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doctorate, he has been my staunchest supporter. He had faith in me and my abilities at
times when I was about to give up hope. My husband Pierre has also been a wonderful

supporter. He has done more than his share in taking care of the house and girls.

This dissertation is dedicated to my daughters, Marie and Liana, both of whom were

born during its development. They have given my life a whole new meaning and purpose.

Michele Lynn Devereaux Gaudreault

iii




Table of Contents

Page
Preface . . . . . . . e e e iii
Listof Figures . . . . .. ... ... . .. . . . . .. e vii
Listof Tables . . . . . .. ... .. . . e e viii
Listof Symbols . . . . .. ... ... . . ... . . e ix
Abstract . . . . . .. . . . . ... e e e e e e e e e e e xiii
L Inmtroduction . . . . . ... ... ... . e e e 1
IL. Fundamental Development . . . . ... ... .................. 4
2.1 Preliminaries ... ........ ... i 4

2.2 Simultaneous Optimization of Viscous Damping and Active Con-
trol .. e e e e e e 6

2.2.1 Solution Technique for Minimizing the Cost Functional
Error . . ... .. . e e e 12

2.2.2 Solution Technique for Minimizing the Mean Performance
Index ....... ... ... 16

2.2.3 Solution for Minimizing the Maximum Performance Index 18
2.2.4 Example Problems . .. .................. 19
2.3 Alternate Form of The PerformanceIndex . . . . . .. ... ... 31

2.3.1 Example #4 - Fourteen DOF with Alternate Version of
the PerformanceIndex . . . . ... ... ... ... ... 33

2.4 SUMIMATY . . . & . i ittt e e e e e e e e e e e e 35

iv




III.  Viscoelastic Damping Using a Classical Model

3.1
3.2

3.3
3.4

3.5

Viscoelastic Materials . ... .. ... .. ... . ........

................

. 37

. 37

Simultaneous Optimization of Viscoelastic Damping and Active

Control . . . . . . @ i e e e e e e e e e e

. 38

3.2.1 Solution Technique for Minimizing the Mean Performance

Index . . . . . . @ @ i i e e e e e e e

. 48

3.2.2 Solution for Minimizing the Maximum Performance Index 50

Example Problems . . . .. ... .. ... ... ...,
Multiple Damping Materials ... ................

3.4.1 Example Problem #3 — Two Viscoelastic Materials . .

. 50
. 56

61
. 62

IV.  Viscoelastic Damping Using a Four Parameter Fractional Derivative Model 64

V. Conclusions and Recommendations

4.1

4.2

4.3
4.4
4.5
4.6

Appendix A.

Appendix B.

Appendix C.

Appendix D.

Appendix E.

Generalized Derivatives . . . . . . ... v ot vt i v v

. 64

Simultaneous Optimization of Viscoelastic Damping and Active

Control . .. ... ... ... ennnnn.
Validation of Techniques for Viscous Case . . . . ........

Transition from Viscous to Viscoelastic ... ..........

Calculation of Damping Coefficients . . . . ... ... .. ...
The Value of the Cost Functional in Terms of the Initial State .
Solving the Non-Symmetric Quadratic Matrix Equation . . . .
Error Analysis . . ... ... ...,

Alternate Method for Calculating the State Matrix . ... ..

----------------------

. 67
. 76
. 78
. 79
. 84

. 85

. 89

93

. 95




Appendix F. Feedback Matrices for the Truss Examples . . . ... ... ... 112
F.1 ChapterllI Gains . . .. ... .................... 112
F.2 ChapterIIll Gains . .. ... .................... 119
F3 ChapterIVGains .. ... ... ... ....... ... ..... 123
Bibliography . . . . . . . .. ... e 128
Vita . o e e e e e e e e e e e e e e 131

vi




List of Figures

Figure
1. Simple Spring-Mass-Damper System . . . . ... ... .... ... . ...,
2.  Performance Index vs. Initial Conditions . . .. ... ... ... ... ...
3. Example Problem #2 — Trace Pand ||Pllavs.¢ .. ... .........
4. Example Problem #3 Truss Structure . . . . .. ... ... ... ......
5. Example Problem — Truss Structure . . . . ... ... ... ... ......
6. ViscoelasticModulusPlot . . . .. ... .. ... ... ............
7. Two Degree of Freedom System . ... ....................
8. TwoDOF ViscousSystem . ... ...........0v0iteneeo...

9. Two DOF Example — Transition From Pure Viscous to Pure Elastic . .

10. Example — Transition to Full Model . . . . ..
11. Viscoelastic Modulus - G, = 7.3, b = .0008 . .

12. Viscoelastic Modulus Plot - Gy = 730, b = .08

vii

----------------

................

52
53
61
76
80
81
82




Table

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

List of Tables

Damping Parameters and Feedback Matrices for Example #1 . . . . . . ..

Active Control Feedback Gains for SDOF System . ... ... ..
Comparison of Solutions for SDOF System ... ..........
Damping Parameters and ¢ PU Times for 14 DOF Truss . . . . .
Damping Ratios and Natural Frequencies for 14 DOF Truss. . . .
Eigenvalues of Delta P for 14 DOF Truss . . ............
Example #3 Relative Increase in Performance Index . . . . . . ..
Relative Changes in Eigenvalues . . . ... .............
Example #3 Relative Changes in Eigenvalues in Increasing Order

Dashpot Constants and Performance Index Values for Example #4
Damping Ratios and Natural Frequencies for Example #4 . . . .
Example Problem #1 Results. . . . ... ..............
Example Problem #2 Results . . . . . ... .............
Example #2 Relative Changes in Eigenvalues . . . . . ... . ...

Example #2 Relative Changes in Eigenvalues in Increasing Order

Viscous vs Fractional Derviative . . ... ... ...........
Fractional Viscoelastic with G; =73,6=.0008 ... .......
Fractional Viscoelastic with G; =730, 6=.08 . ... ... .. ..
Key to Matrix Names for Section F.1 . .. ... ..........
Key to Matrix Names for Section ¥.2 . ... ... .........

Key to Matrix Names for Secéion F.3 ... .............

viii

.....

.....

.....

.....

28
29
30
30
31
33
34
52

55
56
78
83
83




€

E,
E
G
"
G(3)
Gra(t)
G
H
I

List of Symbols

area

plant matrix

approximate plant matrix

parameters of viscoelastic model

matrix coefficient of additional stiffness forces
matrix coefficient of the control vector

matrix coefficient of the passive forces

active control input matrix

passive forces input matrix

vector of damping coefficients

matrix of damping coefficients

matrix of additional stiffness coefficients
damping matrix

unit vector in the direction of the k;; coordinate
Young’s modulus

parameters of viscoelastic model

error matrix

real part of complex modulus

imaginary part of complex modulus

complex modulus

shear relaxation modulus

matrix of active control gains

matrix product equal to S"V/(SC® + B,”P)
identity matrix

connectivity matrix equal to f_o b;(AT)’
connectivity matrix made up of identity matrices
connectivity matrix made up of identity matrices

\G
connectivity matrix equal to ZLO b; (Il)

ix




~

Jmat

O O v Y s 3

= O

2(!)«

=

=

4 < <

«

R

l

performance index

average value of performance index
maximum value of the performance index
stiffness matrix

visco-stiffness matrix when multiplied by
the complex modulus

mass matrix

number of damping coefficients, denominator of a
modal coefficient

number of elements in state vector

unit vector normal to the surface

solution matrix of Riccati equation
constrained solution matrix of Riccati equation
state weighting matrix

weighting matrix equal to Q + #7CSC®
weighting matrix on position and velocity
control weighting matrix

Laplace parameter

passive forces weighting matrix

matrix product equal to ~S~!B, 7P

time

active control forces

continuous vector function in Section 2.2.2
passive forces

volume

disturbance

column vector of structural displacements
state vector

order of the fractional derivative




I'(a) gamma function of a

() strain history
¢ damping ratio
n modal vector
A eigenvalue
A Lagrange multiplier
A eigenvalue matrix
A conjugate of A
A eigenvalue matrix
p density
al*) stress history
o connectivity matrix
¥ eigenvector
v eigenvector matrix
v conjugate of ¥
¥ modal matrix
Wy, natural frequency
Subscripts
0 initial value
c0 aciive control only solution
f final value
Frobenius norm solution
i i** element of vector
i) element of matrix in the i** row, j** column
k stiffness
tr minimum trace solution




Superscripts

T
-1
1/2

Operators

I-i

- lle
.0
d"
ar

A(ty)
Dol ]
F[ ]
Im| ]

L[]

transpose of matrix
inverse of matrix

square root

vector two norm = \/37;

matrix two-norm = magnitude of the
greatest singular value

Frobenius norm

first and second time derivatives

n*h time derivative

divergence

time dependent vector function of the state
generalized derivative of order «
Fourier transform operator
Imaginary part

Laplace transform operator

variation

change

summation

xii




AFIT/DS/AA/[93-2

Abstract

A modified form of the standard linear quadratic regulator (LQR) cost functional is
used to optimally blend active vibration control and passive structural damping, whether
viscous or viscoelastic. Viscoelastic damping is first modelled by a standard linear model,
and then by a fractional derivative model. For the viscous damping case and the classically
modelled viscoelastic damping case, a sub-optimal closed form solution is derived that is
independent of the initial conditions. An iterative technique that minimizes the average
value of the cost functional and one that minimizes the maximum value are developed.
Both techniques are applicable to viscous and viscoelastic damping and are independent
of the initial state. The advantages and disadvantages of the different solution techniques
are given with respect to computation requirements and performance. Several numerical

examples illustrate the similarities of and differences between the various techniques.

xiii




SIMULTANEOUS DESIGN OF ACTIVE
VIBRATION CONTROL AND
PASSIVE DAMPING

I. Introduction

The need for simultaneous optimization of damping and active vibration control is
driven primarily by the potential use of large flexible structures in space. Simultane-
ous design of active vibration control and passive damping increases the effectiveness and
efficiency of vibration suppression systems for these structures. In many methods of vi-
bration suppression, the structure is made as rigid as possible, the residual damping is
approximated as viscous, and then an optimal controller is designed with respect to a pre-
determined cost function. Although the controller effectively damps vibrations at specific
frequencies, the controller may excite one mode while trying to damp out another. To
stabilize the associated modes, passive dampers are added. But this changes the whole
system — how “optimum” is the controller now? Is control effort still optimized? What
is the “best” size for the passive dampers? The efficiency as well as the effectiveness of
the resulting vibration system is suspect. By designing passive and active control ele-
ments simultaneously, the efficiency and effectiveness of the vibration suppression system

is increased.

Thus a need exists for a procedure to simultaneously design active control and struc-
tural damping. The procedure should be applicable to structures with viscous or viscoelas-
tic damping. Mar alluded to this need at the Vibration Damping 1984 Workshop when
he encouraged viewing damping as a creative force in design [22]. Others have placed
a greater emphasis on the interaction between viscoelastic damping and active vibration

control.

One of the efforts in this area was the development of numerical schemes for the
modeling and control of longitudinal vibrations in a rod with Boltzmann-type viscoelastic
damping by Burns and Fabiano [7]. Another effort was Hannsgen and Wheeler’s research
on the dynamic behavior of viscoelastic structures which emphasized the interaction be-

tween passive viscoelastic damping and active feedback damping. They determined the




.

interacting effects of viscoelastic dissipation and feedback dissipation in the damping of

oscillations in certain viscoelastic rods and beams [15).

Simonian, Major, and Gluck pointed out that incorporating passive damping in an
active control design must be done so that the deficiencies of one technology are compen-
sated by the strengths of the other [29]. They proposed an iterative scheme that uses
modal strain energy analysis to determine the modal damping. A hybrid cost function was
used to determine the tradeoffs. Fowler et al. implemented a variation of this method in a

computer program [14].

Smith, et al. looked at redesigning a structure to make it easier to control. They
assumed an ideal controller had been designed, and adjusted the mass, damping stiffness,

and control to give the same performance with less effort [30].

Onoda and Watanbe used a direct numerical optimization approach, which accounted
for the uncontrolled residual modes, for the design of an optimal controller composed of
a regulator and an observer. The approach was incorporated into a structure/controller
simultaneous optimization scheme [28]. Onoda and Watanbe demonstrated their technique

for a beam, and optimized the structure by changing its cross-sectional area.

This dissertation takes a different approach, attempting a closed form solution to
the problem of how to achieve an optimal blending of active control feedback gains and
passive structural damping parameters (e.g., dashpot constants, thickness of viscoelastic
pad, or area of contact of viscoelastic pad). A variety of techniques are derived, some of
which are closed form approximate methods, and some that require iteration to achieve

the optimum.

The techniques are developed for structures in which the equations of motion can be
expressed in terms of finite elements. In addition, the damping matrix in the equations of

motion must be symmetric and be able to be expressed as a product of three matrices, the

middle one being a diagonal matrix of the damping parameters.

Chapter II contains the fundamental development of the dissertation. Viscous damp-
ing is assumed; Chapters III and IV will extend the development ‘o structures with vis-
coelastic damping. Two performance indices, each a modification of the standard linear
quadratic regulator (LQR) cost functional, are used. In the first one, the damping force

enters the cost functional in the same form as the control force. This cost functional leads

to a closed form, approximate, solution for the damping parameters and active control




feedback gains. Next, an iterative technique for determining the optimal blend of damp-
ing parameters and active control feedback gains that minimize the the average value of
the cost functional over a representative sample of initial conditions is derived. An iter-
ative technique that minimizes the maximum value of the cost functional is also derived.

Examples are included to illustrate and compare the techniques.

In the second performance index, damping is treated as a one-time cost. Thus the
damping parameters appear explicitly in the cost functional. Although a closed form
solution is not obtained, two iterative techniques similar to those derived for the first
modification of the cost functional are presented. An example is given to illustrate these

techniques.

In Chapter III, the development of Chapter II for the first performance index is
extended to the case of viscoelastic damping. Viscoelasticity is modelled using a classical
approach in which the relationship between stress and stain is expressed in terms of integer
order derivatives on stress and strain. As in Chapter II, a closed form, approximate,
solution for the damping parameters and active control feedback gains is derived. The
derivation holds for any (finite) number of derivatives on stress and strain. For the case
in which only first derivatives on stress and strain are used in the model, techniques that
minimize the maximum value of the cost functional and the average value of the cost
functional over a representative sample of the initial conditions are derived. Examples
similar to the ones in Chapter II are presented.

In Chapter IV, the development of Chapter II for the first performance index is
also extended to the case of viscoelastic damping, but in this chapter viscoelasticity is
modelled using fractional order derivatives on stress and strain. Although a closed form
solution is not obtained in this car=, two iterative solutions analogous to those in Chapter II
are derived. One minimizes the maximum value of the cost functional, and the other
minimizes the average value of the cost frnctional over a representative sample of the

initital conditions. Examples similar to the ones in Chapters II and III are presented.

A variety of solution techniques for determining the optimum blending of active
vibration control and passive structural damping is offered to the design engineer in this
dissertation. The closed form solutions give him quick, adequate results, and provide
good starting points for the iterative techniques. Minimiziry the average value of the

performance index tends to give better pet%. -ran~e ot the two iterative techniques.




Il. Fundamental Development

2.1 Preliminaries

In addition to developing techniques for simultaneously designing active vibration
control and passive viscous damping, this chapter lays the groundwork for the following two
chapters. These three chapters rely heavily on a modified version of the linear quadratic
regulator (LQR) performance index, which is commonly used in control theory {1]. In
this section, a short review of the linear quadratic regulator is given. The next section
applies the development of the linear quadratic regulator to the problem of simultaneous

optimization of passive viscous damping and active control.

In this thesis, all problems considered are in finite element formulation. The equations

of motion of a structure modelled using finite elements is
Mi(t) + Dx(t) + Kx(t) + byu(t) =0 (1)

where x is the position vector, M is the mass matrix, D is the damping matrix, K is the

stiffness matrix, and b, is the matrix coefficient of the vector of control forces, u.
It will be convenient to have the equations of motion in first order form:
x(t) 0 I x(t)

%(t) ~M-'K -M-'D || x() ~M-1b,

By dropping the notation for dependence on time t for brevity, and defining a state vector

y composed of the position and velocity vectors, x and x

x(t
y= © (3)
x(t)
Eq (2) can be written more compactly
y=Ay+Bu (4)

where A is the plant matrix and B is the input matrix. The initial conditions at time ¢,

are assumed known:
y(to) = yo (5)




Since the goal of this thesis is vibration suppression, the final condition at a specified time

i, is zero:

y(t)=0 (6)

The LQR performance index depends on the state y and on the control u:

ty 1 T T
J= / > Qy + u"Ru)ds 7)
to

The state weighting matrix Q is symmetric and positive semi-definite, while the control
weighting matrix R is symmetric and positive definite. The relative magnitude of the
diagonal elements of the weighting matrices Q and R reflect the relative importance of the
state y and the control u. The optimal control is that which minimizes the performance

indez, Eq (7), subject to the state equations, Eq (4).

Using the method of Lagrange multipliers, the state equations, Eq (4), can be ap-
pended to the performance index [12:263]:

t
J= / ! [-;—(yTQy +u"Ru) - AT(y - Ay - Bu)] dt
to

To minimize the performance index, it is necessary to compute the variation of the

performance index due to variations in the state and the control.
‘, T T T/ T -
8J = / [(v"Qéy + u"Rsu) - 637 (3 - Ay-Bu) - AT(5y — Ady - Béu)| dt
to

The independence of the three unknowns y, u, and A leads to three equations:

¥ =Ay+Bu (8)
u=-R!BTA (9)
0=A+ATA+Qy (10)

Assuming the Lagrange multiplier A is linearly dependent upon the state y

A= Py




Eqgs (9) and (10) can be written as

u=-R!'B’Py (11)
0=Py+Py+ATPy+Qy (12)

Substituting Eq (11) into Eq (8), and then Eq (8) into Eq (12), one obtains
[P+PA-PBR 'B'P+ATP +Qly =0

This equation holds true for general y only if the expression within the brackets is zero,

which in turn implies that P satisfies the matrix equation

P=-PA+PBR 'BTP-ATP-Q (13)

One of the basic characteristics of the regulator is that the final time ¢, is very far
in the future. So the steady state solution of Eq (13), i.e., P =0, is of interest — which
implies P satisfies the algebraic Riccati equation

PA-PBR'BTP+ ATP+ Q=0 (14)

Since the algebraic Riccati equation is symmetric (i.e., taking the transpose of Eq (14)
results in the same equation), its solution P is symmetric (P = PT). Another characteristic
of the steady state solution P is its independence of initial conditions. The control u that

minimizes the performance index J is given by Eq (11) where P satisfies Eq (14).

In the next section, viscous damping is considered analogous to active control, and

the problem of optimizing damping and control simultaneously is addressed.

2.2 Simultaneous Optimization of Viscous Damping and Active Control

To optimize damping and control simultaneously, consider a modification of the LQR
cost functional to include passive damping forces. The passive damping forces are treated
as co-equals to the active control forces, and are weighted in a similar manner. Let v

be a vector of passive damping forces in the system, and S its positive definite weighting




matrix. The modified performance index is taken to be

J= ‘:! %(yTQy + u"Ru + v Sv)dt (15)
There are specific reasons for weighting the passive damping forces like the active
control forces. When implementing a damping design using viscous fluid dampers or vis-
coelastic solids, one must take into account the temperature sensitivity of the damping
medium. Modest changes in temperature due to absorbed mechanical energy can dra-
matically alter the damping properties of both fluids and solids. Hence one is motivated
to limit in some fashion the mechanical energy absorbed by any given damper as well as
limit the peak value of its damping force. The quadratic damping term appearing in the
performance index, Eq (15), serves this end rather nicely. One should note that in the case
where the passive forces v are proportional to the velocity vector, this quadratic damping
term is reminiscent of the Rayleigh dissipation function used in conjunction with energy
methods in classical dynamics [25:89).

To determine the form of v and how it fits into the equation of motion, a closer
look at the equations of motion is needed. In the problems addressed in this chapter, the

damping matrix is symmetric and is of the form
D =b,Cb,T (16)

where C is a diagonal matrix of the desired viscous damping coefficients. By expressing the
damping matrix D in this form, the damping coefficients have been separated out of the
damping matrix. Since viscous damping coefficients are (usually) constant and positive,
C is positive semi-definite. The matrix b, is a matrix of constants chosen to reflect the

attachment pattern of the viscous dampers. Then the state equations can be written as

x| _[ o 1 e .
(1) -M-K 0 | | &) ~M-'B
+ 0 Cb,Tx(t) (17)
~M-'b, |

The quantity Cb, % represents the passive damping forces.




If stiffness is allowed to vary as a design parameter, and the change in stiffness can
be expressed as
AK = bkaka

[y

then the third term on the right hand side of Eq (17) becomes

(i 0 C, O b © x(t)
~-M-'b, -M-'b, 0 C 0 bt x(t)

Hence, the passive structural forces v depend linearly upon the state y according to
v = Cdy (18)

where C contains the desired passive damping coefficients (and/or changes in stiffness)
along its diagonal. The matrix ® is defined as either

T
0
<1>=[o va] or &= b; L7 (19)

depending on whether stiffness is allowed to vary or not. If the number of stiffnesses that
are allowed to vary plus the number of damping coefficients is equal to the length of the

state vector, then ® can usually be chosen such that it is invertible.

