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SUMMARY

This document serves as the final report of the research program, ”Acoustic
Waves in Complicated Geometries and Their Interactions with Liquid-Propellant
Droplet Combustion,” sponsored by the Air Force Office of Scientific Research,
Grant No. 91-0171. The major purpose of this research is to develop a com-
prehensive theoretical analysis within which multi-dimensional acoustic waves in
baffled combustors and their mutual coupling with liquid-propellant combustion
can be properly treated.

During this report period from March 14, 1991 to May 14, 1993, a unified linear
and nonlinear acoustic analysis for baffled combustion chambers has been developed.
The linear investigation proceeds by solving a generalized wave equation derived
from the conservation equation for a two-phase mixture, utilizing perturbation
expansions of flow variables. Nonlinear acoustic study of baffled chambers is
conducted by means of an approximate analysis which takes into account second-
and third-order nonlinear gas dynamics and combustion response. Results suggest
three important effects of baffles on transverse modes of combustion instability.
First, transverse waves can be longitudinalized inside baffle compartments. This
may decouple combustion response from oscillatory motions if the processes near
the injector face are sensitive to transverse variations in pressure. Second, severe
restriction of the transverse component of acoustic velocity fluctuations is observed
in baflle compartments. This may be key in stabilizing systems with velocity-
sensitive combustion. Third, the frequency of oscillation is decreased with the
addition of baffles, in agreement with experiments. One potentially destabilizing

effect of baffles is the observed pressure concentration at the injector face. Pressure
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sensitive processes in this region may enhance instability. Limit cycles are observed

for both two- and three-dimensional baffled chambers. Their most remarkable

characteristic is high-frequency modulation of the limit cycle amplitude. In
addition, the conditions for the existence of spinning oscillations are treated in
depth.

Some of the results obtained from this research have led to the following two

publications.

1. Yang, V., Yoon, M.W., and Wicker, J.M., "Nonlinear Pressure Oscillations in
Baffled Combustion Chambers,” AIAA Paper 93-0233, presented at the 3ist
AJAA Aerospace Sciences Meeting, January 1993.

2. Yang, V., Yoon, M.W., and Wicker, J.M., "Linear and Nonlinear Acoustic
Waves in Liquid-Propellant Rocket Engines,” presented at the First Interna-

tional Symposium on Liquid-Rocket Combustion Instability, January 1993.
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CHAPTER 1

INTRODUCTION

Combustion instabilities have long plagued liquid-propellant rocket engine
designers and developers. The essential cause of this problem is the high rate
of oscillatory energy release within a volume in which energy losses are relatively
small. If compensating influences acting to attenuate the oscillations are weak,
then unsteady motions in a combustor may give rise to excessive chamber pressures
and heat transfer rates, resulting in decreased performance at best, or catastrophic
failure of the engine at worst. Table 1 (assembled from Refs. 1-8) presents some
practical examples in which pressure oscillations have had serious impact on specific
engine development programs. As this table shows, high frequency instabilities
have remained an insidious problem throughout the entire history of U.S. rocket
programs, particularly in liquid oxygen (LOX)/RP-1 and chemical storable systems.

Because instabilities arise from sources entirely internal to the system, an
external observer perceives the result as the dynamical behavior of a self-excited
system capable of exciting and sustaining oscillations over a broad range of
frequencies. Typically, the oscillations grow out of a reinforcement between the
inherent noise of the combustion process and the numerous characteristic acoustic
modes of the feed-system/combustion chamber combination, rather than from any
external influence.

Three inherent characteristics of the combustion chamber environment provide

ideal conditions for the initiation of instability. First, combustion chambers are
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almost entirely closed. This condition favors excitation of unsteady motions
over a broad range of frequencies. Second, the internal processes tending to
attenuate unsteady motions are weak relative to the driving energy, thus providing
circumstances that allow sustained modes of instability. Third, and perhaps most
important, the energy required to drive unsteady motions is an exceedingly small
fraction of the heat released by combustion. In typical instances, less than 0.1
percent of the heat release is sufficient to initiate and sustain the severe pressure

oscillation.?

1.1 General Features of Combustion Instability in Liquid-Propellant

Rocket Engines

Compared with solid rocket motors and other liquid-fueled propulsion systems,
the combustion processes within a liquid rocket engine have several characteristics
that produce distinctive differences in the pressure oscillations observed. First,
except for highly volatile fuels, such as hydrogen and methane, most propellants
are injected into the chamber as a spray of liquid droplets and undergo a sequence
of atomization, vaporization, mixing, and combustion processes. Each process may
serve as either a driving or damping mechanism, depending on its sensitivity to the
local flow oscillations. Second, the combustion chamber is directly connected to the
propellant supply system through the injectors. Interactions between the unsteady
motions in the chamber and the oscillatory behavior of the feedlines may affect
the stability characteristics of the engine. Third, the occurrence of instabilities
depends intimately on the operating sequence of the engine. For example, the

sudden liquefaction or gasification of liquid propellant in the feedline during the
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transient start-up and shut-down phases may trigger instabilities;!® hcnce, design
criteria must make provision for transient as well as steady-state mechanisms for
initiating combustion instabilities. Fourth, the propellant also frequently serves as
the coolant for a regeneratively cooled system. The heat transfer and other engine
performance requirements may have a strong impact on the stability characteristics
through their influences on the propellant flow conditions in the injection system. A
well known example is the triggering of instabilities in the J-2 engine by decreasing
the gaseous hydrogen injection temperature.!!

Combustion instabilities are a particularly complex phenomenon for which
several modes of oscillations have been commonly observed. They are often
classified according to their spatial structures and driving mechanisms as low,
intermediate, and high frequency instabilities. Low frequency instabilities, also
known as ‘chugging’ or POGO instabilities, received much attention during the
1950s and 1960s as a serious problem with the Jupiter, Thor, Atlas, and Titan
launch vehicles. The underlying mechanism lies in the coupling between the fluid
dynamics in the combustion chamber and the propellant supply system. Other
effects such as propellant pump cavitation and gas entrapment in the feedline
may also contribute to driving POGO instabilities. Characteristically, this mode
corresponds to the vibrations of a Helmholtz resonator, with a frequency range
between a few and several hundred Hz. Since techniques for preventing their

d,>13 ‘chugging’ instabilities are no longer a

occurrence are now well establishe
serious design problem.
Intermediate frequency instabilities, also known as ‘buzz’, are more prevalent in

medium size engines (25,000 to 250,000 N thrust) than in large engines. They are
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evidenced by a growing coherence of combustion noise at a particular frequency.
Two sources may give rise to their occurrence. The first is associated with the
interactions between the unsteady combustion in the chamber and a specific portion
of the propellant feed system. The second arises from the coupling between entropy
waves and acoustic motions in the chamber. It is well established that for bi-
propellant rocket engines, fluctuations of the reactant mixture ratio may lead to
entropy waves, which then interact with the nonuniform mean velocity field in the
nozzle to generate acoustic waves. In general, the ‘buzz’ instabilities are more noisy
than damaging, with the amplitude of pressure oscillation rarely greater than 5
percent of the mean chamber pressure, although in some cases detrimental high
frequency oscillations can be triggered by this mode. Comprehensive discussions of
‘buzz’ instabilities and entropy waves are given in Refs. 14 and 15.

High frequency instabilities, often called ‘screeching’ or ‘screaming,’ are the
most common and vexatious, and are characterized by reinforcing the interactions
between acoustic oscillations and combustion processes inside the thrust chamber.
Depending upon the response of combustion processes to chamber oscillations,
energy can be fed into acoustic waves such that their amplitude grows. The most
destructive result of these large amplitude pressure excursions is the increased heat
transfer to the chamber walls and injector face. Burn-throughs can occur in a few
seconds or less, causing complete failure of the engine.

This type of instability is usually characterized by well defined frequencies
and mode shapes that correspond closely to the classical acoustic modes of the
chamber. Fundamental modes of high frequency instabilities are thus categorized

as longitudinal and transverse, according to the spatial character of unsteady
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motions within the combustion chamber. Longitudinal modes propagate along in
the axial direction of the chamber, with no variation in the transverse plane and
are usually observed in chambers with large length-to-diameter ratios. Transverse
modes exhibit no axial variation in oscillatory behavior, but propagate radially and
tangentially along planes perpendicular to the chamber axis. For contemporary
rocket engine designs in which the chamber aspect ratio and nozzle contraction ratio
are relatively small, pure transverse modes of oscillations dominate because of the
effective damping of the longitudinal oscillations by the nozzle and the distribution
of the combustion along the chamber. For this reason, combined modes comprised
of the superposition of longitudinal and transverse modes are also rarely observed
in typical liquid rocket engines. Furthermore, longitudinal modes are usually less
destructive than transverse modes, so theoretical studies such as this one should

fully address transverse modes of combustion instability.

Each transverse mode may exist in three forms: radial, standing tangential,
and spinning tangential waves. The differences between standing and spinning
tangential modes can be clearly seen in Fig. 1.1, which shows the particle trajectories
for the standing and the spinning modes of oscillations in a simulated F-1 engine
combustion chamber.!® Particles move back and forth for the standing mode of
oscillation, but have an epicyclic trajectory around the chamber in the tangential
direction for the spinning mode of oscillation. The standing mode particle trajectory
can be explained by the fact that the acoustic velocity varies oppositely in
consecutive cycles with respect to the fixed pressure nodal surface. The situation is
similar for the spinning modes of oscillation, except now the pressure nodal surfaces

rotate with angular frequency corresponding to the modal frequency; therefore,
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Standing Tangential Mode Spinning Tangential Mode

Figure 1.1 Particle Trajectories for Standing and

Spinning Tangential Modes

particles move in a net circular fashion as time elapses. Spinning wave motions
seem to be usually more detrimental because of their effectiveness in agitating gas
molecules in transverse directions, thus enhancing heat transfer to the chamber
walls. However, spinning waves may also be accompanied by an increase in
combustion efficiency, presumably due to accelerated mixing processes. This
phenomenon of increased efficiency accompanied by decreased stability is a common
trade-off in rocket engine designs, and the ability to design for both efficiency and
stability simultaneously represents one potential payoff for instability research.

Several possible mechanisms have been proposed that may be responsible for
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driving the spinning mode of comuustion instability. Of the various intermediate
processes occurring during the combustion, atomization, vaporization, droplet
interaction, mixing of the vaporized propellants and chemical kinetics are the most
sensitive processes to the oscillations of velocity and pressure. For discussion
purposes, the non-steady effects considered here can be divided into two groups:
effects associated with atomization and vaporization, and effects related to the
mixing process.

The atomization and jet breakup process, and its relationship to spray
formation through pressure, temperature and velocity perturbations, can affect
the energy release characteristics of the gas phase, and thus the stability of the
combustor. The vaporization process that is directly related to the local pressure,
temperature, and velocity, will be affected by oscillations in these quantities.
Furthermore, there can be mixture ratio gradients in the vapor because of the
stratification of the liquid spray in the liquid propellant injector. If the transverse
acoustic field is imposed on such a spray, the vapor will be displaced relative to the
droplet, causing mixture ratio oscillations in the vicinity of each vaporizing droplet.
Hence, there will be an oscillation in the burning rate, which can couple with the
acoustic field to produce a spinning mode of combustion instability.

When the vaporization rate becomes extremely high, it is possible that a droplet
is heated rapidly through its critical temperature. With droplet shattering, clouds
of the very fine secondary droplets are rapidly gasified. In such cases, the burning
rate could be controlled by the rate of gas-phase mixing. Again, this oscillation
of the burning rate is coupled with the transverse acoustic fields to generate the

spinning mode of instability.




1.2 Mechanisms of Baffle Operation

To provide a cure for combustion instabilities, or to at least limit the amplitudes
to acceptable values, passive control devices (such as injector-face bafles, acoustic
absorbers, liners, cavities, and quarter-wave tubes) can be used. In particular,
baffles can provide significant stabilizing effects on pressure oscillations, especially
on spinning transverse modes of instability in liquid rocket engines, and have been
widely used since 1954.}7 A typical configuration consists of flat plates extending
into the chamber perpendicularly from the injector face, arranged in a radial and/or
circumferential pattern, as shown in Fig. 1.2.

Three mechanisms have been proposed to explain successful elimination of
instabilities by baffles. These are (1) the modification of acoustic properties, such
as oscillation frequency and waveform, in combustion chambers; (2) the restriction
of unsteady motions between baffle blades, and the subsequent protection of the
sensitive mechanisms for instabilities; and (3) the damping of oscillations by vortex
shedding, flow separation, and viscous dissipation. Specific examples of the first
mechanism include reduction of the transverse pressure gradient near the injector
face and the blocking of wave paths associated with certain modes. Spinning modes,
for instance, are practically unheard of in baffled combustion chambers due to
the baflle blade boundary conditions. The shielding function of bafles mentioned
above helps to minimize coupling between parts of the combustion processes from
oscillatory motions. This is important where velocity sensitivity is a concern, or
where triggering of an instability in the baflle region is a possibility. The third

mechanism of baffle operation—-energy damping—can either attenuate the oscillations
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injector

Baffie Blade

Combustion Chamber

Baffle Hub

Figure 1.2 Schematic of a Liquid-Propellant Rocket

Engine with Injector-Face Baffles

to within acceptable levels, or extract enough energy so that the reinforcing feedback
between combustion and chamber acoustics is destroyed. It should be noted that
it is possible that more than one mechanism operates at the same time in a baffled

chamber, but some may dominate, depending on the specific engine parameters.
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1.3 Research Objective

At a recent JANNAF workshop,!® it was suggested that acoustic wave
interactior in the baffled region is one of the most important parts in the study
of combustion instability for liquid-propellant rocket engines. Because combustion
instability is a consequence of the sensitivity of combustion processes to ambient
flow oscillation, any realistic investigation into the engine stability behavior must
accommodate a thorough treatment of the wave structure within the baffled
combustion chamber. However, because of the complex nature of acoustic flow
in the baffled region, the effects of bafles on wave motions have never been
completely understood quantiiatively. At present, there are no well-defined criteria
for the selection of baffle configurations that will lead to the stable operation
of an engine. As a result, most designs in use today are based on experiences
with similar combustor configurations, propellant combinations, and operating
conditions, thereby making the development of a new system a costly trial-and-error
process.!® Since injector-face baffles provide the most significant stabilization effects
on pressure oscillations, a basic understanding of the oscillatory flow structure in
that region appears to be a prerequisite in treating combustion instabilities in baffled
liquid rocket engines.

The primary purpose of this work is to develop a theoretical analysis within
which multi-dimensional acoustic waves in a baffled combustion chamber can be
properly treated. Emphasis is placed on the combustion instability behavior of a
baffied combustion chamber and the damping mechanisms of the baffle as described

in the previous section.




12

Two other focuses in this study are the examination of nonlinear spinning
wave motions in the unbaffled chamber, and the development of a nonlinear
baffle analysis. The treatment of nonlinear spinning oscillations is crucial due to
their relevance to baffle analysis and their frequent occurrence in practical rocket
systems. Since no analytical work capable of treating nonlinear instabil’ty in baffled
combustion chambers exists, introduction of such a methodology is highly desired
and necessary if questions regarding nonlinear oscillations in physical chambers are

to be addressed.

1.4 Early Works on Experimental and Theoretical Investigation

of Baflles

Several experimental investigations have furnished results which lend valuable
insight into the physical mechanisms of baffles. Experiments using non-reacting or
‘cold’ flow allow detailed research of fluid dynamic phenomena. Such a study was
conducted by Wieber,?? who examined the acoustic behavior of a 6-inch diameter
cylindrical chamber under the influence of various baffle patterns, as well as different
injector shapes, chamber lengths, and nozzle contraction angles. Decay coefficients
of pressure oscillations corresponding to the first transverse mode were measured for
unbaffled configurations and compared with internal surface area-to-volume ratios
of the chamber. A positive correlation was discovered, suggesting that viscous wall
losses were responsible for acoustic wave attenuation. When baffles were added,
however, acoustic attenuation increased, but no correlation with the internal surface
area was found. A more complicated damping mechanism than simple skin friction

alone is required to fully explain the functions of baffles. Wieber further observed
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that transverse modes were not only damped much more effectively by baffles than
were longitudinal modes, but that the reduction in frequency from the unbaffled
case was also much stronger, presumably due to relatively longer acoustic particle
paths. Another cold flow investigation into the workings of baffles was initiated by
Torda and Patel;?! their experimental set-up elucidated vortical motion within a
baffle cavity as a result of transverse flow across the open end of the cavity. The
presence of circulating flow was clearly observed. Viscous damping within these
vortices are thought to be a possible mechanism of baffle operation.

