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A two parameter exponential potential explains the anomalous kinematics of galaxiev
and galaxy clusters without need for the myriad ad hoc dark matter models currentlyv
in vogue. It also explains much about the scales and structures of galaxies and
galaxy clusters while being quite negligible on the scale of the solar svstem.
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Exponential potential versus dark matter
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A two parameter exponential potential explains the anomalous kinematics of galaxies and galaxy
clusters without need for the myriad ad hoc dark matter models currently in vogue. It also explains
much about the scales and structures of galaxies and galaxy clusters while being quite negligible on

the scale of the solar system.

PACS number(s): 04.90. +e. 12.25. +e, 95.30.8f, 98.62.Dm

I. INTRODUCTION

Using conventional physics, we can explain the sizes
and shapes of stars but we cannot explain the sizes
and shapes of galaxies. Observed motions of stars in
our Galaxy are inconsistent with observed and inferred
wass distributions. Observed rotations of other galaxies
are also inconsistent with independent mass estimates.
Moreover, applying the virial theorem to galaxy cluster
data leads to mass estimates that are grossly inconsistent
with estimates from mass to luminosity ratios [1].

Hypotheses to explain these incousistencies are only
hypotheses. and they are incomplete. Complicated dark
matter models have been advanced to explain stellar
motions perpendicular to the Galactic plane as well as
anomalously high rotation rates about the Galactic axis,
but nobody has ever detected any dark matter. Modi-
fying Newtonian gravity leads to contrived and awkward
alternatives, modified nonrelativistic dynamics 2] being
a prime example. Still, neither dark matter nor modi-
fied Newtonian gravity explains the sizes and shapes of
galaxies and clusters.

One can hypothesize additional forces that are consis-
tent with special relativity and only significant at galac-
tic scales. These forces are applicable at galactic scales
because the Compton wavelengths of their bosons have
galactic scales. Pairing attractive and repulsive forces
derived from Yukawa potentials that have identical cou-
pling constants (except for sign) and slightly different
boson masses can result in a net attractive force that
is derivable from an exponential potential [3]. Because
the coupling constants have identical magnitudes, the net
force is negligible at less than galactic dimensions.

II. THE EXPONENTIAL POTENTIAL

Assume that an exponential potential arises from two
massive bosons that have the identical coupling constant
a( but opposite signs. The potential due to the massless
graviton is Vy = - GM/r, and the Yukawa potentials due
to the massive hosons are V4 = —aGMe 27 /r (attrac-
tive) and Vg = aGMe ##" /7 (repulsive). Let up > pa.
and define AV = = (pua + pg)/2. 42 = p+ /2, and
ia =i —0u/2. The net potential is

93 11 12112

—[uGM][t”(“_é“&)'
—aGMe ""(2/r)sinh(dur/2)
= —aduGMe *" for rép <« 1.

rE — VA + "'R _ ‘)'(}A?A}tlz)"]

1l

Define the dimensionless parameter v = adu/u and set
€ = ur. Then Vg = —yuGMe € is the exponential po-
tential.

Using very credible assumptions, Jagannathan and
Singh [4] proved that, in general, the static forces be-
tween like charges are attractive for even spin fields and
repulsive for odd spin fields. This would suggest that
the Vg field is mediated by a vector bhoson, but such
a possibility (as well as other scenarios (5] that involve
vector fields) has been ruled out experimentally [6]. An
essential condition in the above-cited proof is that each
static free-field has positive energy. Because the V4 and
Vg fields always occur in superposition with the identical
coupling constant (except for sign). the condition might
reasonably be relaxed to the requirement that only the
net static free-field must have positive ene-zn  In this
case, the V4 and Vg fields could both be diated by
scalar or tensor bosons just as long as their not effect is
an attractive force.

