2 f(eP)e3(p+.)/2 dp.

f

(6)

The integral in the right-hand side of Eq. (6) can be recognized as a convolution
of a function of p and function of p + K.It is therefore possible to compute it in
terms of the inverse Fourier transform of the product of the Fourier transform of
each factor; this gives the convolution as a function of -K.
In the calculations described here, the Fourier transform of e3p/ 2f(el)is computed numerically using the fast Fourier transform method, and the transform of
e 3P/2j,(eP) is obtained analytically. The inverse transform of the product is again
computed using the fast Fourier transform. Complete details of the numerical
method are given in Ref. [8]..
The expansion of an angular momentum function centered at one point in terms
of angular momentum functions centered at another point can easily be effected
using Fourier transforms. We write
m(r

-

I

a) =

(

dk

I f e--k"e k' m(k) dk.

(7)

Expanding each factor in the last expression in spherical harmonics, using Eqs. (3)
and (4) gives
fm(r-a)=

(-I) M
LL 'MM' '

-M

L'

M

' YLM(a)YL'M'()fLL'(r, a),

(8)
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where
,l"(r.a)=8itl'l"

(21+ l)(2L+ l)(2L'+ I) L L' I'
(0 00)

a)=8 1+L47r
X

f

JL(ka)jL,(kr)fI(k)k dk.

(9)

The functionsfLL,(r, a), which are the L6wdin alpha-functions in the case of sTos
[I1], can therefore be tabulated on the logarithmic mesh by computingf,(k), multiplying byjL(ka) and computing the L' spherica! Bessel transform of the product.
The overlap integral of two angular momentum functions can be computed in
momentum space [ 12 ] as
fi,,i'n(r - a)*g11.(r) dr
3
I(2r)

-(2ir)'

-8
Ofi

f

f e'l-

el (r-a)J],,(k)*g,,,(r)
dkdr
h,,,(k)g,,,(k) dk

\ /(21+ l )(21'+ 1)(2L + I)
4rt
0

0

i

11 L(lf I
-

M'

) XYL~~i)f j.( ka)fl,( k)gl( k)k-2ak.
(10)

The sum on L is in this case finite. Matrix elements of the kinetic energy operator
are readily obtained by replacing k 2 by k 4 in the integrand.
Nuclear Attraction Integrals
The calculation of the nuclear attraction energy requires the evaluation of integrals
of the form
1'r
1
I
Jfi'm,(r - a')*
R------gim(r -a) dr.
(11)
These have been computed by translating each factor to a common crigin which
is chosen to optimize the convergence rate of the infinite sums [13]. The Coulomb
factor is expanded using the usual expansion
!
I
l

I
47r
I [r/r'"] Yx,.(i)*Y
Ir-RI = 7 :2X+ I

(12)
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The maximum value of L' in Eq. (8) and of X in Eq. (12) will be denoted
by LN.max.
The angular factor in the integral is expressible in terms of 3 - j coefficients.
The radial integral is obtained using the trapezoidal rule on the logarithmic mesh.
However, the integrand has a discontinuous derivative at r = R, and a correction
has been included to account for this.
It can be shown [13] that the convergence of the angular momentum sums is
geometric in the ratios of the distances of the three centers from the expansion
center. With the optimum choice of the expansion center the largest possible value
of this ratio is 0.618, the reciprocal of the golden mean. The disadvantage of this
approach is that the angular momentum sum is twofold infinite whereas it is singlyinfinite if the expansion center is one of the three centers in the integrand. However,
with the latter choice, the convergence may be only algebraic, rather than geometric
if the centers lie on an equilateral triangle.
Two-Electron Integrals
The most time consuming part of the SCF calculation is to compute the twoelectron or four-center integrals of the form
-

a)*gl, 2,(r

-

a')*g,;ni(r' - b') drdr'.

12 =

X hlmi(r'

-

b)
(13)

These integrals are the interaction energy between two charge density distributions
which are the products of a pair of orbitals [14]. If the number of orbitals is N,
there are of the order of N 2/ 2 charge distributions and of the order of N 4/8 twoelectron integrals. Although the integral is sixfold in position space, it is only threefold
in momentum space [ 15 ]; it is therefore more convenient to do the integration in
momentum space. The technique that has been employed is to expand the product
of two orbitals in a multipole expanoion of angular momentum functions centered
at the midpoint points c and c' between the centers of each factor. This expansion
may be rather slowly convergent; however, if the centers are separated, the product
will be small, and less accuracy is required than when the orbitals are on the same
center.
The interaction energy of charge distributions FAo(r) centered and c and GA,, 0 (r)
centered at c' is
12

=

rr

F.(r - c)

I

GA' 0 ,(r' - c', drdr'.

(14)

In momentum space this becomes
12

=

f

1

k
el

(c'-7kG1,kd

(15)
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This integral is essentially the same as the integral in Eq. (10) so that
(2A+ 1)(2A' + 1)(2L + 1)
4 7"

1=32rZiA+A'L
LM

MA At'
)(
A!'
(-)0 0 0 a a' -

f

X YL(R)

jL(kR)FA(k)GA,(k) dk,

(16)

where R = c - c'.

The product of angular momentum functions centered at a and b can be expressed
in terms of angular momentum functions centered at the midpoint c = (a - b)/2
as

Jtm,(r

-

a)*gJ, 2 2(r - b) =

FAJ(R)YA,(Of),

(17)

Aa

where R&D are the spherical polar coordinates of r - c. However, it is more satisfactory [161 to express the product as
,(= (_l),

(21 + 1)(212+ 1)
V ((2A+ 1)(2A + 1)

jAxa

x

M2
1-MM

A
(18)

where
(2X + 1)(2A + 1) (2j + I)(-I1)L2

/•)XA(r) =
LILIL 2 L2

X(0'

L02

O(L'

L2

L2

X fLL,(r,d)gL,,.(r,d)

L,-' L2 A I

(19)
and d = Ia - b1/2. The sum in Eq. (19) is singly infinite.
The two-electron integrals are therefore given by
12 =

(-1)mI•m4II1
-m]

Jj"l1

12
-

m

mm)

I12

S(jm,j'rd),

(20)
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where
S(jm,j'm')

X, A) I

=

(-l)(A-A'÷L)/2+
"X

M

(2L +

X, A

1) A A

L

A'

"×h(XAj, X'A'j', L)

(21)

and
h(XAj, X'A'j', L) = 32vr

f

jL(kR)PjXA(k)J'/XA,,(k) dk.

(22)

The two-electron integrals have been calculated using the spherical Bessel transforms of the functions FjAA(r) in Eq. (16), The integrals were calculated using
Gauss-Laguerre integration on a mesh of NGL points. The functions AAA(k) for 0
• A < Amax are calculated initially, interpolated onto the Gauss-Laguerre mesh
and stored. The maximum value of L'1 and L 2 in the sum in Eq. (19) will be
denoted by Lm.. Since the calculation of the transforms of the product functions
requires only N 2/2 steps, it is possible to use a considerably refined mesh and a
reasonably large value of L' a, for the calculations with a relatively small expenditure
of computer time. Since the Gauss-Laguerre mesh is relatively small, of the order
of 20-40 mesh points, the storage requirements were tolerable in the present calculations.
The advantage of the expansion (18) over (17) is that fewer functions need to
be stored. For example, in the case 11= 12 = 0, it is ncessary to store Am,, + I
functions PJXA(k) arising in Eq. (18) compared with (Ama, + 1)2 functions ýAo(k)
that arise in Eq. (17). Similarly, there is a large reduction in the number of integrals
of the type defined in Eq. (22) using the formulation of Eq. (18).
Numerical Accuracy
The accuracy obtained in the calculations depends on a number of parameters
governing the numerical approximations. These are:
h, Njo,, defining the logarithmic meshes in r and k;,
kmax defining the mesh for the Gauss-Laguerre integration;
LNmax, the maximum of L' and Xin the nuclear attraction integrals;
L2.max, the maximum of L' and L 2 in Eq. ( 19);
Am,,, the maximum of A and A'in Eq. (21).
P,,in,

Kin,,

NGL,

The calculations have been made with Pmin = 14, K,,n = -11, h = 9.14 and
N1 ,, = 128. The results change by only a few parts in 10-5 if No,, is doubled and h
is halved.
Results of calculations for various choices of the other parameters in the minimal
basis set calculation are given in Table I. It is seen that results accurate to a few

328

TALMAN

TABLE I. Calculated energ, -s for the methane molecule in a.u. using the minimal basis frr various

values of the parameters determining the numerical procedure.
N2L

k.0

20
30

40.0
40.0

40
40
30
30
30
30

E

14

6

2

6
6

14
14

6
6

2
2

-40.04680
-40.04678

40.0

6

14

6

2

-40.04680

50.0
40.0
40.0
40.0
40.0

6
7
8
8
8

14
14
14
16
14

6
6
6
6
7

2
2
2
2
2

-40.04680
-40.04702
-40.04701
-40.04697
-40.04964

30

40.0

8

14

8

2

-40.04974

30
30
30

40.0
40.0
40.0

8
8
8

14
14
14

9
10
10

2
2
3

-40.05055
-40.05058
-40.04456

30

40.0

8

14

10

4

-40.04395

30

40.0

8

14

10

5

-40.04342

30

40.0

8

14

10

6

-40.04335

'The parameters are defined in the text. The C-H bond length is 2.0665 bohr.

parts in 10' 5 are obtained for reasonably small values of NGL of the order of 2040. The parameter k.ax is the maximum value of k in the Gauss-Laguerre mesh
and should be determined so that the integrand in Eq. (22) is negligible at kmax. If
the orbitals in the integrand are s orbitals, which is the worst case, the integrand,
apart from the factorjL(kR), decreases like k- 8 for large k and should be less than
10-6 for kma., of the order of 5. This should, however, be multiplied by Zmax, the
largest nuclear charge, since this determines the scale of the momentum variable.
Therefore, a value of kma, of the order of 30 or 40 should provide accuracy of better
than l0-5. The results confirm that this is reasonable.
It is seen that accuracy of a few parts in 10-5 is obtained with LNmax = 8. Comparable accuracy is obtained for L 2,,a. = 14.
It has been found that the sum on A and A' for the two-electron integrals converges
more slowly if either of the separations c or c' is zero. (If both separations are zero,
the sum is finite.) Since these integrals are also larger, it is necessary to treat them
more carefully. On the other hand, the sum in this case is only singly, rather than
doubly infinite. The calculation has therefore been arranged so that the summation
is truncated at a larger value, Am"X, in the case c = 0 or c' = 0 and at a smaller
value, A m2• otherwise. It appears that accuracy of a few parts in 10' is obtained
for A 2x = 10 and A ?max= 6. It is the latter parameter that governs the most time
consuming part of the two-electron integral calculation. It can be shown that the
number of terms in the calculation behaves like Am so that in going from Amax
= 4 to Am,. = 6, the time requirement increases fivefold. Thus accuracy of the
order of 10 - is much more readily obtainable than 10-4.
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Results Including Polarization Orbitals
The variational SCF calculation can be improved by going beyond the minimal
basis set, in this case Is, 2s, and 2p orbitals on C and Is orbitals on H, to include
so-called polarization orbitals. These can be either excited orbitals centered on each
atom, or "floating orbitals" which may be GTOs. Calculations have been carried
out using the former approach, including up to 4s, 3p, and 3d orbitals on C and
up to 2p on H. It should be noted that the orbitals that have been used are not
exactly Hartree-Fock atomic orbitals; for the C orbitals they are obtained from the
optimized potential model [ 17 ]. which yield orbitals essentially the same as HartreeFock orbitals for the occupied states [ 18 ], but can also generate orthogonal orbitals
for unoccupied states.
These results have been obtained using the numerical parameters from the last
line of Table I. No further tests have been made on the effect of changing these
parameters. It can be expected, however, that the effect on the contributions of the
polarization orbitals will be small since these are already small. Furthermore, most
of the computational inaccuracy arises from large momentum components in the
orbitals, and these should be much smaller in the more diffuse unoccupied orbitals.
Results are given in Table II and compared with similar calculations using GTOs
[19 ]. The results are rather disappointing in that the GTO calculations yield a lower
energy than the result using optimized atomic orbitals in each case. On the other
hand, the results are obtained with no orbital optimization, whereas the results
using GTOs are obtained with searches over the parameters determining the unoccupied orbitals.
Discussion
The results obtained from these calculations indicate that, perhaps contrary to
expectation, atomic Hartree-Fock orbitals do not provide a particularly good basis
for molecular SCF calculations. The reason for this may be that the molecule is
more tightly bound than the constituent atoms. The behavior of the C 2p orbitals
TABLE II.

Calculated energies in a.u. for the methane
molecule using vanous basis sets.'

Basis
C

H

E

EOTob

Is,2s.2p
+3s,4s,3p
+3d
+_

Is
2s
2p

-400433
-40.1397
-40.1632
-40.1775

-40.1282
-40.1801
-40.1982
-40.2039

' Corresponding results for Gaussian bases are denoted
EGIO.
'Ref. 119].

330

TALMAN

at large r is governed by the single-particle energy eigenvalue which is -0.431 a.u.,
whereas the CH 4 ionization potential as given by the valence electron eigenvalue
in the present calculation is -0.548 a.u. Further evidence of this is that there are
very large mixings of the polarization orbitals, with amplitudes comparable to those
of the occupied orbitals.
On the other hand, the results indicate that it is quite feasible to carry out SCF
calculations for small molecules using these momentum space techniques. The
minimum basis set calculation required 14 s on a CYBER 2000U and the twoelectron integrals required about 2.5 ms per integral. This could also be carried out
on a PC. The largest calculation reported, using 35 basis functions, required 1600
s. The calculation of the approximately 200,000 two-electron integrals required
1400 s or about 7 ms per integral. With Aa reduced from 6 to 4, this is reduced
to about 2.7 ms per integral.
The success of these calculations suggests that it may be possiole to develop a
variational approach to compute numerically the basis orbitals entering the calculation. This could permit the use of the finite difference approximation methods
that give accurate Hartree-Fock wave functions for atoms in molecular calculations.
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Basis Set Dependence of Ab-Initio Calculated
Vibration Frequencies
MICHAELA FLOCK and MICHAEL RAMEK
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Abstract
Vibration frequencies for 2-aminoethanol, neutral glycine, glycolic acid, n-propylamine, n-propanol,
and propionic acid were calculated on the ab-inuio RHF level with a variety of standard basis sets including
polarization and diffuse functions. Experimental frequencies, if available, are compared with these data
and basis set suitability is discussed on the basis of this comparison. © 1993 John Wiley & Sons, Inc.

Introduction
The calculation of vibration frequencies in variational ab-initioprograms is usually
carried out by diagonalizing the Hessian matrix of second derivatives. Frequencies
calculated this way are consistently too large; in the case of stretch vibrations the
excess may reach the order of some hundred cm-'. At first glance it appears that
this deviation is caused by considering the second derivatives only, which corresponds to the assumption of harmonic oscillator behavior. It is a striking fact,
however, that this straightforward looking consideration is wrong: the deviation
from the harmonic oscillator behavior can be calculated rather accurately by variational ab-initio methods at the Hartree-Fock level as well as at the post-HartreeFock level [1]. The differences between experimental and calculated frequencies
therefore must be due to intrinsic deficiencies of the description of the potential
energy surface near the local minimum.
Since calculated vibration frequencies allow a direct link to experiments, the
correlation between calculated and experimental values has been a topic of interest
for several years. The main emphasis depends mostly upon the intended use of the
calculated values: either as a help in the assignment of normal modes to experimentally measured frequencies, or as a prediction of experimentally inaccessible
data. The first case is best covered by scaling not the frequencies, but the elements
of the Hessian matrix with a number of individual scale factors [2]. In the latter
case oftentimes one global scale f&ctor is used to adjust the calculated frequency
values. (Some recent applications may be found in Ref. [3-6 ].)
We have investigated several compounds at the Hartree-Fock level with a variety
of basis sets in the last years in the course of a study of amino acids and related
species. In some cases considerable differences between the various basis sets have
been encountered, especially regardi ia the number and the nature of stationary
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 331-341 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010331- 11
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points in the potential energy surface [7-10 ]. The purpose of this contribution is
to exploit the basis set dependence of the calculated frequencies of some of these
compounds, namely 2-aminoethanol, glycine, glycolic acid, n-propylamine, propionic acid, and n-propanol. All of these combine one or two of the functional
groups - NH 2, - OH, and - COOH to organic molecules with four main chain
atoms. These molecules may be considered as model compounds for larger systems
which are partly affected by intramolecular interactions, e.g., biologically important
species.
Results
For all compounds the global minimum of the potential energy surface, or, in the
case of n-propylamine and n-propanol, the one, which is the global minimum with
most basis sets, is considered here. These conformers are depicted in Scheme 1.
The wavenumbers of these conformers, which were calculated at the RHF level
[1 1 for the respective optimized geometries with a number of standard basis sets,
are shown in Figures 1 to 6. The following basis sets have been used: 3-21G [12],
4-21G [13]. UQIO [14], 4-31G [15], 6-31G [16], 6-311G [17], and Dunning's
1Os,5p/4s basis set [18] (denoted DH in the following). The 6-31G and the 6-31 IG
basis sets have also been augmented by polarization functions [19] and diffuse
functions [20].
It has to be noted explicitly that some vibration modes change significantly upon
basis set variation. All frequencies, for which the associated mode of vibration
remains essentially unchanged, are connected in Figures 1 to 6 with straight lines.
Figure 7 exemplifies this using the specific example of modes 6 and 7 of n-propylamine with the basis sets 6-311 +G and 6-31G*: mode 7 with the 6-311 +G basis
set is identical with mode 6 in the 6-31G* description, but mode 6/6-31 l+G has
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Figure 7. The vibration modes 6 ana 7 of n-propylamine with the basis sets 6-311+G
and 6-31G*. Mode 7/6-31 l+G is identical with mode 6/6-31G*, but mode 6/6-31 I+G
has no equivalent in the 6-31G* description nor has mode 7/6-31G*.

no equivalent in the 6-31G * description nor has mode 7/6-31G*. This effect seems
to be specific for the C - C - NH 2 fragment, because the same situation also occurs
in the case of glycine and 2-aminoethanol.
Another trend, which may be gathered from Figures 2 to 6, is the increase of the
C =-0 stretch vibration frequency upon inclusion of polarization functions on the
atoms C, N, and 0, and the increase of the 0- H stretch vibration frequency
upon inclusion of polarization functions on hydrogen. Since there are only minor
changes in the position of the C-- H and N - H stretch vibrations, both of these
effects point to the d-type polarization function on oxygen as the sole reason. The
variation of the exponent of this d-type function leads to energy minima for exponents between 0.85 to 0.95 (Fig. 8). (The standard value proposed by Hariharan
and Pojzle [ 19 ] for this ,xponent is 0.8.) A slight increase, but no significant change
of the 0- H frequency values is correlated with an increase of the exponent.
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Frequencies calculated at the MP2 level were not considered in this study, because
the deviation between these and the experimental data has no systematic trend;
MP2 frequencies are much closer to the experimental ones, but either greater or
less than them.
Discussion
Figures 1 to 6 allow the distinction of three groups of basis sets: group A, which
consists of the basis sets 3-21 G, 4-21G, and UQ 10; group B, which contains the
split and triple valence basis sets 4-31 G, 6-3 1G, DH, and 6-311 G, with and without
diffuse functions; and group C, which covers all basis sets with polarization functions.
This classification agrees with one based on the geometry data of all local minima
of glycolic acid and glycine [9,21].
For the purpose ofjudging the widely used global scaling of calculated frequency
values, the experimental frequencies of n-propylamine, n-propanol, and glycolic
acid [20-241 are compared with the calculated values for all three basis set groups
in Figures 9 to 11. The experimental values are drawn in these figures on different
scales (which corresponds to the application of one common scale factor). If the
lowest frequencies, which are extremely difficult to detect experimentally, are ignored
in the comparison of experimental and calculated values, a good agreement is given
for the oxygen containing compounds n-propanol and glycolic acid only in the
case of basis set group B, whereas for n-propylamine agreement is best with the
polarized basis sets.
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The effect of the significant changes, which are to be observed in Figures 1 to 6
when going from basis set group B to group C, is therefore opposite for oxygen and
nitrogen. For nitrogen it brings the calculated frequencies in better agreement with
the experimental ones if proper scaling is employed. For oxygen it causes a mismatch
that increases when polarization functions are added on hydrogen atoms. The relation between bond lengths and calculated vibration frequencies should be pointed
out specifically. The C 0 data for glycolic acid, which are displayed in Figure
12, show that there is an almost perfect linear dependence between these quantities,
when the results for different conformers are considered which were obtained with
the same basis set. This corresponds well with the observation that was made for
O - H in water [25]. In contrast, data of the same conformer obtained with different
basis sets do not show specific regularities.
The good agreement between experimental and calculated frequencies, which
were obtained with group B basis sets for glycolic acid matches the observation
that the optimized geometry of the global minimum of the potential energy surface,
when calculated with group B basis sets, is in much better agreement with experimental data than with group C basis sets. This seems to be generalizable for organic
compounds which contain only oxygen hetero atoms (c.f. [ 26 ]).
The conclusion, which can be drawn at least for species similar to the ones discussed here, is to avoid the use of d-type polarization functions on oxygen. In
contrast, basis sets of the type used by Sato et al. [20 ] and Batista de Carvalho et
al. [27 ], i.e., split valence basis sets with additional d-polarization functions only
on nitrogen. appear to be quite reasonable in this context.
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data, is 1.2 10 A [29]1.
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Abstract
Koga and Thakkar's reoptimized (9s5p) and (I 2s7p) Gaussian basis sets for the atoms Li to Ne are
contracted to [4s2p] and [7s4p]. respectively, and their (4s) and (6s) sets for H and He are contracted to
[2s] and [4s]. respectively. The basis sets are tested by performing self-consistent-field (scF) geometry
optimizations on LiH. BeH2, B2H6 , CH 4 , NH 3 , H20. and HF The equilibnum geometries of hydrogen
peroxide and hydrazine are determined at both the SCIF
and fourth-order many-body perturbation theory
level. Cc1993 John Wiley & Sons. Inc.

Introduction
Most contemporary quantum chemical calculations use basis sets of Gaussiantype functions (GTF). There are many good reviews and compendia [1-8] of GTF
basis sets. Dunning's double zeta [4s2p/2s] contractions [9] of Huzinaga's variationally optimized (9s5p/4s) GTF sets [10] are among the most popular basis sets
for hydrogen and the first row atoms from B through F. Huzinaga's basis sets for
H to Ne were variationally reoptimized and larger sets for Li to Ne were constructed
[I I] and contrac'ed [12] by van Duijneveldt; these have also been widely used.
Recently, Koga and Thakkar [ 13] obtained further variational improvements in
(9s5p) and (I 2s7p) GTF sets for Li to Ne, and (4s) and (6s) sets for H and He. Their
(9s5p) basis sets [13] for Li to Ne are in complete agreement with the very recent
work of Schafer et al. [14], who independently reoptimized Huzinaga's (9s5p) sets.
Koga and Thakkar's basis sets for Li to Ne yield atomic energies lower than those
of van Duijneveldt [Il] by amounts ranging from 6.1 X 10-6 to 1.5 X 10-4 EH.
These energy improvements are rather small in the context of molecular calculations.
However, the reoptimized exponents of the tight GTF differ by as much as 25%
from the previous ones [1 1], and this may be of some significance for properties
other than the energy. We report double and quadruple zeta contractions of Koga
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27. 343-354 (1993)

©1993 John

Wiley & Sons, Inc.
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TABLE I.
11W

Li ('P)
Be (3P)
B ( 2P)
C (1p)
N (4S)
0 (1p)
F ( 2P)
Ne ('S)

24.526415
37.684508
54 394392
74798837
99.393300

Atomic energies, with signs reversed, from various GrF basis sets
VOb

BOC

BIc

B21

( 9 s 5 p)d

24.52687
37.68519
54.39535
7480040
99.39557
128.52711

7.3647293
14.509918
24.526304
37.684687
54.395093
74800333
99.395769
128.52752

7.3647293
14.510791
24.527471
37.685561
54.395655
74.800635
99.395937
128.52793

7.3647293
14.510812
24.527527
37.685665
54.395829
74.800912
99.396285
128.52811

7.3647293
14.510815
24.527546
37.685700
54.395885
74.800995
99.396402
128.152827

HD is Dunnig's2 [4s2p] contraction [9] of Huzinaga's (9s5p) set [101.

VD
V

is (9s5p)/[4s p] set of van Duijneveldt 111,12].

c BO, al. and B2. respectvel. are [4s2p] contractions of Koga and Thakkar's ( 9s5p) set 113] using 0,
I. and 2 repeated primitives
d (9s5p) is the uncontracted set from Ref [ 13].

and Thakkar's basis sets [I13] for use in molecular calculations. The contraction
procedure is described in the next section, and the basis sets are tested in the third
section. Hartree atomic units are used except where explicitly stated otherwise.
Contraction of the Basis Sets
Basis sets of contracted Gaussian typc functions (CGTFS) can be of either the
segmented [9] or generalized [ 15] type. In the eleganit general contraction scheme
of Raffenetti [15], the CG rFs can be constructed from atomic calculations in the
parent uncontracted GTF basis set without any further complications. However. a

"primitive" GTF will generally appear in many

CGiTFS.

and this will lead to many

TABLE I!. Atomic energies, with signs reversed, from various GTF basis sets.
c(
Li (2P)
Be ('P)
B ( 2P)
C (1p)
N (4S)
0 (1p)
F ( 2P)
Ne (iS)

7.3650363
14.511439
24.528939
37.688397
54.400561
74.808783
99.408404
128.54573

cI

(12s7p)b

NHF'

7.3650363
14.511443
24.528953
37.688422
54.400602
74.808842
99.408490
128.54584

7.3650363
14511444
24.528953
37.688423
54.400603
74.808846
99.408492
128.54584

7.3650697
14.511502
24.529061
37.688619
54.400934
74.809398
99.409349
128.54710

cO and cI, respectively, are [7s4p] contractions of Koga and Thakkar's
(I2s7p)2 set
[ 13] using 0 and I repeated primitives.
7
b (I s p) is the uncontracted set from Ref. [13]
c NHF is the Hartree-Fock limit from Ref. [211.
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TABLE III.

Exponents (a) and contraction coefficients (c) of the
(4s)/[2s] CGTF basis sets for H and He.'
H

He

13.011
1.9623
0.44454

0.033484
0.234719
0.813774

0.12195

1.000000

38.355
5.7689
1.2399

0040183
0.261395
0.793038

0.29758

1.000000

' Dashed lines separate the contracted functions A scale factor
of 1.2 should be used for H in molecular calculations by multiplying the a by 1.44.

unnecessary integral evaluations unless the integral program specifically takes this
into account. Unfortunately, many popular integral programs do not have the
capability to use generalized contractions efficiently.
The alternative is segmented contraction [9] in which primitive GTFs, with the
possible exception of one or two crucial ones, appear in only one CGTF. Ideally,
one should variationally optimize the contraction coefficients. the exponents, and
the grouping pattern. We are not aware of any such work. Segmented CGTF basis
sets with both exponents and contraction coefficients variationally optimized for a
predetermined contraction pattern can be found in Refs. [14,16], for example.
More common are segmented basis sets in which the contraction pattern (splitting)

TABLE IV. Exponents (a) and contraction coefficients (c) of
the (6s)/[4s] CGTF basis sets for H and He.'
H
a

He
C

aC

82.921
12.452
2.8330

0.022940
0 175491
0864756

234.06
35.174
7.9911

0.024379
0.184036
0.857623

0.80001

1.000000

2.2124

1.000000

0.25859

I 000000

0.66707

1.000000

0.089969

1.000000

0.20895

1.000000

Dashed lines separate the contracted functions. No scaling
of the H basis set is recommended for molecular calculations.
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TABLE V

Exponents (a) and contraction coefficients (c) of the (9s5p)/[4s2p] CGTF basis sets for
Li. Be. B. and C.
Li

1.4990(43)
2.2491(+2)
5.11841+1)
1.4453(+1)
46303
15900

0001042
0008024
0040591)
0150484
0393278
0.529439

29330(+3)
4.4002(+2)
1.0015(+2)
2.8304(+1)
9.1146
3 1694

0.001046
0.008066
0041001
0.154551
0.416999
0.499759

I 5900
5.6547(-i)

0217740
0812720

3 1694
1 1439

0.316393
0721799

73410(-2)

1000000

I 8648(-I)

2 8042(-2)

S.......

S.......

47108(+3)
7.0674(+2)
1.6088(+2)
45518(+1)
1.4724(+1)
5.1823

.......

0.001133
0.008740
0.044488
0.168530
0.458573
0440665

67799(+3)
I 0172(+3)
23157(+2)
65547(+1)
2 1253(+1)
75339

0001222
0.009430
0.048023
0.182197
0.496064
0385105

7 5339
28031

0.471311
0.571296

.......

5.1823
1 9068

.......

-------......................-

C

B

Be

0.409712
0632099

.......

.......

.......

1000000

3.3302(-i)

1.000000

52151(-I)

1.000000

I 000000

6 5912(-2)

1.000000

I 0434(-I)

1.000000 1.5957(-I)

1.000000

65119(-I1)
I 6963(-I)
55778(-2)

0012169
0067015
0.295830
0745417

74498
1.5796
43604(-1)
1.4436(-I)

0.014399
0084345
0.332582
0.701899

1.2053(+1)
26120
74689)-I)
2 3873(-I)

0.017293
0 105484
0365660
0.663256

I 8734(+1)
4 1362
12004
3 8346(-l)

0.018170
0.112687
0376170
0.648667

20500(-2)

I 000000

50195(-2)

1.000000

7 7218(-2)

1.000000

I 2129(-I)

I 000000

p 3.2665

Dashed lines separate the contracied functions A(±n) means A X 10-".

is optimized by trial and error, and the contraction coefficients are either taken
from atomic calculations in the parent set as in Ref. [9], or variationally optimized
as in Ref. [ 17].
In this work, we examined up to II contraction patterns for each basis set, and
the use of 0, 1, and 2 primitive GTFs appearing in two CGTFS. For each pattern,
the contraction coefficients were variationally optimized to minimize the spin-restricted Roothaan-Hartree-Fock (RHF) atomic energy [18]. The contraction pattern
leading to the lowest energy was chosen with no attempt to impose a uniform
pattern for all first-row atoms. All atomic self-consistent-field (SCF) calculations
were done with the ATOM program [19] modified to allow the optimization of
contraction coefficients by the conjugate direction algorithm of Powell [20].
The lightest atoms pose a few special problems. Hydrogen and helium have only
one occupied atomic orbital (AO), and hence contraction imposes no penalty on
the atomic RHF energy. Thus the contraction coefficients are simply taken from
uncontracted calculations and renormalized. The contraction pattern is chosen so
that the tightest GTFs are grouped in one CGTF and all the other primitive GTFs are
left uncontracted. This procedure is. of course, equivalent to a generalized contraction scheme for H and He.
Lithium end beryllium have only s-type AOs occupied in their ground states but
a basis set without p-type GTF would be useless for meaningful molecular calculations. This problem is solved for Be by contracting wave functions [13] for the
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Exponents (a) and contraction coefficients (c) of the (9s5p)/[4s2p]
N, 0, F, and NO.

TABLE VI.

at

p

basis sets for

F

0

N

CGTF

c

Ca

Ne
C

aC
0.001915
0.014770
0.075268
0.285328
0.710267

1.8135(+4)
2.7210(+3)
6 1951(+2)
1.7548(+2)
5 7133(+1)

0.001966
0015165
0.077257
0292825
0.701811

0.032103
0.634574
0379011

5.7133(+I)
2.0538(+l)
7.8363

0.045089
0.633958
0.368695

I 3164

1.000000

1.6548

1.000000

1.000000

3.9009(-])

1.000000

4.8755(-])

1.000000

3 4493(+I)
7.7562
2.2820
7.1691(-l)

0.020236
0.126799
0.394680
0.624014

4 3907(+l)
99298
29313
9 1433(-I)

0.021053
0.132049
0.400866
0.615513

5.47521+1)
1.2440(+I)
3.6819
1.1444

0.021555
0.135355
0.,.04588
0.610111

2 1461(-I)

I 000000

2 6783(-1)

I1000000

3 3084(-l)

I 000000

1.1852(+4)
1.7782(+3)
40486(+2)
1 1466(+2)
3 7279(+I)
1.3334(4-I)
---1.3334(+ I)
50385

1.4846(+4)
0001445
2.2274(+3)
0.011147
5.0714(+2)
0056764
1 4364(+2)
0.215473
4 6740(4-I)
0.584655
0246860-------....
4.6740(+1)
1.6766(+1I)
0.569590
63699
0.471791

s9.1556(+3)
1.3736(+3)
3.1273(+2)
8.8547(+I)
2.8756(+l)
1.0246(+l)

0001327
0.010240
0.052146
0 197926
0.538041
0.320789

1.0246(+ I)
3.8443

0.f 24498
0.517846

7.4650(-I)

1.000000

1.0136

1.000000

2.2475(-I)

1.000000

3.0250(-])

2.6667(4-I)
5.9557
1.7440
55629(-])

0.018796
0.117689
0.383034
0638961

1.7315(-l)

1.000000

Dashed lines separate the contracted functions. A(±n) means A X 10"'.

IS
s2s2p (3p) state. The problem is a
2
( p) state has no occupied valence

bit more subtle for Li because the excited 1Ss2p
s-type AO. In previous work, such as Ref. [I],
the S-GTFS were taken from the ground Is 22s (2S) state and the p-GTFS from the 2p
state. We follow a similar method. The exponents of the s- and p-GTF were taken
from the 2S and 2p states, respectively, and the contraction coefficients and pattern
of the resulting basis set were optimized for the 2 p state.
Results and Discussion
Atomic Energies
Consider the (9s5p)/[4s2p] double zeta sets first. Table I compares atomic RHF
energies predicted by the Huzinaga-Dunning (HD) basis sets [9, 10], the van Duijneveldt (VD) basis sets [ 11, 121, and our BO, BI and B2 basis sets which are contractions
of the Koga-Thakkar sets [ 13) allowing 0, 1, and 2 primitive GTFS to occur in two
different CGTFs. Despite the fact that the uncontracted basis sets of Koga. and Thakkar always predict lower energies than the uncontracted sets of Huzinaga [10] and
van Duijneveldt [ Il1, the BO sets do not always yield the lowest atomic energy. The
HD Set for B and the VD sets for B, C, N, 0, and F predict lower energies than BO.
Perhaps this is because the lower energy in the uncontracted sets of Ref. [ 13] is
achieved by more efficient sharing of the primitive GTFs between A05. The BI sets
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TABLE VII.

Exponents (a) and contraction coefficients (c) of the (12s7p)/[7s4p]
for Li. Be, B, and C.
Li

s

72056(+3)
1.0797(+3)
2.4575(+2)
6.9591(+1)
2.2677(+1)

C

aC

C

a

C

a

C

2.3831(+4)
35706(+3)
8 1263(+2)
2.3012(+2)
7.5026(+1)
2.7001(+1)

0.000677
0.005258
0.027495
0 113855
0.390462
0561959
................
0.190582
0.833209

35088(+4)
5.2574(+3)
1.1965(+3)
3.3884(+2)
1.1048(+2)
3.9785(+1)

0.000670
0.005202
0.027207
0.112759
0.387704
0.565654

39785(+1)
1.5366(+1)

0.188092
0.835353

14726(+4)
22064(+3)
50211(+2)
1 4216(+2)
4.6333(+1)
1.6653(+1)

0.000649
0.005039
0.026338
0.108941
0372164
0.584765

1 6653(+1)

3.1007
12284

0001377
0010690
0055804
0229711
0774239
--......
0.399797
0.638965
S63909
0 136977
0880219

2.5611

0.175059 2.7001(+1)
0.847351 I 0405(+1)
........................
1.000000 42062

49392(-1)

1000000

10431

1.000000

93051(-2)

1000000

2.6381(-I)

4.5938(-2)

1.000000

2.1487(-2)

8.1342
3.1007

p

B

Be
a

CGTF basis sets

1.000000 6.2406

1.000000

1000000

25893

1.000000

1.000000 4.7134(-I)

1.000000

7.4105(-I)

1.000000

1.1902(-I)

1.000000

1.9016(-1)

1.000000 2.9334(-I)

1.000000

1000000

49993(-2)

1.000000

74118(-2)

1000000

I 1187(-1)

1.000000

1 1280(+I)
2 5963
7 4764(-1)
2.4245(-I)

0009365
0 059879
0226884
0807339

25176(+1)
5.8681
1.7584
5.9700(-1)

0.008491
0.058808
0.238068
0.793234

39999(+1)
9 3406
2.8358
9.9115(-1)

0008421
0059974
0.252929
0.776731

6 1636(+1)
1 4444(+1)
4.4412
1 5716

0.008244
0.060288
0.258479
0.770226

9.0648(-2)

1.000000

2.2804(-I)

1.000000

3.7600(-)

1 000000

59804(-l)

1000000

3.7362(-2)

1.000000 9.2477(-2)

1000000

1.4581(-1)

1.000000

2.3019(-1)

1.000000

1.6037(-2)

1.000000

1.000000

5.6094(-2)

1.000000

8.6596(-2)

I 000000

3 7652(-2)

17351

Dashed lines separate the contracted functions A(±n) means A X 10"'.

with one duplicated primitive give consistently lower energies than the HD, VD,
and BO sets. The BI energies are higher than the uncontracted ones by amountranging between 0.02 and 0.47 mhartrees. The B2 energies are lower still. We think
the B I sets are a good compromise and choose them to be our double zeta sets.
Consider the "quadruple" zeta sets next. Table II compares atomic RHF energies
predicted by the cO and Cl basis sets, which are our [7s4p] contractions of the
Koga-Thakkar sets [13] allowing 0 and I primitive GTF to occur in two different
CGTFS, with the uncontracted (12s7p) set [13] and the numerical Hartree-Fock
limits [2 1]. The CI energies are within I uhartree of the uncontracted ones, whereas
the cO energies can be as much as 0.11 mhartrees above the uncontracted ones.
The c I sets are our chosen quadruple zeta sets.
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TABLE

VilI. Exponents ((t) and contraction coefficients (c) of the (12s7p)/[7s4p]
for N, 0. F, and Ne'
N

0

F

(5(5C

s

p

CGTF

Ne

(

(5C

4.8335(+4)
7.2421(+3)
1.6482(+3)
4.6676(+2)
1.5220(+2)

0.001342
0.010419
0.054507
0.226001
0.778370

6.3655(+4)
9.5376(+3)
2.1707(+3)
6.1472(+2)
2.0045(+2)

0.000659
0.005115
0026762
0.111012
0.382771I

5.4828(+l)
2.1209(+1)

--------- 7.2230(4-I)
0.370936
0.665560 7.2230(+l)

0.572099

2.1209(+I)
8.6404

--------- 2.7972(+I)
0 106526
0906538 1.1423(+1)

0.838955
1.000000

3 .5612(+l)
1.4568(±I)

----0.372275
0.664141
----0.111996
0.901547

3.5990

1.000000

4.7730

1.000000

6.1013

1.0622

1.000000

1.4400

1.000000

4.1529(-I)

1.000000

5.5984(-I)

1.5609(-I)

1.000000

8.7205(+1)
2.0478(+I)
6.3463
22.2624

8.0955(+4)
1.2130(±4)
2.7606(+3)
7.8177(+2)
2.5493(+2)

basis sets

0.001338
0.010395
0.054388
0.225664
0778747

1.0024(+5)
1.5020(+4)
3.4184(±3)
9.6806(+2)
3,1569(4-2)
l.1379(+2)

0.000652
0005062
0.026486
0.109907
0.379532
0576290

1.1379(4-2)
4.4134(+I)

---0 181356
0841240

1.8079(+I)

1.000000

1.000000

7.5847

1.000000

1.8691

1.000000

2.3498

1.000000

1.000000

7.2310(-I)

1.000000

9.0531(-I)

1.000000

2.0807(-I)

1.000000

2.6649(-1)

I1000000

3.3148(-1)

1000000

0.008156
0060642
0.262389
0.765702

1.1154(4-2)
2.6206(+I)
8.1556
2.9196

0.008325
0.062300
0.269698
0.757 895

1.4099(4-2)
3 3151(+])
1.0356(±I)
3 7182

0008401
0.063288
0.274073
0753122

1.7499(+2)
4.1 180(4-I)
1.2905(4-I)
4.034

0008433
0.063903
0.276881
0.7 50009

8.6191(-])

1.000000

1.1047

1.000000

1.4022

1.000000

1.7483

1.000000

3.2978(-I)

1.000000

4.1368(-I)

1.000000

5.1932(-I)

1.000000

6.4347(-1)

1.000000

1.2205(-I)

1.000000

1.4810(-I)

1.000000

1.8225(-])

1.000000

2.2294(-I)

1.000000

aDashed

0.183965

9 .1880(+l)
3.5612(4-I)

lines separate the contracted functions. A(±n) means A X 10'"

Molecular Tests
The double and quadruple zeta basis sets for H and He are listed in Tables III
and IV. The double zeta (Dz) sets for the first row atoms are given in Tables V and
VI whereas the quadruple zeta (Qz) sets are in Tables VII and VIII. Note that the
contraction pattern is not uniform across the first row. Following Dunning [91, we
recommend that in molecular calculations the double zeta set for H be scaled by
factor of 1.2, that is, the exponents for H in Table III be multiplied by (1.2)2 =
1.44. The quadruple zeta set for H is sufficiently flexible that we recommend it not
be scaled.
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TABI E IX.

Exponents of polanzaiion functions: p-GTr for H.

sphencal harmonic (five-membered) d-GTF for first-row atoms

H
Li
Be
B
C
N
0
F
Ne

Pa

Pb

Pc

2P

10
0.18
0.32
0.70
075
080
0.85
0.90

1.0
0.18
0.32
0.388
0.600
0.864
1.154
1.496
1.888

0.727

(1.05.035)

0.343
0.550
0.817
1.185
1.640
2.202

(0.187. 0.822)
(0.288, 1.335)
(0.412, 1.986)
(0.535. 2.704)
(0 682. 3 559)
(0.852.4 550)

Polarization functions are needed in molecular calculations. Dunning and Hay
[I] recommended exponents for a p-GTF in H. and d-GTF in B to F. and d-GTF
exponents for Li and Be can be obtained from a formula of Ahlrichs and Taylor
[2]. This set of polarization functions is listed as Pa in Table IX. A different set of
d-GTF for B to Ne [3], and the same polarization functions for H, Li, and Be are
listed in Table IX as Pb. Dunning's [22] correlation consistent polarization functions,
listed as Pc, are quite close to the Pb set. Any one of Pa. Pb. and Pc could be used
with the DZ sets. The QZ sets can be supplemented by a pair of p-GTF for H, and
two sets of d-GTF for B to Ne [3] as listed in Table IX under 2P. or by the (2d If)
or (3d2fl g) correlation consistent sets of Dunning [22].
As a test, self-consistent-field (SCF) geometry optimizations were performed with
Gaussian 90 [23] for seven molecules: LiH, HF, BeH 2 in D..-, symmetry, CH 4 in
Ts symmetry, NH 3 in C3, symmetry. H 20 in C2• symmetry, and B2H, in D2h,symmetry. The basis sets used are the Huzinaga-Dunning (HD) [9,10] double zeta sets
and our DZ and Qz sets, with and without polarization functions. There are no HD
double zeta sets for Li and Be, and the Dunning-Hay (9s5p)/[3s2p] split valence
sets [I] were used instead.
In all cases. the molecular SCF energies (not tabulated) at the equilibrium geometrt. both experimental and predicted, obeyed the following ordering: HD > DZ >
QZ > HD + P>a > DZ + Pa > QZ
PA > Q2- + 2P. Table X compares the resulting
geometries and dipole moments with experimcat [24-29]. Our DZ sets give essentially the same results as the standard HD sets, although in most cases the DZ results
are slightly closer to the largest basis results than the HD ones. As expected, polarization functions affect dipole moments and bond angles much more than bond
lengths. In most cases, the QZ + 2P basis set predicts dipole moments noticeably
closer to the experimental ones than either the HD + Pa or DZ + Pa sets.
Finally, as nontrivial tests of these basis sets, we consider the equilibrium geometries of hydrogen peroxide (H20 2) and hydrazine (N2 H4) assuming C 2 symmetry.
Both require the determination of dihedral angles that are very sensitive to details
of the basis set, as Table XI shows clearly. Geometry optimizations were also carried
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SCE equilibrium geometries and dipole moments p for HF, LiH. CH 4. BeH2, H 20, NH 3 ,
and B2 H6.'

HF

HD

DZ
QZ
HD + Pa
DZ - Pa
Qz + Pb
QZ + 2P
Expt

LiH

r(HF)

u(HF)

r(LiH)

/A(LiH)

CH4
r(CH)

BeH 2
r(BeH)

09196
09218
0.9174
0.9032
09037
0.8985
0.9002
0.9168

2383
2 391
2 373
2.027
2.030
2068
1.927
I 803

1.6318
1.6332
16061
1.6236
1.6265
1.6061

5.998
6.034
6.035
5.949
5.984
6.013
5.829

1.0834
1.0829
1.0810
I 0846
1.0844
1.0831
1.0819
1.085

1.3359
1.3366
1.3306
1.3357
1.3358
3308

-

1.5957

H20

HOd

DZ
Oz
HO + I'a
',z + Pa
OZ + Ph
Qz + 2P
Expt

-

NH 3

r(OH)

LHOH

P(H20)

r(NH)

LHNH

tj(NH3 )

0 9514
0.9519
0.9502
0.9439
0.9438
0.9410
0.9414
0.9575

112.51
112.49
112.10
10671
106.72
10693
106.38
104.51

2.530
2.526
2.553

0.9944
0.9939
0.9935
1.0011
1.0008
0.9987
0.9990
1.0124

11628
116.26
115.15
108 18
108 0o
108 ',
10,,
1Oto
oo

1.3c8
I 307
1429
1.809
1.803
1.743
1.612
1.47

Z.177
2.174
2246
2.010
1.847

B2H6

111
DZ
QZ
It) +
DZ +
QZ +
QZ +
Expt

Pa
I'a
Ph
2P

r(BB)

r(BH,)

r(BHI

/--H,BH,

1.8303
1.8209
1.8003
'.7944
1.7901
I.309
1.7W73
1.743

1.1826
1.1831
1.1802
1.1865
1.1866
1.1839
1.1833
1.184

1.3402
1.335S
1.32:3
1.32S4
1.32t-3
I 3209
1.3;S0
1 3:4

123.00
12262
12230
122.48
122.28
12204
121.99
121.5

8 Bond lengths (r) are in A. bond angles in degrees, and dipole moments in debyes The bridging and
11
terminal h~drogens in B2H6 are denoted b and H,, respecti'~el~ E~perimentaI data are from Refs. [24-

291.

out using fourth-order many-body perturbation theory with triple substitutions
neglected, that is, SDQ-MP4 [301.
First, consider hydrogen peroxide. Inclusion of polarization functions reduces
the dihedral angle f3 by 30-45*! A previous complete MP4/HD + Pa calculation
[31] gave r(OO) = 1.471 A, r(OH) = 0.970 A, LHOO - 99.3', and fl = 116.3' in
reasonable agreement with our SDQ - Mp4/DZ + Pa results. An MP2/6-31 IG(3d,2p)
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TABLE XI.

SCF and SDQ - MP4 geometries for H 2 0 2 and N 2H 4."

H20 2

SCF/HD
SCF/DZ
SCF/QZ

SCF/HD + Pa
SCF/DZ + Pa
SCF/QZ + Pb
SCF/QZ + 2P
SDQ - MP4/DZ + Pa
SDQ - MP4/QZ + 2P
Expt [33]

r(OO)

r(OH)

LHOO

1.4438
1.4461
1.4396
1.3922
1.3931
1.3888
1.3966
1.4615
1.4652
1.4645

0.9564
0.9571
0.9542
0.9467
0.9466
0.9431
0.9431
0.9688
0.9630
0.965

102.77
102.72
102.06
102.73
102.69
102.74
102.68
99.74
99.77
99.4

144.3
142.9
163.1
112.5
112.1
118.2
111.2
114.2
113.8
111.8

N2H4

SCF/HD
SCF/DZ

SCF/QZ
SCF/HD + Pa
SCF/DZ + Pa
SCF/QZ + Pb
SCF/QZ + 2P
SDQ - MP4/DZ + Pa
SDQ - MP4/QZ + 2P
Expt [35]

Bond lengths are in

r(NN)

r(NH.)

r(NHb)

LH.NHb

LHNN

/.HbNN

fl(HNNHb)

1.4064
1.4044
1.4099
1.4117
1.4107
1.4111
1.4166
1.4419
1.4476
1.449

0.9952
0.9947
0.9933
0.9989
0.9986
0.9963
0.9957
1.0152
1.0091
1.021

0.9984
0.9978
0.9967
1.0015
1.0013
0.9993
0.9984
1.0185
1.0119
1.021

115.13
115.14
114.15
108.94
108.87
109.25
108.67
106.99
107.44
(106.6)

113.01
113.08
112.07
108.53
108.48
108.71
108.24
106.51
106.58
106

116.67
116.72
115.77
112.67
112.64
112.73
112.17
111.37
111.05
112

92.1
92.0
92.1
89.8
89.7
90.2
90.1
89.6
90.9
91

A and

angles in degrees. 0 is a dihedral angle. The hydrogens on each N in

hydrazine are nonequivalent and are denoted b) H, and Hb. respectively.

calculation [32] led to r(OO) = 1.450 A, r(OH) = 0.962 A, _HOO = 99.5', and
t = 111.10. Good agreement with an experimental geometry of Koput [331 is obtained by our SDQ - MP4/Qz + 2P calculation: The bond distances agree within
0.002 A, the LHOO to 0.40, and the dihedral angle to 20.
Next consider hydrazine. All calculations show that the two hydrogens, labelled
H. and Hb, on each nitrogen are nonequivalent. A CISD(Q), configuration interaction

with all single and double substitutions approximately corrected for unlinked clusters, calculation [34] in a 6 - 31G* basis led to r(NN) = 1.448 A, r(NHa) = 1.018

A, r(NHb) = 1.021A,

LHaNHb = 106.640, LHaNN = 105.940, LHbNN = 110.820,

and fl(HaNNHb) = 90.05'. An experimental equilibrium structure is not known
but a thermally averaged rg structure has been determined by Kohata et al. [35].
They were unable to match the nonequivalent NH bonds with the corresponding

angles and therefore reported an average r(NH). Moreover, they fixed LHNH at
106.60 from the CiSD(Q) calculation [34]. Our SDQ

- MP4/QZ

may be the best equilibrium geometry available to date.

+ 2P calculation
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We hope the basis sets presented in this paper will be generally useful to the
quantum chemistry community.
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Abstract
The kinetic energy component is shown to be a well-defined quantity in the divide-and-conquer method.
This kinetic energy converges to the conventional Kohn-Sham kinetic energy when the numbers of the
"buffer atoms" for subsystems increase. Numerical results from sample calculations confirm that :he
kinetic energy component converges to the Kohn-Sham value as the basis set increases. cc 1993 John
Wiley & Sons. Inc

Introduction
Accurate computation of the kinetic energy is essential to ab initio calculations.
In the density-functional formalism the commoai practice is to represent the kii.,tic
energy in terms of the Kohn-Sham orbitals. This representation recovers most of
the kinetic energy. The residue of the kinetic energy, conventionally denoted by
T,, is included in the exchange-correlation component E,, of the Kohn-Sham
energy. The result is in principle exact [1-4]. The introduction of the auxiliary
Kohn-Sham orbitals increases the size dependence of the density-functional computations while alleviating the problem of the unavailability of the explicit form of
the kinetic energy density functional. The Kohn-Sham kinetic energy is a functional
of the density, as is the exchange-correlation energy and so the total energy. All
ground-state properties can be calculated accurately as long as the density is computed accurately.
In the conventional Kohn-Sham scheme the global Kohn-Sham orbitals are
expanded in terms of a proper basis set. The coefficients of the expansion are obtained
via a Rayleigh-Ritz variational principle. The divide-and-conquer method solves
the Kohn-Sham equation differently [ 51. It uses the density as its basic variational
variable. No global molecular orbitals are involved. This reduces the size dependence
of the computation from N 3 for the conventional Kohn-Sham method to N (or
at most N 2 ), where N is the number of electrons in the system. The kinetic energy
was not calculated separately. Instead it was computed together with a potential
term as a whole. Since the global Kohn-Sham orbitals are not used in the divideand-conquer method the kinetic energy has to be redefined. The main objective of
this article is to define the kinetic energy within the divide-and-conquer formulation
starting from a recent ab intio construction of the divide-and-conquer method
International Journal of Quantum Chemistry. Quantum Chmlistry Symposium 27. 355-361 (1993)
CC'C (0010-7608/93/010355-07
,,, 1993 John Wiley & Sons. Inc.
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[6], and to show that this definition conforms to the conventional Kohn-Sham
definition.
Theory
The Kohn-Sham equation is the operational equation in density-functional
computations. For an electronic system it reads

SV 2 + v(-) + 46,(7) + V,(7) ;P= ,(1)
with

p( 7 ) =

n 1 1',,,I2

(2)

df

'

(3)

)= 5
, p( 7)

(4)

v(7) is the external potential acting on the electronic system; • and cj are the
Kohn-Sham orbitals and cigenvalues, respectively. The total energy is
ZAZ.

E,:=

+ Ql] + 2ZAZI

(5)

AvRAI

where
6 =

Q[d

f- (7

, n,c

0,0) - v.,()

(6)

d? + E',jI

(7)

The last term in Eq. (5) is the nuclear interaction energy.
The self-consistent solution of Eqs. (I) to (4) involves the expansion of the
#j(?) as a linear combination of basis funcicns, usually atomic orbitals, or other

functions such as Slater-type or Gaussian-type functions centered on atoms. There

exists inefficiency here. When the density or total energy is computed not every
term in the linear-combination-of-basis-function summation of the Kohn-Sham
orbitals contributes because of the exponential decay of the basis functions. Suppose

that one uses a basis set with functions centered at one point one would expect
very bad result unless very big basis set is used. One-center functions represent the
region near the center well, and the region far away from !he center poorly. One
way to improve this bad representation is of course to tise the basis set mentioned
above, !hat is the one with functions from all atoms in the molecule. Another way
to achieve this improvement is to divide a large system into sevcral regions such
that each region has its own basis set with functions centered only within or near
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the region. And a Kohn-Sham equation is solved for each region. This way each
region has been represented reasonably accurately by a set of equations and its
associated basis set. The global solution is obtained by assembling solutions from
all subsystems. Weighting functions can be used for this purpose. The weighting
functions are designed in such a way that they are big within the regions they are
associated with and small away from the regions. This is exactly the philosophy
behind the recently developed divide-and-conquer method [5,6]. The advantage
of this divide-and-conquer approach is that the auxiliary Kohn-Sham orbitals can
be completely eliminated and hence the size dependence of the computations is
reduced, without any loss of accuracy.
Consider a molecular system. Each sabsystem a can be thought of as consisting
of several atoms. Let [p'(-f)} be the weighting functions mentioned above, previously called partition functions. The {p"(f) } satisfies the relations: 1,, p"(7) =
1 and p"(7) > 0. Let {1"(7)} be the basis set associated with the subsystem a.
The Kohn-Sham equation (1) can be solved using this basis set. Denote the solution
as {0',(7), c"}. The density generated is
=

(8)

7 n,.
'0

For closed ,hell n, = 2. The global density can be composed as following
p(-f= 2 po( 7 )7"(f)
= 7 2 2.f(e. - eC')p"(-)Ii,'•(I 2

(9)

wherefp(x) = I/[1 + exp(-#3x)] is the fermi function. The substitution of n,0
2 with a fermi function comes from a simple technical consideration which will
manifest itself in the following normalization relation:
N f p(7)dd7=2 •

(10)

eF is the parameter to be used to normalize the electron density as given by the
above equation. The fermi function makes this normalization process possible.
fg(x) approaches a step function as / becomes bigger.
To compose 6 a local form of it has to be used
0 j. -)4'•(•)
=%)- Z n,0 (¢,ol HI¢,)
(lI)
where H is the Kohn-Sham Hamiltonian. Another form of this local quantity is
$"')= Z n,o0 *(?•)H4'o(-F)
(l Ia)
I la

Subtle differences between these two forms exist. They are the same if the basis set
used is complete. The global & is

pp"=
'F"

0)(7) d7 = 2

Zf

Ip"(•)l,)
p"7

(12)
12)a
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S= 2

d-F

(12a)

Again n,. has been replaced by the fermi function. Equation (12) is the formula
used in the previous publications [5-9] and will be used here.
Suppose that the limit # -- o is taken. The divide-and-conquer formulation as
described by Eqs. (8) to (12) reduces to the conventional Kohn-Sham formulation
if the basis set {4O'( )} covers the same function space for all a. The divide-andconquer method results from the discriminate truncations of complete basis sets
in different subsystems [6].
The self-consistent solution of the divide-and-conquer formulas ( 1), (3) through
(5), (9), ( 10), (12) does not require the construction of the global Kohn-Sham
orbitals. Complete Hamiltonian and overlap matrices are noL needed here.
A local kinetic energy can be defined similar to the definition of 49a(7) in Eq.
(ll)
)=

(13)

T)

The kinetic energy in the div;de-and-conquer method is
T=

f
(14)

-2

I

1

J.

I..

An definition of T0 (i) analogous to the definition ofr49(7) in Eq. (1 la) will result
in the total kinetic energy definition
T= 2

ZI
a

Ia

(14a)
q

These two definition of the kinetic energy become the same if a complete basis set
is used. The kinetic energy from both Eq. (14) and (14a) becomes the conventional
Kohn-Sham kinetic energy when # - oo and {10 (') } covers the same function
space as the Kohn-Sham basis set does for all a.
Equation (14) is used in the following computations of kinetic energy because
of its numerical simplicity. Equation (14) is compatible with Eq. (12) not with
Eq. ( 12a).
Results and Discussion
In the present calculations the X,, approximation with a = 0.7 for the exchangecorrelation energy functional E.,[p] has been used. The sandard techniques for
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the multicenter three-dimensional numerical integrations are taken from the literature
is built from the spherical atomic
-- partition
qj-function {p"(1)}Zý,[b17-AJ
densities:[7,101.
p"( • )The
2. The basis set
dsi:,, [P•(V[ _ [po(I- - TI) ][)]2/•
consists of the projected and optimized atomic orbitals [7]. For the divide-andconquer calculation two ways are used to enlarge the subsystem basis sets- to add
more atomic orbitals from atoms within the subsystems and to include atomic
orbitals contributed by the neighboring a*ons, the so-caded "buffer atoms" [7].
The density-functional programs developed in Yang's Laboratory, modified as appropriate, is used [5,7].
Sample calculations are carried out for benzene and a tetrapeptide. The benzene
geometry used is D6 h symmetry with dcc = 1.397 A and dcli = 1.084 A. The
tetrapeptide geometry is taken from Ref. [7]. In the divide-and-conquer calculation
benzene is divided into six subsystems, each consisting of a CH piece. The tetrapeptide is divided into 13 pieces, each consisting of a heavy backbone atom and
the side atoms attached to it. Numerical results are reported in Table I and
Table II.

TABLE 1. Total energy and kinetic energy component from both the KohnSham method and tne divide-and-conquer method for benzene. rin../mnn'.
stands for the numerical atomic basis set used- in :-type and n p-type atomic
orbitals for C atom and in' s-type and n' p-type atomic orbitals for H atom hn
stands for that nth nearest neighbors have been used as "buffer atoms " Atomic
unit is used.
-E
Basis
C/H

T7

j3 = 100

0 = 150

0 = 100

0 = 150

21/10
bO
b
b2
b3
KS

230 080
228.268
228.228
228 336

230.068
228.281
228.256
228.336

224.303
225.259
225.618
225.217

224.432
225 253
225.627
225.217

32/21
bO
b1
b2
b3
KS

229067
228972
228.838
228.930

431/32
bO
bi
b2
b3
KS

229.5r8
229026
228.911
228.994

228338

225.221

220 121
228.976
228.840
228.930

231 982
229010
229 230
229.154

228.930

22q211
230.451
229.028
228.911
228.994

228.994

232.030
229.027
229.254
229.154

230 533
228.328
229.106
229.041

231 550
228.310
229.109
229.043
229 097
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Total energy and kinetic energy for tetrapeptide. i3
156. And atomic unit is used. EH,, is from Harris-type calculation
and EscF is the self-consistent result. See Table I for the notations
of basis set.
TABLE I1.

Basis
NCO/H

-l 1',,,

-EscF

T

21/10
bO
bI
b2

900.162
896.205
896.627

899.484
895.620
896.105

888.420
894 240
894.121

b3

896.656

896.128

893.773

M
b5
KS

89%.658
896.658
896.658

896.129
896.131
896.129

893.791
893.759
893.772

Given in Table I are the total electronic energy and the kinetic energy component
from both the divide-and-conquer method and the conventional Kohn-Sham
method for benzene. The results show that both the total energy and the kinetic
energy component converge to the Kohn-Sham (KS) results when more buffer
atoms are included. Similar ;esults were reported for the total energy by Yang et
al. [5,7-9 1. Particularly the divide-and-conquer method gives the right kinetic energy
component. This is true for different level of basis sets. The same conclusion is
reached from calculations for the tetrapeptide as shown in Table II. To see the error
introduced by the fermi function substitution two different 3 values have been used
for the benzene calculations. As can be seen from Table 1 that the 03value plays a
very minor role here. This means that the introduction of the fermi function brings
in a negligible error as far as # is sufficiently large (see also ref. [5]). Also given in
Table 11 is the energy from Harris type calculations [I I]. The same convergence
pattern is found in Eiamns as in Escr. This may be very important in large molecule
calculation since the Harris type calculation is much easier to carry out.
The conclusion is that the divide-and-conquer method can give the correct energy
components as well as the total energy though their convergence may be slower
than that of the total energy.
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Abstract
An approximate numencal method of solving the Generalized Master Equation for a many-body
problem is presented, with examples of its application. This method involves the construction from the
full Hamiltonian (of the system plus the "bath") of a set of unitary Langevin equations that combine
deterministic microcanonical, stochastic canonical (heat bath), and stochastic nonthermal dynamics in
a single time-integration scheme. If impleMented in a representation that captures the essential physics
and repeatedly run from a given initial condition, this method evaluates stochastic representatives from
the actual fiber bundle of system worldlines that flow from the initial condition and, hence, numerically
evaluates the path integral. © 1993 John Wiley & Sons, Inc.

I. Introduction
In a many-body problem, selecting the "right" generalized (functional) coordinates for the description of the system is very important. A good choice can make
a problem relatively straightforward, can teach us about the key physics of the
problem, and can even make our approximations and omissions less important. A
bad choice can confuse the physics of the problem or lead to inconsistent or unphysical results even while it appears to be working perfectly. More often than not,
the choice of representation is connected to the method of solution so that one
more or less determines the other, although there are some representations that
admit more than one method of solution.
Unfortunately, there is no prescriptionfor selecting the best functional representation tor a problem-it remains more art than science. In addition, there are wellknown approaches based on representations that poorly describe the problem but
that compensate for this by being easy to evaluate and integrate. These methods
can be counted on to at least yield an answer at the end of a calculation (although
there is no guarantee that the answer is even approximately correct). Given the
grant-funded ecology of scientific research, there is thus a temptation and a tendency
to repeatedly study a given problem to ever-higher order with a poorly convergent
representation rather than invest the time (and take the risk) of studying the problem
carefully and selecting a representation that may (or may not) be numerically or
analytically difficult but that embraces the actual physics well and converges in
application rapidly.
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 363-375 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010363-13
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Some problems, of course, do yield to a heavy-handed approach at modest cost
and frequently with "standard" codes so that even programming time is minimized.
For these problems, art has become science (or even engineering) and we do not
consider them further. Other problems, however, do not, and these "complex"
problems are almost by definition among the most interesting problems available
for study. Examples of complex problems are studies of phase transitions and critical
phenomena for various systems, relaxation phenomena, reaction dynamics, and
turbulence; generally, almost any system that exhibits macroscopically nonlinear
behavior (static or dynamic, in open or closed systems) is microscopically complex,
as some sort of fundamental reorganization of the microscopically linear system
into self-consistent structures is associated with the macroscopic nonlinearity. These
structures are rarely easily understood in terms of simple, linearized models of their
microscopic components or modes.
A specific example of the importance of the cor- :t generalized coordinates is
found by studying the role of vortices or defect structures in general in KosterlitzThouless transitions [1] such as occur in the 2d/2D (planar, or xy-model) Heisenberg ferromagnet. This kind of phase transition is characterized by the unbinding
of defect pairs (spin vortices of opposite twist) that are perturbatively disconnected
from linearized (spin wave) descriptions. These defects are not just simple linear
combinations of spin-wave modes-they have an identity, a structure, and an effective interaction all their own. It is difficult, if not impossible, to understand the
planar ferromagnet without first recognizing that these defects are the relevant
structures and implementing their coordinatization in the method used.
For researchers in many fields, then, it is useful to study as many examples of
successful and unsuccessful descriptions of complex problems as possible, so that
one's "bag of tricks" may contain the trick that one needs when one needs it and
so that one can avoid methods unlikely to yield a correct answer. It is also worthwhile
to understand the rationale underlying the descriptions that do work so that we
-nay find new ones and even eventually reduce the art of discovering such a description to a science of implementing a prescription.
In this spirit, therefore, we present a uniform approach, based on numerically
solving stochastic, unitary. integrodifferential equations that has worked well for
us in certain many-body problems in the past. The equations solved are a Langevin
realization of the Generalized Master Equation (GME)* or path integral [ 3 ] for the
problem, and the approach itself can be applied to a wide range of systems and
phenomena. As such, it combines methods of microcanonical "molecular dynamics"
(although we have not applied it to molecular problems) with methods of importance
sampling heat bath Monte Carlo based on Glauber canonical thermalization "dynamics" [4.5 ].
To solve problems in quantum optics [6,7], magnetism [8], and even lattice
gauge theory [9], we
* Foi a discussion of the Generalized Master Equation in the context of quantum optics and Langevin
equations, see. e.g.. [2].
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1. Select a system description that is simple enough that it can be worked with
numerically and complex enough that it can describe all evaluated moments
and quantities accessible by the actual system. The system description can be
fully quantum-correlated (entangled), but if it is, there are distinct limits on the
size of the systems that can be studied. In magnetic problems involving spin
1/2, e.g., a fully entangled N spin description requires -0(2'•) real number
coordinates for the system alone. On the other hand, if one assumes a semiclassical spin-spin interaction, the spins do not entangle (so that the system can
be in a simple product state) a system description scales like -O(N).
The fully entangled description is quantum mechanically "exact" but only
small systems can be studied, so that many-body effects, especially on macroscopic scales, may be represented rather poorly. On the other hand, the simpler
description can be scaled to rather large lattices (we reach N = 2 "-2,5 routinely,
and 220-22I are accessible on parallel supercomputers) and thus exhibit a full
range of macroscopically nonlinear behaviors, but may or may not represent
the local quantum theory very accurately. In between, there are various ways
of constructing clustered or coarse-grained representations with a limited range
of entanglement that should improve the quantum description but still allow
statistically meaningful and scale-extensible macroscopic behavior to be studied,
although this has yet to be proven (by us, at least).
Experience suggests that in many cases the semiclassical or classical coordinatization captures most of the essential quantum physics and describes experiment rather well because of the short correlation times of the entangled states
in systems at a finite temperature.
2. With a numerically tractable representation in hand, we then solve for its explicit
coherent time evolution by deriving and interrating (numerically) appropriate
coupled differential equations from the system Hamiltonian.
3. Simultaneously (while the system undergoes its natural conservative and coherent
microscopic motions) simulate its incoherent time evolution by treating its incoherent bath interaction as a random series of delta-correlated unttary,transition
processes. Each transition carries the system from one coherent, time-reversible
system worldline to another (generally quite near by). In the process, information
is irreversibly lost (explicitly, to the bath) and energy may or may not be conserved.
The essential feature of our approach is that we separate out the coherent and
incoherent components of the motion of the system and treat the intrinsically
unitanty-preserving coherent time evolution "exactly" (analytically or numerically) and force the incoherent components of the motion to be unitary transitions driven by stochastic interactions with the rest of the universe in such a
way that the damping/decay rate equations are satisfied on the average. The
various mechanisms and fields that contribute directly to the incoherent time
evolution we call the "bath," with the understanding that it is we who decide
which part of nature makes up the "system" and which part the bath.
In the GME, once one decides on the system, the bath is everything else (all
the coordinates traced over in the projection to system-only coordinates). In
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our approach, the same thing is very nearly true, except that we absorb the
unitary contributions of the nonsystem coordinates to system motion into the
reversible deterministic evolution and treat only the nonunitary (damping) contributions as being the stochastic bath (which may or may not be a thermal bath
in the classic sense).
4. Finally, accumulate or record in each time step "measurements" performed on
the system. As thefil/ mitcroscopic state of the system is always available, arbitrary
moments and quantities that are generalized functions of the system coordinates
can be studied.
5. Depending on what one is studying in a particular problem, the forward time
evolution of the system from a given initial state can be repeatedly solved. The
set of trajectories thus accumulated constitute a sampling of the actual fiber
bundle of trajectories from which the path integral of the problem gets its weight.
The moments of this bundle of trajectories (for a nonequilibrium system) are
also of general interest.
The time evolution thus generated has several remarkable features: It allows for
or includes both microcanonical. canonical, and pure stochastic time flow. Both
pure molecular dynamics and pure (static) importance sampling Monte Carlo are
thus completely embedded subsets of the general scheme and can be implemented
by simply setting certain rate parameters to zero or unity. This method is, however,
much more general and can be applied to far more complex and realistic problems
in addition to the already vast body of problems accessible to the two embedded
methods.
It can describe (thermal) equilibrium problems, relaxation models, and general
nonequilibrium problems. Open (damped, driven) systems can thus be microscopically treated. The hysteresis c, cle of absorptive optical bistability obtained in
[6] and described below is the trace of a first-order dynamical phase transition in
an open, damped, driven system.
The microdynamic method is non-Markovian. When a many-body system makes
a "quantum jump" from one worldline to a nearby worldline (when the optical
state of a single atom of the system changes, e.g.), most of the information required
to describe the original worldline is left intact. In fact, this method can be viewed
(from the point of view of information theory) as solving for the finite difference
dynamics of entropy flow into or out of the system from the bath. In practice, the
behavior of the system is distinguishably connected to its past-time history for times
much longer than the time scale of microscopic motion or local stochastic relaxation.
especially when strongly ncnlinear or critical behavior is macroscopically observed,
i.e., structures in the system can have extremely !ong lifetimes, many times longer
than the "memory time" of a single component in the structure. Obvious examples
of this are critical slowing down in general and metastable configurations "frozen
in" to a system during a rapid quench from high-temperature initial conditions
through a second-order critical point.
In Figures 4 and 5, we offer numerical evidence that including system dynamics
interleaved with the heat bath thermalization process can alter the longitudinal
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relaxation rates when the spin-spin relaxation rates exceed the rates of the spinbath interaction (i.e., when the spin waves have a long thermal coherence time).
This is not unreasonable, but is completely invisible in any Monte Carlo approach
that does not include microdynamics explicitly. On the other hand, when the thermalization process is fast with respect to the spin-spin relaxation rate, then the
time scales associated with Glauber dynamics are essentially real time and dynamical
scaling laws obtained with this tool are valid.
A final appealing feature of this approach is that it is based on implementing, as
faithfully as possible, a numerical realization of what we believe to actually be
occurring in the system in nature. It is more than "just a simulation"-it is a
numerical solution to the (admittedly stochastic) equations of motion. As a consequence, we expect that the method will respect detailed balance and broken ergodicity [10] when appropriate (as when the system undergoes a phase transition)
but will also respect the kind of broken ergodicity that super~sedesdetailed balanc'e
when appropriate. Not all simulation methods respect broken ergodicity even when
it occurs in the actual physical model, so this is an important consideration [IlI.,
It is not possible in a short paper to present more than a brief outline of some
of the results successfully obtained in this approach. This list is constantly changing,
as well, as we are currently actively involved in implementing it to a variety of
problems. We urge interested readers to obtain the original papers or to contact us
for more detailed discussions.
II. Optics
We deduced this method in work leading to its original application in studies of
the nonlinear quantum optics of "two level atoms" in a tuned cavity and stimulated
with a coherent, resonant optical field (see [6 ] and the copious references therein).
Phenomena exhibited by such a collection include photon echoes, superradiance,
and absorptive optical bistability (a dynamical first-order phase transition). At the
time of our work, there were semiheuristic descriptions of photon echoes, several
competing explanations for superradiance (or superfluorescence) at various levels
of quantum entanglement, and a mean-field-based understanding of absorptive
optical bistability at the level of nonlinear equations describing the equilibrium.
None of the methods used to understand these specific problems could also describe
more than one of the other two in the same coordinatization.
We realized that if we treated the ensemble of two-level atoms as being semiclassically coupled Nia the total cavity field (after extracting the atom-field entangling
that leads to the spontaneous emission rates in QED), that free quantum time
evolution from a simple product state would leave the atoms in a simple product
state. If we treated the spontaneous emission process physically as a stochastic,
delta-correlated transition from an arbitrary superposition state to the ground state,
we could obtain unitary Langevin equations that precisely reproduce the singleatom expectation values in the appropriate limit but that fully allow for classically
correlated (collective) field emission and absorption. It was natural to add other
generic-phase interrupting processes (such as elastic or inelastic collisions) as an
additional unitarity preserving stochastic transitio: term in the time-evolution loop.
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Figure i. The modulation of the driving external field by Rabi oscillations in a collection
of N = 225 two-level, resonant atoms enclosed in a "cavity." As the atoms are driven
through the Rabi cycle, they coherently absorb and re-emit radiation in phase with the
driving field. At the same time, however, incoherent processes destroy the collective phase
of the atoms so that eventually they absorb as much as they decay and the cavity becomes
transparent.

The resulting system of 3N + I coupled linearordinary differential equations
for the system of atoms plus the field was readily integrable in time. The stochastic
elements preserved the unitarity of the description and, hence, the post-transition
integrability. Accurate numerical results were easily obtained for N - 102_103
even on modest computers.
This method proved capable of describing photon echoes, self-initiated superradiance, and absorptive optical bistability within a single approach, by simply
altering the appropriate parameters of the model in much the same way that they
would be varied in the different experiments required to measure them in a single
collection of atoms. In Figure 1we present the modulation of a transmitted radiation
pulse by Rabi oscillations in resonant two-level atoms.1 This shows that the atoms
in our numerical example correctly exhibit damped, driven motion that can be
obtained analytically for this simple case.
In Figure 2 we present a typical superradiance curve produced by the numerical
model, with an inset closeup of the initiating spontaneous emission event. This
picture is entirely consistent with the observations of MacGillivray and Feld [13 ],
who also proposed that the full apparatus of quantum entangled atomic states was
not really necessary to quantitatively or qualitatively describe superradiance exI See a discussion of Rabi oscillations, together with figures, in, e.g., [12].
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Figure 2. The collective. superradiant emission of N = 225 two-level atoms prepared at
time I = 0 in tl.e completely inverted state. The system is quiescent for a delay time after
inversion, at whicn point a single spontaneous decay photon emission with overlap in the
cavity mode initiates the growth of the superradiant pulse (see inset). The pulse itself
develops the characteristic hyperbolic secap, shape. The delay time itself has been physically
observed (see MacG:Iivray and Feld [13]).

penments. Note that this is considered a nonlinearmacroscopic phenomenon that
we are obtaining from a strictly linear microscopic model, exactly as it obtains in
nature.
Finally, in Figure 3, we present a photon echo as produced by the numerical
model. This phenomenon, while well understood on an heuristic level, is remarkably
difficult to get from a deterministic or semideterministic algebraic model. It verifies
that the atoms are being driven precisely as we expect them to be on a fully microscopic basis. There are several interesting features of this curve that are more
fully discussed in [ 6 ].
The N-atom optical Bloch equations (our numerical model) also gave, for the
first time, a complete microscopic picture of what was happening inside the system
as it was driven through a complete hysteresis cycle in absorptive optical bistability.
The macroscopic nonlinearity was thus illuminated as a simple, intuitively understandable microscopic behavior rezulting from the collective interaction of the atoms
with the driving mode and the cavity. Also, the approach does not yield the nonphysical middle branch that results from the cubic mean field equations for the
equilibrium-it allows, instead, a direct probe of the size-extensivity of the stability
of the fluctuation-induced phase transition at the branch points of the state curve.
A full time trace of the hysteresis cycle is given in [6], as well as the resulting
hysteresis curve itself.
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Figure 3. The same collection of N = 225 atoms being driven through a "photon echo"
experiment. The atoms are initially in the ground state. They arc then briefly exposed to
a "wr/2"-pulse that coherently polarizes them. The atoms start to radiate away the energy
that they absorbed, but this process is cut off by thcir inhomogencous dcphasing. After a
delay r, they .rc exposed to an applied "'"-pulse thai inverts their moments witt, :espcct
to the polarization plane, After an additional delay r, the atoms rephase, producing the
clearly visible collective emission pulse in the cavity field.

111. Magnetism
Our original studies of the optics problem were conducted at zero temperature.
This is because it is very difficult to include temperature and time evolution in an
open many-body problem. From some of our initial stueies [7), however, it became
clear that we needed to be able to treat finite temperature bath interactions, as they
could lead to a fundamentally new kind of organization of the optical states. Since
the role of temperature in many-body physics is nowhere as well understood as it
is in magnetism, and since in any event spin dynamics in magnetism is closely
allied to the pseudospin dynamics that we studied in optics, we turned to magnetism
to learn how to implement canonical heat baths in our optical method.
The natural cxtension of the method that we used to treat spontaneous emission
and collisions in the optics problem was to induce urzitarity-prescrviig transitions
from arbitrary superposition states to new superpositions states selected from the
canonical distribution of available states at the given temperature. We therefore
implemented this in our code after convening it into a form suitable for studying

magnetism. As we studied Monte Carlo methods for the first time (to learn how
to accumulate appropriate averagcs so that we could check our results), we learned
that this is the Glauber or heat bath thermalization method [4,51 that we had
reinvented with a somewhat different motivation.
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In ordinary Monte Carlo, the time scale of Glauber thermalization dynamics is
arbitrary-"Monte Carlo time" is not necessarilv related to real time, although it
is frequently treated as if it were in -tudies of dynamic scaling. In the unitary
Langevin method that we describe herein, Monte Carlo time is directly and uniquely
related to real time by the presence of the relative time scales of the various physical
processes being directly integrated over in the deterministic evolution. It is not
necessary to confine oneself to studies of models where the thermalization time is
much smaller than the spin -spin dynamics time scale or vice versa. Instead, one
can study both of these possibilities as well as the possibility that spin-wave relaxation
and Glauber thermalization proceed on commensurate time scales. In this case,
the combination of microcanonical spin-wave relaxation and t: e canonical thermal
relaxation rates can, at least in principle, alter the dynamic susceptibilities of the
system being studied.
Using our method, we directly study the spin autocorrelation function
KS(O). S(t)> (where the average is over multiple time trajectories and all lattices
sites on an 8 x 8 x 8 simple cubic Heisenberg ferromagnet with periodic boundary
conditions). The spin autocorrelation has two components: The "longitudinal"
component measures how rapidly the spin component parallel to the bulk magnetization vector at i = 0 changes; the "transverse" component measures how
rapidly the short-range structure in the components perpendicular to the initial
magnetization vector decays in time. The longitudinal component, for a system in
equilibrium, is expected to undergo a random walk on the surface of the (order
parameter) sphere with an angular step size that scales like Vn. The transverse
autocorrelation relaxation time is expected to diverge at the critical point and a
dynamical critical exponent is associated with this.
We find that the full inclusion of dynamics d&,s alter the transverse relaxation
rates of the system under certain, readily understandable circumstances. We also
find that it does noi alter the longitudinal relaxation or in any way affect detailed
balance or the averages of thermodynamic (static) quantities.
In the case of classical Heisenberg spins interacting via a nearest-neighbor interaction, the classical free motion is for each spin to instantaneously precess around
the instantaneous "field" produced by its nearest neighbors at a rate determined
by the field strength. This is simply described by a set of coupled ordinary differential
equations that can be explicitly (numerically) integrated very accurately. The time
required to produce a single 27r precession around the largest internal field possible
can be larger than, smaller than, or comparable to the time required to make a
Monte Carlo time step (i.e., apply the heat bath algorithm to each spin in the system
one time). This can be adjusted in the code by interspersing several smaller integration time steps inside the thermalization loop or by performing several thermalization loops per integration time step.
Figure 4 is a comparison of a typical ordinary heat bath Monte Carlo autocorrelation (no dynamics at all) with the autocorrelation produced when dynamics
are included but with spin-spin relaxation rates that are comparable to or slower
than the thermal Monte Carlo relaxation rates, i.e., each spin can precess only a
small distance around its local site field before being "thermalized," even in the
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Figure 4. rhc decay of total autocorrelation in an 8 X 8 X 8 simple cubic lattice of
Heisenberg spins at their cntical temperature. In one case, dynamical spin-spin relaxation
occurs, but at a rate the same than or slower than the thermal relaxation rate. In the other
case, thermal relaxation only is present. The two relaxation rates are indistinguishable.

strongest local fields that can exist in the system. The thermalizing bath interactions
(Monte Carlo steps) destroy the local-phase angles of the spins with respect to their
local instantaneous field. This results in a characteristic fast decay of the transverse
component of its spin autocorrelation to the residual slowly decaying longitudinal
component. Clearly, the transverse relaxation rates are equal for both situations
(with or without the dynamics) or nearly so. The same is true for the longitudinal
rates. The scatter observed is due to relatively small number (100) of short runs
being averaged and should not be interpreted as a structure of any sort.
On the other hand, in Figure 5, we set the time scales so that each spin could
precess through angles comparable to 27r due to the Hamiltonian spin-spin interaction (spin wave motion) during the intervals between thermalizing bath interactions. This spin motion has the effect of destroying transverse correlations independent of the bath. As a consequence, transverse relaxation is greatly accelerated
on the time scale of the Monte Carlo process (i counts Monte Carlo "sweeps" or
time steps). Indeed, one would expect that even if no random processes whatsoever
were present. the spin-spin interaction would generally suffice to destroy transverse
correlation in the system via wavelike dispersion processes. Longitudinal correlation,
however, is a constant of the motion for the Heisenberg Hamiltonian and only the
bath breaks this symmetry, inducing gradual longitudinal relaxation.
Clearly, this is a very simple case that is readily understandable-after the simulation reveals the phenomenon. On the other hand, it also shows how far more
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Figure 5. The same as in Figure 4, but now the spin-spin relaxation for the "fastest"
modes proceeds - lOx faster than the thermal relaxation rate. This clearly %.ffects the
transverse decay rate, as spin-spin relaxation alone would destroy transverse autocorrelation.
The decay of longitudinal autocorrelation, however, is still dominated by the Monte Carlo
(thermal) relaxation process, as this kind ofautocorrelation is nearly conserved by Hamiltonian motion.

complex behavior can be simulated for an open system that cannot be so easily
understood. It also provides, at last, a formal process for validating the notion of
"Monte Carlo time" and its relevance to dynamic scaling laws. In systems where
the thermal spin-wave coherence time is short, Monte Carlo time as used in heat
bath simulations should yield meaningful dynamical exponents. Irn systems where
the thermal relaxation plocess is slow with respect to the time constants of the
internal motion, however, this is not guaranteed to be the case.
The continuing study of both dynamics and static critical properties in open and
closed systems is the focus of our current research efforts [81. In addition, we are
involved on an advisory level with the extensions of this method in lattice gauge
calculations being conducted here [9]. It is our belief that this method will eventually
prove to be a powerful tool in the arsenal of the many-body theorist.
IV. Conclusions
We have presented a description of a method that, supplemented by a perusal
of our published and unpublished work, should suffice to enable interested researchers to implement a generically similar scheme in a wide range of dynamics
or static many-body problems. We have also presented evidence that this scheme
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leads to physically reasonable and intuitively understandable results in a very
natural way.
To conclude, we want to present the logic of this approach in more complex
(and complete) representations, including both the full N-body representation and
coherent states. The former leads to a problem that is numerically intractable as it
stands except for very small N; the latter has functional extensions that may make
it very useful in this sort of approach.
In the specific examples discussed above, the spins or atoms were assumed to be
in a simple product state-no quantum entangling of the spin-spin interaction was
allowed.
Note that in magnetism this makes a quantum spin model into a semiclassical
spin model equivalent to the classical model (S = or). The spins are still semiclassical
in that quantum transitions are still allowed; this can lead to some interesting and
unique new physics that we are still studying.
In optics this means that we are not using the fully entangled Dicke states [14]
or atomic coherent states [ 15 ] (the spin-state equivalents of the coherent states of
the radiation field [ 16 ] ) but a representation intermediate between these entangled
representations and the neoclassical picture of Jaynes and Cummings [17]. This
representation treats the single atom-field entangling in QED (extracting the actual
spontaneous emission rate and Lamb shift) but leaves the atom-atom interaction
disentangled. This works remarkably well for most problems.
If, however, one is faced with a problem where many-body entangling is a necessary evil with significant physical consequences, all is not lost. The method can
still be applied, although one will have to work much harder and strain one's computational resources.
The essential elements to applying this method to entangled problems are
1. Identifying the best representation, i.e., the smallest and most tractable representation that still contains the essential features of the model.
2. Deriving microreversible equations of motion for the coordinates o" this description.
3. Deriving, deducing, or even guessing the appropriate unitary transitions induced
by the "bath" (thermal or otherwise).
4. Implementing the equations of motion and stochastic bath interactions in a
single piece of code with appropriate statistical hooks and accumulators.
By using clustering and scaling arguments in the first step, it may be possible to
embed this algorithm at the heart of a real-space real-time numerical renormalization
scheme applicable to entangled open systems. This would open a new range of
extremely interesting problems up to detailed study and is one of the chief goals of
our current research.

We are also very interested in synthesizing the results from these physically motivated Langevin equation calculations with the concepts and results obtained with
the functional integral method [18]. The microdynamic method. when applied
carefully, may give us insight into the correct form of the "mean field" results (or
a related Landau theory) that can be corrected for fluctuations by functional integral
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methods. We have obtained [19] the real-space, real-time, dynamical evolution
equations in the functional integral approach, using the coherent state representation [16]).
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Determinantal Inequalities among r")
P. CSAVINSZKY
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Abstract
This paper considers two types of 2 X 2. 3 X 3, and 4 x 4 determinantal inequalities. The elements
of one type are (r"), while the elements of the other type are c(r'), where c = 3 + n. The 2 x 2, 3 x
3, and 4 x 4 determinantal inequalities involve n = - 1. 0. 1. n = - 1. 0. 2.3. 4, and n = - 1, 0. 1.2.3,
4. 5. The two types of 2 x 2, 3 x 3. and 4 x 4 inequalities are used to obtain lower bound estimates of
(r), Kr3 ), and Kr') for the noble gas atoms He. Ne, Ar, Kr, and Xe. The values of these quantities
obtained from the inequalities are compared with the quantum mechanical values of Boyd, who calculated
them with the near Hartree-Fock analytical wave functions of Clementi and Roetti. C 1993 John Wiley
& Sons. Inc.

Introduction
The establishment of inequalities involving <r">. where r is the distance from
the atomic nucleus, poses the question: To what accuracy can one calculate an
expectation -value of r" in terms of other expectation values of powers of r? Several
N X N determinantal inequalities involving (r") were given by Gadre and Matcha
[I]. The 2 X 2 inequalities involve <rn>with n = -1, 0, 1. The 3 X 3 inequalities
involve (rn> with n = -1, 0, 1, 2, 3. One of the 2 X 2 and one of the 3 X 3

inequalities involve c(r"), where c = 3 + n.
In the present work, two 4 X 4 determinantal inequalities are established. One

of these involves (r"), while the other one involves c(r') with c = 3 + n and
n = -1,0, 1, 2, 3, 4, 5.
The motivation for establishing N X N determinantal inequalities is simple. The
2 X 2 case, for instance, permits one to obtain a lower bound estimate of Kr) in

terms of r-vi). Similarly, the 3 x 3 case permits one to obtain a lower bound
estimate of <r 3 > in terms of(r-i), (r), and (r 2). In a similar manner, in the 4
X 4 case, one can obtain a lower bound estimate of <r5 ) in terms of (r-'), (r>,

<r2 ), <r3 ), and (r'). In the present work, (r>, (r 3), and (r 5 ) are calculated

from two types of determ;.nantal inequalities for the noble gas atoms He, Ne, Ar,
Kr, and Xe. In these calculations, the (rn> values of Boyd [2] are used who obtained

them from the near Hartree-Fock (HF) analytical wave functions of Clementi and
Roetti [ 3 ].*
* It should be mentioned here that a large body of literature exists on (per electron) momentum
expectation values (p"). Some of this literature deals with inequalities invol.ing expectation values of
powers of p, while another part of the literature deals with inequalities involving both (p") and (r").
None of the relevant publications will be referred to in the present paper.
International Journal of Quantum Chemistr. Quantum Chemistr. S'.mposium 27. 377-384 (1993)
c, 1993 John Wiley & Sons. Inc
CCC 0020-7608/93/0!0377-08
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In what follows, atomic units will be used. (The unit of length is the bohr, the
unit of energy is the hartree.)
Determinantal Inequalities
A type of determinantal inequalities was obtained by Gadre and Matcha [1],
who made use of the Gram inequality, namely [4] of
i

W

ý0

()d

(X, t = 1, 2, . .. , N).

(1)

(n = 1,2,,.., N),

(2)

Definingf,(x) by [I]*
f,(x) = [41rr 2"--p(r)]11 2

where p(r) is the position electron density, and noting that
p(r) = ( I/47r)r-2D(r),

(3)

where D(r) is the position radial electron density, normalized to unity [2], one
obtains with
r"

=

f

r"D(r) dr

(4)

the 2 X 2, 3 X 3, and 4 X 4 inequalities

I<r>
1I
1
(r) Ž0,

(r-')

1

1

r)
(r'>

ýr>

(5)

<r)
(r 2 ) ŽG,
(r3>

(6)

and
r-')
< r2>

1
Kr) (r2)
((r3
>< r (,.3) > 0.
r'> ( r4> ý r')

(7)

Putting the 2 x 2, 3 X 3, and 4 X 4 determinants in Eqs. (5)-(7) equal to zero,
the calculated lower bound values of(r). <r3 >, and (r'>, for the noble gas atoms
He, Ne, Ar, Kr, and Xe, are displayed in the second columns of Tabies I, II,
and Ill.
Another type of determinantal inequalities was obtained by Gadre and Matcha
[I] by making use of a theorem by P61ya and Szego [5], namely,
There is a misprint in Ref. [I]. The quantity I. there is given asf. = l4•p(r) 2"-.]"
.). whereas the correct expression is that displayed in Eq. (2) of the present paper.

(n = I. 2. 3.
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TABLE I. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r) (in a.u.) and their ratios.!
Atom

(r)LB

(r)QM

He
Ne
Ar
Kr
Xe

0.59
0.32
0.26
0.20
0.17

0.93
0.79
0.89
0.73
0.72

r'>LB/Er)QM

0.64
0.41
0.29
0.27
0.24

'The calculated values of (r) were obtained from
the 2 X 2 determinant in Eq. (5) by putting it equal
to zero. The quantum mechanical values of (r) were
taken from Ret. [2].

(a, + a, + l)1

xa +.f(x) d

a0

(X,\ = 1,2 ....

N).

(8)

Definingf(x) by 47rp(r) [1],* and setting a, = 1/2, a 2 = 3/2; a, = 1/2, a 2 =
3/2, a 3 = 5/2; and a, = 1/2, a 2 = 3/2, a 3 = 5/2, and a 4 = 7/2, one obtains the
2 X 2, 3 X 3, and 4 X 4 inequalities
4(r'>
3
2(r-'>

3
4(r)

0,

(9)

3
4(r)
4(r) 5(r 2 ) >0,
5(r 2 > 6<r3 >

(10)

* The 47r factor is missing in Ref. [I]. The introduction of this factor is, however, necessary if one

wants to reproduce Eq. (6) of Ref. [I].

TABLE 11. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r 3) (in a.u.) and their
ratios.8

Atom

(r 3>L8

(r 3)QM

(r')LB/
<r3)QM

He
Ne
Ar
Kr
Xe

1.72
1.29
2.54
1.82
2.03

1.94
1.44
3.11
2.44
2.82

0.89
0.90
0.82
0.74
0.72

'The calculated values of (r 3> were obtained from
the 3 X 3 determinant in Eq. (6) by putting it equal
to zero. The quantum mechanical values of (r 3 ) were
taken from Ref. [2].
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TABLE Ill. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r3 ) (in a.u.) and their
ratios.0
Atom
He
Ne
Ar
Kr
Xe

5

5

)LB

<rS)QM

(r')LB/Kr )QM

7.02
5.93
19.87
20.91
29.67

9.20
6 24
24.42
22.27
31.75

0.76
0.95
0.81
0.94
0.94

(r

The calculated values of (r 5) were obtainedi from
the 4 x 4 determinant in Eq. (7) by putting it equal
to zero. The quantum mechanical values o'(r5 ) were
taken from Ref. [2].

and

2(r-')
3

34(r>

3
5<rr2

4ýr>

41r)
(

6(r)
6(r 3 )

5<r52

5(r2)
6(r3>

7(r4

;0.

0

(01

8(r51
7 )r4>

Putting the 2 x 2, 3 X 3, and4 X 4 determinants in Eqs. (9)-( 11) equal to zero,

the calculated lower boun( values of ( r), ( r3 ), and ( r5 ), for the noble gas atoms
He, Ne, Ar, Kr, and Xe, are displayed in the second columns of Tables IV, V,
and VI.

TABLE IV. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r> (in a.u.) and their ratios.'

Atom

Kr)zn

Kr)QM

He
Ne
Ar
Kr
Xe

0.67
0.36
0.29
0.22
0.19

0.93
0.79
0.89
0.73
0.72

<r)M/I(r)>
0.72
0.46
0.33
0.31
0.26

aThe calculated values of <r) were obtained from
the 2 x 2 determinant in Eq. (9) by putting it equal
to zero. The quantum mechanical values of (r) were
taken from Ref. [2].
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TABLE V. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r3) (in a u.) and their

ratios.'
Atom

(r')LB

(r)QM

Kr,?LB/Kr')QM

He
Ne
Ar
Kr
Xe

1.79
1.25
2.64
1.90
2.13

1.94
1.44
3.11
2.44
2.82

0.92
0.86
0.85
0.78
0.75

calculated values of (r 3> were obtained from
the 3 x 3 determinant in Eq. (10) by putting it equal
to zero. The quantum mechanical values of(r') were
taken from Ref. 121.

' The

Finally, it is noted that Eq. (9), in the form of(8/9)(r><r-> > 1, has already

been obtained by Gadre [6 ].*
There is a misprint in Ref [6]. The right-hand side of the inequality [Eq. ( I )] is written as
I _(

a-

I

`

[a 2 2

)

xf °-(x)

d" f

xbo(x) dx,

whereas the correct expression is

x` (x) dv (X `bf(x)dv .

The inequalities in Ref [6] have been derived on the assumption that the electronic charge density p(r)
is monotonically decreasing with r. There is no general proof of this. but there is numerical e,6tdence by
Sperber 17 ] and by Simas et al. [14] that HF charge densities are monotonically decreasing functions of
r an Ref. [14] this has been established for the neutral atoms H through U by making use of the near
HF analytical wave functions of Clementi and Roetti [3] and those of MacLean and MacLean [15].

TABLE VI. Calculated lower bound (LB) and quantum
mechanical (QM) values of (r 3) (in a.u.) and their
ratios.'
Atom

(r3 )LB

Kr')QM

(r')LB/(r1)QM

He
Ne
Ar
Kr
Xe

9.01
6.01
23.28
21.10
30.01

9.20
6.24
24.42
22.27
31.75

0.98
0.96
0.95
0.95
0.95

' The calculated values of <r) were obtained from
the 4 x 4 determinant in Eq. (II) by putting It equal
to zero. The quantum mechanical values of (r5) were
taken from Ref. [2].
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Discussion
It is seen from the second column of Table I that the value of Kr)LB decreases
as one goes fr.om He to Xe. The second column of Table II does not show a regular
behavior in the values of Pr3 )LB. The second column of Table III shows that, with
the exception of Ne, the value of Kr5 )LB increases as one goes from He to Xe.
Inspection of the (r)Qm (QM means quantum mechanical) values in the third
column of Table I shows that the decreasing trend in this quantity is broken with
Ar. One can see from the third column of Table II that there is no systematic trend
in the values of r3>QM as one goes from He to Xe. A look at the values of(r')QM
in the third column of Table III reveals no systematic trend in this quantity either.
The fourth columns of Tables I and II reveal that, for all noble gas atoms, (rýLB/
Kr>QM and <r 3 >LB/Kr 3>QM is smaller than unity. This is also the case for (r 5 >LB/
Kr5 )QM, as can be seen from the fourth column of Table III.
Moving now to Table IV, one sees that the values of(r)LB, in the second column
of Table IV, exhibit a decreasing trend. The (r)LB/(r)QM values, in the fourth
column of Table IV, show a decreasing trend too. A glance at the <r 3)LB values in
the second column of Table V shows an irregular behavior. Inspection of the Kr')LB/
Kr3)QM values in the fourth column of Table V shows a decreasing behavior as
one moves from He to Xe. One can see from the second column of Table VI that
there is no systematic trend in the values of (r 5>LB as one moves from He to Xe.
It is interesting to note that the values of (r 5 >LB/(rS)QM, in the fourth column of
Table VI, show a near constancy.
One more point should be mentioned in connection with Tables I-VI. In Ref.
[2] the quantities (r-'>QM, Kr)QM, Kr2 )QM, and Kr3ýQM are displayed to an accuracy of five numbers following the decimal point. The quantity (r 4>QM is displayed
to an accuracy of four numbers following the decimal point, while for Kr >)QM the
accuracy drops to three numbers following the decimal point. For this reason, the
present calculations were carried out to an accuracy of three numbers following
the decimal point and the results shown in Tables I-IV are rounded to two numbers
following the decimal point.
Conclusion
It does not seem promising to enter into speculation about the reason for the
trends exhibited in Tables I-VI by Kr)LD, Kr3>LB, and Kr5>LB. About the only safe
statement is that the trends are connected with the increasing number of electrons
distributed in an increasing number of shells, as one moves from He to Xe.
Another question may be asked: Which 2 X 2, 3 X 3, and 4 X 4 determinantal
inequalities give "better" bounds? Are the inequalities in Eqs. (5)-(7) better than
those in Eqs. (9)-( 11 ). or is it the other way around? One may attempt to answer
this question by calculating the quantities
column 4 of Table I
column 4 of TableIV'

(I')

column 4 of Table II
column 4 of Table V'

(12)
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TABLE

VII.

Comparison of the two sets of 2 X 2, 3 X 3. and 4 X 4 determinantal inequalities [Eqs
(5)-(7) and (9)-(l 1)]

Atom

Colum-. 4 of Table I
Column 4 of Table IV

Column 4 of Table II
Column 4 of Table V

Column 4 of Table III
Column 4 of Table VI

He
Ne
Ar

0.89
0.89
0.88

0.97
1.05
0.96

0.78
0.99
0.85

Kr
Xe

0.87
0.92

0.95
0.96

0.99
0.99

and
column 4 of Table III
column 4 of Table VI

(13)

for He, Ne, Ar, Kr, and Xe. These quantities are tabulated in Table VII.
Inspection of Table VII reveals that, for all noble gas atoms, the values in the
second column of the table are remarkably constant. whereas those in the third
and fourth columns show deviations from constancy. It is also seen from Table
VII that, in most cases, the va:ues displayed in the second, third, and fourth columns
a-- smaller than unity. Looking at these columns of Table VII, it appears safe to
say that both sets of determinantal inequalities are equally "good." One might add
that the second set [Eqs. (9)-( 11 )] is "better" for (r>LB/Kr)QM than the first set
[Eqs. (5)-(7)], while no such clear-cut behavior is exhibited by Kr3)LB/(r 3 )QM
and (r 5 )LB/Kr 5 )QM.
It should be mentioned here for the sake of completeness that some inequalities
inv olving (r") have been established for two-electron systems. The papers by Tsapline [8], Blau et al. [9]. and Gfilvez [10] deal with this subject.* It should also be
mentioned that Weinhold [ II] used determinantal inequalities for obtaining bounds
to various quantum mechanical quantities such as energy eigenvalues, scattering
phase shifts and several other quantities.
In closing, two recent papers (not dealing with two-electron atoms) should also
be mentioned. The first paper is by Angulo and Dehesa [12], who obtained inequalities for (r)(r"- 2). The second paper is by Gilvez and Porras [ 13 ], who
obtained the inequalities rrk- 3 ) < (2Z/k)(rA-2) (Z is the atomic number) with
k = 1, 2, 3. Gfilvez and Porras [ 13 ] have also obtained more complicated inequalities
2
that involve (rk- 3 ) (on the left-hand side of the inequality), and (rk- ), (rk-i),
(rk), and k (on the right-hand side of the inequality).

* References 18-101 gale general !A-electron inequalities. In Refs. [81 and [10] they were applied to
one-electron and two-electron systems
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Abstract
Relativistic quantum defect orbital (RQDO) calculations, with and without explicit account for corevalence correlation, have been performed on several electron transitions in the zinc and cadmium isoelectronic sequences. which are of interest in astrophysics and fusion plasma research A comparative
study with other theoretical results and experimental measurements has also been carried out. C 1993
John Wiley & Sons. Inc.

Introduction
Spectroscopic investigations on the structure of highly ionized atoms have undergone significant developments in recent years. The experimental progress is
largely due to the introduction of several powerful light sources, such as laserproduced plasmas, Tokamak fusion reactors, and beams of fast, excited ions. The
results obtained with these laboratory devices complement the data from astrophysical observations of the solar corona and solar flares. Experimental and theoretical data for highly ionized atoms are needed for the diagnostics of astrophysical
and laboratory plasmas. For more than 40 years it has been possible to record the
spectrum of the sun in the uv and x-ray regions by means of spacecraft-based
observations. These observations have revealed a large number of radiative transitions, not previously observed in the laboratory, thereby stimulating much activity
in theoretical and experimental atomic spectroscopy.
Highly ionized atoms appear in magnetically con' ted high-temperature fusion
plasmas, such as those created with Tokamaks, stelle.. .ors. magnetic mirrors, etc.,
as well as in inertially confined plasmas, produced with powerful lasers of particle
beams. The presence of heavy, ionized atoms results in energy losses and plasma
cooling. However, there are also positive aspects, since the radiation emitted from
the impurities provides detailed information about the physical processes in these
plasmas [I].
International Journal of Quantum Chemistl-. Quantum Chemisti Symposium 27. 385-397 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010385-13
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To 7.rovide the atomic data necessary for plasma diagnostics, such as transition probabilities and oscillator strengths, is still a challenge for experimentalists and theoreticians. Nevertheless, cosmic and Tokamaks-oriented spectroscopy can also supply valuable tests of atomic model calculations [ 2 ]. The
most reliable results for both energy levels and transition probabilities are
obtained with the multiconfiguration Dirac-Fock method [ 3 1. However, this
approach becomes prohibitively time-consuming if the number of transitions
to be studied is very large. According to Curtis [4], the spectroscopic classification of the relevant lines exceeds the general capability of ab inito methods,
and sometimes requires the application of semiempirical met .jds. This conforms with the earlier remarks by Hafner and Schwarz [ 5 ] in their application
of a relativistic pseudopotential approach to the calculation of a large number
of atomic transition probabilities. Very recently, Laughlin [ 6 ] has pointed out,
after comparing lifetimes obtained with a numerical Coulomb approximation
and a model potential with accurate experimental measurements for some
alkali-like systems, that high accuracy may be achieved with relatively
simple computational procedures, as long as they are appropriate to the
problem.
The quantum defect orbital (RQDO) method [ 7 ] and its relativistic (RQDO) formulation [8] have proven to be both simple and reliable procedures to predict
oscillator strengths. Moreover. being simple and analytically solvable models, these
methods may give a deeper insight into the physical nature of the problems than
sophisticated numerical techniques do. A special feature of the QDO and RQDO
methods is that the computational effort does not increase as the atomic system
becomes heavier.
The principal resonance lines of the Zn and Cd isoelectronic sequences are important spectral features for the diagnostics and modeling of high-temperature magnetically confined plasmas. These ions contain two valence electrons outside core
electrons in tightly-bound closed shells, and their spectra remain simple, even for
very highly ionized species. The spectral transitions most commonly observed in
fusion-type plasmas are transitions to the ground state from low-lying excited states
having the same principal quantum number [9]. In the zinc and cadmium sequences, these transitions are of the types 4s 2-4s4p and 5s 2-5s5p. respectively,
which give prominent spectral lines. Some other transitions, such as 4s4p-4s4d and
5s5p-5s5d are also of practical interest. Unfortunately, experimental data for these
transitions exist only for the lower sequence members, and are mainly restricted
to the resonance lines.
In this work. we have calculated oscillator strengths for the above transitions
in ions belonging to the Zn and Cd isoelectronic sequences with both the QDO
and RQDO procedures, with and without explicit inclusion of core-valence correlation through two forms of the core-polarization corrected transition operator,
as described in the next section. The relativistic calculations have been performed
in the intermediate coupling scheme. A comparative study of the results obtained
with other theoretical and experimental (where available).f-values will also be
carried out.
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Method of Calculation
The relativistic quantum defect orbitals corresponding to a state characterized
by its experimental energy E' are the analytical solutions of the quasirelati%istic
second-order Dirac-like equation [8]
+

A(A" + I)

2Z',,,, R,

RDq,

(1

where.
A = h-n+ I -6'+c,

(2)

Z'n, = Z.,.(!I + c-2E').