Empirical efforts based on reacting or ‘hot’ flow tests can yield data more
readily applicable to actual rocket systems. Hannum et al.?? experimented 17
different baffle designs for a hydrogen-oxygen engine with a 20,000 Ibf thrust. In
tests with at least a 2-inch baflle, stability was improved from the unbaflled chamber
cases. For baffle compartments above a certain size,* longer blade lengths were
required for stability as the cavity dimension was increased. Below this size, all
baffie configurations required the same blade length for stability, independent of
compartment measurement. Interpretation of these data is not conclusive, but
one possible explanation is that baffles protect the sensitive combustion zone from
pressure and velocity fluctuations. Specifically, a certain blade length corresponding
to the extent of the sensitive combustion zone could be required in all cases
as a minimum for stability. For larger baffle cavities, a lo:::r bhiade would be

needed to impede the influence of the main chamber oscillatio.. - acoustic waves

* Compartment size was defined as the maximum compartment dimension
measured parallel to the injector face. For cases of noncongruent cavities, an average

weighted according to the number of each cavity style was used.
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propagate more easily through larger areas. Although no relation between stability
and internal surface area was presented, speculation of skin friction as a damping
mechanism is prompted by some results. In one case, a 2-inch 3-blade radial baffle
became unstable when it was burned and eroded back to 1.6 inches in length.
An egg-crate configuration was stable for only 0.5 inch blades, perhaps due to
the greater amount of surface area per length available for viscous loss. This
conclusion is difficult to substantiate, since similar behavior is not consistently
observed throughout the data.

Vincent et al.2 conducted tests similar to those of Ref. 22, but used a smaller
engine with storable propellants. Trends were found that mirrored the findings of
Ref. 22 in spite of the differences in the experimental engine itself. A sweeping
summary of important outcomes from several experimental baffle programs was
completed by Hefner.2* Among those surveyed were the Apollo Service Module
Engine, First Stage and Second Stage Titan/Gemini, Transtage, and the Gemini
Stability Improvement Program (GEMSIP). Specific findings are too numerous to
mention here, but clearly illustrate the labyrinthine nature of baffle data reduction,
as well as the dearth of fundamental interpretive understanding regarding baffies.
Hence, it is essential to formulate a theoretical framework suitable for systematic
treatment of baffles and appropriate deciphering of experimental baffle test results.

The first analytical treatment of acoustic motions in baffled chambers was
undertaken by Reardon?’ in an effort to explain stability data from the GEMSIP
program. The model considered three-dimensional oscillations in the main
chamber with only one-dimensional longitudinal oscillations allowed in the baffle

compartments. Combustion was assumed to be concentrated at the injector
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face and modeled with a time-lag theory.?8 Matching of acoustic admittances in
both regions at the interface provided sufficient conditions for determining the
linear characteristics of the entire oscillatory field. This approximation yielded
a moderately good estimate of the normal-mode frequency reduction caused by the
baffles. However, since none of the continuity requirements on acoustic pressure,
velocity, and energy flux across the interface were fulfilled, no accurate results
of acoustic wave structures can be obtained. Implementation of this model in

predicting engine stability is subject to auestion.

Oberg et al.?”:2% developed a more elaborate model that takes into account
multi-dimensional wave motions in baffled cavities. The homogeneous Helmholtz
equation for linear acoustic waves in the entire chamber formed the backbone
of the analysis. The effect of mean flow was ignored, with the combustion
response and nozzle damping treated as boundary conditions. Separate solutions
were constructed using Green’s functions for baffle compartments and the main
chamber. The acoustic pressure and axial velocity in each region were then matched
at the interface by means of a variational-iteration technique to determine the
complex wave numbers of unsteady motions. Reasonable results were obtained
for frequencies in two-dimensional chambers, but no solutions for cylindrical and
annular chambers were reported due to some numerical difficulties. The major
limitation of this theory is its erroneous prediction of engine stability behavior
rendered by oversimplification of the physical processes. Essentially, this model
treats an inviscid flowfield with concentrated combustion at the injector face. The
resulting solution predicts a pressure rise in the forward region of the chamber,

leading to a destabilizing influence of baffles in accordance with the Rayleigh
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criterion.? A worsening of stability with increasing baffle length is obtained,
rather than improvement as found experimentally. To circumvent this problem,
an empirical modification that allows spatial variation of the combustion response
factor along the injector face was later incorporated in the analysis to match

experimental observations.3?

In light of Oberg’s findings, it is evident that alteration of acoustic wave
structure by baffles alone can not explain the mechanisms responsible for baffle
damping. The stabilizing influence must be associated with other means, such as
viscous dissipation, vortex shedding, and distributed combustion response, which
can override the driving effect of wave alteration. Baer and Mitchell3! established
a linear acoustic analysis, with emphasis placed on the fluid dynamic losses along
the baffle blades. The formulation assumes concentrated combustion at the injector
face within the confines of the time-lag theory, and solves for the acoustic velocity
potential using an eigenfunction-expansion technique. The strong flow variations
near the baffle tips are treated analytically by means of a matched asymptotic
expansion method. A turbulent boundary layer is then ascertained in the vicinity
of a finite thickness baffle. Although results considering viscous loss within this
boundary layer yielded realistic acoustic decay rates, the conclusion that such
dissipation is the dominant influence of baffles may be unjustified. For instance,
vortical structures induced by acoustic motions along baffle blades and convected
downstream into the main chamber may play an important role in dissipating energy
and deserve a systematic investigation. Thorough investigation of these vortices
using information gained from an acoustic study of baffled chambers is done by

Wicker.3?
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1.5 Early Works on Nonlinear Combustion Instability

Spinning transverse modes of instability have very often been seen in the com-
bustion chambers and it has been found to be related to the coupling of combustion
processes with the oscillations in flow variables. Several analytical and experimental
studies!4:26:33:34 have confirmed that the pressure-sensitive time lag concept (n — 7
model) can be applied to the analysis of transverse as well as longitudinal mode of
high frequency instability. According to Reardon’s experiment,®’ it is not sufficient
to explain transverse modes of instability completely by the pressure sensitivity
theory only. An additional combustion rate sensitivity must be considered for the
transverse pressure oscillations. He found that the perturbations of radial and
tangential velocity components have a strong influence on the combustion process
rates in a manner analogous to that of pressure perturbations for the n — 7 model.
Reardon et al.3¢ predicted that the tangential velocity perturbation had a strong
destabilizing effect on the spinning mode but had no effect on the standing mode of
instability. Oberg et al.3” also reached this conclusion-that simple pressure coupling
cannot describe the spinning wave motions in the baffled combustion chamber and
that some means of including the velocity coupling effect are necessary. Several

investigators38:3°

addressed the importance of this mechanism. Thus, a conclusion
can be drawn that velocity coupling as well as pressure coupling plays an important
role in the spinning tangential mode of oscillations; therefore, the effects of velocity
perturbation must be taken into account separately from the effect of pressure

coupling in the nonlinear spinning analysis.

The analysis of nonlinear instability behavior in baffled combustion chambers is
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another part of this work. Although studies that have been conducted in the pursuit
of understanding nonlinear phenomena have not specifically addressed baffled
combustion chambers, valuable building blocks have been laid in a foundation
used in the current study. For instance, Sirignano and Crocco?? first treated
nonlinear wave motions in a combustor in 1964. Using a perturbation scheme with
characteristic coordinates, they found that shock waves are the source of nonlinear
losses responsible for the existence of the limit cycle. Crocco and Mitchell*! treated
the pure transverse mode in an annular chamber of very small radial extent using
a nonlinear perturbation method with stretched coordinates. In their study, the
unsteady combustion processes were represented by the sensitive time-lag (n — 7)
model.

Zinn and co-workers*?*3 took a different approach to the problem of nonlinear
transverse oscillations in a liquid-propellant rocket engine. Using Galerkin’s
method, with the expression of nonlinear solutions as an expansion of classical
acoustic modes, they were able to derive a system of second-order ordinary
differential equations governing the time-dependent amplitude of each acoustic
mode. This system was then solved numerically to find the amplitudes and thus to
predict the existence and behavior of limit cycles. Owing to certain assumptions,
including the form assumed for the mean flow field, the extent to which the
results may be valid for the other combustion systems could not be addressed.
Furthermore, conclusions were based on numerical calculations of special problems,
thereby obscuring possible generality.

Independent of the works cited above, the approximate analysis for nonlinear

unsteady motion was developed by Culick?* and allows expression of the compli-
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cated nonlinear problem in terms of simpler equations. In addition to using the
Galerkin’s method and spatial averaging, the method of time-averaging developed
by Krylov and Bogoliubov?*® was incorporated to produce a system of first-order
ordinary differential equations for the time-varying modal amplitudes. This allowed
for a more convenient analysis than the second-order equations provided by spatial
averaging alone. By expanding the pressure field in terms of normal acoustic modes
of the chamber, Culick showed that the nonlinear behavior could be equivalently
represented by the equations for a system of nonlinear oscillators. Application of
this work to motions in combustion chambers was discussed further by Culick,*6
with special emphasis on problems related to solid-propellant rocket motors. These

8 and

general ideas have recently been summarized in Yang and Culick,*” Kim,*
Culick and Yang.® This methodology is an invaluable tool for studying the effect of
nonlinear gas dynamics on the formation of limit cycles, and is an important part

of the present work.

1.6 Thesis Outline

In Chapter 2, a generalized wave equation for a two-phase mixture is derived
utilizing perturbation expansions of flow variables to study the oscillatory flowfield
in a baffled combustor. The formulation allows for acoustic wave motion,
droplet vaporization and combustion, mean-flow/acoustics coupling, and two-phase
interaction.

In Chapter 3, linear acoustic behavior is studied for two-dimensional rectangu-
lar and three-dimensional cylindrical baffled combustion chambers. The unsteady

motions are expressed as a synthesis of transverse eigenfunctions of the acoustic
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wave equation in the baffle compartments and the main chamber separately. The
oscillatory fields in these two regions are matched at the interface by requiring
continuity of acoustic pressure and axial velocity. This procedure eventually leads to
solutions characterizing the unsteady flow structures in the entire chamber. Strong
effects of baffles on the wave forms in a combustion chamber are clearly shown, and
the effects of the baflles on stability are explained from these results.

In Chapter 4, nonlinear spinning transverse oscillations in a cylindrical
unbaffled chamber are studied. Velocity effects are taken into consideration through
a linear combustion response function. Using this approach, linear coupling between
modes due to the combustion response is found to exist and to play an important
role in the spinning modes of instability. The conditions for the existence and the
stability of the limit cycle are also examined for several combinations of the spinning
modes.

In Chapter 5, nonlinear acoustic analysis is performed for two-dimensional
rectangular and three-dimensional cylindrical baffled combustion chambers. The
full nonlinear solution for the baffled combustors is formulated in a manner
analogous to Culick’s approximate method. By expressing the nonlinear solution
2s a series of the linear modes obtained from the linear acoustic analysis, time-
varying amplitudes can be assigned as coefficients in the series. When the entire
expansion is substituted into the original nonlinear equation, integration over the
chamber volume yields a set of second order ordinary differential equations in terms
of the time-varying amplitudes. The solution of these equations gives information

regarding nonlinear phenomenon such as limit cycles.
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CHAPTER 2

THEORETICAL FORMULATION

Probably the most important fundamental characteristic of combustion insta-
bilities is that for a first approximation they may be viewed as perturbations of
classical acoustic motions. The principal nertur - tions are due to the combustion
processes, the associated mean flow, and \. * boundary conditions imposed at the
inlet and exhaust planes. Treating these perturbations within the framework of
classical acoustics has been successful because the main departures, while crucial in
defining the real problems, are often small perturbations in some sense. Therefore, it
is desirable to seek the theoretical formulation that, when all perturbations vanish,
reduces directly to a representation of classical wave motion in an enclosure. The
analysis, therefore, starts with the establishment of a generalized wave equation
for a two-phase mixture, with emphasis placed on the behavior of the liquid phase
and its interaction with the gas flow, matters that are common to all liquid-fueled

systems.

2.1 Conservation Equations for a Two-Phase Flow

Analysis of flows in liquid rocket engines must be based on the conservation
equations for a gas containing liquid droplets. A proper analysis must account for
the differences between fuel and oxidizer and for a broad range of sizes of liquid

droplets. However, because of uncertainties in the actual flow properties, it is
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inappropriate to use a completely general formulation. To simplify the analysis, a
two-phase mixture in the combustion chamber is assumed, with a mass-averaged gas
comprising all gaseous species, including inert species, reactants, and combustior.
products. The liquid phase is treated as a mass-averaged fluid comprising fuel
and/or oxidizer droplets. The complete set of conservation equations thus comprises
those for the gas and those for the liquid; then, the equations are combined to form
a set that governs the motions of a single medium. This idea was first applied to
solid propellant rocket systems by Culick and Yang,® and this analysis follows their

approach. The conservation equations for this two-phase mixture are given below.

Conservation of Mass (gas)

s 49 (pyuy) = in (2.1)

Conservation of Mass (liquid)

0 .
L4 V(o) = —in (2.2)
ot
Conservation of Momentum
o v Vp=V-7 3
5t- (Pgug +pu))+ V- (Pyugug +puu)+Vp=V.r, (2.3)

Conservation of Energy

0
5 (Pgego + pihio) + V - (pgugego + prihio) + V- (pug) =Q +V-q  (24)

where the subscripts g and ! refer to mass-averaged quantities for gas and liquid

phases, respectively. Evaporative and reactive conversion of mass from liquid to
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the gas phase occurs at the rate w; (mass/sec-vol.). The viscous stress tensor
is symbolized by T, and specific totai internal energy of the gas and the liquid
stagnation enthalpy are represented by ey and ko, respectively. Furthermore, Q is
the rate of energy released by homogeneous reactions in the gas phase (energy/sec-
vol.), and q represents the heat flux (conduction) vector.

With simple manipulations, the momentum and energy equations can be
written

Ou pons .
Pgma51 +pgug - Vug + Vp=V.- 7, + Fi — (ug — ur)uy (2:5)

oT,
PeCo—=2 + pCoty - VT, +pV -u;=Q+ Qi +V-q+ &
+ (R0 — €go)ant (2:6)

+uy - (ug —w)wr + (wy —uy) - Fy

where @ is the dissipation function. The force of interaction between the gas and

liquid, F, is defined as

0
Fl = —pl[’aﬂt{ +u;- Vu,] (27)

and the heat release associated with chemical reactions and heat transfer between
the phases, @y, is

oh
Qi = —p,[—a—tl- 4+ uy- VTu] (28)

The enthalpy of the liquid %; includes the heat release associated with the

transformation from liquid to gas.
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The density p for the mixture is defined as

p=pg+p1=ps(1+Cp) (2.9)

and the liquid phase to the gas phase density ratio is given as C,, = pi/p,. Mass-

averaged specific heats for the mixture are defined in the usual fashion.4%:5°
5 _Cy+CnC 5 _ Cp+CnC
C, = T7C. Cp= T C. (2.10)

The system of governing equations is completed by introducing the perfect-gas law
for the mixture,

p = pRT, (2.11a)

where R is the gas constant for the mixture

Strictly, Cy, must be treated as a dependent variable, since any nonuniformity in the
mean flowfield, or unsteady motions, will cause the liquid droplets to slip relative
to the gas. However, if the droplets are dispersed uniformly in the gas, C, is
approximately constant throughout the chamber. This assumption is true in the
solid propellant rocket, but not as valid in liquid-fueled systemns. But even though
Cm may vary significantly, the mass-averaged thermodynamic properties are not
greatly affected. Based on this assumption, therefore, the momentum and energy
equations may be written in a more convenient form involving the mass-averaged

properties of the two-phase mixture.

p%‘-tz +puy- Vuy + Vp = V-1, + 6F; + 6wy (2.12)
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pCu[ 228 4w, - VT,) +pV 1, = Q+8Qi+ V- q -+ + (hio — ego )i
e ‘ ! (2.13)
— Uy dbwuwy + 6uy - Fy
where
66u,
§F = —p,[—at— +éu - Vuy +6u; - Vuy + uy - V&uz] (2.14)
06k,
6Q, = —p‘[—a— + 6uy - Véhy + buy - V(C1Ty) + u, - V6h,] (2.15)

and éu; = u; — uy, 6k = by — C/T,. The energy equation (2.13) is combined with

Egs. (2.1) and (2.2) to give the equation for the pressure:

| =

op

5 +uy,-Vp+3pV . uy =

[Q+5Q1+V°Q+<I’

@

v

+ (hlo—e 0)—-!! -51]( d:,-}-éu;-F,
[ 90) = Ug - Sui] 2.16)

— RT, [V (pgug) + V - (ous)]

+ RT,uy - Vp+ pRT,V - u,
The chief purpose of the preceding exercise is to establish the forms of the
equations that account for the presence of liquid, and that will provide a good

first approximation for the speed of sound for the unperturbed motions, namely,

_ 1

= [-ap _ Yy _py?
a= 7RT9—[—1+C,,,pg] (2.17)

This formula explicitly shows that the propagation of small disturbances is governed
by the elasticity of the gas (related to the pressure), and by the inertia of the
two-phase mixture, represented by the factor (1 + Cr,)p,. Now the conservation

. equations can be expressed in a form emphasizing the view that combustion
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instabilities are unsteady motions best regarded as perturbations of classical

acoustics. The framework for the analysis is based on the sum of the continuity

equations (2.1) and (2.2), the momentum equation (2.12), and the energy equation

(2.16) written in terms of the pressure, with the source terms in a general form.

