AN EFFICIENT
DATA ASSIMILIATION ALGORITHM
WITH A
GAUSSIAN COVARIANCE STRUCTURE

DTIC

EL.LECTE
S NOV17 1993
by E

s

Ranjit M. Passi

Kent Goodrich

John C. Derber
Mark Limber

93-27972

) WIMIIQ\\@

g3 ({ 15 661

TR-294
Approved for public release; distribution Is unlimited Ootober 1993




The Center for Ocean & Atmospheric Modeling (COAM) is operated by The University of
Southern Mississippi under sponsorship of the Department of the Navy, Office of the Chief of
Naval Research. Any opinions, findings, and conclusions or recommendations expressed in this
publication are those of the author(s) and do not necessarily reflect the position or the policy of
the U.S. Government, and no official endorsement should be inferred.

Accesion For

NTIS CRA&I g
DTIC TAB
Unannounced 0
Justification

DTIC QUALITY INSPECTED 8 By

Distibation [ T

Availabiity Codes

» Avaii aad]or
Dist Special

A-l




AN EFFICIENT DATA ASSIMILATION ALGORITHM WITH
A GAUSSIAN COVARIANCE STRUCTURE

Ranjit M. Passi
Center for Ocean & Atmospheric Modeling
Stennis Space Center, MS 39529

Kent Goodrich
Department of Mathematics
University of Colorado, Boulder CO 80309

John C. Derber
National Weather Service/NOAA
World Weather Building, Washington D.C.20233

Mark Limber
Department of Mathematics
University of Colorado, Boulder CO 80309




ABSTRACT

To adequately describe the general circulation of the ocean requires a fine spatial resolution
and extremely small time steps for model integration. This combination leads to large in-core
computer memories and computer grocessing time for the model integration. In addition, the
numerical models have to be coupled with data assimilation schemes to derive accurate initial
conditions computing model forecasts. To make the nowcasting and forecasting practical, it is
necessary that the data assimilation schemes be computationally efficient and parsimonious in
computer in-core memories.

The work reported in this technical report was initiated at the Institute for Naval Oceanog-
raphy (INO) to develop data assimilation procedures that are efficient and are widely applicable.
Our initial data assimilation work was done with a scheme which was developed by Derber and
Rosati (1989) for their global data assimilation application. The scheme is quite efficient; but
when it was combined with a primitive equation, numerical model of the Gulf of Mexico, the
nowcasting step took too much computer time for it to be useful in real-time applications. So,
after an initial implementation and test of the scheme, our obvious thrust was to enhance and
make it more efficient.

Most of the computation resources while using the Derber-Rosati scheme are required in
approximating a matrix product X, g, where X, is the covariance matrix of the model output
error having a Gaussian spatial covariance structure that stays fixed, and g is a varying vector.
They approximate this product by repeated applications of a Laplacian operator.

A new algorithm is developed that, while maintaining the accuracy, approximates ¥,,g
far more efficiently than the Laplacian algorithm. it also admits a wider class of covariance
structures with equal ease and efficiency. The new algorithm approximates X ,,g by applying a
product of two operators that are polynomials in simple averaging operators. The algorithm is
efficient and general with the only restriction that X, be based on a covariance function that
Is a product of factors, which are even functions in a single dimension.

The purpose of this technical report is to provide details of the Derber-Rosati algorithm,
which has since found a much wider acceptance in the community. It has provided insight into
the approximation of X,,g that led to the development of the new algorithm. Details of the
new algorithms are also given; and using computer simulations, the approximation efficiencies
of the two algorithms are compared with the actual matrix multiplication, ¥, g.

1. INTRODUCTION

Nowecasting and forecasting are important activities in meteorology. Nowcasting combines
the output of a numerical forecast model with observations to provide initial conditions, that
are in dynamical balance, used by the model to calculate the forecast. Now that the numerical
models of the general circulation of the ocean have matured, these two activities are playing an
important role in oceanography to provide a realistic description of the various oceanic regions.




To adequately describe the general circulation of the ocean requires a fine spatial resolution
and extremely small time steps in numerical model integration. This combination leads to
large in-core computer memories and computer processing time for the model integration.
In addition, the numerical models have to be combined with data assimilation schemes to
derive accurate initial conditions which are used by the model to compute forecasts. To make
the nowcasting and forecasting practical, it is necessary that numerical modeling and data
assimilation schemes be computationally efficient and not require inordinately large computer

in-core memories.

Data assimilation procedures that are efficient and are widely applicable, as reported in
this technical report, were developed at the Institute for Naval Oceanography (INO). Initial
data assimilation work was done using an algorithm reported by Derber and Rosati (1989),
(hereafter referred to as DR) which was developed for global data assimilation application.
This scheme is an optimum interpolation scheme but unique to the extent that it performs a
global minimization to update the entire model domain simultaneously, as opposed to other
optimum interpolation schemes that update at a single point at a time. The scheme is quite
efficient; but when combined with a primitive equation, numerical model of the Gulf of Mexico,
the nowcasting step took too much computer time for it to be useful in real-time applications.
After an initial implementation and test of the of this scheme, our obvious thrust was to

enhance and make it more efficient.

The DR algorithm combines the model output with the observations using a linear least
squares method. Because of the large dimensions involved, the minimization in the least
squares procedure is performed by the method of steepest descent, as it avoids inversion
of the covariance matrix, X,,, of the model output. Instead, the procedure requires several
multiplications of the matrix X,,, with a vector, g. Because the dimensions of X,,, are large, and
In-core storage parsimony is a necessity, it is not stored in-core. Since, repeated computation
of X, would require large computational resources, DR developed an efficient algorithm to
evaluate X,,g. This algorithm avoided evaluation of X, and approximated the multiplication

3 mg by repeated applications of a Laplacian operator.

The purpose of this technical report is to provide details of the DR algorithm, which
has since found a much wider acceptance in the community. This algorithm provided insight
into the mechanism of approximating X,,g via spectral domain and led to the development
of a new algorithm. The new algorithm (named as the Product-Polynomial Operator (PPO)
algorithm), while maintaining the accuracy, approximates X ,,,g far more efficiently than the

Laplacian algorithm; the approximation is affected by applying a product of two operators that




are polynomials in simple averaging operators. Using computer simulations, approximation

efficiencies of the two algorithms are compared with the actual matrix multiplication, X ,,,g.

In addition to the basic motivation to develop a more efficient data assimilation algorithm
with a Gaussian covariance function, it has also been of interest to develop an algorithm which
accepts other spatial covariance functions of the model output errors. The PPO algorithm is
shown to admit, with equal ease and efficiency, a wider class of covariance functions that can
be expressed as a product of factors that are even functions in a single dimension. However,
the practical utility of this result is yet to be explored; presently, not many two-dimensional
covariance structures, other than Gaussian, appear to satisfy the factorability condition.