(3)

(Z'nc)2

e RD

2(hi - 6')2

= E%(I +a 2EP/2)
2
(I + a E')

(4)
(

where ,i is the relativistic principal quantum number, n and I are the principal and
orbital angular momentum quantum numbers, 5'is the relati' istic quantum defect.
c is an integer chosen to ensure the normalizability of the wa~efunction and its
correct nodal structure, Z,, is the nuclear charge acting on the -valence electrons
at large radial distance, and a is the fine structure constant. Atomic units are used
throughout. To determine the wavefunctions. 5' is first obtained empincalh from
Eq. (4). Then the model potential parameter A is obtained from Eq. (2) and substituted into Eq. ( I ) which can be solved analytically. Since the effective Hamiltonian
in Eq. ( I ) includes a screening term. the quantum defect orbitals are approximately
valid in the core region of space.
The non-relativislic QDO equation is obtained b, setting a equal to zero. Then
E' becomes the experimental term energy, a-eraged over its fine structure components.
Both the relativistic and non-relativistic quantum defect orbitals lead to closedform analytical expressions for the transition integrals. This allo%%s u- to calculate
transition probabilities and oscillator strengths by simple algebra and with lintle
computational effort.
The radial part of the transition integrals invol~ed in the computation of transition
probabilities and oscillator strengths is defined as
,f ,f

R,Q(r)

R,r 2 dr

(5)

where the simplest form of the transition operator is Q(r) = r. in its dipole-length
formulation.
One aspect of the computational procedure which has to be inmestigated is how
to correct the transition operator for the neglect of explicit core-%alence correlation
in the quantum defects orbitals. It is well known that core-%alence correlation significantly contributes to certain transition matrix elements The model potential
parameter gien by Eq. (2) implicitly accounts for core-valence correlation, also
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know n as core-valence polarization. This partly avoids the addition of a core-polarization term to the model potential, depending on free parameters, as done in
some relevant procedures [10.11]. An additional and much simpler ,xplicit introduction of core-valence polarization can be achieved by writing the dipole-length
transition operator in the first-order corrected form originally proposed by Hameed
et al. [121
Q(r) = 7[l - a,/ryf(r)]

(6)

where ad is the electric dipole polarizability of the atomic core, and f( r) is a cutoff function which tends to unity for r -- x. and presents divergence for , -- 0. It
is difficult to derive a general expression for f(r). In previous works [13] we have
used that proposed by Caves and Dalgarno [14]:
f(r) = I - exp(-r/r,)3

(7)

where r, is a suitable chosen cut-off parameter, which we have always taken to be
approximately equal to twice the core mean radious.
Very recently [15] a new form forf(r) has been successfully tested within the
QDO/RQDO context:
.f(r) = [1 - exp(-r/r.)] 3

(8)

This expression offers the great advantage, unlike Eq. (6), of retaining total analyticity in the QDO/RQDO transition integrals.
In the present calculations the above three forms of Q(r), r, and those given by
Eq. (6) combined with Eqs. (7) and (8), respectively, have been employed throughout. The core polarizabilities have been taken from Refs. [161 and [17]. A much
greater consistency has been obtained with the choice of Eq. (8) over the choice of
Eq. (7) for the cut-off function, in the sense that the dependence of the resulting
oscillator strengths on the value of r, is much smaller with the former than with
the latter. Hence, in the next section we shall only present the RQDO oscillator
strengths calculated with Q(r) = r and with Q(r) given by Eqs. (6) and (8).
For obtaining the quantum defects as well as the transition energies, the empirical
energy data that we consider as most reliable have been employed [18-251.
Results and Analysis
The relativistic quantum defect orbital (RQDO) oscillator strengths, calculated
within the intermediate coupling scheme. for the zinc and cadmium isoelectronic
sequences. are displayed in Tables I to IV. Two sets of RQDOf-values are shown,
those computed with the standard dipole-length operator. Q(r) = r, and those
where core-valence correlation has been explicitly introduced by using the corepolarization transition operator given by Eqs. (6) and (8). We have studied as
man% atomic systems as those for which empirical energy data were available.
Other oscillator strengths, from theoretical calculations and experimental measurements, found in the literature, have been included in the tables for a comparative
analysis.
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TABLE 1. Oscillator strengths for the 4s2 'So-4s4p YP,transition in zinc-like ions.
RQDOb

Zn1

1.96

1.86

1.97

Gall

2.63

2.38

1.97

GeIll

2.32

2.04

1.98

AsIV

2.06

1.73

SeV

1.86

1.53

BrVI

1.70

1.48

KrVII

1.57

L.3

RbVllI
SrIX
YX
ZrXI
NbXlI
MoXIII
TcXIV
RuXV
RhXVI
PdXVII
AgXVIII
CdXIX

1.46
1.39
1.39
1.33
1.28
1.24
1.17
1.12
1.07
1.02
0.98
0.95

1.26
1.25
1.24
1.21
1.16
1.13
1.11
1.03
1.01
0.97
0.93
0.90

1.72
1.67
3.63
1.59
1.55
1.51
1.48
1.44
1.41
1.38
1.36
1.33

InXX

0.91

0.88

1.30

SnXXI
SbXXII

0.89
0.86

0.85
0.83

1.28
1.26

TeXXIII

0.03
0.81
0.79

0.81
0.79
0.78

1.24
1.22
1.25

lXXIV
XeXXV
" RQDO.
b RQDO,

RHFc

RRPAd

RQDO&

1.84

HF'

MCHFt

MCfJFh

Exp.

2.02

1.77

1.56

1.98

2.58

2.01

1.76

1.98

2.56

2.00

1.74

1.94

2.46

1.94

1.71

2.36

1.89

1.68

1.83

2.27

1.84

1.64

1.78

2.19

1.79

1.61

1.50 ± 0.05'
1.46 ± 0.8'
1.18 ± 0 .14 k
1.43 ± 0.15'
1.45 ± 0.16"
1.39 ± 0. 17"
1.85 ± 0.151
1.38 ± 0.22"
1.85 ± 0.20
1.12 ± 0.11n
1.56 ± 0.230
0.96 ± 0.18n
1.30 ± 0.13P
0.82 ± 0.12q
0.82 ± 0.07O
0.81 ± 0.09'
0.94 ± 0.04'

1.86

1.57

1.43

1 68

1 39

1.29

1.70

1.37

1.28

MCRRPA€

1.73
1.61
1.54

1.56
1.53

1.37
1.35

1.24

1.24
1.23

with polarization.
c Bi~mont et al. (1989) [30].
d Shorer and Dalgarno (1977) [28].
cCheng and Huang (1992) [31].
f4.h Froese Fischer and Hansen (1978) [26].
'Landman and Novick (1964) [41]
Lurio et al. (1964) [42].
Baumann and Smith (1970) [43].
'Andersen and Sorensen (1973) [33].
Abjean and Johannin-Gilles ('975) [44].
"Sorensen (1973) [34j.
"*Andersenet al. (1979) beam-foil, corrected for cascading [351.
P'Bahr et al. (1982) beam-foil, corrected for cascading [36].
4 Pinnington et al. (1977) [37].
"Knystautas and Drouin (1977) [38].
" Druetta and Buchet (1976) (39].
'Irwin et al. (40].

390

LAViN ET AL.
4 4

TABLE 11. Oscillator strengths for the s p 'PI-4s4d 'D2 transition in zinc-like ions.

Ion

RQDOa

RQDOt

MCHFC

MCDHFd

MCDHFc

SeV
BrVI
KrVII
RbVIII
SrIX
YX
ZrXI
NbXII
MoXIII
TcXIV
RuXV
RhXVI
PdXVII
AgXVIII
CdXIX
InXX
SnXXI
SbXXII
TeXXIII
lXXIV
XeXXV

1.33
1.35
1.33
1.27
1.23
1.23
1.19
1.14
1.09
1.02
0.96
0.91
0.86
0.81
0.77
0.73
0.70
0.66
0.63
0.60
0.57

1.20
1.21
1.16
1.11
1.08
1.10
1.08
1.03
1.00
0.95
0.90
0.85
081
0.77
073
0.70
0.67
0.64
0.61
0.58
0 55

1.66
1.60
1.54

1.65
1.60
1.53

1.59

1.21

1.19

1.26

0.93

0.9

0.98

0.83

0.8

0.88

RHF

MP$

1.66
1.59
1.53
1.47
1.41
1.36
1.31
1.27
1.23
1.19
1.15
1.12
1.09
1.06
1.03
1.02

1.68
1.62
1.63
1.49
1.94
1.38

0.95

3

RQDO.
bRQDO, with polarization.

Froese Fischer and Hansen (1979) [27].
d Froese Fischer and Hansen. intermediate coupling with polarization (1979) [27].

1Froese Fischer and Hansen. intermediate coupling with polarization and approximate correction
relativistic (1979) [27].
t
BMmont et al. (1989) [30).
t Victor and Taylor (1983) [29].

Prior to analyzing the results presented for each individual isoclectronic sequence,
a few general comments on the main features of the comparative theoretical and
experimental procedures are in order.
The main concerns of the authors whose theoretical results for the zinc-like ions
are included in Tables I and II, can be summarized as follows. Most of them have
taken into account intrashell correlation within the valence shell (or outer correlation, in the terminology of Froese Fischer and Hansen [26,27]) [26-31], and

some of them emphasize the importance of relativistic effects. particularly for the
heavier and more highly ionized atoms. Shorer and Dalgarno [28], Victor and
Taylor [29], Bi6mont et al. [30] and Cheng and Huang [311 follow theoretical

procedures into which relativistic effects are directly incorporated, whereas Froese
Fischer and Hansen only estimate these effects by using observed energies and
allowing for spin-orbit interaction 1261, or by using multiconfiguration Dirac-

Hartree-Fock energies and an intermediate coupling scheme [271 in their multi-
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TABLE III

Oscillator strengths for the 5s' 'So-Ssnp 'P, (n = 5. 6) and 5s5p 'PI-5snd 'D 2 transitions in
cadmium.
MCRHF'

CIRHFf

Transition

RQDO'

RQDOb

CIc

RHFICd

+ CP

4 CP

Exp.

5s' 'So-5s5p TP,

1.32

1.19

1.85

2.13

1.36

1.35

Inml

1.61

1.44

1.64

2.73

1.58

1.57

SnIll

1.62

1.46

2.71

1 61

1.60

SbIV
TeV

1.57
1.54

1.40
1.39

2.71
2.66

1 62
I 63

1.62
1.57

IVI
XeVIl

1.48
I 51

1.33
1.36

2.60
254

1.61
160

1.57
1.57

1.42 t 0.04'
1.12 ± 0 .0 8 h
1.30 ± 0.1'
1.26 ± 0.201
1.43 ± 0.09
1.30 ± 0.2(Y
1.36'
1.47 ± 0.15"
1.50 ± 0.1n
0.88 ± 0.,5
0 88 ± 0.15J
1.39 ± 0.131
1.31 ± 0.10
1.10 ± 0.15P
1.1 _0 Iq
1.22 ± 0.071
1.45 ± 0.100

CsVIII
BaIX

1.49
1.45

1.35
1.33

2.56
2.151

1.70
I 70

1.60
1.70

0.124
0.009
0.015
0.022

0.106
0.014
0.020
0.027

0.692
0.872
0.85
0.82

0.672
0.808
0.79 I
0.764

Ion
Cdl

Cdi
XeVII
CsVIII
BaIX

5s2 'S,,5s6p'Pi

Cdl
XeVII
CsVIII
BaIX

5sSp'PI-5s5d'D

3

2

1.49
1.48

RQDO.

with polarization.
Hibbert (1982) [471.
"deMigdalek and Ba• is (1986) 146]
bRQDO.

f Migdalek and Bojara (1988) 148]
'Luno and Novick (1964) [42].
hBaumann and Smith (1970) (43].

JAndersen and Sorensen (1973) [33]
JAndersen et al. (1973) [51].
kAnsbacher et al. (1986). beam-foil, corrected for cascading [52].
Pinnington et al (1985) beam-foil, corrected for cascading [53].
Pinnington et al. (1987b) beam-foil. corrected for cascading [54].
0 Pinnington et al. (I 987a) corrected for cascading [55].
P O'Neill ct al. (1979) [24].
q Pinnington (1976) [56].
Kernahan et al. (1980) [57].
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TABLE IV

Oscillator strengths for the 5S2 'S,-5snp 'P., 5s5p 'PI-Ssnp 'So,5s5p 'P,-5snd 'D2 transitions
in cadmium.
RADO'

RQDO b

Semiemp.'

SCHFd

Exp.

1.95

1.42 ± 0.040
1.12 ± 0 .0 8r
130 ±0.19

5s2 'Sd-5s5p 'PI

1.32

1 19

2.05

5s' 'S,-5s6p 'P,

0.124
0.375 (-1)
0.166H-)
0.885 (-2)
0.523 (-2)

0.106
0.31 (-1)
0.136(-))
0.72 (-2)
0.423 (-2)

0.124
0.309 (-I)
0.125(-I)
0.632 (-2)

033

0.341I (-2)

0.275 (-2)
0.176
0.883
0.259
0.117
0.621I
0.374
0259

0.173
0.108 (-1)
0.34 (-2)
0.158 (-2)
0.86 (-3)
0.524 (-3)

0.014

'P1
5s, 'S 0 -5sf'T,
5s' 'S0 -5sfp T,
5s" 'S'j-5sI0P 'P.
5S2'Sý5SSI lpIp
5S2 'S,,5s7p

5s~p
5s5p
5s5p
tSp
5s5p
5s5p
5s5p

iPi-Ss6s IS.
'P,-5s7s 'S.
'P.-5s8s IS.
'P,-5s9s IS,,
'P1-5sl~s IS,
'P1 -5s I Is 'Sý
'P1-5sl2s 'SQ

0.179
0.926
0.275
0.124
0.665
0.401
0277

5s5p
5s5p
5s5p
5s5p
Ss~p
5s5p

'P1 -5s5d '132
Pip 5s6d 'D,,
Pip 5s7d 'D2
'P,-5s8d '132
'PI-5s9d 'D 2
'PI-5sIOd 'D.,

0.692
0.973H(-)
0.310 (-I)
0.135 (-I)
0.752 (-2)
0464 (-2)

(-2)
(-2)
(-2)
(-3)
(-3)
(-3)

(-2)
(-2)
(-2)
(-3)
(-3)
(-3)

0.672
0.922 (-I)
0.289 (-1)
0.125H(-)
0.692 (-2)
0425 (-2)

0.778
0.951I (-1)
0.268 (-I)
0.105 (-I)
0.56 (-2)
0.338 (-2)

RQDO.

bRQDO. with polarization.
Zilitis (1971) [49]
d Helliwell (1968) [501.
'Lurio and Novick (1964) 142].
'Baumanin and Smith (1970)1(431.
'Andersen and Sorensen (1973) 133]

configuration Hartree-Fock (MCHF) treatments. However, the better agreement
between theory and experiment brought about by the explicit inclusion of corevalence correlation (or full correlation 126.27], although recognized by some of
the authors, such as Cheng and Huang [ 3 1], is only carried out by Froese Fischer
and Hansen 126.27 ]. Regarding the experimentalf-values. which are in most cases
lower than the oscillator strengths calculated by the above authors. their small
magnitude has been attributed [32,31(to an inadequate treatment of cascading
effects in the measurement of lifetimes with beam-foil techniques which result in
longer lifetimes for the excited levels than the actual ones and too small oscillator
strengths. Some of the most recent measurements have already been corrected for
cascading. When this is the case, we have made a remark at the foot of the tables.
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In Table I we display, together with the RQDO results, the oscillator strengths
calculated by Bi~mont et al. [30] with the relativistic Hartree-Fock (RHF) method.
These authors claim to have accounted for the most important relativistic effects,
as well as for Nalence electron correlation by including all the configurations within
the n = 4 complex. Also shown are the relativistic random-phase-approximation
(RRPA) and multiconfiguration RRPA (MCRRPA) results by Shorer and Dalgarno
[28] and Cheng and Huang [31], respectively, the three sets off-values reported
by Froese Fischer and Hansen [ 26 ] with the approximate relativistic Hartree-Fock
(HF), multiconfiguration Hartree-Fock (MCHF) with account for outer correlation
only, and with full correlation, respectively. The experimental data found in the
literature are also shown in the table. Although most of the available measurements
are the result of beam-foil experiments [33-40], some others come from Hanle
effect [41,42], phase-shift [43] and absorption in atomic beam [44] observations.
Large discrepancies between the observed and most of the calculated oscillator
strengths are apparent, the discrepancies increasing with increasing degree of ionization. In their extensive study of this transition, Froese Fischer and Hansen [26]
conclude that outer shell or intravalence correlation brings the largest change in
the -values at the lower Z end of the sequence. The present RQDO results with
explicit account for polarization are in fairly good accordance with the experimental
results, considering the overall degree of agreement between the other theoretical
f-values and the measurements. In particular, the RQDOf-values agree best with
the most recent experimental values [35,36] which are claimed to have reduced
the influence of cascading in the lifetimes. Except for the less ionized species, the
RQDO oscillator strengths, when corrected for polarization, agree rather well with
the MCHF, full correlation. results of Froese Fischer and Hansen [26]. For ZnI,
Gall, and GeIll the correlation within the valence shell is expected to be most
important. These effects, which lead to a reduction in the magnitude of oscillator
strengths, are not explicitly accounted for in the RQDO procedure. For the higher
ions for which experimental data are available, the best coincidence between theory
and experiment is achieved with the RQDO values.
Table II contains the oscillator strengths for the 4s4p 'PI-4s4d 'D 2 transition in
the zinc sequence. The empirical energy data available for this transition in the low
Z end of the sequence [45] suffered from significant uncertainties, and, hence, the
RQDO results reported in this table begin with SeV. No experimental f-values have
been found in the literature for the ions studied, and our analysis must rest on the
comparative "'ieoretical results that are available. These comprise the multiconfiguration Hartrcc-Fock (MCHF) with core-polarizationf-values by Froese Fischer and
Hansen [27]. the multi-configuration Dirac-Hartree-Fock (MCDHF) with polarization, and within the intermediate coupling schei ie, respectively, by the same
authors [27], the RHF results by Bi6mont et al. [30], obtained with the same
technique as for the resonance transition, and thef-values calculated by Victor and
Taylor [29 ] using a semiempirical model potential and Dirac-Hartree-Fock (DHF)
orbitals for describing the core. In this transition it is observed, as in the previous
one. that the influence of core-valence polarization in the oscillator strengths decreases with the degree ofionization. The RQDO results, even without explicit account
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tor polarization, are lower in magnitude than the remaining theoretical data, but,
they show the best overall accordance with the MCDHF with polarization fvalues
of Froese Fischer and Hansen [271. Whether the experimental measurements, if
available, would also yield lower oscillator strengths than most of the theoretical
results and would show a reasonable agreement with the RQDO values is hard to
predict. The uncertainties in the empirical energy data employed in our calculations
may partly account for the RQDOf-values not having attained a better agreement
with the MCDHF results.
The resonance, 5s2 '5r-5s5p 'Pi, transition of cadmium-like ions has also been
the object of several theoretical studies, as well as experimental measurements.
Migdalek and Baylis [46] have also been concerned, with correctly accounting for
intravalence correlation, core-valence polarization and relativistic effects for the
cadmium isoelectronic sequence, as were the aforementioned authors who studied
the zinc isoelectronic sequence. Previous calculations of similar nature are those
by Hibbert [47 ] on a few Cd-like ions. Hibbert [47] derived configuration interaction
(a) wavefunctions to represent the intravalence correlation, keeping the core frozen.
He, then, estimated empirical factors to correct for errors in the calculated transition
energies, for core-polarization effects, and for relativistic spin dependent interactions.
These factors demonstrated the importance of both relativistic effects and corevalence correlation. Migdalek and Baylis [46], with an approach that combines
limited relativistic mixing to represent intravalence correlation with a polarization
model to account for core-valence correlation, report results for many of the ions
studied by us with two specific methods, the relativistic Hartree-Fock in intermediate
coupling, RHFIC, and the multiconfiguration Hartree-Fock with a polarization correction (MCRHF+CP). The calculations of Migdalek and Bojara [48] followed a
relativistic configuration interaction procedure with explicit core-polarization
(CIRHF+CP). These authors claim to have obtained reliable oscillator strengths, at
a far smaller computational expense than required by similar scale multiconfiguration calculations. Their results are also displayed in Table III. The RQDOf-values
for the resonance transition of Cd-like systems, without explicit core polarization
correction, agree quite well with both the MCRHF+CP and CIRHF+CP results of
Refs. [46] and [48]. When explicit polarization correction is introduced, the RQDO
oscillator strengths become smaller than the previous ones, but better approach the
experimental values. Which of the two RQDO sets of results is more correct is hard
to decide. Admiting that core-valence correlation is important, it may happen that
their implicit account in the RQDOf-values calculated with Q(r) = r suffice.
Also included in Table III are the RQDO oscillator strengths for the 5S2 'So-5s6p
'P, and 5s5p 'PI-5s5d 'D2 transitions for the only few ions for which experimental
energy data were available. Given the reduced number of results, we have not built
independent tables for them. No comparative data have been found in the literature.
The RQDOf-values for these transitions are lower in magnitude than for the resonance transition, a feature that was to be expected.
And, finally, in Table IV we display the oscillator strengths for transitions belonging to the principal (5s2 'So-5snp'PI), sharp (5s5p 'PI-5sns 'So) and diffuse
(Ss5p 'PI-5snd 'D 2) spectral series of neutral cadmium, for which some empirical
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energy data were available. As comparative results we have found those calculated
by a semiempirical method by Zilitis [49], and those by Helliwell [50] with a
semiempirically modified self-consistent-field (SCF) method. A few experimental
measurements are also included in the table. For the resonance transition, a fairly
good agreement between the RQDO results without explicit polarization and the
measurement is apparent, while the other two theoretical results are appreciably
higher. For the remaining transitions in the table and overall good agreement between the RQDO and the semiempirical f-values [49] is observed. The explicit account for core-valence polarization has less influence in the RQDOf-values for the
higher transitions in the three spectral series than for the lower ones. The effects of
explicitly neglecting intrashell correlation are hard to establish, given the nature of
the comparative data.
Concluding Remarks
The RQDO oscillator strengths calculated for the resonance 4s 2 'So-4s4p 'P, and
the 4s4p 'PI-4s4d 'D2 transitions in the zinc isoelectronic sequence are in fairly
good agreement with the results of the rather more sophisticated MCRRPA [ 31 ] and
MCHF [26,27] calculations, which account for inner and outer correlation, as well
as for relativistic effects. The RQDOf-values conform with the experimental results
better than those of much more complex theoretical procedures, although the accuracy of some of the measurements has not been completely established.
For the cadmium isoelectronic sequence, similar comments could be made regarding the correctness of the RQDO oscillator strengths for the resonance transition.
For this sequence, the most complete calculations reported are those of the
MCRHF+CP [46] and CIRHF+CP [48] procedures, with which results the RQDO
values conform reasonably well. For neutral cadmium, the correctness of the RQDO
oscillator strengths in transition belonging to the principal, sharp and diffuse spectral
series, is more difficult to establish, given the scarcity of comparative data.
Overall, we seem to find reasons to be hopeful about the possibilities of the RQDO
formalism for predicting spectral properties of interest in astrophysics and nuclear
fusion research. These reason rest on the correctness of the results so far achieved,
and the low computational expense and avoidance of the numerous convergence
problems which are common in the multiconfigurational approaches.
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Properties of the Two-Electron Ionization Ladder and
Related Good Quantum Numbers
YANNIS KOMNINOS, SPYROS THEMELIS, MICHAEL CHRYSOS,*
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Abstract
In recent publications we have presentei a general theory for the identification and computation of
correlated wa~efunctions of a particular class of doubly excited states which constitute a two-electron
ionization ladder (TElL) leading smoothly to the so-called Wanmer state at E = 0 In this work, we
examine further the properties of these vavefunctions for two-electron atoms of 'S and 'P" symmetry,
especially as regards their analysis in terms of hydrogenic basis sets and good quantum numbers. We
find that the Hemck-Sinanoglu (K, T) classification loses accuracy as we move toward threshold and
we show that. when single as well as double excitations are considered, a better quantum number for
the TEll. is F = A - I - K, where NK are not good numbers anymore The extent of the breakdown
of the (A, T) representation depends on the system and on the level of excitation (more serious in
negative ions and for high lying states). c 1993 John Wile. & Sons. Inc.

Introduction
According to a recently developed theory [I1-3 ]. the wavefunctions of a class of
doubly excited states (DES) which leads smoothly to the Wannier state at threshold,
i.e., to the state where the two electrons are ejected with zero energy in opposite
directions. can be identifid ; priort and computed from first principles with great
accuracy. This class has been called the Wanmer twto-electron tonization ladder
(TElL). The concepts, the formalism, and the computational methods are general,
and allow practical applications to polyelectronic atoms and to large values of the
principal quantum number n. By now, we have predicted the TElLS of H-, He,
Lit ('P" symmetry). H (S), He - ('S), and Li - (S) [ 1-3 ]. Correlated wavefunctions up to n = 10 have been obtained and a number of conclusions have been

drawn from their analysis 11-3 ].
In this article we proceed further with the study of the TElL wavefunctions, in
two directions.
(I ) Since many of the arguments and computations in the literature of DES are
based on configuration-interaction calculations with hydrogenic functions,
e.g. [4-61, we have related the information obtained from our state-specific
*
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Orsay. CEDEX. France.
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wavefunctions and energies to the information obtained in terms of hydrogenic basis sets. The conclusions are drawn from calculations on the iS
and ,po symmetry of a two-electron system with Z = 1, 2, 3, and hydrogenic
quantum numbers n = 6-15.
(2) Wulfman [8] and Sinanoglu and Herrick [4] have pioneered the use of group
theory for the approximate treatment of the structure of DES and for the establishment of new classification schemes. The quantum numbers K, T [4]
have since been used repeatedly in the phenomenology and qualitative analysis
of DES [ 6,9, 10 ]. Given that our theory yields correlated wavefunctions for low
as well as for high n-previously not available-the accuracy of the (K, T)
classification for the TEIL can be tested as a function of energy and nuclear
charge.
TElL

The 'S and iP0 TEIL Wavefunctions-Comparison with
Hydrogenic Basis Set Calculations
The theory of Refs. [1-3] shows how correlated wavefunctions of the TElL in
polyelectronic atoms can be computed from first principles. We have demonstrated
that these highly correlated systems can be treated in terms of orbitals and configurations, provided the state-specific approach to the electronic structure of excited
states is employed (e.g. [11,12]). High n states (n up to 10) became amenable to
calculation for the first time. The demonstration [ I] that the TElL states correspond
to the lowest energy in each manifold of hydrogenically degenerate states and that
they satisfy the quantum mechanical version of 71 = -_2 has recently also been
used [6] for the identification of such states in He 'P"--albeit of low n only-from
ci wavefunctions with hydrogenic orbitals. (Other orbitals, such as Sturmians or
numerical, can, of course, also be used in such truncated diagonalization procedures
for two-electron atoms).
In this article we analyze further the TELLS of 'S and ,po symmetries. For small
n (up to 6), the wavefunction corresponding to the square integrable part of the
resonance [1-3,12,13], for each shell n, is given by

, = won + X"

(1)

where Wg is obtained from a multiconfigurational Hartree-Fock (MCHF) calculation
and X,, is obtained variationally. Both W. and Xn are subjected to specific orthogonality constraints [ 1-3,12,13 ]. W,, may corresponu to a dielectronic or to a polyelectronic system and is composed of configurations which are symmetry adapted.
For small atoms, the configurations which enter WK are of the intrashell type,
i.e., n, = n2 = n for the two-valence electrons. The self-consistent calculation takes
into account angular as well as radial correlation. The MCHF solution for the lowest
energy results in positive coefficients, provided the Condon and Shortley sign convention of the Clebsch-Gordon coefficients is followed. For n > 6 the M( HF solutions
do not converge and we proceed as follows: (a) We diagonalize the Hamiltonian
in a hydrogenic basis with NO < n, n' < No + 3; (b) We reexpress the resulting
eigenvectors in the basis of the natural orbitals [ 7 ]. This brings the wavefunction
again in the form ( I ). We have confirmed that for n < 6, this procedure yields
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orbitals and coefficients identical to the MCHF ones. Thus, the two procedures are
equivalent.
The

TElL

and its Good Quantum Numbers-The Importance
of Double Excitations

It has been emphasized in the literature of DES that the 0(3), single configuration
approximation (SCA) breaks down. It is important to remind the reader that this
fact characterizes other situations as well, such as valence-Rydberg mixings or molecular structure in the dissociation region. Its remedy does not necessarily imply,
at least not yet, the abandonment of the orbital concept and configuration mixing.
It is true that it looks simpler-and perhaps more elegant-to have only one "configuration" in order to describe in zeroth order the state of a system. However, this
does not mean that the method used to obtain it is more practical and easily extendable to incorporate the remaining electron correlation. On the other hand, for
a theory of DES which defines and computes consistently a multiconfigurational
zeroth order vector as well as its important corrections, the resulting information
can be quantitative as well as conceptual. Having said this, we turn to the problem
of optimizing the zeroth order representation of DES in terms of "configurations"
with good quantum numbers.
Given the multitude of closely lying DES and the related complexities of the
standaid CI methods, the group theoretic analyses of Wulfman [8] and of Herrick
and Sinanoglu [4,9] have shed new light from a different angle to the problem of
the economical qualitative description and meaningful classification of DES in twoelectron atoms. In these, the concept of the doubly excited symmetry basis (DESB)
was introduced, which is defined in terms of hydrogenic solutions. The DESB states
are represented by a specific linear combination of configurations of a given L and
ML, for various allowed valuesf 1land 12. The coefficients of the expansion depend
on the principal quantum numbers n, and n2 as well as on L and two additional
quantum numbers J, and J 2 whose range of values is
n-N
?2
where

n+N-2
_

2

i= 1,2

n = max(nj, n2), N = min(ni, n2)

(2a)

wi!h the additional restriction
IJ, -J-i< L •J, +J-

(2b)

In the expressions for the eigenvalues of certain operators, the quantum numbers
J, and J 2 appear only as sums or as differences. Thus, Wulfman [ 8 ] defined P = J,
+ J 2 and Q = J, - J 2 as the appropriate quantum numbers. On the other hand,
Herrick and Sinanoglu define T = ICQ and K = P - n + I as the pair of the new
quantum numbers. The first choice is due to the fact that only simple ± admixtures
of+ IQI and - IQI states have definite parity. The second is born out of numerical
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TABLE 1. Analysis of the configuration-interaction wa~efunctions corresponding to the loiest energy
of each manifold in terms of DESB wectors. The KT fraction contains all the intrashell n'1 n. - No DESB
configurations plus all the intershell ones resulting from it through double excitation The f T fraction
includes the double excitations %ith a higher K.,, = N - I - T. The most important bý far is that with
NA= N+ i.
H-

Li*

He

N

L

KT
fraction

FT
fraction

K1I
fraction

FT
fraction

KT
fraction

FT
fraction

6

0
1

098777
0.97470

0.99519
0.98761

0.99879
0.99700

0.99886
0.99724

0.99839
0.99782

0.99845
0.99786

7

0
1

0.98432
0.97116

0.99499
0.98764

0.99884
0.99711

0.t'0Pý2
0.99755

0.99867
0.99811

0.99871
0.99814

8

0
1

0.98015
0.96668

0.99469
0.98734

0.99872
0 99695

0.99911
0.99770

0.99893
099839

0.99895
0.99843

9

0
I

0.97537
0.96149

0.99431
0.98683

0.99845
0.99656

0.99913
0.99772

0.99914
0.99863

0.99916
0.99869

10

0
1

0.97006
0.95572

0.99390
098619

0.99801
0.99595

099910
0.99763

0.99929
0.99880

0.99934
0.99890

11

0
I

0.96428
0.94950

0.99347
0.98547

0.99741
099514

0.99902
0.99746

0.99937
0.99889

0.99947
0.99906

12

0
1

0.95812
0.94289

0.99302
0.98471

0.99665
099414

0.99890
0.99722

0.99940
099890

0.99957
0.99918

13

0
I

0.95163
0.93599

099257
0.98393

099573
0.99295

099875
0.99692

099935
0.99881

0.99963
0.99924

14

0
1

0.94486
0.92885

0.99212
0.98314

0.99466
0.99160

0.99858
0.99658

0.99923
0.99864

0.99967
0.99926

15

0
1

093787
0.92153

099169
0.98235

0.99345
0.99008

0.99839
099620

099905
0.99838

0.99968
0.99923

results. It is useful because. in this way. a whole Rdberg series can be assigned the
same K, T. Their allowed values are [4.9]
(3a)
7T = 0. I • min(L. N - I)
and
-(N-

I - T)<__K<N - I - T

in stepsof2

(3b)

Robaux [6] has subjected hydrogenic basis ca wavefunctions for He 'P" DES
(N = 2-6) to a (K, T) analysis, where configurations are made up of fixed N and
a variable n. according to the Herrick and Smnanoglu prescription [4]. Her main
findings and conclusions are:
(I ) In accordance with the results of Ref. [ I]. the lowest cnergý state within an N
manifold yields (ri) = (r,). The set of these states defines the TEll
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Purity of the Fquantum number in the first three
intrashell 'S states (T = 0) of the N = 6 manifold. It is best
for the lowest state, the TElL state, studied here and in our
earlier work. It deteriorates for the other roots.

TABLE II.

N=6
F

H-

'S
He

Li

First intrashell state
0
2
4

0.99519
0.00478
0.00004

0.99886
0.00112
0.00002

0.99845
0.00153
0.00002

Second intrashell state
0
2
4
6

0.00368
0.96606
0.02953
0.00072

0.00011
0.99253
0.00728
0.00009

0.00090
0.99550
0.00353
0.00008

Third intrashell state
0
2
4
6
8

0.00008
0.04900
0.85820
008722
0.00522

0.00002
0.00251
0.96300
0.03364
0.00080

0.00002
0.00010
0.98441
0.01521
0.00024

(2) For the TELL, K and Tare good numbers (see Table III of Ref. [6J). Given
that the ideas of DESB states and K, T or molecular classification schemes
[4.6,9,10.15 ] have thus far been applied only to low-lying DES. it is important
to establish the degree of validity of the goodness of the K. T classification as
N increases. Our TElL wavefunctions reach N = 15 and offer a good possibility
for such an analysis.
We have expanded our TElL functions in terms of DESB states, without the restriction of fixed N, a restriction implying that only single excitations are included.
Instead. we introduce a lowest value N,, which corresponds to the H•o MCHF vector,
and then expand in terms of DESB states whose quantum numbers A and n satisfy
n Ž_ N _ N,,. In this way, double excitations are included in the expansion, while
the whole state remains orthogonal to the lower threshold channels. Let
W".%,

=f(lINnKT(LS)
n ,A A

> n > N > N,

(4)

7

First we examine 7'. For 'S states. 7"can have only one value. T = 0. Therefore.
no conclusions can be drawn from this case. On the other hand, for the Y" states,
7' = I for the intrashell DESB states (n = N) but it can assume two values, T = 0
and 1. for the intershell DESB states (ni # N). Therefore. the YP" states offer the
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TABLE Ili. Energies, in atomic units, of the configurationinteraction wavefunctions corresponding to the lowest root
of each manifold for 'Sand 'P symmetries of H-, He and Li÷.
The energies are well approximated by the values produced
4
from the formula. Ref. 1I1c F. = -C(Z) [n(n - I)/n J.

Is
N

H-

He

Li*

6
7
8
9
10
II
12
13
14
15

-0.01824
-0.01352
-0.01042
-0.00828
-0.00674
-0.00560
-0.00472
-0.00404
-0.00349
-0.00305

-0.09074
-0.06693
-0.05140
-0.04072
-0.03305
-0.02737
-0.02303
-0.01966
-001697
-001480

-0.21863
-0.16102
-0.12352
-0.09775
-0.07928
-0.06560
-0.05518
-0.04706
-004061
-0.03540

1P
N

H-

He

Li'

6
7
8
9
10
II
12
13
14
15

-0.01756
-0.01311
-0.01016
-0.00810
-0.00661
-0.00550
-0.00465
-0.00398
-0.00345
-0.00301

-0.08902
-0.06590
-0.05074
-0.04027
-0.03274
-0.02714
-0.02286
-0.01952
-0.01687
-0.01472

-0.21577
-0.15932
-0.12243
-0.09701
-0.07876
-0.0652 I
-0.05489
-0.04683
-0.04043
-0.03526

opportunit% of testing whether T is a good quantum number. It turns out that
intershell DESB functions with T = 0 have negligible overlap with IF",. Therefore,
our numerical results show that T is a good number.
Next. let us examine K. given a .alue of T. The intrashell DESB function with
the lowest energy has K = Kh.., = N - I - T (N = N,,). Our computations show
that it gi'es the highest contribution to the expansion (4). When only single excitations are added. Kma, remains a goed quantum number. Things change when
an improvement of the total •a efunction is made, by including double excitations
as uell. (Consideringthe first double excitation. (N = N, + I ). we see that it does
not contain K,,,, (K runs in steps of two). On the other hand. our calculations
show that the highest contribution comes from the term with K = Kn., = N
- I - T. (N = ,V, + I).
We note that the same analysis of the other roots of each manifold N,, shows
characteristics %ensimilar to the ones discussed abo~e for the lowest energy state
(the TEll, state).
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Taking into account the aforementioned findings, we have looked for a new
quantum number to replace K, given that N cannot be kept fixed anymore. Indeed,
such a number exists and is defined by
F=N- I -K,.,= T,

(5)

for the lowest energy state of each N, manifold. Here, neither N or K(Kmax) are
good quantum numbers.
Eq. (5) refers to the lowest energy state of each manifold N,,. In general,
F=N- 1-K

(5a)

Since the range of K is given by (3b), the corresponding range of F is
T:5 Fs <2N - 2 - T,

in steps of 2

(6)

This proposal extends and revises the scheme of Herrick and Sinanoglu where
both N and K are considered to be good quantum numbers. If this is assumed to
be the case, then, of course, the definition and use of F is redundant.
Given the above, the appropriate representation of W ' is
W•. ,C
n

I

n FINnFT(LS) > n > N> N,

(7)

N

Thus, having found through computation based on our TEIL wavefunctions that
for high-lying DES the (K, T) representation loses accuracy, we have identified the
cause of the breakdown in the importance of the double excitations. The magnitude
of their effect depends on the system and on the level of excitation.
The numerical demonstration of these conclusions is given in Table I. The importance of DESB states with doubly excited configurations manifests itself in Halready for small No. For He and the positive ions we must move to higher values
of N0 , close to 10, for their contribution to become important.
Thus, the FT scheme provides approximately good quantum numbers for relatively high values of N, even for the difficult case of H-. Nevertheless, for sufficiently
high values of N, all quantum numbers are expected to cease being good ones. For
the other intrashell states of each N-manifold, matters deteriorate for lower values
of No. The extent of the breakdown of the F quantum number depends on the
system and on the level of excitation (more serious in low values of Z and for highlying states) as well as on the value of F (more serious for high values), as it is
shown in Table II. For the sake of completeness, the energies of the wavefunctions
computed for this work are given in Table III.
Conclusion
The computation of the correlated TElL wavefunctions [1-3 ] in the regime of
high principal quantum numbers has allowed for the first time the quantitative
examination of assumptions and group theoretic results obtained using hydrogenic
basis sets. The 'Sand the T'p symmetries were studied for Z = 1, 2,3. One conclusion
is that the Herrick-Sinanoglu (K, T) representation for two electron DES [4,9]
loses its accuracy as we move up in energy. It is found that neither N nor K are
good numbers. The reason that this breakdown is not seen in the low-lying states
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is the fact that in this case, the relative importance of the double excitations (with
hydrogenic functions) is small. We have explained this breakdown in terms of the
spatial characteristics of the wavefunctions and have shown why it is more important
in H -, i.e., the negative ions.
Finally, we have proposed a new quantum number. F = N - 1 - K, [Eqs. (5),
(5a), (6)] which remains "good" (not exact of course) for low- as well as for highlying DES. We note that F is numerically the same quantity as V2, the number of
bending quanta in the molecular picture of DES (Refs. [ 15,9 ]).
Therefore, the results of Table 11 provide a physical picture of the relative importance of the vibration-bending modes v'2 = 0,2, and 4 in the first three intrashell
states of 'S symmetry.
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A Comparison of Ground-State Averages in
Electron Propagator Theory
J. V. ORTIZ
Department of Chentstry. Universi*t of New AMetico. Albuquerque, New Mexico 87131 and
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Abstract
In the Dyson equation, the self-energy descnbes all relaxation and correlation corrections to Koopmans's
theorem. Energy-independent contnbutions to the self-energy depend on the one-electron reduced density
matnx of the reference state Three formalisms for calculating these terms are considered: perturbation
theory, coupled-cluster theory, and contour integral theory. In one method, combinations of coupledcluster singles and doubles amplitudes are substituted for first-order double excitation coefficients and
for second-order single excitation coefficients. Another approach generates a description of reference
state correlation through the evaluation of approximate contour integral expressions. Calculations on
electron binding energies of closed-shell molecules and anions reveal that the coupled-cluster results for
the energy-independent self-energy terms are closer to the perturbative results than to the contour integral
values. C 1993 John Wiley & Sons. Inc

Introduction
Applications of electron propagator theory [1-7] in quantum chemistry have
been confined chiefly to the calculation of ionization energies and electron affinities
at a fixed nuclear geometry. Recent developments have extended the scope of applications to effective densities and energy gradients for initial, N-electron states
and final states with N ± I electrons [81. At the heart of these procedures lie :hoices
for the treatment of correlation in propagator reference states. These choices ideally
are matched with operator manifolds that produce a balanced description of many
states. While the choice of operator manifolds is determin-d principally by the
kinds of final states under study, there is comparatively greater license in reference
state approximations. In the context of diagrammatic approaches, these approximations generally originate from perturbative improvements to a Hartree-Fock
wavefunction. Recent attempts to achieve renormalized descriptions of reference
state correlation have employed coupled-cluster wavefunctions [9]. In addition,
there have been many applicatic ns of multiconfigurational SCF wavefunctions and
related operator manifolds [10]. All of these methods depend on separate determinations of reference state wavefunctions that are essentially independent of the
propagator formalism. Separate calculations on reference state correlation can be
avoided entirely by systematic improvements to the operator manifold; an uncorrelated reference state suffices for such an approach [ 4 ]. A disadvantage of methods
of this type is that they require large operator manifolds to compensate for the
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 407-418 (1993)
(d 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010407-12
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absence of reference state correlation. An intermediate method, one which makes
limited use of correlated reference states. can be derived from propagator expressions
for the density matrices of these states [ 6,11 ]. Self-consistent descriptions ofdensity
matrices and electron binding energies can be achieved in this manner.
In this article, three methods for calculating contributions to the electron propagator's self-energy matrix are compared. This matrix. which contains all correlation
corrections to Koopmans's theorem electron binding energies, has contributions
which depend on the one-electron density matrix of the reference state. Correlated
density matrices are obtained from perturbation theory on a Hartree-Fock wavefunction, from a coupled-cluster wavefunction and from contour integrals involving
the self-energy matrix. Numerical results on ionization energies and electron affinities
complete the comparison.
Electron Propagator Theory
Elements of the electron propagator matrix contain information about the Nelectron reference state and final states with N ± I electrons. The p, q element of
this matrix, where p and q are general spin-orbital indices, is given by
niaqiN>
lim I (NlapN - 1, ,t(N - 1.
',_ n
E + E,,(N - I ) - E)(N) -17
+

(N+laIN+ 1. nKiýN + 1. nlap'JN)
E- E,,(N+ I) +/'-i(N) +//

J"

Poles are ,alues of E that produce singularities, for the.v equal an ionization energy
or an electron affinity. Another useful expression of the electron propagator matrix
employs superoperator theory [12]. The superoperator metric, defined by
(Y IZ)

=

(01[Y t . Z I, 10>,

depends on the choice of the N-electron reference state. 10 >, and on the space of
ionization operators. The identity and Hamiltonian superoperators operate on the
latter: the defining equations are
ix

=

X.

and
AX= [X, H]-.
In this notation, the electron propagator matrix is
G (E) = (a I(EJ - 1fi) 'a) .
but a more useful form that a-voids an in'erse operator in favor of a matnx inversion
is
G(E) = (alh)(hl(E!- Ji)h) '(hla)
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where h stands for the full space of ionization operators. After partitioning this
space into the primary space of simple field operators, a, and an orthogonal secondary space, f. one obtains
G(E) =

r(a(fl(Ei_I(EJ-Hf)a)
If
)a)

[(ala)(alf)
0

=[1-01

EEl -(a IHa)
-(flfia)

(aI(EI-Hf)f)11-'r(ala)]
(fl(EI- n)f)J

-(aIHf)

(fla)J

''

El - (f I f)F

10

The Dyson equation can be derived at this point by observing that only the upperleft block of the inverse matrix is relevant and by considering the inverse propagator
matrix. One obtains
G'(E) = El - (allla) - (alIlf)[El - (flIf)1-1 (fIIa).
The second term's elements depend on the reference state's one-electron reduced
density matrix, p,
(aplfiaq) = hpq + I (pqIlrs)(Oia',asl0> = hp, + 2, (pqlirs)p,,,.
rV

rs

It is possible to separate the con elated and uncorrelated contributions to the density
matrix by writing the reference state as Hartree-Fock plus corrections. In the canonical orbital basis, the uncorrelated part is diagonal:
eptpq = hp, +

Z (pqJlrs)(HFia*,aJlHF) = hp +

Z (pqllrr)n,,
r

rý

where the occupation numbers, n, are unity for occupied spin-orbitals and zero for
virtual spin-orbitals. A separation of correlated and uncorrelated terms in the Dyson
equation is thereby effected by writing
G-`(E) = El - e - (a I

Ia)co.mats,on -

(al Ifl)[El - (f IHf )]-'( fl ta)

= Go-'(E)- -(E).
The first two terms, which are diagonal in the canonical orbital basis, constitute
the inverse of the uncorrelated electron propagator matrix, whose poles are identical
to the ionization energies and electron affinities of Koopmans's theorem:
G6'(E)pq = (E - cp)bpq.

The subscript below the (a IH a )cofelation term stipulates that the Hartree-Fock contribution to the one-electron density matrix has been omitted. The elements of this
term have the following form:
(aplIaq)coa.flataon

=

Z (pqllrs)p..
rs

In the Dyson equation, correlation corrections to the uncorrelated inverse propagator
matrix arise from the energy-independent term just discussed or from the energydependent final term. These corrections, also known as the self-energy matrix, do
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not vanish when E becomes positively or negatively infinite, for the constant terms
remain. Because of this limiting behavior, the constant parts of the self-energy
matrix, Z(E), are often symbolized by Z(oo ), where
Z(E) = X(oo) + 7'(E).
The energy-dependent part of the self-energy is denoted by the prime superscript:
2'(E) = (alIIf)[E1 - (ffIfIf)]-'(tIfta).
The energy-independent part is defined by
Z(O ) = (aI fta).oraon.
Perturbative Arguments
In order to define an approximate self-energy expression, various investigators
have advocated a variety of choices for the operator manifold f and the reference
state. For example, the burden of calculating accurate poles (but not residues) can
be placed entirely on the operator space by choosing a Hartree-Fock reference for
all superoperator matrix elements [4]. To a lesser extent, one can dispense with
the operator manifold f and rely solely on reference state corrections in the matrix
Z(c ) [ 13 ]. For the lowest ionization energy, this is a satisfactory approach in the
limit of a complete basis. A mixed strategy, relying on improvements of both kinds,
has been applied more often. Justifications for various choices generally involve
counting orders of the fluctuation potential in the self-energy. For example, the
second order self-energy is obtained when
2'(')(E) = (a IHf 3)(I)[E1 - (f 3 1IHf 3 )10 )]`-(f

3 Ita)')'

where the superscripts in parentheses refer to the highest order in the fluctuation
potential that is included in the superoperator matrices and f 3 refers to the space
of triple field operator products. Only Hartree-Fock contributions to ground-state
averages are needed at this level. A renormalized theory which recovers all secondorder terms is obtained when the matrix ( f If ) is evaluated in first order. This
replacement, operative in the so-called 2p-h TDA approximation [ 3 ], includes ring
and ladder diagrams through all orders. To obtain all terms through third order in
Z'(E), the following form is sufficient:
2'(3+)(E) = (alIif3 )(2)[El - (f 3 jIlf3 )(')]-'(f 3 XIfa)(2 )"
Beginning in third order, correlation corrections to the ground-state averages are
needed [14]. In this case, they arise in (allf3) and (f31ila) through first-order
double excitations. This approximate Z' has been called extended 2p-h TDA and
ADC(3) in the literature [6]. It contains many terms that are higher than third
order and therefore the notation 3+ is used in the superscript. Because superoperator
matrix elements that couple a and fCfirst appear in second order, the fs portion of
the operator manifold is not needed until fourth order in the self-energy matrix.
For the constant part of the self-energy, contributions of order n require p' in
order n - I. Because single excitation corrections to the Hartree-Fock wavefunction

ELECTRON PROPAGATOR THEORY

411

vanish in first orde,, there are no first-order corrections in the correlation density
matrix. Therefore, there are no constant self-energy terms in second order. 2;(00)
appears in third-order through first-order double excitations and second-order single
excitations in the reference state. The former excitations contribute to the occupiedoccupied and virtual-virtual blocks of the density matrix and the latter contribute
to the occupied-virtual block. If third-order /(c ) is added to 2'" 31+(E), the resulting
self-energy matrix is complete through third order [15 ].
Coupled-Cluster Reference States
The perturbative approach discussed above rests on systematic improvements
in ground-state averages and operator manifolds. Infinite order corrections can be
obtained by retaining the full inverse matrix that occurs in. the energy-dependent
part of the self-energy matrix. (Finite order terms can be identified by expanding
the inverse in powers of its uncorrelated, diagonal part and its correlated, nondiagonal part.) Instead of relying on finite order improvements to the reference state's
wavefunction or density matrices, one can employ a description that contains infinite
order corrections [9]. The usual coupled-cluster ansatz for the reference state has
several properties that make it convenient for this purpose. The most common
coupled-cluster wavefunction [ 16 ]

ICC)

=

eTIHF).

where

T = T, + T 2 + T 3 +
I

T2

a

Z lq
tabalaba
t
a~fabaaaq

=

t>j a>b

T3
•

•.

bett

t

tt,/c.'aaaba.a,aak

=
i>j>k a>b>c

has amplitudes that are easily related to the usual configuration interaction ansatz,
C 33+

ICI) (l + C+:

-)IHF),

where
c~a~a,
I

C, =
I

C2

a

t taaaa
C
ca aaabalaj

=

=

t>j a>b

C3

Z

ckcaaabactaajak.

i>j>k a>b>c

By equating terms with different degrees of excitation with respect to the HartreeFock reference, one concludes that the single and double excitation coefficients
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that are implicit in a coupled-cluster singles and doubles wavefunction [17] are
given by
CaZ= a

and
cab = tab + a•tb -t t~atb
Of special interest to this discussion is the inclusion of all first-order doubles contributions and all second-order singles contributions to the configuration interaction
coefficients generated in this manner. Substitution of these coefficients for the usual
perturbative values in the expressions for pC in second order recovers all third-order
self-energy contributions while including many higher order terms. While it is possible to restrict these substitutions to the constant part of the self-energy matrix,
recent implementations have extended these replacements to the second-order superoperator matrices, (a IIHf3) 2')and (f 3 I la)(2 , required for the third-order energydependent self-energy [9].
Contour Integral Theory
The energy-independent part of the self-energy matrix depends on the one-electron
reduced density matrix. This matrix, in turn, can be evaluated through the contour
integral relation
p

= T.fc(E)

dE,

whe;e C denotes a contour that encloses all ionization energy poles in the complex
plane [I]. From iterations on an alternative form of the Dyson equation,
G(E) = Go(E) + Go(E)2,(E)G(E),
it is clear that the propagator matrix can be expressed in powers of the self-energy
matrix:
G(E) = Go(E) + Go(E)2,(E)Go(E) + Go(E)2,(E)Go(E)Z.(E)Go(E) +•••,
These relations suggest an iterative procedure in which density matrices obtained
from the contour integral are used to obtain new elements of the self-energy matrix,
which, in turn, are used to evaluate the propagator matrix. The cycle is completed
when the new propagator matrix produces a new density matrix. Because ((oo)
depends linearly on p', various powers of latter matrix are implicitly contained in
the contour integral relation. By truncating the Dyson expansion so that
Go(E) ,(E)Go(E) 2(E)Go(E)
and subsequent terms are omitted, one obtains a linearized expression for the density
matrix [6,11]. Because the uncorrelated contribution to the density is given by
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J

=HF
0(E)
21ri~r GG

p
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dE,

the correlated contribution, pC, is involved in the following relation:
PC=

I f Go(E){ (co) + Z'(E))}Go(E) dE.

21ri Jc

The first term on the right side of this equation is easily evaluated through
2L

-

• G," (E)x(oc,)pqGo,(E) dE =

f

Gor,(E) Z (pqjjrs)pr 3Go.(E) dE.

The last expression vanishes for c = cq; for c, : Cq, one obtains
2 (pqlIrs)pr.
n'C,- _q ,V
By defining
Vpq,r, =

(pqljrs),

and
dp 0

ifEp

n_- n
'p --

=

Cq

if Cp # eq

q

one can write the following equation for the correlated part of the density matrix:
(I-

dji"

=

f Go(E)Z'(E)Go(E) dE.

The most taxing aspect of this calculation is evaluation of the contour integral
matrix
' f Go(E)2,'(E)Go(E) dE.
27ridc
In cffect, the energy-dependent self-energy matrix must be calculated at energies
equal to the canonical orbital energies. For l'e3+)(E), calculation of

[El - (f 3

']-'(f,I Aa)2I'
)If")

c..e
crucial step. The inverse matrix is expanded in powers of its diagonal, zerothorder part and its first-order part:
{[El - (f3 Iflof 3)] - + [El - (f(1I of3)]-'(f3 IVf3 )[EI - (f 3 lf1of 3)]'
+ [El - (f(Iof.,)]]'(f
3
+

3 IVf3 )[EI

- (fJI3Iof 3 )]- (ft-4IVfi)[EI - (f3 1IIof 3)]-
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TABLE 1. 6-311 ++G(2df,2pd) anion ionization energies (eV).

Third order

Coupled cluster

C.,ntour integral

Expt.

Anion

S(c)W.

Pole

Z(o0).

Pole

z(oo).

Pole

[23)

FOHNH2

-0.827
-0.384
0.137

-4.337
-2.450
-0.884

-0.769
-0.365
0.096

-4.155
-2.306
-0.850

-0.231
-0.014
0.197

-3.797
-z 119
-0.830

3.40
1.83
0.78

The convergence criterion for these matrix elements is 10 -6 atomic units. The most
demanding summations scale as 02 V4, where 0 is the number of occupied orbitals
and Vis the number of virtual orbitals. (Identical scaling factors occur in a variety
of methods, such as singles and doubles configuration interaction, third-order manybody perturbation theory and coupled-cluster singles and doubles [16].) By rearranging the linear equations and expanding (I - dV )-, it is possible to identify
terms of various orders:
p" = (1 + dV(') + dVW I)dV(1) +

if

G°(E){y'(2 )(E) +

2'( 3)(E) +

.)

Go(E) dE

Derivation of the correlated density matrix through second-order (and the corresponding third-order constant diagrams) requires the second-order self-energy and
the identity term from the expansion of (1 - dV )-. Retention of the full inverse
introduces higher order corrections. For third-order pC, second- and third-order
contributions to 2'(L) are required. Because the lowest order contributions to the
self-energy matrix are second order, the lowest order terms that are neglected in
the approximation
G(E) - Go(E) + Go(E)2(E)Go(E)
occur in the fourth-order density matrix. Insertion of •'V3 +)(E) in contour integral
expressions that ignore quadratic and higher terms in the self-energy matrix provides

TABLE 11.

Third order
Final
state

5s4pld N2 ionization energies (eV)
Coupled cluster

Contour integral
100"
Pole

Expt.
[23]

100..

Pole

2:(0).

Pole

0.685
0.798

-16.628
-15.482

0.624
0.787

-16.850

16.98

-18.790

0.688

-18.711

0.559

0.482

-15.694

15.60

22;

0.679

-16.806
-15.429

0.445

2,-

2II•

-18.951

18.78
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TABLE Ill.

6-31 1++G(2df,2pd) H20 ionization energies (eV)

Third order

Coupled cluster

Contour integral

Final

state
2

B,

2A,
2
B2

Expt.

2(4o).

Pole

MOO.

Pole

.

Pole

123]

0.048
0.021
0.012

-13.064
-15.331
-19.262

0.006
-0.021
-0.026

-13.046
-15.334
-19.307

0.111
0.091
0084

-13.006
-15.266
-19.194

12.62
14.74
18.51

a full fourth-order description of 2-(o ). Many, but not all, fifth-order and higher

terms in the self-energy matrix are implicitly included. One source of these terms
is the renormalized character of 2'("3 )(E). Another source is the infinite order
expansion of (I - dV )-' that is implicit in solving
p' = (1 - dV)-'

J-1
Go(E)

'Z(3+(E)Go(E) dE.

The latter equation is used to produce pC and the resulting elements of 1(00) in
the calculations that are presented in the next section. Linear equations for pC are
solved with a direct inversion of iterative subspaces procedure [18], where the
convergence criterion is 10-8.
Numerical Examples
The three methods discussed above have been programmed as part of an extension
of EPT90, an electron propagator program [19]. Hartree-Fock calculations and
integral transformations to the canonical molecular orbital basis are performed
with Gaussian 90 [ 20 ]. Coupled-cluster singles and doubles calculations have been
implemented separately [9].
6-31 l++G (2df,2pd) basis sets [21] are used in calculations on anions, H 20 and
H 3N. Bond lengths are 0.965 A in OH- and 1.030 A in NH2-; the bond angle in
the latter anion is 101.30. In the H 20 calculations, the bond length is 0.959 A and
the bond angle is 103.50; for H3N, the corresponding data are 1.0 13 A and 107.40.
Core molecular orbitals are dropped in all summations pertaining to the propagator
and coupled-cluster singles and doubles calculations. The basis and geometry for

TABLE IV.
Third order
Final
state
2

A,

2E

6-31 I++G(2df,2pd) H3N ionization energies reV).
Coupled cluster

Contour ;ntegral

Z(OO,,

Pole

2400).

Pole

I(M.),

Pole

Expt.
[23]

0.333
0.257

-10.961
-16.740

0.310
0.231

-10.978
-16.807

0.284
0.224

-11.005
-16.769

10.85
15.8
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N2 have been previously employed [22 ]. No molecular orbitals are dropped from
the latter calculation.
Results on anions in Table I include ionization energies and diagonal elements
of the constant self-energy matrix whose indices match the index of the highest
occupied carjnical orbital. The basis sets are typical of accurate electron affinity
calculations, for they include diffuse s and p functions, a triple "valence set, and
double polarization functions. In the columns labeled third order, constant terms
of third order are combined with 2 "'+ '(E). Coupled-cluster substitutions for perturbative reference state corrections are made in the following two columns. The
next two columns are results from the contour integral procedure. The present set
of anions is a severe test of electron affinity methods, for the highly electronegative
central atoms possess electrons that are confined to a small volume. For F- and
OH-, the coupled-cluster results effect clear improvements over third order. Experimental values for the anion ionization energies are still a few tenths of an
electron Volt away [23]. Changes in the constant self-energy terms explain only
part of the differences between the poles. Coupled cluster improvements to the
(a IAf3 ) and (f3 I a) matrices may have a greater effect. The difference between
third-order and contour integral results, however, lies entirely in the treatment of
tl-.c constant self-energy matrix. There is a marked contrast between the contour
integral values and the third-order values that leads to a similar set of shifts in the
poles. This is an indication that higher-order terms in the constant self-energy matrix
can be large.
Calculations on N2 with the model basis of Table II disclose a similar set of
trends. Discrepancies between third-order and coupled-cluster results are small.
Contour integral descriptions of the constant self-energy matrix improve the thirdorder results somewhat better.
For calculations on H20 (Table III), the coupled-cluster values for the constant
self-energy terms do not lie between the third-order and contour integral results.
The latter treatment gives a qualitatively superior set of improvements to third
order. The remaining deficiencies of third order probably originate from the absence
of quintuple products in the operator manifold.
Results on H3N (Table IV) demonstrate that a third-order description of the
constant self-energy matrix can be accurate. The coupled-cluster poles lie between
the third-order and contour integral results.
Conclusions
Fourth- and higher-order corrections to the constant self-energy matrix can be
important in the calculation of electron binding energies. The requisite improvements in the one-electron density matrix can be obtained through perturbative
corrections to reference state wavefunctions, through coupled-cluster wavefunctions
(-r through contour integrals. With the use of 2;"( 3,)(E) and the truncation of the
,on equation after the term that is linear in the self-energy matrix, the most
,..ýi'cult summation has a scaling factor, 021V4, identical to that of its counterpart
in a coupied-cluFter sii.gles and doubles optimization. (The most difficult step in
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the evaluation of the constant third-order diagrams has an O2V 1 scaling factor.)
The contour integral procedure sometimes produces large corrections to the thirdorder constant self-energy matrix. In the coupled-cluster approach. discrepancies
with the third-order constant terms are smaller. Based on these preliminarD results.
the contour integral procedure appears to be a more efficient sixth-power method
than the coupled-cluster approach for improving the constant contributions to the
self-energy. In order to take full advantage of the coupled-cluster reference state. it
may be necessary to calculate additional contributions to p' with the same singles
and doubles amplitudes. Another promising possibility is abandonment ofthe Dyson
expansion of the propagator matrix in powers of the self-energy matrix in favor of
direct integration over the Coulson contour.
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Comparison of Ground and Triplet State Geometries
of Malonildehyde
KARL LUTH and STEVE SCHEINER
Department of Chemtntrt & Biochenustr). Southern Illinois Universit•i. Carbondale. Illnois 62901

Abstract
The geometries of the ground and first triplet excited state of malonaldehyde are compared for two
distinct configurations of the molecule. The first represents the equilibrium geometry and the second
structure corresponds to the transition state for the intramolecular hydrogen transfer. The ground state
computations utilize both self-consistent field and Moller-Plesset second-order perturbation theory. The
excited sate computations employ several different theoretical methods. unrestricted Hartree- Fock (UHF).
unrestncted second-order Moller-Plesset perturbation theory (UMP2). ci Singles (cis). and complete
active space self-consistent field (CAS). The geometric parameters obtained for the two configurations
are contras-d in both the ground and excited state. The structural differences are related to the extent
of hydrogen bonding present, which is compared to the calculated proton transfer bamer C 1993 John
Wiley & Sons, Inc.

Introduction
In contrast to proton transfers which take place in the ground electronic state,
the study of such reactions occurring in excited electronic states is in its infancy.
The sensitivity of the properties of the proton-transfer reaction to the nature of the
solvent suggests gas-phase work would be required in order to understand the intrinsic behavior of a given system. Some relevant work is being reported in the gas
phase [1-8], as well as in low-temperature matrices [9, 10 ].
On the theoretical side, only a couple of ab initio studies have been reported for
excited state proton transfer at this time [ 11, 12 ]. Since the computational methods
available to study excited states are somewhat limited, especially for states that are
not the lowest energy of a given symmetry type, it is important to determine which
of the available methods are dependable and how the results obtained from different
methods compare with one another. The most logical point to begin the comparison
concerns the optimized structures obtained using various methods. This comparison
is crucial because electronic properties depend on the quality of the geometry considered.
This article systematically compares the geometries obtained for the lowest excited
triplet state of malonaldehyde using a number of theoretical methods. These methods
were chosen less for purposes of rigorous accuracy but rather as a means of comparing the results of various computationally tractable procedures. Unrestricted
Hartree-Fock (UHF) is a historically popular means of investigating some of the
International Journal of Quantum Chemistry Quantum Chcmistm Symposium 27. 419-429 (1993)
(c, 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010419-11
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lcwer excited states. While it does not yield a state which is an eigenfunction of the
spin operator, it is usually possible to draw a direct connection with the correct
state. A common follow-up to UHF which introduces dynamic correlation in an
efficient manner is unrestricted Moller-Plesset perturbation theory (uMP2) which
has been investigated here as well. Pople and coworkers have recently introduced
a ci Singles scheme (cis) which permits one to obtain a first approximation of
various excited states, even those of the same symmetry as the ground state. This
method would appear quite promising for purposes of stud-,ing excited state proton
transfers and warrants some scrutiny. As a last procedure, we test the complete
active space self-consistent field (CAS) method which removes much of the arbitrariness of MCSCF and has proven rather dependable.
Malonaldehyde was chosen due to its relatively small size and simplicity. This
molecule has itself been studied both experimentally [13-17 ] and theoretically in
the ground state [18-20 ], which provide valuable benchmarks in determining the
accuracy of the computational methods tested.
Computational Details
All of the computations relevant to this communication, except for the complete
active space self-consistent field calculations (CAS). were performed using the
Gaussian 90 ab inilto package [21]. The CAS calculations [22] utilized the General
Atomic and Molecular Electronic Structure System (GAMESS) [23]. The ci singles
(cis) method [24] was utilized as implemented in Gaussian 90. Electron correlation
was incorporated into some of the ground and excited state computations via a
second-order Moller-Plesset correction to either the SCF or cis energy. Three basis
sets are considered, split valence 4-31G [25 ], polarized triple valence 6-31 IG**
[26,27 ], and another containing diffuse functions, 6-31 +G ** [ 28 ].
Two configurations of malonaldehyde are investigated as illustrated in Figure 1.
The first, designated M, represents the equilibrium geome'try. The hydrogen is
covalently bonded to one oxygen and interacts with the other via a hydrogen bond.
The second configuration corresponds to the midpoint or transition state. TS, of
the proton transfer process and has the hydrogen equidistant from the two oxygens.
Boti- :ructures were initially found, and in subsequent calculations constrained,
to be planar. M has C, symmetry and the point group of TS is r-,,. All harmonic

05

0H9

HrC
M

3",4-H
ITS
H
7

Et

0"_Hg.-5

9 2

C" c4_ H8
H7

Figure I. Structures of the two forms of malonaldeh.de investigated. M represents the
cquilibnum form and TS represents the transition state of the proton transfer.
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frequencies of the former are positive while the latter has associated with it a single
imaginary frequency, corresponding to the transfer of the proton. The proton transfer
barrier is calculated as the energy difference between the M and TS structures.
Ground State
In contrast to the excited states which have been largely unexplored by ab initio
computations, there is a significant body of theoretical as well as experimental data
concerning the ground state of malonaldehyde. These earlier results can serve as a
valuable measure of the reliability ofsome of the computational methods employed
here. The salient features of the geometries optimized at various levels of theory
are reported in Table I, along with the total energy.
All the data confirm a number of structural changes caused by the half transfer
of the proton. The 0 1 C2 hydroxyl bond of M shortens as it acquires more of the
carbonyl character it will have following completion of the proton transfer. The
opposite trend is noted in the originally carbonyl C40 5 bond. The formally double
C 2C 3 bond in M elongates while the single C 3C4 bond contracts. Most of these
bond length changes are in the neighborhood of 0.05 A. Also important are the
parameters relevant to the H-bond connecting the two oxygens. The interoxygen
distance is reduced by perhaps 0.3 to 0.4 A when the bridging hydrogen is moved
midway between them. This change is accomplished largely by reductions of up to
70 in some of the internal bond angles. The shrinking R(OO) is accompanied by
a more linear H-bond in the sense that this proton lies closer to the 0. .. 0 axis.
The MP2/6-31 IG** data agree nicely with the MP2/6-31G** values reported
by Frisch et al. [20]. The results also correspond nicely to those determined experimentally by Wilson and coworkers [ 17 ]. In addition, the partial transfer of the
hydrogen affects the other geometric properties as observed experimentally by
Roubin and coworkers, who noted that the relative C - C and C- 0 bond orders
vary as the hydrogen transfers [13 ].
With regard to the effect of the level of theory upon the geometry, the larger
basis set yields shorter C -0 and longer C - C bonds than does 4-3 1G at the SCF
level. There is evidence that 6-311 G** provides a weaker H-bond in the M conformer: r(0 1 H) is shorter by 0.01 A and the interoxygen distance longer by 0.02
A. (The diffuse functions of6-31+G** induce very little change in the geometrical
parameters.) The same indicators suggest that correlation strengthens the H-bond
considerably.
Excited State
The lowest lying excited state of malonaldehyde is a triplet derived from an
excitation from the highest occupied molecular orbital (HOMO) into the lowest
unoccupied molecul. irbital (LUMO). The HOMO has 7r symmetry and is primarily
of C - C bonding ,natacter along with some C -0 antibonding, and the LUMO
is almost entirely C-0 ir*. The transition is denoted 37r - 7r*.
Before discussing the geometries in detail, a brief mention should be made of
the details of the methods used. For each method investigated, except CAS, the
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utilization of the method is straightforward. One need only specify which state is
to be explored. For CAS, an additional step must be performed; the active space
must be defined. In this study, two different CAS active spaces were investigated.
The first included the two singly occupied 7r orbitals and one additional virtual
orbital of ir symmetry (the lowest energy virtual 7r), giving two active electrons in
three active orbitals, this prescription is designated CAS- 1. CAS-2 added two doubly
occupied ar orbitals and the next lowest unoccupied 7r orbital, totalling six active
electrons and six active orbitals.
For the excited state, relaxation to a lower energy state of the same symmetry is
,jot a problem. However, for excited state calculations in general, such as S1, this
collapsing to a lower state can be a significant concern. It should be noted that of
the methods used, only cs does not suffer from this problem.
The geometries obtained for the equilibrium orientation, M, are provided in
Table II. Initially, the excited state geometries will be compared to the values obtained for the ground state. Generally, each method provides similar tr, - resulting
from excitation. Understanding the differences in the geometry of the excited state
is predicated on the molecular orbitals that are involved in the excitation. The
HOMO and the LUMO are shown in Figure 2 for both the M and TS structures. The
characters of the orbitals are similar for each orientation, although the interactions
are cleaner in the TS form due to the increased symmetry. The phases of the 7r
orbitals in the HOMO are such that bonding interactions exist primarily between
like atoms (C--C or 0--0) while those between unlike atoms are 7-* in character.
The LUMO introduces a second nodal plane such that most interactions are antibonding, except those involving C 3.
The O -- C 2 bond lengthening can be understood simply via the placement of
an electron in the LUMO which is strongly antibonding between the two pertinent
atoms. A large stretch occurs in the C2C3 bond upon excitation from HOMO to
LUMO since the interaction between these two atoms changes from bonding in the
HOMO to antibonding in the LUMO for both arrangements. The appearance of a
bonding interaction betweeii C3 and C 4 in the LUMO of the M form accounts for
the shorter C3 - C4 bond in the '7r - 7r* state. The strong antibond between C4
and O5 in the LUMO is largely responsible for the stretch in this bond upon electronic
excitation.
The excited state results indicate that the hydrogen bond is weakened by the
excitation. This change manifests itself in several geometric adjustments. First, the
0 5 - H 9 distance is lengthened by roughly 0.2 A. Second, the 0--0 separation is
also increased by a similar amount. Finally, the hydrogen bond is more linear in
the ground state.
Now the discrepancies between the various methods of calculating excited state
geometries can be addressed. First, for the M form, the most notable differences
occur in the variables related to the bridging hydrogen atom. The deviation of this
hydrogen from the 0- 0 axis is around 350 for the UHF, UMP2, and Cis methods,
but is only 14.60 and 17.50 for the two CAS calculations. The 0 5 -H 9 and the
01--05 separations are also shorter in the CAS calculations, although in this case
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LUMO (20i*)

LUMO (20*)

HOMO (19nt)

HOMO (19n)

M

TS
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Figure 2. Schematic diagram of the orbital structure of the HOMO and LUMO of the M
and TS forms of malonaldehyde, calculated using 6-311 G** basis set. The size of each
lobe corresponds to the magnitude of the molecular orbital coefficient.

the cis values are nearly as short. There thus appears to be significantly more
hydrogen bonding in the CAS computations, especially with the smaller active space.
Another significant difference concerns the bond lengths around the ring. The
carbonyl C4 -- 05 distance in the CIS computation is much shorter than the other
methods, and the C 3 -- C4 bond is longer than the CAS values. These differences
result in much more distinct single and double bond character for C 3- C 4 and
C 4-O5, respectively, using cis. Also, the UMP2 bond lengths are generally longer
than those from any of the other methods. Similar comparisons are evident from
the data available using the largef basis set.
The optimized parameters for the transition state of the transfer are given in
Table II. In comparison to the ground state, the results correspond to those discussed
for the M form, not surprisingly since the character of the HOMO and LUMO are
roughly the same for both configurations. The main variaton from the M results
is that like bonds are now equivalent due to the inclusion of the C 2 symmetry axis.
Before comparing the excited state TS geometries, the magnitude of the changes
expected compared to those for the M structure should be addressed. The TS structure should not change as much when the excited state is optimized due to the C2',
constraint that requires the hydrogen to be equidistant from both oxygens. This
condition prevents the hydrogen from having a strong covalent bond to either
oxygen atom. Therefore, the stability of the molecule is directly related to both
hydrogen bonding interactions and the oxygens cannot move too far apart without
destroying these hydrogen bonding interactions. On the other hand, the M configuration does possess a covalent 0- H interaction, allowing the hydrogen bond to
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be any strength without destroying the main covalent interactions which hold the
molecule together, which allows more significant rearrangement.
The main feature of the comparison between methods for the excited TS orientation, is the categoization of the results into two distinct groups. The uHF and
UMP2 results are very similar, but markedly different from the other methods.
Meanwhile, the cis and both CAS computations give essentially identical structures;
the largest variations are 0.01 A and 0.3*. Quite remarkably, the 0 - H and 0 -- 0
separations are all within 0.001 A.
The major differences between the two groups of data concern the bonding arrangement around the ring and the 0-0H relationships. The UHF and UMP2
computations both give much longer C -0 bonds and slightly shorter C- C bonds
than the other methods, indicating more delocalization remains, especially using
UHF where all four bonds are nearly equivalent. The 0-0
separaiion and the
0--H distances are smaller by approximately 0. 1 A and 0.03 A, respectively, in
the UHF and UMP2 computations. This adjustment would result in greater hydrogen
bonding. However, this potential increase is counteracted by the linearity of the
hydrogen bond. The cis and CAS results indicate a more linear bonding arrangement
by roughly 30. Therefore, even though there are changes in the TS structures, the
overall effect on the strength of the hydrogen bond is minimal, as expected. Once
again, the 6-311 G** and 6-31 +G** data confirm the trends observed using the
smaller basis set. The primary difference is that the larger bases produce structures
that have more hydrogen bonding. This is evident in the increased linearity of the
H-bond, by 30, and shorter 0- 0 and 0--H distances.
The barrier for proton transfer is defined as the difference in energy between the
TS and M structures. The barriers for each of the excited state methods discussed
are listed in Table IV.. Of most interest is that each method has a transfer barrier
higher by a factor of approximately two to three than the ground state, except UMP2
which is only slightly above .he ground state value. Comparison of the rows illustrates
a fairly minor basis set sensitivity. In addition, the barriers correlate well with the
relative hydrogen bonding strengths discussed earlier. The greater the amount of
hydrogen bonding; the smaller the proton transfer barrier. This relationship also
explains why the excited state barriers are so much higher than the ground state
values, which have indications of much stronger hydrogen bonding. Of course, this
TABLE

IV.

Energy bamers (kcal/mol) computed for proton transfer in excited triplet state of malonaldehyde.
UHF

UMP2

CIS

CAS I'

CAS 2 b

4-31G
6-31 IG**

33.1
34.4

16.1
13.6

24.8
21.7

28.9

36.2

6-31+G**

35.0

"Using smaller active space- 2 single occupied orbitals and I unoccupied orbital.
b Using larger active space: 2 doubly occupied orbitals, 2 singly occupied orbitals, and 2 unoccupied

orbitals.
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conclusion remains -ubject to results that might be obtained with better account
of electron correlation.
Summary and Conclusions
The lowest excited electronic state of malonaldehyde is '7r - 7r* resulting from
an excitation from the highest occu,.ied to the lowest unoccupied MO. The geometries of both the equilibrium and transition state forms of malonaldehyde reveal
a change in character of the bonding interactions as excitation from the 7r tc ir*
orbital occurs, independent of the computational method utilized. The excitation
produces more delocalization of the bonding around the ring and a larger separation
between the oxygens and central hydrogen atoms, resulting in weakened hydrogen
bonding.
The proton transfer barrier for the excited state is consistently higher .nan for
the ground state, by a factor of two to three. This result is in accord with ine relative
strengths of the intramolecular H-bond: a stronger interaction is associated with a
low barrier. Also, there is little sensitivity to the basis set chosen. On the other
hand, an estimate of the true proton transfer barrier would be premature without
more complete treatment of electron correlation with more flexible basis sets.
While the levels of theory discussed here are inadequate to provide a definitive
answer as to the particulars of the true geometry, the consistency of certain trends
observed with these methods serves to reinforce their validity. For example, the
qualitative aspects of the differences between the ground and excited state geometries
of malonaldehyde are similar for all the methods investigated. The structure of the
excited state contains less hydrogen bonding than the ground state and the resulting
barrier to proton transfer is larger.
The quantitative aspects of the geometric parameters studied for the excited state
methodologies are somewhat less consistent. The results for the equilibrium configuration (M) vary depending on the method. There are no clear indications as to
which method produces the best values, although some UMP2 bond lengths appear
long and the CAS H-bond is seemingly too linear. On the other hand, the cis and
CAS results for the transition state configuration (TS) are virtually identical, indicating much less sensitivity to the actual method employed.
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Electric Multipole Moment Integrals Evaluated
over Slater-Type Orbitals
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Abstract
We study integrals that arise in the calculation of electric multipole moments. Acomputational approach
is developed to evaluate these integrals in an sTo basis set in a straightforward, yet somewhat untraditional
fashion. The computation involves a simple three-step procedure: translation of all Cartesian parts to
one center, local evaluation, and a single one-sided rotation into the molecular frame Some assessment
on this method is discussed. An implementation of the method is presented in this paper to compute
overlap, dipole, quadrupole, octopole, and hexadecapole moment integrals in a basis set that includes
up to g orbitals. @1993 John Wiley &Sons, Inc.

Introduction
Electric multipole moments have been of both experimental and t ,.oretical interest for some time. While direct measurements are usually limited to dipole and
quadrupole moments [1], molecular electronic structure theory has lately made
investigations on electric moments exceeding tenth order [2,3 ]. Due to experimental
limitations, studies of higher moments are not aimed at confirmation of measured
result; rather they are driven by the needs of recent advances in molecular dynamics
[4 ], computation of high order polarizabilities [ 5-7 ], molecular optical and magnetic properties [ 8-10 ], intermolecular interactions in terms of the London series
[7,10-15], and quantum mechanical solvent effect in the formalism of the selfconsistent reaction field theory [ 16-18 1.
The challenge here, then, is to calculate electric moments useful to develop some
of the above-mentioned fields. This challenge is currently being addressed utilizing
methods based on electronic structure theory of varying sophistication. A molecular
orbital description can often give molecular dipole moments with greater assurance
than it can give the quadrupole moments. For moments higher than quadrupole
we know that basis set choice is very important [19], for high moments are very
sensitive to electronic distributions in the outer molecular region, which can only
be better described by extended basis sets. Basis set effects are believed to be more
important than correlation on these high moments [20,3]. On the other hand,
most multipole-moment studies are carried out using Gaussian basis sets; in fact,
we are not aware of any recent Slater-type orbital (Sro) basis set calculations on
moments higher than quadrupole for polyatomic molecules (we note an early paper
121]). The drawback of Gaussian basis sets is apparent here: High moments expansion of electrostatic interactions is a good approximation only at long range,
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 431-450 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010431-20
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where the Gaussian functions are known to fall too sharply. For this reason there
have even been ab initio calculations using Gaussian basis sets that are then fitted
to STOs to study long-range interactions [22].
The introduction of Gaussian basis sets into molecular orbital theory is to facilitate
integration. Multipole moment integrals are conveniently worked out in Gaussian
basis sets by Matsuoka [23], Augspurger and Dykstra [24], and Mikkelsen et al.
[17]. A study of these moments using numerical techniques can be found in the
calculation of Sundholm and Pyykko [3 ]. High moment integrals over STO basis
sets are not well studied, although they would not appear to be particularly intractable. Originally molecular orbital theory of polyatomic molecules was formulated
using STO basis sets and a series of now classical work on STO integrals was -arried
out by Mulliken et al. [25], Roothaan [26], Ruedenberg [27], and Reudenberg
et al. [28]. Local dipole moment integrals were formulated by Hamilton [29] using
C functions. Quadrupole moment integrals were included in the study by Wahl et
al. [30], and implemented by Bagus et al. [31] for linear molecules. A specific and
detailed treatment of dipole moment integrals for polyatomic molecules was presented by Rein et al. [32], which was extended to handle quadrupole moment
integrals by Rabinowitz and Rein [ 33 ], and octopole moment integrals by Swissler
and Rein [21]. Higher-order moment integrals have not been studied in detail in
extended STO basis sets for polyatomic molecules.
Electric moment integrals are ofone-electron and, at most, three-center. A method
of evaluating integrals of this nature is generally outlined by Harris and Michels
[34], Steinborn and Ruedenberg [35], and Guseinov and Sadichov [36]. These
traditional approaches all invoke translational, rotational, and combinational
properties of spherical harmonics of various kinds that are nicely examined in the
works of Steinborn and Ruedenberg [ 37] and Steinborn [ 38]. This paper presents
a novel method of evaluating multipole moment integrals over STO basis sets. We
will show explicit formulas for up to hexadecapole moment in a basis set that
includes up to g orbitals. The method, although somewhat tedious, is completely
generalizable and results in very fast computer code.
Preliminary Considerations
Cartesiansand Tesseral Harmonics
An STO is usually given by

X .,,

=[

•

-'

'( ,0"'),

(la)

where IP7'(0, 0) are the normalized real spherical harmonics [39 ] and the square
root factor is the normalization coLr.tnt for the radial component. We regroup
these terms as
Xn,i.m = [(2n
(20!, 11 rn '-'e-'rt'

(ko,)],

(lb)
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which allows a convenient representation of the angular part in terms of Cartesian
components. The quantities in the second bracket are known as Tesseral harmonics
[40], which we note as
,h= [r=7'(O, t)],
where Ihas its usual meaning (I = 0, 1, 2, 3 ...for s, p, dJf... ) and ur enumerates
the real components obtained from adding Y1' ± Y-'r.
We define a product of the powers of x, y, and z to be a Cartesian,
(i,j,k) = x'y'z

,
(2)
where i, j, and k are integers. In this notation the normalized Tesseral harmonics
are written below for up to g type (we follow Pauling and Wilson [411):
s Harmonic:
s = V(I/4,r)(0,0,0).
p Harmonics:
Px = (3 /47r)(1,0,0),
d Harmonics:
d:2

p,. =

)(3/4ir)(0,1,0),
p: = V(3/47r)(0,0,1).

V(-5116ir) [2(0,0,2) - (2,0,0) - (0,2,0)1,
= 'f(15/16,r) [(2,0,0) - (0,2,0)],

=

d-,2,.

d., = f( 15 /4r)( 1,1,0), d,:

=

V(15/ 4 7r)(

1,0,1), d.:

=V( 15/47r)(0,1,1)

fHarmonics:

f (63 /167r) [ 2(0,0,3) - (2,0,1) - (0,2,1)]

f.-3

fx:2 = /(21/32r)[4(1,0,2) - (3,0,0) - (1,2,0)],
4.=
V(21/327r)[4(0,1,2) - (2,1,0) - (0,3,0)],
f,(x.2-2) =
fxL3-3x,

V(105/167r)[(2,0,1) - (0,2,1)],

fx,.-= V(105/47r)(l,l,l),

= V(35/327r)[(3,0,0) - 3( 1,2,0)],

f3X2,.Y3 =

V(35/327r) [3(2,1,0) - (0,3,0)].

g Harmonics:
gZ4

=

(9/l6V-r)[(4,0,0) + 2(2,2,0) + (0,4,0)
-

g9X3
3=

8(2,0,2) - 8(0,2,2) + 9(0,0,4)],

8f( 10/7r)[!( 1,0,3) - (3,0,1) - ( 1,2,1)1
xM-1077r)o(0,1,3) - (2,1,1) - (0,3,1)],

V(5 7)[-(4,0,0) + (0,4,0) + 6(2,0,2)
g,,
= 4 F(5/7) [6(1,1,2) - (3,1,0) - (1,3,0)]
g(•,3-3Xv3) = 2f(7-0/,)[(3,0,1) - 3(1,2,1)],
gz( 3 X2ý-y3) = ]f(70 /r)[3(2,1,1) - (0,3,1)],
gX2=.
=
3V[5r)[(4,0,0) - 6(2,2,0) + (0,4,0)],
gX,(X2•_2) =-2-35/r)[(3,l,0) - (1,3,0)].
gz2(x2-.2)

-

6(0,2,2)],
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The Multipole Moment Operator

There has been two ways of defining multipole moments in the literature. The
earlier, and perhaps, simpler, definition (see, for example, Ref. [42]) is

r'" 47" ]1/2(3
Mr, 12(1+ 1)]Y~~. )

3

where the Y,.,,(O, 0) are the spherical harmonics. An alternative definition, following
Buckingham [43], is
monopole

q

dipole

P. = r.,

quadrupole

0,,• = ½(3rjr

octopole

1

=

.=

-

r26.),

(4)

(5rr3r.r - r.r'bo, - ror 2,b,

- rr2ba),

etc.
where we omit all charges. The tensor operators of the first several moments in Eq.
(4) take the following form:
Dipole:
Q dp
= (1,0,0),

I:.

=

(0,1,0),

P: =

(0,0,1).

Quadrupole:
Q.,, = 1[2(2,0,0) - (0,2,0) - (0,0,2)],
Q,. = 1[2(0,2,0) - (2,0,0) - (0,0,2)],

Q-==12(0,0,2) - (2,0,0) - (0,2,0)],

Q.. =3(21,0'l),

Q,. =( 1,1,0)

CQ,.= = 22(0, 1,1).

Octopole."
2=[2(3,0,0)

- 3(1,2,0) - 3(1,0,2)1,

R,,, = 1[2(0,3,0) - 3(2,1,0) - 3(0,1,2)]
S:: = 1[2(0,0,3) - 3(2,0,1) - 3(0,2,1)],
1[=
4(2,1,0) - (0,3,0) - (0,1,2)],

f2,: = ½1[4(2,0,1) - (0,2,1) - (0,0,3)],
[4(1,2,0) - (3,0,0) - (1,0,2)],
[=
.

2=(i,1,1)

ax:- =

½[4(1,0,2) - (3,0,0)-- (1,2,0)]

14(0,2,1) - (2,0,1) - (0,0,3)],
[=
1:[=
14(0,1,2)

- (2,1,0) - (0,3,0)],
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Hexadecapole:
, -- (4,0,0) - 3[(2,2,0) + (2,0,2)] + 1[(0,0,4) + (0,4,0)] + 2(0,2,2),
.,,= 1(3,1,0) - -'[(1,3,0)+ (1,1,2)],
r.,.2-:•(3,0,1 ) - -L8[(1,2,1) + ( 1,0,3)],
r,,,,. = 2[9(2,2,0) - (2,0,2) - (0,2,2)] - ![(4,0,0) + (0,4,0)] + 1(0,0,4),
r,,,.= 2(2,1,1) - ![(0,1,3) + (0,3,1)],
ý,,.

--8[9(2,0,2) - (2,2,0) - (0,2,2)] - 1[(0.0,4) + (4,0,0)1 + 1(0,4,0),

rA,.,.,.

=

½(1,3,0) - j[(1,1,2) + (3,1,0)],
L,,:=-(
1,2,1 ) - '[(1,0,3) + (3,0,1),

" ",:(1,1,2) - ![(1,3,0) + (3,1,0)],
r,==
- (1,0,3) - '8[(1,2,1) + (3,0,I)]
r,,,

(0,4,0) +
=

lj-l.==

1[(0,0,4)

+ (4,0,0)] - 3[(0,2,2) + (2,2,0)] +

4(2,0,2),

1(0,3,1) - -8[(0,1,3) + (2,1,1)],

8139(0,2,2) - (2,0,2) - (2,2,0)] - 2[(0,0,4) + (0,4,0)] + -(4,0,0),
r,.-:: = (0,1,3) - -L[(0,3,1 ) + (2,1,1)]

r:::= (0,0,4) + 3(2,2,0) +

+ (4,0,0)] - 3[(2,0,2) + (0,2,2)]
Following Rabinowitz and Rein [33], we can define a primitive multipole moment operator as
2[(0,4,0)

MI,,j.k = XYZk

= (ij, k),

(5)

with its expectation values giving all the integrals necessary to compute the multipole
moment tensors defined above. The computation of the nuclear contribution to
the multipole moments is straightforward, simply replacing the electronic coordinates x,y,z in M,.jk with the nuclear ones X, Y,Z. We therefore consider only the
electronic contribution in this paper.
CoordinateSystems and the Rotational Matrix
The STO basis functions are generally associated with centers (usually on nuclei)
denoted as A, B ..... The center of a primitive moment operator of Eq. (5) is
denoted as 0. Lower-case subscripts a, b, and o specify the vector components
measured from the centers A, B, ano 0, respectively. Unlike Cartesian Gaussians,
STO two-center integrals are generally evaluated over a local system (see Fig. 1)
with the axis between the two centers defining the local Z, Za, and Zb axes, with
the local X, Xa, Xb and Y, Ya, Yb axes parallel. Here the upper-case notations X,
Y, Z represent axes in the local system. The Za and Zb axes are either pointing at
each other, or are directed in the same direction. We adapt the latter, as shown in
Figure 1.
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Xb
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Xb
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Zb
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7Ya'

Xa'

Xa

xy'

Figure 1. Rotation from Ellipsoidal Coordinate to Molecular Frame.

With the origin of the Cartesian coordinate system [X, Y,Z ] placed halfway between the two basis function centers A and B, the local system described above is
used to define a prolated spheroidal, or ellipsoidal coordinate system focused on A
and B, respectively [ 35]. Adapting the definition and notations of reference [ 35],
we list some important relations below for an ellipsoidal coordinate system,

ra =(R/2)

+ 7),

rb = (R/2)

-

,

2

x= xb = (R/2)V(2 - 1)( 1 - n )cos ii,
Ya

Yb =

(R/2)V(ý 2

1)(1 - 172)sin 0,

-

za = (R/2)(I + t,),
dr =
38)(2 - r2)

zh = (R/2)( 1 -

dý dI do.

n)

(6)

The integrals evaluated in a local ellipsoidal coordinate system then need to be
back-transformed into a laboratory, or molecular-based coordinate system, which
we define to be the molecular frame [x',y',z']. The rotation necessary for this transformation is based on the directional cosines (see Fig. I),
cos 0 = Az'/R,
cos ' = Ay'/VAx' 2 + Ay' 2 ,

(7)
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and the rotation matrix R(0, .0) can be obtained in two steps:
(i) Rotate about the y axis to align the z axis: R1(0),
(Cos0
0
-sin0

( X)
R1(=) Y

Xf
Y
zfl)

(

(

0 sin0)( )
YI .
1 0
0 cos0 Z

(8)

(ii) Rotate about the z" axis to align the x" and y" axes: R2(A),

X1

R2 (A)(
Y( =

z')

X"ý~)

z" )

=

k -sin
cos
cos
sin

o

0o

0'
)
1)Z"l

40

"

The final rotation matrix based on Eqs. (8) and (9) is therefore
( cos 0 cos 0 -sin 5 sin Ocos4'\
R(O,0)=R 2 (0)RI(O)= cosOsin , cos 0 sin0cos4]
-sin 0
0
cos
/

(9)

.

(10)

Method
Translationof Centers
The most common way to proceed from here is, assuming the moment definition
of Eq. (3), to evaluate the integrals such as

d '(0., 00y"(0o,)Y,

(Gb, Ob)

(1 la)

and to translate the center 0 to the center A or B with the lowest I value, say, center
B with ". Making use of the translational property of sperical harmonics [44] and
Gaunt coefficients [45], this yields an integral with sigma (m = 0), pi (m = 1),
delta (m = 2), phi (m = 3), etc., components. The maximum m component
required is then the lesser of 1"+ 1" and P', i.e.,
rain(P'+P/",I')

I=

2:

RmIm = R,I + (R, + R,)I, + (Ra + Ra)Ia +

(lb)
I"

rM-0

where the Rm'S are the factors due to rotating the integral back to the molecular
frame, and the Irn's are the appropriate integrals evaluated in the local frame. Note
that Rm

R,(A)mn(Br--each center must be rotated. and there are two pi components,

two delta components, etc.
In this study we will translate the angular components of both the operator and
the orbital centered on A to B. By doing so, center A will only have a sigma component and Eq. (1 Ib) will have the simple appearance of
I = R ou)!o.
(I1 c)
We will show that the evaluation of I, and the rotation ROA )R,,B) = Rn) are very
simple. The use of Eq. ( 1 Ic) rather than Eq. (1 lb), and its simplicity, are at the
heart of this work.
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Considering a general laboratory coordinate system [xj',z] and a particular one
[xa,ya,za] centered at A (ax,a,.,a,), we have
Xa= x-ax,

Ya = y - a,
Za = z - a..

(12)

To translate the coordinate system [xa,yO,za] to another one [xb,yb,zb] centered
at B(bx,by,b.), we write
xa = xb

Ya

+ (bx - ax)

= Yb +

Za = Zb +

(b, - a,,)

= xb

+ ba.,

= Yb +

ba,

(bý. - a.) = Zb + ,'a•

(13)

.

An arbitrary Cartesian defined in the previous section is therefore translated from
center A to center B by way of
XayaZa =

k
10ot)

r ' (j)ijS
S- s

r=O \rl

(14)

Cr,s$(bax,bay,ba:)xryszt,.
(r.sjt)=(OO,O)

The translations in terms of Eq. (14) enable a multipole moment integral, apart
from a normalization factor, to assume the following form,
... zk-r
..(Mren)=/no--tx,-aY

ta

a~a

K~~~i~~m(1n)n
(tj,k)
-

n b-lb-) e .f -g -rgb\b
y,o
.m n Ir

0

-Xbyb Zbe

a
0 -ob
__

(rst)=(OO.O)

~~

rbbx%~
(ILm,n )

Cr,.,(bFx, bay., ba..)

•

Z

-

-r

-

C•.o..(box, boj,., bo.)

(u,vw)- (0,00)

/ ra-l-I)•-araI

X (r ana- 1)e- -r rI

nblb-I

ce+r+u ,f+s+v -rbrb

-Ie+b
+

Y+b

e

) ,

(15)

where center O(Ox,Oy,O,) places the origin from which the multipole moment
integral is evaluated.
In this development it is clear that a moment integral is a combination of overlap
integrals, which, in terms of Eq. (15), are always between an s orbital and a higherorder orbital. The translation to achieve this is straightforward. However, the sixfold
sum that appears in Eq. (15), if directly implemented, is computationally inefficient,
as was first experienced by Taketa et al. in their work on Gaussian integrals [46].
For this reason we translate an STO centered at.A (xa, ya,za ) and the moment operator
centered on O(x,,yo, z,) separately onto the center B(xb,yb,zb) using two sets of

predetermined formulas. With the convention that all left-hand quantities in a
formula are centered on A, and those on the right-hand side are centered on B, we
list these formulas as follows:
Master Formulasfor sTO Translation:
I'm= I g.(baxba,,ba,)(i,j, k) ,
P
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F(3-/4ir) [a.,,(0,0,0) +(1,0,0)1,

px

p,=V(3 /47r) Fa,(0,0,0) + (0,
1,0)],
pz = (-3/4,r) [Za,(0,0,0) + (0,0,1)]

+ 4-baz(o,0,1)
d2,2=

(2,0,0)

-

V(15 /167r)[b x

(0,2,0) + 2(0,0,2)]

-

a Y,00

2ba,.(0, 1,0)

-

+ 2ba.,( 1,0,0) + (2,0,0)

(0,2,0)]

-

dx3.= f(15 /47r) [La.Fay(0,0,0) +bYa.( 1,0,0) +Fax(0, 1,0) + ( 1,1,0),
dx:

=

V15 /47r) [ba-xbaz0,0,0) + Faz( 1,0,0) + Fa-(0,0,1I) + ( 1,0, 1)],

d) ( 15 /47r ) [FayFa-,(0,0,0) + baz(0, 1,0) + ba,.(0,0,1I) + (0,1,1)
f-3

=

V(-7/ I67r) [(2ba-.

-

3 xba-z

-

+ (6-ba-?

-6ba,.bazAO,1,0)

fx:2

1

(-21/327r)

-

6bax( 1,0, 1)

+ 6b~a-(0,0,2)

-

3(2,0,1)

[(4-baxba -3 ba~

-

+(4ba?- 3ba

-

-

3ba)(,01

3FazAO,2,0)

-

-

6bay(0, 1,1

3(0,2,1) + 2(0,0,3)],

-

yb~)000
Ya 100

"+8~a~baz(0,0,1I

2Fa~ba,.(0,1,0)

-

3Ya-x(2,0,0)

"+8b12:( 1,0, 1) + 4ba-x(0,0,2)
=y-f(-2

3bax

-

3FaAz2,0,0)

-

6baba-z( 1,0,0)

3bba)0,)-

-

-

2&ba,.( 1, 1,0)

(3,0,0)

-

Fax(0,2,0)

(1,2,0) + 4(1,0,2)],

-

- 2Faxbay(1,0,0)
Y
a.(00
I/ 327r) [(4-bayba -? bax,
+ 8bayba, 0,0, 1) + (47a 3 - Zba 2 - 3ba-',)(0, 1,0)
- ba,.(2,0,0) - 2-bax( 1,1,0) - 3Ta, (0,2,0) + 8baA-O, 1,1

+ 4-bay(0,0,2)
f-,-.)=

-

V(105/167r)jb 2 (a.
2b
Y-

(2,1,0)
-

-

(0,3,0) + 4(0,1,2)]

bt7.)0,0) + 2btax a.Z(1,0,0)

4_a(0, 1,0) + (Ta-

Ta-2) (0,0, 1

-

+ b~a:(2,0,0) + 2ba,( 1,0,1)
-

2Ta,(0,1,I1) + (2,0,1)

-

Ya-,(0,2,0)

-

(0,2,1 )] ,

h:=V(-105 /47r) [b~a.,a,.ba:(0,0,0) + FaFa:(I1,0,0) + Zbaba,(0, 1,0)
+ Rad,0,1,1) + (1,1,1)] ,
f~.~2=V(35

/327r) [(Fa-3 _ Faxba-)(0,0,0) + (Fa2
-

-

Fa2)(1,0,0)

6baxrbay(0,1,0) + 3baý,(2,0,0) - 6ba,*(1,1,0)
3bax(0,2,0) + (3,0,0) - 3(1,2,0)],
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AY3 =

V(35/32 7r) [(3ba-'Fa,.- ba-. )(0,O,0) + 6ba,,b-a.( 1,0,0)
+ 3 (b-a X - b~a'l) (0,l1,0) + 3ba,.(2,0,0) + 6bax(1,1,0)
3ba,,(0,2,0) + 3(2,1,0)

-

g.= (3/16Vi){((3ba.

+ 6baxba1 + 3bcY

24ba1.ba + 8bal
+ (I12Fa3 + 2baxbal - 48ba~ba?)( 1,0,0)

-24bax'baD(0,0,0)

+l2(Fa2Fa
3 . + a
-

3

-

-

4-ba'.baý)(0,I,0) +16(2Faý

Yb~(001 + 6(3ba

+ 24baxb~a,.( 1,1,0)

+ ba

24(Fa' + Ya-2

2ba?)(0,0,2) + 12ba,[(3,0,0) + (1,2,0) + 4(1,0,2)]

"+3(0,2,1)
gX.:3

=

-

8 V( -10/
7r) {(4Faxba~

-3a2Fa-:)(

(0,1,0) + 3(4baxba?

-6b~abybQ:

+3(4baz- 3ba

ya,(101

-

4(0,0,2)]

-

+ 3Fa:[4(1,0,2)

y

24(0,2,2) + 8 (0,0,4))

-

3Faxl'a-.- 3baxY ba)(0,0,0)
9a2Fa: -3a3
1,0,0)

-

+ (0,2,0)

16Fa,43(2,0,1)

-

2(0,0,3)) + 3(4,0,0) + 6(2,2,0)

24 (2,0,2) + 3(0,4,0)

+ (4b

=

3ba2Fa.,

96Faxba: ( 1,0, 1) + 6(Fax'+ 3Fa,'

-

"+l2ba,.[(2,1,0) + (0,3,0) - 4(0,1,2)]
-

-

4Fa.3)(2,0,0)

-

96ba,.ba,(0,1,1)

-

-4ba?)(0,2,0)

-

(0,3,0)] ,

-

-

3(0,2,1)

-

3(1,2,1) + 4(1,0,3)) ,

-

9(2,0,1)1

-

-

-

aby)001

-

3Fa~baz[3(2,0,0)

6ba-,ba.( 1,1,0)

-

(3,0,0)

-

-

-

6Faxb~ay(0,1,1

(1,2,0)] + b-axt4(0,0,3)

6Fay~( 1,1,1)- 3(3,0,1)

V 10/7r) {(4-bayFa ? -

g:2(x2-j2)

3baba - 3 x aba)(0,0,0)
+ (4baý - 9ba2Fa-. Fa2Fa:)(0',o,) - 6baxbajýFa.( 1,0,0)
+ 3 (4Fa,.Fa? - Fa 3 - Fa2 a,,)(0,0, 1) + 3(4ba-' - 3Fa2,
3Fayba:-[(2,0,0) + 3(0,2,0)

-

Fa2')(0,1,1)

-

6Faxbar(1,1,0) - 6Faxbay(1,0,1) + 3ba,[4(0,1,2)

-

(0,3,0)

-

6Fax( 1,1, 1)- 3(0,3,1)

(/r)7

-

-

(2,1,0)] + Fa,1[4(0,0,3)
-

-

4(0,0,2)1]

-

3(2,0,1)

-

9(0,2,1)]

3(2,1,1) + 4(0,1,3)),

f{(Fa 4 - ba-4 + 6Fa2Fa?- 6ba?,ba)(0,0,0)
+4(3Kba.?a

-

+12(b~a

-

x)100

-

bba)(0,0,1)

4(3FaFa,?
-

-

y)010

6(Fa2 - ba-?) (2,0,0)
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+ 24baxba:(1,0,1) + 6(ba~,
24baý,baz4O,1,1) + 6(ba ,

-

+ 4-b(,,3(1,0,2)
+ 4-bay[(0,3,0)

-

3(0,1,2)]

-

2 V-(5 ir) ((6b~a~bayb-a

-

(0,2,1)]

(4,0,0)

-

6(0,2,2)} ,

-

ba-Ya-,, - b-a.Fa')(0,0,0)
3ba-Tay - ba-l)(1,0,O) + 6a~ba- - b~al

-

+(b-ayba-2

-3b-a~ba-)(0,1,0)

-.

ba)(0,0,2)

(3,0,0)] + 12Fa.[(2,0,1)

+ 6(2,0,2) + (0,4,0)
gXyZ2

ba,)(O,2,0)

-

a')(1,1,0)

+ 12ba~baybaz(0,0,1) + 3(2bc -a?

3ba~bay[(2,0,0) + (0,2,0)

-

2(0,0,2)]

-

+ 12Fayba,(1,0,1)+ l12ba.~a,(0,1,1)-ba,j[(3,0,0)
+ 3(1,2,0)

6(1,0,2)1]

-

66(0,1,2)] + 12-ba (1,1,1

1-(0,3,0)

-(1,3,0)

-(3,1,0)

Fax[ 3(2,1,0)

-

+ 6(1,1,2))}

V(-701ir) {a'b-ab - 3bab b 2 (000
+ (b-a 2 a. - Fa2 aj( 1',0,)
- 6-bahayba. (o, i,0)

9z (xl3
3 Xy2)

"+(Fa3

-3a~ba2)(0,O,1)

+3Ya-Ta,[(2,0,0)
-

(0,2,0)] + 3(a

-

6b~a.ba-,(0, 1,1)+ Fa.[ (3,0,0)

+ 3bax[ (2,0,1)
+ (3,0,1)
gz( 3x2y-y3.