Continuity Equation

= +u,-Vp=W

Momentum Equation

Ou,

p—a—t—+pug-Vug =-~Vp+F

Energy Equation

7]
5t£+’ypV-ug=—ug-Vp+P

For the circumstances treated above,

W= —-pv- Ug — V. (p,éu,)
.7"=V-?.,+5F1+5u,u},

R :
P=5|Q+8Qi+V - a+2+ [(hio —eg0) — u, - bui]iy

+6u;-Fy — CngV - (p1buy)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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2.2 Nonlinear Wave Equation

To derive a nonlinear wave equation governing the unsteady motions in the
chamber, the dependent variables are first decomposed into mean and fluctuating

parts,
p(r,t) = p(r) + p'(r,t)

uy(r’t) = ﬁy(r) + u'g(r,t)
(2.24)
p(r,t) = p(r) + p'(r, 1)

It is assumed that the mean quantities are time-invariant and the fluctuating parts
are small perturbations. Although variation of the mean quantities is typically small
in actual rocket engines, spatial dependence is allowed for in the general formulation.

To the second order in fluctuations, Egs. (2.11a), (2.18), (2.19) and (2.20) can
be rewritten in their perturbed forms, giving a complete set of equations for the six

unknowns: p', p’, Ty, and the three velocity components.

o _ ,
S+, Uy 4wy Vot u, Ve = W (2.25)
_Oug b - b O 1w
P 5 + Vp' =-plu, -V, +ug-V(ug+ug)]
, (2.26)
_p'.é.l_ll +f’
ot
6—”'+7ﬁV-u' =—7p'V - (g + ug) — (0, + uy) - Vp'
ot ’ P e (2.27)

-uy-Vp+ P
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p = R(p'Ty + pT,) + Rp'T, (2.28)
Since acoustic waves manifest themselves by the presence of pressure oscillations,
and pressure signals are easily measured and processed, the wave equation can be

most conveniently written in terms of pressure fluctuation p'. Consequently, taking

the time derivative of Eq. (2.27) and substituting Eq. (2.26) for duj /8t yields

62 /
515—p=h=h1+h2+h3 (2.29)

2.1
Vep' - 2

where

by = =V - [5(5, - V) + uy - V) + p'5 - Vi, |
! !

1[_0p_ _ Ou o Op
+&—2 [7.a_tv g+ _Bt—g -Vp+ 1, - V-ét—] (2.30a)

a !
hy =-V. [ﬁ(u'g -Vug) + p'tig - Vu, + p'-%]

1{ao,, _d ,
+¥[a(ug-Vp')+75£(p'V-ug)J (2.300)
, 18P
h3= V.F'— = o (2.30¢)

Here, the subscripts 1, 2 and 3 represent the linear effects, second order nonlinear gas
dynamics, and the effect of source terms such as combustion and viscous dissipation,
respectively.

Boundary conditions set on the gradient of p’ are found by taking the scalar

product of the outward normal vector with the perturbed momentum equation, and




29

then applying appropriate acoustic admittance functions along the surface of the

field.

n-Vp'=—-n-f=-n-(fi+f;+£f) (2.31)
where

_Ouy _ , , ~
fi=|p—5" + 5[0, Vu, +u,- vug]] (2.32a)
6 !
£, = [p'—a“t—g + p(u, - Vu, ] (2.325)
fy=—-F (2.32¢)

If all perturbations are absent, functions k and f vanish, and the wave equation
for the pressure in classical acoustics with the boundary condition for a rigid wall,

n - Vp' =0, is recovered.
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CHAPTER 3

LINEAR ACOUSTIC WAVES IN BAFFLED CHAMBERS

The effects of baffles on acoustic motions in combustion chambers have not
been understood quantitatively due to the complicated chamber geometry and
associated difficulty of analyzing the flowfield in the baffle region. Since the
elimination of combustion instabilities is the most important but least understood
aspect of baffle design, this chapter deals with the linear stability behavior of
baffled combustion chambers as well as the actual physical processes responsible
for suppressing unsteady motions. The wave equation derived in Chapter 2 is
applied to the baffled combustion chamber domain to investigate the acoustic wave

characteristics for both two- and three-dimensional chambers.

3.1 Linear Acoustic Oscillations

For a three-dimensional cylindrical baffled combustion chamber as shown in
Fig. 3.1, a direct treatment of the wave equation, subject to the appropriate
boundary conditions, appears to be formidable because of the geometric complexity
imposed by the baffles. To facilitate the formulation, the form of the acoustic field
solution is constructed in two parts: the baffle compartments and the main chamber.
Since the spatial variations of acoustic motions are quite different in the baffle
compartments and the main chamber, the oscillatory fields in these two regions are

best treated separately. The eigenfunction expansion technique is adopted to solve
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Figure 3.1 Schematic of a Three-Dimensional Baffled

Combustion Chamber

the wave equation, since the standard separation of variables method cannot be
used due to the boundary shape of the domain.

The fluctuating pressure in each region is synthesized as a Fourier-type
expansion in terms of eigenfunctions for the cross section, but allows for temporal

and axial variations through the series coefficients.

P(r,t)=5 Y Calz,t)$n(r,6) (3.1)

n=0

where the eigenfunction ¥, satisfies the Helmholtz equation in the transverse plane:

V2 n + kithn =0 (3.2)
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subject to the boundary condition
n-Vy, =0 (3.3)

The transverse Laplacian operators Vi in the Cartesian and cylindrical coordinates

are respectively defined as

9? o?
2 _ 4
Vi = o7 + 372 (3.4a)
and
19 a 1 9?
2 T — — — —— ct——
Vi = T r (r 61') T 25 (3-40)
Then, the complete Laplacian operator V2 becomes
2 2, &
VeE=V_ + 522 (3.5)

The subscript n stands for the doublet of indices (m, s) defined below. Due to

the azimuthal degeneracy in the cylindrical chamber, 3, has two possible forms:

cosmé
d’n ~ m(nma"') { sinmé (36)

The transverse eigenvalues, represented by the wave number £.,,, are determined
by the roots of the derivative of the mth Bessel function at the chamber wall. That

is,

dJm(KmsT)
{——d;———] =0 (3.7)
r=R

Now multiply the wave equation (2.29) by v, and Eq. (3.2) by p’, subtract the

results, and integrate over the cross section to find

2,/ naz !
[[[50 28 - 225 kipvalas = [ [vahas + fout, nat (38)
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where the line integration on the right hand side is conducted along the baffle blades
and/or the circumference of the chamber wall at each cross section, and the function

f, is defined in the transverse plane as
f n=V,p'n (3.9)

Substitute Eq. (3.1) into Eq. (3.8) and rearrange the result to get the following

differential equation for {,(z,1).

P 0%n L. @
R [ / / ahdS + }( z/),,f,.-ndl] (3.10)

where w,, is the frequency of the normal transverse mode ,,, defined as

Wn = akq (3.11)

The Euclidean norm of the mode function, E,, is defined as

B = / / $2dS (3.12)

For linear acoustic problems, all the property functions and variables are
assumed to vary in a time-harmonic fashion,
P'(r,t) = p(r)e™
uj(r,t) = d,(r)e'™
(n(z,1) = (a(z)e™ (3.13)
h(r,t) = h(r)e’

f.(r,0,t) = f.(r,0)e"
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where (0 is the complex frequency of oscillation and is defined as

=w-—ia (3.14)

The primary purpose of linear stability analysis, then, is to determine the radian
frequency w and the growth constant a.
The ordinary differential equation for the axial distribution function fn is

obtained from the substitution of Eq. (3.13) into Eq. (3.10).

i T 1 - .
oz +0:C(n = 5 [// Yo hdS + fz/:,,f, . ndl] (3.15)
where the modified wave number 6,, is defined as
62 = ——= (3.16)

Combustion is often assumed to be concentrated at the injector face, an
assumption that is based on the experimental observation that the majority of
the combustion processes are completed near the injector of the chamber.’! Given

this condition, the mean flow Mach number is considered as constant. That is,
i, = Mae, (3.17)

where M 1is the constant Mach number and e, is the unit vector in the axial
direction. However, this assumption consequently limits the range of mean flow
Mach number. For example, if the Mach number of the average flow is larger than
roughly 0.4, the approximation of classical acoustics deteriorates since the Doppler

effect and refraction may cause substantial distortions of the acoustic field. But the
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mean flow Mach number is generally small enough over most physical combustion
chambers. With this assumption the linear mean flow effect h; in the wave equation

can be expressed as

Ou, 1 op'
hy =-pV - [ﬁg—af] + E_z—z'l_lg . V?;—;- (3.18)

Within first order accuracy, the acoustic velocity u} in Eq. (3.18) can be expressed
of 9

in terms of the acoustic pressure p' using the classical acoustic momentum equation.
ou
-1 =-2Vp (3.19)
Substitution of Eq. (3.19) into Eq. (3.18) yields the final expression for the linear

effects of the wave equation.
. g 0 , 9., , §_ .
in = ———~—+ V -y M .
Alin Q 9. VPt =38y VP (3.20)
Substitution of expression (3.20) into Eq. (3.15) leads to a second-order ordinary
differential equation for the axial distribution function (.

&, 2MQidC,

- 27 _
=3 — 2+ 0.6 =0 (3.21)

The major task at this point is to determine the complex frequency character-
izing linear pressure oscillations. Two cases are treated separately: two- and three-
dimensional baffled chambers. For both cases, the acoustic wave characteristics are

investigated systematically to give a basic understanding of the wave structures in

the chambers.
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3.2 Two-Dimensional Bafled Chamber

Although the configurations of most practical bafled combustion chambers
are three-dimensional, it is beneficial to first achieve the basic understanding of the
oscillatory fields in a two-dimensional chamber. This model simplifies the geometric
complexity of the problem, and clearly presents some important mechanisms of
baffles for modifying the characteristics of unsteady motions. Fig. 3.2 shows
the schematic of a two-dimensional baffled combustion chamber. The acoustic
fields in the baffle compartments and the main chamber are linked together by
requiring continuity of acoustic pressure and axial velocity at the interface. This
procedure eventually leads to a transcendental equation for the complex wave
number. Results provide explicit information about the acoustic wave structure
and complex frequency.

3.2.1 Acoustic Field in Baffle Compartments

Because Eq. (3.21) is a second-order ordinary differential equation with

constant coefficients, the solution in a two-dimensional model takes the form

mb(z) = Ampe'Ims1® 4+ Bppe'tmea® (3.22)
where
Qs 2 =£’féﬂ - \/ —A%E] 2 + 62, (3.23b)
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Figure 3.2 Schematic of a Two-Dimensional Baffled

Combustion Chamber

The subscript b stands for baffle compartments. The acoustic boundary condition

at the injector face is characterized by an acoustic admittance defined as

u'/a
A= —— 3.24
! p,/7p r=0 ( )
This leads to a relationship between the coefficients A,,s and Bp;.
MQ
=5+ +62, + —AI
Cmb = ? = o dmen s ] (3.25)
mb qmp,z Mﬁ— / + 0'2"1, + QAI

For two-dimensional transverse oscillations, the normal mode shape ¥,, is a
function of y only. Thus Eq. (3.2) reduces to

d*Ym

s k2 Ym =0 (3.26)
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The solution for the u** baffle compartment becomes

Yh = Acoskly+ Bsinkly (3.27)

The assumption of rigid surfaces gives the following conditions for baflle blades and

t"  chamber wall .

dpm, y=y_§'
—T = t N = .
a4y a{y= “-]\}H p=12---N (3.28)

where N denotes the number of baflle blades. Thus, the normal transverse mode
shape, v, for the uth baffle compartment is determined with the boundary

conditions set by Eq. (3.28), such that

YY) = Acos(m;N y) (3.29)

If the baffle blades are assumed to be equally spaced in the chamber and have rigid
surfaces, then the mode shape of the acoustic pressure in the uth baffle compartment

is shown to be

. . :

A N I L e

pP=p Z Al cos(m;; y) [ - * Cmee Lb] (3.30)
m=0

e'tmeale 4 € peTme.
The constant denominator within the square bracket is added in this expression
to facilitate the matching at the interface. This constant denominator does not
affect the solution, since the amplitude of linear oscillations is arbitrary anyway.
An extension of the above expression to cases involving a non-uniform distribution
of baffle blades is straightforward, only at the expense of more mathematical

manipulations.
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3.2.2 Acoustic Field in Main Combustion Chamber

The solution to Eq. (3.21) for the axial part of the acoustic field in the main

chamber takes the form
Cne(z) = Apce' e ™D 4 B inc2(z=1) (3.31)
where
Q [ 9 2
o M2 [[H0] 1, @320
' a L a |
_Ma _ 1Me1* 4 (3.32b)
qnc,z - a I a | nc .

Here, the subscript ¢ denotes quantities associated with the main chamber. The
acoustic boundary condition provided by the exhaust nozzle may be represented by
a nozzle admittance defined below. Although this is a simplistic representation of
the effect of the nozzle, the ease of application allows for a focus of attention on
the effect of baflles. Furthermore, for short nozzles, this representation can be quite

accurate,53?

u'/a
AN ==
/7P

This nozzle admittance function leads to the following relationship for the coeffi-

(3.33)

z=L

cients A,. and B,,.
2
Bnc _qnc,l + QpAd — M_aQ- + [%] + onc2 + %AN

Anc Gua+OPAs M _ fTMa g 704,

The transverse mode function ¥, for the main chamber, based on the

(3.34)

assumption of a rigid chamber wall, can be expressed as

¥a(y) = Acos( 77 ) (3:35)
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Substitution of Eqgs. (3.31) and (3.35) into Eq. (3.1) yields the expression for the

mode shape of the acoustic pressure in the main chamber.

o i1 (z=L) 19, . (z—=L)
ac __ = c nw € ‘nel + C,c€'ne2
P =p Z Bn COS( H y) [eiqnc.x (Ly—L) + Cnceiq"‘:?(Lb—L) (336)

n=0

Again the denominator in the big bracket is added for the convenience of matching

at the interface in the following section.

3.2.3 Matching of Acoustic Fields in Bafle Compartments

and Main Chamber

Together, Eqgs. (3.30) and (3.36) represent the acoustic pressure fields in the
whole chamber in terms of the transvcrse eigenfunctions. Once the coefficients A%
and B¢ and frequency 2 are known, the pressure distribution in the entire chamber
can be easily determined. The next step, therefore, is to get these coefficients, using
the matching of the acoustic fields in the baffle compartments with that of the main
chamber at the interface. This matching requires continuity of acoustic pressure

and axial velocity.

ﬁl“z:Lb = ﬁelz:Lb (337)

|y, =0
uHf, g, =0

(3.38)

2=L,

From Egs. (3.30) and (3.36), the pressure distributions of the baffle compartments

and the main chamber at the interface (i.e. z = L;) are, respectively

_ = u mrN (p—l)H< <ﬁI£

P ’;’Amcos( & y), e R T (3.39)
oo

o c nm

p —’;)Bn cos(H ) (3.40)
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Note that indices m and n are used for the acoustic fields in the baffle compartments
and the main chamber, respectively, to avoid confusion. Substitution of the above
two expressions into the pressure matching condition (3.37), gives an expression for

the baffle compartment coeflicients, A%, | in terms of the main chamber coefficients,

BE. )
Eﬂ- s nw
o f,,..1 Y cos( 22N y) cos(2Fy)dy
Ak =) [Bf, L_"LZN@ ] (3.41)
n=0 J oo 05 (ZFy)dy

With the aid of the acoustic momentum equation, the second matching condition

(3.38) can be simplified to the continuity of the gradient of acoustic pressures.
opr|  _ 9
Oz Oz |,_p,

Now taking the spatial derivatives of (3.30) and (3.36) with respect to z, and

(3.42)

z=L,

evaluating ti1. e results at z = L yields

op* = (mﬂ*N >
— = Ak cos Y

oz |,_p, ,fV;“O m H

X i‘ﬂmb,l e'Ims.1 It + iqmb.zcmbeiq’“ 2 (3.43)
eiqmb.l Ly + Cmbeiqmb.2L5 )
0p° = (mr )
= B; cos{ —y
Oz |,_p, ; H

2‘qvu:,l eiqnc,l (Lb-L) + iqvu:,QCVﬂCeiq"c'2 (Lb_L) 44
x i1, (Lo—L) .. (Lo—1L) (3.44)
e Inc,1 + Cnce nec,?2

Substitution of Egs. (3.43) and (3.44) into Eq. (3.42) yields an explicit expression

for the coefficients BE in terms of A%, independent of Eq. (3.41).