Although, the application of this work is intended for atmospheric and oceanic applications,
its contents are more mathematically oriented. In Section 2, we first develop the statistical
framework needed to arrive at a common formulation of the optimum interpolation problem,
leading to the least squares solution by the steepest descent, iterative minimization process.
In particular, it indicates the step where the matrix multiplication X, g has to be evaluated
repeatedly. Next, in Section 3, we describe the Laplacian smoothing algorithm used in DR
to approximate this matrix multiplication. This is followed, in Section 4, by the development
and description of our newly-developed PPQ algorithm for the same approximation, with a
discussion on the determination of the operator-polynomial degrees, approximation accuracy,
and implementation procedures. Finally, in Section 5, we present the results of numerical
simulations that compare the approximation accuracy and the computation efficiency of the
two algorithms.

2. STATISTICAL FORMULATION OF THE DATA ASSIMILATION PROBLEM

The purpose of data assimilation is to estimate the true state of the ocean, ©, by com-
bining the model output, T,,, and observations T,. The combined estimate (after dynamic
initialization, in some cases; see Daley, 1981) is then used as the initial condition for the model
integration. The vectors ® and T,, are N-vectors defined on the model grid, G,,,; the obser-
vation vector, T, is an M -vector defined on the observation grid G,. Usually, A\ << N, and
T, alone cannot provide an adequate representation of ®. Thus, assimilation is performed,
resulting in an estimate on 4, to provide initial conditions for the numerical integration of the
model equations.

We assume there exists a mapping such that D(G,,) = G,. Then ®,, the true state of
the ocean at the observation grid, can be written as ®, = D(®). Often D is assumed to be

a linear mapping so that:
®, =DO. (2.1)




The motivation to perform such a data assimilation is the assumption that both the model
values and the observational data are unbiased estimators of the true state of the ocean, and
that the optimal combination of the two will lead to an estimator of &, which has a smaller

error variance than either of the two. Under the unbiasedness assumption, we can write the

(20 ) = (D@G) ) + (ZU) (2.2)

where e,, and e, are vectors of zero mean random errors in the model output and observations,

following linear model:

with 3, and X, as their respective covariance matrices. It is reasonable to assume that the
errors in T, and T,,, are statistically independent. Then, the least squares solution to the true
state © s obtained by minimizing the quadratic functional:

Q=(T,-9)Z; T, -©)+(T,-DOYZ,; (T, - DO) (2.3)

m

where the prime indicates matrix transposition. Lorenc (1986) arrived at the minimization of
this quadratic functional from a Bayesian approach. It is customary to write Q) in terms of
corrections to the model values:

Q=T.Z'T. + (DT, — Teo) T;(DT. — Teo). (2.4)

m

where T. =T,, - ®and T., =DT,, - T,.

Minimization of Q is the most common formulation of data assimilation. Ordinarily, this
minimization should be quite simple but for the fact that the dimensions of the model grid,
and hence that of the covariance matrix, X,, are extremely large; thus, the routinely-used

procedures are rendered inadequate, and efficient minimization algorithms must be devised.

The data assimilation algorithm is determined by specifying the covariance matrices X,

and ¥,, and by the method of minimizing Q. With a given X,,, DR gave an efficient,
—1

m

preconditioned conjugate gradient algorithm for minimizing Q, which avoids computing
(also, see Navon and Legler, 1987). It iteratively reduces the gradient vector, g, to zero; i.e.,

T+ D'E;(D(T,) - T.) — 0. (2.5)

m

Preconditioning is supplied by the matrix X ,,. The iteration steps of the conjugate gradient
method are as follows. Let T; be the iterative solution to T. at iteration j. We start with
initialization:

T, =0 (2.60)

g =-DTZ;!T, (2.6h)




h, = z:mgl (26()
dy = ey = 0.

Then, the iterations are carried out via equations, (2.7a)-(2.7h), given below:

dn = hn + jn—ldn—l (27(!)
e, = —gn+ gn—len—l (271))
f,=¢,+D'X;'Dd, (2.7¢)
{(gn-h,)
= B T) 2.7d
= d L) (274)
gn+t = 8n + (\nfn (27()
Tn+l =T, +a ndn (27'()
hn+1 = 2mgn+l (27.‘/)
(&n+1-husr)

3,4y = Bukldutl) 2.7
M= T g (270)

where 1 is the iteration index. These steps are repeated until convergence is achieved. Because
of statistically independent observation errors, their covariance matrix, 3,, and its inverse,
X!, are diagonal. Thus, expressions in egs. (2.6b) and (2.7¢) involving these matrices
are easily computed. Also, the bilinear interpolation matrix D is ingeniously manipulated.
Thus, the only computational concerns arise from eqs. (2.6) and (2.7), where computation of

11”+| = 2|]1g,,+] iS Cafried Out.

For most implemented covariance structures, this operation is quite expensive, moreso for
repeated applications of the operation. In fact, there is a two-fold problem at this step: One
is the multiplication operation that we just mentioned; the second is a practical problem of
actual storage of the large-dimensioned computed covariance matrix. Although the computed
matrix can be stored on a file and read when needed, the input/output operations can resuit
in excessive demand on computer resources.

The DR algorithm alleviates the above difficulties when the covariance structure of X,
is based on a Gaussian function

e(r) = aexp(—r?/b?). (2.8)

¢(r) represents the covariance between two model grid values, r is the distance between the
two grid points, and b is the correlation length scale. The parameter ¢ represents the error
variance of the model values. We have developed a new algorithm, based on polynomials in
simple averaging operators, that is more efficient than the DR algorithm and accepts other
covariance structures. The two algorithms are described below.




3. THE LAPLACIAN SMOOTHING ALGORITHM

A description of the DR algorithm is provided below for several reasons. From a historical
perspective, there is interest as to where we are coming from, what are the salient features of
the original algorithm. and what features are being modified or enhanced. Because of a wide
acceptance of this algorithm, it is appropriate to provide a detailed description. This algorithm
provided the motivation to look at the efficiency problem in the spectral domain. A heuristic

formulation of this development is a necessary background for the PPO algornithm also.

The DR algorithm is based on three stipulations: (1) the observation errors are statistically
independent; (2) the model errors are statistically independent of the observation errors, and
(3) the model errors are assumed to have a Gaussian covariance structure. The first two
components led to the minimization of the quadratic functional Q in (2.3). To avoid inversion
of the large-dimensioned matrix X, the iterative method of conjugate gradient is used, whose

iterative steps are specified in eqs. (2.6) and (2.7).