-6Faybaz1,1,0)

-

3(1,2, 1) j

f (-70/ 7r)1(3bab~a

-

+3(bax'ba,
+ (3bba

-

bt b)(0,0,0)
aby

6-ba~ba-ba,( 1,0,0)

(010

ya)001 + 6babaz( 1,1,0)

-

+3bay-ba.t(2,0,0)
-

3(1,2,0)]

6Fa,(1,1,1

(0,2,1)]

-

-

ya,(101

-

-

(0,2,0)] + 3(a x

6ba-Tay( 1,0,1) + Fa,[3(2,1,0)

+ 3FaA(2,0,1)

-

ya)011

(0,3,0)]

-

(0,2,1)] + 6-ba,(1,1,1)

+ 3(2,1,1))}
b~a2 + Fa4)(0,0,0) + (a~ 3

-(0,3,1)

gx2j2

V(-35/7r) { (Fa4

-

+ (Ta3

3Fa2 ay.)(0, 1,( ) + 6 (Fa'

-

(0,2,0)]

-

3(1,2,0) ] + 46aJ.f(0,3,0)

+ (4,0,0)

-

Fa 2)[(2,0,0)

24Faxbay( 1,1,0) + 4b-a,[(3,0,0)

-

-

-

3ba-.ba2)( 1o,0,)

-

3 (2, 1,0)]

6(2,2,0) + (0,4,0) 1
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gx).(X2,z))

4

+ (3b-a'ba, - Fa-')(1,0,0)
x
(5i){b~a.-b~a)0OO
+(Lba~

3b~axba')(0,1,0)

-

+3ba-xba)[(2,O,0)

"+ ba4,(3.0,0)

-

-

(0,2,0)1 + 3(Fa2

-

ba2)(Il,lO)

3(1,2,0)1 + ba-,I3(2,1,0)

-

(0,3,0)]

+ (3,1,0) -(1,3,0)}

Master Formulasfor Operator Translation:
(n, 1, m)o = Z f .(bo, Foy, lFo)(i,j, k)B,
(1,0,0)

=

bo,(O,0,O) + (1,0,0),

(0,
1,0)

=

bO-Y(0,0,0) + (0,
1,0)

(0,0,1% = Fo..(0,0,0) + (0,0,1),
(2,0,0)

=

b-oX(0,0,0) + 2box( 1,0,0) + (2,0,0),

(1,1,0)

=

boxTbo)(0,0,0) + Z7y( 1,0,0) + box(0, 1,0) + (1,1,0),

(1,0,1)

b-OxbO(0,0,0) +To-(1,0,0) + box(0,0,1) +(1,0,1),

(0,2,0)

= F02

(0,1,1)

=

bo0YFboA0,0,0) + Fl,o(0,1,0) + Fo-Y(0,0,1) + (0,1,1),

(0,0,2)

=

Fo,?(0,0,0) + 2bo,(0,0,1I) + (0,0,2),

(3,0,0)

=

(1,2,0)

=

(0,0,0) + 2boy(0,1,0) + (0,2,0),

o(000 + 3o( 1,,0 + 3!Foý(2,0,0) + (3,0,0),

boFbo2(0,0,0) +

F02 ( 1,0,0)

+ 2b-o~Joy(0,1,0)

+ 2-bo
1,0) + Fo.,(0,2,0) + (1,2,0),
3.(1,
(1,
0,2) = Fo-,F.o?(0,0,G) + Fo.?(1,
0,0)+ 2Yo-bo..(0,0,1
(2,1,0)

=

+ 2Yo,( 1,0,1) + bo-x(0,0,2) + (1,0,2),
bo02FoY(0,0,0) +2ob~ ,,)+b~010
+ 2bo-x( 1,1,0) + b-oy(2,0,0) + (2,1,0) ,

(2,0,1)

bobo0,0,0)
x
+2bo0o2 (1,0,0) +bo'X(0,0,1)
+ 2box(1,0,1) + Fo,o(2,0,0) + (2,0,1),
+111
F0,obo(01,0,0) +

(0,3,0)

= Fo 3

(0,0,0)

bo,b(,,1 2 o (1,0,0 ) +bob~010b.b~00

+ 3Fo',(0,1,0) + 3boy(0,2,0) + (0,3,0),

012)= Fo,,bo2(0,0,0) + FO-2(0,I,0)+2bbo001
+ 2bo:(0,1,1) + bo-y(0,0,2) + (0,1,2),
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(0,2,1)= bo.bo-(0,0,0) + 2bo, bo-(0, 1,0) + Fo-, (0,0,1
+ 2bo,.(0,1, 1)+ bo: (0,2,0) + (0,2,1),
(0,0,3)

=

boR(0,0,0) + 3Fo-ý(0,0,1) + 3boA0,0,2) + (0,0,3),

(4,0,0)

= To-4(0,0,0)

(3,
1,0)

=

+ 4bo'(1,0,0,) + 6Fo-'(2,0,0) + 4Y6,(3,0,0) + (4,0,0),

Fo'bo,(0,0,0) t- 3Fo2bO,.( 1',0,)
+ To- (0, 1,0) + 3b~oýTo-.(2,0,0)
+3bo' ( 1,1,0) + 1o,0(3,0,0) + 3Fo.,(2,1,0) + (3,1,0),

(3,0,1) Fob~o.b(0,0,0) + 3b0b~

1.,0

+

o(00

+ 3Fox'( 1,0,1)

+ 3Fo,Fo:(2,0,0) + bo,(3,0,0) + 3Fo,(2,0,1) + (3.0,1),

(2,2,0)

=

Y

+22b(o0
+0FO
,0,0)

Y(1,0,0)+oF
2bo2Fo,.(0,l1,0)

bo(2,0,0) + 4-bo~bO3.( 1,1i,0) + bo(0,2,0)
+
+ 2Zboý,( 1,2,0) + 27Fo,.(2,I,0) + (2,2,0),

ob~o0,0,0)
(
+ 2bOQboyboz( 1,0.0) + Fb2OZbo(, 1,0)
+ 2b-ojo(0,0,1) + boFbo:(2,0,0) + 2Fo~Jo-( 1,1,0)

(2,1,1)

+2Foj,Fo,.(1,0,1)

+

±ob(2,1,0)
+o(.11

+ Fq, (2,0,1) + 2Yox( 1,1,1)+ (2,1,1),
(2,0,2)

=

bo~xbo0'(0,0,0) + 2Fo.Fo3( 1,0,0) + 2Fo'bQ(0,0,1)
+4Fo.bo:.(1,0,1 ) + Foý(2,0,0) + Fo2(0,0,2)

(1,3,0)

=

"+2Fo,,(1,0,2) + 2ýbo(2,0,1) + (2,0,2),
o(0, 1,0) + F03 ( 1',0,)+3bbo(02)
FOXF03 (0,0,0) + 3FQO2
+ 3FO2 ( 1,1,0) + Fo-x(0,3,0) + 3Fo,.( 1,2,0) + (1,3,0),
+ Fo~bo-2(0,0,1) + o~bo(0,2,0) + 2Fo,.bo,( 1,1,0)

+ 2bOoxby(0, 1,1) + bo-2 ( 1.0, 1) + bo:( 1,2,0)
+ Fox(0,2,1 ) + 2bo 3 ,( 1,1,1) + ( 1,2, 1)
(1,1,2)

=

Fobo~bo3(0,0,0) + bo~b-o?(1,0.0) + Zboxbo?(0,1,o)

"+ 2bo~obyb0:(O,O,l) + bo?( 1,1,0) + 2 Foybo,( 1,0,1)
"+2F~o:Ol) + boxb0,.(0,0,2) + boy( 1,0,2)
+ 2bo;.( 1,1,1) + Fo, (0, 1,2) + ( 1,1,2),
(1,0,3)

=

FoxZbo?(0,0,0) + Fo?( 1,0,0) + 3Foo~.bo(0,0,1) + 3Fo.( 1,0,1)
+ 3Foxb0:(0,0,2) + 3F0:( 1,0,2) + bo,(0,0,3) + (1,0,3),

(0,4,0)

=

Fb4 (0,0,0)

+ 4bO3 (0, 1,0) + 6FO2(0,2,0) + 4Fo,.(0,3,0) + (0,4,0),
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(0,3,1) = bo'b-o:(0.0,O) + 3boFboz(0,l,0) + bYo.(OO,1) + 3b-o'(0,1,l)
+ 3 bFobo:(0, 2.O) + bo:(0,3,0) + 3 bo,(O,2 ,l) + (0,3,1),
(0.2,2) - b-o.bo•(OOO) + 2bo,.Fo3(O,l,O) + 2bo'boz(0,0,l)
+ 4bo,.bo:(0,1,1) + bTo-(0,2,0) + boT.(0,0,2)
+ 2bo3 (0,l,2) t 2bo:(0,2,1) + (0,2,2),
(0,1.3) = bobo.(0,0,O) + bo7(0,l,0) + 3To.,bFo(0,0,1) + 3bo3(0,l,l)
+ 3bo,.bo,(0,0,2) + 3bo:(0,1,2) + boy(O,O, 3 ) + (0,1,3),
(0,0,4)

=

bo!(O,OO) + 4ToT( 1,0,0) + 6bo-(O,O,2) + 4býo(0,0,3) + (0,0,4).

With this accomplishment we can now write the sixfold sum of Eq. ( 15) in terms
of a twofold sum over the two Cartesians, both centered on B, in the following
fashion:
(Mi.•.,= (ra"--`'

y aze
'--'

1
'YZ•"axy'z'"Irgb----'x

rbZ).

g(ba.rba,.,b.)e

• (r•o-l/,-(A
•f

bo
2:f0

-7

'ZW.y•,
'lrý,rz-xe
-.

bo,:)Xb
,
OY

W
q )x-Y

,-

Zw-

rib

b

b bez
f

)

ga(Fa", Fa-,), ba:)f ,(bo., bo,, bo()

-

L1,V

.

.rJ-e-bbe++

.f++'b.+

°

b,

(16)

where the coefficients g•(baa, ba,, ba:) and f (bo•, bo,, boz) are taken from the
master formulas through two computational do loops.
Local Integral Evaluation
One-CenterIntegrals:After the translations described by Eq. (16), all one-center
integrals, apart from a normalization factor, take the form
11 =

Kr bna+nb-Ia-lb-2Xby,

X

f

sin'V+•JOb cosA

4

r na+nP-lo--a+J+Ae-(ra+rb)rbdrb,

-(Pra.+b)

O d0dOj,sin'

0

(17)

cos 10 d4p

and we proceed to evaluate the nonvanishing angular part of I, first.
Assuming m and n to be integers, we have, in general,
cos" cos
4 sn"_o
sn"m• •

I

n1

J

o2

cosm-

s
4,sin"
'k d4b.

(18)
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Applying Eq. (18) in a recursive manner, we get
m-I
r2
m-3
cos' p sin" 0 d =Cos'
m+n m+n-2o'

2.2

0 sin"

d
d4)

m-1
m-3
m-5
m+n m+n-2 m+n-4
COS"_ 6 0

X

(m - 1)!!n!!
(m

sin"

do.

d
sin 4d4)

2w

(19)

In Eq. (19) we need to examine two cases of the sine integral. First, if n is even,
2vsin n4)do)

= n

I ,o 2rsin n-2 .0d4p

(n --

=-

n

1)!

.

3
2fI

n

sin"- 40 do)..

2

- s)n!
(n 1!!(dr,2r) .

(20)

Therefore, for even m and even n, Eqs. (19) and (20) give the closed formulae
fcos'm
2cos'

0 sin

sin"n
do

=

d= (m

1)!!(n- 1)!!7r
i(m + n)!!

(rn-i )!!(n -1 )!! (27r) = F(m, n).

(21a)
(21b)

We then examine the sine integrals with odd n in Eq. (19):
2 2 (n-0/ 2

F

)(f

)( ..)

n

sin" n do =-cos 0

n!

(22a)

n!
sin"n

do =0.

(22b)

Finally Eqs. (19) and (22) give, for even m and odd n, the closed formulae

cos"' 0 sinn 4 d4' = (m-

l)!!n
(m + n)!!

n(3

(23)
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All the angular integrals necessary for 11 are given by Eqs. (21) and (23). The
radial part of I, is simply fo r e- a = n!ean+r.
Two-Center Integrals:In an ellipsoidal coordinate system we use Eq. (6) noted
in the previous section to express a two-center integral that evolves from the translation of Eq. (16),

=

df

y

b

eb-

12 =

bb

do (R/2)n.+nb,-Ib+,+J+k+l(t+ 77)y+1($ _ 7)n+l

d,7

X [(2 _ 1)( 1 - n 2 )](t+J)/ 2 (1 - tn)k e-ý-- cos' 5 sinJ ¢
=

dt

f

dl(RI2)nc+nbýa-h+t+J+k+1(t+ ,)n.+1(t - 1/)fb+l

X [(t2 _ 1)( I

- r 72 )](,+J)1 2 ( 1 - tn)ke-D•

1-.F(ij),

(24)

where
p = (R/2)(•a + i),
T = (ta -

Wb)/(

+

M)

and F(i,j) is given by Eq. (21b).
At this point, we feel it is convenient if a new function is introduced as
Z0•'A.,(P, 7) = fodý

dq~t( + 77)'(Q -n)'

X [(42 _ l)( 1 - t2)]Y( 1

1)6 e-"t-"

-

,

(25)

which we shall call "Z functions." The recursion formulas of Z are simpler than
those derived by Ruedenberg et al. [28]. In this work we adapt an algorithm proposed by Stevens [47,48] based on the binomial theorem,
40'P

r)

=

E.~j (a)c )')(Y)(^k1

')(..) j+k+I+m

X Ac+a+2.r+6-,-j-2k-m(p)B,+j+l+m(p,7),

(26)

where the A and B functions are as defined by Mulliken et al. [25], and have been
well studied by, among others, Miller et al. [49] and Harris [50].
In this formalism, the two-center integral of Eq. (24) is evaluated as the product
of Z and F functions,
12 = vrna '-e-a

rlb

bYbZbe

= Z,,-tnb-1b.O+j)12k(p, T)F(ij).

(27)

Rotational Transform into Molecular Frame
As discussed in the previous section, all integrals evaluated in this section need
to be back-transformed into molecular frame [x',y',z'] (see Fig. I ) through a matrix
rotation
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R(O,

=
Z

r

r22 r23)( y =

yf

0

Z'

/) r 31

r33 \ z

,

(28)

where the matrix elements are given by Eq. (10). We now let the rotation described
by Eq. (28) act on an arbitrary Cartesian in the ellipsoidal coordinate system,
Rx'yizk = (rllx + r 12 y + r 13zi(r
=

•

( r,s,l )( u,v w )(p,q )

X

2 1x + r22 y +

r 23 z)J(r 3 lx + r3 3z)k

c'.s,t(rl,, rl2 , r13)cu,.,,.(r 21 , r22, r23)cPq(r31, r33)

(29)

Xr+u+pys+vZ1+vv+q,

where
c ,r,(r,
r2rt13
1 , r12 , r13 ) = (i!/r!s!t!)r'r
c-,.V.w(r2l, r 22 , r 2 3 ) = (j!/u!v!w!)ru1 r

ck,q(r3I, r33 ) = (k!/p!q!)rP, r33

2 r3

(30)

Considering 12 of Eq. (24), we now have
RI2 = R ( rTe-1re Irgbbxbyzke-rb>)

= (r:e-ýr Ir b(RXJyJbzk)e-rbb>

Cr~sJ•tuu,vwCp,q\'"ae-r
I'brrIbxr+u+py.+vZI+-Fq-rbeb>
Yb =b
•
,(31)(31)
,./n
b- b
(r,s,t)( u.vw)(p,q)

where we have applied Eq. (29) and used the rotational equivalence of coordinate
systems [x,y,z] and [xb,yb,zb] (see, again, Fig. 1).
In this approach it is remarkable that the rotation R(O, 0) needs to act only on
the right-hand side of Eq. (24) to rotate the integral 12 into the molecular frame.
ComputationalProcedure
The method presented here proceeds as follows:
(i) For two orbitals on the same center, the operator is translated, the symmetry is checked, and if nonzero, integral evaluation proceeds as outlined two
subsections ago.
(ii) For orbitals on different centers:
(I) Choose the orbital with bigger I in Eq. (Ia) to be centered on B.
(2) Translation is made in two do loops of Eq. (16) by using the master formulas.
, Z~U Z ~.u+
+t
(3) Determine the order L = e +f + g + ta,
ofthe
t I + t I +t+
xu to, ,+ ta
x +
Cartesian on the righthand side of Eq. (16).
(4) Sort out the angular symmetry "allowed" Cartesians of the order L determined
in step (3) by way of the F(i,j) functions shown two subsections ago.
(5) Compute the necessary Z functions [Eq. (26)], and then the local integrals
[Eq. (27)] required by step (4).
(6) Rotate the computed local integrals into the molecular frame by using Eq.
(31).
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Discussion and Conclusions
A general method of evaluating electric moment integrals over Slater-type orbitals
is developed. A program that implements the procedure just described above has
been in use in this laboratory for some time. We have been using ,hese moments
for studies on solvation using the self-consistent reaction field model, and for examining the long-range interactions between molecules.
The method we outline is somewhat unusual in that the Cartesian components
of one orbital and the operator are both translated to the center of another orbital
and thus only a single sigma symmetry integration remains between an s orbital
on one center and a complex Cartesian orbital of the form x'yJ.•rte-r on the
other. The local evaluation of this integral is easy, as is the rotation back into the
molecular frame. Although the method is quite general, the price we pay for this
computational simplicity is formal complexity. Generating explicit formula for
higher moments, or higher angular momentum atomic-like orbitals, is tedious. We
do not maintain the "symmetry" of the spherical harmonics, and we pay a penalty
for this.
A definite advantage of the method described is that we need to consider the z
component of one atomic orbital, and the Z function we need (Eq. (25)) is simpler
than the traditional L function [30],
L

,

r) ---

dn(ý +

d/

X (I

)l[(42

-

it)"(ý

- ?1)(1( + ýn)l

)( I - n 2

(32)

or the C function [ 28 1,
I"otC~'Y"•t(p,^
") = (

)"+t0+,+6+2,1 LI-6 (p, T-).

(33)

Percentage of Cartesians needed to integrate with

TABLE 1.

Order

I

Number of Cartesians
(A)

Number of Cartesians with
nonzero angular integral (B)

BIA

0
1

I
3

I
I

1.00
t,.33

2
3

6
10

3
3

0.50
0.30

4
5

15
21

6
6

0.40
0.29

6
7
8

28
36
45

10
10
is

0.36
0.28
0.33

9
10
1I
12

55
66
78
91

15
21
21
28

0.27
0.32
0.27
0.31
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Both L and C functions, if evaluated in the fashion of Eq. (26) require a sixfold
sum, while the evaluation of Z functions needs a fivefold sum, a saving of the
innermost do loop in computation. It would be worthwhile to further investigate
the Z function recursion relations.
Before concluding, we further note that the "Cartesian STOs" are prescreened
based on angular symmetry before the integration takes place. Note that i andj in
the Cartesian (i, j, k) that occurs in Eq. (24) must both be even or the integral
vanishes. For example, a typical nonvanishing quadrupole integral between dorbitals
contains on average 18 different terms of 64 possible, but only five or six are nonzero.
In Table I we list the number of Cartesians for a given order, and the number of
Cartesians that have nonvanishing angular integral based on the prescreening of
F(i, j). This table shows that in the integration with Cartesian STOs, there is a
saving of about 70%.
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Abstract
Recently we presented an extension of the direct reaction field (DRF) method, in which a quantum
system and a set of point charges and interacting polarizabilities are embedded in a continuum that is
characterized by a dielectric constant c and a finite ionic strength. The reaction field of the continuum
is found by solving the (linearized) Poisson-Boltzmann equation by a boundary element method for
the complete charge distribution in a cavity of arbitrary size and form. Like many other authors, we
found that the results depend critically on the choice of the size of the cavity, in the sense that the
continuum contribution to the solvation energy decreases rapidly with the relative cavitt size. The literature
gives no clues for the definition of the cavity size beyond "physical intuitioa" or implicit fitting to
experimental or otherwise desired results. From theoretical considerations, a number of limitations on
the position of the boundary are derived. With a boundary defined within these limitations, the experimental hydration energies cannot be reproduced, mainly because of the neglected specific interactions.
In addition, we found that the description of the solute's electronic states also depends on the solvation
model. We suggest that one or more explicit solvent layers are needed to obtain reliable solvation and
excitation energies. © 1993 John Wiley & Sons, Inc.

Introduction
Dielectric continuum models have become quite popular in the calculation of
solvation free energies and solvation effects on equilibria and electronic spectra,
combining them with quantum theoretical [1-5], semiempirical [6,7 1, and entirely
classical treatments [8-10] of a solute. The methods are based on the notion that
electrostatic behavior of solvent bulk can approximately be described by a single
parameter, viz., the dielectric constant [11]. Some methods also allow for a finite
ionic strength of the bulk, introducing an additional parameter for description of
the bulk, the Debye screening length K_-.
The popularity of the dielectric model is based on the success in reproducing
solvation energies with relatively little computational cost. For hydration energies,
good agreement is found with more explicit water models, as used in molecular
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dynamics (MD) [ 12] and Monte Carlo (MC) [ 13-15 ] simulations, which are comparatively rather expensive.
In this paper, the theoretical foundations of the continuum approach are revisited,
in order to derive criteria for the appropriateness of the dielectric model and for
the location of the boundary separating solute and dielectric from the limitations
set by theory. It is shown that most current models do not correctly apply these
criteria. As a result, these models are not general in the sense that they can be
extended to nonaqueous solutions without reparameterization.
Theoretical Framework
Consider a macroscopic volume described on the quantum chemical level (nuclei
and electrons as the constituent particles). The properties of the system follow from
the wave function T of the system, a function of the coordinates of all particles,
and time, defining a state of the system. In the case of stationary states, time enters
only as a phase factor. Then the wave function can be found by solving the timeindependent Schr6dinger equation HIP = E', where the Hamiltonian / contains
the kinetic and interaction operators ofall particles. Assuming %'is known, properties
of the system can be calculated by integrating I,* 4 over all space, where 4 is the
operator connected with the property of interest. The effort needed for this integration can be reduced enormously if T vanishes for certain coordinates in large
parts of space. One then deals with localized particles.
If a group of particles is localized in the same region in space, say S, the integration
may be carried out separately over the particles of this group and is confined to the
selected volume Sin space. If no other particle outside the group has a contribution
inside the volume, the part of the wave function describing the particles of the
group, *s, may be factored out of the total wave function, leaving *A for the rest
of the particles:

*A = Is.
,I

(1)

Because of the indistinguishability of electrons, this can never be done in principle,
but no error is made if the scalar product of the component functions equals zero
(i.e., if the component functions "do not overlap").
If the property of interest is the energy, the result of integrating the A-S interaction
part of the Hamiltonian, VAs, over S is the potential of the particles constituting
group S in space:
/ =fio + Ms +'.=
+ s,
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where z, and r, are the charge and position vector of particle i, respectively. Here
the regions of integration are indicated by the italic capitals S and A. Solving the
Schradinger equation (SE) for the whole system can now be partitioned into smaller
problems, for which the SE is to be solved in an external potential. This is the groupfunction approach advocated by McWeeny [161 in which the energy E is minimized
in an iterative scheme. Starting from some trial functions for subsystems A and S,
the potential in A due to S is calculated as in (3). The energy of A in this potential
EA = (*A

H6A +

Z

ZA4 S(ra)

(4)

WA)

is minimized, giving a new wave function *'/A. Next, the potential due to A in S is
calculated, and in turn *,,sis optimized in this potential. A new potential due to S
in A is found and applied, etc., until self-consistency is reached.
In a perturbation formalism, where the starting functions for 4,A and *'sare the
vacuum (ground) state functions *I' and 'P's of the subsystems A a.Ad S and the
optimized functions are expanded in the orthogonal set of solutions to the vacuum
problem HA*A' = EA'A' for subsystem A (and similarly for S), it is easily seen
that ts can be split into two contributions, resulting from the vacuum charge
density and the density change induced by subsystem A. The former is called the
static potential and the latter the response potential. To second order in the perturbation V-As,
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In (5) the coefficients ck and wave functions are taken to be real. Expanding the
perturbation operator VýAs around a representative point r° in S, ck can be written
as
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using the orthogonality of the zeroth-order functions. The field operator of subsystem
A at the representative point in S and the dipole operator of subsystem S with
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respect to the representative point are now recognized. Inserting (6) in the second
term of (5) and making the same expansion for the potential operator, truncating
at the dipole term, the second-order expression for the dipole polarizability of subsystem S emerges, thus showing the connection of the second term in (5) to the
linear response functions of subsystem S:
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The meaning of (7) is evident: the field due to a source in A at r. induces a
dipole proportional to the polarisability as at r,', which in turn gives rise to a
(response) potential at the source in subsystem A. Higher order responses follow
similarly from the continued expansion of the second term, and from the third
term in (5), connecting to the quadratic response functions of S.
In order to reduce the number of degrees of freedom of the system, the static
and response potentials due to S should be mapped on some functional form containing far less parameters than the original number of particles in S. The reduction
is achieved by truncating the expansions in the Taylor series of the operators and
the order of response theory. In practice, the Taylor series are usually truncated at
the dipole level and the responses at second order in the perturbation, as shown
here. Apart from these truncations, the size of the subsystems of which the properties
are determined is also reflected in the sophistication of the mapping on classical
models [17].
The great advantage of the treatment outlined above is that both the permanent
moments and the response functions are defined entirely in terms of the subsystcm(s)
S, and can be obtained from explicit calculation at any level, or from experiment.
The permanent moments and the response functions may be regarded as parameters
describing the collective properties of the particles comprising subsystem S.
The theoretical development so far requires solute/solvent separation for more
or less formal reasons, and linear response of the solvent for practical reasons. In
the next section we will analyze various model response functions with respect to
these requirements.
Dielectric Models Scrutinized
The separation of two or more systems and the (non)linearity of their mutual
interactions are, of course, strongly connected. For example, the interactions between
the three atoms in a single water molecule are highly nonlinear because their charge
distributions overlap strongly and the electric potentials and fields are too large to
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expect linear response. As far as the energy is concerned, the only way to deal with
this probler, to describe the system in terms of electrons and (effective) nuclei,
and solve a set of coupled equations which contain all of the nonlinear problems.
One of the pi operties of the resulting charge distribution is its (dipole) polarizability
describing th, a ear response of this collection of atoms.
In the wateý :mer at its optimal geometry, the largest overlap between two MOs
is about 0.05 (this was calculated with program suites SYMOL and GNOME [ 18 ],
with ,-ntimized orbitals in the water dimer). Whether or not this is a "large" overlap
depends on the context in which the o-,erlap criterion is used. One may wonder if
the electrostatic interaction between the molecules can be described with a linear
response model at this distance, or more generally: Up to what distance is this
model acceptable? One possible answer comes from simple electrostatics given, e.g.,
by Thole [19 ]. Consider two isotropic interactingpolarizabilities a, ard % at distance
r. The effective polarizability along the axis is
l a, + a, + 4aa1
1 ll ----

1 - 4a,a,/r

6

3

(/r

(8)

When r approaches (4a,a,) 1/6, all tends to infinity, caused by the cooperative
interaction between the two induced dipoles along the axis. The trouble starts obviously already when the polarizability volumes-i.e., spheres with radius d1/3M
start overlapping. Such a situation should either be avoided, or one must account
for the nonlinearities, e.g., by screening the interactions. In our model for reaction
potentials we have adopted Thole's method for defining an effective "many-body"
polarizability, in which d,j = 1.662 (a, aj)"/ 6 is the minimum distance for two interacting polarizabilities without screening function, where the factor 1.662 and
the polarizabilities are model parameters fitted to (experimental or calculated) molecular dipole polarizabilities. If the polarizabilities come closer, the fields of the
induced dipoles are damped to account for the overlap of the electronic densities
connected to the polarizabilities. In the water dimer we may put the monomer
electronic polarizabilities of 10 bohr 3 on the oxygen atoms, which are in the equilibrium geometry about 6 bohr apart. Thole's criterion shows that already at this
distance the treatment of mutual induction effects may be treated completely classical [20 ], provided the inducing fields correspond to charge distributions, which
are correct up to at least the dipole term [ 21 ]. Apparently both the separation and
the linearity requirements are satisfied in this situation.
The dielectric continuum model maps the electric behavior of a bulk volume
onto a single nonvanishing parameter, the dielectric constant, describing its linear
response [11]. Jackson [22] has shown on experimental grounds that the size of
representative bulk volumes in which the solvent is partitioned should be at least
107 bohr 3 , being macroscopic on an atomic scale, but microscopic on an everyday
experimental scale. On this scale, the bulk is homogeneous and structureless, resulting in vanishing electric moments, so that the bulk has no static potential contribution.
In continuum models for solvation it is necessary to define a cavity in dhe dielectric
to contain the solute. The solute's response potential is found by solving Poisson's
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equation, which is practicable only if no higher order than linear response is allowed.
In practice, two types of method for solving the Poisson equation are in use: one
based on spatial integration (on some grid) [91, the other based on (numerical)
integration on the surface enveloping the solute (usually built from small adjacent
polygons) [8,10]. The surface defines the boundary between the solute cavity and
the solvent bulk. Of the second type, analytic methods exist [1,3,7,23], but they
are only possible for spherical and elliptical cavities, making them less useful for
general purposes.
The necessity ofdefining a cavity around the solute immediately poses the problem
of where to put its boundary. Because the reaction potential is very sensitive to the
solute-boundary distance, getting "physically plausible results" strongly depends
on the careful definition of the boundary. The surfaces employed in most models
resemble a Connolly surface [24], which is defined by rolling a probe sphere with
the size of a solvent molecule over a set of overlapping spheres centred on the
solute's atomic sites. If the atomic spheres are given the atomic van der Waals radii,
Connolly's "van der Waals surface" is defined by the "contact points" between
probe and atomic spheres. The stu face traced by the center of the probe is usually
called the "solvent accessibie" surface.
We want the boundary first to be consistent with the nonoverlap requirement,
meaning that no significant part of solute's (electronic) charge is to be found outside
the cavity ltegardin_, this, Miertug et al. [2] tell us that this requirement leads to
"unrealistically small" reaction potentials. Indeed they found with the standard
van der Waals radii that a sizable amount of electronic density (for water about
1%) extends over the boundary. This means that the overlap of 0.05, mentioned
above, is her--too large. To remedy this effect, a correction was made for the "charge
leakage," and at the same time the atomic radii were scaled up by 20%, to keep
the charge distribut:on within the cavity to within 0.5%. The analytic methods
employ a cavity with a volume derived from the density of the solute, which leads
to a cavity of approximately the same size as defined by the Connolly van der
Waals radii [ 3,7 ], so that they iiaý suffer from the same defect. Choices published
so far are all of the type "van der Waals plus something" or "van der Waals times
something" to arrive at "realistic" solvation energies.
At this point we conclude that the van der Waals surfaces are too close to the
solute to be consistent with the nonoverlap criterion, and we suggest increasing the
"atomic spheres" by adding at least one solvent radius. In case of a water solute in
Lulk water, this means that the boundary is located 7.3 bohr from the center of
mass of the schlate. Already here we note that by this procedure the experimental
hydration energy cannot be reproduced.
Next we look in-" the combined overlap/nonlinearity problem. Obviously, no
source charge or (ii .-.ced) dipole may ever be positioned precisely on the boundary,
because its reaction P.otential will then be infinitely large. A measure for the minimal
distance can be ohtained-at least for a neutral, polarizable solute-by repeating
Thole's reasoning for two polarizabilities.
The dielectric constant of the bulk is, via the dielectric susceptibility, Xe = (c 1)/47r, connected to the polarizability density, which includes, apart from the elec-
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tronic polarization, vibrational and rotational contributions. For polar solvents the
rotational contribution, i.e., the effect of the permanent dipoles orienting themselves
along the applied field, dominates. By simply multiplying the dielectric susceptibility
by the volume of one solvent molecule (assuming that the dielectric is homogeneous
to a microscopic limit), one gets an effective molecular polarizability. Again taking
water as an example, we obtain (from the density and susceptibility at 298 K) an
effective polarizability of 1240 bohr 3 per molecule. Applying Thole's criterion for
the interacting polarizabilities of the central water (10 bohr 3 ) and an effective
neighboring bulk molecule, the minimum distance should be 8.0 bohr, which is
slightly larger than that derived from the first criterion. This second criterion is not
always the strongest. For benzene in benzene, e.g., the first criterion (no overlap)
would put the boundary at 12.4 bohr from the center of mass, the interacting
polarizabilities criterion at only 7.2 bohr.
The last possible test regards the linearity of the response per se. If the solute's
field strength is too large, nonlinear effects will give rise to an enhanced or reduced
polarization of the bulk, depending on the type of effect [ll, Chap. 7 1. For polar
solvents, the main nonlinear effect is saturation: The molecular dipoles become
more or less fixed in space with respect to the solute, strongly reducing the orientational contributi .n to the local polarizability.
At thL macroscopic level this can be remedied quite satisfactorily by introducing
a correction function to the dielectric constant proportional to the square of the
field strength, but at microscopic level the dielectric model breaks down and at
least the first solvent layer should be included in a more detailed way in the
description. From experiment it is known that nonlinear effects show up at field
strengths of about 2 10-6 a.u. (104 V/cm), which is, for example, generated by
a unit dipole (2.54 D) at 100 bohr in vacuo! Considering again water in water,
with a solute dipole moment equal to 1.85 D, the previous criteria look pallid. If
the boundary would be put at the required distance (73 bohr), many layers of
solvent water would have to be included to make the model still look like a
condensed phase.
In practice, one can probably do with a smaller number of solvent layers, as the
collective field of solute and solvent layers will fall off faster than the field of the
solute alone. Insight in the minimum number of solvent layers to be included can
be gained from the radial distribution functions of the solvent. A typical radial
distribution for bulk water after Narten et al. [ 25 ] is schematically shown in Figure
1. It is clear that at least the first two layers should be considered in detail, since
the requirement of homogeneity is not fulfilled. The problem of smoothing the
transition from explicit to continuum description of the bulk mol..cules has recently
been addressed by one of us [ 26 ].
Computational Methods
Our model of the condensed phase [5] is illustrated in Figure 2. The part of
interest is treated quantum mechanically, and is called the "quantum system." This
may be the active site of an enzyme or a solute molecule, or a small cluster of
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molecules. A number of subsystems may be defined, which are treated in a discrete
classical way. The vacuum static potential of the subsystems is reproduced by an
expanded monopole representation (usually charges at the nuclei of the subsystems
are sufficient to obtain accurate fields), whereas the response potential is mediated
through (anisotropic) dipole polarizabilities (usually one per subsystem).
The "quantum + discrete classical" system is enveloped by a surface, defining
the boundary between discrete and continuum systems. The system outside the
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boundary is modeled by a single response parameter, viz., the dielectric constant.
The response potential in the region of the quantum system is found by solving
Poisson s equation for the system of interacting charges and polarizabilities inside
the boundary. The method allows for an additional response parameter for the
continuum, the Debye screening length K-', in order to model an ionic bulk solution.
The free energy change of solvation contains three contributions associated, respectively, with the solute's loss of i.anslational freedom [27], the creation of a
cavity in the solvent, and the solute/solvent interactions:
AGsooi = AGt, + AGca, + AGm,.

(9)

We take
AGt, = AAt, + A(pV) v -RT In E- + 1

(10)

where the volumes V, and Vg are calculated from the liquid and gas phase densities,
respectively, under standard conditions, and the gas is assumed to obey the perfect
gas law.
For the cavitation free energy the semiempirical method based on a hard sphere
model due to Pierotti [28 ] is used. The expression for the cavitation free energy is
rooted in statistical mechanics and needs only solute and solvent diameter and
solvent number density as parameters. The molecular radii may be calculated from
density, reducing the number of parameters by one, or fitted to experimentally
determined cavitation free energies:
AGcav = Ko + Kia
Ko = RT{-In(I
RT
K = - -{6[y/(
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-

P
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,

2=

(oal + 02)

(11)

In (11) a, and a 2 aie the solvent and solute diameter, respectively, P is the
pressure and p, and M the solvent density and molecular weight, respectively. On
the beneficiary side there is the energy gained from interaction of the solute with
the solvent molecules, AGi,.
In our implementation (currently within HONDO8 [29]), the static and response
potentials may be added to the Hamiltonian of the quantum system, giving access
to the electronic properties of the quantum system in the presence of the classical
discrete and/or continuum environment, either in a perturbation treatment, or
variationally, within the self-consistent field approximation. For the short range
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repulsion energies between the discrete classical parts and the quantum system we
used a mod.l adapted from the CHARMM [ 30] programs. Further computational
details may be found elsewhere [5,31].
Results: Solvation (Free) Energies
Water in Wa:er
In Figure 3 we have collected AGQ,, values for water in a dielectric continuum
with e = 78.5, for different sizes of the cavity.
Clearly the sensitivity of the stabilization er ergy to the position of the boundary
emerges. At the distance we feel the requirerr ents of nonoverlapping systems and
prevention of the polarization catastrophe are met (7.3 bohr), the stabilization
energy ( ý6 kU mol - 1), which reasonably reflects the bulk contribution, is far too
small to be considered as the electrostatic part of the solvation free energy.
As a next step, the first solvation layer is taken into account explicitly by our
classical model. The four water molecules surrounding the central water are each
modeled by point charges at the nuclei (so as to reproduce the vacuum water dipole
moment [211 ) and a group polarizability (reproducing the experimental water polarizability [19 1) at the center of charge.
The geometrical arrangement is such that each central water-classical water is
at the water dimer optimum distance and orientation. The various contributions
to the interaction energy are presented in Table I.
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TABLE I. Partitioning of interaction energy
between a quantum mechanically treated water'
and four classical water molecules.'
Type of interaction

AE&, (kJ mol-)

Electrostatic
Induction
Dispersion'

-65
-6
-21

-92
AG, + AGý,,
Total

+29
-63

DZP basis set, optimized vacuum geometry.
b The water molecules are represented by point

charges at the nuclei (-0.796 for 0, to give the
vacuum dipole moment) and an anisotropic group
polarisability constructed from atomic polansabilities.
c This is an estimate, see Refs. [20,21,31,32].

The numbers in Table I are enthalpies rather than free energies, and therefore a
modest Monte Carlo (MC) sampling [141 was performed of the part of phase space
connected with rotations of the classical waters. Translations were excluded at this
point because we have not yet developed a satisfactory model for the short-range
repulsions consistent with the electrostatic part of our model. In two further calculations, the bulk beyond the first solvation shell was added in the dielectric continuum description. Again, calculations were done on the reference configuration,
as well as the Monte Carlo sampling of the rotational freedom. The results of all
these calculations are presented in Table II.
The final result for AGov in Table II (-48 Wd mol-') is already close to the
experimental value (-42 Id mol '), and adding the translation freedom would
most likely bring the two values closer together.
Benzene in Benzene, Hexane, and Methanol: TransferFree Energies
A test of the generality of the continuum model is the transfer free energy of
benzene, which has been determined experimentally [ 33 ]. The transfer free energy
is defined as the free "-'ergyof transferring a solute molecule from one solvent to
another. The solvation free energy of benzene in benzene, hexane, and methanol
is calculated by the same procedure as used for water in water by the continuum
model alone. The results Are presented in Table III.
If the boundary surface is Connolly's van der Waals surface of benzene, the
dispersion interaction (which is the dominant contribution) is calculated to be
340-390 kW mol'.
This is far too large, probably due to "charge leakage," and overshooting the
solvation energy by a factor of 10 for benzene. These problems are not encountered
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TABLE II. Total interaction energies between a quantum
mechanically treated water and four classical water
molecules for reference geometry and Monte Carlo
sampling of rotational configuration space with and
without a dielectric.
Solvent model

AE,. (Wd mol-T)b

Four classical waters
Reference geometry
Monte Carto of rotations
Ref. geometry + dielectric
Monte Carlo of rotations

-92
-71 ± 9
-103
-77 ± 9

AGto, = A&E, + 29 Wdmol-

' The boundary is approximately the solvent accessible
surface of the QM water + four classical water cluster; the
dielectric constant is 78.5.
bThe dispersion term is assumed to be constant for all
configurations and is not explicitly calculated in the Monte
Carlo run for each configuration.
with the boundary surface suggested by us in the third section. following the nooverlap criterion, taking both -,olute and solvent microscopic structure into account.
On the other hand, with the surface advocated by us, the interaction energy is too
small to reproduce the experimental solvation free energy, as well as the transfer
free energy, even in a qualitative sense.
Results: Electronic Properties

Apart from energy, (electronic) properties of the solutes are of interest. Indeed,
the whole point of maintaining a quantum mechanical description of some part of
the condensed phase is to have access to electronic properties.

TABLE Ill. Solvation and transfer free energies of benzene.
Solvent'

Benzene
Hexane
Methanol

Solvation energy

Transfer energy

(kJ mol-')

(kJ moP')

Calcd

Exptl

Calcd

Exptl

+27
+30
+ 10

-31

+17
+20
0

-5.0
-3.8
0

'The boundary is approximately the solvent accessible surface of benzene;
the static and optical dielectric constants for benzene. hexane. and methanol
are 2.3 and 2.253, 1.9 and I 89 32.6 and 1.766, respectively.
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The electronic spectrum of water is not particularly exciting, but some aspects
will be considered briefly to point out the differences between the continuum model
and the explicit classical model for the first solvation layer. Table IV contains the
shifts of the HOMO orbital energy (Koopmans' ionization energy), the dipole moment and the polarizability of the quantum mechanically treated water molecule
going from vacuum to solution, for the different models. Most strikingly, the HOMO
is destabilized if the explicit water model is used, and stabilized by about the same
amount in the continuum model.
Closer inspection of the polarizability shows that, although the overall polarizability is not very sensitive to the solvent model, the individual contributions are,
as may be seen from the oscillator strengths, which for brevity here are omitted.
Placing the dielectric at the distance advocated by us leaves the properties of the
water molecule almost unchanged.
The electronic spectrum of water is not spectacularly solvent-dependent and
therefore not a good test for the applicability of the continuum approach for electronic properties. More marked solvent effects are seen for conjugated systems,
whose transitions often serve as solvent polarity scales [35]. Unfortunately, these
systems are mostly too large for easy quantum chemical computations. A less successful solvent polarity scale was derived from the n -- ir* transition of acetone
[36], which is a tractable molecule for quantum chemical computations. In he lie
the experimental transition energy is 35.850 cm-'. The solvent effect on this transition is some 2000 cm-' on going from hexane to water.
The same solvent models as for water in water were tested, only for the atomic
radii the van der Waals + 20% radii were chosen, and a larger number of explicit
water molecules were taken into account ( 17 instead of four).
In order to reflect the short lifetime of the excited states, they were calculated in
the static reaction field of the ground state, which is not in equilibrium with the
excited state charge density. The reason for this is the slow relaxation associated
with the orientational component of the dielectric response [37,38], so that the
excited state "sees" the polarization of the environment in equilibrium with the
ground state. The electronic part of the dielectric response is much faster and is in
equilibrium with the excited state density. This last part is treated here as a perturbation (for both ground and excited states), which usually makes little difference
TABLE IV Dependence of water properties on solvent model.*
Solvent model

At (kW
mol-I)b

Au (a.u.)

Aa (a.u. 3)y

Dielectric at van der Waals distance
Four classical waters, reference geometry
Four class, waters, ref. geom + dielectric
Dielectric at vdW + water distance

-23
+19
+18
-2

+0.19
+0.22
+0.23
+0.02

-0.7
-0.8
-0.8
-0.07

' The shifts w.r.t. the vacuum properties are shown.
bHOMO orbital energy shift; this is Koopmans' ionization energy shift.
I Calculated by second-order perturbation theory, with nonempincal Unsold approximation [341
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to the interaction energy. Work is in progress to treat the different frequency components of the dielectric response in a more sophisticated way. The results for the
calculated transition energies, as well as the nuclear and electronic contributions
to the interaction with the nonequilibrium reaction field are presented in Table V.
The difference between continuum approach and explicit treatment of solvent water
molecules in the first (and part of the second) shell is for acetone decidedly more
marked than for water in water. Although the calculated excitation energy shifts
are almost equal in both approaches, the causes are entirely different. With the
explicit water treatment, the nuclei are stabilized more in the static field than are
the electrons, whereas with the dielectric response field, the reverse is found.
Discussion and Conclusions
Dielectric continuum models have been successful in calculating the interaction
energy between solute and solvent based on one solute molecule in a dielectric. It
has been shown that the results of the continuum models compare well with results
obtained by models that include a more explicit description of the solvent, in MC,
MD, and free energy perturbation (FEP) calculations, for water as solvent. Although
the results may be comparable when interaction energy is concerned, the origin of
the interaction energy is totally different in the continuum and more explicit models.
Modeling other solvents than water by a dielectric is a rather unexplored area of
research [ 39,40 ].
In the dielectric continuum approach, the interaction is solely due to a linear
response of the collective solvent molecules, whereas the explicit models show clear
saturation effects of the first solvent layers, a fact that is confirmed experimentally.
The molecules in the first solvation shell of water in water are strongly hydrogen
bonded to the central water and there is a strong dipole-dipole interaction, keeping
the orientation of the molecules rather fixed. This effect is certainly not described
by the dielectric constant, for this behavior is strongly nonlinear.
The favorable interactions of water in water thus find their root in very specific
dipole-dipole and hydrogen bonding interactions, with electronic induction playing
a minor role, as can be seen from Table I. The success of the continuum model
must therefore be explained by a fortuitous choice of boundary regarding experimental hydration energies only.
TABLE V.

n -- r* transition energies of acetone in racuo and in water' and interaction energies of
nuclei and electrons with nonequilibrium reaction field in the excited state.

AE (nuc) (hartree)

A E (el) (hartree)

28.030

+0.198

-0.214

28.066

-0.183

+0.157

Type and solvent model

v (n -- r*) (em-i)

Vacuum
Dielectric at van der Waals +
20% distance
17 classical waters, reference

25,321

geometry
a The

standard sro4-3 IG basis was used throughout.
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The results for the solvation and transfer energies of benzene in various solvents
cleariy show that the dielectric model is not easily extendable to other solvents.
Retaining the van der Waals surface gives problems in the dispersion term.
In an attempt to extend the dielectric continuum approach to any solvent, one
cculd envisage tLe following procedure for each solvent: Vary the solute-boundary
distance to reproduce the experimental solvation energy, and derive some atomic
radii for the solute atoms in that solvent. To calculate the solvation energy of other
solutes in that solvent, use those solvent dependent atomic radii as parameters.
This proceduie has been very successful for water [2,4,6], and may be for other
solvents. Such a procedure must, however, be considered as engineering, and one
must be very reluctant to attach any physical meaning to the radii and to calculated
properties other than the energies.
Considering the electronic properties of water as they change from vacuum to
solvent, as shown in Table IV, most striking are the different HOMO orbital energy
shifts between the explicit water model and the continuum models. Closer inspection
of the polarizability shows that, although the overall polarizability is not very sensitive to the solvent model, the individual contributions are, as could be seen from
the oscillator strengths. Placing the dielectric at the distance advocated by us, leaves
the properties of the water molecule almost unchanged.
The case of the n -• lr* transition of acetone (Table V) shows that. although
overall energies may correspond, the partitioning of different contributions may
drastically differ, giving rise to a physically different interpretation of the causes
and effects. Here, again, some saturation in the first shell sets up a static field that
influences the electronic properties of the ground and n - 7r* state. This effect is
clearly reversed by a dielectric response only description.
Although the dielectric continuum model for water as a solvent is satisfactory
for hydration free energy calculations, it does not accurately describe the bulk solvent
influence on electronic properties of the solute. For this, a more microscopically
detailed description is required, to account for nonlinear effects in the first solvation
shell(s).
Also, the same procedure for modeling water i6 not applicable when modeling
other solvents, necessitating a new definition of the solute-solvent boundary distance
for each solvent. Rather than such an ad hoc treatment, we advocate the more
detailed description of solvent molecules in the first solvation shells. We could
short-circuit all of our arguments for this approach by looking at Figure 1 again,
and assume indeed that the dielectric constant can only represent a homogeneous
and structurelLss continuum. This will put directly the boundary where all requirements are fulfilled at once, albeit that the region where the solvent shows structure
must be taken into account explicitly.
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Abstract
Many-body perturbation theory is applied to the nitrogen triple bond for bond distances ranging from
the atomic regime to about 0 6ao shorter than equilibrium. A full-optimized reaction space model is
used to compute orbital spaces with an even-tempered gaussian-type basis set and also with a nominal
Bagus-Gilbert Slater-type basis set. Conservation of orbital angular momentum in the atomic regime
leads to perturbative theory for Hartree-Fock plus proper dissociauon. Angular momentum conservation
can also be enforced with a scaled Slater-Condon parameter. Third-order dissociation energies and
spectroscopic constants approach limits of the chosen basis sets. © 1993 John Wiley &Sons, Inc.
Introduction

The methods of quantum field theory differ from those of first-quantized theory.
Quasiparticles and a quasiparticle vacuum describe the single-particle characteristics
of a many-particle system. Many-particle conservation theorems such as particle
number are side conditions placed on observables and enter as Lagrange multipliers
such as chemical potential. Many-particle interactions are defined by Feynman
diagrams (FDs). FDS describe scattering events among the quasiparticles. Correlation
is defined by FDs that furnish an exact order-by-order series expansion for manybody perturbation theory (MBPT). Particles and holes and the Hartree-Fock (HF)
vacuum describe normal fermion problems. They are defined by a single-particle
Schr6dinger equation with a potential set up according to Poisson's equation (Hartree potential) and correct quantum statistics (exchange interaction). Binding among
particles and holes is described by pairedquasiparticles and the Bardeen-CooperSchrieffer (BCS) vacuum. For historical reasons, paired quasiparticles are associated
with superfluid and superconducting fermion problems; however, paired quasipar• This work was supported in part by IBM RSP 3112 and in part by the U.S. Department of the Navy,
Space and Naval Warfare Systems Command under Contract N00039-89-C-000I. It was presented, in
part, at the Midwest Theoretical Chemistry Conference, East Lansing, Michigan, May 1992.
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tides are also needed to represent chemical bonds in molecules. Paired quasiparticles
and side conditions for chemical problems may be based on chemical intuition
and adiabatic symmetry correlation. The 1-particle Schr6dinger equation for paired
quasiparticles includes a generalized HF potential which allows fractionally occupied
I-particle levels, 2-particle binding interactions between particles and holes (pairing
interactions), and terms from the side conditions (for example, chemical potential).
The potential treats particles and holes associated with chemical bonds as paired
quasiparticles and all others as normal quasiparticles. Quasiparticles, quasiparticle
energies, and Lagrange multipliers for side conditions are determined self-consistently. Many-body corrections are FD for self-consistent quasiparticles. They are
computed with low-order MBPT.
Second-quantized methods for particles and holes can be readily transposed to
n-particle Hilbert space because the HF vacuum is a determinant that lies within
one such space. However, because the BCS vacuum has components in more than
one such space (see the next section), FD for paired quasiparticles must be formulated in Fock space. As is typical of the many-body problem, there is a simple
formulation based on field-theoretic methods.
Field-theoretic methods for paired quasiparticles were applied to chemical bonds
in a series of papers. The Heitler-London (HL) model of bonding and side conditions
for particle-number conservation and proper dissociation were used to set up the
model problems. Spectroscopic constants were reported in Paper I [ I] for H 2, LiH,
FH, F 2, and N2 . Formulae for FDS were derived in Paper II [2]. Paper III [3]
reported ground-state energy curves for the four single-bonded diatomic molecules
H 2, LiH, FH, and F 2. Paper IV [4] analyzed the perturbative corrections which
were the basis for the energy curves reported in Paper Ill.
Papers I-IV were concerned mainly with particle-number conservation. An additional side condition is required for description of multiple chemical bonds. The
foundations for the present work have been established in earlier work [ 5 ] in which
a field-theoretic model Hamiltonian had been developed for the proper dissociation
of multiple bonds, with N2 used as an illustration. Additionally, the broad background and specific theoretical treatment can be found in Paper II [2] and the
detailed description and analysis of correlation energy terms can be found in Paper
IV [4].
The present work reports calculations for N2 where the side condition is conservation of orbital angular momentum along the transition from N 2(X'7 ) to two
N (4S) atoms. Additional conditions needed to describe the multiple bonding structure of N2 are described in the next section. The computational methods and details
are presented in the third section. The perturbative results for N 2 and a discussion
of their accuracy are given in the fouith section.
Perturbation Theory for the N2 Ground State
The foundations for the present work have been established in earlier work [ 5]
and Paper II [2]. Additional conditions needed to describe the multiple bonding
structure of N 2 are described in this section.

QUANTUM FIELD THEORETICAL METHODS

469

Quasipartides
Fractionally occupied full-optimizcd reaction-space (FORS) orbitals [6-8 ] which
become degenerate at long bond distances are paired levels. They are in I-to-I
correspondence with filled (hole) and empty (particle) levels of the normal Ilil
determinant.
Paired levels for N2(X2 1.)
Hole

Particle

z, = 3a,
X1, =

z,, = 3a,,(1)

Ilrxu

ca = 1•rx,

Yh = 1 .u

Ya = 17r,,

Pairing removes degeneracy at long bond distances by diagonalizing a model Hamiltonian. A special Bogoliubov-Valatin (By) transformation is the transformation
to the diagonal representation. The BV transformation coefficients may be determined by. solving the HL problem in the FORS. In that case, and with I standing
for

lrb and

2 standing for P,, for " - x, j', z, the Bv transformation is the same as

Eq. (3) of Paper IV. Overlapping orbitals, normalization conditions, the particlenumber conservation condition, and phase choices for the By transformation in
the FORs are the same as Eqs. (4)-(7), resp--ctivcly, of Paper IV.
Equation (4) of Paper IV in the FORS is a "pairing" transformation [9, Eq.
(3.42)]. Second-quantized operators for overlapping orbitals are defined by the
same transformation
,= Vi,

vr
vrp=

+

1

9

-

urbara

kb (ao

(2)

and satisfy anticommutation conditions like those for overlapping atomic orbitals

[10, Eq. (9.3)]:
6+6r, +

S,
SC = 2v' - 1.

= Sc,

(3)

St is the inner product or overlap in the FoRs defined by Eq. (4) of Paper IV and
is a type of "paired" inner product [9, Eq. (3.44)]. ik is an annihilation operator
Ibr the FORtS orbital ok. At long bond distances, the FORS becomes the atomic HF
space for 2N( 4S), and 6r and 6r, become annihilation operators for atomic HF 2pr
orbitals on the atoms N/ and N, respectively. In the molecular regime, c and c:r,
are annihilation operators for paired vestiges of atomi" 2p orbitals.
UnperturbedGround State
Equation (9) of Paper IV becomes a product of operators for Iou1s subshclls
which correspond tc unpairdholes Iri, 2,7, l a,,, 2 ou:
2

ao k.HaJ
P-N'

k- I

(4)
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k (k) stands foi spin ½(- ½). Equation (8) of Paper IV becomes
- ( '
= (ubVrb[l

r

+ Bf] + [u4h+

_____1

1/2

v4lb]B
VJ.
2 ^+

t

^

Equations (10) and (13) of Paper IV become
IXt>:I[M•I)

&AI,,-Y.L> = 0

,

(5)
(6)

(7)

(8)

for filled levels,

(9)

= 0

for paired levels,

(10)

a•X.Q) = 0

for empty levels,

(11)

&kIX/)

while Eqs. (17) and (18) become

IHL>=

rkI >.

I-

(12)

IHL) is the HL Ansatz in the FORS. It is a sum of eight closed-shell determinants.
IX,.) is the corresponding BCS Ansatz in the FORS. It is a sum of 64 closed-shell
determinants.
Unperturbed excited states are defined in §2.4 of Paper II and §2.1.2 of Paper
IV. Excited states with manifestly incorrect particle-number are not allowed. Spurious excited states are eliminated.
Model Hamiltonian
In the FORS, Eq. (23) of Paper IV generalizes to
Hj = ft - LI(PNJ - Li[AM)
LIPNI =LIA M ]

PN)(r

4 -

6) + 1 ',\'NI(lN - 6)2

2PN] +
+ LIIPNI +

,(Z,M
\[A
SLM•

+

Z2 )

+ L[AM) +

,N

(13)

M.

H is the ordinary Hamiltonian. The L operator LIPNJ (LIAMI) enforces particlenumber (atomic-fragment angular momentum) symmetry for the fractionally occupied shells, & is the number operator [10, Eq. (8.7)] for the fractionally occupied
shells. At long bond distances, LP is the second-quantized orbital angular momentum
operator for the 2p shell on nitrogen atom p expressed in a real cartesian basis [10,
Eqs. (8.7) and (9.19)]. In general, L, and L, are vestiges of total orbital angular
momentum in the paired bases ip, cp, [Eq. (2)].
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Parameters
-[N (PN]

[PNJ

L2 and
! are generalizations of the operators discussed in §2.2 of
Paper IV. Xparameters depend on the FORS but not on a specific orbital basis for
the FORS. Equation (35) of Paper IV is used to calculate 0P.N The gap equation
is used to calculate "chemical potential" 1,1, Eq. (62)]. As functions of bond
distance, parameters for N2 appear similar to those for F2 (see Fig. 4 of Paper IV).
Formulae for normally ordered orbital angular momentum operators of Eq. (13)
have not been reported previously:
L•PNI,

X[AM]

"X

(14

[AM]/Z2 +

-

(14)

•2

+

X22

(15)

k-t,,a r'xy.z m,'- Lt
(2.0)t. + •
[AM)

\[AM]

X

t

X

,

+•a'•m.,a"'.,arn, a,,arj,,,s:

-

: a,,••aaam

k=ba

x

(2'z

(

=

)

hr.(hrhrj.+ xrxr.)'),

2r-hrk

<L+
,=

(16)

m-,--1A

k.k'=b.a rý'=x.;z,

(17'

k'-b,a r'0,P

hr,(l-2

h,)

(18)

hr.jXtjm5 .

(19)

k'-b.a ý'vk

2o-. -hrk•

k'=b~a r'Or•

Normal ordering with respect to IA'!.> [12, § 11.4] is denoted by: •
...

:, where

stands for a product of second-quantized operators. hr, and Xt,,,, are occupation

and pairing numbers, respectively, for the fractionally occupied subshells of the
FORS. They are defined as in §2.1.3 of Paper IV.
The FORS at infinity connects to the HF model of the atoms. The simplest molecular model that properly connects to the atoms is used to enforce angular momentum conservation for the atoms. This model is known as HFPD for HF plus
proper dissociation [13]. Enforcing the connection yields conditions for )MII
A

JEHL

(20)

-_ EHFPD,

and the unperturbed energy,
<HLII•HL) = (<ALif]Yr.> =

EjFPD-

(21)

computed with the HFPD Ansatz 113, Table I ] in the FORS. In the language
sums to every order all diagrams needed to enforce angular momentum
symmetry for 2N( 4S) relative to HL. All orders are needed because symmetries
cannot be enforced by finite-order perturbation theory [ 14, p. 431].
W^u varies between 9-F at long bond distances and (approximately) zero, where
2
F is the Slater-Condon electron-repulsion integral for the 2p subshell of nitrogen
EHFPD is

of FD, HFPD
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atom. This is expected because orbital angular momentum symmetry is quenched
in the molecular regime. Association of aWW' with F 2 may be treated as a condition
for model building:
limX

=

RI-c

25

F2

(22)

2
In the latter case, quenching of orbital momentum is approximated by -2F multiplied times the occupation number of the 17ra natural orbital.

Wm](F

2

(23)

)= 2n., 9 F.

~25

(3
2

(The lra natural orbital is chosen because it maintains p character without appreciable hybridization.)
F 2 can be assigned its value at R - oo (F 2 ) for all R values, or can be computed
for each R value as an appropriately weighted average of integrals involving only
fractionally occupied levels (FR). If EHL is given, Eq. (20) yields two corresponding
approximations to EHFPD (EF2 and E•, respectively). Perturbative corrections can
be computed for EF72 and E4.
PerturbativeCorrections
One-body terms of the model Hamiltonian are identified by the normally ordered
expansion of H in the canonical representation. This is described in Paper II. The
unperturbed Hamiltonian is defined by Eq. (39) of Paper IV. The diagonalization
condition for the generalized Fock operator (self-consistent energy) placed on Eq.
(39) of Paper IV is also enforced here. This diagonalizationcondition uniquely
defines a canonicalFORS representation.It does not mix filledfractionallyoccupied,
or empty spaces defined by the FORS.
The perturbation is the two-body operator in the canonical representation. It is
defined in Paper II and §3 of Paper IV. Nonbubble diagrams are calculated with
the formulae of Paper II. Formulae for bubble diagrams are reported elsewhere
[15, 161.
Diagrammatic overcount for HFPD and F 2 models is the same as for HL. Overcount for HL is described in Papers II and IV of this series, and is the same for N2
with the understanding that three sets of paired levels must be counted. FDS are
then counted in this work as in Papers II and IV.
Computational Details
Basis Sets. FORS and Software
Two basis sets were selected to test the model. An even-tempered gaussian contraction (ETGC) (lOs6p2dlf)/[4s3p2dlf] [17-191 and a polarized (4s3pldlf)
nominal Bagus-Gilbert basis of Slater-type atomic functions (STF) [20] were taken
from the literature. The ETGC s and p sets were augmented with the most diffuse
primitives. The basis sets are capable of approximating the dissociation energy of
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nitrogen to within about 0.5 eV [21]. This error is about six times as large as that
for the total energy of He in a comparable basis [22, Tfable I, p. 11 ]. Errors associated
with the basic two-body interaction scale upward to the error in dissociation energy
for N2 because errors in the six two-body bonding interactions make no contributions
to N atoms.
Integrals, 4-index transformations, and FORS calculations were carried out with
ALIS [17] and ALCHEMY2 [23] for the ETGC and STF basis sets, respectively. In
each case, the FORS is defined by completely filled shells I a,, 2a,, Ia., 2a., fractionally occupied shells 3 ag, 3ao,, 17r,, llrg, and empty shells all others allowed by
the basis.
ALIS was supplemented by BIGGMOLI [24] f-orbital integral programs, squarecanonical and symmetry supermatrix ordering programs, and symmetry-adapted
self-consistent-field and 4-index transformation code, all provided by Dr. R. C.
Raffenetti. ALCHEMY2 was supplemented by software for a real transformation
[251 and generalized valence bond diagonalization [26] and 4-index transformation
[271 codes. Except for the f-orbital integral code, the supplements were required
for preprocessing.
Accuracy of FORS results is established by comparison with exact FORS results
[28, numerical MCSCF in Table I]. Spectroscopic constants are compared in Table
TABLE ]. FORS and perturbative spectroscopic constants for N2(X'2;). HFPD was computed with ETGC.
F 2 and F' above (below) HFPD were computed with ETGC(STF).

Model

15,

D,
(eV)

R,
(A)

W,
(cm-')

oWx
(cm-)

B,
(cm-1)

"e
(cm-')

(cm-, X 106)

FORS

ETGC
STF
limita

8.79
8.69
8.911

1.103
1.103
1.102

2337
2341
2353

14.1
14.1
14.1

1.963
1.965

0.017
0.017

5.5
5.5

f o
r
r d
s e
t r

F2
F2
HFPD
F2
F2

7.26
7.25
7.24
7.19
7.16

1.098
1.097
1.096
1.097
1.097

2337
2344
2363
2342
2349

17.1
17.0
16.3
17.0
16.9

1.983
1.985
1.989
1985
1.987

0.019
0.019
0.018
0.019
0.019

5.7
5.7
5.6
5.7
5.7

s o
e r

FP
F2R

12.34
12.33

1.074
1.074

2610
2616

13.4
13.4

2.072
2.074

0.015
0.015

5.2
5.2

c

HFPD

12.33

1.072

2633

12.9

2.078

0.015

5.2

12.19
12.16

1_075
1.075

2604
2610

13.2
13.2

2.067
2.069

0.015
0.015

5.2
5.2

9.54
9.53
9.53
9.33
9.31

1.083
1.082
1.082
1.084
1.083

2457
2463
2476
2443
2450

15.8
15.7
15.1
16.0
16.0

2.039
2.041
2.043
2.034
2.036

0.018
0.018
0.017
0.018
0.018

5.6
5.6
5.5
5.6
5.6

d

n e
d r

F2
F2

t
h
i
r
d

F2
F2X
HFPD
F2
F2

o
r
d
e
r
"[28).
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1. The unperturbed ground state is accurately represented in the ETGC and STF
bases. The unperturbed excited states are probably equally accuraly represented.
Nevertheless, small errors accumulate in the dissociation energy )ecause of the
multiple bond.
FDs calculated through third order in the STF basis with closed-shell single-deten iinant code [29-31] require about one IBM 3090 CPU minute for each value
of the bond distance. FDs calculated through third order in the STF (ETGC) basis
with gc neral block-driven code require about 12 (26) Convex C220 CPU s.
Spectro icopic Constants
Dunhan's method [32] was used to calculate spectroscopic constants [33].
Polynomial, of degree 9 were fitted. The grid has 22 points and is shown in Table
II. Step sizes around the minimum internuclear distance are 0.05ao. Uncertainties
in equilibrium bond distance due to fitting the calculated energies are of order
±0.0005ao [34 ";]. Dissociation energies (De) were computed with Eq. (2) of
Paper III.
Results
PerturbativeCalculations
Perturbative calculations have been performed corresponding to the three models
described in the second section. Where the model building for
'AMi
uses F 2 eval2
uated at the separated atom limit, the results are designated F . If the HFPD value
is used as indicated in Eq. (20), the results are designated HFPD. If F 2 is evaluated
at each R value, then the results are designated FR. The calculations for F2 and
F2 were performed using ETGC and STF basis sets. The HFPD has been calculated
using ETGC. The values can be compared in Table II (total energies), Figure 1
(binding energies), and Table I (spectroscopic constants). Agreement is excellent.
Curves for model FD and perturbative corrections for N 2 appear overall the same
as those shown for F 2 on Figures 5-7 of Paper IV.
Accuracy of the PerturbativeResults
Second-order accuracy is not sufficient over the range of spcctroscopic properties,
as demonstrated in Table I. In Table III, spectroscopic con.tants are reported for
models of N2 near limits of comparably chosen basis sets. By third crder, De, R,,
and w, differ by about 0.1 eV, -0.02 A and 130 cm-', respectively, from the aforementioned limits. In larger basis sets such as those of Alml6fet al. [21], it is probable
that third-order dissociation energies will fall within 0. 1 eV of experiment. (Unfortunately, we cannot preprocess such extensive calculations at present.) The conclusion is that third-order accuracy is useful for many purposes. In addition, the
third-order HFPD value for D, (in Table I) is comparable to the D, obtained from
the fourth-order calculation MP4 (in Table III), where the MP4 is derived from a
single-determinantal zeroth-order expansion.

475

QUANTUM FIELD THEORETICAL METHODS

TABLE II HFPD total energies and energy differences of F2 and F,2 models relative to HFPD (ETGC
basis). To compute model energies, subtract energy differences from HFPD. Units are hartrces.

R(ao)b

HFPD

1.40
1.50
1.60
1.70
1.75
1.80
1.85
1.90
1.95
2.00
2.05
2.10
2.15
2.20
2.25
2.30
2.35
2.40
2.50
2.60
2.70
2.80
2.90
3.00
3.10
3.20
330
3.40
3.50
3.60
3.70
3.80
4.00
450
5.00
5.50
600
6.50
7.00
7.50

-108.15866
-108.49987
-108.72982
-108.87992
-108.93240
-108.97288
-109.00324
-109.02509
-109.03981
-109.04859
-109.05238
-109.05216
-109.04859
- 109.04237
-109.03401
-109.02401
-109.01279
-109.00069
-108.97506
-108.94897
-108.92385
- 108.90056
-108.87967
-108.86144
-108.84593
- 108.83300
-108.82240
-180.81383
- 108.80701
-108.80167
-108.79754
-108.79442
-108.79038
-108.78702
-108.78666
- 108.78666
-108.78665
-108.78662
-108.78659
--108.78656

First order
F2

-0.00098
-0.00103
-0.00104
-0.00098
-0.00094
-0.00086
-0.00076
-0.00064
-0.00049
-0.00031
-000008
0.00012
0.00039
0.00070
0.00104
0.00143
0.00184
000230
0.00328
0.00439
0.00552
0.00664
0.00766
0.00846
0.00909
0.00945
0.00956
0.00943
0.00905
0.00846
0.00768
0.00673
0.00461
-0.00015
-0.00235
-0.00269
-000227
-0.00168
-0.00116
-0.00078

F

-0.00094
-0.00103
-0.00110
-0.00111
-0.00111
-0.00109
-0.00104
-0.00098
-0.00090
-0.00079
-0.00064
-0.00051
-0.00033
-0.00011
0.00014
0.00043
0.00074
0.00110
0.00189
0.00281
0.00379
0.00479
0.00573
0.00652
0.00716
0.00758
0.00779
0.00778
0.00757
0.00714
0.00653
0.00575
hj.00390
-0.001J14
-0.00246
-0.00271
-0.00226
-0.00166
-0.00115
-0.00077

HFPD

-108.40314
-108.73628
-108.95915
--109.10300
-109.15263
-109.19041
-109.21821
-109.23762
-109.25000
-109.25655
-109.25812
-109.25581
-109.25017
-109.24195
-109.23160
-109.21965
-109.20652
-109.19254
-109.16325
-109.13359
-109.10498
- 109.07824
-109.05392
-109.03227
-- 109.01343
- 108.99725
-108.98351
-108.97195
- 108.96229
-108.95425
-108.94755
-108.94197
-108.93342
-108.92129
-108.91553
-108.91240
-108.91053
-108.90936
-108.90862
-108.90812

Third order'
F2

-0.00027
-0.00032
-0.00039
-0.00045
-0.00046
-0.00046
-0.00044
-0.00039
-0.00032
-0.00021
-0.00006
0.00009
0.00030
0.00055
0.00085
0.00120
0.00157
0.00200
0.00295
0.00403
0.00518
0.00631
0.00736
0.00822
0.00888
0.00930
0.00946
0.0093'
0.00903
0.00845
0.00768
0.00675
0.00461
-0.00015
-0.00234
-0.00269
-0.00227
-0.00167
-0.00116
-0.00078

-0.00025
-0.00032
-0.00041
-0.00051
-0.00055
-0.00058
-0.00060
-0.00060
-0.00058
-0.00054
-0.00045
-0.00038
-0.00025
-0.00009
0.00011
0.00036
0.00063
0.00005
0.00170
0.00258
0.00355
0.00455
0.0055 I
0.00633
0.00699
0.00746
0.00771
0.00774
0.00755
0.00713
0.00653
0.00576
0.00390
-0.00044
-0.00245
-0.0027 I
-0.00226
-0.00166
-0.00115
-0.00076

Second-order shows the same behavior.
gnd 1.60ao s R : 3.00ao was used to fit the energy to a polynor.i-l for Dunham analysis.

b The
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Figure 1. Experimental and ETGC third-order binding-energy curves for N2 (Xl'r).

The enforcement of angular momentum conservation for N 2 in Paper I was
based on Eqs. (14) and (23), with Eqs. (15) and (16) neglected. At third order,
this approximation yields D, about 0.4 eV above the limit of the chosen basis. This
accuracy is insufficient for most purposes. It is noteworthy that inclusion of the
terms in Eqs. (15) and (16) enable the attainment of the limit in the chosen basis
set from the perturbative approach. This level of accuracy extends to D, as well, as
seen in Table III.
R, aad w• at third order differ from the achievable limits a bit more than might
have been guessed. This is also true of F2 and FH in Paper III. Perhaps it is true
whenever second-order corrections are "large."
HL models for F 2 and FH are the same as HFPJ) models. Supplementary configurations needed for a more extensive unperturbed model are of the "split-shells"
type. "Split shells" for F2 and FH require solving non-HL problems to determine
BV transformation coefficients in the FORS (sec §3.3-3.4 of Paper III and references
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TABLE

Iii.

Comparison of third-order spectroscopic constants for N2(XlZl) with accurate theoretical
models in similar basis sets.

De

Re

Model

(eV)

(A)

(cm-)

Contracted ci
MP4b
MRCI + Qc
F2
CI-SDQd
F2
Exptr

9.46
9.60
9.37
9.54
9.34-9.41 e
9.33
9.91

1.101

2345

1.083
1.095
1.084
1.098

2457
2416
2443
2359

We

WaX
(cm-')

15.8
12.0
16.0
'4.3

Basis set
(1 ls7p2dlf)/[6s5p2dlfI
6-31 IG(2dfp)
(13s8p6d4f),/[4s3p2dlf] GC
ETGC(present)
(6s4p3d2f) sTF
-w(present)

- [36).
b [37].
-[21].
d[381.

S[39]:

(Ss4p3d) STF VCi + first and second orders.

f [40].

therein), whereas angular momentum conservation includes available "split shells"
in N2. Perhaps this explains why third order based on the BV transformation determined by the HL problem is generally more accurate for N 2 than for either F 2

or FH.
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Ab Initio SCF Investigation of the Potential Energy
Surface of 4-Aminobutanol
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Abstract
Results of an ab finio SCF (4-31G) study of the potential energy surface of 4-aminobutanol are
reported. Four different intramolecular hydrogen bonds are present in the various local minima: N...
H-0. N-H .. 0, C4-H. .0 0. N. . . H-C 1 . These interactions are discussed and compared with
those present in the homologues 3-aminopropanol and 2-aminoethanol. @ 1993 John Wiley & Sons. Inc

Introduction
w-Amino-n-alkanoles form an interesting class of compounds, because the
chemical importance of its members covers the whole range of the traditional
branches of chemistry. 2-Aminoethanol has a biological function in the most important phosphatides, which play an important role in cell membranes [1-4], of
blood [5,6], brain [7-9], heart [10], and liver [1 !]. Both 2-aminoethanol and 3aminopropanol may act as inhibitors in various surface [12,13] and enzyme reactions [ 14 ] by forming complexes with one of the hetero atoms N and 0. Complex
formation of 2-aminoethanol and 3-aminopropanol with Cu (II) [15-17], Ni (II)
[18,19], aluminum oxides [20,21], TiO 2 [22], and barium aryl oxides [23] has
been investigated over years. Both 2-aminoethanol and 3-aminopropanol were also
studied as part of Schiff base complexes [ 19,16 ]. Except for studies of the dehydration
and deamination [24-271 and of the silver complexes [28] of all amino alcohols
up to five carbon atoms, 4-aminobutanol has appeared in the literature in the last
years as part of antitumor DNA intercalators [ 29 ].
We became interested in w-amino-n-alkanoles as part of an ab initio investigation
of amino acids and related compounds. 2-Aminoethanol has been the target of a
number of quantum chemical calculations in the past [ 30-34]. The potential energy
surfaces (PES) of 3-aminopropanol and 4-aminobutanol were characterized in our
group. The results for 3-aminopropanol [35,36] and the three 4-amirAobutanol
conformers of lowest energy have been reported already [34]., It is the purpose of
this contribution to give an overview over all local minima in the PES of 4-arr.nobutanol, to discuss selected details, and to compare 4-aminobutanol with its
homologues 3-aminopropanol and 2-aminoethanol.

International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 479-490 (1993)
CCC 0020-7608/93/010479-12
© 1993 John 'iley & Sons. Inc.
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The 4-31G basis set [37] and the RHF formalism [38] were used in all calculations
of this study for two main reasons. First, optimized geometries obtained in this
manner correlate well with experimentally determined structures for 2-aminoethanol
and 3-aminopropanol. Second, the same method and basis set have been employed
by our group in the past; hence the results for 4-aminobutanol can be compared
with those of past work at one consistent level. Calculations were performed with
the program GAMESS [39]. All local minima were fully optimized to a rms gradient
less than 1.6 X 10-4 H/Bohr or H/rad and verified to have positive eigenvalues of
the Hessian matrix only.
Local Minima
One hundred ten symmetry unique local minima were located in the potential
energy surface of 4-aminobutanol. In accordance with earlier work, a positive torsion
angle N-C-C-C was chosen as the criterion for symmetry uniqueness. Figure
I displays the relative energy of all of these minima as a function of the dihedral
angles of the molecular backbone, Figure 2 shows the various orientations of the
amino group. These displays show that with one exception three standard positions
per internal rotation may be distinguished. This allows an extended version of the
nomenclature used by Radom et al. in previous work on 2-aminoethanol [30]:
each local minimum will be denoted by a five letter symbol vWXYz, in which v
describes the orientation of the amino group via the torsion angle between the lone
electron pair and the carbon chain, W gives the N-C-C-C torsion angle, X
gives the C-C-C-C torsion angle, Y indicates the C-C-C-O torsion angle,
and z gives the C-C-O-H torsion angle. G and g denote torsion angles around
+60', G' and g' denote torsion angles around -60', and T and t denote torsion
angles around 1800. The C-C-O-H angle close to 0°, which occurs in one
conformer, will be denoted s. The global minimum, e.g., for which the dihedral
angles are Ht-N-C-C = 59.20, H2-N-C-C = -171.40, N-C-C-C =
76.80, C-C-C-C = -71.5*, C-C-C-O = 73.3', and H-O-C-C =
-61.6', is thus labeled g'GG'Gg'.
Table I lists the labels of all symmetry unique local minima together with relative
energies (E,,, = 0 corresponds to -286.755020 a.u.), vibrational zero point energies,
and rotation constants. The detailed geometry data (bond lengths, valence, and
torsion angles) and the Cartesian coordinates are available from the authors or by
electronic mail (F535 IDAA@AWIUNI II .BITNET).
Four different intramolecular hydrogen bonds, N... H-O, N-H-.. .0,
N... H-C,, and C4-H... 0, occur in a number of 4-aminobutanol conformers.
The first of these, N. . . H-O, is much stronger than the others. It is present in
the conformers g'GG'Gg',g'GG'G'g, and g'GGG's (with N. • H distances of
1.902, 2.057, and 1.990 \, respectively). Some aspects of this interaction, namely,
its influence on bond lengths and vibration frequencies, have been discussed previously [34]. The N... H-O hydrogen bond also has significant influence on the
energetics: The three conformers, which contain this bond, are much lower in
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Figure I. The relative energy (kJ/mol) of all symmetry unique local minima in the PES
of 4-ammobutanol as a function of the dihedral angles of the molecular backbone.

energy than all other conformers (cf. Fig. 1). This stabilization has considerable
effect on the topology of the PES of 4-aminobutanol, because it fixes the amino
group in one position: No local minima are present, which differ from g'GG'Gg',
g'GG'G'g,and g'GGG'sin the orientation of the amino group only. Furthermore,
no local minima exist, which differ from the global minimum g'GG'Gg' in the
orientation of the hydroxy group. In the case of g'GGG's only one conformer
(g'GGG'i) with a different orientation of the hydroxy group is formed.
A comparison of the number of local minima, which are actually present in the
4-aminobutanol PES, with the number of conformations that results from the structural principle of three orientations per internal rotation (35 = 243), reveals the
dominant nature of the N... H-O hydrogen bond. One out of the I10 symmetry
unique local minima is of Cs symmetry; hence a total of 219 local minima is present
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Figure 2. The plot of the two dihedral angles H-N-C-C against each other for all
symmetry unique local minima in the PES of 4-aminobutanol shows that three major
orientations of the amino group occur.

in the 4-aminobutanol PES. Hence a total of 24 conformers, i.e., 12 symmetry
unique conformers, are "missing." The stability of g'GG'Gg', g'GG'G'g, and
g'GGG's explains the absence of nine of these 12 missing symmetry unique conformers. The remaining three conformers are gGG'Tg, gGG'Tg',and gGG'Tt, which
are not formed due to a steric hindering of the type
H\
H

The intramolecular hydrogen bond N-H... 0 is present in the conformers
gGG'Gt (H... 0 distance: 2.055 A), gGG'Gg (2.061 A), IGG'Gg(2.090 A), tGG'Gt
(2.114 A), gGG'G'g'(2.178 A), gGG'G't (2.263 A), gGGG't (2.355 A), IGGG't
(2.395 A), and gGGG'g' (2.469 A). The N... H--C, hydrogen bond is present
in g'GG'G'g' (N. .. H distance 2.462 A), g'CeJ'G't(2.502 A.), g'GG'Tg' (2.574
A), g'GG'Tg (2.591 A), and in g'GG'Tt (2.616 A). The C 4-H .. "0 hydrogen
bond is present in g'GGG't (H-... 0 distance: 2.398 A), tTGG't (2.409 A), g'TGG't
(2.426 A), tTGG'g' (2.436 A), g'TGG'g'(2.447 A), gTGG't(2.447 A), and gTGG'g'
(2.470 A). None of the intramolecular interactions N-H... 0, N. .• H-C 1 ,
and C4-H-... 0 has an influence on energetics, bond lengths, or vibration frequencies. Analyses of the electron densities along these interactions, however, prove
that each of them is associated with a critical point of the electron density with two
negative eigenvalues. Such critical points represent chemical bonds [40]; the classification of these interactions as hydrogen bonds is therefore correct.
In addition to these intramolecular hydrogen bonds two conformers contain
interactions, which lead to five-membered ring structures: C3-H... 0 in g'GG'G't
(with an H .. .0 distance of 2.515 A) and N.. .H-C 2 in g'GGG't (with an
N... H distance of 2.607 A). Inspection of the electron density shows that these
interactions are not hydrogen bonds but mainly of electrostatic origin.
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Reaction Paths

The minima g'GG'Gg', g'GG'G'g, and g'GGG's, which are stabilized by the
intramolecular N. . . H-O hydrogen bond, and their mirror images are directly
interconnected in the reaction sequence

"H-1 H

HH

H

H
IC-C
H;C-C-CHHC
/g'GG.....

c-H

H

H-

g'GG'Gg' H-C...H

Hý-

HC-H

i-N

H
/
H

-..

H..

H-O

G~

6

H

Ti

11
HH
• 1. /H
C/"C-C..."
g'GG'G'g H--C, H-O

H

V- /

HH
H

H

/C-C
..... H
0
H--CH--O':'C-H
gG'GGg'

H.....N H

/

H

/

H

T1
HH

H

g'GG'sH-C H
H
"N H`

/

H

H

H

T1

HH

H

/C-C
H-*ft
H'"./.,

/

0

H

11
gGG~

H-O

H

The N ... H-O bond is preserved along this reaction sequence: The N... H
distance is 1.906 A in the transition state g'GG'Gg' • g'GG'G'g, 1.923 A
in the transition state g'GG'G'g ; g'GGG's, and 1.911 , in the transition state
g'GG'Gg' ; gG'G'Gs. As a consequence of this bond preservation, some of the
internal rotations are coupled in these reactions as shown in Figure 3. The energy
profile along one of these reaction, namely, g'GG'Gg' - g'GG'G'g, is displayed
in Figure 4. This profile is noteworthy because it contains a flat region near the
conformation g'GG'Gs,which is also a consequence of the N.
H-O hydrogen
bond. In contrast to similar situations, which occur in the PES of 3--iminopropanol,
the point of inflexic.n, which is associated with this flat region, d, -• not have zero
gradients.
Table II lists the potential barriers of all internal rotations of the global minimum
together with the final conformer of each of these rotations.
Discussion
A comparison of Figure 1 with the corresponding plots for 2-aminoethanol and
3-aminopropanol (Figs. I and 2 in [35]) shows increasing scatter in the series 2-
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TABLE I

Relative and vibr.iional zero point energies (kJ/mol) and rotation constants (GHz) for all
symmetry unique local minima in the PES of 4-aminobutanol. The absolute energy of the global minimum
is -286.755020 a.u.
Conformer

Relative energy

g'GG'G'g'
g'GG'G'g
g'GG'G't
g'GG'Gg'
gGG'Gt
g'GG'Tg'
g'GG'Tg
g'GG'Tt
g'GGG's
g'GGG't
g'GGGg'
g'GGGg
g'GGGi
g'GGTg'
g'GGTg
g'GGTi
g'GTG'g'
g'GTG'g
g'GTG't
g'GTGg'
g'GTGg
g'GTGt
g'G7Tg'

20.235
6.606
19.951
0.000
20.371
22.217
22.587
20.860
6.876
21.684
21.513
16.835
16.732
22.348
20.419
22.020
16.149
18.373
15.351
20.151
15.995
16.761
17.544
18.793
18.917
23.414
25.733
23.842
28.232
23.207
25.378
21.912
21.960
23.590
24.202
23.236
18.877
17.181
19.589
22.206
25.092
19.444
22.516
16.858
26452
23.482

g'GTTg
g'GTTt
g'TG'G'g
g'TG'Gg'
g'TGGg'

gTGG'g
g'TGG't
g'TGGg'
g'TGGg
g'TGGi
g'TGTg'
g'TGTg
g'TGTt

g'7TG'g'
g'TTG't
g 'TGg
gGG'G'g'
gGG'G't
gGG'Gg
gGGG'g'
g(GG't
gGGGl?'
gGGGg

Rotation constants
1.9823
2.0484
1.9249
1.95 19
1.9080
1.5115
1.5173
1.5187
2.0774
1.8100
1.8240
1.9227
1.9322
1.5096
1.5181
1.5249
1.3731
1.3652
1.3828
1.4877
1.5057
1.5181
1.2732
1.2732
1.2811
1.4836
1.5460
1.5376
1.5225
1.5370
1.4794
1.5126
1.5167
1.2383
1.2364
1.2412
1.2815
1.2893
1.2810
2.0012
1.9989
1.9551
1.9889
2.0219
1.7914
1.7873

2.4500
2.8453
2.3219
2.8492
2.7406
1.7859
1.8051
1.8027
2.8578
2.0465
1.8309
1.9456
1.9211
1.6256
1.6502
16438
1.4767
1.4700
1.4908
1.5953
1.5879
1.5801
1.3664
1.3624
1.3727
1.5875
1.8254
1.8271
1.7738
1.8152
1.5828
1.6309
1.6281
1.2985
1.2919
1.2991
1.3792
1.3899
1.3720
2.6990
2.6602
2.8134
2.6451
2.6731
1.8093
1.8058

Zero point energy
4.8861
4.4951
5.0383
4.4927
4.5571
6.3962
6.3466
6.4301
4.5231
5.6946
6.2137
5.8506
5.9836
6.9352
6.8161
6.9395
9.5897
9.5892
9.6783
7.7394
7.3455
7.6013
9.2636
9.3050
9.3493
7.1202
6.3449
6.2704
6.4675
6.4227
7.1611
6.9231
7.0458
11.2167
11.3292
11.4938
9.2827
9.4151
9.3463
4.5942
4.6676
4.4527
4.6244
4.6972
6.3200
6.3971

437.421
441.012
437.353
44 1.255
438.178
435.964
436.350
436.819
441.286
436.005
436.073
437.575
437.287
435.922
436.537
435.850
436.025
435 893
436.062
435.600
436.552
435.890
435.768
435.722
435.013
435.978
436.373
436.395
435.730
436.157
435.526
436434
436.377
435.675
435.523
435.507
435.697
435.819
435.474
437.746
436.653
437.855
436.771
437.667
436.331
436.272
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TABLE 1. (Continued)

Conformer

Zero point energy

Rotation constants

Relative energy

gGGGi

23.522

1.7978

1.8171

6.4228

436.278

gGGTg'
gGGTg
gGGTt
gGTG'g'
gGTG'g
gGTG't
gGTGg'
gGTGg
gGTGt
gGTTg'

24.682
26.344
24.856
20.463
21..398
19.060
22.616
20.991
22.424
20.489

1.5154
1.5010
1.5143
1.3662
1.3566
1.3742
1.4630
1.4964
1.4879
1.2588

1.6502
1.6255
1 6376
1.4766
1.4709
1.4888
1.5032
1.5326
1.5185
1.3587

6.8174
6.9422
6.9535
9.6294
9.6826
9.7382
7.9175
7.7031
8.0528
9.5305

436.114
434.724
435.912
436.051
436.009
436.035
435.667
435.356
434.969
435.495

gGTTg

21.230

1.2586

1.3515

9.5708

435.189

gGTTt
gTGG'g'
gTGG't
gTGGg
gTGGt

19.946
22.217
21.172
23.181
22.687

1.2682
1.5401
1.5394
1.4890
1.4990

1.3669
1.8486
1.8397
1.5857
1.5892

9.5718
6.2973
6.4165
7.2267
7.3396

435.687
435.895
435.943
435.737
436.146

gTGTg'
gTGTg

22.'514

1.2384

1.3080

11.2433

435.836

23.370
21.968
19.599
18.890

1.2355
1.2404
1.2633
1.2885

1.2994
1.3067
1.3493
1.3760

11.3460
11.5193
9.6519
9.5597

435.564
435.547
436.009
435.517

19.416
19.080
18.741

1.2670
1.0977
1.0978

1.3690
1.1360
1.1364

9.4677
16.6300
16.6275

435.980
434.994
435.276

17.948
27.360
27.794
19.857
22.062
29.020
27.384
27.799
23.060
16.005
24.525
21.744

1.1042
1.8024
1.7671
1.9318
1.8964
1.4813
1.5012
1.4891
1.9589
2.0061
1.7120
1.7727

1.1452
2.0574
1.9739
2.7804
2.7180
1.7414
1.7599
1.7551
2.5545
2.6569
1.7402
1.7891

16.7998
5.3532
5.6258
4.4276
4.5176
6.4150
6.3445
6.4587
4.6649
4.6631
6.6377
6.4084

435.289
435.801
435.520
437.685
437.716
434.027
434.881
434.227
436.359
437.513
435.824
435.872

20.899
22.766

1.7158
1.5000

1.7490
1.6284

6.7842
6.8122

436.044
435.717

tGGTt
tGTG'g'
tGTG'g
tGOG't
tGTGg'
tGTGg

24.325
22.201
18.573
19.883
17.378
19.899
19.114

1.4775
1.4934
1.3562
1.3472
1.3668
1.4694
1.4785

1.5880
1.6053
1.4601
1.4529
1.4761
1.5034
15318

7.0303
7.0299
9.5787
9.6124
9.6428
7.7458
7.5514

435.690
435.738
435.343
435.175
435.424
435.761
435.667

iGTGt
tGTqg'

17.294
19.400

1.4971
1.2573

1.5560
1.3506

7.5573
9.3091

435.599
435.383

gTGTt

g7TG'g
g7TG't
gTTGg'
gT7Tg'
gTITg
gTTTt

tGG'G'g'
tGG'G't

iGG'Gg
tGG'Gt
tGG'Tg'
tGG'Tg

zGG'Tt
tGGG'g'
tGGG't
tGGGg'
tGGGg

tGGGt
tGGTg'
iGGTg

(Continued)
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TABLE 1. (Continued)

Conformer
tGTTg
iGTTt
tTGG'g'
tTGG'g
tTGG't
tTGGg'

zTGGg
tTGGt
tTGTg'
iTGTg
tTGTt
t7TG'g'
tTTG'g
tTTGt
t77Tg
tTT

Relative energy
18.998
18.02"
22.115
28.484
21.886
24.110
20.797
20.030
22.907
23.102
21.933
17.515
19.087
16.344
18.182
17.305

Rotation constants
1.2588
1.2656
1.5412
1.4978
1.5442
1.4739
1.4958
1.5096
1.2343
1.2321
1.2371
1.2721
1.2577
1.2832
1.0921
1.0986

1.3469
1.3591
1.8417
1.7809
1.8368
1.5813
1.6112
1.6281
1.3007
1.2932
1.3013
1.3636
1.3488
1.3802
1.1276
1.1364

Zero point energy
9.3318
9.3779
6.2151
6.3938
6.3492
7.1335
6.9751
6.9906
11.1295
11.2092
11.3789
9.2731
9.5059
9.3580
I1..22
16.6482

435.407
435.440
435.900
434.686
435.712
435.462
436.003
436.143
435.298
435.374
435.259
435.525
435.532
435.574
434.990
435.131

aminoethanol, 3-aminopropanol, and 4-aminobutanol, which is paralleled by an
increasing energy gap between the global minimum and the bulk of conformers
without intramolecular interactions. The increasing energy gap and the corresponding potential barriers prove that the seven-membered ring, which is formed
in 4-aminobutanol, is more stable than the six-membered ring of 3-aminopropanol
and the five-membered ring of 2-aminoethanol. This increase of stability with ring
size is in good agreement with the effect of the N. . . H-O hydrogen bond on the
O-H bond length and vibration frequency [34,41,42]. Furthermore, the larger
amount of scatter indicates that the conformers of 4-aminobutanol are more flexible
than those of 3-aminopropanol and 2-aminoethanol. This is an interesting conclusion: On the one hand, it provides an explanation for the increase of stability with
the ring size, because the two functional groups can arrange themselves with less
hindering by the rest of the molecule. On the other hand, however, the same is
valid for all other 4-aminobutanol conformers too, which makes the greater stability
of the global minimum of 4-aminobutanol even more remarkable.
For the global minima of the homologues 2-aminoethanol, 3-aminopropanol,
and 4-aminobutanol it has to be noted that for none of them the potential barrier
for H-bond preserving reactions is the lowest one. In any case there is one internal
rotation, which destroys the intramolecular N ... H-O hydrogen bond, but requires less activation energy than those internal rotations that preserve the H-bond.
Upon comparing the various intramolecular hydrogen bonds in 4-aminobutanol
and 3-aminopropanol, one encounters that the C4-H ..-0 and N ...H-C,
interactions in 4-aminobutanol have no counterparts in 3-aminopropanol and 2aminoethanol. This seems to be not so much a consequence of the greater flexibility
in 4-aminobutanol, but one of the fact that these interactions form six-membered

S
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Figure 3. Various internal rotations are coupled with each other in the reactions of the
global minimum g'GG'Gg' as a consequence of the intramolecular hydrogen bond
N... H-O. (0) Stationary points (local minima and saddle points) of the PES.
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T

-286.7450

-286.7475

-286.7500

-286.7525

-286.7550
-750

-50'

-250

0o

250
H-O-C-C

500
-

-25*
O-C-C-C

-50*
--

Figure 4. The energy profile of the reaction g'GG'Gg' = g'GG'G'g contains a flat region
due to the N. . . H-O hydrogen bond. (0) Stationary points (local minima and saddle
points) of the PEs.

rings of the chair type in 4-aminobutanol. The analogous five membered rings
in 3-aminopropanol would require drastic deviations from the "standard"
C-C-C-Q and C-C-C-N orientations of -60*, 600, and 1800.
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Solvent Effect on the Potential Surface of the Proton
Transfer in [H3N -H-NH 3I+
JIALI GAO
Department of Chemistry, State University of New York at Buffalo. Buffalo, New York 14214

Abstract
Statistical mechanics Monte Carlo simulations of the proton transfer in [H 3N-- H - NH 3]J in aqueous
solution have been carried out using the combined quantum mechanical and molecular mechanical
AM I /riP3P potential. As in the gas phase, squeezing and stretching motions of the donor-acceptor

distance have profound effects on the proton transfer. Solvation increases the activation free energy
of the proton transfer by 3 kcal/mol over that in the gas phase The results suggest that the combined
QM/MM potential may be used in models that treat the proton motion quantum mechanically and the
solvent dynamics classically. © 1993 John Wiley & Sons. Inc.

Introduction
In a recent study, McCammon and coworkers constructed the potential
energy surface for the proton transfer reactions of [H 3N--H--NH3 ]+ and
[H 3N-H-OH
1]
in the gas phase through ab initio calculations at the MP2/62
31 G(d) level [ I]. The effort was a prelude to modeling the quantum mechanical
tunneling effect in proton transfer process [2], which has also been observed in
enzymatic reactions [3]. The authors found that the barrier heights for these reactions are senitive to the squeezing and stretching motions of the donor-acceptor
fragments, suggesting that a dynamic model should be used for the proton transfer
[1]. In addit;c;n, the analytical potential function obtained by fitting to the ab initio
data provides the necessary information needed in the quantum mechanical treatment of proton transfer in proteins. However, a full description of the proton transfer
process requires specific consideration of the environmental solvent effects [4].
Unfortunately, most theoretical studies to date have been limited to model systems
in the gas phase or phenomenological approaches due to the lack of proper potential
functions for solute-solvent interactions [ 5-7 ].
A viable approach to the determination of the potential surface for the proton
transfer in solution is to use a combined quantum mechanical and molecular mechanical (QM/MM) method oy treating the solute quantum mechanically and the
solvent molecules classically [4]. Consequently, the solute-solvent interaction as
well as the proton-transfer potential surface is evaluated by the quantum mechanical
calculations in fluid simulations. The quantum tunneling effect is then obtained
through the time-dependent Schr'6dinger equation for the propagation of the proton
on the potential surface approximated by the QM/MM model. This idea has been
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 491-499 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010491-09
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pioneered by many researchers [ 8-11]. Warshel and coworkers used the empirical
valence bond theory to study the hydrogen transfer reactions in proteins including
lysozyme, trypsin, and lactate dehydrogenase [ 8 ], while Kollman [ 9 ], Karplus,
and coworkers combined ab initio and semiempirical molecular orbital theory with
the classical dynamics method [101. Our own effort on the use of the hybrid
QM/MM potential in statistical mechanics Monte Carlo simulations has demonstrated that the combined semiempirical AM I theory and the TIP3P model for water
can provide adequate description of the solvation of biomolecular systems in
aqueous solution [ I I]. Furthermore, our results showed that the solvent polarization
effects, which are of the primary concern on the use of the empirical potentials,
can be quantitatively determined a priori in these calculations [ 12,13 ].
In this article, we examine the solvent effect on the Born-Oppenheimer potential
surface for the proton transfer of [ H3N - H - NH 3] + in water using the hybrid
AM 1/TIP3P potential via Monte Carlo simulations. Comparison with the gas phase
results from Ref. [1] will be made. The dynamics and contributions to the rate
constant from the quantum mechanical nuclear tunneling will be presented in a
future publication. In the following, computational details will be first given followed
by results and discussion.
Computational Details
In the present study, the combined QM/MM potential is partitioned into a quantum mechanical region consisting of the proton donor and acceptor molecules,
[H 3N - H - NH 3 ]', and a molecular mechanical region of the solvent molecules
approximated by the three-site TIP3P model for water [14]. Clearly, in order to
compute the energies of the QM solute molecules throughout the condensed-phase
simulation, a computationally efficient method must be used. The semiempirical
Austin Model I (AM I ) theory developed by Dewar and coworkers [ 15 ] is employed
to form the AMI/TIP3P force field [12]. Thus, the solute, [H 3N-H -NH 3]I, is
represented by valence electrons and nucleus cores in the Monte Carlo simulation.
The restricted Hartree-Fock (HF) wave function, 4k, is used with a single Slater
determinant of all doubly occupied molecular orbitals (MO), which are linear combinations of a minimum basis set [15]. The total effective Hamiltonian of the
system is given by:
m+
/

&ff = f

+

,,,,.,

(1)

where H 0 is the AM I Hamiltonian for the solute molecules, j~mm is the molecular
mechanical solvent energy, and Hýqmmm is the solute-solvent interaction Hamiltonian defined previously [10-12]. Therefore, the total potential energy in the
combined QM/MM force field is computed using Eq. (2),
El,

=

('l#,,-If

J)

= Eq. + Eqmlrnm + Emm.

(2)

Here, 4, is the wave function of the solute in aqueous solution, Emm is the MM pairinteraction energy for the solvent molecules enumerated with the empirical TIP3P
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potential, and (Eq,,, + Eq,,m,,)

are determined through the Hartree-Fock self-con-

sistent-field MO calculations. In particular, the solute-solvent interaction energy is
solute vwater

Eq

m =

(

nIHmemr 1,>) +

Z 4,[(,s/R,)

y
I

2

-(is/R,s)

6

],

(3)

$

where 6eqmnmm is the electronic portion of the solute-solvent interaction Hamiltonian, and the Lennard-Jones terms account for dispersion interactions between
the QM and MM regions, which are omitted in the hybrid QM/MM approximation
[10,12 ). The Lennard-Jones parameters are taken from our previoub work [ 12 ].
The potential energy surface for the proton transfer in [H 3N - H - NH 3] + is
determined as a function of the internuclear distance between the nitrogen atoms,
R, and the position of the proton, x, measured from the geometrical center of the
two nitrogens. The model as defined in Ref. [I] is shown in Figure 1. Note that
only the linear arrangement is considered here, while McCammon and coworkers
also investigated the off-axis displacement [1]. In the gas phase, the C3h structure
is the minimum configuration at a fixed R, which was used in the energy calculations.
However, the rotation of the NH 3 groups along the N - N axis is sampled through
the dihedral sampling procedure in the Monte Carlo calculations. So. the model
system takes a C3 symmetry in general in the computation of the free energies of
solvation in water.
The free energy of solvation was computed via statistical perturbation theory
[16 ] using the MCQUB / BOSS program [ 17 1, in which the quantum mechanical
energies were evaluated with the MOPAC program modified to include the
Hqmimm terms [18). The calculations were performed at R = 2.50 to 3.00 A with
an increment of 0.05 A. For each value of R, x was transformed from 0.00 to 0.45
A using the "double-wide" sampling technique [ 19 ] with Ax = ±0.05 A to compute
the relative free energies of solvation [Eq. (4)]:
AG(xi -- x 2 , R)

where k8 is Boltzmann's constant,

-kETIn (e-AE(x1-x2R)/kf7),

(4)

( ), represents the ensemble average using the

Hamiltonian HRe(XI, R), and AE(x, -- x 2, R) is the energy differencc between

proton positions x, and x 2. Finally, the relative free energy between two adjacent
lines was connected through an additional perturbation of A" at x - 0.00 A.Therefore, the data for the solvation effect on the proton transfer came from a total of

N
H
..
..............
N
........
H
HR

H
R

H

Figure 1. Geometrical definition for the model proton bound dimer.
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60 simulations, each consisting of I X 106 configurations for equilibration followed
by 1.5 X 106 configurations of averaging, and each requiring about 10 h of CPU
time on an IBM RS/6000 Model 560 computer. All simulations were carried out in
a rectangular box (ca. 18.5 X 18.5 X 27.8 A 3) containing 321 water molecules plus
[H 3N-- H-- NH 3 ] +. The isothermal-isobaric (NPT) ensemble at 25°C and I atm
was used along with the periodic boundary conditions. A spherical cutoff of 9.5 A
was adopted for solute--solvent and solvent-solvent interactions. Standard deviations
were estimated by computing separate averages over blocks of 10' configurations.
The accumulative error was about 0.2 kcal/mol from the center of the free
energy map.
Results and Discussion
To verify the performance of the semiempirical AM 1 method for the proton
transfer in [H 3N-H-NH3]+, the computed barrier heights at fixed values of
the nitrogen separation are compared with the results obtained by McCammon
and coworkers using the MP2/6-31G(d) method (Table I); the agreement with
the ab initio data is good, suggesting that the AM 1 method may be used to study
the present proton transfer reaction. The MP2/6-31G(d) optimizations yield an
equilibrium distance of R = 2.72 A [1], which is close to the AM I value of 2.74 A.
At R = 2.75 A, the computed barriers are, respectively, 2.6 and 3.3 kcal/mol at
the MP2 and AMI levels, while squeezing the system tc R = 2.5 A results in a single
minimum of symmetric configuration, which has an energy equal to the barrier
height at R = 2.75 A. The barrier height is raised to 10.2 and 12.4 kcal/mol for
the MP2/6-31G(d) and AM l models upon stretching the N-- N distance to R =
3.00 A. The potential energy surface obtained from the AM I calculations is similar
to that from the ab initio calculations, and is displayed in Figure 2, in which the
energy has been anchored to zero at the global minimum. The feature of the combined motion of the proton and heavy-atom positions for the proton transfer along
the classical path observed in the ab initio calculations are clearly seen in Figure
2. The transition state at R = 2.62 A (x = 0.00) is 1.4 kcal/mol above the global
minimum, a result in good agreement with the MP2/6-31G(d) result (AE* = 0.9
kcal/mol at R = 2.62 A) [1].
The free energy surface for the proton transfer in aqueous solution is shown in
Figure 3. The solvent effect is apparent in comparison with the potential surface
in the gas phase displayed in Figure 2. First, the solvation effect increases the barrier
TABLE I. Computed activation energies for the proton
transfer of [H3N-H-NH 3] in the gas phase (kcal/mol)
R(N-N),

2.50
2.75
3.00

A

AHll (AMI)

AEt (MP2/6-31G*)

0
3.3
124

0
2.6
10.2
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Potential energy contour for the proton transfer in [H 3N gas pnase. Contour levels are 0.4 kcal/mol.
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Figure 3. Potential energy contour for the proton transfer in [H 3 N--H--NH1
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aqueous solution. Contour levels are 1.0 kcal/mol.
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of the proton transfer in [H 3N - H - NH 3]+ by ca. 3 kcal / mol. Apparently, at
the transition state where the transferring proton is situated in the middle of the
donor and acceptor molecules, the positive charge is more delocalized than the
ion-dipole complex. Consequently, the transition state is not as strongly stabilized
by the solvent as that of the ion-dipole structure. The results emphasize the importance of specific consideration of the environmental solvation contributions to
the rate constant in theoretical models for the proton transfer in enzymatic systems.
Secondly, the ion-dipole complex is a very stable species in the gas phase, which
requires much more energy to dissociate into separate ammonium ion and ammonia
monomers than that needed to cross the barrier of the proton transfer process (the
binding energy of NH4 and NH 3 is about 27 kcal/mol) [6]. In aqueous solution,
however, the competition between the intrinsic binding of the ion-dipole complex
and the solute-solvent interaction yields a delicacy on the details of the potential
surface. Figure 3 shows that the ion-dipole complex is only about I kcal / mol lower
in energy than the species with a N - N separation of 2.95 A. The feature is similar
to that observed in the SN2 reaction of Cl - + CH 3CI in water, where the gas-phase
ion-dipole minimum is completely smeared out in aqueous solution, leading to a
unimodal reaction profile [20].
Structural details on the solute-solvent interactions are further characterized by
the computed radial distribution functions (rdfs), g&(r), which give the probability
of finding an atom of type y a distance r from an atom of type x. The results for
the simulation at R = 2.75 A and x = 0.30 A, Lorresponding to the minimum in
Figure 3, are given in Figures 4 through 6. In these figures the first atom for an xy
distribution, refers to an atom of the solute and the second atom is either the oxygen
or the hydrogen of water.
Figu-e 4 shows the NH 3 hydrogen-water oxygen rdfs. For the donor molecule
(NH 4, solid curve), hydrogen bonding interactions are clearly revealed by the first
peak at 1.9 A, which is in exact agreement with a previous study of the solvation
of methylammonium ion in water [21]. Integration of this peak to 2.5 A yields 1.4
water molecules per hydrogen. Thus, the total number of nearest-neighbor water

H-0 Radial Distribution Functions
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------. Acceptor Hydrogen
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Figure 4. Amino hydrogen-water oxygen radial distnbutton functions.
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Figure 5. Nitrogen-water oxygen radial distribution functions.

molecules for the donor is 4.2, which may be compared with the value of 3.9 for
methylammonium ion [ 21]. Hydrogen bonding interactions between the acceptor
ammonia hydrogen and water are much weaker as expected. The dashed curve in
Figure 4 displayed only a small shoulder in the H -0 rdf. The hydrogen-bond
donating ability of NH 3 is known to be poor from ab initio calculations and gasphase microwave experiments [22]. The N- 0 rdfs in Figure 5 confirm the pattern
of hydrogen bonding interactions noted above with a sharp first peak for the donor
monomer (solid curve) and a broad distribution for the acceptor nitrogen
(dashed curve).
Finally, the rdfs for the transferring proton with water are shown in Figure 6.
Due to steric congestions from the donor and acceptor NH 3 groups in
[H 3N -H - NH 3] the migrating proton is not well hydrated by the solvent
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Figure 6.