L‘N”- mm nw
A oo N f ~1}H COS( HNy) COS(—P'{‘y)dy Gm(Q)
By=) Y {Aan—T— X S (3.45)
m=0 pu=1 fo COS2(!}%{uy)dy n( )
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where
: 1 Lb : iq Lb
— qub,1e'qmb'l + zqmb.zcmbe ™2
Gm(@) = Hota et (3.46a)
i enea(Lo—L) 4 C. e'ne2(Le=L)
Hn(Q) = qnc,l qnc,z ne (3.466)

eiqnc,l (Lb—L) + Cnceiqnc,Z(Lb'—L)

Since the amplitude is arbitrary for linear analyses, a normalization of the acoustic
pressure to a particular mode within the main chamber helps to determine
the complex frequency of acoustic oscillations. This condition can be formally

expressed, from Eq. (3.45), as

sH N
o N i) o cos( 22N y) cos(22y) dy
H;;(Q) = A‘,.‘n - X Gm(Q) (3.47)
r;)‘; foH cos? (2 y)dy

where 7 is the specific mode of concern in the main chamber. For example, if a first
transverse mode is of interest, 71 would equal one. Note that this normalization is
not a necessary step in solving the problem, but it is only a convenience used to aid
in the numerical computation of the complex frequency and mode shapes. If this
normalization is not specified, inversion of a rather large matrix would be required.
This matrix contains the coefficients of Eqs. (3.41) and (3.45), with eigenvalues
corresponding to the complex frequency, as shown in the Appendix. Arbitrarily
setting the dominant mode amplitude equal to one allows a simpler iterative solution
to the system of equations, and will not change the value of frequency or mode
shapes, since the arbitrary amplitude cancels out, anyway.

Because of the transcendental nature of Eq. (3.47), an iteration scheme is

used to determine the complex frequency. The overall numerical procedure is

£
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conducted as follows. First, Eq. (3.41) is substituted into Eqgs. (3.45) and (3.47) for

simplification,
“;5'- mr m'n
© N f[ -1 cos(ZEAy) cos( Tzt y) dy
Bi=2. 2 2 |\Bw—"g
m=0 u=1 m’'=0 f COSQ(mﬁﬂy)d‘y
(u=1)H (3.48)
= N
f; -)H COS(mH y) cos(-';T"y)dy y Gm(Q)
[ cos? (228 y) dy Ha()
and
s .
o N oo fg,.-lzn cos(m;;Ny) cos(-"‘T{—y)dy
Ha@) =3 3, 3 | B¢
m=0 p=1 m'=0 f COSz(m N y)dy
w—1)H (3.49)
ey
5 con(mgy) cos(Bu)dy
X X Gm(Q)

The second step involves the application of the Newton-Raphson technique to
determine the complex frequency from Eq. (3.49). As a first approximation,

€ = bma and = w, are used to initiate the iteration procedure. The
calculated  is used to update BE from Eq. (3.48), which is then substituted back
into Eq. (3.49) to calculate the complex frequency. This procedure repeats itself
until the converged solutions for Q and B¢ are obtained. Finally, the coefficient A%,

is determined from Eq. (3.41). The iteration scheme functions quite effectively and

provides reasonable results within only a few iterations.
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3.3 Three-Dimensional Bafled Chamber

In this section, a three-dimensional cylindrical baffled chamber, which is more
representative of actual rocket systems, is investigated. Usually two types of baffle
configurations are used to suppress the transverse modes of oscillation in such
chambers: radial baffle blades and hub-type blades. The radial baffle blade is
utilized to control tangential modes of oscillation, while the hub-type affects the
radial modes. But in order to concentrate attention on the effect of bafles on
the tangential mode of oscillation, only problems involving simple configurations of
radial baffles are considered here. The acoustic field can be treated following the

general approach described in the preceding section.
3.3.1 Acoustic Field in Baffle Compartments
The solution of Eq. (3.21) for the three-dimensional chambers takes the form
(mb(2) = Ampe'Imea® 4 Bye'imea® (3.50)

where ¢, , and ¢, , are defined in the same way as in Eqs. (3.23a) and (3.23b).
However, the transverse mode shape 1,, for a cylindrical chamber with radial baffle

blades is a function of r and 6 only, taking the form
Yn = (Acosmb + BsinmO)J,(Kmsr) (3.51)

Baffle blades are assumed to be rigid surfaces, which gives the following conditions

in the pth baflle compartment.

99 O { 2 1, 2, (3-52)
_—= a,‘, 1' lj = v l‘v‘
0 N
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where N 1s the number of radial baffle blades. These boundary conditions are

applied to Eq. (3.51) to yield
B=0

(3.53)
SRR

m=
In most actual cases, a baffle configuration has an odd number of radial baffle blades
with the exception of a one-blade case, which is practically never observed. It would
offer protection from modes that are of an order less than the number of blades and,
to some degree, protection from modes of an order higher than the number of blades
if the order of the mode divided by the number of blades is not equal to an integer.
With the odd number N, then,

N 3N
E’N’_2—’2N’“

m=0,
Since half-mode waves do not exist physically, the only values of m considered in

this analysis are those for which
m=NIl (1=0,1,2,--) (3.54)

Thus, the transverse normal mode shape for the uth baffle compartment becomes

1=0,1,2,

B s - ACOS(NIH)JNl(an.r) {3 =3 1 2 3 e

Ni

(3.55)

Here, %y, is replaced by ¢, in Eq. (3.55) to distinguish between the main chamber
and the baffle compartment indices.

Substitution of Eqgs. (3.51) and (3.55) into Eq. (3.1) yields the mode shape of
the acoustic pressure for the uth bafle compartment.

o 'qmb,lz + C eiqmb.zr
Al I mbd
p = Z Z Nla¢Nl- [ tqmb‘l Ly + Cmbeiqmb'zbbJ (356)

=0 s=1
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The coefficient Cy,p represents the boundary condition at the injector face and is
defined in the same way as in Eq. (3.25). The denominator in the bracket is again

added for convenience of matching in the following section.

3.3.2 Acoustic Field in Main Combustion Chamber

The solution to Eq. (3.21) for the acoustic field within the main chamber takes

the form

Cnc(m) = Anceiqnc'l(z_L) + Bnceiq"c'z(z—[l) (357)

where g,., and g, , are defined in the same way as in Eqs. (3.32a) and (3.32b).
The normal mode shape, 1,,, for standing transverse motion in the main chamber

takes the form

Piy = AcosnbJ,(Kper) (3.58)

To avoid confusion of the main chamber solution with the solution in the baffle
compartments, the index nt is used for the acoustic field in the main chamber.
Now, combine Egs. (3.57) and (3.58) to obtain the mode shape of the acoustic

pressure in the main chamber.

o oo ig, . . (z=L) ig,. o(z—L)
ae = c c e Inec,1 + Cnce ne,2
p —P:);Bnﬂpnt Hnen (To=D) 4 0 i, o (La=L) (3.59)
n= =

The coefficient C,. incorporates the effect of the nozzle admittance boundary
condition and is determined in the same way as in Eq. (3.34). Again the
denominator in the bracket is added to this expression to facilitate the matching in

the following section.
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3.3.3 Matching of Acoustic Fields in Baffle Compartments
and Main Chamber

Together, Eqgs. (3.56) and (3.59) express the acoustic pressure distributions

in the whole chamber in terms of eigenfunctions. Once the coefficients A% and
¢, and the frequency are found, the acoustic fields in the entire chamber can be
easily computed. The matching of the acoustic fields in the baffle compartments
and the main chamber at the interface gives sufficient equations for determining
the coefficients and, thus, the wave characteristics of the baffled chambers. The

matching requires continuity of acoustic pressure and axial velocity.
i T 1 (3.60)

av| _ =a'"| (3.61)

z=L, =L,

From Egs. (3.56) and (3.59), the pressure distributions of the baffle compartments

and the main chamber at the interface (i.e. z = L;) are, respectively

2n(p -1 21u
Z ZAM.'/’,'S,., _ﬁ%___) <0< (3.62)
=0 a=1
Z Z B (3.63)
n=0 t=1

Substitution of Egs. (3.62) and (3.63) into the pressure matching condition (3.60),
yields an explicit expression for the bafle compartment coefficients, 4% , in terms

of the main chamber coefficients, By,.

lﬁﬂ
f f P4 e, rdrdd

AN, Z_: ; e (3.64)

" (p2,.)  rdrdd
f,,(,e y do (¥e)
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With the aid of the acoustic momentum equation, the second matching condition,
Eq. (3.61), can be interpreted as the continuity of the axial gradient of acoustic

pressure.
ap*
oz

ap°

== 3.65
s, O (3.65)

z=1L,
Differentiation of Egs. (3.56) and (3.59) with respect to z and subsequent evaluation

at z = L give

a“l‘ ? eiqmb,l L, + 17 Cm eiqmb,zl"’
= = Z ZANl.¢ﬁl‘ [ . . q'""'?, ’ L (3'66)

] L H
a:t :L'=Lb 1=0 s=1 € qmb,l & + Cmbe qmb,z b

ap° ig,, e (0=D) 4 dg  CpoelInez(ta—D)
ZZBM nt L T (3.67)
am e qnc,l( b ) + Cnce qnc,2( b )

z=Ly p=01t=1

Substitution of Eqs. (3.66) and (3.67) into Eq. (3.65) gives an expression for the
Fourier coefficients of the main chamber, B¢,, in terms of those coefficients for the

baffle compartments, A%

>
o oo N f f ¢ ,,trdrdﬂ
GNI:(Q)
B, = 4, —E x (3.68)
t lg;;ug] N f: j;( f,,)zrdrde H,(R2)

where

. iq Ly . iq Ly
1,6 " +zqmb,2cmbe mb,2

etmen s 4 €, yetTme 2 Lo (3.69)

G () =

ia emerTo=D) Lo O s (La=D)
Hnt(Q)= qncl qnc,2 nc

enei (=) | o 39, 5 (Ls=L) (3.69b)

As was done for the two-dimensional case, a normalization of the acoustic pressure

to a particular mode within the main chamber is made in determining the complex
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frequency of the acoustic oscillations. This normalization can be expressed, from

Eq. (3.68), as
e R
o oo N fh . fo Yk, Yirdrdé
Ho7(Q) = an ZES x G, (Q) (3.70)
‘ Z;;; M T (we) rdrdd i

where # and { are specific tangential and radial modes of concern, respectively, in
the main chamber. For example, if a first tangential mode is under consideration,
both 7 and ¢ would equal one.

An iteration scheme is again used to determine the complex frequency, and
the numerical iteration proceeds as follows. First, substitution of Eq. (3.64) into

Egs. (3.68) and (3.70) gives
e R
oo ad f?ir!p—l.! j;) ¢:"¢f’a’rdrd0

oo N oo
c _E :§ :E :§ : c
Bnt — Bl'.!' &
1=0 s=1 p=11'=0 s'=1 f N
2x(p—

R 2
[ (¥k.) rdrd8
o Jo ) (3.71)
Z{IL R
N b PS rdrdd
Jz:gp—l) fo Ni g GNI-(Q)

LM e,) rdrds Ha(Q)

and
e R
oo o N oo oo f"( ~1) J;, ¢:"¢ﬁ.'rdrd0
H::() = ZZ Z Z By, 2z R 2
=0 s=1 p=11'=0s'=1 f j; (1[),‘:,,) rdrdf

S (3.72)

ff_, Sk, pe rdrds
X hz. 7 > X Gy, (8)
fo fo (1&:5) rdrdé

Second, a Newton-Raphson iteration scheme is applied to determine the complex

frequency 2 from Eq. (3.72). As a first approximation, B;, , = 6,,6,;and Q =w,




50

are used to initiate the iteration procedure. The calculated € is used to update
Bg, from Eq. (3.71), which is then substituted back into Eq. (3.72) to compute the
complex frequency. This procedure is repeated until converged solutions for  and
By, are obtained. Finally, the coefficients, A% are determined from Eq. (3.64).
Like the two-dimensional solution, this method gives reasonable values for complex

frequency €2 in a few iterations.

3.4 Results and Discussion of Linear Acoustic Analysis

The analysis described in the previous sections has been applied to the study
of acoustic wave characteristics in baffled combustion chambers, and the results
have provided useful information about the effect of baffles on the detailed flow
structure. The consequences for the two cases are presented separately: two- and

three-dimensional baffied chambers.

3.4.1 Acoustic Field in Two-Dimensional Baffled Chamber

To gain confidence in the accuracy of this analysis, calculated acoustic fields
of normal modes are first validated with numerical solutions obtained from a
well-established finite element code, ANSYS.>® The ANSYS code uses a 3-D iso-
parametric acoustic fluid element and has been successfully used to study sound
propagation and submerged structure dynamics.

Figure 3.3 shows the acoustic pressure fields of the first transverse mode in
chambers containing one and two baffle blades. The aspect ratio (L/H) of the

chamber is 1.25, similar to that of the two-dimensional ‘equivalent’ combustion




51

10} $}|NSIY] [eolIPWINYN pue [@I}A[RUY Udamjaq uosurdulo))

HV0= A\N ”m.—QQEQQO Pelyeg ut SINOJUO) 2INSEAI ] dIIBNOVY

£'¢ amdig

S0 0’4

é o'l
00
............ T \\.\\\- \\\\w. o 1
7 I A A
Pl o S0 ) !
v \ M H
e \\ y \ ;o
/ 4 ’ ’ ' ]
/ / \ . \ ! ._ .= Q
{ ;oo o
\
/ O.—
0o T
SRS - \.\ \\ \ \ \ ~.
.......... - A !
|||||||||||| Rl VA A /
\.s\ \\\ \\ \\ \ \
P e A A /
T \\\ i \\ \\ \
e \\ ~ / / /
i / .\\ / \.. .\ |
.u\ ..\m.Oa ...\ .\ .\ o't-= .Q \\ ..\m.On ..\ ... .~.. c. Fl - .n
NOILVINDTVI TVOIHIWNN NOILOIG3Hd TVIILATVNY




52

chamber of the F-1 engine. Zero acoustic admittance is specified at the injector
and nozzle entrance to ensure normal mode solutions. Because of the limitation
of the wave-front number in the ANSYS code, small kinks can be observed in the
numerically calculated pressure contours. The analytical solutions are in excellent
agreement with these finite element calculations, so this analytical approach can be

applied to acoustic problems in the baflled combustion chamber with confidence.

Figure 3.4 presents the effect of baffle length on the osrillatory pressure fields of
the first transverse mode in a one-baffle chamber, and shows that the baffle exerts
significant influence on the acoustic field. For long baffles (e.g., Ly, = 0.4H), the
acoustic motion inside the baffle compartments very much resembles a longitudinal
wave and transits to a transverse oscillation downstream of the baffle. This is seen
clearly by noticing that the pressure nodal line for the first transverse mode in the
unbaflled chamber lies at the center of the chamber parallel to the chamber wall. But
once the baflle is added to the chamber, it must move to satisfy the acoustic velocity
boundary conditions set by the baffle blades, such that the pressure contour lines
are normal to the baffle surface. By shifting the mode of oscillation from transverse
to longitudinal inside the baffle compartments, baffles can decrease the prevalence
of the transverse modes, which have historically been most troublesome in liquid
rocket combustion instability problems, whereas lengitudinal modes have not. As
a result, however, regions of high amplitude pressure fluctuatiors are concentrated
near the injector face. If pressure sensitive combustion processes are responsible for
the instability, the addition of a baffle might, therefore, worsen the problem, since

the region sensitive to the variation of acoustic motion is usually clese to the injector.
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The concentration of large amplitude pressure fluctuations in this region thus has
the potential to release large amounts of energy. However, in an unbaffled chamber,
the pressure variation associated with a transverse mode can change the orientation
of the propellant jets issuing from the injector. This can have a significant influence
on the atomization and spray characteristics near the injector face that may be
coupled with the chamber acoustics to generate instability. With the addition of
a baffle, however, the longitudinal nature of pressure oscillations near the injector
face might have no effect, or at least a substantially different effect on this type of

combustion process near the injector face.

Figure 3.5 shows the acoustic pressure contours of the first transverse mode
in a two-baffled chamber. For a short baffle length (e.g., L, = 0.1H), transverse
oscillations exist in almost the entire chamber except for regions near the baffie tips,
but the degree of wave distortion increases with increased baffle length. As with the
one-baflle case, longitudinal oscillations become conspicuous in the upper and lower
baffle compartments for Ly > 0.2H, which might mean enhanced stability, as argued
previously. Note that the acoustic pressure is almost uniformly distributed in the
center baffle compartment, with its magnitude at a minimal level. This suggests
that the center compartment may be the most effective in separating the acoustic
waves from sensitive combustion processes, and thus might be able to overcome any
possible destabilizing influences from the adjacent compartments.