By dzfining the matrix By in a similar manner,

0 0 0
B, = or B,= (20)
-M-!b, -M-lb, -M-!b,

the state equations can be written in a modified, compact form:

y=Ay+Bu+B,v (21)

The optimization problem can now be expressed as the minimization of the perfor-
mance index, Eq (15), subject to the state equations, Eq (21). Two additional constraints

are that the passive forces v are of the form given in Eq (18) and the matrix of damping

coefficients C is a constant, positive semi-definite, diagonal matrix since damping coeffi-




cients are non-negative. The method of Lagrange multipliers can be used to append the

first two constraints to the performance index:
ty l
J= / [E(yTQy +uTRu + vTSv) - AT(§ - Ay — Bu — Byv) = AT(v ~ coy)] dt
to

Now the vectors y,u, and v are taken to be independent. So Eq (18) implies that the
matrix C is independent of these vectors also. By definition, A, and A, are independent of
each other and of y, u, v, and C. Hence, to minimize the performance index J, one takes
its variation with respect to y,u,v,C, A, and A, and sets the variation equal to zero. The

variation of the performance index J is
tr
8J = / [(yTQ6y + u"Réu + v7'Sév) — 6AT (y - Ay—-Bu - B,v)
to
~AT(85 - Ady — Bdu— B,év) —6A](v - C&y) - A](bv - 6C®y - CRéy)| dt

Since initial and final conditions are specified (Eqs (5) and (6)), the term ATy can be
integrated by parts:

ty ty ., ty .,
| ATaga = xToyli - [ oyde = - [ syt

to to

Substituting this result into the variation of the performance index and combining like

terms yields

‘ -
57 =/ "[67Q+ A7 +ATA + ATC®)dy + (uTR + ATB)su
to
+(v'S + ATB, — AT)év — 6AT (¥ — Ay — Bu — B,v)
)] (v — C®y) + X} (§C) @y dt

The independence of the six unknowns leads to six simultaneous equations

y = Ay + Bu+ B,v (22)
v =C®y (23)
u=-R7'BT), (24)
0=23; +ATA + Qy + 37C), (25)
A, =B, A +Sv (26)
Az=0 (27)




From Eqs (26) and (27) the passive force vector v is proportional to the Lagrange multiplier
Ali
v=-S"'B, ) (28)

Substituting Eqs (24), (27), and (28) into Eqs (22) and (25) yields expressions for the time
derivatives of the state vector y and the Lagrange multiplier A,:

y = Ay -BR'B"),-B,S"'B,T)\,
Al =-Qy-ATA

From Eqs (23), (27), and (28) the relation between the parameter matrix C, the state
vector y, and the Lagrange multiplier A, is

Céy = -S7'B,T\, (29)

Since the matrices C, ®, S, and B, are constant, Eq (29) implies that the Lagrange

multiplier A, is equal to a constant matrix times the state:

where the square matrix P is constant. This is the form of the standard LQR solution.
In fact, Eqs (24) and (30) can be combined to give an expression for the active control u,

which is the same as that derived in the last section:
u=-R'BTPy (11)

From Eqs (29) and (30) the relation between the damping coefficients, the state, and the
constant matrix P is
C®y = -S"'B,"Py (31)

while Eqs (25) and (30) yield the following relationship between the state y, its time

derivative y, and the matrix P:

0=Py+ATPy+Qy (32)
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Substituting for the time derivative of the state y in Eq (32) yields the expression
P(Ay+Bu+B,v)+ATPy+Qy =0

Using Eqs (11) and (18) to substitute for the active control vector u and the passive force

vector v, one obtains an equation in terms of the matrix P and the state vector y:
PAy + P[B(-R™'B"Py) + B,(-S™'B,"Py)|+A"Py + Qy = 0
This equation can be written in terms of a matrix times the state vector:
[PA+ AP -P(BR'BT +B,S"'B,7)P+Qly = 0
For general y, the above equation leads to the algebraic Riccati equation
PA+ATP-P(BR'BT+B,S'B,”)P+Q=0 (33)

After determining the solution P to the above equation, the active control u is determined
from Eq (11). To determine the viscous damping coefficients, one notes from Eq (31) that
for general y,

Ce®=-s"'B,”P (34)

If @ is invertible, it would seem that C could be determined from Eq (34)
C=-$"'B,/P3! (35)

where P satisfies the above algebraic Riccati equation, Eq (33). However, in general, C,
as computed from Eq (35), is fully populated, while C must be a positive semi-definite
diagonal matrix as the problem was originally posed. This requirement was not specif-
ically addressed in the above derivation, and is normally not encountered in an LQR
problem. The assumption that the solution has the form of the standard regulator (i.e.
A1 = Py) is what led to a non-diagonal C. So the optimal solution derived in this section
(Eqs (11), (33)), and (34)) is not attainable since it led to a fully populated C. In the next

section, approximate solutions to the optimization problem of Eq (15) are proposed.

Unlike the standard LQR problem, the solution to the optimization problem posed
by Eq (15) and C constrained positive semi-definite diagonal is not given by a Riccati
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equation, even when t; — co. The solution to the present problem does, however, require
an iteration involving a Riccati equation similar to Eq (33) and is dependent upon initial

conditions. It is presented briefly in the following section.

2.2.1 Solution Technique for Minimizing the Cost Functional Error.  The purpose
of this section is to find good approximate solutions to the problem of optimizing active
control and passive viscous damping simultaneously. Two approaches that are independent

of initial conditions are given.

One approach is to minimize the distance between the optimal solution derived in
the previous section and the set of allowable solutions. The optimal solution is the matrix
product C® that satisfies

Ccé=-8"'B,7P (34)

where P is the solution of Eq (33). The set of allowable solutions is the set of matrices
of the form C® where C is a positive semi-definite diagonal matrix and & is defined
by Eq (19). This set is a convex subset of the space of all matrices that have the same
dimensions as C®. The distance will be defined as the Frobenius norm of the difference:

|C® + S~'BTIP|r (36)

Minimizing this norm is equivalent to a least squares fit. This norm will be minimized
by computing the appropriate viscous damping coefficients, which are the elements of the

diagonal matrix C.

The Frobenius norm of an m X n matrix A is defined as the square root of the sum

of the squares of the elements of the matrix:

1/2
lAllF = [Z > A?,-]

=1 j=1

Minimizing Eq (36) over the set of positive semi-definite diagonal matrices is a minimization

problem that can be solved in closed form (see Appendix A). If

W =-S"'8B,7P
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the diagonal elements of the diagonal matrix C are

(37)

- LY

2?:1 lej
If m is the number of damper coefficients, and n is the length of y, ® and W are m x n
matrices.

The second approach involves examining the minimum performance index (Eq (15))
when the damping coefficients C are set before computing the active control gains rather

than computing them simultaneously. The performance index becomes

t
7=[" % [¥"(Q+ #"Csca)y + u"Ru] dt (38)

to

subject to the equations of motion:
¥ = (A + B,C®)y + Bu (39)

With the damping coefficients C fixed in advance, the minimizaton is a standard LQR
problem with modified state weighting matrix Q and modified plant matrix A. The mini-
mum performance index J is achieved by Eq (11):

u=-R'B"Py (11)
where P (in the limit as t; — 00) is a solution to the algebraic Riccati equation

P(A +B,C®)+ (A +B,C3)P - PBR'B'P4+Q + $7CSC®=0  (40)

This algebraic Riccati equation expresses the matrix P in terms of the matrix C.
In effect, the active control u is now in terms of the damping coeflicients C. The next
step is to determine how to select the damping coefficients C such that the cost functional
(Eq (38)) is minimized.

One approach is to express the value of the performance index as {; — oo in terms

of P and the initial conditions (see Appendix B):

. 1
J=Jlim J(t;) = 5¥TPy, (a1)

ty—o0

13




Thus, if the initial conditions y, are known, one can iterate with respect to the damping
coefficients (i.e., positive semi-definite, diagonal C), using Eq (40) to determine P during
each iteration, to minimize the performance index J given by Eq (41). However, opti-
mizing for fixed yo, may result in poor performance if initial conditions change (due to an
unexpected disturbance, for instance). In contrast, the standard LQR problem does not
require this iteration because the solution to the Riccati equation (Eq (14) is independent
of the initial conditions y,, and hence results in inherently robust performance with respect
to the initial conditions. To achieve robustness with respect to initial conditions, solutions

independent of y, will be sought.

It will be helpful to consider the difference between the value of the performance index
at the (unattainable) solution of Section 2.2 and that achieved by enforcing the constraint
that the damping coefficient matrix C must be diagonal. Letting P represent the uncon-
strained optimal solution and P a constrained solution, the change in the performance
index is

AJ = yiPy, - yi Py, = yI(P - P)y, = y] APy, (42)

In solving for AP, one first recalls that P satisfies Eq (33)

PA+ATP_P(BR'BT+B,S"'B,7)P+Q=0 (33)
while P satisfies Eq (40):
P(A +B,C®)+ (A +B,C®) P-PBR'BTP+Q+ 8'CSC& =0  (43)

Subtracting Eq (33) from Eq (43) leads to an expression for AP

APA + ATAP 4 APB,C# + PB,C%+(B,C® + PB,C®) AP
+(B,C® + PB,C%)"P - AP(BR'B"P) - PBR"'BTP
~ AP(BR™'BT)AP + 7CSC® + PB,S”'B,”P = 0

which can also be written in the form of an algebraic Riccati equation

AP(A - BR"'BTP { B,C®)+ (A - BR™'BTP+B,C%)TAP
~ AP(BR'B")AP+E =0 (44)
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where
E = $"'Ccsc® + #"CB,”P + PB,C® + PB,S"'B,”P (45)

This Riccati equation determines AP, which in turn determines AJ. Standard Ric-
cati solvers find the real, symmetric solution to the algebraic Riccati equation that stabilizes
the plant matrix. Now the plant matrix (A - BR™!'BTP 4 B,C#®) is stable. Therefore,
if E = 0, then AP = 0 is the only real symmetric solution to Eq (44) [36]. So, driving E
as small as possible yields a small AP and thus drives P to P. This is highly desirable
because the unconstrained standard LQR solution P is highly robust with respect to initial

conditons.

So this approach to an approximate solution is based on finding those damping
coefficients that make the matrix E as close to the zero matrix as possible. Based on

Eq (45), £ can be written as

E = $7C(SC#® + B,”P) + PB,S"'(SC#® + B,”P)
= (#"C + PB,S7')(SC® + B,”P)
= (#"Ccs + PB,)s"}(SC® + B,”P)
= [s7"*sce + B,"P)[F[s"/*(sC® + B,”P)]
=H'H ' (46)

where
H = S""*scé® +B,”P)

So choosing the damping coefficients such that the diagonal matrix C makes the matrix
product SC® as close to the matrix product (—B,”TP) as one can will make E small.
Since ||HTH]||; = ||H||3, choosing the damping coefficients that minimizes the two-norm of
H minimizes the two-norm of E and drives AJ small. This minimization can be accom-
plished using the MATLAB routine FMINS, which uses the Nelder-Mead simplex search
algorithm [23].

It is interesting to note how similar the matrix H is to the error term in Eq (36).
In fact, minimizing the Frobenius norm of Eq (36) gives the same result as minimizing
|Hl|r. Because ||HTH||r < ||H||%, choosing the damping coefficients that minimize the
Frobenius norm of H will minimize an upper bound on the Frobenius norm of E and thus

drive AJ — 0. The advantages of the Frobenius minimization over minimizing ||H||, are
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that it is guaranteed to return positive damping coefficients and it can be solved in closed
form (see Appendix A). As will be shown later, the latter advantage makes the Frobenius

minimization computationally more efficient.

In this section, two methods of obtaining an approximate solution to the optimization
problem posed in Section 2.2 have been derived. One is a minimum singular value method
(minimize ||H||,), and the other is a Frobenius norm minimization (minimize ||H||r). How-
ever, these are approzimate solutions. It is desirable to achieve an actual optimization. In
the next two subsections, the performance index is redefined in two different ways, and the

minimums of vhe resulting cost functionals sought.

2.2.2 Solution Technique for Minimizing the Mean Performance lex. In each
of the next two subsections, a cost functional is defined based on the form of the perfor-
mance index given in Eq (41). The cost functional of the next section is the maximum
value of the performance index. In this subsection, a cost functional is the average of the
performance index over the initial conditions. Since the magnitude of the initial condi-
tions is irrelevant to the value of viscous damping coefficients C and the corresponding
solution to the modified Riccati equation, Eq (40), initial conditions used in the next two
subsections are those whose magnitude is unity, in other words, the unit ball |jy,]| = 1.

Minimizing the average value of the performance index, denoted by J, over the unit
ball [|yo|| = 1 does have the potential to lead to large values of the performance index for
some initial conditions, but the large values will be offset by low values of the performance
index at other initial conditions. Since the damping coefficients and active control gains
that are calculated will give the lowest average value of the performance index, one would
expect that this solution will give better performance over more than half of the initial
condition compared to any other combination of damping coefficients and active control

gains.

The average value of the performance index will be calculated by integrating the
performance index over the surface of the unit ball, then dividing by the surface area of
the unit ball. First the performance index will be expressed in terms of the elements of
the initial state vector and the solution to the Riccati equation. Let yo = [11 ¥2 -+ ¥a]7-

Since P is symmetric, the performance index is

n n 1 "l
J = %yoTPYo = %EZP’)‘%% =52 Pl +3. D Py (47)

3 j=1 i=1 i jmitl
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ball:

The expression for the average value of the performance index is

fuy.,ﬂ=1 (% S Pavl + = E;:H-l Pfiyiyi) dA

J=
fI‘YoH:l dA

Since the sums are finite, the integrals and summations can be interchanged:

[zzp" (firen=r 92 d4) + E 2 P (fiyet=s w35 dA).

§ j=itl
f“’o“:l dA

J =

(48)

To simplify the evaluation of the integrals in Eq (48), Gauss’ divergence theorem is used
to express the surface integals as volume integrals [19:355]:

/n~udA=/divudV (49)

Let e; represent the unit vector in the direction of the kg, coordinate. Then the unit vector
normal to the surface of the unit ball is n = y";_, yse;. The vector u must be determined
for each of the three integrals in Eq (48). (Please note that in this discussion, u is some
continuous vector function, not the active control vector.) If n - u is taken to be y?, one

can infer that u = Y} _, uze; = y;e;. Therefore the divergence of the vector u is unity:

du y;
diva = Z By: y; = (50)

So evaluation of the first integral in the numerator in Eq (48) is the volume of the unit

/ Y dA = v=v (51)
Hyoli=1 llyoll=1

In the second integral in the numerator of Eq (48), n - u is taken to be y;y;. It follows
that u = 1(ye; + y;e;). Then the divergence of u is zero:

dur _ 8(3y) | 9Gw) _
divu= z I + 9y - 0 (52)
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Hence the second integral in the numerator of Eq (48) integrates to zero:

[ wyda=o (53)
flyoll=1

The integral in the denominator of Eq (48) is just the surface area of the unit ball, but it

can be expressed in terms of the volume. In the integral, the quantity n - u is unity:
n-u=1

It is sufficient that u = n. Thus the divergence of u is equal to the number of terms in the

state vector:

R TR T
deu_§am =23y, = (54)

Thus the surface area of the unit ball is n times the volume:

/ dA = ndV = nV (55)
yoll=1 iyoll=1

Combining Eqs (48), (51), (53), and (55),

- [%E"ZP«-Hi ‘L‘Pu-O]

o ragiPay: ly . n
=1 £ =il | _ .
— = Lan.-=,R' (56)
1
= — 7
2ntraceP (57)

Hence, choosing the viscous parameters C that minimize the trace of the matrix P mini-
mizes the average value of the performance index J over the unit ball ||yo|| = 1, regardless

of system order.

This subsection has derived a technique for minimizing the average value of the cost
functional over a representative sample of initial conditions. The next subsection will
present another technique for optimizing viscous damping and active control simultane-

ously.

2.2.3 Solution for Minimizing the Mazimum Performance Indez. Another ap-
proach to optimizing viscous damping and active control simultaneously is to minimize

the maximum value of the performance index J over the unit ball |lyo|| = 1. One way to
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accomplish this is to minimize the two-norm of P, since the performance index is less than

or equal to the two-norm of P:

1 1 1
J = 51yaPyol < Sliyol*lIPll2 = FlIPlls (58)

The quantity on the right hand side of the above equation will be referred to as Jy,,.:

1
Imaz = E”P"3

In this method, iteration with respect to the viscous parameters C is carried out until
|IP|l2 is minimized where P satisfies Eq (40). This approach might be very conservative in
general, since the initial conditions y, that maximize the performance index may not be

encountered very often.

The last three subsections have produced four solution techniques that are indepen-
dent of initial conditions. In summary, the four solution methods are

1. min ||HJ|p: Closed form solution based on finding a diagonal C that minimizes the
error in the performance index with respect to the Frobenius norm. See Eqs (40)-(46).

2. min ||H||,: Iterative solution technique based on finding a diagonal C that minimizes
the error in the performance index with respect to the two-norm. See Eqs (40)-(46).

3. min ||P||;: Iterative solution technique based on finding a diagonal C that minimizes
the maximum value of the performance index. See Eqs (40) and (58).

4. min (trace P): Iterative solution technique based on finding a diagonal C that min-
imizes the average value of the performance index. See Eqs (44) and (47)-(57).

The minimization of ||H||r and the minimization of ||H||; do not guarantee a positive
solution for the damping parameters. The same applies to minimizing trace(P) and ||P||,.
However, as will be seen later, positive damping parameters are obtained in all the example
problems. Following are example problems which illustrate the above techniques. The

example problems are also used to compare the different solution techniques.
2.2.4 FEzample Problems.

2.2.4{.1 Ezample #1 - Single DOF System. In this example problem,

single degree of freedom spring-mass-damper system, illustrated in Figure 1, is used to
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Figure 1. Simple Spring-Mass-Damper System

demonstrate and compare the four solution techniques derived in this section. The equation

of motion is given by the scalar equation

i+ ci+(0.5+Ak)z=~-u (59)

where Ak and ¢ are the passive design parameters, representing change in stiffness and
viscous damping respectively. Letting y, = z,y2 = , then

. 01 0 0 0| Ak O 10
y= y+ u+ y
-05 0 ~1 -1 -1 0 ¢ 01

= Ay + Bu + B,C®y

The weighting matrices are chosen to give equal weighting on position, active control, and
viscous damping:

10 1000 O

00 0 1
The weight on the change in stiffness, Ak, is chosen large to assure negligible change in

stiffness (Ak = 0). This isolates damping as the design parameter of interest.
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Figure 2. Performance Index vs. Initial Conditions

The optimal unconstrained solution of Section 2.2 (i.e., the solution of Eq (35) ) for
this problem yields a non-diagonal parameter matrix:

0.000 0.000
C= (61)
500 .707

For the single degree of freedom case, ||yo]| = 1 can be represented by a single
parameter @ where y, = [cos @ sin8]7. The value of the performance index for the optimal
unconstrained parameter matrix is shown as a solid line with circles in Figure 2. Also

included for comparison is the result for purely active vibration control (i.e., C=0).

Table 1 summarizes various results for the single degree of freedom system. For this
example, the results for the alternative suboptimal solutions, the min ||H]|, and min ||H}|r
cases, are the same to two decimal places, but in general the results will be different.
Although the damping coefficients for the min ||H||; and min ||H||r cases are nearly twice

those for for the min ||P}j; and min (trace P) cases, they nonetheless serve as reasonable
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Table 1. Damping Parameters and Feedback Matrices for Example #1
¢ | feedback matrix
min [|P]; | .395 | [11.6679 4.4679]
min trace P | .455 | [13.4997 4.7807]
min ||H||s | .707 | [21.2052 5.8816)
min ||H||, .707 | [21.2052 5.8816]

first guesses for these solution techniques. The importance of this in higher order systems

will become evident in Example #3.

For the single degree of freedom problem, minimizing {|P||; resulted in a diagonal C:

0.000 0
C= (62)
0 .39

The result is plotted in Figure 2. The graph shows this solution to be more robust
than the purely active solution. ror at least one initial condition, any other value of
damping coefficient (or change i1. stiffness) will produce a larger value of the performance

index than the maximum of this solution.

Minimizing the trace of P for Example #1 gave the following diagonal parameter

matrix:
0000 O
C= (63)
0 455

These results are also shown in Figure 2. Although this graph does have points above the

one for min ||P||;, the average value of the performance index is lower for this solution

than for any other. The min ||H]||; and the min ||HJ|r solutions are equal to two decimal

places, so only the min ||H||r solution is shown on Figure 2.

In this example, the different solution techniques were compared using the original
performance index (Eq (15)). In the following example, three solution techniques, min
|IH||F, min ||P||;, and min (trace P) are compared using the modified performance indices
introduced in Section 2.2.2.

2.2.4.2 FEzample #2 - Single DOF System with No Additional Stiffness. In
the example just presented, the change in stiffness (Ak) was made small by choosing the

corresponding weight large. The following example constrains the change in stiffness to be
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zero from the outset (Ak = 0). The scalar equation of motion is
Z4+cz+052=—-u

which leads to a first order system in which the parameter matrix is a scalar and the matrix

¥ is nonsquare:

) 01 0 0
y= y+ u+ c[o l]y
-05 0 -1 -1
= Ay + Bu + B, c®y (64)

Before giving the weightings on the state, control, and passive damping, a short
discussion on how to choose the weightings is appropriate. The weightings determine the
relative importance of driving the state to zero, the expenditure of control energy, and
the absorption of damping energy [26:782). In the the previous example, no weighting was
placed on velocity, implying that driving velocity to zero was not important. Choosing the
weightings on the state, control, and passive damping is “more of an art than a science”
(18:219]. In this example, the weighting matrices are chosen to minimize energy. Hence,
velocity is weighted more heavily than position since the magnitude of the mass is greater
than the magnitude of the stiffness. Active control and passive damping are weighted

equally, and less than position:

S0
Q= , R=.1, §=.1 (65)

In practice, the design engineer may have to experiment with different weightings
to get a design that is appropriate to his needs. For example, if the weightings on active
control and passive damping are too large, the damping ratios may be unacceptably low. If
the weightings on active control and passive damping are too small, the amount of control
and damping material required may be unacceptably high. For a more detailed discussion

of the choice of weighting matrices, see Reference {2].
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Table 2. Active Control Feedback Gains for SDOF System

¢ feedback matrices
2.52 [1.72 2.61]
0.89 [1.72 3.00]
0.47 [1.72 3.27]

Table 3. Comparison of Solutions for SDOF System
c 2.52 | 0.89 | 0.47
trace P | 1.31 | 1.15 | 1.16
[Pl 1.09 | 0.90 | 0.89

In this case, the optimal unconstrained solution of Section 2.2 (i.e., the solution of
Eq (34)) for this problem yields a 1 X 2 matrix:

c®= [ 1.35 2.52 ]

The Frobenius norm solution yields ¢ = 2.52, while minimizing trace P gives ¢ = 0.89, and

minimizing ||P||; gives ¢ = 0.47. The active control feedback gains are given in Table 2.

The disparity of the values for the damping parameter ¢ indicate that there is some
insensitivity to the magnitude of the damping parameter ¢. This is supported by the
fact that there is little difference in trace P and ||P||; for the three solution techniques
(Table 3). Figure 3 shows that there is little change in ||P]|; due to the value of ¢ between
¢ = 0 and ¢ = 1. The graph of the trace of P is varies by less than 0.05 between ¢ = 0.5
and ¢ = 1.5.

2.2.4.3 Ezample #3 - Fourteen DOF System. In this example, a more
realistic and more complex structure is considered, the plane aluminum truss in Figure 4.

The finite element model equations of motion can be written in the state space form:
¥y = Ay + Bu+ B,C®y (66)

Since the fourteen physical degrees of freedom lead to twenty-eight mathematical degrees
of freedom in a dynamical system, the dimension of state vector y is 28x1. There are four
control actuators and five dashpots on the truss, so the dimension of the active control
vector u is 4x1 and the dimension of the damping parameter matrix C is 5x5. The

dimensions of the remaining matrices are given as follows: plant matrix A, 28x28; active
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Figure 3. Example Problem #2 — Trace P and ||P|; vs. ¢

control input matrix B, 28 x4; passive force input matrix B,, 28x5; and ®, 5x28. With E
representing the elastic modulus of aluminum, A the cross sectional area of the aluminum

elements, and p the density of the aluminum, the parameters of the system are

EA= 15179 x10° N  (3.4125 x10° Ib)
pA = 83564 N-s?/m? (1.212 x10~2 1b-s?/in?)

The length of the horizontal elements is 4.572 m (15 ft) while the vertical elements
are 3.048 m (10 ft). The length of the two elements with dampers ¢4 and ¢5
is 4.819 m (15.81 ft). Thus, the diagonal elements with dampers ¢;, ¢;, and c¢;
are 5.495 m (18.03 ft) in length. In addition to the consistent mass matrix due to con-
sideration of the mass of the aluminum elements, there are 0.454 kg (1 lbm) point masses
at every node, with an 0.907 kg (2 lbm) point mass at the tip. The undamped natural
frequencies range from 7.7 rad/sec to 319.3 rad/sec (1.2 hz to 50.8 hz).

The state weighting matrix Q is chosen such that yTQy equals the total mechanical

energy in the system. Thus Q is formed using the mass and stiffnese matrices, M and K.
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Figure 4. Example Problem #3 Truss Structure

The active control weighting matrix is chosen such that its diagonal elements are smailer
than the smallest diagonal value of Q.

