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ABSTRACT OF THE DISSERTATION
Shear, Strain and Thermohaline Vertical Fine Structure in the Upper Ocean.
by
Steven Paul Anderson
University of California, San Diego, 1992

Professor Robert Pirkel, Chairman

Observations of fine scale (1-100m) vertical shear, strain and thermohaline
structure are interpreted in terms of internal wave and frontal zone dynamics. The data
were collected with the Marine Physical Labortory 161 kHz Doppler sonar and a pair of
CTD's. The two systems were operated from R/P FLIP for 18 days dunng February-
March, 1990, as part of the SWAPP (35° N, 127° W) experiment .

These simultaneous measurements of velocity and density provide an unique
opportunity to study the vertical advection of shear layers. The observed shear vanance
is dominated by near inertial waves, with 35 m vertical wavelengths. These inertial
waves propagate down from the mixed layer and are vertically advected by higher
frequency waves. Vertical wavenumber-frequency spectra of shear and strain are
examined in Eulerian (fixed depth) and semi-Lagrangian (isopycnal following)
coordinates. The semi-Lagrangian shear and strain variances are more consistent with
variances modeled by a linear superposition of internal waves.

The p. d. {.”s of buoyancy frequency and Froude number (buoyancy normalized
shear) are determined using tne kinematic strain model of Pinkel and Anderson (1992).
The Froude number distribution shows good agreement with data presented here and
historical data (PATCHEX; Kunze et al., 1990).

The advection of a frontal zone past the experiment site yielded detailed
observations of frontal interleaving. Two vertical interleaving scales are observed. Five
to fifteen meter scales appear to be double diffusively driven and are consistent with the
laboratory model of Ruddick and Turner (1979), 40 m to 60 m scales are likely
determined by internal wave or sub-mesoscale frontal dynamics. The observed front
appears to be in near geostrophic balance.
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Chapter 1

Introduction

This dissertation consists of three investigations of fine scale (2-300m) upper
ocean dynamics. These investigations are presented in the following three chapters.
Each chapter is lar ely self contained. Chapter 2 examines observations of vertical shear
and strain in the context of linear internal wave dynamics. Chapter 3 presents
observations of thermohaline fine structure associated with an oceanic frontal zone.
Chapter 4 examiaes the probability distribution of shear instabilities. An extensive data
set unifies t..ese investigations. This chapter outlines the principal results from each
investigation.

This dissertation presents data collected primarily by two systems during
February and March, 1990, as part of the Surface Wave Processes Program (SWAPP;
Appendix A). The experiment was located approximately 500 miles west of central
California (35° 8.2' N, 126° 59.0' W, Figure A.1) where the instrumentation was
deployed from R/P FLIP (Figure 1.1). The Marine Physical Laboratory 161 kHz coded-
pulse Doppler sonar system is used to profile the ocean currents from 50 m to 325 m
depth. The processing of the sonar data involved several steps before reliable velocity
profiles where ouiained. ‘The processing (see Appendix E) includes variable gain
correction, band limited noise removal, estimation of mechanical alignment errors and tilt
and heading correction. The resulting velocity profiles are one minute averages of east
and north components of horizontal velocity from 50 m to 325 m. The acoustic pulse
length smoothing is 5.5 m in depth. The Marine Physical Laboratory yo-yo CTD system
profiled the ocean density and thermohaline structure from the surface to 420 m every
130 seconds. A pair of CTD’s operated in tandem with the upper CTD profiling from the
surface to 220 m and the second from 200 m to 420 m. The CTD data processing (see
Appendix C) involves phase matching the temperature and conductivity data to remove
salinity spiking, filtering the pressure signal and merging the data from both CTD’s. This
results in profiles of temperature, salinity and density with a vertical resolution of 1.5 m.
The need to properly aiign the depth information is key to the merging to the sonar and
CTD data sets. Depths are inferred from acoustic travel time for the sonar and pressure
for the CTD. It is possible to cross check these very different indicators of depth using a
vertical string of vector measuring current meters (VMCM) provided by R. Weller. The
two systems were operated simultaneously from R/P FLIP for 12 days.

1.. Chapter 2, observations of vertical advection of fine scale shear and strain are
presented. T“-e observed shear variance is dominated by near inertial waves that
propagate down from the mixed layer with 35 meter vertical wavelengths. The near
inertial shear layers are vertically advected by the internal semi-diurnal tide and higher




frequency waves and appear to ride up and down with isopycnal layers. Vertical
wavenumber-frequency spectra of shear and strain are examined in Eulerian (fixed depth)
and semi-Lagrangian (isopycnal following) coordinates. This is the first analyses of the
true evolution of velocity in isopycnal following coordinates. Strain spectra show energy
propagating towards the surface in the semi-diurnal tidai band. Eulerian vertical
wavenumber spectra display a vertical wavenumber dependence which changes
significantly with frequency. This contrasts the spectral models of Garrett and Munk
(1972, 1975) which propose a vertical wavenumber dependence that is independent of
frequency. Interpretation of Eulerian rotary shear is confused by "Doppler” shifting of
the fine scale shear layers to higher frequencies. The semi-Lagrangian spectra of shear
and strain appear more separable in vertical wavenumber and frequency. The comparison
of shear and strain variances exhibit better agreement with linear theory in the semi-
Lagrangian coordinates. Estimates of semi-Lagrangian counterclockwise to clockwise
rotating shear variance ratios agree well with linear theory. The main conclusion is that
the internal wave field appears more consistent with a linear superposition of internal
waves when observed in semi-Lagrangian coordinates.