For a point source, the inward specific forces are
VN /Or = GM/r? and OV /Or = vu2GMe €, and their
ratio is (OVg/Or)/(OVy /dr) = ~£%¢ €. This ratio could
be greater or less than 1, depending on the values of
the parameters. Constraints on the maximum value of
the ratio come from laboratory experiments, solar sys-
tem kinematics, and the tracking of deep space probes.
The deep space probes present the tightest constraints:
at r = 35 AU = 1.7 x 10 7 kpe where the gravitational
acceleration due to the Sun is 500 mGal. the anomalons
acceleration is less than 5 mGal 7] For £ « 1.« ¢ x 1
and 0.01 > (OVe/dr)/(OVa/0r) = 368 < 32 10 1yt
where the unit g is kpe ' Thus

Ao LT x 10 Py pe (h

If GAL is set to unity, AdVy /08 - & 2 and AV ¢
ye & Fignure 1 compares AVy 708 and NoVe /38 for
various values of 5. For 5 > 1.85, there is o region in the
vicinity of r = A where (Vg /0r}/(OVN70r) > 1 and.
therefore, the exponential force dominates: moving away
from this region. either toward or away from the source,

93-27949
MRERRANE.

3762




48 EXPONENTIAL POTENTIAL VERSUS DARK MATTER

an- '
Lot
. doe
relatve torce
2 1200 3
3
o . oo
H relatve distance
~ \ Hom source
N "5 T Or— 3 s
2
Newtorar
oree

FIG. 1. This log-log plot of AdVg. 9€ = ve ¢ (forv = 1. 10,
100, and 1000) and of AdVN 9€ = £ 2 shows the region near
r = A (£ = 1) where 9V dr > OV 'Or and the exponential
force dominates the Newtonian force.

eventually (OVE/0r)/(OVN/Or) < | and the Newtonian
force dominates.

III. GALACTIC ROTATION RATES

The potential Vg can be used to account for other-
wise anomalously high galactic rotation rates. Consider
a galaxy model in which the major fraction of the mass
is in its nucleus and the remaining mass is distributed
in a thin layer on the galactic plane in such a way that
the density is a function only of the distance from the
galactic center. At the distance r from the (point) mass
M of the galactic nucleus, the inward specific force on a
star is ;tz(r'ft![f’z + e ’5] if the mass of the disk can be
neglected. If the star is in a circular orbit about A, its
velocity is v = /~GME 1 + ~&e 8112 A flat velocity
curve then occurs if the function f(€.+) = €1 + ~&e ¢
has an inflection point determined by df(£.v)/d€ = 0
and d? f(£.~)/d€? = 0. The solution for v > 0 is that
the inflection point is at £ = r = 2 - /2 = 0.586 if
o= et — ) = 1260 Figure 2 shows a plot of the
resulting function '€ '+ 12.6€¢ €)' 2, which is propor-
tional to velocity (for a point mass nucleus), superposed

Hao - - - !
3%
3
x
5 25 Gravity prus axporentiar prtenial
Ed
>
>
z 2
% Exponental potertial awore
3
IR

Gravity alone

s
w .
R

n2 Ga 06 ca ¢ t2 T4

FIG. 2. For a point source at £ 0. these are the relative
velocity curves for gravity alone (pole at origin). the exponen-

tial potential alone (zero at origin). and the two combined.
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FIG. 3. The
log,,i0VN - dr. shows the region where Vg Or

lower

curve, a plot of log,, dVe ar

- (’)‘.,\‘ ar fur
a point source. The upper curve. a plot of log,, uidUg Ip

log,y:- Un . shows the region where the magnitude of the
exponential potential term exceeds that of the gravitational
term in applying the virial theorem for a uniformn density
spherical cluster of galaxies. The abscissa is labeled with the
logarithm of the range r or the radius of the cluster r, in kpe

