ol 1
AD—Ili261 565 @ |

N

Annual Technical Progress Report!

Covering period:
Nov. 1, 1991 - Oct. 31, 1992

Contract N00014-91-J-1461

Principal Investigators:
Dr. Yih-Fang Huang and Ruey-wen Liu

DTIC

M. 8CTE
FEB 17,1993

13
L T I N - . smane

Department of

Swaw ELECTRICAL ENGINEERING
&

N e

‘? UNIVERSITY OF NOTRE DAME, NOTRE DAME, INDIANA

,'”" ON STK X

'Approndbrpnbucrdcm;r ”’
Distribution Unlimited




Annual Technical Progress Report’

Covering period:
Nov. 1, 1991 - Oct. 31, 1992

Contract N00014-91-J-1461

Principal Investigators:
Dr. Yih-Fang Huang and Ruey-wen Liu

93-02990
T O

IThis report is a reproduction of Dr. Victor C. Soon’s Ph.D. Dissertation submitted in August, 1992,
to the Graduate School of the Umversxty of Notre Dame, Notre Dame, IN. Distribution of this report is
unlimited.




ARRAY SIGNAL PROCESSING UNDER MODEL ERRORS WITH
APPLICATION TO SPEECH SEPARATION

Abstract
by
Victor C. Soon

In recent years there have been increasing interest in eigenstructure based array
signal processing techniques especially in the areas of radar and sonar processing
and in signal separation applications as found in communications or speech acquisi-
tion/enhancement. However, model errors are not accounted for in these methods.
Unfortunately, the problem of model error is a ubiquitous part of real systems: they
arise from such phenomena as non-ideal sensor characteristics (eg., sensor calibration
errors in phase and gain, etc.), unknown source characteristics and locations, etc.
This report is broadly divided into two parts. The first part examines the effects of
model errors on the performance of existing eigenstructure based methods in array
signal processing. A statistical analysis of the ESPRIT (Estimation of Signal Param-
eters via Invariance Techniques) algorithm under random model errors is performed.
The analysis provides interesting insight into the sensitivity of ESPRIT to model
errors: in particular, for uniform linear arrays of sensors, it is found that the mean
square error of DOA (direction of arrival) estimates found using ESPRIT is almost
totally dependent on errors in sensor phases and not that of sensor gains. The second
part of the report deals with the development of algorithms that take model errors
into account. Two approaches are proposed. The first is based on a signal subspace
constraint on the possible set of model parameters as determined from the array co-

variance. This constraint is incorporated into an iterative procedure which calibrates




the array under model errors and unknown source signals. The second approach
incorporates blind identification and clustering for the source estimation problem un-
der model errors or uncertainties. The proposed approach is shown to be robust to
the silmutaneous presence of such uncertainties such as unknown sensor and channel
gains, unknown combinations of near-field and far-field sources, unknown combina-
tions of narrowband and wideband sources, unknown source spectral characteristics

and unknown number of sources.
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INTRODUCTION

The processing of signals obtained from arrays of sensors is of interest in a wide
range of problems in radar and sonar processing where the presence or absence of
source signals, their direction-of-arrivals (DOA), signal power, etc. are of interest (see
eg. [53, 50, 83], in speech recognition and teleconference applications where source
signals from spatially distributed locations are to be separated from mixed measure-
ments (the so called “cocktail party problem™), see eg. [25, 36, 32, 12, 16, 57, 22]. In
communications one may be interested in extracting a desired signal from jammer-
contaminated measurements, see eg., [11]. In biomedical signal processing a set of
measurements taken from an array of electrodes may be processed to extract signals
from individual neuronal firings, etc. The rapidly expanding demand for mobile com-
munications such as in cellular telephone technology provides an interesting area of
possible application for array signal processing techniques where their capability of
resolving signals based on their spatial locations may make it possible to increase
channel capacity, see eg., [66]. In radio astronomy, arrays of radio observatories are
used in obtaining higher resolution maps of galaxies and quasars. Radar imaging is

also one application where array signal processing is used.

In most of these applications a common model is assumed to adequately model the




physical processes in the ipplications. When assumptions of the techniques in array
signal processing are satisfied, these techniques are capable of providing superior per-
formance as compared to conventional methods. This is the case in DOA estimation
where the modern eigenstructure based methods are capable of resolving DOA an-
gles separations that are much smaller than the conventional {classical) beamforming
method which is limited to the Rayleigh resolution limit. These techniques however
are dependent on model assumptions that may not be true in actual systems, i.e.,
model errors are not accounted for in these methods. Unfortunately, the problem of
model error is a ubiquitous part of real systems: they arise from such phenomena
as non-ideal sensor characteristics (eg., sensor calibration errors in phase and gain,
etc.), errors in the locations and orientation of the sensors within the arrav, source
characteristics that deviate from the assumed source model (eg., sources are not ideal
point sources, intensity of sources may favor certain direction of propagation resulting
in unequal intensities observed at different sensors), channel i~homogenities, sources

in the near-field, etc.

The goal of this report is thus to study the problem of array signal processing
under model uncertainties. A performance analysis of the ESPRIT (Estimation of
Signal Parameters via Rotational Invariance Techniques) , a popular eigenstructure
based method, under random model uncertainties is undertaken to further understand
its robustness to model errors. Two techniques are then proposed for this problem:
the first is based on a signal subspace constraint on the possible sets of model errors
and DOA angles while the second is based on the incorporation of blind identification
techniques with clustering techniques. The integration of these techniques and ideas

may make it possible to apply array signal processing under less ideal conditions.

Chapter 2 presents the model formulation for the array signal processing problem

and its areas of application. Chapter 3 covers the basic mathematical machinery




needed for the study in the report. Chapter 4 gives a broad overview of various
aspects of array signal processing, from conventional methods to eigenstructure based
methods and other aspects such as model order estimation and extensions for coherent
and wideband situations. Chapter 5 presents the performance analysis of ESPRIT
under random model errors. Chapter 6 contains the signal subspace approach to array
signal processing under model errors. Chapter 7 presents an approach based on the

incorporation of blind identification and clustering techniques to solve the problem.
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MODEL FORMULATION

In this chapter. we shall cover the basic model formulation of the array signal pro-
cessing problem. Narrowband and wideband formulations are then discussed. Model
parameters such as time delays, direction-of-arrival angles of source signals and chan-

nel coefficients are then looked at. In the final section areas of application for array

signal processing methods are examined.

2.1 Notations and Preliminaries

Throughout this thesis. we assume the following notational convention: All matrix
quantities will be denoted by upper case bold faced symbols while vector quantites

will be denoted by lower case bold faced symbols. Also,
o (.)! - Transpose of (.)
e (.)' - Complex conjugate transpose of (.)
e ()7! - Inverse of (.)
o (.)* - Pseudo-inverse of (.)

o || M ||F — Frobenius norm of M




(2]

| v i| — Euclidean norm of the vector v.

| M ||z - 2-norm of matrix M
e m — Number of sensors within array

¢ n — Number of sources

{pi, vi) — Location of :-th sensor in array

7ik — Time delay of k-th source signal at :-th sensor.

0, — Direction-of-arrival of k-th source signal measured relative to v-axis.

We write the general formulation of the problem in the following manner. Let the

i-th sensor output be denoted by

General Model

zi(t) = 3 aask(t — ma) + mu(t), i = 1,2,---,m. (2.1)

k=1

where

a;; : channel coefficient

Sk : k-th source signal

7i(t) : additive noise at i-th sensor.

T . Time delay at :-the sensor of k-th source.
Fig. 2.1 shows the model.

The channel coefficients are the result of the sensor and source characteristics -
i.e. the sensors and sources directionality, sensitivity, gains, phases, etc. and channel
parameters, inhomogeneities, etc. The time delays are due to the spatial distribu-

tion of the sensors and locations of the source signals - they are functions of sensor




Source

Source

Wavefront

. Sensor Array

Figure 2.1: Array Signal Processing Model

locations, source locations, distance between sensors, etc. Propagation of the signals

through the channel can be far-field or near field or any combination thereof.

The general problem which is wideband in form is such that the channel and signal
components cannot be separated in the time-domain. However, under narrowband
conditions (which will be discussed in the next section), si(t) may be assumed to be

baseband and the model written as:

Narrowband Model

x(t) = As(t) + n(t) (2.2)
aue—jwo‘m . ame"jwﬂn
a2ie~jwf2l “aea a2 e"j%"")n

A= _ " , (2.3)
amle"jwofml e amne"j'ﬂ)fmn

where wo is the center frequency of the signals.




The specific form of the parameterization of the time delays will be elaborated on

in the sequel.

The following assumptions will be assumed to hold for all the coming discussions

in this thesis.

Assumptions
{Al) The matrix A in Eqn. (2.3) has full column rank.
(A2) s(t) is zero mean stationary with a positive definite covar.ance matrix.
(A3) n(t) is additive white Gaussian noise, mutually uncorrelated with s(t).

{A4) The number of sources. n is assumed known or estimated previously.

2.2 Narrowband and Wideband Formulations

As from Eqn. (2.1)

zZi(t) = 3 ause(t — ma), i=1,2,---,m. (2.4)
k=1

If sk(t) is bandlimited with center frequency wo, we write
sk(t) = 3k(t) cos(wot + ¢u(t))

where 3;(t) denotes the envelope of si(t) and ¢x(t) denotes the phase associated with
sk(t).
Under narrowband assumptions on s.(t), the time delays 7,1 are small enough

such that 3x(t) o 3x(t — 7ik) and () = ¢u(t — 7).

Definition: A baseband signal 3i(¢) is said to be narrowband if the reciprocal of
its highest frequency component is much larger than the maximum delay time of the

signal propagating through the sensor array in question, see also [78].




The signal is said to be wideband if it is not narrowband.

Thus by demodulating the received signal at the :—th sensor down to the baseband
level through a quadrature demodulator and passing the results through low pass
filters, we can write the outputs as:

In - Phase — Component : z,(t) = Z aikcos(woTik + o (t))3k(t) (2.5)
k=1

Quadrature — Phase — Component : z;(t) = — E aiesin(wotik + o(t))sk(t) (2.6)
k=1

Combining both the in-phase and quadrature-phase components we can write the

complex valued :-th sensor output as

zi(t) = = 3 age 0T gy (t)e~ (2.7)
k=1

Remark: The result of the quadrature de-modulation of a real valued white gaussian

noise is circular complex valued uncorrelated gaussian noise, see {35].

Writing the array observations as a vector, we get Eqn.(2.2)
x(t) = As(t) + n(t) (2.8)

Here s(t) = [5;i(t)e™ (... 5,(t)e~*]T is the source signal vector and n(t) =

[m(t)-- - nm(t)} is the additive observation noise vector. Also,

alle_.’wo"ll v e alne-.’“’o‘rln
azle-.’wnl v azne"]wnﬂ

A= . . (2.9)
amle‘jwofml e am"e“.fw‘rmn

where wp is the center frequency of the signals. Fig.2.2 shows a block figure

diagram of the quadrature demodulator.

Under wideband conditions, the assumption 3x(t) ~ 3&(t — ) and @i(t) =2 du(t —

Ti) are no longer valid and the array observations may no longer be written in the




cos{a) i)

LPFilter ———+In-Phase

Co—

% LPFilter o Quad-Phase

sin{ey t)
Figure 2.2: Quadrature Demodulator Block Diagram

form of Eqn. (2.8), at least not in the time-domain. However, by taking the Fourier

Transform of the general array observations, we get

x(w) = A(w)s(w) + n(w) (2.10)
aue""‘"" .o a;,.e“’“’"n
a e—j“’r?l “ e a e‘jwnn

A= 1% n . (2.11)
am‘e-ju‘rml e amnc"j“’fm"

where w denotes frequency in radians. The matrix A is usually referred to as the

steering matrix in the literature.

2.3 Time delays, 7;; and Direction-of-arrivals (DOA),

0. Relations

In this section, the form of the time delays 7;; will be discussed. Due to the spatial

distributions of the sources and sensors, different sensors will observe the same signal
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at different time delays. Thus. by selecting the location of the reference sensor as
{0.0), the k-th source signal will be observed at the time delay value 7, at the -
th sensor. The direction of arrival of the k-th source. denoted by 6y, is defined with
reference to the vertical () axis at the reference sensor. Without any loss of generality

one can select the reference sensor location as the origin.
There are two cases of interest.

Far-Field: Consider the far-field case, i.e., the plane wave propagation assump-

tion is valid, see Fig. 2.3. From Fig.2.3, it can be easily shown through simple

analytical geometry that,

1
Tik = Z{u.- cos 0 + p;sinf} (2.12)

where ¢ denotes the velocity of propagation of the signal.

Example (Uniform Linear Array): The uniform linear array (ULA) is an
important special case in array signal processing. It corresponds to the case where
ther sensors are aligned in a single axis and spaced with equal distance d between

adjacent sensors, see Fig.2.4. In this case, the time delays may be written as:

Tk = (_?M (2.13)
c

When the channel coefficients a;; are all equal to 1.0, the form of the steering matrix

A from (2.11) is written as

e -jwf‘l (0) e —ijn (0)
e—jufg(l) .. e—jwrn(l)

A= ) ) (2.14)
e—jw;(m-l) e e-ﬁ"n("‘“i

where 7, = 4—"—:‘-2‘. The steering matrix A in this case has a special form called

Vandermonde. It has been shown that it has full column rank when the {7} terms

are distinct.
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Far-Field Source

Planar Wavefront

Figure 2.3: Far-Field Propogation

Near-Field: For the case where the far-field assumption does not hold the
wavefronts cannot be assumed to be planar but rather are spherical. Fig. 2.5 shows

the situation in the near field. The form for the time delay is then written as

1
T = Tie(far — field) — 3Re (i sin Ok + v; cos 6;)? - -i-lé;(u? + 43} (2.15)

where 7 (far — field) is the time delay assuming far-field propagation and R is the
range or distance of the source signal from the reference sensor, see also [17]. From
Eqn.(2.15) it can be seen that the near-field time delay has a correction term (1/R)
due to the curvature of the propagating wave. It is obvious that as the range gets

very large, the time delay approaches the far-field form.




TY .Y

(0,0) (d.0) (2d,0) ((m-1)d,0)

Sensor Array

Figure 2.4: Uniform Linear Array (ULA)

2.4 Channel Coefficients Relations

The channel coefficients a,; terms are a result of the combined effects of the chan-

nel attenuation characteristics, the sensor characteristics gains and the geumetrical

attenuation due to wave propagation.

Channel Attenuation: The channel attenuation characteristics are dependent
on the type of channel in question, for example it may be the atmospheric chan-
nel for radar, underwater sea channel for sonar or the air sound channel for speech
applications. The physical process by which a source signal is attenuated through
these channels are often highly complex and difficult to model. In underwater sonar
channels, signal attenuation is caused by a combination of molecular relaxation pro-

cesses (such as chemical relaxation in salt water) and frictional heat losses due to the
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Source

Spherical
Yavefrom

Figure 2.5: Near-Field Propagation

relative motion of portions of the transmission medium, see [9, 49).

Sensor Gains: The sensor gains are due to the combined effects of the sensor
receiving characteristics, the gains of the amplifiers and the subsequent conditioning

done on the signals such as quadrature de-modulating, etc.

Geometrical Attenuation: The physics of wave propagation in electromagnetic
and acoustic theory is governed by the wave equation (a d’Alembertian equation),
with vector quantities in electromagnetism and scalar quantities in acoustics. When
a spherical propagation mode is assumed in the wave equation, the intensity of the
k-th signal at the i-th sensor is inversely proportional to R;x which is the radial
distance of the k-th source to the i-th sensor, see for example [55, 49]. Thus the
channel coefficient a; are inversely proportional to R;i. Generally, it is clear that the
channel coefficients are not equal to each other since R;; s are not the same. However,
in the case where the dimensions of the array are small in comparison to the distances

R, the geometrical attenuations may be assumed to be approximately equal.
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2.5 Areas of Interest and Application of Model

The general model and the narrowband model of Eqns.(2.10},(2.8) and the associated
parameters are a focus of interest in many applications. For example, the time delays
and DOAs of the various source signals are of interest in radar and sonar processing

while the source signals themselves are of interest in communications applications.

2.5.1 Array Signal Processing for DOA Estimation

In this application, the DOA of various source signals are of interest. When the
channel coefficients are known , or normalized to unity, or the sensors in the array

are identical the models can be further simplified to the following.