Radial distribution functions for the migrating proton with water oxygen (solid

curve) and hydrogen (dashed curve).
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molecules. Thus, the peaks occur at larger distances than those shown in Figure 4.
Furthermore, the broad, structureless distribution for the H - H rdf indicates that

the water hydrogens have considerable orientational freedom in forming hydrogen
bords with the solute.
Conclusion

We have presented the results from Monte Carlo simulations of the proton transfer
in [ H3N - H- NH 3 I' in water using the combined QM/MM-AM I/TIP3P method.
The solvent effect was found to significantly increase the classical activation free
energy over that in the gas phase. The barrier to proton transfer is sensitive to the
distance between the donor and acceptor nitrogen atoms. Although the quantummechanical nuclear tunneling was not specifically considered, the present st,,dy
shows that the hybrid QM/ MM-AM I /TIP3P potential can provide adequate descrip-

tion of the solute-solvent interaction for the proton transfer process in solution,
and the method may be used in a model that treats the proton motion quantum
mechanically and the solvent dynamics classically.
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Abstract
The electronic and geometrical structures of exchange-coupled open-shell systems such as
bis(methylene) methane and the chromium-methylene cation were investigated by the molecular orbital
and its extended methods: RHF, UHF, UNO-CAS, RMP, UMP, PUMP, APUMP, UCCSD(T), UNO-Ci and
QCISD(T). The fully optimized geometries of these species by the energy gradients of uMPn solutions are

consistent %ith the experimental values. The total energies of the lowest and highest spin states were
calculated in order to el-icidate the effective exchange integrals in the Heisenberg model for methylene
and bis(methylene)methane. The spin projection is necessary for the UHF-based wavefunctions in the
lowest spin state of the species. The binding energies for the chromium cation-methylene double bond
were calculated by both spin-unprojected and -projected methods. It was found that the binding energy
between Cr' and 3CH 2 by APUHF QCISD(T) is in accord with the experimental value. © 1993 John Wiley
& Sons. Inc.

Introduction
Recently electronic and geometrical structures of unstable molecules and their
clusters have received particular interest, since computational methods for stable
closed-shell molecules and concerted reactions are rather established. One of the
remarkable features of unstable molecules such as diradical and polyradicals is that
the restricted Hartree-Fock (RHF) and open-shell RHF (ORHF) solutions for these
systems suffer, respectively, from the so-called triplet instability and/or spin-flip
(SF) instability [1]. Then the spin and electron correlations are nondynamically
important, indicating the necessity of beyond Hartree-Fock theories and computations [2]. As a rontinuation of the previous work [I] (hereafter it is referred to
as the Part I), we here summarize our recent theoretical approaches to unstable
chemical bonds involved in exchange-coupled open-shell systems.
We first summarize theoretical backgrounds in the next section, where advanced
MO techniques are examined in relation to chemical pictures and models for unstable
molecules [1] . Both spin-restricted and unrestricted post-Hartree-Fock methods
are briefly reviewed in the next section. In order to explain practical aspects in ab
initio computations, we investigate the electronic structures of methylene and
bis(methylene) methane in the third and fburth sections. The effective exchange
integrals for these species in the Heisenberg model are calculated by the total energy
* Also at Department of Chemistry, Faculty of Science. Osaka University, Osaka 560. Japan.
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 501-515 (1993)
©e1993 John Wiley &Sons. Inc.
CCC 0020-760b/93/010501-15
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difference between the lowest-spin (LS) and highest-spin (HS) states. The direct
exchange-coupling energies between chromium cation and triplet methylene are
examined by several computational methods in the fifth section.
Theoretical Backgrounds
Instabilityof Chemical Bonds in Open-Shell Systems
The ab initio restricted Hartree-Fock (RHF) molecular orbital (MO) method [3]

has been utilized for elucidation of electronic structures of closed-shell organic
molecules such as homopolar and polar nonradical species. In order to eludidate
geometrical parameters such as bond lengths and angles, together with electronic
structures, a variety of ab initioRHF and RHF-based post Hartree-Fock calculations
have already been carried out for organic molecules and organic reaction intermediates [4].
However, the intrinsic deficiency of the RHF MO method is that it cannot describe
a dissociation process of a covalent bond even in a qualitative sense. An approach
to this problem within the Hartree-Fock (HF) MO framework is to use the unrestricted HF (UHF) theory [5]. The bifurcation of the RHF MOS into the DODS MOS
occurs at the triplet (T) instability threshold where the lowest eigenvalue (X0 = 0)
of the T-instability matrix is zero [ 3,6-8]. This means chemically that a molecule
under consideration has a singlet diradical character [91. Generally, the UHF MO
method offers a qualitatively correct orbital picture and orbital correlation diagram
for the dissociation of a covalent bond, being applicable to diradical and polyradical
species [ 10]. However, the UHF-based wavefunctions for singlet diradicals and lowspin species suffer from the spin contaminations arising from high-spin states [ 5,
leading to spin-projection or spin-restricted procedures described below [11-13].
UNO-CASCI

and CASSCF Methods

A spin-restricted method for the elucidation of electronic structures of unstable
molecules, particularly of open-shell species such as diradical and polyradial species,
is the multiconfiguration self-consistent-field (MCSCF) method [ 2 ]. As an extension
of the MO-theoretical approach to unstable molecules, we have investigated the
utility of approximate natural orbitals and their occupation numbers determined
by the UHF calculations for selections of active orbitals and for rapid convergence
of the muhtireference (MR) configuration interaction (CI) and MCSCF calculations
[14,15). Recently, Pulay and his coworkers [16,17] have also demonstrated that
the UHF solutions can be used for determining approximate natural orbitals that
are starting trial orbitals for effective MCSCF calculations of complex open-shell
species.
In order to elucidate the open-shell characters, the UHF solution is expressed by
the corresponding molecular orbitals (CMOs) [5,18 ]:

*t(tUSF) = I1X×TI 2V2 - - Xv,•I

(1
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where X, and 1, are CMOS, which are related to the UHF natural orbitals (UHF
NO = UNO)(p,
XHO-i

=

COS W (PHO-t +

sin

(HO = HOMO, LU = LUMO),

w pLu+,

(2a)
(2b)

77HO-1 = COS W (PHO-, - sin W PLU+,,

where w is the orbital mixing parameter. The localized natural orbitals (LNO) ant.
magnetic orbitals are defined as the corresponding MOs at the strong correlation
limitw• = 450 [19]:
XHO-,(LNO) = (WHO-,

+ (LU+,)/V2

(HO = HOMO, LU = LUMO),

?/HO-, (LNO) = ((PHO-, - (LU+,

(2c)
(2d)

)/V2.

The LNOS are useful for the valence-bond (VB)-like explanations of the UNO complete active space (CAS) configuration interaction (CI) wavefunctions [1, 14 ].
The natural orbital pairs ((oHO-,, (PLU+,) in Eq. (2) are usually the bonding and
antibonding MOs, and these are spatially symmetry-adapted orbitals in contrast to
generalized valence bond (GVB) natural orbitals [I], which are often bond orbitals.
The occupation numbers (n.) of these NOs are given by the orbital overlap between
the corresponding orbital pairs (XHO-, and i7HO=,) as
17HO-,(UHF) =

+ Ti,

flLU+a(UHF) =

1 - Ti,

(3a)

where
T",= f Xb dr = b,,

(4)

T,,=T,.

Judging from the magnitude of the occupation numbers, we can select the active
natural orbitals for the full valence (FV) Ca or CAS CI calculations for the ground
and lower excited states [15,20,21]. When the UNO and cAs(Fv) CI vector are
utilized as trial orbitals [ 151 for the more refined FV -type MCSCF calculations [ 151
for a state under consideration, the procedure is often called as UNO-CASSCF or
UNO-CAS [18].

The interrelationship between the UHF, spin-projected UHF (PUHF) and UNO
CASSCF methods is clear. As an example, let us consider the case of diradical species
in which the corresponding orbitals are essentially equivalent to the closed-shell
MOS p except for a diradical pair [1,22,23 ]:
(5)
X, = ?It (A, (i = 0,1,2,..... HO -- i).
The singlet UHF orbital configuration IXH01oHO I for diradicals does not express the
pure singlet state. The spin projection of the configuration into the singlet state
(PUHF) is necessary for a quantitative purpose:
'P(PUHF) = I(PITiP2{XHO•"H

= cos 2 WIT

-sin

2

2'Pi2

+ 17HOX-O} I
"'PHc

WIPTI(I•AP2 ..•

(6a)

"oI
LU•LU1 ,

(6b)
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where w is defined by Eq. (2). The PUHF wavefunction is the 2 X 2 multiconfiguration wavefunction constructed from the ground and doubly excited state
functions.
The diradical character y is defined by the weight (IR'd) of the doubly excited
configuration in the MCSCF theory and it is formally expressed by the orbital overlap
T,in the case of the PUHF theory [1,5,23,24]:
y, = 2TW= I - 2"T,/(1 + T2,) .

(7a)

The diradical characters by the PUHF method are 0% and 100% for closed-shell and
pure diradical states, respectively. The occupation numbers of UNO for polyradicals
in the PUHF state are generally given by
nHO-,(PUHF) = [ntio-,(UHF)1 2/(l + T,2),

(3b)

nLU+,(PUHF) = [nLU+,(UHF)1]/( I + T1).

(3c)

Therefore, the occupation number of an antibonding UNO is nothing but the diradical character for a chemical bond i:
nLU+,(PUHF)

=

J'LU+,.

(7b)

Generally, the UNO CASSCF method should involve at least all the active pairs of
UNOs, which are responsible for di- and polyradical states. Therefore, the UNO CAS
wavefunction includes the nondynamical part of electron correlation correction.
Single Reference (sR) Post-Hartree-FockMethods
The R(U)HF and UNO-CASSCF wavefunctions do not involve the so-called dynamical electron correlation effect. Several post Hartree-Fock approaches have
been succesfully used for simple and efficient computations of electron correlation
energies [24,25 ]. For closed-shell molecules and singlet species without strong diradical characters, the reference wavefunction is usually for the RHF type:
*I'(RHFX) = *I'(RHF) + lT(X correction),

(8)

where the X's mean the post Hartree-Fock methods: nth-order Moller-Plesset
perturbation (MPn), coupled-cluster double (CCD). cc single double (CCSD), CCD
plus single and triple purturbation (CCDST4), quadratic SD configuration interaction
(QCISD), and QCISD plus triple excitation [QCISD(T)], etc. [25]. The RHF-based
wavefunctions are quite acceptable wavefunctions for closed-shell species and singlet
species with weak diradical characters. However, they often over(under) estimate
the correlation correction for singlet species with strong diradical characters, indicating the breakdown of the RHF-based approaches [26].
For open-shell molecules and singlet species with strong diradical characters, the
reference wavefunction is of the UHF type:
*(UHF X) = 'Y'(UHF) + 'I'(X correction),

(9)

where the X's are the same as those in Eq. (8). The UHF-based wavefunctions are
acceptable wavefunctions for doublet radicals, tnplet diradicals, and high-spin
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polyradicals at or close to the equilibrium geometries. For singlet diradicals and
low-spin polyradicals, however, they are often heavily contaminated by higher spin
states. The MP, cc, and QCi theories do not remove these contaminations involved
in the UHF reference function in Eq. (9).
Schlegel [12] has proposed a spin anihilation procedure for the UMPn (n = 24) wavefunctions based on Lbwdin's projection operator 0 [ 27]:
S=J+I

0=

-I {S 2 -J(J+ I)}/{S(S+ 1)- J(J+ 1)},

(10)

S=J4 I

where S is given by the difference between up (Na) and down (Nb) spins. i.e., S =
'(NA1 - Nb) and where the cases of I = I and I = 2 correspond, respectively, to
Schlegel [ 12 ] and Handy [ 131 projections. Generally speaking, the spin projection
is necessary for all the split pairs ( T, < 1.0) in Eq. (2). The incomplete projection
often suffers from the so-called size inconsistent problem: The size inconsistency
means that the total energy of a cluster consisted of n molecules is not equal to n
times the energy of one molecule even at the dissociation limit.
Approximate but Size-Consistent Spin Projection Procedure
A size-consistent but approximate spin projection procedure was also proposed
[10,11 ]. Let us first consider the diradical case given by Eq. (6). If the contamination
of the singlet wavefunction is assumed to be arisen only from the triplet state in
the case of the singlet diradical, then the singlet UHF-based wavefunctions can be
written as
"I(UHF X) = C, '4(PUHF X) + C,3 4(PUHF X).

(11)

where q-(PUHF X) denotes the UHF X wavefunction for the pure q spin state and
C, and C,are the coefficients of the pure singlet and triplet components, respectively.
Because of the second term in Eq. (I I ), the 1It'(UHF X) wavefunction will have
an expectation value' (S 2) of the total spin operator different from zero. There,. re,
the coefficient of the triplet component can be calculated by
C2 = I(S

2

3

>(UHF X)/

(S

2

(12a)

>(UHFX).

The total energy of the pure singlet state is approximately given by
'E(APUHFX) ='E(UHFX)+fX[E(tHFX)-

3

E(UHFX)],

(13a)

where APUHF X denotes the approximate PUHF X and "E(Z) denotes the total
energy for the RW*
spin state by the method Z. The correction factor f is given by
f= C?/( I

--

C?)

=

'(S

2

>(UHF X)/[

3

(S

2

>(UHF X) - '>S

2

)(UHF X)].

(14a)
Equation (13a) is applicable to polyradicals [11,28] where the f-factor is approximately given by
I= [LS(s 2 )(UHF X) - S(S + I )]/[HS(S 2)(UHF X) - -'(S 2 )(UHF X)],
(14b)
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where LS and HS mean the lowest spin and highest spin states, respectively. Since
the computation of " (S 2 )(UHF X)-value is not easy, it is estimated by the extrapolation from the UMP2 value

"W(S2)(UHFX)

= "'(S

2

)(UMP2) + g X [ H(S 2>(uMP2) - "'(S

2

>(UHF)],
(15)

g

=

[ E(UHFX) - " E(uMP2)]/[ "E(uMP2) - HE(UHF)]

(16)

The approximate spin projection procedure is applicable to all UHF-based post
Hartree-Fock wavefunctions in the strong correlation regime.
Multireference (AIR) Post Hartree-FockMethods
The multireference (MR) methods are inevitable for very accurate descriptions
of unstable molecules in the intermediate correlation regime and excited states in
general [1]. In principle, the MR zero-order wavefunction can be constructed by
the UHF CI within active UHF MOS, which are responsible for diradical and polyradicals [15]. For example, two occupied and two unoccupied MOs are selected as
active UHF orbitals for diradicals; the number of active MOs are twice as compared
with the spin-restricted approach. The MR UHF CI and related methods are useful
for heavy atom systems, where spin-dependent interactions such as the spin-orbit
interaction are particularly important.
In order to reduce the number of active orbitals, we have proposed the use of
symmetry-adapted UHF NO for MR post HF calculations in the case of spin-free
molecular systems [1,14,15], where the UNO CASCI wavefunction is taken as the
zero-order wavefunction:
*(MR X)

= 'i(UNO-CASCI)

+ I(X correction),

(17)

where X is given in Eq. (8). If the coupled-cluster (cc) single excitation operator
is employed for X, the resulting solution is equivalent to the UNO CASSCF wavefunction as discussed previously [ 15 ]. The UNO CASCI reference is also used for the
UNO many-body perturbation (PTn) and UNO coupled-cluster single and double
(CCSD) method [15]. The second-order UNO-PT method can be applicable to relatively larger systems for which UNO-CASSCF and MR SD CI calculations are not
practical. Recently several partitioning schemes of effective Hamiltonians are proposed for efficient PT computations [29,30]. Figure I illustrates computational
schemes for the ground and excited states of unstable molecules.

Singlet-Triplet Energy Separation of Methylene
Methylene is usually investigated as a calibration of several levels of computations
[31]. The RHF solution of methylene is triplet-unstable [5,9], being reorganized
into the singlet UHF solution, where the split HOMOS for the up and down spins are
given by
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APUHF X

AP
UNO-CASSCF

UNO-CASCI

UHFUHX

UHF-NO(UNO)

stability

occpation
number

condition

H

X = MP, CC(S)D,QCISD(T)
Figure I. Schematic illustrations of theoretical approaches to unstable molecules such
as singlet diradicals and polyradicals. The constructions of appropriate UHF solutions are
particularly important in this approach. To this end, UHF MOS for fragments are useful as
starting orbitals for SCF cycles. The natural orbital analysis of the UHF solutions is also
important to perform the spin-restricted post HF calculations.

XHO= cos o o + sin () 7r,

(2c)

=cos o c - sin W 7r.

(2d)

77o

Figure
2(A) illustrates the shapes of molecular orbitals in the IRHF, 'UHF, and
3

UHF solutions. The orbital overlap THO between the split MOS in the 'UHF solution
is 0.537 at the singlet optimized geometry (see below), and therefore the diradical

character y is only 17%. The PUHF solution for the singlet state is expressed by the
2 X 2 UNO CI form as
*(PUHF) = I{ XHCOn"

+ 77HoXHO} I

= cos 2' co IorI - sin2'lr*I

.

(6c)

Therefore, APUHF post HF wavefunctions such as APUHF CCSD are approximately
equal to those of two-reference post HF methods in Eq. (17).
The post HF calculations were carried out for the calculated geometries [31]:
(A) R(C-H) = 1.0832 A and (HCH = 132.30 for the triplet methylene and (B)
R(C-H) = 1.1118 A and (HCH = 102.40 for the singlet methylene. Table I
summarizes the total energies by the RHF- and UHF-based 6-3 lG* calculations and
the adiabatic energy differences between the singlet (S) and triplet (T) states.
From Table 1, the following should be noted: (I) The singlet UHF 6-311 G**
solution is more stable by 11.6 kcal/mol than the RHF solution in accord with the
triplet instability of the RHF solution. (2) The spin projected UHF (APUHF) solution
is less stable by 3.7 kcal/mol than the UHF solution because of the removement of
the ground-triplet contaminant. (3) The (S 2)-values for singlet UHF-based methods
are about 0.7, indicating the necessity of the spin projection, whereas they are about
2.0 for the triplet UHF-based methods. (4) The energy correction for UHF QCISD(T)
by the approximate spin projection is 0.9 kcal/mol. The energy difference between
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einglet(S)
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H

T
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(1 UHF)
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(B)

T3

805A
H

Sb1.4

T2

(B)

H*~

40

S"2Jab

Cr----CL 114 4o

PC

1.eBA

Cr

ý H

3

' CH2

Figure 2. (A) Energy levels are diradical orbital configurations for methylene. (B) energy
levels of bis(methylene)methane constructed of triplet methylenes via the through-bond
coupling and the optimized geometry by the UMP2 6-31G* method. (C) Exchange-coupling
between chromium cation and triplet methylene and the partial optimized geometry by
the UMP4 method.

the RHFQCISD(T) and APUHFQCISD(T) is only 0.5 kcal/moL This means that RHF
QCISD(T) works well in the case of weak singlet diradicals. (5) The S-T separation
is calculated to be 29 kcal/mol by the energy difference between singlet RHF and
triplet UHF energies, whereas it is 21 kcal/mol by the energy difference between
IAPUHF and 3UHF. (6) The S-T gap is 12.6 kcal/mol by the difference between
RHFI
and 3UHF QCISD(T) total energies, whereas it is 12.7 kcal/mol by the total
energy difference between 'APUHF and 3UHF QCISD(T).
The S-T separation at the QCISD(T ) level is the same as that of extensive CASSCF
MBPT calculations [30]. However, it is still larger by 0.7 kcal/mol than the full Cl
value [31].
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TABLE 1. Energy gaps bet .een its and Ls states calculated for methylene'
by several computational methods.b
AEc
Method
RHF
UHV

APUHF
PUHF (I = I)d
PUHF (I = 2)
RMP2
UMP2
APUMP2
PUMP2 (1 = I)d
PUMP2 (I = 2)
RMP4
UMP4
APUMP4
PUMP4 (I-= 1)
PUMP4 (1 = 2)
RHFCCD
UHFCCD

APUCC
RHFCCDST4
UHF CCDST4
APUHF CCDST4
RHF QCISD
UHF QCISD
APUHF QCISD
RHFQCISD(T)
UHF QCISD(T)
APUHFQCISD(T)

ts,,
-38.869754
-38.905961
-38.882616
-38.892119
-38.887879
-38.985493
-39.009446
-38.987899
-38.995325
-38.990961
-39.010397
-39.031977
-39.012708
-39.017608
-39.013148
-39.011107
-39.035334
-39.020513
-39.015589
-39.041659
-39.030009
-39.011953
-39.037480
-39.023706
-39015763
-39.045098
-39.036327

Hsp_
*

-38.933894
-38.933894
-38.936661
-38.936655
*

--39.033121
-39.033121
-39.034977
-39.034971
$

-39.053149
-39.053149
- 39.054290
-39.054284
*
-39.051619
-39.051619
*

-39.054460
-39,054460
*

-39.052614
-39.052614
,
-39.054735
--39.054735

(kcal/mol)
(29.2)
17.7
21.4
19.4
20.5
(18.0)
14.0
16.0
15.1
16.3
(13.8)
12.3
13.5
13.0
14.2
(13.4)
12.0
13.0
(12.5)
11.6
12.4
(13.4)
12.0
13.0
(12.6)

11.8
12.7

'R(CH) = 1.0832 A. LHCH = 132.30.
b 6.31 1G** basis set.

c AE = E(Ls) - E(Hs).
8 Level of spin projection.

Through-Bond Interaction between Triplet Methylenes
As shown previously [32], the merit of the APUHF QCISD(T) is applicable to
relatively larger clusters of open-shell species. As a simple example of tetraradicals,
here we examine bis(methylene)methane 2 (HC-CH2-CH) which is formally
formed by the through-bond coupling of two triplet methylenes via the methylene
bridge. There arc two singlet, three triplet, and one quintet states for 2 as illustrated
in Figure 2(B). The lower-lying singlet (SI), triplet (T,), and quintet (Q) states
for 2 arise from the exchange coupling between the ground triplet methylene units
as illustrated in Figure 2(B). The UHF wavefunctions for the Q state are approximately given by the symmetry adapted UHF NOs as
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T(Q) = I01,P-,.V;--21 ,

(18)

where UHF NO are given by the bonding and anti'-iding a and ir MOs constructed
of the linear combination of the a and ir radical orbitals of methylenes a and b:

= (aX- ±

±,

)/VV2,

0±2

(rx ± 7rr)/Y ,

(19)

where X( Y) denotes the site a or b. Therefore the corresponding MOs for the singlet
UHF solution I aaXjb,I are approximately given by
Xx= cos w, ý, + sin w, 9A =cos W1 (P2

=

cos(w,

ir/4) il + cos(w1 + ir/4) ay,

-

+ sin W2 (P-2 =cos(W2 -r/4)

7rx +cos(SW2 + lr/4) ry'.

(20a)
(20b)

The natural orbital (NO) analysis of the single: UHF 6-3 1G* solution for 2 shows
that the orbital overlaps for a- and 7r-type corresponding MOs are 0.0019 and 0.0331,
respectively: namely, w, = w2 •- 7r/4, and thereore Xa, Ca,
r ýa = 7ra, Xb =_ Ub and
- 7rb.
lb The corresponding MOs are essentially equivalent to the a and r radical
MOs of methylenes a and b, respectively.
Full geometry optimizations of the quintet state of 2 have been carried out by
using the energy gradient of the UMP2 6-3 1G* wavefunction. Figure 2(B) shows
the fully optimized geometry of 2. The total energies of the lowest spin (LS = S1 )
and highest spin (HS = Q) states of 2 at the optimized geometry were calculated'
by several post HF methods, and the refinements of the total energies for the LS
state were conducted by the spin projection procedure in the second section. The
energy gaps between the LS and HS states were determined from these total energies,
being equivalent to 6Jab values in the Heisenberg Hamiltonian as illustrated in
Figure 2(B):
HHB

Jab = [LSEuHFA

-

-

HSEuHFA]/[HS(S

2

•
2

JahS,,'Sb,

)(UHFX) - LS(S 2 )(UHFX)] ,

(21a)
(21b)

where S, denotes the spin at the site c (=a or b).
Table II summarizes the calculated results. From this table, the following conclusions can be drawn: (I) The LS-HS energy differences are positive by all computational methods. Then bis(methylene)methane with the C2, symmetry is the
HS ground-state molecule. (2) The energy differences by the spin-unprojected UHF
CCD(UCCD), QCISD, QCISD(T), and UMP4 methods are quite similar. (3) The (S 2 )
values for the singlet post UHF wavefunctions are about 2.0, showing the necessity
of the spin projection to obtain the pure singlet state wavefunctions. (4) The energy
differences by UMPn, QCISD, and QCISD(T) increase by 40-50% after the approximate
spin projection of the LS (singlet) solution. (5) The energy difference by the UHFbased post HF methods are close to those of the spin-symmetry adapted post HF
calculations: namely, UNO-CASSCF by the use of the four-active orbitals and fourelectrons ( 4.4 } and MR SDCI based on UNO-CASSCF {4,4 }. (6) The energy difference
after Schlegel's spin projection, PUMPn (I-- I ), becomes abnormally large, indicating
that the single anihilation procedure breaks down in this system, and Handy's
double projection scheme [13 ], PUMPn (I = 2), also leads to the overestimation of
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Energy gaps between HS and Ls states calculated for CHCH 2
by several computational methcds.b

TABLE Ii.

'H°

AEc

Method

HSLý

(cm :)

-115.731980
-115.731980
-115.736351
-115.736316
- *14.736316
-115.637639

1132
1704
144810
4690
1207
1045

-116.016101
-116.016101
-116019048
-116.019017
-116.019017
-115994575

1097
1650
144469
4352
861
1355

LSEw

RHF

-115.606953

UHF
APUHF

PUHF (1 = 3)
CASSCF (4.4}
RMP2
UMP2
APUMP2
PUMP2 (I= I)d
PUMP2 (I = 2)
PuMP2 (I = 3)
MRSDCI

-115.726823
-115.724216
-115.076390
-115.714942
-115.730817
-115.632879
-115.928650
-116.011102
-116.008583
-115.360641
-115.999185
-116.015094
-115.938403

RMP4

-115.984004

*

UMP4
APUMP4
PUMP4 (I= !)d
PtiMP4i ( = 2)
PUMP4 ( = 3)
MRSDCIe

-116.057428
-116.055141
-115.406948
-116.045485
-116.061418
-115.969039

-116.061969
-116.061969
-116.063810
-116063782
-116063782
-115.975804

RHFCCD

-115.978510

UHFCCD
APUCCD

-116.049360
-116.047115

RHF CCDST4

-115.994211

*

UHFCCDST4
APUHFCCDST4

-116.060536
-116.058356

-116064864
-116.064864

950
1429

RHF QCISD

-1 15.982453

UHFQCISD
APUHFQCISD

-116.053440
-1 16.051251

- 116.057786
-116.057786

954
1435

RHF QCISD(T)

-

UHFQCIsD(T)
APUHFQCISD(T)

-116.061562
-1 16.059390

PUHF (I = I)d
PUHF (I= 2)

*

996
1499
144130
4015
519
1485

*

-116.053758
-116.053758

15.994910

*

-116.065875
-116.065875

965
1452
*

*

946
1424

At the optimized geometry for quintet state.
b 6-31G* basis set
c AE = E(I.s) - E(HS).
d'
of spin projection.

Davidson correction.

the energy gaps, as compared with those of QCISD and MR SD CI, because of the
multiple bond splittings. The triple projection, PUMPn (I = 3), rather underestimates
the energy gaps because of the overstabilization of the LS state.
From these conclusions, the LS-HS energy gaps by the UHF-based post HF methods

(for example, UHF QCISD) followed by the approximate spin projection are almost
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equivalent to those of the spin-restricted post HF methods such as MR SD CI//
CASSCF. Judging from the numerical data in Table II, the APUMP2 method is practically useful for semiquantitative calculations of the LS-HS gars [Jab in Eq. (21b)]
in larger systems.
Chromium-Methylene Complex
Carter and Goddard [33] have shown that the high-spin (6 Bi) state of the chromium-methylene ion 3 is calculated to be more stable than the low-spin ('BI) state
when the open-shell RHF method is employed. Their perfect-pairing (PP) generalized
valence bond (GVB) calculations have also failed to reproduce the greater stability
of the 4B, state. Thus. the nature of the naked chromium-methylene bond appears
to be much different from that of the corresponding carbene complexe (CO)sCr =
CXX' satisfying the 18-electron rule, for which the closed-shell RHF description is
reasonable. In other words, the a- and 7r-bonds between Cr- and 3CH 2(3'BI) in the
"4B, state are not so strong as described by the closed-shell bonding pairs [33],
showing the triplet-type instability [1].
The highest-spin (Hs) UHF solution for the 8B1 state is given by the bonding and
antibonding a and 7r natural orbitals (NOS) as
'I'( 8 B) = IKSO°Sp.S....

I
2

(22)
2

where K denotes the high-spin d-electron part (dzy dX - y dxy). The spin-polarized
corresponding a- and ir-orbitals are given by the orbital mixings as
X, = cos w 9, + sin w (p,.,

7o =

cos oW
SP - sin Wo(.,

Xý = cos w spo+ sin wp,..

r = cos w (p, - sin w ...

(6e)
(6f)

The intermediate (6'B) and lowest-spin (4BI) UHF solutions are therefore given by
'( 6 B 1 ) = IKxVýýp.p.1,

T(4BI)

= IKXoX,,tX

I

.

(23)

These UHF solutions were obtained by the use of the basis sets: Tatewaki-Huzinaga
MIDI- I supplemented by the 4p-AO with the same exponent as that for the 4S-AO
and by the Hay's diffuse d-orbital (a = 0.0912) for Cr and MIDI-I plus diffuse
orbital for C and 4-3 IG for H. The orbital overlap T, for the a-corresponding MOs
in the 4B, state is 0.952, whereas it is 0.302 for the ir-corresponding MOs; note that
T, is 0.342 by GVB PP. The a-bond is regarded as a stable covalent bond. On the
other hand, the ir-bond is a diradical pair with the moderate diradical character
(45%). The 4B, state is calculated to be more stable by 15.1 kcal/mol than the 6 B,
state even at the UHF level, in contrast to the GVB PP result [34]. The 4B 1- 6B,
energy gap becomes 19.0 kcal/mol after the approximate spin projection (APUHF)
by the use of the 8B, UHF energy. The latter value is in accord witti the MCSCF
value ( 17.7 kcal/mol) [35].
Figure 2(C) illustrates the energy optimized geometry of (CrCH 2)÷ by UMP4.
The binding energy between Cr' and sCH 2 has been calculated by the UHF-based
post HF methods by adding thef (a = 0.9), d (ax = 0.6), and p (a = 0.164)
polarization functions for Cr, C, and H. respectively. Table III summarizes the
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TABLE Ill. Total energies of chromium-methylene caption and methylene
and binding energy between chromium cation and triplet methylene by postHartree-Fock methods.

Method

(CrCH2 )÷

CH 2

BE'
(kcal/mol)

UHF
APUHF
PUHF (I = 1)
PUHF (I = 2)
PUHF (I = 3)
PUHF (I = 4)
UNOCAS J7,7)
UMP2
APUMP2
PUMP2 (I = 1)
PUMP2 (I = 2)
PUMP2 (I = 3)
PUMP2 (I = 4)
UMP4
APUMP4
PUMP4 (I = 1)
PUMP4 (I = 2)
PUMP4 (! = 3)
PUMP4 (I = 4)
UHF CCSD
APUHF CCSD
UHF QCISD
APUHF QCISD
ccst(T)
APUHF CCSD(T)
UHFQCISD(T)
APUHF QCsD(T)

-1081.590694
-1 081.596224
-1081.588557
-1081.588764
-1081.588754
-1081.588754
-1081.614535
-1081.783325
-1081.791261
-1081.781178
-1081.781385
-1081.781375
-1081.781375
-1081.811054
-1081.819342
-1081.808911
-1081.809118
-1081.809107
-1081 809107
-1081.814276
-1081.822728
-1081.817769
-1081.826810
-1081.823399
-1081.832696
-1081.825574
-1081.835054

-38.732592
-38.132592
-38.735148
-38.735143
-38.735143
-38.735143
-38.735148
-38.822338
-38.822338
-38.823986
-38.823981
-38.823981
-38.823981
-38.838798
-38838798
-38.839782
-38.839777
-18839777
-38.839777
-38.838552
--38.838552
-38.838585
-38.838585
-38.839856
-38.839856
-38.839871
-38.839871

10,8
14.3
7.89
8.02
8.02
8.02
25.8
36.6
44,6
34,2
34.4
34.3
34.3
39.5
44.7
37.6
37.7
37.7
37.7
42.3
47.6
44.3
50.0
46.5
52.4
47.8
53.8

Binding energy.

total energies of the chromium-methylene cation and triplet methylene and the
calculated binding energies.
From Table III, the following conclusions may be drawn: ( I ) The binding energies
(BEs) are II and 14 kcal/mol by UHF and APUHF, respectively, whereas it is 26
kcal/mol by UNO-CASSCF {7,7 }. (2) The (S 2 )-values for the quartet UHF-based
wavefunctions are about 4.7, being larger than the exact value (3.75). (3) The BEvalues are 37 and 40 kcalimol by UMP2 and UMP4, respectively. The binding
energy is 45 kcal/mol by APUMP4, indicating that the spin projection effect is
significant, as expected from the (S 2 >-value. (4) The BE-values are 47 and 48 kcal/
mol by UHF CCSD(T) and QCISD(T), respectively. After the approximate spin projection, they are 52 and 54 kcal/mol, respectively.
The binding energy by APUMP4 is similar to the GVB CI valuc (44 kcal/mol)
[33]. The BE-value by APUHF QCISD(T) is close to the experimental value (53.6
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kcal/mol) by Armentrout et al. [361, The present result indicates the importance
of" both dynamical correlation and spin-projcction corrections for unstable
(lTr-p1r

bonds.

Concluding Remarks

The spin projection is nccossary for unIw-based post H-Jarlrce-Fockwave functions
[37 ] if systems under consideration have unstable chemical bonds with significant
diradical and polyradical characters. The approximately spin-projccted UHIF
(A VU [F) (X'lS,)(") and CCSD(,F) methods are applicable to qualitative computations
of the i.s-uis energy gaps in exchange-coupled open-shell systems and naked transition-metal carbon bonds. The APUHF MP2 (APUMP2) method is useful for qualitative purposc [ II ]. The UNO-CASSCF method is applicable to rather complex systems such as organo transition-metal systems.
The ui1F-based post iIn mehods are particularly useful for theoretical investigations of exchange-coupled organic systems such as clusters of triplet carbencs
[38], high-spin oligomers, clusters of stable nitroxides, etc.. for which the spin
polarization cfli.cts play important roles in spin alignments [39-42. ]These systems
are receive('
irrcnt interest from the view point of molecular magnetism, for example, organic ferromagnet [43,44]. The present computational schemes are used
for molecular design of organic magnetic materials [451.
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Quantum Wavepacket Dynamics for the 1
States of Boron Hydride
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Abstract
We investigate the intramolecular dynamics of the ground state and the first three singlet 'X* excited
states of boron hydride (BH) using the split-operator method. Ab intio calculations show that these
states have strong nonadiabatic couplings, resulting in a complex topology of avoided crossing regions
and double well potentials. We attempt to find a method to populate the second minimum of B 'Z+
enabling experimental observation of its vibrational states. © 1993 John Wiley & Sons. Inc.

Introduction
The first four 'Y + states of BH have been studied spectroscopically by various
authors [1]. For each of the states, at least one vibrational level has been observed.
There are several ab initiostudies of BH [ 2 ]. These ab initiocalculations show that
the B '2 + potential curve has a double minimum. The vibrational levels which are
localized in the outer minimum, however, have not yet been observed experimentally. In this contribution we are looking for a method to populate vibrational levels
in the second minimum of the B "T+ state. The frequencies associated with transitions from these states are sufficiently different from those originating from the
inner minimum that they can be easily discriminated.
The next section presents the FFr split-operator method and the Hamiltonian
used in our calculations. In the third section, we give short description of the electronic states involved and the method used to calculate them. We will discuss our
results in the fourth section. It appears that a direct excitation process cannot create
the required population of the outer minimum. The procedure we investigate consists of three steps. In the first one we create an electronic excitation. The fifth
section contains the conclusions to be drawn from this contribution.
Time Propagation
We consider a one-dimensional model for BH, neglecting effects of rotation.
Four electronic states of the diatom are included: the X ' + electronic ground state
* Research associate 1lKW, Belgium.
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 517-526 (1993)
CCC 0020-7608/93/010517- l0
(c) 1993 John Wiley & Sons, Inc.

518

BROECKHOVE ET AL.

and three (closely) coupled excited electronic states, B '2;+, C 1Z+, and E 'Z+ in
order of increasing dissociation energy. We study the interaction of the vibronic
degrees of freedom BH with an ultraviolet laser and a strong infrared laser (applied
both separately and simultaneously).- In what follows, we will use atomic units
unless stated explicitly.
The time evolution associated with the nuclear motion is obtained as a solution
of the time-dependent Schr'dinger equation (TDSE):
L-= (a

+ 141 + Ant),

(4)

where * is a four-component wave function, one for each of the four electronic
states mentioned above,
4

(X, R, t) =

,(R, t)?, (X; R).

(2)

Each *I,, represents the nuclear motion on the associated electronic potential. Projecting on the electronic states 17,leads to the set of four coupled equations
a
at

= Z (Hý,, + A,,Ea(t) cos(wt))41,,
J

-4,

(3)

where X represents all the electronic coordinates and R is the internuclear distance.
The different matrix elements are given by
0
aI- R,=
R2 F U,(R) + g,,(R),
(4)

/ 0) 1

fijR, 'OR)O
a
uj(R) + 2f,,(R) •- + &~(R),
/ti =/ 4,

(5)
(6)

The various potentials and coupling are given by the formulae
g&(R)

=

(l/2m)(Th(R) I

2

/0R 2I n(R))x,

(l/2m)(n,1 (R)I0/0R1 j(R))x,
7

=(R)

Uj(R) = (n,(R)lIeiIJnj(R))x,

(7)

(8)
(9)

with m the reduced mass of the molecule and A,, the matrix elements of the dipole
operator. ( )x means integration over X.
The equation will be solved numerically on a one-dimensional grid with the
initial condition that one component 0J -isan adiabatic vibrational state X, and the
other components are zero. The vibrational eigenstates are obtained using a shooting
method [ 3 ] based on the Numerov algorithm.
The propagation is done using the FFr split-operator method (for comparison
with other methods, see Refs. [4 ]). The key concept in the split-operator technique
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is to approximate the evolution operator over a small time interval as a product of
exponentials
U(t, t + e) = T exp( -i

f

11(s) ds)

(10)

Cxp (_ 12T) Cxp(_ IfdsV(s)) eXP(- 1) ) (_
which is correct up to second order in c [5]. This way, one can use a different
electronic basis set for the kinetic energy operator and the potential energy operator,
each one optimal for the exponentiation of the respective operator. While for the
case of two electronic states special formulae exist (6,71, the exponentiation of the
matrix operators in general is most effectively done by straightforward diagonalization [8,9].
The Born-Oppenheimer or adiabatic basis is the most natural to use. However,
the nonvanishing derivative coupling termsfiJ inhibit exponentiation since there is
no transformation on nuclear coordinates which can diagonalize a matrix containing
these terms. It is also known tnat the functions gli andfj are sharply peaked when
evaluated in the Born-Oppenheimer basis. In order to correctly represent them,
one either has to use very dense or nonequidistant grids. Neither of both alternatives
is computationally efficient [10]. To solve these problems, one can introduce an
alternative set of electronic functions, a so-called diabatic basis. In this basis, the
multiplicative coupling functions vary smoothly with R and the derivative couplings
are negligible. Without the derivative couplings, the kinetic energy operator can be
exponentiated by Fourier transformation to the momentum representation where
it becomes a multiplicative operator. In our calculations we use the quasidiabatic
basis as defined by Cimiraglia et al. (11,121.
The Bi1 Potentials
The calculations in this paper are performed using-ab initio potentials. Other
authors have used ab initio potentials, e.g., to study the dissociation dynamics of
CINO (131, FNo ([14,15], and H20 [161. The potentials, coupling functions and
dipole moments, were described in Ref. [12]. As can be seen in Figure 1, the first
excited state appears to have a double minimum. It dissociates into B( 2 S, 3s) and
H( 2S) but acquires a strong ionic character in the outermost well. The second
excited state exhibits an avoided crossing and a double minimum. It dissociates
into B( 2D, 2s2p 2 ) and H( 2S). In the outer minimum its character is a mixture of
B*H- and B(2 P, 3p) while in the interior region it has the same character as in
the dissociation region. The third excited state undergoes two avoided crossings,
one with the ionic state and one with the B(2P, 3p) state.
As mentioned in the previous section, our calculations are performed in the
quasidiabatic basis. The first step in the construction of this basis is the calculation
of a zeroth order adiabatic basis. The adiabatic basis was obtained by a SCF-C.
calculations at some 20 internuclear distances, starting from 1.2 a.u. A gaussian

520

BROECKHOVE ET AL.
0.3

.....
• "------"
........
---

,1•B3 p) 2.)€•-..
B (3s)

...........

0.2

-ý

!(

0.1

-0.1

-0.2

0

5

10

15

20

25

R(a.u.)

Figure 1. Adiabatic potentials for the first four 'Z+ states of BH. Values in atomic units.

atomic basis set was used, similar to that of Jaszunski et al. [17]. Some diffuse s
and p functions were added to correctly represent higher Rydberg terms of the B
atom and the H - anion. Electron correlation was treated by the CIPSI multireference
perturbation algorithm [18,19]. Spline interpolation was used to obtain the calculated functions at intermediate values of R. For further details we refer to Ref.
[20]. The zeroth-order diabatic basis is obtained by unitary transformation. The
transformation is such that it maximizes the overlap of the zeroth-order diabatic
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Figure 2. Diabatic potentials for the first four 'Z÷ states of BH. Values in atomic units.
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functions with a set of independent dialbatic reference functions. Quasidegenerate
perturbation theory is then applied to obtain the final diabatic basis set. For a
detailed description we refer to Refs. [11, 12 ].
In comparing Figures 1and 2, respectively, one notices the rather large differences
between adiabatic and diabatic potentials. The diabatic ground state minimum is
less deep and less tight than the corresponding diabatic one. The order of the second
and the third state is interchanged between the two representations. The rather
large interaction energies (Fig. 3), in particular h13, are consistent with this.
The dipole moments M,, and the dipole transition matrix elements A,, are also ab
initio results. The presence of the ionic contribution in the electronic wavefunction
is clearly visible in these quantities. In the regions where the electronic states are
characterized as ionic, the dipole moment is large and varies almost linearly with
distance.
Results and Discussion
In what follows, we investigate several possibilities to populate the second minimum of B Z + by combination of electromagnetic and nonadiabatic interactions.
Experimentally the population of vibrational states in the outer well should be
observable. We assume that the electric field is parallel to the molecular axis and
that the electric dipole approximation is valid. Two types of fields are used throughout the calculations: monochromatic fields (instantaneously switched on) and
gaussian pulses. The parameters of the field are chosen using physical arguments.
We did not use any technique to optimise the field as, e.g., developed by Tannor
and Rice [21,22] and also by Rabitz and coworkers [23-26].
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Figure 3. Off-diagonal matrix elements of the Hamiltonian in the diabatic basis. Values
in atomic units.
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It appears that one cannot directly excite a vibrational state of the outer minimum.
The Franck-Condon factors are too small: there is no appreciable overlap between
due to the difference in position of the minima
the respective wavefunctions
2
(Ri'n,,n,
2.3 a.u., RoutCr
5.8 a.u.). Only the vibrational states of B 12, which
are significantly localized in the inner well, can be excited directly from the ground
state. To create population in both wells, we will have to consider highly excited
vibrational states of B 22 +. The oscillator strengths f [27] of the corresponding
transitions show, however, that these states are also not accessible by direct EM
excitation from the • :bronic ground state (f
10-`0).
An alternative palnway of occupying B '2 + is through excitation to the other
electronic states and subsequent nonadiabatic population transfer. From our calculations we see that excitations to vibrational states of C '2; + are effective in populating B 'M+ appreciably, starting from v = 4. Again the oscillator strengths [27 ]
do not permit direct transitions. They vary in magnitude from l0-9 to l0-'. The
only remaining possibility is an electronic excitation to E ' Z'. Oscillator strengths
leave us no choice but to make a transition to the vibrational ground state (f -_
10-2 for this transition). We performed a first calculation, modeling an instantaneous monochromatic transition from X '2; to E '2;, by taking = (0, 0, 0,
X4') as initial condition. The calculation does not include an explicit interaction
with an external field. Figure 4 shows thz time evolution of the occupation probability of the electronic states. One can see that the maximum of P 2(t) is about
20% of the initial occupation probability of E ' 2. It is also clear that there is a
large recurrence of the system to its initial state after approximately 1ps. To approach
more realistic experimental conditions, which will use a pulsed laser to perform
this excitation, we performed a second calculation. Here we used i = (X°, 0, 0, 0)
as an initial condition, and we included explicitly the interaction with the external
'
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field (w = 0.28 a.u.). The pulse we use is a Gaussian with an FWHM of 50 fs and a
peak intensity of 0.4 GW/cm 2. The pulse is centered at t = 100 fs. Figure 5 shows
the occupation probabilities of the electronic states as a function of time. Clearly
the behavior is similar to the previous calculation, apart from a time delay and a
scale factor reflecting the oscillator strength for the transition. Also P 4(1) starts from
zero and grows to its maximum during the time the field is active instead of starting
from its maximum value as in Figure 4. The order of magnitade of P 2 (;, 10-')
seems small but is nevertheless sufficient for spectroscopic purposes. So far, we
only studied the time evolution of the total occupation probability of the electronic
states. By projecting 4'2(t) on the adiabatic vibrational states of B 1'+, we learn
that 02
X 216.The populations of the other vibrational states are at least 2 orders
of magnitude smaller. X 6 is not localized in one of the two wells exclusively. Our
purpose is, however, to create a nonnegligible population of some vibrational states
located in the outer well only.
Next we will investigate the adiabatic vibrational deexcitation of the B ' + state
through an applied IR field. Collisional deexcitation is not a relevant process in
view of the time scales involved. The highest vibrational state which is located
clearly in the outer well is the X2' state. Transitions to this state create the required
population. Therefore, we focus momentarily on X to optimize our field parameters. The selected transition can be induced with and without the use of intermediate
levels. Also the number ofintermediate levels can be varied: The transition frequency
can be chosen to be resonant to a single photon transition (9 = E16 - E10 ) or to
an n-photon process [12 = (E16 - E 1o)/n]. Testing various possibilities, we found
that the 2-photon process was more effective than the 3- or 6-photon process. This
we investigated using monochromatic radiation. Figure 6 shows the evolution of
the occupation probability of X26 and X2'° under the application of a gaussian laser
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Figure 5. Occupation probability of electronic states as a function of time. Interaction
with gaussian laser pulse.
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Time evolution of the occupation probabilities of vibrational states using a

gaussian pulse.

pulse with an FWHM of 500 fs, a peak intensity of 40 GW/cm 2, centered at t =
750 fs. The main difference with the monochromatic results is a decrease of the
maximum of the curve by about 10% and a decrease in the global period. The
maximum in the curve still reaches about 70% of the initial occupation of X26 ,
which is sufficiently high for the purpose of observation.
Until now we have studied the effect of excitation, deexcitation and nonadiabatic
coupling of the electronic states separately. Here we will present the results of a
combined calculation. The initial condition is 0' = (X0, 0, 0, 0). We used two
gaussian pulses. The uv pulse has the same characteristics as in the calculation
presented previously. The IR deexcitation pulse (w = 0.0045 a.u.) has an FWHM of
400 fs and is centered at t = 750 fs. From Figure 7 we see that we have succeeded
in populating X2o to z 10-'. Moreover, we can see that after the JR pulse has died
out, the population of x2° stays constant while the population of X 6 starts to
oscillate again due to the nonadiabatic interactions with the other electronic states.
The population of X2o is 4% of the total population of the outer minimum on the
average. The interaction with the IR field also causes the total population of the
outer minimum to be increased by about a factor of 2 (Fig. 8), reaching a time
averaged value of 1.2 X 10-a. From these two facts we may conclude that it should
be possible to observe the vibrational states of the second minimum experimentally.
Conclusions
Using ab initio potentials, coupling functions and dipole functions we have examined the intramolecular dynamics BH of the first four 12+ electronic states.
Looking for a procedure to populate the second minimum of '1, we found that
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it is not possible to perform a one-step excitation to the outer minimum. We proposed the following procedure: excitation by a uv laser pulse to the E 1 + state.
The nonadiabatic interactions cause the B 'V+ to be populated in a high vibrational
state. The second step in our procedure is a vibrational deexcitation by an infrared
laser pulse. We succeed in increasing the total population of the outer well and
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creating a stable population of vibrational states which are predominantly localized
in it. From the results of the combined calculation, however, we can see that there
is still much to be done on the optimisation of the parameters (e.g., width of the
IRpulse, maximum intensities of and timFe delay between the pulses).
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Inelastic He-H 2 Scattering
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Abstract
A variation of the usual semiclassical short wavelength (eikonal) method was recently applied to model
calculations of electronically diabatic atom-atom collisions. Microreversibility was computat onally imposed on the dynamics by following trajectories initiating in the ground and excited states simultaneously.
When improved transition probabilities for several two-state systems were obtained in this m.-nner, P.
multistate application was selected. Self-consistent eikonal/averaged effective potential (SCE/AEP) t~ate
to state calculations are performed for rotationally inelastic HeH 2 scattering at total energies of. I and
.9 eV. using an (8.2) basis (7 states). Phase shifted amplitudes are introduced that add constraints to
the coupled differential equations and reduce cpu time. Definite panty partial and total cross sections
compare favorably to the previous semiclassical coupled states (scs) reuults of Billing (1978) as well as
to both the quantum ADPJ. and cc results of Shimoni and Koun (1977). © 1993 John Wiley & Sons, Inc.

Introduction
For several decades the difficulty of applying purely quantum dynamical methods
to all but a handful of chemical systems has inspired the development of vanous
semiclassicaI and quasiclassical approaches [I]. Among the more serious semicl"ssical attempts is an eikonal formalism presented with some clarity by Micha in 1983

[21. This method, with refinements, has been applied to polvatomic photodissociation [ 3], electronically diabatic gas-surface scattering with [4 ] and without [ 51
surface motion, rotationally and electronically inelastic scattering of NO from an
Ag( I ll) surface [6], atom-atom elastic scattering angular distributions [7], and

atom-atom collision electronic transitions [8].
Near quantitative agreement with formally exact methods was achieved in the
electronicall, active atom-atom investigation by strictly imposing microreversibility

on the semiclassical calculations. The improvement was initially demonstrated with
three different electronically diabatic two-state models. It was accomplished by
running the excitation and de-excitation calculations simultaneously along a near
classical trajectory formed by combining the two processes. Because a major advantage of the eikonal method is that it can be extended without any fundamental
changes to accommodate a theoretically unlimited number of degrees of freedom,
the natural next step is to apply the improved version to generic multistate systems.
* National Research Council Postdoctoral Associate.
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 527-545 (1993)
(• 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010527-19
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A select case is rotationally inelastic atom-diatomic scattering. This is the simplest
case where the matrix elements are well known [91, having been exactly derived
from the laws of vector addition [10]. It has a further advantage that the energy
levels are closely spaced, a condition generally favoring semiclassical treatments.
As far back as 1977 Billing performed similar calculations for He-H 2 at collision
energies below the threshold for vibrational excitation [ 11 ]. HiE efforts even included
an ad hoc means for dealing with microreversibility. The initial velocity was taken
to be the mean of the velocities for the initial and final states. While this approach
does not achieve genuine microreversibility as the forward and reverse probabilities
are not identical, it does come close. It is highly effective and, along with related
variations, has been found useful [12 ]. Using the same potential and general development as Billing allows us to directly compare results.
Billing endorsed what he called the semiclassical coupled states method (scs)
based on three assumptions:
(i) decoupling of the rotational projection, m, states;
(fi) classical treatment of translation;
(iii) an effective potential and velocity is used.
The eikonal treatment presented here departs from these assumptions only in that
it uses an improved effective potential and no effective velocity. The advantage is
that microreversibility is precisely achieved while eliminating choices based on
intuition. Also, the formalism is developed in a way that allows uniform application,
avoiding the need for reinterpretation with each new problem.
Assumption (i) refers simply to the coupled states (CS) approximation itself.. We
do not take a position on that here, since the purpose is to explore an improved
semiclassical approach to dynamics which could be applied in either a coupled
states or close coupling (cc) context. The literature is replete with discussions of
Cs calculations [ 13 ]. While the savings in cpu time is expected to be less dramatic,
some savings may be obtained by using a variable time step differential equation
solver and semiclassical solutions in place of exact solutions in a cc calculation.
This is left for future investigation.
Assumption (fi) is the minimalist semiclassical approximation. Quantization of
translational motion is least likely to change the results in a practical sense. Eikonal
treatments generally include this feature, as do most semiclassical methods.
Assumption (ifi) considers two approximations, the effective potential and effective velocity. An effective potential is used to self-consistently couple quantum
coefficients and the classical motion. This provides a method for step-'vise generation
of the coefficients from initial conditions and the progress of the modified (near-)
classical trajectory that proceeds from the modified (effective) potential. While
there may be some variation in the expressions used for the coefficients, and differences in the differential equations also may appear, the effective potential is
seminal to both scs and Self-Consistent Eikonal (SCE) calculations. The present
work uses the recently developed averaged effective potential (AEP) in place of the
usual effective potential (EP) used in SCE calculations.
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The effective velocity is another matter. In the Scs approach, the initial velocity
is chosen to be the average of the initial and final state velocities, which is imposed
as an initial condition of the differential equations. In SCE calculations the initial
potential energy subtracted from the total energy gives the initial kinetic energy,
which has the initial velocity. No effective velocity is imposed.
This articl ;s divided into seven sections. Following the introduction, the semiclassical forn iism originally employed in Billing's work is presented and the CS
equations and some simple insights are given. Eikonal formalism and the modifications to Billing's approach that were used in the present calculations are then
discussed followed by parameters and various other details of the potential. Some
results are shown and discussed, including alternative eikonal equations that reduce
the consumption of cpu time. The final section presents conclusions, general discussion, and plans for future applications.
Semiclassical Equations (Billing)
Following Billing [II], using assumptions (i), (fi), and (ifi) gives the following
set of equations for the amplitudes a,
iht

=

X

V.., exP[

(E. - E.,)t]a.,

(2-1)

where Ea represents the vibrational/rotational eigenstate, and a is the collection
of quantum numbers (v,j, m).
The potential matrix elements are expressed

= 2j'+l 1/"2
VL..
-•+-

Z (vl(r -

F)'Iv'>fk,[R(t)]X(kj'OOIjO>(j'km'Oljm)
(2-2)

where R is the A to BC (He to H 2) separation, r the BC (H 2 ) bond length, and F
the equilibrium value of r. The first bracket on the right describes vibrational tran-

sitions and the other two are Clebsh-Gordon coefficients, for rotations. ThefA, (R)
were obtained by expanding the Krauss-Mies potential surface [ 141:
V(R, r, 3y) = IfA,(R)

(r- F)'P,(cos ,y)

(2-3)

where PA is a Legendre polynomial and -yis the angle between R and r.
The effective potential combines transition amplitudes and potential elements:
Vaff(R, t) =

.-a*,V.,
a'

x

(E. - E.,)t.

(2-4)

Because V.., = V., Veff is real and determines the relative motion, where U is the
reduced mass of A + BC (He + H 2), P is the relative momentum, I is the orbital
angular momentum quantum number and
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•
S=

OH1ff/OR = y-'P,

=

-014ff/OR

=

I+

-O~'ert

OR
(1 +

1/2)2

+_(2-5)

g4 3

(2-5)

is the Langer modification for l(1 + 1) [15], and
2

p
Heff= + Vcff(R, t)

= (I/ 21A)(P'R + J18) + Vff(R , t),
where

p2 =

R2

(2-6)

Biling uses an effective velocity (13) to determine the initial value of P.
P(tint,aim)

PR(Initial) = AD,

13= (Uu'2
where
1={2E - EL, - E!,, + 2[(E - EL,:)(E - EJ,)1 2

}.

(2-7)

This is the semiclassical approach presented by Billing for rotationally inelastic
He-1H2 in 1977. In a 1976 article [ 16 ] he gave simpler expressions for the coefficient
derivatives and effective potential that are consistent with those presented by this
author. The more involved equations were probably developed for computational
efficiency, which this author handles in a slightly different manner. The effective
velocity does seem somewhat problematic. If there is to be an effective velocity
there will be an effective energy (U) of some sort so the first two lines in (2-7)
follow naturally. The particular form given to U in the third line of (2-7) was
determined in some sense by intuition. Under different circumstances one might
devise a different choice for U that gave better results, leaving the overall concept
less grounded in generality. Other effective velocity treatments have similar
problems.
The notion, moreover, that microreversibility should lead to some kind of average
velocity is genuinely insightful. The trajectory ought not only to commence with
that description, but conclude that way as well. While this approach ensures that
things stait out right, there is nothing in the calculatiL.'-, design to compel average
trajectory behavior at the detector. In spite of this, the amazing stability of these
kinds of semiclassical calculations allows the effective velocity method to produce
vastly more useful results than the entirely unmodified one. This is particularly
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remarkable in light of the fact that the initial amplitudes are in no way adjusted to
conform to the radically compromised initial velocity. The extended Hamiltonlike equations [(2-1 ) and (2-5)] are symmetrically balanced so as to gravitate away
from any strong deviations. In what follows, a very small number of additional
modifications give a significantly enhanced account of semiclassical scattering.
Coupled States Equations

(ADPji)

One adaptation of the coupled states approach is the ADPjz method of Shimoni
and Kouri [17]. Each total angular momentum (J) cross section is taken as the
sum of even and odd parity contributions,
6g(j

-'.j')= ac,,(j -Yj') + aid(

-D

1').

(3-1)

The even parity cross section is
(2J + 1)
J, -'+JM% 1
k,(2j
2
+ ) XI)'oL=J-j,,, Jg +-

-

a

and the odd parity cross section is
o =
(2J+ 1)
J" J+JAda

2

kv,(2- + 1)

X

b.,,,-a,,-, 2 ,

I --=x

-

Jg

Itb,,'- a,,,',j',

AL

=

2

(3-2)

2

(-

AL = 2

(3-3)

hoL"J-j,4i

where
kt7 = L2 (E - E.,),

i,,, = min(j,j'), and j.i = max(j,j').

While a thorough discussion of these equations would be quite lengthy, the general
intent is readily encapsulated:
Parity is familiar from quantum mechanics. Transitions between parity states
may or may not be allowed. It is useful therefore, in determining state-to-state cross
sections, to take parity into account.
The square modulus of the amplitude, Ib,, - a,,,, 12 , is the transition probability.
Cross sections are intuitive physical representations of the likelihood of a transition.
They are proportional to the probability.
The appearance of 7r results from integration over the azimuthal angle. Intuitively,
the cross section is the area of a circle. That area is given by 7r times the square of
the radius in which collisions are determined to have occurred.
Cross sections are inversely proportional to the square of initial relative momentum (in this case the wave number k,). This is clear because the slower the projectile,
the longer it spends in the interaction region, the greater the chance for the target
to be influenced, and the larger the cross section. The converse applies to faster
projectiles.
Each J state is (2J + I) degenerate. Each of these degenerate states has the same
energy, but may have a different orientation (spatial representation) and/or com-
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bination of orbital (1) and rotational (j) components from the rest. The factor (2J
+ I) is included to weight the cross sections accordingly.
The precise mathematics that places (2j + 1) in the denominator is beyond the
scope of this discussion, but the idea is to keep from over counting thej degeneracy.
Remember, J andj are related, eachj state leads to a different J state, so thej states
are already included once in the J states. Some of them explicitly reappear in the
sum over X (degenerate j states are m states; m states contributing to the CS representation are labeled X). Thej (and j') degeneracy is also taken into account in
the expression for V,,,,, [eq. (2-2)]. Apparently if not placed in the denominator,
it would appear once too often.
The sum over X relates directly to the coupled states approximation. In close
coupling calculations all possible m -- m' transitions are explicitly taken into account. This means that different solutions are required for every set of (m, m')
quantum numbers, all ( 2 jma,, + 1)2/2 of them [18]! j -- j' cross sections are
obtained by adding over all of these m -- m' contributions. The coupled states
approach postulates that the details of the m -. m' transitions are relatively unimportant in looking at j -- j' transitions. Setting the total magnetic quantum
number to zero, M = mn+ m' = 0, decouples the m states and eliminates these
details. Nullifying M means that m = -m' and by convention X = ImI = Iml.
There are only ( 2 jmax + 1)/2 values of X and only that many solutions are used
(recall that V.,, = V,,O). When Cs calculations are appropriate they save tremendous
amounts of computer time.
The sum over alternate values of L amounts to a pre-averaging or smoothing
technique. Before it was developed individual transition probabilities were directly
summed over X.The problem was that these tended to vary irregularly leading to
unstable results. For v¢en((oadd) there arejM + 1 (j]A) values of L included in the
AL sum. Inclusion of the factor I/(jAi + I) for even parity states and ( I - 6)/jg
for odd parity states simply produces local (in L or J) averages of subsets of probability elements. Taking an even parity example with, say, jM = 5 and J = 6, there
is an average over 6 alternate probability elements ranging from L = I to L = 11
instead of the single L = 6 element. After the summation over alternate values of
L is performed, every entry presents an average rather than a single datum. This
clearly does stabilize.
Finally, the identical coupled states equations are applied in either the exact or
semiclassical context. If the amplitudes (a,,,) are obtained by exact methods one
has the usual Cs calculation; if they are obtained semiclassically one has an SCS
calculation. That is the entire difference.
Virtually limitless volumes of scientific literature have been devoted to the coupled
states approximation and its application. The interested reader is enthusiastically
referred to these.t
Eikonal Formalism
Integrating over the electronic variables leaves an R-dependent form of Schroedinger's equation,
t Kouri's chapter on approximate rotational methods, Ref. [ 18 ]. lists 156 articles.
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Lm kioR) +V(R)-E]i(R)-= 0
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(4-1)

where V refers to the classical potential and R is the interparticle separation. The
eikonal wave function is defined in two steps. First, separate • into exponential
and pre-exponential factors,
x(R) exp[h S(R)1.
X=

(4-2)

Then associate S with the classical action,
S(R)

f P(R) dR,

=

so
P =dS/dR.

(4-3)

Putting eqs. (4-2) and (4-3) in eq. (4-1) gives
h 2 d2 X
2m dR 2

ih P dx
m dR

2

P
h dP
+ •x
2m dR
2m

+ Vx

- EX= 0.

(4-4)

A simplified form of this equation may be obtained by introducing diagonal matrices
W(P, R) and K(R):
Wqu(P, R) = Vqu(R) + iU(R) - K(R),
(K)r,r = br'r - 2m

dR

2

hz dP
U(R) = h--. 1
2m dR

(4-5)

Equation (4-4) becomes
Ph

+ V(R)

-

W (P, R)]X(R)

0

(4-6)

which is still exact.
The effective potential, Vqu(P, R), is obtained exactly by left multiplying eq. (44) by x', add-ng the adjoint of the resulting expression to itself, and solving for
E. Since E is the total energy and p 2/2m is the kinetic energy the remaining term
is the effective potential:
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p2

E =

+ Vqj(P, R),

2m
v

ih
+ 2mR)
1

Tm_

( 5OR

X)OX X

Vqu(P, R)
=

(xx)-'

+ OX)

2
h2 a2tx+X + :X+
aR+

(17

In practice one uses a short wavelength approximation. As the momentum increases at higher energies the wavelength, which is inversely proportional to the
momentum, decreases and
Id 2x/dR2I 4 Idx/dR(P/h)l < Ix(P/h)2 1 .

(4-8)

Applying these inequalities to eq. (4-6) gives
Ph d+ V(R) - W(R)
x(R) = 0.
W(R)

Vq(R)I + iU(R),

Vq(R) = (X+X)-'xV(R)X

.

(4-9)

Since R = R(t) the function X(R) may be expressed as some function of time. The
row matrix A(t) is defined to satisfy
x[R(t)] = A(t)e/h f WIR(t')dl'.

(4-10)

Also V(R) = V[R(t)], so placing eq. (4-10) in eq. (4-9) gives
{

+ V[R(t)]}A(t)

=

0.

(4-11)

The initial value of A,(t) = 1 in the initial channel and zero in all others. Since V
is Hermetian
d(A+A)/dt = 0

and
A'A = 1

(4-12)

at all times. A is the general probability amplitude in the eikonal formalism. If V
corresponds to the rotationally inelastic potential, i.e.,
V,, = V.., + 6ý., E. ,

(4-13)

then A corresponds to a from above [see eqs. (2-1) and (2-4)],
A = a,

(4-14)
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so
ihd. = • (V,,, + 6.,,,E.)a.,.

(4-15)

Notice since

x+Vx_ A+VA
Vq = X+x

A+A =A+VA.

(4-16)

the effective potential for rotationally inelastic scattering becomes
Vcf=

a,*aV.,a.n,.

(4-17)

These coefficient and effective potential equations, sans the complex exponential
factors, conserve energy precisely and are more directly evaluated.
The d~scussion up to now concerned the SCE/EP formalism (Self-Consistent Eikonal/Effective Potential). The SCE/AEP equations (Self-Consistent Eikonal/Averaged Effective Potential) were developed to impose microreversibility on the calculations. To do this, the excitation and de-excitation calculations are combined.
The potential governing this new calculation, the AEP, is the mean of the usual
effective potential for the forward reaction and the usual effective potential for the
reverse reaction at time 1,

a+.+ Va,,
Va-

.,

a

a,..Va,,,
+

a oa'a'a

V=

+

(4-18)

2
Notice that there are now two complete sets of coefficients, a,,, and a,,,. One set
starts with an amplitude of unity in the a state and zero in all others while the
other set starts with unity amplitude in the a' state and zero in the rest. In the
diabatic representation, where this work is done, the high symmetry of the SCE/
AEP equations allows the calculations to be performed in about the same cpu time
as SCE/EP calculations, despite the increased number of differential equations. The
improved quality of results is remarkable. SCE/AEP calculations demonstrate semiquantitative to quantitative agreement with calculations based on exact methods.
The Potential
When Billing expanded the Krauss-Mies potential as in eq. (2-3), the following
fk,'s were obtained [I1 ]:
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foo = aCe-"OR,

fo, = Ce-'OR(aa,R - c),
f2o = abCe-°OR,

f21 = Ceo-"R(abaoR + cd),
alaR2

f02 =CoR(2

f22 =

-aR)

aI abR 2 + acdR).

Ce-oR(

where
C= 198.378 eV.,

b = 0.1825,

a= 1.10041,
c = 0.9855 A-',

d

=

ao = 3.518 A`-

0.27506,

and
a,o= 1.145 A,-2.
In general one might evaluate

!

E,,= hw~( V

+

1)2 +

(5-1)

E, .

where we and w,,xe are Morse parameters for the diatomic and Ej is the rotational
state spacing. In the present work correct spectroscopic values were preferred [ 19 ].
Since collision energies were taken below the vibrational threshold (and also
vibrational transitions were not considered) it was feasible to evaluate the vibrational
factors. KvI(r - F•) v'), see eq. (2-2), within a rigid rotor approximation. This is
the limit where vibrational and rotational motions are decoupled. Billing's hydrogen
molecule values for the matrix elements defined [20]

{

S=

•(
u)tk,( u)(u/F)' du
(5-2)

u = r- F,
are given in Table I. The (po are eigenfunctions in the vibrational equation
Htd°
=

•° =E,°5-3)
h• 1)2 r'"+ v(r)
02=E0,(

TABLE .

44, for H2 [191.

V

t.

t=0

1=I

i=2

0
0
1I

0
1

1.00
0.0
1.00

0.0304
0.119
G.0944

0.0152
0.0122
0.0527
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where mi is the reduced mass of H2 and v(r) is the intramolecular (Morse H2 )
potential. The mathematics for evaluating Mt,.),, is described in Ref. [21]. It is
helpful to keep in mind that the M") need be multiplied by F to recover the length
in nonreduced units. In the vibrating rotor model the MAf,represent unperturbed
states which are subsequently modified with correction (perturbation) terms. This
is necessary to describe vibrational transitions and some purely rotational transitions,
exs., large basis set calculations, large Aj, collision energy above vibrational threshold.
Clebsh-Gordon coefficients convert to 3j symbols,
(Ji

12

J=

(-1l)J-J2-"J(2J + I)-''2 (j'j 2m1 m2IJ-M>,

(5-4)

where M = in, + M 2 . Subroutines for evaluating 3j symbols are fairly common.
The potential elements are now
V..,(R) = (2j' + 1) 1 M.ý',,f'A,(R)

00

')(iX0X
o

Figure I shows the diagonal elements, V,, + E,, used in these HeH 2 calculations.
For an (8,2) basis, that is, j equals 0, 2, 4, 6, and 8 in the ground vibrational state
(v = 0) and j equals 0 and 2 for the first excited vibrational state (v = 1), there are
seven diagonal elements. Quite noticeable is the near degeneracy of the (vj-=) 08
and 10 surfaces. This follows because the spectroscopic states are separated by only
8.3 cm-' (Table II).
Since coupling between rotational states disappears for I Aj I > 2 the combination
of diagonal and off-diagonal elements within a vibrational level form a tri-diagonal
matrix. In addition there is nonzero coupling between both like and adjacent rotational states in different vibrational levels. Figure 2 shows, for exam, ,e, nonzero
coupling between the 02 state and the adjacent, 00 and 04, states and the 02 state
and the vibrationally excited, 10 and 12, elements. For an (8,2) basis there are 22
off-diagonal nonzero potential elements. Of course, since V,,, = V,,,, only 11 of
these are unique. There are 19 different potential elements for this particular basis,
which happens to be quite small.
Results
Rotationally inelastic SCE scattering calculations were performed on the Hel 2
system in the body fixed frame at total energies of. I and .9 eV. (neglecting groundstate vibrational energy) using an (8,2) basis. The standard choice function
1(J,j) = Jwas usud, as it was for the original semi-classical calculations performed
by Billing [I I]. The selection of choice function is a very intricate matter, but
apparently within the ADPj- formalism there is little effect other than a small shift
of GJ along the J axis. Since the purpose was to test the applicability of the sCE/
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TABLE II. Molecular constants and
vibrotational elgenstates of H2 [19].
m 0.504 a.u.
FO.7438 A
w, 4 4 16 .7 cm-'
wx, 127.4 cm--'
Spectroscopic states
V

j(cm-')

0
0
0
0
0
1
1

0
2
4
6
8
0
2

2176.5
2530.9
3345.3
4591.4
6229.4
6337.7
6674.4

AEP method to rotationally inelastic collisions, previously developed parameters
and constants were left unchanged.
An Adams-Basforth-Moulton predictor corrector type differential equation solver
with documented reliability, DE [211], was used with both error parameters set to
I X 10-9. These could have been adjusted to as large as 10-7 or 10-6 without much
effect, but these particular calculations are not very time consuming so extra care

007
0.05

•"

102 .c->12I

°'°4.............
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could be afforded the testing stage. A micro-Vax II was selected because code development is more facile than with more massive computers and, again, the model
calculations are abbreviated. Experience has enabled the addition of a number of
nice touches to the code, but it has never been fully optimized. Future large-Xale
applications will necessitate optimization.
Interestingly, when the eikonal expressions for the time dependent amplitudes
were developed, eqs. (4-15). removal of the exponentials [see eqs. (2-i )] amounted
to a reduction in constraints on the differential equations, resulting in computations
that require considerably more cpu time. More useful differential equations start
with the eikonal expressions and define new amplitudes, c.,
=

ce-'h

W.(R)d,

where
WJ(R) = VJR) + E•.

(6-1)

Substituting for a. and solving for dc/dt in eq. (4-15) gives
ihu,ý= T,

coe,/hf(W.-W.)dg

(6-2)

One immediate difference is the elimination of the self-dependent terms, those in
which the variation in c. depends on c.. Inclusion of these terms allows for more
play in the differential equations. Apparently, false variation of the derivatives can
be consistent with compensating false variations of entire sets of the self-dependent
coefficients. Decreasing the step size eliminates the problem, but increases the cpu
requirement. Of course additional differential equations are required for the action
expressions,

f (W. - 14"0,) dl

f V.. dt -.

Vý,,, dt + (F.- E.,) t.

(6-3)

but even with these included, considerable computer time is saved (see Table III).
Because

TABLE 1II.

Integral cross sections at .9 eV.
Relative cpu time
SCE/AEP eqs

Integra! cross sections I 1] (bohr 2)
ViJ-

VJ'

00 -*p02
02 -*04
00 -- 04

SCE/AEP

(scS)

II 94
3.62
0.81

(12.35)
(.,.75)
(0.83)

CC

ADPJ2

,6-2)

(4-15)

1.342
3.739
0.806

12.001
3.596
0.800

1.4
3.6
1.01

11.1
2.8

8388 s actual cpu time on a VAX-3 100 under VMS 5.2.

8.0

EIKONAL TREATMENT OF HE-H

2

SCATTERING

a, a, = c~e+I/h f U .(R)dte-,h
f

= ca(R~d,
cc,,,

541
(6-4)

probabilities are not affected.
Although the numerical experiments performed by Billing were, by and large,
reproduced here, nothing more than a platform for making reaonable comparisons
was intended. Some of the constants and p, ,rmeters used in the SCE code came
from outside the body of the 1977 article; Billing undoubtedly carried a different
number of significant figures in many cases; he solved his differential equations by
different means; and finally, he used the Scs formalism. Our primary objective was
(like his) favorable comparison with exact results. It is nevertheless comforting to
see, in Figure 3, how well the first successful SCE/EP calculation of this study agreed
with the unmodified sCs results. It is not possible to predict from this that the SCE
and scs results will always agree, but it is fair to say that the approach to the
problem has been correctly translated to the eikonal formalism.
Figure 4 shows the same scattering event as Figure 3, but here SCE/AEP results
are compared directly to exact ADPjz and cc results. In a practical sense agreement
between the three is quite good. Both the semiclassical and exact ADPjz results are
a trifle low at high J but this is expected. Before the ADPj: method, CS calculations
generally failed completely in this region. For jmm = 0 there is no odd parity contribution to the cross section, that is, a = oemn [see eq. (3-3)]. Figure 5 demonstrates,
for j = 2 -= 4 at E = .9 eV., the same quality agreement for an odd parity
calculation as found in the even parity case in Figure 4. The middle curve in Figure
6 shows, for the same transition -s in Figure 5, agreement between the SCE/AEP
cross section summed over parity, o = ec, + 0Ord, and cc results [17]. Only a
few points were tabulated in the literature, but those are convincing.
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Figure 6 is interesting for two other reasons as well. First, Billing's article includes
a similar figure, but for a series of scs calculations. Because his results are not
tabulated only a qualitative comparison of the two figures is possible. Even so,
agreement between the sets of results is apparent. Second, the results themselves
have informative trends. The middle curve is for the same magnitude transition as
the upper curve, Ij - J'I = 2, but initiates in an excited (j = 2), rather than the
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ground (j = 0), state; hence the smaller cross section. The bottom curve initiates
in the ground state but has a larger transition, Aj = 4; it has the smallest cross
section.
Table III presents further evidence of the effectiveness of the SCE/AEP calculations.
It compares the areas under the curves in Figure 6, the total (a) as opposed to the
partial (aj) cross sections, with exact ADPjZ and cc results. Agreement is more
than satisfactory. The Scs results (shown in parenthesis) are also quite good.f
Columns 5 and 6 in Table III show the relative computer times required for the
SCE/AEP calculations performed using eqs. (6-2) and (4-15), respectively. As discussed above, calculations from eqs. (6-2) are considerably faster. The 00 -- 02
calculation takes longer than the 00 -- 04 calculation because it is carried to higher
J, The 02 - 04 calculation takes much longer than the others because it basically
has to be repeated for every Xfrom 0 to (jm,, =) 2 [eqs. (3-2) and (3-3)]. Exact
ADPjZ and SCE/AEP ADPjz calculations have not yet been performed on the same
computer so we are unable to report on their relative cpu times. The savings afforded
by semiclassical calculations does not seem to be a major concern in the literature
as it is not mentioned. Shimoni and Kouri [17] took 2.5 h of cpu time for the Cc
calculations and 9 min for the exact ADPjZ calculations on a Univac 1108. That's
a relative speed of 16.7 to 1.

t This raises a delicate point. Our present purpose is not to critique or detract from the fine work that
has preceded us. scs calculations are generally most serviceable as are a number of other semiclassical
approaches The essential eikonal concept is simple, direct, and flexible. With rigorous and creative

development it affords additional insight and expanded opportunities for application.
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Conclusion
An improved eikonal calculation was performed on rotationally inelastic HeH 2
scattering at. 1 and .9 eV. We have shown how semiclassically obtained amplitudes
are incorporated into definite parity ADPj, coupled states partial and total cross
sections, gave a nonrigorous view of the eikonal formalism, explained how the
averaged effective potential (AEP) imposes micro,-versibility on state-to-state calculations, and related the equations to rotationally inelastic scattering. We have
also shown how additional constraints could be placed on the calculation through
the use of phase-shifted amplitudes, thereby reducing cpu time requirements several
fold and that the calculations had in fact been performed correctly by favorably
comparing the cross sections obtained with published semiclassical coupled states,
exact coupled states, and close coupling results.
This research has been entirely successful in every respect save one. One can
envision the same sort of semiclassical calculation performed so that microreversibility is imposed, not only on the state-to-state transition being examined, but all
transitions simultaneously. Of course, this would demand the use of N complete
sets of coefficients rather than just 2 (where N is the number of states included in
the basis).
While it is unfortunate that attempts at this sort of calculation have not, to date,
been successful, the situation is not entirely black and white. First, they would
require considerably more computer time, very possibly with only slightly improved
results. On the other hand, they may prove to converge with smaller basis sets.
Even if they do, however, the decrease in basis will almost certainly not outweigh
the increase in cpu time. Second, the design of this calculation carries its own
conditions. Each set of coefficients starts with the probability in a different state.
The resulting calculation necessarily solves for all possible transitions, only subsequently providing information regarding particular transitions. Such "super calculations" are a lovely thought, but they present an undesired increase in the complexity of the problem. Since there is no obvious way to perform particular stateto-state calculations whose coefficients satisfy microreversibility between all states,
the simple two state microreversibility imposed on the HeHl2 calculations above
represents an acceptable compromise.
With all this in mind, it is nonetheless interesting to think about "super calculations". What is causing the calculations attempted so far to fail? The answer may
lie in an extension of the falsely compensating setwise variation of the coefficients
discussed in the preceding section. In that case the solution would lie in imposing
additional conditions to restrain random variation in the coupled differential equations. This is a thought for future consideration.
Anolher possibility is to somehow string together a series of simple two state
microreversible calculations to lead to an improved result-to theoretically work
backward from the desired transition so that when actually performing the calculations in sequence the final calculation somehow comprises an average over averages. The details haven't been worked out yet, but parallel computing techniques
could make this sort of approach very effective.
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The prognosis for eikonal applications is excellent. Programs are already being
developed that account for vibrtional as well as rotational transitions. Postcollistonal
reorientation effects are also being examined. Eventually the focus will shift to
larger systems.
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Abstract
To assess the flexibility of a molecule (and to establish how it is affected by external conditions), one
can analyze the nature of the configurations encountered along molecular dynamics ,MD) trajectories.
If the molecule is initially at a rigid conformation, then it will mostly undergo deformations which
conserve the initial fold or shape. That is, a rigid molecule will exhibit very small shapefluctuatwns
about the initial shape, whereas large fluctuations will be characteristic offlemuble molecules. Establishing
the persistence of molecular shape features along MD trajectones is a valuable piece of information in
the analysis of dynamic phase transitions in large bioinolecules, including protein folding and polymer
melting. In this work, we discuss a methodology to monitor macromolecular shape along dynamic
trajectones. The procedure uses descnptors which convey some global shape featurev, including the
compactness and degree (and complexity) of entanglement in a backbone. The method is used to follow
shape fluctuations in chain molecules (carboxylic acids) and cyclic molecules (cycloalkanes), with 6 up
to 12 carbon atoms. The role of variable temperature and number of atoms on these fluctuations is
analyzed. The results indicate a relatively constant average shape in the cyclic molecules, although the
amplitude of the shape fluctuations increases with the temperature. In contrast, the shape of the chain
molecules is affected largely at high temperature, where folding or "melting" becomes dominant. At low
temperature, the chains are very ngid. In the high temperature regime, the shape fluctuations in chains
are large and very similar to those in cycles In other words, the distinction between configurations of
cycles and chains starts to blur at high temperature, thus suggesting that chains are mostly folded into
turns. The results would appear not to depend very strongly on the functional group at the end of the
chain. Cc,1993 John Wiley & Sons. Inc

Introduction
Computer simulation of molecular dynamics (MD) [1] permits the analysis of
microscopic molecular phenomena within the picosecond domain. Experimental
data on nuclear motions from neutron scattering [2-6], nuclear magnetic resonance
[7-9], and Mossbauer spectroscopy [3,10,11 J suggest that MD provides reliable
information on the details of the structural reorganizations in large biomolecules
[12]. The knowledge of amplitudes and frequencies of individual and collective
nuclear motions is essential towards the understanding of processes such as protein
folding [ 13-19 ] and various other configurational transitions [ 3-6,20-23 ].
The characteristics of the configurational "phases" found in macromolecules are
more related to the fluctuations in the overall molecular shape than to the detailed
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27, 547-566 (1993)
,,) 1993 John Wiley & Sons. Inc
CCC 0020-7608/93/010547-20
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changes in individual nuclear positions [20-22]. Distinct "phases" can be characterized by the dominant presence of either stretchedor entangledconfigurations,
as, for instance, helices or random coils [22], unfolded or folded structures [1319 ], and compact or swollen configurations [ 24 ]. Similarly, configurational phases
can be described in terms of the rigidity and flexibility of molecular chains or
clusters, as it is the case of melting in crystalline polymers [20,21], or the dynamic
liquid/glass transitions in the hydration shells of some enzymes [3,11,25]. The
recognition of these configurational changes requires the analysis of folding features
as a function of time and external variables (e.g., temperature, pH). Therefore, it
is necessary to use adequate molecular "order parameters," whose values along MD
trajectories may indicate the persistence of certain shapes. Some commonly used
geometrical parameters, such as r.m.s. deviations, provide a limited shape description
which is relative to a reference configuration and not very discriminating. Folding
is a large-scale (global) property which is not well conveyed by the local details in
the nuclear geometry. In this work, we discuss and apply a new approach which
quantifies globalmolecular shapes along a MD trajectory. Especially important for
the analysis of configurational phase transitions, the persistence of shape features
over time and the fluctuations in the shape is estimated.
Our procedure introduces a descriptor of folding, the probabilityofovercrossings
in the rigid 3D placements of a molecular backbone [26,27]. The methodology
extends a previous idea of using the molecular geometry to derive topological characterizations of protein motifs [ 28,29 ]. The value of the descriptor gives a measure
of compactness in a fold; the fluctuations in this value characterize the flexibility
of the molecular backbone with respect to changes in its fold. Earlier applications
to the study of rigidity in hydrocarbons [26,27] and some a-helices [30], suggest
that the technique is useful in assessing structural stability. In this work, we extend
the study to a series of chain and cyclic molecules, and explore the effect of temperature and different connectivity on the molecular shapes found along MD trajectories. The interplay between potential energy and shape changes is discussed.
As well, we analyze the variation of trajectory averages of the shape descriptors as
a function of the backbone length. Finally, the information that can be retrieved
from fluctuations in molecular size and in molecular shape are compared.
Global Shapes and Shape Flexibility of Molecular Backbones
The molecular shape features we deal with are those conveyed by the backbone.
In this work, we restrict ourselves t the study of simple saturated chain and cyclic
molecules, where the backbones are defined by a sequence of straight line segments
(bonds) between sp3 carbon atoms. These backbones exhibit no branching.
The shape of a backbone can be described locally, by studying the distribution
of interatomic distances and bond angles (see, e.g., Refs. [ 31,32]). If, in contrast,
one is interested in folding features, a global analysis will be preferable. Global
characterizations of backbones' shapes have been proposed in the literature, including geometrical measures of compactness [33,34 ], as well as several topological
methods to describe folding (e.g., Refs. [22,35-39] and others quoted therein).
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Recently, an approach which combines both geometrical and topological data
to characterize the 3D global shape of macromolecules has been introduced [281.
The procedure can be adapted to the study of persistence of shape features over
time [26,30], and it provides orc,..r parametersto monitor structural organization
in polymers [27]. Th- method has been described in detail elsewhere. For completeness, we discuss here its basic ideas. The methodology is used in later sections
to study the shape of molecular cycles and chains, and to analyze the effect of
different variables, such as chain length, temperature, functional groups, and connectivity type of the backbone.
To illustrate the essential ideas, we proceed by example. Figures 1 and 2 show
two of the molecules dealt with in this work, dodecanoic acid and cyclododecane.
The two molecules appear in arbitrarily folded configurations; their full specifications
appear at the top of Figures 1 and 2 (the so-called "all-atom structures"). The
corresponding backbones (defined by the connectivity of carbon atoms) appear
immediately below, on the left-hand side.
Let us consider first Figure 1. The molecule is shown in a given configuration,
say K. This configuration corresponds to a snapshot of a possible structure found
along a MD trajectory, and it can be identified parametrically as a function of time
(t). We shall therefore label the configuration as K(t*), corresponding to a snapshot
at t = t*. Let us think of the snapshot K(t*) of the backbone as a rigid entity. Our

Nu6

WN4

Figure 1. Four rigid 3D placements of the carbon backbone of dodecanoic acid in a
generic, folded conformational snapshot K(t*). [The top diagram corresponds to the full
structure in a given placement; the backbone with the same placement is shown immediately
below, on the left-hand side. The other placements are derived from this latter by 90*
rotations. Next to the diagrams, the number of overcrossings in the projection isgiven.
To calculate the overcrossing probabilities, all possible rigidplacements must be studied]
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Na4

Figure 2. Four rigid 3D placements of the carbon backbone of cycledodecane in a generic,
twisted conformational snapshot K(t*). (The top diagram corresponds to the full structure
in a given placement; the backbone with the same placement is shown immediately below,
on the left-hand ride. The other placements are derived from this latter by 90' rotations.
Next to the diagrams, the number of overcrossings in the projection is given.)

molecular shape description uses all possible 3Dplacements ofK(t* ), derived ftom
one another by rigid rotations [28 ]. Each of these rigid placements can be regarded
as a distinct view of the backbone with same the configurationK( t*). A photograph
of a possible placement ("view") will appear as planar 2D curve. There are infinitely
many of these possible projected curves. Each of them can be characterized by the
number of overcrossingsexhibited, N. (Overcrossings appear when one bond crosses
over another in front of a viewer, thus producing an actual crossing in the 2D
projection. The number N can be computed algorithmically as discussed in
Ref. [28]).
Figure I shows four rigid placements of K(t*); each one is derived from the top
placement by a number of 900 rotations. Next to each view, the corresponding
number of overcrossings N is given. The top-left view and the bottom-right view
both have N = 0 (i.e., they exhibit no overcrossings). From this point of view, they
are considered equivalent. When this procedure is repeated for all possible views,
configurations with the same N will be found with various frequencies. Therefore,
one can introduce the probabilityAN( n) of observinga 3D rigidplacement with N
overcrossings in an n-atom backbone [26], or simply "overcrossing probability
A,%(n)". It is clear that the set { AN(n) } satisfies:
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2 At(n)= 1, Vn>3.

(1)

N=O

The distribution {AN (n) } is a global shape descriptor [26]. A configuration K
which is "open" (not compact). and exhibits little degree of entanglement, will
have high AA(n) values for low N. That is, open structures will mostly appear in
placements with low numbers of overcrossings. In the limit of a perfectly linear
chain or planar structure, one has Ao(n) = 1, i.e., no overcrossings will be observed
between bonds. In contrast, compact andentangledconfigurations will exhibit large
number of overcrossings. Objects like random coils have a large range of possible
overcrossings, each one with a small probability [27]. In summary, the overcrossing
probabilities can distinguish between configurations with different folding features.
The description is not strongly dependent on local geometrical features since it is
global. A brief characterization of the distribution {AA (n)} can be given in terms
of the most probable number of overcrossings N*, and its associated probability
A*

A* = AN.(n) = max AN(n) .

(2)

For simplicity, the index n is dropped from the notation of A *. From the distribution
{AN (n) }, it is possible to compute the moments of the number of overcrossings:
NP AN (n), p = 1, 2 .

NP

(3)

N4O

A magnitude similar to the mean number of overcrossings (p = 1) has recently
been suggested to characterize complexity in self-avoiding random walks in
lattices [40].
The above analysis for a molecular chain (Fig. 1) can be applied also to the study
of macrocycles without branching, as the one in Figure 2. The number of overcrossings N can be defined for various types of connectivities. Figure 3 shows the
results of the computed probabilities of overcrossings for the chosen configurations
K(t*) of dodecanoic acid and cyclododecane. [The configurational dependence is
made explicit by indicating the probabilities as {AN (n, t*)}, and A *( K(t*)) for
the maximum, whenever necessary.] The histograms of overcrossing probabilities
(the overcrossing spectra [27]) have been computed with several random distributions of viewing directions [411, and averaging over them. To achieve an accuracy
of ±0.005 in the maximum probability A*, a sampling of ca. 2,000 views or more
is needed. As shown in Figure 3, the most probably number of overcrossings (N*)
for the two configurations is zero. The maximum probabilities are: A*( K(t*)) =
A0 ( 12, t*) = 0.799 ± 0.003, for dodecanoic acid, and A*(K(t*)) = 0.371 ± 0.004,
for cyclododecane. The mean number of overcrossings on N = 0.414 (dodecanoic
acid), and N = 1.951 (cyclododecane). Both results represent well the fact that the
backbone of cyclododecane is more folded than the backbone of dodecanoic acid
at its present configuration.
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Figure 3. Overcrossing spectra (histogram of overcrossing probabilities) for the backbones
structures shown in Figures I and 2. (The probabilities are computed with an accuracy of
ca. 0.004 [see text].)

The analysis above can be applied to any other conformation. If the procedure
is repeated for the configurations found along a MD trajectory, it is possible to assess
the changes in molecular shape as a function of time by monitoring the values of
A *, N*, or N. These descriptors characterize folding features in terms of compactness
and the complexity of entanglements, and their changes along a trajectory allow
one to estimate the molecularflexibility. In our context, flexibility is regarded as
the capacity to move away from a given molecular shape. A rigid molecule can
only deform to configurations which have essentially the same (global) shape. The
degree of flexibility of a minimum energy configuration can be assessed by analyzing
the fluctuations in its shape descriptors ("shape fluctuations") as a function of time,
using MD trajectories which start from the desired minimum [26].
The trajectory (or ensemble) average of a shape descriptor can be used to establish
the persistence of a fold. Since actual MD simulations provide a discrete (numerable)
sequence of configurations {K,, i = 1, 2, ... M}, the trajectory average of the
probability of the most probable number of overcrossings, (A *), is given by:
<A*> = lim

A'
1- Z,
A*(K,) .

(4)

In practice, the maximum value M will correspond to the total number of snapshots
taken along the trajectory. In addition, the shape fluctuations can be expressed
quantitatively by the standard deviation in the value of A *. a,,:
,A = ((A* 2 ) - (A*> 2 )1/2

.

(5)
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Some of these shape descriptors have been used already to characterize conformational flexibility about energy minima and transiticn structures of hexane and
cyclohexane [ 26 ], a-helices of glutaredoxin [ 30], some linear hydrocarbons [ 27 ],
and to study the effect of excluded volume on the configurations of soft-bead polymer
models [27 ]. In Ref. [26], the differential flexibility conferred by the length of a
chain was illustrated by comparing hexane and decane at a given temperature. In
this work, we expand further these analyses by comparing a series of chain and
cyclic molecules of various sizes. The role oftemperature, number of carbon atoms,
and backbone connectivity on the molecular flexibility is studied in the next section
by following the values of A* and N* along MD trajectories.
Shape Fluctuations in Molecular Chains: Carboxylic Acids
The dynamic trajectories are generated by standard techniques. The Dreiding
force field (including atomic charges) [42] was employed in the simulations. The
trajectories are derived by standard Verlet integration of Newton's equations of
motion [23]. The coupling to an external bath at a desired temperature T is simulated by uniform rescaling in the velocities. For each molecule, 30 ps trajectories
have been generated, with integration step of I fs. The trajectories, though not long,
provide a reasonable sampling of the accessible configurations at the simulation
temperature. The results should be comparable to other simulations of methylenic
chains in the literature, using alternative force fields [43,44].
Four carboxylic acids have been studied: hexanoic, octanoic, decanoic, and dodecanoic acids (n = 6, 8, 10, and 12), at T = 300 and T = 1000K. To compare
the ability of these n-chains to fold, the simulations have been started with the
molecules at the linear all-trans configurations. These configurations are potential
energy minima whose shapes are characterized by A* = 1. The MD trajectories are
computed at constant temperature; the total energy is also conserved within a 5%
fluctuation, after an equilibration period of ca. 0.5 ps.
Figure 4 shows the results for the potential energy fluctuations for the acids, at
300 and 1000K. The main contribution of the energy fluctuations comes from
torsional terms. The results are rather unchanged if the atomic charges are disregarded. Moreover, the molecular chain properties seem not to be very sensitive to
the presence of a carboxylic terminal group.
Little structural information can be extracted from an analysis as in Figure 4. It
is clear that the amplitude of the potential energ, iluctuations becomes larger for
high T, but the results do not tell how these fluctuations may affect the fold of the
chain. Moreover, these results do not depend very strongly on the chain length.
This picture can be compared with the analysis of molecular shape descriptors.
Figure 5 shows the changes of A * along the same trajectories. The contrast among
the various chains is remarkable. Although the fluctuations at 300K are comparatively small for all acids, the results are very different at high temperature. The
amplitude of the molecular shape fluctuations is larger for octanoic acid than for
hexanoic acid. The amplitudes for decanoic and dodecanoic are comparable. More-

554

ARTECA

T=1000K
T-300K

acid

Heaoic

S

160,

160-

140
120*

140
120-

iO(.

100-

X 60 94

r

--

-

- --

60

40

40

20

20

0 0-5

10

15

20

25

30

0

5

(pS)

time

acid

Ocaoic

10

15

20
(pS)

time

acid

Decaoic
-cidPodeanoic

160
140

160

S 140

• ,•

1

_ ,I

I J |a

120

10

OC

'#I4

14 o 100

80

H;
80
0

0. 60

4J
of"

30

25

60
40

40
20

20

0

0
0

5

10

15

time

20
(pS)

25

30

0

5

10

15

time

20

25

30

(pS)

Figure 4. Fluctuations in the potential energy along the dynamic trajectories for carboxylic
acids at 300K and 1000K. [The trajectories are started from initially linear, all-trans conformations for the chains. These results provide little information on how the energy is
used to move the shape away from the initial fold.]

over, the values of A* decrease along the trajectories for longer chains, thus indicating
that the chains are folding. In all these trajectories, it is found that the most probable
number of overcrossings is still N* = 0. The A* values indicate the occurrence of
more entangled objects for the longer chains at high temperature. Note that hexanoic,
and to a smaller extent octanoic acid, exhibits several configurations along the
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trajectory with values of A* close to 1. This indicates that the chain can stretch
(unfold) during the simulation, and spend some time in a configuration with a
shape similar to that of the original all-trans chain. In contrast, this situation disappears for the n = 10 and n = 12 chains. These backbones are mostly melted(i.e.,
folded) during the simulation.
The interplay between molecular shape and potential energy can be displayed
by combining the information of Figures 4 and 5. Figure 6 shows the sequence of
snapshots along the MD trajectory represented in a 2D shape vs. energy diagram
for the two extreme chains (n = 6 and n = 12), at low and high temperature. The
diagrams represent the trajectories as a sequence of straight line segments joining
the pair of values of potential energy and shape descriptor for each configurational
snapshot. The arrow indicates the orientation of the trajectory, starting from the
first configuration after equilibration. These 2D diagrams provide information on
the type of folds accessible to the molecular chains within a given range of potential
energy. At low temperature, the potential energy fluctuates more in dodecanoic
than in hexanoic acid; yet, the shape of the chain and its fluctuations are almost
the same (i.e., the chains are quite rigid). At high temperature, the larger fluctuation
in potential energy for the n = 12 chain leads not only to larger shape fluctuations,
but also to quite low A* values. Values as low as A* ; 0.55 are characteristic of
#3-turns [30], which indicates that the chain is folded but not into a very compact
configuration.
Figure 7 summarizes the results for the shapes of carboxylic acids. The trajectory
average of the shape descriptor, (< *>, and its standard deviation [Eqs. (4) and
(5)] are given as a function of the chain length. At T = 300K, <A * > decays linearly
'and slowly) with n, whereas the shape fluctuation (a,4) remains almost constant.
t T = 1000K, the averaged shape descriptor decays rapidly with the chain length
tor short chains, while a, increases. For longer chains, the effect seems to be less
dramatic, as the shape fluctuations depend less strongly on the number of
carbon atoms.
The results for the global folding features of carboxylic acids along the dynamic
trajectories allows us to draw the following conclusions:
(1) At low temperature, the initially linear chains cannot access to the degrees
of freedom that would rapidly change the fold. That is, regardless of the
number of internal torsions, the chains cannot fold. Yet, the chains can
deform. The small shape fluctuations found indicate the presence of localized
vibrations about the original fold, a feature which does not depend strongly
on the backbone's length. In these conditions, the chains are rigid.
(2) At high temperature, the molecules can access to many torsional modes in
an uncorrelated manner, thus allowing a wide range of folding features. The
longer chains become more entangled (i.e., more folded) than the shorter
ones. However, since (A.*) moves away from linearity as a function of n
and decays less rapidly for longer chains, it would appear that the complexities
of entanglements in sufficiently long backbones are somewhat comparable.
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starting from the first structure after equilibration.)

As stated before, these observations should mostly be due to properties of the

molecular chain, regardless of (he presence of a carboxylic terminal group [27].
Most the above results are intuitively expected for linear chains with identical

monomers. However, the present approach to ciaracterizing the molecular shape
provides a quantitative, precise expression to otherwis- qualitative notions. The
previous conclusions could not have been drawn from an analysis based only on
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the potential energy changes or the oscillations in the individual nuclear positions.
In the next section, we compare these results with those for a different type of
molecular connectivity.
Shape Fluctuations in Cyclic Molecules and Comparison with Molecular Chains
Dynamic trajectories of cycloalkanes have been computed and analyzed as done
before for carboxylic acids. The chosen n-cycles are cyclohexane, cyclooctane, cyclodecane, and cyclododecane, containing the same number of carbon atoms as
the chains in the previous section. Any difference in molecular flexibility for the
two groups of molecules is expected to be mostly due to the distinct type of backbone
connectivity.
The MD simulations of linear chains were performed by starting from a similar
type of configuration for all molecules (the stretched, all-trans structures). To facilitate the comparison, we have started the simulations of cycloalkanes from configurations which also possess a comparable "shape" for all cycles. The starting
configuration for cyclohexane is the familiar "chair," which is the lowest-energy
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minimum. The other cy,:les have been located initially at conformational minima
chosen for their similarily in shape to the chair-cyclohexane ("crown" structures).
These correspond to structures showing bonds which "zig-zag" uniformly about
the average plane of the cycle. Moreover, the initial configurations are chosen so
that they also grow in size proportionally to the number of carbon atoms. The
larger cycles are thus elongated, not circular. For example, the backbone for the
initial configuration "crown-cyclododecane" resembles two parallel strands of 4
bonds, joined at their extrema by one-carbon bridges. (The structure in Fig. 2 is
deformed away from this initial configuration.)
The initial configurations of the four macrocycles can be regarded as formally
derived from linear chains by folding them at their middle, ýnd joining their extrema
thereafter. Consequently, the cycles appear as structures wh :se shape is more folded
than chains. This is reflected in the shape descriptors, which indicate a smaller
probability of no-overcrossings for cyclic molecules (cf. Fig. 3). The fluctuation of
their molecular shapes with the temperature has been studied using the same force
field as for the carboxylic acids [42]. The simulation conditions and lengths of the
MD trajectories are also the same.
Figure 8 shows the interrelation between potential energy and molecular shape
in the two extreme cases, cyclohexane and cyclododecane at 300 and 1000K. This
figure can be contrasted with Figure 6, corresponding to the molecular chains.
(Note the difference in scales.) A comparison of molecules with the same number
of carbon atoms reveals that the fluctuations in the potential energy are similarfor
the n-cycle and the n-chain at the same temperature,but, their shapefluctuations
are quite different. At 300K, the cycloalkanes e'.hibit shape fluctuations with amplitudes twice as much largerthan thosefor linearchains. At 1000K, the amplitudes
for chains and cycles become closer. Note that the fluctuationsfor cycles are quite
symmetric about the average shape, whereas the fluctuationsfor chains at 1000K
are asymmetric, since the trajectory spends some time at low A* configurations
(i.e., more folded or entangled). Moreover, the average of the shape descriptorfor
a given cycle does not change much with the temperature,whereas it becomes smaller
for chains.
The results in Figure 8 illustrate the evident change in molecular shape caused
by the different connectivity: cycles exhibit large fluctuations but their essential
shape is conserved (no unfolding is allowed), whereas the chains can change their
shape due to folding. Furthermore, it is observed that the cycles are more flexible
than chains, even at low temperatures. Note that the values of the shape descriptor
for long chains at high temperatu-es are close to those of a cycle with the same
number of atoms. That is, "hot" chains can fold enough to resemble cycles (with
one "missing" bond).
Figure 9 collects the results for the shape descriptor <A *) and its fluctuation a.4
for the cycloalkanes. (Compare with Fig. 7 for the chains.) Except for a discrepancy
in cyclodecane at high and low temperatures, the results are in line with the discussion above. The molecular shape becomes more convoluted for the larger cycles
(as (A *) decreases), but their average molecular shape does not depend too strongly
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on the temperature. At low temperature, the s.iape descriptor decreases linearly
with n, whereas at high temperature the behavior is more scattered. This erraticity
at high temperature is probably a consequence of the larger fluctuations about the
average shape, and may indicate that longer trajectories are advisable to compute

more accurate averages. In contrast with the behavior of cycles, molecular chains
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show a marked dependence on T in both the shape fluctuations and the
average shape.
Further insight into the configurational changes along the dynamic trajectories
can be obtained by comparing molecular shapes and molecular sizes. Molecular
size can roughly be described by R, the radius of the smallest sphere enclosing
completely the backbone. The average molecular size of a molecule at a given
temperature, (R), can be computed as before as a trajectory average [cf. Eq. (4)1.,
The parameter (R) is proportional to a hydrodynamic radius [20], and scales
similarly to the radius of gyration [45]. Figure 10 shows the averaged radii for
chains and cycles. (In the case of chains, the values for both carboxylic acids and
hydrocarbons [ 27 ] are included.)
The results in Figure 10 reveal a number of facts, which we list and discuss below-,
(1 ) The averagesizes ofcycloalkanes are almost independent of the temperature.,
This correlates well with our finding of little dependence on T in the molecular shape of cycles. Nevertheless, a difference exists for larger cycles,
indicating that the latter can maintain their size and yet become somewhat
more convoluted or entangled.
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(2) Linearchain molecules become more compact at high temperature,although
the difference in size disappears.forshort chains.This agrees with the results
in Figure 7 for the shape descriptors. For chains, there is a close correlation
between shape (as given by the complexity of entanglements in the fold)
and si:e (as expressed by ( R )). Nevertheless, the amplitude of the fluctuations in (A * indicates that chains may become compact and entangled
without necessarily becoming smaller.
(3) The radiicorrelatelinearly with the number of carbonatoms, but the intercepts
.for chains at low T andhigh Tare different. Moreover,the interceptfor chains
at high T coincides with the intercept for the cycles. This result is interesting,
since it suggests some similarity between configurations of cycles and those
of chains at high T. A similar relation was apparent when using shape descriptors, since the values of A* for large cycles and "hot" chains are not far
from each other. (As a side comment, it must be noted that for verv long,
random chains, (R> should move apart from the linearity and scale approximatel" as < R> = n588 [ 27,45,46 1.)
The results above show some connections between the descriptions in terms of
size and shape, as well as some differences. The differences become even more
transparent when looking at fluctuations. The shape fluctuations are represented
by the dimensionless descriptor aA, which is the standard deviation about the average

MOLECULAR SHAPE FLUCTUATIONS

563

maximum probability of overcrossings in rigid 3D placements, (A *). For the sake
of a proper comparison, we use CR/(R > as a dimensionless descriptor of sizefluctuations.Relative r.m.s. deviations could have been used instead.
The two approaches are compared in Figure 11. The top diagram shows the
fluctuations in shape for cycles and chains at 300K and 1000K. The results are
extrapolated to uA = 0 for n = 3, which is an exact limit (the 3-atom figure is always
planar, thence its shape descriptor is constant). The lower diagram shows the results
for the fluctuations in size. Here, we choose to extrapolate to CTRI(R) = 0 for
n = 2, where the difference between chains and cycles disappears. This extrapolation
does not represent an exact limit.
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Figure II. Comparison betwcen fluctuations in molecular shape (Ma) and fluctuations
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long chains and large cycles at 1I000K is quite similar. This is in line with the fact that at
high temperature, the configurationally averaged properties of large cycles and long chains
should be almost the same.)
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The fluctuations in size and shape for cycles and chains at 300K are quite similar.
However, it is clear that, in terms ofsizefluctuations, "hot" chains are very different
from cycles (bottom diagram). In contrast, thefluctuations in shape are similarfor
large cycles and long chains at high temperature(top diagram). This outcome is
more in line with the notion that when averaging global properties of sufficiently
large macrocycles over configurational space, the results should be comparable to
those derived for flexible chains with the same number of monomers [21,22,45]],
This result makes clear the importance of monitoring the global shape features of
a backbone, and not only its size or lwal geometrical properties.
Summary and Conclusions
In the previous sections, a method to monitor the persistence over time of molecular shape features has been discussed and applied to the study of chain and
cyclic molecules of various lengths. The procedure provides a quantitative expression
of global shape for each of the configurational snapshots found along a dynamic
trajectory. The folding features of the backbone at a given configuration are described
in terms of the number of overcrossings in every possible rigid 3D placement. The
more entangled, convoluted, and compact the backbone, the more probable the
larger numbers of overcrossings. Therefore, the use of the overcrossing probabilities
as shape descriptors characterizes both the compactness of the backbone, as well
as the nature of the entanglements. Other shape descriptors (the moments of the
number of overcrossings) can be derived from the probability distribution. The
procedure has been applied here to chain and cyclic backbones without branching.
However, the basic ideas can also be extenC Ad to deal with other systems, such as
clusters and hydrogen-bonded networks [ 27 ].
The shape is characterized in an absolute manner, not relative to a reference
configuration. Therefore, the values of A* encountered along a trajectory tell not
only how the shape fluctuates, but also they identify the instantaneous folded structures that the backbone explores. The recognition of the similarity in shape between
some folded chains and molecular cycles (with the same number of monomers) is
an illustration of this.
Summarizing the results, our analysis reveals a difference in flexibility at low and
high temperatures for all molecules, even though the average shape is conserved
more if the backbone is constrained to a cycle. At low temperatures, the chains are
rigid, whereas the cycles are always fioppy. In contrast, the fluctuations in shape at
high temperature for sufficiently large chains and cycles are comparable. At low
temperature, the shape descriptor shows an approximately linear decrease with the
number of monomers, at least for short backbones. The deperdence is much softer
at high temperature for long backbones, thus indicating that all folding possibilities
become accessible. Moreover, the present results appear to depend mostly on the
connectivity of the backbone, its length, and the temnperature, and not strongly on
the presence of a terminal functional group. This will not be true in general for all
types of backbones.
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The present shape characterization describes quantitatively the molecular flexibility and the results agree with the overall expected physical picture in known
cases. The method should therefore be a valuable tool in the analysis of other
phenomena, such as various one-molecule "phase" transitions, where a correct
assessment of global folding as a function of time is a central issue.
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Quantum Functional Sensitivity Analysis for the 3-D
(J = 0) H + H 2 Reaction
JOHNNY CHANG and NANCY J. BROWN
ne~rqiand Enironmment Division, Lai rente Berkeley Laboratory. Ber elei,( Cahfornia94720

Abstract
The sensitivity of state-to-state transition probabilities for the 3-dimensional H + H2 hydrogen-exchange
reaction (at zero total angular momentum) has been investigated with respect to variations in the interaction

pu.. ntial. Several regions of configuration space where the d.ynamics is highly sensitive to inaccuracies
in the potential have been identified These regions of importance vary vwith collision energy, but do not
change as dramatically as the previously studied [J. Chem. Phys. 97, 6226 ( 1992)] collinear case Near
the reaction threshold, the dynamics is most sensitive to the saddle point region as expected At higher
energies (about 1.0 to 1.5 eV). however, the inner corner of the potential, where the dynamics "cuts the
corner" in going from reactant to product arrangements, is most important for collinear geometries, and
the outer corner, where the H3 conformation is more compact than the transition state conformation,
is most important for bent geometries. Surprisingly, the region of the potential traversed by the minimum
energy path across the saddle point region has rather insignificant sensitivities at these higher energies.
(c 1993 John Wile% & Sons. Inc.