with € 12 and {12.6€¢ “¢]*'2. Comparing it with rotation
curves of paradigmatic galaxies [8]. a reasonably good fit
outside the nucleus is achieved for A = 40 kpc. A nominal
(but not unique) model is accordingly adopted with the
parameters v = 12.6 and A = 40 kpc; these parameters
easily conform with Inequality 1. The mean mass of the
massive bosons of this model is mt = /A = 1.6 x 10 37
GeV/e¢?: that is 2 x 1073 times the mean mass of 7
and W bosons. The appearance of the reciprocal of
Dirac’s large dimensionless nuiuber adds some appeal
to this model [9]. The lower curve of Fig. 3 is a plot
of the ratio of the forces for the model over the range
13 kpe < r < 250 kpe where the force due to a point
source exponential potential exceeds that of gravity.
Corrections, which are generallv small except within
the nucleus. should be made to account for the disk and
for the fact that the nucleus is not a point source. Cou-
sider the exponential potential at a point that is at the
distance r from the center of a spherical shell of ra-
dius a. thickness da. and mass dA. The geometry is
shown in Fig. 1. The exponential potential of the shell is

qcal shels
)

FIG. 1. The mass source for the exponential potential is a
thin uniforin density spherical shell of radius a. The potential
is evaluated at distance ¢ from the center of the shell  In
general, 7 can be less than, equal to, or greater than o
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dVg = yuGPs(r.a, u)dM where

l "
Ps(r.a.u) = ':)/ e “Ryind do
< Jo

..)(”' ir- al

b / e "B RAR

= {1+ ulr + @)e M [t e - alle ST/ (2%ar).

The inward specific force due to the shell is yu?GQs(r.a. ) where

Qs(r.a.pu) = dPs(r.a.p)/dg

={1+pulr—a+ plir(r —a)le T — 1+ u(r +a) + wir(r + a)]("“(“")}/(2/13ur2).

Because ¢ < A = 40 kpc. suitable approximations are

Qslroacp) =1 - (a/r)?/3le ¥, r >a, (2)
Qs{r.a, pu) = (2r/3a)e #*¢, r <a. (3)

For a spherical nucleus with density p = p(a). the specific
force on a star at radius r is

Gmax
471"\;12(.'/ Qs(r.a. ppla)ada.
0

From (2) and (3) it is clear that Qg is always positive,
even when r < «a: all concentric shells of a spherical nu-
cleus contribute to a centripetal force. even at points in-
side the nucleus.

IV. THE DEFLECTION OF LIGHT

On the scale of the solar system. Vg/Vy = 2fe & =
~& « 1. so the deflection of light near the Sun and the
peribelion precession of Mercury are the same as in gen-
eral relativity. On the scale of a galaxy. however. Vi can-
not be ignored. so a simple artifice is used to estimate the
detlection of light passing through a galaxy. Let ABC in
Fig. 5 be a thin straight rod of length 2z with uniform
linear density p. and consider the gravitational field at a
point O that is distance r from the center of the rod 3
and s equidistant from A and €. Let the angle AQC be
26): other symbols are as shown in Fig. 5. The specific
force at (), projected toward B is

*eont Gp [7 20
(ip ‘ “\.' ¢ L cos dy " sin®
J . rJ e r

and the deflection of light passing throngh O in a plane
perpendicular to the rod is

Gp [T cosd) Wp f° R(5 )
i qp cost A ‘,p Yy /: .
N Y N I

so the ratio of the deflection to the specitic foree is
tre 2/ sin® . Becanse the specitie foree is o2y where
ris the circular velocity of 4 body orbiting in the or-
thogonally bisecting plane at distance r from the rod.