Wideband Model

x(w) = A(w)s(w) + n{w) (2.16)
e-jwﬂl e c"j“”lll
e*jUﬂl e e-j‘l"‘)n

A= : . (2.17)
e“j“"ml e e-jw"'mn

where w denotes frequency in radians.

Narrowband Model

x(t) = As(t) + n(t) (2.18)
e=iwTi .., e—JwoTin
eiwo™1 ... g=iwoTan

A= ) ) (2.19)
=it ... gmivnTmn

where wp is the center frequency of the signals.
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Thus given the observation of x{{) over N snapshots or samples, the objective is

to estimate the DOA angles 64, for k = 1,..,n.

2.5.2 Spectrum Estimation

There is a duality between the estimation of multiple complex sinusoids in noise and
the estimation of DOAs using uniform linear arrays. The scalar observation can be

written as

z(t) = \:j e~ it+i g 1 (1) (2.20)

i=1

where w; denotes the frequency (in radians) of the i-th sinusoid, ¢; denotes the phase
of the +-th sinusoid and s; denotes the intensity of the i-th sinusoid. Assuming that

the observation is sampled uniformly at the sampling frequency of f,, the discrete

scalar observation is written as

z(k) = Z e~ iwil(k=1)/fakdi) g o n(k) (2.21)

=1
By collecting m consecutive discrete observations into a column vector form we get

x(k) = As(k) +n(k) (2.22)

where s = [s17% 526792 - - - s,e/%) (k) = [n(k) n(k = 1)---n(k —m +1)]* and

e~ (0)/fs . e".iwrl(o)/f:
e—iwl (2)/4, . e‘j‘“ﬂ(z)lfl

A= _ , (2.23)
emitm=1/fs ... g-jualm=1){fs

Thus the matrix A is in the same form as in the uniform linear array case discussed

in a previous section, i.e., it is Vandermonde.

2.5.3 Signal Separation Applications

The extraction of certain desired source signals from contaminated or jammed obser-

vations can be found in areas such as speech or tele-conferencing processing where
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individual speech signals must be extracted from an environment with background
and other noise sources, in communications where sources of interference may degrade
the received signals and in EMG medical processing where the evoked potentials from
various neurons must be separated. The model may be either narrowband or wide-
band depending on the specific application of interest. Certainly in communications
systems which employ narrowband signals, the narrowband model is appropriate. In
speech applications however, the wideband model is a better representation of the

problem since speech signals are wideband in nature.

Remark: Note that the emphasis in signal applications is on the extraction of indi-
vidual signals from observations where they are mixed. This requires the estimation

of the channel coefficients {ax} and time delays {m}.

2.5.4 Echo Resolution of Signals with Known Shapes

The problem of resolving echoes of multiple signals of known shape may also be
framed to fit the model of (2.18). This is achieved by a suitable parameterization of
the matrix A in terms of the known shapes, see [7]. Suppose that a signal g(t) of
known shape is used to probe a medium with n scatterers. n echoes of this signal

would be reflected back to the receiving sensor and we write the received sensor output

as

z(t) = i sig(t — i) + n(t) (2.24)

=1

where {s;} models the random gains due to channel propagation and scatterer char-
acteristics and 7; denotes the time delay of the i-th echo. Next, suppose that the
signal g(t) is sent to probe the channel repetitively, say N times and assume that the

echo returns would have died out at the beginning of each probe period. Then there




is an ensemble of /V sensor obssrvation periods, which is written as

=1

{:t:(t) = Zs;(k)g(t -T)+ r)(t)} A=102- Nand t=1,2,---.m  (2.25)
k

where s;(k) denotes the i-th echo’s random gain during the k-th observation interval

and ¢t denotes the discrete time index.

By re-writing the scalar observation into a vector form, we get
x(k) = As(k) + n(k) (2.26)

where x = [z(1) z(2) ---z(m)]', s = [sy s2 --- <., n = [n(1) n{2) ---n(m)}’. Here
define the 'steering matrix” A = z(t — ) | g(t —72) | --- | g(t — 7a)], with g(t) =
{9(1) g(2) ---g(m)]'. Thus *the model in this case fits the narrowband model with

the steering matrix A parameterized in terms of the signal g(t) of known shape.
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MATHEMATICAL
PRELIMINARIES

In this chapter the basic mathematical results of matrix and perturbation theory
is presented. Two matrix decompositions are covered: the eigenvalue eigenvector
decomposition (EED) and the singular value decomposition (SVD). Orthogonal pro-
jectors and solutions to the deterministic least square problem are presented. The
chapter ends with basic perturbation results ou the perturbations of eigenvalues and
eigenvectors of a Hermitian covariance matrix and the perturbation of a pseudoin-

verse.

3.1 Matrix and Vector Norms

Throughout this thesis we will utilize the following .orms for vectors and matrices.
Definitions: The Euc'idean norm of a column vector v of dimension m is defined
v ll= (3 v [ (3.1)
1=l
Thus the Euclidean norm is nothing but the length of the vector v.

The 2-norm of the matrix M is defined as that induced by the Euclidean vector

18




norm as in the following

| M ||l2= sup || Mv ||
where the supremum is taken over all vectors v of unit norm.

Finally, the Frobenius norm of a matrix M = [m,] is defined as

IM [lp= (35 | ma [1)2

1==] k=1

The norms defined above are also consistent, i.e.,
| MN |I<|| M Jf|| N |
| Mv {|<f M ||| v ||

Next we state certain observations regarding the matrix theory.

3.2 Eigenstructure Decompositions

19

(3.2)

(3.3)

In array signal processing, the decomposition of a covariance matrix is frequently of

interest. The covariance matrix is defined as R = E{xx'}. Thus it is Hermitian and

positive semi-definite.

Given a Hermitian matrix R, there are several different decompositions that are

available. In this thesis, we will be concerned with the Eigenvalue-Eigenvector De-

compostion (EED) and the Singular Value Decomposition (SVD), see [15].

Eigenvalue-Eigenvector Decomposition: Given a Hermitian matrix R of size

m-by-m and rank n, where m > n, there exists a decomposition of R in the following

manner

R = UAU!

(3.6)
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where U is a unitary matrix (i.e.. UU' = U'C = I) and A is a diagonal matrix

consisting of the real-valued eigenvalues of R, i.e.,

M O
A= (3.7)

O Am
Example: Consider the covariance matrix of the observation vector as found in the

narrowband model of Eq.(2.8) and apply assumptions Al-A4 of the previous chapter.
Thus

R = E{xx'} = AQA' + ¢’ (3.8)

where A has full column rank (from assumption Al), Q is the positive definite co-
variance matrix of the source signals (from assumption A2) and o2 is the variance of

the additive white Gaussian noise vector (from assumption A3).

Its eigenvalue-eigenvector decomposition can then be found as
R = UgA Uyt + 0?UpUy! (3.9)

where U = [U,U,] is unitary, Ag is an n-by-n diagonal matrix of eigenvalues greater
than o2. The subspaces spanned by the column vectors of U,, U, are referred to as

signal and null (or noise) subspace. respectively.
Similarly, in the case of the wideband model of Eq.(2.10)
Rw) = E{x(w)x'(w)}

= AW)QW)AN (W) + o*(w)I

= Us(w)As(W)Usf(w) + ”2(W)Un(W)Un*(w) (3.10)

Singular Value Decomposition: Given a rectangular matrix A of size m-by-n

and rank n, where m > n, the Singular Value Decomposition of A is:

A =UsV! (3.11)
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where U. V are unitary matrices of sizes m-by-m and n-by-n, respectively and X is

g

T = el (3.12)

where 0;,t = 1,2, ...,n are real.

Remark: The SVD and EED of a positive definite Hermitian matrix (i.e., con-

jugate symmetric) matrix are the same.

3.3 Orthogonal Projectors

Definition: A square matrix P is said to be an orthogonal projectoronto the subspace

S if it satisfies the following:
(I) P? = P, it is idempotent
(II) Range(P) =S
(I11) Pt = P, it is Hermitian.
Remarks:
(i) An orthogonal projector onto a given subspace is unique, see [15].

(ii) The orthogonal projector P+ which projects onto the subspace orthogonal to

that of P satisfies P+ + P =L

Example: Consider the covariance matrix R = E{xx'} = AQA' + ¢%I as in

Eq.(3.8). Its eigenvalue-eigenvector decomposition is then
R= UsAsUst + UzUnUnt (3.13)

where U = [U,U,] is unitary, and A4 is «n n-by-n diagonal matrix of eigenvalues

greater than o?. The subspaces spanned by the column vectors of U,, U, are referred
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to as signal and null (or noise) subspace, respectively. The orthogonal projector for

the signal subspace may be defined as:
Pg = l}g{JsT (3.14)

The above projector may be shown to satisfy conditions (I-III) above. Similarly the

orthogonal projector for the noise subspace may be shown to be
P, = UpUyp! (3.15)

Since the eigenvector matrix U is unitary, it follows that the signal subspace orthog-

onal projector is also orthogonal to the noise subspace orthogonal projector, (i.e..

P, L P,) and that
P’+Pn =I (3.16)

Example: Consider a matrix A of full column rank and dimensions m-by-n. The
orthogonal projector P, for the subspace spanned by the column vectors of A can

be shown to be

Ps = A(ATA)'AY (3.17)

Pre-multiplying a vector x by P4 is equivalent to projecting the vector x onto the
subspace spanned by A. Thus the result X = P ,x lies entirely in the subspace of A

and the difference (or error) vector (X — x) lies in the subspace orthogonal to A, see

also Remark (ii) above.

3.4 Least Squares Solutions

In this section we will be looking at the deterministic linear equation problem of

Xx=As+17 (3.18)
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Given that x and A is known. the problem is to estimate s such that the squared
error I'r{(x — A$)(x — AS)'} is minimized for some estimate $.

When A is a square matrix and non-singular. the least squares solution may be

found by inverting A. Thus,
§=A"'r. (3.19)

However, when A is not a square matrix but is rectangular, then the least squares

solution is found by using the pseudo-inverse of A. Thus,

§=A%*z. (3.20)
where A¥ is the pseudo-inverse of A. The pseudo-inverse of A fulfills the following
conditions, see [15, 51].

(I) A*A =1

(I1) AA# = P,, the orthogonal projector onto the subspace of A.
(IIl) AA*A = A

(IV) A*AA¥* = A#

When A has rank n and is of dimension m-by-n, (ie.. it has full column rank), we

can write the pseudo-inverse of A as
A* = (ATA) AL (3.21)

Thus the least squares solution for s as found from Eq. (3.20) is § = (ATA)"'A'x.

An equivalent formulation of the least squares problem would be to find the closest
estimate X which lie within the subspace spanned by A to the actual observation x.

Then the solution for X would be the projection of the actual observation x onto the

subspace of A | i.e.,

)2=PAX




= A(ATA)'A'x (3.22)

The source signal estimate corresponding to this estimated observation is observed

to be the same as in Eq.(3.20).

3.5 Matrix Perturbation Theory Results

In this section we will state first-order perturbation results for the eigenvectors and

eigenvalues and pseudo-inverse of a matrix perturbed fro.n a nominal matrix.

3.5.1 Perturbation of Eigenvalues and Eigenvectors of a
Hermitian matrix

Given a Hermitian matrix R = R + E where R has eigenvalues {Ac}, k= 1,2,..,m
and eigenvectors {ui},k = 1,2,...,m, and the perturbaﬁbn matrix E is Hermitian

and small enough, see [15], then the eigenvalues and eigenvectors of the perturbed

matrix can be written to first order as

M~ M+ ulBuw (3.23)
m ¢

R u;Eu,

U =~ ug+ ‘i . m (3.24)

In practice, at least in statistical signal processing applications, the covariance
matrix R is often unknown and hence have to be estimated from finite data. Thus,
assuming that the data is wide-sense stationary and that there are N available samples

or snapshots of the observation array, the estimated covariance matrix is
. 1 N ;
R=<) x(:)x(i 3.25
N LX) (3.29)

When the observation vector x(7) is assumed to have a zero-mean gaussian distri-

bution, asymptotically (for large N)

E{A} = M+O(NY) (3.26)




SO A2
Cov{)\i,)\k} = -N;'é,'k + O(lv_]) (3.27)
where 6, denotes the dirac function which is unity for i = & and zero otherwise.

E{a;}) = u+O(N™") (3.28)

. . A & A
0“ = Spm S = _uul + -1 )
Cov{t;, 0} Ky Eﬁ o Al)zu;u O(N™) (3.29)

See [23).
3.5.2 Perturbations in Pseudo-Inverse

Given a matrix A of full column rank n, we have seen in the 1revious section that
its pseudo-inverse may be written as A¥ = (ATA)~'At. Suppose that instead of A.
one is given a perturbed matrix A = A+ AA. Then a first-order approximation for

the pseudo-inverse of A may be written, see [19), as

A* = A¥ L (ATA)TTAANT - AA*) - A*AAA* (3.30)
3.6 Complex Differentiation

Array signal processing involves the computation of complex quantitie. Since there
will be a need to take the derivatives or gradient of certain function with respect to

complex quantities, this section presents a summary of the operation, see [18].

Let the complex quantity z be written as z = z, + jz;, where z,, z; denotes the

real and imaginary parts of z respectively. Then the derivative operators with respect

to z and 2° are

0 0 .0
3 = - tiax (3.31)
a Jd )
o = o og (3:52)
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This operation is extended to the vector gradient operation in the following manner.

Suppose that w is a complex column vector, with w = [w; wp ---wpn]'. Then the

gradient operator is defined to be 2 = [zZ- L ... =&
Thus

d(ctw)
=0 (3.33)

d(wle)
2 = 2 (3.34)
t

a“%‘.‘l"_) = 2Rw (3.35)
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ASPECTS OF ARRAY SIGNAL
PROCESSING

In this chapter we will cover veveral conventional methods for array processing such
as beamforming, adaptive beamforming, eigenstructure based methods such as MU-
SIC and ESPRIT and maximum likelihood methods (assuming gaussian distribution
for the observation vector). Also, the estimation of the number of sources using in-
formation theoretic criteria such as the Akaike Information Criterion (AIC) and the
Minimum Description Length (MDL) will be discussed. The conventional methods
are first discussed in the narrowband model case, and where the signal sources are not
coherent with one another (i.e., the source signal covariance matrix is non-singular).
Extensions of these methods to the case where the signal sources are coherent through
the use of spatial averaging using sub-arrays is covered. Finally, the extension to the

wideband case is also discussed.

4.1 Beamforming Approaches

Beamforming is a spatial filtering approaches to array processing. Given that a de-
sired source signal is to be extracted from a desired DOA angle, the outputs of the

observation array are delayed and summed in such a manner as to direct a narrow

27
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beam of sensitivity for signals coming from the desired DOA and suppressing others.
Since time delays may be equivalently represented as phase shifts, the output of a
beam-former may also be viewed as the result of an inner product of the complex

valued beamformer weight vector and the array observation vector, as in
Yy = th (41)

where the column vector w denotes the beamformer weight vector. Note that the
weight vector w must be a function of the desired DOA angle. It may or may not
be dependent on the statistics of the observation vector x and this is the manner
by which the different types of beamforming approaches may be classified, see [83].
Beamforming approaches where the weight vector is seiected independent of the ob-
servations are classified as data independent, while beamforming approaches whose

weight vectors are dependent on the statistics of the observation data are classified

as statistically optimum.

4.1.1 Conventional Beamformer

The conventional beamformer approach, also known as the delay and sum beamformer
is one of the earliest approach used for array signal processing. This approach is
classified in the data independent category of beamformers as the beamformer weights

are not dependent on the observed data or its statistics.

Intuitively, the idea is to time delay the different array sensor outputs and sum
them in such a manner that the source signal emitted from the desired DOA would
add coherently while those of the interfering and noise signals would add incoherently.
Thus, the resulting beamformer output would increase the SNR of the desired source

signal relative to the other signals, including noise.