However, the situation for the second transverse mode is quite different. Figure
3.6 shows the oscillatory pressure fields, which indicates that the wave motion

exhibits longitudinal motion in the top and bottom baffle compartments, similar
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to the first mode case. However, large-amplitude bulk oscillations now exist in the
center region. If pressure sensitive processes are responsible for the instability,
this concentrated pressure fluctuation could promote instability. The effect of
acoustic velocity on unsteady combustion, however, is quite limited in the baffle
compartments, especially in the center one. According to the experiments of Levine
and Bambanek®® and Reardon,?® transverse components of the acoustic velocity
have a strong effect on the combustion process. For instance, atomization, local
mixture ratio, and adjacent injector element interactions can all be affected by
acoustic velocity fluctuations in the transverse direction. Near the injector face,
where large temperature and concentration gradients are found, this effect can
be especially pronounced. From Fig. 3.7, however, it is clear that the transverse
components are very small near the injector face inside the baffle compartments.
Figure 3.7 shows the acoustic pressure and velocity vector together for the first

transverse mode in a two-baffle chamber.

So for an unbaffled chamber in which a transverse mode of instability arises
from velocity sensitive processes, addition of baffles will likely have a stabilizing
effect. Thus, the longitudinalization of transverse oscillations brought about by
the baffle can be supposed to have stabilizing or destabilizing effects, depending
primarily on the relative importance of pressure sensitive and velocity sensitive
combustion processes.

The second transverse mode for the one-baffie chamber and the third transverse

mode for the two-baffle chamber are also examined, as shown in Fig. 3.8. The

acoustic fields are almost identical to those in an unbaffled chamber, showing
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that the baffies have little effect on these transverse modes because the boundary
conditions imposed by the baffle blades are automatically satisfied if they are located

at the acoustic pressure anti-nodal (or the velocity nodal) lines.

The effect of baffle length on the oscillation frequency is also studied.
Comparison with the numerical (ANSYS) results is made again, since no appropriate
experimental data was found. Figure 3.9 presents the results for the first transverse
mode in a one-baffle chamber, where the frequency is normalized with respect to
the natural frequency of an unbaffled chamber. Excellent agreement is observed
between the analytical predictions and the finite-element calculations, with relative
errors of less than one percent. The frequency decreases persistently with increased
baffle length, perhaps due to an increase in the effective path length of the gas
particles, as caused by the baffle blade. This same trend can also be observed in
actual three-dimensional engine tests. For a baflle length of 0.4H, the reduction
of frequency from that of the unbaffled chamber is greater than 25%. The ensuing
influence on the liquid-propellant combustion response can be significant and must
be taken into account in a realistic treatment of combustion instabilities in baffled
combustors. Since combustion instability depends on a specific relationship between
the acoustic frequency and the characteristic response time of combustion processes,
sufficient modification of the oscillation frequency will probably lessen the amount
of aroustic/combustion coupling, and might terminate the instability altogether.

Thus decreasing oscillation frequency is another potential stabilizing effect of the

baffles on the chamber.

It should be noted that numerical calculations using ANSYS takes several hours




61

Two-Dimensional Chamber
1.0 —T Y

o
™
T

o

N
T
1

NORMALIZED FREQUENCY, f/f;

04} .
ANALYTICAL PREDICTION
02 NUMERICAL RESULT i
FROM ANSYS
0.0 ! | {
0.0 0.1 0.2 0.3 0.4

BAFFLE LENGTH (L,/H)

Figure 3.9 Effect of Baffle Length on the Frequency of the

First Transverse Mode; Two-Dimensional Chamber




62

on the VAX-8700 system, but only a few minutes is required to get analytical results
with 40 terms in the eigenfunction expansion. This suggests that this analysis has

many strong features.

As mentioned before, a critical issue in the study of liquid rocket combustion
instability is the effect of acoustic velocity on propellant combustion. In considera-
tion of this point, the acoustic velocity field is calculated in detail, giving the result
shown in Fig. 3.10. The acoustic velocity reaches its maximum amplitude due to
the large pressure gradient near the baffle tip, then decreases in the far field. The
transverse components of the acoustic velocity are generally much larger than the
axial components just downstream of the baflle tip, since the acoustic wave front
must turn 180 degrees around the baffle. Figure 3.10(b) shows the distributions of
transverse acoustic velocity at various axial locations, where (v')* stands for the
velocity normalized with respect to its maximum value in the transverse plane at
the given axial location. In the baffle compartment (z < 0.4H), the requirement
for transverse acoustic velocity to vanish at the baffle blade causes two peaks in
the velocity profile. The profile then becomes a simpler distribution downstream
of the baffle, with a single peak at the centerline. Note that the magnitude of the
transverse velocity components near the injector face is negligibly small due to the
longitudinalization of the wave there.

Near the baffle tip, however, large magnitudes and a rapid variation in the
velocity profile are observed. Furthermore, the large gradients of acoustic pressure
observed near the baffle tip provide sizable centripetal forces as the wave turns

180 degrees around the baffle tip in satisfaction of the geometric condition set by




1.00
‘‘‘‘‘‘‘‘ i TN N N T T T T S S T S S S R ST S
0-75 """ T T N O O O S S S S T R L I T S
...... e T S N N N O N Y S T T T Y '
...... i S N N Y S Y Y S T S O S T S T S R R R
--~-~~\\\\\\\\\\\|l\O\ntlll||
y .-—--‘\‘\\\\“‘(‘|‘]||I!llbll
2 0.50 1 [ R B U O
H '---‘——'/4/111"“'l'|‘|"'.l
------ s VAV AN YN R I A B R B R R B R A
. ey T AV AV A A B A Y A L e |
rrrrrr LA I R A A A R e R
025 [ Il
0.00
00 0.2 04 06 0.8 1.0 1.2
x/H
(a) Acoustic Vector Plot
1.00 /H=0.0 1.00~_x/H=02 1.00 x/H =0.39
0.75} 0.75) 0.75
y y Y
HO.SO H0.50 H0.50
0.25} 025 0.25
000=——7p5—5" 00575 00735 %
v’ v) v
100 x/H=0.41 100 x/H=05 100 X/H=1.2
0.75;¢ 0.75r 0.75+

Y 0500 Y 050

§oso §os0

0.25 025

0.00 359~ 000
v

Figure 3.10  Acoustic Velocity Field of the First Transverse Mode
in a One-Baffle Chamber

0.25-

(b) Distribution of Transverse Acoustic Velocity
at Various Axial Locations

63



64

the baffle. Baer and Mitchell®! claimed that viscous dissipation of acoustic energy
due to these rapid variations of acoustic velocity is crucial in stabilizing the baffled
rocket engine. It is worth noting here that the drastic change of acoustic velocity
near the baffle tip should lead to the formation of vortices, which are convected
downstream in the presence of mean flow. In the case of oscillatory flow past
a baffle compartment, it might be expected that vortices are also created in the
compartments, with the direction of rotation alternating in response to the flow
past the baffle.?® Such creation and destruction of vortices may provide for energy
dissipation that is significant in certain cases. However, the longitudinalization of
flow in the compartments suggests that downstream shedding of vortices is more
important, especially in the case of the longer baffles. The subsequent influence of
these vortices on the mean flowfield may also significantly alter the combustion
distribution and instability characteristics, and is addressed by Wicker®? in a

systematic fashion.

3.4.2 Acoustic Field in Three-Dimensional Bafled Chamber

Calculations are also carried out for acoustic fields in three-dimensional
cylindrical chambers with radial baffles, thereby simulating more realistic rocket
engine configurations.

Figure 3.11 presents the normalized frequency of the first tangential mode
as a function of the baffle length and the number of blades. Good agreement

20,22,54,55

with experimental data was obtained. As with the two-dimensional case,

the oscillation frequency decreases with baffle length due to the increased acoustic




1.0

©
™

Three-Dimensional Chamber

_._O
Ny
8
b4
=]
C 0.6 B a 7 ;\\~\_‘
[ 8 8
Q 04} % 4 |EXPERIMENTAL DATA ( Ref. 20, 22, 54, 55) -
= o 3 | Open : Acoustic Test
g () 20| Solid : Hot Test
o 02 - = 7 |
o2 .
v 5
* 4
0.0 1 i | |
0.0 0.1 0.2 0.3 04

BAFFLE LENGTH (L, /D)

Figure 3.11 Effect of Baffle Length on the Frequency of the

First Tangential Mode; Three-Dimensional Chamber

0.5



66

path length around the baffle blades. This depression of the oscillation frequencies
can eliminate acoustic/combustion coupling in the chamber, or perhaps alter the
chamber mode so that the instability may be avoided. This phenomenon might
serve as one of the stabilizing effects of the baflles. It is also interesting to mention
that the number of baffle blades plays a minor role in determining the frequency.
Increasing the number of blades from three to seven only slightly decreases the
frequency, a phenomenon also supported by experimental data. This aspect is
understandable considering that when more than three baffle blades are used, the

first tangential mode is always affected, regardless of the number of blades.

Figure 3.12 shows the acoustic pressure contours at various cross sections in
a chamber with three radial baffle blades. This baffle configuration is the simplest
one that can get rid of first tangential mode instability, which is the most often
seen and the most troublesome in the actual rocket systems. The wave resembles a
classical tangential mode in the downstream end of the chamber (i.e. z/L = 1.0),
but the pressure contours become distorted near the baffle tips, and finally reach
a symmetric pattern dictated by the geometric constraints of the baffle blades. As
seen for the two-dimensional case, unsteady motions in the injector end of the baffle
compartments have a more longitudinal or even bulk type oscillation, with a quite
uniform transverse spatial distribution.

Also important is that the pressure amplitude is higher than that in the main
chamber. This peculiar phenomenon suggests that the baffle tends to redistribute
the acoustic energy in the chamber from the downstream to the upstream region.

Usually most of the energy release from liquid propellant occurs in the upstream
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region. The high-amplitude acoustic pressure in that region has the potential to
release larger amounts of energy, and could have a net destabilizing effect on the
engine. This mechanism is formalized in terms of Rayleigh’s criterion,?® which
states that if a pulse of heat is added at a time and location where the acoustic
pressure is increasing, the pressure rise is encouraged and hence the heat addition
has a destabilizing effect. However, as was already noted in two-dimensional
results, the characteristics of the wave motions in the baffle compartments are
significantly changed. Under further considerations, this pressure concentration
may not destabilize the engines.

Figure 3.13 presents the transverse acoustic velocity vectors at various cross
sections. The acoustic velocities in the baflle compartments have very small ampli-
tudes, especially near the injector face, where large temperature and concentration
gradients exist. Since the transverse components of acoustic velocity would be
expected to have little effect on the combustion processes in that region, addition
of baffle blades in the chamber could yield a stabilizing effect, especially if velocity
sensitive combustion processes are of primary concern. Large-amplitude velocity
oscillations exist immediately downstream of the baffles, which is similar to the
two-dimensional case. The large acoustic velocity gradients in this region lead
to the formation of vortices, which are convected downstream by the mean flow.
Viscous dissipation within each vortex and convection of energy associated with
the vortical structure out of the chamber may be a significant mechanism of energy
dissipation.? Also, the influences of these vortices on the mean flowfield might

change the combustion distribution and instability characteristics.
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CHAPTER 4

NONLINEAR SPINNING TRANSVERSE OSCILLATIONS

Before dealing with the nonlinear acoustic analysis in the baffled combustion
chamber, this chapter addresses the characteristics of spinning wave motions in
a cylindrical unbaffled chamber. Spinning transverse oscillations are quite often
observed in many types of combustion chambers and are known to be detrimental
due to the increasing combustion efficiency through the acceleration of mixing
processes. The purpose of this chapter is to examine how the spinning wave motions
are related to the velocity coupling, and the conditions for which stable limit cycles

exist for the special cases of combinations of spinning modes.

4.1 Problem Formulation

The solution of the wave equation (2.29) in a cylindrical unbaffled chamber is
approximated by a synthesis of the normal modes of the chamber, with unknown

time-varying amplitudes n,(?),

P'=5) Malt)n(r) (4.1a)
n=1
The corresponding velocity field is
o0 .n t
v = 2—(—)wn(r) (4.1b)

g ~1.2
hnelie 144
where 1,(r) is a normal mode function satisfying
V%, + k2, =0 (4.2a)

n-Vi, =0 (4.2b)
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A set of second-order ordinary differential equations for the time-varying
amplitude of each mode can be obtained by averaging the conservation equations
over the volume of the chamber using Galerkin’s method. Now multiply Eq. (2.29)
by ¥, and Eq. (4.2a) by p', subtract the results, integrate over the volumé, and

apply Green’s theorem to find

///(rbn %:;2' + kipap')dV = —///zﬁ,,th ﬂ;b,,f ndS (4.3)

Substitution of Eq. (4.1) into Eq. (4.3) and some rearrangements of the results lead
to a system of second-order ordinary differential equations for the time-dependent
amplitudes.

fin +wine = Fy (4.4)

where the forcing function F,, can be expressed

Fo= I;;; [ / / / YnhdV + ﬂwnf - ndS] (4.5a)
E.*= // YuldV (4.5b)

The next step is to represent the forcing function F, in terms of time-varying

and

amplitudes 7,(t). In this chapter, the main focus is on the influence of the linear
interactions between modes on the spinning wave motions within the chamber, so
that only the linear part of the forcing function is taken into consideration. The

linear approximation of h3 in Eq. (2.30c) is

L (4.6)
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where AH, 1s the heat of combustion of the liquid propellant per unit mass. This
expression is not complete until the burning rate is represented in terms of flow
variables. Such closure of the solution is conveniently accomplished through the
use of the combustion response function concept. The original definition of the
combustion response function uses only pressure for representing the burning rate,
but according to Reardon,®® the transverse velocity components play an important
role on the burning rate fluctuation for the spinning mode of oscillations. In this
analysis, the velocity coupling effect, as well as the pressure coupling, is incorporated
with the combustion response function to express the burning rate. The unsteady

combustion is modeled as

where v' and w' are acoustic velocity perturbations in the radial and tangential
directions, respectively; the pressure-coupled, radial and tangential velocity-coupled
response functions are symbolized by R,, R, and R,,, respectively. For the linear
acoustic problems, all variables are assumed to vary in a time-harmonic fashion,
e.g.,

p'(r,t) = p(r)e?
(4.8)

Since the combustion response function should account for both the amplitude and
the phase relationship between flow variables and burning rate perturbation, the

complex expressions for Rp, Ry and R, are required, thus, Eq. (4.7) is rewritten
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as the sum of its real and imaginary parts.
ot ’ /
Wi _ F_1 o'
5= 'R,e('R,,)‘5 + pQIm(RP) Y
4+ Re(R )91 + —l-Im('R, )@ (4.9)
“a  af Y ot

’ /

1
+ Re(Rw)% + ﬁIm(Rw)—a—t-

Then, the linear approximation of the combustion response related source term

(h3,;, )er takes the form,

o g, o7
at ot?
o' '
ot THn G
ouw' uw'
at + I2n atz

(h3n'n )cn = Gln + Gan

+ Hln (410(1)

+Iln

where,
_Ii wiRe(R,)AH,
p
;Im('R,)AH.,
Qp
wiRe(R,)AH,

C_'v

RG

c.

R

C a
R &iIm(R,)AH, (4-100)
C,
R
c,
Ro
Co

Qa
u;lRe('Rw)AH.,
a
1Im(R,)AH,

Qa

Because the combustion response function is a function of frequency, all coefficients

in Eq. (4.10b) are also functions of the frequency and have different values for each

mode of oscillations.
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If the series expansions for ug and p’ in Eq. (4.1) and the linear approximation
of combustion response related source term (hs,,, )., in Eq. (4.10a) are substituted
into Eq. (4.5), the linear part of the forcing function then becomes
(Fn)linear == Z(Dniﬁi + Enini) (4.11)
=1

where the linear coefficients D,,; and E,,; are given by,

1 k2
Dy; = E 3 ///[[1+ﬁ]¢nﬁgv¢l
1
= 7 [V¥i X (V x 8g)] - Vipn + 7995V - &
Han O Ipn 104
— G1n¥ivn + —ﬁ—'E“l,/)n + —ﬁ—;-a—g‘!/)n] dV  (4.12a)
1 szt y Hn O, Tin100:

Eni = X ///I:G2nki¢’t¢na t % Yn + > 7 96 w,,}dv (4.125)

Here, the linear interaction effects between modes represented by the coefficients in
Eq. (2 10b) are incorporated with the linear parameters in Eq. (4.12).