Chapter 5 presents observations of the vertical structure of temperature and
salinity near a frontal zone. During the SWAPP experiment, an oceanic front was
advected past the experiment site. The front was characterized below 200 m by warm,
salty water encountered at the start of the experiment and a transition in the middle of the
time series to colder, fresher water with nearly the same density. The temperature and
salinity change on an isopycnal located at 300 m is 0.425 °C and 0.0825 %ec. The front
appears to be in a geostrophic balance. This is determined by comparing velocity
estimates from the sonar to geopotential anomalies To study the time and space scales of
the intrusive interleaving associated with the front, a depth/time series of temperature and
salinity anomalies is presented. The anomalies are calculated by removing the mean
temperature and salinity at constant density for each CTD profile. Two vertical scales of
interleaving are observed near the front. The small scale intrusions have vertical lengths
of 5-15 meters, are double diffusively unstable on the top and bottom and slope upward
from the warm side to the cold side of the front. The intrusions are consistent with scales
predicted by Ruddick and Turner (1979). Larger scale interleaving is seen at 40 to 60 m.
These larger scales are may driven by sub-mesoscale or internal wave forcing.

In Chapter 4, the probability density function (p. d. f.) of buoyancy normalized
shear, or Froude number, is examined. It is conjectured that most of the turbulence
observed in the ocean interior results from breaking internal waves. Shear instability is
the hypothesized cause of breaking. The Froude number is a ratio of the inertial forces to
the buoyancy forces. It is equal to the inverse square root of the gradient Richardson
number. The potential for shear instabilities occurs when the Froude number is greater
than 2.0 (Richardson number less than (.25). The model p. d. f. of Froude numbers is
determined using modeled distributions of shear and strain. The buoyancy frequency
distribution is derived from the kinematic strain model of Pinkel and Anderson (1992).
The model vertical shear distribution is given by a Rayleigh distribution under the




assumption that each component of shear is independent and normally dismributed. By
assuming that shear and buoyancy frequency are independent, the joint p. d. f. of vertical
shear and buoyancy frequency is estimated. Actual data from the CTD and sonar suggest
that even though there is detectable dependence, this is a reasonable approximation. The
p. d. f. of Froude numbers is calculated from the joint p. d. f. of vertical shear and
buoyancy frequency. The resulting p. d. f. successfully models histograms of Froude
numbers estimated at 1 m to 10 m scales. The Froude number distribution scales with the
mean buoyancy frequency normalized by the mean vertical shear. Little change in the
Froude number distribution is seen from 125 m to 300 m. in depth.
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Figure 1.1 R/P FLIP Instrumentation Diagram. Upper ocean observations are made with the Marine
Physical Laboratory 161 kHz Doppler sonar system and a pair of CTD’s. This diagram shows the
deployment configuration used during SWAPP.




Chapter 2

Vertical Advection of Near Inertial Shear I

2.1. Introduction and Background.

Mixing in the ocean interior is thought to be caused by the fine scale vertical shear
and strain of the internal wave field. Previous Eulerian estimates of internal wave
statistics are difficult to interpret due to vertical advection (commonly referred to as
finestructure contamination.) Phillips (1971) describes how the internal wave statistics at
a fixed depth are altered by advection of “frozen” layers past an instrument at fixed depth.
This can lead to “Doppler shifting” and aliasing of intrinsic wave frequencies. To
examine the significance of internal wave self advection, shear and strain are studied here
in semi-Lagrangian and Eulerian coordinates. Vertical wavenumber-frequency spectra
are estimated and compared. Linear theory consistency tests of counterclockwise to
clockwise shear variance and shear to strain variance ratios are studied in both
coordinates. The results show that the semi-Lagrangian statistics give better agreement
with linear internal wave theory than Eulerian statistics.

The new coordinate system, defined by isopycnal surfaces, is referred to as semi-
Lagrangian. Finestructure contamination can be minimized by tracking isopycnal
surfaces in depth and time (Pinkel et. al.; 1991). Fluid dynamics is classically formulated
in either Eulerian or Lagrangian variables. Eulerian variables track the fluid flow from a
particular point in three coordinate space. Lagrangian variables divide the fluid into
macroscopically small parcels that are typically identified by their initial or undisturbed
positions and track the position of each parcel. Most ocean observations and model
studies (including the internal wave field) are made in terms of Eulerian variables. The
semi-Lagrangian statistics are not true Lagrangian statistics since horizontal advection is
neglected. Much of the Doppler shifting of the internal wave field can be removed in
semi-Lagrangian coordinates, thus yielding a betier estimate of the intrinsic wave
frequencies.