This approach can be illustrated easily for a ULA with a single source signal, at
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DOA angle 6,. Assume that the channel gains a;; are all unity. Thus, the i-th sensor
output is

zi(k) = eI A k-1)oindy o (4.2)

Thus if the beamformer is steered towards a DOA angle of 8, its weight vector w

is defined such that

w = [10 e“jz'im?"'"o ves e—j‘f‘(m—l)ainﬂlt (4‘3)

Thus the output of the beamformer is

m
y = th = 5 (Z e-jz’xﬂ(k—l)(sinﬂl—sinﬂ)) (4'4)
k=1

Looking at the power of the beamformer output, we have

_ sin{ X (sind, — sind)}\’
|y =] s |2 ( sin{%-(sine‘ - sinf)} )

(4.5)

Looking at the above expression for the beamformer output power, it is clear
that it has a ’sinc-like’ behavior with respect to the argument (sin; — sinf). The
maximum power is found when the beamformer is steered towards the source signal
at the DOA 6 = 0,, and that it has a main lobe width of 2. The conventional
beamformer would therefore not be able to resolve a case there are two source signals
with DOA angles such that their separation is less than half the main lobe width.
Fig. 4.1 shows an example of a sensitivity plot for a ULA with ten sensors spaced
half a wavelength apart with the beam steered towards 30 degrees. Note that any
two signals with DOA angles that fall within the main lobe would not be resolvable.
The Rayleigh resolution limit for the ULA array is ; (in radians). Note that this
inability of the conventional beamformer to resolve two signals with close DOA angles

is related to the array aperture size and not due to the amount of observation data

available.
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Figure 4.1: Conventional Beamformer Example

When a general array geometry is assumed instead of the ULA in the discussion

above, the beamformer weight vector is defined accordingly as
w = [1.0 g7wom2 ... e'”’“’"]' (4.6)

where the delays 7; are defined as in Eq.(2.12).

When N samples or snapshots of the array observations are available, the smoothed

beamformer power estimate is:
s 1 X 2
PO) = 53 1v(k)|
k=1
= wiRw (4.7)

where R = £ TN xx!(k).

The conventional beamformer approach is thus summarized as follows:
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1. Estimate R = E{xx'}.
2. P(0) = w'Rw. where w(0) = [l ezp(—jwor), . exp(~)woTm-1)]7.
DOA angle estimates are found from peaks of P(8).
Remarks:

(1) As can be seen from Eq.(4.4), the conventional beamformer may be imple-
mented as a FFT in the ULA case. Thus it is an attractive approach due to its

simplicity of implementation.

(ii) Conventional beamformers suffer from the problem of resolution, i.e.. source

signals that are situated close to one another in DOA angles cannot be resolved.

(ii1) In general, conventional beamformer performance is degraded by the presence
of multiple sources. It performs well however for a single source or for widely separated

sources.

(iv) 'Leakages’ or spurious signal power may arise due to the relative; high side-
lobe levels of the conventional beamformer. The sidelobe levels may be reduced by
using 'window’ functions (also known as taper weights) in the beamformer weight
vector. This is achieved at the expense of reduced resolution capability however due

to increased main lobe width.

4.1.2 Linearly Constrained Minimum Variance Beamformer

The linearly Constrained Minimum Variance (LCMV) beamforming approach is based
on minimizing the beamformer output power subject to certain linear constraints,
[83]. Thus interfering signals disjoint from the source signal of interest would have
their power minimized. These constraints may consists of point constraints such as
constraining the signals from certain DOA angles be passed through the beamformer

with specified gains and/or phases, or, that certain inferference signals from certain




DOA angles be suppressed. Derivative constraints may also be used to control the

beamformer response over a specified range of DOA angles. The LCMV beamformer

problem is stated as follows.

rrgnw’Rw such that C'w = f (4.8)

C is the m-by-p constraint matrix and f is the p-by-1 specified response vector
(there are p linear contraints on the problem). Using Lagrange multipliers for the

constraints, we write the minimization problem as
£ =w'Rw + (f — C'w)t) (4.9)

where A = [A; Ay --- A;]' is vector of Lagrange multipliers.

Taking the gradient of { with respect to the beamformer weight vector and setting

it to zero (a necessary condition for the minimum), we get
w=R"'CA (4.10)

Using the constraint rciation C'w = f and assuming that the constraint matrix C

has full column rank and the covariance matrix R is invertible, we get

Beamformer Weight Vector: w = R™!C(C'R™1C)”'f (4.11)

Beamformer Power: w/Rw = f{(C'R-1C)'f (4.12)

It is clear that the beamformer weight vector w is dependent on the covariance
of the observation vector R and is therefore classified in the statistically optimum

category of beamformers.

The LCMV beamformer weight vector w may be decomposed into a sum of two
orthogonal vectors we and wi which are their projections onto the subspace spanned

by C and its orthogonal complement, see [83]. From Eq.(3.17) in the previous chapter,
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we have that the orthogonal projector onto the subspace spanned by the constraint

matrix C = C(C'C)~'C!, and thus

We = Pcw

= ¢(ctCc)'f (4.13)

where w¢ is independent of the observation data! Thus the only component of w
which is dependent on the observation data statistics is wg = Pgw. Since w3 is

orthogonal to C, we may write it as
wj = Db {4.14)

where D is a m-by-(m — p) matrix orthogonal to C (it can be found by applying an
SVD decomposition to C) and b is a {m — p) column vector. Note that constrained

minimization of Eq.(4.8) is reduced to the un-constrained minimization as below
mgn(wc + Db)'R(w¢ + Db) (4.15)
since C'w = Cl(w¢ + C'Db = f. Solving for b, we get
b= —(D'RD)"'D'Rw¢ (4.16)

Thus the LCMV beamformer may be implemented with a combination of a data

independent component and a data dependent component as in Fig. 4.2.

This equivalent formulation of the LCMV beamformer is important in the adaptive

versions of the LCMV beamformer as will be shown next.

4.1.3 Adaptive Beamforming

Statistically optimum beamformers as in the LCMV beamformer above require an

estimate of the observation covariance. Since the statistics of the data may vary with
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Data Independent Part
We
Y,
X, D |——— b
Data Dependent Part
LCMYV Beamformer

Figure 4.2: Block Diagram of LCMV Beamformer

time, adaptive beamformers have been proposed that will track such changes. The

problem may be stated as follows, see [83]:

. - 2
miné(w) = minE{|z - whu [2)
= min {af —wir, —rl_w+ w’Ruw} (4.17)
Here z is the desired respones, u is an input data vector and w is the beamformer

weight vector. o2 is the power of the desired output, ry; = E{uz*} and R, = E{uu'}.

The solution for Eq.(4.17) can be shown to be
w=R:'r, (4.18)

Adaptive methods for the estimation of w may be implemented using a whole host
of techniques from adaptive filter theory, see 11, 18]. Note for example that the
Recursive Least Squares method or the Least Mean Squares method may be used,

[18, 11].

Using the Least Mean Squares (LMS) algorithm to allow for the adaptive updating




of the beamformer weight vector estimate, we have
W1 = Wi + au(k)e™ (k) (4.19)

where e(k) = z(k) — w'(k)u and o is the step size or gain constant.

Example (Adaptive LCMV Beamformer): The LCMV beamformer consists
of a data independent component w¢ which may be computed beforehand and a
data dependent component wwhich is dependent on the second order statistics of
the data, see Egs.(4.13),(4.16). Thus the adaptive version of the LCMV beamformer

may be accomplished by defining the quantities

Solution Vector: w = b
Desired Response: = = whx

Input Vector: u = D'x

where the quantities b, wg and D are as defined in the previous section on LCMV

beamformers.

4.2 Eigenstructure Based Approaches

In the past two decades there have been increasing interest in eigenstructure based
approaches for array signal processing. Unlike the conventional beamforming ap-
proach or the LCMV beamforming approach, the eigenstructure based approaches
are capable of (theoretically) resolving very closely separated source signals. This has
led to these methods being called high resolution or super resolution methods, since
they are capable of resolving source signals with DOA separation of less than the

Rayleigh resolution limit as found in a conventional beamformer.

The two eigenstructure based methods that will be covered in this section are

called MUltiple Slgnal Classification (MUSIC) and Estimation of Signals Parameters
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via Rotational Invariance Techniques (ESPRIT), see (32, 50]. Before we proceed to
a discussion of these two methods, we shall first discuss the basic subspace relations

upon which these two methods rest.

Consider the narrowband observation covariance as in Eq. (3.8) and its EED

decomposition

R = E{xx'} = AQA'+¢1

U,A,U! + U, Ul (4.20)

Here U, of dimension m-by-n,U, of dimension m-by-(m — n) are the signal subspace
and noise subspace eigenvector matrix respectively. The signal subspace eigenvector
matrix U, spans the column vectors of the steering matrix A and thus there exists a

non-singular matrix T such that

U, = AT (4.21)

This is easily shown by considering the following. Suppose that there is no noise, and

thus 02 = 0. Then we have

U,A, Ut = AQA! (4.22)

Then by post multiplying both sides of the equation above with U,A!. we get Eq.
(4.21), where T = QA'U,A;'. Note that T is square and of full rank (it is non-

singular). It is also straightforward show that

U, UIA=A (4.23)

It is also clear that the noise subspace eigenvector matrix Uy is orthogonal to the

steering matrix A, i.e.,, U, 1L A, since

RU, = AQA'U, +¢%U,

= o'y, (4.24)
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This implies that

AU, =0 (4.25)

These relations comprise the backbone of most eigenstructure based algorithms
such as MUSIC or ESPRIT. The signal subspace relation of Eq. (4.21) is used in the
development of ESPRIT while the orthogonality of the noise subspace to the steering
matrix as in Eq.(4.25) is used in MUSIC.

4.2.1 MULiple SIgnal Classification (MUSIC)

MUSIC was proposed by Schmidt in, see [52, 53], and independently by Reddi. see
[45]. It exploits the orthogonality of the noise subspace to the steering matrix by defin-
ing a cost which measures the “closeness” to orthogonality of an estimated steering

matrix relative to the noise subspace. From Eq.(4.25), it is clear that
Un'a(@)=0,0=0,fork=1,2,---,n (4.26)

where a(f) is a steering vector.

The MUSIC cost function is thus defined to be

1

P(8) = —————
O = ) 17

(4.27)

When the array manifold is known, i.e., the collection of all possible steering vectors
a(8) for all possible DOA angles is known, the n DOA estimates may be found from
the n highest peaks of the cost function P(#) as the DOA angle parameter is swept.
Thus MUSIC replaces the multidimensional search as implied in Eq.(4.25) with a one

dimensional search over the range of possible DOA angles.

Remark: MUSIC requires the array manifold to be known or measured (cal-
ibrated) beforehand. Thus, while it has the attractive feature that it is an one-

dimensional search procedure, it does require a calibration table (a lookup table) of
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the array manifold values which may prove costly in terms of memory size (depending

on the grid size of measured calibration values).

In theory the orthogonality relation in Eq.(4.26) should hold regardless of how
close the angle separation of the DOA of any pairs of source signals are. Thus MUSIC
is capable of resolving source signals with DOA separation that are much smaller than
that of the conventional beamformer. Under finite though large sample conditions,
however, it has been shown that MUSIC does exhibit a resolution threshold behavior,

[23].

In general, a one dimensional search is necessary in the implementation of MUSIC
to the array signal processing problem. In the case of ULA with identical sensors
however, as may have been noticed by the reader by now, an elegant method may be
used instead of searching for the DOA angles. In this case, a variant of MUSIC called
Root-MUSIC can be applied. Note that the steering vector a(z)(#) is Vandermonde
and may be written as a(f) = [1.0 z' ---z(™ D], where z = e{~i%¥#"%}  Then

Eq.(4.26) may be written as
Ula(z) =0, at = = el=i%sinehe (4.28)

Form the polynomial

D(z) =|| Ua(z) |’ (4.29)
The polynomial D(z) = 0 for z = e{~/%+n%)} ;e it has zeros on the unit circle
corresponding to the true DOA angles. Thus the Root-MUSIC method, see (3], forms

the polynomial D(z) from the estimate of the noise subspace eigenvector matrix and

solves for roots lying on the unit circle.

In the past few years, the performance analyses of MUSIC and its variants have
been a subject of intense interest. Of particular note is the work found in (23], which

is one of the first papers to analyze MUSIC. See also [62, 63, 43). What is clear from
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these analyses is that MUSIC provides DOA estimates that are asymptotically un-
biased, gaussian distributed and in general is not equivalent to Maximum-Likelihood
estimates, see next section and also [64, 62]. In the case of uncorrelated source
signals however, MUSIC and ML methods are asymptotically equal in MSE. The
Root-MUSIC and MUSIC methods are asymptotically equivalent as has been shown
in [43].

4.2.2 Estimation of Signal Parameters via Rotational In-
variance Techniques (ESPRIT)

In contrast to MUSIC which utilizes the noise subspace relation of Eq.(4.25), ESPRIT
exploits the signal subspace relation of Eq.(4.21), namely the fact that the steering
matrix A is spanned by the signal subspace eigenvector matrix. The rotational in-
variance component comes into play here because ESPRIT assumes that A has a
certain special invariance structure, see {50]. Specifically, A must have the structure

that it may be partitioned in the following manner.

B
A= [ B } (4.30)

where B is a steering sub-matrix and ® is a diagonal matrix such that
e{-jZ{-‘ainG; } O

® = (4.31)
O e(-jz‘}ﬂsinﬂn}

Here ESPRIT assumes an array structure composed of two sub-arrays we shall call
X and Y sub-arrays, where each sensor in X is matched (identical) to its pair in Y
and spaced at a distance d from each other, see Fig. 4.3 for example. Note that only
the sensor pairs (also known as doublets) need to be matched and different sensor
characteristics for different pairs are allowed. Using simple geometry to calculate

the time delay difference between the sensors of a sensor pair, we can see that the
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x<—9 w

Figure 4.3: Esprit Subarrays Example

difference in time delay for a signal coming from DOA angle 8, at the i-th sensor in X
and its pair in Y is A7y, = $sinf,. Thus if the observation column vector is arranged
by concatenating the observations from the X sub-array on top of the observations
from the Y sub-array, then the steering matrix A which results will fulfill the required
rotational invariance as in Eq.(4.30). From the fact that the steering matrix A is
spanned by the signal subspace eigenvector matrix, see Eq. (4.21), there exists a

non-singular matrix T such that

AT

il
IS

= [ E, } T (4.32)

where Ex, Ey are matrices partitioned from U, with dimensions corresponding to

the size of the X and Y sub-matrices. Furthermore, the matrices Ex,Ey both span
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the same subspace due to the structure of the steering matrix A. Thus. there exists

a matrnix W such that

Ex¥ = Ey (4.33)

Notice however that due from Eq.(4.32)
BTY = B3T (4.34)

Since T is non-singular and B has full column rank this implies that the eigenvalues
of W are ezactly the diagonal terms in ! Thus the ESPRIT algorithm comprises
primarily the estimation of the signal subspace eigenvector, its partitioning into sub-
matrices Ex, Ey solving for ¥ from Eq.(4.33) and finally the extraction of the eigen-

values of ¥. The DOA angles may thus be extracted from the phase terms in the

eigenvalues.
Remarks:

(1) ¥ may be solved from Eq.(4.33) by using either Total Least Squares (see
[50, 15]) in which case the algorithm is called TLS-ESPRIT or by ordinary least
squares in which case it is called LS-ESPRIT.

(ii) ESPRIT circumvents the need for a search procedure and for knowledge of /or
calibration of the array manifold. Thus it is an attractive alternative to MUSIC. It
requires however the special rotational invariance structure of the array which entails

matched sensor pairs (matched in terms of characteristics and alignments).

Performance analysis of ESPRIT h:ve been conducted by Stoica et., al, [63], Rao
et., al, (44], Ottersten et., al, [35]. One interesting result of Stoica/Nehorai is that
the performance of MUSIC is aymptotically better than that of ESPRIT. The DOA
estimates have been shown to be zero mean, gaussian distibuted, see for example

[35]. It has also been shown that asymptotically, TLS-ESPRIT and LS-ESPRIT are
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equivalent, although simulations have suggests that TLS-ESPRIT is superior in low

SNR and small snapshot size cases, see [50, 44].

4.3 Maximum Likelihood (ML) Methods

There are two formulations for maximum likelihood methods for the narrowband array
signal processing nroblem, the so called stochastic marimum likelihood formulation
and the deterministic mazimum likelihood formulation. The deterministic tag here
refers to the assumption that the source signals themselves are deterministic, the
observations however are still random since the additive noise is AWGN. Maximum
Likelihood methods are of interest in all facets of estimation theory since under certain
conditions, ML estimates have mean square errors that are asymptotically equal to

the Cramer-Rao lower bounds, see [29].

4.3.1 Stochastic Maximum Likelihood

In the stochastic ML formulation the source signals have zero mean, temporally white

gaussian distributions such that

E{s(t)s'(£)} = Qb (4.35)
E{s(t)s'(€)} = o© (4.36)

Writing the probability density function for N snapshots of the observation array, we

get
1

e xn) = LI pa }
fe(x1, ,xn)—(zr)mmezp{ QkZ.—.:n)(kR Xk (4.37)

where @ is a column vector of the parameters to be estimated which includes the n

DOA angles, the entries of the source covariance matrix Q and the noise variance o?.