In the previous two examples, the weighting on active control and passive damping
were equal. In Example #1, it was shown that using simultaneously designed active
feedback control and passive damping gave better performance than using active control
alone. In general, one would expect that passive damping is cheaper than active control
— it doesn’t need an actuator or power for the actuator. Hence for this example, it is
assumed that active control is more costly than passive damping, so the passive damping
weighting matrix S is chosen to be 10~2 times identity, and the active control weighting

matrix R is chosen to be 10~2 times identity:

K o s 3
Q= , R=107°I, §S=10""1 (67)
0 M

Using the weightings given above gives the resulting damping parameters for the
different solution techniques in Table 4. At the bottom of Table 4 are the approximate
computation times on a VAX 6420. The solution techniques can be run with simple MAT-
LAB routines. The Frobenius norm minimization uses the algorithm given in Appendix A,
while the other minimizations utilized the MATLAB routine FMINS, using default toler-
ances in the minimization routines. The minimization algorithm used in FMINS is the
Nelder-Mead simplex search algorithm [23].
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Table 4. Damping Parameters and CPU Times for 14 DOF Truss

min |[H||r | min [|H]l; | min, [[H],
¢ 60.0169 59.6515 59.6514
dashpot c3 41.7915 46.2314 46.2314
constants c3 41.9507 14.7370 14.7372
Cq 57.8418 59.2816 59.2816
cs 55.2145 45.9636 45.9636
computation time 17s 34s 61s
min trace P | ming trace P | min ||P||; | min, ||P||; |
(N 54.3826 54.3826 76.1842 76.1839
dashpot c2 35.4502 35.4503 17.5549 17.5542
constants c3 38.4443 38.4443 28.5870 28.5873
4 42.1846 42.1846 34.2785 34.2786
Cs 46.8419 46.8420 45.5261 45.5255
computation time 22 min 52 min 38 min 78 min

The zero subscript on the minimization operator (e.g., min,) indicates that an initial
guess of C = 0 was used. The other cases used the damping coefficients of the min ||H||r
solution as the initial guess. Using the min ||Hj|r solution as an initial guess significantly
decreased the computation time, by more than one half in some cases. The active gain
feedback matrices are given in Appendix F. The results in Table 4 clearly demonstrate
that if one chooses not to spend the additional computer time to optimize the dampers
that the inexpensive min [|H||r solution is a reasonably close estimate. For very large

systems this solution may be the only affordable alternative.

In fact, as shown in Table 5, the min |H||r solution gave almost identical closed
loop damping ratios and natural frequencies as the min (trace P) and min |[P|[; solutions
for this example. Also shown in Table 5 are the open loop poles of the system (no active
or passive control). The average change in frequency due to adding viscous damping and

active feedback damping was about 3 rad/sec.

Since it is not possible to show a two-dimensional plot of J over the unit ball as
in Example 1, another method of comparing the solutions is needed. It would be useful
to have a way to compare the solutions with respect to the original performance index,
Eq (15), regardless of system order. To compare the solution given in Table 4, recall from

Eq (42) that the difference in J between two different solutions can be given by

AJ = yI (P - P3)yo (68)
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Table 5. Damping Ratios and Natural Frequencies for 14 DOF Truss

undamped min ||H||r min trace P min }|P||;
frequency ¢ wy, ¢ W ¢ Wy
(rad/s) (rad/s) (rad/s) (rad/s)

319.3471 | 0.1249 | 315.7222 | 0.1077 | 316.8960 | 0.0712 | 316.9671
290.2645 | 0.0790 | 281.1909 | 0.0763 | 283.5066 | 0.0534 | 288.0130
281.1347 | 0.0728 | 279.7743 | 0.0620 | 279.4916 | 0.0729 | 275.2599
271.9703 | 0.0417 | 265.4633 | 0.0406 | 267.0294 | 0.0377 | 267.9009
264.1012 | 0.0282 | 258.9797 | 0.0297 | 260.8798 | 0.0327 | 262.1410
236.3806 | 0.1376 | 245.6173 | 0.0965 | 243.8296 | 0.0857 | 243.0665
223.1620 | 0.0853 | 224.8248 | 0.0728 | 224.4934 | 0.0693 | 224.1446
165.0056 | 0.1353 | 167.7850 | 0.1166 | 167.0317 | 0.1008 | 166.6382
150.4895 | 0.1090 | 153.7449 | 0.0862 | 152.4666 | 0.0811 | 152.1203
86.1426 | 0.0884 | 86.4941 | 0.0792 | 86.4090 | 0.0682 | 86.2700
64.8809 | 0.1016 | 65.2589 | 0.0952 | 65.1966 | 0.0962 | 65.1802
54.9372 | 0.0341 | 55.0353 | 0.0331 | 55.0221 | 0.0337 | 55.0725
31.9937 | 0.1096 | 32.2309 | 0.1087 | 32.2221 | 0.1103 | 32.2677
7.7196 0.0986 | 7.7581 | 0.0986 | 7.7580 | 0.0986 | 7.7582

where P; and P; are two different solutions. If the matrix (P, — P3) is positive definite,
then AJ > 0 for all y,. Hence, P, would give a lower value of J than P, for all y,. As
shown in Table 6, the min |H||r solution (Pf), the min (trace P) solution (P,,), and
the min ||P||, solution (P,) give lower values of J for all y, than the soiution using only
active damping (P.); hence, for this example, they are all better solutions than using only
active control. Table 6 also shows that P,, gives a lower value of J than P; in fourteen
directions, and a higher value of J in six directions. Since most of the positive eigenvalues
of (P, — Py, ) are greater in magnitude than the negative eigenvalues, it is argued that P,,
is a better overall solution than P,. This is consistent with the derivation of the min (trace
P) and min ||P||; solutions since min (trace P) minimizes the average of the performance
index whereas min ||P||, only minimizes the performance index for the worst case. So one
would expect that the min trace P solution would be a better solution for the majority of

initial state vector directions.

Another method of comparing the solutions is comparing the relative differences be-
tween the solutions and the optimal, unconstrained solution (Egs (11), (33)), and (34)).
Table 7 gives the relative differences between the performance index attained with the op-
timal, unconstrained solution and the performance indices attained with the three solution

techniques. All three solution techniques resulted in increases in the performance index
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Table 6. Eigenvalues of Delta P for 14 DOF Truss

PcO - PF Pcl - Ptr Pco - P2 P2 - Plr PF - P!r PF - P2
50062.43 | 50235.92 | 50178.14 592.16 778.51 | 1092.02
31627.88 | 31654.71 | 31349.79 468.76 171.34 -501.75
24620.13 | 24776.08 | 24465.41 -324.75 111.50 | -608.94
11273.39 | 11227.77 | 10975.97 215.36 -157.09 -268.53

9964.37 | 10089.19 } 9818.28 185.94 -116.79 -237.21
9061.48 9043.97 | 8936.96 138.59 -69.31 -177.37
7178.83 7266.41 7214.76 122.97 31.17 | -168.83
6473.13 6536.19 | 6495.66 -39.70 -48.81 | -108.45
6114.26 6326.30 | 6265.98 87.88 -43.49 65.78
1879.97 1833.14 | 1707.37 79.01 -31.22 -79.37
751.17 661.39 683.74 52.84 -16.95 23.78
449.52 416.79 371.62 25.30 -5.84 -24.24
60.82 54.98 60.69 -5.85 2.45 -0.30
1.81 1.60 1.53 0.07 -0.21 0.17
0.61 0.61 0.61 -0.03 -0.06 -0.07
0.40 0.39 0.35 -0.03 0.01 -0.03
0.35 0.35 0.39 0.03 -0.01 -0.02
0.03 0.03 0.02 0.01 0.01 0.01
0.06 0.28 0.28 -0.01 -0.01 0.01
0.07 0.05 0.23 0.01 -0.01 -0.01
0.28 0.24 0.22 0.00 0.00 -0.01
0.10 0.23 0.20 0.00 0.00 0.00
0.16 0.08 0.06 0.00 0.00 0.00
0.21 0.09 0.11 0.00 0.00 -0.01
0.14 0.20 0.13 0.00 0.00 0.00
0.24 0.12 0.08 0.00 0.00 0.00
0.24 0.16 0.16 0.00 0.00 0.00
0.12 0.14 0.08 0.00 0.00 0.00 |
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Table 7. Example #3 Relative Increase in Performance Index

IH|lr_{ trace(P) | ||P|l,

=l 101276 | 0.1120 | 0.1534
Jont

Table 8. Relative Changes in Eigenvalues
— T_—'—_—_—'_T
¢ wa | ||H|jr | trace(P) | ||P]|;

F
0.1169 7.7733 | 0.0185 0.0185 | 0.0185
0.1490 | 32.3715 | 0.0398 0.0408 | 0.0391
0.0714 | 55.0899 | 0.0373 0.0383 | 0.0377
0.1486 | 65.5923 | 0.0476 0.0539 | 0.0530
0.1415 | 87.0082 | 0.0537 0.0629 | 0.0739
0.1097 | 151.5400 | 0.0146 0.0244 | 0.0290
0.1237 | 166.3686 | 0.0145 0.0082 | 0.0232
0.0791 | 224.1759 | 0.0069 0.0065 { 0.0098
0.0841 | 238.6824 | 0.0619 0.0250 | 0.0184
0.0396 | 263.7692 | 0.0214 0.0147 | 0.0092
0.0595 | 271.9458 | 0.0296 0.0260 | 0.0262
0.0640 | 282.0354 | 0.0118 0.0093 { 0.0256
0.0826 { 290.0382 | 0.0307 0.0234 | 0.0300
0.0936 | 320.6543 | 0.0348 0.0183 | 0.0251

of less than 20%; minimizing the trace of the solution to the algebraic Riccati equation
resulted in the lowest increase, 11%.

Table 8 gives a measure of how close the attainable system is to the optimum system
produced by the optimal, unconstrained solution. It does this by computing the eigenvalues

according to the formula
[A(A) = Ai(Aope)|

I":‘(Awt)l
The damping ratio and natural frequency listed in the table are those associated with the

optimum system. Minimizing the trace of P is closer to the optimum solution than the
other two solution techniques at higher frequencies. At lower frequencies, it is not clear
whether the Frobenius norm solution or the minimum two-norm solution is closer to the
optimum solution; both are closer than the minimum trace solution. Table 9 lists the
changes in eigenvalues in increasing order. Looking at this table, it is clear that the largest
eigenvalue change is 7% and occurs in the minimum two-norm solution. Tables 7-9 indicate
that the solution techniques are good approximations to the the optimal, unconstrained

solution.
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Table 9. Example #3 Relative Changes in Eigenvalues in Increasing Order
[HIr | trace(P) | [Pl
0.0069 0.0065 | 0.0092
0.0118 0.0082 | 0.0098
0.0145 0.0093 { 0.0184
0.0146 0.0147 | 0.0185
0.0185 0.0183 | 0.0232
0.0214 0.0185 | 0.0251
0.0296 0.0234 | 0.0256
0.0307 0.0244 | 0.0262
0.0348 0.0250 | 0.0290
0.0373 0.0260 | 0.0300
0.0398 0.0383 | 0.0377
0.0476 0.0408 | 0.0391
0.0537 0.0539 | 0.0530
0.0619 0.0629 | 0.0739

In this example, the different solution techniques were demonstrated for a fourteen
degree of freedom truss. A method of comparing the different solutions was developed
that is independent of system order and initial conditions. Before proceeding to the case
in which the damping is provided by viscoelastic materials, an alternate form of the cost
functional will be touched on in the next section.

2.3 Alternate Form of The Performance Indez

The cost functional of Eq (15) treats the passive damping forces as if they were
similar to the active damping forces, as do the following chapters on viscoelastic damping.
This section takes a short side trip to address the argument that passive damping is an
initial one-time cost item and ought to be weighted as such. Hence, the weighting on
damping is accomplished by weighting the damping constants directly:

17 1/ r T
J==c"Sc+ —(y Qy+u Ru) dt (69)
2 b 2

The equations of motion are of the same form as Eq (39):
y=(A+B,C®)y+Bu (39)

The vector ¢ in Eq (69) is a vector of the passive damping parameters and the matrix C

again is a diagonal matrix of the damping parameters (i.e., the elements of c). Regardless
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of the values of the damping parameters, the minimum of the integral term is given by

ly7 Py, where the matrix P satisfies
P(A+B,C®)+(A+B,C®)P-PBR'B'P+Q=0 (70)
Hence the performance index can be written as the sum of two terms:

1
J = 5(yoPy, + c"Sc) (71)

To obtain solutions independent of initial conditions, the same approach used in
Section 2.2.2 will be used here. Since

1 1 1
J = 5lyoPyo +€7Sc| < S(yol’IPll2 + ¢” Se) = S(IPl> + c’Sc)
the maximum value of the performance index is minimized for ||yo|| = 1 by minimizing
1 T

where P is found by solving Eq (70). This is done by iterating with respect to the viscous

damping parameters ¢ in the same manner as in Section 2.2.2.

To minimize the average value of the performance index minimize

%fliyoliﬂ yTPy,dA + %fuyoll=l cTScdA
Juyon=144 Jiyop=194

1 15
= trace P + 3¢ Sc (74)

J=

(73)

where P is again given by Eq (70). Here also, one needs to iterate with respect to the

viscous damping parameters c in the same manner as in Section 2.2.2.

For both of the above solution techniques, the form of the active control is the same

as with the original performance index Eq (15):

u=-R'BTPy (11)

An example demonstrating both of the above solution techniques follows.
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Table 10. Dashpot Constants and Performance Index Values for Example #4

Solution Technique | min J | min Jpas
c 130.1174 | 132.6323
dashpot c2 76.3213 | 290.2810

constants c3 84.9125 7.1011
Cq 63.8805 33.1698
Cs 77.5260 60.7109

J 484 648
Jnaz 4,587 4,180

2.3.1 Ezample #4 - Fourteen DOF with Alternate Version of the Performance
Indez. This example uses the same structure as Example #3, the aluminum truss
shown in Figure 4. The same weighting matrix for control was used. The magnitude of
the weighting matrix S for the damping coefficients is the same as in Example #3, but the
dimensions are different since the damping coefficients are being weighted directly. The
two solutions cannot be compared in the same manner as the solutions in Example #3 due
to the form of the performance index (refer to Eq (71)), so the values of J and J,,,, will

be compared, a8 was done in Example #2.

The solution techniques were run with modified versions of the MATLAB routines
used in Example #3. An initial guess of ¢ = 0 was used since a closed form solution was
not obtained for this form of the performance index (Eq (69)).

The resulting damping parameters for the min J and min Jp,. solutions are given
in Table 10. The dashpot constants are generally much greater in magnitude than those
found in Example #3, even though the magnitudes of the weighting matrices were the
same. This is due to the difference in the way damping was weighted and the different
dimensions on the damping weighting matrix. Increasing the weighting on the damping

parameters would decrease the magnitude of the dashpot constants in Table 10.

The active control gains were determined using Eq (11), where the matrix P is the
solution to the algebraic Riccati equation given by Eq (70). The active control gains for
the two solution techniques are listed in Appendix F.

Choosing the dashpot constants and active control gains such that the average value
of the performance index was minimized (min J) gave a 23% reduction in the value of the
performance index over choosing the dashpot constants and active control gains such that
the maximum value of the performance index was minimized (min Jy,,.). The solution for

the minimization of the maximum value of the performance index gave a 12% reduction in
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Table 11. Damping Ratios and Natural Frequencies for Example #4

undamped min J min Jaz
frequency ¢ Wn ¢ Wn
(rad/s) (rad/s) (rad/s)

319.3471 | 0.2747 | 305.9835 | 1.0000 | 372.6796
1.0000 | 144.3131
290.2645 | 0.0421 | 264.6086 | 0.0342 | 297.7766
281.1347 | 0.0911 | 261.0290 | 0.0322 | 266.2804
271.9703 { 0.3560 | 258.1865 | 0.0790 | 265.7667
264.1012 | 0.0236 | 256.3547 | 0.1430 | 256.2697
236.3806 | 0.2604 | 245.0388 | 0.0500 | 254.9518
223.1620 | 0.1130 | 239.0424 | 0.0683 | 236.8992
165.0056 | 0.2803 | 178.0419 | 0.1579 | 181.8822
150.4895 | 0.1637 | 157.9386 | 0.0934 | 153.5848
86.1426 | 0.1927 | 88.3404 | 0.1719 | 92.5748
64.8809 | 0.1588 | 66.3746 | 0.1125 | 69.4808
54.9372 | 0.0420 | 55.3605 | 0.0418 | 55.2103
31.9937 | 0.1202 | 32.5571 | 0.1187 | 32.4441
7.7196 { 0.0986 | 7.7597 0.0988 | 7.7609

Jmee OVer the solution for the minimization of the average value of the performance index.
Therefore, using the min J solution produces only a 12% increase in the maximum value
of the performance index, but using the min J,.. solution increases the average value of
the performance index 23%.

Shown in Table 11 are the open loop frequencies (no active feedback control or passive
damping) and the closed loop damping ratios and natural frequencies for the minimization
of the average value of the performance index (min J) and the minimization of the maxi-
mum value of the performance index (min Jy,-). The (min Jpm,:) solution has two poles
on the negative real axis (( = 1). However, the other thirteen modes all have damping
ratios less than 0.2 while the (min J) solution has four modes with damping ratios greater
than 0.2.

In this section two methods of obtaining solutions to the case in which the dashpot
constants are weighted as a one-time cost have been derived. These solution techniques
are similar to those developed in Section 2.2.2 in that one minimizes the maximum value of
the performance index (Eq (72)), and the other minimizes its average value (Eq (74)). An
example has been given to illustrate the methods and how they differ from the methods
presented in the earlier portion of the chapter.
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2.4 Summary

This chapter presented several new design techniques to determine optimal blending
of passive viscous damping and active control. The techniques are based on modified
versions of the standard linear quadratic regulator performance index of optimal control
theory. It was shown that it is not possible to find the optimum by solving a single algebraic
Riccati equation as in the standard linear quadratic regulator. However, several iterative

techniques involving a Riccati equation were developed.

The first version of the proposed performance index treated passive damping as a sep-
arate control force, which resulted in an additional control energy term in the performance
index. This formulation led to two solutions (one of which is closed form) that attempt to
minimize the error in the performance index due to using viscous dampers rather than a
truly active control force. The closed form solution gave a reasonable “first-cut” design,
especially for larger systems. It is useful when a “quick and dirty” design of active control
and passive damping is needed. The closed form solution can also be used as a starting
estimate for the damping coefficients in two additional iterative techniques.

One of the additional iterative techniques minimized the maximum value of the
proposed performance index with respect to all initial conditions represented by the unit
ball ||yo|| = 1. If it is pertinent that the performance index remain below a certain level,
this is the method the design engineer is likely to prefer. Starting the iteration at the closed
form solution saved approximately 40 CPU minutes in computation time over starting at
zero for the 28th order example problem given in Section 2.2.4.3.

The other iterative technique minimized the average value of the proposed perfor-
mance index with respect to all initial conditions represented by the unit ball ||y,|| = 1.
This technique gives good overall response, and is more likely to give better performance
over the lifetime of the system since the average of the performance index is minimized
for all initial conditions represented by the unit ball ||yo|| = 1. Using the closed form
solution as an estimate to start the iteration saved about 30 CPU minutes over starting
at zero. This method ran about 16 CPU minutes faster than the method that minimized
the maximum value of the proposed performance index. Both techniques yielded similar
performance relative to each other, and much improved performance relative to a system

with no passive damping.

The second version of the performance index treats passive damping as a one-time
initial cost. Although a closed form solution was not developed for this case, iterative tech-

niques for minimizing the average value and the maximum value of this performance index
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were developed. An example problem illustrated the two solution techniques. Minimizing
the average value of the performance index gave higher damping ratios for the majority
of the oscillatory modes than minimizing the maximum value of the performance index.
Hence, minimizing the average value of the performance index led to shorter settling times

for those modes. So the overall structure would tend to stop vibrating sooner.

Although the development of the second version of the performance index was only
carried out for the case of viscous damping, the extension to structures with viscoelastic
damping is straightforward, if the development for the first version of the performance index
(where damping is weighted in the same manner as active control) has been carried out.
Hence, the following two chapters on viscoelastic damping only present the development

for the first version of the performance index.
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III. Viscoelastic Damping Using a Classical Model

3.1 Viscoelastic Materials

Before proceeding to the problem of simultaneous optimization of active vibration
control and passive viscoelastic damping, it is appropriate to discuss the characteristics
of viscoelastic materials and how the behavior of viscoelastic materials is modeled in this

chapter.

The basic characteristic of viscoelastic materials at constant uniform temperature is
that the modulus varies with frequency, which leads to three behavioral regions for the ma-
terial [3]. In the rubbery region, which occurs at low frequencies, the viscoelastic material
dissipates energy well, which is why viscoelastic material is good for damping out vibra-
tions at low frequencies. In this region, the real part of the modulus stays fairly constant
while the imaginary part increases with increasing frequency. The glassy region occurs at
high frequencies. The real part of the modulus is again fairly constant, but the imaginary
part decreases with increasing frequency. In this region it is necessary to rely mainly on
active control for vibration suppression. The region between the rubbery region and the
glassy region is called the transition region. At these intermediate frequencies, both the
real and imaginary parts of the modulus increase with frequency, with the rate of increase
of the real part slowly overtaking that of the imaginary part. The delineation between the
regions is sometimes unclear, and is highly dependent on the type of viscoelastic material
being used.

The problems under consideration in this dissertation are those in which the vis-
coelastic dampers have been constructed so that one component of strain dissipates the
energy. Viscoelastic damping pads and constrained layer damping are examples of this
type of damping treatment. Damping treatments that typically don’t fall in this category

are viscoelastic tuned-mass dampers and compression-type dampers.

Since one component of strain dissipates the energy, the mechanical properties of the
damper can be derived from a scalar relationship between stress and strain in the material.

A standard linear viscoelastic model relating stress o(t) and strain €(t) is [8:14]

d‘a(t) die(t)

= Boelt) + ): B (75)

a(t)+Zb

i=1

where the values of the constants b;, Ey, and E; depend on what viscoelastic material is

used. Usually the number of derivatives on strain is equal to the number of derivatives on

37




stress (j = k). The next section assumes the more general case of the number of derivatives

on strain being less than or equal to the number of derivatives on stress (j < k).

3.2 Simultaneous Optimization of Viscoelastic Damping and Active Control

This section is analogous to Section 2.2 of Chapter II, in which the equations that
minimize a chosen performance index were derived and an approximate solution was pro-
posed, since the solution that satisfies the derived equations was not obtainable. The first
task in this section is to derive the first order form of the equations of motion. Next a
quadratic performance index similar to the one used in Section 2.2 is proposed. Along
the way, expressions for the active control and a representative damping term are given in
terms of the state. Finally, the equations which minimize the performance index will be

derived, and an approximate solution presented.

In deriving the first order form of the equations of motion the viscoelastic material
and the structure are assumed undisturbed for t < 0. At t = 0, it is assumed that a
disturbance w, occurs. Using the classical model Eq (75) for viscoelastic damping, the
equations of motion of the structure in the Laplace domain are

8*Mx(s) + G(s)K,x(s) + Kx(s) + Bu(s) + wo(s) =0 (76)

where , .
Go+ 3.1 Gis'
1 + zf:l b"‘si

The use of G; instead of E; indicates that the stresses are shear stresses only.

G(s) =

(77)

The matrix K, is analogous to the damping matrix D of Section 2.2. Like the matrix
D, the matrix K, is symmetric and can be written as b,Cb,” where Cis a diagonal matrix

of the unknown damping coefficients.