the deflection is 4(v/c)26/sin @, For small &, the force
varies as r 2 and the deflection is approximately (/)7
For © = n/2, the force varies as r 1 and the deflection is
approximately 2m(¢/e)?. For a galaxy with flat rotation
curves, outside the nucleus the specific force generally
varies as ! where r is the distance from the center of
the galaxy. Whether the canse is a dark matter halo
or the exponential potential. the net field in all direc-
tions can be modeled by the Newtonian field of a rod in
the plane that orthogonally bisects the rod. so the de-
Hlection toward the center of the galaxy is approximately
2m(v/e)?. The most rapidly rotating disk galaxy known,
for which v = 500 kins ', is UGC 12591 10, so light
passing through that galaxy would be deflected by ap-

c

— v~ ——

A

FIG. 50 Pamnt O Bies in the bisceting plane orthogonal to

the thin massive rod A0 where AN e - and OB »
If = roothe gravitanianal Beld at O falls off as 1 ¢
@ ® ® L J
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proximately 3.6 arcsec. If such a galaxy is a lens for a
source, say a quasar, that is relatively much farther from
the Earth than the galaxy, the separation of the image
would be as high as 7.2 arcsec which is close to the max-
;mum gravitational lens separation (7 arcsec) ohserved
11). ’

V. THE DENSITY OF MATTER NEAR THE SUN

The Poisson equation and collisionless Boltzmann
equation relate the potential V' to the mass densities and
velocities of stars and interstellar matter for components
of their trajectories that are orthogonal to the Galactic
disk (parallel to the z axis); taken together for a variety
of isothermal components, they constitute the combined
Poisson-Boltzmann (or Poisson-Vlasov) equation. Pub-
lished solutions have indicated that there are inconsis-
tencies between the motions of tracer stars and observed
densities of the disk which are reconciled by postulating
dark matter [12,13]. The exponential potential of the
disk can be ignored, so the appropriate Poisson equation
on or near the disk is

VIV = 9*V/9z* - WP = 4nGp. (4)

where the tidal term w? = w?(r) is the square of the an-
gular rotation rate of a disk star in a circutar orbit about
the nucleus, and p = p(z) is the density of all matter
in the disk. Any halo, visible (e.g., globular clusters)
or invisible (if any), would perturb w?, so its effect is
automatically included in (4}, but if there is an exponen-
tial potential, a halo is not necessary to explain Galactic
rotation, so the effect of the halo is then presumably neg-
ligible. If (4) is substituted for Bahcall’s Eq. (1) (paper I
[12]) and combined with his Eq. (2) (and its first deriva-
tive with respect to z), the following equation for the
density of K giant tracer stars can be derived:

&2 dox 1’
chon i~ ok [ ] +wrp =0

where 0% is the K giant z velocity variance. Setting
pi(2) = pr(0)e~ ), (5) becomes o d?u/dz? = 4nGp +
w?. Suppose that the density is the sum of N Gaussian
distributions:

d nz?
p(z) = pn(0)exp [— @‘E’} ;

n=0

¥ each with half-thickness Hn. With (n = V72/(2H,), the

solution to (5) is then
w?z?

- 20%
S0P O, ent ¢
“go 0_?( T(n €Il (s

+exp(=¢7) - 1]. (6)