The maximum likelihood method entails finding the estimate of the parameter vector
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© such that the probability density function in Eq.(4.37) is maximized. Taking the
negative log of the pdf (since the log function is monotonic) this is equivalent to

~ N

0= mein {log(det(R)) + k}; xLR'lxk} (4.38)
Allowing for the fact that the source covariance matrix is Hermitian, the total num-
ber of parameters that must be estimated is n DOA angles+m? real and imaginary
parts of source covariance matrix+1 noise variance. This minimization is thus often
computationaly expensive as it essentially means that a multi-dimensional (specifi-
cally (n + m? 4 1)) search must be conducted. The non-linearity of the minimization
criterion of Eq.(4.38) further compounds the probiem due to the likely existence of

local minima solutions.

For methods proposed to solve for the estimates of the stochastic ML estimates,
see [34] and the references therein. For performance analysis, see [34] - the stochastic

ML method is asymptotically efficient if the global minimum of Eq.(4.38) is found.
See also (64, 62].

4.3.2 Deterministic Maximum Likelihood

In the deterministic ML formulation, the source signals are assumed to be determin-
istic signals, i.e., they are not random processes. The observations however would
still be gaussian distributed due to the additive white gaussian noise component. As-
suming that there are N snapshots of the observation array vector, we can write the
probability density function of the observations as
1 1 & i ]

fo(xi. -, xn) = Wexp{~§;5 f::x(Xk —As ) (xi ~ Ask)j (4.39)

where sg, k = 1,---, N are the deterministic source signal vectors and A is the steering

matrix. The parameters within the parameter vector ©® that must be estimated are
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the n DOA angles, the N signal source vectors and the noise variance, 0°. The pAf
of Eq.{4.39) may also be viewed as a conditional pdf (conditioned on NV realization

of the source signal vector). Taking the negative log of Eq.(4.39), we get
| N
{Xc}, {9;,} {02} = mm }{leog o’ + = Z(xk — Asi)f(xi — Ask)} (1.40)
k=1

Taking the derivative with respect to the noise variance o and setting to zero, we

can solve for its ML estimate as

N
o’ = —lN— Z (xk — Ask)f(xk — Asi) (4.41)

Next. taking the derivative of the log likelihood function with respect to the deter-

ministic source signal vector s, and setting to zero, find that their ML estimates

are
sk = (ATA) TAlx (4.42)
Plugging these ML estimates for the noise variance and source signal vectors into the
minmization of Eq.(4.40), we get the compressed deterministic ML problem
{6} = r{rgir}l Tr{PiR} (4.43)
k
where Py =I-P,and R= 31 TV xx!.

Remark: The deterministic ML problem is a nonlinear minimization problem
and thus computationally expensive. Various methods have been proposed for this

problem, see [4, 84]. Statistical performance analysis have been conducted, see [64,

62, 34] etc.

4.4 Cramer Rao (CR) Bounds

Given any unbiased estimator of the parameter vector ®, the error covariance ma-

trix of its estimated parameter vector is lower bounded by the Cramer Rao bound.




Specifically, given any estimate @ such that

E{@} = ®©

and C = E{(6-0)6-0))
then the error covariance matrix C is lower bounded such that
c>J! (4.44)

where J is the so-called Fisher Information matrix and the inequality is taken to mean
that C—J~! > 0, i.e., it is non-negative definite. Let the pdf of the observation vector

be denoted by fo(x). Then the Fisher [nformation matrix is defined as

1= E{-é%fe(X) (%fe(X))} (445
- —E{-é%(%fe(x))} (4.46)

The CR bound thus provides a benchmark by which the 'goodness’ of an unbiased
estimator may be measured. This is why maximum likelihood estimators are often
of interest since under certain regularity conditions, the error covariance matrix of
a maximu-a likelihood estimator will approach the CR bound asymptotically. i.e.. it
is asymptotically efficient. An unbiased estimator whose error covariance matrix is

asymptotically equal to the CR bound is an asymptotically efficient estimator.

In general the evaluation of the CR bound for an arbitrary pdf of the observation
data may prove to be a formidable task. Fortunately, for the case where the pdf is

gaussian, the CR bound attains relatively simple forms.

We can consider two formulations for the assumption of gaussian distributed ob-
servation data vectors, namely the stochastic where *he source signals are also zero

mean, gaussian distributed (temporally white) as discussed in the previous section
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on the Stochastic ML estimator and the deterministic where the source signals are
considered to be deterministic, as discussed in the section on the Deterministic ML

estimator.

4.4.1 Stochastic CR Bound

Using the formulation as found in the Stochastic ML, the Fisher Information matrix

J can be shown to be (see (2, 51]) comprised of the following element entries
Jie = -{)XTT {R"?B-R"QI—{-}

90; 30, (4:47)

Here NV denotes the number of snapshots available and R is the observation covariance

matrix.

Remark: For explicit evaluations of the stochastic ML see [64, 34] etc.

4.4.2 Deterministic CR Bound

In the deterministic case with the formulation as in the Deterministic ML discussion

previously, the CR bound matrix have been evaluated by Stoica and Nehorai in [62]

where
o

2 (N -1
17 = 7)-{ Real [X’(k)D'PjDX(k)]} (4.48)
= k=1

where X(k) = Utag{x(k)}, i.e., a diagonal matrix with its diagonal entries taken
from the elements of the observation vector x(k) and D defined such that its :-th

column vector is d; = a_;%g)_ evaluated at 4 = 6;.

Remark: Stoica and Nehorai derived the above expression and discussed several

important special cases of interest, [62].
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4.5 Information Theoretic Model Order Identifi-
cation

Throughout this thesis it shall be assumed that the number of source signals is known,
see assumption A4. In practice however, the number of source signals would also
have to be estimated from the observed data. Two model order estimation criteria
which have gained a lot of attention in the literature are the Akaike’s Information
Criterion (AIC), see Akaike, and the Minimum Description Length (MDL) criterion,

see Rissannen, Schwartz.

Both methods attempt to find the model order that best fits the given family of
parameterized model pdf f(x | @). AIC is proposed as a measure (see Akaike, [1])
where it was shown that minimizing the AIC is asymptotically equivalent to mini-
mizing the Kullback-Leibler function which is a measure of the statistical “distance”
of the true model pdf and the estimated model pdf. MDL (see Rissanen, Schwartz,
[46, 54]) is derived by treating the problem as that of determining the minimum code

length that will describe the observation data. Thus the AIC and MDL are stated as
AIC(k) = —2logf(x | O + 2k (4.49)

MDL(k) = —logf(x | ©%) + %klogN (4.50)

where © is the model parameter vector and @¥) is its ML estimate, & is the number
of free adjusted parameters in the model and N is the number of snapshots of the

observation data. The model with the minimum AIC or MDL is selected as the one

that best fits the observed data.

Wax and Kailath {77] had applied AIC and MDL to the problem of determining the
number of source signals in the narrowband array signal processing problem. Using

the statistical assumptions in the Stochastic ML model, these criteria are shown to
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v 3]

be

m jUme=i)) MRV
AIC(n) = —2log ( =t ) +27(2m — 1) (4.51)
m—r Z:=ﬁ+1 ‘\,‘
m  jMmen)) (N
MDL(n) = —log ( 'T““ — ) + 5A(2m — f)logN (4.52)
men ~oimndl Ai “

where i denotes the estimated number of source signals and J, denotes the eigen
values of the estimated covariance matrix of the array observation vector R arranged

in order of decreasing magnitude.

Thus the estimated number of sources are picked from the value that minimizes

these equations depending on which criterion is to be used.

Remark: Wax and Kailath, {77} showed that for the AIC and MDL crueria as
in Eqgs.(4.51), (4.52), that AIC is inconsistent, ie. asymptotically it tends to over-
estimate the number of sources. MDL however is asymptotically consistent. Exten-
sions of these information theoretic model order estimation methods for wideband,

coherent sources may be found in [20, 78, 75).

4.6 Spatial Averaging for Coherent Sources

[n the development of the eigenstructure based approaches thus far, it has been
assumed that no two source signals are fully coherent with each other, i.e., the source
signal covariance matrix is positive definite (assumption A2). In the situation where
two or more source signals are coherent, the application of MUSIC would only resolve
the non-coherent source signals. Similarly, the ESPRIT algorithm would also fail as

the signal subspace eigenvector matrix would have a rank less than the rank of the

true steering matrix.

In the case of coherent sources, the technique of spatial averaging has been pro-

posed in [56]. Spatial averaging assumes the use of 2 ULA with m identical sensors




divided into L overlapping subarrays each of size p sensors. The muitiple covariance
matrices of these sub-arrays are then summed and divided by L, thus getting an av-
erage covariance matrix upon which the eigenstructure based method is applied. In
[56] it was shown that this pre-processing of the data would lead to the averaged
source covariance matrix being of full rank, provided that the number of subarrays
are greater than or equal to the number of sources, L > n. Note that the number
of sensor within a subarray p must also be greater than or equal to the number of
sources n. Thus the use of spatial averaging to alleviate source coherence problems
lead to a tradeoff with respect to the available array aperture (i.e., it leads to a smaller
aperture being used. less than the available one) since L subarray covariance matrices
need to be averaged. It has been shown also that spatial averaging requires at least

50 percent more sensors for the same effective array aperture as before, see [41}.

4.7 Wideband Extensions

Wideband extensions for array signal processing fall roughly into two camps or types
of approaches, the so-called incoherent and coherent approaches. Both are applied in
the frequency domain and may be used to extend most eigenstructure based methods

to the wideband case.

4.7.1 Incoherent Approach

Intuitively, the incoherent approach for wideband array processing may be summa-
rized as follows: take the frequency transform of the observation data which divides
the data into several frequency bins. Apply the desired narrowband estimation tech-
nique then on data at various frequency bins. Finally, use the estimates found at the

different frequency bins to arrive at some sort of average estimate. Thus individual
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narrowband processing is done at various {requency bins with a nnal averaging of the

results.

Consider an example of this wideband extension approach for beamforming appli-
cations. Note that first an FFT is taken of the observation data and then individual
narrowband beamformers are applied to the frequency transformed data. Finally the
various beamformer outputs are added and inverse FFT is performed yielding the

final output estimate y(t).

In the case of MUSIC, an incoherent approach was proposed in [78], where the

cost function P(8) is defined as

1

P(6) =
(6) Ti=t || Unlwi)ta(ws, 8) |2

(4.93)

Here U, (w;) denotes the noise subspace eigenvector matrix of R(wy ), the observation

covariance matrix at frequency wy, see Eq. (3.10).

See [65) and [78] for extensions of this type for MUSIC. Extensions for ESPRIT

are found in [33].

4.7.2 Coherent Approach

The coherent approach for wideband processing is based on the idea that the obser-
vation data at the various frequeny bins should be added coherently in some manner
before the narrowband eigenstructure based method is applied. Intuitively the addi-
tion of the information at the various frequency bins vould tend to improve the SNR

of the data. This approach was proposed in Wang and Kaveh, see [75] .

Define the transformation matrices T(ws) such that:

T(we)Alwe) = Alwo) k= 1.---.J (4.54)
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where wg denotes the focusing frequency to which the steering matrices of other
frequencies are focused to. Note that this requires knowledge of the true DOA angles
which is exactly the quantities to be estimated! This dilemma is circumvented by
using a rough estimate of the DOA angles such as that found by using conventional
beamforming. Then the various covariance matrices at the different frequencies are
summed in the following manner.
J

R. = l; T (wie)R(wi ) T(wi)! (4.55)
Finally the desired narrowband method is applied on the focused covariance ma-
trix R;. Extensions to MUSIC for this approach can he found in [20. 8, 27]. Tle

extensions for ESPRIT can be found in {21].
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ANALYSIS OF ESPRIT UNDER
RANDOM MODEL ERRORS

5.1 Introduction

Eigenstructure based algorithms for array signal processing has gained considerable
interest in recent years. Algorithms such as MUSIC [53) and ESPRIT [50] have been
proposed generally for the DOA estimation problem. Much work on performance
analysis of these algorithms has been directed to studying the effects of noise and
finite number of snapshots, with no errors assumed on the sensors gains/phases,

locations etc. , see, e.g., {23],[35].

This chapter presents analysis results on the MSE of ESPRIT DOA angle esti-
mates with errors in the array sensors. Such errors include random errors in the sensor
gains and phases, random errors in sensor locations and random errors in sensor pair
alignments. Both MUSIC and ESPRIT perform well when the sensors in the array
are either calibrated (i.e., the array manifold is known) as in MUSIC or the sensors in
a sensor pair are matched perfectly as in ESPRIT. In practice, however, this may not
always be possible due perhaps to external environmental effects on the array, dete-

rioration of electronic components, measurement errors, etc. As a consequence, there

52




53

has been interest in the performance analysis of these methods under model errors.
Analysis of MUSIC under various model errors can be found in {82]-{68]. Analysis
of ESPRIT where the steering matrix errors are modeled as uncorrelated, zero-mean
Gaussian distributed can be found in (30, 68). In [68, 69|, the analysis of ESPRIT
under model errors are performed using its formulation as the minimization of a cer-
tain cost function. The MSE expressions obtained therein are very complicated due
to its parameterization in terms of not only the DOA angles but also other 'nuisance’
parameters [35], such as the real and imaginary parts of the steering matrix, the mag-
nitudes of the elements of a diagonal matrix, etc. In this chapter, a direct approach
towards the analysis of ESPRIT under model errors is taken where the DOA angles
are the sole parameters considered. This approach yields simple MSE expressions
that are related explicitly to the model errors. As such, it provides interesting insight

into the performance sensitivity of ESPRIT to model errors.

5.2 Problem Formulation

Throughout this chapter, the superscripts "H’, 'T", ’*’ and '#’ denote the Hermitian,
transpose, complex conjugate and the Moore-Penrose pseudo-inverse of a matrix,
respectively. Also. n denotes the number of narrowband far-field sources, m denotes
the number of sensors within a subarray, my denotes the total number of sensors

(i.e. mg £ 2m) and {u;,v;} and {4, v:} denote the sensor locations in the X and Y

{possibly overlapping) subarrays respectively.

Here, we will be concerned with the situation where the covariance matriz is as-
sumed known (i.e., the finite sample effects on data covariance matrix are not in-
vestigated here). Under nominal conditions, the sensor pairs within the X and Y

subarrays are matched perfectly, with a distance spacing d between them [50]. By
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appropriate choice of coordinates. one can rewrite the sensor locations within the X

and Y subarrays to be {yg;,1;} and {u; + d.v;}, respectively. Then. the observation

vectors from the X and Y subarrays can be written as:
X subarray : x = CAs + 5, and Y subarray : y = 'A®s + 3, (5.1)

Here I denotes the diagonal array of nominal sensor gains and phases, namely,

' = Diag{a;e¢’*, .., ame’®"}, and A is the steering matrix defined by the set of distinct
DOA angles {8;} (the DOA angles are measured with reference to the normal of the
sensor pairs),

A=la - a]. (5.2)

The individual steering vector at DOA angle 0, is defined as

27

A
e ezp{-—j?ii(ymsinak + vmcosti)}]T. (5.3)

ar = [ezp{—j—(p1sinbi + vicost)}...

Furthermore, ® = Diag{ezp(—j%2sind,), ..,exp(—jEddsind,)}, A is the wavelength
By

;)
of the narrowband signals, s is the source vector and 7.,7, denote the additive noise

vectors at the X and Y subarrays, respectively.

It is assumed that the matrix A has full column rank, the narrowband sources are

incoherent and the noise vectors are uncorrelated zero mean processes with covariance

o1, see assumptions Al-A4.

5.2.1 General Formulation of Error Models

Under small array model errors and using first order approximation, a general for-

mulation of the array signal processing problem under model errors can be derived,

namely,

X subarray : x = (CA + 0A.)s+7, and Y subarray : y = (TA + 0A,)®s +73, (5.4)




The GA;, JA, terms are dependent on the types of error model in question. These

different error scenarios are derived as below.