Defining by = 1 and multiplying Eq (76) by the summation ¥ o bis' clears the

denominator in the viscoelastic modulus G(s):

M zk: bis't?x(s) + b, [C ZJ: G.-s‘b,,Tx(s)] +K i b;s*x(s)

+B ib,-s‘u(s) + 2": bis'wo(s) =0 (78)
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With some manipulation, Eq (78) can be written in the time domain as a first order system.
This will be helpful in applying the approach used in Chapter II. But first, the time domain

representation of the viscoelastic forces and the disturbance will be addressed.

The Laplace transform of the damping forces is given by the second term in Eq (76),
G(s)K,x. For simplicity, the damping will be represented by the inverse Laplace transform
of the term in brackets in Eq (78):

v(t) = Cb,T ZG x(t) (79)

A new disturbance is defined as the inverse Laplace transform of the disturbance
term in Eq (78):

w(t)=L! {Zbis"wo(s)} (80)

=0

Making use of Eqs (79) and (80), Eq (78) is written in the time domain with the

highest derivative on the position written separately from the summation:

dt+? wod d
beM———x(t) + MY _ b;_a—=x(t) + byv(t) + K Z bi—x(t)+ B Z —u(t) +w(t)=
ar 2,515 PNFT 24 gr

(81)
The next step is to express the highest derivative on the position as a function of the other

terms in Eq (81) (the dependence on time ¢ has been dropped for convenience):

dk+2 _ k41 d‘ d'
~lm [MZb. 2dtx+KZb i

a2 b,
- —M“‘BZb e —M"bvv b—M~1w

This relation can also be written as

dk+2 _ L -1 dk+l
tk+2 :—— [M KX+M Kbﬂ('*'z-; 3-2+M Kb)dt,x+bk ldtk"’l]
- 1 & lMrbiv— —M- 82
M ngdt'u 1 M-tbyv b,,M (82)

To write this equation as a first order system will require the construction of a higher order

state vector y. While the state vector in the previous chapter contained only position and
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velocity, this state vector will include derivatives on position up to and including order
k + 1. By letting

y=[xT %7 %7 ... d+txT/deett |7
a; = -pM™'K =01

a; = -—;E[bi-zl + M-1Kb,] i=2,...k
Bpyr = -9"7:-"-1

Eq (82) can be written as the following first order system:

.
[ ¢ I o0 --- O _ -
0
0 0 I . '
. : tod
y= 0 y+ Zb;zt'.ﬂl
0 i=0
0 0 0 | L wnet
| - M™'B |
| 80 & A& k41 J
_ 0 - . 0 -
+ v+ w
0 0
| - M™!b, | | - M|

k .
= Ay + B, Zb;%u +B.,v+Bu.w

i=0

Now the disturbance wy(t) is assumed to be relatively short-lived compared to the
response of the structure. Assume the disturbance stops at t; > 0. The result of the

disturbance is
¥(te) = ¥o (5)

If the disturbance is known, y, can be calculated, but since solutions independent of the

initial conditions y, are sought, the actual value of y, is of little or no importance.
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Hence the equations of motion will be expressed as

k .
. d
y=Ay+B, E baa-t—..U+va (83)

i=0

¥(to) = ¥o (5)

Although the equations of motion are now in first order form, the derivatives on
the active control will cause a problem if full state feedback is used. If the active control
is allowed to have full state feedback, then the active control term in Eq (82) will have
derivatives on position that are higher than that on the left hand side of Eq (82). Since
interest lies primarily in active feedback control that consists of the constant gain feedback

of position x and velocity x, the active control u will be so constrained:

u=GJ xT % |"=G,LTy (84)

100 .--0
oI o0 .--0

where LT =

The matrix G, is the matrix of feedback gains that will be determined by simultaneous

design. (Note that G, is a matrix and is not related to the modulus coefficients G;.)

It will be convenient to express the damping term v in terms of the state also. The

resulting form of v is identical to the form of the damping forces in Chapter II:

V=C[Gova Gb,T - G;b,T 0 .- O]y
v = Cdy (29)

To simultaneously design the active feedback control gains and the damping coeffi-
cients, consider the performance index used in the previous chapter in which the passive

damping term is weighted as well as displacement, velocity, and active control:

t p ¢
= {" % (xT %7]Q. +uTRu + v7Sv | dt (85)
to %
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To express the performance index in terms of the state vector y, a new weighting matrix
Q is defined such that
T . x
y'Qy=|[xT xT |Q:9 . (86)
x
Since the state vector y contains derivatives on position x up through the k + 1 derivative,
the matrix Q is semi-definite; it will have zeros on the diagonal corresponding to all
derivatives higher than the first derivative on x. The performance index can now be

expressed in terms of the state y:
“1 7 T T
J= / >("Qy + uTRu + v7Sv)dt (87)
to

Now that the performance index, the equations of motion, the active control, and the
passive damping term are all expressed in terms of the state y, the next step is solving the
simultaneous design problem of active vibration control and passive viscoelastic damping.
The goal is to determine the damping coefficients (positive semi-definite, diagonal C) and
the active control feedback gains (G,) that

minimize: J = %(yTQy +u"Ru + v7Sv)dt (87)
to
Ed
subject to: ¥ = Ay + B, Eb‘d_t‘:u + Byv (83)
=0
u=G,L Ty : (84)
v =Cdy (29)

The approach used in Section 2.2 will be followed as closely as possible in this section.
Using the method of Lagrange multipliers to append the constraints to the performance
index gives

t k d
J= / ! [-;—(yTQy +u"Ru+v7Sv) - X[ (y - Ay - B, Zb.-@u—va)
to =0

- Al(u - G,LLTy) — Al (v — C®y)| dt

Now the vectors y,u, and v are taken to be independent. So Eqs (29) and (84) imply
that the matrices G, and C are independent of these quantities also. By definition, the
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Lagrange multipliers A, Az, and A3 are independent of each other and of y, u,v,G, and
C. From the calculus of variations, the necessary condition for minimizing the performance
index is that its change due to variations in the independent variables vanish for arbitrary
values of the variations [12:589]. Hence, to minimize the performance index J, compute

its change due to the variation of the independent variables:

d —u - B,v)

t
§J = / ! [(YTQ5y+ u"Réu + v'Sév) - 6AT(y — Ay - B, Zb v

=0

_AT(6 - Aby— B, 3 b5 (&
i=0

— AT (bu - (6G,)L,"y - G.I,T6y) 62T (v — C®y) — AT(6v — 6Cdy — cq»ay)] dt

) ~B,bv) - 6AT(u - G,L,"y)

As in Chapter II, the final value of the state is assumed zero (Eq (6)) and the initial
condition is specified (Eq (5)), so integration by parts yields

‘ -
Y [ Ksyar

to

ty
[ X b3t =

Integration by parts on the derivatives of the active control yields

[ () S () mae( 25

+] ( ~1)° (———AT) B, b;6udt

ty

to

Then the variation of the performance index §J becomes

t L d
6J = / ! [(yTQ +A] +2TA + ATG,LT + ATC®)by + (u'R + Z 7 & \TB,b — Al)bu
to

i=0

+(vTs +ATB, - AT)év + 276G, L7y + AT(6C)®y

-6\ (y-Ay-B Zb & —u-B,v)-T(u-G,LTy)

$=0

— 6\ T(v - c«py)] dt + Zi( 1)! ( ) B, b6 (di;—_:;u)

i=0 I=0

ty

to
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Since the variations of the dependent variables are independent of each other, the

following equations need to be satisfied in addition to the three constraint equations:

0=3;+AT) +Qy (10)

k .

oo d

- _R! —1Vp.BT —
u=-R Z;( 1)'6:B] = Ay (88)
v=-8"B,7) (28)
AT=2T=0 (89)

The minimization of the performance index is now expressed as a system of six
equations. The task is to find the active control gains and passive damping parameters
that satisfy these equations. The first step is to eliminate the multiple derivatives on A, in
Eq (88). Due to the special form of the problem, this can be accomplished rather nicely.

The higher derivatives on A; occur in matrix products (Bf:‘—i..Al), so concentration
will be on these matrix products, with the goal being to express the summation of matrix
products in Eq (88) as a single matrix product. The form of the input matrix B,, the state
weighting matrix Q, and the plant matrix A will be important in this development. One
should remember that the sizes of these matrices is determined by the value of k — the
order of the highest derivative on stress (se* Zq (75)) — and on the Lagrange multiplier
A1 in Eq (88). From Eq (10), the first derivative of the Lagrange multiplier is

;\1 =-Qy - AT/\l
so the product of the input matrix and Lagrange multiplier is
BfA, = B(-Qy ~ A™\)) = -BTATA, (90)
since, for systems in which there is at least one derivative on stress (k > 1),
BTQ=0

This occurs because the one non-zero matrix element in the composite matrix B, is mul-

tiplied by a zero matrix element in the composite matrix Q (see Eqs (83) and (86)). If the
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highest order derivative on stress is second order or greater (k > 2), the second term in

the summation in Eq (88) is given by
BTA, = -BTATA, = BTAT(Qy + ATA)) = (-1)’BT(AT)?A, (91)

In this case BT ATQ = 0. It follows easily that the general form for the matrix product in

the i** term of the summation in Eq (88) is
BT 4 = (-1)BT(AT)A, fori<k (92)
Substituting Eq (92) into Eq (88) produces an expression for the active control that does

not contain derivatives on A;:

£=0

u=-R'BT (ij b.-(AT)‘) A (93)

This can be written more compactly by letting I, = Y5 b;(AT)':
u=-RIBTI (94)
Substituting Eq (94) into Eq (84), and Eq (28) into Eq (29) gives the following relationships
between the active control gains, the damping parameters, and the Lagrange multiplier

Xl:

G.L.Ty = ~R'BTI,\, (95)
Céy = -S7'B,T), (96)

Since G, and C are constrained to be constant, solutions of the form A, = Py where
P = 0 will be sought. With this constraint and y not specified, Eqs (95) and (96) lead to

G, LT = -R"'BTL,P (97)
C®=-5"'B,”P (98)

Now I.”I, = I, so the active control gains are given by
G, = -R"!'BTI,PI, (99)
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The Lagrange multiplier has been effectively eliminated from the derivation and the
active control gains and damping parameters expressed in terms of the matrix P. Before
solving for P, one needs to address the summation term involving the higher derivatives
on active control u that appear in Eq (83). It will be shown that this summation can be

expressed as a single term that varies linearly with the state y.

From Eq (84), the first derivative on active control can be written in terms of the

state:
) x re
u=G, =G Ly (100)
X
where X .
0 0 0
00 I
L=[:: " "o (101)
I
|0 0 0 |

Similarly, the second derivative on active control can also be written in terms of the state:

i=G, =G LTy (102)
£x

Extrapolating from Eqs (100) and (102), the i** derivative on active control can be ex-

pressed in terms of the state:

fu=GL7(L)'y

Hence, the sum of the derivatives on the control u can be expressed in terms of the full

state vector, y:

k : k i k ~\ 1
Ebea‘%u = ZbiGrIrT (IAI) Y= GrIrT Ebi (Il) ] y= GPII‘Tllzy (103)

$=0 =0 =0

where the matrix I, is defined as

1o =[S (5)]

1=0
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Substituting Eq (99) into Eq (103), and Eqs (28) and (103) into Eq (83) gives an expression

for the first derivative of the state that is in terms of the state and the matrix P
¥ = Ay - B,R'BT1,Pi,1,,y-B,S"'B,"Py (104)

where
L=11" (105)

Recalling that the Lagrange multiplier can be expressed as A, = Py, Eq (10) can be

written in terms of the state vector:
0=Py+ATPy+Qy (106)

Substituting for the time derivative of the state vector ¥ (Eq (104)) in Eq (106) produces
an equation solely in terms of the matrix P and the state y:

P(Ay - B,R"'BII,PL1,y-B,S"'B,"Py)+ ATPy +Qy =0  (107)
For general y, the above equation leads to a non-symmetric quadratic matrix equation:
PA + ATP - PB,R"'BTI,PLI,,- PB,S7'B,”P+ Q=0 (108)

This equation serves the same role as the algebraic Riccati equation Eq (40) derived in
Chapter II. However, due to the asymmetry of the third term, it is not a Riccati equation.
Because the equation is non-symmetric, its solution is also non-symmetric. The solution
matrix P of Eq (108) can be found using the technique outlined in Appendix C.

Once the solution matrix P is determined, the damping coefficients C can be deter-

mined in the same manner as in Section 2.2.1 — minimize the Frobenius norm
|[C® + S™'BTP||r (36)
where P is the solution of Eq (108). With

w=-S"'B,7P
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the elements of the damping coefficient matrix C are

" d.W,
C.'; = max (gj—-,:——iz——”-,()) ’ C,'j =0 for 1 # J (37)
L= &
Thus, a closed form solution for the damping coefficients has been found. The active
control gains are given by Eq (99).

The damping coefficients and active control gains just determined are an approximate
solution to the optimization problem posed at the beginning of this section. The multiple
derivatives on the control in the first order state equation Eq (83) make the mathematics
intractable when trying to refine the choice of active feedback gains. Specifically, the
ability to express the higher derivatives of Lagrange multiplier A, in terms of the state was
due largely in part to the state weighting matrix Q having (at most) only two non-zero
matrix elements, one weighting position x and one weighting velocity x. If the damping
parameter matrix C is chosen a priori, then weighting on the state in the performance
index Eq (87) becomes Q + $7 CSC® (refer back to Egs (15) and (38) of Chapter II). In
general T CSC® does not have the nice form of Q; it may contain non-zero weightings for
the derivatives of the position vector contained in the state vector up to the k** derivative.
So Eqs (99) and (37) represent the general (approximate) solution to the minimization

problem posed in this section.

In an alternative approach to optimizing viscoelastic damping and active control
simultaneously, the following two subsections take advantage of the fact that the matrix
Q + 7 CSC® has no weighting on the k + 1 derivative of position (f;%x).

3.2.1 Solution Technique for Minimizing the Mean Performance Indez. If the
viscoelastic material is modelled using only one derivative on stress and only one on strain,
two alternative methods of determining damping coefficients and active control gains can
be developed that are independent of initial conditions. One method consists of minimizing
the average value of the cost functional over the unit ball ||ye|| = 1. The second method

minimizes the maximum value of the cost functional over the unit ball ||yo|| = 1.

Given the active control gains G, and the damping coefficients C, the first order
state equations are:
¥ = (A +B,G,L"1,,+B,C®)y (109)
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Then, using the same procedure outlined in Appendix B, the value of the performance
index, Eq (87) can be expressed in terms of the initial state:

1
J = 5¥3Piyo (110)

The matrix P, satisfies the following Lyapunov equation (refer to Appendix B for its

derivation):

P,(A + B,G,1,"1;,4+B,C®) + (A + B,G,L,"1,;,+B,C®)"P,
+(Q+LG,"RG,I,"+87TCSC®) =0 (111)

The subscript 1 on P, is to distinguish it from the solution of Eq (108). From Section 2.2.2,
The average value of the cost functional over the unit ball is given by

- 1
J= E;tracel’l (112)

Hence, minimizing the trace of P, minimizes the average value of J over the unit ball
[l¥oll = 1, regardless of system order. In this method, given the damping coefficients C,
one solves first for the active gain matrix G, using the same procedure as in Section 3.2.
The active gain matrix is of the same form as that in Section 3.2,

G, = -R™'BTI,PI, (99)
but the matrix I, has a slightly different definition:

I, =1+5/(A+B,C®)T

The matrix P satisfies a different non-symmetric quadratic matrix equation than the one
given by Eq (108):

P(A +B,C®) + (A + B,C®)"P - PB,R"'BTI,PL,1,, + (Q + 7 CSC®) = 0 (113)
Like the matrix I,, the matrix I,; also has a slightly different definition in Eq (113) than

in Eq (108):
Iy = 1+ b1,
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where I, is defined by Eq (101).

In summary, once an initial guess for the damping coefficients C is made, the matrix
P is found by solving Eq (113), the active control gains are calculated via Eq (99), the
matrix P, is found by solving Eq (111), and finally the average value of the performance
index is calculated using Eq (112). Iteration with respect to C is carried out until the

trace of P, is minimized.

This subsection has derived a technique for minimizing the average value of the cost
functional over a representative sample of initial conditions. The next subsection will
present another technique for optimizing viscoelastic damping and active control simulta-

neously when there is only a first derivative on stress and strain.

3.2.2 Solution for Minimizing the Mazimum Performance Inder. A similar ap-
proach to the one just presented for minimizing the average value of the performance index
is used for minimizing the maximum value of the performance index for all ||y,|| = 1. As
in Section 2.2.3, this approach requires determining the two norm of P,, since

1
J < Sl (114)

In this method, iteration with respect to C is carried out until ||P,||; is minimized. In each
iteration step, the matrix P is found by solving Eq (113) for the current value C, the active
control gains are calculated via Eq (99), the matrix P, is found by solving Eq (111), and
finally the maximum value of the performaace index is calculated using Eq (114). Based
on this value, new damping parameters are selected for the next iteration. This approach
might be very conservative in general, since the initial condition y, that maximizes the

performance index may not be encountered very often.

Examples follow which illustrate the three different solution techniques developed in

this section.

3.8 FEzample Problems

3.3.0.1 Erample Problem #1 - Single DOF System. In this example, the
solution techniques developed in this section will be applied to the single degree of free-
dom spring-mass-damper system of Chapter II. A hypothetical viscoelastic damper will be

modelled with one derivative on stress and one on strain. The parameters for the model are
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Gy = 6.8948 x10° N/m?  (1.01b/in?)
G, = 4.8264 x10* N-s/m? (7.0 lb-sec/in?)
b, = 0.001 sec

The the equation of motion in the Laplace domain is

1+7s
2
0.5x = —
s°x + ] +0.0013cx+ X u (115)

Converting to the time domain,

a3 . -
Z@X = ~500x — 0.5% — 1000% — 1000(u + 0.0014) ~ 1000¢(x + 7%) (116)

The state space equation is

x 0 1 0 0
y=4 x =] 0 0 1 |y+ 0 | (u+ 0.0014)
£x -500 —0.5 —1000 —1000
0
+ 0 c[l 7 o]y
~1000

The weightings on the state, active control, and passive viscoelastic damping are

05 0 0
Q=}| 0 10|, R=01, S=01 (117)
0 00

The solutions for the three different solution techniques developed in this chapter are given
in Table 12. The active gain matrices G, are included as well as the viscoelastic coeffi-
cients c. The Frobenius norm solution (min ||H||r) gave a higher value of the viscoelastic
coefficients and lower feedback gains than either of the other two solutions. Its perfor-
mance, as measured by trace P and ||P]|;, was not quite as good as the other solutions,
but it was within 10%. It is not surprising that the value of the Frobenius norm for the

solution minimizing trace P (and therefore the average value of the performance index) is
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Table 12. Example Problem #1 Results

| Solution Technique min ||H||» min trace P min ||P||, |
c 0.3795 0.1813 0.1122
G, [ 1.3568 2.5293 | | | 1.6676 2.8054 ] | [ 1.7132 3.0486 |
trace P 1.1924 1.1256 1.1374
Pl 0.9692 0.8902 0.8830
MI_“F 0.3096 0.5406 0.6731

tzs Z1a
zr L In

Figure 5. Example Problem — Truss Structure

smaller than that for the solution minimizing ||P]|, since the former solution is closer to

the Frobenius norm solution.

3.3.0.2 FEzample Problem #2 - Fourteen DOF System. In this example, the
solution techniques developed in this chapter will be applied to a viscoelastically damped
version of the planar aluminum truss used in Example #3 in Chapter II. In Figure 5,
the u;’s represent active control forces, and the ¢;’s represent the unknown damping pa-
rameters to be determined. The hypothetical viscoelastic material was modelled using
one derivative on stress and one on strain. The material is similar to the one used in the
previous example problem, but the parameters G; and b, are chosen to be ten times their
counterparts in the previous example. They are chosen in this manner so that the natural

frequencies lie in the transition region. The parameters for the model are
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Figure 6. Viscoelastic Modulus Plot

G, = 6.8948 x10®* N/m? (1.0 1b/in?)
G; = 4.8264 x10° N-s/m? (70 lb-sec/in?)
by = 0.01sec

The real part (G’) and imaginary part (G”) of the modulus G(s) is shown in Figure 6.
The natural undamped frequencies of the truss lie in the transition region, with most of
the natural frequencies near the glassy region. The two vertical lines indicate the range of

the natural frequencies.

Using the development presented in Section 3.2, the equations of motion can be

written in the state space form:

N .
. d
y= Ay+Bli§=:ob;Eu+BvV (118)
Since the state vector contains position, velocity, and acceleration, the dimensions of the
state vector y are 42x1. There are four control inputs, so the control vector u is 4x1. The
five viscoelastic dampers lead to a damping parameter matrix C that is 5x5 and diagonal.
Therefore, A is 42x42, B is 42x4, B, is 42x5, and ® is 5x42.

The state weighting matrix Q, was chosen such that y"Qy equalled the total me-

chanical energy in the system. Thus Q. was formed using the mass and stiffness matrices,
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Table 13. Example Problem #2 Results

min ||H||r min trace P min ||P||,
¢ 3.335 2.019 0.372
C2 2.443 1.554 1.092
C3 2.441 1.605 0.896
4 3.330 2.012 0.902
Cs 2.973 1.857 0.715
computation time 3 min 10 hr 54 min | 23 hr 32 min
¢ ~ Passive only .0066 to .1137 | .0042 to .0875 | .0018 to .0511
¢ — Complete Solution | .0217 to .2491 | .0193 to .2591 | .0097 to .2591

M and K. The weighting matrices are

K 0
Q.= , R=0.11, S=0.011 (119)
0 M

The solution techniques were run on a VAX 6420 using MATLAB routines. Special
routines were written that calculate the solutions to the non-symmetric quadratic ma-
trix equations derived in this chapter, using the algorithm given in Appendix C. The
minimization algorithm utilized is the Nelder-Mead simplex method [23].

The values of the damping parameters for the three solution techniques, along with
their approximate computation times, are given in Table 13. The active control gains for
each set of damping parameters are computed using Eq (99) and the corresponding matrix
P. For the min ||H||r solution, this is the matrix that solves Eq (108). For the other two
solutions, it is the matrix that satisfies Eq (113) for the specific damping parameter matrix
C. The active control gains are listed in Appendix F. Because the active control gains for
these two solutions are calculated for a certain diagonal damping parameter matrices (in
fact, the active gains and damping coefficients are essentially calculated simultaneously),
the damping ratios for the complete solutions are better than those for the min ||H||r
solution, whose active control gains are based on a non-diegonal parameter matrix (the
damping coefficients are those that give a diagonal damping parameter matrix that best
approximates this optimal solution). The range of damping ratios with just the viscoelastic
damping portion of the solution implemented (i.e., setting the active gains to zero) is shown

in Table 13, as well as the range of damping ratios for the complete solution.