Introduction
One of the goals of theoretical chemistry is to be able to predict experimental
observables to within chemical accuracy starting completely from first principles.
In the field of chemical dynamics, this goal is arguably at hand for the complete
description of' the simplest chemical reaction-that of the H + H 2 hydrogen-exchange reaction and its isotopic variants [I]. The prediction of state-to-state integral
cross sections as a function of energy [ 2-4 ] and product vibrational-rotational state
distributions [ 5-12 ] have been corroborated to a large extent by experiment [ 11.1319]. This state of affairs is attributable in part to the existence of very accurate
potential energy surfaces [20-22] for this 3-electron system. Despite these successes,
there are still some remaining issues where theory and experiment are in disaccord
[ 8,1 .16 (d), 18,19 ]. For example, the state-resolved differential cross sections for
the D + H2 - DH + H reaction show a large discrepancy between thL. calculated
and the experimentally observed ratios of forward-scattered to backward-scattered
intensities [18]. Since the various scattering theories used are formally exact, and
calculations from different research groups employing different formalisms have
yielded essentially the same result, the theor, versus experiment discrepancies have
naturally been ascribed, on the theoretical side, to deficiencies in the potential
energy surfaces. Agreement between theory and experiment is even more difficult
to attain for more complex systems because the calculation of accurate potential
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 567-585 (1993)
(tc>
1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010567-19
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energy surfaces becomes increasingly more elusive. The natural question, then, is
how can one systematically improve a potential energy surface (PEs) without resorting to calculating thc whole PES anew with higher levels of theory. It is partly
with this question in mind that we arc furthering the development of quantum
functional sensitivity analysis (QFSA) [23,24]-to provide feedback information
to quantum chemists in their PES refinement efforts. An equally important reason
for using QPSA to study chemical dynamics is to gain a better understanding of the
potential-to-dynamics relationship.
QFSA is a methodology for studying the response of calculated observables (or
model outputs) to small variations in model input(s). When the PES is viewed as
the model input to a quantum scattering calculation, QFSA provides information
about which regions of the PES are most important for determining the quantum
dynamics. The particular quantities of interest are the functional derivatives (or
sensitivities), 60O/6V(R), where the observable, 0, is viewed as a functional of the
ris, O[ V(R)]. This information is expected to find utility among quantum chemists
in providing a guide to regions of the PEs where a higher density ofab inilio points
should be calculated (i.e., regions of the PES where the sensitivities arc largest), and
also in the I,'s refitting cfforts (errors between ab inilio points and the fitted surface
should be minimized in regions of largest sensitivities).
QFSA has been applied to I-D [23(a)] and c.llincar [23-25] reactions, and
to the inverse problem of obtaining a PEs from scattering [26] or spectral [27]
data. The latter calculations are based on an itcrativc procedure where the potential is systematically corrected until deviations between the predicted and
the "target" observables arc below some tolerance. These studies have shown
that many if not an infinite numher of P1ss can accurately reproduce a finite
number of cxpcri mental observablcs [27(b),28]. Therefore, there is no guarantee
that the iterative procedure of refining and refitting the potential using QFSA as
proposed here will eventually converge to the true , ES. The direction of our
effort is not simply to aid in obtaining an arbitrary Pr.5 which can reproduce the
experimental observable but rather to obtain a Pes which is ab initio-basodthat is, to furt~e| the aforementioned goal of predictinS experimental observables
completely from first principles.
This article describes the sensitivity of slate-to-state transition probabilities
for the 3-dimensional H + H 2 hydrogcen ,xchange reactson at a total angular
momentum J = 0 to variations in the underlying i'ES. t'his is the firsL report of
a QFSA application to a chemical reaction in 3-D. Sensitivities of the state-tostate transition probabilities are shown at several collision energies and comparisons arc made to the sensitivities for the collinear H F H 2 reaction, In this
study, we investigate the similarities and differences in trends between the sensitivitics (br the collincar and 3-D reactions to determine what fcatures of collinear sensitivities carry over to 3-D, We also help resolve some issues concerning
visualizing data in many dimensions.
The quantum scattering of H with H 2 is described by the formalism of the logderivative Kohn variational method [ 29-3 1]. The salient features of applying QFSA
within this scattering framework are:
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( ) All the necessary quantities for calculating sensitivities are readily obtained
from the scattering calculation. The sensitivities can be obtained with approximately 20% more CPU time.
(2) All the matrix elements of the Hamiltonian are energy independent. Hence,
sensitivities can be obtained at several collision energies without recomputing
the matrix elements.
(3) The functional derivative of the scattering wave functions with respect to
the PES need not be calculated.
The potential surface used in our studies is the Liu-Siegbahn- rruhlar-Horowitz
(LSTH)

[20] surface.

The remainder of this article is organized as follows. The second section presents
a summary of the theoretical and computational methodology. Our results and
discussion are presented in the third section, and the fourth section concludes the
article.
Theoretical Method
The scattering of atom A with diatom BC is described quantum mechanically
by the log-derivative Kohn variational method [29 ] as employed by Manolopoulos
et al. [30,3 1], and the requisite equations for calculating the sensitivities are obtained
by taking appropriate functional derivatives of the scattering (S) and log-derivative
(Y) matrices with respect to the interaction potential. The mathematical development of the sensitivity equations for the 3-D A + BC reaction at zero total
angular momentum is essentially the same as that of the collinear case [24] with
the sole exception being that the internal vibrational functions are replaced by
rovibrational functions. Thus, we shall provide only a summary here and direct
the interested reader elsewhere [24] for additional details.
The scattering formalism uses the well-known mass-scaled Jacobi coordinates
where the Hamiltonian (H) can be written as
2
02
R2
2 I OR
H= h

hy=

h 212
,+h,+2-

h2l1 02

h2 2

21A

2url,

2 r, +
ry arl,

2

Vn,(Rlf, r-, 00)

+ V,(r,, 0,).

(1)

R., r, and 0, are, respectively, the coordinate of the lone atom with respect to the
center-of-mass of the diatom, the vibrational coordinate of the diatom, and the
angle subtended by A, and i, all in arrangement -y.The Hamiltonian of the isolated
diatom is h, and V,, is the interaction potential with respect to which the sensitivities
are computed. Note that Vi, is not the total potential, but we shall dispense with
the int subscript in the functional derivatives for notational simplicity. The symbols
P, i,, :,, and V, are defined in the usual manner.
The log-derivative wave function (44',.) is expanded in a direct product basis of
translational Lobatto-shape functions [30] (u,) and asymptotic rovibrational
functions (0k,, 1/r.,) in the three possible atom-diatom arrangements.
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u,(Ra) 4ad(ra, Oa) + •
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S

tj(Rb)rkbm(rh, Ob)

Rbrb,

(2)

- uk(RC),Cn(rC, 0)

subject to the boundary conditions
r.(Rf --• 0) = 0

(3a)

and
,n*(R.,,-

Rmax)

-

q(r')

(3b)

,a'r•

R

R a.Y'
determines the bounding surface [ 31 ] separating the "interior" and "exterior"
regions of the potential. It is the surface on which the interaction potential has
sufficiently decayed to zero. For notational simplicity, we use the index n to represent
the compound (v, j) vibrational-rotational indices of the internal rovibrational
function.
One of the two computationally intensive steps in the calculation is the construction of the "stiffness" matrix, K, defined by
K

,•=

tR-rj

cr2.
dR. dr.- d(cos 0.)

rcluon

+ -.u

,,, Vit +
2t

,.

-+

~2,j'

E U-,'O-,,

(4)
)I-m\iK/

4

Note that the total energy, E, appears only as a multiplicative factor in front of an
overlap matrix. Hence, after the K-matrix elements have been computed just once,
the scattering problem can be solved for any number of collision energies (for which
the chosen basis set is adequate) without recomputing the K-matrix elements. Furthermore, the stiffness matrix is symmetric if the basis functions are ordered likewisc
in the rows and columns. In ordering the basis functions, the boundary functions
from all arrangements, i.e., those basis elements containing the boundary Lobatto
functions, u)AI) (M. is the number of translational functions in arrangement -Y),
are grouped together in the last rows and columns. With this grouping, the K-matrix
can be partitioned as
K= [K0,,
K K

K10o(5

Koo],

(5)

where the subscript 0 refers to the sub-block of matrix elements containing u.Af,.
Thus, if N, rovibrational functions and M., translational functions are used to span
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each arrangement -y,then K10 is a large-by-small rectangular matrix of dimension
[N(MA. - 1 ) + Nb(Mb - I ) + No(Me - I )]O[Na + N1 + NJ. and Koo is a smallby-small square matrix of dimension [Na + Nb + N,]J[N, + Nb + NJ. etc.
The log-derivative matrix, Y, whose elements are defined by the extremum of
Y,,n., [ bhoundan

=

nenor

R 2ýr2T" dRy. dry. d( cos 0..)

region

OR.'

X
-2 •,'Y

+ h,. + 21zR2_
+ 2A-,

E 4•{,,,

6
(6)

with respect to the log-derivative wave function, can be written in terms of the Kmatrix as
Y = Koo - Kol(K 11)-Ko

= [K-']0!.

(7a)

(7b)

The variationally determined log-derivative wave function expansion coefficients
are
C = -KI K1 o = [K-']oY

for the interior basis functions,

and
C•.A,

= 6,b

for the boundary functions.

(8)

As Eqs. (7b) and (8) suggest, the second computationally intensive step is the
solution of the system of equations KX, = e1, where es is a column vector with a
one at position j. The solution X, is thejth column of K'-. According to Eq. (7b),
one obtains Y by letting j run over the last N,, + Nb + N, positions of the unit
vector e (the positions corresponding to subscript 0 in the partitioning of K), storing
the last Na + Nb + N, rows of X., and then inverting the resultant small-by-small
matrix [K- J]0o.To calculate sensitivities, one also needs to store the other rows of
the already computed X,. This is the large-by-small rectangular matrix K-' ]to,
from which one obtains the log-derivative wave function coefficients by multiplication with Y. The log-derivative wave functions play an integral part in the calculation of sensitivities [see Eq. ( II )].
The remaining steps of the calculation involve only small-by-small matrices. The
scattering matrix, S, is related to Y via
S = a + 2ib[Y - c]-'b
(9)
where a, b, and c are diagonal matrices related to the incoming (J,•) and outgoing
(Or,) waves
.n

-1/2

0.,w,= Kith•i2
with k,,, = V2A( E - e,,)/ h, by

,

-(k,-,,R.),
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a -i..in = I-Yn0 y,-1

b,,.,,Y = 0O1.,
and
3

cyn.,n = Of•nO,

(10)

2

all evaluated at R, = R"' '. h'••. ý are the Riccati-Hankel functions as defined by
Calogero [32], and c., is the internal rovibrational energy ofstate 7n. The functional
derivative of the transition probability with respect to the interaction potential is

[241
6P•n,-,
r

bSyn'- ,
=2 Re S*.,,,-•
r-,, 0)d
I,(- YR-__n_.1/(

h2

lm S*..[-)

x b.,

,n

byf,,.,,, I

[Y

-

[y

c

.,

,

(11)

Finally. a simple interpretation of the transition probability sensitivities in terms
of a product of two scattering wave functions.
=P"-,2/1
• ',-,-',r,}
h6V( R., r.,, 00)
can be obtained by relating the log-derivative wave function (4{•)

(12)
to the normal

scattering wave functions (#-vn) which satisfy the boundary conditions [24]

4n(R_,)
jn

s,,(
_•")

1

().

NZ,

-

S' ,,,Rvr,,,.

O,,r',(R,,')0,,,n,

(13)

In our calculations, we used three-identical particle symmetry [2(b).331 to reduce
the size of our K-matrix by a factor of three. The size of our basis ranged from M
= 30 translational Lobatto functions and N = 30 rovibrational functions (for each
arrangement) in the lower energy regime to M = N = 40 in the higher energy
regime. The values of all the other parameters are the same as those employed by
Manolopouloc and Wyatt [30]. For a single energy slice with If = N = 30 on a
Cray-2. the calculation through setting up the K-matrix took 10 s. and the calculation
of reaction probabilities took another 15 s. The sensitivity calculation on a 55-by45 grid of points took an additional 9 s. For M = N = 40. these three times are 30,
74. and 22 s. respectively. To verify the accuracy of the sensitivity predictions and
ferret out any programming bugs, we did the usual check [24] of placing small
bumps on the potential and comparing the predicted with the actual change in
transition probabilities.
Results and Discussion
As we mentioned in the Introduction. this is the first article on a QFSA application
to a chemical reaction in 3-D. One of the issues that concerned us was how to
display and analyze the multidimensional sensitivity data and be assured that we
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have not missed any important features. 6P/I J" is a function of the coordinates R.
r. and 0, as well as the total energy, E. The other issue was how the sensitivities for
the 3-D H + H2 reaction compared with those from the colinear calculation. In
order to acquire a sense of the evolution of sensitivity structuie in the energy range
0.50 to 1.50 eV, we calculated reactive transition probability sensitivities at 200+
energy slices for transitions from (v = 0,j = 0) to (v',j') = (0, 0), (0, 1), (0, 2),
and also calculated the cumulative sensitivities for transitions from (0, 0) to all

,!n product states (,-,•'lop, bPy,-o1/V). These sensitivities were displayed as
contour maps and saved onto videotape. In order to facilitate a comparison with
tie collinear H + H2 sensitivities and because the largest sensitivities occurred when
the H 3 system passed through collinear configurations, most of the analysis was
done at 0 = 1800. An analysis of each set of sensitivity structure is presented in the
four .absections below followed by a discussion of sensitivity structure at other
scattering angles. We consider only reactive transitions, so for notational convenience we omit the arrangement indices. Figure 1 shows the transition probability
from (v 0 j = 0) to (v',j') = (0,0), (0, 1), (0, 2), and the cumulative transition
probability to all open product states. It provides a guide to the discussion of sensitivity structure in different energy regimes.
Sensitivities./br Transitionsfrom v = 0 j = 0 to v' = 0 j' = 0 (0 = 1800)
For the 3-D J = 0 H + H2 reaction, the evolution of the 6Poo-.oo/6V sensitivity
structure in the threshold region (0.55 to 0.64 eV) is very similar to the collinear
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Figure I. Reactive state-to-state transition probabilities from v = 0 j = 0 to v' = 0. j'.
The cumulative transition probabiltý f..,m v = Oj = 0 to all open product states has been
multiplied b) a factor of 0 5 before plotting as a dashed line.
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case (see Refs. [23(a)], [24]). There is a large region of negative sensitivity near
the saddle point of the potential energy surface (PES). The most negative regions
start out on the two shoulders of the barrier and lie slightly toward the inner corner*
where tunneling is important. These locations correspond roughly to the classical
turning points along the vibrationally adiabatic reaction path. As the energy increases, the two negative sensitivity regions coalesce to a single extremum near the
top of the barrier. Unlike the collinear sensitivities, the magnitudes of these sensitivities are relatively small compared to those at higher energy regimes.
The 0.67 eV energy slice of Figure 2 shows the sensitivities just beyond the
threshold region. The negative sensitivity lobe in the saddle point region has decreased in both extent and magnitude, and the magnitudes of the positive shoulders
have increased. With increasing energy, the positive shoulders grow. become more
prominent, and move towards the barrier top where they coalesce in the inner
corner of the PES and eventually displace the negative sensitivities at the barrier
top. Figure 2(b) shows an energy slice at the end of this sequence.
From 0.82 to 0.98 eV (resonance energy), a similar pattern is repeated twice.
First, the negative shoulders grow, move towards the barrier top and coalesce in
the inner comei. The positive sensitivities at the barrier top are not displaced though,
but are pushed out to the outer corner. Second, the more distant positive shoulders
begin to grow, move towards the barrier top, and coalesce in the inner corner.
Figure 2(c) shows an energy slice in the resonance region. The positive shoulders
have coalesced with each other, and together with the positive lobe at the outer
corner they form a large region of positive sensitivity near the PES saddle point. Of
o/ V sensitivities attain their maxithe 200+ energy slices investigated, the 6Poo.- 00
mum positive values at this resonance energy. Unlike the behavior of the collinear
sensitivities [241, the 3-D sensitivities do not change much over the resonance
zone. The largest sensitivity regions do not flip in sign as the energy increases
beyond the resonance, and the magnitudes, though largest at the resonance energy,
are not an order of magnitude greater than those at neighboring energy -lices as
was the case for the collinear sensitivities. The shape of the sensitivity structure at
this resonance energy implies that a narrowing of the passage across the barrier will
increase the transition probability and reduce the resonance feature (see Fig. I ).
Conversely, if the PES is decreased at the inner and outer corners, the symmetric
stretch frequency will decrease and the resonan.e feature will be enhanced.
At higher energies [see Figs. 2(d)-2(f)], the pattern seen at lower energies repeats
itself. The sensitivities at the shoulder grow in magnitude and move towards each
other eventually coalescing at the inner corner of the PES. Each time the shoulders
coalesce though, they cut further into the inner corner. In the meantime, the sensitivities near the barrier top decrease in magnitude. The result is that the extrema
* For semantic purposes, the definitions of the inner (outer) comer and shoulde- rw"jons of the potential
are as follows. The inner (outer) corner of the potential refers to the region on the upper wall of the
saddle point where the H3 conformation is less (more) compact than the conformation at the top of the
barrier The shoulder regions refer to the two opposite locations about halfwa) down the bamer along
the minimum energy path.
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of the sensitivity peaks trace out a path that significantly cuts the inner corner of
the PES and is removed from the reaction path. Ii fact, the region of the PES followed
by the reaction path across the barrier is important only for a small energy regime
just beyond the threshold energies. Only Figures 2(a) and 2(b) have extrema that
directly fall on the reaction path.
Lastly, we note that at higher energies, tbo sensitivities in the tail regions, though
oscillatory in nature, are predominantly more positive than negative. The sensitivity
structures in these tail regions also do not change appreciably with energy.
Sensitivities.ffr Transitionsfrom v = Oj = 0 to v' = Oj' = 1 (0 = 1800)
Figure 3 shows the WPo01_o/bV sensitivities at the same energy slices as shown
in Figure 2. These sensitivities are nonsymmetric about the symmetric stretch line
because they are composed from the product of two different scattering wave functions [see Eq. (12)]-one with an incoming wave in channel v = 0,j = 0 on the
reactant side (lower right-hand side in the figures), and the other with an incoming
wave in channel v' = 0. j' = I on the product side. Below the resonance energy
•/.0
,
(0.98 eV), the sensitivities bear an uncanny resemblance to those of 6P-oo
with the exception that the magnitudes are almost exactly a factor of 2 greater, and
the sensitivities are slightly larger on the reactant side. Incidentally. the transition
probabilities themselves are almost exactly a factor of 2 grfeater than Poo-00 for
energies below the first resonance (see Fig. I ).
Above the resonance energy, the lack of symmetry in the sensitivities becomes
more distinct. The positive sensitivity in the transition state region becomes more
heavily weighted on the product side, eventually joining with the asymptotic positive
lobes on the product valley. Thus, from 1.10 to 1.50 eV, the sensitivities on the
product side are almost completely positive. On the reactant side, the sensitivities
above the resonance energy continue to be oscillatory with very little change in
structure. The extrema of the sensitivity peaks and valleys follow a path that closely
resembles the v = 0,j = 0 -- v' = Oj' = 0 case. The sensitivities in the two shoulder
regions grow and coalesce in the inner corner and away from the reaction path.
On the outer corner of the PES, the large positive lobe at the resonance energy
decays with increasing energy and a region of negative sensitivity grows in its stead.
The magnitudes of these negative sensitivities are small compared to the extrema
that cut into the inner corner, so again the region of the PES followed by the reaction
path across the transition state is of secondary importance in affecting the dynamics
at these higher energies.
Sensitivities for Transitionsfroin v = Oj = 0 to v' = Oj' = 2 (0

1800)

Figure 4 shows the sensitivities for transitions from v = 0. = 0 to v' = 0,1' =
P sensitivities are negative and relatively
2. Like the two previous sets, the Po,.- 00/o6
small in the threshold region. Of the two negative peaks at the classical turning
points, the product side has a larger negative sensitivity until about 0.63 eV. Then,
the larger sensitivity ,egion shifts over to the reactant side. The positive shoulder
on the reactant side grows. becomes more prominent, and moves towards the tran-
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Figure 3. Sensitivity maps for transitions from v = 0j = 0 to v' = 0/' = I at 0 = 180'.
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Sensitivities for v=O,j=O to v'=O,j'=2
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sition state alone to displace the decaying negative transition state lobe. Unlike the
two previous sets, the evolution of sensitivity structure does not involve growth
and coalescence of sensitivity shoulders and there is no substantial growth of sensitivity in the inner comer. The region of largest sensitivity from about 0.70 to 1.04
eV (a large energy range) is a positive-negative dyad which moves from the 3.2 <
R < 4.1 bohr region to the 2.3 < R < 3.4 bohr region of the reactant arrangement.
Figures 4(b) and 4(c) show two energy slices in this sequence. The magnitude of
the positive sensitivities peaks at about 0.985 eV in the resonance zone.
Beyond the resonance energy, there is a growth of positive sensitivity on the
product side and negative sensitivity on the reactant side, and this persists until
about 1.42 eV after which the sensitivity magnitudes decay through the end of our
investigated energy range. This decay is presumably due tc the decaying S-matrix
element. Lastly, we note in agreement with previous cases, the transition state
region has very small sensitivities at the higher energies.
Cumulative Sensitivitiesfor Transitionsfrom v = Oj = 0 to all Open Product
Channels (0 = 1800)
The cumulative transition probability sensitivities are obtained by summing the
individual bPy _P-16 V sensitivities over all open product channels in one arrangement. The number of open product channels range from 6 (v' = 0,j' = 0, .... , 5)
at0.50eV to 31 (v' = 0,'= 0, .... ,13; v' = 1,j' = 0, .... 10; v' = 2,j'-= 0 .....
5) at 1.50 eV. Figure 5 shows the cumulative sensitivity map at the same six energy
slices shown on previous figures.
At the lower energies from the threshold to about 0.86 eV, all the large sensitivity
regions lie exclusively in the product arrangement with negligible sensitivity in the
reactant arrangement. This result is certainly counter-intuitive but can be understood
by considering the overlap of scattering wave functions as given by Eq. (12). The
sensitivities for a transition from v = 0,j = 0 to an excited (v',j') state which has
just become energetically accessible is composed of ( I ) a wave function •Soo with
incoming wave from the reactant arrangement and which has sufficient translational
with incoming wave from
energy to cross the barrier, and (2) a wave function
the product arrangement and which does not have sufficient energy to cross the
barrier into the reactant side (because most of its energy is tied up in internal
vibrational-rotational motion). Consequently, these two wave functions have significant overlap only in the product arrangement. Figure 6 shows an example of
this trait for the (0, 0) -. (0, 4) transition at 0.67 eV. The sensitivities, as shown
in Figure 6(a), lie predominantly in the product reg;on. The norms of the two
scattering wave functions are shown in Figs. 6(b) and 6(c).
Above 0.86 eV, a region of positive sensitivity just to the reactant side of the
barrier begins to grow in magnitude but stays almost stationary in configuration
space. The large region of negative sensitivity around the barrier top reaches its
extremum value at ca. 0.88 eV and then decays by flowing into the inner comer
and asymptotic product regions. The positive peak at about (R,r) = (3.0, 1.4)
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bohrs grows to a maximum at ca. 1.01 eV and then deca3Ys as it moves to the outer
corner region. It is interesting to note that the product arrangement, which starts
out with predominantly positive sensitivities at lower energies. eýentually evolves
to predominantly negative sensitivities at the higher energies.
Sensitivities at Other ScatteringA.gles
The reaction barrier for the H + H2 reaction is smallest at collinear geometries
and increases rapidly by more than a factor of six as the scattering angle subtended
by 1i and i sweeps from 180' to 90'. It is, therefore, not surprising to find that
both the magnitudes of the wave functions and of the sensitivities decrease dramatically as the H 3 geometry moves away from collinear. Because of space constraints, we do not show any sensitivity maps at other scattering angles but provide
a discussion of some general trends. We note that sensitivities in different regions
of the (R.r) configuration space decay at different rates as 0 moves away from
1800. The sensitivities in the outer corner of the PES tend to persist longer than
those at either the inner corner or at the asymptotic regions. It is not uncommon
to find the sensitivity magnitudes at these outer corners increase slightly before they

2.00 -

(2 60, 1.50) E = 0.98 eV

1.75 -

----------.
(330, 1 60) E= 098 eV
(2 50. 1.44) E = 1.06 eV

_-

(2.40, 1.40) E = 1.32 cV
1.25

S1o00-

075

0.50o-

..

025-

---

0 00-----\

106.0

170.0

1600

150.0

140.0

-

1300

1200

110.0

100.0

900

angle (degrees)
Figure 7.

Sensitivities of the v = 0 j = 0 -- r' = 0 j' = 0 transition at fixed (R.r)

configurations as a function of scattering angle and total energy.

ANALYSIS OF 3-D (J = 0) H + H2 REACTION

583

decay. Figure 7 diows some of these trends for the bPo,,.o/M I'sensitivities at select
(R,r) points in configuration space and at different energies.
At 0.98 eV, two points were chosea-one on the outer corner at (2.60, 1.50)
bohrs, and the other on the inner corner at (3.30, 1.60) bohrs. Both points correspond to extrema of their respective sensitivity peaks [ see Fig. 2 (c) ]. The sensitivity
at the outer corner decays more slowly and goes through a negative extremum at
about 1420 whereas the inner corner dies out at about 150'. Two other points
chosen at the outer corner and at higher energies actually have sensitivity magnitudes
increase as 0 moves away from 1800 before they eventually decay. This is not
surprising in view of Figures 2 to 5 where regions of large sensitivities at the :gher
collision energies were seen to move away from the minimum energy path. The
cases considered here are somewhat different though as the (R,r) configurations
which do have large sensiti%ities at bent geometries are confined to the outer corner
region of the potential.
Concluding Remarks
We have investigated the sensitivities of state-to-state transition probabilities for
the 3-D J = 0 H + H2 reaction at several energies between 0.50 and 1.50 eV. The
particular transitions investigated are the reactive ones starting from (v = 0, j = 0)
to (v', j') = (0, 0), (0, 1), (0, 2), and the cumulative transition from (0, 0) to all
open channels. Each one has their own interesting sensitivity structure. For the (0,
0) --* (0. 0) and (0, 0) -- (0, 1) transitions, we find great similarity in the evolution
of their sensitivity structure (for 0 = 1800) over the whole energy range. It was
surprising to find large sensitivity regions localized in the inner corner of the potential
at the higher collision energies. These regions of large sensitivities should be interpreted carefully. It is well known that at higher energies, the dynamics can explore
regions of configuration space far removed from the minimum energy path. Interpretation of the sensitivities reveals that not only does the dynamics explore the
inner corner region, but that the "fraction" of the dynamics which does the exploring-no matter how large or small-will be sufficiently distorted by inaccuracies
in the PES at the inner corner, that the "complete" dynamics will be distorted the
nost by inaccuracies from this region. The sensitivities say nothing about whether
the dynamics "prefers" to go over the top of the barrier or cut the corner.
Another caution with regard to interpreting the sensitivities concerns the asymptotic regions. Although the sensitivities appear to be smaller in the asymptotic
regions, a given potential perturbation placed in the asymptote could have the same
perturbative effect on the transition probabilities as if the same perturbation were
placed closer to the shoulder region. This is because the Jacobian factor R 2 r2 in
the integral
'
fV(R"r0)

6P- f

'V(R,r, O)R 2 r 2 dR

dr d(cos 0)

could compensate for the smaller sensitivity magnitudes. However, we expect that
most potential variations contemplated for the asymptotic region would be rather
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broad (with respect to R) so that the oscillatory nature of the sensitivities in the
asymptotic region would tend to cancel out contributions from neighboring regions
and diminish the perturbative effect on the observable.
Among the other regions of high sensitivity found in our study, the most notable
is the outer comer of the potential for bent geometries. This is the region where
the H 3 molecular conformation is more compact than the conformation at the
barrier top. The sensitivity magnitudes tend to decay as the geometry becomes
more bent, but the sensitivities at the outer comer region tend to decay slower with
scattering angle and may, in fact, increase (for some noncollinear geometries) before
they decay.
Lastly, we note that the 3-D sensitivities do not change in structure as rapidly
with increasing energy as did the collinear sensitivities studied earlier [24]. This is
particularly encouraging as the simpler/slower evolution in sensitivity structure
means a greater promise for QFSA-aided PES refinement.
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Abstract
The reaction pathways of the interaction of the methane molecule with the cadmium atom in the
ground state (1S) and the two lowest excited states (P, 'P) were determined using Hartree-Fock followed
by multireference configuration interaction plus second-order multireference Moller-Plesset calculations.
No spontaneous activation of the methane molecule was observed by these electronic states of the cadmium
atom due to the existence of activation barriers of 107.2, 27, and 17 3 kcal/mol, respectively. The
geometry and electronic structure of the HCCCH 3 intermediate molecule and the CdH and CdCH 3
products involved in the reaction were also determined. as well as the dissociation pathway of HCdCH3
towards the CdH + CH 3 and H + CdCH 3 products. We found that the HCdCH 3 intermediate reaches
the final products without any bamers and also that the initial reactants in the ground state need to be
provided with 88.5 kcal/mol to obtain the CdH + CH 3 products and with 99.8 kcal/mol to get the H
+ CdCH3 products. © 1993 John Wiley & Sons, Inc

Introduction
During the last decade a great variety of experimental techniques have been used
for the study of metal atom plus methane (M + CH 4 ) reactions. These experiences
range from photoexcitation of metallic atoms trapped in cryogenic alkane matrices
[1-8 ], photoexcitation of metallic vapors in the presence of hydrocarbons at high
temperatures [ 9,10 ], and guided ion beam tandem mass-spectrometer reactions of
metallic atoms with hydrogen and alkanes [I1] to the laser pump-and-probe reactions of atoms with a variety of polyatomic molecules [12,13]. For the Cd
+ CH 4 reaction, an important experimental work by Wallace and Breckenridge
was reported [14] regarding the study of "action" spectra which provide information
about the excited Cd-CH 4 potential energy surfaces from which electronic energy
transfer processes occur. In that work, the authors used the technique of action
spectroscopy to obtain information about the ground and excited states of the CdCH 4 van der Waals complex and to study "half-collision" electronic energy transfer
processes within the complex. We were particularly interested in that paper because
these authors have found that the interaction of Cd('p 5s' 5pi) with CH 4 is not
efficient for the formation of CdH + CH 3, a fact which is attributed to the possible
existence of a small potential barrier for the chemical interaction of Cd('P) with
the C-H bonds in CH 4. We undertook the task of determining the symmetries,
the positions, dissociation energies, and vibrational frequencies of the ground and
the two lowest excited states of the Cd-CH 4 van der Waals complexes observed in
International Journal of QuantLm Chemistry Quantum Chemistry Symposium 27. 587-598 (1993)
CCC 0020-7608/93/010587-12
C 1993 John Wiley & Sons. Inc.
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Ref. [14] and confirmed the C 3, facial nature of the Cd('S)-CH 4 complex and the
Cd (3p )-CH4 exciplex [15]. For the Cd('P)-_CH 4 exciplex it has just been possible
to exclude the C2, edge-on coordination; this still leaves the C3. facial or vertex-on
nature of this exciplex as an open question.
Ab initio studies of the activation of C-H bonds by metallic atoms start with
the work of Blomberg et al. [16 1. who investigated the interaction of a nickel atom
with methane. From this work the importance of the role played by the excited
states of the metallic atom was clear. This relevant role of excited states has been
confirmed in the experimental work of Georgiadis and Armentrout on the activation
of methane by some ions of transition metals [I I]. More recently, theoretical results
for rhodium [17 ] and copper [18-22 ] in the activation of methane also stress the
importance of the excited states. Similar experimental [ 23-261 and theoretical [ 2736] studies on transition metal atom activation of H 2 molecules exist as well. Particularly, we have been interested on the interaction of( 'p:ns'np') metal atoms with
the C-H bonds in methane. In a very recent work [ 36 ] we predicted the 'P atomic
state of Zn to be responsible for the formation of the HZnCH 3 intermediate. We
decided to test if the same nonadiabatic pathway could lead to the formation of
the corresponding intermediate if one uses cadmium (which is isoelectronic in the
valence shell with zinc) instead of zinc.
The aim of the present work is to study theoretically the Cd + CH 4 reaction to
obtain the reaction pathways as well as the governing mechanisms. For this purpose
we have used the methodology followed in previous studies [21,22]. As our main
interest is the study of the interaction of the cadmium atom in its 311P excited states
with methane, we have used a strategy that allows us to obtain a pathway which is
very close to the true pathway of interaction. We keep the CH 4 geometry fixed
during the insertion process except the C-H. distance, which is relaxed in the C,
step of the insertion (see Fig. 1 ). First of all, we have optimized the geometry of
the HCdCH 3 molecule which has the C3, symmetry as expected; this means that
we know the final exact position of the cadmium atom between the C and H.
atoms. The insertion mechanism can essentially be divided in two: (a) The Cd
atom approaches the C-H bond in the reflection plane (x-y C2, plane) keeping
the CH 4 geometry fixed (from A to B in Fig. I). (b) As the metal atoms leaves the
C2, plane (from B to C), for each C-H. relaxed distance considered, we have
optimized the position of the cadmium atom in the C, symmetry (this implies two
orthogonal directions) until the metal is between the C and H. atoms to finally
obtain the optimized HCdCH 3 molecule in C3a, symmetry.
All optimizations were performed at the configuration interaction + secondorder multireference M611er-Plesset perturbation (MRCI-MP2) level. The paths
leading to the HCd + CH 3 and H + CdCH 3 products that can be attained from
HCdCH 3 were separately studied, and their geometries were also optimized in order
to estimate relative energy differences. The next section is devoted to the computational details of the calculations. The third section presents the molecular and
electronic structure of the optimized reactants, products, and intermediate complex.
A discussion of the reaction mechanism and its features is followed by a comparison
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Reaction path followed by the cadmium atom ('P:3d' 04s'4p'), leading to the
formation of the HCdCH3 molecule.

of the present reaction with the Zn + CH 4 reaction stressing the differences between
them. Finally, in the fourth section we present our conclusions.
Method
The self-consistent field (scF) calculations were performed with the PSHF code
[37], which includes the nonempirical relativistic effective core potential (RECP)
method of Durand et al. [ 38-42 ]. The calculations have been made with a zryptontype RECP for cadmium and a helium-type RECP for carbon, leaving us with only
20 electrons to deal with explicitly. The RECP of carbon and cadmium were taken
from Refs. [42] and [43], respectively. For carbon a double-" gaussian basis set
was taken from Ref. [ 42 ], while for cadmium we have taken a basis set [43 ] which
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TABLE I. Geometry of the HCdCH 3 molecule.
Distances (A)

Cd-C

Angle (deg)

Cd-H
C-H
LHCCd

2.2
1.7
1.09
111.0

is of triple-" quality for the 5s and 4d shells with two polarization p orbitals; the
contraction for this Cd basis is ( 111/21/211). The basis sets for carbon and hydrogen
have been successfully tested before and are the same as those reported in Ref.
[21]. In order to obtain the two open-shell SCF orbitals of the 1 3A and 2 'A' molecular states arising from the Cd( 3,1P) + CH4 asymptotes we used the SCF molecular
orbitals (Mo) of the 1 'A' ('S) state obtained with the PSHF program as input for
the MCSCF process [44]. The electronic correlation effects have been taken into
account through the CIPSI algorithm in its two-class version [45]. First, a zerothorder multireference space S (containing approximately 100 determinants in this
work) is diagonalized and is used to generate the perturbational space P through
the MP2 scheme. P contains from 20 to 30 million determinants depending on the
geometry in question. All geometries and energies have been optimized using this
MRCI-MP2

scheme.
Results and Discussion

MolecularStructure of the HCdCH3 IntermediateMolecule
The most stable geometry of the HCdCH 3 intermediate has C3 , symmetry
and corresponds to a 'A, electronic state. The optimized geometrical parameters
appear in Table I. The 'A, valence electronic configuration is given by
10a•6e 4 7e 4 1la 8e 4 12al 13a , where the 10a, orbital is nainly the binding of the
carbon and the hydrogens of methyl radical, 6e = (dx-, d,.), 7e = (d,,, dx2_y2),
I la, = (d,2). The 8e orbitals bind the hydrogen atoms to carbon. The 12a, is a a
orbital that links C(2p,) with Cd(4s) (with traces of d:2) and H(Is). Finally
the 13a, is a a orbital that binds the three centers on the C 3 axis with the C(2p.),
Cd(5p,), and the H( Is) orbitals. The SCF Mulliken electronic population reveals
a 4d '0 5s°.935p 0 54 charge distribution on Cd which corresponds approximately
to Cd(II).
MolecularStructure of CdCH3
The most stable geometry of CdCH 3 corresponds also to a C3U conformation
with a 2AI electronic state. The optimized geometrical parameters are presented in
TABLE II. Geometry of the CdCH3 molecule
Distances (A)
Angle (deg)

Cd-C
C-H
LHCCd

2.2
1.11
108.5
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Table II. The 2A, valence electronic configuration is dominated by
lOa16e 47e4 1 la18e 4 12aI13al, where the 10a, orbital is mainly the binding of the
carbon and the hydrogens of the methyl radical, 6e = (d.,, d,,), 7e = (d,
d.2_Y2) and I Ia, = (d:2). The 8e orbitals bind carbon (2p,, 2p,,) with the hydrogen
atoms (Is orbitals). The 12a, orbital links the carbon (2p.) with cadmium (5s)
and finally the 13a, orbital corresponds to a bond between carbon sp(2p: + 2s)
and cadmium sp(-5s - 5pz).

The CdH Molecule
The most stable geometry of CdH corresponds to a 22 + state, which has a valence
electronic configuration given by 9a 226 427r 410u 2 11ahi, where 9a = (d2 2), 25
=

(d•2_.2, d.).), 27r = (dz, d,.). The 10a orbital binds the cadmium sd(s -

d,2)

with the hydrogen (Is) and finally the I la orbital mixes the cadmium sp(-s + pz)
with the H(Is). The equilibrium distance of CdH was found to be 1.76 A and is
in excellent agreement with the experimental R, value of 1.761 A [461.
Energetics of the Cd + CH4 -- HCdCH3 Reaction

Figure 2 shows the relative energies of the reactants, the HCdCH 3 complex and
the HCd + CH 3 or CdCH 3 + H products. We present there our calculated values
(full lines) as well as available experimental data (dotted lines).
The experimental bond disociation energies (BDE), on the one hand, allow us
to perform an analysis of the energetics of the reaction and, on the other hand,
they will be used to generate reliable energy differences against which our calculated
values can be compared. The experimental BDE of the C-H bond in methane is
105 kcal/mo! whereas that of the Cd-H bond is 15.6 kcal/mol [46]. These values
allow us to calculate that the "experimental" energy difference between the CdH
+ CH 3 prodaLcts and the Cd('S) + CH 4 reactants is 89.4 kcal/mol; our MRCI-MP2
value for this difference is in very good agreement and was found to be 88.5 kcal/
mol. The BDE for the Cd-C bond of CdCH 3 has not been experimentally determined but our calculated value is 99.8 kcal/mol. As far as the spectroscopy of the
cadmium atom concerns, the experimental transition energies (T,) between the
3P(4d' 05s'5p') and 'P(4d' 0 5s'5p') excited states and the 'S(4d 01 5s2) ground state
are 89.3 kcal / mol and 124.9 kcal / mol [47]. The 3P energy is the J-averaged value
of the three spin-orbit components of Ref. [47]. Our calculated T, are 84.9 and
125.6 kcal/mol, respectivel
The optimized HCdCH 3 complex was calculated to lie 31.9 kcal/mol above the
Cd('S) + CH 4 reactants; the endothermic formation of an HMCH 3 molecule (M
= metal) has also been found in Ni, Cu, and Zn [16,22,36]. Figure 3 shows the
reaction paths followed by the reactants to form the HCdCH 3 complex. The curve
2VA' initially presents an attractive section between the Cd('P) excited atom and
methane; next, this curve shows an activation barrier of 17.3 kcal/ mol. This means
that the Cd( P) excited atom does not insert spontaneously into the C-H bond
of CH 4 . Also this figure presents two avoided crossings between the 2 'A' and I 'A'
curves. This means that initially the Cd(TP) + CH4 fragments follow the 2 'A' curve
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Energy diagram octhe reactants, the intermediate HCdCH 3 molecule, and the
products: (- - -) experimental figures; (-) calculated results.

and then by means of a nonadiabatic transition in any of the avoided crossing
regions they may fall to the 1 'A' curve that correlates with the Cd('S) + CH 4
fragments. Note that the lower-lying curve is initially repulsive and that it becomes
attractive, as expected, only after the first avoided crossing has taken place. This
1 'A' curve has an activation barrier of 107.2 kcal/mol.
The experimental picture presented in Ref. [ 141 shows that the cadmium atom
in the 'P excited state does not break efficiently the C-H bond in CH4 . We have
seen that this can be explained by the existence of a barrier of more than 17 kcal/
mol in the 2 'A' curve in Figure 3.
As far as the Cd(CP) + CH 4 reaction is concerned, we have previously reported
a C3 , face-on Cd ( 3p)-H 3 CH van der Waals exciplex [ 15 ], and its corresponding
minimum can be seen (here exaggerated) at the left of the 13A' curve in Figure
4. Note that another activation barrier calculated to be 27 kcal/mol high separates
the reactants from a stable bent intermediate. This value is in excellent agreement
with the experimentally measured value of 9000-10,000 cm-' for the barrier
height [ 14 ].
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Potential energy curve ofthe interaction of Cd(P:5s5p) state with methane.

Energetics of the HCdCH3 Dissociationtowards the Products
In Figure 5 the reaction pathways corresponding to the dissociation of HCdCH 3
are depicted. The HCdCH3 complex is shown to dissociate, without any activation
barrier, into the HCd + CH 3 products when furnished with 56.6 kcal/mol or to
the H + CdCH 3 products when given 67.9 kcal/mol. The 2 'A' curve becomes
monotonically increasing after the avoided crossings with the i 'A' curve and leads
eventually to the excited CdH ( 22; ) + CH 3 fragments.
Comparison of the Interaction Cd--CH4 with Zn--CH4
The cadmium and zinc atoms are isoelectronic in their valence shells, so it is
expected that their respective interactions with methane would present some common features. We can note, for example, in both cases that:
a. The presence of high energy barriers between the ground state M('S:d'°s 2 )
+ CH 4 and the HMCH 3 intermediate.
b. The formation of the HMCH 3 molecule is only reached by means of an endothermic process.
c. The relative energetic position of the products and the intermediate is the
same, namely, HMCH 3 < HM + CH 3 < H + MCH 3.
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d. The formation of the HM + CH 3 and H + MCH 3 systems can only be reached
by means of endothermic processes and without any barrier between the intermediate HMCH 3 and the products.
We would like to note that the 'P(dIsO'p') excited state of Cd and Zn has two
special features in the M + CH4 interaction: It is the lowest excited state that has
the same spin multiplicity as the stable HMCH 3 complex, and its electronic configuration allows it to interact favorably with the a and a* molecular orbitals of
methane.
However, unlike with the Zn('P:3d' 04s'4p') state, the Cd atom in its ('P:
4d' 05s'5p') state cannot spontaneously break the C-H bonds in CH4 ; this result
is very similai to that found for the interaction of Mg( 'P:2s'2p') with methane
[48]. rhis seems to indicate that since the formation of the Cd( 'P)-CH4 van der
Waals exciplex has already been observed [14] and theoretically confirmed by our
recent calculations [ 15 ], the attractive interaction of the 5p orbital of the Cd with
the a* orbital of methane that could lead to a stable HCdCH 3 intermediate is
overcome at short distance by the existing repulsion between the singly occupied
5s orbital of the metal and the doubly occupied a orbital of the methane.

Conclusions
The 'S(4d°05S2) ground state of the cadmium atom is not capable of breaking
the C-H bond in CH4 due to the presence of a very high barrier (: 07 kcal/mol)
between Cd('S) + CH 4 reactants and HCdCH 3 molecule.
The reaction pathways of Cd( S)-CH4 and Cd('P)-CH 4 show two regions where
these curves present avoided crossings. The 'P(5s '5p') cadmium state, unlike the
isoelectronic Zn( 'P:4s 14p') state, does not break spontaneously the C-H bonds
in CH 4, due to the presence of a 17.3 kcal/mol barrier in the reaction pathway of
this state with methane. This excited cadmium atom can only form exothermically
a C3h van der Waals complex with methane.
The HCdCH 3 intermediate is formed endothermically if one starts with the ground
states of Cd and methane, and it can also be reached from the interaction between
Cd('P) and CH4 ; it was found that it is necessary to provide approximately 17
kcal/mol to the Cd('P) + CH 4 reactants to obtain the HCdCH3 intermediate via
a nonadiabatic transition with the repulsive lower-lying curve, which is asymptotically related to the ground state fragments.
The cadmium 3p state has been shown not to activate spontaneously the methane
molecule because there is a 27 kcal/mol calculated energy barrier (in excellent
accordance with recent experiments) between the Cd( 3p) + CH 4 reactants and a
stable bent minimum.
The HCdCH 3 complex is shown to dissociate into the HCd + CH 3 or to the H
+ CdCH 3 products without any activation barrier.
Finally, the results presented in this work are in accordance with those reported
in the experimental studies already mentioned.
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Use of Energy Partitioning for Predicting Primary
Mass Spectrometric Fragmentation Steps:
A Preliminary Account
I. MAYER and A. GOMORY
CentralResearch Institutc for Chemistry of the Hungarian Academi of Sciences. H-1525 Budapest.
P 0. Box 17, Hungary

Abstract
Energy partitioning (decomposition of the total energy into one- and two-center contributions) performed at the MNDO lesel of theory has been applied to interpret the first steps of mass spectrometric
fragmentation processes. In all cases considered until now, the changes of bond contributions during a
vertical ionization process could be used to predict the main pnmary bond cleavages observed in the
mass spectra of organic molecules. © 1993 John Wiley & Sons. Inc

Introduction
In the course of mass spectrometric experiments, molecules undergo ionization
and fragmentation under the electron impact. Although the fragmentation of ions
formed by electron bombardment is a parexcellence dynamic process, the existence
of many regularities in mass spectra of related organic molecules indicates that
there are some simple underlying physical factors influencing them to a great extent.
Obviously, the electronic structure of the lowest electronic state(s) of the ions obtained after the ionization step should often be of large (or even decisive) importance
in determining the primary bond cleavages. This assumption is supported by the
recent successes [1-6 ] in interpreting the primary mass spectrometric fragmentation
steps by considering the changes in bond order (multiplicity) indices [71 taking
place during the ioniiation. In the case of the NDo-type semiempirical theories,
these bond orders reduce to the familiar Wiberg's bond indices [ 8]. It has recently
been demonstrated [9] that the Wiberg indices obtained in the framework of the
semiempirical MNDO theory correlate very well with the ab initio values, as well as
that the MNDO Wiberg indices represent rather useful tools in interpreting mass
spectra [ 1-6 ].
Bond order or Wiberg indices reflect the actual multiplicity of the bonds in question. they are in a correlation with the bond strengths but are not energeticquantities
which could be directly related to the energy consumption of the bond cleavage
processes. For that reason we have investigated the applicability of energy partithoning performed at the MNDO level of theory for interpreting and predicting the
primary mass spectrometric fragmentations. We do not assume that the new method
International Journal of Quantum ('hemistr- Quantum Chemistrs
v 1993 John Wilc. & Sons. Inc.
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should replace the use of bond orders in discussing fragmentations. However, it
gives some additional information about the effects taking place during the ionization, which is worth being utilized. In fact, we suggest using these two sets of
parameters simultaneously. However, an obvious advantage of energy partitioning is in putting the changes in bond strengths to the energetic scale, relating
them better to the physical conditions of a mass spectrometric experiment than
the bond order does.
Energy Partitioning
As is well known, the total RHF energy of a closed shell molecule or that of an
ion treated by the "half-electron" scheme is
E h~dD+
i.v

PAP.,

(D,,D, -½DD,.)(tpIVT)+

s

-

(I)

114<B RAB

2

with the usual notations for the elements of the one-electron matrix h, density
matrix D, two-electron integrals in the ( I122) convention as well as nuclear charges
ZA and internuclear distances RAB. In the framework of the MNDO scheme, there
are only one- and two-center integrals contributing to the elements of matrix h as
well as only one- and two-center two-electron integrals (Ap Ivr) are considered.
Therefore, similarly to other NDO theories (cf. [ 10, 11 ]), the total MNDO energy can
unambiguously be decomposed into one- and two-center contributions. In practice,
the introduction of such an energy partitioning into the standard MNDO program
for RHF closed shells and half-electron open shells [ 12 ] represented a quite straightforward program.ning task. We used the energy ( I ) written down in the trace form
Z
E = Tr[(h + F)D] + 2Z
<B

48

(2)

with F being the usual Fock matrix, following closeýly the build up of matrices h
and F. Off-diagonal elements h, and Fv, with orbital indices p and v corresponding
to different atoms should simply be multiplied with I D, and added to the respective
two-center contribution. One-center elements of h and F, however, contain not
only true one-center terms but reflect also the Coulombic interaction with the
nuclei and electrons of other atoms. The latter, however can trivially be separated
out and assigned to the corresponding two-center energy c3mponents.
In our opinion, a theoretical tool of such type can be considered truly predictive
if one can determine what bonds will become weaker by investigating vertical ionization processes, i.e., by comparing the bond order indices or the two-center energy
components of the neutral molecule and of the ion at the equilibrium (optimized)
geometry of the former. In other words, the longer and weaker bonds obtained for
an adiabatic ionization obviously should exhibit lower bond orders and lower (in
absolute value) bonding energy contributions. These lower values may be considered
as a simple consequence of the bonds in question being longer. However, if one
obtains reduced bond contributions after ionization at the geometry of the neutral
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molecule (i.e., if a significant bond weakening takes place even for the vertical
ionization), then this is an indication or prediction that the bond considered will
be looser if the geometry of the ion is relaxed. One can expect that bonds of this
type will be those that undergo primary bond cleavages.
One should keep in mind that the two-center energy contribution corresponding
to a given bond is not equal to the dissociation energy of that bond. It is merely a
static parameter corresponding to a fixed geometry and given wave function, so it
has only indirect relationships with the rather complicated dynamic processes occurring during the ion fragmentation.
Applications
In all cases studied until now, the comparison of the two-center contributions
for the neutral molecule and the positive ion could be used to identify the primary
bond cleavages: The energy contributions for the bonds undergoing actual rupture
decrease significantly (in absolute value) after the ionization. (Changes by a value
about I eV or more are typical.) However, even large changes in energy contributions
corresponding to double and aromatic bonds do not indicate bond cleavage; in
these cases, one is merely faced with some decrease of the actual bond multiplicity.
In the Figures 1-4, the two-center energy components obtained by energy decomposition are displayed in electron volts; in each case the upper numbers correspond to the neutral molecules, and the lower ones to the ions at the optimized
geometry of the neutralmolecule (vertical ionization).
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Figure 1(a) shows the energy decomposition results for methyl-ethyl-ketone.
The bond with the largest change in the two-center contribution indicates that the
main process is the ethyl loss, in agreement with experiment [ 13 ]. Another C-C
bond at the carbonyl group, which corresponds to methyl loss, is changed to a
somewhat less extent, and its energy in the ion remains slightly larger (in absolute
value). This is in agreement with the fact that only a low intensity M- 15 peak is
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observed in the experimental mass spectrum. These energy decomposition results
also indicate that this methyl loss does not originate from the ethyl group. This
conclusion is in agreement with the comparison with the mass spectrum of diethylketone, in which no methyl loss is observed experimentally or predicted theoretically
[Fig. l(b)].
Figure 2 shows the energy contributions for buthyl-amine. One can see that the
C-C bond in #-position to N-atom is expected to be broken. This is in full agreement with the fact that the only dominating product in the wass-spectrum [ 131 is
[CH 2NH 2]÷. It is interesting to note the orientation sensitivity of this step: The
C-C bond cleavage takes place only if the bond is parallel to the nitrogen lone
pair, but not in the other rotation isomers. Further studies are required to clarify
whether this result (and some similar ones) can be generalized as to develop a rule
relating mass spectra to the rotational isomers of the parent molecule.
Looking at the energy partitioning of the lactone molecule depicted on Figure
3, it is not surprising that one can observe in its mass spectrum CO loss and all the
fragments of the remaining furane ring [ 13 ].
Figure 4 displays a norbornane derivative from the recent MS study of one of
us [3 ]. The calculations agree nicely with our experimental analysis in which two
competing primary ring opening processes were postulated. These processes start
with the cleavages of either of the two bonds for which energy partitioning also
indicates significant bond weakening.
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Discussion
Energy partitioning performed at the MNDO level of theory seems to be a promising
tool to interpret and predict the primary bond cleavages influencing the mass spectra
of organic molecules. It appears to us that it is meaningful to apply it together with
analyzing the changes taking place in the bond order (Wiberg) indices during the
ionization. As expected, there is a great overall correlation between these-conceptually different-quantities. This does not mean, however, that they change in
accordance with each other in all cases without exceptions. It is our first impression
that in the doubtful cases the energy partitioning gives superior results. For instance,
for the lactone molecule shown in Figure 3, only the cleavage of the C-O bond
would be predicted by considering the bond order changes (Fig. 5).
It seems too important that-according to our experience up till now-the qualitative conclusions which can be drawn from the energy partitioning results are
rather insensitive to accuracy of the geometry applied; we should recall, however,
the orientation sensitivity mentioned above. It may also be noted that, in some
cases considered, the weakening of the bonds formed by hydrogen atoms were not
manifested by the appearance of M- 1 peaks in the mass spectra; such a weakening
can probably be considered as indications of more complicated rearrangement
processes.
In some molecules, due, e.g., to the presence of a phenyl group, the HOMO may

correspond to a 7r-orbital. In such cases ionization from HOMO (or even from the
next-to-HOMO orbital) can lead to quite stable molecular ions, and the explanation
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Bond order (Wiberg) indices obtained for the lactone molecule shown
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of the observed fragmentation may require consideration of ionizations from lower
lying orbitals. Development of a technique permitting use of energy partitioning
for discussing mass spectra in such cases is also in progress.
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Abstract
Slow electron scattering from CH4 , and thermal positrons annihilating with a vanety of organic molecules, will first be discussed, the major role of molecular polanzability being the focal point. In the same
context, initially neutral carbon clusters with an added, but now bound, electron will be considered, and
in particular for C6- the role of polarizability will again be stressed. Some attention will also be paid to
electron-electron interaction in C6-. Photoelectron spectroscopic data on ionization potentials for both
linear and terminated polyacenes will then be briefly considered, both the role of hole localization and
hole-hole interaction being referred to in these quasi-two-dimensional systems. Finally some directions
for further work are proposed © 1993 John Wiley & Sons. Inc.

Introduction
The interaction of light particles with organic molecules is a relatively old subject.
To cite two examples, Buckingham et al. [I] carried out a phase shift analysis to
explain experimental scattering cross-section data for slow electrons by methane,
while Paul and Saint-Pierre [2] reported experiments on the rapid annihilation of
positrons in some gases of organic molecules.
The motivation for reopening theoretical work in this latter area was provided
by very recent positron annihilation experiments of Murphy and Surko [3] on a
variety of organic molecules, and in particular on alkanes CH 2, +2 and substituted
alkanes (see Fig. 2 below). Because of considerable current interest in electron
density theory, the next section below (see also Appendix 2) on positrons interacting
with organic molecules will be briefly introduced by comparing and contrasting
the experimental results of Murphy and Surko [3] with positron annihilation in
an electron gas of varying mean density, such as occurs in simple metals t.4,5 ]. As
to the slow electron scattering from CH4 , a very recent phenomenological reanalysis
of the experimental data by Freeman and March [6] has resulted in a quite clearcut
demonstration that what was missing from the earlier theoretical work of Buckingham et al. [1] (see, however, [ 7] and below) was a recognition of the importance
of molecular polarizability. This same quantity also will be seen to play a major
role in determining positron lifetimes in organic molecules.
In the third section the topic of additional electrons bound to small C clusters
and also to C6o, will be considered, the latter study being again intimately linked
with molecular polarizability. A subsection deals then with "holes" in quasi-twodimensional (2d) organic molecules while later hole-hole and electron-electron
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27. 607-620 (1993)
@ 1993 John Wiley & Sons, Inc
CCC 0020-7608/93/010607-14
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interactions in such 2d situations, a matter motivated by current interests in high
T, cuprates, are referred to briefly. The fourth section constitutes a summary, and
also points some directions for possible future studies.
Slow Electrons and Thermal Positrons Polarizing Organics
The purpose of this section is to present and analyze available experimental data
for:
(i) slow electron scattering from CH 4 ,
(ii) thermal positrons annihilating in organics: especially alkanes,
and to demonstrate in both areas the initimate correlation with molecular polarizability. Some links with electron density theory (see also Appendix 2) will be
used to motivate the analysis and interpretation of the data.
Slow Electron Scatteringfrom Methane
Recent work by Freeman and March [6] has reanalyzed available experimental
data on slow electron scattering from CH 4 [ 8,9 ]. What is demonstrated first is that
slow electron scattering data for this molecule, together with that for the noble
gases Ar, Kr, and Xe which are useful for comparison, can be fruitfully analyzed
in a phenomenological way. This is achieved by plotting the log of the scattering
cross section u(E) against the variable {Er(E)} 1/2. Thereby the behavior is
clearly separated into two separate regimes common to all the systems, as shown in
Figure 1.
The initial motivation for such a plot was that the asymptotic form of the free
molecule electron density p(r) far from all nuclei is governed by the ionization
potential through the exponential decay as
p(r) - exp(- 2{ 21})

12 r).

(1)

Here I is in units of e 2 /ao while r is measured in units of the Bohr radius ao. If we
argue dimensionally that a "characteristic" distance r can be used in Eq. ( I), related
to the cross section as { a} 112, then the exponent in that equation strongly suggests
the use of the quantity {Ea(E) } 1/2 as an "independent" variable in plots of the
scattering data.
The Ramsauer-Townsend minimum then affords a basic separation between
the two regimes referred to above. Below the energy, ER say, characterizing this
minimum, it turns out for all four systems CH 4, Ar, Kr, and Xe that the law
{Ea(E)} "2 = const,

E• ER,

(2)

is accurately obeyed (see Fig. I). The behavior for E > ER is more complex and
will not be considered further here.
Theory of Elastic Scattering Cross Section for Ahnost Spherical Systems. For
energies below that of the Ramsauer-Townsend minimum ER, the measured cross
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Figure 1. Scattering cross section a(E) for CH 4 compared with noble gases Ar. Kr, and
Xe. "Independent- variable is taken as IE (E)f "2, as motivated below Eq. (I). (Data
from Gee and Freeman [8) and Fioriano et al [9J). Note that this plot phenomenologically
divides data into two regions with very different ciiaractenstics. separated by the RamsauerTownsend minima.

section a(E) is dominated by elastic scattering. For the closed shell spherical atoms
Ar, Kr, and Xe, this elastic scattering cross section can be written [I]
aclastc(E)

p 7_ (21/-t 1) sin 2 -;(k)

(3)

I-0

where 711(k) represents the phase shift of the lth partial wave (I = 0. s wave: 1, p

wave etc.). Equation (3) is readily rewritten as
[For• 1 ..~(E) 1]i/2
a4t

J

lali-= [X(k)]1'

2

(kjaj)-'

(4)

where 2(k) denotes the sum over all I values in Eq. (3).
In Eq. (4), a is the scattering length defined through the zero-energy limit of the
total scattering cross section:
lim a(E) = 4rr.
1_.,O

(5)
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The empirical relation (2) now require: 'hat, over a range of k oc E' /2, the quantity
[ 2(k)] 1/2 is essentially independent of k. Using the reduced variable kR/k, one
finds the approximate result representing the experimental data:
[ 2(k)]I1 2(kRtal)-' = const = 0.18.

(6)

Equation (3) is immediately applicable to :he closed shell noble gases Ar. Kr, and
Xe. With Buckingham et al. [I], we shall regard CH 4 as an almost spherical molecule
for our present purposes. One of the conclusions then drawn by Freeman and
March [ 6 ] is that the (constant) values of 2;(k) extracted from the experiments are
very small (e.g., for Ar, 2;(k) = 1.4 X 10-3; see Appendix 1 also). If we adopt for
methane the static potential set up in Ref. [1], the values of 1(k), as not.-! in that
ieference, are much too large to agree with experiment. From the work of Gianturco
and Thompson [ 7], it seenis that careful inclusion of the polarization potential is
essential to obtain realistic, and very low, values )f L(k).
What also emerges from the above study [6] is the important role in scattering
of slow electrons played by the dimensionless product kR Ia. Earlier work [10,1 i]
has demonstrated a close correlation of the magnitude Ia of the scattering length
with polarizability a: Freeman and the writer [6] have exposed subsequently a
linear relation between kR Ia I and log a.
Having discussed the interaction of slow electrons from CH 4 , and in particular
having established the major role polarizability is playing, we turn next to the
positron annihilation experiments of Murphy and Surko [31.
PositronAnnihilation with Organic Molecules
Briefly, the experiments of Murphy and Surko [3] were performed with room
temperature positrons confined in a Penning trap. For the molecules studied, such
thermal energy is from 0.7 to 18 eV below the positron energy required for the
formation of positronium, which therefore eliminates this process as a channel for
positron annihilation.
It is customary for experimentalists to express positron annihilation rates relative
to the Dirac annihilation rate of positrons in a gas of uncorrelated electrons (see
Appendix 2), by an effective nuclear charge Zeff [12]. Roughly speaking, Zeff/Z is
the average duration of a positron-molecule resonance relative to the duration of
a simple elastic collision. As atomic examples, the values of Zfr for the noble gases
Xe. Kr. and Ar are -300, 70, and 30 respectively.
Murphy and Surko [3 ] tabulate Z~ff for substituted alkanes, hexenes, aromatics,
and aromatic perfluorocarbons. One point to be noted is that increasing molecular
size has a major effect on the annihilation rate (see also the section after next).
What we stress here in the present context is the analysis made of the annihilation
rate per molecule (measured by Z~ff) as a function of polarizability a. While there
is marked correlation, it turns out that for fixed molecular polarizability the annihilation rate per molecule as measured by Z~f is very different for different series
(e.g., alkanes CH.,,+., CnF. 1 ,2, etc.), as demonstrated in Figure 2.
Although, at the time of writing, no detailed theory exists of the correlation
exhibited in Figure 2 between annihilation rate and polarizability, there can be no
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doubt that, paralleling the discussion of the previous subsection for slow electrons.
one is involved here in treating the way the positron polarizes the electronic cloud
of thesl organic molecules.

It is also noteworthy that the experimental data conme closer to a "universal"
curve when In(ZdIr) is plotted against 11 - I,)] ', where I is the ionization potential
of the molecule while Io is the binding energy of the ground state ofrthe positronium
atom (6.8 eV). Returning to their early study, Paul and Saint-Pierre 121, in order
to explain the very large annihilation cros sections of the heavier molecules, proposed the physical picture of a slow positron making several orbits close to the
"surface of the molecule." Murphy and Surko [31 refer in their worl, to the poWsibility
that a highly correlated positron and electron move in the field of a positive molecular
ion. In this context positrons in liquid:; are relevant also (we end of Appendix 2).
Further theoretit .,4 work is in progress J131 currently, but. as in the electron gas
problem, there can be no doubt that the positron polarizes the (now exponentially
decaying) electron density in Eq. ( I ) in a major fashion.
Photoelectron Spectroscopy: Ionization Potentials and Electron Affinities
We turn from scattering states in the previous section to the study of added light
particles which are bound to organic molecules. More specifically, we shall be concerned with ionization potentials and electron affinities as measured by photoelectron spectroscopy.
Aeldilional Electrons Bound it') CC(us.t'rs

We shall consider below results, from both experiment and theory, on small C
clusters, namely, linear C1-C 6 [141 and CO) with an added electron. Because orthc
close link of the C6, work with molecular polarizability. stressed in the discussion
of light particle scattering above, we take this first. The electron affinity of Cio has
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been measured at 2.65 ± 0.02 eV. We shall be concerned below with a brief discussion of the way such a result can be represented by a pseudopotential constructed
by Hettich et al. [ 15 ].
Electron Density Calculationfor Added Electron in C-0 Pseudopotential. The
binding of an additional electron to C60 has been explored numerically by Hettich
et al. [ 15 ] using the central field pseudopotential description
V(r)

=

[c + 2

- 2 e 2a(
=

1 (r -

r,) 2 ] 2

(7)

Here a is the polarizability, r, is approximately the radius of the "European football"
representing C 60, and c is an adjustable constant. Hettich et al. [ 15 ] fit c to reproduce
the known binding energy of 2.65 eV [16].
Here an approximate calculation of some properties associated with the pseudopotential (7) will be obtained analytically from electron density theory. The
starting point is to model the electron density of the ground-state generated by
V(r) in Eq. (7) as the Gaussian
p(r) = pma. exp(-A{r- r,} 2 )'

(8)

Next we shall invoke the approximate result of March and Wind [ 17 ], which can
be described as a spatial generalization of Kato's theorem:
Op(r) = -2r 2
=72--

av

ps(r),

erae Or

(9)

where ps(r) is the s-state contribution to the total density p(r). Equation (9) is
exact for closed shells in a bare Coulomb field [ 18 ] but otherwise approximate.
For the ground state generated by V(r) in Eq. (7), p = ps. We now differentiate
Eqs. (7) and (8) and substitute the results into Eq. (9). Working near the "surface"
of C6o, i.e., r n- r,, we find the approximate result
A = 25

2 1

ar2/caao,

(10)

which demonstrates the parametric dependence of the model electron density (8)
on the pseudopotential (7). For C 60 , Hettich et al. [15] take the polarizability
a = 80 A3 . The depth V(r,) of the pseudopotential, namely,
V(rc) = -e 2a/cI

(11)

is plainly an upper bound to the binding energy. It needs correcting by the zeropoint energy associated with the curvature of the potential energy (7) around r =
r,. Evidently, the expansion of Eq. (7) for r = rc is
V(r) = V(rc) I - 2 3/ 2 (r- rc) 2]
1c

(12)

with force constant k given by
2k =

2 312e 2a/c 3 .

(13)
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Hence the zero-point energy I hw referred to above corresponds to
2
w = (k/m)1"

(14)

with m the electron mass. Finally, therefore, the binding energy, Eb say, of the
added electron to the neutral C6o molecule is given by
e2ot hco
E= c2q+2
e2a
-

c

2

(aoa)'12 e 2
C(15)
2
+

In summary, Eq. (10) shows how the (model) ground-state density (8) is to be
expected to vary with the pseudopotential parameters in Eq. (7). Equation ( 15) is
the corresponding result for the binding energy. Work is in progress by Alonso et
al. [19] to refine the above treatment by pseudopotential density functional calculations for both C6- and C6-0: For a brief discussion of the latter, see subsection
on hole-hole and electron-electron interactions below, and also Appendix 3.
"Extra"Electron in LinearC Clusters. Many-electron calculations based on coupled
cluster theory have been presented by Adamowicz [14] for linear C 3 -C 6 . He minimized the bond lengths in each case (one length for C3, two for C4 and C5 , and three
for C6 ). Adamowzcz was concerned with vertical electron affinities: That is, the geometries of the anions were the same as for the respective neutrals. His results are
reproduced in Table I, where the coupled cluster values of electron affinities are
compared with experiment [16], as well as with self-consistent field results.
The conclusions [14] are seen to be from Table I that:
(i) Electron affinities are significantly greater for even atom than for odd atom
chains.
(fi) There is an increase with the length of chain for both odd and even chains.
(iii) Even for sophisticated many-electron coupled cluster calculations, the electron affinities are 0.3-0.4 of an eV smaller than the experimental values,
though the trend of the empirical data is now faithfully reflected.
Behavior of "Holes" in OrganicMolecules
There are two different quantities one can use to characterize a "hole" in an
organic molecule:
TABLE

1. Electron affinities in eV for small linear C atom clusters'.

Experiment
Coupled cluster results 114]
Self-consistent field values
a

C3

C4

C5

C6

1.95
1.58
1.87

3.70
3.41
2.28

2.80
2.43
2.95

4.10
3.69
2.62

After Adamowicz [ 14]; expenmental values from (161.
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(i) t(le measured ionization potential I, say from photoelectron spectroscopy.
(ii) the electron density difl'rcnce Ap(r) between the neutral molecule, with
density p(r), and the positive ion density p, (r):
Ap(r) = p(r) - P4 (r),

(16)

with the nuclear gcomctrý 'frozen" in the ion as in the equilibrium neutral,
It would be valuable, for future studies, to have plot% of Ap(r) for some typical
organic molecules, derived from correlated electron wave functions. To date, we
know of no information of this kind that is directly available (see, however, the
Subsection above, for electrons rather than holes). We note here that (i) and (ii)
are linked because asymptotically Ap(r) behaves as in Eq. ( I ).
Therefore, below we shall content ourselves with summarizing some regularities
in the ionization and chemical potentials of certain series of quasi-two-dimensional
organic molecules.
Reiqulariti's in Linear Polvacenes. In linear polyacenes, Pucci and March [20]
dernonstrated that if one takes experimental values of I for the presently available
members of the linear poly,:"enc series, one then finds a marked correlation with
the number of 7r-electrons. They also consider in some detail [20] the chemical
potential u of the electron distribution, measured in units of the energy per i'electron, and connect this ratio (near to 2 for Hlickel and extended theories
and precisely 2 on an electron gas model) with the dimensionality (2d) of these
molecules.
Tertninated I'oli'acen•': lHole Localization in lBackhone. In relation to Eq. (16)
above. Kemister and March [211 have emphasized from experiment that when
there is a "backbone" of three rings or more, adding off-line rings to "terminate"
the linear polyacenes changes I by but a few hundredths of an eV. They interpret
this result by replacing Ap(r) in Eq. (16) by the probability density of the IIOMO
orbital in -ijickel theory. Though, of course, this is quite rough, they were able to
conclude that this "hole density" was localized in the backbone of these molecules.
Hole-Hole and ilectron-Alectron Interactions. We shall conclude this section
by commenting briefly on (i) hole-hole interaction in the linear polyacenes and
(ii) electron-electron interaction in CM, and relatk I systems,
We have mnvestiLated situations with two holes in taie linear polyacenes from the
higher ionization potentials as measured by Schmidt [221. To reflect hole-hole
separation, Figvre 3 shows I plotted vs. I/n with n the number of rings, and I
measured relative to the six-ring member. The linearity is striking and should motivate a many-body study of hole-hole correlation functions in these quasi-2d molecules.
In high I'/ cuprates. electron-electron and hole-hole interactions in such quasi2d structures are. of course. of considerable interest, and indeed this was the initial
motivation for this phase of the work being presented. In this context, it seems
natural to mention finally electron-electron interactions in both Cu, and in Kdoped, and now solid, Cf,4 . The former case has been studied numerically by H-lettich
et al. I 5 J: We refer the reader to the more analytical study in Appendix 3 below.
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Figure 3. Higher ionization potentials for linear polyacenes (corresponding to two electrons
stnpped off initially neutral molecules) versus reciprocal of number of rings n. Al is ionization potential for n (<6) rings measured relative to that for six rings. (Experimental
data taken from Schmidt 122]).

As for K-doped C6o. The K atom readily donates its valence electron to the LUMO
orbital in C6o. Then independent studies of Gedik and Ciraci [23] and of Holas
and March [24] indicate that the added electrons are well localized around the
surface of the "European football" (see also Refs. [25] and [126]). It is well known
that it is qualitatively easier to form a bound state in 2d than in 3d with a weak
attractive interaction, a fact exploited in both [23] and [241. Unfortunately, the
mechanism for even an arbitrarily weak attractive interaction remains unclear at
the time of writing.
Summary and Directions for Further Work
Slow electrons, and also thermal positrons, polarize organic molecules in a way
which dominates the momentum transfer cross section, and the positron annihilation rate, respectively. Though the case of an additional electron bound to initially
neutral C60 is clearly chemically different; nevertheless, the binding is again dominantly due to polarizability. Electron-electron interaction in C60- still leaves the
added electrons quite well localized around the surface of the "European football."
This is true also of K-doped, but now solid, C6o. Electron-electron as well as holehole interactions are important in quasi-two-dimensional systems, the latter being
briefly discussed in the linear polyacenes in a semiempirical manner using data on
higher ionization potentials from photoelectron spectroscopy.
As to future work, it will clearly be of interest if quantum chemical calculations
can be made of electron density in both neutral organics and in singly charged ions
with frozen geometry as in the neutrals. The "difference" electron density in Eq.
(16) will be one focal point of such calculations. For the terminated polyacenes
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discussed on the basis of a single hole difference density being simply the probability
density of the HOMO orbital [21], the hole remains localized in the backbone, but
it would be of interest to know if this result is robust against inclusion of manybody effects. If such studies can be made, then clearly for two added holes the pair
correlation function of these (compare the studies of Thorson et al. [ 27 ]) is especially
interesting in quasi-two-dimensional molecules like the linear polyacenes, because
of interest in the high T, cuprates.
Finally, we return to the positron annihilation studies (see Fig. 2 above). As
already noted a more "universal" plot of annihilation rate is given by taking the
independent variable as (I - 10)-` instead of polarizability a, with I the ionization
potential and Io the positronium binding energy. While Murphy and Surko [3]
offer no physical interpretation of such a plot, we conclude by noting that, in metallic
clusters, increasing cluster radius R can lead to a linear relation between R and (I
- A )-', with A the electron affinity [28 1. It is therefore of interest for further work
to examine whether the Murphy-Surko plot of annihilation rate vs. (I - Io)` is
also reflecting a direct correlation with molecular size. If so, though such a plot is
more universal than Figure 2, this latter plot may give more insight into mechanism
and further work is clearly called for here.
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Appendix 1: Bounds on Phase Shifts for Scattering from
"Almost Spherical" Molecule CH 4
Clearly, from Eq. (6) of the main text the magnitude of the phase shifts sum
Z(k) in Eq. (4) is determined by the dimensionless product of the Ramsauer wavenumber kR and the modulus of the scattering length lal. As explained in the text,
Eq. (4) is immediately applicable to the closed shell noble gases: It is approximately
valid also for the "almost spherical" molecule CH 4 . The feature to be stressed is
that the constant values of 1(k) thereby extracted in the range of validity of Eq.
(6) are extremely small. For example, for Ar, 2(k) = 1.4 X 10-3.
From the definition of 2;(k) in Eq. (4), one can write an immediate inequality
for Ar that
(21 +

I) sin 2 771(k) < 1.4

X 10-

.

(Al.t)

The equality sign, of course, applies only when a single phase shift is dominant. If
we conjecture that for E < ER and in the range of Eq. (2) this condition is satisfied
and the s wave alone dominates the sum, then sin 2 no = const = 1.4 X 10-3. This
means that i0 can differ from a multiple of 7r by only 0.04 radians. Plainly, if we
study the phase shifts for the static methane potential used in Ref. [I], the values
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of 1(k), as these workers noted, are much too large to agree with experiment. It
seems, from the work of Gianturco and Thompson [ 7 ], that the careful inclusion
of the polarization potential is essential to obtain realist" , and very low values of
•2(k). Of course, we recognize that constancy of 2(k), say in Ar, in the range kR/
k from 1.5 to 5, may come from a balance between s, p, and d wave phase shifts.
In Ref. [1], it is noted that d and higher partial wave phase shifts can be usefully
calculated semiclassically. We stress again that careful inclusion of the polarization
potential is essential in future work using such a semiclassical approach for, say,
1>2.
Appendix 2: Electron Gas Model of Positron Annihilation
In connection with the recent experiments on positron annihilation with organic
molecules discussed in the second section, let us briefly summarize the essence of
the explanation of positron lifetimes in an electron gas such as exists in simple
metals. Let us recall that the mean electron density, po say, in such metals, is
generally represented in terms of a mean interelectronic separation r, by
(A2.1)
po = 3/47rr,• •
Then in terms of the Bohr radius, r, goes from 2ao to 5.5a 0 over the range of metallic
densities. While more refined calculations have been made more recently using
density functional theory [29], let us briefly summarize the self-consistent field
calculations of March and Murray [5] for the perturbed density p(O), say, at the
position of a unit positive charge at the origin, embedded in an originally uniform
electron gas. Table II shows their results for p(O) as a function of r, and also the
ratio p(O)/po.
A useful fit of the results in Table II is given by [5]

[(0)-

P0] = 2.23r, + 0.766r. + 0.593rs

The standard Dirac result for the positron lifetime

T [4]

(A2.2)

may be written as

) [ 1.-] X 10- 1 os.

=

(A2.3)

If we take the example of Cu metal with rs = 2.66 then from Table II, we find

TABLE 11.
r, (units of an)

2

2.66

4

p (0)

0.396
0.0298

0.298
0.0127

0.224
0.00373

P0

p(0)/Po

13

23

60

6

5

0.201
0.00191
105

0.188
0.00111
169
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= 0.6 X 10' 0 s.

(A2.4)

whereas the experimental value is 2.3 X 10-`0 s. The agreement is quite reasonable,
especially as the positron is a light particle, whereas the unit positive charge was
taken as fixed at the origin in constructing Table II.
But the most interesting conclusion from this table is that whereas the electron
gas density p0 varies by a factor of 30, the density at the position of the unit positive
charge changes by little more than a factor of 2 over the same range of p0. Therein
lies the gist of the explanation of the observed modest variation of positron lifetimes
through the simple metals. Evidently, from Eq. (A2.2), it is very hard to polarize
the electron gas, as r, -* 0, i.e.. in the high density limit where the kinetic energy
per electron is proportional to r 2 .
To conclude this appendix, it is of interest to compare and contrast results on
metals with those on condensed forms containing organics. First though, and somewhat more generally, positron annihilation measurements are available not only
for metals as discussed above but also for nonmetallic crystals, liquids, and amorphous solids. Many of the materials in the latter two categories exhibit a complex
time decay curve which has two distinct components of comparable intensity with
different mean lives [30]. Roughly speaking, in such complex time decay, about
"2/3of the positrons annihilate with a mean life (TI) of a few times 10-`0 s while the
remaining I/3 exhibit a mean life (T2 ) of (0.5-3.5) X 10-' s. depending on the
substance. The longest lifetime is found to decrease, in general, as the sample is
cooled.
Bell and Graham [ 31] propose that the T2 component is due to the formation of
triplet positronium which is converted to the singlet state by collision. Because of
the recent experiments on organics in the gaseous phase discussed in the second
section of the main text, further theoretical work to understand the difference between positron annihilation in the liquid and gaseous states of organics is clearly
of interest.
Appendix 3: Electron Density Theory of Additional Electrons in C6Here we set out '- -iefly the extension of the pseudopotential theory given in the
main text for C6o to apply to Co-0. We construct a new effective potential energy,
CV(r) say, as
'V(r) = V(r) +e2

fIrp~r'
-r

dr'I(31
dr'

(A3.1

Again we assume the electron density p(r) in Eq. (A3.l ) is of Gaussian form
p(r) = N exp[-B(r - r))21.

(A3.2)

where B < A in Eq. (8). Again we use the relation (9) of March and Wind [17].
Differentiating Eq. (A3.2) with respect to r, we then find, again near r = r,
-- = -2B(r - r,)p(r,).

Or

(A3.3)
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Turning to construct r 2aVl/Or from Eq. (A3.1), the first term from the pseudopotential V(r) is already dealt with in the third section of the main text. The
second, screening contribution to CV(r), say VP(r) in Eq. (A3.1) can be handled
using Poisson's equation of electrostatics in the form
r32 r

["2

= 47rp(r)e2 .

r

(A3.4)

Hence r 2aV,,(r)/Or can be written in terms of the total amount of charge Q(r)
inside a sphere of radius r, namely,

Q(r) =F

4irr 2p(r) dr

(A3.5)

as
r2 OV,(r)
a
ar

=

Q(r)

(A3.6)

From Eq. (9) and (A3.3), one finds then
-2 B(r- r,)

=

/ r2 aV Q(r)-.Q(r,)
-•e-a°Or+
ela

47

]r

(A3.7)

Using the explicit form (A3.2) in Eq. (A3.5), one can obtain Q(r) in terms of B
and r,. Equation (A3.7) can then be used iteratively to determine B, for given
parameters a. r,, and c in the Hettich et al. pseudopotential V(r) starting with a
zero-order approximation B = -yA: -y = 1. Though this numerical iteration has not
been performed at the time of writing, we have estimated B -- (0.043) (a.u.)-2
from the different numerical study reported by Hettich et al. [ 15 ]. Further calculations are now in progress [19] to refine the above electron density treatment of
COO. including the choice of pseudopotential. However, these refinements are still
within a spherically averaged pseudopotential approximation already employed for
Na clusters [ 32].
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Abstract
We have located five zero-angular-momentum resonance states in the funnel associated with the lowest
conical intersection of the Na (3p). H2 exciplex, and we have characterized the four narrowest of these
in terms of total and partial widths. The resonant contnbutions of the metastable states to state-to-state
energy transfer greatly exceed the background contributions. © 1993 John Wiley &Sons, Inc.

Introduction
Conical intersections [1] of potential energy surfaces lead to important consequences in structure, spectroscopy, and dynamics. Structurally, the best known
consequence of conical intersections is the Jahn-Teller effect [2,3 ], which causes
the equilibrium structure of molecules in degenerate electronic states to distort.
Conical intersections also have important spectroscopic effects, where they often
lead to a characteristic bimodal signature in the electronic spectrum [4]. States of
the upper cone are typically broadened to a large extent by nonadiabatic mixing
with states of the lower potential energy surface, even when the latter is nondissociative [4,5]. In molecular collisions where the lower surface is dissociative,
broadening might often be even more severe since the funnel state will have a finite
lifetime. An example would be the Na(3p) + H2 system [6-12], where the ground
state is repulsive, dissociating to Na(3s) + H2 , and the excited state is an exciplex,
formally Na(3p). H2 , whose potential energy surface intersects the ground one
conically. We have recently carried out converged quantum mechanical dynamical
calculations on this system, using a previously parameterized set [10] of coupled
potential energy surfaces, and, despite this broadening mechanism, we found five
resonances, four of which are broadened by only 2 to 6 meV, corresponding to
lifetimes of 0.2 to 0.7 ps [12]. Furthermore we found substantial enhancement of
energy transfer probabilities in inelastic collision processes that proceed through
International Joi .aal of Quantum Chemistry. Quantum Chemistry Symposium 27, 621-632 (1993)
C 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010621-12
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the metastable state. In the present article, we characterize the resonances by their
partial widths [13 ], and we study the inelastic enhancements in more detail.
The next three sections present the system, the methods used for the accurate
quantum dynamics calculations, and the methods for analyzing the resonances.
The final section presents results and discussion.
System
The collision system studied is Na(3s) + H 2 using a two-state electronically
diabatic [14] representation described previously [10]. This representation includes
two diabatic potential energy surfaces Ui1 and U22 and a coupling matrix element
U12, all of which depend on all three internal coordinates. Electronic angular momentum and spin-orbit coupling are neglected. The upper surface dissociates to
Na(3p) + H2 (with excitation energy 2.1037 eV) but has an accessible well at small
Na - H2 distances, corresponding to the Na. H2 exciplex.
In this article (and in Refs. [12] and [18]), we set the zero of energy at Na(3s)
infinitely far from H2 at its classical equilibrium internuclear distance. (Note though
that in Ref. [10], the zero of energy is such that this configuration had an energy
of 5.0 meV.) Figure 1illustrates U, 1 and U22 for the C2, geometry. In this geometry

3.0

V2
2.5

V,
112.3726

eV
v= 3 2 1 0

2.0
. 1.5

1.0
0.5
7.

0.0
3.0

3.4

4.2

3.8

4.6

1
50

S (%)

Figure I. Energies of the two lowest potential energy surfaces for the C2. approach of Na
to H2 as a function of the distance S from the Na to the center of mass of H2 . For each
value of S, the value of the H - H distance s is 1.40 ao when the Na - H2 distance is
greater than 3.856 ao and equals 4.123S + 17.375ao when S is less than this. The preceding
linear relation isdetermined by the requirement that the line pass through both the lowestenergy point on the upper surface at S = 3.715ao, s = I 994ao and the lowest-energy conical
intersection at S = 3.708ao, s = 2.0i3ao. The five horizorlal lines in the well are the
resonance energies found in this work. The horizontal lines at the nght are the vibrationalrotational thresholds of H2 . The thin horizontal line across the whole figure is the energy
ofNa(3p) + H2 (v =j = 0).
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)5
e-3

-3
E

.3

-5
1.882

1.887
1.892
energy (eV)

1.897

Figure 2. The sum of the eigenphases as a function of energy in the vicinity of the first
resonance. The circles are the quantal calculations, and the solid curve is a fit consisting
of a seventh-order polynomial for the background (direct scattering) plus a Breit-Wigner
resonance term. The short-dashed line is the background, and the long-dashed line is the

resonance contribution.
U1 2 = 0, and so the adiabatic potentials are the same as the diabatic ones. As
explained in the figure legend, the plot corresponds to a path in which the H - H
distance increases significantly as the Na - H2 distance decreases, because the well
involves a considerably stretched H - H distance. More accurate calculations [8],
for which, however, full potential energy surfaces were not presented, indicate that
the potential energy surfaces used here may quantitatively overestimate the H - H
extension at the minimum of U22 and at the lowest-energy conical intersection;
nevertheless the qualitative picture of an exciplex with an H - H distance considerably larger than in diatomic hydrogen is valid.
In this article we consider total angular momentum J = 0 and the even symmetry
block corresponding to para H2. For J = 0, the orbital quantum number I associated
with motion of Na relative to H 2 equals the rotational quantum number j of H 2.
Thus a channel n may be specified by two quantum numbers: v, %&*-ichis the
vibrational quantum number of H2 , and j.

Theory
For an isolated narrow resonance (INR) [13] the resonance contribution to the
scattering matrix is completely specified by a complex resonance energy and N
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Figure 3. State-to-state transition probabilities from the full calculation (total) and the
separate background (direct) and resonant contnbutions. The first column is for resonance
2, and the second isfor resonance 5.

additional complex numbers, where N is the number of open channels. The resonance energy corresponds to a simple pole of the S matrix in the complex plane
and will be denoted by
z. = E, -

(1)

2

where a is an index specifying the particular resonance. E,, is the location of the
resonance on the real energy axis, and r. is the total resonance width. Near z, the
scattering matrix may be written [13]
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TABLE

I.

Resonance parameters.

Energy (eV)

Width (meV)

V

V2

V3(s)

1.890
1.977
2053
2.08
2.105

1.960
4.679
5.741
Wide
2.474

0
0
0
0
1

0
1
2
0
0

0
0
0
2
0

Sw'

-

i "''".
E-

699
281
229
n/a
532

(2)

z.

where n and n' denote the initial and final channels, Sb is the background (nonresonant) contribution to the scattering, and the y,,, n = 1, 2, .... , N, are the
complex parameters. The partial widths are given in terms of these quantities by

TABLE 11. Partial widths for first resonance (eV).

v

j

Standard'

M = 12

Different
column

Different
E range

0
0
0
0
0
0
0
0
1
1

0
2
4
6
8
10
12
14
0
2
4
6
8
10
12
0
2
4
6
8
0
2
4

2.435E-07
5.553E-07
4.765E-06
1.529E-05
1.213E-05
7.285E-07
4.339E-10
4.588E-15
1.078E-04
1.726E-04
2 240E-04
1 103E-04
3.81OE-06
4.948E-09
i.094E-16
1.079E-03
I.179E-04
4.606E-05
2.792E-07
3.530E-13
1.626E-12
2.031E-I I
2.778E-15

2.441E-07
5.559E-07
4.774E-06
1.532E-05
1.215E.05
7.290E-07
4.357E-10
4.591E-15
1.078E-04
1.735E-04
2.235E-04
1.106E.04
3.8271E-06
4.978E-09
1.103E-16
1.079E-03
I. 178E-04
4.599E-05
2.788E-07
3.541E-13
1.635E-12
2.192E-I I
1.376E-15

2.431E-07
5.551 E-07
4.757E-06
1.528E-05
1.211E-05
7.297E-07
4.341E-10
4.581E-15
1.077E-04
1.725E-04
2.239E-04
1.104E-04
3.810E-06
4.948E-09
1.138E-16
1.079E-33
1.177E-04
4.601E-05
2.790E-07
3.735E-13
1.596E-12
2.105E-I I
4.010E-15

2.435E-07
5.565E-07
4.768E-06
1.530E-05
1.214E-05
7.302E-07
4 331E-10
4.587E-15
1.076E-04
1.730E-04
2.249E-04
1.103E-04
3.817E-06
4.959E-09
1.096E-16
1.079E-03
1.181E-04
4.603E-05
2.789E-07
3.526E-13
1.588E-12
2.103E-I I
2.897E-16

1
1
2
2
2
2
2
3
3
3
' M

=

10, the fit is based on the column of the S matnx with the largest partial width, and the energy

region used for the fit is a wide region between two vibrational-rotational thresholds of H2 .
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TABLE Ill.

Partial w- 'ths and jn. o"oartial widths (eV) and ratio of sum to total "-Idth.

v

j

Resonance I

Resonance 2

Resonance 3

Resonance 5

0
0
0
0
0
0
0
0
0

0
2
4
6
8
1O
i2
14
16
0
2
4
6
8
10
12
S14
0
2
4
6
8
10
0
2
4
6
G.
6./r.

2.4,4E-07
5.55E-07
4.77E-06
1.53E-05
1.21 E-05
7.28E-07
4.34E-10
4.59E-15
closed
1.08E-04
1.73F-04
2.24E-04
1.IOE-04
3 81E-06
4.95E-09
1.09E- 16
closed
1.08E-03
I.18E-04
4.61E-05
2.79E-07
3.53E-13
closed
1.63E-12
2.0d(E- I1
2.78E-15
closed
1.90E-03
0.967

9.4 1E-07
3.16E-06
1.03E-05
1.59E-05
6.06E-06
1.65E-06
I 45E-09
2.17E-13
6.38E-20
I 48E-04
1.19E-04
1.64E-06
1.73E-05
3 68E-07
8.84E-07
6.62E- 13
closed
1.34E-03
1.35E-03
1.27E-03
7.57E-05
3.70E-10
6.29E-to
1.52E-07
3 01E-10
2.63E-10
closed
4.35E-03
0.931

6.50E-07
4.22E-06
3.84E-06
9.29E-06
1.QE-06
300E-06
4.55E-10
2.48E-1 I
1.39E-20
I 46E-04
1.54E-05
4.30E-05
1. 14E-05
1.29E-04
I 34E-06
6.66E-10
close-i
3.91E-04
1.28E-03
2.18E-03
3.37E-05
1.99E-06
5.75E-17
8.50E-94
4.65E-04
I 09E-07
1.21E-13
5.57E-03
0.970

1.67E-07
3.86E-07
1.71 E-06
2.54E-06
8.98E-07
7.67E-07
3 99E-07
1.54E-10
3 45E- 18
8 59E-06
4.95E-05
2.99E-05
2.24L-05
L.IOE-05
5.53E-06
7.40E-09
4.39E- 18
1.86E-04
4 97E-04
I I IE-03
5.6JE-05
1.62E-06
1.1 E-12
I 52E-04
3.39E-04
4 12E-06
8.03E-I I
2 48E-03
1.002

1

2
2
2
2
2
2
3
3
3
3

=,,
--I,,..12

(3)

We will denote the sum of the partial widths by G0 , i.e.,
A

G. = V r7. .

(4)

n=1I

For an

INR

we have [131
r=

(5)

but in general this does not hold. and it has been observed [ 15 ] that G. is frequently
significantly below r. for wide resonances. In general though, we define decay
probabilities by [ 15]
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Decay probabilities into various V', f states. (a) First resonance; (b) second
resonance; (c) third resonance; (d) fifth resonance

., = r.a./G. .(6)
Computational Procedure
The S matrices were generated by the outgoing wave variational principle 116].
extended to electronically inelastic collisions as described elsewhere [11,17,18]..

The numerical parameters are identical to those describe( elsewhere [11,18]. We
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Figure 5. Decay probabilities for first, second, third, and fifth resonances into the various
j' states of the v' = 2 level.

performed scattering calculations at energies clustered around estimated boundstate energies of the U22 diabatic surface. The scattering matrices are all well converged with respect to these numerical parameters.
The first step of the fit is to determine the resonance energy. We begin with the
generalized Breit-Wigner formula [ 19 ]

A = Ab + arctan

2 (E

(7)

- E)

where A is the eigenphase sum defined by
(8)

exp(2iA) = det S,

and Ab denotes the background (i.e., direct) contribution. Since the eigenphase
sum is only determined in Eq. (8) modulo 7r we added multiples of ir to the calculated
data until a continuous function of total energy E was obtained. Numerical values
of r, and E. were determined by a nonlinear least squares fit to a smoothed version
of Eq., (7), i.e.,
A

=

Ab + arctan( 2 (EI-

where 0 is a Heaviside step function, and

Ab

X(

E)

Ca),

(9)

is represented as

Ab =ZT axE",
X.=0

+ O(E -

(10)
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where Xlax is chosen high enough that stable results are obtained. Actually, of
course, the "smoothing" simply corresponds to picking the correct branch of the
inverse tangent.
In the next phase of the fitting procedure we expanded Sb in Eq. (2) as
Al

sbWn

(11)

Axn'nEx,

x=O

and we multiplied this by E - z. to obtain
A1+ I

(E - z.)S,,

=,

B,,,,EE.

(12)

where
(13)

BM+ Ln'n = A.,fn'n

B,,,

= A

-

Bon'n

X = 1,2,

-aAxnn,

-zAon'n -

t

,nn

...

,M

(14)
(15)

and
Ca.,,, = 7a'"r.n.-(16)
The B,nn were obtained by a linear least squares fit, and from these the Aan'n and
C~n', were determined. By fitting an entire column of the S matrix we obtained
results for the 7n,, and thus the partial widths. In practice we fit the column of the
S matrix that has the largest partial width (as determined by a preliminary fit),
although the results were stable if obtained from any column that had a reasonatly
sized partial width. More powerful methods for treating difficult cases have been
given elsewhere [ 15 ].
Results and Discussion
Figure 2 displays the eigenphase sums used to fit the first resonance. The fit is
very good. The region shown in Figure 2 (as well as each energy range shown in
Fig. 3 below) is narrow enough that it contains no rotational thresholds.
In Table I we give the fitted 1'. and E. as well as the quantum number assignments
obtained by examining the wave function of th! bound-state calculation mentioned
above for the U 22 diabatic surface. Vibrational modes v, and v2 have a, symmetry,
and mode v3 has b, symmetry. Note that states with odd v3 do not occur in the
even symmetry block studied in this article.
Figure 3 gives plots of selected state-to-state transition probabilities. In each case.
the figure shows the background (direct) contnu.::"on, i.e.. I Sb'. 12, and the resonance contribution, given by the absolute square of the second term of Eq. (2), as
well as the total transition probability, given by I S,,.,, 12. The total probability is
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not the sum of the other two because there is also an interference term (not shown),
which can be of either sign. The plot in the upper left shows the depletion of an
elastic SW,,! 2, and the other three show enhancements of inelastic processes. (Note
that S',, j 2 is a transition probability, but elastic scattering cross sections depend
on 11 -S",1 2, not on ISnnI2).
Each resonance couples with a different distribution of strengths to the N 2 possible
state-to-state processes. For an INR, however, the extent of the coupling to each of
these processes is summarized succinctly in the partial widths, which are discussed next.
In Table IHwe illustrate the quality of the convergence for the partial widths. We
performed three separate tests for the first resonance. The first test shows the level
of convergence when the polynomial order used in Eq. ( 11 ) is increased from 10
to 12. The second test uses the column of the S matrix associated with the second
largest partial width to generate the results. The final test indicates the level of
convergence when the range of energies is modified by removing the two lowest
and two highest energy points. Table III lists the partial widths obtained using a
10th order polynomial for the background at each of the four resonances.
Resonance 4 was too hard to fit to get accurate widths.
Since the INR approximation holds well for resonances 1, 2, 3, and 5, their resonant
transition probabilities are given to a good approximation by

I S.,I2 = F.(E)P,,P,,..,,

(17)

where
F.()

(E--E)2 + r,2/4•

(18)

and P,,, is a decay probability given by Eq. (6). Equation ( 17) has a semiclassical
interpretation that is useful when all the P,,, are less than 0.25; in that case we can
interpret F,(E)P,, as the probability that initial channel n accesses resonance a at
energy E and P,,,, as the probability that this resonance decays to state n'. Figures
4 and 5 show the decay probabilities. One feature of immediate interest is the high
specificity of decay, i.e., in each case there is at least one final state to which decay
occurs with a probability greater than 0.3, and in one case the largest decay probability exceeds 0.5. We see that the largest decay probabilities are into the v = 2
states for all four resonances for which partial widths were obtained, and the first
resonance also shows appreciable coupling to v = 0. The coupling to highly excited
vibrational states is understandable in terms of the large H -H distances accessed
by the exciplex. It would be interesting to studs the effect of changing the potertial
energy surfaces on the decay probabilities.
Figure 5 compares the j distributions directly for v = 2 for all four resonances.
The figure shows that the first resonance couples mainly to lowj states, the second
to a broad range ofj, and the third and fifth to a narrow range centered at j = 4.
Since resonances 2 and 3 both involve excitation of P, but show quite different

FESHBACH FUNNEL RESONANCES

631

patterns, but resonances 3 and 5 involve excitation of different modes and show
similar patterns, the interpretation of these trends is a fascinating topic for
further work.
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Critical Test of PM3-Calculated Proton Affinities
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Abstract
Proton affinities have been calculated for 119 compounds using the PM3 semiempincal molecular
orbital model PM3 seems to be not as good as AM I for the calculation of proton affinities At the same
time, it can be a valuable tool for investigation of proton affinities, when AM I is not usable (for hypervalent
compounds of second-row elements). V 1993 John Wiley & Sons. Inc

Introduction
Molecular orbital calculations are carried out by an increasing number of chemists
on a widest range of problems. Both ab initio and semiempirical self-consistent
field molecular orbital calculations are often used. The widespread use of the semiempirical MINDO/3 [1], MNDO [2], AMI [3], and PM3 [4] methods is due to the
fact that they often give reliable answers, are easy to use, require relatively little
computer time, and can handle large molecules.
Proton transfer reactions are widespread and of fundamental importance in
chemistry and in biochemistry. Therefore, the knowledge of the proton affinities
of neutral bases is essential. If these quantities could be calculated theoretically by
some quantum chemical procedure with sufficient accuracy, this would be a great
value, while such calculations can be carried out much faster and supposedly at
much less cost than experiments. Such calculations are also not limited by the
physical properties of the samples (stability, vapor pressure, etc.). As a result, numerous calculations of gas-phase (intrinsic) basicities (or proton affinities) of neutral
bases have appeared [ 5-7 and references therein].
However, there have been only a few systematic investigations [5-10] testing
the reliability of different methods for prediction of proton affinities of neutral bases
and none dealing with the reliability of the PM3 method on the large scale of compounds. Therefore the current investigation was undertaken to evaluate the reliability
of PM3 method for predicting gas-phase proton affinities.
A useful way to compare the experiment and theory is to calculate the linear
regression between the theoretical and experimental quantities and to calculate the
mean difference (unsigned average error) between the experimental and theoretical
quantities. The degree of agreement between the two is then reflected by the slope
and intercept of the correlation line, the unsigned average error, the standard deviation from correlation line, and the correlation coefficient. The last two depend
International Journal of Quantum Chemistry: Quantum Chemistry Symposium 27, 633-641 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010633-09
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on the scatter of the points about the correlation line. A slope dliferent from unmty
and a nonzero intercept imply systematic deviation between experiment and theory
and means that the theoretical values of relative proton affinities will be systematically either too high or too low. A nonzero mean difference between theory and
experiment reflects an overall bias in the absolute values of the calculated proton
affinity.
Method
The proton affinity (PA) of compound B was found as the heat of reaction for
the proton addition equilibrium to form the conjugate acid BH 4:
I1
PA (B) =AH (tH') + Att ( B) - Att (BH+)
B +H+ •-BLt+
where AH!, (H+), Alij (B), and llXt( BH+) are the standard heats of formation
for proton, neutral base and its conjugated acid, BH +. In the case of proton the
experimental heat of formation (367.2 kcal/mol [II]) was used instead of the
calculated value (353.6), because it improves the calculated proton affinities considLrably. We acknowledge that this is not quite a correct procedure, despite the
fact that such a way was also used in earlier works on semiempirical calculations
of acidities and basicities [ 7,12 ].
Th. calculations were carried out on MicrovAx II and VAX 8650 computers
using the standard PM3 procedure, as implemented in the MOPAC 6.0 program
package [131. All geometries were fully optimized by minimizing the energy with
respect to all geometrical variables without using the aid of symmetry. In order to
avoid premature completion of calculations by reaching some local minimum, the
calculations were carried out starting off from several different initial geometries.
Results and Discussion
Proton affinities for 119 compoLnds, calculated using PM3 method. are given in
Table I, along with the corresponding "experimental" values. These particular
compounds were chosen because they cover a wide range of basicities for different
classes of neutral Bronsted bases (C-. 0-. N-, S-, P-bases: alcohols, amines, hydrocarbons. etc.).
The results of statistical (regression) analysis of the relationship between the
calculated, PA (calc), and experimental proton affinities. PA (exp) according to formula
PA(calc) = a + b-PA(exp)

(2)

are presented in Table II (see also Fig. I), where N is the number of points, PAmin
is minimal, and PAm" maximal experimental gas-phase proton affinity in a considered group: APA is the average unsigned error in proton affinities, R is the correlation coefhcient. a is the standard deviation, and -Iis the average unsigned error,
when PAcal. is corrected using formula
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TABLE I.