Errors in Sensor Gains and Phases: JA, = AT';A and JA, = Al A where
ATy = Diag{(Aay + jay Ad)e?® -+« (Ac., + jamAdm)e*™}. (5.5)

ATy = Diag{(Aa: + jo1A)e® .- - (AGm + jamAdm)e®™ ). (5.6)

Here {(Aai,A¢i)} and {(Aa;, Ag;)} denote errors in the sensor gains and phases of
the X and Y subarrays respectively.

proof: Consider the i-th perturbed sensor gains and phases: (a; + Aq;)e(¢+84),
Using first order approximation with e/{®+4¢) ~ e (] 4 jA¢;) and discarding all

terms higher than first order, the error terms of the above is found.
Using the same approach for the other error models, we get

Errors in Sensor Locations: A, = 'AA; and dA, = TAA, where
.2 :
AA; = -]—;(Dzag{Am,~ -, Apm}A, + Diag{Aw, -, Avn}A,). (5.7)

2 .
AA, = -]T”(Dzag{Aﬁ,,- -\ Apfm}A, + Diag{Apny, - . Abn}A,). (5.8)

Here {(Api, Av;)} and {(Afi, A;)} denote errors in the sensor locations of the X and

Y subarrays respectively, A, = {a;sinb, ..., a,sind,) and A, = [a,cosb), ..., ancosb,).

Errors in Sensor Pair Alignments: In this case, the sensor pairs within the X
and Y subarrays are perturbed by small alignment errors such that they are rotated

by small angles from the nominal aligned direction. Hence, dA; = 'AA; and 0A,
=T'AA, where

nd

A Diag{ﬁh"'-ﬁm}Ac- (5'9)

rd

A Diag{ﬂh'”wjm}Ac- (5'10)

AA, = —j

AA, = +j
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Here {B;} denote the small angle rotations from the normal of the sensor pairs due

to misalignment errors and A. is as defined previously.

Remark: Note that the random sensor error assumptions here enter directly into
the sensor parameters such as gains/phases, locations and alignments as opposed to
the uncorrelated Gaussian error assumptions imposed on the steering matrix (i.e., on

OA., 0A,) in [30, 68] which may not be physically justifiable.

5.3 Analysis of ESPRIT under Small Array Per-
turbations

Let the covariance matrix be R = E{zz"}, where z = [; } and let its eigen-
decomposition be R = E,A,E¥ + ¢?E,Ef. The ESPRIT algorithm solves for ¥
from E.¥ = E, and estimates the DOA angles from its eigenvalues. Here E; and E,

are the signal subspace eigenvector matrices for the X and Y subarrays, respectively,

[50], see Chapter 4.

Under the general model of Eq. (5.4), the application of the ESPRIT algorithm

will result in perturbation of the eigenvalues of ¥ as the next theorem shows.

Theorem 1 Given the general formulation of the perturbed array signal processing

problem of Eq. (5.4), the perturbed k-th eigenvalue of ® can be written as
€ = & + A&k where AL, = £,bT(0A, — 0A)ex. (5.11)

Here, £, = exp (-—jw), bf = el (TA)* and e is defined as the n x 1 unit vector

with unity value at the k-th element position and zero elsewhere.

Proof The signal subspace eigenvector matrix E, spans the perturbed steering ma-
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. (TA + 0A;) ) . . )
trix [ (TA +0A,)d | Thus. there exists a non-singular matrix T such that:

C[E.]_[ (TA+0A,)
E"[E,,}'{(FA+0A,,)¢]T' (5.12)

Solving for the least squares solution of ¥ and using a first order approximation for

the pseudo-inverse of (T'A + 0A;), [19], see also Section 3.5.2, yields
¥ =T {I+(TA)*(3A, - 0A.)} ®T. (5.13)

Since the eigenvalues of a matrix are invariant under a similarity transformation, the

eigenvalues of W are the same as the eigenvalues of
{I1+(TA)*(0A, - 0A,)} ® (5.14)

Using first order perturbation approximation, [15] and see also Section 3.5.1, for the

perturbed k-th eigenvalue yields

b =& + Eel(TA)H(OA, — 0A ey (5.15)

The proof is done.

Having found the perturbed eigenvalues of ¥, the next step in ESPRIT is to solve
for the estimated DOA angles. The next lemma gives a convenient form for evaluating

the mean squared error of the k-th estimated DOA angle.

Lemma 1 Given the perturbed eigenvalue £ = £ + A&y, the mean squared error of

the corresponding estimate of the k-th DOA 1is

o L2\ p[laar o (a&)
E{l A6 |°} = 3 (27((10089;-) E{W—Re <—fk_) } (5.16)
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Proof: Note that & = e~?5%*"% and that € = & + Ak =} & | e~ Btainée  where
8x = 6 + Af; Using first order approximation and sin(fi) ~ sin(f;) + Abicos()

we get
g 9
e+ Aé = (1 + Ark)e-JLki’ma" {1 - (j:?\ﬁcosﬁk) Agk} (5.17)

where Ar; denotes the perturbation in the magnitude of the estimated eigenvalue £;.

Discarding all term higher order terms except for first order, we get

Aty = & {Ark - jﬁ’djﬁ”iaok} (5.18)

Solving for | Afx |* yields the desired resulit.

Using Lemma 1 and Theorem 1 we get the following corollary.

Corollary 1 The mean-square-error of the ESPRIT doa estimates under model er-

rors.

A

2
21rdc030k) {BiMoxb} — Re (b Musby) }. (5.19)

526} = 5

Let D = Diag{a:}, a diagonal matriz formed from the elements of a, and the matriz

terms Moy, M be specified as follows.

Errors in Sensor Gains and Phases

Mo = DyE{viv}Df and M,; = DL E{v,vT}DT. (5.20)

where

Ve = [e”"(Ad, - AC!]) + jalef‘”(Aél - A(ﬁ])

€ (DG = Atm) + jome®™(Adm — Adn)]T. (5.21)

Errors in Sensor Locations

Moi = TDyE{vivf HTDi)” and M, = IDLE{vivI }(TD:)T. (5.22)




where

;2

Ve = 1% [(Afy — Ay )sindy + (AD; — Avy)costy ..

(D = Mt )sinbi + (Abm — Avim)cosbi]T. (5.23)

Errors in Sensor Pair Alignments
Moi and My, are as defined in Eq. (5.22) where

2rdcost

Vi = +j /\ (B -- -ﬂm]T. (5.24)

Proof: Since the proofs for the different error scenarios follow the same line of

argument we shall present only the proof for the sensor gain and phase error model.

Note however, that

O0A. = AT;A and 0A, = AT, A (5.25)

Using Theorem 1, the perturbation in the k-th eigenvalue & is

Aéy = .fkbi.(AI‘y—AI‘,)Aek

= §bL(AT, — AT,)a, (5.26)

Nowe however that defining v, and Dy as in the corollary and Eq.(5.21), we can

re-write the above as
A&k = &b Dyvi (5.27)

Apply Lemma 1 and the proof is done.

Remark: In general, the matrix terms Mo, M, are not diagonal. However in
the case where the X and Y subarrays do not overlap and the sensor errors (i.e..
gain/phase, location or alignment errors) have zero means and are uncorrelated, these

terms are found to be diagonal and more explicit expressions for Mog. M can be
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derived. The next corollary follows from Corollary | under the non-overlapping,

uncorrelated error assumption.

Corollary 2 Suppose that the subarrays do not overlap and that

1. The errors in sensor gains and phases are zero mean, uncorrelated with variance

ol and o2, respectively. Then
Mo = 2Diag{o? + 02a}, --,0% + 02a? } (5.28)

and

M, = 2Diag{e’** (02 — 02a?), .- ./ (02 - 0lal))} (5.29)

T
2. The errors in sensor locations are zcro mean. uncorrelated with vartance ai and

o? respectively. Then

2 2
Mox = 2 (T”) (o25in?0, + o2cos?0y) IT¥ (5.30)
and
AN 2, 2 T
M = -2 (T) (ousm s + o, cos 9;‘) I'T:. (5.31)

3. The angle errors in sensor pair alignments are zero mean, uncorrelated with vari-

ance 0. Then

2rdcost,

M0k=( :

2
) oiITH (5.32)
and

2rdcosd, \°

M1k=-—( - ) oiTT (5.33)

5.4 Discussion of Important Special Cases

In the subsequent discussion, it will be assumed that the nominal sensor gains and

phases are unity and zero, respectively. The first part of the discussion deals with
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the one and tow-source special cases under an arbitrary geometry array (the nominal
array geometry must still fulfill the ESPRIT invariance requirement of course}. The
second part of the discussion is concerned with an arbitrary number of sources under

the assumption of large m (number of sensors) and ULA structure for the array.

5.4.1 Arbitrary Array Geometry — One and Two Source
Case

For non-overlapping subarrays, simple closed form solutions for the one source case
and approximate solutions for the two source case can be found for the errors as in
Eqgs. (5.28)-(5.33) and Eq. (5.19). Note that for the one source case. it is easilv shown

that
1

| by P= — and Re{bTD?b,} = . (5.34)
m m

Proof: The pseudoinverse of the one-source steering matrix a, can easily be shown

'
to be equal to %{- Thus the quantities in Eq.(5.34) are easily found.

For the two source case, the MSE is expressed approximately in a simple form

when the number of sensors in a subarray m is large enough such that | alfa, [« m.

k=12 {5.35)

1
| by |~ — and Re{bID?b,} ~

3=

proof: The evaluation of the pseudoinverse of a two-source steering matrix A is

straightforward albeit tedious. After some manipulation it can be shown that

1 1 ala
b= o (———*..) (a} - 2=2al) (5.36)
I~ = m
1 ] ala
bt = — | ——— | S I 5.37
2 m (1 - IA}: :P) (2; m a) (5:37)

(5.38)

Next assuming that | aa, |« m the quantities of Eq.(5.35) are found.
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Thus the same mean-square-error expressions is found for the one and two-source

case. The following resuits then follow for one and two source signals.

Sensor Gain and Phase Errors

Applying Eq. (5.35) to the case of errors in sensor gains and phases of Corollary

2, we get

2 Ao, -
E{lA()kl }Za(m) Gy (039)

Remark. Thus, for the one and two source case and large m, the ESPRIT DOA
MSE under errors in sensor gains and phases are affected only by the sensor phase

erTors.
Sensor Location Errors

For uncorrelated errors in sensor locations

2
m

E{| A6, |*} ~

1 2
(dcosa ) (o2sin®0, + o) cos®0y) (5.40)
k

Sensor Pair Alignment Errors

For uncorrelated errors in sensor pair alignments

E{} a8 P} ~ —o? (5.41)

L
m
5.4.2 Uniform Linear Array (ULA) - n sources

We now turn to the special case of a uniform linear array (ULA) and where the total
number of sensors mg is assumed to be large. There are two cases for the selection
of the ESPRIT subarrays discussed here. The subarrays are chosen from the ULA to
be either non-overlapping (i.e. , m = my/2, the so-called interleaved array. [35]) or to
have maximum overlapping (i.e. , m = mg — 1), with the distance spacing between

sensors in a sensor pair kept at d.
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Before continuing on with the evaluation of the various MSE expressions. we first

recall from Appendix G of {62] that for a ULA with m sensors that

Jim ~ATA =T (5.42)
Thus this implies that
bl = el (ATA)TA! %al (5.43)
for large m. Also note that
alDi=[11--1] (5.44)

Having found these useful quantities the examination of the MSE for the non-

overlapping and maximally overlapping subarrayvs begins.

Non-Overlapping Subarrays

The non-overlapping case involves the evaluation of the expressions in Corollary

2 and the use of Eqs. (5.43), (5.44).

For the case of zero mean, uncorrelated errors in sensor gains and phases it can

be shown that

2 .
b Moib} > — /2(03, +02) and Re{bIM,;b:} ~ — Q(ag —02), . (545)
Hence, applying Theorem 1, we find
4 A
O ) — | ———1] o k=1,...,n. 4
E{l A kl } mo (gﬂ'dCOSOk) T4s k 1, W (5 6)

Proof: The Moi, M, terms are found from Corollary 2 and yields
Mok = 2(02 + o2)I and M« = 2(0? — o)1 (5.47)

Using Eqs.(5.43) and (5.44) yields Eq.(5.45).

Similarly, for the other two error scenarios we get
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Sensor Location Errors

For the case of zero mean uncorrelated errors in sensor locations

4 1 \? . .
E{| 80 ) = — ( — ak) (03sin?0y + o%cos6y) (5.48)

Sensor Pair Alignment Errors

For the case of zero mean uncorrelated errors in sensor pair alignments
2 2 .
E{| A6 |°} ~ —0jp (5.49)
0

Subarrays with Maximum-Overlapping

The case with maximum overlapping of subarrays is handled in a similar manner.
Note however that the evaluation of the matrix terms Mg, My is different from the

Non-overlapping case.
Sensor gain and phase errors

For zero mean, uncorrelated errors in sensor gains and phases, it can be shown,
when the subarrays are selected such that they have maximum overlapping (i.e. ,

m = mg — 1), that

2 2
bi Moxb; > —5(0? + ¢}) and Re{b]Myiby} =~ (02 - 03), . (5.50)
my Mo
Hence,
Eqas P 2 (—2 Yo botm (5.51)
mé \ 2rdcosf, ] % i

Proof: Consider the evaluation of Mgy. It requires the evaluation of E{vyv}} with

vy as defined in Eqgs.(5.20),(5.21). With maximally overlapping subarrays we get
2 ~1 O

-1 2 -1
E{vvl} = o (02 + 02) (5.52)

O -1

(SR




Also,

E{vivi} = - (oo = ) (5.53)
O -1 2
Thus, from Eqs.(5.20) and (5.43) we have

2 -1 O
. 1 -1 2 -1 2
tMokbj ~ —{1---1] (@2 —ad)L--- 1] (5.54)

m3 Lot =1
O -1 2

This is equal to the expression for b{ Mob} found in Eq.(5.50). biMibi is deter-

mined in the same manner. The proof is done.

Remarks: Thus, when the subarrays are chosen with maximum overlappping, the
MSE of ESPRIT estimates are smaller by a factor of 2mo than when the subarrays
are non-overlapping. This is intuitively satisfying as in this case, the subarrays have

a larger aperture than in the non-overlapping subarrays case. Again, the MSE are

affected only by the phase errors.
The expressions for the other error scenario is analogously

Se i1sor location errors

For uncorrelated errors in sensor locations and with maximum overlapping subar-

rays

E{| A6 1) ~ = (

mg

1
dcosly,

2
) (02sin®0, + olcos0,) (5.55)
Comparison with MUSIC under sensor gain and phase errors

The MSE expressions for MUSIC under random model errors can be found in
[67). As before, by arguments similar to those found in [62], for the case of zero

mean, uncorrelated errors in the sensor gains and phases, the MUSIC MSE is

6 Ao
E{] A6: |*} = — (——-—————) (02 +03), \k=1,.n. (5.56)

5 \ 27rdcosb;
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Remarks: It can be seen that the MUSIC MSE is affected by both errors in gains
and phases. In contrast ESPRIT is affected only by phase errors. Furthermore. from
Eqgs. (5.46), (5.51) and (5.36) it is clear that the MUSIC MSE is smaller when the
number of sensors mg is large. The fact that the MSE of MUSIC is less than that for
ESPRIT for large mq is also consistent with the results in [63]. Similar observations

for ESPRIT and MUSIC can be made for the other model error scenarios.

5.5 Extension of Results to DOA-dependent Sen-
sor Gain and Phase Errors

In the previous discussions. it has been assumed that the sensor gain and phases errors
are independent of the DOA angles of the source signals. Surprisingly all the previous
results concerning the MSE errors for this error model still holds when this model
is generalized to the case where the errors are dependent on the DOA angles (i.e.,
the errors are different for different angles). Specifically, consider the case where the
errors in gains and phases are different for different DOAs. Then for the perturbed

model in the general model of Eq. (5.4), we write

3A, = [Arlal ' s Af‘nan] (557)
and

3Ay = [Af‘la; l v Af‘"aﬂ] (558)

where the terms AL, AT are the first order perturbation terms for the k-th DOA

angle of the X and Y sub-arrays respectively.

Thus Theorem 1 can still be applied using these generalisations for the sensor gain

and phase errors thereby giving the k-th perturbed eigenvalue from Theorem 1 to be

A&y = EbL(AT — AT} )a, (5.59)
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From this equation we can see that it is in the same form as the DOA independent
error model and hence all the previous discussions regarding the sensor gain and phase

error model would still hold.