Note that we still need to invert X, the observation error covariance matrix; the problem
of this inversion s easily resolved from the stipulation that the errors of observations are
statistically independent. In addition, to efficiently perform the iterative steps in eqs. (2.6)-
(2.7), one needs to define the bilinear interpolation matrix D. DR formulated D in a simple but
elegant way so that its transposition and multiplication in eq. (2.7¢) are easily manipulated;
they handle observations, one at a time, so that the matrix D does not have to be handled in

its glant form.

Finally, they implemented a computationally efficient algorithm for performing the matrix
multiplication £,g. This algorithm involved N applications of the operator (1 + V2/44N)
on the field, g, where V2 is the Laplacian operator defined on the discrete model domain. The
number .\, referred to as the degree of the Laplacian operator, is determined in a heuristic
manner. Described below is their algorithm, the method of determining the degree .\, and the

way they handle the boundary problems inherent in the application of the Laplacian operator.

3.1 Approximating X.,.g

The usual protocol is to estimate the covariance structure, X,,,, from long-term historical
nowcasting experiments using real data. However, in the absence of such a historical record,
one can use reasonable approximations to provide a substitute covariance function. The use of

the Gaussian formulation is a well accepted alternative.




Gaussian covariance structures have been used quite extensively in vanous applications
(Daley, 1991) and have been shown to be quite appropriate in regions where correlations are
positive { Thompson, 1956; Thiebaux and Pedder, 1987). With respect to the Gulf of Mexico,
Gaussian covanance structures have been used to derive realistic dynamic climatologies of the
Gulf (Passi and Kantha, 1992). The algorithm described below to approximate the matrix
multiplication, X,,,g, is predicated on the fact that ¥, is based on a Gaussian covanance

function.

The Gaussian covariance function, ¢(r), from (2.8) is expressed in a two-dimensional plane

e(r) = e(r.y) = aexp[— #(2t + y?)] (3.1)

where the coefficients a and 3 describe the error and the scale functions being considered.

Comparing with (2.8), a =« and 4 = 17’2— where b is the correlation scale length.

For further development, it will be useful to write an expression for an element of the
vector h = X,,,g that occurs in (2.6¢) and (2.7g). Note that the vector h corresponds to the

two-dimensional model grid. Thus, for a grid-point (/. jy), we have:

’nr Jvn

h(io.jo) = DY g(i.j)ae™ 13U +=s0)] (3.2)

i=1j=1
where A is the uniform grid length along the X and Y™ directions, and I,,,. .J,,, are the maximum
values of /. ;. Thus, the array h, resulting from the matrix multiplication, X ,,,g, represents
smoothing of the g array using the Gaussian function, ¢(..y). DR approximate such smoothing
in the continuous domain by a Laplacian operator and carry over the results to the discrete
case using some empirical adjustments. Their Laplacian approximation result can be derived

as follows:

Proposition. Let §(w.y) be a function having continuous second order derivatives 0?§/0x?
and 9*j/dy*, and let e(r. y) be a Gaussian funct'an as defined in (3.1), then for a large integer
4\",

2 N 4 x x
(1+¥) w00= Z [ [ et gyaray

A Heuristic Motivation: Here, we provide a heuristic motivation that guided the development
of the DR algorithm. A rigorous and exact treatment of the required analysis is neither necessary
nor the intent of this technical report. The main objective is to provide an insight into and

direction toward the analysis of the PPO algorithm, which is both rigorous and exact.

Since §(r.y) is continuous, it can be expressed in the spectral domain as:




Z n eXpl—i(re + ny)). (3.3)

The smoothed value. /i(.r. ) at .+ = iy = 0 of j(.r. ), using the Gaussian smoothing function

(3.1), is given by:

7)(().0) = u/ / exp[— (% + y7)] }: Z A eXpl=1(m + ny))dady

ME=—-XN=—-

T e bt 24
_'f_ Z Z Linn €XP [ T] . (34)

MN==2XN=—"C

The objective now is to approximate /:(0.0) of eq. (3.4) by applying a Laplacian smoothing.

From (3.4) one needs to define an operator based on Laplacian V72 that will yield an amplitude

2 -
n:4m*

o } at wave numbers (m.n).

proportional to exp [—

Note that

' o* 9*
Veglr.y) = (Or‘- O—)a(l y)

= Z Z An (=m0’ —nz)exp[—-z(mz + ny)j (3.5)

Mm=—2XN=—2C

Since, for a given y, as .\ — oo, lim(1 + y/N)™ = exp(y), an examination of (3.5) suggests
the application of the operator £ = (1 + {,V’) to §; so that at «+ = y = 0, this application
yields:

£§(0.0)= > Z A (1 - %(1772 +112)). (3.6)

m= =00oN=—20

Successive )N applications of this operator on § yield:

£N50.0) = i i Cmn (1 - —(m + nz)) \'. (3.7)

m=—2xcn=—-—2>

For values of m and n which are small relative to .V,

(1 - —-(m + nz))‘ ~ exp[—o(m? + n?)). (3.8)




Now. we assume that the high frequency content of j(r.y) is negligible. 1.e., there exists an

integer \' <2 .\, so that a,,,, >~ 0 form.n > N' Thus, from (3.7), we can approximate
g

_ A N \ ' N
Lt'\ 47(00) s Z Z Linn (1 - %’(”)! + ”2)‘)

m=—-N'n=-\'

0

N N
Z Z Upin exp[-—(‘»(m2 + ”2)] from (3.8)

m=—=N'n==-\"

Z Z U exp[«—(\(m" + n"’)] (3.9)

M=—=2X0N= -2

12

We compare (3.4) with (3.9), and set & = {} to obtain:

LY 5(0.0) = (3/ax)h(0.0) = (J/nrr)/jL /;0([/'(1 y)e (o y)dredy.

which demonstrates the proposition.

The results of the continuous case demonstrated above are easily generalized to the discrete
model domain. Let §(..y) be the continuous analog of the discrete array ¢(¢.j), t.e., d(i.j) =
g(i.j) . Thus, for (iy.jy) = (0.0), we can approximate /i(¢y. jy) of (3.2) as

n(iy. jo) =~ 71(0.0)
a N

~~N—L" .0

13-£ §(0.0)

o

. N
C\
oy — (1 + %v?) ¢(0.0)

13 T

(1v T\Y .
=y—L" .0). 3.10
15-£ 9(0.0) (3.10)

where 4 is an appropriate constant, V2 approximates the Laplacian ‘rom ¢(i. j) defined on the
discrete grid, £ is the corresponding operator replacing £, and IV is then referred to as the

degree of the Laplacian operator.