For the standing mode of oscillations, each tangential motion has only one mode
shape in the azimuthal direction. Therefore, the linear coupling between modes
cannot exist, even though the linear contribution of the combustion response is
considered. For the spinning mode of oscillations, however, two periodic motions in
a tangential direction are possible. That is, the combination of ¢, =cos m8Jy(Km,r)
and %;= sinmbJ,,(Km,7) is possible for the spinning transverse oscillations. For

the first three modes, the wave numbers and mode shapes are given by,
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First Tangential Mode (1T)
kR =1.8412; 1, = cosbJi(k11r), ¥4 =sinbJi(x117) (4.13a)
First Radial Mode (1R)
Ko]R = 38317, ’(1)2 = Jo(lioﬂ‘) (413b)

Second Tangential Mode (2T)

ko1 R = 3.0542; 3 = cos280J,(k217), %5 = sin20J,(ko 1) (4.13¢)

The linear coefficients D,; and E,; can be computed from Eq. (4.12) for the first
three modes. Unlike Yang and Culick’s standing mode analysis,*” the linear coupling
coefficients, D4, E14, D41, and E4; appear for the first tangential mode and Dj;s,

E;5, Ds3 and Esj for the second tangential mode, with the following values.

H.
Dy = Dy = -G + _ﬁ?lAl
H
Doy = —Gr2 + —;2142
H.
D33 = Dss = ~G3 + —;2443
I
Dy = —Dgy = 24,
p
I
D35 = —D53 = %A5 (4.140)
And
H
E\ = E4y = Gl + %Ax
H,,

Eyp = Gaowi + —ﬁ—Az
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H
E3; = Es5 = Go3w? + -—F_:-S-Aa
Euy=~Ey= I—l_l"A4
p
E35 = —-E53 = %EAE, (4146)
where
= K1s /R rJ1(K1s7) [Jo(fcl r) — Jo(k, r)} dr (4.15a)
(1- :f.l—m')[h(nuR)]? 0
R
= — 2ros 5 / rJo(kosT)J1(KosT )dr (4.15b)
R? [Jo(no,,R)] 0
Ay = K2s /RrJg(nz r) [Jl(n2 r) — J3(ko r)] dr (4.15¢)
(1- ;2,‘1—,2—,)[.12(@,11)]2 0
2 /’* 2
= Jl(m,r) dr (415d)
R2(1 - ';-51717)[]1(&1,}2)]2 0 [ ]
4 /R 2
5 = J2(K2,1‘) dr (4156)
R(1— ) [Ja(raB)) Jo [ |

An approximate solution technique using the method of time-averaging gives
the temporal behavior of the amplitude. First of all, time-varying amplitudes n,(?)

are assumed to have the form,

() = ra(t)sin[wat + ¢4(t)] (4.16)

where r,(t) and ¢,(t) are the amplitude and phase of the limit cycle, respectively.
Using the linear coupling coefficients in Eq. (4.14) and applying the time-averaging
method, the equations for time-varying amplitudes due to the combustion response

. are given by,




First Tangential Mode (1T)

(%rtl CR =Q14T4 COS(¢1 - ¢4) — 61474 Sin(¢1 - ¢4)
d
('arti CR =0417) c0s(b; — p4) + 0517) sin(@; — &)
dgs, .
(7'1 _di_ CR = — (1474 Sm(¢1 - ¢4) — 01474 COS(¢1 - ¢4)

(7‘4% CR =041 Sin(¢1 - ¢'4) — 6411, COS(¢1 - ¢4)

Second Tangential Mode (2T)

d .
(_d7:i:i CR =as3s7s cos($3 — ¢5) — Oa575 sin(s — 65)

d )
(Erti CR =as373 cos(¢p3 — @s) + Os373 sin(d3 — d5)

d )
(1'3-‘%1 CR = — Q3575 sin(@3 — @s) — O3575 cos(ds — @5)

d .
(rs ——;ts )cr =as37s sin(¢s — ¢5) — 05373 cos(ds — ¢s)
where,

Qp; = _Dm'/2 oni = —Enilz“‘)n

4.2 Nonlinear Spinning Oscillations
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(4.17a)
(4.17b)
(4.17¢)

(4.17d)

(4.18a)
(4.18b)
(4.18¢)

(4.184)

(4.19)

Equations for time-varying amplitudes due to the combustion response in

Scction 4.1 are combined with those in Ref. 47 to investigate the nonlinear

spinning transverse oscillations. For simplicity, only the first three modes (1T,

1R and 2T)-the most commonly observed in practical systems—are considered here.
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Four simple combinations of modes are examined for the spinning wave motions:
the first tangential mode, the first tangential/first radial modes, and the first
tangential/second tangential modes. After this, the combination of three modes
is discussed. The conditions for which the limit cycles exist are studied for each
case, and the influence of linear coupling parameters on the spinning wave motions

is also investigated.

4.2.1 First Tangential Mode

The first tangential mode alone can exhibit the spinning wave motion if the
linear coupling terms are taken into account. Equations of time-varying amplitudes
and phases due to the combustion response (Section 4.1) are added to those of

transverse oscillations in Ref. 47.

d—;‘tl = T + (1474 cos X — 0147‘4 sin X (420)
dT'4 .
ke ayry + agrycos X + 047 sin X (4.21)
dX
@ =0

- [914’"4 _ 9‘“’"] cos X — ["“r“ + “‘“’"] sin X (4.22)

™ T4 ™ T4
where,
X =¢1— ¢4 (4.23)

The relations between linear parameters are easily found as follows,

a) = ay, 6; =6,
(4.24)
q14 = —0y;, 914 =~
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Similar to the standing mode analysis,*” the limiting values of amplitude r,, and

phase ¢, are given in the following form,

Tno = constant (4.25q)

bno = Vat + €n (4.25b)

The subscript 0 denotes the value in the limit cycle. Com!ining Egs. (4.23) and

(4.25) gives

V) =y (4.26a)

Xo=6& -6 (4.26b)

At the limit cycle, then, Eqs. (4.20)-(4.22) become

0 = a0 + a14740 cos Xo — G14749 sin X (4.27)
0 = ayr40 + ag1710 cos Xg + 041710 sin X (4.28)
0=—(6,—6y)
6 [V
_ [ 14740 417‘10] cos X — [01147‘40 + 0!417‘10] sin X, (4.29)
T10 T40 T10 T40

The practical assumption in a reasonable sense is taken for the limiting amplitudes.
™10 = T40 (430)

After some manipulations of Egs. (4.27)-(4.29), the relation between frequency

modulations is obtained as,

2n+ )m

€1 =&+ 5

(n=1,2,3--) (4.31)




80

This means that mode 1 and mode 4 have a phase difference of either 7 or 323 at

the limit cycle. On the other hand, acoustic pressure for the first tangential mode

1s
p'(r,t)/p = riosin(wit + ¢10)cosJy(n7)

(4.32)
+ 740 sin(wgt + P40) sin 8J, (K, 7)
Equation (4.32) can be further simplified using Eqs. (4.30) and (4.31),
p'(r,t)/p=riosinf(wy + vi)t + & £ 0] J1 (k) (4.33)

Equation (4.33) shows that the spatial- and time-dependent parts of the first
tangential mode are combined together, representing the spinning wave motion.
Therefore, the first tangential mode alone may exhibit a spinning mode of
oscillations if the linear coupling due to the combustion response is considered.
Next, check the condition for which the limit cycles exist. From Egs. (4.27)

and (4.28)

ay = (—1)"014 (n = 1,2,3' . ) (4.34)

This is the necessary and sufficient condition for the existence of limit cycles. The
remaining task is to determine the conditions for which the limit cycle is stable.
The procedure consists of examining small perturbations in the vicinity of the limit
cycle. Substituting the relation rn, = rpg + 75, X = Xo + X', into the Egs. (4.20)-
(4.22) and neglecting the higher order terms yield a system of linearized equations.
The solutions are assumed to vary exponentially in time and may be written in the

form, r] = 7 exp(At), etc. This leads to a system of linear algebraic equations for
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T'n, and X in matrix form.
a; — A (-1)"8  (=1)"* ayarie T
(=1)"*1614 o — A (-1)"aisr10 Ty | =0 (4.35)

(-1)r2ae (_yntiZen (_1)729,, — A X

For the non-trivial solutions, the determinant of the 3x3 square matrix in Eq. (4.35)

is eonal to zero, giving the characteristic equation for A.
P(A) =A% —4a; 2% + [567, + (-1)"*10%, + ad,] A =0 (4.36)

Application of Routh-Hurwitz criteria gives the necessary and sufficient condition
for the stable limit cycle.

a; < 0 (437)

Figure 4.1 shows the limit cycle of the first tangential mode with the condition
(4.37) satisfied.
Let’s examine this case from the acoustic energy conservation point of view at

the limit cycle. Acoustic energy density is defined as
1 pl2 1 1
(&) = 3 53 + 5Pu (4.38)
The total time-averaged energy of the combustion chamber is obtained using
Eqgs. (4.1) and (4.13).
£, = constant - 2 (4.39)

Then, the rate of energy change of the system is

d€n drn

e constant - rp, o (4.40)
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Substituting Egs. (4.20) and (4.21) into Eq. (4.40) and adding two equations using

the relation (4.24) yield
d 2, 2 :
7 [51 + 54] =ay(ry + ;) — 20141174 sin X (4.41)

In the limit cycle, X approaches Xy, therefore, the right hand side of Eq. (4.41)
vanishes due to the condition (4.34), which means that the acoustic energy is
conserved. Since a; is negative, the first term of Eq. (4.41) represents the energy
dissipated. And then, energy is supplied by the second term, which represents the
linear coupling mechanism. Careful examination of linear coupling coefficient 6,4
reveals that the second term in Eq. (4.41) is closely related to the tangential velocity
effect by the Eqgs. (4.105), (4.14) and (4.19). This means that the velocity-coupled
response function (especially in the tangential direction) plays an essential role for
the spinning mode of oscillations. This observation is consistent with Reardon’s
experiment3> whereby the velocity effect has the strong destabilizing effects on the

spinning mode of transverse oscillations.

4.2.2 First Tangential/First Radial Modes

Next, the combination of the first tangential and first radial modes is studied.
The mode shapes 9, ¥4 and 1, are taken into account. The equations governing

the wave amplitudes and phases of each mode can be given by,

First Tangential Mode

d’l‘]
— = airy +ariracos X

dt
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+a14r4 COS(¢1 - ¢4) - 9141‘4 Sin(¢1 - ¢4) (442)
dr
-3—;- = aq4ry4 +airergcosyY
+aq17m cos(@y — @4) + 04171 sin(d1 — ¢4) (4.43)
First Radial Mode
d—;tl = agrs+b [rf cos X + 72 cos Y] (4.44)
and
% =—26, —0; + Q2 — 2a;rsin X — %[rf sinX + r2 sinY]
2r .
- -# [914 cos(p1 — ¢4) + a4 sin(¢; — ¢4)] (4.45)
d
-a-}t,— =—204 — 0 + Q12 — 2a;rgsinY — i—:[rf sin X + r2 sinY]
2 .
- .;:l [641 cos($1 — B4) — a1 sin(éy — ¢4)) (4.46)
where,

X(t) =261 — ¢2 + Qat

Y(t) = 2¢4 — ¢2 + Qat
(4.47a)
Q12 = 2w — wy

$1—ds=(X-Y)/2
And the same values of a;, az, b and b, as those of Ref. 47 are used in this chapter
8'87

a, = 0.1570 ) az = —0.0521

(4.47b)

~~
e @l e
~—

N
N

P
= T - 1K)

b, = —0.1054 ) by = 0.1873(
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The following relations are valid for the limit cycle.

V) = vy
Xo =26 ~- & (4.48)
Yo =26 - &

The reasonable assumption (4.30) is used again; hence, at the limit cycle,

Egs. (4.42)-(4.46) become

0 = a; + a;ry cos Xp + a4 cos (Xo_;sz — 614 s1n M (4.49)
Xo - Y, Xo - Y

0 = ay + aireg cos Yy + ayg cos (_i_2__22 + 84, sin (0—20—) (4.50)

0 = apryg + by73, [cos Xo + cos Yo (4.51)

b
0=—-26, — 8, + Q212 —2a;rz sin Xg — —1-7‘120 [SinXo + sin )fo]

T20
2 Xo - Y; -
_ 2T 014cos(—0——0-)-+al4sin-(xo—yo) (4.52)
10 2 2
0=-26, — 0y + Q42 — 2a;7r99sinYy — i—lrfo [sin Xo + sin Yo]
2
2 Xo - Y, -
— 2710 | g cos (Ko —Yo) aag sin (Xo —Yo) (4.53)
T40 2 2

Spinning wave motion exists only when the phase difference should be @"%)1
From Egs. (4.49)-(4.53), only the condition r;g — 0 makes the system a spinning
mode. When ryo approaches 0,

2n+ )r

€1 =6+ 2

(n=1,2,3-") (4.54)
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Now check the condition for which the limit cycles exist. From Egs. (4.49) and

(4.50), the same condition as (4.34) in Section 4.2.1 is obtained.
o =(-1)"y (n=1,23) (4.55)

This is the necessary and sufficient condition for the existence of limit cycles. The
remaining task is to determine the conditions for which the limit cycle is stable.
However, the peculiar structure of the r9g equation does not make it possible to get
the conditions for which the limit cycle is stable. Figure 4.2 shows the limit cycle of
the 1T/1R modes, in which the pattern r;g — 0 can obviously be seen at the limit
cycle.

Next, check this case from the energy conservation point of view. From

Eqgs. (4.42)-(4.44), the rate of energy change for the 1T/1R modes becomes

J .
G 6 T+ &)= a(rf +7]) - 21rirasin(és - ¢4) (4.56)

+ agr? + byra(r? cos X + r2 cosY)
It can easily be shown that the right hand side of Eq. (4.56) vanishes at the limit
cycle by substituting condition (4.55). Therefore, the conclusion is reached that
there is no contribution of the first radial mode to the spinning mode of oscillations
after the limit cycle is attained for the combination of 1T/1R modes. That is, the
contribution of the first radial mode is limited in the initial stages, but its effect

disappears once the limit cycle is obtained, as can be clearly seen in Fig. 4.2.
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4.2.3 First Tangential/Second Tangential Modes

Mode shapes v;, ¥4, Y3 and s are considered for the combination of the
first and second tangential modes. The analysis of 1T/2T modes follows the same
approach as that of the 1T/1R modes for the spinning mode of oscillations. The
following relations for the linear parameters and linear coupling parameters are

already found in Section 4.1.

a; = ay, 6, =94

az = as, 03 =05 (4.57a)
aig = —ay1, by = —04
ass = —as3, O35 = —bs3 (4.57b)

The approximate equations governing the amplitudes and phases of each mode are

given by,

First Tangential Mode

d
_27';1_ = a7 +ayrirycos X + apryrscos Z
+ @474 cos(p1 — ¢4) — 61474 5in(d) — ¢4) (4.58)
d
% = ayrq — asr3rgcosY +asrirscosZ

+ aq17y cos(p1 — @a) + b4171 sin( @1 — ¢4) (4.59)

Second Tangential Mode

dry
dt

=3T3 + by [rf cos X — rf cos Y]
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+ a3srs cos(¢s — ¢s) — Oa57s sin(93 — és) (4.60)
id? = asrs + 2b27‘1 T4 COS Z
+ as3r; cos(ds — ¢s5) + Os3r3 sin(ds — ¢s) (4.61)
and
) byr? |
dX =—20; 465 + Q5 — R [2a2r§ + bgrf] sin X + - 4sinY
dt T3 3
- M sinZ — 2£ [014 sin(¢1 - ¢4) + 614 COS(¢1 - ¢4)]
T1 T1
+ = [ags sin(¢s — ¢5) + a5 cos(d3 — ¢s)] (4.62)
L
: bor?
dy =—2044+65 + Q3+ 1 [2a2r§ + byri] sinY — " LsinX
dt r3 3
- 203175 1 7 4+ 20 [y sin(1 — 64) — 43 cos(d1 — )]
T4 T4
+ = [asa sin(@s — ¢5) + Oss cos(és — ¢s)] (4.63)
r3
‘_? = — 8, — 6, + 65 + Q3 — ayrs [sin X —sinY]
t

N [a2 (r4r5 + r1r5) + 2b2r1r4] sinZ

™ r4 Ts
- [@145in(@) — @4) + 614 cos(d1 — ¢4))
™
+ [041 8in(@) — ¢4) — 641 cos(¢1 — 44))
T4

— 2 [asa sin(¢s — ) — 653 cos(d3 — ¢5)] (4.64)
Ts
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where,
X =2¢) — ¢3 + Qst

Y = 2¢4 — ¢3 + 3t

Z = ¢+ ¢g — 5 + Q3t
(4.65)
Q13 = 2w — w3

$1— ¢ =(X -Y)/2

d3—9s=Z2—-(X+Y)/2
At the limit cycle, the same procedure as that in Section 4.2.2 is followed to find

W =y, V3 =Vs

Xo =26 - &3
(4.66)
Yo=24 -6
Zo=§1+6— &
The Following assumption for the limit cycle is used, which is practical in a

reasonable sense.