5.6 Simulations

Two uncorrelated sources are given at DOA angles —20° and —10° both with unit
power. The X and Y subarrays are taken from a uniform linear array with distance
spacing between the sensors in sensor-pairs taken to be d = ;\ The nominal sensor
gains and phases are unity and zero respectively. Zero mean. uncorrelated errors in the
sensor gains and phases are introduced with standard deviations of 107? and 4 degrees.
respectively. The total number of sensors mg is varied from 6 to 20 and a hundred
trial runs are used to average the MSE of the TLS-ESPRIT (see [50]) DOA estimate
for both the non-overlapping and maximum overlapping case. Their respective Root-
MSE are plotted in Figs.5.1, 5.2 where the solid line depicts the approximate Root-
MSE for the non-overlapping case as computed from Eq. (5.46), the dashed line gives
the approximate Root-MSE for the maximum-overlapping case as computed from Eq.
(5.51) while the symbols "*’ and '+’ denote the simulation Root-MSE of ESPRIT for
the non-overlapping and maximum-overlapping cases, respectively. The approximate
Root-MSE for MUSIC as computed from Eq. (5.56) shown by a dotted-line and the
simulation Root-MSE for MUSIC denoted by the symbol ‘o’ are plotted in these

figures.

5.7 Conclusions

The MSE expressions of the ESPRIT DOA estimates under three random model error

scenarios are derived assuming that the covariance matrix is known. Solutions for the
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Root-MSE of -20 deg. DOA cstimate vs. No. sensors
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Figure 5.1: Estimate of DOA at -20 deg.

ESPRIT MSE with an arbitrary ESPRIT array geometry and one and two sources
are given. Approximate solutions for a uniform linear array (ULA) and arbitrary
number of sources with a large number of sensors are also given. Solutions for both
cases suggest that ESPRIT is affected only by phase errors. Furthermore. it is shown
that ESPRIT with maximum-overlapping subarrays will exhibit lower MSE (which
decreases at the rate ;13') than ESPRIT with non-overlapping subarrays (which de-
creases at the rate ;;:;) When compared to MUSIC estimates (whose MSE decreases
at the rate -n%%-), it is found that MUSIC estimates will generally give a lower MSE

than ESPRIT. The simulation MSE are well in accordance with the analytical results.
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Figure 5.2: Estimate of DOA at -10 deg.




6

A SIGNAL SUBSPACE
APPROACH TO MODEL
ERRORS

6.1 Introduction

Eigenstructure methods such as MUSIC [53) and ESPRIT [50] have gained consid-
erable interest in recent years due to their superresolution capabilities in resolving
closely spaced sources. These methods are hampered however by the requirement of
a known array manifold (i.e. , the collection of array signal vector for all possible

direction of arrival (DOA) angles) as in MUSIC or that the sensor subarrays as in

ESPRIT be matched.

It has been observed that in practice, even after hardware calibration, sensor
arrays still suffer from gain and phase errors, location errors, etc. , [40]. The effects
of random array model errors on the DOA estimates, in terms of their mean-square-
error (MSE) and sensitivity, of algorithms such as ESPRIT and MUSIC have been a
subject of many recent studies (see e.g. [13]-[60]). These studies have shown that the
mean-square-error (MSE) of their DOA estimates will increase due to these errors.

As a result, several methods have been proposed for DOA estimation under various

70
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array model errors. For the case of DOA estimation with unknown sensor gains and
phases, a method applicable only to uniform linear arrays is proposed in [38]. In
[79, 39] methods based on the orthogonality of the noise subspace to the steering
vector are proposed. This algorithm involves the computation of the inverse of a
matrix that is close to being singular when the SNR (Signal-to-Noise Ratio) is high
and when the estimates of the DOA angles are close to the true ones, as will be
shown in Section III of this paper. Calibration methods using known DOA angles
and experimental results on an ultrasonic sensor array testbed is presented in {40}. An
approach requiring uncorrelated sources is found in [6] while a maximum-likelihood
based algorithm which requires known field covariance (i.e. . the covariance matrix

with no sensor gain and phase errors) is proposed in [14].

Studies of the Cramer-Rao lower bounds of the DOA estimates in the presence
of random sensor locations errors and an algorithm for DOA estimation under these
errors can be found in [47], [48]. The algorithm in [48] requires that sources do not
overlap either in time or in frequency. An algorithm for estimating unknown sensor
locations is proposed in [31] but requires that the DOA angles be known. An iterative

maximum-likelihood algorithm was proposed in [30].

In this paper, a constraint on the set of sensor gains and phases and DOA angles
consistent with the signal subspace is studied. This constraint is shown to yield
a simple way of computing the sensor gains and phases for a given set of DOA
angles. The issue of uniqueness of the set of sensor gains and phases and DOA
angles is examined. It is shown that when the DOA angles are known, the estimates
of the sensor gains and phases computed using the constraint are asymptotically
unbiased. When the DOA angles are unknown, an iterative procedure incorporating
the constraint is proposed. The iterative procedure is shown to be able to handle

other array error models, notably, errors in sensor locations and errors in sensor-pair




alignments of ESPRIT-type subarrays. Simuiation results are presented to show that

the iterative procedure outperforms conventional ESPRIT under arrav model errors.

6.2 Definitions and Model Formulation

The following notational convention is used in this paper. All matrix quantities will
be denoted by bold faced capital letters while vector quantities will be denoted by
bold faced small letters. (.)7, (.)t, (.)=! denote matrix transpose, matrix conjugate

transpose and matrix inverse respectively. The determinant of a matrix is denoted as

Det(.).

The vector norm used here is the Euclidean vector norm denoted as || . || and the

matrix 2-norm will be denoted as || . ||;. The 2-norm of a matrix M is defined as that

induced by the Euclidean vector norm, [15]:

i M ;= max || Mu || (6.1)

luj|=1.0

The notation Diag{v} is taken to denote a diagonal matrix formed from the

elements in the column vector v.
We now define the nominal model of the DOA estimation problem.

Let m be the number of sensors in the array, n be the number of narrowband far-
field sources and {z,y:} be the location of the i — t# sensor in the array. The nominal
sensor gains and phases are assumned to be equal to unity and zero, respectively. Then
the nominal model for the na:. >wband array signal processing problem can be stated
as follows:

z2=As+7 (6.2)

where z denotes the observation vector from the sensor array, A is the steering matrix

defined by the set of distinct DOA angles {,} (the DOA angles are measured with




reference to the y-axis of the sensor arrav).
A:ia((),) o all) | (6.3)
Here, the nominal steering vector at DOA angle 0 as
27 :
a(6) = |1 6$}7{—j—/\'—(£|sln9 + y1cosb)}...
.27( . T
~-exp{—J —)—\—(rm_lszng + Yym-1c086)}] (6.4)

where ) is the wavelength of the narrowband signals. s is the source vector and 7

denotes the additive noise at the sensor array.
The following assumptions are made throughout this paper.

(A.1) The array of m sensors is unambiguous. {34], i.e. , it satisfies the prop-

erty that for any collection of k¥ < m distinct DOA angles, {6;}i=:..x, the matrix

[a(8,), - - -, a(0)] has full column rank, where m > n, and n is known.
(A.2) The source covariance matrix Q = E{ss'} is positive definite.
(A.3) s and 5 are mutually uncorrelated and are stationary processes.
(A.4) n is additive white Gaussian with covariance E{nn'} = ¢*L.

From the observation vector z the nominal covariance matrix can be expressed as
R, = E{zz'} = AQA! + #°L (6.5)

6.3 Array Processing Under Unknown Sensor Gains
and Phases

II1.1 Conputation of Sensor Gains and Phases

For unknown sensor gains and phases the array model would be written as:

z=TAs+7 (6.6)




with I being the diagonal matrix of unknown (DOA angle independent) sensor gains

and phases where
I' = Diag{l, a\e/® . -, am- /% }

with a; and &é; denoting the :-th sensor gain and phase. respectively. We assume that
all sensor gains are non-zero. Without loss of generality, the first diagonal element in

I’ is assumed to be unity.

Computing the covariance matrix of z yields
R = E{zz'} = (TA)Q(TA)' + ¢°L (6.7)
Taking the eigenvector-eigenvalue decomposition of R gives
R = E,AE! + ¢’E.EL. (6.8)

where E, denotes the eigenvector matrix of R associated with the signal subspace
spanned by T'A, A, is the eigenvalue matrix associated with it and E, denotes the
eigenvector matrix associated with the noise or null subspace with eigenvalue o?.
Thus, the solution set of sensor gains and phases and DOA angles are constrained

such that

E.E!'A =TA, (6.9)
The constraint of Eq.(6.9) is equivalent to
E,E!l'a(6;) = a(0;),i =1,2,---.n. (6.10)

By defining D; = Diag{a(6;)}, a diagonal matrix composed of the components of the
steering vector a(f;), and v as the m x | column vector formed from the diagonal

components of I', i.e. , v = [l aye?® ... a,,_,e7%=1 |7 we can rewrite Eq.(6.10) as

EE!Div=Div,i=12--.n. (6.11)




Since D; is a diagonal matrix composed entireiv of the steering vector at8;) (see

Eq.(6.4)), it is also unitary, i.e. D'D; = D;D! = I and therefore

D!E.E!IDiv=v.i=1.2,-- .0 (6.12)

In other words, from Eq.(6.12), the vector of the sensor gains and phases must be an

eigenvector with unit eigenvalue of the matrices W, as defined by
W; = D!'ELE!D,. (6.13)

We note that W; has n unity eigenvalues and m — n zero eigenvalues. Observe that
the constraint of Eq.(6.9) can now be re-stated as the set of n eigenvector constraints
of Eq.(6.12). This set of constraints will be used in computing the sensor gain and
phase vector v. The following theorem shows how these n eigenvector constraints can

be combined into a single eigenvector constraint.

Theorem 2 Let D; and W, be defined by Egqs. (6.11) and (6.13), respectively.
Then (v, 1) is an eigen-pair (eigenvector-eigenvalue pair) for W, = DfE.E;Di.
i=12, --,n if and only if (v, n) is an eigen-pair for
W =3 W, =35 D/E,E!D.. (6.14)
=] =1
where v is the vector defined in Eq. (6.11). Furthermore, the eigenvalue n is the

largest eigenvalue of W,

Proof: It is easy to see that if v is an eigenvector with unit eigenvalue for the matrices

W, for ¢ = 1,2,---,n, then it will also be an eigenvector with eigenvalue equal to n
for W.

So, we need only show that if v is an eigenvector of W with eigenvalue n, then it

is also an eigenvector of W; with unit eigenvalue.




Suppose that Wv = nv. We write v =:{ v i ¥. where v has unit norm. Then.

| Wol=n<d Wi (6.13)

=t

Since the 2-norm of a Hermitian. semi-positive definite matrix is equal to its largest
eigenvalue. we get || W, ||;= 1.0. From Eq.{6.13) and the definition of the matrix

norm as in Eq.(6.1), we conclude that

| Wew ||= 1.0, = 1,2, ,n. (6.16)

Eq. (6.16) is sufficient to ensure that ¥ and consequently v is an eigenvector of W,

with unit eigenvalue.

To show that n is the largest eigenvalue of W, we need to show that || W ||;= n.
Suppose that W¥ = n¥. Then, from the definition of the 2-norm of a matrix as in
Eq.(6.1), we get

| W 22 n. (6.17)

However, we also have

| W < Z | Wi {l2=n. (6.18)

=1

Therefore, || W ||;= n.

Remark: Theorem 2 provides a way to compute the sensor gains and phases given
the DOA angles, utilizing the signal subspace constraint of Eq. (6.9). As such.

calibration of the array for sensor gains and phases can be done for known DOA

angles.

The following corollary is an immediate consequence of the previous result.

Corollary 3 The eigenvector v found in Theorem 2 is also an eigenvector associated

with the zero eigenvalue of M, where

M =3 D!E,E!D. (6.19)

t=1




Remarks: [n [79], an alternative approach was taken to arrive at related results.
The approach of (79] is based on the orthogonality of I'A to the noise subspace and

a solution for v was proposed as :

M"‘eo
T —— 6.20
v elM-leq (6:20)

where, ep = [1 0--- 0]7. It is seen from the previous corollary that, at the true
DOA angles, the matrix M is singular. In simulations, it has been observed that
the estimate of this matrix tends to have a large condition number, although it is
usually still invertible (due to noise, errors in DOA estimates, etc. ). In (39] the
orthogonality of T'A to the noise subspace is also exploited. From the requirement
that EtTa(8;) = 0,k = 1,2,..,n, the minimum singular vector of the matrix G is

proposed as the the gain/phase vector estimate, where

E!D,
E!D,
G=] .

(6.21)
Note that the evaluation of the large matrix G as in (39] is not neccessary. Note that
the right singular vectors of G are the eigenvectors of G'G and therefore,
G'G =Y DIE.E!'D,=M (6.22)
=1
Thus from Corollary 3, the proposed estimate of the gain/phase vector of {39] and

the method suggested by Theorem 1 are equivalent.

At this point however, it is not immediately apparent that the computed eigen-

vector v is unique. This issue is investigated in the sequel.

IT1.2 Uniqueness Issues




(v o)

Given the signal subspace constraint of [q. (6.9). there are three questions that

should be addressed.

First, given A, is the corresponding sensor gain and phase matrix I’ as constrained
by Eq. (6.9) unique? Second. given the sensor gain and phase matrix I. is the
corresponding steering matrix A unique? Third. is there only one pair of sensor gain

and phase matrix I' and steering matrix A which are consistent with the constraint

of Eq. (6.9)?

We examine the first question in the folowing result which gives a sufficient con-

dition for the affirmative.

Theorem 3 Ifm > 2n —1 and if all size n subarrays of the array are unambiguous.
then for a given A (as defined by the given set of DOA angles), the set of sensor gains
and phases as constrained by Eq.(6.9) is unique.

Proof Appendix.
Remarks

1. If the condition in Theorem 3 are fulfilled. the matrix W of Theorem 2 would

yield only one eigenvector associated with the eigenvalue n.

2. The condition in Theorem 3 that all size n sub-arrays be unambiguous imposes
certain constraints on the geometry of the array. [t is also equivalent to requiring
that all n x n sub-matrices of A be non-singular. For the case of two sources, this
condition is readily met. The determinant of any sub-matrix of A can then be written

as:

Det ( G da ) = (a;1ak — @i2ag ), 1 # k. (6.23)

Ak1 42
The quantity in Eq.(6.23) will be zero if and only if: a;;ax; =aiak;. After some alge-

braic manipulation, this implies that 8, = §,, and hence would violate the assumption
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that A has full column rank.

The second question is: given the sensor gain and phase matrix I, is the corre-
sponding set of DOA angles (i.e. A} as constrained by the signal subspace constraint
unique? The answer is also affirmative with the condition of (A.1) proving to be

sufficient in this case. This follows directly from the proof for Theorem 1 in [76].

The two questions addressed so far only guarantee that there is a one-to-one
correspondence between the set of sensor gains/phases and the set of DOA angles such
that the constraint is fulfilled. It leaves open the question of how many distinct pairs
of sensor gains/phases and DOA angles there are. This leads to the final question. i.e.
, 1s the set of sensor gains/phases and DOA angles consistent with the constraint Eq.
(6.9) unique? This question is still an open one. We can however, state a neccessary

condition which must be fulfilled.

Neccessary condition: For uniqueness of the pair (I'.A) as constrained by Eq. (6.9),
it is neccessary that for all diagonal matrices A and all steering matrices A; # A,,
we have A # AA,.