Comparison with experiment of PM3 heats of formation and proton affinities (kcal/mol,
experimental values from Refs. !1I], [15]. and [16]).
Calc A1-lf
B

BH+

Error
in calc
AHf(B)

PA

Calc

Exp
AHf(B)

Exp

Error

132.0
143.6
162.6
179.5
197.5
181 3
194.7
189.8
200.9
207.0
211.2
220.0
153.3
182.0
168.4

-68
-16.0
-1.2
-3.2
-13.3
-3.1
-49
-6.0
-5.1
-11.7
-6.1
-17.2
0.7
-12 8
2.2

-17.8
-20 I
12.5
4.8
-10.3
19.8
35.9
12.0
35.3
-21.0

4.8
2.0
4.1
1.6
-4.1
3.7
4.8
2.1
3.9
0.1

-86.7
54.5
446
-26.4

-4.1
-3.8
-44
6.7

118.2
204.0
160.0
136.9
214.1
217.0
217.9
218.6
218.4
218.8
220.8
219.3
221.2
221.7
213.9
220.6
222.8
225.9
204.7
225.9
234.1
228.6
237.6
240.6
223.8
225.1
227.5
230.0

29.4
6.7
24
4.2
-4.2
-6.6
-6.9
-3.8
-5.8
-6.4
20
-4.3
-5.8
-6.3
-5.7
-11.3
-12.4
-14.0
-8.7
-9.1
-152
-10.3
-17.5
-33.8
2.5
-24.4
-19.4
-25.2

0.0
-11.0
-160
-31.0
-5.5
-11.3
-17.3
-20.0
-22.0
-23.6
-28.9
-31.0
-25.0
-8.0
2.0
-4.4
-11.0
-17.4
22.8
-4.3
-42
-52.0
-13.0

17.6
79
46
6.6
1.5
-1.2
-0.4
2.7
0.3
0.6
10.2
4.1
-1.0
-1.5
7.5
-1.0
-2.0
-2.9
-2.1
0.4
-5.1
-4.4
-4.4

46.0
-5.7
-11.0
-17.0

-2.7
-5.2
-4.9
-3 5

Carbon bases
Methane
Ethane
Ethene
Propene
1-methylcylcohexene
Benzene
Naphthalene
Toluene
Styrene
Hexamethylbenzene
pMe-CgH 4-C(Me)0=CH 2
1.3.5-tnmethoxybenzene
Acetylene
Propyne
CO

-13.0
-18.1
16.6
6.4
-14.4
23.5
40.7
14.1
39.2
-20.9
21.8
-90.8
50.7
40.2
-19.7

228.9
221.5
222.5
197.3
168.6
212.5
218.1
197.5
210.6
151.0
183.9
73.6
2639
238.2
176.9

125.2
127.6
161.4
176.3
184.2
178.2
189.8
183.8
1958
195.,3
205.1
202.8
154.0
1692
170.6

Nitrogen bases
N2
Ammonia
HNF 2
NF 3
Methylamine
Ethylamine
Propylamine
Iso-propylamine
Butylamine
Iso-butylamine
tert-butylamine
Neopentylamine
Cyclohexylamine
2-aminonorbornane
Ethlideneaminc
Dimethylamine
N-ethylmethy!amine
Dicthylamme
Hydrazine
1.2-diaminoethane
1.3-diaminopiopane
3-aminopropan-l-ol
1,4-diaminobutane
(Ci 3)2N(CH 2)4N(CH 3)2
1,8-diaminonaphtalene
Trimethylamme
N.N-dimethylethylamine
N.N-dimethylmethylamine

17.6
-3.1
-11.4
-24.4
-4.0
-12.5
-17.7
-17.3
-21.7
-23.0
-18.7
-26.9
-26.0
-9.5
9.5
-5.4
-13.0
-20.3
20.7
-39
-9.,3
-56.4
-17.4
-26.0
43 3
--109
-15.9
-20.5

237.2
153.4
1934
201.7
153.3
144.3
138.5
135.1
132.9
131 8
125.7
125.4
125.8
142.3
168.5
152.6
143.7
135.0
191.8
1464
138.9
92.5
129.7
134.4
184.2
155.6
143.2
141.9

147.6
210.7
1624
141.1
209.9
210.4
211.0
214.8
2126
212.4
222.8
215.0
215.4
215.4
208.2
209 3
210.4
211 9
196.0
2168
218.9
218.3
220.1
206.8
226.3
200.7
208.1
2048

(Continued)
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(Continued)

Calc AHr
B

BH+

PA

Calc

Exp

Error

Exp
AH1(B)

Error
in calc
AHf(B)

Nitrogen bases
Tributylamine
N-methylformamide
Aniline
Pyrrolidine
Piperidine
2,2,6,6-tetramethylpipendine
1-methylpyrrolidine
I-methylpipendine
Qunuclidine
I-asabicyclo[2,2,2]
-oct-2-ene
Pyndine
2-methylpyridine
3-methylpyridine
4-methylpyridine
Tetrazole
HCN
Acetonitrile
Butyronitnile
(CH) 2C=C(CN) 2
Trichloroacetonitrile
FCN
Trifluoroacetonitnle
(CN)2

-58.8
-43.7
21.3
-12.0
-16.5

92.3
133.5
175.1
144.8
137.2

216.1
190.1
213.4
210.5
213.5

236.0
204.6
209.5
225.2
2264

-19.9
-14.5
3.9
-14.7
-12.9

-53.0
-45.0
20.8
-0.8
-11.7

-5.8
1.3
0.5
-11.2
-4.8

-39.7
-14.6
-19.3
-13.1

105.4
143.7
136.2
142.9

222.1
208.9
211.7
211.2

231.7
228.7
229.7
232.1

-96
-19.8
-18.0
-209

-38.0
-0.5
-12.0
-1 0

-1.7
-14.1
-7.3
-12.1

16.8
30.4
21.1
20.8
20.8
86.3
33.0
23.3
14.7
169.2
18.5
6.5
-115.0
77.5

171.1
187.3
174.7
175.7
175.1
261.1
213.6
197.9
188.0
353.1
201.5
196.0
78.6
266.6

212.9
210.3
213.6
212.3
212.9
192.4
186.6
192.6
193.9
183.3
184.2
177.7
173.5
178.1

228.5
2208
225.0
224.1
225.2
197.8
171.4
188.4
192.4
166.6
175.7
163.0
164.1
163.5

-15.6
-10.5
-114
-11.8
-12.3
-5.4
15.2
4.2
1.5
16.7
8.5
14.7
9.4
14.6

37.0
580
23.7
25.4
24.8
80.0
32.3
18.0
7.0
169.0
20.0

-20.2
-27.6
-2.6
-4.6
-4.0
6.3
0.7
5.3
7.7
0.2
-1.5

-119.4
73.8

4.4
3.7

105.5
166.5
181.9
188.3
193.7
175.2
163.0
163.4
192.1
200 2
202.2
212.0
158.0
130.9
171.7
186.6
158.2
159.3

-0.3
-11.8
-23.1
-21.8
-178
-244
-30.3
-24.1
-28.9
-285
-159
-222
-37.3
11.8
-4.9
-8.3
-49
-24.8

0.0
-57.8
-48.2
-56.1
-74.7

-4.2
4.4
-3'
-0.8
3.4

-54.90
-367.0
-44.0
-60.1
-678
-87.0

48.0
6.4
-2.9
0.5
3.4
12.0

-94.5
-26.0
-39.6
-153.0
-334.0

9.5
-8.1
-4.6
14.5
-4.4

Oxygen bases
02
Water
Methanol
Ethanol
2-methyl-2-propanol
2,2-difluoroethanol
(CF 3)3COH
(CF 3)2CHOH
Methyl ether
Ethyl ether
tert-butylmethyl ether
tert-butyl ether
(CF3)2 0
Carbondioxide
Formaldehyde
Acetaldehyde
F 2CO
Hexafluoroacetone

-4.2
-53.4
-51.9
-56.9
-71.3
-151.8
-501.0
-260.7
-46.9
-59.6
-64.4
-75.0
-381.4
-85.0
-34.1
-44.2
-138.5
-338.4

257.8
159.1
156.6
143.9
120.0
64.7
-266.6
-132.8
157.0
135.9
116.5
102.3
-134.9
139.5
166.3
144.7
75.4
-105.6

105.2
154.7
158.8
166.5
175.9
150.8
132.7
139.4
163.2
171.7
186.3
189.8
120.7
142.7
166.8
178.3
153.3
134.5
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TABLE 1.

(Continued)

Calc .AHr
B

Exp
AHf(B)

Error
in calc
AHf(B)

-246.3
-98.0
-92.0
-44.0
-70.9
-36.2
-60.6

2.3
5.3
5.1
2.2
20.1
-2.4
20.0

-284.0

33.9

PA

BH*

Calc

Exp

Error

Oxygen bascs
CF3COCI

-194.3

CF3COOH
Methylacetate
Acetylacetone
Formamide
Sulphurdioxide
Dimethylsulfoxide
Methylsulfonylbenzene
CF 3SO 2NH 2
FSO2
Tnmethylphosphineoxide
(C3H9)3PO
bis(dimethylamno)rnthylphophineoxide

-244.0
-92 "7
-869
-41.8
-50.8
--38.6
-40.6
-207.8
-1843
-81.9
-101.4
-85.1

12.7

160.3

163.1

-2.8

-39.8
89.3
91.5
128.3
1353
117.2
111.8
-11.0
9.3
51.3
32.2

1630
185.3
188.8
197.1
181.2
211.4
214.8
170.4
1736
234.0
233.6

171.1
197 8
206.9
198.4
1602
210.9
194.8
176.0
157.3
216.5
225.3

-8.2
-12 5
-18.1
-1.3
21.0
0.5
20.0
-5.6
16.3
17.5
8.3

51.2

230.9

226.3

4.6

-46.6
-89.1
-84.6
53.7

222.0
2172
201 6
228.5

211.2
212.5
216.5
2274

10.8
4.7
-14.9
1.1

Diethylchloromethylphosphonate
Tnmethylphosphate
Triethylphosphate
Hexamethylphosphoric
Amide

-191.9
-239 I
-250.1
--850

Phosphor bases
1.3

-1.1

117.2

250.3

1880

62.3

-9.5

114.8

243.0

203.5

39.5

-4.0

Dimethylphosphine

-18.5

1128

235.9

216.5

19.4

-14.0

-4.5

Tnmethylphosphine

-28.6

109.7

228.8

226.5

2.3

Triethylphosphine
Phosphorustrifluonde

-35.2
-252.2

109.3
-70.4

222.6
185.5

232.0
164.4

-9.4
21.1

-54.0
-229.0

18.8
-23.2

171.1
189.8
195.9
199.1
202.3
206.3

19.6
7.3
4.4
-1 7
-5.3
-44

-4.9
-11.1
-26.2
-9.0
-14.2
-29.9

4.0
2.4
13.0
-1.4
-0.3
-0.2

63.6
101.2
128.0
150.0
137.5
136.0

11.0
37.4
34.5
-10.0
-21.8
10.4

52.1
0.0
-22.1
6.3
-155.0
-169.7

0.0
-13.4
1.6
22.5
-2.9
0.5

Phosphine

Methylphosphine

0.2

-5.5

Sulphur bases
H2S
Ethanethiol
tert-butanethiol
Methylsulfide
Ethylmethylsulfide
Propylsulfide

-0.9
-8 7
-13.2
-10.4
-14.5
-30.1

175.6
161.4
153.7
159.4
155.7
135.3

190.7
197.1
200.3
197.4
197.0
201.9

Other bafes
H
H2
HCI
HI
CF 31Br
CF 3CI

52.!
-134
-20.5
28.8
-157.9
-169.2

344.7
215.2
184.2
256.0
93.6
51.6

74.6
138.6
162.5
140.0
115.7
146.4
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II

All
All'
All'
Carbon
bases
Nitrogen
bases
Oxygen
bases
Phosphoi
bases
Phosphor
bases'
Sulphur
bases

Re-ults of statistical anladsis of calculated (PM3) and expenmental proton affinities in terms
of Eq. (2).
N

PAmn

PA'-

APA

U

b'

R

o'

119
118
60

636
63.6
130.9

2406
240.6
237.6

12.9
12.5
11.2

28.3
27.2
14.4

0.8
08
0.9

0.884
0.901
0.937

149
13.6
8.7

12.8
12.2
7.4

Is

132.0

220.0

7.8

9.4

1a

0.962

6.8

5.8

31

118.2

240.6

11.7

73.5

0.6

0.931

66

7.8

35

1055

227.4

14.5

-12.7

I0

0875

16.0

12.8

6

164.4

232.0

22.6

149.9

0 3

0.408

21.3

42.1

5

164.4

232.0

16.0

97.9

0 6

0.711

15.9

18.9

6

171.1

206.3

7.0

144.1

03

0.889

20

5.2

'Without PH 3
2Compounds. calculated by Dewar [7] with AM I.

ePA(le)

2500

150
100

50

0

50

1oo

150

200

2A0

PA(exp)
Figure I. Caiculated and experinental proton affinities (kcal/mol) foi all bases surveyed.
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PAcale
b

a

--

(3)

Table III gi'ves analogous results for the statistical analysis Of AM 1-calculated proton
affinities (from Ref. [7]).
The average unsigned error in the heats of formation for all neutrals is 7.9 kcal/
mol. This error is fairly typical for the PM3 method and is in keeping with what
has previously been found [14]. At the same time. the average unsigned error in
proton affinities of the same collection of bases is 12.9 kcal/mol, compared with
6.0 kcal/mol for the AMI method obtained by us from analysis of results of calculations for 60 compounds presented in Ref. [ 7]. But when we compare the results
only for compounds calculated by both methods, the average unsigned error for
the PM3 method reduces to 11.2 kcal/mol, which is, however, still larger than the
same quantity for the AM I method. It should be mentioned that in the case of PM3,
nearly one fifth of calculated proton affinities have errors greater than 20 kcal / mol
and more than half deviate more than 10 kcal/mol (see also Fig. I ).
From Table I it can be seen that extremely large error (62.3 kcal/mol) corresponds
to PH 3 . When the phosphine is excluded from the statistical analysis, the average
unsigned error reduces to 12.5 kcal/mol. It should be mentioned that alongside
with a big error in the calculated heat of formation the PM3 method also gives an
unrealistic charge distribution for phosphonium cation-the calculated Mulliken
charge on phosphor atom is 2.42.
On the basis of the results of the overall correlation analysis one can conclude that
in the calculated proton affinities there is also present a systematic error. as indicated
by the nonunity slope of the correlation line b and by the nonzero intercept a.
Carbon Bases
The average unsigned error in calculated proton affinities for the carbon bases is
7.8 kcal/mol, which is considerably higher than that found by us for AM I method
(2.9 kcal / mol). The correlation between experimentally found and calculated proton affinities seems to be reasonably good as e%idenced by the lack of the systematic

TABLL Il.

All
Carbon
bases
Nitrogen
bases
Oxygen
bases

Results of statistical analysis of proton affinities. calculated %,ithAMII method in terms of
Eq. (2).
N

PA"'n

PAm-

.APA

a

b

R

a

60

130.9

237.6

6.0

23.8

0.9

0.979

4.8

4.5

9

132.0

194.7

2.9

9.5

1.0

0.987

3.7

2.7

33

171.4

232 I

5.8

76.4

0.6

0.934

3.0

38

12

130.9

202.2

69

38.9

0.8

0 948

5.4

5.4
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error (see results of correlation analysis in Table It), but the existence of big random
errors makes one prefer the AM 1 method for calculation of proton affinities of
carbon bases.
Nitrogen Bases
The average unsigned error in calculated protorn affinities for the nitrogen bases
is 11.7 kcal/mol, which is again considerably higher than that found by us for AM 1
method (5.8 kcal / mol). However, it seems that these errors are systematic for both
methods while the slopes of correlation lines are 0.62 ± 0.04 and 0.63 ± 0.04 for
PM3 and AM 1 methods, respectively, and the application of empirical correction
reduces the errors in calculated proton affinities considerably (to 7.8 and 3.8 kcal/
mol for PM3 and AM I methods, respectively). Once again, the AM I method seems
to be superior for the calculation of proton affinities of nitrogen bases.
Oxygen Bases
The average unsigned error in calculated proton affinities for the oxygen bases
is 14.5 kcal/mol, which similarly to that of the carbon and nitrogen bases is still
significantly larger than the average unsigned error that is found in the present
work for AMI method (6.9 kcal/mol). As a rule, in case of alcohols, ethers, and
carbonyl ct mpounds the predicted proton affinities are lower than the experimental
values.
Phosphor Bases
The average unsigned error in calculated proton affinities for the phosphor bases
is 22.6 kcal/mol. However, if we exclude from the comparison the extremely strongly
deviating value for the phosphine (vide supra), the unsigned average error redices
to 16.0 kcal / mol. Still, the statistical analysis (see Table 11) shows that there is practically no correlation between calculated and experimental proton affinities, so one
must exercise extreme caution, when using PM3 for invLstigation of phosphor bases.
Sulphur Bases
The average unsigned error in calculated proton affinities for the sulphur bases
is 7.0 kcal/mol, which when compared with the previous groups of bases is a
surprisingly good result.
Conclusions
On the basis of the above results one can conclude that the PM3 method is not
as good as AM I for the calculation of proton affinities of neutral Bronsted bases
(see Table II). At the same time, it can be a useful tool for investigation of proton
affinities, when the AM I method is not usable, e.g., for hypervalent compounds of
second-row elements.
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Abstract
AM1

n

=

and MNiDO semiempincal electronic calculations have been carried out for ZnO surface ((ZnO) n.

11, 16, 22, 24 33. 42, and 44) cluster models. The theoretical results can be summanzed as follows

(i) the energy gap HOMO-LUMO is shown to be dependent on the cluster size and geometry optimization,

however, better agreement of this gap with experimental data is obtained with cluster of limited size
(n ý 16, 22. and 24). (n) The Mulliken charge of the cluster zinc ion is invanant with the optimization procedure, showing an average value of 0.52 a.u. (MNDO) and 0.62 a.u. (AM I). C 1993 John Wiley
& Sons, Inc

Introduction
Research on electronic materials as photo-voltaic cells [I], varistor [2,3 ], and a
wide diversity of investigations and applications related to defects [4,5 ], catalysis
[ 6-8 ], gas sensing [ 9 ], chemisorption [ 10], and semiconductivity [ Il ] have been
extensively reported [ 12 1. Furthermore, the ir.vestigation of small-particle (ranging
in size from <10 A diameter to 100 A) and clusters quantum mechanics [13], is
of special interest to the fields of gas chemical sensor, catalysis, and nanocrystalline
material [14]. Among these electronic materials ZnO is an excellent prototype
[ 2,3,12 ] for the study of interfacial electronic structure and transport properties in
semiconductor oxides.
The surfaces of wurtzite-type semiconductor ZnO are thus of considerable interest
for electronic and catalytic technological applications and, in particular their lowindex faces [15] have been extensively studied. There are three natural surfaces:
the Zn polar (0001) plane where the Zn ions are more outwardly positioned than
the 0 ions, the O-polar (0001) plane where the 0 ions are more outwardly positioned
than the Zn ions, and the nonpolar prismatic (1010) plane where both Zn and 0
ions are in the same plane.
There is theoretical and experimental interest in the study of the crystal growth
mechanism and the correlation to the changes in the electronic properties. It is
known that the photocatalytic, optical, electrochemical, and electronic property
of semiconductors depend on the size of the crystal [14]. It is well known that
as the cluster size is successively increased, the molecular property reaches semiconductor behavior [14]. The pi incinal result of these researches are: the gap
HOMO-LUMO increases while the binding energy decrease as the size of the cluster
decreases.
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27, 643-653 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010643-11
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Pre%ious theoretical cluster calculations of the zinc oxide surfaces and adsorption
process include the discrete variztional (DV) X-a model [16.17]. tight-binding
method [18], semiempirical (INDO/S) and extended H~icke' methods [19] as well
as the self-consistent field X-a scattered wave [20] model.
In the present work, AM I and MNDO semiempirical calculations have been carried
out to study the ZnO cluster. The electronic properties as function of cluster size
are obtained and the reliability of these two methodologies in describing semiconductor oxides properties is analyzed.
Method and Models
The use of cluster models has some advantages for the chemical analysis of semiconductor oxide clusters and adsorption processes. Due to the large d;imensions of
such clusters, a quantum chemical study requires the use of semiempirical methods.
In this work, MNDO (Modified Neglect of Diatomic Overlaps) and [21] the AMI
(Austin Model I) [22] approaches and its parameterizations [23] have been employed in the RHF-LCAO-MO framework.

We have considered seven cluster models for the ZnO ( 1010) and (0001 ) surface
((ZnO)n.nn = 1!, 16,22. 24, 33.42. and 44). Zinc oxide crystallizes in the hexagonal
structure of the wurtzite type in which each zinc atom is at the center of a distorted
tetrahedron coordinated by four oxygen neighbors [241. The cleavage planes of
low index nonpolar (1010) have been studied by theoretical and experimental
procedures and unlike other low-index LEED studies of the cleavage planes they do
not present a distortion of the geometry of the surface with relation to the bulk
[25]. Therefore the geometry of the ZnO surface model is taken from the bulk
geometry. The clusters are constructed to reproduce the crystal growing along the
c axis [Figs. 1(a), I(b) 1(c), and I(d)] and growing along the a axis [ Figs. I(e),
1(f), and 1(g)]. The clusters (n = 16. 22, 24. and 33) are geometry optimized
with constraints. These constraints are used to maintain the periodicity of the
wurtzite structure of the cluster.
Results and Discussion
Nonoptlunized Models
Figure 2 shows the results for AM I and MNDO methods of the binding energy
against I/n (the inverse of the number of ZnO units). For the crystal system
(n - x ) the value of extrapolated binding energy is: -3.8 eV (MNDO) and -3.0
eV (AM I). Therefore, the MNDO method gives a more stronger bonding than AM I
procedure for ZnO units.
Figure 3 presents the energy gap HOMO-LUMO versus the inverse of the number
of ZnO units. The increase of n decreases the gap value, which is in accordance
with other theoretical calculations [ 12,13 ]. It is also known by experimental studies
of semiconductor clusters [14 ] that the small clusters have greater gap value. They
also show that the electronic property differs from the bulk properties and as the
size increases there is a transition from molecular clusters to semiconductors. The
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Figure 2. Binding energy against inverse of the number of ZnO units.

extrapolation of the gap value gives as results: 3.22 eV (AM 1) and 2.42 eV (MNDO).
The AM 1 gap values are in accordance with the experimental value of the crystal
bulk (3.3 eV) [ II b]. The better results of the gap value are obtained for the clusters
of (ZnO), with n = 16, 22, and 24 [Fig. 3(a) and 3(b)]. The gap for ZnO cluster
from the literature calculations has been reported in Table I. A comparison and
analysis of the different results shows that our clusters are capable of reproducing
the experimental energy gap.
The behavior of the HOMO [Fig. 4(a) and 4(b)] with the increase of the cluster
size is in accordance to other theoretical calculations [13], which shows that the
energy of the HOMO decreases with the increase ofthe cluster size. The extrapolations
of the HOMO value results are: 6.14 eV (MNDO) and 6.61 eV (AMI).
It is well known that charge values obtained at HF level produce unphysical
results. However in the present work, it is used in order to compare previous theoretical data. The Mulliken charge of the zinc ion in the cluster has an average value
of 0.52 a.u. (MNDO) and 0.62 a.u. (AM I). The results of zinc charge were extrapolated to obtain n - oo (Fig. 5) and the calculatd values are: 0.60 a.u. (AM I)
and 0.50 a.u. (MNDO). These results are in agreement with the ab initio SCF-CI

calculation for the diatomic ZnO (0.68 a.u.) [26]. However, INDO/S calculation
for cluster of (ZnO) 13 produces a smaller value (0.79 a.u.) [19].
The results of binding energy and HOMO-LUMO energy gap values show that
there is a correlation between the model with the growing along the a axis [Fig.

6(a)] and between the models with growing along the c axis [Fig. 6(b)]. These
sets of models show a different behavior of the binding energy and gap variation
with the increase of the model size for both methods employed.
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Figure 3. HOMO-LUMO energy gap (eV) vs. I In. (a) AM! results. (o) MNDO results. The
continuous curve is obtained by extrapolation to an exponential function.

Optimized ZnO Models
In Table II MNDO and AM I values for the geometric optimization of the clusters,
n = 16, 22, 24, and 33 are listed. The search of the optimum geometry leads to a
minimum and a maximum deviation of 3.3 to 3.5% and 3.5 to 3.6% for MNDO
and AM I methods, respectively. These geometric parameters do not diverge sig-
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TABLE I. Theoretical and experimental results from the literature for the HOMO-LUMO gap of
different ZnO clusters.

Exper.

DV. Ya

Dv-Xa

INDO/S

EHT

3.3
l~b

3.2
Zn 40 11
16

1.2
Zn 3Oo
17

4.4
Zn1 3O13
19

3.0
Zn9 O9
18

Gap (eV)
Cluster
Ref.

10

9

8

0
C

(a)

5
0.0

SU,

•
0.1

0 J2

0.3

0.4

1/n

o0
10-

9'

*

71AM

(b)
Figure 4.

5
Homo energy (eV) vs. I/n. (a) AM I results. (b) MNDO results.
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nificantly from the experimental bulk values [24]. This deviation is explained in
terms of the experimental results cf small clusters [14]. From these studies it is
known that the small clusters do not resemble completely the properties of the
crystal bulk.
For AM I and MNDO optimum geometry of such models the gap shows a better
value when the optimization is done. In addition, the gap decreases smoothly with
the increase of the size of the cluster, which is a direct consequence of the optimization procedure. The average of the gap value of ZnO optimum geometry gives
the results: 3.19 eV (MNDO) and 3.68 eV (AM I). These gap values are better than
the values obtained without optimization (Fig. 3). These changes of the gap value
with the size of the cluster is in accordance with the theoretical [13] and experimental
studies [ 14 ].
The charge of zinc ion in the cluster shows to be invariant with the optimization
procedure, which is an expected behavior because the coordination of zinc is not
modified by the optimization procedure. The extrapolated values for the charge

(Fig. 7) are: 0.51 a.u. (MNDO) and 0.64 a.u. (AM I).
In spite of the fact that the experimental value of the heat of formation for the
zinc oxide molecule in a gas phase at 298.15 K is not reported, this value for the
ZnO molecule is calculated, and the extrapolated value for the nonoptimized clusters
[Fig. 8(a)] is: 4.74 kcal/mol (MNDO) and 37.02 kcal/mol (AMI ).: The results for
the optimized clusters [Fig. 8(b)] are: 3.3Q kcal/mol (MNDO) and 28 85 kcal/mol
(AM I ). As could be noted the MNDO value is less than the AM I value for optimized
and nonoptimized clusters. It is well known from the zinc parameterization that
the error for zinc dication is large [23]: 83 kcal/mol (MNDO) and 64 kcal/mol
(AM I). The Dewar and Merz [23 ] AM I optimized parameters of the two-electron

650

MARTINS, LONGO, AND ANDRtS
5

4S-

---

-

1-"
C

3

(a)

MNDO (GAP)
e'

--

uJ

MNDO (BE)

AMI
AMI

(BE)
(GAP)

-

2
16

24

42

Number of ZnO units

4.

>-

-o--- faDO (BE)

~MNDO

3-

(GAP)
--.--

AMI (BE)

AM1 (GAP)

LU

2.

(b)

1
10

20

30

40

50

Number of ZnO units

Figure 6

Binding energy and HOMO-LUMO gap value for: (a) n = 16, 24. 42; and
(b) n = II, 22, 33, and 44.

integrals are taken from the MNDO and maintained frozen which suggests the reason
for the results of AM I and MNDO for zinc dication is closer. Although the AM 1
results from the literature give quite good values for heat of formation, the MNDO
is known to perform poorly for diatomic molecules. This difference from AM I and
MNDO appears on our cluster models results.
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TABLE II. Geometrical parameters obtained for the optimized clusters.
n = 16

n=22

n=24

n=33

(ZnO)zi

MNDO

AMI

MNDO

AMI

MNDO

AMI

MNDO

AMI

Exp.*

rl (A)
r2 (A)
a (A)
c (A)
alpha
beta

1.868
(1.992)
3 125
5.352
111.6
1227

1.980
2.300
3272
5.783
1i1l
107.1

1.919
2.158
3.183
5.537
111.5
108.0

1.988
2.274
3.296
5 752
111.5
107 7

1.928
2.168
3.195
5.540
111.3
107.5

2.006
2.170
3.317
5.580
111.2
107.7

1.929
2.275
3.193
5 742
111.3
106.3

2.007
2.23
3317
5.687
111.3
107.3

1.973
1.992
3.250
5.207
110.8
108.1

* rl and r2 are the two distances Zn-O. a and c are the cell parameters, alpha and beta are the angles
(degrees) of ZnO crystal. Value in parenthesis is not fully optimized. Experimental values are from
Ref. [241.

Conclusions
The theoretical description of electronic and geometric properties of semiconductor oxides by using different cluster models with AM I and MNDO methods is
presented as an auxiliary tool for solid state studies. The geometry optimization
showed how to improve the description of the clectronic property of the zinc oxide.
MNDO method presents the greater binding energy between ZnO units. However,
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Zn ion charge in the cluster for the optimized models.
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Heat of formation for the ZnO molecule: (a) optimized and (b) nonoptimized
clusters.

for the gap value of nonoptimized models the AM 1 method shows to be in accordance
with the experimental value of the crystal bulk. The AM 1 Mulliken charge of zinc
ion in the cluster shows to be in agreement with others theoretical calculations.
The optimization process for cluster models is necessary in order to obtain: (i)
reability geometries, (i1)gap values, and (iii) Mulliken charges.
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Abstract
Hopping conductivity becomes activationless (metallic) when twice the intersite coupling supercedes
the reorganization energy. Consistent with this idea. activationless electron pair transfer may be considered
as a condition for the appearance of superconductivity For electron pairs the condition is slightly more
complicated than for single electrons. The activation energy depends on the relative energies between
ionic states and a valence bond stal.- The latter serves as an intermediate state, contnbuting to the
disaopjearance of the dctivation barmer. In A3CO, that pairing occurs because the 'A, state of the negative
ions C60 and C'0 is stabilized b, coirelation effects and is the ground state. The correlation effects are
primarily due to the closeness in energy a id different panty of the ii, and tix orbitals. which are partly
occupied in the negative ions, but empty in neutral C(0 The small interelectronic iepulsion and the
polanzation energy from , ie environ nent also contribute to the stability of the evenly negative ions
© 1993 John Wiley & Sons. Inc

Introduction
Semiconductors are in traditional models considered to have a finite band gap
which may be determined by observing the temperature dependence of the conductivity. This is provided that other activation processes can be ignored, which is
unfortunately seldori the case. Trapping of the carriers occurs and contributes to
parts or all of the activatioY. ene.gy, as has been discussed in classical papers [14'. Alternatives to the band model are cluster models, large enough to represent
the bulk in the sense that the activation -.nergy for conductivity due to structure
relaxation can be calculated. The working hypothesis in such a model is that the
activation energy has ,he same origin as in "chemical" electron transfer [5,6]. In
t.,, Marcus model [7], essentially equivalent to the models of Refs. [1-4], the
con Jition for activationless transfer is easily derived and is simply that twice the
intersite coupling matrix ?lement supercedes the reorganization energy [ 5 ]. This
is then a condition for metallic conducti-ity as well. As we will see later, the cluster
model has the advantage that a valence bond state, without charge fluctuations
between sites, is easily distin i, -hed from tonic states. The former leads to a magnetic
coupling between electron sp ; on adjacent sites whereas th.e latter correspond to
doubly charged polarons.
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 655-665 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010655-11
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In many cases, for example the well-known Mott insulators MnO, FeO, CoO,
NiO, and CuO, there is no energy gap separating the valence band from the conduction band [8] at least not in the traditional band model. LiUO doping introduces
Ni 3 ' sites among the Ni " sites. The band model cannot be used any longer since
the translational symmetry is lost. The conductivity is activated and very likely due
to reorganization just as is the case of mixed valance systems, for example, KAMnO 4K 2MnO 4. In the latter system, the same activation energy is obtained for electron
transfer in solution as for conductivity in the solid phase [9,10 1.
Similarly, one may regard superconductivity as barrierless electron pair transfer
[11,12 ]. Electron pair transfer has been extensively studied in inorganic chemistry
and follows !he same rules as transfer of single electrons [ 13 ]. An important problem
to solve in that connection is why electrons sometimes prefer to be paired on a
single site. The most outstanding examples are the "'negative U compounds." The
latter term refers to the energy U needed for the disproportionation reaction:
Me"n' + Me""'

-

Me" + Me"'2

.

In chemistry such compounds are well known and well understood [13-16]. Examples are As 3+/As5+, Bi3+/Bi5+, Sn 24 /Sn 4 +, Pb 2 +/Pb4+, and Tl+/T13+. In all
these cases the sites are different in the occupation of a 6S2 electron pair. Since the
intermediate valence state is unstable, electron transfer between the ions must be
a transfer of electron pairs.
In the present paper, the conditions for pair formation in the negative ions of
C60 will be studied. Several alkali compounds of C60 of the type K 3C 60 have been
found superconducting below 18-30 K [17-20]. More recently the compound
CaSC 6() has been found to be superconducting below 8.4 K [21].
In the case of A3C6 ) the above-mentioned disproportionation (charge fluctuation)
nechanism may be written as
C2- + C4
2c
and has been taken as the basis for an explanation of superconductivity in a number
of papers [11. 22-25 ]. It has been shown that disproportionation and formation
of singlet ground states is energetically favorable. The pairing mechanism is the
same in Refs. [1 1] and [25]. This stabilization will be discussed here for C6.
In a subsequent step we make plausible that the activation energy for transfer of
an electron pair is zero. As we shall see, an important reason is that the valence
bond state, corresponding to two C'0 ions, is close in energy and interacts with the
corresponding ionic states [II].
One-Electron Transfer
Two adjacent sites A and B with identica! structure are assumed to have orbitals
(Pa and •p, respectively, which can exchange electrons. The eigenvalue problem for

the one electron-two site problem may be written as
1t ,a

ltt, - 4 k sin t9 ]

sin

)1"
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where
tau 20
(0

=

=

2

Hb(2)

H. - Hbb

7r/4 for Haa = l/bb). If Hab is large compared to the thermal fluctuations in
Hbb , 0 is close to 7r/4, which means that the coefficients cos 0 and sin d

IHa -

have about the same magnitude and that the localization at either site is weak. If
Hab is small, localization occurs already for a small IHaR - Hbb 1.
In the case of the Mott insulators the coupling ltab is expected to increase in the
series MnO -* CuO, the reason being that the 3d orbital energy of the unfilled
metal shell decreases relative the 0 2p energy [26].

H. and Hbb are energies in the absence of interactions between sites, which in
the harmonic approximation are written as a function of distortions from an equilibrium geometry [5,15,16]:
½k,(xv,

'Haa =

+

x,o) 2 ,

1

'

bb = • ½k,(x, -

*

o) 2

.

(3)

I

The vertical excitation energy X is the reorganization energy needed to move the
electron without bond or solvent readjustments, i.e., keeping x, constant. Xconsists
of bond length changes when electrons are added to or removed from a site. In
general for large 7r systems the bond length change is small since the molecular
orbitals are distributed on many atoms. Each bond order change is then small and
hence the corresponding bond length change. In naphthalene the reorganization
energy for addition of an electron has been determined to 0.2 eV, but for C60 or
any of its ions it is likely to be smaller. The main contribution to X is then from
the change of equilibrium geometry of the alkali ions.
If we consider only a single coordinate, Eq. (3) may be written
Haa = lk(q1 -

2
qo) 2 2+ ½k(q
2
2 + qo)

Hbb = ½k(q, + qo)

2

+ ½k(q2 - qo)

(4)

and
2

•

The minimum energy path satisfies q = qi = -q 2 to a good approximation and
heihce
I.aa= k(q - qo)

2

Hbb = k(q + qo)

and

2

.

(5)

Energy minima are obtained for
q = ±qo( I

42b

(6)

There are two minima for
4kqo =

>

2 1

1 .b

(7)

and otherwise just one (for q = 0). In the latter case the electrons are transferred
without activation energy. Equation (7) is the condition for activationless transfer
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in the cluster model and hence directly related to the metal-semiconductor transition.
From the equations abovr it follows that the larger the coupling, the smaller the
activation energy. In the series MnO -- CuO, the coupling increases, as mentioned
above, and hence the activation energy decreases towards the end of the series, in
agreement with the experiments [ 27 ]. In binuclear complexes there is a well-known
example when the activation energy disappears for intrermetal ET, namely, the
Creutz-Taube complex for which all experimental information supports a delocalized picture [28-30]:
For A3C 60 we may use the bandwidth calculation of Ref. [ 31 ] where a bandgap
of about 0.5 eV is calculated for the ti,, orbital. The bandwidth for a linear chain
of molecules in the tight binding approximation is 4Hab and thus Hab = 0.12 eV.
We have assumed that each single I,, interacts only along one direction. The reorganization energy due to bond changes in each C60 ion is small, as we have seen.
There may be a reorganization energy connected to the motion of the alkali atoms.
This energy cannot be accurately calculated at the moment, but it must be larger
for small alkali ions than for larger ones. A smaller alkali atom has a larger space
to move in, and the reorganization energy is then larger. We thus predict that the
tendency for metallic conductivity above T, is greater the larger the alkali atom.
This is consistent with experimental results for doped A3C6o above T, [32-341.
Pair Formation and Disproportionation in A3C60
The diamagnetic properties of A3C 60 can be explained if there is a disproportionation of the C0ions into C0 and C'60 ions and the latter ions, with the electronic
configurations t. and t',, respectively, have singlet ground states. The energies of
the negative ions of C6o may be estimated using Koopmans' theorem in a HartreeFock calculation, using the semiempirical parameters of the CNDO/S method [ 35 ].
Such a calculation gives a good agreement with the experimental spectrum of C60
[ 36 ]. In the CNDO/S approximation the value adapted for the one-center repulsion
integral is U = I - A, which is consistent with its definition in local exchange
models [ 37 ]. Two-center integrals are estimated using the Mataga-Nishimoto approximation. For CQ we obtained, using the CNDO/S approximation, the ionization
energy I(C6o) = 7.55 eV and electron affinity A(C 60 ) = 2.36 eV [35]. The experimental values are 7.6 and 2.65 eV, respectively [38-40]. We are thus only slightly
overestimating I - A for C60 . For the negative ions we have
I(C)0) = A(C 60 ) = 2.36 eV,
= I(CI) - U.

I(Cj) = A(CA)

(X)

A CNDO/S calculation, using :he same orbitals as for C60 , gives U = 2.65 eV. If the
experimental value is used for the electron affinityof C60. we thus obtain I(C60)
0 for a theoretical multiplet average.
To estimate the stability of6
C0 in gas phase, it is necessary to calculate the
multiplet structure for the I,. configuration and the correlation energy. The multiplet
structure is equivalent to the case of the IS, :D, and 3p multiplets of the atomi"
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carbon 2p 2 ground st,,te configuration. For C 60 we obtain for the exchange integral
between two different t,, orbitals as K = 0.078 eV, which is very small compared
to the corresponding value for the carbon atom (K = 0.63 eV), indicating a much
less stabilizatvon of the triplet state in C0 than in the C atom.

Electronic correlation is more important in the singlet states than in the triplet
state. The most obvious correlation is due to the closeness in energy of the unoccupied t,, orbital [35 1. The energies after accounting for the tu i It correlation
are
E('Ag)

=

E2 v + 4K

E('H,) = Ea. + K
E('T,,) =E,

-

6.0K',

-

1.3K',

-

K.

(9)

Here FA, is the multiplet average. K is due to multiplet splitting and K' = K to
correlation. Thus the 'A. state is the ground state in this simple calculation. Other
correlation effects lead to a further stabilization of the 'A. state. As a comparison,
K' for the corresponding correlation for the C atom (2p 2 -. 3d 2 ) is relatively small
since the orbitals involved belong to shells with different principal quantum number.
Thus the triplet state remains the ground state for the C atom. Low spin ground
states seem to be favored for all the negative ions of C6o due to the many possibilities
of correlating two electrons with different spins. The results of this section are
consistent with the observation of C6 in gas phase [411 and with other theoretical
results [42 ]. Of course, methods which only include multiplet structure predict a
triplet ground state. Some ESR experiments seem to indicate a low spin ground
state for C6o [43 ] whereas others contradict this observation [ 44].
For Ca5C 60 the It,, level is completely filled and the t2, level occupied by four
electrons. It is important that there is correlation stabilization also in this case. For
C'0 the important configuration is provided by the tg --* t2, replacement. In our
calculations we find, however, that the 'A. state is not sufficiently stabilized to
become the ground state. The off-diagonal interelectronic matrix elements are about
the same but the energy splitting between tig and 12u is larger than between t,~ and
1
t.. This calculation is based on the orbitals of C'0. There is a large increase of the
l,,uenergy compared to the hg energy between C60 and C6- due to occupation of
the t1u orbital. Our calculations are incomplete in the sense that we have not optimized the geometry of C'0 which may be expected to lower the 12u, energy compared
to I1g. Furthermore, a number of important correlation effects are still omitted from
our calculations.
Configurations of the type , -- p2 or
-, with (p, and ýog localization to
the same region of space, are important for pairing since it gives the electrons a
possibility to avoid each other. A simple analysis sblovs that the two electrons with
different spins tend to be on different sides of the C6o molecule. The spatial part of
the two-electron wave function may be written as
*'(rl.r 2 ) = [Co•(rl),u(r 2 ) - Cl'p,(r,)1p,(r2)]

(10)
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where C0 and C, are positive numbers and ýp,, and '•Pantisymetric and symmetric
orbitals, respectively. From Eq. (10) follows that
I4t'(r,-rj) I - 4I,(r,,ri) = 2 Cjspg(ri),pg(r,) > 0.

(11)

In our calculation C, is as large as 0.5, which means a case of strong Coulomb
correlation. Fermi correlation, which is in operation in the triplet states, permits
one electron to be at the equator while the other one with the same spin is at one
of the poles. In the C atom such a singlet pairing cannot occur due to the absence
of 2d orbitals, and therefore Hund's rule is valid.
Valence Bond and Ionic States
Let us consider two C6 molecules A and B along the x-axis both with filled
11,,(y) orbitals. There are two additional electrons which are distributed on the two
t ,,(x) orbitals 'pa and 'pb on the sites A and B, respectively. The latter two electrons
form four states: a triplet state, a singlet valence bond (VB) state T'vb, and two
singlet ionic states Ta and t'b:
4',vb(1,2) = [I/2V( I + S2 )](POba'
,k.a(1,2) = (paa(apj(
a- fa)/IV2

and

+ 9bP)(a -•#a),
*b='Pb=Pb(a3M

(12)

-- %a)/V2.

i'a and T'b correspond to the states after disproportionation. The energy for disproportionation in gas phase is

AEK=

- (vbIHIt',b)=
*,tIHIt>K

U-Jab> 0.

(13)

Jab = [1.89R/27.21 + U`'] = 0.93 eV (Mataga-Nishimoto approximation).
Jab thus plays an important role in the decrease of the effective U compared to the
formal on-site repulsion.
In condensed phase there is a stabilization of the ionic state due to the polarization
of the medium which further contributes to the decrease of the "effective U." We
may use the Born expression
2'

P(z)=z-

2R

k

(14)

(4

where R is the radius of a sphere around the C60 centers and z the charge. In Eq.
(3) e is the dielectric constant of the medium at infinite frequency (inductive polarization; c = n2 ) or at zero frequency (atomic polarization). The energy difference
between the the ionic state and the VB state ("effective U") is now
AE =U-Jab+2P(n)-P(n- l)-P(n+ l)= U-Jab-2P(l). (15)
Using e = 2.5 and R = 5 A, we obtain, for exa nple, 2P( I)equal to 1.7 eV; using
e = 10, we obtain 2P( I) equal to 2.6 eV. Consequently, AE by Eq. (4) is slightly
negative even for inductive polarization. These results are consistent with a calculation of the Madelung energies [ 251.
Assuming orthogonality between the orbitals on sites A and B, the Hamiltonian
matrix for the symmetric 2-electron-2-site problem may be written as [I I]
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AE + k(q + qo)2
K

~b

K~b

AE + k(q - qo)

V2Ha,

2

VT21Ib

V-2 ItVab
V2tlb

.

(16)

kq2 + K~b]

Here Hab is the off-diagonal matrix element for the orbitals pa and 'pb. Kat is the
exchange integral K"-'alI/r 12 1j''b, which may be neglected since the ýoa and 'pb are
localized on different CQo spheres. For q = 0 the system is symmetric and the matrix
of Eq. ( 16) may be transformed to one corresponding to the basis functions (''
- 'Pb)//2 and (a
+ *b)/V- and Ivb:
a-t
*Pa+ *
*vb

AE + kq°
0
0

0
AE+kqo
2
Ha0)

0
21ab)•

(17)

There are different important cases for the solution of Eq. (16), depending on the
relative values of U - Jt, 2P, and Kab. If Kab is neglected and if U- Jb is much
larger than 2 P, *,v, will be the ground state. On the other hand, if 2 P is larger than
U - Jab, the ionic state *,a + t'B will be the ground state. If AE = 0, the latter statL
is lowered 21 Hab compared to *,a - *h. The coupling determines the degree to
which the singlet ion pair will localize on A or B. Thus if I "a,I is reasonably large
there will be a possibility for barrierless electron pair transfer. In C6o IHaI should
be about 0, 1 eV, as discussed above.
Pair Motion
In the case of single-electron transfer, different values of the ratio coupling to
reorganization energy, p = 2 tab/X, lead to three possible regimes of localization,
essentially as outlined by Robin and Day [14 ]. In particular, if p -s close to unity,
the electrons localize according to the instantaneous nuclear positions. If p is much
smaller than 1, trapping is possible. If p> 1. delocalization occurs as in the Creutz-Taube 5+ complex [28-30].
The two-electron case is different due to the appearance of the VB states (singlet
and triplet). The situation may be described as follows:
Case 1. AE is positive and large. The ground state is a singlet VB state with a deep
minimum for q ý 0 [eq. ( 16)]. This is the ordinary case of a strong covalent bond.
for example, the H 2 molecule. The singlet-triplet splitting is large.
Case 2. Weakly bonded VB ground state. The magnetic coupling is equal to half
the singlet- triplet splitting and has nothing to do with the coupling I1,ain Eq. ( 16).
Case 3. "Negative U'- compounds (AE < 0). The ionic states (also called "charge
density wave" states) are stable compared to the VB state. The energy minima for
the ground state in Eq. (16) occur for values close to q = +qo. Disproportionation
takes place, for example, in BaBiO 3 , where there are Bi " and Bi ' sites but no
Bi"4 sites. There is a large activation energy for transfer of the electron pair from
one site to another ( -0.2 eV in BaBiOj). The intermediate VB type state. corre-
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sponding to Bi4 + sites, is high in energy, and it is likely that the top of the energy
barrier is at q = 0. It is also possible that there is a small depression for q = 0,
which, however, is higher in energy than in the ionic minima close to q = qo.
Case 4. The activation energy for pair transfer between the sites tends to zero.
The direct coupling between *.a and *b (Kab) is small, but there is an indirect
coupling between *a + 'b and the VB state, as we see in Eq. ( 17), which leads to
a large energy splitting between 'Pa + 4Pb and 'Pa - 'b. Thus, if the VB state is
sufficiently close in energy to the ionic states and at the same time IHa, I is large,
the activation barrier for transfer between the ionic state disappears.
We have thus established in a simple model that four possible cases occur for a
dimeric two-electron system. Case 2 may be divided into a singlet and a triplet
ground state. There is experimental evidence for cases 1-3. The author is not aware
of any binuclear complex for case 4, although it can probably be made just as its
delocalized single electron counterpart, the Creutz-Taube 5+ complex. We may
notice that very subtle energy differences lead to very different types of behavior.
Conclusion
If the activation energy is due to reorganization energy when an electron or
electron pair moves between sites the conductivity problem may be treated in a
cluster model. As discussed by Hush [291, a large coupling between the sites reduces
the actir ation energy [ 51. This coupling has nothing to do with the coupling which
determines the singlet-triplet splitting in a binuclear cluster but is half the energy
separation between two electronic states of the cluster of different parity at an
avoided crossing.
In the two-electron ET case the direct coupling between the diabatic wave functions
corresponding to the ionic states is very small [Kab in Eq. ( 16)]. However, since
the symmetric ionic state interacts with the VB state, corresponding to one electron
on each site, the pair transfer may occur activationless in the cases when the VB
state has a low energy. This is not always the case, and a good example is provided
by BaBiO 3, The existence of a pairing cannot by itself guarantee superconductivity,
and the reason is simple: If the VB state has a too high energy, the electron pair
cannot move from one site to another without activation. The system is then a
semiconductor or an insulator. The existence of a large band width improves the
situation, since the larger I ta ,I1the larger is the interaction with the VB state.
The situation is similar to the one of the Mott insulators. If doped, the latter may
be regarded as a mixed valence compound where the sites exchange electrons according to (in LiO-doped NiO):
Ni 2 + + Ni3l -- Ni 3" + Ni 2+ .
The electron exchange follows the rules of the second section. If the coupling 2 H12 [
is not large enough to offset the reorganization energy, according to Eq. (7) the
system will be only nonmetallic, no matter what the magnitude of the band gap is.
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Alkali compounds of the type A3C60 form interesting cases for electron pair transfer, particularly since the participating negative ions and their interactions are well
defined. The energy surfaces are mapped out by the alkali ions moving in their
cavity sites and to a smaller extent by the carbon atoms of C60 . The activation
barrier for one or two electron transfer depends quadratically on the bond-length
change. In A3C60 the metal ions have different equilibrium positions depending on
the charges of the surrounding negative C60 ions [32]. A larger alkali ion has a
smaller distance change between the possible equilibria and hence more shallow
energy minima than a smaller one. Thus activationless electron pair transfer is
more likely for a larger ion than for a smaller one, and this is consistent with
experimental data [19,32,45].
We have thus shown in a bicenter cluster model that the condition for activationless pair transfer may in fact be satisfied in alkali and alkaline earth doped C60 .
The extension to an infinite system has not been considered, but, since the band
width in the systems studied is generally small, we expect the cluster model to give
accurate predictions. The natural way for an extension to the infinite case appears
to be to apply the theory of antisymmetrized products of geminals (APG) [46,47 ].
The essential part of the pairing concept of the Bardeen-Cooper-Schrieffer (BCS)
theory remains in the theory used here with the electronic wave functions expressed
in configuration space. The lattice coupling is to modes which promote transfer of
an electron pair between sites.
The appearance of superconductivity is strongly dependent on the number of
valence electrons introduced by doping and the valence state of the metal ion. A
condition for appearance of superconductivity is obviously that sites be available
so that the electron pairs can move. C60 or K6C60 are therefore unable to support
conductivity or superconductivity. The reason is that the h, and ti,, levels, respectively, are completely filled. It is thus important that the highest molecular orbitals
(MO) is close to half-filled on the average. In the copper oxide superconductors,
the 3d'-3d 0 configurations seem to give the superconducting state (whereas 3d93d9 give an antiferromagnetic state) and, in BaBiO 3, the 6s°-6s2 configuration
[ 12 ]. In the latter case, there is a stabilization of the 6s 2 configuration due interaction
with the 6s2 -- 6p2 configuration (pairing), which permits the two electrons with
different spins to correlate. A parity doublet of the type that exists in A3C60 (11 ,,tI,) or BaBiO 3 (6s-6p) gives a nice pairing mechanism, but apparently, by comparing
to the Cu oxide case, a parity doublet is not a necessary condition for pairing.
Finally we may discuss some other suggestions to explain superconductivity in
C60. Chakravarty et al. [22] and Friedberg et al. [25] have discussed pairing of the
same type as discussed here and in Ref. [ I1 ]. In particular, the latter work describes
in a nice way the pairing in C6o, which indeed is of exactly the same type as
discussed here and in Ref. [ I I]. Reference [ 25 ] discusses in great detail the Madelung
energy as well as some other important aspects of the superconductivity problem.
The vibronic coupling for the two-electron case has been discussed in a detailed
way in Refs. [15] and [16] for the two-site case and in Ref. [48] in the four-site
case. In the present paper, we have used a simplified approach where the nuclear
motion is treated classically.
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We have shown that there is a strong internal correlation effect in the negative
ions but not in C60 itself, and we believe that the magnitude of correlation in C60
is quite unimportant. Schliuter et al. studied the Jahn-Teller distortions in the Hg
state [491. The conclusion that A 3 C 60 is not a "negative U" compound is disagreement with the results obtained here and in Refi,. [11,22,25 ]. Baskaran and Tosatti,
on the other hand, have considered the possibility of a "negative U" state and also
stressed the importance of correlation effects; but the numerical values of their

parameters are different from ours, and they have given no details regarding the
character of the correlation effects [ '3 ]. Zhang et al. have discussed a model [ 24 ]
which to some extent resembles the one of the present paper [11,12]. They also
consider the motion of the alkali ions to be important to induce the electronic
motion.
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Abstract
In this work. ab m0tio coupled and uncoupled Hartree-Fock polanzabilitv calculations are carried out
on finite and infinite polyacetylene chain models We describe the polymeric" procedures which are
extensions to infinite systems of the molecular Sum Over States (sos) and Random Phase Approximation
SRPA) methods. The latter does include the field-induced electron reorganizational effects whereas the
former does not. The inclusion of these effects is particularly important in computing the longitudinal
component of the dipole polanzability tensor of polyacetylene chains at an accurate level since the ratio
of the coupled/uncoupled results is between 2 and 4 for the conjugated systems studied, In order to
evaluate the asymptouc longitudinal polanzabililties per unit cell we have used both finite oligomeric
calculations followed by extrapolation procedures and direct polymeric methods The difficulty of using
the extrapolation procedures due to the unknovw. analytical form of the evolution of the longitudinal
polanzability per unit cell illustrates the conmemence of using our direct method treating infinite polymeric
systems. We obtain a good agreement between our infinite chain results and the largest oligomeric values
We also discuss the choice of atomic basis set, the possibility of using scaling factors, and the crucial role
of using a correct bond length alternation value. ,c 1993 John Wiley & Sons, Inc

Introduction
Since the discovery of very large nonlinear optical responses associated with
conjugated organic systems, a lot of theoretical studies have been undertaken tn
order to predict the optical properties and to understand the structure-property
relationship of these materials [ I]. Due to electron delocalization, the component
of the polarizability tensor directed along the backbone of conjugated systems is

enhanced [2]. As is the case for mechanical properties, where the values obtained
for a copolymer do not generally correspond to the values that are the weighted
sum of their homopolymer contributions, in increasingly large oligomers the longitudinal polarizability increases exponentially until a linear evolution is reached.
* Research Assistant of The National Fund for Scientific Research (Belgium)
International Journal of Quantum Chemistry. Quantum Chemistr% Symposium 27. 667-685 (1993)
,c, 1993 John Wiley & Sons. Inc.
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That corresponds to an increase of the polarizability per unit cell until a saturation
point is reached. This saturation point corresponds to the polarizability per unit
cell of the infinite periodic system. The knowledge of the value at this saturation
point would be interesting for the design of new promising materials for optics.
The slow convergence behavior of the longitudinal polarizability per unit cell
with respect to increasing the chain length of conjugated systems makes this a
quantity difficult to attain. A first approach to obtain this asymptotic value is to
follow the evolution of the longitudinal polarizability in larger and larger oligomers
and then to extrapolate to the infinite polymer limit. An alternative procedure
consists of the direct calculation of the asymptotic value by performing the calculation on the polymer system, i.e., taking advantage of its translational symmetry.
As Kinri.an has said [3]: "Finite oligomers are most eflfctive for the treatment of
local features, while crystal orbitals are best for delocalizedfeatures". Due to its
slow convergence for conjugated systems, the longitudinal polarizability corresponds
to a delocalized feature and ideally requires the use of a direct method to obtain
the asymptotic a.: value per unit cell. This is particularly the case for ab initio
procedures, in contrast to semi-empirical calculations, because for the former, the
computational treatment of very large oligomers is beyond of reach.
The aims of this work are (i) to describe a general and suitable way of computing
the asymptotic values ofthe polarizabilities per unit cell of infinite periodic systems,
including the correct choice of geometrical parameters and mastering the atomic
basis set effects, (ii) to compare the finite oligomer procedure followed by various
extrapolation techniques with the direct method for computing the asymptotic
polarizability per unit cell of infinite systems, and (iii) to provide a good strategy
to estimate the polarizabilities per unit cell of polymeric systems correctly. The
extended 7r conjugated systems, polyacetylene chains, are used as example due to
their prototypical nature and the important optical responses they exhibit.
Our work is organized as follow:
"*Firstly, we summarize the previous calculations of the polarizabilities of increasingly large polyacetylene chains made either at an empirical, semi-empirical or ab inito level. This summary defines by itself the difficulties associated
with the calculation of the asymptotic polarizability values of stereoregular
conjugated polymers at an acceptable level of accuracy.
"*In the following part, the coupled and uncoupled procedures to compute the
polarizability of finite and infinite systems are briefly described. In particular,
we remind the reader of basic equations of the Random Phase Approximation
(RPA) method applied to stereoregular polymers. The Summations Over States
(SOS) method is presented as an approxima.ion of the RPA procedure.
"*The results of computations on polarizabilitits of finite polyacetylene chains
are presented. The bond length alternation parameter Ar is demonstrated to
play an important role in computing the lon-jtudinal component of the polarizability tensor. We compare the suitability of different functional form for
extrapolating to the infinite chain limit. We discuss also the choice of the
atomic basis set and the role of scaling factors in correctly estimating the polarizabilities.
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Finally. taking advantage of the translational symmetry of polyacctylene. wc
perform band structure calculations and compute directly the sos and RPA
longitudinal polarizabilities per unit cell. We compare thesc values with the
polarizabilities obtained from the finite oligomer calculations.
This work is in fact the third article of a series on polarizability calculations of
finite and infinite polyacetylene chains: the first article employed the simple noniterative H1Ickel approach [41 by using Pariser-Parr-Pople Hamiltonians, the
electron-clectron Cilomb interactions arc taken explicitly into account in the
second work [ 5]. In this work, we treat all electrons in an ab initio Hartree-Fcck
procedure.
Summary of the Previous Polarizability Calculations of Polyacetylene Chains
Hfickel
The first studies, performed at the Hiickcl level on regular chains (all Uond lengths
are :he same), predict the eolution of the longitudinal polarizability, a,., to be
proportional to N 282 ' [6] or N 3 [7] with N the number of carbon atoms. Hence,
the longitudinal polarizability per unit cell of the infinite chain is infinite. By considering a nonzero bond length alternation (Ar), a numerical asymptotic stabilization of the lo,:gitudinal polarizabilities per unit cell appears a& the chain
grows [4,8].
Semi-Empiricaland ParametrizedMethods
In the next step, the electron-electron Coulomb interactions are taken explicitly
into account firstly by using Pariz.er-Parr-Pople (PPP) Hamiltonians. This results
in a decrease of a,, of one order of magnitude [4,9-12]. For the oligomers ranging
from 2 to 20 carbon atoms, de Melo and Silbey [10] derived an expression for the
evolution of the longitudinal polarizability per rarbon atom with respect to N, the
nuniber of carbon atoms: a,,/N = 4.63N°'75 which does not include any stabilization
of ao,/N as N increases. However, work by Soos and Hayden [11 ] took care of this
stabilization and by extrapolation of the curve representing the inverse of the longitudinal polarizability per site (N/az
2 ) with respect to the inverse of the number
an
asymptotic
value of a../N fur N equal to infinity to
of sites (I /N), they found
be equal to 50.0 a.u. A recent work of Villesuzanne et al. [12] concerncd chains as
long as 200 -CH -CH - units and predicted asymptotic a,,/N values ranging
from 43.7 a.u. to 283.7 a.u. per double bond depending upon the PPP parametrization used. More recently, we computed the asymptotic longitudinal polarizability
per unit cell within PPP approhimation using the RPA procedure applied to infinite
periodic systems [5 ]. By using parameters which provide correct excitation energies
for the polyene chains, we evaluated all/N to bc 139.11 a,u. per doubic bond,
At the semi-empirical Intermediate Neglect cf Differential Overlap (INDO) level
ofapproximation, Kirtman [13] computed the az, of finite polyene chains containing
up to 62 carbon atoms and determined after extrapolation an asymptotic value of
110.5 a.u. per double bond. Kurtz used the Finite Field method [14] with different
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semi-empirical hamiltonians (MNDO, AM I, and PM3) to compute the average polarizabilities of oligomers up to C4H 42 [15]. His extrapolated average polarizabilities
per unit cell are 56.28, 61.00, and 54.15 a.u. with the MNDO, AMI, and PM3 parametrizations, respectively. Ir. addition, from Valence Effective Hamiltonian (VEH)
calculations of the averaged a value defined there as 1/ 3 (a,, + a::), neglecting
thus the perpendicular a,,.component, the saturation point for a has been calculated
by Shuai and Brrdas to be approximately 116.1 a.u. [16].
The results of these semi-empirical and parametrized calculations demonstrate
the large sensitivity of the computed polarizabilities to the parametrizations employed and thus the need to use more suitable ab initio calculations which are,
however, more difficult to carry out on large oligomers.
Ab initio Calculations
The first ab initio work on extended chains, realized by Bodart et al. [2] with
the minimal STO-3G atomic basis set focused on the strong influence of Ar on the
longitudinal polarizability. By following the extrapolation procedure of Hurst et
al. [17], their asymptotic a:: per double bond are 105 a.u. and 170 a.u. for Ar
equal to 0. 1OA and 0.05A, respectively. Such an extrapolation procedure appeared
to alleviate the difficulty to perform ab initiopolarizability calculations on sufficiently
large oligomers to reach the saturation point of a::/N. In an important Coupled
Perturbed Hartree Fock (CPHF) [18] study, Hurst et al. [17] determined the polarizabilities of polyene chains ranging from C6H8 to C22H 24 using the minimal
STO-3G, extended 6-31G. 6-31G*, and 6-31G + PD atomic basis sets. These
authors made a least square fit of the polarizability values to the equation
"log(a/N) = a + b/N + c/N 2 - so that the extrapolated vL!ue is given by 10a.
They obtained extrapolated asymptotic values of 38.9, 60.3, 57.0, and 60.8 for the
average polarizability and 105.9, 163.3, 154.8, and 160.5 for the longitudinal polarizability using the STo-3G, 6-31G, 6-31G*, and 6-31G + PD basis sets, respectively. Their geometrical parameters were optimized in the C2h symmetry using the
6-3 IG atomic basis set. The parameters ofthe central unit cell Of C 22H 24 are: dc:_c
= 1.338 A, dc-c = 1.450 A, dc-H = 1.077 A, ac=c-c = 124.3Y, "C=C-H = 119.20.
Hartree-Fock Methods to Compute the Coupled and Uncoupled Polarizabilities
(f Finite and Infinite Chains
Molecular Procedures
At the Hartree-Fock level, the electronic states of closed-shell systems are Slater
determinants constructed from doubly occupied molecular orbitals represented by
linear combinations of atomic orbitals. The most common methods to compute
the polarizabilities of molecules work in the space of the atomic orbitals [ 19].
In the Summation Over States (sos) approach, based on the standard timeindependent perturbation theory, the polarizability tensor is the second-order term
in the perturbation expansion of the energy as a power series in the applied external
electrical field [20]. The expression for the different components of the polarizability
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is given in terms of the unperturbed wavefunctions and energies. Commonly, one
uses a Hartree-Fock ground state together with its singly excited determinants for
the excited states. Hence. an element of the polarizability tensor reads as [21 ]:
Occ urnocc

a..=4

I

Za

(,

-~a -- Ci

where the 4, and 0a represent doubly occupied and unoccupied molecular orbitals
respectively, c, and ca their corresponding orbital energies.
The CPHF [ 18 ] procedure is equivalent to an analytical differentiation of the fielddependent Hartree-Fock equation. A similar procedure, called Finite Field (FF)
[14], consists in the numerical differentiation of the dipole moment with respect
to the applied external electric field. In this procedure, the field-induced electron
reorganizational effects are included in a way which is fully consistent in terms of
adjustments in the average two-electron interactions. For this reason it is described
as a coupled Hartree-Fock procedure whereas the SOS approach is said to be uncoupled.
Polymer Procedures
In restricted Hartree-Fock theory, the many-electron wave functions of the closedshell one-dimensional periodic systems are approximated by Slater determinants
which are constructed from doubly-occupied crystalline orbitals. These crystalline
orbitals are single-particle states defined in the Linear Combination of Atomic

Orbitals

(LCAO)

formalism by:

0l,(k. 7)

V(2N+ I) J.--

e=

E C,,J(k)Xt,(7-

p.

= e'':u,,(k, "7)

R,-jaý:)

(2)

where n and k are the band index and the wave vector or quasi momentum associated
with the particle, respectively. Thus, two indices label a crystalline orbital.
(2N + 1) is the (odd) number of unit cells considered (N -- Xc) in the band
structure calculation that corresponds also to the number of k-states in one band
or to the periodicity [(2N + I )a] of the crysaline orbitals imposed by the BornKarman cyclic boundary conditions. I/ V2N + 1 is then the normalization factor.
a the unit cell length, and u,(k, If) is a function having the same periodicity as the
direct lattice. The Cp,(k) terms are the k-dependent LCAO coefficients. X,(7 - A,
- jaV:), abbreviated to x (7), is the pth atomic orbital centered in the jth unit
cell. In practice, these xI,(r) functions are chosen to be contractions of Gaussian
functions. •= is the unit vector in the periodicity direction. The polymeric LCAO
coefficients Cp,(k) and their associated energies c,(k) are, respectively, the eigenvectors and eigenvalues of the matrix equation:
F(k)C(k) = S(k)C(k)c(k)

(3)
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where F(k) and S(k) are the k-dependent Fock and overlap matrices. The standard
theory of band structure calculations is described in several articles [22] and is
reviewed in two recent monographs [23].
Recently, we have shown the difficulty to evaluate the longitudinal polarizabilities
per unit cell of infinite periodic systems with the Finite Field and CPHF procedures
[ 5 ]. This is due to the unbounded character of the dipole moment operator. A first
method, developed by Otto [24]. only considers the periodic part of the dipole
moment operator and, following the procedure established by Ladik [ 25 1. consists
of deriving the field-dependent crystal orbitals which lead to the evaluation of aN. Tle approach we follow uses the RPA procedure to circumvent the problem of
the unbounded character of the dipole moment operator. This method, based on
propagator techniques [ 26 ], is equally efficient at computing the static polarizability
and the frequency-dependent polarizabilities and may be adapted to include electron
correlation at the desired level. Though working differently, the RPA procedure
gives identical results to the Finite Field and Coupled Perturbed Hartree-Fock
methods. Since two labels characterize the polymeric one-particle states, in second
quantization, the operator manifold for RPA applied to periodic infinite systems is
then given by:

{T*} = {Q, Q} = {aaa,a,, ataak}

(4)

where a (a) is a creation (annihilation) operator. The subscript labels a, b .... (i,
j .... ) correspond to unoccupied (occupied) bands. Thus the particle-hole operator
Qý,A, that acts on the ground state Slater determinant replaces the occupied crystal
orbital p,(k') by the virtual crystal orbitals 4ka(k). By partitioning the operator
space into Qand Qt and by removing spin from the expression. since we are dealing
with the dipole moment operator z which is a singlet operator. the frequencyindependent longitudinal polarizability of a closed-shell infinite periodic system is
given by:
a::(RPA) = 2(f2*

•2)

B

*

)A* .)

(5)

where the asterisk (*) indicates the complex conjugated values. According to
Blount's procedure [ 27 ], the :-dipole matrix elements are defined by the following
integration which is only non zero for k = k':
(k

I:1k-,(k)) = i,

i.(,,(k) 0 u(k)

= iA'1.,(k).

(6)

This allows us to take only the vertical transitions into consideration. The dipole
transition strengths 2R,(Jk) are defined by a space integration of the product between
u*(k) and the gradient according to k of the function u,(k). Barbier et al. [281
provided an analytical expression of Qa,(k) and more recently, we published a
better numerical form [ 29 ] for computation. The other different matrix elements
are defined by:
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(A(k, k')).,.bj = (ca(k) - £,(k))6abjjk&A' + 2(0.a(k)4i,(k)j40j(k')0b(k'))

(7)

- (•.a(k)0b(k')j•kj(k')0k,(k))
(B(k,k'))a,.j,

=

(4•,(k)cb(k')Ioj(k')1i(k))- 2(40,(k)4ha(k)I4?(k')4ib(k')).

(8)

Chemist's or Mulliken notation has been chosen to define the two-electron integrals
between crystalline orbitals:
( .( k )o, ( k))I j( k')O•b( k') )
= f d-f 1d-720a*(k, "71)0,(A. 71) 171 1 721 oj*(k', 72)oht(k', "72.). (9)
A recent study demonstrates the nice converging behavior [30] of the different
direct lattice sums involved in the evaluation of these two-electron integrals between
crystalline orbitals. The first step consists of solving the following linear equation
system:
AX + BY = S1
(10)
B*X + A*Y = 12*,
The matrices A. B, S2are of infinite dimension since there are an infinite number
(2N + I. N -- oc ) of k-values and thus an infinite number of k-states in each band.
Moreover, there is an equation for each triplet formed by a k-value and two band
indices. This triplet represents a particle-hole excitation that is vertical in order to
preserve the momentum. As is the case in many polymeric techniques, the infinite
sum over k is transformed into an integration in the first Brillouin zone:
(2N+

I )a

f

f

,

a

(A (k

'))a,,,Xi.,(k')
+(B(k, k)),,.b,YJ•,(k'

2r

t

b

)dk'

=

fta,(k)

-Q/a
+ (A*(k. k'))a,.ibY,,(k')dk'= Si*,(k).

(11)

By partitiorning A(k, k') into Ao(k, k') and A,(k, k') according to:
2ir
(Ao(k, k'))a,.b,

= -27I

2N+ I)a

(ca(k) - t,(k)).hab,,j(k - k')

(12)

(AI(k, k')).,
0 ,, = 2(41a(k)q0,(k)I,•j(k')41b(k')) - (0a(k)0b(k')14.j(k')4,(k))
(13)

where we have used the relation between the discrete Kroneker and continuous
Dirac delta functions:
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2wr
6
A,,- (2N+
2 w Il)a (k - k').

6

(14)

Finally, the linear equation problem takes the following form:
(ca(k)

-

c,(k))Xa,(k) +

j(ak)
-

c,(k))Y.,2(k) +

Z

2rf l

b

f

f _"-.l (A.(k, k'))a•,•Xb, (k')

+ (B(k, k')),,,,jYbj(k') dk' = Qa,,(k)

(2N(B*(k,
27

k')),,,.bjXbj(k')
,

,-a

+ (A*(k, k'))a,.bjYbj(k') dk' = i*,(k).

(15)

At this stage, trapezoidal quadrature is used to obtain X (k') and Y (k'). The second
step consists of the following scalar product that provides the longitudinal polarizability of the polymer:
az:(RPA)

=

2(f2*(k')

f(k')) Y(k')"

(16)

Again, the infirite sum over k is replaced by integration in the first Brillouin zone.
This straightforwardly provides the longitudinal polarizability per unit cell:

""
(2N+

a-(P)aunocc1
=I-

I) ,

f(R*A(k')X 0 ,(k') + 1,,(k')Ya,(k')]dk'l.

(17)

IJ/,,L~r
,,

By making the approximation where matrix B is zero and A is restricted to A0 ,
the matrices become diagonal, every coupling between the crystal orbitals disappears
and the polarizability reads as:
a::(SOS)

M=

(2N+ I)

,

F2a
2'a
J--la

[Tr

112.,

aC•-')7_-

(

1 '

___,(k'),_

)

dk')

This is the expression of the uncoupled Hartree-Fock sos polarizability per unit
cell [29J. As in this case, there is no coupling t-etween the different vertical transitions, the coupling and thus the matrices A, and B are responsible for the fieldinduced electron reorganizational effects. The polaizabilities per unit cell are obtained by using a pOst-SCF calculation that takes place after the band structure
calculation effected by the PLH program [311.
Ab initio Application to Polyacetylene Chains
When interested in a quantitative prediction of the polarizability value, correct
geometrical parameters have to be used, especially the bond length alternation
which plays a crucial role in influencing polarizability. In the work of Hurst et al.
[17], Ar is equal to 0.112 A. This is larger than the experimentally determined
value of 0.08 A [32] and creates a decrease of the polarizability. As explained in
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the work of Villar et al. [ 33 ]. the use of other atomic basis sets does not decrease
the bond length alternation up to 0.08 A. In fact, Ar is equal to 0.100 A [34], 0.115
A [35]. and 0.127 A [33] by using a 8s4s/4s, closely related 4-31G, and 6-31G**
atomic basis sets, respectively. Such large Ar is due to the lack of electron correlation
in the Hartree-Fock method. Recently, Suhai [36] optimized the geometry of polyacetylene by using crystal orbital calculations including correlation energy up to
the second order. Its use of an extended basis set augmented with polarized functions
provided a Ar value close to experiment: 0.082 A. Firstly, in order to obtain the
more reliable polarizability values, we used the parameters of Suhai represented in
Figure 1 for a unit cell. Secondly, to highlight the importance of a correct choice
of Ar, geometrical parameters obtained at the Hartree-Fock level with the 3-2 1G
atomic basis set are also used. In this system, represented in Figure 1, Ar is equal
to 0.123 A.
Oligomer Calculations and ExtrapolationProcedures
The GAUSSIAN 90 [37] program was used to calculate the components of
polarizability tensor of the a- and b-type increasingly large polyacetylene chains
using the minimal STo-3G [38], split-valence 3-21G [39], and extended 6-3 IG**
[40] atomic basis sets. The polarizabilities evaluated by the coupled and uncoupled

b

a

g-

-

-

g
H

11.1

123c
12.8

C 0

45,•,
IM5136
A
:
•

H

,119.40
*t

:

C

124.00
C

C1.363A I 1.s71
H
1l.087A

2.477A

,

I...
.454A:
1.3311
I:.4A

1.076A
H

2.460A

z

/Y
Figure 1. 3D representation of the polyacetylene chains. The bond length and bond
angles of the unit cell are expressed in ,Aand °,.respectively. The op~timizations have been
earned out at the (a) MP2 level with extended + polarized basis set b.y Suhai [ 36 1. (b)
Hartree-Fock level with the split valence 3-2 1G atomic basis set.
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TABLE 1. Longitudinal (a..) and average (c:) polanzabilities in a.u of increasingly large polyacetylene
chains computed at the SOS level with the STo-3G. 3-21G. and 6-31G** atomic basis sets (I a.u. of
polarizability = 1 648 10-4i C2m 2J- = 0.1482 A3 1.The (a) geometrical parameters have been used
(see Fig. 1).
STO-3G
N

a,.

1
2
3
4
5
6
7
8
9
10
II
12

15.38
42.40
78.94
111.78
168.45
217.33
267.42
318.15
369.20
420.41
471.71
523.05

3-21G

6-31G**

~

U:a

9.64
22.87
39.30
57.83
77.64
98.19
119.14
140.31
161.58
182.91
204.26
225.63

15.88
35.02
58.01
83.69
111.11
139.60
168.72
198.21
227.91
257.71
287.57
317.46

24.72
60.25
107.89
163.55
224.42
288.51
354.50
421.58
489.27
557.29
625.49
693.78

14.88
61 08
108.07
162.38
221.32
283.01
346.30
410.46

17.73
38.33
62.53
89.18
11737
146.4Q
176.13
206.06

Hartree-Fock procedures are listed in Table I to IV for the longitudinal component
and the average value invariant upon rotation. Figures 2 to 5 represent the evolution
of the polarizability per unit cell expressed by [a::(N) - a:c:(N- I )]. This expression
provides faster [15] convergence for the longitudinal polarizabilities per unit cell
than the more frequently used relative polarizability [azz/N] although for both
formulae, the asymptotic values are the same. As already mentioned elsewhere [ 5 ],
the

CPHF/SOS

or coupled/uncoupled ratio of the longitudinal polarizability is larger

TABLE II. Longitudinal (a,,) and average (a) polarizabilities in a.u of increasingly larpe poIbacetylene
chains computed at the sos level with the STO-3G, 3-21G, and 6-31G** atomic basis sets. The (b)
geometrical parameters have been used (see Fig. I).
sTro-3G

3-21G

N

azz

a

1
2
3
4
5
6
7
8
9
10

14.80
37.36
67.30
101.26
137.51
175.09
213.33
253.84
290.22
328.67

9.05
20.79
34.78
50.20
66.38
83.00
99.85
116.73
133.61
150.54

a.

23.37
54.99
95.55
141.80
191.39
243.01
295.74
34900
402.22
455.58

6-3IG**
a

a.a

15 18
32.77
53.22
75.59
99.07
123.23
147.76
172.39
197.08
221.83

2383
55.78
95.77
14101
189.04
238.85
289.48
340.42

16.98
35.98
57.62
80.98
105.32
130.24
155.47
180.72
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TABLE Ill.

Longitudinal (a.J and average (a) polanzabilities in a u of increasinglý large polyacetylene
chains computed at the CPHF level with the sTo-3G. 3-21G. and 6-31G** a:omic basis sets. The (a)
geometrical param :ters have been used (see Fig. I).
STO-3G

3-21G

N
1
2
3
4
5
6
7
8
9
10
1I
12

17.42
51.84
105.57
176.79
262.77
360.65
467.82
582 13
701.85
825.67
952.59
1081 85

6-3!G**

a..

a

a..:

11.19
27.26
49.79
78.19
111.56
148.94
189.45
232.36
277.10
323.21
370.38
418.33

28.72
76.83
150.67
248.78
368.59
507.08
ti.18
828.10
1005.39
1191.02
1383.33
1580.99

19.04
42.55
74.57
11472
162.15
215.87
27483
338.10
404.87
474.44
54626
619.88

..

30.16
80.03
155.98
256.39
378.55
519.32
675.58
844.50

20.91
46.03
79.73
121.61
170.78
226.20
286.83
351.71

for the less alternating and more conjugated system. For the transversal and per-

pendicular directions, the calculated values are nearly identical. Since the major
component of the polarizability is the longitudinal component due to the electron
delocalization along the chain, the RPA procedure is more adapted to give the
suitable estimates of the polarizabilities of the most interesting compounds. Moreover, the use of the split-valence 3-21 G atomic basis set considerably increases the
polanzability values obtained with the minimal STo-3G basis set whereas the ad-

dition of polarization functions do not bring any significant improvement.
TABLE IV. Longitudinal (a,,) and average (a) polarizabilities in a.u. of increasingly large polyacetylene
chains computed at the CPHF level with the sTo-3G. 3-21G. and 6-31G** atomic basis sets. The (b)
geometrical parameters have been used (see Fig. I).
sro-3G

3-21G

6-31G**

CPHF

N

a.V

I
2
3
4
5
6
7
8
9
10

17.11
47.24
9229
14990
216.99
291.38
371.10
454.08
539.44
626.70

a.

a.

10.67
25.26
44.71
68.35
95.21
124.52
155.63
187.85
220.87
254.54

30.73
73.55
136.69
218.20
314.84
423.78
541.34
666.72
797.32
932.15

18.34
40.1 I
68.53
103.02
142.55
186.19
232.73
282.21
333.09
38542

29.15
74.33
139.01
222.36
320.37
430.46
549.74
674.93

CV

19.15
43.36
73.20
109.05
149.70
194.70
242.68
292.6I
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Figure 2. E:volution of the sos longitudinal polarizability per unit cell (in a.u.) in increasingly large polyacetylene chains with different atomic basis sets. The geometry (a)
has been used.

As depicted in Figures 2 to 5, the convergence of a:(N) - a:(N - I ) is reasonably
rapid using the sos method, whereas it is very slow by using the CPHF technique.

Hence. in the case of the coupled Harirec-Fock technique, oligomeric calculations
are not sufficient to get the asymptotic value and, firstly, extrapolation procedures
are used to alleviate it. These extrapolation procedures consist in making a leastsquares fit of the polarizability per unit cell values to an analytic function able to

present a stabilization behavior when increasing the chain length. A I/N power
series representation

I44.0

300-

A20-0
20
2

4

6

8

W6

12

Number a( mwi coli
Figure 3. Evolution of the sos longitudinal polarizability per unit cell (in a.u.) in incrcasingly large polyaccylcnc chains with different atomic basis sets. The geometry (b)
has been used.
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Figure 4. Evolution of the CPHF longitudinal polarizability per unit cell (in a.u.) in increasingly large polyacetylene chains with different atomic basis sets. The geometry (a)
has been used.

- a%:(N - I

a :(N
.. )

a + b + N---

(19)

has been proposed by Kirtman et al. [13,41] to fit the longitudinal polarizability
per unit cell, while Hurst et al. [ 17 ] used the same expansion to fit the logarithm
of the polarizability per unit cell. Thus, the asymptotic extrapolated values are given
by a and 10', respectively, when N = o. In these procedures, b is generally negative

whereas c is positive [ 17 ]. The slow decaying behavior of the 1/N function maintains
important the contribution of the biN term for large values of N. Therefore, the

1400

1200
300080.0

60.0-

S TO
_-.-

40

-

A 20:[0P
0

2

4

6

1

10

12

Nuniber of wk cods

Figure 5. Evolution of the CPHF longitudinal polarizability per unit cell (in a.u.) in increasingly large polyacetylene chains with different atomic basis sets. The geometry (b)
has been used.
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value of a is overestimated. Adding a fourth term is the 1/ N power series representation to provide
b
c d
az:(N) - a:(N - I) = a + b + - + d
(20)
as fitting function does not reduce the asymptotic value greatly, and some values
even increase. The asymptotic extrapolated values of the CPHF longitudinal polarizabilities per unit cell obtained by the procedures of Kirtman et al. [13,41] and
Hurst et al. [17] with a four-term I/N power series representation are listed in
Table V. Following Kirtman's experience [ 3 ], we have used at least twice as many
theoretical data points as optimized parameters to perform the most accurately the
least-squares fittings. The imprecision on these extrapolated values corresponds to
their fluctuations by removing the dIN 3 term in the fitting function. The largest
sensitivity of the extrapolation procedure in the case of the most polarizable systems
(smallest Ar) using the most suitable method (CPHF which takes into account the
field-induced electron reorganizational effects) explicitly shows the need of using
polymeric methods in order to avoid dealing with extremely large systems but still
want to investigate correctly the field of polymers for optics. In order to take into
account more correctly the decaying behavior of the difference between the asymptotic longitudinal polarizability per unit cell of the infinite system and these of the
finite oligomers, we have used a function like:
a.-,(N) - a..:(N - 1) = a - be-o"
(21)
possessing an exponential decreasing behavior. Table V shows that this results in
smaller extrapolated values than with the previous procedures.
Polymer Calculations
Using the STO-3G, 3-21 G, and 6-31 G** atomic basis sets, we have performed
band structure calculations with the PLH program [ 31]. A particular feature of the
PLH program consists in the inclusion of the long-range coulombic interactions
which are accounted for via a multipole expansion technique including all the
monopole-quadrupole and dipole-dipole interactions. The number of unit cells in
TABLE V.

Asymptotic extrapolated longitudinal polarizabilities per unit cell of polyacetylene in a.u.
usi-g various extrapolation procedures (see text).

Ar

Basis set

0.082 A

STO-3G
3.21G
6-31G**
-,To-3G
3-21G
6-31G**

0.123 A

Kirtman et al. [13,41]
147.5
261.8
274.5
108.0
188.4
192.9

± 2.6
± 4.8
± 16.1

± 1.6
± 3.6
± 8.3

Hurst et al. [171
139.7
247.9
326.8
102.7
186.0
215.3

± 10.1
± 14.7
± 8.9
± 1.2
± 0.9
± 2.0

This work
136.5
220.7
244.3
91.3
151.6
158.6
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TABLE

VI. Asymptotic values of the energy per unit cell, uncoupled (sos), and coupled (RPA) longitudinal
polanzabilities per unit cell in a.u. of the infinite polyacetylene chain having geometry (a).

sTo-3G
3-21G
6-31G**

E/N

a::IN (sos)

a../N (RPA)

-75.943636
-76.458416
-76891349

51.37
68.38
65.27

132.6

/
/

the short and intermediate range regions are 21 and 45, respectively in order to
ensure proper converging results. In the band structure calculation, we set the
threshold for the two-electron integrals at 10-7 a.u. The criterion for convergence
on the density matrix elements is fixed at 10-5. In the RPA calculations of the
asymptotic longitudinal polarizabilities per unit cell, we restricted the short- and
intermediate-range regions [301 to 13 and 25 and to 7 and 13 for the minimal
STO-3G and split-valence 3-21 G atomic basis sets, respectively. The number of kpoints in the first Brillouin -one has been fixed at 21. These restrictions make our
code viable which at this preliminary stage requires an enormous amount of disk
space and memory. However, as discussed in a recent article [30], such choices of
the parameters lead only to a decrease of 0.5 to 1.0% of the asymptotic polymeric
longitudinal polarizabilities per unit cell.
The asymptotic values of the energy per unit cell, the coupled and uncoupled
polarizabilities per unit cell are given in Tables VI and VII for both types of geometrical parameters. As demonstrated, the sos polymeric values are very close to
the largest ohgomeric values that you could compute from results of Tables I and
II. The coupled Hartree-Fock polymeric values may be compared to the extrapolated
results of Table V. The agreement is better with the extrapolated values obtained
from fitting with the exponential decaying function than with the 1/N power series.
All these results highlight the nice extrapolation property of our direct SOS and RPA
methods and in consequence their convenience to investigate the field of polymers
presenting large optical responses.
Basis Set Effects and Derivation of Scaling Factors
For quantitative predictions of the polarizability values by using ab initio procedures, an important point is to master the basis set deficiency which leads to an
TABLE VIL Asymptotic values ofthe energy per unit cell, uncoupled (sos), and coupled (RPA) longitudinal
polarizabilities per unit cell in a.u. of the infinite polyacetylene chain having geometry (b).
EIN
sTO-3G
3-21G
6-3 IG**

-75.947424
-76.459727
-76.892465

a,:IN (SOS)

a::/N (RPA)

38.47
53.46
51.08

89.4
150.1

/
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Influ,"nce of the atomic basis set on the electric dipole polanzability tensor components
of ethylene, trans-butadiene. and all-trans hexatriene in atomic units computed at the sos level and
comparison with experimental data. The geometrical parameters , have been used.
TABLE VIII

Ethylene

STO-3G

3-21G

6-3 1G**

Sadlej

a

1
!1.54
2.00
15.38
9.64

17.81
5.11
24.72
15.88

19.42
8.89
24.88
17.73

23.64
21.05
28.21
24.30

28.26
26.10
34.26
28.47

a,
0).
a::
a

22.38
3.83
42.40
22.87

34.88
9.93
60.25
35.02

36.77
17.14
61.08
38.33

43.75
37.43
66.81
49.33

58.23 146)

at.
all
a.,
a

33.32
5.64
78.94
39.30

51.44
14.71
107.89
58.01

54.16
25.37
108.07
62.53

63.69
53.52
115.84
77.68

a,
a,).
a:

Trans-butadiene

All-trans hexatriene

Exp.
[45]
[45]
[45]
[451

underestimation of the polarizabilities, particularly in the directions where the system
is not extended. This problem may be alleviated by using linear scaling factors
between minimal and extended basis sets and the experimental values as it was
proposed by Chablo and Hinchliffe [42] and already used by Bodart et al. [43] for

unsaturated hydrocarbon chains.
We compare in Tables VIII and IX the polarizability components of ethylene,
trans-butadiene, and all-trans hexatriene computed with atomic basis sets ranging

TABLE IX. Influence of the atomic basis set on the electric dipole polarizability tensor components of
ethylene. trans-butadiene, and all-trans hexatnene in atomic units computed at the CPHF level and
comparison with experimental data. The geometncal parameters (a) have been used.

Ethylene

Trans-butadiene

All-trans hexatnene

STO-3G

3-21G

6-31G**

Sadlej

a:.
a

13.52
2.64
17.42
11.19

22.47
5.93
28.72
19.04

23.68
8.89
30.16
20.91

27.65
25.15
34.59
28.60

28.26
26.10
34.26
28.47

ax,
a),
a..:
a

25.14
4.81
51.84
27.26

39.98
10.84
76.83
42.55

42.02
16.04
80.03
46.03

48.19
38.38
89.70
58.76

58.23 [46]

a_,

36.83
6.70
105.57
49.79

57.39
15.65
150.67
74.57

60.16
2304
15598
79.73

6800
5269
172.48
97 72

a,

a..
a

Exp.
[451
[451
[45]
[45]

HARTREE-FOCK POLARIZABILITY CALCULATIONS

683

from the minimal STO-3G to the split-valence 3-2 1G, extended 6-3 1G** and the
medium-polarized basis set of Sadlej [44 ] constructed to provide accurate estimates
of dipole moments and electric dipole polarizabilities. The well-known fact of the
poor estimation of the perpendicular polarizability is again obvious. Only the medium-size polarized basis set of Sadlej provides a very good agreement with the
experimental data. Therefore, they may serve as reference value in the determination
of scaling factors. It is important to highlight that the orientation of the molecules
is the same as the orientation of the polymeric systems: in the case of the Suhai
geometrical parameters, the double bonds are inclined by 29.020 with respect to
the longitudinal periodicity axis.
As the a(3-21G)/a(Sadlej) ratio is converging by going from ethylene to alltrans hexatriene, acceptable scaling fac ors may be extracted from the CPHF results
on all-trans-hexatriene. These scaling factors are 0.84, 0.30, and 0.87 for the transversal, perpendicular, and longitudinal components of the dipole polarizability tensor, respectively. In consequence, we are able to scale our 3-21G values of the
polyacetylene chain presenting a 0.082 A bond length alternation in order to provide
a better estimate of the exact polarizabilities per unit cell. When N tends to infinity,
the values for a,a/N, a, /N, and a::IN are 21.9 a.u., 16.0 a.u., and 253.7 a.u.,
respectively.
Summary and Conclusions
In this article, we have computed ab initio coupled and uncoupled Hartree-Fock
asymptotic polarizabilities per unit cell of finite and infinite polyacetylene chains.
We have illustrated the convenience of using direct method treating infinite polymers
to obtain these asymptotic values with respect to finite oligumeric calculations
followed by extrapolation procedure. Indeed, such extrapolation procedures are
problematic because the correct form of the longitudinal polarizability per unit cell
according the number of unit cells is not known. Therefore, these procedures are
very sensitive to the analytical form of the fitting function and to the appearance
or not of the saturation pattern in the largest oligomers treated. Based on the polarization propagator techniques, the RPA method used is an extension to infinite
periodic systems of the molecular procedure, taking advantage of the translational
symmetry of the polymer. The sos method is a major approximation of the RPA
procedure, and does not take into account the field-induced electron reorganizational
effects included in the latter. In addition, the choices of atomic basis set and geometrical parameters have been discussed and shown to be .,ryimportant to provide
quantitative estimates of the polarizabilities.
At this stage, the coupled procedure is still restricted to prototype systems. However, suitable computational procedures exist which can be applied to improve our
code enabling access to the coupled polarizabilities of compounds of greater practical
interest [47].
Future steps in the development of methods to compute the polarizabilities of
infinite periodic systems would involve including the vibrational contributions to
the polarizability, taking into account the electron correlation effects and treating
the frequency-dependent character of the polarizability.
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Abstract
A simple model Hamiltonian is used to calculate the limit ofzero-voltage resistance in a one-dimensional
chain of one-state sites. The end atoms in the chain are considered to be chemisorbed to the surface of
the metal electrodes and their interaction with the continuum of metal states (jellium model) is treated
as in the Anderson-Newns chemisorption theory [1,2 ].
For this model, an exact solution can be obtained for the zero-voltage resistance within the formalism
developed by Doyen and co-workers [3] for the calculation of the current in Scanning Tunneling Microscopy (STM). Applications of the results described in this article to the problem of molecular imaging
in STM are presented elsewhere [4.51. c 1993 John Wiley & Sons. Inc

Introduction
The problem of interpreting STM images in the long distance regime, where the
distance between the tip and the surface is larger than 5 A, is reasonably well

understood, at least for clean metal and semiconductors surfaces [6]. In this regime,
the dominant forces are of the van der Waals type and the current is well described

within the Tersoff-Haman-Bardeen theory [ 7,8 ]. The use of first-order perturbation
theory seems to be well justified when the separate existence of two quantum sub-

systems, e.g., the tip and the surface, can be assumed. Such an assumption implies
a weak overlap of the wave functions characterizing the two quantum subsystems.
Under the assumptions described above it is possible to derive an expression for
the tunnel current which depends on the surface density of states (SDOs) at the

Fermi level evaluated at the position of the tip [ 7]. The STM image would then be
just a contour map of the SDOS. This interpretation however cannot give account
of a number of STM images of clean surfaces and adsorbed species. This indicates
the need for a non-perturbative approach to calculate the current in the strong tipsurface interaction regime. This, in turn, requires considering the tip, sample and
* On leave from: Escuela de Quimica, Facultad de Ciencias. Universidad Central de Venezuela. Apartado 47102, Caracas 1020 A, Venezuela.
International Journal of Quantum Chemistry: Quantum Chemistr) S)mposium 27. 687-698 (1993)
CCC 0020-7608/93/010687-12
(c@1993 John Wiley & Sons. Inc.
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electrodes as a single quantum system whose electronic structure must be determined
as part of the problem [4,5,9-11].
In this article we use the non-perturbative theory developed by Doyen and coworkers [ 3,12 ]. The STM current is viewed as a scattering process, and the LippmanSchwinger equation is employed to calculate the scattering amplitude. A Green's
function technique is used to calculate the electronic structure and the one-electron
density of states (DOS) of the system. Specifically. we assume that the electrodetip-molecule-electrode system is described by a finite one-dimensional tight-binding
model for the molecule and the tip, and a continuum of one-electron states for the
metal electrodes. The model also takes account of the interaction of the chemisorbed
atoms with the continuum of metal states by using the Newns-Anderson model of
chemisorption [ 1,2 ], which for our purposes amounts to considering a semi-elliptical
shape for the metal band. A similar approach, but within the context of density
functional theory and the Tersoff-Haman model tbr the current, has been used by
Lang [13-15].
This simple model has the advantage of being exactly solvable in terms of the
model parameters: the orbital energies and the interaction potentials between sites
in the tip-molecule chain and between the end sites and the electrode surfaces.
This could in principle allows us to gain some physical insight into a very complex
problem. An application of this model to STM imaging of organic samples which
are bulk-insulators has been described elsewhere [4,5].
The Model
The system we aim to describe consists of two semi-infinite metallic electrodes,
an atomic tip and a molecule. The tip is in contact with one of the surfaces and
the molecule is assumed to lay between the tip and the other surface.
The tip and the molecule are considered as a collection of one-particle-state sites,
coupled through a neares-neighbor interaction, so that only the first and last sites
in the molecule-tip chain interact directly with the surfaces. This description corresponds essentially to a tight-binding (Huckel) model with site-to-site hopping.
We denote the site-states by the set I Ia>-:. a = i. 2 .... N }.and the corresponding
N . To keep the
treatment as general as possible, we do not make an explicit distinction between a

energies and occupation numbers by I E', n,,; a = 1. 2 .....

tip-like site and a molecular-like site: in our model they differ onK in the values of
ER and coupling potentials.

The molecular sites can be thought of as a simple approximation to the actual

chemical units. whose electrons are intervening in the conduction process, be they
atoms, bonds, or a combination of both.
The two surfaces are described within the jellium model [16]. (a non-interacting
electron gas with a positive continuous background). The one-particle states have

energies and occupation numbers denoted by {E','1, n,(1) 1, where i and f are
continuous indices that torrespond to states Ik,) and Ik,) of electron momentum
k, and kj. respectively.

The Hamiltonian for the non-interacting surface-tip-molecule-surface system,
within our model, is then:
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N

H°=Yn,E°+ Z nE°+
a-l

nfEy.

(1)

f

H° is diagonal in the orthonormal basis {I a), Ik, ), Ikf) }.
The interaction between these sub-units is given as a sum of hopping terms:
N

Vsa, a±+

, V...+at.a.+
1 +

VAsa.a,+ complex conjugate.

(2)

where a, and a, are ordinary fermion creation and annihilation operators, Vs 3 ,
V•.s stand for the matrix elements of V in (2) between sites I (N) and the corresponding surfaces (assumed independent ofjellium state), and V,,,+ I is the matrix
element of V taken between adjacent sites in the chain. These matrix elements
represent the strength of the coupling between the different subunits of our model.
The Hamiltonian is then simply written as
H = H" + V.

(3)

STM Current
Following the treatment of Doyen and co-workers [ 3,12 ], the current is viewed,
within a single-particle-picture, as a scattering process. An electron incident from
the interior of the metal-tip escapes from the barrier and has a certain probability
of scattering through the sample molecule, into the metallic substrate where it is
detected.
Let Ii) = Ik, ) be the initial state of the tunneling electron, Ii+> the scattering
state, and Lf> = Ikf) the final state where the electron is detected. Ii) and If)
are eigenstates of H", whereas Ii+) is an eigenfunction of the full Hamiltonian (3).
The probability p(t) that an electron with momentum kf is detected at time I is:
p(t) = IVfli+>1 2 .

(4)

The current can be expressed as:
dp(i)

d=
(=

j(t)

d1.

ed I(fli +)1 2 .
dt dt

(5)

According to Lippman's generalization of Ehrenfest's theorem [ 17,18 ], the current
in the limit of low applied voltage W, can be written as
27re2g
j =2
i 2
h

Irfl'l+

2HE'

Ekv)6(E, - Ek),

(6)

t

where the sum runs over all the states between the Fermi levels (Er) of the two
surfaces. The resistance, R, in the zero-voltage limit is then R = W/j.
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Evaluation of the Matrix Elements
Our starting point is the Lippman-Schwinger equation:
li+) = Ii) + G0VIi+),

(7)

where G1 is the Green's function corresponding to the non-interacting Hamiltonian
(1)
G°(z) = (z - H 0 )-'

(8)

,

z being a complex variable. In the basis of eigenstates of H', this operator is diagonal
with diagonal matrix elements given by:
G°(z) = <nlG~ln) = z -E'

(9)

where In) is any site or jellium state.
A resolution of the identity can be written as:
N

1 .li)(il + Z IJ>(Jl + I] Ia•) al.a-I

J

I

(10)

By using the orthonormality condition, and inserting the resolution of the identity
twice in Eq. (7), one obtains:

.

(fli+) = (fIG-lVIii+1

(11)

We now make use of the facts that G' is a diagonal operator, that the operator
Vin (2) has non-zero matrix elements only between adjacent sites, and that jellium
states are non-interacting, to obtain:

(fl i+ ) = GYVNs(NI i+) .

(12)

One can use the Lippman-Schwinger equation again, and the conditions described
above v? obtain:
KNIi+) = G'v{VN(,v-t)(N-

l1i+) +.Z

VNs(fli+)},

(13)

f

where there are now two terms because site N interacts with both the surface and
site (N - 1). By inserting expression (12) in (13), one gets:
(NIi+) = GkVVNYV-M
N

(N

Ili+>,

(14)

N

where
oG
V 'Ns.
N

In a similar way, we obtain:

f

(15)
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(N-

Ili+>=G°N_,{VN__(N2)(N-2Ii+>+ V(N- 1)N<NIi+>}.

(16)

By inserting (14) into (16), one obtains:

(N-

Go •_1o V2N
G°I-'VN(N-I)

Ili+>=

1 -GONE

(7
(17)

21+)
N-<N-21i+).
N

By introducing Eq. (17) in (14), one arrives at:

<fli+)

GYVNsGOVNN-IGON-IVNN-2
_.GN-I GNVN(NGONZ)

I- GlO I

N

)•

<N- 21i+>.

(18)

N

This procedure can be repeated to obtain the matrix element <N - 21 i+>, so
that <f Ii+ ) is finally expressed solely in terms of the parameters of the model.
For the sake of simplicity, and to show the final form of the equations, let us
consider the case N = 2, for which one obtains:

(fIi+>

(/i
1I -G

GYV 2sG2VI 2G'IVsI
GGIoV22

02Z

Go

(19)

G 02V12
G 01

2_

2G2

)

_______

2

By redefining on-site renormalized Green's functions as:
d

0

(20)

G02
1 - G20
2

(21)

do
1

G0162

12

(22)

G•

Eq. (19) can be written as:

<fli+>

=

(23)

GfV 2sGC2V,2G''Vs,.

Eq. (23) can be readily generalized for arbitrary N as:

Kfl i>

=

YVNsG.VN•.N-G.-,VN.-2N-,

where the definition of Gy is as in Eq. (22) and

" "Vs),
..

(24)
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N-

G(25)
=
N

G

d,•

1 <K <N.

•..2

- K UK+I

(26)

K+

Once the matrix element (fI i+ ) is known, the t-matrix element (f I V Ii+ >of
Eq. (6) can be obtained by using once again the Lippman-Schwinger equation:

>

KffIi+
(f
I

(27)

For computational purposes it is convenient to use the diagonal representation
of the bare Green's function, Eq. (9), to recast Eqs. (25) and (26) as:
OO(E) =

E - EON
- •(8
1(28)
N

G6K(E)

=

E - E-K

-

_< K < N.

6K+,V'KK+I

(29)

The case N = I does not conform to definitions (28) and (29). We include it
for completeness:
(fIVIi+>

N= 1,

VIRVLI
-Z

KfEV-i+)

R

(30)

L

where R and L stand for the "right" and "left" surfaces.
The calculation of the self-energy contribution Z Nis performed following Newns
[2] as:
E (e) = A(e) - iA(e) ,

(31)

N

where
A(c) = 2,62(1

-

e2 )1

2

(32)

and

2# 2c
A(c)

Iel < 1

28 2[e+(C 2 - 1)1/2]

c <-1.

2032[e-(C2 -

C > I

1)1/2]

(33)

The parameter #3is proportional to the surface-site interaction potential, i.e.,,3 =
V7r VsK and c is a dimensionless quantity such that the metal band width is 2 in
units of c.
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All the approximations leading to Eqs. (31), (32), and (33) are described in
Newns's article. It suffices to quote here that although they are obtained for a onedimensional tight-binding model one can also assume that for a three-dimensional
jellium system, the metal DOS has a semi-elliptical shape, in which case the same
set of equations is obtained.
It is thus evident that Eqs. (24) and (27) allow us to express the current solely
in terms of the parameters of the model: the site-site and site-surface interaction
potentials, the site energies and the relative position of the Fermi levels of t&- two
surfaces. The metal eigenfunctions enter only through the functions ZA and Z .
Density of States
In addition to the current itself, it is of importance in the description of the
electronic transport process to be able to calculate the local DOS. In a one-electron
approximation, as the one we are employing here, the availability of states in every
position of the chain at a value of energy of the incoming electron equal to the
Fermi energy of the metal, is a local requirement for conduction to take place.
The DOS at site i is given by [19]:
p,(E)

(34)

-- Im[G,(E)],

where G, (E) is the on-site projected Green's function:
G,(E) = Qi1G(E)Ii).
(35)
In order to calculate the total Green's function for the system we start from
Dyson's equation:
G=G"+ G"VG.
(36)
The calculation of the matrix elements G, goes along a similar line as the corresponding one for the current. We illustrate it for the N = 2 case from which the
general expression can then be derived.
From (36) and using the fact that the potential connects only nearest-neighbor
sites, and that metal eigenstates are non-interacting, we obtain:
Gl= G'[1 + V12G21 +

JIAGAI

(37)

G22 = G' 2[I + IVG,2 +

G2

(38)

G214=G

2J,
2

G12 = G71

1G
11

+

P[12G 22 +

V

V21 Gfl

(39)

VIAGA2]

(40)

Gil = G'IV12G 2 1
G,2 = G" V12G22
Gk2 = Gk VklG12
(hI = G'AlAIGI1 .

(41)
(42)
(43)
(44)
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By substituting (41) in (39) one obtains:
(45)

G21 = G12 V21G2

1-

2;2 G022

Subsequent substitution of (44) and (45) in (37) renders:
V '12
G lGot
lIG •22 _
I - 22G-2

(46)

lZ

A similar procedure can then be followed to obtain:
vV212G oG
lI•
G2202

G22

I

-

(47)

GOZ

11GOU

For arbitrary N, the on-site projected Green's function has the form:
Gj

=

-

o

_

-Vf-;jG5'G-If2J-.I -

where P 1._,_Iand 2.J+,1 -

(48)

_

Go.+i
G,.j,+l QJ+1N

are defined as:
I1

=

- ,2

Go-I"•-2.j--I
2
I - Viý_3.j-2G'
V/*2
GoJ2G-Go
•rj-3

I

-

VJ2,j-,

GLI G'

(49)
2 j-2-

9

V 2 G G2
1-

v/2

UJ+'-N

=+,1G)+G

1

:,6

-o

+2 J~iGJ+2
1 2

=(50)
=

1

-_____________

1-j+2.j+ 3 G'j+ 2 Gi+3

l-

v2N-I.NGN-l G°N
I - GONZN

Some Limiting Cases
In order to verify the exactness of our results for the resistance and the local DOS,
it is of importance to include some comparisons to results which have been obtained
independently for both quantities.
Sharvin Point Contact Limit and the Value of Resistance in Resonance
This is the limit of quantum resistance corresponding to point contact between
two atoms. It has both been observed experimentally in STM measurements as a
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function of distance [20] and derived theoretically [21,22] to be hI/2e 2 = 12.9 kU2
(r in atomic units). This is precisely the value we obtain when a molecular energy
is in resonance with the energy of the detected in-coming electron. This energy is
equal to the Fermi energy of the metal which we can set arbitrarily equal to zero
as measured by the dimensionless variable c in Eqs. (32) and (33). We illustrate
below the calculation for N = 1, but in fact the result is independent of N. For N
odd, the resistance has the same value as for N = 1. For N even, the resistance is
slightly larger. This result is in agreement with the well-known fact that a tightbinding Hamiltonian has an energy spectrum which is symmetric around the noninteracting orbital energies [19]. For N odd there is one state with energy exactly
equal to that value. If the non-interacting orbital energies are chosen equal to zero,
then the chains with odd N will always meet the resonance condition, whereas those
with even N will have their orbital energies displaced from zero.
It is also interesting to notice that the independence of the current on the length
of the chain is in agreement with the well-known result that the transmission coefficient for tunneling in a one-dimensional system, evaluated at resonance, is independent of barrier thickness [23-25]. We should also add that the result is independent of the strength of the site-site and site-surface coupling, as long as these
potentials are chosen symmetrically with respect to the center of the chain.
Figure 1 shows the resistance at resonance as a function of N, the upper and
lower values correspond to even and odd N, respectively.
In order to show how the Sharvin limit is achieved, we take the case N = 1.
From Eq. (30) we obtain:

8.0 17.5 -

I

70

6.0 • _ _ ---.
0

. 20

,.
40

•
60

80

100

Figure I. Resistance (a.u) at resonance versus number of sites in the chain. The upper
and lower values correspond to even and odd N, respectively.
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v2 v2

VVIvi+V,=

1
[E - E' - Re(Z)]2 + [Im(Z)] 2

(51)
(

where
2;R+

Z

(52)

2L.