T10 = T40, T30 = T50 (4.67)
Considerable manipulations of Eqs. (4.58)-(4.64) yield the following relationship.

Xo=Yo+@n+1)r (n=1,23--") (4.68a)

_ (Xo + Yo) + 2k + )

2o 2 2

(k=1,2,3---) (4.68b)

Then, the relations between frequency modulations are
2n+)x
2

(2k + 1)
2

{1 = €4 + (Tl = 1,2,3‘ . ) (4690)

£3=£5+ (k=1,2’3) (‘i ‘)gb)
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This means that the phase differences between mode 1 and mode 4, and between

mode 3 and mode 5 are £ or 32—"

> at the limit cycle. On the other hand, acoustic

pressure for the combination of the first and second tangential modes is
p'(r, t)/[—) =Ti0 sin(wlt + ¢10)COS 9Jl(n1r)

+ T40 sin(wlt + ¢40) sin 9.]](":11‘)

(4.70)
+ rap sin(wst + ¢30) cos 20J2(k37)
+ 750 sin(wst + ¢s0) sin 20J,(k37)
Eq. (4.70) can be further simplified using Eqs. (4.67) and (4.69) to give
p'(r,t)/p =riosin|(w; + 1)t + & + 0] J1 (k1)
(4.71)

+ r30 sin (w3 + v3)t + €3 + 26] Jo(kar)
Equation (4.71) shows thai the spatial- and time-dependent parts of the first and
second tangential modes are combined together, resulting in the spinning wave
motion. Therefore, the combination of 1T /2T modes exhibits the spinning mode
of oscillations within the chamber if the linear coupling, due to the combustion
response, is taken into account. Some manipulations of the Eqgs. (4.58)-(4.61) give

the solution for the amplitude of each mode at the limit cycle.

T2 — [al - (—1)u814] {03 - (—1)k035]

10 4a2b2 cos? Xo (4'72)
_ ay — (—1)"914
ra0 = 2a; cos X (4.73)

According to the definitions of a; and b, in Eq. (4.47), a2b; is negative; hence, for

the real value of r;¢, the following relation should be satisfied.

[a1 = (=1)"614] [@3 — (-1)%635] <0 (n,k=1,2,3--") (4.74)
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This is the necessary and sufficient condition for the existence of the limit cycle.
The next step is to determine the conditions for which the limit cycle is stable.

Substituting the relations r, = rpo + r,, X = Xo + X', etc. into the Eqgs. (4.58)-

(4.64) and neglecting higher-order terms, the system of the linearized equations is

given by.

dr} F(-1)"8 - -1)"8
L r;[aw(z) ]+[ m+ (1) ]

+15 (agry0 cos Xo) + g (azrig cos Xo)

2

-

+X' [—a27'107‘30 sin X + (-1)"*! _01147‘10]

+Y’ [(—1)n %] + Zl (—‘a21‘101‘30 sin )(0) (475)

dry _ N el +(—=1)"614 4| + (=1)"614
da ~ ! 2 : 2

+74 (azri0 cos Xo) + g (azr10 cos Xo)

+X' [(—1)"%] + Z' (~aar10730 5in Xo)

+Y’ [—a2r10r30 sin Xo + (—=1)"* “L;‘ﬂ] (4.76)
dry ' ' ' ' k+1
- = N (262710 cos Xo) + 74 (2bg710 cos Xo) + r3(az)rs ((—=1)*F1635)

+X' [-b2r§0 sin X, + (-1)*%]

+Y’ [-b2rfo sin X + (—1)"33'52’&] + Z' [(-1)"*a35r30) (4.77)
dr{

5 = r! (2b2710 cos Xo) + 14 (2bym10 cos Xo) + 75 ((—1)+1635) + ri(aa)




93

+ X [(—1)"“ aszrao] 4y [+(,_1)k+1 03;7'30]

+Z' [-2byr%5 sin Xo + (—1)* a35730] (4.78)

and

dX, _ ' [2027‘30
= "

= sin Xo — 2620 i1 X + (- 1)"20‘“]
dt T10

10 T30

[ — 2
+ry —2a3730 sin Xy — ——— 2bar1o sin X — (-1)" 014]

T10 T30 T10

2b27‘10

+75 | —2a2 sin X + sin Xo — (—1)* 035]

7'30 T30

+rs | —2az sin Xo + +(—1)"23—5-}
L 30

b 2
+X' [—2027'30 COSs Xo - 27'

6
9 cos Xo + (—1)"614 + (=1)F 35]
T30

—byr? 0
+Y'[ 2710 cos Xo — (=1)"014 + (-—1)"—33]
T30 2
+Z' [—2a2r30 cos Xg — (—1)"035] (4.79)
! _c 2
[ gy, - B x4 (<1 ““]
dt L T10 T30 T10
2
+r; 2¢127'3;o sin Xo — 2by10 sin Xo + (—1)" 0114]
[ T10 T30 Ti0
r 2
+r3 | —2a; sin Xp + 2b22r10 sin Xo — (—1)"23—5~]
L T30 T30

+rg —202 sin Xp + +(-1)* 035]
30

+X'

6
coon—( 1)" 614 + (—1)F 35]
T30
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2
+Yl [—2(127'30 COSX() - b:rlo COSs Xo + (—1)"914 + (—l)k%]
30
+2'[—2ayr30 cos Xo — (—1)*635] (4.80)
! r
az’ = r} _ 2520 sinXo] + 7y [-— 262710 sinXo]
dt | T30 T30

+r3 | —2a; sin X + +(—1)k%]

30
[ 2b,r2

+rg | —2a2 sin X + 227'10 sin X — (—l)k%]
[ T30 T30

[ .0
+X'|—azrsg cos Xy —(——l)k%]

+Y' —azr3p COSX() - (—l)k%}

2
2b27‘]0_ cos Xg + (—1)k+1035 (481)

+2'|—2asr309 cos Xo —
! T30

If these equations are expressed in matrix form, it gives a 7x7 matrix which is
impossible to handle analytically. For the analytical tractability, let us take the
assumption that 7] = rj and rj = r;, and X' = Y' = Z' which means the initial
phase differences between mode 1 and mode 4, and between mode 3 and mode 5

are

1)

or 37" The system is then reduced to a 3x3 matrix that can be handled

analytically; then, the characteristic equation for A is given by,
MePA 4+ PA+P=0 (4.82)

where,

P, = -2(a} + a3)
P; = a} [a}y — (40} — a}) tan® X,] (4.83)

Iy = 2aja} [(20] + o4)(1 + tan® Xo)]
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Application of Routh-Hurwitz stability analysis yields the following conditious for

the stable limit cycles.

aj+a; <0
! ]
20, + a3 <0 (4.84)
1 _|k| "X2 +2X + 2 : !
al>2+x 1o 10 if a; <0
where,
a, = a1 — (—1) 014
03 = x3 — (—1) 935
_ o (4.85)
ay

k= 2(6: + (~1)"a14) — (63 + (—1)*ass) — (2w1 — wa)
The linear coupling parameters are incorporated with the linear parameters. Figure
4.3 shows the overall result of Eq. (4.84) for the special case of k=0.025, where the
shaded regions represent the conditions for the stable limit cycles.
Figure 4.4 shows the time history of the limiting amplitudes of 1T/2T modes with
parameters which satisfy the conditions in Fig. 4.3. The stable limit cycles can be

clearly seen.

4.2.4 First Tangential /First Radial/Second Tangential Modes

Spinning oscillations of the combination of the first three modes are also
investigated using the same analysis as that of the two-mode combination cases.
The approximate equations governing the amplitudes and phases of each mode are

as follows,
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First Tangential Mode

drl
7 o171 + ayryracos X 4 arirzcosY + agryrs cos Z
+ 1474 cos(P) — @4) — O1474 sin(dy — ¢y)
d7‘4
T a4Ty + ayrery cos Xy — azrzrgcos Yy + apryrs cos Z
+ a7y cos(dy — B4) + B4y sin(dy — Py)
d¢, . . )
r1 7 0iry —ayriresin X — agrirysinY — asryrssin Z
— 01474 Sin(@y — Pg) — O1474 cos(d1 — @4)
doy p : . .
T4 == 044 — arrory sin X; + asrargsinY; —aprirssinZ

+ 04171 8in(@y — @y4) — O4171 cos(P1 — Py )

First Radial Mode

d
—(—%"- =  ary+ b [r'f cos X +r§ cole]
1"2%?72 = —0r9 + b, [r% sin X +rf sinXl]

Second Tangential Mode

d
—d’;ta_ =  a3r3+b [rf cosY — rz cos Yl]
+ a3sTs cos(@3 — ¢s5) — O3575 sin(Ps — és)
dr
-ﬁ = asTs + 2b27‘1 T4 COS Z

+ asars cos(@z — ¢s5) + 05373 sin(Pz — ¢s)

98
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(4.90)
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(4.92)
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dés

ra—di— = —03r3 + by [rf sinY — rf sin Yl]
— Q3575 sin(¢3 - ¢5) — 03575 COS(¢3 - ¢5) (4-94)
1"5“!&%i = - 051"5 + 2b27‘11‘4 sinZ

+ as3rs cos(Ps — @) — Os3r3 sin(p3 — és) (4.95)

where,

X =2¢1 — ¢2 + Qt

Y =2¢1 — ¢3 + U3t

X1 =2¢4 — ¢2 + Qyat (4.96)

Y1 = 2¢4 — ¢3 + Qu3t

Z = ¢1+ ¢4 — ¢5 + Q3t
There are ten independent equations for ten unknowns, but the algebra is much
more complicated than that for the two-mode combination cases. Direct numerical
integration of Eqs. (4.86)-(4.95) is performed with various combinations of linear
and linear coupling parameters. Similar to the result of the 1T/1R modes, the
amplitude of the first radial mode ry¢ goes to zero for the spinning wave motions.
Figure 4.5 shows the time history of the amplitudes for the 1T/1R/2T modes case,
in which the pattern ry9 — 0 can be clearly seen. Therefore, the first radial mode
in the combination of the 1T/1R/2T modes has no contribution after the limit
cycle is reached. But in the initial stages, it helps the system reach the limit cycle

regardless of the initial phase differences and once the limit cycle is attained, its
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effect disappears. The phase difference of the first tangential modes and that of
the second tangential modes always become odd number multiples of 5. That is,
the system always degenerates to the spinning wave motion regardless of the initial

phase differences.
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CHAPTER 5

NONLINEAR ACOUSTIC WAVES IN BAFFLED CHAMBERS

This task represents an outgrowth of the linear acoustic analysis described
in Chapter 3. A linear acoustic analysis provides a means for assessing whether
a particular system is stable or unstable with respect to small perturbations, but
gives no information about the ultimate amplitudes that unstable motions reach. In
practical systems, constant amplitude oscillations (i.e. limit cycles) have often been
observed. Since the occurrence of a limit cycle in a dynamical system requires the
influence of nonlinear interactions, modeling of this phenomenon within a chamber
requires appropriate consideration of the nonlinear terms in the governing equations.

There have been many studies??:48:56

addressing nonlinear analysis in the perfect
(unbaffled) cylindrical chambers but none exists for the baffied combustors. This

chapter deals with the nonlinear acoustic analysis in baffled environments.

5.1 Nonlinear Acoustic Oscillations

The wave equation derived in Chapter 2 contains various nonlinear processes
of concern. Among all nonlinear processes, the effect of second order nonlinear gas
dynamics is examined systematically here.

Unlike the linear acoustic analysis, the simple assumption of time-harmonic
behavior of all the acoustic variables is no longer valid. However, for a typical rocket

engine, the mean-flow Mach number and the variation of mean pressure are small.
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Under such conditions, the frequencies and the spatial variation of the unsteady
motions deviate only slightly from the classical acoustic field obtained for the same
geometry, but without any source terms (h = n - f=0). Thus, the solution to the
wave equation can be faithfully approximated by a synthesis of the linear normal

acoustic modes p,(r), with unknown time-varying amplitudes 7,(t) as coefficients:

P'=pY na(t)pn(r) (5.1)

Correspondingly, the acoustic velocity field is written as

N
ug(rat) - Zn: '7’631 Vpﬂ(r) (5'2)
where the linear mode shape p,(r) satisfies the Helmholtz equation throughout the

chamber, subject to rigid surface boundary conditions.

Vpp + k2P =0 (5.3a)

n-Vi, =0 (5.3b)

The time-varying amplitudes 7,(t) give the temporal nonlinear behavior of the
system. Egs. (5.1) and (5.2) are not exact representations of the true fields, for the
boundary conditions are not satisfied; Eq. (5.1) gives n - Vp' = 0 because the p,
satisfies Eq. (5.3b) and according to Eq. (5.2), the velocity fluctuation vanishes on
the boundary. This means that Egs. (5.1) and (5.2) do not accurately reproduce
the spatial structure of the unsteady motions near the boundary. Nevertheless, the
errors are small when the perturbations contained in h and f of Eqgs. (2.30) and
(2.32) are small. Furthermore, due to subsequent spatial averaging, the equations

found for the amplitudes will provide a satisfactory basis for studying real problems.




104

Note that, owing to the geometric discontinuity set by the baffles, the linear
mode shape p, is not the same as its counterpart for a perfect cylinder. Rather, it

is expressed as a series of transverse normal modes.

Pn(r) =Y Cnilz)e(r,6) (5.4)
Here, 1;(r,6) is the transverse normal mode function for a cylinder. The axial
distribution function éng(z) can be determined using the eigenfunction-expansion
technique discussed in Chapter 3. Thus, the nonlinear solution found in this chapter
is constructed using the linear acoustic solutions found in Chapter 3.

A system of ordinary differential equations in terms of the time-varying
amplitudes of Eq. (5.1) can be obtained. This is done by averaging the conservation
equations over the volume of the chamber using a version of the method of least
residuals, which is equivalent to Galerkin’s method with the linear mode shape as
a weighting function. Now multiply Eq. (2.29) by p, and Eq. (5.3a) by p', subtract

the results, integrate over the entire volume, and apply Green’s theorem to get

~ 2 ./
// (%%t_g + Bpnp)dV = — ///ﬁnth - ﬂ*nf- nds (5.5)

Substitution of Egs. (5.1) and (5.4) into Eq. (5.5) and some rearrangement of
the result leads to a system of second-order ordinary differential equations for the

temporal behavior of nonlinear oscillations.

Y Crmliim + winm) = Fa (5.6)

where the amplitude coefficients, Cp,, and forcing function, F,, are defined as,

Com = Y B2 / Eai(2)emi(z)dz (5.7)
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_%2 [ / / / puhdV + ﬂﬁnf- ndS] (5.8)

E? = / / Yi(r,8)rdrdd (5.9)

Equation (5.6) represents the time-dependent motions of a collection of nonlinear

where

oscillators, one oscillator being associated with each linear mode. The principal
difference between the present analysis and the unbaffled cases*”4® lies in the
structure of the ordinary differential equation (5.6), in which strong coupling among
modes occurs on both sides of the equation. Now, the problem is reduced to solving
this system of second-order ordinary differential equations for the time-varying
amplitude, given a specified initial condition.

The forcing function, F, represents the deviation from unperturbed acoustic
modes and, therefore, provides the mechanism that allows for initial finite
oscillations to grow or decay. As a result, the various components of F,, are essential
to the study of combustion instabilities in the bafled combustion chambers. It is
convenient to classify these components of F,, according to the orders of p’ and u|
in each term. Substitution of Egs. (2.30) and (2.32) into Eq. (5.8) yields the explicit
expression of the forcing function Fj,. After some straightforward manipulations,

F, can be written as

7, _[ 2 ///,,,,@,g W)V [ x @ xa- VindV
la] [b]
= [l T
[c

/ a"v u,dv
]
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+p///(ug Vu,')- Vp, dV --/// - Vpn dV

[e] 111

- 1 Bug

PP’V -

dv (5.10)

p,. V u,

[g] [A]

. 0 _ _
+ Pba 7, (Bgp" +uy'p + u'p") - ndS

-

—

[4]
—// (f'-Vﬁn)+(-;—2pn9§)dv
1]

The first four terms, [a] — [d], are referred to as the linear acoustics, and the

next four terms, [e] — [h], the second order nonlinear acoustics. The last two terms,
[{] — [j], are related to the combustion response and other sources such as particle
damping. If only the nonlinear contribution from the gasdynamics of the unsteady
flow is taken into account in this study, the forcing function can be expressed in
terms of the wave amplitude 7,,, with the form

= - Z[Dm‘f).‘ + Enini] - Z Z[Anijﬁiflj + Brijnin;] (5.11)

i=1 =1 j=1

Note that the cross coupling term 77 does not appear in the formulation
of Eq. (5.11) since nonlinear combustion responses and the interactions between
mean flow and nonlinear acoustics are not included in this analysis. The explicit

forms of the above coefficients are given by,

ka2, . . 1 . _ .
D, = /// [(1 + F)Pn“g - Vpi — F(VP:' x (V x 14)) - Vpn
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+ iV - ﬁy] dv (5.12a)
E,i = —a* ﬂﬁnVﬁg - ndS (5.12b)
and
nij = 8;:"—;; [(k,ﬁ' + k) (2k:% + 2k;% — k%)
— k.t — 8~7k,-2k,»2] (5.12¢)
Buij = & 4""” [2(k +k(1-7) - ] (5.12d)

/// Pabibs dV. (5.12¢)

The linear coefiicients D,; and E,; arise from all linear processes in Eq. (5.10),
and the nonlinear ccefficients A,;j and By;; represent the second order nonlinear
acoustics part of Eq. (5.10). Note that all coefficients depend on the linear mode
shapes and frequencies of the chamber.