Proof Suppose there exists a diagonal matrix A such that A; = AA,. Thus, if the
pair (I', A,) satisfies the signal subspace constraint Eq. (6.9), then the pair (T'A. A;)

which is distinct from the previous pair would also satisfy the constraint.
Remarks:
1. It can be easily shown that a linear array would violate the above neccessary

condition. In [38] and in [79] it has been shown that a linear array would not yield

unique solutions for the set of sensor gains and phases and DOA angles.
II1.3 Calibration of Sensor Array

Known DOA angles
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If the DOA angles are known a-priori. then Theorem | can be applied directily. The-
orem 2 provides sufficient conditions for uniqueness of the estimate of the sensor gain
and phase vector. Therefore, the eigenvector associated with the largest eigenvalue
of the matrix W (as defined in Theorem 1) is taken to be the estimated sensor gains
and phase vector. Suppose that V snapshots of the observation vector z are taken

and the covariance matrix is estimated as:

R=—Y z(i)z(i)! (6.24)

The estimate of the sensor gain and phase vector in Theorem 1 can be shown to
be asymptotically unbiased. Using first order perturbation analysis. the estimated
signal subspace eigenvector matrix can be written as E, = E, + AE,, where AE, is
the perturbation in the signal subspace due to the finite number of snapshots and
noise effects. Thus, we get the estimated matrix W = W + AW, where
N
AW =Y D!(AE,E! + E,AE! + AE,AE!)D; (6.25)
i=1
Let the eigenvalues of W be denoted by {gi} where gy = n > g2 > -+ 2 gm and
their associated unit norm eigenvectors by {v;}. Thus, we have v; = == where v =

v}
[l a1e’® -+ ap_je’®m=1 |T. Then the estimate of the sensor gains and phases vector

is written as

R vy + AV]
v = 6.26
ed (vi + Avy)eo (6.26)
where V = [1 &16/% - G ei®m |T,e0=[10---0]T and
1
m {v,AWv
Avy =Y {._‘_._‘ivk (6.27)

k=2 (n_gk)

Approximation to first order yields

v=v+ || v Avi= || v || v(elAvieo) (6.28)
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Thus. see [23] for evaluation of E{AE,AE!} and E{AE,}. we obtain
E{¢} =v+O(NY) (6.29)

Hence, when the DOA angles are known. the estimates of the sensor gains and phases

as computed from Theorem 1 are asymptotically unbiased.

Unknown DOA angles

In the case where both the set of sensor gains and phases and the DOA angles are not
known, an iterative procedure which utilizes the constraint Eq. (6.9) is proposed. The
algorithm starts with the initial DOA estimates found by assuming nominal sensor
gains and phases and applying the eigenstructure algorithm. This algorithm can be
either MUSIC or ESPRIT or any other eigenstructure-based algorithm. The iterative

procedure is summarized in the following;

Step L. Given the previous DOA angle estimates, compute the matrix W where W =

n D!E,E!D;. Here, D; = Diag{a(6;)}. Evaluate the eigenvector v associated with

its largest eigenvalue and use it as the updated estimate of the sensor gains and phases.

Step II. Apply an eigenstructure method to estimate the DOA angles. using the up-

dated sensor gains and phases to modify the method appropriately where I' =Diag{v}.

Step III. Check for convergence of the estimates of the sensor gains and phases and

DOA angles according to some convergence criterion. If converged, stop. If not, go

to Step .

In the above procedure, Step I specified for the use of ESPRIT can be stated as
follows. The matrix TA is defined as

PAE[ [xB ]

I'vyB®

Here I’ = [ Ig I‘Oy }, B is the nominal steering matrix of the X-subarray and ®
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is the rotational invariance diagonal matrix. \Ve partition the matrix E, = [ B

Ey
Then solve for the matrix ¥ from the equation:

Ex¥ = [ T;'Ey. (6.30)

The DOA angle estimates are then computed from the eigenvalues of ¥, [50]. In
Section V, the use of ESPRIT in the iterative procedure will be called M-ESPRIT
(Modified-ESPRIT).

6.4 Array Processing Under Other Error Models

Under appropriate assumptions, other model error scenarios can be cast in the same

form as Eq. (6.6). One assumption that is needed is that:

(B.1) The magnitudes of the DOA angles lie within a “narrow” enough angular

region such that their cosine values are approximately equal to each other, i.e. ,

c088. ~ cosb; = const, for k # 1.

Errors in Sensor Locations (see [60]): Under small errors in sensor locations,
denoting the perturbed location of the k-th sensor as (zx + Az, yx + Ayi), we write
the model as:

z=As+n (6.31)

where A = [a(8,),---,4(6,)] with &(8;) = za(fk) and

. 2rsinb, .
I = I-; 1r3/z\n szag{Ax,,---,Axm}
.2mcosl; .
~j=——Diag{Ay, --.Oym). (6.32)

If the sensor location errors are such that Ar; < Ay, i.e. the error is much less

along the r-axis than the y-axis (which is likely to be the situation in an underwater
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towed array, [67]) and using assumption (B.1). we can approximate the matrix ' by

a constant matrix I’ where

I'~1—;ZDiag{Ay, . dym} X const.

Thus the model can be written as in Eq. (6.6).

Errors in Sensor-Pair Alignments (see [60]): In ESPRIT, two subarrays, denoted
here as X- and Y-subarrays are configured in such a way that their observation vectors
are related by a rotational invariance diagonal matrix. Each sensor in the X-subarray
is paired with a sensor in the Y-subarray and all of these sensor pairs are aligned
such that their normal face the same direction. (see Fig. 1). A source of error would
then be the misalignments of these sensor-pairs such that they are rotated about

their mid-points by small angles {8;}=1....n. Here m is thc number of sensors in a

subarray. We write the mcdel as:
z=As+7 (6.33)
where
- By
A=y - .
£y
Where & is the rotational invariance matrix defined by

& =Diag{ezp(—;¥=sind,),.. .. ezp(~jLB=sinby)}
and
By = [x1b(81), -+, Txab(f)] (6.34)

By = [Ty1b(6,), -+, Cyab(8,)] (6.35)

Here
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Dxx = I —j 28 Diag{ 3, . Im}
and
Dyi =1 +j24%Diag(3,, -+ Bm}.
Here, d is the spacing between the sensors in a sensor-pair and b(6y) is the nominal
steering vector of the X-subarray at angle 0;.
Under assumption (B.1), we can write the error model in the same form as Eq.
(6.6) with
Fx ~1- ;%Diag{Bi, - .3m} x const.

Ly ~ I+j%‘-’-Diag{ﬂ,,--',ﬂm} X const.

Thus, the problem of estimating DOA angles under the scenarios of errors in
sensor locations (where errors in the y-axis dominates) and where the sensor-pairs

in ESPRIT type of subarrays are mis-aligned can also be handled by the proposed

iterative algorithm also.

Remark: The situation where more than one type of errors are present can still be
handled by the iterative procedure as their combined error model would still be of

the same form as that of the single error model.

6.5 Simulation Examples

Example 1 (Errors in sensor gains and phases)

The ESPRIT subarrays used in the simulation experiments are configured as in

Fig. 4.3. The total number of sensors in the array is eight, i.e. m = 8, and the spacing




between sensor pairs is taken to be d = <. Nominal sensor gains and phases are unity

and zero respectively.

There are three uncorrelated sources at DOA angles of -30, +53, and +20 degrees.
all at the same SNR level. The means and MSEs are averaged over two hundred
trials. ESPRIT and M-ESPRIT are applied with fifty iterations of M-ESPRIT per
trial.

Fig. 2 shows a typical plot of the MSE vs. SNR for the estimate of the DOA at +20
degrees. The solid and dashed-lines denote M-ESPRIT and ESPRIT, respectively.
Four hundred snapshots are taken per trial and errors are introduced such that the
gains are perturbed by up to 8 percent of their nominal values while the phases are

perturbed by up to 9 degrees.

Next, the SNR is fixed at 20 dB and the snapshot size (N) is varied. The sensor
phases are perturbed by up to £17 degrees (with zero nominal phase) and the sensor
gains by up to 8 percent of the nominal gain of unity. Fig. 3 shows a typical plot of
the MSE for the estimate of the DOA angle at +20 degrees. As before, the solid and
dashed-lines denote M-ESPRIT and ESPRIT, respectively.

M-ESPRIT is able to provide hetter DOA ang!= estimates than conventional ES-
PRIT as can be seen from Figs. 2 and 3. Qur experiments also suggests that the

DOA angle estimates of M-ESPRIT show smaller hias as opposed to ESPRIT esti-

mates which demonstrate significant bias.
Example 2 (Errors in sensor gains, phases and locations)

There are three uncorrelated sources at DOA angles of -20, +5 and +20 degrees all
at SNR of 30dB. Five hundred snapshots are taken per trial and the means and MSEs
of the DOA estimates averaged over two hundred Monte Carlo trials are evaluated.

The sensor locations are perturbed in the y-axis by up to 0.1A while no error is
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induced in the z-axis. and the sensor gains and phases are perturbed by up to 10

percent and % 90 d-grees respectively.

The M-ESPRIT algorithm (two hundred iterations per trial) and the conventional
ESPRIT algorithm are applied and the estimated means and root-MSE of the DOA
estimates are tabulated in Table 1. As can be seen from Table 1, the iterative al-
gorithm is able to give better DOA estimates under these combined errors than the

conventional ESPRIT algorithm.

6.6 Conclusions

The problem of array signal processing under unknown sensor gains and phases is
studied. A signal subspace constraint is used to yield a simple way of computing the
sensor gains and phases from a given set of DOA angles. The question of uniqueness
of the set of sensor gains and phases and DOA angles is discussed. When the DOA
angles are known a-priori, the estimates of the sensor gains and phases are shown to
be asymptotically unbiased. For the case where the DOA angles are also unknown, an
iterative procedure is proposed. The approach in the paper is shown to be applicable
to two other model error scenarios under appropriate assumptions. These scenarios
are: unknown sensor locations and unknown rotation of sensor pairs in ESPRIT type
subarrays. Simulation experiments show that the iterative algorithm provides better

DOA estimates than does the conventional ESPRIT.




Appendix

Proof of Theorem 3 We argue by contradiction. Suppose. for a given A. that there
exists two sets of sensor gains and phases as defined by the matrices I'y and I'z such

that I'; # 'z and they both fulfill Eq.{6.9).

Then ELEIT' A = I'1 A and EGE!T'2A = ;A This implies that rank[A|AA] =
n, where A =F;1P2 = Diag{ 1, A1, - -, Am—1 }. Thus,

rank[A — AA|AA]=n (6.36)

Writing out this matrix explicitly, with A = [a], we have

0 0 1 1]
(A—AAJAA] = (1- :\1)011 (1 - /\1)01.n. /\1f111 AMa1a
(1 - ’\m-l )am—l.l e (1 - )\m—l )am-—l.n Am.—lam—l.l o /\m—lam—l.n ;

(6.37)
Consider the (n+1) x (n +1) sub-matrix of Eq.(6.37) found by taking the block from

the first row to the (n + 1)-th row and the first column to the (n + 1)-th column. We

can write this as:

0 Ce 0 1
L= X o (1=M)ara | Ma
submatriz(A — AAJAA] = | (e (L= Aara | han ) o ag)
(1 - ’\n)an.l ce (1 - /\n)an.n /\nan.l

This sub-matrix is singular from Eq.(6.36). Taking the determinant and using the
fact that every n x n sub-matrix of A is non-singular, we conclude that

[Ta-x)=0 (6.39)
=1
Hence, from Eq.(6.39), for at least one 7, it must be that A; = 1.0. Using the same
reasoning repeatedly as in eqs.(6.37)-(6.39), we can show that at least (m — n) of the

Ai terms are equal to 1.0.




We next show that the remaining (n — () A, terms are also equal to 1.0. Without
loss of generality we can assume that the litst (m — 1) A, terms have been shown to
equal 1.0. We now consider the matrix [A{AA] with these {m — n) unit values of },

plugged into the matrix.

Consider the (n + 1) x (n + 1) sub-matrix of [A|AA] found by taking the block
from the first to the (n + 1)tk column and the (m — 2n + 1)th row to the (m—n+1)th
row. Note that the assumption that m > 2n — | ensures that there are enough rows

such that this is possible. Then

OGmalnel,l " Amelntlan Am—2n41,1
submatriz[A|AA|] = : : : (6.40)
Amyeen, i oo Umen,n Qmen.l
Amensl,l ' Gmen+ln Ament1@mon+1.1

Subtracting the last column vector from the first coiumn vector in Eq.(6.40) we get

the matrix:
1
0 Am-2n+1,2 " Gma2n+in Qm-2n+1.1
(6.41)
0 Cmen,2 tee Am—n,n QGman,l
(l - /\m—n-H )am—n-H.l Amon+1,2 e Qm—-n+i,n /\m—n+l Am—ntl.l

Taking the determinant of Eq.(6.41) which is equal to zero. and using the fact that
any n x n sub-matrix of A has to be non-singular, we get the result that either
Gm-n+11 = 0 0f Anons1 = 1.0. Since all the elements of A have unit magnitude as

can be seen from Eq. (6.4) implying an.ns1,1 # 0, we conclude that A,_nyy =1.0.

Using similar reasoning, we can show that
A=10i=m-n+1,....m-—1. (6.42)

Hence, we can write A = I or equivalently 'y = I's. This contradicts our initial

assumption that Iy # 2. O




TABLE |

Mean (deg.)
True DOA -20 +9 +20
ESPRIT |-14.279 | 11.690 | 43.372
M-ESPRIT | -18.949 | 2.052 | 21.290
Root-MSE (deg.)
True DOA | -20 +3 +20
 ESPRIT | 5.721 | 6.690 | 23.372
M-ESPRIT | 1.060 | 2.976 | 1.311

MSE of estimate of DOA at +20 deg. with M-ESPRIT and ESPRIT vs. SNR

.
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MSE (dB)

Figure 6.1: Plots of MSE DOA estimate at +20 degrees vs. SNR
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MSE of estimate of DOA at +20 deg. with M-ESPRIT and ESPRIT vs. N
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Figure 6.2: Plots of MSE DOA estimate at +20 degrees vs. N
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A BLIND IDENTIFICATION
APPROACH TO SIGNAL
SEPARATION

7.1 Introduction

In recent years, there has been interest in wideband array signal processing - i.e.,
the processing of wideband signals obtained from arrays of sensors. This is of interest
in such diverse areas as in radar and sonar processing, where parameters of inter-
est include the direction-of-arrival (DOA) of multiple signal sources, their respective
power, signal copy, time delay estimation, or as in speech processing where the de-
sired speech source signals are extracted from corrupted or mixed recordings from
microphone arrays (the so-called ’cocktail party problem’); or as in biomedical signal

processing where EMG recordings from multiple sensors are processed.

In practical applications, robustness is often a major problem for many modern
array signal processing techniques. Most algorithms assume certain array structure
with known or accurately calibrated characteristics such as sensor gains/phases and
locations. In reality, errors always present in actual physical systems and as a result

these algorithms may not perform as well or even fail completely [60].(68, 69].

91
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Consider the teleconference scenario where an array of microphone is set before
an audience. The speakers may be distributed near or far away from the array and
there may be interference sources such as fan hum, music, etc. In this situation it
is not realistic to assume that the speaker locations are known a-priori. Note also
that the relative powers of the speakers would be stronger when they are directly
facing the array and not as strong otherwise. This scenario shows that the source
locations and sensor gains cannot be assumed to be known. Thus there is a need for

new aigorithms or approaches that is robust to these types of uncertainties.

7.1.1 A New Approach and Its Features

In this chapter, a new method based on the so called blind identification is proposed
for the source estimation (signal copy) problem. By exploiting signal characteristics
such as statistical independencies, the proposed approach allows maximum uncertain-
ties associated with sensor array and signal propagation environment. The key feature

of the proposed algorithm is its robustness against the following model uncertainties:

o Unknown Sensor Gains: Complete calibration of sensors may be costly. Sensors
may have different gain patterns in different directions. While most methods
assume known sensor gains, the proposed method is not only insensitive to gain

uncertainties, it also provides estimates of array sensor gains.

o Unknown Combinations of Near-Field and Far-Field Sources: The proposed
method can deal with near-field and far-field sources simultaneousiy. It offers
source location estimates for near-field sources and direction of arrival estimates
for the far-field sources. Such capability is potentially important in applications

such as robotic vision.
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o [Unknown Combinations of Narrowband and 1Videband Sources: The sources
may be a combination of wideband signals such as voices and narrow-band
signals such as humming noise with unknown frequency locations. The proposed
approach is able to estimate each source and in fact identify their frequency

characteristics (narrow-band or wideband).

o Unknown Source Spectral Characteristics: The sources can be overlapping or
non-overlapping in their unknown power spectra. The proposed approach fully
utilizes the entire freqency band to obtain joint estimates of the signal location

and channel parameters.

e Unknown number of signals: The proposed method does not assume that the
number of signals is known. A new clustering-based technique is proposed to
determine the number of sources. Such a method is crucial when the number
of sources can not be determined at a particular frequency. As an example,
consider the case where there are four sources, two of which have overlapping
spectra disjoint from the other two. Then any estimation of the number of

sources at any particular frequency would vield less than four sources.

The proposed method will be demonstrated hoth for wideband scenarios such as
separate multiple voice sources and for narrowband plus wideband scenarios, involving

near-field and far-field sources and different array uncertainties.