Previous measurements of the oceanic internal gravity wave field have shown
common spectral form. Garrett and Munk (1972, 1975, hereafter GM) developed a
model of the internal wave variance spectrum by consolidating a variety of oceanic
temperature and velocity measurements into a universal spectral structure. GM internal
wave spectrum is an empirical model that assumes that the velocity and temperature
fluctuations in the ocean are due to a random superposition of internal waves. The GM
spectrum has been a valuable reference for comparing various internal wave
measurements. It has had modifications for high wave number roll off (Munk, 1981 and
Gregg and Kunze, 1991) in light of more recent observations. The GM hypothesize a




nearly white spectra of vertical shear and strain at low wave numbers and a roll off at
vertical wavenumbers above 0.1 cpm. GM also assume that at all internal wave
frequencies, shear and strain vertical wave number spectra have the same shape.
However, not all observations fit the hypothesized spectral form and the model lacks a
theoretical explanation for its spectral shape.

Recent studies suggest that self advection of the internal wave field may be
significant, thus invalidating the assumption that the internal wave field is a linear
superposition of waves. Allen and Joseph (1989) model the oceanic internal wave field
as a superposition of linear internal waves in Lagrangian coordinates. By examining the
spectra in Eulerian coordinates they find that many different spectral shapes in
Lagrangian coordinates will result in the same Eulerian spectra. By using measured
Eulerian spectra, the can not determine the underlying Lagrangian spectrum. Hines
(19912,1991b) has used Lagrangian coordinates to model the atmospheric internal wave
spectrum with similar results. Observations of vertical wavenumber-frequency shear
spectra by Pinkel (1985) and Sherman and Pinkel (1991) dispute the GM assumption of
spectral separability of wavenumber and frequency in Eulerian coordinates. They
observe red vertical wavenumber dependence of shear spectra at low frequency and white
wavenumber dependence at high frequency. The vertical wavenumber-frequency
spectrum of strain in semi-Lagrangian coordinates, as estimated by Sherman and Pinkel
(1991), does appear to be more separable. The wavenumber dependence is nearly white
out to the cutoff at all frequencies. Using the GM model spectrum in semi-Lagrangian
coordinates, Sherman and Pinkel (1991) show that vertical advection can lead to the
observed Eulerian shear spectrum.

Tests for consistency of shear and strain variances with linear theory often show
more shear than expected at high frequencies and more strain than expected near the
inertial band (Eriksen, 1978; Miiller et al., 1978;Kunze et al., 1990). Holloway (1983)
suggests that this discrepancy may be due to fine-scale potential vorticity anomalies.
Kunze et al. (1990) using data taken with a neutrally buoyant float, claim that the excess
shear and strain is due to Doppler shifting and aliasing of internal waves with intrinsic
near inertial frequencies. Sherman (1989) compares observed counterclockwise to
clockwise rotating shear variances to linear theory and finds excess counterclockwise
shear in the inertial band. Sherman (1989) also reports that his estimates are distorted by
vertical advection of the internal waves.

The data presented in this chapter were taking with the MPL rapid profiling CTD
system and the 161 kHz Doppler sonar system. The 161 kHz Doppler sonar system is
used to study the ocean currents from 50m to 325m depth. A pair of rapid profiling
CTD's provided density profiles from the surface to 420 meters. The two systems were
operated for 12 days during March, 1990 as part of the SWAPP experiment. The
experiment was located approximately 500 miles west of central California (35° 8.2' N,
126° 59.0' W ;Figure A.1). The simultaneous measurement of velocity and density
provides a unique opportunity to study the vertical advection of shear layers. Vertical
wavenumber-frequency spectra of shear and strain are examined in Eulerian (fixed depth)




and semi-Lagrangian (isopycnal following) coordinates. Shear and strain statistics are
then compared to linear internal wave theory.

2.2. Stratification and Current measurements.

This section describes the merging of the CTD and Doppler sonar data into one
depth/time series. Two profiling CTD’s measured density from ~5 1o 420 meters in depth
with a vertical resolution of 1.5 meters and a cycle period of 130 seconds (Appedix C). A
Doppler sonar system measured velocity profiles from ~40 to 320 meters in depth with a
vertical resolution of 5.5 meters every 60 seconds (Appendix E). The need to properly
align the depth information is key to the merging to the data sets. Depths are inferred
from acoustic travel time for the sonar and pressure for the CTD. It is possible to cross
check these very different indicators of depth using a vertical string of vector measuring
current meters (VMCM) provided by R. Weller.