How well the complete solutions do in approximating the optimal solution, Eqs (98)

and (99), is indicated in Table 14. It gives a measure of how close the attainable systems
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Table 14. Example #2 Relative Changes in Eigenvalues

¢ wa | [Hllr | trace(P) |_[IPl
0.0863 | 322.7332 | 0.1612 0.1130 | 0.0890
0.0843 | 291.9234 | 0.1578 0.1045 | 0.0831
0.0637 | 283.4323 | 0.1275 0.0859 | 0.0589
0.0642 | 272.6237 | 0.1159 0.0735 | 0.0594
0.0383 | 264.3360 | 0.0830 0.0584 | 0.0401
0.0943 | 241.8979 | 0.1034 0.0952 | 0.0857
0.0932 | 226.7390 | 0.1245 0.1039 | 0.0850
0.1814 § 172.5763 | 0.2119 0.1725 | 0.1548
0.1689 | 156.5123 | 0.1940 0.1585 | 0.1408
0.2862 | 93.6310 | 0.2286 0.1989 | 0.1986
0.3002 | 70.6018 | 0.2496 0.2131 | 0.1985
0.1585 | 55.9026 | 0.0985 0.0966 | 0.0943
0.2859 | 34.2871 | 0.1373 0.1181 | 0.1031
0.1930 7.8979 | 0.0783 0.0781 | 0.0780
1.0000 | 94.9204 | 0.1546 0.4417 | 0.3909
1.0000 | 109.3135 | 0.5831 0.2399 | 0.2751
1.0000 | 107.3431 | 0.4012 0.1400 | 0.1261
1.0000 | 105.7911 | 0.4360 0.2859 | 0.1649
1.0000 | 102.6897 { 0.0999 0.3035 | 0.1397
1.6000 | 101.6959 | 0.4445 0.3626 | 0.1822
1.0000 | 99.5807 | 0.0343 0.3158 | 0.1842
1.0000 | 99.9061 | 0.4822 0.0338 | 0.0368
1.0000 | 100.0000 | 0.0000 0.0000 | 0.0000
1.0000 | 100.0000 | 0.0000 0.0000 | 0.0000
1.0000 | 100.0000 | 0.0000 0.0000 | 0.0000
1.0000 | 100.0000 | 0.0000 0.0000 | 0.0000
1.0000 | 100.0000 | 0.0000 0.00600 | 0.0000
1.0000 | 100.0000 | 0.0000 0.0000 { 0.0000

are to the optimum system produced by the optimal solution. The relative changes in the

eigenvalues are computed according to the formula

|Ai(A) = Ai(Agpe)l
[Ai( Aope)l

The damping ratio and natural frequency listed in the table are those associated with the

optimum system.

Table 15 lists the changes in the optimum system’s oscillatory eigenvalues in increas-
ing order. The relative changes range from 4% (minimum two-norm solution) to 25%

(Frobenius norm solution). Tables 14 and 15 indicate that the solution techniques are
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Table 15. Example #2 Relative Changes in Eigenvalues in Increasing Order
[IHllr | trace(P) | ||P]l
0.0783 0.0584 | 0.0401
0.0830 0.0735 | 0.0589
0.0985 0.0781 | 0.0594
0.1034 0.0859 | 0.0780
0.1159 0.0952 | 0.0831
0.1245 0.0966 | 0.0850
0.1275 0.1039 | 0.0857
0.1373 0.1045 | 0.0890
0.1578 0.1130 | 0.0943
0.1612 0.1181 | 0.1031
0.1940 0.1585 | 0.1408
0.2119 0.1725 | 0.1548
0.2286 0.1989 | 0.1985
0.2496 0.2131 ] 0.1986

good approximations to the the optimal solution. The relative changes are higher than
in Chapter II, Example #3, but this is to be expected since the state vector is larger (42
states versus 28 in Example #3) and there is a constraint applied to active control as well

as to passive damping.

This section has developed three solution techniques for a classically modelled vis-
coelastic system analogous to the techniques developed for a viscous system in Chapter II.
A closed form solution was derived, as well as two iterative solutions, one of which mini-
mized the average value of the performance index over the unit ball, and one that minimized

its maximum over the unit ball.

3.4 Multiple Damping Materials

Up to now, it has been assumed that only one type of viscoelastic material is used
for daming. This section will expand the results of Section 3.2 to the case where more
than one type of viscoelastic material is present in the structure. As stated in Section 3.1,
the viscoelastic dampers are assumed to have been constructed so that one component of
strain dissipates the energy, so a scalar relationship exists between stress and strain in the

material.

Only two different damping materials will be considered, but the derivation can be

adapted for more materials. Both materials will be assumed to have a frequency dependent
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modulus of the form
Go + Gls

1+bs
Although the assumption that there is only one derivative on stress has been made here,
the derivation can be expanded for higher derivatives on stress. Two hypothetical materials

with simple moduli are used so that it is easier to follow the derivation.

The first step to expressing the equations of motion as a first order system is to write

the equation of motion in the Laplace domain:

G G
$*Mx + b,,l—%%l—gclbf,x + bvz—%%cgbfzx +Kx+Bu=0 (120)

It will be convenient to clear the denominators in Eq (120):

[1 + (bl + bg)s + blbgszlszMX + bvl(l + sz)(GOI + Gus)Clb;',’lx
+ byo(1+ 5:8)(Goz + G128)Cabya” x + K[1 + (by + by)s + bybas?]x
4+B[1+ (by + b3)s + bibas’lu=0  (121)

As in Section 3.2, the Laplace transform of the damping will be represented by the
terms which contain the damping parameter matrices. For the first damping material, the

Laplace transform of this term is
vi(3) = [Go1 + (Gorbz + G11)s + G11528°]C,bT; x(s) (122)

In the time domain, this can be written as

L]

(123)

e

vi(t) = Clb{l [ Gul (Goby+Gi)I Giybal ]

"

Similarly, the expression for the representative damping due to the second material can be

written in the time domain:

X
Vg(t) = C2bv2T [ GogI (GOZbl + Glz)l Glzbll ] ).C (124)

%
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Rewriting the equation of motion Eq (121) in the time domain, and then substituting
Eqgs (123) and (124) into it leads to the following differential equation:

d* d3 .
blbgM‘d—t;x + (bl + bg)MEig + Mx + b‘,lvl + by:VQ + Kx

+ (by + b2)Kx + byb, K% + Bu + (b, + by)Bit + b,5,Bii = 0 (125)

Hence the highest derivative on x, %x can be written as

d‘ 1 1 bl + b2 1 . [ -1 I .
e . __ 1 3 _ we L
™ bxsz Kx b6, M™Kx + M + bibs X
bl + bz & 1 ) . .
= ob, an* oM Blut (bt b)u 4 bibsi]
1 -1 1 -1
by " byb, v 126
blsz by;v, blsz b,,vs ( )
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Following the procedure of Section 3.2, Eqs (82) - (83), this equation can be written as a

first order system:

( 3 " ' ( Y

x 0 I 0 0 x
x 0 0 I 0 x
y={ | = 4 S
£:x 0 0 0 I x
\ :t_‘x / R —TIIEM_IK _bb.b: M_IK —M_lK - F,Jb_, ——bhbz I J \ ﬁ_’x p
- o -
0 » Lol
+ [u+ (&) + b)u + bybyii]
0
| —75M™'B |
[ 0 ] [ 0 1
0 0
+ vy + V2
0 0
| —fM7by | [ —5M by, |
(127)
For compactness, the matrices can be represented by a single letter:
¥ = Ay + B, [u+ (b + by)u+ bybyid] + Byyvy + Byava (128)
Eqs (123) and (124) can be written in terms of the state y:
Vl(t) = Cl<I>1y (129)
vy(t) = Co P2y (130)

Now that the equations of motion have been expressed in first order form, a perfor-

mance index is needed. Following the same approach as in the single damping material
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case, the performance index will be defined as

oo x
J =/ % [xT x71Q. + u"Ru + v{S;v;+v]S,v, | dt (131)
to i

As in Section 3.2, the state weighting matrix Q is constructed such that

T . x
YQy=|xT xT |Q:{ . (86)
X
and the matrix I,T is constructed such that
u= Gr[ xT xT ]T = GrIrTy (84)

Appending the constraints Eqs (128), (84), (129), and (130), to the cost functional Eq (131)
and substituting in Eq (86),

Tl
J= / [E(yTQy +u"Ru+ va,v1+vg'Szv,)
to
= AT {¥ — Ay — B,[u + (by + b2)& + bybyii]~Byy v, ~B,3v,}
- A(u- G LTy) - AT(v; — C18,y) — Al(vy — Ca®,y)| dt

Setting the variation of J equal to zero, and using the same procedures as those used

in the single material case (Section 3.2), results in six simultaneous equations:

y = Ay + B,[u + (b, + b2)1 + by b2} +B,,1 v, + B3V, (132)
u=G,L Ty (133)
0=21X,+ATA +Qy (134)
0=Ru+BI,\ [, =14 (b +b)I; + b,b.1,] (135)
C:1®1y = -S;7'Bi"A, (136)
Cy®,y = -S;7'B.,." A, (137)

Since C, and C, are constant, Eqs (136) and (137) imply that A, is of the forta

A1 = Py. As in Section 3.2, solving the above simultaneous equations leads to a non-
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Figure 7. Two Degree of Freedom System

symmetric quadratic matrix equation:
" PA+ ATP - PB,R!'BTI,PL1,,- PB,;S;'B,,"P - PB,,S;'B,,"P + Q = 0 (138)

This equation is solved in the same manner as the one for one material, Eq (108) (see
Appendix C). The damping parameters are found by using the same closed form solution
technique as in Section 3.2, which is given by Eqs (36) and (37). The two norms which
need to be minimized to determine the damping coefficients are

IC1®; + 817 'Bva"Pl|¢ (139)

and
IC2%3 + S, 'Bva" Pl|r (140)

This section derived simultaneous design of active vibration control and passive vis-
coelastic damping when more than one type of viscoelastic material is used in the structure.

An example problem follows to demonstrate the techniques derived in this section.

3.4.1 FEzample Problem #3 - Two Viscoelastic Materials.  To illustrate the case
of using two different viscoelastic materials for damping in the same structure, the solution
technique developed in this section will be applied to the two degree of freedom system in
Figure 7. The viscoelastic behavior of the hypothetical dampers ¢, and ¢, will be given by

147s 14 9s

G1(8) = and G2(8) = _1_-;-30_58

141
1+ .001s (141)

respectively.
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Following the procedure outlined in Section 3.4, Eqs (120) through (140), and using
the weightings

[ 20 —10 0 0]

0
-10 10 0 O
Qz‘: N Sl=32=0.01, R =0.11
0 010
| 0 00 1]

the damping parameters are determined to be

G = 1.75
cz = 1.16

The control gains were

2.88 0.02 1.56 0.44
-~0.45 2.03 0.44 1.06

G, =

This example has demonstated the feasiblility of designing passive viscoelastic damp-
ing and active feedback control when more than one viscoelastic material is used for damp-

ing.

3.5 Summary

In this chapter, several new design techniques to determine optimal blending of pas-
sive viscoelastic damping and active vibration control were presented. The techniques are
based on a standard linear viscoelastic model and on a modified version of the standard
linear quadratic regulator cost functional of optimal control theory. The proposed cost
functional treats passive damping as a separate control force, which results in an addi-

tional energy term in the cost functional.

Two iterative techniques were developed in addition to a closed form solution. The
closed form solution was a least squares solution. One iterative technique minimized the
maximum value of the proposed cost functional. The other iterative technique minimized

the average value of the proposed cost functional. All three techniques yielded similar
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performance relative to each other, although the closed form solution took considerably

less computation time.

The three solution techniques were applied in Example #1 to a single degree of
freedom spring-mass-damper system. These techniques were confirmed in Example #2 as
being useful even when natural frequencies lie in the transition region of the structure. The
applicability of the solution procedures were demonstrated in Example #3 for a structure

in which damping is provided via two different viscoelastic materials.

One of the drawbacks of the techniques presented in this chapter is that the standard
viscoelastic model may not adequately model the behavior of the viscoelastic material.
Another drawback is that the formulation of the problem could yield very large state
space matrices. During an attempt to solve a fourteen degree of freedom problem with five
derivatives on stress strain, the large state space matrices caused computational difficulties
in trying to solve the non-symmetric quadratic matrix equation, Eq (108). The approach
presented in the following chapter overcomes these drawbacks by using a more accurate
representation for the behavior of the viscoelastic material, and by keeping the system
order down by using the more traditional state vector which consists of only position and

velocity.
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IV. Viscoelastic Damping Using a Four Parameter Fractional Derivative Model
4.1 Brief Overview of Generalized Derivatives as Applied to Viscoelastic Materials [11]

In this chapter, fractional order derivatives will be used to model viscoelasticity
as opposed to the integer order derivatives used in the previous chapter. But before
applying fractional order derivatives to structural problems, it is necessary to understand
the properties of generalized derivatives and their use in the theory of viscoelasticity.
As will be shown, generalized derivatives behave in much the same way as conventional
derivatives. When used to model viscoelastic materials, generalized derivatives typically
provide an excellent model over a broad range of frequencies [5]. To show how generalized
derivatives can be used to model viscoelastic materials, it is appropriate to first present
the properties of generalized derivatives, especially the Laplace and Fourier transforms.
The generalized derivative is defined as [27:59]

Dez(t)] = ﬁl—l_—jcs% /o' -(t—z_(l;_))—adr for0<ax1 (142)

This definition is only valid for @ < 1. However, the definition requires only a slight
modification for a generalized derivative of order greater than one. Let m be a nonnegative
integer, and a de:ned as before. Then [27:59]

1 dm+t rt o z(7)
m+taf,.’ =
D™t[zt)] = (=) demr ./o 1) dr for0<a<1 (143)

Although imposing in the time domain, in the Laplace (or Fourier) domain the
generalized derivative manifests itself as a fractional power of s (or w). To calculate the

Laplace transform, a change of variables will be useful:

T=1t-—1
This leads to
1 d [fz(t—1n)
a - z(t—n) for 0 < 144
De{z(t)] I‘(l—a)dt/o - dp for0<ax<l (144)

Applying Leibnitz’s rule,

D°lz(t)} = f_(ll__oo/,,‘nia%z(t—")d”"'% foro0<acx<1 (145)
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Noting that the integral is a convolution integral, and that

t—e 1
L [I‘(l _a)] == (146)
the Laplace transform is
UD*[a(0)]) = o5 (sLlz(t)] - 2(0)) + 20 (1:7)
or, more simply,
L[D*[z(t)]] = s* L[=(t)] (148)

where the Laplace transform is defined as

Liz(t)] = /0 " a(t) e dt (149)

For initial conditions equal to zero, the Laplace transform of a generalized derivative of
order a has the same property as the conventional derivative: the transform is s* times
the transform of the function. In fact, the generalized derivative satisfies many of the
same properties as the conventional derivative, particularly linearity and the composition
property [27:69-84]:

D°[y(t) + z(t)] = D[y()] + D°[=(2)] (150)

D[D[z(t)] = D***[z(t)] (151)

Linearity holds for a and (3 greater than or equal to zero. The compostion property holds

for functions bounded at ¢ = 0.

The Fourier transform is defined as

Flz(t)] = / ” z(t) e~ dt (152)

00

If z(t) =0 for t < 0, then the Fourier transform can be written as

Flz(t)] = /0 ” z(t) e " dt (153)
It is easily seen that the Fourier transform of a generalized derivative is

FID®[x()]] = (iw)* Fla(t)] (154)
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In the preceding discussion, the only restriction placed on a was that it be a nonnega-
tive real number less than one. However, for engineering applications, an irrational number
can be approximated by a rational number. So a will now be restricted to be rational as

well. Using the term “fractional derivative” will indicate this additional restriction.

The standard linear viscoelastic model relating stress and strain that was used in
Chapter III will be useful in illustrating the use of fractional derivatives in viscoelastic
theory:

d‘a(t) d'e(t)

o(t) + Zb = Eqe(t) + ZE. e (75)

i=1
Recalling Scott-Blair’s proposal that fractional derivatives could be used to relate time-
dependent stress and strain in viscoelastic materials, replace the conventional derivatives
in Eq (75) by derivatives of fractional order. The result is the general form of the fractional

derivative viscoelas.'c model [4]:

o(t) + EMZ b DP=[0(t)] = Eqe(t) + }A_’j E.D*~[e(t)] (155)

m=1 n=1

A large number of materials can be modelled by replacing each sum in Eq (155) by

a single term involving a fractional derivative:
o(t) + b D?[o(t)] = Eee(t) + E, D°[e(t))] (156)

Invoking the Second Law of Thermodynamics requires that the parameters satisfy the

following constraints [6]:

Ec > 0 E > bE
E, 20 a=28 (157)
b > 0

These constraints ensure nonnegative energy dissipation and nonnegative work. The stress-

strain relation in the Laplace domain is

o(s) _ Eq + E8°
e(s)  1+bse

(158)

This is known as the four parameter model, and has been shown to be very accurate over

several decades of frequency [5, 32, 33].
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Unfortunately, using the same approach as in the classically modelled viscoelastic
problem will lead to the appearance of a fractional order derivative on the control forces
as well as on the position vector [34]. Integration by parts after taking the variation of
J leads to an infinite sum. To find a way around these difficulties for a structure mod-
eled using fractional derivatives, the fact that the position vector is a function comprised
of exponentially decaying sinusoids and algebraically decaying relaxation modes will be
important. The relaxation modes describe the non-oscillatory return of the structure to
its equilibrium position. Hannsgen and Wheeler [16] point out the fallacy of trying to
control relaxation modes: decay rates are essentially the same as those without feedback.
They note that separating motion into creep modes and oscillatory modes appears to be of
fundamental importance in stabilization and co trol problems involving viscoelastic damp-
ing. They also point out that systems in which viscoelasticity is modelled using fractional
derivative models are among the systems that are the least susceptible to destabilization
due to delays in boundary feedback [15].

Hence, the design techniques presented in this chapter only address the control of
the exponentially decaying modes. The error introduced by this approximation is given
in Appendix D, and is bounded. To control only exponentially decaying modes, one can
approximate the state space equations by retaining only the exponential eigenvalues and

eigenvectors. The next section derives this approximation.

4.2 Simultaneous Optimization of Viscoelastic Damping and Active Control

In this section, solution techniques for determining viscoelastic coefficients and active
feedback gains that optimize performance indices like those in Section 2.2.2 are provided.
A key point will be the derivation of the approximation of the first order state equations

in the time domain.

Before deriving the time domain approximation of the first order state equations, the
equations of motion will be expressed in the Laplace domain. The stress-strain relation in
the Laplace domain is represented by G(3):

_ GD + G]Sa

Gs) = e (159)

The use of Gy and G, instead of F, and F, indicates that the stresses are shear stresses.

The equations of motion in the Laplace domain for a multiple degree of freedom system

67




with viscoelastic damping modelled using the four parameter fractional derivative model
are given by [4]
$*Mx(s) + G(s)K,x(s) + Kx(s) + bu(s) = 0 (160)

Before expressing the equations of motion in the time domain, it is appropriate to
define the stress relaxation modulus. The stress relaxation modulus G,(t) gives the time
history of the stress in a viscoelastic material which is subjected to a unit step in strain at

time ¢t = 0 [35]. Thus the relaxation modulus is
Gratty = 1 {422} (161)

As in the previous two chapters, the matrix K. is symmetric and an be expressed as
K, = b,Cb,”

where C is a d.agonal matrix of the damping coefficients to be selected by the design

process.

To control the exponentially decaying modes of the structure, an approximation to
the equations of motion represented by Eq (160) will be formulated in the time domain
as a first order system that has identical eigenvectors amd eigenvalues as the harmonic
exponential response of Eq (160). This will require an initial guess as to the values of the

viscoelastic damping coefficients.

Taking the inverse Laplace transform of Eq (160), the equations of motion can be

written in the time domain

d

v T d
Mit(t) + b, [va -

/0‘ Gt — r)x(r)dr] + Kx(t) + bu(t) =0 (162)
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In first order form, Eq (162) becomes

x 0 1 X 0
= + d t
% “M-K o | ] x ~M”Kﬂﬂ/GmU—rhﬁﬂr
0
0
+ u
~M-b

Defining a state vector in tems of position and velocity,

(163)

it is apparent that the term in parentheses in Eq (163) is a time dependent vector function

of the state. It will be represented by an operator A acting on time and state, A(¢,y).

Hence, with the input matrix defined as

0
~-M-1b

B=

the equations of motion are expressed in compact, first order form:

y = A(t,y) + Bu

(164)

The time dependent vector A(t,y) can be approximated by Ay where A is constructed

using the eigenvectors and eigenvalues associated with the exponentially decaying modes

of the open loop (u = 0) equations of motion. Devereaux [11] presents an algorithm which

calculates all the eigenvectors and the cigenvalues of systems in the form of Eq (160). The

eigenvectors and the eigenvalues of interest here are those that lie in the upper half of the

principal sheet of the s-plane (Im (A; > 0)). The matrix ¥ will represent the matrix of

eigenvectors associated with exponential decay,

v={w ¥ .. ]
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where n is the length of the position vector x. A diagonal matrix of the corresponding

eigenvalues will be represented by A:

MO 0
Aol 0 X 0
| 0 o An |

The approximation of A(t,y) will be constructed using the matrices of eigenvalues A and
eigenvectors ¥, and their conjugates, A and ¥. Because the approximate plant matrix
A will be constructed using eigenvectors, eigenvalues, and their conjugates, only those

systems that are underdamped will be considered.

The next step is to define a diagonal matrix A of the composite eigenvalues and their

conjugates, and a modal matrix ¥

- A O - v v
A= _ = s (165)

0 A YA VYA
The approximate state matrix can now be written in terms of the eigenvalue matrix A and

the modal matrix ¥:

A=%A%" (166)
An alternate but equivalent derivation of the approximation of A(t,y) is given in Ap-
pendix E. This alternate derivation shows that the approximation A is a real matrix, even

though the matrices ¥ and A are complex.

Although an approximation for the state equations has been found,
y = Ay + Bu (167)

an approximation of the viscoelastic damping forces is still needed. A performance index
similar to one used in Chapters II and III, Eq (15) will be used in this chapter also, so in

order to weight the viscoelastic forces, an appropriate representation will be found.

As in the previous two chapters, again let v(t) represent the viscoelastic damping

forces. Before attempting to approximate these forces, the position vector and its fractional
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derivative will be expressed in terms of a vector of modal coordinates n(t). The position

can be expressed as a product of the eigenvalue matrix and the vector of modal coordinates:
x(t) = ¥n(t) (n=¥""x) (168)
Taking the time derivatives of both sides yields an expression for velocity:
x(t) = ¥a(t) (= ¥ 'x) (169)

The generalized derivative of the modal coordinate vector is just the eigenvalue matrix

raised to the order of the derivative (neglecting the algebraic response):
D*n(t) = YA n(t) (170)

In particular, the first derivative of the modal vector is the eigenvalue matrix times the
modal vector:
at)= PAn@)  (n=TA') (171)

From Eqs (170) and (171), it is appare:.: that

© D() = TA%H(Y) (172)

Taking the o order derivative of both sides of Eqs (168) and (169) and applying

Eqs (170) and (172) yields expressions for the a-order derivatives of position and velocity:

Dx(t) = A (%) (173)
Dk(t) = TA%(%) (174)

Recalling Eq (171), and also Eq (169), the a-order derivative of position can be written in

terms of velocity:

D%x(t) = WA® (A~ '5(t)) (175)
= WA (T 1%(1)) (176)

The relations given by Eqs (173), (174), and (176) will be used in the time domain formu-

lation of viscoelastic forces.
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In the Laplace domain, the viscoeiastic forces are given by the second term in

Eq (160): Gt Gug®
0 18

vig)=C 14 bse

b, x(s)

Multiplying both sides by (1 + bs*) and neglecting the algebraic portion of the fractional

derivative once again, this equation can be written in the time domain:

(14 6D%)v(t) = C(Go + G, D*)b,Tx(t)
= Go,Cb,"x(t) + G,Cb,” D°x(t)

Substituting in Eq (176) yields the following expression:
(14 bD°)v(t) = GoCb,"x(t) + G,Cb,T¥A* ¥~ 1x (177)

It is desired that the time domain representation of the viscoelastic forces v(t) be linear
in the state y and the matrix of viscoelastic parameters C, as was the case in Chapters II
and III. So the form of v(t) that will be sought is the same as that in the previous two
chapters,

v(t)=C® x = Cdy (178)

x

where @ is a matrix to be determined. The a-derivative of Eq (178) will be shown to be
linear in the state also. First the a-derivative of v(t) will be expressed in terms of the
modal vector 7(t) by taking the a-derivative of Eq (178) and using Eqs (173) and (174)

to express the a-derivatives of position and velocity in tems of the modal vector:
Dex TAny

Dev(t) = C® =C®
Dk WA%H

The definition of the modal vector is used to bring position and velocity back into the
expression for D*v(t):

YA W-1x

WATP- 1%

D*v(t) = C®
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So the a-derivative of v(t) is linear with respect to the state y:

WA P! 0 x VA P! 0
D°v(t) = C® =C®
0 7L S I 0 WA P!