In spite of all these approximations made in the above derivation, the Laplacian smoothing

algorithm works extremely well.

3.2 Determination of *he Degree of the Laplacian Operator £V

The degree N of the operator £V is determined heuristically. The criterion is to choose

that value of V' which stabilizes the computations and provides accurate computations, though




no absolute measures of the two criteria are easily applied. To achieve this, the following

procedure is used:

(1) Select a value .\ for the degree of £
(n) Let + = I, be the middle of the grid. and consider points ([,,. ).

() Sequentially, consider a two dimensional field ¢+, such that

oo JYy =L y=1T
vy(ig) = { 0 otherwise,

< J £ Jyar. Note that only one field is non-zero. For each combination
(In.J).1 < J < Jar smooth the field with Laplacian smoothing using the degree .\’
selected in (i). Let .*(I,..J) be the smoothed value at (Iy..J), so as to form an array
(Lo J). 1< J < Jpar. The smoothing is performed without topography.

(iv) Compare the smoothed array i with the smoothed array ;. obtained using a smaller
degree .\’ Stability is achieved when the array v\ varies smoothly over J, and accuracy
is achieved when the two arrays do not differ ‘significantly’. We stop if the two criteria of
smoothness and accuracy are satisfied, otherwise .\ is incremented by a suitable integer

and the above steps are repeated.

In addition, one must perform extended numerical experimentation to ensure that the selected
value of .\" does not make the data assimilation process unstable. To avoid this, we 2dd an
increment of 5-10% of the selected number. For instance, in our experimentation with the
Gulf of Mexico data assimilation work, we found that numerical stability was attained around
N = 300. To be safe, we added 20 to it and used .V = 320.

3.3 Treatment of the Boundary Values

First, we consider computation of the Laplacian V2::(i, ) at an internal point (. ;) of the
field «*. In this case, the point (i.;) is considered as a center of five point star in the ocean,

and the Laplacian 1s approximated as:

L0t 2 fu(in +1) = 00 J)) - ws(@(i.) = o = D)}
+ [we(v(i + 1.)) — (i) — ww(e(i.j) — v(i = 1.)))]
= (i, jwx + ws + wg + ww)
+wne(ij+ ) +wse(i.g — 1)+ wpe(i + 1)) + wwy(i — 1,5) (3.11)

10




where 1''s are location dependent and distance related weights, given by

O 0

S andepm g = 3.12
N S XA e

wy =y =
where «, and , are the horizontal grid spacings for the model. Conceptually, because of the

latitude difference, it is possible that w\ # wg, but wy = wg

When the point is a boundary point, then the following approximation is implemented.
Consider a one dimensional space where 'y = 0 is the value assigned to the point next to
the boundary and ¢+, is the value at the boundary point. Then the smoothed value using the
Gaussian function is given by

vog = yn expl—3rd] (3.13)

where the suffix ¢ in iy indicates the Gaussian smoothing, and ¢ is the distance between the
two points. This is the effect approximated after )V applications of the Laplacian (corresponding

to the discussion of Section 4. Thus we denote

VN X K99 = Y exp[—,’irg]

‘ N .
= i exp [_f\_’/j"g] (3.14)

For L Laplacian applications, where L is a large integer, we obtain from (3.8):

NN S L a0 N0 L

Z Z(""" (1 — ._\—,(m2 + n.2)> ~ Z Za,,,,, exp[—:\Tb'(mz + n?)) (3.15)

m=0n=40 m=Un=40
The right-hand side of (3.14) is the smoothing effect when /3 is replaced by 4-. Thus, for large
integer L,

]\r 2.2
oL = Uy exp —T/jro (3.16)

However, the approximation is assumed forall L = 1..... N. Instead of different smoothing

at each Laplacian application, an average smoothing factor

| 1=
U = V Z -I— (3.17)
=

is applied. Thus, at each Laplacian step, (3.16) is replaced by

Yo = Y1 exp[—Naepri] (3.18)

11




where the suffix « in vy, indicates average smoothing application. Dropping the direction

indices in (3.12), setting rj = d°, and recalling that ¢ = {5, we can write
Vil = — (3.19)
Nidrg = —. .
v = I
Substituting in (3.19), we obtain

- 9
'ga = ('t exp[—.\‘ a.e,drr,]
1
= i
: o,
exp|i=
U

{ [ 2
1+4—§;+.5(m)

12

(3.20)

Now, we can discuss the following boundary cases:

(i) The point (i.;) is the right most point, i.e., the point (i + 1. ) corresponds to land: in
this case set w = wg, ') = yi;j and Yo = Vig1,j.

(i) The point (i.j) is the left most point, i.e., the point (i — 1, j) corresponds to land: in this
case set ' = wy. 41 = ¥ j and vy, = Yio1.j-

(iii) The point (¢.j) is the top most point, i.e., the point (/. j + 1) corresponds to land: in this
case set w = 1wy, §y = 4" and voq = Vi j41.

(iv) The point (i.j) is the bottom point, i.e., the point (i.j — 1) corresponds to land: in this

case set w = wg. ¢ = ¥ ; and vye = ¥ 1.

4. PRODUCT-POLYNOMIAL OPERATOR ALGORITHM

As we follow the derivation of the DR algorithm in Section 3, two possible improvements

are suggested. The first is to replace the operator (1 + %2-) Y in the Proposition by some other
polynomial in V2, p(V?). The idea is to pick p so that p(V?) is a better approximation to
(3.4). If a more accurate approximation is achieved, then we believe it would be possible to pick
the degree of p much lower than N, thus saving many computations when computing p(V %).
As we analyze this possibility, we notice the second improvement. Since the quantity we are
trying to estimate (3.2) is a convolution product over a discrete space, it should be possible
to give an analysis that exploits this fact directly without using continuous approximations as
in Section 3. This proves to be true. We find that in this new domain analysis, the Laplacian
operator is best replaced by a product of simple averaging operators. This leads to a good
low-degree approximation to h(m.n) of (3.2), and a simpler and more direct analysis. This,
in turn, makes it much easier to specify the degree of p and handle the boundary conditions.
For completeness we give a mathematical development of this analysis.

12




4.1 Preliminaries and Notation

In the subsequent development, we will express the matrix multiplication, X,,g, as a
convolution, and exploit the fact that the Fourier transform of the convolution is a product
of the transforms. Convolution between two, two-dimensional arrays, y(s.t) and g2(in. 1) is

defined as:

(y1 *g2)(m.n) = Z z gi(s.Dga(m — s.n = 1), (4.1)

From Fourier theory, we know that

g1 * g2 = 1. (4.2)
Further, we shall define a function of several variables, f(....... rn) as separable if it

can be expressed as a product of factors that are even functions of a single variable, i.e.,

F{ET T tn) = n fi(w;) such that fi(—=) = fi(s).