The VMCM’s were deployed from the aft boom of FLIP: 10 meters horizontally
from the sonar, which was mounted on the thruster, and 15 meters from the upper CTD
on the starboard boom. The VMCM data set consists of there 15 minute averaged
temperature and vector averaged velocities (depths 72.5 m (vm12), 100.25 (vm13) and
132.5 m (vm20)) from February 25, 1990 to March 17, 1990. Hour averaged
temperatures from vmi2 and vm20 are compared with corresponding hour averaged
temperature profiles from the upper CTD sampled at 1.0 meter increments. The CTD
calibrated current meter depths are determined by using the depths of maximum
correlation and are 7230.5 and 134+0.5 meters for vin12 and vm20 respectively (Figure
2.3¢). The VMCM calibrated sonar depths are found by comparing 15 minute averaged
sonar velocity profiles with the corresponding current meter records. The vertical length
of each acoustic range bin is 2.91 meters (Appendix E). Maximum East/West velocity
correlations occur at range bin numbers, by, 20 (73.2 m), 31 (105.2 m) and 42 (137.2 m)
for vin12, vim13 and vm20 respectively (Figure 2.3a). Maximum North/South velocity
correlations occur at range bin numbers 21 (76.1 m) , 31 (105.2 m) and 42 (137.2 m) for
vm12, vin13 and vm20 respectively (Figure 2.3b). The vm12 is located directly between
range bins 20 and 21 and the first depth bin is located at 15 meters depth. The CTD
calibrated center depth of each range bin is then (12.1+2.91b,)+2 meters where by, is the
range bin number,

Before combining the velocity and density profiles, the spatial resolution of each
density profile is degraded to correspond to that of the velocity data. This is done using a
running boxcar filter of length 5.5 meters in depth. Then both data sets are sampled
using linear interpolation at integer meters from 40 m to 350 m. These are low pass
filtered using a 5 pole Butterworth filter with a cutoff at 0.2 cpm and zero phase shift.
The velocity data are then smoothed over 3 minutes in time and sampled 30 seconds after
the start of the CTD profile using linear interpolation. This results in the combined
velocity and density data which is sampled every 1 meter in depth from 40 to 350 meters




and every 130 seconds in time. The time when data was obtained on both systems is
from yearday 63 through year day 75.

The Eulerian depth/time series used in the spectral analysis comes from the
combined velocity and density data from yearday 63 to 75. Both velocity and density are
sampled in depth every 2 meters from 50 meters to 306 meters using a cubic spline
interpolation. Three profiles are averaged and missing data points at each depth are
linearly interpolated in time to create a profile every 6.5 minutes. To create the Semi-
Lagrangian (isopycnal following) depth/time series, 128 isopycnals are chosen that have
a mean separation of 2 meters in depth from 50 meters to 306 meters. The instantaneous
isopycnal depths and the velocity at each isopycnal depth are found by linear
interpolation in depth for each profile. The Semi-Lagrangian velocities are then averaged
over 3 profiles and missing data on an isopycnal is linearly interpolated in time.

2.3. Strain Spectra.

Eulerian and semi-Lagrangian strain are calculated from the density profiles
obtained from the profiling CTD system. Eulerian strain is obtained by first differencing
density in depth, normalizing each profile by the first differenced mean density profile
and subtracting 1.0 (Appendix B). Semi-Lagrangian strain is calculated by first
differencing the isopycnal displacements in depth, normalizing by the mean isopycnal
separation and subtwracting 1.0. Spectral variance is estimated from 9 blocks of data, each
128 points in depth and 512 points in time corresponding to 50-306 meters depth and
55.4 hours in time. The blocks are overlapped by 50% in time and tapered in space and
time with a triangle window before fourier transforming.

To correct high wavenumber variances that are degraded by vertical smoothing,
the spectra are multiplied in wavenumber by sinc2(5.5*rm). This is not the proper
correction for the semi-Lagrangian strain since the depth smoothing is done in Eulerian
coordinates. It is applied to the semi-Lagrangian spectra for comparison with the
Eulerian spectra. The correction is approximately the same if straining is small at the
scales considered. A strain vertical wavenumber spectrum with a vertical resolution of
1.5 meters (Figure 2.5) is calculated for comparison with the vertically smoothed
spectrum. The high resolution spectrum is flat from low wavenumbers to ~(.1 cpm The
vertical wavenumber, cumulative spectra, corrected at high wavenumber shows a similar
spectral shape out to 0.1 cpm. Thus, the correction restores the true spectra shape.

The spectra are averaged into 6 frequency bands and plotted versus wavenumber
out to 0.1 cpm (Figures 2.6 and 2.7). The Eulerian and semi-Lagrangian strain spectra
look very similar to those of Sherman and Pinkel (1991). The Eulerian bands do not
show a common spectral shape but do converge to a m-2 slope at high wavenumber. The
two lowest frequency bands are red at all observed wavenumbers. The high frequency
bands rise from low wavenumber then roll off as they meet the common high
wavenumber slope. In contrast, the semi-Lagrangian spectrum is nearly white at all but
the highest frequency bands. The high frequency bands rise up as they approach 0.1 cpm.




The frequency dependence of the spectrum can be seen by averaging into four
vertical wavenumber bands. Each of the four wavenumber bands is smoothed over 3
frequency bands above 0.27 cph and 12 frequency bands between 0.27 and 0.52 cph
before plotting versus frequency (Figures 2.8 and 2.9) . The Eulerian wavenumber bands
again do not show common spectral shape. The longest wave lengths (128-32m) are red
and have a @2 slope. There is an upward energy peak in the 128-64m band at the semi-
diurnal tide. Pinkel et al. (1987) also observed net upward tidal energy off the coast of
California. The shortest wavelengths (32-10m) are nearly flat at low frequency with less
variance than the longer waves and roll off at higher frequency with more variance. No
semi-diurnal peak is present in the short wavelengths. The semi-Lagrangian spectra show
congruent form at all wavenumbers. The longest waves resolved (128-32m) have an
upward energy semi-diurnal peak. The cumulative spectrum has a @1 slope at low
frequencies and a a2 slope above 0.2 cph.