Multiplying this last equation by the model coefficient b and adding Eq (178) gives an
alternate expression for the left hand side of Eq (177):

TACP-! 0
(1+b6D%)v(t) = C®y + bCd y (179)
0 TASY-!

Applying the distributive property,

. 10 TACT! 0
(14 bD*)v(t) = C® +b y (180)
0 I R 7R

The addition of the two composite matrices can be written as one composite matrix:

I+b¥A P! 0
(1 +bD%)v(t) = C® y (181)
0 I+bWA P!

Setting the right hand sides of Fa (177) and (181) equal will help in finding an expression

for the matrix ®:

I+ bPA“ P! 0 T T aAo-1gy—1g
(0] ] y = GoCb, x+ G;Cb,” VA" ¥ 'x
0 I+ b0PA°P?

= [ G,Cb,”T G,Cb,TOA* P! ]y
Hence, for general y,

I+ bTA°T! 0

0 T =vaT[GoI lem-lqﬂ] (182)
+ -
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Post-multiplying this equation by the inverse of the last matrix on the left-hand side,

(I+bFAP-1)-! 0

(183)
0 (14 bWA“E-1)-!

yields an expression for the matrix product C®:

C@:vaT[GO(I+b\IIA°\II“)'1 G,\IIA"“\I'“(I+b\IlA°\II")'l] (184)

If one pre-multiplies this expression by the inverse of C, the matrix ® can be expressed
explicitly. However, it always appears in the following derivation as part of the product
C®. Also, since the eigenvalue and eigenvector matrices depend on the value of the
viscoelastic coefficients, leaving & expressed as part of the product C® emphasizes that

the two cannot be separated in this case.

Now that an expression has been found for the matrix product C®, the damping

forces can be weighted in the performance index:

Y
J= -;—(yTQy + u"Ru + vTSv)dt (15)

to

Using the relation in Eq (178) for the damping forces v(t) yields a performance index like

the one in Section 2.2.1:
J= /:l %[yT(Q + ®7CSC®)y + u'Rujdt (38)
Defining a new state weighting matrix,
Q=(Q+2"csce)

the performance index has a form identical to Eq (7) of Section 2.1:

1 pa T
J =/ E(y Qy + u Ru)dt (185)
to
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Now that expressions have been found for the performance index, the equations
of motion, and the passive damping, the simultaneous design problem of active vibration
control and passive viscoelastic damping can be solved. The problem is to find the damping

coefficients and active feedback gains that

o« e s 4 1 T A T
minimize: J =/ §(y Qy + u Ru)dt (185)
to
subject to: ¥y = Ay + Bu (167)
v =C®y (178)

This resembles the standard LQR problem, which is solved by
u=-R'B"Py (11)

and results in a value of the performance index given by

1
J= EyoTPyo (41)

where P satisfies
PA+A P-PBR'BTP+Q=0

However, the performance index J has not yet been minimized with respect to the damping
coefficients since the matrix P is a function of the unknown damping coefficient matrix
C. To minimize with respect to the damping coefficients, one can either specify the initial
conditions y, or minimize the average of the performance index J or the maximum value
of the performance index J over the unit ball, ||yo]] = 1. Since solutions independent
of initial conditions are preferred, only the latter two techniques are considered in this
chapter. The techniques follow the same algorithms as those in Sections 2.2.2 and 2.2.3.
However, in computing Q, the matrix C® is computed using Eq (184). The matrix A is
computed using Eq (166).

The next section will demonstrate that the solution procedure is valid ' en the
order of the fractional derivative is @ = 1. That is, when it reduces to the case of viscous

damping.

75




VA

1
C C2

2

Figure 8. Two DOF Viscous System

4.3 Validation of Techniques for Viscous Case

This section is a verification of the algorithms and computer programs that imple-
ment the solution techniques presented in the previous section. A FORTRAN program that
is a modification of the one written by Devereaux [11] computes the eigenvalues and eigen-
vectors and passes them to a MATLAB routine which makes the necessary calculations to
minimize the performance index. If the programs return the same dashpot constants and
feedback gains for viscous damping as those calculated using the techniques developed in
Chapter II, there is a high degree of confidence that the results obtained for viscoelastic
damping will be valid. The fractional derivative model reduces to that of a viscous damper

if the order of the derivative on strain is one:

Go=0 a=1
G1=1 b=0

Although G, is not required to be equal to one for the four parameter model to reduce
to that of a viscous damper, it is set equal to one here so that the resulting equations of
motion are identical to those in Chapter II. In this case, the technique described in the
previous section ought to return the same parameters as the technique for viscous dampers
given in Section 2.2.2. Damping parameters (or dashpot constants) were computed using
both techniques for a single degree of freedom system, a two degree of freedom system, and
a fourteen degree of freedom system. The single degree of freedom system used is the one
described by Eqs (64) and (65). The damping parameters obtained using the min [|P]|,
solution procedures (c;) are identical, as shown in Table 16. The damping parameters

obtained using the min (trace P) solution procedures (c,,.) are essentially equal also.
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The two degree of freedom system is shown in Figure 8. The first order system of

equations is

0 01 0] [ 0 o]
. 0 001 0 o u,
y= y+
-20 10 0 O -1 0 Uy
| 10 —10 0 0 | | 0 -1 ]
0 o
0 o a 0 001 0
+
-1 -1 0 ¢ 001 -1
[ 0 1
= Ay + Bu + B,Céy

The weighting matrices were chosen to be

20 -10 0 O
-10 10 0 O
Q= , R=1, S=0.5I (186)
0 010
| o 00 1]

As seen in Table 16, the damping parameters for both techniques were identical for both
the min ||P||; and min (trace P) solution procedures.

The fourteen degree of freedom system is the same as in Section 2.2.4.3. Table 16
shows that the damping parameters obtained for this system for both techniques are in

excellent agreement.

So by applying both the minimization of the average performance index (etr) and
the minimization of the maximum value of the performance index (c2) techniques from
Sections 2.2.2 and 4.2, it has been shown that the techniques of Section 4.2 are equivalent

to those of Section 2.2.2 for the case of viscous damping.

77




_Table 16. Viscous vs Fractional Derviative

Cy €2 C3 C4 Cy
SDOF | ¢, | vis| .8869
fv .8872
c; | vis| .4703
fv 4703

2DOF | c, | vis | 1.1330 | 1.0378
fv 1.1330 | 1.0378
cy | vis | 1.0155 | 1.0155
fv 1.0155 | 1.0155
14DOF | ¢, | vis | 54.3826 | 35.4502 | 38.4443 | 42.1846 | 46.8419
fv | 54.3825 | 35.4503 | 38.4458 | 42.1846 | 46.8414
cy | vis | 76.1842 | 17.5549 | 28.5870 | 34.2785 | 45.5261
fv | 76.1846 | 17.5585 | 28.5835 | 34.2784 | 45.5242

vis = viscous
fv = fractional derivative with a = 1

4.4 Transition from Viscous to Viscoelastic

The last section verified that the solution techniques derived in this chapter for
fractional order systems are valid for the case of viscous damping. This section will show
that the viscoelastic damping parameters (the diagonal elements of C) are smooth functions
of the viscoelastic parameters Gy, o, and b. Hence, it can be inferred that the solution

technique for fractional order systems is valid for all values of a from a =0 to a = 1.

First, o will be varied incremently from a = 1 to a = 0, while keeping Gy = 0 and
b = 0. This is equivalent to varying the viscoelastic modulus G(s) from pure viscous to

pure elastic.

The two degree of freedom system of the previous section (Figure 8 and Eqs (186)
and (186)) will be used in the calculations. Figure 9 starts with the damping parameters
(¢;) for the pure viscous model (a =1, Gy = 0, b = 0):

G(8)=1.3s

The reasons for choosing G; = 7.3 will become apparent later. As a is decreased incre-
mentally down to zero, Figure 9 shows the resulting damping coefficients for both solution
techniques, min ||P]|; and min trace(P). Figure 9 shows that the transition from pure
viscous to pure elastic (a = 0)

G(s)=13
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is smooth within tke resolution of the data and monotonically decreasing.

Next, Gy and b are varied. The end result will be the model which will be used in
the example problem in the following section. Hence, the fractional order o will be set
to a = 4/7, and G, will be increased from 0 to 1. The parameter b will be increased to

0.0008. Thus, Figure 10 shows that the transition from the viscoelastic modulus
G(s) = 7.3sY7

to the viscoelastic modulus o7
14+7.3s
G(8) = ——————
() = T o00ss77

is also smooth within the resolution of the data. Eq (187) is based on a model for 3M-467
adhesive at 75° F, a viscoelastic material used for damping [3:126). The constants G,

(187)

G, and b have the same value as the actual model, but 4/7 is an approximation for the
order of the fractional derivatives on stress and strain. Reference [3] gives the order of the
derivatives on stress and strain as .51 and .56 respectively. Since 4/7 = .57, a = 4/7 is
a good approximation for order of the fractional derivative on strain, whose coefficient is
four orders of magnitude greater than the fractional derivative on stress. Using a lower

order fraction simplifies the calculation of the eigenvectors and eigenvalues.

4.5 Ezample Problem - Fourteen DOF System

~ In this section, the fractional order solution technique will be applied to the viscoelas-
tically damped planar aluminum truss of the previous chapter (Figure 5). The viscoelasti~
material, 3M-467 adhesive, was modeled with the four parameter model given by Eq (187).
The modulus plot of G(s) is shown in Figure 11, where the real part is plotted as G’ and
the imaginary part as G”. The vertical lines in the graph indicate the lowest and highest
frequencies, and show that the structure’s natural frequencies lie well within the transition
region. The state weighting matrix Q was chosen such that yTQy equals the total me-
chanical energy in the system, while the weightings on active control and passive damping

were chosen to be

R=0.1 I, S =10"%1

The solutions were computed using the algorithms given in Section 4.2 and Sec-

tion 2.2.2. The eigenvectors and eigenvalues of the system for a given set of damping
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Figure 9. Two DOF Example — Transition From Pure Viscous to Pure Elastic
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Minimum {|P||, Solution
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Figure 10. Example ~ Transition to Full Model
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Figure 11. Viscoelastic Modulus - G; = 7.3, b = .0008

parameters C were computed by a FORTRAN program that used the algorithm devel-
oped by Devereaux (see Reference [11]). The eigenvectors and eigenvalues were passed to
a MATLAB routine which computed the approximate state matrix, the appropriate gains
for that state matrix, and the resulting value of ||P||; or trace(P), depending on which
one was being minimized. A new set of damping coefficients was then selected using the
MATLAB program FMINS, and the new eigenvalues and eigenvectors computed. The

iteration continued until convergence occurred.

The values of the resulting damping parameters (¢;} for the two solution procedures,
min ||P||; and min (trace P), are shown in Table 17. The system damping ratios with and
without active control are included as well. The active control gains were computed using

Eq (11) and are given in Appendix F.

Since the properties of viscoelastic materials are temperature dependent, it is con-
ceivable that a drastic change in temperature could result in a rather drastic change in

properties. Assume this has occurred, and the modulus G(s) is now given by

1+ 730s¥7

G(s) = T ose

The real part of the modulus is plotted as G’ in Figure 12, while the imaginary part is
plotted as G”. Recomputing the viscoelastic parameters for this case produces the results

shown in Table 18. Even though the natural frequencies are now very near the glassy
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Table 17. Fractional Viscoelastic with G, = 7.3, b = .0008

min trace P min ||P||,
P 4.2782 3.6768
¢y 3.9100 4.4106
cs 4.2057 5.8892
C4 5.2116 6.0427
cy 6.0598 6.5551
¢ - Passive only .0003 to .0080 | .0004 to .0092
¢ - Complete Solution | .0041 to .0340 | .0044 to .0341
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Figure 12. Viscoelastic Modulus Plot - G, = 730, b = .08

Table 18. Fractional Viscoelastic with G, =730, b= .08

min trace P min ||P}l,
a 0.0563 0.0085
C2 0.0576 0.0001
c3 0.0722 0.1592
C4 0.0661 0.0497
Cs 0.1048 0.1194
¢ - Passive only .0002 to .0029 | .0001 to .0036
¢ — Complete Solution | .0023 to .0340 | .0025 to .0340
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region, the solution techniques can still be used. However, damping relies more heavily on

active control. The active control gains are given in Appendix F.

The results above indicate that the viscoelastic material must be carefully chosen
such that the natural frequencies of the problem structural modes lie in the transition
region for significant viscoelastic damping to occur. This is not a concern with viscous

dampers because they have no high and low frequency plateaus.

4.6 Summary

This chapter presents two new design techniques to determine optimal blending of
passive viscoelastic damping and active vibration control. The techniques are iterative in
nature, and are based on a fractional order derivative viscoelastic model and on modified
versions of the standard linear quadratic regulator performance index of optimal control

theory, given by Eq (7).

The performance index, Eq (15), treats passive damping as a separate control force,
which results in an additional energy term in the performance index. By neglecting the
algebraic modes due to the viscoelastic dampers, two of the solution techniques developed
in Chapter II can be applied to the viscoelastically damped structure: the minimization of
the average value of the performance index and the minimization of the maximum value of
the performance index. These solution techniques are useful when the viscoelastic material

is well modelled by a four parameter fractional order model.
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V. Conclusions and Recommendations

The new design techniques presented in this dissertation provide design engineers
with the ability to determine complementary feedback gains and passive damping param-
eters independent of initial conditions and the ability to handle viscoelastic dampers when
determining the optimum blending of active vibration control and passive structural damp-
ing. In deriving new design techniques to determine optimal blending of passive structural
damping and active vibration control, the treatment of passive structural damping forces
in this dissertation is unique. Usually passive structural damping forces are just included
as part of the state, but here they are weighted separately from the state in the linear
quadratic regulator (LQR) performance index. The passive damping forces are treated as
co-equals to the active control forces, and are weighted in a similar manner. The modifi-
cation to the performance index is minor, but allows structural damping to be treated as
a control parameter in LQR theory. Viewing structural damping as an LQR parameter
increases the usefulness of LQR theory by enabling the design of complementary feedback
gains and passive damping parameters. This reduces the active control effort needed to
meet specifications, allowing the design engineer to take full advantage of each ounce of
damping material. It also allows the design engineer to avoid implementing excess damping

that inadvertently increases response times.

In addition, the techniques developed in this dissertation enable the design engineer
to select complementary feedback gains and passive damping parameters that are indepen-
dent of initial conditions. Usually in a problem dealing with active and passive control,
initial conditions are set before working the problem. This restriction was not used in this
dissertation, so the solution techniques presented here lead to designs that are more robust

with respect to initial conditions.

Another restriction relaxed in this dissertation is related to the structural damping.
In control problems, structural damping is often approximated by viscous damping, since
other types of damping lead to complicated equations of motion. This dissertation develops
the techniques for viscous damping, but extends the results to the more realistic case of

viscoelastic damping.

Three techniques were developed for the viscous case — one closed form and two
iterative. The closed form solution is a least squares solution. One iterative technique
minimizes the maximum value of the proposed cost functional with respect to the ini-

tial state, while the other minimizes the average value of the proposed cost functional.
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Both techniques yielded similar performance relative to each other, and much improved

performance relative to a system with no passive damping.

Three similar techniques were also developed for viscoelasticity modelled with a clas-
sic model using integer order derivatives on stress and strain. The closed form solution
proved to be much cheaper computationally than the iterative techniques, while giving

similar performance.

The classic viscoelastic approach can be rather difficult to implement for large struc-
tures as the order of the state space equations increases dramatically with higher order
derivatives on stress and strain. The order of the state space equations was kept low in
the approach developed for the fractional derivative viscoelastic model. Another benefit of
using the fractional derivative model is that it is often a more accurate description of the
materials behavior. Two iterative techniques, similar to those for the viscous case, were
developed for this case. A closed form solution was not possible due to the nature of the

problem.

All of the techniques derived in this dissertation are applicable to structures that can
be modelled with finite elements. The techniques are useful in cases where the baseline
structure is well-defined and the design engineer wishes to use a combination of active
and passive vibration suppression. If the damping is adequately represented by a viscous
model, then the corresponding solution techniques should be used. The Frobenius norm
solution gives a quick, rough-cut answer, and is adequate for many applications. If a better
performance is required, the minimization of the average value of the performance index
is recommended. It will tehd to give better response times and takes less time to com-
pute. The minimization of the maximum value of the performance index is recommended
only if the design engineer is concerned that the minimization of the average value of
the performance index may yield high values of the performance index for certain initial

conditions.

If the damping is to be modelled with a classical viscoelastic model, the design
engineer will use the Frobenius norm solution. If the model only has first derivatives on
stress and strain, the design engineer may want to refine his design by minimizing the
maximum value of the performance index. This method is recommended over minimizing

the maximum value of the performance index for the same reasons as in the viscous case.

Also for the same reasons, minimizing the average value of the performance index

is recommended for the case in which viscoelastic damping is modelled using a fractional
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derivative model. A four parameter fractional derivative model is recommended over a
classical model for the reasons cited above: it keeps the order of the state space equations

low and it is often a more accurate model.

For situations in which the design engineer wishes to weight passive damping as a
one-time cost, two solution techniques were developed for structures with viscous damping.
It would be a straightforward task to extend these solution techniques for viscoelastic
damping. Asin the case in which passive damping is weighted as an additional control force,
minimizing the average value of the performance index is recommended over minimizing

the maximum value since it will give better performance.

The weighting matrices in both types of performance indices are chosen by the design
engineer based on the relative importance of passive damping, active vibration control,
and required damping ratios. The weighting matrices may need to be adjusted to attain
a solution that is acceptable to the design engineer. Two general guidelines in choosing
the weighting matrices are that the diagonal elements of the weighting matrices for passive
damping and active control be larger than the diagonal elements of the weighting matrix
for the state, and that the diagonal elements of the weighting matrix for passive damping
be less than or equal to those for active control. However, these guidelines do not have to

be followed if the design engineer has a reason for choosing the weightings differently.

The solution techniques in this dissertation are limited to structures in which the
structural damping is either viscous or viscoelastic. To use the solution techniques for
viscoelastic damping, the viscoelastic dampers must be constructed such that only one
component of strain dissipates the energy. Expanding the techniques to different types of
dampers, such as viscoelastic dampers in which two components of strain dissipate energy,

is an area for further research.

Another limitation is in the numerical implementation of the solution techniques.
As noted in the summary of Chapter III, if the order of the finite element model is too
large, computational difficulties may arise. This is especially critical in the case where
viscoelasticity is modelled using integer order derivatives, since the order of the state
equations are at least three times larger than the order of the finite element matrices
defining the structure. The numerical stability for problems of more than fourteen degrees

of freedom was not investigated.

Applying the solution techniques to larger scale problems would be an area for further

research. Structures other than the spring-mass-damper systems and trusses in the example
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problems could also be considered. Other structures might be basic structures, such as
plates and beams, and also more complex structures that are combinations of these simpler
structures. Another area for further work would be to experimentally verify the solution
techniques using some of these structures; the work presented in this dissertation is all
theoretical.

Since this is an engineering dissertation, an engineering approach was taken in mini-
mizing the cost functional subject to the constraints on the passive damping force (and on
the active force when viscoelastic damping was modelled with a classical model). Follow-
ing an exact analytic approach using vector space methods would be an opportunity for

further research.

The two greatest contributions of this dissertation are the ability to determine com-
plementary feedback gains and passive damping parameters independent of initial condi-
tions and the ability to handle viscoelastic dampers. These two contributions combine
to show that viscoelastic damping can be optimized in conjunction with active feedback

control to provide better vibration reduction.
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Appendiz A. Calculation of Damping Coefficients

The derivation of the solution to the diagonal C that minimizes the Frobenius norm
of Eq (36) is given in this appendix. Although the development is for vectors and matrices

of order 4, it can be easily extended to vectors and matrices of order n.

Let X be the space of real valued vectors with four elements and let Y be the space
of 4x4 real valued matrices. Define an operator A : X — Y by

2, 0 0 0 |
0 z 0 0
0 0 z3 O
0 0 0 =z, ]

b

where x € X. It is easily verified that A(x, + ax3) = A(x,) + aA(x;) for any scalar a, so
A is linear.

Given y € Y, the vector x is sought that minimizes the Frobenius norm ||y — Ax||r.
Hence, a solution to the following expression is sought:
min ly - Ax||r (188)
Define a functional on Y x Y by
4
(v,2) = Z vijzi; Vy,z€Y (189)
i,j=1
Since this functional satisfies the four requirements of a real inner product:
(y,2) = (z,y)
(¥, +¥2,2) = (y,,2) + (¥,,2)

(Ay,z) = My, 2)
(y,y)>0, with equality iff y =0
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define the functional in Eq (189) to be the inner product on Y. Then the norm on Y is
given by

. 1/2
vl = (v,¥)"* = [Z y.-’,]

$)=1
Notice that this is the Frobenius norm for 4x4 matrices.

The conjugate operator A* : Y — X is found from the relationship

(%, A°Y)x = (A%, ¥)y

The subscripts X and Y denote the spaces in which the inner product is taken. Since

(A%, y)y = Z (Ax)ijyi; = Zl‘iyﬁ = (x, A"y )x

ij=1 i=1
the conjugate operator is given by

f 3

Y
Ya2

Yss

| Y44

The solution which yields the smallest error in the Frobenius norm, Eq (188), is given by
(A*A)" 1A%y if (A*A)~! exists [21:160]. Find A*A:

h )
2, 0 0 O (&
0 ) 0 0 Zq
A'Ax = A* = 9 y = X
0 0 23 O z3
I 0 0 0 Ty j L T4 J

So A* A is the identity operator and its inverse is also the identity operator. Hence the

solution that minimizes the Froberius norm is

x= A"y

In other words, x is the diagonal of y.
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Using the same procedure outlined above, it can be shown that the diagonal C that
minimizes the Frobenius norm ||C® — W/||f is given by

E '_! ’hwh
3
=1 ’l'

" ’lllwlll

L3
2
=1 ’""

c=(A"A) AW =

where ¢ is a vector containing the m elements of the diagonal of C, and ¢ and W are

m X n matrices. In the case of Eq (35),

wW=-8"'B,7P

The diagonal elements of the positive semi-definite diagonal matrix C that minimizes
the Frobenius norm ||[C® — W||r are

" Wi
Cii = max -z—:':%—’—,—’—,o (37)
Ej:l ‘I’ij

The last sentence of the following theorem will be used to prove that C as defined
above minimizes the norm |C® — W||r over the set of positive semi-definite diagonal

matrices:

Theorem [21:69]. Let z be a vector in a Hilbert space H and let K be a closed convez
subset of H. Then there is a unique vector ko € K such that

llz - koll < iz ~ Ki]

for all k € K. Furthermore, a necessary and sufficient condition that ko, be the unique
minimizing vector is that (z — ko, k — ko) <0 for allk € K.