In our application

e(s.t) = exp[(—=%07 — +762)/V?]. (4.3)

Accordingly, this covariance function (4.3) is separable, since e(s.t) = afi(s)fa(t) where
fi(u) = exp(=o,u?/1*). We will require that the covariance functions be separable. A conse-
quence of the functional separability of a covariance function is that its Fourier transform is

also separable (due to factorability) and real (because of evenness).

4.2 Derivation of Canonical Forms

The development of the Prcduct-Polynomial Operator is aided by deriving two canonical
forms that are functionally similar. One canonical form expresses the two dimensional convolu-
ticn, h(m.n), in the Fourier domain, while the other represents the resultant of when g(m.1)
is operated on by the PPO. A comparison of the two expressions leads to the selection of the

polynomials to specify the PPO.

We will consider convolution approximation in two dimensions with an ‘elliptical’ covari-
ance function ¢(s.t) given by (4.3); the Gaussian covariance function is a special case of (4.3)

with &, = 8, = 8. The ‘elliptical’ covariance formulation provides the flexibility of different
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model grid lengths along the two coordinates. The elements of the h vector corresponding to

(3.2) are given by

20 — <) 4 02(n — 1)
h(m.n) = Z Z{g(si)a exp l—( il = 2) l: (1 =1 . (4.4)

We want to show that i(in.n) in (4.4) can be approximated by successively applying, yet to be
determined polynomial operators, P\(D,) and P,(D;) where D;.; = 1.2 are simple averaging
operators, given by

Dyg(m.n) = [g(m +1.n) + g(m — 1.n)}/2. (4.5¢)
Dyg(m.n) = [g(m.n + 1)+ g(m.n - 1)]/2. (4.50)

The implementation is affected by a comparison of the two canonical expressions given in the

following theorems:

Theorem 1. Let §(6. ') be the two dimensional Fourier transform of g(m.n). Then

1 41
h(m.n) = / / §(8.4)q1 (8)qz (3 )*™ M+ 4Gy (4.6)
o Jo

where

r(0) = ) _ exp(—s20}/0?) exp(—2mist). k = 1.2, (4.7)

Theorem 2. Let Dj.j = 1.2 be the averaging operators from (4.5). Then for any polyno-
maials Py and P;.

1 1
Py(D2)Pi(D1)g(m.n) = / / §(6. v) Py(cos 21y ) Py (cos 2mB)er™ ™+ ggdy.  (4.8)
0o Jo

Note that the right-hand sides of (4.6) and (4.8) are similar functional forms. An exami-
nation of the two equations indicates that we could approximate h(m,n) as

h(m.n) ~ Py(D,) Py (Dy)g(m. n) (4.9)

provided we choose P, and P, such that P;(cos 2w8) ~ ¢,(8), and P,(cos 2rv') ~ ¢2(4*). How
good an approximation (4.7) is depends on how well we can approximate ¢; by polynomials,

P;, over the domain of ¢;.




We now prove the two results in (4.6) and (4.8). First. we note that /i(»n.n) is a convolu-
tion of ¢(1n.n) with the two-dimensional array ¢(k.1) defined in (4.3). Following the arguments
of (3.2),

h(m.n) = Z Z g(s.t)aexp [_ (xm — 1) b:' (Yn — 1) ]
2(m -- s)? 2(5 — )2
= Z Z g(s.H)aexp [_bl( ) b‘:’ o5( t) ]
= Z Z g(s.t)e(m —s,n —t)

:g*f. (410)

The proof of Theorem 1 follows as an immediate consequence of the convolution (4.10).

Proof of Theorem 1. We start by computing the Fourier transform, ¢:

0.v) =) expl(—so] — 163)/V7) exp(—2nish — 2mitu') (4.11)
where # and i are in the interval [0.1]. Because c(s.t) is separable, we can write
&6.v) = (Z exp(—=220%)/0b* exp(—27ri.s(})) (Z exp(—t262)/? exp(——27r1't(1'))
= a1(0)e(v) (412)

where ¢,k = 1.2 are defined in (4.7). Next, since from (4.10), (. n) is a convolution of ¢
and ¢, we can write /7 in the transform space as a product of their transforms:

A
€

h

|
L~3

Thus, by the Fourier Inversion Theorem

1 g1
h{m.n) = / / fi(8, ¢ )etmimb e FEmine Jgy:.
v Ju

Finally, Theorem 1 is proved when /i in the above equation is replaced by the right-hand side
of (4.13).

Proof of Theorem 2. With § as the Fourier transfcrm of g, we can write

1 1
g(m,n) = / / (6, 4)e?mitme+n¥) dody:. (4.14)
0 0
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Applying operator D, from (4.5a) to (4.14) we get

1 1 2mi6 . —2mif
Dl[/(IN.II) = / / .‘7(9~L')(( -}-2( )(A‘Zm(nnli-i-'up)([()(]“.
0 Ju

] 1
= / / (8. 1) cos(2m8) 2™ M) G-
Jo Jo

We note that every time D, operates on ¢, we get an extra factor of cos(276) inside the
integral. Thus, computing D,. D%...., it is easy to see that the application of a polynomial

operator, P(D,), yields:

1 1
P(Dy)y(m.n) = / / (6. v )Py (cos 2mB) 2™ mE+ v 4o,
JU ]

A similar application of operator polynomial P,(D,) yields:

11
Py(D2)g(m.n) =/ / (8. v )Pz (cos 2my)e™ MO+ 4Gy
0 V)
Thus, a successive application of two polynomial operators, P, and %, gives the desired
expression (4.8), proving Theorem 2.

If we want to approximate h(m.n) by Pa(D,)Pi(D;)(g)(m,n), then the error will be
bounded by

11
I(E — Py(D3)Pi(D)))g(m.n)| S/ / |G(6. v)|d0dy>
o Ju
x sup |q1(@)q2(y') — Pi(cos 2m8) P (cos 2wv:)]

(4.15)

where ¢; are given by (4.6). Thus, we see that our goal should be to estimate ¢;(8) by
Pi(cos27f), i = 1.2. This is discussed in Section 4.4 below.

4.3 Generalization to Separable Covariance Functions

This generalization is easily achieved by the following lemma and a restatement of Theorem

1. The resuits are stated in two dimensions, extension to higher dimensions is obvious.

Lemma 1: Let e(x.y) = ei(x)e2(y) be a separable function. i.e.. €i(s) = €i(—s). then its

Fourier transform is also separable such that

e(6.4) = €1(8)&(v),
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and 7(a) =¢,(=a). 0 < a < 27.