2.4. Shear spectral analysis.

Eulerian and semi-Lagrangian shear are calculated from the velocity profiles
obtained by the Doppler sonar system. Eulerian shear is obtained by first differencing the
complex horizontal velocity (u=u+iv) at 2 meter depth intervals. Semi-Lagrangian
shear is calculated by first differencing the complex velocity found on a previously
selected set of isopycnals that are spaced 2 meters apart on average. Spectral variance is
estimated from 9 blocks of data, each 128 points in depth and 512 points in time
corresponding to 50-306 meters depth and 55.4 hours in time. The blocks are overlapped
by 50% in time and tapered in space and time with a triangle window before fourier
transforming. Rotary spectra are found by averaging the spectra in each quadrant of
wavenumber-frequency space.

The high wavenumber variances have been corrected in the same manner as the
strain spectra. To correct high wavenumber variances that are degraded by vertical
smoothing, the spectra are :nultiplied in wavenumber by sinc2(5.5*rm). This is not the
proper correction for the semi-Lagrangian strain since the depth smoothing is done in
Eulerian coordinates. It is applied to the semi-Lagrangian spectra, however, for
comparison to the Eulerian shear spectra and the corrected strain spectra.

The shear spectra are averaged into the same 6 frequency bands as the
corresponding strain spectra and plotted versus wavenumber out to 0.1 cpm (Figures
2.10b and 2.11b). The Eulerian shear spectrum is similar to those of Pinkel (1985) and
Sherman and Pinkel (1991). The highest frequency band (1-0.5 hours) is red. All the
bands appear to have a slope change at ~0.3 cpm. The lowest four frequency bands (55-4
hours) converge at high wave number to a m-3/2 dependence. All frequency bands appear
to converge near 0.1 cpm. The semi-Lagrangian shear spectrum has some of the same
characteristics as that of the modeled spectrum of Sherman and Pinkel (1991). The
highest frequency bands (4-0.5 hours) rise slowly towards 0.1 cph. There is no
convergence of the frequency bands at high wavenumber. The lowest frequency bands




(55-8), however, still show a peak at ~0.3 cpm and roll off at higher wavenumber. As
will be shown later, this variance peak is due to local forcing of near inertial waves at the
surface.

To examine the frequency dependence, spectra are averaged into 4 vertical
wavenumber bands and smoothed in frequency above 0.3 cph the same as the strain
spectra (Figures 2.10a and 2.11a). The lowest wavenumbers (128-32m) in the Eulerian
spectrum rise to a peak at the inertial frequency (f = .0478 cph). Note that the 64-32m
wave length band has a second peak at @ = 0.13 cph which is the sum of the inertial and
semi-diumal tide frequencies. Kunze et al. (1991) also report a vertical shear "super
tidal" peak in data taken with the RiNo float during PATCHEX which took place 1°
south of SWAPP. The shorter wave lengths have no inertial peak but instead are nearly
flat untl rolling off at higher frequency to a2 @ -2 slope. This is the same general shape
observed by Sherman and Pinkel (1991) where the low wavenumbers have a @ -2 slope
starting at the inertial frequency, while the higher wavenumbers appear more flat and
have higher energy density at high frequency. The semi-Lagrangian spectra (Figure
2.11a) have quite a different shape. All but the shortest wavelengths have a similar shape
and show an inertial peak. The spectrum falls with a & slope until a slope change at
~0.3 cph and the 64-32 meter wavelength band approaches a ! slope. This is different
from the modeled specra of Sherman and Pinkel (1991) who observed a @ -2 siope.
There is no longer a super tidal peak. The highest wavenumbers (16-10m) exhibit no
inertial peak.

2.5. Comparison with GM76 model variance.

In this section, measured shear and strain variances are compared with GM
modeled variances. There is some question as to which version of the GM model to use.
Gregg and Kunze (1991) show that shear and strain variances obtained by using
Munk(1981) are 2/x times smaller than those obtained from GM76 (Garrett and Munk,
1975 as modified by Carins and Williams, 1976). GM76 is used here since it appears 1o
be the more commonly used of the models. From Gregg and Kunze (1991), the GM76
spectra of vertical strain, ¢, and vertical shear, @5, as functions of vertical wavenumber,
B (given in rad/sec), are
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where N, = .00524 rad s-! is the reference buoyancy frequency, E = 6.3 x 10°5 is the
dimensionless energy level and b = 1300 m is the scale depth of the thermocline. The
vertical wavenumber, f, is related to the mode number, j, by
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and for j» = 3 then f.=0.0073 (N/Np) rad m-!. To compare the GM76 variances to the
measured variance, (2.1) and (2.2) are integrated over the sampled wavenumber
bandwidth yielding
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where fB; and B, are the lower and upper vertical wavenumber bandwidth limits
respectively. The GM76 shear vaniance to strain variance ratio
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is independent of vertical wavenumber bandwidth.