At resonance, one has:

1(f I Vlit>12

f

1=]

l[Im(ZR) + Im(ZL)] 2

(53)

Using the identity:
limu

1

).-o* X - iy

= p(

-

i7rb(x),

(54)

we obtain the result:
Im(ZR)

=

6 (E - Ef)V~f ,

(55)

6(E-- E,) 17,21

(56)

f

and similarly:
Im(ZL,)

-W

By carrying out the double summation in (6), and allowing for an extra multiplicative factor of 2 which takes account of the electron spin degeneracy, and taking
ZR = ZL, we obtain j = 1/ 7r which renders the Sharvin limit for R.
Local 'losfor a PeriodicOne-Dimensional Chain
The local DOS for a one-dimensional periodic chain with a tight-binding Hamiltonian is [ 19 ]:
(E)

=1 m(G,,(E)) = 0(2V2

7r

V4V

IE-

Efl)

- (E -- Ej)2'

(57)

where V is the site-site interaction potential. In our finite chain, we should recover
this behavior for a long enough chain and for sites far away from the surfaces. That
this is indeed the case is shown in figure 2, where the DOS at the central position
for a chain of 100 sites is plotted as a function of e. The curve shows the characteristic
square root singularities of the DOS for the infinite periodic system given by (57).
Conclusions
We have been able to obtain exact solutions for the tunneling current and DOS
for a model of electron transfer through a finite chain which may be of interest for
the analysis of molecular imaging in STM in the regime of moderate to strong
interactions between the atomic tip and the sample. The model can also be applied
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30.0

20.0

10.0

0.0

-10.0

"-1.0

-0.5

0.0

0.5

1.0

Figure 2. Local density of states (arbitrary units) in the center of a chain of 100 sites as
a function of the dimensionless energy v. The non-interacting site energies are all equal to
zero and the potentials are symmetric with respect to the center of the chain.

to the study of the influence of molecular disorder on the STM image. Investigations
in this direction are currently under way, where disorder is introduced through
variations in the orbital energies and the site-site potentials.
As a test of the exactness of our results we have successfully recovered some
known results for one-dimensional systems regarding DOS and tunneling current
in resonance.
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Abstract
We have calculated the first-, second-, and third-order contribution to the refractive index of a dilute
aqueous solution of three-level molecules irradiated by an intense one-frequency external field. Each
solute molecule is described by two coupled harmonic curves of electronic energies with the same force
constant and with minima displaced in energy and nuclear coordinate. We assume that the intramolecular
coupling mixes only the states corresponding to two near degenerate of the three levels considered.
Important linear and nonfinear contnbutions of the solute molecules to the refractive index have been
found, mostly in the so-called weak and intermediate coupling regions © 1993 John Wiley & Sons, Inc

Introduction

Three-level models of atoms and molecules interacting with an intense electromagnetic field allow the description of additional effects to those already described
by the simple and fruitful two-level models [1-4]. In a previous work we have
studied this last type of model describing the two states as vibrational ones belonging
respectively to two coupled harmonic potentials with the same force constant and

with minima displaced in energy and nuclear coordinates [ 5 ]. In this way we have
included in the two-level model a typical trait of the complexity of the molecular

structure, while preserving some of the simplicity of this approach. We have found
that the intramolecular coupling mixing the two states considered has a significant

effect on the first-, second-, and third-order optical susceptibilities [5 ].
International Journal of Quantum Chemistr%. Quantum ChemistrN Symposium 27. 699-I/1 (1993)
,c 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010699-13
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In this article we study the first-, second-, and third-order contribution to the
refractive index of a dilute water solution of molecules, each of them described as
a three-level system irradiated by an intense one-frequency external field. On the
other hand, we assume that an intramolecular coupling mixes only the states corresponding to the two near degenerate of the three levels considered, according to
the scheme illustrated in Figure 1.
In the next section we will describe a simplified version of the typical vibronic
model for molecules [6-8], allowing a not-too-intricate calculation of the optical
susceptibilities up to third-order in the external field amplitude. Finall. in the last
section, we will discuss our results for the first-, second-, and third-order contribution
to the refractive index of a dilute water solution of the molecules considered. According to our results important linear and nonlinear contri.,utiorls of the solute
molecules to the refractive index occur mostly in the so-called weak and intermediate
coupling regions.
The Three-Level Model of a Molecule with Intramolecular Coupling
between Two Near Degenerate States
The Hamiltonian describing a molecule can be written as
H = TN,+ Te + V(q,Q) + V'(q)

(1)

when q and Q are the electronic and nuclear coordinates; Tv and Te are the nuclear
and kinetic energy operators; V(q,Q) is the potential energy term arising from
electron-electron, electron-nucleus, and nucleus-nucleus interactions within the
Energy

S
-Oo

01

Figure 1. A three-level model of a molecule in which two levels belong to one of
the harmonic electronic potentials. The intramolecular coupling v mixes the states
corresponding to the nearest levels belonging to different electronic potentials. The
weak, intermediate and strong coupling cases correspond to v 4 S. v - S and v > S,
respectively.
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molecule; and V'(q) is a residual term depending only in the electronic coordinates.
The wave functions describing the three states considered of our system are
'o(q;Q) = ',(q; Q)kPo(Q)

(2)

4 ±(q;Q)= C:k?4l(q;Q)0,k(Q) + C2pI.,2(q;Q)4b
2 A(Q),

(3)

and

where 01i(q;Q) and 4' 2(q;Q) are the electronic wave functions corresponding to the
left and right harmonic potentials in Figure 1. The harmonic vibrational wave
functions of states associated to the electronic wave functions 4',(q;Q) and
4z2(q;Q) are denoted as -0, 1(Q), Olk(Q), and 021(Q), wherej, k, and tare vibrational
quantum numbers. In the scheme illustrated in Figure 1 these quantum numbers
are j = 0, k = 1, and I = 0. The three energy levels of our system, expressed in
units of hco/2, where w is the frequency of the harmonic oscillators, are given by
(4)

Eo = 2(j + 1/2)
and
El = (l/2)[(EA + E 21) ± V(Elk - E21) 2 + 4v 2 I(tOkA

2
111],

(5)

where El = 2(k + 1/2), E 21 = 2(1 + 1/2) + V0, and the intramolecular coupling
parameter v = (4'm(q;Q)I V'(Q)l41,(q;Q))/'/2hw, where m, n = 1, 2, and m 4 n.
The corresponding wave functions to the energies E 0 and E' are respectively the
Born-Oppenheimer products given in Eq. (2). and [5]
4,±(q,Q) = Cik[4,'(q;Q)-Olk(Q) ± A:1ký'2(q;Q)4 2A(Q)1,

(6)

where
CQ,=

Il + IA±kl2]'/

2

and

A±k = (Elk-

E')/v<

lk1I-21>.

The criteria of weak, intermediate, and strong coupling cases [6-8] are v << S,
v --- Sand v > S, respectively, where S = (m
)Qo,0/hm is the mass corresponding
by
the
coordinate
Q, and Qo is the relative disto the vibrational mode described
placement between the two minima of the electronic potentials (Fig. 1). The vibrational overlapping factors <4OkI t 21> in the above expressions, where k = 0, 1
and I = 0, can be calculated using the Pekarian formula [9]
=

(-1) M sml 2 e -S1 42- m/2
(m!),/2

(7)

where we have the cases (n = l and n' = 2) and (n = 2 and n' = 1). Given the
symmetry of the starting harmonic potentials corresponding to the system without
intramolecular coupling, we take the permanent dipolar moments associated to the
electronic states described respectively by our basis wave functions 4, (q;Q) and
4' 2(q;Q) as zero.
The transition dipolar moments corresponding to our three-level system are given
by
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Al- = -CaAT-kAi 1 2(-Qo)<• oI•
1 2o),
Ito, = -C'1kA b,m12(-Qo)<('o I4,2o ),

(8)

(9)

+ A

CkCt.4,2(-Qo)K02o10,, )[At'

k1.

(10)

Since cur ground state coincide with one of the basis states its permanent dipolar
moment is zero. On the other hand, the permanent dipolar moments respectively,
associated to the mixed states - and + will not vanish, and are given by
--

=

-2(CTlk) 2A TIk2(-_Q(

2o0e1I>

(11)

-2(Ctk) 2 AkUl 2(-Qo)(02o1,,,).

(12)

and
=

Having obtained the expressions for the energy of the three levels involved, and
the corresponding transition and permanent dipolar moments, we are now prepared
to calculate the optical susceptibilities up to third-order in the external field amplitude E, in term of which the polarization is usually written as [4]
P = X()E + X(2)E 2 +

X(3 )E

3

(13)

The first-order susceptibility for our system will be given by [4]
N
)( E+) = 0.5h--"
Xm('

n

]
Mo)n
'n'nE,,[
_E,,
-11E, - iE, -' E,E- En + E, + iEl
(14)

where m, n = 0, -, +, and N is the number density of molecules, p,(o) is the thermal
equilibrium value of the fraction of molecules in the state m, E, = hwj/O.5hw,
and E, = hyn,,/0.5hwA; wfand "ynn being, respectively, the frequency of the external
field and the phenomenological damping rate of the density matrix element P,.
We have assumed the same value for all the 'Y.n5s involved.
The second- and third-order optical susceptibilities are respectively given by [4]
N

J

(Mom) -pI°).)M.n,..

X 2)2c)=(0.5-h'w)2.... [E, - Em, - 2E,.- iE.][[E. - Em - E, - iE.]]I
w)oI[E (o)5
(P VV - P nn)'4n,11vm1tmn

-[E - Em - 2" - iE.IE.

-

- E, - iE]] J
(15)

and
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N
(0.5hw)3

EsI[Ei-E.-2E,- Es]

[E,,-Em -E,-

nmvl

X<[E, -E.m-E,lmn~vmMlv~ni

(p(0)(0)

[E,,

-

E,- E, - iEJ [Eli- Em

-

i.]

2E,

-

iE5]

X [El - E, - E,
I

p(0)-

))

iE,]

IAmnl~nvPlm~vi

[E.

Em

-

E,

-

iEl [E.

El

-

2E,

-

iEJ1

Atpnn~lml~nvl~vi

P(0))

+(~)-

-

XE~~
[E, -E-E,-IE

N

+ (0.5 hw) 3

x

,

X m

f,(p(
0) (0)
p mm

nIM~lv~vnzmn

[E.

-Pt)

Em, - E,. - iEj][E, Em - iEJ]
X[E,
Em
E, - iE
5]

-

I

Amn~tmAIVh.ni

P(11))

-(t~r

[E,,

-

Em

E,

-

ilE¶][EI - E.
X [E,

~Prt))Pn~v~Iv

-((Io

[En - Em

E,

-

iE,][E,
X [E

UZ

nn

[E.

-

E., - E,

-
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-

iE,][lE,

-
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iE.1
iE5]

El - LE5I

-

El

-

-

E,

-

E,

-

El-

-

iE~j

iE3 ]

E,. - E,- iEjJ

X[,-

N
+(0.5 hw )

I

W o

nmil I[E
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-
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-
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-
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X [E,, - E. + E, - iEj
( (V0' H)

[E, - Em, - E,1Mmn~vkmlIvI.Ld
- iE.l[El - Em, - iE.]

X [El - E,, + E, - iE3J
o)
_(p10) - P L(

,.. O,,,
/'rnn P.VAIM1

[En - En, - E, - iE,][E. - El - iEs]
X [E, - El + E, - iEJ]

+(VC) Pnon [E, - E. - E,

E•[.-

El - iEs]

X [En - Ev + E, - iE.]J1
(16)
where m, n, v, 1 - 0,

X 3 )(3E,.)

N
=

(0.5hw)

X
nmv

J
1

-,

+,

and

3

(mom)

I-mnlAnvALvlIIm

[En - Em - 3E, - iE5J

X [En - Em - 2E, - iEJ]
X [Et- Em Ec,- Es]
p(0uo)

PmnI.L~mJLmvI

[E- - Em - 3E, - iEJ

X [E, - Em - 2E,

-

iEJ1

X [Ev - El - E, - ifs]

(P
. ((0)

AmnlIMvm~nhI.

P(10))

[E. -[E,,

X

- 3E, - iEf
[E. - Ev - 2E, - iEJ]

X [E-- E,- E,-

))
f Pnon
+(P~(IO
- '"'[En
- Em

iEJ]

Am.I',m •,v,Un

- 3E, - iEJ]
X [E,, - E,. - 2E, - iEJ]
X [E
E- El - E, - iEj]

(17)
where m, n, v. = 0. -,
With the above expressions for X "), X(•2• and x (, we will calculate in the next
section the first-, second-, and third-order contributions to the refractive index
coming from the solute three-level molecules in a dilute water solution.
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/1Z)
1.36

1.32
0.75

1.3

2

(b)

S1.34
1-.*•
32

S0.75
1.

)-2

Figure 2. First-order refractive index il' 1)(E.) = ih(Ec)lE-o for a water (17o= 1.33241)
solution in which the solute are three-level maolecules, w = 700 cm-', S = 0.1 and Es =
0.02. In (a) we consider V0 = 1.9 and in (b) V0 = 1.5.

Refractive Index Contributions in a Dilute Water Solution
From the Maxwell equation in which enters the polarization,
2E

2 0

c

2

E

C t2

47r a 2P
C2 &I

(18)
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(a)

1.36

0.2

41.34
5

1.36
1.32.7

4

Figure 3. The same as Figure 2 except that in (a) V0 -- 2.1 and in (b) Vo

=

2.5.

and making the slowly-varying-amplitude approximation [4 ], it can be shown that
for one-, two-, and three-photon dispersive processes, the corresponding refractive
indexes of a dilute water solution of the molecules considered, are respectively
rm(Ec) = [r/2+ 4wrRexef(EJ)]"I2 ,
•2(2Ec) = [i/ + 4ir

E Rex( 2 )(2E•)]'" 2

(19)
,

(20)
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(a)

2

2.S
0.25

2

4

4
S

Figure 4.

The refractive index nh(EA), Eq. (19), when we turn-on the external field
= 2.1I. (b) J'• --2.5.

amplitude to atlpical •alue of E= lO3 statvolt/cm (a) Vo

and
r(3.)= [,2 + 4ir E 2 ReX( 3)(3E:')]"/ 2

where ri is the solvent refractive index, and the effective susceptibility

(21)
Xc~r(, L)

can

be calculated from Eqs. (14) and (16), according to

Xefr(Ec)

=

X 1'•(Ec) + E2 X'3 )(E•)

(22)
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(a)
1.3328
Va1.3327

S1.3325

1.3328

Figure S The second-order refractive index i72(2E•). Eq. (20). for the same parameters
as in Figure 4.

Figure 2 illustrates the first-order refractive index • t •t (E,)

dilute water (.2

= mj(Ec)/E:-o for a
1.33241) solution in which the solute corresponds to a concen-

tration of i0-3 M (N =6.022 X j107 molec/cm 3 ), co = 700 cm-', S = 0.1, Es =
0.02, pm.2(-Qo) = 5( 10-'s esu cm, and T = 300 K. In Figure 2(a) and 2(b) the
energy separation between the minima of the two harmonic potentials are, respectively, Vo = 1.90 and V0 = 1.50, which correspond to a sepaiation between the two
levels belonging to different harmonic potentials in Figure I of 0.1I and 0.5, respectively. The range of variation of E, (the photon energy of the external field)
and the intramolecular coupling v is in both cases between 0 and I. We can appreciate in these figures a sizable variation of the first-order refractive index with
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(a)
1.3325

S1.33245
S1.3324
0.75

1.33235

2

(b)

S1.33245
4
S1.33241
S
1.33235

0.7S

2

-

5

Figure 6.

The third-order refractive index 77
3 (3E,). Eq. (21), for the same parameters as

in Figure 4.

both E, and v in the resonance region. On the other hand, there is an asymmetry
between the two signals that separate from each other as the coupling v increases.
In this case the lower frequency signal is larger than the higher frequency one. We
appreciate the inverse effect in Figure 3 (a) and 3 (b) which correspond to the same
paramete;s as the previous figures, except that now V0 = 2.1 and Vo = 2.5, respectively, i.e., the energy level belonging to the right harmonic potential (Fig. 1) is
now over instead of below the nearest level of the left harmonic potential by the
quantities 0.1 and 0.5. The undulations presented by 7 1( )(E,) in Figures 2 and 3
when we fix E, in the resonance region and vary v occur because of the equivalence
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between fixing v and varying E, or vice versa, in connection with the shape of the
signal.
In Figures 4(a) and 4(b) we represent the resulting refractive index 77i(E,) once
we superimpose on the first-order term the effect of the third-order correction to
the optical susceptibility, x ( 3)(Ec), when we turn on the external field to a typical
intense value of E = I0' statvolt/cm [see Eqs. (19) and (22)]. We can appreciate
a strong modification of the refractive index in the resonance region due to this
third-order effect on the external field amplitude. On the other hand, we have again
an asymmetry between the signals that separate as the intramolecular coupling v
increases. We can also appreciate large variations of the refractive index ,l(E,)
when we fix E, in the resonance region and vary the intramu'!cular coupling v.
We have also calculated 7,I(E,) for the same parameters as in Figures 4(a) and
4(b), except that now V0 = 1.90 and 1.5, instead of 2.1 and 2.5. We have obtained
analogous modification as in passing from Figure 2 to Figure 3.
In Figures 5(a) and 5(b) arc illustrated the second-order contribution to the
refractive index, Eq. (20), for the same parameters as in Figures 4(a) and 4(b),
respectively. Now, the variation of 17
2 (2E,) with both E, and v are much smaller
(by a factor of ca. 1/ 1000) than the variation of n (E,). Still smaller are the variations
of 7 3(3E,) illustrated in Figures 6(a) and 6(b). This result can be expected on the
ground that to 1, (E,), 7/2 (2E,) and 713 (3Ec) contribute respectively one-, two- and
three-photon processes once we turn-on an intense external field.
Concluding Remarks
Using a simple model of three-level molecules with intramolecular coupling between the two states corresponding to different electronic potentials, we have found
the following results for the refractive index of a dilute water solution of these
molecules irradiated by an intense one-frequency external field.
i) A strong contribution to the first-order refractive index coming from the thirdorder correction in the external field amplitude for one-photon process when we
turn-on an intense external field of E = l03 statvolt/cm [see Figs. 4(a)
and 4(b)].
ii) Large variation of the refractive index for one-photon processes i• (E,) when
we fix E, in the resonance region and vary the intramolecular coupling v.
iii) Since the refractive index is related with the absorption coefficient, the variation found above for iI(E,), with both E, and v will induce modification of the
absorption coefficient for the kind of systems we have studied.
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Abstract
An extended version of the Klopman-Salem equation of chemical reactivity, which incorporates the
effect of an external electrostatic field in both charge and orbital contnbutions. has been applied to
analyze the reactivity pattern of ambident metal enolates towards acylation reactions in different solvents.
The results are consistent with the experimental observation that the proportion of C-acylation product
is enhanced for solvents of low polarity where a relevant orbital control contnbution is predicted Comparison between the cis/transproportion of C- and 0-acylation products are also qualitatively accounted
for by the rMo analysis. © 1993 John Wiley & Sons. Inc

Introduction

Enolate anions are members of a group of ambident nucleophiles that react with
alkylating agents or acylating agents to form products with a new bond either at
the alpha-carbon or at oxygen [ 1,2 ]. From a spectroscopic examination of metal
enolates, the lithium salts are found to exist as enolates structures in which either

contact ion pair or solvent separatedions may be present.
The existence of these metal enolates as solvent-separated ions is favc. -d by (i)
increasing the polarity of the solvent, (ii) the presence of lithium or sodium rather

than zinc or magnesium cations, and (iii) by use of the trans rather than the cis
stereo-isomer of the enolate [3] [see Fig. 1(a)].
In acylation reactions with acetic anhydrides as acylating agents, it is observed
that the major product of the kinetically controlled processes are usually the 0-

acylated derivatives corresponding in structure and stereochemistry to the starting
enolate [4]. However, it has been noted that, even with reaction procedures that
results in kinetically controlled acylation, mixtures of C- and 0-acylated products
may result. The proportion of C-acylation appears to be enhanced by the use of

relatively nonpolar solvents [ 51.
* Contribution No. 8 from Centro de Mecinica Cuintica Aplicada (CMCA).
International Journal of Quantum Chemistry. Quantum Chemistr Symposium 27. 713-721 (1993)
© 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010713-09
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The experimental observation on metal enolates are specially suitable to test the
usefulness and reliability of our recently developed extension of the KlopmanSalem equation of chemical reactivity in solution phase [6]. First of all, the coexistence of C- and 0-acylation products appears to be strongly related to the variation of the solvent polarity. Secondly, the theoretical procedure described in Ref.
[6 ] may provide some qualitative explanations about the relative relevance of the
charge control vs. the olbital control contributions for a given solvent.
In this work we preteno the result of the solution FMO calculations in the series
of methyl-, n-butyl-, and phenyl-enolates, including the cis/iransstereo-isomers,
for a wide region of solvent polarity represented parametrically by the dielectric
constant. Specific effects of lithium are also incorporated.
Model and Calculations
The Extended Klopman-Salem Equation
It is possible to have an expression for the interaction energy between a nucleophile
and an electrophile in the presence of an external electrostatic field, by using the
Klopman-Salem frontier molecular orbital (FMO) expression [7.8 ]
(1)
) QN.(I)QEI(I) +Roc va 2 n (l)Cn,(I)
Em(
R

ell(l)

m n

-

eCL(l

and
Eint(C)

QNU(-)QEI(C) +ZR
cR

m n

c)e(e)
2[ Nu1-e
e,,(c) - eL(c)

(2)

for gas and solution phases, respectively.
E,, Q,. ell, and el, are the interaction electrostatic energy, the net charge, the
energy of highest occupied molecular orbital of the nucleophile (HOMO), and the
lowest unoccupied molecular orbital of the electrophile (LUMO) in gas phase (I)
and in the presence of a polarizable medium (c). represented by an effective dielectric
constant c. R represents the internuclear distance between the active sites of the
interacting electrophile/nucleophile pair. From Eqs. ( 1) and (2), it became possible
to derive a general expression for the change in the interaction energy from gas to
solution phase [61 The resulting final expression, after introducing a first-order
variation in the net charges for the system in solution. QA(c) = Qk( I) + 6 Qk( I).
is
WEn,

6[QNU(I)QE,(I)]I
QNu(I)QEI(1),+ bR

-( l

cR

R

ICC

2
+ s3
, Sn'(c)c' 1 e)J

-

SSt(l)[Cll(I)]P

2

}

(3)

n

which is expressed in terms of the unperturbed net charges of the atomic active
centers of the nucleophile/electrophile pair QN'.. and QA. the LCAO coefficients and
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the electrophilic superdelocalizability of the HOMO of the nucleophile [9] in gas
(1) and solution (e) phases, SE":

S"(-)
Eel) = 2

[C)(l)]2

(
(4)

and
s(c)

= 2 M[()]eH(c)

(5)

respectively.
Equations (3), (4), and (5) have been derived previously [6], based on a theoretical procedure that allows one to describe the monoelectronic orbital energy
shifting induced by an electrostatic external field [10]. Equation (3) also contains
implicitly the solvation energy as given by the Born model. It is worth mentioning
here that in spite of the fact that Eq. (3) was obtained by a perturbation theory
procedure [6 ], the effect of the polarizable medium is variationally introduced in
the calculation of monoelect, onic orbital energies as well as in the LCAO coefficients
[ 11,121. It is also worth mentioning that Eq. (3) keeps the structure of the KlopmanSalem equation: The first and second terms are the original charge controlcontribution and the corresponling charge polarization correction, whereas the third
term represents the coirected orbital control contribution.
Method and Calculations
We select the series of methyl-, n-butyl-, and phenyl-lithium enolates belonging
to a wide series of metal enolates extensively studied by House et al. [2,3] with
great detail. For this small series, results concerning the proportion of alpha-C- vs.
0-acylated product, for a wide variety of solvents and including both cis/trans
stereoisomers are reported.
The calculation of properties involved in Eq. (3) were obtained from the SCRFCNDO/2 method described in Refs. [11,12]. The electrophilic agent was acetic
anhydride. The ion pair structure of enolate was taken as the contact ion pair
shown in Figure 1(a). Standard bond angles and distances were considered in
all the calculations done., The solvent-separated ion pair was modeled through
the enolate anion.
The calculation of the isolated ion pairs and enolate anions were completed with
calculations where the electrophile was allowed to approach the enolate frame at a
perturbing distance of about 2.0 A as shown in Figure 1(b). Calculations with
distances greater than 2.0 A were also performed, and they did not show any relevant
distortion with respect to the variation of the properties involved in Eq. (3) from
gas solution phases.
- the best characterized reactions in House et al. experimental work [3 ] (in
enms of the variety of solvents used) was the trans-phenyl enolate, we will focus
first our attention on this system.
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Figure 1. Molecular structures considered for calculations of molecular properties: (a)
lithium enolate ion pairs; (b) nucleophile/electrophile pair interaction.

Results and Discussion
We first became interested in determining the region of solvent polarity (measured
by the variation ofthe dielectric constant c from 1.0 to 10.0), at which the interaction
energy variations given by Eq. (3), for the nucleophile/electrophile pair, were more
favorable for the reactions under study. Under the approximation that flc-o/
/tc-c = 0.8 [13], the results displayed in Figure 2 were obtained for trans-phenyl
enolate anion and trans-phenyl enolate/lithium ion pair. It shows the variation of
the total energy for the electrostatic interaction between the nucleophile/electrophile
pair, for the reaction at the oxygen and the alpha-carbon sites as a function of the
dielectric constant. It may be seen that the interaction with the solvent favors the
reaction at both sites. As c increases, the 0-acylated product becomes predominant.
Saturation of solvent effects is predicted for e > 3.0. Comparison of the differential
reactivity at the oxygen and alpha-carbon sites for both the anion (solvent-separated
ions) and the ion pair shows that the enhancement in favor of the 0-acylation
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Figure 2. Nucleophile/electrophile electrostatic interaction energy variations for trans.
phenyl/Li+ ion pair and trans-p.enyl enolate with respect to solvent polarity (t). 0acylation in ion pair (N), O-acylation in enolate (.) alpha-C-acylation in ion pair (0) and
alpha C-acylation in enolate (+).

product is greater for the enolate anion. In summary, these results suggest that, for
increasing solvent polarity, a major proportion of 0-acylated product is to be expected. Moreover, from Figure 2, it may be seen that at low solvent polarity solvent
separated ions may be present, in agreement with the experimental results reported
in Ref. [3]. This result also permits us to stablish a low polarity region 1.0 < c <
3.0, where the C-acylation products may coexist with the 0-acylation products.
Figure 3 displays the variation of the interaction energy with the solvent polarity
for the cis-phenyl-enolate/lithium ion pair and cis-phenyl-enolate anion, representing the solvent separated ions, respectively. In this case, the reaction at the
oxygen enolate site remains favored with respect to the alpha-carbon acylation.
Comparison with Figure 2 shows that the difference in reactivity at the 0- and
alpha-C is smaller than the corresponding difference of the trans-isomer. Also, no
variations in reactivity at both C- and 0- sites is observed for the cis-phenyl enolate
in its ion pair and anionic forms.
Figure 4 summarizes the relative reactivity at the oxygen and alpha-carbon sites
for the cis/trans stereoisomers for a varying solvent polarity. The following may
be observed: First of all, reaction at the oxygen site appears to be invariant with
respect to the cis/transconformation and also independent of whether or not dis-
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Figure 3. Nucleophile/electrophile electrostatic interaction energy variations for cisphenyl/Lz ion pair and cis-phenyl enolate with respect to solvent polarity (c). O-acylation

ion pair (n), O-acylation in enolate (-), alpha-C-acylation in ion pair (0), and alpha-Cacylation in enolate (+).

sociation is present. Secondly, if we assume that for e < 3.0 the lithium enolate
displays a contact ion pair structure, the C-acylation reaction shows a significant
difference with respect to the cis/transconformations. For e > 3.0, the difference
between reactivity at oxygen and alpha-carbon increases and becomes constant.
Therefore, in view of the experimental results reported by House et al. [ 3 ], we may
suggest dissociation for a > 3.0, and under this condition, the oxygen site will react
more readily than the alpha-carbon site, in the dissociation region. On the other
hand, variation of the reactivity pattern at the alpha-carbon will be relevant in the
low polarity region (c < 3.0), where significant differences in reactivity are predicted
for the cis/transconformations. These predictions are reinforced by the experimental
data reported by House et al. [31: the O-acetyl derivative in DME, a moderately
polar solvent, shows a 87% yield for the cis-phenyl derivative, compared to 95%
yield for the trans-phenyl derivative. On the other hand, C-acetyl derivative in
Et 20, a modest polar solvent as compared to DME, shows a 26% yield for the cisphenyl enolate, compared to the <10% yield for the trans product in the same
solvent (Et 20),
FrontierMolecular OrbitalAnalysis
To discuss the previous results in the frame of the FMO theory, we start by introducing the following criteria with reference to Eq. (3). The first two terms of
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Eq. (3) represent the charge controlcontribution to the variation of the nucleophile/
electrophile electrostatic interaction energy, whereas the third term represents the
orbital control contribution.
In order to compare, in the simplest way, the relative reactivity at the alphacarbon and oxygen sites, we introduce the following definitions:
=AcA~

and

SAEc= AE

-

A~%(6)

- AEF

.

(7)

With definitions (6) and (7), we assess the relative contribution of the charge
control term AEc and the orbital control term AEcb for reaction at the alphacarbon site, having the corresponding charge and orbital contributions at oxygen
as a reference state. These definitions also entail the following criteria: If 6A4ES >
0. then the charge contribution at the alpha-carbon site will be less relevant than
the corresponding charge contribution at the Oxygen site. On the other hand, if
bE1b < 0, then the orbital contribution at the alpha-carbon site will be more relevant
than the corresponding orbital contribution at the Oxygen site.
In Figure 5 a plot of the relative charge control vs. the relative orbital control
for different values of the dielectric constant is shown for methyl, n-butyl, and
phenyl derivatives.
As expected, 6AE' is always positive and 6AEE', is always negative. According
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to these trends, we may conclude that charge control contribution will mostly favor
reaction at the oxygen site, whereas orbital control contribution will enhance carbon
acylation products.
As compared to methyl- and butyl-derivatives, 6AEoCrb for trans-phenyl is consistently less favorable, along the complete range of solvent polarity considered.
We may predict then that, for mixtures of C-acylated and O-acylated products,
methyl and n-butyl derivatives will show a greater proportion of C-acylated products
than trans-phenyl derivatives. This prediction is consistent with the experimental
data reported in Ref. [3], where an C-acylated product yield < 1% was observed
for this derivative. On the other hand, the methyl and butyl derivatives are predicted
to display a very close product yield for alpha-C-acylation which is also consistent
with what is experimentally observed in Ref. [3] (4% and 9% product yield for nbutyl and methyl derivatives, respectively).
Concluding Remarks
The experimental reactivity pattern shown by a series of lithium enolates towards
acylation reactions was used as benchmark case for the extended Klopman-Salem
equation of chemical reactivity in ,olution phase. The following conclusions may
be drawn from the present work.
(i) Two polarity regions where lithium enolates may be present either as contact
ion pairor solvent-separatedions were identihed. In terms of this criterion,
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the conditions for the alpha-carbon vs. 0-acylation reactions were established.
(ii) The relative differential reactivities along series of compounds may be explained in terms of chargeand orbitalcontributions. Alpha-carbon acylation
products are to be expected for low polarity solvents, that is, when the
lithium enolate presents a contact ion pairstructure. In other words, reaction
at the alpha-carbon appears to be assisted by the presence of lithium at the
neighborhood of the oxygen site, and it is enhanced along a series of substituent as the orbital control term increases.
(iii) General trends concerning the proportion of the alpha-carbon vs. oxygen
acylation products in different solvents were successfully accounted for by
the present formalism.
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Abstract
Results of a pilot study on the applicability of the quantum defect orbital method for describing
electronic transitions between molecular Rydberg states are reported Oscillator strengths and Einstein
emission coefficients for the tnatomic hydrogen molecule have been calculated. The results are in good
agreement with the data derived from more sophisticated theoretical approaches © 1993 John Wiley &
Sons. Inc.

Introduction
The Rydberg molecules are characterized by a repulsive ground state, a series
metastable excited states, and a stable cation [1]. If the energy gap between the
electronic ground state and the first excited state is sufficiently large, all excited
states are of predominantly Rydberg character. An excellent review on Rydberg
molecules has been recently published by Herzberg [1], and an extensive compilation
of the relevant experimental data by Jacox [2]. Prototypes for the diatomic and
for the polyatomic Rydberg molecules are He 2 and H3 , respectively. These two
species have received most attention from both experimental and theoretical spectroscopists and are commonly used for testing new methods.
The existence of metastable Rydberg states of H 3 was deduced by Herzberg [1 ],
and by Vogler [3]. Herzberg [1] also determined the DAh geometry of the underlying
H3• core. This pioneering work inspired several theoretical [4-10] and experimental
[ 11-15 ] studies which involve transitions between the bound Rydberg states. Most
of the theoretical studies on the H3 spectrum have been based on frozen-core Hartree-Fock (HF) calculations [4-7 ] or have used limited configuration interaction
(C) expansions [8]. Highly correlated calculations have been reported only recently
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27, 723-729 (1993)
© 1993 John Wiley & Sons, Inc.
CCC 0020-7608/93/010723-07
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[9,10]. Petsalakis et al. [9] have exam'ned electronic transition moments among
several low-lying Rydberg states at various geometries. Diercksen et al. [10] have
calculated energies for the ground and several Rydberg states by a large-scale-multireference configuration interaction with different basis sets at the D3h geometry.
They have found that the sequence of the energy levels depends on the size of the
basis set, and obtained excitation energies that are in good agreement with the
observed spectrum. However, these authors [ 10] point ou! that even for a 3-electron
system, reliable results may be obtained only for low-lying states, and only if both
the one-electron basis set and the configuration interaction expansion are extended
to the limits permitted by the most advanced computing facilities. Therefore, developing semiempirical schemes to study such spectra seems to be worth some
effort.
The electronic spectra of the Rydberg molecules consist of typical Rydberg progressions. It is expected that the Rydberg states may be described as quasi-hydrogenic,
with the spherical atomic core replaced by a molecular cation which imposes "internal crystal field" splittings appropriate to its symmetry. This suggests a possibility
of modeling the electronic structure of molecular Rydberg states by the methods
originally developed to describe the Rydberg-like series in atoms. In particular, the
concept of quantum defect has been used within the context of the multichannel
quantum defect theory [ 18 ] to study Rydberg states in diatomic molecules [ 19,20 ].
It has also been applied to some polyatomic systems, for which the mixing between
different electronic, vibrational, and rotational channels has been studied [ 21 ]. The
Jahn-Teller effect in the (np) 2E' Rydberg series of H 3 and D 3 has also been studied
by this technique combined with existing ab initio results [22]. In some of the ab
inito studies mentioned above [4-7] quantum defects have been extracted from
the HF energies computed for the low-lying Rydberg states and then used to construct
the quantum defect hydrogenic orbitals to describe highly excited Rydberg
states [ 7 ].
In the present article a pilot study on the application of the quantum defect
orbital (QDO) method [16] for describing electronic transitions in Rydberg molecules
is reported. The method has been applied to the calculation of transition probabilities
in H 3 .
Method
The QDO approach belongs to the class of model potential semiempirical methods.
It allows to generate valence, Rydberg, and continuum orbitals as analytical solutions
of a one-electron radial equation that contains the quantum defect as an empirical
parameter. The model potential has the form
V(r) = [X(X, + 1) - 1(1 + 1)]12r2 - Znet/r,
(1)
where Znet is the nuclear charge acting on thc valence or Rydberg electron at large
radial distances. The parameter X,which appears both in the effective potential and
in the radial solutions, determines the screening aspects of the former. It is related
to the quantum defect, 6, and the orbital quantum number, 1. through the expression
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X= I -6+c C(2)
where c is an integer determined in such a way that the radial orbital are normalizable
and possess a correct nodal pattern. The eigenvalue of the corresponding Hamiltonian (i.e., the energy of the Rydberg electron) is independent of c, since it depends
on the non-integer part of 6 only. The quantum defect is obtained from the foliowing
equation
E, = T- Znet/[2(n -

6) 2]

(3)

where E, is the discrete spectrum energy (taken either from experiment or calculated
using another method), T is the ionization energy. and n is the principal quantum
number. The quantum defect creates the non-integer part of the parameter (2). It
connects the potential ( i ) with the empirical data and, as a consequence, brings
about an implicit account for electron correlation, spin-orbit coupling, and other
effects which are explicitly neglected in this model.
The transition moment is defined as
Al, -- (R, IQ(r)IR,> ,
(4)
where, in the simplest case of dipole transitions and the dipole-length formulation,
Q(r) = r. It is important to note that in this case Al, may be expressed in a closed
analytic form. Taking into account the effects of the core polarization (i.e., a part
of the correlation effects between the core and the Rydberg electron) results in a
modification of the transition operator Q(r) [16]. It has recently been demonstrated
[231 that in the case of atoms
Q(r) = r{l

- (al/r)[l -

exp(-r/r,] 3 }

,

(5)

where a is the dipole polarizability of the core and r, is a cut-off parameter, correctly
descnbes the polarization of the core and allows the theory to retain its analytic
character.
We assume that the molecular Rydberg electron may be described by a hydrogenic
Schnjdinger equation with the effective potential given by Eq. ( 1). The modifications
introduced to the theory are the following. The principal and the angular momentum
quantum numbers correspond to the alppropriate orbital in the united atom limit.
The energies used to determine the quantum defects include the splittings due to
the non-spherical molecular core. In Eq. (5) the core polarizability parameter is
estimated from molecular data.
Results
The energies for the lowest energy levels have been derived from the measurements
by Watson quoted by Petsalakis et al. [9] and from the ionizaton energy (29562.6
cm- I ) obtained by Helm [ 13 ]. The last author, in a series of experimental studies
[ 12-15] established the assignment of the discrete spectrum and the effective quantum defects. In the present work the quantum defects have been calculated according
to Eq. (3). They are compared with the ones by Helm [ 12] and those derived by
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other authors from theoretical energies in Table 1. Also, the quantum defects for
lithium, i.e., for the united atom limit of H 3 are given. The differences between the
quantum defects from different sources arise from the differences in the energy
values. No experimental energies for the electronic states higher than those listed
in Table I are known. Therefore, the quantum defects for the higher states have
been assumed to be equal to the ones listed in Table I, corresponding to the state
of the same symmetry and with the highest energy. This assumption is consistent
with earlier observations on the behavior of quantum defects in atoms.
The parameters defining the transition operator, Eq. (5) have been estimated by
combining the experimental data for the equilibrium geometry of H; and the computational experience gained in similar calculations for atoms, that is, r, has been
taken as approximately equal to the core radius, and a is the core dipole polarizability. Thus, it has been assumed that r = 1.19 a.u. (the interatomic distance in
H3 is equal to 1.65 a.u. [241) and a = 5.7 a.u. (from the data reported by Fowler
et al. [25]).
The QDO values of the oscillator strengths for the allowed electronic transitions
are displayed in Table II. They are compared to those obtained by Martin [6) with
the HF method. The agreement between the QDO and HF results is even better than
one might expect from such a highly simplified procedure. Therefore, the oscillator
strengths for several transitions not being studied by Martin [6] have also been
included in the table.

TABLE I The Rydberg states of H3 at D3h geometry, and the corresponding quantum defects. Data
for the united atom limit (lithium) are also included. All quantum defects are multiplied by 10'.

H3
Li
Exptl.
Ref. 126]

Derived from HF energies
This
work

Ref. [4]

Ref. 17]

Ref. 15]

Exptl.
Ref [12]

2
E'(2p)
2

483
113
73

407
84
17

407
73
12

48*
8*
0*

71
80 10

2
E'(3p)
2
A', (3s)
2

404
103
59

345
71
22

328
89
3

35*
7*
0*

State
A', (2s)
2
A'2 (2p)

A' (3p)

2

E' (3d)

2

E' (3d)
'A' (3d)

.'

-4
-15

22

-0

2*

-6
-15

-29
-38

-l*
-2*

71

2s
2p

415
41

3s
3p

404
44

3d

-10
-6

1The last digit of the quantum defedt was not given in Ref. [5].
h For the (2p) 2A2 state, the first and the second entnes are the recommended values by Helm [12] for
the 2p-ns and 2p-nd transitions, respectively.
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TABLE II. Oscillator strengths for the allowed electronic transitions in H3 at D3h geometry. For each
entry, the first and the s.cond numbers are the QDOoscillator strengths calculated, respectively, without
and with the core polanzation correction. The third number is the HF value [6]. All quantities are
multiplied by 102.

2

AW(2s)

15.

26.

2

A', (3s)
2
A'i(4s)
2
A', (5s)
2
A, (3d)

G.98
0.65
0.021
2.2

0.88
0.42
0.018
3.6

1.1
0.40

WA',
(4d)
2
A', (5d)
2
E" (3d)

0.63
.28
8.2

1.2
0.56
7.4
2.0
0.46
14.
4.7
3.4
0.19
0.068
0.022

1.4

2
E
2

(4d)
E" (Sd)
2
E' (3d)
2
E' (4d)
2

E' (5d)
E' (3p)
2
E' (4p)
2

'E' (5p)
2
A• ( 2 p)
2
A (3p)
2
A•
(4p)
2
A2 (5p)

2.4
0.52
14.
4.9
3.7
0.17
0.045
0.018

A' (2p)

A', (2s)

E' (2p)

20.

2

2

2

State

2.2
0.48
0.19
18.
5.2
2.2
23.
5.8
2.4

3.8

5.1
1.8
15.
5.4
021
0.063

2.9
0.75
0.32
40.
4.9
1.8
3.8
10.
2.6
1.2

2.9
0.76
0.32
40.
3.7
1.8
4.2
I1.
2.8
1.3

2.5
0.54
0.22
19.
5.2
2.3
23.
5.8
2.4

2.8
0.67
25.
5.0
17.
3.4

0.07
0.022
35.
3.7
4.8

to.
2.3

The Einstein emission coefficients calculated in the present work and the ones
derived from other theoretical calculations are compared in 'fable III. With the

exception of Raynor and Herschbach [ 71, who report Einstein coefficients directly
in their article, the remaining authors whose results are shown in the table report
either oscillator strengths [6] or transition moments [4,9]. Therefore, the displayed
Einstein coefficients have been obtained from their transition frequencies or wavelengths and from the corresponding transition moments or oscillator strengths. The
overall agreement is very good. In particular, the results of the extensive ca calcu-

lations by Petsalakis et al. [9] and the ones by King and Morokuma [4], who
carried out the most careful choice of the basis functions of all the HF procedures
[4-7], and whose calculated lifetimes agree well with those observed by Figger et
al. [11 for the isotopic molecule triatomic deuterium, seem to be the most reliable ones.
Conclusions
Several transitions between Rydberg states of the triatomic hydrogen molecule
have been studied using the non-relativistic version of the QDO method. The results
for oscillator strengths and Einstein coefficients for spontaneous emission agree

728
TABLE

MARTIN ET AL.
Ill,

Wavelengths in A

Transition
2

2

E (3p)- A' (2s)

2

Ag (3p)- 2A', (2s)

2

E'(3d)-2 A'1 (2s)
A2 (2p)- 2E'(2p)

2

2

A (2s)- 2E' ( 2 p)

2

A', (3s)- 2A2 (2p)

2

E, (3d)- 2 A2 (2p)

2

AW(3d)- 2A• ( 2p)

7
'•e upper line) and Einstein emission coefficients in units of 10 s-1
(the lower two lines)

Q00

MRDCIb

HFc

HFd

HFe

6877

6878

6805

5.58
5.63
5516

4.88

2.52

7010
5.53

7051
4.54

5548

2.21
2.32
5442
0.0131
0.0132
6031

2.52

5514
2.19

5731
2.12

5767
1.55

5468
0.0167

5514
0.0493

5711
0.0109

5759
0.01

5526

0.0
0.0
6525
3.10
2.32
6070
0.40
0.46
5746

0.0

6077
0.0

6518
0.0

64tf')
G.0

5997
4.59

6925
3.62

7488
3.09

7302
3.21

5641
0.501

6369
0.460

6621
0.461

6554
0.27

5929

4.57
4.61
5714
3.76
3.40

3.27

6016
1.57

6349
3.87

6233
3.23

5800
4.78

6077
4.52

6544
3.90

6295
4.40

'This work; experimental wavelengths (as quoted in Table II of Ref. [9]) and emission coefficients
calculated without (second line) and with (third line) core polarization correction.
b Petsalakis et al. [9]
Martin [6].
d King and Morokuma [4].

'Raynor and Herschbach [7].

fairly well with those of other, more sophisticated, theoretical procedures. Therefore,
it is expected that this approach may be useful for studying the spectra of other
Rydberg molecules. In the case of molecules containing heavy atoms, the relativistic
version of the QDO method [17] may be more adequate.
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Ab Initio Study of the Ground and
Excited States of LiNe
JOANNA SADLEJ* and W. DANIEL EDWARDSt
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Abstract
The intermolecular potentials for the X 2; and A 211 states of Li...-Ne were studied b. a variety of
multiconfiguration, single configuration and perturbation methods (csPT2) The A 211excited state was
calculated to have a well depth of 214 cm-' at an internuclear separation of 2.26 A (ACPF) in excellent
agreement with the 224 cm-' denred from experimental data. A smaller well of 15.8 cm-' was found
for the A '2 ground state at an intermolecular separation of 5.28 A (AcPF). These results are in better
agreement with experimental results than the previousl) reported pseudopotential calculations. The
comparison of ci calculations with CASPT2 results shows that the latter is able to give good results for
interacting systems. (c 1993 John Wile. & Sonm. Inc.

Introduction
Recently the results of experiments on lithium doped rare gas solids (Ar, Kr, Xe)
were reported [I]. That research focused on the properties of cryogenically trapped
lithium atoms and clusters prepared by laser ablation of solid lithium metal, and
was motivated by the potential of using trapped alkali metal atoms for chemical
rocket propulsion systems [2].
In general. the optical absorption spectrum of heaver alkali metals trapped in
rare gas matrices consist of multiple triplet absorption features [3.4]. There are
several competing models, all involving multiple trapping sites, which seek to explain
the origin of this triplet structure. In contrast, the spectroscopic results obtained
for lithium doped rare gas matrices show only one well-resolved triplet absorption.
This observation together with the sharp ESR lines reported in Ref. [1] gives evidence
for the existence of a single, we!l-defined trapping site structure for lithium in rare
gas solids.
The structure of the various trapping sites in a rare gas solid is determined by
the potential experienced by the alkali metal atom. This potential can be deduced
experimentally from mobility and beam scattering measurements as well as emission
experiments [5], or it can be calculated using various models.
* Permanent Address Department of Chemistry. Unimersity of Warsaw. 02-093 Pasteura I, Warsaw.

Poland.
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Several computational studies have used nonlocal pseudopotential methods based
on the Thomas-Fermi statistical model [6.7] in order to determine the alkali metalrare gas interaction potential. These pseudopotential calculations are in agreement
with the experimentally deduced results for manN ground-state alkali metal-rare
gas systc-ms. However, for the .4 211 first excited states, the calculated potential
curves are found to be too shallow relative to experiment. This is alleviated somewhat
by employing the Kim-Gordon core-core repulsion model [8] rather than the
Gombos-Baylis model [9], but is not eliminated.
It is also possible to express the matrix perturbation on the ground and excited
states of an isolated alkali atom in terms of twvo-bod% dimer potentials [10]. Such
a pairwise additive potential was used in Ref. [1] for the interpretation of their
experimental results.
Other experiments which require knowledge of the interaction potential are intradoublet or interdoublet transitions occurring in thermal collisions between alkali
metal atoms and rare gas atoms. Understanding these processes requires a detailed
kno%%ledge of the interatomic potential. The work reported here is, to our knowledge,
the first ah inato stud%of the ground and first excited state potential energy curves
fbr the Li. ..Ne system. We shall compare the results of our calculations to the
pseudopotential results, the only theoretical data available for these states.
Computational Method
We have used contracted averaged natural orbital (ANO) type basis sets throughout
this Aork. These basis sets have been derived from a density matrix averaged over
the atomic ground state, positive and negative ions, as well as the atom in a polarizing
electric field. A detailed description of the averaging procedure, as well as the explicit
primitive sets used can be found elsewhere [I I]. These basis sets have been snecifically designed to account for as much electron correlation as is possible within a
given size. For Li and Ne, the ANO basis set is of the form (14.9.4.3.)/[5.4.3.2.] and
gives a total of 92 functions for Li . .. Ne systems.
This basis is capable of giving an accurate description of Li (2S) and Li (2-P) at
both the So and correlated levels of approximation. At the RHF level, the calculated
2S - -1)excitation energ) is 1.8444 cV, which compares well with the experimental
%alue of 1.8479 eV [l 2]. The calculated ionization potential is 5.342 eV, in comparison with the experimental value of 5.390 eV.
The complete active space (C',s) Scr method [ 13] has been shown to yield very
accurate results for spectroscopic properties of low-lying excited states of BH [ 14],
AIH [15]. and SiH' [16]. The CASSCF approach generates a full configuration interaction (Cn) %vaefunction for a certain number of electrons which are distributed
among a given number of active orbitals. The siz,' of the active electron space and
the number of electrons considered determine the length of the full ci expansion.
Long -i %ectors can be avoided if the eleLt~on correlation effects outside the
cxsscI active space are included via perturbation theory. Andersson et al. [17]
have recently published a second-order perturbation scheme. known as CASPT2,
vvhich uses the -\ss(i vvaefunction as the unperturbed wavefunction.
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If the Fock matrix elements coupling the inactive and active orbitals and the
active with the virtual orbitals are set to zero (block diagonal Fock matrix), the
method is called CASPT2D. If a general (nondiagonal) Fock matrix is used for partitioning, the method is called CASPT2N. This perturbation treatment with a single
state multiconfiguration CASSCF function is aimed primarily at recovering the dynamic correlation. The conclusion from the series of papers is that CASPT2 is capable
of giving accurate results for many molecular properties with a considerably reduced
computing effort [18]. One motivation for the present work has been to test the
usefulness of these perturbation calculations for interacting systems.
The efficiency of the second-order CASPT2 method is dependent on the choice
of the CASSCF reference function. For the present purpose, the choice of the active
orbital space for the atoms Li and Ne was always the valence ns and np subspace.
The major part of the CASSCF calculations in the present study have been carried
out with the nine active valence electrons distributed among the active orbitals
built from 2s and 2p orbitals of Li and Ne atoms.
Another method of treating the dynamic correlation is to perform the multireference ca calculation (MRCI) [ 19]. SDCI-MRCI denotes all single and double excitations
from the reference configurations. With many electrons to be correlated, an unlinked
cluster correction must be added to ca energies; in our case, we have performed a
Davidson (Q) correction [20].
Size consistency, which is always important in the calculation of binding energies,
is particularly important for weakly bound complexes [21 ]. The majority of studies
of interacting systems have employed MBPT theory, which gives size-consistent
energies [22]. In this work, we have applied CASPT2 methods which are explicitly
size-consistent when applied to CASSCF reference functions. We have also calculated
interaction energies using both the modified coupled pair functional approach,
(MCPF) [23] and the averaged coupled-pair functional treatment (ACPF) [24]. The
later is found to be size consistent for the complexes to within 0.01 kcal/mol [25].
In order to determine the adequacy of the size-consistency correction for truncated
MRCI calculations, we performed calculations for the Li. . . Ne complex (R = 500
a.u.) and the isolated atoms, and compared the results with the results of CASSCF
and ACPF calculations. The difference between the supermolecule energy (R = 500
a.u.) and the sum of the energies of the two isolated atoms provides a direct measure
of the size-consistency error in each case. Table I shows the size consistency errors
obtained for the Li. . . Ne ground state at an internuclear separation of 500 a.u.
The CASSCF for the minimal valence active space is exactly size consistent while
MRCI has a size consistency error of 0.2 kcal/mol. ACPF is nearly size-consistent
with an error of approximately 0.015 kcal/mol. Del Bene and Shavitt [25] have
also reported very small size-consistent errors for charged complexes with the same
correlated electrons in each subunit. We concluded from this study that while the
CI size-consistency errors for our complex are small, the interaction energies are
equally small and it is necessary to calculate binding energies relative to the 500
a.u. results. This is especially true for the perturbation calculations where the size
consistency errors are relatively large.
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The size-consistencý error (in a u.) in the CASSCF. MRCI.and ACPF calculations for
Li. • •Ne system.
2V

Method

211

(Li ...Ne R = 500 a.u.)

Li

Ne

..

CASSCF"
CASSO "
C'ASPT21b

- 135.97920()
-136.070121
- 136.259150

-135.987752
- 136.207454

- 7.432702
-7.432702
- 7.432702

- 128.546490
-128.687100
-128.825674

0.000001
-0.049681
0.000684

CASPT2N"
MRCIh
MRC'Ib + Q
ACPI-b

- 136.258476
-136.258918
- 136.268336
-136.266461

- 136.205953
-136.195354
-136.203731
-136.202067

- 7.432702
-7.432702
-7.432702
-7.432584

- 128.828912
-128.826552
-128.836072
- 128.833903

-0.003138
0.000336
0.000438
0.000025

' Nine active electrons in (3111110) active space.
bNine active electrons in (4121210) active space.

A pilot series of calculations for the ground state of the Li. . . Ne system was
performed with the seven active electrons distributed in an active space of(3121210),
where the numerical entries give the number of active orbitals per irreducible representation of the C,, symmetry species a,, b 2 , b1 , and a 2 , respectively. The Is
orbital for Li and the Is and 2s orbitals for Ne have been kept inactive in these
calculations. This gives rise to 208 configuration state functions (cSFs). In the subsequent series of calculations, nine active electrons were distributed among the
(41212 10) active orbitals belonging to C 2 , symmetry. In this case the Is orbitals of
Li and Ne have been kept frozen. Both the X 2 ground state and A 2 fI excited
state were calculated with this choice of subspaces (inactive, active, and secondary
orbitals) which gives rise to 606 configurations for the ground state and 588 configurations for 211 state. We present here only the results for this larger active space.
CASSCF calculations were performed for each spectroscopic state in order to obtain
the natural orbitals. These calculations were then followed by CASPT2 and MRCI
calculations in order to include the dynamic correlation effects. Reference CSFs
were chosen as those which appeared in the CASSCF wavefunction with the weight
larger than 7%.
The potential curves were evaluated by fitting spline functions to the computed
points. From these potentials the vibrational wavefunctions and the vibrationalrotational energy levels were obtained by numerically solving the radial Schrbdinger
equation for a set of rotational quantum numbers. The spectroscopic constants
were determined by a least-square fit of these energy levels. The computed spacings
between the rotational lines were used to obtain the rotational constants and the
vibrational constants were derived from the computed band origins.
All calculations were performed using the programs included in the MOLCAS2
quantum chemistry software [26] on an IBM-3090 at the Cornell Theory Center.
Results and Discussion
The interaction energies for the X 2 and A 2H states are listed in Tables I1 and
Ill, and the corresponding potential energy curves are shown in Figures 1-4. A
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TABL E II

Interaction energy (in mHartree) for the ground state A 2 Li
U . Ne system calculated by
diffierent methods relative to E(Li... Ne) at R = 500 a.u.
Configuration interaction'

CASSCF

R

CAS

PT2D

PT2N

MRCI

6.0
7.0
8.0
8.5
9.0
9.5
10.0
10.5
11.0
II 5
12.0
13.0
140
15.0
16.0
17 0

2.3494
0.9783
0.3712
02228
0 1318
0.0767
00438
00246
0.0134
0.0069
00034
00004
--00003
-00004
-00002
-0.0001

1.6167
05311
0.1092
0.0216
-0.0234
-0.0437
-0.0461
-0.0491
-0.0448
-0.0391
-0.0331
-00224
-00144
-0.0090
-0.0055
-0.0003

1.5024
04841
00862
0.0054
-0.0350
-0.0522
-0.0563
-0.0537
-0.0483
-0.0418
-0.0352
-00238
-0.0152
-00095
-0.0059
-00004

1.6064
0.5396
0.1173
0.0293
-00164
-0.0374
-0.0446
-0.0445
-0.0408
-0.0357
-0.0302
-0.0204
--0.0132
-0.0083
-0.0051
-0.0032

MRCI + Q

I 4838
04721
00805
0.0020
-0.0367
-0.0525
-0.0562
-00531
-0.0474
-00408
-0.0342
-00228
-0.0147
-0.0092
-00057
-00035

MCPF

ACPF

1.5449
0.5536
0.1105
0.0191
-00276
-0.0480
-0.0537
-0.0531
-00481
-00418
-0.0352
-0.0237
-0.0154
-0.0096
-00059
-0.0037

1.4943
0.4782
0.0838
0.0044
-0.0349
-0.0512
-0.0552
-0.0523
-0.0468
-0.0403
-0.0338
-0.0226
-0.0146
-0.0092
-00057
-0.0035

' Nine active electrons in (4121210) active space. two frozen orbitals and zero inactive orbitals.

TABLE III

Interaction potential energies (in mHartree) for the.j 211excited state of Li. . •Ne system.
calculated by different methods relative to E(Li. . . Ne) for R = 500 a.u.
CASSCFa

(' 1

R

CAS

PT2D

PT2N

MRCI

3.0
4.0
45
5.0
5.5
6.0
6.5
7.0
8.0
9.0
10.0
11.0
12.0
14.0

1.7449
0.9029
02255
0 1052
0.0737
0.0543
0.0343
0.0172
-0.0022
-0.0076
-0.0075
-00059
-0.0042
-0.0002

I 4490
-0.5659
-0.9515
-0.7984
-0.5956
-0.4432
-0.3421
-0.2742
-0.1839
-0 1201
-0.0793
-0.0565
-0.0429
-0.0255

1_.902
-0.7229
- 1.0317
-08440
-0 6263
-04658
-0.3597
-0.2883
-0.1928
-0.1261
-0.0835
-0.0594
-00450
-00254

1.6174
-0.1388
-06407
-0.5875
-0.4595
--0.3542
-0.2793
-0.2259
-0.1538
-0.1053
-0.072v
-0.0490
-0.0427
-0.0137

MRCi +

Q

1.5907
-0.4360
-08753
-07614
--0.5851
-0.4447
-0.3452
-0.2746
-0.1814
-0 1216
-0.0819
-0.0551
-00366
-00152

MCPF

ACPF

1.4602
-1.0418
-- 1.2065
-0.9252
-0.658 i
-0.4723
-0.3518
-0.2721
-0.1752
-0.1168
--00786
-0.0529
--0.0352
-0.0146

1.6535
-04052
-0.8525
-0.7458
-0.5750
-0.4383
-0.3411
-0.2719
-0.1803
-0.1211
-0.0817
-0.0549
-0.0364
-0.0251

Nine active electrons in (4121210) active space. one frozen orbital and one inactive orbital.
b Nine active electrons in (41212 10) active space. two frozen orbitals and zero inactive orbitals.
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total of 17 points were calculated for the X 21 state and a total of 16 points fo: the
A 2Hl state were calculated. The interaction energies are given relative to E(R) E( Y.) at the following levels of approximation: CASSCF. CASPT2. MRCI, MRCI + Q
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citation energy around 1.73 eV (ACPF). The electronic structure of the A 21 state
is dominated by the electronic configuration Li (is 2 2p,) Ne (ls22s 22pP2p22p2),
which has a weight of 98% in the CASSCF wavefunction. In the CASPT2 and MRCI
calculations the A 211 state has a relatively deep well of approximately 225 cm-',
while the X 21 state shows an order of magnitude smaller binding and a much
larger internuclear separation. Two curves are only negligibly bound in the CASSCF
calculation.
The CASSCF results in the ANO basis show only negligible binding for both electronic states. We believe that this is due to the lack of dynamic correlation in the
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TABLE IV. The dipole moments for X 21 and A 2'l states of
Li. • • Ne system calculated by different methods (in a.u., positive
dipole moments is defined as Li-Ne').
A 2' H

X 12

R

CAS'

3.0
4.0
4.5
5.0
5.5
6.0
7.0
8.0
8.5
9.0
9.5
10.0
10.5
11.0
11.5
12.0
13.0
14.0
15.0
16.0
17.0
500.0

0.3328
0.1564
0.0702
0.0464
0.0308
0.0206
0.0144
0.0097
0 0070
0.0053
0.0042
0.0031
0.0023
00021
0.0020
0.0019
0.0018

MCPFI

-

0.3142
0.1432
0.0605
0.0383
0.0241
0.0150
0.0096
0.0053
0.0038
0.0025
0.0018
0.0011
0.0008
0.0008
0.0007
0.0007
0.0007

CASb

0.3800
0.2526
0.1934
0.1441
0.1055
0.0764
0.0398
0.0209
0.01134
0.0065
-0.0039

MCPFb

0.3691
0.2421
0.1836
0.1354
0.0979
0.0701
0.0354
0.0180
0.0094
0.0052
0.0031

-

0.00249

0.0019

-

0.00118
-

0.0009
-

-

--0.0001

-0.0002

1Nine active electrons in (41212 10) active space with two frozen
orbitals.
bNine active electrons in (4121210) active space with one frozen
orbital and one inactive orbital.

CASSCF wavefunction for the active space chosen. This is borne out by the obser-

vation that second-order perturbation correction of this CASSCF wavefunction
(CASPT2) as well as MRCI calculations yields bound states.
The calculated potential energy curves for the X 22; ground state are shown in
Figure 1 (CASPT) and Figure 2 (MRCI). The results of the present calculations can

be compared with the experimental results of Dehmer and Wharton [27] based on
absolute total scattering cross section measurements. For this state, the experimentally derived potential has a well depth of z9.7 cm-1 at ;-5.0 A, while the calculated
well depth is 15.3 cm-1 (MRCI + Q, ACPF) at 5.3 A. The calculations reported here
may also be compared with the pseudopotential calculations reported in Ref [7],
which find a substantially less attractive well of 4.5 cm` at 5.8 A.

For the A 2-1 state, our CASPT2 and MRCI potential energy curves are shown in

Figures 3 and 4. The MRCI + Q and ACPF results give a minimum of 214 cm-, at
2.26 A in excellent agreement with the experimental results of 224 cm-' at 2.6 A
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TABLE V.
Method

Molecular constants for the X 22 stateof Li... Ne system.
R, (A)

CASSCF"
CASPT2DW
CASPT2N'
MRCtI
MRCI1 + Q

D, (eV)

Do (eV)

8.0
5.2905
5.2894
54062

0.00147
0.0C 152
0.00121

0.00142
0.00145
0.00115

5.2721

0.00199

0.00177

MCPF'
ACPF'

5.3889
5.2836

0.00196
0.00196

0.00175
0.00174

Theory [7]
Exp[27l

5.82
5.116
4.979

0.000557
0.001089
0001191

Nine active electrons in (412 2 10) active space and two frozen orbitals.

[28]. Similar values were obtained for the other methods used. The previously
reported pseudopotential results gave a somewhat flatter curve with a well depth
of only 166 cm-'.
The dipole moments were calculated at a number of geometries for both states
and are listed in Table IV. These dipole moments are all in the direction Li-Ne+
and are quite small at the equilibrium separations. Tables V and VI list the calculated

spectroscopic constants for both states.
Several factors were neglected in these calculations which may affect the interaction energy by a small but not necessarily negligible amount. The most important

of these is the neglect of the core correlation effects, including core-valence correlation results in the contraction of the atomic valence shell and the degradation

of the dissociation energy by about 10% [29]. The next most important factor is

TABLE VI.

Method
CASSCF
CASPT2D

cAsPr2N'
MRCIb
MRCIb

+Q

MCPF0
ACPF~b

Theory [71
Exp [271

Molecular constants for the A 21I state of Li... Ne systo.n.
D,(eV)

Do(eV)

W,(cm-')

cex, (cm-')

2.2603
2.2515
2.2716
2.2628
2.2335
2.2617

0.0291
0.0320
0.0213
0.0275
0.0394
0.0265

0.0206
0.0227
0.0149
0.0195
0.0277
0.0183

:37
150
103
139
188
131

-18.18
-18.44
-18.35
-18.21

2.116

0.0206
0.0278

R,(A)

B, (cm-')

_4.8
-

• Nine active electrons in (412 2210) space with one frozen and one inactive orbital.
b Nine active electrons in (4121210) space with two frozen orbitals.

05469
0.0
0.503
0.643
0.5887
0.5311
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the neglect of the polarization of the atomic cores. The effect of core polarization
on the interaction potential can be related to polariability [30]. The polarization
of the Li core leads to the decrease of polarizability and to a less attracti•e interaction
potential for Li. . . Ne. In contrast, the polarization of the Ne core would lead to
an increased polarizability for Ne and thus a more attractive potential.
Conclusion
Ab initio potential curves have been determined for the ground A 2' and the
excited A 211 states of the Li- . . Ne complex by the CASSCF, CASPI12. and CI methods.
The calculations correlate all valence electrons in active space build from the valence
orbitals of Li and Ne. These calculations gave a well depth of 214 cm ' (ACPF) for
the , 211 state, in excellent agreement with the 224 cm 'deduced from experimental
data and much better than the pseudopotential results of 166 cm ' [7]. The much
less attractive X 2, state is predicted to be bound by only 15.8 cm-' with an equilibrium distance of 5.28 A using the CASPT2D method, while all ot.her methods
predict a much weaker interaction for this state. We conclude from these results
that the ground state of Li . .. Ne is at best only very weakly bound.
We have also tried to illustrate the capabilities of the second order perturbation
method based on CASSCF reference function and conclude that either CASPT2 method
shows promise of yielding satisfactory results in comparison with the MRCI results.
For the A 211 state, the CASPT2N gave a well depth of 234 cm ',in excellent agreement
with the 224 cm-' derived from experiment. However, the CASPT2D value of 258
cm-' is a little bit too high. For the X 21 state, the CASPT2 values of the well depth
of I I and 12 cm-' are closer to the experimental value of 9.7 cm ' than the MRCI
+ Q value of 15.3 cm-'. Thus, we conclude that CASPT2 methods are potentially
capable of giving accurate results for the interaction potential for the weak van der
Waals systems with a considerably reduced computational time.
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Theoretical Study of the Geometric Structures and
Energetic Properties of Anionic Clusters.
Agn (n = 2 to 6)
I. G. KAPLAN,* R. SANTAMARIA, and 0. NOVARO
Instituto de Fisica. UNAM Apdo Postal20-364. MWxico 01000, D F. MWxico

Abstract
The systematic quantum-mechanical investigation of the stable geometnes and some energetic charactenstics of the anionic silver clusters up to the hexamer are performed by an all-electron spin-density
approach with nonlocal corrections included. Calculated vertical detachment energies are in good agreement with the experimental ones without any scaling procedure. The fragmentation energy for the
channel Ag., -- Ag-_, + Ag shows very pronounced oscillations for even-odd n. The obtained stable
geometries for Ag- (n = 2-4) are in agreement with previous calculations by Bauschlicher et al. [26,27 ]
To the contrary of the case of tetramers and pentamers we found that anionic and neutral hexamers
have different stable geometries. © 1993 John Wiley & Sons. Inc

Introduction
The past decade is characterized by the intensive experimental and theoretical

investigations of different kinds of clusters [ 1-3 ]. One of the main reasons for this
great interest in cluster studics is their evident importance in filling the gap between
the behavior of molecules and of solids. In other words, it is expected that the study

of the properties of clusters will allow us to understand the manner in which the
microscopic properties evolve towards the macroscopic ones.

Therefore it is particularly important to study these properties as a function of
the cluster size, usually refered to as "size effects." Jortner et al. [4] have classified

size effects according to their nature as follows: (a) quantum or energetic; (b)
thermodynamic; (c) dynamic; and (d) chemical size effects.
The main interest of the present article will lie on energetic size effects. Among
these the most interesting energetic size effects are those revealed by their photoelectron spectra (PES). The PES allows to obtain several cluster characteristics such

as its ionization potentials (iP), electron affinities (EA), vertical detachment energies
(VDE), and electronic transition energies. These characteristics often show a very
pronounced dependence upon the cluster size. There are extensive experimental

investigations on alkali metal clusters [5-6] demonstrating such behavior. A substantial number of accurate theoretical investigations have been performed by K'mteckS' and co-workers [7-13] on neutral and charged Li,, Na,, and K, clusters.
* On leave from Karpov Institute of Physical Chemistry, Moscow, Russia.
International Journal of Quantum Chemistry Quantum Chemistry Symposium 27. 743-753 (1993)
.c* 1991 John Wiley & Sons, Inc.
CCC 0020-7608/93/010743-11
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Recently published measurements of IPs for Li,, clusters [ 14] show very good agreement with the theoretical values [7].
The transition metal clusters have also received a large amount of experimental
interest [15-23], in particular in the cases of silver and copper clusters. The r ,,Isurement Of VDES have demonstrated a well-defined even-odd oscillating behavior
for Cu n and Ag; ionic clusters. This means that the 'DEs reach alternatively local
minima for even n and local maxima foi odd n clusters. On the contrary the VDE
values for Pd n anionic clusters show only a smoothy increasing behavior as a function of cluster size [18 ]. In the specific case of Ag; which will concern us here, the
VDE values have been measured in two laboratories [ 18,19 ] using diverse ion source
conditions. In spite of that, their VDE results agree within the experimental error
limits.
As it concerns with the theoretical investigations on d-shell metal clusters, they
were at first not so abundant as on the alkali metal clusters. In recent years, however,
many precise ab initio calculations of the coinage metal clusters (Cu,, Ag,, and
Au,,) have been performed by several research groups [24-35 ], including up to the
hexamers [ 34]. We have nevertheless not found any publications devoted to the
systematic theoretical calculation of anionic clusters. The only exception, to our
best knowledge, is the investigations of Akeby et al. [35] on Cun (n < 10). In their
article, however, the one-electron model approach was used, which lacks the accuracy of most of the other studies [24-34].
For smaller coinage metal anion clusters (dimers and trimers), very precise calculations were attempted by Bauschlicher et al. [ 26 ]. Tetramer anions were further
studied rigorously by this group [27], but for anionic pentamers the VDES were
calculated using the optimal geometry of the neutral clusters [27]. A similar approach was followed for tetramer VDES in [33]. We should point out that in all of
these calculations [26,27,33 ], the VDES were obtained only after introducing scaling
factors (1.3-1.35), without which the agreement with the experimental data was
rather poor. Even with the scaling factor, good agreement was not possible in all
cases [33].
The goal of the present article is to obtain for anionic silver clusters up to the
hexamers, the stable geometries and the binding energies using a sufficiently precise
quantum chemical method. In particular, we aim to obtain the VDE of each silver
anionic cluster without using any scaling factors. The main reason for introducing
a scaling factor is to correct for an insufficient account of atomic correlation effects
[33]. To avoid this we have chosen to use the all-electron spin density (LSD) approach with nonlocal corrections included [ 36,37 ]. With this approach we expect
the atoms to !e treated at similar level of accuracy as the molecules.
All calculations were performed on a Cray Y-MP4/432 computer using the
DGauss program. As it has been shown by Fantucci et al. [10] for Li,, and Nan,
clusters, the nonlocal version of the electron density-functional method yields results
close to those obtained by HF-Cl calculations.
Computational Method
The systematic study of size effects on anionic clusters implies the calculations
of increasingly larger oligomers. In the particular and quite interesting case of tran-
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sition metal clusters the all-electron ab initio calculations become prohibitly timeconsuming because of the enormous quantities of inner-shell electrons that these
systems imply.
The neglect of interactions between distant atoms and the effective core potentials
(ECP) are among the most common cut-offs to reduce time and memory in a
computer. ECPS render in many cases results of accuracy comparable to all-electron
ab initto calculations. Unfortunatcly, for metallic clusters it is necessary to include
not only a large number of configuration states to obtain significant core-core,
core-valence, and valence-valence correlation effects but also, scaling factors in
order to account for the deficiency when computing the atomic electron affinities
and ionization potentials [26,27,33]. Because of this fact and the great number of
calculations required to find out the stable geometries for anionic silver clusters we
resort to a less computationally demanding method, namely, the local spin density
(LSD) approximation with nonlocal corrections.
The LSD approximation has been developed within the Kohn-Sham (KS) scheme
where the electron density represents the main variable of the theory and the exchange-correlation effects are taken into consideration in an approximative way,
It is generally agreed that the Vosko, Wilk, and Nusair (VWN) approximate expression [38] for the exchange-correlation potential should be introduced in the total
energy functional in order to constitute the LSD level of theory. Nevertheless, because
of the high inhomogeneities and strong correlation produced by the interacting
electron clouds of a metallic cluster, it is necessary for the higher precision to consider
a nonlocal correction to the VWN potential. Among several nonlocal exchangecorrelation functionals the one proposed by Pecke and Perdew [39-41] (BP) is the
most attractive to work with because of its good results and computational efficiency
(see the last review by Ziegler [42]).
Here, we shall use the DGauss computational approach [ 361 already implemented
in the UNICHEM package to solve the LSD-KS equations. This approach, in contrast
to the Hartree-Fock (HF) method, demands not only basis sets for the molecular
orbitals but also auxiliary gaussian basis sets to expand the electron density, exchange-correlation potential, and exchange-correlation energy. The molecular orbital and auxiliary basis functions to use in the computation will be those specifically
optimized withmn the LSD approximation [43,44 ] for silver and denoted by (633321 /
53211/531 )/[6/5/3) and (10/5/5). respectively. The first set is equivalent to a
double-zeta valence plus polarization basis set and, the second--without equivalence
inside the HF scheme-is known as the auxiliary-I basis set (Al). Both of
them have been carefully checked to minimize basis set superposition errors
(BSSE) [43,44].
As it has been shown by Andzelm and Wimmer [36] the inclusion of nonlocal
corrections in this computation scheme allows to predict bond dissociation energies,
within 0.1 cV. This indicates that the BSSE is small.
The nonlocal BP corrections can be calculated by two ways: in a nonself-consistent
and in a self'consistent manner. We shall use both approaches.
The DGauss approach like any other computational implementation has some
shortcomings too. One of the most important is, up to the moment, the lack of
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inclusion of relativistic corrections in the one-electron LSD-KS equations. Even
when these effects are not included at this stage, there exists evidence [ 37 ] that LSD
provides good results for bond lengths and angles of molecules containing metallic
atoms such as silver. Balasubramanian [45] has analyzed the influence of relativistic
effects on transition metal cluster reaching the conclusion that such effects become
quite important for heavier elements like Au, Pt, etc., see also [46], but do not
lead to drastic changes for silver. We also believe that these kind of contributions
should be further reduced by cancellation when energy differences are taken into
account.
In order to find out the most stable geometries, the method already described
above was applied to a number of different molecular conformations. Only symmetrical conformations were taken into account for the anionic clusters Ag. (n <
6). The calculations were performed on the CRAY YMP4/432 with the DGSCA
supercomputing facility.
Results and Discussion
As mentioned in the Introduction, we must optimize the geometry of the Agn
stable clusters before calculating the VDEs and other energetic characteristics. We

have done this systematically for anionic silver dimers, trimers... up to hexamers
in order to study quantum size effects. Dimers, trimers, and tetramers, have been

TABLE I

Companson of calculated geometries and some energetic charactenstics of silver anions
Ag;.

a) atom and dimer
D, (eV)

EA (eV)

r,(A)
Calculation

Calculation

n

Our

[26]

Our

[26]

Experiment

Our

[261b

Experiment

1
2

2.850

2.813

1.307

1.12

1.39 ± 0.028

1.183
1.013

1.26
0.97

1.302 ± 0.007 1471
1.028 ± 001

Calculation

b) tnmer and tetramer
r. (A)

a (deg.)

Calculation

Calculation

n

Geometry

3

linear

2.760

2.754 [26]

4

rhombicc

2.849

2 852 [27]

See Ref. [4] in [26].
'

Scaled by a factor 1.3.

cSee Figure I.

Our

Our

[27]

61.2

63.7
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already studied by Bauschlicher et al. [ 26,27 ], so in Table I the detailed comparison
of their results with ours are given. We see from Table I that the agreement in the
stable geometries is rather good. Our unscaled energies for the dimer are in Letter
agreement with the experimental data than the results in [26]. For trimer and
tetramer anions we compare only geometrical parameters for stable geometries, we
can not compare atomization energies because they have been calculated in [27]
only for neutral clusters.
In Table II and Figure 1 we present the results of our calculations obtained by
including nonlocal corrections in a self-consistent manner. The difference in the
geometry and the energy as compared to the calculations with nonself-consistent
inclusion of the nonlocal corrections is rather small; for the energy it is in the
interval 0.02 to 0.09 eV. The notation for the cluster Ag", (in Table II) represents
the neutral cluster whose geometry is fixed to be the same as that of the stable anion
Agn. Its energy E,,(Ag;,) is necessarily higher than the ground state energy of the
optimized geometry of the neutral cluster E,(Agj). This is the reason why the VDE
calculated as the difference:

TABLE II. Ground-state energies and VDES for the anionic isomers Agý. n = 2-6.
VDE. CV

Geometry'

i

E,, (Ag). a.u.

Eo (Ag.,)b. a.u.

Our calc.

Experimental
1.06 ± 002 [19]
2.43 ± 0.01 119)
2.43 [18]

2
3

Linear. D~h
Linear. Dh

-10399.989439
-15600.006445

-10399.949723
--15599.926529

1 08
2.18

4

Rhombic.

-20799.997814
(A•, = 0)
-20799.996715
(AE = 0.03eV)
-20799.994353
(AE* = 0.09eV)
-26000.010334
(AE = 0)
-25999.999273
(.E = 0 30eV)
-31200.012922
(AE = 0)
-31200010615
(AE = 0 06eV)
-31200.008368
(_%E= 0.12eV)
-31200007207
(AE = 0.16eV)

-20799.935275

1.70

-20799.918354

2.13

-20799.927857

1.81

-25999.935604

2.03

2.11 ± 0.05 119]

-25999.898926

2.73

2.1 [18]

-31199.936451

208

-31199.957999

1.43

-31199.916271

2.51

-31199.949112

I 58

D2h

Linear. D~h
Planar.
5

D2d

Trapezoidal. C2,
Linear. Dh

6 Tripyramidal. C2,
Trigonal. D3h -, D2h
Quadratic hipwramid. Ob
Pentagonal pyramid. C,,

-

D411

1.65 ± 005 [191
1.71 1181

2.06 ± 005

1191

2.05 [181

See Figure I and Table I.

"The

Ag, designates the neutral cluster whose geometry is the same as the stable geomctry of the

anion Ago.
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a) nz4
Rhombic,

D

Linear,

D2h

~h

Planar

,Od

b) n:5
Linear

Trapezoidal , C~v

2.7

2'//
60
2 77

,

Dch

i35 2.163 2.75
28

2.?

c) n=6
Tripyromidal

, C2v

264-

Trigonal , D3h-

761

Quadratic
bipyromid , Oh-''D4h

D~Zh

283

Pentagonal pyramid

,

C5v

2 W4
2 839

Figure I. The most stable geometries for the anionic isomers Agn. n = 4-6; all distances
in angstrbms.

VDE

= -[Eo(Ag-)

- Eo(Ag',)]

(1)

is always larger than the adiabatic electron affinity (EA).
The stable geometry for Ag3 is linear, as follows from Table III, and this agrees
with the results of Bauschlicher et al. [26] as well as with the data obtained for
Na3 by Bonaci&-Kouteck•, et al. [11]. According to our results the linear trimer is
1.31 eV more stable than the equilateral triangle one.
For the tetramer anionic clusters three isomers have almost equal energies, and

we therefore need to analyze other properties to determine the most stable geometry.
Among such properties. we choose the VDE, which is highly dependent on the
cluster geometry [ 12 ]. According to Table II the coincidence between the calculated
value of the tetramer VDE and the experimental is much better for the rhombic
geometry. But the value of the VDE for the D2d planar geometry is also not very far
from the experimental one. The energy of the D2d isomer is only 0.09 eV higher
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'o
.. "I.I
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[ependence of the ground-state energy and the interalomic distances from the angle fi,r
silver anion Agj.

a

(dleg.)

I,,(A)

Relative
energy. cV

180

2.,'6

0.(K0

1O
120
90
60

2.78
2.80
2.81
2.88

0.052
0.278
0.634
1.313

than the energy of the D2h isomer. The experiments with carbon anionic clusters
[48,491 indicated the existence of more than one isomer with the same number of
"atoms. Different isomers are not necessarily in the thermodynamic equilibrium.
So for n = 4 the both planar geometries D2h and D2d can be present in the experiments [18,19]; the probability for the formation of linear isomers Ag4 is
much lower.
Nothing has apparently been published about the geometry of the anion clusters
Ag- with n > 4. As a first approach we may expect that for heavy atom clusters
with n > 4 the anion geometry must not differ considerably from the neutral one
[ 27,33 ]. We have studied here several geometries for pentamer and hexamer anions.
Some of them were suggested by the results of Bona&i-Kouteck, et al. on sodium
clusters [11-13] and by those of Refs. [27] and (34] on neutral silver clusters. The
most stable isomers in our calculations on each investigated anion cluster for n =
4-6 are presented in Figure 1. For n = 6 we have presented four isomers as their
energies are relatively close to each other.
For n = 5 the trapezoidal planar geometry is more stable than the linear by 0.3
eV. The poor agreement of the VDE calculated for the linear geometry with the
experimental value is an additional reason to assume the trapezoidal planar isomers
of Agi are produced with much higher probability than the linear isomers.
Notice that the stable geometry for the anionic pentamer found in our study has
the same symmetry as that found in Ref. [27] for the neutral pentamer. A similar
situation takes place for tetramer [27].
It is important to point out that for sodium anionic clusters it has been proposed
I I ] that the Na" linear geometry is responsible for the photoelectron detachment
spectra and that for Nas" both the planar and linear anionic isomers may contribute
to the recorded spectrum. The reason for this structural difference between Ag4
and Ag-, on the one hand, and Na4- and Na 5, on the other, is probably due to the
interaction between the d-subshell and the valence shell. Furthermore, the relaxation
of the closed d-subshells in the silver metal clusters during their formation could
also be partially responsible for these differences. This has been remarked before
[501 in the case of copper. This problem shall be a subject of future investigation.
According to Table II four structures have close energies for n = 6. The most
stable structure has a tripyramidal geometry with symmetry C 2,,. This kind of ge-

750

KAPLAN. SANTAMARIA. AND NOVARO

ometry was found to be the most probable for the neutral lithium hexamer [7].
On the contrary, for the neutral silver hexamer the most stable isomer according
to Ref. [34 ] has the geometry of a pentagonal pyramid. In our case of anionic silver
hexamers the pentagonal pyramid geometry is 0.16 eV less stable than the tripyramidal geometry (see Table II). For the most stable tripyramidal structure, there
is very good agreement with the experimental VDE. This indicates that the tripyramidal structure is the most favorable structure for contributing to the measured
PES [18,19] among those considered in our study. But we can not exclude the
possibility that the other three isomers also contribute to the measured spectrum,
because the higher value of the VDE for quadratic bipyramid can be compensated
by the lower values of the VDE for the two others.
We also calculated the hexagonal ring geometry which was found the most stable
for the anionic gold hexamer [ 51 ]. In the case of the silver it is much less stable in
comparison with the other four structures (AE = 0.9 eV) and has not such good
agreement with the experimental value of the VDE as the tripyramidal structure.
We conclude from the results of Table II that there is very good agreement
between the experimental values of the VDEs and our calculations (we have not
such good agreement only for the trimer). We remark that this agreement is achieved
without any resource to scaling procedures. This implies that errors due to the
approximate account of the electron correlation effects as well as to the relativistic
corrections, which are not included in our calculations, are canceled out to a great
degree when the difference of formula ( I ) is computed.
The important aspect of our VDES is that they reproduce the even-odd oscillating
behavior (local minima for even n, local maxima for odd n) observed in the experiments [18,19].
In Figure 2 we present the visual characteristics of the anion cluster stabilities
ca(n) and c,(n) defined as follows. The binding energy per atom Ca is defined by
the expression
ca(n)

= -

_ [Eo(Ag)

- (n -1 )Eo(Ag) - Eo(Ag-)]

n

(2)

the fragmentation energy el (n) related to the reaction:
Agn

-

Agn- 1 + Ag

(3)

- E,,(Agn_1 ) - Eo(Ag)]

(4)

is equal to:
cl(n) = -[E,,(Ag-)

For ca(n) Figure 2 shows a sharp increase at the transition from Ag2- to Agi and
a slow increase with cluster size henceforth. Such behavior is consistent with the
dependence of c0(n) obtained in Ref. [35] for Cun and in Ref. [8] for Lin. For
neutral clusters in contrast with the ionic behavior, the ca(n) does not increase
when it passes from the dimer to the trimer [ 27 ] and it begins to increase slowly
beyond the latter. For the neutral clusters of the lighter metals (lithium and sodium)
there even appears a decreasing at the dimer-trimer transition [10]. On the other
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E,eV
2.0

105•io

/
d,

0.5

0.0-

2

3

4

5

6

n

Figure 2. The dependence of the binding energy per atom (ca) and the atomic fragmentation energy (el) on the number of atoms in silver anionic clusters.

hand the pronounced even-odd alternation obtained for the fragmentation energy
of silver anions (see the behavior of e, in Fig. 2) has also been revealed for cations
such as Na,+[52] and Li,+[8].
Conclusions
From the result obtained we can conclude that the LSD method with nonlocal
corrections included (in the DGauss program realization) is quite appropriate for
the calculation of d-subshell metal anionic clusters. It is advantageous in scanning
the stable geometry and in computing the PES. In particular, the application of this
method allows to obtain the experimental VDEs without any scaling factors.
The reason why the stable geometry for the anionic hexamer Ag6- has different
symmetry than that for the neutral hexamer Ag 6, although for tetramers and pentamers the anionic and neutral clusters have the same symmetry. requires special
investigation.
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Accurate

Ground State Calculations of HeH 2 +
Using Slater-Type Orbitals

LCAO

BABAK ETEMADI and HERBERT W. JONES
Institutefor Molecular Computationsand Department o/ Phvwcs, FloridaA&A
Tallahassee,Florida 32307

UmversOity

Abstract
A linear combination of atomic orbitals (LCAO) of the Slater type is used in a variational treatment
of the HeH 2* ion to achieve excellent results for the ground state energy of this heteronuclear diatomic
system. As in our recent treatment of H12, we use orbitals with identical screening constants but with
increasing pnncipal quantum numbers and angular momentum. This strategy was feasible because of
our ability to accurately evaluate all overlap integrals. Unlike even tempered Gaussian-type LCAO, our
results become more accurate at large interatomic separations. Using two different wcreening constants
(one type associated with each atom) proved to be unnecessary. & 1993 John Wiley & Sons, Inc

Introduction
Basis set methods in electronic structure calculations have been shown by Wells
and Wilson [1 ] to give excellent results for simple molecules such as H 2 and HeH 24 .
They employed an even-tempered basis set of Gaussian-type orbitals (GTOs). Our

interest is in using the more physical Slater-type orbitals (STOS) so as to develop
strategies for nonlinear molecules. Steinborn and Weniger [2] used their "B'"functions of spherical symmetry to approximate the ground state energy of HeH 2+(the
"B" functions span the same space as STOS). They suggested that better results
could be achieved if orbitals of higher angular momentum and various screening

constants were used. We found that excellent results are indeed achieved by using
orbitals of higher angular momentum, but identical screening constants for all
orbitals are sufficient. For nuclear separation of I a.u. we get 8-digit accuracy: The
accuracy increases with increasing nuclear separation, unlike for GTOS.
LCAO Method for HeH

2+

We extend our previous work on the homonuclear ion H 2 [ 3 ] to the heteronuclear
ion HeH 2+. In the electronic hamiltonian we set ZI = I and Z 2 = 2:

H

Zý2

I 2 +Z•

2

ra

rb

International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 755-758 (1993)
CCC 0020-7608/93/010755-04
© 1993 John Wiley & Sons. Inc.
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i. Screening constant 'of the loest energy for various
values of the internuclear distance R. and maximum principal
quantum number ,h,.
TABLE

A'h, = I

Nhh = 3

N'h,s = 6

1.0
2.0

2.2
2.0

2.7
25

33
2.9

4.0
8.0
20.0
60.0

2.0
2.0
2.0
2.0

2.0
2.0
2.0
20

2.5
2.0
2.0
2.0

R

(the internuclear energy term ZZ,Z/R, where R is the internuclear separation, has
been dropped). For our LCAO (linear combination of atomic orbitals) ansatz, we
use a systematic sequence of STOs on each nucleus:
Ahh N-I

4',

=

K 2:

C2.L,a4ri-'e-"rI'y(O,, 0,)

(2)

NAI L=O

where i designates an orbital at position a or an orbital at position b. K is the
normalization constant chosen such that
f ý dd

= 1,

0 = 0. + f.(3)

To apply the variational principle, we write
110 = EO ,(4)
and arrive at a secular equation for the energy. This eigenvalue problem was solved
on a CRAY Y-MP using the IMSL library [4]. The screening parameter ýwas varied
to minimize the energy for different nuclear separations and different number of
orbitals, Nh,gh (see Table I). For Nh,g, greater than 3, the energy is insensitive to the
variations of ý. In Table II the corresponding energies are recorded. The exact
values are taken from [5]. For the equilibrium position, i.e.. R = 2 a.u., we get

TABLE Ii

The eletronic energ., of HeHl* for various internuclear distances R and for LCAO with highest

quantum number Nh,,,.
R
1.0
2.0
4.0
8.0
20.0
60.0

Nh, = I

N,,,h,
=3

N,'h, = 6

Exact

-3.0129511

-3.0332651

-3.033352043

-3.033352518075

-2.5043488
-2 2500067
-2.1250000
-2.0500000
-2.016666666

-2.5121563
-2 2505992
-2.12503483
-2.0500008807
-2.01666667750

--2.512192935
-2.2506053801
-2.125034906460
-2.050000880914
-2.016666677520

-2.512193016590
-2.250605387829
-2.125034906488
-2.050000880914
-2.016666677520
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Figure I. (a), (b), (c), and (d) sh(,w the wave function of HeH 2, along the H-He axis
(H is at -Rf2 and He is at +R/2) for separations R = 1, 2, 4. and 8 a.u., respectively.

8-digit accuracy using only 21 orbitals on each nucleus, whereas Wells and Wilson
[I] require 42 GTOS for 7-digit accuracy. In addition, our method gives even better
results for larger separations The normalized wave function along the molecular
axis is plotted in Figure I for R = 1, 2, 4, and 8 a.u. It is shown that the charge is
practically all about the He nucleus especially when R is larger than 4 a.u.
Conclusion
It appears that STOs when processed by the L6wdin a-function method 16] can
form basis sets that give excellent results for one-electron systems. Strategies developed here should prove useful in the study of more complicated systems.
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Low-Lying States of SF6 and SF 6 : Electron Affinity

of SF 6 and Electron Detachment of SF 6
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Abstract
Calculations have been performed on low-lying states of SF , and SF 6 at the complete active space
multliconfiguration self-consistent field (CAS-MCSC-) level. These calculation, involved optimization of
basis function exponents, particularly the f-functions on sulfur and their effect on the potential energies
and the SF 6 electron affinity. The CAS-MCSCF calculations for the anion and neutral included 4,863 and
2.115 configuration functions, respectiely. Octahedral and selected distorted geometries were consmidered
The ground-state equilibnum geometnes correspond to the octahedral configuration of SF 6 ('A i). R(S2
F) = 1.56 A. w, = 776 cm'. and of the anion SF 6 ( Ai,). R(S-F) = 1.70 A, W, = 558 cm-'. The
adiabatic and vertical electron affinities are found to be -0.63 and I 8 eV, respectively Electron autodetachment phenomena associated with the anion are also discussed and a possible mechanism for this
process is presented. c 1993 John \'iley & Sons. Inc

Introduction
The SF 6 molecule has been the object of many studies, both experimental and
theoretical during the last several years. This interest is ariven largely by the fact
that SF6 has a very high cross section for electron capture, forming the SF6 anion.
Experiments on the ground-state anion indicate that it has multiple autoneutralization modes. Lifetimes for the electron autodetachment process have been measured in drift tube experiments, and it appears that the autoneutralization process
is relatively facile, with lifetimes between 2-40 microseconds [1,2]. The ease with
which the electrons autodetach suggest that the detachment process is not dipole
or photo-induced, but probably arises through intra- or intermolecular energy
transfer and surface crossings.
The observed properties of the SF)/SF6 system has prompted numerous studies
of the adiabatic electron affinity (aEA) of the neutral molecule While the experimental value has been reported to be as low as 0.4 eV and as high as 1.4 eV [39], the currently accepted value is very near 1.0 eV, as obtained by Streit using a
bracketing method, measuring the rates of ion-molecule reactions involving electron
transfer [7]. and later by Grimsrud et al., with thermodynamtc measurements
obtained using a pulsed-electron high-pressure mass spectrometer [ 8 ].
From a theoretical standpoint, the SF 6/SF- system poses a challenge to researchers interested in calculating the correct value for the neutral aEx, and for describing
* Present Address: Tracor Aerospace Inc.. Tracor (-E Division. 1652 W 820 N Provo. UT 84601.
International Journal of Quantum Chemistry. Quantum Chemistry. Symposium 27, 759-767 (1993)
,c 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010759-09
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the modes for electron autodetachment With 70 and 71 electrons for the neutral
ard anion, respectively, severe restrictions are placed on the basis set size for practical
calculations. This problem is aggravated by the large basis set requirements for
calculating the electron affinities of even simple atomic species, In addition, the
level of electron correlation required to adequately describe the relative differences
between the neutral and anion systems is unknown.
Undaunted by the difficulties expected in these calculations, several researchers
have attempted the theoretical determination of the aEA of SF 6 , with various degrees
of success. As a prelude to describing the work performed in this effort, it will be
instructive to briefly review some pertinent theoretical results obtained to date. All
reported studies have assumed an octahedral geometry for both the neutral and
anion. Hay calculated the self-consistent field (SCF) value of aEA to be 1.03 eV
without zero-point correction [ 10]. However, the basis sets used by him have since
proved to be inadequate for correctly determining the relative electronic energies
of both the neutral molecule and anion. Thus the agreement between his value and
the experimental value appears to be fortuitous.
Klobukowski et al. performed a careful study of the basis set requirements for
studying the neutral-anion system at the SCF level and have determined the following
[11]:
(1 ) The usc of a larger basis set gives a much different value for the aEA of'SF 6 ,
but does not change the calculated geometries of the neutral and anion
significantly from those obtained by Hay.
(2) A 3 d orbital on sulfur has little effect on the calculated aEA.
(3) The aEA decreases by about I eV by simply adding a d polarization function
to the fluorine basis. This basis set. similar to the one used by Hay, produces
an electron affinity of 1.40 eV.
(4) Adding anftype function to the sulfur basis lowers th- electron affinity by
over 0.5 eV,
The final value for the aEA of SF 6 obtained by Klobukowski, using their largest
basis, is -0.34 eV at the SCF level. Thus, providing this basis is adequate, the
Hartree-Fock value for the electron affinity of SF 6 is negative.
In an effort to determine the effects of electron correlation on the electron affinity
of SF 6 , Miyoshi et al. performed both SCF and configuration interaction (CI) calculations on the neutral and anion [12]. Using a relatively large basis set, with d
polarization functions on both sulfur and fluorine, these workers obtained an aEA
of -0.30 eV, in agreement with the best value obtained by Klobukowski. This
agreement is interesting since Miyoshi did not use an f-function on sulfur. Thus,
it is likely that adding an f-function to their sulfur basis will lower their HartreeFock value for the aEA of SF 6 even further.
Miyoshi's a calculation on both the anion and neutral was performed using a
much smaller basis set than they used for their SKF study. The ci energy obtained
from this basis combined with their SCF energy u-'ng the larger b6.sis set gave a
value for the aEA of SF 6 of 1.06 eV, in excellent agreement with the currently
accepted experimental value. At first glance this monumental effort seems to com-

plete the picture concerning the relative potential energies of SF 6 and SF6. However,
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there remain some nagging questions which have not adequately been answered in
the analysis of Miyoshi. The first is the effect of the inclusion of an fifunction on
sulfur, which was left out of the Miyoshi basis set, but as Klobukowski clearly
showed lowers the neutral potential energy curve by half an electron volt relative
to the anion curve, and thus lowers the neutral aEA. The second is the consideration
of nonoctahedral geometries for the anion.
In this study we have attempted to dettrmine the effect of the sulfur f-function
and nonoctahedral anion geometries on the acA of SF 6 , using both SCF and CASMCSCF calculations. We have also explored low-lying excited states of both the
anion and neutral at the SCF level with relatively large basis sets, complementing
earlier work on the neutral molecule by Hay [ 13 ]. Vibrational states of both species
were also determined in an attempt to rationalize the electon attachment-detachment properties of the neutral molecule.
Theoretical Procedure and Results
The basis sets employed for the SCF calculations in this study were based on
Huzinaga's well-tempered sets [14]. In the largest basis sets for sulfur, the tightest
primitives for both the s and p sets were removed. A diffuse s-function (zeta =
0.0023) and two diffuse p-fut;ctions (zeta = 0.041 and 0.002) were added. The
sulfur basis set was augmented with two d-functions (zeta = 0.659 and 0.183) and
one f-function. To determine the proper choice off-functions for the sulfur basis,
the exponent was varied from 0.22 to 1.02 for both the anion and neutral. For the
anion 2A I state, the minimum energy was obtained for an f-function with "= 0.64
while for the neutral 'A,, state the best exponent was 0.68. It is 'ortunate that the
optimum f-function for both the anion and neutral is similar. The value used by
Klobukowski was 0.62 determined from the overlap criterion [ 14 ]. For consistency
we used the value of ý = 0.62 for both the anion and neutral. To determine whether
onef-function is indeed adequate, an additional calculation was performed using
twof-functions (. = 0.41 and 0.93). The calculated aEA at the SCF level with two
f-functions was only 0.02 eV smaller than that calculated using one f-function
(" = 0.62). Thus it appears that one f-function on sulfur is adequate. The sulfur
basis was contracted to ( 12,12.,11,1 /8,8,I, 1,1 / 11 /I ), that is, the sulfur basis
consisted of 5s, 5p, 2d, and If function. The 5s functions contained 12, 12, 11,
1, and I primitive gaussian functions, respectively, while the 5p functions contained
8, 8. 1, 1, and I primitive gaussian functions.
For the largest basis for fluorine, again the tightest primitives for both the s- and
p-functions of Huzinaga's well-tempered set were removed. The set was augmented
by a diffuse s-function (zeta = 0.07392) and a d-fanction (zeta = 1.496). The
fluorine basis set was contracted to ( 10,11,1 /8,1,1.1 / I).
For the MCSCF calculations, two additional diffuse s-functions on sulfur were
added (zeta = 0.0002 and 0.00002) and the final set was contracted to
( 12,12,11,1,1,1,1/8,81,1,1/l1,1 / I ). Thus, for the sulfur atom and six fluorine atoms
189 primitive gaussian functions were used for the MCSCF calculations.
The MCSCF calculation was performed by defining an active space common to
both the anion and neutral molecule and allowing all single and double excitations
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TABLE I.

Orbital

Active space for the MCSCF
calculation.
Anion orbital energy
(Hartrees)

*b.,
*b.u
*b.•

0.31846
0.30446
0.28418

4e,
*t.ý

0.23683
0.18869
0.16323

7aj
6aj,
It,,
If2,
5ti,
3e,

-0.14944
-0.43445
-0.45389
-0.46512
-0.45452

from the SCF configuration within this active space. The active molecular orbitals,

along with their orbital energies are presented in Table 1.For the anion, this active
space generated 4,863 CSF'S, while 2,115 CSF'S were generated for the neutral. The
CAS-MCSCF calculations in this study required nearly 300 h using a CR wY-YMP
computer.
The calculated total energies at the SCF level along the totally symmetric stretching
mode are presented in Table II and the potential energy curves are presented in

TABLE II.

SCF and MCSCF total energies (Hartrees) for SF 6 and SF,.
SCF

CAS-MCSCF

R (au)

Neutral ('A,,)

Anion ( 2A,,)

2.75
2.80
2 85
2.90
2.914
2.95
3.00
3.05
3.10
3.125
3.15
3.182
3.20
3.225
3.25
3.35

-994.235392

-994.230650

-994 282693
-994.289813
-994.290161
-994.288100
-994.278938
-994.263536
-994.242951

-994.277987
-994.285143

-994.218107
-994 189809
-994.158760
-994.090751

-994.283491
-994.274437
-994.259264
-994.239444
-994.257088
-994.259593
-994.260823
-994.260377
-994.258832
-994.256113
-994.235175

Neutral ('A,,)

Anion ( 2A,,)

-994.581848

-994.576528
-994.610003

-994 617690
-994.612580

-994.60'661

-994.585061

-994.581183
-994.590706
-994.594521

-994.513949

-994.593266
-994.567369
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Figure 1. A striking feature of the anion curve is the local minimum at the neutral
equilibrium geometry. This feature was not mentioned in the work by Miyoshi,
but it was found by us and by Klobukowski that the composition of the anion 6aj,
orbital is dominated by the most diffuse functions in the region of the neutral R,
thus the extra electron is not truly bound to the SF6 molecule at this geometry.
Instead, this region of the anion curve represents the neutral molecule, with the
free electron occupying the most diffuse orbital available within the basis set. In
the current basis, this orbital is seen to reside almost entirely on the sulfur atom
and is dominated by contributions from the very diffuse s gaussian functions added
to the Huzinaga basis. Therefore, in the limit of an infinitely diffuse basis set, the
electron simply detaches at this geometry, leaving the neutral SF, molecule and a
free electron.
The total energies and potential energy curves at the MCSCF level are also shown
in Table II and Figure 1. Spectroscopic properties from these curves were obtained
by passing a rounded ramp interpolating function through the calculated data [ 15 ].
Interpolated data generated in this way were then fit to a Hulburt-Hirschfelder
potential function [16 ]. The spectroscopic properties and aEA obtained from these
potential energy curves are presented in Table Ill. The known experimental spectroscopic values are in excellent agreement with those calculated at the MCSCF level.
However, the calculated EA's at the SCF level are in very poor agreement with
experiment and in fact, have the wrong sign. Our SCF value of -9.68 eV is lower
than that obtained in previous studies. The inclusion of electron correlation at the
CAS-MCSCF levCl presented here does little to improve the situation. It should be
noted that the correlation energy recovered in this study is only about one-third
that obtained by Miyoshi. By simply adding their correlation energies to our SCF
energies, a value of +0.68 eV for the aEA of SF 6 is obtained.

16
14
.

12

>"

10
10

0 8

S6
4
2
0
1.4
Figure I

1.5

1.6
S-F Bond length

1.7

1.8

(A)

s(I (solid lines) and ( As-M(S(Ci (dashed lines) potenteal energ) curves for the
AI, states of SF 6 and SF 6 .
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TABLE Ill.