Theorem 3. Let (6. ¢0) be the two dimensional Fourter transform of g(mi.n). Then h{(m.n)
18 groen by (4.6); i thas case

gr(8) = ei(s) exp(—27ist). k = 1.2 (4.16)

8

Lemma 1 is essentially proved in the beginning of the proof of Theorem 1 when exp{(—~?6%—
t203)/0%] in (4.11) is replaced by ¢(s.t). The separability of the Fourier transform is demon-

strated in (4.12).
We again note that, although the applicability of the PPO algorithm to the wider class
of separable covariance functions is quite elegant, its practical utility is yet to be explored.

Presently, often employed covariance structures, other than Gaussian, do not appear to be

amenable to such simple representation.

4.4 Polynomial-Operator Approximations

Using the evenness property of ¢,(2) in (4.16), we have

gi(6) = Z €i(3)2 cos(2rs8) + €,(0).
a>1
In our application, €;(s) = exp(—s26?/1?), which is an even function in s. Now, consider
picking a polynomial P, so that P;(cos270) is a good approximation to ¢,(#). To more easily
compute this polynomial, we make the change of variables + = cos 276, such that ¢ ranges over
[-1,1]. Thus, we need to compute T} = cos(2rk8) in terms of t. This is easily achieved using
the Chebychev polynomial recursion formula (Conte and deBoor, pg. 239, 1980). This result
implies there exists a kth degree polynomial T such that Ti(t) = Ti(cos 2m8) = cos(27k6),
and
Tigy = 2tTk(t) — Tr—a(t). k =1,2,...

where Ty(+) = 1, and T\(t) = t. This is easily seen by induction using trigonometric identities:

Ti41(t) = cos(2r(k + 1)8) = cos 2w cos 2kwd — sin 270 sin 2kw 6
= 2cos 2w cos 2kmw@ — (cos 2w6 cos 2wk + sin 27 A sin 2k w6)
= 2cos 276 cos 2kn8 — cos(2r(k — 1))
= 2Ti(t) - Tu_1(?)
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We can compute ¢, (#) for any value of t+ = cos(27#) using the recursion to compute cos(27:#)
in terms of ¢+ and adding up enough terms so that the remainder of the terms will be small.

This is possible since 3 . |c1(+)] < .

Now we want to construct P, as an approximation to ¢;(#) considered as a function of #.
The idea here is to compute P, as an interpolating polynomial on[-1,1] in . The question is at
which points do we interpolate? We use the expanded Chebychev points (Conte and deBoor,
pg. 244, 1980). These points are:

v = 0+h+(a—h)cos<§,::127r)/cos('znlz)}/2. i=0.....n

where « = —1. h = 1. This choice of points gives nearly an optimal polynomial I’, such that
max_j<i<1 |Pi{t) — q1(t)] is nearly minimized (Conte and deBoor, pg. 243, 1980). At worst,

the error is only about four times as great using these points as it would be if we actually

found the optimal polynomial. There are algorithms for computing these optimal polynomials.
See the second Algorithm of Remes, and the Differential Correction Algorithm (Ralston and
Rabinowitz, pgs. 315-320, 1978). We use the expanded Chebychev points instead because of
their simplicity and because we have not decided what degree polynomial to use. It will be a
lesser computational effort to determine the degree using the expanded Chebychev points than if

we were to use these more complicated algorithms to determine the actual best approximation.

Thus, we let P;(t) be the interpolating polynomial to ¢;(t) = ¢1(8), at the expanded
Chebychev points. The function ¢,(6) = ¢1(t) is computed to e-tolerance by using the Cheby-

chev recursion formula, and

01(6) ~ §1(8) = €2(0) + )_c1(s)2cos(27sh). (4.17)

a=1

where we pick 3y such that 22;’;0+l|el(s)| < Tol,, where Tol, will be determined below.

4.5 Determination of the Degree of P,

To determine the degree of P; requires some computational effort. We first determine
an error tolerance T'ol, (given below). We pick n and find the polynomial of degree n that
interpolates §;(f) at the expanded Chebychev points, r;,i =0.....n. We approximate ||, —
Py|| by max;<i<ioo ||§1 — Pi|| where t; are one hundred equally-spaced points on [-1,1]. If
ll§i — Pi|| £ Tol;, we stop. Otherwise, we increase the degree. We stop if the tolerance is
satisfied or if the degree exceeds some predetermined degree. In our case, we chose this degree
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to about 10. If the degree becomes too large, the computations become numerically unstable.
One should also stop if ||j; — ;|| starts to increase. If the error goal, ||j; — I}] < Tol.,
is not satisfied, then an error message is given, and the degree that minimized ||j, — P\|| is
used. Assuming the error goal is achieved, we have ||lq, — P\l < llh — @il + Gy = Pl €
Toly + Tol, = Toly. A similar analysis holds for ¢, and P, with ||q; — P,|| < Toly.

4.6 Determination of Error Tolerances

To determine the error tolerances above, we need to keep in mind the goal of making
[h(m.n) — Poy(D2)Py(Dy))g(m.n)] <e. V(m.n) € 2*

where € is given. Note ¢ should not be chosen much smaller than the expected error in one’s

measurements. To determine Tol,. Tol,, we need an error estimate.

1,1
Ih(m.n) — Po(D2)Pi(Dy))g(m.n)| < / / (J9(8. v)|d8d )1 q2 — Py Py
o Ju
S (ﬂ.[[ T()l:; + ."IQT()l:;)I

where T = fu] ful |G(6.1°)|d8dv, and ); = ||qi|l (sup-norm). We have also approximated
[1P7]| = AL;. We can estimate ||¢;|| < |e;(0) + 3,5, 2lei(s)]. i = 1.2. Earlier, we were able
to show that ||j||1 < |lgll1. Now, if ||¢]]1 is large, the above error estimate is too conservative
to be of any use. Instead of an arbitrary ¢, we choose the special case of ¢ = 4, ,, which is one
at (s.t) and zero at all other points. Then ||g|[;, = 1, and we need to make Tols < w77
and pick Toly = Tol, = .I”_'Z’Lz This 1s justified since

g(m.n) = Z Z g(s.t)oa(m.n), ie, g= Z Z g(8.1)b,.1,
3 t L] t

and h(m.n) =3, 3", y(5,#)E(6s.¢). So, if we approximate E(é,,), we have a good approxi-
mation to /i{m. n). We have found that the above strategy works well. Other error estimates

are too pessimistic and, hence, require much more computational effort.