Use ox = 20 km s~ " [13], and determine w? from the

In[px(2)/pk(0)] =

Oort constants, 4 = 169+ 09kms 'kpc ' and B =
~9.0£ 1.5 km »~ ! kpe ™! [14], adjusted proportionally to
their uncertninties until A = ~B = 13.9 km s ! kpe !
(A = —B is a requirement for a flat velocity curve near
the sun); then w? = A%/4 = B?/4 = 8.1 » 1073 52,
From the standard Galaxy model of Bahcall and Soneira
[15], a simple two component model of the density is
constructed with p;(0) = 0.052M,/pc® and Hy = 125
pe (interstellar dust and gas, and My < 4 stars); and
p2(0) = 0.044Mg/pc® and Hy = 325 pc (My > 4 stars).
The solution for this model is labeled in Fig. 6 as curve
1. Also shown at characteristic distances from the Galac-
tic plane are relative K giant densities of Hill and Oort
[16] (circles) and Upgren [17] (triangles), as adjusted by
Bahcall (Table'3 [13]), and further adjnsted here, us-
ing Table 2 [13], to discount spheroid K giants. The
model does not fit either data set well. One approach
toward resolving the discrepancy is to double the mass
of the My > 4 stars-—adding, say, brown dwarfs [18],
black holes, or dark matter. This solution is labeled as
curve 2; the fit is somewhat better for z < 700 pc, but it
still is mediocre. Another approach toward resolving the
discrepancy is to examine more critically the Hill-Oort
and Upgren densities. The first hint that these densities
might be wrong is that the two sets only crudely agree
with each other. Next, it is obvious that the Upgren den-
sities very nearly fall on a straight line in Fig. 6, implying
that the density falls off exponentially with the distance
from the origin. The density distribution would have
a (near) discontinuity in its first derivative at the origin:
that is, there would be a sharp peak in the density on the
Galactic plane. Any dark matter model [high pn(0), low

Distance from Galactic plane (kpc)

200 400 600 800 1000
a
-0.2 °
A Hil-Oort
0.4
E‘ r 3
£ 06 /
g a
3 Upgren
g‘ -0.8 o
° %,
g °,
H
-1.2 %’L
(]
© a
1.4
*

FIG. 6. An analytic solution for the densities of K giant
tracer stars (curve 1) is compared with K giant densities of
Hill-Qort (circles) and Upgren (triangles), adjusted as de-
scribed in the text. Adding some “missing matter” to the an-
alytic model results in curve 2. A reconciliation of the patent
discrepancies is effected by rejecting both the Hill-Oort and
Upgren models because of internal and external inconsisten-
cies in the models.
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H,| that could be in accord with Upgren's K giant den-
sity at = := 100 pe would not be in accord with his densi-
ties beyond, Because the kink is physically unrealizable,
the Upgren densities are rejected. The Hill-Oort densities
do not seem to have this problem, for their distribution
appears more Gaussian near the origin. The shape of the
Hill-Oort distribution within about 600 pe of the Galactic
plane was calculated from van Rhijn's tabulation [19] by
spectral class, visual magnitude (My < 9.44), and Galac-
tic latitude (0° to 2207, £20° to £40°, £40° to £90°) of
stars in the Henry Draper Catalogue {20]. Hill used the
K stars in the £:40° to £90° range, and considered them
to have an “average latitude” of 59°. However, by van
Rhiju’s Table 1. the K stars in the 207 to £40° range
have almoest the same magnitude distribution as those in
+40° to £90° range, so if Hill had used the lower latitude
stars, he would have had about half as large an “average
latitude” and his K star log density curve would have
fallen off almost twice as steeply out to about 350 pe.
(The difference in interstellar absorption is slight.) The
van Rhijn data are inconsistent with Hill's technique, so
the Hill-Oort densities are rejected. There remains no ac-
ceptable evidence that dark matter is required to explain
the kinematics of stars in the vicinity of the Sun.

VI. GALAXY CLUSTERS
AND THE VIRIAL THEOREM

Because the exponential force is larger than that of
gravitation out to a distance of 250 kpc, it should be
important in the dynamics of clusters of galaxies. Let
T be the kinetic energy of a cluster of N galaxies (each
galaxy considered to be a point mass); let Uy be the
total gravitational energy of the cluster; and let F,, be
the exponential force on galaxy n while r, is its position
vector. Then the virial theorem states that

N
21‘+U,V+Zrn- =0,

n=1

where the overbar denotes the time average. The total
energy due to the exponential potential is

Ug = —yuG Z M M, o= #IFn i

m#n
S50

tn-Fpn=-r,-0U, /8, =

rp — 1, le
-G E M, M., — Lple#irn=rml,
i lrn —Tm
m#En
Fou every term
In— T
—yGM, M,r,, - »—5————"‘-—;}.2«“ #lEn = Fm]
|r. = Fml

in r, - F,,. there is a corresponding term

Tm —Fn e Hlra=rml

-YGCMuMry, -

‘rn m|
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in r,, - Fyn, and their sum is

"ml" Wen Pmi

~yG My My p® ey, -

which (remember that yu == const) is also equal to
- ', [~yuCG M, M, ¢ -uiry rmi]
(”l m .