The Semi-Lagrangian and Eulerian variances are found by integrating the
wavenumber-frequency spectra over vertical wavelength band 0.00391 to 0.1 cpm (256 to
10 meter wavelengths) and frequency band 0.0182 to 2.0 cph (55 to 0.5 hours) and are
displayed in Table 2.1. Using the depth average N = 4.4 cph (Figure 2.12), (2.4) and
(2.5) over estimate the both Eulerian and semi-Lagrangian total strain variance and under
estimate the total shear variance. Eulerian and semi-Lagrangian strain variances are 85%
and 75% of GM76 respectively. Eulerian and semi-Lagrangian shear variances are 130%
and 116% of GM76. The excess shear and low strain in consistent with the observations
of strong near inertial waves. The expected shear to strain variance ratio from linear
theory for a near inertial wave is

<52> _[w2+f2]‘ 27

(WL~ f?

Assuming the total variance is dominated by a single near inertial wave, the wave
frequency can be estimated from the variance ratio using (2.6). Using N, the Eulerian
and semi-Lagrangian variance ratio can be accounted for by a near inertial wave
frequency of 1.26f . (It is not clear whether N or the maximum buoyancy frequency,
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N__=6.2 cph., provides the appropriate scaling because of the large variation in the
observed buoyancy frequency. Using N__,, the frequency becomes 1.61f which is slightly
higher than the observed spectral frequency peaks.) ‘

2.6. Rotary shear spectral analysis.

Rotary spectra are found by averaging the spectra found in each quadrant of
wavenumber-frequency space. The spectra are divided into 4 quadrants: counter
clockwise downward energy (CCWDN) (+m,-@), clockwise downward energy (CWDN)
(-m,+w), counter clockwise upward energy (CCWUP) (-m,-w) and clockwise upward
energy (CWUP) (+m,+®). The processing and averaging are the same as discussed with
the strain and shear spectra. The Eulerian rotary shear spectra versus vertical
wavenumber reveals the observed slope break at 0.03 cpm at all frequencies in the
CWDN and CCWUP spectra(Figure 2.13a-d). This slope change is not apparent in the
CWUP and CCWDN Eulerian spectra. The semi-Lagrangian spectra only have a peak at
0.03 cpm in the lowest wavenumber bands (55-8 hours).

Vertical wavenumber is averaged into 4 bands and plotted against frequency for
the Eulerian and semi-Lagrangian spectra (Figures 2.15 and 2.16). The super tidal peak
is only located in the 64-32 m band of the Eulerian CWDN spectra. At high frequency in
the Eulerian spectra, the highest wavenumber bands have the largest spectral density. An
inertial peak is observed in the CWDN and CWUP spectra in the low wavenumber bands
(128-32m). The highest wavenumber band (16-10m) is white at low frequency and rolls
off above 0.3-0.5 cph in all four quadrants. The wavenumber bands iook much more
similar in the semi-Lagrangian spectra. They have a w -1 power law at all frequencies in
the CCWDN and CCWUP spectra with the lowest wavenumbers (128-64m) having
slightly less spectral density at high frequency. An inertial peak occurs in all but the
highest wavenumber bands in the CWDN and CWUP spectra.

The total shear variance is dominated by near-inertial waves propagating away
from the surface. The CWDN contains 43% total Eulerian shear variance and 54% of the
semi-Lagrangian shear variance (Table 2.1). The prominent wavelength associated with
these waves is 35 meters. There is noticeably more CW semi-Lagrangian than Eulenian
shear variance. Also evident is the decrease in CCWUP semi-Lagrangian variance where
vertical advection of the near inertial waves has the largest effect (see Section 2.8).

2.7. 'WKB approximation.

Linear internal wave theory assumes that the background density gradient is
constant. For cases where the buoyancy frequency varies slowly in depth, the vertical
wavenumber, m, also becomes a slow function of depth. This approximation is called the
Liouville-Green or WKB approximation (Gill, 1982). As a wave propagates from a
region of large to small N, its characteristic vertical wavelength will grow and horizontal
velocity amplitudes will shrink. Following the approach of Gill (1982), assuming that @
is small compared with N and that the vertical scale m-! is small compared with the scale
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over which m varies, a new vertical coordinate can be found so that m is constant with
depth. The vertically stretched vertice' coordinate, z,,, 18 defined by

zm(z)=j-
0

where N, is the maximum value of the buoyancy frequency and N(z) is the mean
buoyancy frequency profile. The horizontal velocity, u, scales with depth according to
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where u_ is the WKB vertical velocity. This scaling allows the comparison of wave
energy and vertical scales measured at different depths.

The WKB scaling is applied to the data using the mean buoyancy profile from the
combined velocity and density data set (Figure 2.12). The amplitude of the velocity at
each depth is adjusted using (2.9) then resampled a1 smetched depths, z,,. The scaling and
stretching is applied to both the Eulerian and Semi-Lagrangian velocity field data sets.
Using the same routines to calculate rotary shear spectra as described in Section 2.7
yields the WKB shear spectra (Figures 2.17 and 2.18). The high wavenumber correction
has been applied to both the spectra.