4.7 What to Do at the Boundary

In practice, data are missing off some finite set. We set this missing data to zero. The
algorithm is done in one dimension at a time. Each row can be done independently. This
means that many of these computations can be done in parallel. The nonzero values in the

data propagate into the missing data, one unit on each end of a fixed data line, each time
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we apply D,. Thus, we need to add temporary memory of size 211,, where 1, = degree of
polynomial P,. + = 1.2. We only need to start the computations at a point once there is a

nonzero value on either side of the point.

The calculations for the PPO algorithm are local in the sense that each time we apply the
averaging operator, we just use information directly to the left and right of the point where
the computation is being performed. So for each power of the operator, we reach one unit
further to the left and right. So it is only after 114 steps that we notice the effect of data 1y
units away. The convolution operator itself averages over all the data and so it is global in
extent. However, if we did a truncated sum for the convolution, i.e., stop adding after the
Gaussian terms are small, then this operator would also be local in nature. The DR algorithm
is also local in the same way, but it uses information in the five point stencil about the point
(See Section 3.3), each time spreading outward one unit simultaneously in X" and 1° directions.
After .\ applications of £, the DR has absorbed information from and .\ » .\ square around

the point.

The issue at the boundary is that both algorithms assume the missing data is zero. One
could extrapolate or interpolate or extend the data in a periodic fashion, but in all cases we
are filling in missing data (with PPO the data is set to zero). Then we apply the algorithm.
However, we don't compute the operator very far outside our data set since we don't care
about these values except to make our algorithm function. So, we only compute our 14 units
off each row. Calculations at the boundary are suspect for both algorithms, the only difference
being that with the PPO algorithm we treat the missing data as zero and apply the algorithm,
whereas the DR algorithm tries to approximate the effect of applying operator in (3.20). This
is because the degree of the Laplacian operator is so high that computing off the data set

would introduce serious errors. In the PPO algorithm the degree is low, so it is no problem.

4.8 Computational Effort

When we interpolate ¢; at the expanded Chebychev points vy...... r,, we obtain a poly-
nomial P; in Newton form (Conte and deBoor, pgs. 40-44, 1980),

Pi(x) =ap + ay(c — vo) + az(x — vo)(x — 1)+ ... +an(x — x¢)... (¥ = ruy).
Replacing & by D;, we need to compute

Pi(D;) = ap + a1(Di — wg) + az(Di — xo)(Di — 1)+ ... + an(Di —w0)...(Di — tp-1).
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We evaluate this in Newton nested form, just as we do for a polynomial. Thus, a typicai step
in this evaluation is &I + k(D — kyI) where [ is the identity operator. So, one application
of such an operator at a point in the grid requires three muitiplications and two additions
To evaluate D requires one more addition and a division by 2 (a shift register, so we will not
count this operation). Thus, one step in the nested evaluation is 6 arithmetic operations -
3 multiplications and 3 additions. Then we do this at each point of the grid. We do this
operation 1, times (degree of ;). Let .\" be the total number of points on the grid. We can
either add 2n; points to the data points or ignore the calculations at the boundary, if the degree
is small compared to the length of the line. So, we have 61,.\ operations so far. After we
have computed P,(D,), we compute (D,). So. we have a total of 6N (1; + 1) arithmetic
operations (O(N)). Thus, if the degrees of | and n, are fairly small, we have an efficient
algorithm. if 1y and n, are large, then there are too many computations, and the numerical
stability is a problem. The key question is how large are these degrees? It is, thus, important

not to make unreasonable error requirements.

Additional Remarks: This technique fits into the general philosophy found in Parks and Burns
(1987), and references therein. One estimates, in an optimal way, the response function ¢,
by selecting coefficients of a filter to best estimate ¢, in the infinity (supnorm) norm. Our
algorithm exploits this idea by using a polynomial in the simple averaging operators (filters).

5. EFFICIENCY COMPARISON OF THE THREE ALGORITHMS

In order to give some measure of accuracy we implemented two pieces of code: the first
calculates ii(in. 1) directly from equation (3.2) and the second approximates i(in.n) with the
PPO algorithm.

To be more explicit, the first routine, which we shall call Matrix-Mult, calculated
h(m.n) = YY" g(s.t)exp [(=(m — $)*8% — (n — 1)?63)/b] (5.1)
3 t

where the sums are only taken over “close” pairs (s.1), ~lose enough that the exponential term
is still significant. The numbers ¢, in (5.1) above may be interpreted in two different manners:
with equal grid lengths in the two orthogonal directions, they represent different correlation
length scales, h/¢;; or, with the same correlation length scale, b, the two numbers represent
different grid lengths, &;. Obviously, the combination of the two situations is controlled by

specifying 0;/b.

In the first test case, the function ¢(s.#) was a delta function, i.e., it is zero everywhere
except at the center of the grid. The grid boundary was rectangular (Figs. 1-3). In the
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0.015

Figure 1. Test Case — Gaussian smoothing of delta function defined on a rectan-
gular domain: Matrix-Mult Algorithm. Results are scaled to 0.01.

22




Figure 2. Test Case — Gaussian smoothing of delta function defined on a rectan-
gular domain: Product Polynomial Algorithm. Resuits are scaled to 0.01.
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0.008v.

Figure 3. Test Case — Gaussian smoothing of constant function defined on rect-
angular domain: Derber-Rosati Algorithm. Results are scaled to 0.01.
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second test case, we specified ¢(s.t) = 1 for all grid points, (s.1), within irregular boundaries
depicting the Gulf of Mexico topography (Figs. 4-6); this grid was employed in data assimilation
simulations using a numerical ocean model, which is the third test case. Thus, the first two
cases provide the performance of the three algorithms in computing the matrix multiplication,
while the third test case provides the comparison in actual data assimilation situation. For all
simulations, the scale factor i and the grid dimensions ¢, in the simulations were taken so that
h =50 and &, /b = 0.4052 and &,/b = 0.4448.

While implementing the PPO algorithm, the number of terms, s, retained in §; and ¢,
in (4.17) are calculated as functions of the grid spacing, a preset tolerance (T'o! = 0.001) and

the scale parameter /) as specified for Matrix-Mult. Explicitly, we set the s, to be

sy = truncly/—In(Tol)/(avg(de;)/b)] + 1 (5.2)

where d.r; is the grid spacing in the direction .; and avg(dr;) is the average grid spacing in
that direction and ‘trunc’ is the truncation operator. For both §;, (5.2) gave sy = 7. This led
to the Chebychev polynomials P; of degree 8, that uniformly approximated the ¢,’s with error
approximately 0.000186.