Therefore,

O + Uy o =2 =0, (7)

The estimation of Uy and Ug for a spherical cluster
can be approached by constructing the cluster by inte-
grating outward over successive shells, like putting an
onion back together from the inside out. As each subse-
quent shell is added, the decrease in energy is calculated,
so the total energy can be calculated by integration. The
change in energy caused by adding a shell of radius r,
thickness dr, and density p(r) is just 4mp(r)ridr times
the change in energy caused by a unit point mass at ra-
dius r. For the simple model of a uniform density sphere
of radius r., the solutions for Uy and —p(0Ug/Ou) are

e r
—1671'2G'p2/ / a’dardr
i

~l~q7r2r5C'p (8)

Uy

H

and

~1(0UE/0p)

—lﬁﬂz'yusz?—d—/ (/ Ps(r,a,p)a’dardr
o Jo Jo

= —8m2yu " Gp*(15 — 69* + 2n°)
~(15 + 307 + 247° + 105° + 2n%)e~27), (9)

il

where 17 = pur.. The ratio (9)/(8) is

aU,.;
"on

-5 —3+2"--2

lf

Uy = -é-)'yu[l")r) - 67
—(15975% + 3077 + 2477
+107"2 4+ 257 Ne™ ). (10)
[The terms in (9) and (10) with the factor ¢~2” are negli-
gible, even for small clusters.] This ratio, which is plotted
as the upper curve in Fig. 3, attains its peak value 135
at r. = 90 kpc; it equals or exceeds 10 over the range 9
kpe < r. < 800 kpce; and it equals or exceeds unity over
the range 2.5 kpc < r, < 2.7 Mpc. )

A uniforin density cluster is not especially realistic, but
taking the ratio of the —u(O0Ug/0u) and Uy terms some-
what ameliorates this shortcoming. Whatever the model,
however, it is clear that Ug often swamps Uy in impor-
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tance tn applying the virial theorem for galaxy clusters.
[ndeed. at a suthcient number of “skin depths™ (A ~ 40
kpc) inside the bonndary of a uniform density cluster,
the force due to g is negligible compared with its force
near the surface. The exponential force is a surface force
at scales larger than about 100 kpe. If there are den-
sitv gradients of this scale, this force tends to accelerate
matter from lower density toward higher density regions.
It 1~ perhaps much wmore iportant than gravity in con-
tributing to the nstability of density Huctuations that,
with time and inflation, have led to a foamy universe with
imntnense vouds 21

VIL. SUNMIMARY

With an exponential potential of gadactic seale. there
i~ e need tor any dark matter models, so the so-called
Conspiracy T 22 i the relationships between visible and
dark atter can be dispatched. The exponential poten-
tral ~seems 1o bhe able to account for the distinetively dif-
terent dimensions that are tyvpical of galaxies and galaxy
clusters The leading competing explanation for galactic
Kinetaties calls for the existence of dark matter that is
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distributed according to very special models, and a model
of dark matter that explains one phenomenon is not ro-
bust enough to explain another. Moreover, the amount
of dark matter required to hold rich galaxy clusters to-
gether is “astronomical.” Finally. there is scant dhrect
experimental evidence for dark watter. The hyvpothesis
of an exponential potential which conforius consistently
with all of the evidence available appears at present to
be a viable alternative to the hypothesis of dark matter.
The theory presented demands tests that use ample as-
tronomical data in more detailed models than the crude
nominal models of this paper so that either its two pa-
rameters can be refined from the nominal estimates or
the theory can be falsified.
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