After the forcing function F,, Eq. (5.11) is substituted in Eq. (5.6), this can

be rewritten in a matrix form:

[C]{ii} = {f} (5.13)
where
Cl{ii} = Y_ Cumiim (5.14a)

{f}=- i[Dm'f]i + (Eni + Cniw,z.)m]

oo 00
-2 Z[ nijifj + Bm’jmm‘] (5.1:b)

=1 j=1
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Now the problem is reduced to solving a set of simultaneous differential equations
(5.13). But unlike the unbaffled case, the wave motion can no longer be viewed
as a weakly coupled system. Consequently, the method of time-averaging used by
Culick,*® which can replace a system of second-order ordinary differential equations
by an equivalent system of first-order equations, cannot be practically applied to
solving Eq. (5.13) due to this strong coupling among modes. Therefore, numerical
integration of Eq. (5.13) is performed using a fourth-order Runge-Kutta scheme to
get the time history of the amplitudes 7,(¢). However, a similar format as used in
the method of time averaging is employed for the representation of the a--plitude
of the limit cycle. Namely, the time-varying amplitudes, 7,(t) are transformed to

two variables, r,(t) and ¢,(t) as follows,

Mn(t) = Ta(t) sin[wat + @a(t)] (5.15)

where r,(t) and ¢,(t) are the amplitude and phase of the limit cycle, respectively.

Then the amplitude of the limit cycle, r,(t), takes the form,

. 2
ra(t) = \/ [1a(8)” - [”—w(—t-)] (5.16)

This expression is used to represent the temporal variation of the amplitude of the
limit cycle. The major task at this point is to determiun: the limiting amplitude
rn(t) characterizing the nonlinear oscillations.

For the two-dimensional rectangular baffled chamber, the results from the
two-dimensional linear acoustic analysis are used to determine the coefficients

Cnm characterizing the baffled system. In calculating the coefficients Cynn, the
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assumption of no mean flow is made to allow concentration upon the nonlinear
behavior itself. The calculation is performed in two regions separately (i.e. baflle
compartments and the main chamber) and then combined to give the final
expression for the coefficients. That is,

Cum = Y |82 [ GG

i

_ ) L, . , L o
= Z -E,« /; Cni(midl‘] 5 + E':[E, . (,,,-Cm,-d;c] (5.17a)

C

where

E} = / ¥i(y)dy (5.17b)

Here, the B and C subscripts denote integration in the baffle compariments and
the main chamber regions, respectively.

The calculation of I;; in Eq. (5.12¢) is also treated separately,

Ini; = _///ﬁnﬁif’jdv
Le =
— ZZZ[/ Cna(ib(jcdx / ¢a¢b¢cdy (5.18)
e b ¢ 0 B

L
+ [ CaalisCjcdz - / wwmdy]
Ly C

Equation (5.18) is used to calculate nonlinear parameters A,,; and By;; from (5.12c¢)
and (5.12d), respectively.
For the three-dimensional cylindrical baffled chamber, the same procedure as

the two-dimensional chamber case is followed. Then, the coctficients Cpyn are
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determined as

Crm = Z E? /zniémidx]

- \ Ly , L
= Z -E,- /o CniCm,'d:c] . + Z':[E, /L; Cm-Cmgd:c]C (5.19a)

where

El = // Yi(r,0)rdrdf (5.19b)

For the determination of nonlinear parameters A,;; and B,;j, the coefficient I,;;

in Eq. (5.12¢) is calculated first as

Lni; = / / / pupib;dV

Ly e oA
=§:;2[ /0 Cualinljeds / /B abrperdrdd (5.20)

+ /L L EnalirCicde / /C ¢a¢bwcrdrdo]

5.2 Results and Discussion of Nonlinear Acoustic Analysis

From the energy point of view, linear oscillations can be visualized as having
completely uncoupled modes of energy storage in the oscillating fields. However, it
is highly unlikely that a real system, certainly a system as complicated as a liquid
rocket engine, will be completely linear with all modes uncoupled. If the different
modes are coupled with each other, it is quite possible that draining energy from

one mode will also drain energy from other modes through the nonlinear processes.
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mode 1

mode 2

energy gain from energy transfer energy

combustion among modes dissipation
response through
gasdynamics

mode n

Figure 5.1 Block Diagram Showing the Energy Transfer

Relation among Modes

Therefore, given the circumstances that instabilities are likely, it is necessary to pay
attention to nonlinear behavior. The overall energy transfer relationship among
modes through nonlinear interactions. and how this is related with linear processes,
are conveniently outlined in the block diagram in Fig. 5.1.

Useful analytical results from the nonlinear analysis described in the previous
section can fully describe the time-varying amplitudes in finite oscillations for a

baffled chamber. The complexity of the problem depends on how many nonlinear
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modes are to be considered in the analysis. Unfortunately, but as is expected, the
analysis becomes more and more complicated as the number of modes considered
in the nonlinear synthesis is increased. Because of the complexity of the actual
analysis, only the case of the first two modes combination (i.e. n =1 and n =2) is
treated for the two-dimensional analysis. This case represents the simplest possible
situation and can serve as a basis for analyzing more complicated problems. Culick
and Yang® showed that the two mode expansion is valid over a broad range of
linear and nonlinear parameters that govern the global quantitative behavior for
unbaffled chambers. Although higher modes have the capability to modify the
stability domain, the amplitudes of higher modes for many practical systems are
negligibly smeall due to the efficient viscous damping at high frequencies. Thus,
the description of nonlinear acoustic fields in the baffled chambers by the first two

modes may be justified.

The coefficients Cy,,,,, which represent the major distinction between the baffled
and the unbaffled chamber nonlinear analysis, are functions of both baffle length
and chamber oscillation frequency. Although the combinations using only the first
two nonlinear modes are under examination (n = 1 and n = 2), the number of
simultaneous equations to be solved increases by a factor of 2m, where m is the
number of linear modes considered in one nonlinear mode. However, m should take
on as many values as possible. This makes the analysis complicated to a great
extent, since even a few modes in the expansion mean a large set of equations to
be solved. For this analysis, the chamber with baffle length L, = 0.2H is used and

the frequencies obtained from the linear acoustic analysis are employed to estimate
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these coefficients from Egs. (5.17) and (5.19) for the two-dimensional and three-
dimensional chambers, respectively. Values of C,» are tabulated for the first three
modes in Table 2 and Table 3 for two-dimensional and three-dimensional cases,

respectively.

Table 2 Values of C,,,, for Two-Dimensional Chamber

Crm m=1 m=2 m=3
n= 0.386 0.0 0.204
n=2 0.0 0.363 0.0

n=3 0.204 0.0 0.286

Table 3 Values of C,,, for Three-Dimensional Chamber

Cam m=1 m=2 m=23
n= 0.72 0.78 -0.13
n=2 0.78 1.43 0.0
n=3 -0.13 0.0 0.37

Using these coefficients, the direct numerical integration of Eq. (5.13) for the first

two modes is performed for the investigation of limit cycle behavior in a system.
A limit cycle behavior is found to exist even though there is complicated

coupling among modes in the baffled system. The result for two-dimensional

rectangular chamber is shown in Fig. 5.2, for the first two transverse modes
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combination; note that the radian frequency of each mode is normalized with
respect to the fundamental mode of an unbafled chamber. For a system with
a positive growth constant of the first mode, the stability of the system can be
improved if the growth constant of the second mode is negative. Although this
condition corresponds to a decrease of the limit cycle amplitude of the second mode,
it may result in an amplitude increase of the first mode, since a higher first mode
amplitude would be required to balance the stronger damping effect of the second
mode and thus produce the stable limit cycle. It is interesting to mention that
the amplitude histories of limit cycles observed in this study have different shapes
from those for unbaffled chambers. The limit cycle amplitudes are fluctuating with

respect to constant values, possibly due to the strong coupling between modes.

From energy considerations, a mode with a positive growth constant can be
directly interpreted as unstable if there is no nonlinear coupling. Therefore, such a
mode can serve as an effective source of energy for the nonlinear acoustic system.
In a similar manner, a mode with a negative growth constant can be regarded as a
sink of energy. The nonlinear coupling allows for inter-modal energy exchange and
can thus channel net energy from the unstable to the stable modes. When the limit
cycle is reached, the sink and source effects of the individual mode balance each
other and the energy of the system remains constant in time. For the two-mode
combination considered here, energy is supplied through the first mode by linear
processes because its growth constant is positive. This energy is then transferred to

the second mode through the second order nonlinear gasdynamics coupling, where
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it is dissipated by a linear decay process acting on the second mode with its negative
growth constant. In general, nonlinear processes associated with gasdynamics have

a natural tendency to cause energy flow from lower to higher modes.

For a three-dimensional cylindrical baffled combustion chamber, only three
cases of nonlinear mode combinations are treated here. Investigated are: (1)
the first tangential and the first radial modes, (2) the first tangential and the
second tangential modes and (3) the first tangential, the first radial and the second
tangential modes. These three situations represent the most commonly observed
modes in actual rocket engines, without presenting a formidable calculational task.

Limit cycles are reached for all cases and the results are shown in Fig. 5.3-5.5
for 1T/1R mode, 1T/2T mode and 1T/1R/2T mode combinations, respectively.
For all three cases, the limiting amplitudes fluctuate in a manner similar to the
results for the two-dimensional baffied chamber, due to the complicated coupling
among modes. This fluctuation can be equivalently stated as a vertical shift of the
envelope of the time-varying amplitude as seen in Fig. 5.6, thus making the limit
cycle fluctuate with respect to constant value.

The overall trends are the same as the two-dimensional case, but it is interesting
to observe that the intensity of the fluctuation for the three-dimensional case is
stronger. The fluctuation is more than 30 percent of the average amplitude for
all three-dimensional cases. This means a larger shifting of the envelopes of the
time-varying amplitudes. Coupling among modes allows a cascade of energy from
lower modes to higher modes, as evidenced by the limit cycle growth for the first

tangential mode. Figure 5.5 shows that the amplitude of the first radial mode is
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similar to that of the second tangential mode. Thus, both the first tangential and
the first radial modes are important in dissipating the energy of the first tangential
mode for the creation of a stable limit cycle in this scenario.

In summary, the typical nonlinear behavic.s-limit cycles are observed in
combustion chambers even though there are strong couplings among modes in
baffled environments. And energy cascade through the nonlinear gasdynamics
processes is also predicted for several mode combinations. But unlike the unbaffled
case, the limit cycle amplitudes show the fluctuating characteristics due to the

complicated inter-modal coupling in the baffled system.
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CHAPTL.. 6

CONCLUSIONS AND FUTURE WORK

Linear and nonlinear acoustic wave analyses have been developed for two- and
three-dimensional bafled combustion chambers. A wave equation governing flow
oscillations is derived from the conservation equations for a two-phase mixture.
To solve this wave equation in baflled environments, the eigenfunction expansion
technique is used to express solutions in the baffle compartments and the main
chamber, separately. With appropriate matching of the acouvstic fields at the
interface between the baffle compartments and the main chamber, unsteady flow
structures in the entire chamber can be obtained. The major advantage of this
approach is that it alleviates the computational burden associated with conventional
numerical methods, and provides more sweeping results in a much more efficient
manner. Furthermore, it provides an analytical framework for studying mechanisms
proposed as the causes of unsteady motions in baffled rocket engines.

From the linear acoustic analysis, the detailed wave structures inside the baffled
combustion chambers, including distributions of acoustic pressure and velocity, have
been investigated. Three stabilizing effects of the baflle on transverse modes of
instability have been observed. First, transverse waves can be longitudinalized
inside baffle compartments. This effect is more conspicuous for chambers with
longer baffle lengths. Longitudinal waves are rarely a problem in most liquid

rocket engines, so the longitudinalization of the waves seems to be a sensible
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way for causing stability. Physically, this longitudinalization may act to decouple
combustion from oscillatory effects if the processes near the injector face are
sensitive to transverse variations in pressure. However, there is also a potentially
destabilizing concentration of pressure amplitude near the injector face associated
with longitudinalization of the wave. Second, a severe restriction of the transverse
component of the acoustic velocity fluctuation is observed. If processes sensitive
to acoustic velocity are responsible for instability, this restriction could be the key
in stabilizing the system. Third, the normal mode frequency is decreased with the
addition of baffles. Acoustic pressure oscillations that might have induced instability

without the baffles might fail to interact constructively due to the shift of frequency.

From the nonlinear spinning mode analysis in a cylindrical unbaffled chamber,
linear couplings between modes are found to exist and to play an important role on
the spinning transverse mode of oscillations. Limit cycle histories are also calculated
and presented. Nonlinear acoustic solutions for bafled combustion chambers
are found by using a series of linear modes, with time-dependent amplitudes as
coefficients to express the nonlinear behavior. A system of second-order ordinary
differential equations in terms of the time-varying amplitudes is solved to yield
information regarding nonlinear phenomenon such as limit cycles, whose behaviors
are observed for several mode combinations. Unlike the unbaffied chamber, however,
the envelope of the time-varying amplitude is shifted, causing fluctuations of the

limi’ cycle due to the strong inter-modal coupling in the baflled system.

While this research offers investigation of the detailed wave structures, and
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some nonlinear behaviors within the baffled combustion chambers, some aspects
require further attention in future research. First of all, the mean flow Mach number
is considered to be constant throughout the chamber since concentrated combustion
is assumed in this analysis. Consideration of distributed combustion may provide
a more accurate and realistic solution for this problem. Second, the study of
vortical structures by Wicker®? shows that considerable amounts of vorticity can be
generated by the acoustic wave from the baffle blade. Viscous energy dissipation and
kinetic energy convection by these vortices are plausible explanations of the other
stabilizing effects of baffles and are worthy of continued pursuit. Third, flow turning
effects may be important in the baffled chamber analysis, since this is a mechanism
of acoustic energy loss due to the turning of flow by the acoustic wave. Placing
baffle blades inside the chamber can change the direction of the flow to generate
energy loss in a chamber. Fourth, present nonlinear analysis considers only the
second-order nonlinear gasdynamics terms in the formulation. An extension to the
higher-order terms may be able to handle more realistic situations. The further
consideration of these four points can aid in the construction of a more realistic and

complete model of actual baffled systems.
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APPENDIX

CHARACTERISTIC EQUATION FOR THE FREQUENCY

In Eq. (3.48), coefficients q,,,, 1, mns.2» Cmby Gue,1s Ine,2 and Cpc are all functions
of frequency. Therefore, Eq. (3.48) can berewritten as

B; = i Gnm () B

(A.1)
m'=0
where

el .

2 L [Ga() fhf%l_ﬁ cos( 25 y) cos( B y)dy

Grm (@) = Z Z H,(2?) X st 2(m'xN
m=0 u=1 n f ~“1)H COSs ( J3i y)dy
lest (A.2)
215" maN nx.\d
fLLA})ﬁ cos( ™5 y) cos( H y)dy
X
J cos? (25 y) dy
If M + 1 terms are expanded in Eq. (A.1),
n=20 By = GooBo+ Go1By +...... + GomBum
n=1 BI=GIOBI +G11B1+ ...... +G1MBM
n=M By =GpmoBmM+GyiBm+ ... +GmmBMm
In matrix form,

Gow—-1 Go Go2z ... Gom Bo
G Gu-1 G ... Gim B,

G20 G2 G2 -1 Gom B, | =0

GMmo Gm GMma Gum -1 Bum
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That is,
[G][B] = 0 (43

For the non-trivial solution, the determinant of the matrix G should be zero.
|G| =0 (A.4)

All elements of matrix G are functions of frequency. Therefore, frequency can be

determined from the frequency characteristic equation Eq. (A.4).