Spectroscopic properties for SF 6 and SFg.
SCF

R, (A)

neutral
anion
neutral
anion

(cm-')

1.54
1.68
863
680
23
14
-0.68

neutral

WX' (cm-')

CAS-MCSCF

anion
SF6 adiabatic electron
affinity (eV)

1.56
1.70
776
558
19
10
-0.63

Expenment
1.565 1171
769 [17]

1.0 (7.9]

To complete the characterization of the potential energy curves of SF 6 and
SF-, the Hulburt -Hirschfelder potentials were used to generate the first few vibrational levels for the molecules. These levels, for the neutral and anion at both the
SCF and MCSCF levels are presented in Table IV. These data show at most one
bound vibrational level for the anion. Above this energy, the electron detaches.
Note that the first vibrational level of the anion is very close in energy to the second
vibrational level of the neutral.
To account for possible Jahn-Teller effects, selected nonoctahedral geometries
were also considered in this study. These calculations, as well as calculations of
neutral and anion excited states were performed using the SCF basis set described
above, without thef-function and diffuse s-functions on sulfur.
The potential energy curves for the 'TI, and 'T 1,, states of the neutral as well as
the 2 Tg and 2 Tl, states of the anion are shown in Figure 2, along with the 'Aig and
2A g states of the neutral and anion, respectively. For the ground-state neutral
mol-6
6
ecule, the outer electron configuration in octahedral symmetry is (lt 2 u) (5t1 u)
(11g) 6 , while for the anion, the ground state is (lt2u ) 6(5t, ) 6( llg)6(6ag)'. The
neutral and anion Tg states are created from the excitation llIg-f6ajg, while the
T1 ,, states are obtained from the excitation 5t!,,-6aj,. The very large electronic
energies separating these excited states from the ground states make it unlikely that
they are involved in any experimental determinations of the aEA of SF 6 , nor is it
likely that they play a role in any autodetachment processes for the anion.
TABLE IV

Calculated vibrational levels (in eV) relative to the
CAS-MCSCP energy of SF 6 at R,.
SCF

CAS-MCSCF

Level

Anion

Neutral

Anion

Neutral

1
2
3
4
5

0.93
1.41
1.87
2.31
2.73

0.31
0.92
1.49
2.03
2.53

0.83
1.64
1.62
1.99
2.35

0.28
0.83
1.35
1.85
2.31
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While the ground state of SF6 has long been known to possess octahedral symmetry
[15 ], no experimental evidence that this is the case for the anion has been presented.
Breaking octahedral symmetry increases the number of symmetry adapted basis
functions used in theoretical calculations. This added complexity makes it clear
why octahedral symmetry has been assumed for the anion in all calculations to
date. In this study we have calculated the potential energy surface for selected
distortions from octahedral symmetry. For example, the molecule was allowed to
distort along the E. vibrational mode. That is, the axial fluorine atoms along the z
axis were moved together, and the equatorial fluorine atoms in the xy plane were
moved together. The potential surface for this distortion, which maintains D2h
symmetry is shown in Figure 3. It seems clear that this state of the anion does
indeed prefer an octahedral geometry and all distortions from octahedral symmetry
increase the energy. There are 15 vibrational modes for the anion and neutral
molecule. These correspond to the symmetric A Igand double degenerate Eg modes
discussed above, as well as the triply degenerate Tl, (2), T2,, and T2. vibrational
modes. The A igand Eg modes involve only bond stretching, while the T2g and T 2,
modes involve only angle deformation and the two Tl, modes involve both bond
stretching and angle deformation. All of these fundamental modes have been observed in the neutral molecule, but no such experimental data exists for the anion.
In conclusion, the results of this research indicate that the formidable problem
of calculating the aEA of SF6 remains unsolved. While the currently accepte-1 experimental value has been obtained by others, our contention is that these results
are fortuitous and further work in both the experimental and theoretical deterninations is needed. For theoretical studies, a systematic basis set evaluation, in which
basis functions are added and varied until the value of the electron affinity stabilizes
is needed. Klobukowski's work is a good beginning for this effort. Experimentally,
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Figure 3. SCF potential energy surface of the ground state of SF6 near R, along the E,
vibrational mode.

it is difficult in the reported collision studies to identify precisely the vibrational
temperature of the anions produced. Anions formed in vibrationally excited states
could produce erroneous values for the aEA.
Distortions conserving D2hsymmetry show clearly that the molecule prefers octahedral symmetry. Other distortions are certainly possible and should be explored.
We have also explored some low-lying excited states and shown that they are much
too high in energy to contribute to the experimental determination of the aEA.
In regard to the electron autodetachment process for the anion, the potential
energy curves presented here are consistent with the experimental results. In order
to create the anion in the first place, at least one vibrational state should be available.
Our results show that there is exactly one. The ease of autodetachment would
require this state to easily crossover to the neutral molecule/free electron state. As
has been shown by others [18] for anion and neutral vibrational states X. and
40, respectively, with energies e, and e°,, the transition X- -- x is efficient if:
(!) the anion and neutral potential energy surfaces intersect or approach one
another in regions of the coordinate space where xv,.1 and x4,, are nonvanishing and the highest occupied molecular orbital of the anion becomes very
diffuse,
(2) the change in slope in going from one surface to the other is small, and
(3) e, - c°, is small.
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These criteria are met for the .4 1, states of the anion and neutral. If this process is
indeed involved in the autoneutralization of SFg, then we would predict a strong
positive temperature dependence on the rate of electron detachment.
Based on these findings, the multiple electron autodetachment rates observed
for SF6 arise from initially creating anions in various different states, which each
relax to a vibrationally hot ground-state molecule at different rates. The electron
in the vibrationally excited ground-state anions then detach according to the mechanism described above.
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Abstract
A review of the various problems facing any software developer targeting massively parallel processing
(MPP) systems is presented Issues specific to computational chemistry application software will also be

outlined. Computational chemistry software ported to and designed for the Intel Touchstone Delta
Supercomputer will be discussed. Recommendations for future directions will also be made rif 1993 John
Wife) & Sons. Inc.

Introduction
The advent of massively parallel processing (MPp) supercomputers has been an
exciting and challenging benefit to computational science. Many of the algorithms
and theoretical models used by the computational chemistry field are very computeintensive and the computational chemistry market is an obvious target of many
MPP vendors. Computational chemists have long been at the forefront of utilizing
and developing software on the leading edge of computational technology. The
delivery of first- and second-generation usable MPP hardware has enticed many
computational chemistry groups to begin focusing efforts on the development of
chemistry software for parallel computing systems. To date, efforts on modern MPP
systems are distributed among primarily academic and national laboratory environments with little effort from the vendor community. These efforts also span the
entire spectrum of computational chemistry methodologies and algorithms, e.g.,
from molecular modeling and dynamics to full configuration-interaction calculations, and have been conducted on the gamut of available MPP hardware. Furthermore, these efforts have made significant progress but the use of high performance
computing systems, specifically massively parallel computers, is far fronm routine.
In this article I outline issues that challenge software development with respect
to a very technologically volatile hardware industry, as a whole with a focus on MPP
systems of today and tomorrow. The perspective is that of a computational chemistry
application developer and what I see available now and in the near future. No one
* The author may be reached via email at ra-kendall(cagle pnl.gov

P-acific Northwest Laboratory is operated by Battelle Memorial Institute for U S Department of
Energy (tO:) under Contract DE-AC06-76RLO 1830
International Journal of Quantum Chemist%. Quantum Chemistry Symposium 27. 769-779 (1993)
, 1993 John Wiley & Sons. Inc.
CCC 0020-7608/93/010769-11
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can predict long-term trends in the extremely volatile computer industry, so I will
rot try, except to state that software developmcnt will be different than the way
applications are developed today. A discussion of the general issues with respect to
MPP technology and issues around computational chemistry applications is presented, as well as results of chemistry applications on the Intel Touchstone Delta.
Conclusions and recommendations arc made in the final section.

Software Development Issues for NIPP Computational Chemistry Software
Software Engineering. Hardware. and Software Life Cycle
Any software engineering (SE) text warns that the lack of effort in the design of
modular and reusable software will eventually cause a complex software system to
collapse under its own weight [ I ]. The concepts of modularity and reusability are
without regard to the particular programming language used for a given software
system. The staffing requirements for maintaining a required but poorly designed
application are substantial. Computational chemistry software applications are not
immune from this process: in fact, many of the software developers in computational
chemistry are graduate students rarely trained in any aspects of modem computer
science or SE. The programming effort is usually the last part of the theoretical or
model development and is sometimes less interesting to a student trying to finish a
thesis effort.
Computing hardware has undergone a tremendous series of advances over the
last two decades. The Supercomputing industry was born in the 1960s, flourished
in the 70s and 80s, and has grown drastically in the last few years. In the 1970s
and early 1980s the hardware designs lasted on the order of 5 to 7 years. The
doubling of computer power with advances in hardware technology, and the interface
to that technology, operating systems, optimizing compiler design, etc., progressed
at a rate where software developers had the time to adapt and make algorithmic
modifications to make optimal use of the computing resources available. In the
last 5 years the hardware technology growth curve has taken a drastic change. With
the advent of reduced instruction set chip (RISC) technology the period for doubling
of raw compute power is now somewhere between 12 and 18 months (see Fig. 1
[2]). By the time a computer system is procured and delivered it is most likely out
of date (although not obsolete). This rapid development has even caused the computing industry to implement leap frog hardware development efforts to keep pace
with the demands of the computing user base.
The hardware used in the past and today has a standard life cycle [I]. When the
hardware is first delivered or developed it usually has a high failure rate or is not
as useful as might be expected. This is sometimes due to the overall software interface
to that hardware. The bugs in the system get worked out and the system becomes
useful. Then the u•rr community, computational chemists included, saturate the
resource to do scientific development and applications. Over time, the system becomes obsolete due either to the inevitable hardware failures or, as is more likely,
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Figure I. Tne rate of change of raw compute power available from workstations [21

to the fact that the resource can no longer meet the computational requirements

of the user community in a cost effective manner (see Fig. 2).
This simplistic "usefulness" model also applies to software as well [1]. The initial
software application usually has a very limited set of functionality. As more robust
algorithms and additional functionality are implemented the software becomes more
"useful" to the user community. Without further algorithmic developments the "usefulness" of a software system will asymptotically approach some steady-state level and
not deviate from that (see Fig. 3). What more realistically happens is that as new

functionality is added more bugs and design flaws are uncovered and the failure rate
of the application grows, with the software becoming less "useful". In time, maintenance
and development efforts usually reduce the failure rate and make the code "useful"
again. It has been said that the process of porting an application to an MPP environment
is a process of "rebugging software" and the experience of the efforts in the computational chemistry community have shown this to be true.

ProgrammingModels
There are a wide variety of specific programming models and tools that can be
used to develop a working programming system on a parallel computer f 3-6 ], The
obvious and key point is that there must be a parallel algorithm for the requisite
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computational 0task(s). The various vrogramming models fall into the traditional
classes of data parallel (DP), shared memory (SM), and distributed data/task models.
The latter is the common
multiple instruction multiple data (miMD) programming
0V
model with message passing between processcrs, In practice most developers use a
single program MlMD model and assign data and tasks based upon the identity of
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a given processing node. The basic problem with all programming models is that
on any given hardware there exists a locality of data problem. The program becomes
a bookkeeping algcrithm that finds the data for the computational task at hand.
In traditional SM environments there is a flat memory so access to any segment
of memory is uniform. In DP and MIMD you have an obvious data localit, problem
when sharing data among processes and tasks. Simple replicated data algorithms
circumvent this by holding a copy of the requisite vectors/matrices on each node.
With the current vendor offenngs of 16 to 64 Mbytes per physical processing node.
this is a clear limitation. Moreover. the replicated data algorithms do not scale to
hundreds or thousands of processors. These obvious problems have caused many
vendors to look at globally addressed memory that is physically distributed. This
gives the programmer the look and feel of a SM programming environment, a major
benefit, but there are potentially drastic performance penalties for accessing nonlocal
memory. This brings the data localitv problem back to the programmer and the
software tools available on the system. Now that se%eral general aspects of various
programming models have been outlined, a discussion of each in more detail follows.
The Shared Memory programming model is probablN the most %%idelyused and
best understood model simply because of the amount of time that the computational
community has used this technique. but few quantum chemistry codes make use
of this programming model even today. There are several specific approaches that
have been implemented on UNIX Woikstations and on various lovv and high end
supercomputers. (Silicon Graphics, Stardent, Alliant, Convex. Cray. etc.). The general scheme used to parallelize applications is to identify shared and private segments
of memory and have the owner compute a specific portion of the shared data
structures and all of the private data/tasks available to the specific process. There
has been much compiler work done on this programming model and it is reasonably
well understood by the computer science field. Programmers can tune and optimize
their code using compiler directives that help the compiler understand the application layout. This is in my estimation the most efficient parallel programming
model for computational chemistry' applications in wide use today. Unfortunately.
the underlying hardware is not scalable: it is very expensive to realistically extend
to large numbers of processors (e.g., greater than 100) and very large memory sizes
(e.g., greater than 10 Gwords). This has forced the development of the abovementioned global accessible memory that is physically distributed (e.g., Kendall
Square Research. Cray Research Inc. T3D. etc.). The overall programming model
stays the same but there is an added task of making sure the data locality is preserved
to avoid thrashing of pages from nonlocal processors.
The data parallel programming model is one that has been used primarily on
the SIMD architectures by design but is not limited to these machines. rhis is also
the underlying principle behind the High Performance FORTRAN (1IPF) language
specification [7], which augments the recently standardized FORTRAN90. HPF
offers the ability to distribute vectors and matrices across the processes on a machine
via compiler directives and declaration statements. The DP rule of thumb is that
the owner computes the portion of the matrix/vector that it controls. The DP
programming model works extremely well if there is no load balancing or data
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dependencies across processes (Finite Element or grid calculations. Fourier transforms, etc.). In a pure SIMD program, load imbalance causes many processors to
be idle at either the beginning or end of a series of parallel tasks. HPF offers extrinsic
procedures or routines to handle access to message-passing facilities which can
handle data dependency aspects. Most computational chemistr algorithms have
either very irregular data structures or access a regular data structure in an irregular
fashion and are thus not suited for pure DP programming models. For example, in
the formation of the closed-shell Fock matrix a two-electron integral contributes
to six independent Fock matrix elements all of which may not be accessi' e in a
given distribution of the Fock matrix. The HPF draft standard acknowledges the
difficulties of irregular data structures or access to data structures, and there are
plans for a follow on language specification that will address irregularity issues.
There is grea, potential for such standard languages or extensions to existing languages once this issue is addressed.
The message passing programming model is probably the most widely used programming model on distributed memory architectures. The basic principles are
that every process has a local memory addressable only by that specific processor
and it can only access nonlocal information by passing a message to another process
that has other needed data. Tasks and the required data structures can be farmed
out to various processors via these messages and the ,arallel calculation performed.
Messages can usually be sent synchronously or asynchronously. but this is system
dependent. Synchronous messages require the cooperation of both processes. Asynchronous message passing can be useful but requires buffer space for messages to
make them effective. The ability to pass asynchronous messages offers a more robust
programming environment because it does not require a sequential bottleneck ,,f
the sending and receiving processors. A message-passing program makes the speed
and latency oft he underlying hardware an important aspect of the algorithm and
software design. If the application requires only short messages then the latency or
overhead for sending each message is important (e.g.. molecular dynamics simulations). If the application requires a few messages that are relatively large (ca. I
Mbyte) then the speed or bandwidth of the underlying communication network is
important (e.g., a replicated data Hartree-Fock code). Many computational chemistry applications contain both aspects. The general course grained aspect of integral
generation and Hartree-Fock procedures are ideal fot this programming model
and the currently available vendor offerings. More complicated and useful chemistry
applications hae finer granularity and are thus limited by the underlying communication network (e.g.. Multiconfiguration Self-Consistent Field energy and energy derivative methods).
The final programming model that I would like to discuss is that of distributed
data. This programming model borrows strongly from that of the Linda language
[8]. The concept is straightforward and is really an extension to any of the aboke
programming models. The concept is similar to that of elaborate memor paging
algorithms used in many time-sharing computers toda.. In Linda. the user has the
concept of a tuple as an abstract data object that can be stored and retrieved to
and from "tuple space" as well as user-defined functions that can be used to trans-
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form the data via an "eval" call. The advantage of having this "secondary" memory
storage is that the location of the data and the mechanisms for moving or "paging"
the data are removed from the programmer. This gives the look and feel of a segment
of"shared" memon that is accessible by all processes. There are potentially performance
problems with the way the distributed data is accessed, stored, and transformed but
the distributed data programming model lessens the impact on computational programmers using distributed computing models. The details of the storing and retrieving
data from the distributed data space can be implemented in shared memory or message
passing allowing applications to be more portable. Harrison has developed and successfullN demonstrated a distributed data model for the Intel Touchstone Delta supercomputer that uses the interrupt driven mechanisms available on that machine [9].
Similar work has been done bN Rendell et al. specifically for the closed-shell coupled
cluster algorithm [ 10]. In general, computational chemistry applications will not need
the full functionality of a Linda-type implementation, but only well-defined data types,
(e.g., for FORTRAN integer, double precision, character, etc.) [9]. This functionality
is projected to be the first useful programming model for the next generation of scalable
computational chemistry applications.
Poriahilityand Re.•ourcc' Utilization
Portability is an issue that has plagued FORTRAN computational chemistry
applications for man%Nears. Unlike many modem languages. there is no languagespecific mechanism for isolating machine-dependent code in FORTRAN. There
are several different approaches that can be used to get around this problem. Many
free and some commercial systems for FORTRAN code maintenance exist and are
widelv used bv the computational chemistry community. Writing only
FORTRAN77 or FORTRAN90 is not a viable option because many chemistry
applications interface with the system environment to get timing information, use
special disk I/O routines, check system runtime characteristics. etc. The various
complexities of the above-mentioned programming models will also add to the
overall complexity of a "portable" application. A review of the computational
chemistn literature over the last few years will show that chemists will use as many
of the theoretical models as is feasible for the solution of a given chemistry problem.
This aspect alone will compel the integration of computational chemistry applications into a suite of functionality with a common "user interface." The development of this interface is a research topic in its own right and beyond the scope
of this article. It is imperative that the core functionality application suite use modularitv and more commercial style software practices (e.g.. long-term use or reuse
of software) to maintain the integrit. of applicvttions across the various platforms.
from the workstation to the high performance computing supercomputer.
Resource utilization is an issue that will have to be addressed by both the user
and vendor communities. Users are accustomed to sharing workstations and traditional supercomputers based on a round robin or time slice multi-user scheduling
system. On current MPP offerings this is simply not feasible. The scheduling of
resource utilization is a research topic in the computer science field. Users will have
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to become accustomed to more batch utilization and space sharing of the resources.
The disk I/O capacity is usually the limiting factor. For example, on the Intel Touchstone Delta supercomputer there are 512 compute nodes with 16 Mbytes of memor
each, for a total of 8 Gbytes of memory. The aggregate 1/0 rate on that machine under
the normal operating system is less than 12 Mbytes/sec. This means to roll out a job
using all nodes would require at least I I min. The next generation MPPS will not be
much better because the I/O subsystem is the least improxed component. Again this
is an active computer science research topic. The computational chemistn community
cannot and will not wait for these problems to be solved. This means that the application
developers must be more aggressive in checkpointing their own algorithms with only
the requisite restart data being written to disk.
Review of Chemistry Applications
The use of parallel applications in chemistr is not a new idea. Reports of using
available parallelism on minicomputer- date back to the early and mid 1980s [I I1 -j.There are a ,ew current research efforts around the world targeted at the development of software on current and future generation MPPs. These include mostoy
academic and national laboratory efforts, although a few vendors ha'e openly stated
that they have started a port of the Gaussian software in collaboration with Gaussian.
Inc. The academic research efforts include GAMESS-USA from Mark Gordon's
group at Iowa State University. DISCO from Jan Alml6f and coworkers at University
of Minnesota. Columbus from Hans Lischka at the University of Vienna (in collaboration with the Ohio State University and Argonne National Laboratory). various applications from Bill Goddard at Caltech. and a new initiative at the San
Diego Supercomputer Center run by Peter Taylor. The national laboratory efforts
include various chemistry applications at Argonne National Laboratory. Pacific
Northwest Laboratory, Sandia Laboratories, the National Institutes of Health. and
the SERC Daresbury Laboratory in England. This list does not encompa-s all researchers working on or planning MPP application development but does include
the research groups that have significant resources for their effort. I have also limited
the list to efforts I have some direct knowledge of the software being developed.
Molecular dynamics (MD) applications have been using MPP systems from the
beginning of the development of these parallel computing systems. Various algorithms have been developed, systolic loop, linked cells, and replicated data systems
[16,17 ]. Due to the relatively small memory requirements of most MD applications
the replicated data algorithms have been most w.dely used (c.f. Ref. [17]). The
advent of larger memor, capacities and faster communication subsystems with
decreased latency characteristics on next generation MPPs will keep the replicated
data algorithms in vide use over tire next few years. The same technological advances
will also allow the refinement and improved performance of the other parallel
algorithms that have been implemented. The replicated data algorithms do not
scale to thousands of nodes and thus MD applications will need further development
once the scientific demands of the applications increase. The MD applications are
approaching routine utilization of current MPP systems and are generating results
that require the increased computational resources available at various MPP sites.
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Traditional ab initio software applications have had much less routine development on MPP machines. Simple replicated data algoithms are useful but the
memorv size on most MPP machines ranges from 16 to 32 Mbytes per node which
is a severe limitation. For example, in a replicated data ,Hartree-Fock code, the
entire density matrix and Fock matrix would be stored on each node. This would
allow each integral to be partially summed with the appropriate density matrix
element in to the requisite six Fock matrix elements. Once all integrals are computed
the "partial" Fock matrices would then be globally combined into the full Fock
Matrix and diagonalized. After a new density matrix was formed and broadcast to2
each process the iterative process would continue. This scheme replicates two N
matrices and is thus parallel over the N 4/8 integral generation work. However, on
a machine that has 16 Mbytes of memory you could have no more than two
1009 X 1000 square matrices in core memory. In reality the operating system takes
up some memory, the software uses memory, and thus there is room for much
fewer matrix elements. The thrust of most efforts is to go beyond this limitation
by dis, "buting the data structures of a given calculation to allow the problem to
scale to the full memory of the machine and not the limitations imposed by the
per node memory. From this simple example it is hopefully clear that the transition
to MPP software development also requires more up-front analysis of the algorithmic
designs.
In the above Hartree Fock application domain the type of distribution has different
computation, communication, and memory tradeoffs. Colvin and coworkers [18]
have implemented an aplication that distributes both the Fock and density matrices
that requires N 4/2 instead of the typical N4/8 integral generation work. This distribution scheme also can suffer from load imbalance in the parallel integral computation. In this distribution scheme a lack of memory has been traded for more
integral computation. The most promising technique to date, is that of Foster [ 19]
who has developed a distribution scheme that stores O(N) Fock and density matrix
elements on each processor but it is based on the following assumptions. The integrals all cost the same number of flops and are computed one at a time (i.e., not
in groups over shells). Unfortunately, these assumptions are not in line with modem
efficient and parallel integral algorithms. In this distribution scheme communication
is increased to allow for a fixed computational cost of the integral evaluation. However,
Foster's efforts do show promise once the shell grouping of integrals is addressed.
Even with the above-mentioned problems there are several useful ab intlio applications in use on Mpr systems. GAMES-USA. GAMES-UK, and Columbus
are now in production use by their respective groups or, in.0 MIMD machines with

specific functionality (i.e., not all) parallelized [20-23]. Harrison and Stahlberg
have implemented an object-oriented style full ci code on the Intel Touchstone
Delta supercomputer that sustains 4 GFLOPS (20% of peak performance) [24].
The distributed data models used by Harrison and Stahlberg were implemented by
Rendell and coworkers in his coupled-cluster singles and doubles code [ 10]. Feyereisen and coworkers [25] have implemented a master/slave repicated data version
of Alml6f's DISCO SCF/MP2 program on the Intel Touchstone Delta supercomputer
using a message passing library, TCGMSG. written by Harrison [26]. DISCO
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has also been ported to workstation clusters using TCGMSG, LINDA. PVM. and
EXPRESS [27]. For all these codes to become production quality the above-mentioned
scaling issues need to be addressed. These developments show great promise and are
likely to be the foundation of ab intio applications developed in the future. I would
recommend the reading some of the specific references for more details of the implementation and performance parameters of each of these codes on turrent MPP systems.
Conclusions
What is needed to bring MPP into routine computational chemistry production?
This can be summed up in one word; softhiare. This means both the software to
facilitate application developments and the application software itself. It is unlikely
that the large industrial user community will convert to MPP utilization until the
commercial software base or high quality, high performance software from academic
and national laboratory efforts is available for use on these high performance supercomputers or MPPs. The commercial software de~elopers probably won't make
the effort until a more significant market exists. This will require the computing
environments on the MPP machines to be much more robust and a pool experienced
development personnel must become available to commercial software companies
from the academic areas.
The development of new algorithms and associated software must keep abreast
of changes in the computing environments available. In this article I have aLtempted
to point out a subset of the issues that need to be considered and addressed by both
the computational science and computer science communities. MPP development
has coerced a coupling of these disciplines and this coupling provides a new opportunity to guide the development to the solutions of some of these issues. No
one discipline can solve all the problems that exist or that will be uncovered over
the next decade. I have also tried to point out some of the problems associated with
computational chemistry applications with respect to MPP development and production use. The important factor here is doing the chemistry required to solve
problems posed to us either in basic or applied research. MPPs are an obvious tool
to use due to the computational requirements of the theoretical models used today
and that will be used in the future. I have also outlined a subset of the research
efforts currently in place. Beyond the iz-quired computational science training and
education it is important that development 6roups get accesq to the latest technology
to develop and refine research ideas. Moreover, collaborative efforts with computer
science and other computational science efforts are essential for the development
of MPP software. In regards to the question I have posed in the title, is the transition
to MPP high performance computing a simple one? I hope so.
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Abstract
Algorithms are designed to implement molecular-d.namics simulations on emerging concurrent architectures For systems %ith finite-range interacti•"s. a domain decomposition algorithm is used to
implement the multiple-time-step (MITS) approach to molecular-d)namics (MD) simulations on distnbutedmemory multiple instructions multiple data (MIMD) machines This approach reduces the computation
of forces significantll b, exploiting the different time scales for short-range and intermediate-range interactions. Parallel algorithms are also designed for MD simulations of bulk Coulombic systems. The
performance of these algorithms is tested on the Intel jPSC/860 system. The computational complexity
of these algonthms is O(A) and parallel efficiencies close to 0.9. Molecular-dynamics simulations are
camed out to investigate the structural and dynamical properties of highly densified and also porous
silica glasses Changes in the short-range and intermediate-range order in amorphous SiO 2 are determined
'
at different densities in the range of 4.28-0.1 g/cm . Results for internal surface area and surface-tovolume ratio in porous SiO 2 aie also discussed. ( 1993 John Wiley & Sons. Inc

Introduction
Despite significant recent developments in materials-simulation techniques [I6]. the goal of reliably predicting the properties of new materials in advance of
fabrication and measurement has not yet been achieved. The primary reason for
this lack of success is the inability of sequential machines to handle large-scale
simulations. For example. MD simulations for long-range interactions scale as N 2,
where N is the number of particles in the system. In many physical systems, the
desired system sizes are in the range of 106 particles. These are beyond the compute
oower of most sequential machines. However, the MD technique has considerable
inherent parallelism. By exploiting this parallelism on emerging parallel architectures, it is possible to perform large-scale simulations for complex materials.
In the past two years. we have used the parallel computer architectures in our
Concurrent Computing Laboratory for Materials Simulations (CCLMS) to carry out
MD simulations on network glasses. The CCLMS has the following computational
facilities:
MasPar 1208B1-an SIMD (single instruction multiple data) machine with 8192
processors
'Also at Laboratory for Physical Chemistry. Uniersity of Amsterdam. The Netherlands.
International Journal of Quantum Chemistr. Quantum Chemistry S"mposium 27. 781-792 (1993)
CCC 0020-7608/93/010781-12
c 1993 Jol'n Wiley & Sons. Inc
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Intel iPSC/860-an eight-node distributed-memory MIMI) (multiple instructions multiple data) machine
9 Intel iWARP-a 64-cell MIMI) machine with systolic communication
* Silicon Graphics IRIS 4D/340VGX Power Center for real-time visualization
0

Plans are in place to connect these machines by FD1i1 (fiber distributed data interface)

to form a distributed multil-arallel processing network so that different parts of a
large-scale simulation can run ,.'oncurrently on different parallel architectures along
with real-time visualiiation.

In this paper, we will describe our recent work on parallel algorithms for the MD
approach and simulation results for structural properties of network glasses. The
outline of this paper is as follows: the next section deals with an implementation
of the MD approach on the iPSC/860 system, and the performance of the parallel
MD algorithm is discussed in the third section. Simulation results for structural
properties of highly densified and porous SiO 2 glasses are discussed in the fourth

section followed by concluding remarks in the fifth section.
Parallel Algorithms for Molecular Dynamics
"Mlolecular-dynamics approach has played a key role in our understanding of

classical and quantum microscopic processes in physical systems [1]. In the MD
approach, one obtains the phase-space trajectories of particles from the numerical
solution of Newton's equations. Physical properties of a system arc calculated from
phase-space trajectories of the constituent particles. The interparticle interaction
energy is a vital input to MD simulations. This N-body term is commonly expressed
as a combination of one-. two-, three-body potentials, etc.
For systems with a finite-range interparticle interaction, the total number of pairs
contributing to the energy and forces is NN,/2, where Nb is the average number
of panicles within the range of the interaction, r,. An efficient way to calculate
interparticle interactions is to use the linked-list method. In this approach, t~e
simulation cell is divided into n' smaller cells, each with an edge L/n (L is the
length of the MD cell) which is slightly larger than r,. Using two integer arrays, a
list of particles in each cell is constructed. The first array identifies the particle at
the top of the list in each cell and the second array links particles belonging to the
same cell.
A major advantage of the linked-cell list technique is that the computation time
is proportional to 14 * N, (L/n)3, since each cell has 26 neighboring cells (Newton's
third law is used to reduce the computation by a factor of 2). Furthermore, with
the linked-list method the minimum-image convention can be implemented efficiently on distributed-memory MIMD machines.
TI -! computation of forces can be further reduced with the multiple-time-step
(Mrs) approach. The MTS approach exploits the fact that the force experienced by
a particle can be separated into a rapidly varying primary component and a slowly
varying secondary component. The primary interaction arises from nearest neighbors of a particle, whereas the secondary forces are due to other particles within its
range of interaction. The calculation of forces thus proceeds in two steps:
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a. Using the linked-cell list method, a table of primary neighbors is constructed
for each particle at regular time intervals. In addition, this table includes neighbors
within a spherical shell between ra and ra + s, where ra is the nearest-neighbor
separation and s is referred to as the skin. The skin is added to avoid updating the
neighbor list at each time step. The primary contributions to potential enerpy and
forces are computed with the aid of the neighbor list.
b. The secondary forces FAt), vary slowly in time and therefore are calculated
with the Taylor series expansion,
F,.s(to + KzAt) = 1

-

F

"(t)

(I)

1-0

where V,11 is the lth time derivative of the secondary force at time t o. Similarly the
potential energy 4, can be expanded into a Taylor's series:
'-• (KAt)'
4÷A(to + KAt) = Z (K
tIO)
(2)
1=0

The list of primary neighbors, Fl, and t(') are updated after n time steps. The
choice of n and Ima, is dictated by the energy-conservation requirement.
Domain decomposition is the most appropriate scheme to implement MD simulations on distributed-memory MIMD machines. In this case, the total system is
divided into p subsystems of equal volume, and these subsystems are geometrically
mapped onto p processors [7-9]. For a cubic system of volume 92, the edge of each
subsystem is 1, = (Q/p)'"3 . rhe positions and time derivatives (up to fifth order in
the predictor-corrector method we have used) of all the particles whose coordinates
fall within the boundaries of a given subsystem are stored on the processor for that
subsystem. The forces and potential energy are again computed with the MTS approach and the linked-cell list scheme. Domain decomposition is updated after v
time steps, just before constructing neighbor tables. The primary forces are calculated
with neighbor tables. For particles at the boundary of a subsystem, it is necessary
to know the coordinates of particles on neighboring nodes which are within r. + s
from the boundaries. Relevant data for particles which move out of the subsystem
boundary into the domain of a neighboring subsystem are sent to that processor.
Secondary interactions consist of intranode and internode contributions. The
intranode contributions can be calculated straightforwardly with the linked-list
scheme. The internode contributions require data motion (positions, velocities,
etc.) for particles within the cutoff radius r, from the boundaries of subsystems on
different nodes. The message-passing strategy we have used is shown schematically
in Figure I. First the data from node 0 is sent to node 1, data from node I to node
2 ..... and data from node p - I to node 0 synchronously. Then using the linkedcell list method, the contributions to secondary forces, potential energy, and their
time derivatives are calculated. Node 0 sends back the calculated contributions to
node p - I while receiving the contributions calculated at node 1. Similar message
passing of calculated contributions takes place synchronously at other nodes as
well. Next node 0 receives data from node p - 2, node I from node p - 1,...,
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Figure i. lnternode communication strategy for secondary forces with eight processors.
Arrows indicate the direction of data motion.

and node p

-

1 from node p

-

3. The contributions to forces, potential energy,

and their time derivatives are calculated synchronously, and the results are sent
back to the nodes from which the data had been received. This procedure is continued until all the necessary interactions have been computed.
Performance of Parallel Molecular Dynamics Algorithm
The performance of domain-decomposition algorithm for MTS-MD simulations
was evaluated on the eight-node Intel iPSC/860 system in the Concurrent Computing Laboratory for Materials Simulations at Louisiana State University.. For
system sizes ranging from 4000 to 108,000 Lennard-Jones particles, simulations
were performed at a reduced temperature T* (=kB T/c) = 0.8 and number density
p. (=pc 3) __0.743 [7]. Equations of motion were integrated with a time step.
At=0.73 X 10-'4 s. The primary and secondary forces were cut off at 1.1 s and 2.5
s, respectively, and the skin for neighbor tables was taken to be 0.4 s.
In Figure 2 we show the system size dependence of the total execution time and
communication time. The computation time for primary forces is less than that

for secondary forces. The parallel efficiency, i• (=z,/(p* 4,), where t,, isthe execution
time on p processors and t, is the execution time on a single processor), for domaindecomposition algorithm is e~timated to be 0.9 and the algorithm sustains good
load balancing.

Recently, we have also implemented MD simulations involving the Ewald summation for Coulomb interaction on distributed-memory MIMD machines 181. The
Ewald summation [9] is the most widely used approach for the long-range Coulomb
interaction in bulk systems. In this approach, the interaction is written as a sum of
a constant term, a sum in the Fourier space. arii a sum of "short range" terms in
real space. The parallel algorithm we have designed for the Ewald summation reduces
the computational complexity from O(N31 2) to 0(N). This is achieved by ensuring
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Execution time as a function of the number of particles in a Lennard-Jones
system.

that both the real-space and Fourier-space contributions scale linealy with the size
of the system. In real space, the potential energy and force calculations are truncated
at r, = 5r0, where ro is the ion-sphere radius, ro = (3/4lrr)i/l. This cutoff maintains
the desired level of precision-0.01% for all system sizes. The real-space contributions are then calculated with the domain decomposition and the linked-list
methods which scale as 0(N). The computation of Fourier-space contributions
reveals tha, only a certain number of wave vectors need to be included. We performed simulations as a function of the number of Fourier components and system
sizes. It is found that an increase in the number of wa%, vectors from 309 to 2192
produces a change of 0.011T in the total potential energy. The computation time
for the k-space calculation increases linearly as the number of wave %ectorsincreases.
Thus, the total execution time for the Ewald sum scales linearly with the number
of particles (see Fig. 3) and is inversely proportional to the number of processors.
Structural Correlations in Densified and Porous Silica
Silica (SiO 2 ) is one of the most interesting materials because of its numerous
polymorphs. Over the years, many attempts have been made to investigate the
structure and dynamics of crystalline and glassy states of SiO, at high pressures.
Recent in sttu high-pressure X-ra.• diffraction experiments reveal significant changes
in the short-range and intermediate-range order in SiO 2 glass [101.
We have performed MD simulations to investigate the effect of pressure on structural correlations in silica glass [II]. An effective interatomic potential consisting
of two- and three-body terms has been used in these simulations. The two-body
potential includes long-range Coulomb interaction due to charge-transfer effects,
charge-dipole interaction due to large electronic polarizability of 02 ions. and
steric repulsion between ions. The three-body covalent potentials for Si-O-Si
and O-Si-O interactions include the effects of bond bending and stretching [ 12].
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Figure 3. Execution time as a function of the number of particles in a bulk Coulombic
system.

Our high-pressure simulations cover a wide range of mass density, from 2.20 g/
cm 3 (normal density) to 4.28 g/cm3. Figure 4 shows partial pair-distribution functions, g,, (a, 0 = Si, 0), for SiO 2 glasses at the normal density, 2.2 g/cm 3, and at
high densities, 3.53 and 4.28 g/cm5. For the normal density glass, the first peak in
gs,-o(r) gives the Si-O bond length to be 1.61 A. In addition, there is a small
shoulder around 3.80 A and a broad peak at 4.16 ,. The Si-O nearest neighbor
(nn) coordination is 4. The position of the first peak in gs,-.o(r) and the corresponding
nn Si-O coordination remain almost unchanged as the density is increased to
3.53 g/cm 3 . At a pressure of 43 GPa. where the glass density increases to 4.28 g/
cm 3, the first peak in gs,_ 0 (r) occurs at 1.67 A instead of 1.61 A and the Si-O
coordination increases from 4 to 5.8. In stishovite (a crystalline phase with nearly
the same density), the Si-O bond lengths are 1.76 and 1.81 A, and the Si-O
coordination is 6. In the glass at 4.28 g/cm 3, the second peak in gs,_o(r) is at 3.15
A, close to the next-nearest-neighbor (nnn) Si-O distance (3.20 A) in stishovite.
When the glass density reaches 4.28 g/cm 3, the first peak in gs,_s,(r) splits into two
peaks located at 2.59 A, close to the nn Si-Si distance (2.67 A) in stishovite, and
at 3.07 A which is close to the nnn Si-Si distance (3.24 A) in stishovite. The area
under the first peak gives a coordination of 2 while the area under the first two
peaks is 10. At normal density, the nn 0-0 coordination is 6. It increases to 10
at 3.53 g/cm3 and to 12 at 4.28 g/cm 3. In stishovite, the 0-0 coordination is 12.
In Figure 5. we present MD results for the density dependence of the static structure
factor. S(q). In the normal density glass, the first sharp diffraction peak (FSDP) is
located at 1.6 A-'. With an increase in the density, the height of the FSDP decreases,
its width increases, and its position shifts to higher values of q. (Elastic compression
cannot account for the observed shift in the position of the FSDP.) In addition, a
new peak appears when the density is in:reased by 20%. Located at 2.85 A', the
peak grows under pressure with only a slight shift in its position. The simulation
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Figure 5. Static structure factor. S(q), of normal and high density $i0

2

glasses at 300 K

results for the effect of pressure on S(q) are in good agreement with high-pressure
X-ray measurements by Meade et al. [101.
Figure 6 displays the MD results for O. Si-O and Si-O-Si bond-angle distributions in SiO 2 glasses at normal and high densities. As the density increases,
the peaks in these distributions broaden and also shift to lower angles because of
disO--Si--O
increased distortions of Si(0 / )4 tetrahedra. At normal density, theg/cm
3
, the 0the glass density reaches 4.28
tribution has a peak at 10901 2When

Si--O distribution develops broad peaks at 900 and 1710° In the normal density
SiO 2 glass, the Si--O--Si bond-angle distribution has a peak at 1420 with an F'WHM
of 260. (Both of these results are in excellent agreement with NMR measurements
[12].) With densification, this peak shifts to lower values. The Si--O--Si bond3
angle has broad peaks around 950 and 1280 in the glass at density 4.28 g/cm .
These values are close to the Si--O--Si angles, 98.650 and 130.670, in stishovite.
Thus, the results for pair-distribution functions and bond-angle distributions in
SiO 2 glass at 4.28 g/cm 3 provide strong evidence for corner-sharing and edge-sharing
Si(O0,3)6 octahedra.
Recently, we have also investigated structural correlations in porous silica. This
material is environmentally safe, has a large thermal resistance, and high optical
transmission. It is an excellent alternative to CFC foamed plastic in thermal insulation
of refrigerators and also a desirable material for passive solar energy collection
devices. Efforts are also being made to produce optical switching devices by embedding semiconducting microclusters in the pores of aerogel silica.
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Our MD simulations for porous silica cover a wide range of densities, from 2.2
to 0. 1 g/cm3 [ 13]. The simulated systems are large enough (41,472 particles-, the
lowest density system is a cube with an edge of 240 A) to cover the entire range of
structural correlations. Computer generated porous glasses we!re prepared as follows:
The starting configuration was 3-cristobalite at room temperature. This system was
heated to 5000 K over a period of 72.000 time steps (1 time step = 0.5 X 10-`5 s)
and then equilibrated for 30,000 time steps. Subsequently, we cooled the system
to 4000 K over 12,000 time steps and again thermalized for 30,000 time steps.
Following this cooling and thermalization process, glasses were generated at 3000,
2000. 1500, 600, and 300 K. At each temperature. MD simulations were performed
for an additional 30,000-60,000 time steps. Porous glasses were produced bN uniformly scaling the coordinates of all the particles in the room-temperature glass by
a factor of 1.02-1.02o. After scaling, the system was thermalized for 30.000 time
steps. Subsequently. the conjugate gradient scheme was used to bring the system
to the lowest local energy configuration. In such a relaxed system. particles were
given random velocities according to Maxwell-Boltzmann distribution and statistical
averages were accumulated over 9000 time steps.
In Figure 7(a), we show pair-distribution functions on a logarithmic scale at
several densities. At lower densities, one finds not only the peak at 1.61 A but an
additional peak at 1.58 A. The latter is due to Si-O bond in triangular units whose
number grows as the density is lowered. Superimposed on the peaks in g(r) is a
powei-law decay from which one can determine the fractal dimension d, of the
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Figure 7 (a) Log-tog plot of pair distribution functions. g(r), of silica g'asses at densities
at 0.1. 0.4. 0.8. and 1.5 g/cm3 . (b) Fractal dimension df as a function of density.

silica network: dj = 3 + d log[g(r)]/d log(r). Figure 7(b) shows the decrease in the
fractal dimension as the density decreases.
Two of the most important parameters for porous glasses are the internal surface
area of pores and the pore surface area-to-volume ratio. These characteristics of
pores are determined as follows: The system is divided into cubic cells of volume
(4 A)3. Counting the number of empty cells and multiplying it by (4 A)3 gives the
pore volume. The pore surface area is determined by the number of interfaces
separating empty cells adjacent to occupied cells and multiplying that number by
(4 A)2. Figure 8(a) shows the increase in the internal surface area and Figure 8(b)
the decrease in the pore surface area-to-volume ratio as the density decreases. The
latter is a measure of the average pore size. The density dependence of the internal
surface area of pores is in good agreement with experiment ( 14].
Conclusion
Molecular-dynamics simulations have been efficiently implemented on distributed-memory MIMD machines with the aid of multiple-time-step approach and the
linked-cell list scheme. The complexity of this parallel algorithm is O(N) and it
scales inversely with the number of processors. We have applied this algorithm to
investigate structural correlations in SiO 2 glasses at various densities. Currently, we
are implementing this approach on the Delta machine at Caltech so that we can
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Figure 8 (a) Internal pore surface S versus densit) calculated from the configuration of
the MD porous glasses. (b) Pore surface-to-Nolume ratio. S/I . vs density calculated from
the configuration of the MD porous glasses.

simulate sufficiently large systems (- 106 particles) to investigate atomistically the
phenomenon of fracture in ceramics and glasses.
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Abstract
In this article we descnbe the implementation of a scheme based upon the McMurchie-Davidson
recursion relationships to calculate two-electron integrals over Gaussian-type functions in extended systems.
Features illustrating the computational efficienc., of the approach are highlighted together with additional
aspects of our program to compute the ab mnto band structures of polymers. The algorithm is applied
in calculation of the band structure and Sum O~er States polanzabilit% of polyethylene and polysilane
using standard basis sets augmented with polanzation functions. The role of polanzation functions is
seen to be small in polyethylene. but in polysilane the silicon d-orbitals make significant contributions
to the bonding along the backbone of the chain. This increase in bonding character results in a reduction
in the calculated polanzabiIN in going from the unpolanzed to polanzed basis sets. & 1993 John Wile)
& Sons. Inc

Introduction
There has been much development in recent years in the theory and application
of the quantum theory of polymers to the point where ab mitio self-consistent field
(SCF) calculations can be performed routinely on systems with small and moderately
sized unit cells [I]. Studies on simple polymers (for example: polyethylene, polyacetylene, polysilane. • - - ) have provided valuable insight into the electronic structures of polymers and an understanding of their properties. However, almost ail

these studies have been carried out using either minimal or double-zeta basis sets,
with tb-. use of extended or polarized basis sets still being exceptional. In molecular
stud~es, the use of extended and polarized basis sets is I -w commonplace and is

seen to be important, particularly in the reliable predictioi, of molecular geometries
and properties. The development of efficient algorithms to enable functions of

higher angular momenta to be included in calculations upon infinite systems is
now desirable in order to investigate the contributions such functions make to the
computed energies, band structures, and properties. The importance, or otherwise,
of d-orbitals in the bonding of polymeric systems has recently been the source of
some debate in the literature [231].
*
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Organic polymers are the subject of major interest due to their potential both as
conductors and as important materials in opto-electronics [4,5]. The accurate
theoretical prediction of the electronic structure and properties has an important
role to play in providing insight into the mechanisms and structure-property relationships involved and, in order to fulfil this, the development of efficient and
powerful algorithms is essential.
Generally speaking, the evaluation of the two-electron integrals is the most timeconsuming step in polymeric calculations. Several schemes to compute these integrals over Gaussian basis functions have been developed and implemented for
use in molecular calculations [6-10]. In extended systems the basic problem remains
the same as in the molecular case, though efficient algorithms also depend on specific
use being made of features inherent in polymers, such as the translational and
helical symmetry.
The theory of LCAO band structure calculations has been covered in detail in
recent reviews [ 1,11]. To avoid repetition, we restrict our theoretical discussion as
far as possible to aspects directly related to the two-electron integrals. We then
present a description of the implementation of an algorithm based upon the
McMurchie-Davidson scheme [7] to the calculation of two-electron integrals in
infinite systems. A brief description of the use of permutational symmetry in the
integral indices and of the exploitation of symmetry in the construction of the Fock
matrices is also given. For the sake of completeness, we also include a brief description of the computation of the asymptotic polanzability per unit cell of infinite
systems using the Sum Over States method [12 ].
Using the integral algorithm outlined in the next sections, we present the results
of a study into the effect of the inclusion of d-orbitals in the basis sets for polyethylene
and polysilane. The first of these systems is one of the classic systems to study in
polymer quantum chemistry (reviewed recently in [13,14]), and has been studied
previously in the ab initio crystal orbital approach with polarization functions added
to the basis set [ 15 ] Polysilane was chosen because of its structural similarity to
polyethylene and the fact that one can reasonably expect the inclusion of polarization
functions to have a more pronounced effect than in a system containing first-row
atoms on' Polysilane is the source of considerable interest due to the sigma conjugatiot .,ng the polymer backbone [16]. Finally, we present some conclusions
which can be drawn from the preliminary results and an indication of potential
avenues for both short- and long-term investigation.

Aspects of Computation
Two-Electron Integrals in L.CAO Calculations of Band Structures
The standard quantum mechanical treatment of polymers is based on the periodic
model of the polymeric chain. Through Bloch's theorem. the one-electron wavefunctions can be represented as Bloch functions
.0.(k, r) = exp[ikz]u,(k, r)

(1)
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in which the periodicity axis is chosen to be the z-axis. exp[ik:] is a non-periodic
free-electron like contribution and u,(k, r) is a periodic contribution, having the
same periodicity as the lattice (un(k, r) = uti(k, r + jaez), where a is the length of
the unit cell and j is an integer). The LCAO Bloch form of a single atomic orbital,
X(r - P). where P represents the co-ordinates of the origin of the atomic orbital,
is written
0 (k. r) = Z c1X(r - P -jae:)
(2)
exp[, kja]X(r - P -jae:)

= NCI12

where NCj" 2 is the normalization factor for a polymer of N- cells, and the sum
overj represents a sum over N( cells. The LCAO Bloch form describing an orbital
over the whole polymer is expressed as
- P - jae-)
cpX,(r
J

ck.(k. r) =
I

P

(3)

exp[ikja] • cp, (k)Xp(r - P -jae:)

= Nc./2

IP

I

where n is the band index, k the position vector in the first Brillouin zone. and the
superscripts 0 1 identifying the zeroth and jth cells, respectively. The Fock matrix
elements. F(,. are given by
= f Xp(r - P)57Xq(r - Q -jae-)

f

=

°X(r)7XJq(r)dr

(4)

where j is the one-electron Fock operator. Equation (4) can be expanded into its
individual terms to give
I r's') - (ps'lrhqJ)] (5)
D h [2(pq
[
Ih +
Z
pq= TO) h

h

I

I

r•

in which To' and I .ol1 are the kinetic energy and potential energy matrix elements.
The two-electron integrals appearing in Eq. (5) are defined as
Xh

0

()qI

r N

I

I

(r )X,(r')
drdr'.
q r - r'l
JJf X,,(r)XJ(r)X

( )
=

(6)

The electron-electron Coulomb contribution to the Fock matrices can be simplified
to [17.18]
Do"=
' 2: (p()ql

cR
II

r

I

Ip

=

j

h

(7)
,

Ir**.

II r=
I
where use has been made of the periodicity of the electron density. D.,

=

r
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[ 17,18 ], and the sums over I and h in Eq. (5) have been replaced by a new index
in = i - h. The most important feature to note here is that the integral enclosed
within the curly braces {poqJl r*s*+"} = >Zh(pOqJj rhsh'f), which we describe as

the "compacted Coulomb integral" [ 18 ], can be calculatcd and stored once in the
evaluation of the two-electron integrals and does not evolve Jr, successive iterations
of the SCF procedure. This results in a reduction in the number of integrals stored,

and a subsequent reduction :n the number of I/O operations and the manipulations
which need to made to compute the Coulomb ccntribution to the Fock matrices.

In the program developed in our laboratory [19,20] two different ranges are
used for the evaluation of the Coulomb and exchange contributions to the Fock

matrices. Firstly, there is a short-range region, j, 1 = [-N, +N], in which all the
electron-repulsion integrals are computed exactly. Beyond this, we define an intermediate-range region, h = [- M, + M] where M > 2N, in which the Coulomb
contributions are evaluated exactly and summed into the compacted integral.
Finally, beyond MAa multipole exransion technique is used to treat the Coulomb

interaction to infinity [21] taking the nuclear attraction Coulomb term to give a
convergent series. For the exchange contribution, however, the evaluation of the
terms is restricted to the short-range region only at the moment. The investigation
into methods which correctly evaluate the exchange contributions to infinity is
an active area of research [ 22,23].
IntegralEvahlation in Extended S~ystems
Generally, the contracted Gaussian atomic orbitals used in molecular calculations,
defined by their- set exponents and coefficients, are assigned to a unique center. In
symmetric molecules, the symmetry operations relating different centers (of the
same atom type) can be used to reduce the computational task involved. In polymeric calculations, the same atomic orbital exponents and coefficients assigned to
an atom in the reference unit cell are used in the translational repeats of the unit
cell along the polymer chain. Efficient computation relies, in part, on the maximum
reuse of information and avoiding the unnecessary recalculation of factors. With
this in mind, it is possible to simplify the calculation of integrals in extended systems
through identifying factors which can be said to be "translationally invariant," that
is terms involving the orbital exponents and coefficients, prior to considering the
translational repeat. The existence of point group symmetry in the unit cell and
the adjacent cells being related by a helical twist [24,25] also serve to reduce the
magnitude of the computational task, though these are outside the scope of the
discussion here.
A schematic representation of an algorithm based upon the McMurchie-Davidson
(M-D) scheme [7] adapted to extended systems for the calculation of electronrepulsion integrals
(pqllrh~h
= C xl,(r)X,(r)Xr'(r')x, (r')

(p~q' Irs')

-

JJ

Irr'0

- drdr'

(8)

ex'tended systems is given in Figure 1. The upper-case indices, P, Q, R, S, are used
to identify the shells, while the lower-case indices refer to atomic orbitals. The M-
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loop over shell indices P and Q
Compute cell-independent information
Pro-factors for charge distribution
loop over j-1,N
Compute cell-dependent information and
generate charge distributions for indices p and q
over numcel cells

loop over shell indices R and S
Compute cell-independent information
Pre-factors for charge distribution
loop o

!-.1,N

Compute cell-dependent information and
generate charge distributions for indicesr ands
for a single combination of cell indices
loop overj=1,N
loop over h-1,M
Compute integrals X(p,q~r,s,j,h,I)

Process integrals over M cells

Figure I. Representation of McMurchie-Davidson-like algorithm for the computation
of two-electron integrals applied to extended systems.

D scheme is based upon expressing the two-electron integrals in terms of auxiliary
functions which can be expressed in terms of a set of recursion relations.
Looking at Figure 1 in a little more detail, the first step inside the outer loop
over shells P and Q is to compute the factors necessary for the computation of the
charge distributions which are independent of the origins of the shells, that is factors
which only depend on the exponents and coefficients of the Gaussian primitives
which go to make up the shells. The recursion relations necessary to compute the
overlap distributions are then generated using the recursion relations for the indices
p and q over all cells to be included in the short-range region. This information is
stored in core memory for fast access in the integral evaluation steps in the inner
loops for allj = -N, +N.
Analogous steps are then carried out for the second pair of indices R and S to
generate the cell independent information, followed by the cell dependent factors
inside the loop over 1. These are formed for a single value of 1at a time and make
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use of the fact that the center of the overlap distribution for r and s is subject to a
translation of ha along the periodicity axis in the evaluation of the integrals in the
loop over h. The integral evaluation, which is performed in the innermost loop
over cells, is essentially identical to the molecular case. A total of M X num integrals,
where num is the number of integrals resulting from the quartet of shells, P, Q, R,
S, is calculated in a single step through the loop over h. These integrals are stor',
in core memory prior to being processed and written to disk. This processing consists
of a final test to ensure that the value of the integrals exceed a certain threshold
and that the triplet of cell indices are within the defined range and will contribute
to the Fock matrices.
The algorithm outlined above and i!lustrated in Figure 1 is included in the latest
release of the PLH program, PLH-93 [191.
Use of PermutationSymmetry
Since the calculation of the two-electron integrals is so computationally intensive,
it is beneficial to exploit measures which can result in economies. The permutational
symmetry of the indices of the integrals [261 can be used to reduce the number of
integrals which need to be calculated and stored. This is a well-known feature for
molecular calculations [ 27 ], and its application in ab initio polymeric calculations
is demonstrated below.
For the molecular case, a two-electron integral (pq Irs) is equal to seven other
integrals (assuming p, q, r, s are not equal) obtaincd through permuting.the indices
as
(pqlrs) = (pqlsr) = (qplrs) = (qpjsr) = (rslpq) = (rslqp) = (srlpq) = (sriqp)

which means thaL only one of these integrals has to be calculated and stored.
Adopting the shorthand notation for the compacted Coulomb integral epNrs(j,
m) = {p'qlI rs* }", the following equalities can be used in polymeric calculations
epqr(Ij, m) = Opqvr(I, -iM)
= Onrsqp(m, -D)

= 0qprJ(-J, m)

=

e qps.,(--j,

-iM) = & ,,pq(fm-,j)

= 0,pq(m,j) = erqp(-m, -j)

These relations are only formally valid for the summation - 0 < h < 00. Thus
the inclusion of long-range effects is important in the use of the above relations.
An equivalent set of relations holds for the exchange integrals
(pqJ Irhsn") = (pqIs"

) = (qpJ Irh-jsh+m-J)

= (rsmlp-hqJ-h) =

=

(qp-J Sh+m•Jrh-J)

(rsrlqi-hp-h) = (sr -mp -h-mqJ

-h--m)

= (sr-,Iq
j-h-mp-h-m)

Calculationof Sum Over States Polarizabilities
Recently, a scheme has been proposed for the rapid computation of the asymptotic
longitudinal frequency-independent polarizability per unit cell of infinite systems
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within the Sum Over States (sos) approximation [ 12 ]. This calculation is performed
as a post-SCF step, and through providing an estimate of the polarizability can
provide at leas: a qualitative insight into the nature of bonding and the extent of
conjugation ;n polymers.
The longitudinal polarizability can be expressed as
IS2,a(k) 2
k-k
a:: 4 Z Z
I

a

4

,k

-c

k

where the sums over i and a represent sums over occupied and unoccupied bands
respectively. Q,.(k) are the dipole transition strengths [28-30]. In order to calculate
the polarizability per unit cell, the sum over k is replaced by an integration over
the first Brillouin zone, to give

a-,

2a

NC

7r

'

Ij ,,Ra(k)I 2

CA - -,k

=

fa-(i, k) dk

=

a,:(i).

The final result in the above expression illustrates how the polarizability can be
decomposed into the contributions made from each of the occupied bands. This
can be used to establish relationships between the topology of the bands and the
polarizability to provide insight into the nature of bonding and conjugation in the
polymer [ 12,311].
EN .dently, the sos scheme has its limitations. It corresponds to an uncoupled
scheme -ind its numerical results can be only be treated as very rough estimates.
However, it is able to predict the correct trends of the polarizabilities in groups of
compounds and can thus enable qualitative comparisons to be made.
Results
The two systems considered here are polyethylene and polysilane. Initially, a
series of "restricted" geometry optimizations were carried out on oligomers of increasing size, H - (X 2H4 ),-- H, where X = C, Si and n = 1-6, with the 6-31G
and 6-31G* (ad = 0.8) basis sets [32] for the alkane chain and the 3-21G and 321 G* (ad = 0.45) basis sets [33] for the silane chain, using Gaussian-90 [34]. The
geometry optimization was restricted in the sense that all atoms forming the backbone of the oligomers were constrained to be coplanar, the plane containing the
backbope designated a mirror-plane, and a C 2 rotation axis maintained perpendicular to the plane. The parameters used in the polymeric calculations were deduced
from the geometry of the central - C 2H 4 - and -- Si 2H4 - groups obtained in the
optimization of the largest oligomer. These geometries are summarized in Table I.
The calculations to compute the total energy. band structure, and sos polarizabilities were carried out using PLH-93 [19]. In all cases the short- and intermediate-
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Optimized geometncal parameters and unit cell lengths used in polymeric calculations.
Parameters deduced from central -C 2 H4 - and -Si 2 H4 -- units in oligomenc optimizations on
C12H 26 and S12 1H
26 with their respective basis sets.

TABLE 1.

Polyethylene:
6-31G
6-31G*
Ref. [14]
Ref. [35]
Ref. [36]
Ref. [37]
Ref. [38]
Polysilane:
3-21G
3-21G*

Rx-x

RX-H

<(X-X-X)

1.533
1.530
1.541
1.1534 ± 0.006
1.533
1.527 ± 0.007
1.586

1.088
1.089
1.087
1.05
1.07
1.091
1.08

2.384
2.346

1 489
I 481

<(H--X--H)

a

113.25
113.32
112.5
112.0 ± 0.3
112.0
112.0 ± 0.8
107.7 ± 0.3

106.35
106.18
107.2
106.5
107.0
109.0
109.0

2 560380
2.556396
2.563
2.,54
2.46
2.53
2.55

111.72
112.29

108.29
107.56

3.946324
3.897304

All bond lengths are given in A and angles in degrees.

ranges of interaction were defined to be 2N + I = 13 and 2M + I = 25, respectively.
The thresholds for the two-electron integrals was set to 10-7 a.u. and the convergence
criterion for the density matrix elements to b, 100--5. The results of these calculations
are shown in Table II. The analysis of the contributions to the computed polarizabilities in tenrs from each of the valence bands are given in Tables III and IV.
Discussion
For polyethylene, the addition of polarization functions to the basis set has only
a small effect. In the first instance, this is manifest in the small differences between

TABLE Il. lotal energies per unit cell and longitudinal polarizabihties per unit cell and per unit length
for infinite polyethylene and polysilane chains.

Polyethylene.
6-31G'
6-3lGh
6-31G* h
Polýsilanc.
3-21G'
3-21Gb
3-21G* b

a:: per

a:: per

Total energy

unit cell

unit length

-78 036867
-78.036857
-78.069384

16.417
16.355
16.712

3.392
3.385
3.459

-577.116837
-577.116213
-577 292676

63.778
61.101
54.259

8.552
8.296
7.367

All values are given in atomic units.
'Quantities are calculated at the optimized geometr-y of the 6-3 IG or 3-21 G basis sets. respecuielý.
' Geometries obtained with the polarized basis sets are used.
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TABLE Ill.

Valence band contrbutions to the sos longitudinal
polarizabilities of polyethylene.

Band

6-31G'

6-31G b

6-31G* b

3
4
5
6
7
8

0.153
0.439
0.489
2.032
6.257
7.038

0.153
0.441
0.491
2.050
6.237
6.976

0.163
0.539
0.640
2.465
5.911
6.985

0::/A

16417

16.355

1o.712

' Results were obtained using the 6-31G and the 6-31G* optimized
geometries, respecti%elN.
All .alues are in atomic units.

the geometries obtained with the 6-31 G and 6-31 G* basis sets. This is not surprising,
as one would expect the unpolarized 6-31 G basis to give a good description of the
bonding in ethylene chain, and that this description would not be greatly enhanced
through the addition of polarization functions only. The two basis sets used here,
however, do show an improved agreement with experimentally determined geometrical parameters over those obtained with smaller basis sets (see [14] for a
discussion). The small lowering in energy and slight increase in longitudinal polarizability indicate that the effect of the presence of d-orbitals is minimal. The
valence band structure of polyethylene with the 6-31G* basts is given in Figure 2.
The 6-3 1G band structure is not included as the differences between it and Figure
2 are almost imperceptible. The differences between the band structures obtained
with the 6-31G and 6-31 G * basis sets are very small indeed, the discrepancies
between the band energies all being <10 mHartree.
TABLE IV.

Valence band contributions to the sos longitudinal
polanzabilities of polysilane.

Band

3-2 1G'

3-2lGb

3-21G* b

II
12
13
14
15
16

0606
0.596
1428
1.902
14.557
44662

0.557
0.602
1.476
2.006
14.261
42.172

0.704
1.087
1.940
3.018
11.706
35.681

0::/A

63.778

61.101

54.259

"* Results %%ereobtained using the 3-21G and the 3-21G* optimized
geometries. respcctlel.•.
All values are in atomic units.
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- .5 . .........

k
9.5

Figure 2.

i..e

Valence Bands of polyethylene calculated with the 6-3 1G

basis set.

The analysis of the contributions of the occupied bands to the computed polarizabilities of polyethylene are similar in both cases, which in turn are similar to
analyses previously published [14,31 using smaller basis sets. The sizes of the sos
polarizabilities obtained here with the 6-31 G and 6-31 G * basis sets show the expected slight increase over those obtained in these studies with more limited basis
sets (a., = 16.332 (3-21G) and a=: = 8.080 (sTo-3G)). The largest contribution
to the polarizability is due to the highest occupied band. At the point k = 0, this
band is highly delocalized, and analysis of the LCAO coefficients shows that it is
predominantly composed of contributions from carbon p: orbitals [13]. On the
addition of d-orbitals, this band is slightly stabilized by small d-components of the
LCAO coefficients along the polymer backbone. This results in a slight increase in
the gap between the valence and conduction bands (8.6 -* 8.8eV).
The effect of the inclusion of polarization functions is much more striking in the
case of polysilane. The optimized geometries of the oligomers with the two basis
sets are noticibly different, with a shortening of the Si--Si bond, a slight widening
of the Si - Si - Si angle in the backbone and a closing of the H - Si - H angle
in going from the 3-21G to 3-2 1G* basis sets. These observations are in agreement
with previous studies [35-37 ]. The band structures and density of states of polysilane
obtained with the two basis sets are represented in Figures 3 and 4. The most
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E Ck)

E (a. u.)
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k
3.3

3.5

D(E)

1.3

3. 23.

40.

69.

81. 1".

Figure 3. Valence Bands and Density of States of polysilane calculated with the 3-21G

basis set

significant change is apparent in the values of the polarizability, which show roughly
a 10% decrease on the addition of the polarization functions. This is surprising, as
one might intuitively expect an increase in the polarizability on the addition of
polarization functions. This effect has been noted previously [ 38] in coupled Hartree-Fock calculations of the polarizability of silane and disilane with more extensive
basis sets. Thus, it seems that the observed decrease in the polarizability here is not
solely due the deficiencies of the sos method or small size of the basis set, but
instead point to a role for d-orbitals in the description in the bonding in polysilant.
This is supported by the observed shortening in the Si - Si bond and not insignificant contributions from the d-orbitals to the LCAO coefficients. Further calculations
[38-40] indicate that the choice of exponents of the polarization functions is crucial
and that, ideally. more than one set is desirable to describe the bonding and polarizability.
The major contributions to the computed polarizabilities are due to the highest
occupied valence band, as was the case with polyethylene. At k = 0, this band is
predominantly composed of silicon p2 orbitals, with smaller, though significant,
contributions from the d-orbitals with lobes pointing along the polymer backbone
for the polarized basis set. The marked reduction in the contribution to the polar-
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E(a. u.)

E(k)

-0.S5

-1. 5

D(E)

k
I.9
Figure 4.

8.5

1.3

9. 2L. 406.b.11.

Valence Bands and Density of States of polysilane calculated with the 3-21G*
basis set.

izability from this band on the addition of the polarization functions indicate increased localization of the charge and a reduction in the u-conjugation along the
polymer backbone. We are not in a position to say that the a-conjugation was
previously overstated, but rather that the 3-2 IG* basis should give an improved
description of the bonding in polysilane and that more accurate studies will rely
on more extended basis sets, perhaps with multiple sets of polarization functions
with carefully chosen exponents.
Conclusion
In this article we have given a brief description of an algonthm particularly suited
to the computation of two-electron integrals in extended systems, together with the
application of the algorithm to the calculation of the band structure and SOS pOlarizabilities of polyethylene and polysilane using standard basis sets augmented
with polarization functions. In the case of polysilane, the polarization functions
added to the silicon atoms play a role in increasing the bonding character along
the polymer backbone. This improvement on the description of the bonding in
polysilane is at the expense of the calculated polarizability. suggesting that more
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than one set of d-exponents are necessary to describe the bonding and response
properties correctly. Further investigation is also necessary into the question of
whether it is appropriate to use the same exponents in molecular and polymeric
calculations.
There is much scope for further work into the effect of the addition of polarization
functions into the computed energies and properties of polymeric systems.
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Experiments Pursuant to Determining the Barrier
Traversal Time for Quantum Tunneling
MARK J. HAGMANN and LIYANG ZHAO
Departmentof Electricaland Computer Engineering. Florida International UniversitY.
Afiami. Florida33199

Abstract
Laser illumination of the junction of a scanning tunneling microscope (STM) modulates the barrier
height by adding the electric field of hght. Numerical simulations suggest that the dependence of tunneling
current on the magnitude and frequency of the modulation can serve as a basis for determining the
duration of barner traversal. Modulation increases the mean value of the current when the frequency is
much less than the reciprocal of the travcrsal time. Our simulations also suggest that a 670 nm laser
diode at a power density of 100 W/cm 2 will reduce the tunneling current. The latter effect is contrary
to most competing phenomena such as current rectification, photo-assisted tunneling, thermal-assisted
tunneling, and thermal expansion. We are completing a novel sTm which has decreased noise and increased
stability in order to make the laser/STM measurements. © 1993 John Wiley & Sons. Inc.

Introduction
The duration of quantum tunneling is a topic that has generated much interest

and controversy (for reviews, see Refs. [1]). Experiments with heterostructures [21
and Josephson junctions [3] suggest that a specific time is associated with barrier
traveisal. Quantum mechanics does not describe the motion of particles within the
classically forbidden region, so that a variety of procedures have been used to calculate the duration of quantum tunneling. However, the results do not agree [I].
Most methods give a definite value of traversal time for a specific problem, which
appears inconsistent with the statistical nature of quantum phenomena. Distributions of tunneling times have been predicted using Feynman path integrals [4],
Bohm's causal interpretation of quantum mechanics [ 5 ], and a hybrid procedure
[6]. Again the results do not agree.

It has been shown [7 ] that tunneling through the reaction barrier must be added
to the models in transition state theory in order to obtain accurate quantal microcanonical rate constants at high energies. Thus, accurate modeling of chemical
reactivity requires correcting for time delays due to tunneling, in addition to the

well-known delays associated with passage over the barrier [8]. Tunneling times
must also be considered for accurately modeling solid state devices. Measured tunnel
conductance in heterostructures differs from theory by as much as 2 orders of

magnitude unless static image corrections are used for large traversal times and
dynamic effects for short traversal times [ 21. Tunneling occurs in most solid state
International Journal of Quantum Chemistry. Quantum Chemistry Symposium 27. 807-814 (1993)
,Z, 1993 John Wiley & Sons. Inc
CCC 0020-7608/93/010807-08
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devices, at least in the ohmic contacts [9]. The barrier traversal time in ohmic
contacts is probably on the order of 10 fs, so that it may generally be ignored; but
it should be considered in picosecond switching and terahertz technology. We anticipate that the effects of tunneling times will also be encountered as progress
continues on the generation of femtosecond optical pulses [10].
Several experimental methods have been used to examine tunneling times, but
the results are inconclusive. (1) Analyses of measurements of tunnel conductance
in heterostructures [2 ] suggest that the response of image charges is dependent on
the traversal time. There is much scatter in the data, but the results appear to be
consistent with the semiclassical traversal time. (2) Measurements of the effect of
a static magnetic field on the tunneling conductance of heterostructures have been
used to determine the traversal time [I I], but the data may also be explained
without reference to tunneling times [12]. (3) Tunneling dynamics was studied in
a shunted Josephson junction [ 3 ], but this involves tunneling between the states
of a device and does not directly relate to tunneling by particles. (4) An operational
tunneling time was determined from measurements of current rectification in a
laser-illuminated scanning tunneling microscope (STM) [13]. However, the observed
decrease in current with increasing barrier length is not significantly different from
the exponential dependence of the transmission coefficient on the barrier length,
so that the data may be explained without reference to tunneling times.
Measurements of tunneling times are needed because of the significance of this
topic and the present lack of agreement in theoretical analyses. We will make laser/
STM experiments that are based on modulation of the barrier height by the electric
field of light, rather than current rectification used in the earlier studies by Nguyen
et al. [13 ]. Theory suggests [14] that tunneling has two distinct regimes in respect
to the modulation frequency with a crossover where the angular frequency equals
the reciprocal of the traversal time.
Method of Analysis
We model tunneling [ 15 ] as a "climb over the barrier" during energy fluctuations
consistent with the uncertainty principle. Cohen postulated [ 16 ] that the probability
of a fluctuation decreases exponentially with the product of the magnitude and
duration, which product we refer to as the action of a fluctuation. Cohen did not
treat tunneling times, and considered only the mo,,t probable fluctuations (minimum
action permitting tunneling), thus deriving the %,KBsolution for an opaque barrier.
We have shown [ 15 ] that this procedure also results in the semiclassical traversal
time, given by T, = dVm/(2(Vo - E)), where m and Eare the mass and energy
of the particle and Vo and d are the height and length of a rectangular barrier. We
follow the convention of calling this time "semiclassical" because it is the classical
time for traversing the inverted barrier [ 14].
While the result is by no means unanimous, a number of other procedures in
addition to considerations of energy fluctuations [ 15 ] also result in the semiclassical
traversal time. These methods include ( I ) barrier modulation [ 14], (2) modulating
the incident wave [17], (3) solutions for a sharp wave packet [18], (4) flux-flux
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correlation factors [19). (5) dissipation by a string [20]. (6) d namic image potentials [21], (7) temperature effects in macroscopic tunneling [22], (8) "bounce"
time for macroscopic tunneling [23], (9) probability amplitudes for momentum
[24], (10) duality with ray optics [25]. and (II) calculations with path integrals [26 ].
We make the approximation of using a rectangular barrier in modeling the effect
of a laser on the current in an STM. Others have suggested several more elaborate
expressions for the potential [27 ]. The accuracy of these expressions may be questioned because they contain appreciable image corrections, and it appears that the
use of static or dynamic images is itself dependent upon the traversal time [2 ]. It
is common to approximate an arbitrary barrier by an "equivalent" rectangular
barrier having the same average height in calculations of tunneling current [28],
so that this approximation is made for the present.
The barrier length d is divided into N segments of length dIN, such that each
part is small enough that the potential is approximately a constant I'during transit
by an electron. We assume that an energy fluctuation causes *he particle to traverse
each segment, and set the magnitude AE = V - E + mv 2 /2. where the particle
has mass m, velocitN v. and unperturbed energy E. Within each segment we consider
onl. the most probable fluctuations, those with the least action permitting
tunneling. Thus, within each segment the velocity v equals V2(1 - E)/m. the
action of the fluctuation .4 equals d 2mý - E/N. and the traversal time isgi'.en
by the semiclassical value T = dVm/(2(1 0 - E))/N.
For each chosen set of the parameters-wavelength, barrier length and height,
and level of modulation-a numerical simulation is 'nade for M different values
of the modulation phase at which the electron enters the barrier. In each simulation
the values of T and .4 are calculated within each segment using the instantaneous
value of the modulated potential for I, and summed to determine T, and As, which
are the traversal time and action for traversing the entire barrier. The relative value
of the transmission probability is determined in each of the M calculations by
assuming that the probability of the fluctuation is proportional to exp( - A,h )
[ 15 ], where h is Planck's constant. The relative value of the current with modulation
is then found by dividing the mean value of the exponential for each of the M
calculations by the value of the exponential for no modulation. The calculations
are repeated with larger values of N and M until these two parameters are found
to have a negligible effect on the output. The results of several simulations are
presented in the following section of this paper.
Results of Analysis
Figure I shows the relative current as a function of the wavelength of modulation
for 4.0 eV elect;ons with a rectangular barrier having a length of 6.0 A and a height
of 5.01'. The three levels of modulation correspond to illumination at different
power densities. For modulation at long wavelengths, the electron traverses an
approximately static barrier in which the height is either increased or decreased,
depending on the phase at the time of entry. Due to the exponential dependence
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Relative current vs. modulating wavelength for 4.0 eV electrons with bamer
length = 6.0 A and height = 5.0V.

of current on barrier height, these effects do not cancel. Instead, the modulation
increases the mean ,alue of the current at long wavelengths.
For modulation at short wavelengths the height of the barrier is alternately increased and decreased during barrier traversal. Due to the nonlinear dependence
of current on barrier height, the effects of the intervals with increased barrier height
dominate, and modulation tends to decrease the mean value of the current at short
wavelengths. Since there is a distribution of traversal times, instead of the definite
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Figure 2. Relative current vs. level of modulation for 4.0 eV electrons with bamer height
= 5.0t'and modulating wavelength = 670 nm.
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values of time implicit in other analyses [14] the transition between the regimes
for long and short wavelengths in Figure 1 is quite broad.
Figure 2 shows the relative current as a function of the level of modulation for
4.0 eV electrons with a barrier height of 5.01'. In Figure 2 the wavelength of modulation is 670 nm, which is a typical value for visible laser diodes. A power density
of 100 W/cm 2 , providing adequate modulation, may be obtained with a 20 mW
laser diode focused to a minimal spot size. The data in Figure 2 suggest that, for
barrier lengths between 6 and 10 A, the current decreases as the power density of
the modulating signal is increased.
Description of Apparatus
We will make laser/STM experiments pursuant to determining the barrier traversal
time. Initially we will determine the dependence of current on power density when
the STM junction is illuminated with a 670 nm laser diode, and the results will be
compared with simulations such as that shown in Figure 2. At a later point, we
will measure the current when two or more lasers sequentially illumine thejunction
of an STM, and look for the transition shown in Figure 1. We are completing a
novel STM with decreased noise and increased stability in order to perform these
experiments. The feedback loop used to maintain a constant tunneling current will
be interrupted for a brief period (typically less than 100 ms) while the current is
recorded and the laser is pulsed.
We use a lead zirconate titanate piezoelectric ceramic tube as an electromechanical
transducer for .x-yi-z fine positioning of the tip and/or sample, as is generally done
in an STM (for reviews of STM, see Refs. [29]). The piezoelectric tubes (EBL-3
piezoelectric actuators [30]) have a length of 1.5 cm, diameter of 0.64 cm, and
wall thickness of 0.056 cm. The maximum recommended drive is 530 V, and the
computed displacements [31] are 72 A,/V in z and 84 A,/V in x and y. The quadrant
electrodes on the piezoelectric tube are fed with balanced x and y supplies, and the
inner electrode is fed from an unbalanced z supply to provide orthogonal fine
positioning. Images will be taken immediately before and aftei the laser is pulsed
in order to detect possible changes in position or structure.
The circuit which drives the piezoelectric transducer has already been completed.
This circuit changes the voltage on the transducer in a series of small steps that are
determined by the sampled tunneling current through feedback. The potential supplied to the inner electrode of the transducer must have a range of +500 to -500
V in order to cause displacements that exceed the resolution of the associated
mechanical system used for coarse positioning. The driver circuit has unusually
stringent requirements regarding precision, regulation, and ripple. Fluctuations due
to ripple or instabilit: must be less than I mV to limit aberrant motion. The driver
circuit contains a stable high voltage amplifier similar to that described by Park
and Quate [ 32 ], which has two stages of regulation.
Others have used a %
ariety of different devices [29] for coarse positioning for the
tip and/or sample. We use a differential micrometer with a crossed-roller bearing
translation stage (1M-13 and 425-OMA [33]). The differential micrometer has a
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fine scale with graduations of I gm, . resolution of 0.07 ptm, and a backlash of 0.1
lsm. Thus, off-the-shelf instruments are used to obtain a resolution much finer than
the limit for displacements of the piezoelectric transducer.
A low-noise chopper stabilized operational amplifier [ 34] preamplifies the tuni'eling current in our STM. The chopper circuitry repeatedly nulls the input offset
voltage to correct for variations due to time, temperature, common-mode voltage,
and the power supply, thus providing high dc precision and reducing the lowfrequency (I/f) noise. The operational amplifier we use [34] has a current offset
of 2.0 pA and an equivalent input noise current of 4.0 fA/Hz. The tunneling signal
is typically on the order of I nA. with an impedance of a few M 9 [32]. Due to the
high source impedance, we locate the preamplifier adjacent to the junction of the
STM to reduce the capacitance shunting the input to ground. The preamplifier is
followed by an instrumentation amplifier located inside the main electronics box.
The instrumentation amplifier provides further gain with a very high commonmode rejection ratio.
A multifunction I/O board [35] is installed in the 486 PC dedicated to this
project. Sot,,ware for data acquisition, feedback control, image processing, and gating
of the laser is being written in Lab Windows. The output of the instrumentation
amplifier is connected directly to the I/O board. After simulating various control
algorithms, we have chosen to use adaptive digital incremental feedback control
with a predictive error signal. Incremental algorithms provide finer control than
direct algorithms and also prevent integral windup [36]. The predictive error is
calculated from a linear regression with a set of values proportional to the logarithm
of the ratios of the sampled tunneling currents to the set point current. Our simulations suggest that the use of logarithms in the error signal causes a substantial
increase in the stability of feedback control. This improvement may be understood
because the logarithm of the tunneling current varies linearly with the length of
the junction, which varies linearly with the voltage to the piezoelectric transducer,
which is controlled by the error signal.
Discussion and Conclusions
Many different phenomena occur in a laser-illuminated STM [37] i. addition to
the effect which we have modeled. These effects include current rectification, photoassisted tunneling, thermal-assisted tunneling, thermal expansion, and the direct
interaction of tunneling particles with modulation quanta [14]. In our initial experiments following Figure 2, the use of a visible laser will deciease the effects of
current rectification [38]. The relatively low power densities will reduce thermal
effects as well as current rectification, but all of these phenomena must be considered.
Fortunately, the predicted decrease in current with illumination of the junction is
contrary to most of the competing phenomena.
Experiments made later to look for the transition shown in Figure I would be
more difficult to interpret because the competing phenomena have different frequency dependence. However, since decreased current is predicted for modulation
at shorter wavelengths (increased quanta size), the predicted effect differs from
most of the competing phenomena.
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Theoretical Studies of the Oxidation of N- and
S-Containing Compounds by Cytochrome P450
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Abstract
Man. ,enobiotics containing N or S heteroatoms are metabolized by the cytochrome P450s. leading
to a vanetý of products which can be toxic, carcinogenic, or detoxifing. Thus, it is important to try to
establish molecular cntena that modulate competitise product formation for these t.,pes of compounds
In the absence of 3D structures for the P450 isoz.• mes that are responsible for the oxidatiens of N- and
S-containing compounds. we have focused here on the charaLtenzation and identification of possible
electronic and thermodynamic factors that could be modulators of diflerent types of product formation.
Specifically. the competition among N-oxidation. N-h)droxxlation and C,-h~droxdlation for three amines
were examined Similarl.. three thioethers %%erestudied for their internal competition between S-oxidation
and Co-hydroxylation The results obtained indicate that the stabilit. of the cation radical intermediate
formed b%the one electron transfer methanism is not a determinant of differences in product distnbution
between the two t pes ofcompounds. Rather. relative product stabilit. appears to be a significant modulator
of product distribution explaining %h. S-oxide formation is fa'ored over N-oxide and %vhNC,,-h.droxvlation is usuallb favored over N-oxide formation in amines ( 1993 John %,dc.%& Sons. Inc

Introduction
Many nitrogen- and sulfur-containing compounds are used as therapeutic agents,
insecticides, or industrial substances. When metabolized by the ctochrome P450
enzymes [I ) , responsible for the initial metabolism of many xenobiotics, these Nand S-containing compounds are transformed into species that can be either toxic,
carcinogenic, or detoxifying [2]. It is therefore important to try to identify molecular
criteria that modulate competitixe product formation for these types of compounds
to be used for risk assessment. Ideally. two types of properties should be considered:
( I ) the steric interaction between the substrate and the enzy me and (2) the intrinsic
electronic properties of the parent substrate compound and the thermodynamics
of the reaction pathways leading to its products. However, in the absence of 3D
structures of the P450 isozymes that are responsible for the oxidations of these
compounds, we have focused here on the second type only, namely. the characterization and identification of possible electronic and thermodynamic factors that
could be modulators of different types of product formation.
For amines and thioethers, two qualitatively different P450-mediated oxidations
were observed. The first in, oles an oxidation at the heteroatom site which conx erts
the substrate into its corresponding heteroatom oxide or heteroatom hydroxide.

International Journal ol Quantum Chemistr
c 1993 John Wile% & Son-. Inc

Quantum Chcmistr. S.nmposium 27. 815-826 (1993)
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The second one is C.-hydroxylation which is usually followed by dealkylation. The
reaction mechanisms and factors that lead to these competing products are still not
very well characterized.
Recently, Guengerich and coworkers proposed a unified mechanism of many
types of reaction catalyzed by the cyt3chrome P450s based on a common first step
of a one-electron transfer from the substrate to the ferryl [FeO] species of the heme
protein [ 3 ]. This rnechanism has been observed in studies using metalloporphyrincatalyzed model systems for cytochrome P450 monooxygeneses [4]. For N- and
S-containing compounds, it leads to the formation of a heteroatom cation radical
and compound II of P450 as shown below:
R-X-R'+ [Fe=Olv -[R-X-R']*+
Compound I

[Fe=OJv

(I)

Compound II

Guengerich et al. [ 3] have suggested that this cation radical may be the common
intermediate for both heteroatom oxygenation and Ci-hydroxylation.
Another frequently proposed pathway for C.-hydroxylation is an initial hydrogen
abstraction by the ferryl oxygen followed by fast radical recombination [ 5 ]. For
primary and secondary amines, hydrogen abstraction at the nitrogen atom site is
also possible, leading to N-hydroxide products [6 ]:
H

I

FC=o

R--X--( •-R'-•
H

I
R-N-R'

I

R-x-,-.-K-R

OH

Fc=O

-

OH

Fc=o.

R--X--Co-R'----

Fc=OH1

R-N--R'

-

R-N-R'

Determination of which of these proposed mechanisms is preferred by purely experimental methods is very difficult due to the transient nature of the different
proposed intermediates. On the other hand, theoretical methods can be very useful
in characterizing and comparing these different reaction pathways since they can
include descriptions of these transient intermediates.
From earlier studies [7] of the electronic structure of the [Fe-O] prosthetic
moiety of P450 in its active state, the ground state of compound I was found to be
a quartet with two unpaired electrons localizing partly on the 2P, and 2P, orbitals
of the oxygen atom. A triplet oxene species. O( 3P), is the simplest model capable
of representing the triplet character of the [Fe-O ] moiety, and was found to correctly describe many reactions catalyzed by P450s [8]. Therefore, in this study,
O(TP) was used in model oxidation reaction of three amines and three thioethers
that weie characterized by ab initioquantum chemistry calculations of the reactants,
the radical intermediates and the oxidation products. Figure I shows the three
amines (methyl amine, methyl ethyl amine, and N-methyl aniline) and the three
thioethers (methanethiol, methyl ethyl thioether, and thioanisole) chosen in this
investigation.
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The goals of this study are: (1) to identir, V e origin of the observed preference for heteroatom oxide formation in S-containing compounds compared
to N-containing compounds, (Hl) to characterize the internal competition of
different oxidation *actions in amines to explain why C.-hydroxylation-dealkylation is usually preferred, and (I11) to characterize the internal competition
of reactions in thioethers to explain why sulfoxide formation is usually
preferred.
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Methods
The Gaussian 92 program [ 9 ] was used for all calculations. For each species, the
fully optimized geometry in its ground electronic state was obtained using standard
energy gradient techniques. A 3-21 G * basis set with an extra d function for the N
atom (a = 0.8) and a 6-31G* basis set were used in these calculations. Restricted
and unrestricted Hartree-Fock methods were used for closed shell and open shell
species, respectively. If nonnegligible spin contamination was found for any open
shell species, a calculation using restricted open shell Hartree-Fock method (ROHF)
and the 6-31G* basis set was performed. The computations for all compounds
were performed at the SCF levels of theory, i.e., SCF/3-21G* (Nd = 0.8) and SCF/
6-31G*. For methyl ethyl amine and methyl ethyl thioether, both the trans and
gauche C-X-C-X (X = N or S) conformations were minimized at the SCF/ 321G* levels and the more stable conformation was then chosen for subsequent
studies. For N-methyl aniline and thioanisole. the rotational barrier about the C,N and the C,-S (0 represents the phenyl ring) bonds were examined by studying
the energies of the perpendicular and the planar side chain conformations using
both 3-2lG* + Nd and the 6-3IG* basis sets. The conformation with the lower
energy in each molecule was used as the parent compound in this study.
For each of the three amines, the three types of radical intermediates, i.e., the
N-cation radical, C.-radical, and N-radical, and the three reaction products, Noxide, Ca-hydroxide, and N-hydroxide, were calculated. For methyl ethyl amine,
there are two possible C.-hydroxylation sites: the primary carbon or the methyl
group and the secondary carbon of the ethyl group. Therefore, both of them were
considered in this investigation. For the three thioethers, the S-cation radical and
the C.-radical along with their oxidation products, i.e., sulfoxide and C.-hydroxide
were characterized. Again, both C,-hydroxylation sites in methyl ethyl thioether
were considered.
Results and Discussion
Tables I and II list the calculated energies of all N-containing and S-containing
species, respectively. Comparing the energies of the two conformations studied for
methyl ethyl amine, the trans conformer (as shown in Fig. 1) was found to be
slightly lower by 1.0 kcal/mol than the gauche conformer from the 3-2 1G * + Nd
calculation. Similarly, for methyl ethyl thioether, the energy of the transconformer
is lower than the gauche conformer by 0.2 kcal/mol. Therefore, the trans conformation was used for thesc two parent compounds, and all intermediates and oxidation products derived from the trans conformer were calculated.
For N-methyl aniline, both 3-21G* + Nd and 6-31G* predict a planar C,C.-N-C,m (where C, indicates a C atom in the phenyl ring, while Cm is the
methyl carbon atom) conformation as the lowest energy conformer. The rotational
barrier from planar to perpendicular conformation is found to be 0.3 kcal/mol
from 3-21G* + Nd and 1.6 kcal/mol from 6-31G* calculation, respectively. On
the contrary, for thioanisole, the perpendicular conformation was found to be energetically more favorable by 1.7 and 1.2 kcal/mol using the two levels of calcu-

OXIDATION OF N- AND S-CONTAINING COMPOUNDS
TABLE I

819

Absolute energies of molecular species involving in the
oxidation of N-containing compounds.'
Molecule

O ( 3p)
0-

OH

3-21G* + Nd(0.8)

6-31G*

-74.393657

-74.783934
-74.778966 b

-74.271936
-74.970228

-74.718701
-75.382275
-75.378369b

CH3NH 2
CH 3N-H 2
CHZNH 2
CH 3NH
CH 3N(O)H 2
CH 3NH(OH)
CH2(OH)NH 2

-94.720975
-94.452862
-94.101057
-94.106132
-169.078832
-169.119729
-169.164438

-95.209829
-94.932226
-94.586733
-94.591912
-169.973532
-170.011578
-170.068356

CH 3NHCH 2CH 3 (gauche)
CH 3NHCH 2CH 3 (irans)
CH3N, HCH 2CH3
CH 3NHCHCH3
CH 2NHCH 2CH3
CH 3NCH2CH 3
CH 3NH(O)CH 2CH 3
CH 3N(OH)CH 2CH 3
CH 3NHCH(OH)1CH 3
CH2(OH)NHCH 2CH 3

- 172.356145
-172.357785
-172.117563
-171 738334
-171.737029
-171.748831
-246.729561
-246.755815
-246.805451
-246.799194

-173.276489
- 173.027538
-172.655294
-172.652886
-172665531
-248.050747
-248.076832
-248.136431
-248.133485

Phe-NH-CH3 (90*)
Phe-NP' -CH3 (1800)
Phe-N÷H-CH 3
Phe-NH-CH 2
Phe-N-CH 3
Phe-NH(O)-CH 3
Phe-N(OH)-CH 3
Phe-NH-CH 2(OH)

-322.988352
-322.988887

-397352822
-397 390592
-397.432723

-324.753486
-324.756110
-324.52231 3 b
-324.1 2 9 7 5 8b
-324.1 40 4 9 5b
-399.519511
-399.555674
-399.613990

' If not noted. RHF and UHF were used for closed shell and open
shell species.
b From an ROHF calculation.

lations. Therefore, the parent compound of a planar conformation was used for Nmethyl aniline while a perpendicular conformation was used for thioanisole.
The calculated expectation values of S2 are between 0.75 and 0.77 using the UHF
method for all radical intermediates except those derived from N-methyl aniline.
Large spin contaminations ((S 2 ) > 0.8) were found for its N-cation radical, C.radical and N-radical. Therefore, ROHF and 6-31 G* basis set were used to reoptimize
these three radical species. Their minimized energy are listed in Table I.
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TABLE

ll.

Absolute energies of molecular species involving in the
oxidation of S-containing compounds'
3-21G*

6-31G*

CH 3SH
CH 3S-H
CH 2 SH
CH 3S(O)H
CH 2(OH)SH

-435.637275
-435.327695
-435.011752
-510.010483
-510.065842

-437.700320
-437.393159
-437.072347
-512.488249
-512.548412

CH 3SCH2 CH3 (gauche)
CH 3SCH2CH 3 (trans)
CH 3S-CH 2CH 3
CH 3SCHCH 3
CH 2SCH 2CH 3
CH 3S(O)CH 2CH 3
CH 3SCH(OH)CH 3
CH 2(OH)SCH 2CH 3

-513.276171
-513.276465
-512.999688
-512.654411
-512.546506
-587.668361
-587.713438
-587.701380

-515.770527
-515.495419
-515.147053
-515 143483
-590.573572
-590.623479
-590.614460

Phe-S-CH 3 (90*)
Phe-S-CH 3 (180')
Phe-S*-CH 3 (90')
Phe-S-CH 2 (900)
Phe-S(O)-CH 3
Phe-S-CH2 (OH) (-90°)

-663.904681
-663.902025
-663.625604
-663.279328
-738.299271
-738.331089

-667.245282
-667.243374
-666.968958
-666.617558
-742.047557
-742.090428

Molecule

'RHF and UHF methods were used for closed shell and open shell
species. respectively. Energies are in hartrees.

Origin of Observed Preference for Heteroatom Oxide Formation:S > N
As proposed by Guengerich et al. [ 3 ], heteroatom oxide is formed via an initial
electron transfer from the substrate to the [FeO] moiety of P450. followed by an
oxygen transfer in the opposite direction. From energetic consideration, whether
or not the electron transfer occurs is determined by the free energy change associated
with Eq. ( I ). An estimate of this change can be made if the ionization potential of
the substrate R-X-R' and the electron affinity of P450 compound I are known.
However, there has been no report on the magnitude of the affinity of compound
I, and the stability of the cation radical relative to its parent molecule [i.e., the
ionization potential (IP)] is used as a measure of the relative tendency of various
substrates to be oxidized via the one electron transfer reaction [3]. To this end,
the ionization potential of each of the six parent compounds was calculated and
the results are shown in Table III(A). Comparison between the amines and the
corresponding thioethers with similar structures shows that the IPS fcr the amines
are lower than those of the thioethers. For example, from 6-31G* calculation, !P
is 174.2 kcal/mol for methyl amine and 192.7 kcal/mol for methanethiol. The IP
for methyl ethyl thioether is 16.4 kcal/mol higher than that of methyl ethyl amine.
Similarly, the IP for thioanisole ( 173.4 from UHF) is also higher than that of the
N-methyl aniline ( 146.7 from ROHF). Based on these results, we concluded: (I)
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T.N111 I Ill. (A) lonization potentials of heteroatom.containing parent compounds obtained
from the energy difllrcnce between neutral and cationic species. (B) Energies of heteroatom
oxide products relative to the parent compound and 00P).'
3-21G*

6-31G*

168.2

174.2

194.3

192.7
180.9

150.1

156.0
172.4

(A) Ionitation potential

(C11IN 12
CII'Sil
(I•P!

I

(I1,NIfIC'I,
(.11'S(C'II('n 1

173.7

Phe-NiICIM1
Phe-S-C1 I

146.7b
175.1

173.4

(B) Relative energy of heteroatom oxide
products
('IIN II.

(IlSI!
('!Ild'I[

22.5

12.7

12.8

-2.5
-56.9

*CI I 1NI I ,I .f,
C!IfSCI:0CIt

13.7
1.1

6.1
-12.0

Phc-NIICFI 3
Phc-S-CI 13

18.7
0.6

12.9
-11.5

a All energies arc in kcal/mol.
b From an RO11F calculation.

In order for all six substrates to undergo one-electron transfer mechanism, the
electron affinity of P450 compound I must be at least 150-190 kcal/mol. (2) The
lower ionization potentials of amine compounds compared to the thioether analogues imply a higher probability of one-electron oxidation in amines than in
thioethers. If the production of the cation radical is the rate-limiting step in the
heteroatom oxide formation, these results indicate a higher preference of oxide
formation in amines than in thioethers. This inference is in contradiction with the
observed preference of heteroatom oxide formation in S-containing compounds
compared to N-containing compounds. Therefore, the observed preference can be
explained in two ways: (i) the oxide formation does not proceed via the one-electron
transfer mechanism or (ii) the formation of the cation radical is not the rate-limiting
step during the enzymatic cycle of this mechanism. Without knowledge of the
electron affinity of P450 compound 1, needed to assess the possibility of electron
transfer reactions or of the detailed rate constant for each enzymatic step, the only
conclusion that can be reached here and the one most relevant for our goals is that

the relative stability of the cation radical cannot be used as a modulator of the
preference of heteroatom oxide formation.
Another possible mechanism for the heteroatom oxide formation is a one-step
direct oxygen atom transfer without the formation of the intermediate cation radical.
Based on this mechanism, in Table Il(B) a comparison of the heteroatom oxide

o
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stabilities of th,. amines with those of the thioethers was made in order to examine
if product stability is a possible modulator of the observed preference of heteroatom
oxide formation in S-containing compounds than in N-containing compounds. For
each of the three pairs of compounds, the S-oxide is, in each case, more stable than
the corresponding N-oxide. For example, from 6-31 G * calculation, the difference
in stability between the oxides of methyl amine and methanethiol is 15.2 kcal/
mol. Similarly, the differences for the methyl ethyl amine and methyl ethyl thioether
are 18.1 and 24.4 kcal/mol for the two aryl analogs. These results demonstrate
that the relative heteroatom oxide stability is a very good indicator of the observed
preference of S-containing compounds for heteroatom oxide formation compared
to N-containing compounds.
Tc further explore the reliability of heteroatom oxide stability, rather than the
cation radical stability, as a good indicator of the preference of heteroatom oxide
formation in various compounds, we also calculated the energy of methyl phosphine,
its cation radical, and methyl phosphine oxide using the 6-31G* basis set. P450mediated oxidations of phosphorous containing compounds lead to a greater preference for heteroatom oxide formation than in either N- or S-containing compounds.
As shown in Table III(A), the rank order of IP for the N-, S-, and P-containing
cation radicals, S > P > N, does not parallel their preference for heteroatom oxide
formation P > S > N. The result provides further evidence that the relative cation
radical stability is not a determinant of heteroatom oxide formation. Instead, the
rank order of the stability of heteroatom oxide product shown in Table Ill(B),
P > S > N, is consistent with preference for heteroatom oxide formation and
reinforces our conclusion that relative oxide stability is a significant modulator of
P450-mediated oxide formation.
InternalCompetition in Formationof Three P450 Mediated Oxidation

Products of Amine Substrates
To identify reliable determinants of product distribution in cytochrome P450mediated oxidations in amines, plausible pathways to the three types of products,
C.-hydroxides, N-hydroxides, and N-oxides, were considered. Specifically, the formation of Ca,-hydroxides and N-hydroxides was assumed to proceed via an initial
hydrogen atom abstraction. The formation of N-oxide was assumed to proceed via
a one-step direct oxygen transfer mechanism due to its success in explaining the
preference of oxide formation between N- and S-compounds. The stabilities of the
C.-radical, the N-radical intermediates in the proposed H-abstraction mechanism
and the N-oxidc product were hence calculated. The results are shown in Table IV
for the three amine substrates studied. For all three compounds, the C,-radical is

less stable than both the N-radical intermediate and the N-O product by a few
kcal/mol, a result that is in contrast to

'",

observed preference of C.-hydroxylation-

dealkylation in amines. Therefore, th,, relative stability of competing C,- and Nradical intermediates is not a reliable determinant of different product formation.
Comparison of the stability of the three oxidation products also shown in Table
IV gives the order Ce-hydroxide > N-hydroxide > N-oxide in all three amines. The
formation of the Cft-hydroxides and the N-hydroxides are both exothermic while
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TABLE

IV.

Relative reaction energies (kcal/mol) for N-contaming compounds.
3-21G*

Reactants

CH 3NH2 + O(3P)

C.-H intermediates
N-OH intermediates
N-O product
N-OH, oduct
C°-OH product

CH 2NH 2 + OH
CH 3NH + OH
CH 3N(O)H 2
CH 3N(OH)H
CH 2(OH)NH 2

Reactants

CH 3NHC 2H, + O( 3P)

C,-OH intermediates
C6-OH intermediates
N-OH intermediates
N-O product
N-OH product
C.-OH product
C,-OH product

CH 3NHCHCH3 + OH
CH 2NHCH 2CH 3 -- OH
CH3NC 2H5 + OH
CH 3NH(O)C 2H5
CH 3N(OH)CH 2 CH 3
CH3NHCH(OH)CH3
CH 2(OH)NHC 2H5

Reactants

Phe-NHCH 3 + O(3P)

C(-OH intermediates
N-OH intermediates
N-O product
N-OH product
C.-OH product

Phe-NHCH 2 + OH
Phe-NCH 3 + OH
Phe-NH(O)CH 3
Phe-N(OH)CH3
Phe-NHCH 2(OH)

a From an

ROHF
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6-31G*

0.0

0.0

27.2
24.0
22.5
-3.2
-31.3

15.5
12.3
12 7
-11.2
-46.8

0.0

0.0

26.9
27.7
20.3
13.7
-2.7
-33.9
-30.0

14.4
15.9
9.5
6.1
-10.3
-47.7
-45.8

0.0

0.0

18.7
-5.05
-31.5

16.9V
10.2'
12.9
-9.8
-46.4

calculation.

the production of N-oxide is endothermic. The large energy difference of -50-60 kcal/mol obtained from 6-31G* between the N-oxide and the Cd-hydroxide
in the three amines suggests that the formation of C.-hydroxy amine is energetically
much more favorable. This result agrees with the observation by Guengerich et al.
[ 3 ] and others [ 10 ] that C-hydroxylation-dealkylation is the predominant oxidation
reaction in amines. Thus it appears that the relative stabilities of the different products modulate the competition among the various reactions. Among the two heteroatom oxygenations, N-OH was found to be -35

kcal/mol more stable than

N-O product and would therefore be predicted to be the next most abundant
product.
InternalCompetition in Formationof Two P450 Mediated Oxidation

Products of Thioether Substrates
To identify reliable modulators of cytochrome P450-mediated oxidations of sulfur-containing compounds, as for the N-containing compounds, it was assumed
that C.-hydroxylation proceeds via H-abstraction and sulfoxide formation via direct
oxygen transfer. The stability of the C.-radical and OH radical intermediates for
each of the three substrates was calculated as shown in Table V, and compared
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TABLE

V

Relative reaction energies (kcal/mol) for S-containing compounds.

Reactants

CH3SH + O(3P)

Co-OH intermediates

CH 2SH + OH

S-O product
C.-OH product

CH3S(O)H
CH 2(OH)SH

Reactants

CHSC2HA+ O('P)

C.-OH intermediates
Co-OH intermediates
S-0 product
Co-OH product
Co-OH product

CH3SCHCH 3 + OH
CH2SCH 2CH3 + OH
CH 3S(O)C2 H5
CH3SCH(OH)CH 3
CH2(OH)SCH 2CH 3

Reactant

Phe-SCH3 +- O(P)

Co-OH intermediates
S-0 product
Co-OH product

Phe-SCH2 + OH
Phe-S(O)CH 3
Phe-SCH 2(OH)

3-21G*

6-31G*

0.0

0.0

30.7

18.6

12.8
-21.9

-2.5
-40.2

0.0

0.0

28.5
30.6
1.1
-27.2
-19.6

15.8
18.8
-12.0
-43.3
-37.8

0.0

0.0

30.6
-06
-20.6

18.4
-11.5
-38.4

with the stability of sulfoxide. In contrast to the results for the N-containing compounds, for all three thioethers the sulfoxide is more stable than the intermediates
C.-radical and OH radical by -- 20- -30 kcal/mol. Thus, if the formation of the
C.-radical and OH radical is the rate limiting step in C,-hydroxylation for thioethers,
more S-oxide than C.-hydroxide product is predicted, which is consistent with
observations.
To determine the uniqueness of this inference, a second comparison was made
of the product stabilities, as shown in Table V. For all three S-containing parent
compounds, the Cj-hydroxylation product wab found to be energetically more stable
than the sulfoxide by -- 25--38 kcal/mol. Thus, if the relative product stability
is used as a criterion for predicting product distribution, it leads to the prediction
that the C.-hydroxide is the predominant product in all three thioethers, a result
which contradicts known experimental works of a few selected thioethers [11].
Therefore, it can be concluded that the relative stability between the radical intermediates and the sulfoxide, rather than the final oxidation products, is an important
factor of product distribution of thioethers.
Conclusion
Ab initioquantum chemistry calculations were performed for N- and S-containing
substrates in order to identify reliable electronic and thermodynamic criteria for
P450 mediated product formation. The relative stability of N- vs. S-oxide products
rather than that of the corresponding cation radicals was found to be a significant
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modulator explaining the observed preference of oxide formation in S-containing
compounds compared to N-containing compounds.
Relative product stability also appears to be a significant modulator of internal
competition of the three oxidation products of amines. For the three amines studied,
the relative product stabilities are C,,-hydroxide > N-hydroxide > N-oxide. paralleling the observed product distribution. By contrast, for the three thioethers, the
energy difference between the C,,-radical intermediates in the hydroxylation reaction
and the sulfoxide products appears to be an important factor in determining the
preference of sulfoxide formation over C,-hydroxylation. The difference in modulators found for the oxidations of N- and S-containing compounds could be due
to the difference in the rate determining step for hydroxylation because of the
different thermodynamic stabilities of their radical intermediates and the oxidation
products.
Although useful electronic and thermodynamic properties have emerged for assessing qualitatively different P450-mediated oxidation product formation in Nand S-containing substrates, the current investigation is not definitive for explaining
all product distributions for any N- or S-containing compounds. Among the reservations are that the triplet oxygen atom model, though successful in studies of
many other P450 catalyzed oxidation reactions [ 81, may not be a sufficient model
for comparisons among all types of N- and S-containing compounds. Ideally, the
complete oxo-iron-porphyrin complex should be included in the calculation of
the reaction paths and products. However, such a calculation is formidable at the
present time due to the large demand of the CPU and memory for such a large
system. Another concern is that the reaction mechanisms can be substrate dependent. For example, although the one-electron transfer mechanism for the six compounds studied here needs not be invoked to explain their difference in product
distribution, there is experimental evidence that this mechanism could occur for
substrates which can stabilize the cation radical through extensive delocalization
[12]. Finally, the possible modulation of product distribution from steric interactions
between substrate and P450 could not be investigated due to the lack of the 3D
structures of the P450 isozymes responsible for the metabolism of the N- and Scontaining compounds. To this end, the experimental determination through Xray crystallography or NMR studies and the theoretical predictions by computer
modeling of the 3D structures of the relevant P450 isozymes would be very helpful.
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1985

QUANTUM CHEMISTRY SYMPOSIUM NO. 19
(Proceedings of the International Symposium on Atomic, Molecular, and Solid-State
Theory, Scattering Problems, Many Body Phenomena, and Computational Quantum
Chemistry)
QUANTUM BIOLOGY SYMPOSIUM NO. 12
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1986

QUANTUM CHEMISTRY SYMPOSIUM NO. 20
(Proceedings of the International Symposium on Atomic, Molecular, and Solid-State
Theory, Scattering Problems, Many Body Phenomena, and Computational Quantum
Chemistry)
QUANTUM BIOLOGY SYMPOSIUM NO. 13
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1987

QUANTUM CHEMISTRY SYMPOSIUM NO. 21
(Proceedings of the International Symposium on Quantum Chemistry, Solid-State Theory,
and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO. 14
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1988

QUANTUM CHEMISTRY SYMPOSIUM NO. 22
(Proceedings of the International Symposium on Quantum Chemistry, Solid-State Theory,
and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO. 15
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1989

QUANTUM CHEMISTRY SYMPOSIUM NO. 23
(Proceedings of the International Symposium on Quantum Chemistry, Solid-State Theory,
and Molecular Dynamics)
QUANTUM BIOLOGY SYMPOSIUM NO. 16
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1990

QUANTUM CHEMISTRY SYMPOSIUM NO. 24
(Proceedings of the International Symposium on Quantum Chemistry, Solid State Theory,
and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO. 17
(Proceedings of the International Symposium on Quantum Biology and Quantum Pharmacology)

1991

QUANTUM CHEMISTRY SYMPOSIUM NO. 25
(Proceedings of the International Symposium on Quantum Chemistry, Solid State
Theory. and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO. 18
(Proceedings of the International Symposium on Quantum Biology and Quantum
Pharmacology)

1992

QI 'ANTUM CHEMISTRY SYMPOSIUM NO. 26
(Proceedings of the International Symposium on Atomic. Molecular, and Condensed
Matter Theory and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO. 19
(Proceedings of the International Symposium on the Application of Fundamental Theory
to Problems of Biology and Pharmacology)

1993

QUANTUM CHEMISTRY SYMPOSIUM NO. 27
(Proceedings of the International Symposium on Atomic, Molecular, and Condensed
Matter Theory and Computational Methods)
QUANTUM BIOLOGY SYMPOSIUM NO 20
(Proceedings of the International Symposium on the Application of Fundamental Theory
to Problems of Biology and Pharmacology)

All of the above symposia can be individually purchased from the Subscription Department, John
Wiley & Sons.