The coefficients of the polynomials P; and the interpolation points remain fixed throughout
any single run. To save the time recomputing we used a FORTRAN SAVE statement to save
the interpolation points and coefficients, so they need only be calculated once. We set up
temporary arrays to hold the enlarged grids to implement the boundary scheme. Off the data

set the arrays are set to zero, and we use the off-grid points only as they become nonzero.

Then we compute the application of each operator P;(D;) on the grid in order. That
is, we first calculate P;(D)(g), then Po(D;)[Pi(D;)(g)]- We use the Newton form of the
polynomial with the precomputed and SAVE-ed interpolation points and coefficients.

All code was written in portable FORTRAN and tested on the CRAY YMP. The simulation
results were scaled by 0.01, and are given in Figs. 1-3. Figure 3 provides the results from the
original DR algorithm (with n = 320 repeated applications of the Laplacian) to compare with
Matrix-Mult and the PPO algorithms in Figs 1 and 2 respectively. No significant performance

difference is discernible in this case.

Perhaps more illuminating is the comparison provided by the second set of simulations.
In this case, approximation due to the PP algorithm shows a better fidelity to the actual
computation than the DR algorithm; we notice some performance deterioration of the DR

scheme along the boundary. See Figs. 4, 5, and 6. The simulation results were scaled by 0.1.
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0124,

0.8

Figure 4. Test Case — Gaussian smoothing of constant function defined on an
irregular domain provided by the Gulf of Mexico topography: Matrix-Mult Algo-
rithm. Results are scaled to 0.1.
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Fg 5. Te t Case — Gaussitan smoothin g f onstant function defined on an
regu l domain pro d d by the Gulf of Mexico topography: Product Polynomial
Alg rithm. R ults caled to 0.1.
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0.124

Figure 6. Test Case — Gaussian smoothing of constant function defined on an
irregular domain provided by the Guif of Mexico topography: Derber-Rosati Al-
gorithm. Results are scaled to 0.1.
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In addition to giving very accurate results, the PPO algorithm is very fast. On the CRAY
YMP. for a single matrix multiplication with “real” data, the PPO algorithm takes approxi-
mately 0.09 seconds, the DR algorithm 3.1 seconds, and the MATRIX-Mult takes 15.4 seconds.

In a full data assimilation scenario, the computations were performed on CRAY YMP only.
A primitive equation, numerical model of the Gulf of Mexico, integrated for forty days without
any assimilation, followed by a ten-day integration with assimilation of the vertical temperature
profile data. The DR scheme used \" = 320 repeated applications of Laplacians, as shown in
eq. (3.10). The PPO algorithm used a sixth degree polynomial operators, P(D, and P(D.).
In addition to assimilation by the two algorithms, the data were assimilated using actual matrix
multiplication in (10g), so that the results of the two algorithms could be compared against a

reference.

The results are shown Figs. 7a, b, and c for the computed sea-surface height. The three
plots show remarkable similarity. The sea-surface height map derived from the PPO algorithm
(Fig. 7b) matches exactly with the map obtained from the direct matrix multiplication (Fig.
7c), indicating differences of the order of 10~ m. The sea surface height map from the DR
algorithm (Fig. 7a) differs in the third decimal place. However, we see quite a significant
difference from the sea surface temperature maps (Figs. 8a.b,c). The PPO algorithm (Fig.
8b) once again matches exactly, up to the accuracy of the map, with the reference case (Fig.
8c). But a noticeable deviation between the maps from the DR algorithm (Fig. 8a) and the
reference is evident. At around (88W, 22N), the DR algorithm produces a high of 31.3°C as
compared to a high of 30.3°C in the reference map.

For a comparison on computation times in the full data assimilation experiments, the DR
scheme took 6.87 s per day of assimilation using a single CRAY YMP processor versus .68 s
for the PPO algorithm. The matrix multiplication algorithm took an inordinately large time of
25 CPU s.

6. CONCLUDING REMARKS

We have formulated the problem of data assimilation in terms of a statistical linear model,
where the true state of the ocean/atmosphere is estimated by minimizing a quadratic functional.
Matrix muitiplication, X,,, g, is identified to be the major computational bottleneck, where E is
a covariance matrix based on some covariance formulation and g is a multi-dimensional vector

defined on a specified uniform rectangular grid.

With this background, we provided the details of the DR algorithm. This algorithm has
found a wide acceptance in the user community as it incorporates several useful features and
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ELEVATION TS_TW
DAY 51

Figure 7a. Test Case — Data Assimilation simulations using vertical temperature
profiles: Simulated Sea Surface Height Using Derber-Rosati algorithm.
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Figure 7b. Test Case — Data Assimilation simulations using vertical temperature
profiles: Simulated Sea Surface Height Using Product-Polynomial algorithm.
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Figure 7c. Test Case — Data Assimilation simulations using vertical temperature
profiles: Simulated Sea Surface Height Using Matrix-Mult algorithm.
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Figure 8a. Test Case ~ Data Assimilation simulations using vertical temperature
profiles: Simulated Sea Surface Temperature Using Derber-Rosati algorithm.
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Figure 8b. Test Case — Data Assimilation simulations using vertical temper-
ature profiles: Simulated Sea Surface Temperature Using Product-Polynomial

algorithm.
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Figure 8c. Tes: Case ~ Data Assimilation simulations using vertical temperature
profiles: Simulated Sea Surface Temperature Using Matrix-Mult algorithm.




provides a significant computational efficiency over the actual matrix multiplication, using a
Laplacian smoother provided the covariance structure was Gaussian. However, the algonthm

needed to be made more efficient for it to be useful in practical applications.

Retaining the major features of the DR algorithm, we have derived a new algornthm that

introduces several generalizing contributions:
« Identify that X,,,g is a convolution and, thus, express it in the spectral domain (4.6).

« ldentify simple averaging operators (4.5), and show that, with a separable covariance struc-
ture, a PPO in the averaging operators applied to g approximates X ,,g more accurately
and efficiently.

The overall effect is that we have come up with an elegant algorithm that is fast and efficient
and computes convolutions supporting a much wider class of covariance structures encountered

in the physical sciences.

Although the derivation is shown in two dimensions, the extension to higher dimensions is
obvious. Our Fourier transform-pair in one dimension is the integers and the circle group. In

higher dimensions, we take the corresponding product of these groups as our Fourier pair.

The algorithm is efficient if one of the functions remains fixed and the convolution is
computed many times. This is because we must construct a polynomial fit to a Fourier
transform of the fixed factor. If we are able to find a fit within our error tolerance with a low
degree polynomial, then we are able to efficiently and accurately estimate the convolution with

our polynomial fit applied to a simple averaging operator.
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