One change in the vertical wavenumber spectra is in the inertial band. The
clockwise downward near inertial energy from the non-WKB scaled Eulenan and Semi-
Lagrangian spectra (Figures 2.13b and 2.14b; 55-16 hour period) has one peak at 0.009
cpm and a second peak at 0.03 cpm In contrast, the WKB scaled spectra (Figures 2.17b
and 2.18b; 55-16 hour period) have only one peak at 0.02 cpm. This difference suggests
that the near inertial waves are to the stretching by the changing buoyancy frequency.
(The vertical group velocity for these waves is 30 meters per day
(@ = 1.26f ) and it would take nearly 10 days for this near inertial wave group to reach
300 meters from the surface.) There is also a shape difference between the non-WKB
and WKB spectra at high wavenumbers. This is expected since the vertical smoothing is
nonlinear in stretched coordinates and has not been correctly removed. The non-WKB
spectra will be used instead since there are no significant spectral shape changes at low
wavenumber and the effects of vertical smoothing are better understood.

2.8. Inertial Wave Vertical Advection Model.

A simple model is presented here to illustrate inertial wave spectra distortion by
vertical advection. Consider the complex velocity field of an inertial wave in vertically
advective coordinates and given by
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u=yemih (2.10)

where { is defined to follow vertically advected layers (isopycnals), Ug is the velocity
amplitude, m is the vertical wavelength and fis the inertial frequency. The layer vertical
acceleration is found from the total derivative of the vertical velocity field on that layer,

Dw ow ow ow ow
T = e 4
Dt ot ox oy ox 2.11)

The term of the left hand side of the equation is the vertical acceleration of the layer. The
first term on the right side is the local Eulerian acceleration of the water and the last 3
terms are the convective accelerations. Using the small amplitude wave assumption, the
second order terms are dropped and the equation is then linearized. Thus, the
acceleration of a layer is approvimated by the acceleration found at its mean depth in
Eulerian coordinates. Then the displacement of the layer is found by integrz:.ng the
vertical velocity at a given depth. Using the mean depth of a layer as a Lagrangian label
for that layer, the semi-Lagrangian coordinate, {, for a single internal gravity wave is
related to the Eulerian coordinates by

{(z,t)=z2—Asin(mz~@t)=z-1 (2.12)
where 71 is the vertical displacement, m and @ are the vertical wavenumber and

frequency of the displacement wave and A is the amplitude of displacement. The
Eulerian shear field is related to the semi-Lagrangian shear by

u =——u,=(l~—n,)uC (2.1

If the strain is small (1, « 1), solving for the Eulerian shear yields
u,(z,1)=mU ™ Memm (2.14)
If the vertical advection is small compared to the vertical wavelength of the inertial wave
(Am!«1)then
u,(z,0) =mUe™ (14 mn) (2.15)

Using (2.12) and solving for the Eulerian vertical shear rotary spectrum yields

¢ A ) (2.16)
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where the semi-Lagrangian or intrinsic wave spectrum is

2
D, (@)= Z_U28(m - m)8(w + &
s (M) 5 Yo (m—m)o(w+ w) 2.17)

The Eulerian spectrum contains “Doppler” shifted frequencies and wavenumbers due to
the vertical advection. The variance is shifted to the summed and differenced
wavenumber and frequency and scales with the displacement variance normalized by the
inertial vertical wavelength.

Assuming ihat the vertical wavelength of vertical advection is long compared to
the inertial wave (m»m), the Eulerian rotary spectrum will be altered at the vertical
wavenumber, m, in both the CWDN and CCWUP spectra for an inertial wave traveling
downward. No energy from this wave is transferred to the CWUP and CCWDN spectra.
The observed Eulerian rotary spectra show this to be the case (Figure 2.13). The inertial
shear variance is dominated by m = 0.03 cpm seen at all frequencies in Figures 2.13b and
2.13d corresponding to the CWDN and CCWUP spectra. The distortion is absent from
the CCWDN and CWUP (Figures 2.13a and 2.13c).

The frequency depzadence of the distortion will rely on the frequency spectrum of
the displacement, ®,. Modeling the displacement, 1, as a spectrum of frequencies, the
Eulerian shear rotary spectrum is written as

O, (@)=, +-’%~U§[d>,,(- F=@)+®,(f + ®)]8(m—m). (2.18)

Typical @, have a peak at the semi-diurnal tide, M3, and fall as @ -2 out to the buoyancy
cutoff at N (Figure 2.19). Thz swrongest distortion is expected at @ = —(f + M,) and
@ =—(f —M,) which would lead to a super tidal and sub-inertial spectral peaks. The
super tidal peak is observed in the Eulerian CWDN shear specttum in the 64-32 m band
(Figure 2.15b) as expected and not anywhere else. The sub-inertial peak can not be seen
because the records are too short. At high frequency (@ » f), the distortion will have a
slope of @ 2. The shear frequency spectrum also has a slope of nearly w -2 suggesting
that observable distortion occurs at all frequencies.