Let H be the space of all m X n matrices. The following functional satisfies the four

requirements of an inner product and will be defined as the inner product on H:

(v,2) = Zzyijzij VyzeH

=1 j=1
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Let Q = {E € R™*™|E is positive semi-definite diagonal} and let
K = {klk = E® where E € }. Since € is convex, K is convex also (0 < a < 1):

aE, +(1-a)E; €

therefore,
[@E; + (1 — @)E;)® = aE,® + (1 — a)E,;® € K

Since K is equal to its closure, it is closed.

The inner product of W — C® with E® — C® is

m n

n n n
(W-C®,E®-C®)=)_ [c,?,. D@L -Cu) ;W - CuEy) ¥4+ Eyd &y w,.,]
j=1 i=1 =1

=1 i=1

For each i such that 3°7_, ®;;W;; > 0, the corresponding term in the summation above is

zero:

"W\ nBLWL) | n n
(;’:,:——&,,—'{) > e - (21_-:___;;72> S oW, —Ey > 95| +EiY 9,;W,; =0
Ej:l 1] i=1 zj:l 3] j=1 i=1 j=1

For each 7 such that E;"=1 ®;;W;; <0, the corresponding term in the summation over ¢ in

the inner product is negative for all E:

E;,'ZQ.','W,‘,‘ S 0 for

ij=1 J

Q;J’VV,"' S Oand E€ K
=1

Hence, the summation over ¢ in the inner product reduces to a sum of zeros and negative
terms, and is therefore less than (or equal to) zero for all E € K. This proves that C
as defined in Eq (37) minimizes the Frobenius norm ||C® — W||r over the set of positive

semi-definite diagonal matrices.

The method of calculating the damping coefficients presented here is useful in both
Section 2.2.1 and Section 3.2.
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Appendiz B. The Value of the Cost Functional in Terms of the Initial State

This appendix contains the derivation of a form of the cost functional in terms of the

initial state, which is the form given in Eq (41). Define a time dependent function J(t) as
t

J(t) = / %(yTQy +u"Ru + vTSv)dt (190)
to

Assume J(t) is of the form

J(t) =c-y"Gy

where ¢ is an unknown constant and G is an unknown matrix. Then the derivative of J(t)
with respect to time is .
J(t)= ~y"Gy - y"Gy - y"Gy (191)

But from the definition of J(t) and Egs (23) and (11) in Chapter II,
‘ "~
J(t) = / y'Qydr (192)
to
where @ = Q — PBR™!BTP + " CTSC®. Taking the time derivative of Eq (192) gives
i(t) =y Qy (193)
Now y = Ay where A = A — BR™'BTP + B,C®. The objective of this dissertation is
vibration suppression, so P and C have been chosen such that A is stable. Combining Eqs
(191) and (193) gives
y'Qy = -y"AGy - y"Gy - y" JAy (194)
Now G = 0 since Q is constant, so Eq (194) becomes a Lyapunov equation in G:
ATG+GA+ Q=0 (195)
In order to express J(t) in terms of the initial state, yo, the state y is first expressed in

terms of the initial state:

y= eA(‘— ‘o)yo
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Then the cost functional can be written as
J(t) =c- yg'eﬂr(‘—lo)Geﬂ(t—to)yo

Since the initial value of the cost functional is zero, J(¢,) = 0, the constant c is ¢ = yI Gy,.

The the cost functional J given in Eq (15) can be expressed as J(t;). Ast; approaches

infinity, the cost functional can be expressed as
J= ‘lirg J(t)
Since A is stable, the limit exists. Hence, the cost functional is
J = lim J(t) = Ya Gy, (196)

where G is the solution of Eq (195). Comparing Eqs (40) and (195), it becomes clear that
G = P. Therefore Eq (196) is equivalent to Eq (41).

A similar development can also be found in Reference [1].
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Appendiz C. Solving the Non-Symmetric Quadratic Matriz Equation

In this appendix, the method for solving Eqs (108) and (113) is described. The
method will be demonstrated using Eq (108):

Q+PA+ATP - PB,R!'BTI,PI1,,-PB,S'B,”P =0 (108)

This equation is quadratic in P, but is not solvable by any of the standard MATLAB
routines. Newton-Raphson is a standard technique and it is employed as follows: First the
left hand side of Eq (108) is defined as a function of P:

Q(P)=Q+ PA + AP - PB,R"'BTL,PLI,, - PB,S"'B,”P
The goal is to find P such that Q(P)=0. The function Q(P) is approximated by
Q(P) = Q(Po)+DQ[Po}(P — Po)+o(|[P — Pol|)

where the operator DQ[P,] represents the Fréchet derivative of Q at Po and o(P) repre-
sents terms that are at least quadratic in (J|P — Po||). Let H = P — P,,.

Since Q is a function of P,

d
DQ[Po](H) = 7-Q(Po + aH){a=0 (197)
Carrying out the calculation,

DQ[Po)(H) = HA + ATH - HB,R"'BT1,P,oL,1,, - P,B,R'BTI HL,I,,
-HB,S"!'B,”P, - P;B,S'B,”H

This may not look much better than Q(P), but at least it is linear in H. The equation to

solve for H is
DQ[Po)(H) + Q(Po) =0 (198)

Note that this equation is similar to a Lyapunov equation, although some of the terms do
not have H on the left or right, but in the middle. To get around this difficulty, note that

~

I, is an identity matrix with the bottom third diagonal all zeros. Therefore approximate
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HI, and HI,, by H where appropriate in DQ[Po)(H). This results in the simplification,

DQ[P,j(H) = HA + ATH - HB,R'BTI,P,l,I,, - P,BTI,H
-HB,S'B,”’P, - P,B,S"'B,"H

With this approximation, Eq (198) becomes a Lyapunov equation, easily solved by the
simple MATLAB routine LYAP. The initial guess, Py, is found by setting I, IA,, and I,,
equal to identity in Eq (108) and solving the resulting algebraic Riccati equation. The

iteration scheme is

DQ[P.'](Hi) + Q(P)i =0
Py =P+ H;

Convergence occurs when Q(P) is sufficiently small. The sum of the absolute values of the

elements of Q(P) was used as a measure of “smallness”.

The method presented here for solving the non-symmetric quadratic matrix equation
can be used to solve both Eq (108) of Section 3.2 and Eq (113) of Section 3.2.1.
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Appendiz D. Error Analysis

In this appendix, the error between the approximation Ay and the operation A(t,y)
is examined in detail. The operator A(t,y)is defined by Eqs (163) and (164) in Chapter 1V.
The approximate state matrix is defined by Eq (166):

- -1

A = UAY (166)

The impulse response to Eq (160), represented by x(t), will be used to illustrate the
error due to the approximation of A(t,y). From Reference [3], the impulse response can
be expressed in terms of an integral that decays algebraically and a sum of decaying
exponentials:

® & fomAP T T (L1 4 bAme)
x(t) = %Im [/0 X(re"")e"‘dr] + Z mA %; {m,}( + )1/’_,'3'\’ ¢

i=1

(199)

where

N T -
N . © 1. 1 b o o
x(re-u-) = Z ¢, { }( + e _ )
int mj(rllme-tr/m - AJ)
a = order of fractional derivative (a = ¢/m)

¥;

m = denominator of a
A; = j** eigenvalue associated with the expanded
equations of motion (see Reference {3])
Y¥; = eigenvector associated with the expanded
equations of motion (see Reference [3])
n = twice the length of the vector of displacements
N = total number of eigenvalues associated with the expanded
equations of motion (see Reference [3])
b = viscoelastic parameter (see Eq (156))

m; = modal constant

{1.} = column vector of ones

The approximate state matrix is calculated using the eigenvalues and exponential

modes of the structure, so the error due to using the approximate state matrix is the

97




integral term of the impulse response:
xg(t) = x(t) — %(1) = %Im U i(re"')e"‘dr] (200)
0

The error will be shown to be real and continuous, and its asymptotic behavior for

small and large time examined.

In a first glance at the behavior of the error, it appears to be singular at t = 0.
But for real structures, the singular components cancel each other. Churchill’s theorem
on the existence of the inverse transform will be used to prove that the response is real,
continuous, and causal [3:88]. Then it will follow that the error is real and continuous since

it is the difference between two continuous functions.

Before applying the theorem, it will be shown that the Laplace transform does,

indeed, satisfy the transformed equations as they appear in Eq (160):
8*Mx(s) + G(s)K,x(s) + Kx(s) + bu(s) =0 (160)

The Laplace transform of the impulse response x(t) (Eq (199)) for which —bu(2) = é(t) is
X(s) [3:92]:
. N @7 {1.}(1 4 bs*
Koy = 3o HL LI+ 657

mj(stm — X;).

¥; (201)

ji=1

To show that X(s) does indeed satisfy the transformed equations of motion, the equa-
tions of motion will be posed in expanded form. The first step is to clear the denominator
of G(s):

_ Go + Gls"'
G(s) = 1+ bse
Hence Eq (160) becomes
(14 bs*)Mx(3) + (Go + G15*)Kx(3) + (1 + bs*)Kx(s) = —(1 + bs*)bu(s) (202)

Rearranging terms yields

[M(s? + bs**°) 4+ (GoKy + K) + (G1 K, + bK)s®] x(s) = —(1 4+ bs*)bu(s)  (203)
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The left hand side of this equation can be written in terms of summations:
J - J 13
M Zc,-s”"‘ + ZK,-.;’/"‘ x(s) = —(1 + bs”)bu(s) (204)
=0 j=o0

where J = 2¢ + m and ¢; and K; are zero where appropriate. Letting A; = Mc; + K;
simplifies Eq (204) even further:
J 3
EAj,g'/"'x(s) = —(1 + bs®)bu(s) (205)

j=0

Hence, the equations of motion can now be posed in terms of two real, square, symmetric

matrices:
[0 ... ... 0 A, ] '3"-'?1::(3)‘
A; Ay, al‘;zx(s)
sthm | S K O
0 A, .- Ay A, s=x(s)
A AjL - A A 11 x(s) |
[0 .. 0 -A, o |[sExs) ] ' ) W
: -A; -A,,, O 832 x(s)
+|{ o 1 = L
-A; -A;,, -+ =A, 0 s=x(3) 0
| o 0 Ao | | x(3) ) | —(1+bs*)bu(s) |

This equation can be expressed in more compact notation:

sV/mM%(s) + K&(s) = —ii(s) (206)

The orthogonal transform matrix (or modal matrix) & which simultaneously diag-
onalizes the expanded mass and stiffness matrices ( M and K ) is constructed from the

eigenvectors associated with the eigenvalue problem for the expanded equations of motion:

MM, =0 (207)
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The expanded displacement vector can be expressed in terms of the modal matrix and a
set of modal coordinates a(s):
%(s) = da(s) (208)

Premultiplying Eq (206) by ®7T and substituting in Eq (208) produces the decoupled
expanded equations of motion [24:159] [3:68]:

sY/mPTMda(s) + DTKPa(s) = —BTii(s) (209)

To show the decoupled nature explicitly, the equations of motion are written in terms

of the modal constants m,, and k, where

ma = $,M#, (210)
ko = $u K, (211)

Hence, Eq (209) becomes
st/m m, a(s) + kn a(s) = —®Tii(s) (212)

Premultiplying this equation by the matrix diag(1/m,) yields

st/™Ia(s) + kn/ma a(s) = - 1/mn, 37 (s) (213)

Premultiplying Eq (207) by ¥, and recalling Eqs (210) and (211) results in an equa-

tion relating the eigenvalues to their corresponding modal constants:

Anty + k=0 (214)
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Hence, Eq (213) can be rewritten in terms of the eigenvalues:

s'/™1a(s) — A, a(s) = - 1/m, ®7ii(s) (215)

The individual elements of a(s) look like modal participation factors — in fact, they

are. The individual elements of a(s) are of the form:

_ dris)

T ma(st/m = A,)

From the form of %(s) and 12’,,,

4

5% x(s) | sy,
8= x(s) sy,
x(s)=4 :  p $.={ i }
s~x(s) 859,
x(s) ] | %
it follows that |
¥, i(s) = (1 + bs®)¥. bu(s) (216)

The Laplace transform of the structural displacements is of the form

N
x(s) =) an(s)¥,

n=]

or
x(s) = ﬁ': $Tbu(s)(1 + bs*)

ma(st/m - X,)

¥

Therefore, X(s) is the transform of the impulse response to Eq (160).

Churchill’s theorem on the existence of the inverse transform can now be used to

prove that the response is real, continuous, ard causal.
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Theorem [9:178). Let f(s) be any function of the complez variable s that is analytic
and of order O(s™*) for all s (s = z +iy) in a half plane z > z,, where k > 1; also let f(z)
be real (z > z,). Then the inversion integral of f(s) along any line z = v, where ¥ > z,,

converges to a real-valued function F(t) that is independent of v,
F@t)=L"Yf(s)} (-0 <t< )
whose Laplace transform is the given function f(s):

L{F(t)} = f(s) (z > zy).
Furthermore F(t) is O(e***), it is continuous (—oo < t < ), and

F@i)=0 when t < 0.

The quantity X(s) is analytic in the half plane z > z, when 2z, is positive and the
branch cut of s!/™ is chosen to lie along the negative, real axis in the s-plane and the poles
of X(s), which occur at

$= A7

do not appear in the right half s-plane. (If the poles appeared in the right half s-plane,
then the viscoelastic material would be generating energy instead of dissipating energy.)

The quantity X(z) is real for z positive. The only quantities appearing in Eq (201)
that can be complex are m;, 1;, and :\,- because (14 bz*) and z'/™ are real for z positive.
When m;, %;, and :\,- are complex, they occur in conjugate pairs [3:89]. Hence, it follows
directly that when the terms in Eq (201) are complex, they occur in complex conjugate

pairs and X(z) is real for z positive.

X(s) also satisfies the condition that the transform be of order O(s~*), k > 1. The
direct proof that X(s) is order s~2 for s large in the right half s-plane (i.e., putting all
the terms over a common denominator and adding them up) is long and involved, so an

indirect approach will be pursued. The transformed equations of motion as they appear
in Eq (160) will be used:

$*Mx(s) + G(s)K,x(s) + Kx(s) + bu(s) = 0 (160)
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With K.(s) = G(s)K, + K, the transformed equations of motion for simultaneous, unit
impulsive loading (—bu(s) = {1.}) are

[s°M + K, (s)] X(s) = {1.} (217)

The only terms in K,(s), other than the constant terms, are those terms proportional to
G(s), which behaves like a constant as s — co. As a direct result, Eq (217) reduces to

$MX(s) ~ {1.} as 8 — 00 (218)

Since the elements in the mass matrix are constant, X(s) is order s~2 for s large in the

right half s-plane.

Since X(s) satisfies the conditions of the theorem, the response (Eq (199)) is real,
continuous, and zero at initial time ¢ = 0. It follows that the error (Eq (200)) is also
continuous, since it equals the total response minus a sum of decaying exponentials. It
also follows (from Eq (199)) that the initial value of the error is given by

xE(o) = - i mx;'n-l'/’}"{l.}(l + bx"m)

j=1

¥

m;

Before examining the short time behavior of the error, the short time behavior of
the response will be derived. The response will be shown to monotone for short time;
a Tauberian theorem will then be appled to determine the short time behavior of the

response.

The monotone nature of the response for short time can be derived by examining the
equations of motion (Eq (162) in the time domain wth the forcing term —bu(t) replaced
by the impulse function 6(t){1.}:

d t
M&(t) + Ko - / Gralt — T)x(7)dr + Kx(t) = 6(£){1.} (219)
0

Integrating this equation from 0~ to ¢ yields an expression in terms of the velocity:

Mi(t) + K, /o Gralt - T)x(r)dr + K /o ‘ x(t) = {1.) (220)
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Now G,.(t) is a continuous function. This is evident when the Laplace transform of G, ()

(see Eq (159) and (161)) is expressed as a sum of two terms:

Gi/b  Go—Gi/b

L{Grel(t)} = 3(1 + bs"')

The first term is clearly the Laplace transform of a step function, while the second term
satisfies the conditions of Chuchill’s theorem (where the z, of the theorem is equal to 5!/2).

Hence, as t | O the integrals in Eq (220) disappear since the integrands are continuous:
1‘111‘1)1 Mx(t) = {1.}

or
P _ -1
ltxlrgx(t) =M7{1.}

Hence, there exists a § > 0 for each € > 0 such that the absolute value of each element of
X(t) minus each element of M~!{1.} is less than ¢ whenever 0 < t < §. Written in terms
of vectors,

—e{l.} < %() - M™{1.} < €{1.} (221)

Solving for velocity,
M1} - e{1.} < x(t) < M~{1.} + €{1.} (222)

So for the smallest € such that an element of (M~1{1.} —¢{1.}) or (M~'{1.} +¢{1.}) equals
zero, there exists a § > 0 such that the elements of the velocity x(¢) do not change sign
on 0 < ¢t < §. Therefore, each element of the response x(¢) is a monotone function on the
interval 0 < £ < 6.

To examine the behavior of the response for short time in more detail, the following
Tauberian theorem, slightly parapharsed from Feller, will be used. (Note that w(s) is the
Laplace transform of u(t).)

Theorem [13:446). If U has an ultimately monotone derivative u then as s — oo and
t — 0, respectively,
1
w(s) ~ ) iff u(t)~t. (223)

104




From Eq (218), the Laplace transform of the response for large s is
X LM {1
()~ M7 {1}
It follows that the response is linear for short time:
x(t) = L YX(s)} ~M ' {1.}t  whent—0

Since the error is the response minus the exponential portion of the response, which is
known exactly, the error can be expressed as

" mAP-lgl {1.}(1+ bA™®
xg(t) ~ M {1}t - — ¥ {LK )

ji=1

¢jex;"' when t — 0
m;

It is appropriate to expand the exponential terms in terms of t. To make things easier,
the vector coefficient of e*7* will be represented by c;. The vector coefficients appear in
complex conjugate pairs and the complex conjugate of c; will be assumed to be cpn/24;-
The coefficient of ¢ in the exponential will be expressed in terms of its real and imaginary
parts:

AV = —pi + 475
Adding the complex conjugate pairs and carrying out the expansions yields an expression

for the error in powers of {. Retaining only the first power of ¢ yields

n/2 n/2
xg(t) ~ —2)_ Re(c;) + [M_l {1.}+2) (pjRe(c;) + 7j1m(¢5))] t

i=1 j=1

for small time. In long form, the constant term is

nf2 n/2 Im—-1_47T
-2 Re(c;) = ~23 " m (1 + bRe(A™)) Re (___*f ﬁ_{l-}%)
i=1 i=1 ¢

which is equal to the initial value of the error, xg(0).
To examine the behavior of the error for large time, Watson’s lemma will prove useful.

Watson’s lemma [10:446). Let F(r) = f(r*)r*, a > 0, b > —1. Let f(z) have a

Maclaurin ezpansion for |z| < 6. Let |[F(r)| < Me™ for some constants M and c as
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r — o0o. Let f(z) be continuous for all values of z. Then

/ F{r)e "'dr ~ Z aI(katb+1)
0

t.l-a+b+l
k=0

*)
ast — oo whenea.,:’—k_,m.

With f(z) defined as

M T{LY(L + bateire)
f(z) = Z m;(ze=s/m — :\]) j

j=1

the quantity X(re=**) in Eq (200) can be written as
X(re=") = f(r'/™)

The Maclaurin expansion for f(z) is

N _ T 1.}, —ix/m 2,-2ix/m ‘ ~izg/m
f(3)=z-—'£’l{—,l-?-’» 1+ze +xe +---+x’(be""’+e )

=l M A z X

—ix(g+1 ~ix(g+1 —in(g+3 —in(g42
+ g+t be "’f’ m o -1r_(1+1)/m 142 be "EH Wm + e "-('+,)/m b
A} Af A? /\}*’

for |z| < |Ay|, where |A,| is the eigenvalue with the smallest magnitude. Let the coefficient

of z* be represented by a;:

N T g k
—;: {1. . ir/m
“k:Z ¢1{-}¢’<e- ) for0<k<gqg
j=1 m;A; A
N T i i
- {1. R —ixk/m -ixk/m
ap = Z 'I’J {- }¢J (be.(k_q) e - ) for k > q
j=1 m,-A,- ’\j ’\j

Then the Maclaurin expansion can be written more compactly:

f(z) = f: a;z*
k=0
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Hence, the asymptotic behavior of the integral in the error is given by a summation in

terms of time t:

/ F(r)e™ r~Lﬂ%lf—l) for t — 00 (224)

Expanding the first few terms of the summation in Eq (224) yields

b —r e a;I'(1+1/m) aI'(1+2/m
/o F(r)e ‘dr~To+ 1(t1+1/m/ )+ : §1+2/m/ )+"' fort — oo

Now aq can be expressed in terms of the eigenvectors 4, and modal constants m;:

o=3 —$i {L}¥;

et m;Aj

Since the eigenvectors, eigenvalues, and modal constants occur in conjugate pairs, a; is

real. Hence, the error does not have a 1/t term:

(alr(l +1/m)  af(1+2/m) )

1
xE(t) ~ ;Im f1+1/m t142/m

To show that the imaginary part of a, is non-zero, a, will be computed. From the form of

- 1¢ —w/m
al—Z ¥ {1} ( - )

j=1 m; )‘J

G,

Applying Euler’s identity yields

E —m—z—i(ms x/m — isinw/m)

Hence, by the same rationale that aq is real, a, has an imaginary part:

Im(ay) = i: _1/;7;7'{_(1;}% sint/m

Since the error is asymptotic to t~(1+1/™) for large t, it does not decrease exponentially.

The rationale for ignoring the error due to the approximation is given at the end

of Section 4.1. Although the solution procedure outlined in Section 4.2 does not take
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into account the relaxation modes (i. e., the error) due to the presence of viscoelastic
dampers, the calculation of the oscillation modes does take into account the effect of the

viscoelasticity of the damping material.
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Appendiz E. Alternate Method for Calculating the State Matriz

This appendix contains an alternate method of calculating the approximate state
matrix to the one given in Section 4.2. The derivation of this method makes it clear that

the approximate state matrix is real-valued.