2.9. Counter Ciockwise to Clockwise Shear Variance Ratio.

The CCW to CW shear variance ratio is calculated by dividing the sum of
CCWDN and CCWUP spectra by the sum of CWDN and CWUP spectra. From linear
theory, the expected CCW/CW ratio is

2
256.*.— w-f
® u(w-%fj forw> f (2.19)
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which is only a function of frequency. As w approaches the inertial frequency, f, the
waves should be dominated by clockwise rotation (in the northern hemisphere) as the
ratio approaches zero. At higher frequency, rotation becomes less important and CCW
variance should equal CW variance.

The CCW/CW ratio is computed for the 4 wavenumber bands and smoothed in
frequency as discussed for both Eulerian and semi-Lagrangian shear (Figure 2.20a-b).
All the wavenumber bands in the semi-Lagrangian coordinates have greater CW rotation
near @ = f. Only the lowest wavenumbers in Eulerian coordinates appear to be affected
by rotation and the CCW/CW ratio for the high wavenumbers does not deviate
significantly from 1.0 at any frequency. To better illustrate the deviations from linear
theory, the CCW/CW ratios are normalized by expected values (2.19) and plotted with
95% confidence limits (Figure 2.21). The semi-Lagrangian shear fits linear theory at all
wavenumbers and frequencies better than the Eulerian shear. At high frequency (@ > 1
cph), CCW shear appears to be overestimated in both coordinates. One possibility for
this discrepancy is measurement noise which would equally corrupt CW and CCW shear
variance thus pushing the ratio closer to 1.0 as the signal to noise ratio gets small. At low
frequencies, the CCW/CW shear ratio measured at low wavenumbers is better predicted
by linear theory than higher wavenumbers. This also could be caused by measurement
noise or failure to prefectly resolve the ~~mi-Lagrangian coordinates .

2.10. Strain Variance To Shear Variance Ratio

The expected strain variance to shear variance ratio from linear theory is

6] 2 2 g2
¥(w)= N b= NzN - (22 +;2) (2.20)
TR

where @, is the strain spectrum, @, is the shear spectrurn, N is the buoyancy frequency
and f is the inertial frequency. Independent of wavenumber, near inertial waves have
excess shear variance and high frequency waves have excess strain variance. Observed
ratios are found in Eulerian and semi-Lagrangian coordinates using the estimated shear
and strain spectra from four wavenumber bands (Figure 2.22a-b). The Eulerian ratio
exhibits excess shear at the two middle wavenumber bands (64-16m) except at the inertial
frequency. This excess shear has been observed by Sherman (1989) and Kunze et al.
(1990). They both claim that the vertical advection of low mode internal waves Doppler
shifts the intrinsic wave frequency to higher frequencies.

The semi-Lagrangian strain variance to shear variance ratio fits ratios modeled by
linear theory very well from @ =f 10 w= 0.5 cph at all but the highest wavenumber band.
Above 0.5 cph, excess shear is found at all wavenumbers. This is associated with the
break in slope of the semi-Lagrangian shear frequenc' spectrum (Figure 2.9a) since the
semi-Lagrangian strain frequency spectrum has no observed slope change (Figure 2.7¢).
This excess shear is most likely due to possible errors in estimating the semi-Lagrangian
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shear. First of all, the sonar overestimates the horizontal velocity associated with high
frequency waves due to beam separation biasing (Appendix D). Secondly, the depth
smoothing of the density profiles has removed high wavenumber straining. For a high
strain event, the estimated isopycnals depths will under resolve the true semi-Lagrangian
coordinates. Thirdly, the velocity profiles have been averaged in Eulerian coordinates for
three minutes and interpolated to a single profile of density. This will cause aliasing of
the true semi-Lagrangian velocities. By not fully resolving the semi-Lagrangian
coordinates in depth and time, the high frequency semi-Lagrangian shear is still corrupted
by vertical advection and Doppler shifting of the intrinsic wave frequencies. All of these
may lead to excess shear at high frequency.

2.11. Discussion and Conclusions.

Vertical advection of high mode, near inertial waves by higher frequency (w >
M,), low mode waves significantly distorts Eulerian measurements of shear and strain.
The Eulerian shear to strain ratios reveal excess shear at all frequencies above the near
inertial band. A simple model of a vertically advected, downward propagating, inertial
wave demonstrates how the wave energy is moved to higher frequency when sampled in
fixed depth coordinates. The predicted spectral distortion scales with the variance of the
displacement normalized by the vertical wavelength of the inertial wave squared and is
found at the sum and difference inertial frequency and advecting frequencies. A super
tidal peak in the Eulerian shear spectrum is seen in the wavenumber band [0.0161-
0.0313] cpm. The displacement variance is dominated by the semi-diurnal internal tide
and this super tidal peak corresponds to the sum of the inertial frequency and the semi-
diurnal tide. Both observed displacement spectrum and the Eulerian shear spectrum
decay in frequency with a slope of w2 above the super tidal peak (Figure 2.25). This
indicates distortion of the shear is important at all observed frequencies when sampl