In Section 4.2 A is constructed using the principal value eigenvectors and eigenvalues

-~ A 0 ~ q’ ‘I’ - ~ o oa—]
A= "~ §- - A=¥i¥
0 A YA VA

where A is a diagonal matrix of the eigenvalues and ¥ is the matrix of corresponding

eigenvectors. Then A¥ = WA. Writing A in terms of four submatrices A;j, this becomes

An Ap v v v v A O
_|= . _ (225)
Ay Ap YA YA YA VA 0 A
Carrying out the matrix multiplication
Ap¥+A%A AT +ALTA | | YA WA (226)
AnT + Ay TA AT 4+ A,TA wA? TR’
results in four equations. The top two will be considered first:
An‘I’ + Alg\I’A =WVA (227)
Au“ii-i- Alzﬂ = ﬁ (228)
Adding and subtracting these two equations gives
An(¥ + 0) + A (PA + TA) = (FA + TA) (229)
Ay (T~ T) + Ayp(TA - TA) = (FA - TA) (230)
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The quantities in brackets are either two times the real part of ¥ (¥A) or 2i times the

imaginary part of ¥ (WA). Hence, these two equations can be written as

Ay Re(¥)+ A Re(WA) = Re(WA)
AuIm(¥®) + ApIm(YA) = Im(TA)

Solving for A, in each of the equations yields
A = [Re(¥) — AjaRe(PA)] [Re('Il)]'l = [Im(¥) — A2 Im(TA)) [Im(‘ll)]’l
Combining the terms containing A, gives

Avz {Re(¥A) [Re()]* + Im(TA) [Im(¥)]*}

= Re(WA)[Re(T)]™" + Im(WA) [Im(¥)]™
From this equation, it is apparent that
Alz = I

which, from Eq (227), implies
A;=0

The second two equations,

Azl‘I’ + Azz‘I’A = ‘I’Az

Azl-‘i’_ + Azzm_ = ﬂz

result in the two equations,

A1 Re(¥) + Aj;Re(WA) = Re(PA?)
AnIm(¥)+ AIm(PA) = Im(PA?Y)

Solving for A, in each of the equations yields

Az = [Re(¥?) — Ay Re(WA)] [Re(W)]" = [Im(¥2) ~ ApIm(¥A)] [Im(¥)]™*
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Hence,

Ag {Re(\IIA) [Re(W)]™! + Im(®A) [Im( ‘P)]"}

= Re(WA?) [Re(¥)]"" + Im(¥A?) [Im(¥)]™*

(240)

Finally, solving for A, yields an expression which is real.
Az = {Re(WAY) [Re(¥)] ™" + Im(¥A?) [Im(®)] '} (241)
x { Re¥A) [Re(®)|™" + Im(¥A) Im(¥)]"'} " (242)

Substituting this expression into Eq (239) above yields Aj,. Therefore, A;; is real also.
Since A;, and A,, are real also, the state matrix A is also real. Since this matrix is
equivalent to the approximate state matrix derived in Section 4.2, the approximate state

matrix is also real.
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Appendiz F. Feedback Matrices for the Truss Ezamples

This appendix contains the active gain feedback matrices for all the fourteen degree
of freedom examples in this dissertation. Each feedback matrix has dimension 4 x 28. The

gains for each chapter’s examples are presented in separate sections.

F.1 Chapter Il Gains

This section contains the feedback matrices as computed by Eq (11) for the four
different solution techniques developed in Sections 2.2.1 and 2.2.2 for Example #3. It also
includes the feedback matrices for the two solution techniques presented in Section 2.3 for
Example #4. The matrices are on the following pages. Table 19 is the key to the solutions.

Table 19. Key to Matrix Names for Section F.1
Example Matrix Name | Solution Technique
Example #3 | G, min ||H||r

G min ||Hjf,
G,, min trace P
Gz mln@z
Example #4 | G,,. min 3- trace P + 2¢'Sc
Gmas min { Pll. + cTSc
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G, =

Columns 1 through 7

60.8854
69.6113
78.5921
235.7793

137.2134
135.6611
104.6444
136.3770

~75.7822
-52.4885

18.1517
112.7833

Columns 8 through 14

48.0909
19.5168
312.1403
-4.5445

-8.4912
132.7994
-23.4110

-170.0058

Columns 15 through

6.1961
-1.4142
0.1534
-0.1758

-1.4179
11.4926
0.75617
3.45562

33.3340
30.9326
130.7269
-15.7503

21

0.1607
0.7460
7.6018
-0.8656

Columns 22 through 28

-1.6310
5.8867
1.4761
3.1828

1.5495
0.1494
1.7875
0.7333

-1.7138
3.8181
0.6129
3.3875

-173.6511
14.8513
~62.9460
50.3280

-2.3179
~134.7725
~71.1841
108.4971

-0.1824

3.4615
-0.85672
11.9417

1.0639
0.2867
2.9212
0.3460
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26.2906 -34.
-147.8120 -106.
~22.1549 -298.
72.5824 -59.
~32.7392 5
~65.6421 -21.
-175.1829 42,
24.7631 24
1.0708 -0
0.3602 2
2.7187 1
-0.0934 6
-1.3217 2
3.0427 0
1.4884 6
4.1678 1

7561
1664
9220
3887

.9136

4194
56333

.4720

.2874
.T212
.2781
.7203

.6922
.8136
.1589
.4643

-8.8621
168.05695
103.0132

-143.9000

7.3087
41.8578
20.4618

~-10.5426

1.4822
-0.7177
1.95633
0.9148

-3.8026
6.35650
2.5689
6.3543




G =

Columns 1 through 7

62.9054
79.3464
68.4678
243.8168

134.8681
144.3491

95.8321
145.9967

-66.3065
-37.5207

16.8779
122.4900

Columns 8 through 14

38.2794
~12.4108
271.8900
-10.0895

-4.41562
144.4190
0.41567

-167.2828

Columns 16 through

6.2410
-1.4234
0.1439
-0.1663

-1.4277
11.7814
0.7369
3.7063

Columns 22 through

-1.5967
5.68563
1.53568
3.0823

1.56318
0.1806
1.7642
0.7998

42.6332
82.11569
180.2037
-17.2681

21

0.14156
0.7319
7.6211
-0.9241

28

-1.7569
3.9373
0.6783
3.4006

-175.0679
21.9877
-68.9060
58.4604

-1.5232
=131.7938
-569.4202
118.7133

-0.1732

3.7110
-0.9163
12.2309

1.0256
0.3396
3.0228
0.3364
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18.35692
-1656.3707
-18.3349
71.4145

-39.9349
-70.3460
-221.3717
69.9598

1.0468
0.4756
2.6754
~0.0261

~1.2416
3.1580
1.3866
4.3195

-26.0758
-113.2804
-255.4717

-89.2929

3.4473
-12.1800
38.4422
23.8387

-0.3986
2.56859
1.2443
6.5101

2.7222
0.9155
6.0855
1.6819

-16.5618
163.3008
67.51686
-136.6324

6.7362
23.5068
23.2290

-30.7180

1.8337
~0.6713
1.9206
1.0204

-3.8331
6.2907
2.5713
6.3279




G, =
Columns 1 through 7

62.5198 136.91656 -84.9311 -173.4920 19.8862 -36.8601 5.6607
70.7117 138.3706 -63.3180 17.3930 -158.8348 -102.9273 174.5300
88.3765 113.3171 19.2687 -63.9681 -29.4842 -302.0402 109.8547
230.01563 139.5345 114.5842 54.4877 79.6198 -75.2200 -152.8309

Columns 8 through 14

53.4789 5.0294 35.8599 -9.0983 -40.5677 -0.1541 10.6292
5.0429 144.8681 20.4038 -144.3306 -55.2011 -34.8869 46.1979
318.4706 -25.8206 128.6146 -63.7649 -179.7290 34.9766 21.2320
-0.1763 -180.1297 -4.7210 111.2063 15.12567 14.5805 -9.0842

Columns 15 through 21

6.1509 -1.3413 0.1804 -0.3025 1.1789 -0.4110 1.5747
-1.3369 11.7083 0.7295 3.7868 0.3732 2.7948 -0.7119
0.1831 0.7380 7.7083 -0.8737 2.8665 1.2882 2.0999
-0.2958 3.7803 -0.8823 12.1434 0.0067 6.6483 0.9537

Columns 22 through 28
-1.46085 1.6688 -1.6170 1.1401 -1.3985 2.8010 -3.8226
5.8102 0.1104 3.7480 0.3557 3.0772 0.95156 6.3343

1.6487 1.8831 0.7459 3.1165 1.4338 6.5630 2.4971
3.2901 0.8715 3.4161 0.3831 4.0682 1.5877 6.3704
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G)—_-
Columns 1 through 7

59.4241 111.0129 -66.6250 -148.7496 11.8285 -44.6229 10.5544
129.2189 166.2954 -86.3966 9.1834 -162.3572 -72.3976 144.7425
856.9633 125.1300 20.7201 -50.8535 -34.4722 -309.3312 142.5468
244.6480 165.7833 95.4493 54.5290 101.1949 -136.9265 -144.0311

Columns 8 through 14

65.7956 0.8674 22.3562 -15.4089 -36.5680 2.0923 13.4014
-59.8062 148.0188 9.7843 -137.8634 -30.7585 -80.7885 51.7748
323.0306 -52.1648 133.3272 -62.2221 -194.8828 40.4834 20.4625

26.2492 -201.3158 13.9502 82.8149 -1.5140 -13.0974 1.0109

Columns 15 through 21

6.4417 -1.3751 0.1911  -0.3405
-1.3712 11.9444 0.5470 3.8516 L2777 2.5384 -0.7196
0.1939 0.5629 8.1370 -0.8070 .7563 1.2321 2.0935
-0.3339 3.8460 -0.8164 12.4176 -0.0345 6.1569 0.8482

1791 -0.4520 1.5320

N O =

Columns 22 through 28

-1.3896 1.6943 -1.5756 1.0828 -~
5.3474 -0.0081 3.8167 0.2607
1.9065 1.7932 0.8369 3.0411

- 3.0848 0.6363 3.4532 0.2701

.3600 2.7290 -3.8698
.1503 0.6429 6.4370
.4902 6.6023 2.3926
.1371 1.3288 6.5021

D e e
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Gaue =
Columns 1

64.16956
177.3899
74.6711
328.3747

Columns 8
23.6747

41.7881
323.80856

13.7485 -230.9777

Columns 15 through

2.6100
-2.0540
0.0631
0.3068

Columns 22 through

-1.8606
6.0478
1.09086
2.9706

through 7

144.5988 -50.0861 -183.
163.9929 -69.1734 -14.
131.9043 -7.9591 -94.
171.86656 134.3263 6.

through 14
-34.7961 22.5202 29.
168.7589 0.6942 -159.
-3.0948 126.3508 -92.
-6.56328 124.

21
-2.05656 0.0589 0.
7.7074 0.825656 2.
0.8334 4.5988 -0.
2.3489 -0.9968 8.

28

1.3283 -1.7513 0
-0.0930 3.9044 -0.
1.2969 0.5679 2
0.1518 3.45667 0.

6278 17.4595
5471 -200.8170
1001 -13.6606
8416 145.0328

2920 -17.9947
4808 -55.8531
6014 -179.7254
6472 6.2781

3003 0.9235
3542 0.2910
9877 2.4842
3288 -0.6161

.9407 -1.3099

1169 3.0212

.4848 1.6559

0377 4.3167
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-16.5797
-104.2373
~307.356562

-40.5235

10.8837
-567.0812
45.7161
18.9491

-0.2244
2.5540
1.3060
6.8957

2.3204
-0.0418
5.2348
0.5836

-57.6956
213.3795
127.4211
-181.5181

3.2705
51.9287
30.1199

=-10.7131

1.27564
-1.0319
1.4064
0.6598

-3.8801
6.6334
2.6133
6.5274




Gma: =
Columns 1 through 7

92.3936 164.8387 -68.1994
196.5806 171.6741 -94.6911
105.0676 141.6966 -45.9438
361.4868 183.6536 127.2080

Columns 8 through 14

~-26.4892 17.9443 5.2245
0.4522 272.0096 100.9069
238.3149 25.3230 188.2920
22.7196 -239.5681 -9.4620

Columns 15 through 21

2.8996 -2.0661 0.0321
-2.0612 7.8104 1.¢740
0.0378 1.0808 4.8366
0.4781 2.1767 -1.3070

Columns 22 through 28

-1.5725 1.2678 -1.5826
5.5949 -0.0739 3.4075
0.5598 0.9202 0.9424
3.5836 0.4557 3.0788

-199.3819 -57.33656
-43.1889 -181.9405
-166.47856 8.7368
-27.1169 225.2402
33.1036 -0.0822
-140.9888 -58.9851
-82.7019 ~268.2628
126.9080 88.0696
0.4696 0.9380
2.1828 0.5066
-1.3009 2.9930
8.2418 -0.0999
0.8400 -1.3211
0.1453 2.8400
2.3418 1.35632
0.2729 3.7776
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-27.
-35.
.4951
73.

41

N = W

- ap O -

.0614
.6736
.3084
.0190

6275
6951

3432

.7617
.0963
.5393
.5909

.6844
.8144
.3504
.1063

-58.6918
212.1390
74.2271
-144.7645

8.3576
10.2324
47.1680

~59.2934

1.23580
-0.8654
0.8631
0.8618

-3.8714
6.8125
2.5067
6.8835




F.2 Chapter Il Gains

This section contains the feedback matrices as computed by Eq (99) for the three
different solution techniques developed in Sections 3.2 and 3.2.1 for Example #3. The

matrices are on the following pages. Table 20 is the key to the solutions.

Table 20. Key to Matrix Names for Section F.2

Matrix Name | Solution Technique
G, min ||H||

G,, min trace P

G, min ||P|,
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G!=

Columns 1 through 7

489.0862 28.6248
17.7314 515.4182
-44.9505 87.4180

105.2035 -271.3641

Columns 8 through 1
-26.5444 7.8820
130.7301  25.1807
59.3063 -56.4086
-120.3438 1.8507
Columns 15 through
5.4068 -0.1816
-0.2802 8.3526
~0.4365 0.9121
0.4123 -0.1276
Columns 22 through
-0.7086 0.7830
3.7738 -0.3749
0.4802 -0.1450
0.8781 -0.1590

4

- O N

.3414
109.
504.
~-18.

0362
7917
1287

.3209
.3275
.8269
.0600

.4012
.9596
.7926
.7620

.6640
.2375
.0443
.8312

-1.
-297.
.9229
468.

5727
4294

7974

.T119
.7185
-10.

24.

3330
9368

.2324
.1919
.7942
.8868

.3901
.1275
.8866
.3545
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52

N O =

.1660
31.
.4029
-19.

6795

0622

.8848
.4993
.5436
.5943

.05692
.1924
.2151
.7548

.5744
.6387
.5386
.3890

37
-146

97

33.
24.
32.

.4579
. 2687
.1045
.2782

.5209
8261
4887
8938

.2144
.7148
.3428
L7372

.1016
.3797
.9161
.4807

W == W e

.6215
.8456
.0218
.8550

.5871
.2374
.95621
.1145

.8973
.9564
.0866
.5457

.6770
.8566
.4046
.68563




Gg,- = 103x

Columns 1 through 7

5.6539 0.6351 0.
0.4552 4.2154 -0.
0.3678 0.5871 6.
1.4910 -1.8828 0.

Columns 8 through 14

0.1717 -0.2739 -0.
0.2298 -0.0481 0.
0.0057 -0.5344 0.
-0.5208 -0.5672 -O0.

Columns 15 through 21

0.0861 0.0089 0
-0.0040 0.0758 0
0.0031 0.0065 0
0.0135 -0.0135 o

Columns 22 through 28

-0.0025 0.0018 -0
0.0223 0.0021 0
0.0004 0.0049 0
0.0100 -0.0030 0

7863
0477
7266
8736

3260
3316
2580
4576

.0119
.0062
.1020
.0097

.0101
.0156
.0027
.0093

-0.0965
-2.5036
0.3822
3.7913

-0.7521

0.1400
-0.3523
-0.1986

-0.0025
-0.0156
0.0069
0.0765

-0.0018
0.0000
0.0078

-0.0014
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o O O

L9973
.0183
.5905
.0626

.25627
.3637

.3467

.0011
.0043
.0021
.0042

.0040
.0081
.0037
.0164

o O O

.2201
.7224
.5118
.2264

. 2695
.1322
.0257
.3019

.0074
.0062
0218
.0198

.0144
.0037
.0215
.0056

o O O

.3016
.55683
.1454
.1935

.2142
.0269
.0366
.0697

.0018
.0017
.0045
.0003

.0127
.0208
.0113
.0218




G2 = 103)(
Columns 1 through 7

6.0104 0.2667 0.9060 0.3489 -1.5184 -0.7742 -0.0029
0.6289 4.1361 0.2488 -2.2366 -0.2826 -1.0163 0.4448
0.3783 0.6546 6.8706 0.5112 -0.9782 -0.7147 -0.9912
1.5668 -1.8007 0.8274 3.8946 -0.2072 -0.6900 0.2627

Columns 8 through 14
0.7349 -0.1738 -0.5530 -0.9896 0.3881 0.3245 0.2369
0.0403 0.11564 0.5935 -0.0895 -0.3698 -0.1564 -0.0388
0.1271  -0.5036 0.3764 -0.3193 -0.6004 -0.1108 -0.0595
-0.4776 -0.4433 -0.5820 -0.2490 0.7063 0.0476 0.0356

Columns 15 through 21

0.0910 0.0048 0.0129 0.0016 -0.0032 -0.0128 0.0009
-0.0041 0.0765 0.0063 -0.0137 -0.0048 0.0037 0.0004
0.0053 0.0065 0.1017 0.0063 -0.0029 0.0024 0.0079
0.0146 -0.0123 0.0054 0.0773 -0.0032 0.0175 0.0017
Columns 22 through 28
0.0024 0.0037 -0.0121 -0.0049 -0.0021 0.0174 -0.0127
0.0202 0.0018 0.0176 -0.0014 0.0069 -0.0051 0.0203
0.0046 0.0065 0.0036 0.0093 0.0039 0.0217 0.0108
0.0117 -0.0036 0.0069 -0.0025 0.0195 0.0024 0.0213
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F.3 Chapter IV Gains

This section contains the feedback matrices as computed by Eq (11) for the two
different solution techniques developed in Section 4.2 for both cases of the fourteen degree of
freedom example given in that chapter. The matrices are on the following pages. Table 21

is the key to the solutions.

Table 21. Key to Matrix Names for Section F.3

Example | Matrix Name | Solution Technique
G, =73 | G min trace P
G; min ||P|,
Gy =730 | Gg,. min trace P
Gmaz_- min ||P||,
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G, =
Columns 1

~-11.7488
-9.9066
-16.6610
~3.4407

Columns 8

14.0544
39.0706
-29.0592
~-23.9520

Columns 15

-5.1343

0.1692
-0.3071
-0.0422

Columns 22 through 28

0.0626
-1.2409
-0.56316
-1.0689

through 7
3.2884 13.
-16.9476  29.
-34.5369 -12.
-13.1607 -32.
through 14
-15.3505 -16.
-24.17¢2 -4.
-3.8376 15.
23.5508 -1.
through 21
0.1716 -0.
-6.0402 -0
-0.2697 -5
-0.7302 -0
-0.3449 0.
-0.1138  ~1.
-0.7306 -0.
-0.4573 -1.

4986
3157
3350
9885

4734
6332
8942
9967

3069

.2692
.4743
.0836

4453
0375
2372
5007

-0.5558
0.7307
26.5726
-16.3686

15.3605
8.6402
-18.6049
-7.1669

-0.0404
-0.7329
-0.0852
-6.2146

-0.2715
=0.4907
-0.9703
-0.0909
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17.
.9056
.9554
.2130

O N ©

9921

.9762
.2683
.5161
.2558

.1499
.2864
.5116
.0723

.5341
.4566
.1914
.0637

-13.8203
-19.5694
26.8844
47.2543

-2.2705
10.3557
10.3083
-2.3863

0.3782
-0.8601
-0.3406
-1.2644

=0.9002
-0.5478
-1.9094
-0.9986

-16.
-14,
15.
12,

7188
2028
1763
5992

.5632
.2846
.9486
.4267

.4648
.0000
.5974
.6249

.1157
.8195
. 7640
.9607




G2=
Columns 1

-11.7936
-9.7794
-16.9675
-2.4169

Columns 8

15 2768
3€ 1842
~-26.6124
-23.8285

Columns 15 through 21

-5.1650

0.1657
-0.3425
-0.0624

Columns 22 through 28

0.0732
-1.3018
-0.5020
-1.1380

through 7
3.6822 13
-16.1182 29.
-356.41356 -12.
-12.0715 -34.
through 14
-18.1244 -16.
-23.8281 -3.
-5.6469 14.
21.6736 -1.
0.1681 -0.
-6.9862 -0.
-0.2679 -5.
-0.6623 -0.
-0.3376 0.
-0.1148 -1
-0.7731  -0.
-0.4672 -1

.4141

9985
7730
9031

9983
3703
0735
5667

3420
2674
5387
1222

4428

.0139

2456

.4513

-1

(=]

27.
-16.

14

=20

.1972
.9010
7564
2340

.6906
.6093
.2280
.0406

.0606
.66562
.1240
1774

.3043
.4733
.9706
.1094
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19.
10.
.3364
.2857

0378
5674

.8738
.9364
.1045
.0817

.0630
.2846
.4237
.1294

.5322
.3978
. 2047
.0390

~-14

.12056

-20.1413
25.3197
45.2595

. 9257
.9960
.0074
.3342

.3829
.9341
.3109
.3122

.9075

.5568

.9324
.9881

-15.4661
-15.9227
18.2846
15.8351

-3.6643
-3.0381
-0.6140

2.8039

-0.4401

0.0109
-0.4992
~0.5896

1.1218
~-1.8391
~0.7673
~-1.9717




Gave =
Columns 1

-22.8709
-16.5459
-6.0725
16.8109

Columns 8

6.5656
62.5311
-0.5412

~41.2860

Columns 15 through 21

-T7.4396

0.5212
-0.8442
-0.7415

Columns 22 through 28

-0.5363
-0.8074
-0.3066
-1.3012

through 7
22.8106 -6.
-20.1663  55.
-69.4766 -23.
-11.9735 -61.
through 14
=20.1957 -24.
-31.8067 21.
-24.9763 48.
28.8172 -23
0.56249 -0.
-7.0872 -0.
-0.2941 -7.
-0.4217 -0.
-0.5846 0.
-0.1145 -0.
-1.1602 -0.
-0.5369 -2.

5041
4339
9072
8080

4718
0302z
2131

.4676

8452
2929
6642
4407

7457
6507
2901
0333

-28.3029
6.3215
5§4.6779
-22.9949

21.3486
3.1264
-56.3328
-7.8490

-0.7395
-0.4252
-0.4416
-7.5236

0.2731
-0.9885
-1.3372

0.3319
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28.
.6115
.2274
14.

=31

.2380
.6520
.3017
.4964

5358

2654

.1190
.5485
.2043
.6443

.3761
.0818
.0700
.6358

.8188
.3262
.4459
.5195

7677
23.
32.
.1035

7250
1660

.99856
L9977
.4186
.5406

.9087
.2452
.2076
.3158

-20.
-21.
69.
28.

0364
4800
3602
6704

.4032
.5897
.1134
.3680

.4188
.0066
.4775
.9764

.9068
.6534
.7120
.9474




G =
Columns 1 through 7

-22.8709 22.8106 -6.5041
-16.564569 -20.1653 55.4339
-6.0726 -59.4756 -23.9072
16.8109 -11.9735 -61.8080

Columns 8 through 14

6.56566 -20.1957 -24.4718
62.5311 -31.8067 21.0302
-0.5412 -24.97563 48.2131

-41.2860 28.8172 -23.4676

Columns 15 through 21

-7.4396 0.5249 -0.8452
0.6212 -7.0872 -0.2929
-0.8442 -0.2941 -7.6642
-0.7415 -0.4217 -0.4407

Columns 22 through 28

-0.5363 -0.5846 0.7457
-0.8074 -0.1145 -0.6507
-0.3066 -1.1602 -0.2901
-1.3012 -0.5369 -2.0333

21.
.1264
-56.
.8490

.3029
.3215
.6779
.9949

3485

3328

.7395
.4252
.4416
.52356

.2731
.9885
.3372
.3319
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28.
.6115
.2274
14.

~31

.2380
.6520
.3017
.4964

53585

2654

.1190
.54856
.2043
.6443

.3761
.0818
.0700
.6358

.8188
.3262
.4459
.5195

7677
23.
32.
.1035

7250
1660

.99886
L9977
.4186
.5406

.9087
.2452
.2076
.3158

-20.
-21.
69.
28,

-0.

-0.

-0.
-0.

0.
-1.
-0.
-1.

0364
4800
3602
6704

.4032
.5897
.1134
.3680

4188
0066
4775
9764

9068
6534
7120
9474
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