7.1.2 Related Works

In radar and sonar applications, the directions-of-arrivals of multiple sources are of
much interest. A variety of eigenstructure-based methods have been developed for
estimating DOAs of these sources and when the model assumptions of these methods

are satisfied, they are capable of giving good estimation performance. see eg., [53, 50].
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However. in the presence of sensor errors or model uncertainties. these methods would

deteriorate or fail altogether.

Sensor errors in the actual physical array system can arise from changes in the envi-
ronment in which the sensor array is placed. the degradation of electronic components.
calibration errors which result in uncertainties in the sensor gains and phases. As a re-
sult of this, several eigenstructure-based approaches have been proposed for the DOA
estimation problem under sensor errors for narrowband sources. see (81, 80, 6]. These
methods are usually iterative in nature and involve some sort of muiti-dimensional
search over the space of the unknown sensor parameters and DOA angles. Conse-
quently, these methods are computationally intensive and may suffer from ronvergence

to local minimum solutions.

Microphone array processing have been proposed for speech de-reverberation, en-
hancement and noise reduction, co-channel interference rejection and extraction of
desired speech sources from noise or jammer contaminated observations, see (25, 36,
32, 12, 16, 57, 22]. The use of microphone arrays has a host of intriguing and excit-
ing applications such as a front end for automatic speech recognition. teleconferences
and hands-free cellular telephony in cars. Most of these approaches are based on
the beamformer concept in array signal processing. where the individual outputs of
the array are delayed and summed in such a way as to produce a narrow beam of
sensitivity towards the direction of the desired signal. These approaches however re-
quire model assumptions that are not easily satisfied such as identical microphones.
ideal point sources for the source signals, calibration of the microphone array, known

source locations or in the far field. etc.

This chapter is organized as follows. After picsenting the problem models and
assumptions in Section 2, we summarize certain results in blind identification and

estimation of independent sources in Section 3. In Section 4. we outline the proposed
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approach and give detailed discussions. \Ve present simulations separating multiple
voice sources to demonstrate our approach. \We conclude with some comments on

some variations and future work.

Throughout this chapter, we assume the following notational convention: All
matrix quantities will be denoted bv upper case bold faced symbols while vector
quantites will be denoted by lower case bold faced symbols. Also, the symbols (.)".
()Y, (.)7! and (.)* will denote the transpose of (.), the complex conjugate transpose

of (.), the inverse of (.) and the pseudo-inverse of {.) respectively.

7.2 Models and Assumptions

The problem of estimating multiple sources is illustrated in Figure 7.1. From the

) . :7 j-th Sensor
Wavefront

Rcfannce

i-th Sensor
Smﬁgure 7.1: Estimation of Multiple Sources

signals collected by m sensors {z;(f}}, our objective is to estimate the n sources
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{si(t)}. A wideband model is given in time domain by

zi(t) = 3 apselt — r) + (), 1 = 1,2,-- - m. (7.1)
k=1

where

z;(t): received signal at the ith sensor.
m: the number of sensors (known).

aix: {unknown) channel coefficient that characterizes attenuation of the kth source at
the ith sensor as the results the sensors and sources directionality, sensitivity,
gains, geometrical spreading, etc. Without loss of generality, the first sensor is

taken as a reference and ay; = 1.
sk: the k-th (unknown) source signal.

Ti: (unknown) time delay at the i-th sensor of the k-th source. Again, the delays are
taken as the relative delays with respective to the reference sensor and 7z = 0.
The delays are related to the path difference given by 7 = 4;*, where d;; is the
path difference of the k-th source to the i-th sensor (relative to the reference
sensor) and c is the speed of propagation. See Figure (7.1). The time delays
are due to the spatial distribution of the sensors and source locations (i.e., the
DOA angles 6, and ranges R). Propagation of the signals through the channel

can be far-field or near field or any combination thereof.

n: the number of sources (unknown).

The corresponding frequency domain description of the above model is obtained

by taking Fourier transform of the time domain model

X(w) = A(w)s(w) + n(w) (7.2)
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where, x(w). s(w). and 5(w) are the Fourier transform of x(t),s(t) and 75(t), respec-

tively, and
1.0 e 1.0
azle'—]w"?l “ . GQne—]Wﬁn
Aw) = . : (7.3)
amle-JWTml P am"e”jWTm"

The problem then is to estimate the gains a;; (the channel coefficients), delays 7

(or DOA angles 0, and ranges Ry) and the individual signals, si(t).

Remarks: Considerable simplification of the problem can be achieved if the
sources are all narrowband. However. most signals of interest (such as acoustic ones)
are not narrowband signals. Consider the following case for a speech signal. For a
speech signal with a bandwidth of 4kHz, the time delays would have to be much less
than .25 milliseconds to meet the narrowband assumption. At a sound velocity (in
air) of 340 my/s, this implies that the path lenghts of the signal to any two sensors
cannot differ by more than .085m. Thus, in order for the narrowband assumption to
be valid, all the sensors within the array must lie within a distance of 8.5cm or less

from each other! It is therefore essential to consider the wideband case.

The key assumption used in the proposed approach is signal (statistical) inde-
pendency. Although such an assumption appears rather restrictive. it holds approxi-
mately among signals from different sources. It is also important to note that, from
our simulations of using different speech and music signals, our algorithm performs
well even if there is no proof that the signals involved are statistically independent.

Specifically, the assumptions adopted in this chapter is given as follows.
Basic Model Assumption

Al: si(t)’s are zero-mean and mutually independent.

A2: 1i(t)’s are zero-mean Gaussian noise independent of s;(t)’s.
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7.3 Proposed Approach

The central idea of the proposed approach stems from the idea of applving blind

identification techniques to the frequency domain model
x(w) = A(w)s(w) + n(w) (7.4)

where matrix A(w) contains the information of source location and channel charac-
teristics as specified by (7.3). The source can then be extracted from the observation
by applying least-square methods to (7.4). A schematic diagram of the proposed

approach is shown in Figure (7.2).

o Gy [ al and Channel
Signal and Channel P’g" mr Es annz
0 0 Er X® | parameter Estimation B:‘s:f"": Au“‘“‘ m
Based on a Single u 0 .
Frequency roquencies
BN "\‘ij("ﬂ (Clustering Algomhnp
> 3&«)) -
A
! S (w)
IFFT
A
s(n

Figure 7.2: Schematic Diagram of Propwsed Approach

We must, however, pay special attention to certain subtleties due to the fact that
the spectra of the source signals are unknown. Because each source may or may

not have energy at a particular frequency, not all the source locations and channel
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parameters can be estimated. The challenge is to obtain estimates at each frequency
and combine them to form joint estimates. \Ve shall next discuss the functions of

blocks in the schematic diagram.

7.3.1 Blind Identification and Estimation of Independent
Sources

The so-called blind identification and estimation deals with the problem of estimat-
ing source signals when the transmission channel is unknown [10. 70]. This seemingly
ill-posed problem is approached by exploiting the statistical properties of the source
signals. In the context of signal estimation problem considered in this chapter. the
statistical independency of different sources enables us to allow various model uncer-

tainties as outlined in the Introduction.

The basic identification and estimation (blind) problem considered in this chapter

involves a linear model

x(t) = As(t) + n(2) (7.5)

where X is the observation random vector, matrix A corresponds to the channel
characteristics. s(t) is the source random vector, and n(t) is the measurement noise.
The objective of bliad identification and estimation is to identify and estimate both

A and s(t) from x(t). In particulai, we deal with the folowing questions:

Given x(t) generated from independent source s{t), nonsingular channel parameter
matriz A, and additive Gaussian noise n(t),
Q1: to what extend A and s(t) can be determined?
Q2: how to estimate A and s(t).

These questions have beer resolved recently (73], [74], and their answers are sum-

marized in the following.
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Theorem 4 The channel parameter matriz A s uniguely determined by the obser-
vation statistics up to post multiplications of a diagonal matriz and a permutation

matriz if and only if all except perhaps one source are non-Gaussian.

An important implication of the above theorem is that the waveforms of the inde-
pendent sources can be recovered from the observation without knowing the channel
as long as they are non-Gaussian. Although scales and orders of these signals can not
be determined without further information, it is hardly a problem in practice since
the waveforms of these signals are obtained. Such kind of identification is referred to

as waveform-preserving blind identification.

There are different methods of determining the channel parameter matrix from
the statistics of the observation. Using the fourth-order moments, Cardoso proposed
the fourth-order blind identification algorithm (FOBI) [10]. The FOBI algorithm has
the restriction that the source signals must have distinct kurtoses and be noise-free.
A slight extension can be obtained when the noise is spatially white or the noise
statistics are known [70], {61]. Algorithms using cumulants of arbitrary-orders was
presented in [74]. These algorithms eliminates the restrictions on the source and

applies to arbitrary unknown Gaussian source.

7.3.2 Source Location Estimation using a Single Frequency

At a fixed frequency wy, we can estimate, by a applying blind identification method,
K columns of matrix A(w) that correspond the K signals having energy at wp,. Con-
sequently, we obtain the estimates of the gain factors {a;;} and the phases {e~7*™}
corresponding to these K signals. The key question addressed here is how to infer

the locations of the K sources from the estimates {e~?“7},

There are two ways to go about estimating the source locations from the estimates




101

of {e77“™}, found by using blind identification. The first approach applies when a
certain uniqueness condition imposed on the sensor and source holds. In [59], several
closed form solutions for the source locations given the relative path differences is
proposed that may be readily applied to the present problem. Note however, that the
relative path differences are determined from the estimates of { e"“’i:"'} which limit

the path difference values (to avoid phase wrapping) such that
w
{ Z | ma:c{[ d,’k 1} S . (7.6)

Unfortunately, it is impossible to verify the above condition since d,;’s are unknown.

A more useful (sufficient) condition can be obtained easily as
w
{—|r<m, (7.7)
c

where r is the maximum radial distance of the sensor array. The above constraint
can of course always be satisfied if only the low frequencies are used. The advantage
of this method is its simplicity while the disadvantage is that the entire frequency
range is not fully utilized. Note also that the sources may themselves not contain
much energy at low frequencies. Thus, a method that is able to exploit the full range

of available frequencies is more attractive. and the next subsection presents one such

method.

Source Location Estimation Method

Instead of obtaining source location estimates from the relative path differences, this
. dg .
method obtains the source location estimates from {e~7“=<"} directly, and hence avoid

the problem of phase wrapping.

Consider the sensor pair (z,7) located at the same radial distance and separated

by an angle of 180 degrees, see for example Fig. 7.3. This type of sensor pair can be
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i-th Sensor

Figure 7.3: Sensor Pair

found in common array configurations such as ULAs (uniform linear arrays), circular

arrays and cross arrays. Then their path differences (relative to the reference sensor

at the origin) are
2

dit = aisin(b + ¢;) — %cos’(ok + &;). (7.8)
2H,
. a?
dy = —aisin(f; + ¢;) — :;ﬁ"cosz(ﬂk + &;). (7.9)
LAtk

where R, denotes the range of the k-th source relative to the reference sensor, 6, is
the DOA angle of the k-th source relative to the reference sensor (measured from the
vertical axis), a; is the radial distance of the i-th sensor from the reference sensor and

¢ is the angle position of the i-th sensor relative to the reference sensor (measured

from the horizontal axis).

Both the path differences in the (i,) sensor pair have the same curvature term

%cos’(& + ¢:). This fact is used in decoupling the search for the DOA angles from
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the search for the source range.

Suppose that the application of blind identification at a frequency of w vields the

following for the steering elements of the (i,:) sensor pair.

(0k R ) = eIP{”f%QiSin(ok + wi)}

ezxp{j2aisin(fi + ¢:)} cos’(0 + ¢i)}  (7.10)

exp{)—,, 2R,

We ignore the gain terms since they appear in the magnitudes of the steering elements
and can be normalized to unity once estimated. Then consider the problem of fitting
the steering vector for the (z,2) sensor pair, say c;(f, R), with the estimated blind id.

estimate, using

fi(8,R) =|| c!(0. R)ai(0s. Ry) |2 (7.11)
where
—7%a;sin(0 + ¢ a?
o, R) = | STt O eapl S o0 4 40) (12

Note however that the terms involving R and R, are eliminated in the above fitting
function since they appear as scaling phases and have unit magnitude. The function
is thus dependent only on the angle # and attains a maximum value at the angle

6 = ;. For L sensor pairs we define the fitting function as

L
8) =3[ cl(0)a |* (7.13)
1=1
where
(o | exp{—j%aisin(0 + ¢;)}
CI(B) - [ ezp{j%QfSin(0+¢,‘)} ] (7-14)

and &; denotes the blind identification estimate of a;(fi, Rx). The DOA estimate for

the k-th source is then found by
6 = {max 1(0 )} (7.15)

Remark: The k-th source range can be estimated once the k-th DOA is estimated

by defining a fitting function similar to the one above.
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The k-th source range can also be estimated independently of the DOA angle
estimate through the use of a cross-array structure, see Fig. 7.4 for an example of

a cross-array. In this case the search for the range can be conducted in parallel

. i‘th Sensor
Figure 7.4: An Example of a Cross Array

to the search for the DOA angle. Note that the cross-array can be viewed as con-
sisting of two sensor pairs, which we shall denote as (7,7) and (:",:*) with locations
({ai, ¢}, {@i, di—7}) and ({ai, i +7/2}, {ai, i —7/2}) (in polar form), respectively.
Thus the path differences for the (z,1) sensor pair is as found in Eqs. (7.8), (7.9) while
the path differences for the (i°,1*) sensor pair are found to be

2

diek = aicos(0y + ¢;) — %—sinz(()k + éi). (1.16)
2Ry
o?

dp = —aicos(Ox + ¢i) — z=—sin®(0x + ¢:). (7.17)

2R,
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Writing the steering elements of the sensors within the cross-array

_ . . al 7
exp{—j2aisin(f + oi)}exp{j%p-cos®(0x + i)}
. . . 02
exp{jLaisin(fi + ¢:) }ezp{) 2 i-cos?(0k + i)}
. { g 2 .
ezp{—jaicos(bx + i) }exp{j 2y sin’(0k + 0i)}

exp{j¥aicos(0s + 6:)}exp{7 % s sin?(6i + 6,))

a;(0k, Ri) = (7.18)

-

Define a 2-by-1 vector b;(f;, Ri) from a;(6x, Ri) by the following procedure: The
first element in b;(6x, Ri) is set equal to the product of the first and third elements
of a;(0k, Rx) and the second element in b;(fi, R) is set equal to the product of the
conjugates of the second and fourth elements of a;(fk, R¢). Writing out this vector

explicitly,

bi(0x, Ri) = [ exp] °.2f:,2 exp{—j—a;(sin(0; + @) + cos(Ox + 0:))}  (7.19)
ezp{—7 <35 ¢

Thus the range has been decoupled from the DOA angle and using a similar fitting
function as previously, we estimate the range for the k-th source as
Ry =arg {m,%x g(R)} (7.20)
where
g(R) =|| di(R)b | (7.21)
and b; denotes the blind identified estimate of b;(0y, R)) while

di(R) = [ expli 3k}

Thus the estimation for the DOA angle and range of the k-th source can be performed

in parallel since they are decoupled from each other.

7.3.3 Source Location Estimation using a Range of Fre-
quencies

At this stage of the proposed approach, a clustering technique is applied to the mul-

tiple estimates of source locations and gains found for a given range of frequencies.
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The final source locations and gains estimates are computed as the averages of the

estimates found within the clusters.

There is a question of why processing over a range of frequencies would be ad-
vantageous compared to that of just using a single bin. The obvious answer would
be the fact that more information is available through the use of multiple frequency
bins as opposed to using just a single bin. Furthermore, clustering of the multiple
source estimates found over a range of frequencies is a natural way to consolidate

the information contained in the given range of frequencies. The reasons for this are

twofold.

First, at any particular frequency. the sources may not be all present. Thus. in
order to estimate all the source locations and gains, it necessary to consider more than
just a single frequency bin. Suppose that at a particular frequency bin, K sources are
present. Then only the source locations of the I’ sources present can be estimated.
At the next frequency bin, say M sources are present and their source locations
estimated. The sources at this frequency may or may not be found in the previous
frequency. Note however that the sources that are present at both frequencies would
give source location estimates that are close to each other {ideally, the same source
locations), while the location estimates of the sources that are absent at the previous
frequency would be further away (disjoint from the other sources). By sweeping
through a range of frequencies and clustering the resuiting source location estimates,

then all the source locations may be found from the clusters.

The second reason for clustering has to do with the effect of observation noise on
the estimates and the varying relative source signal powers over a frequency range.
The quality of data at different frequencies may vary significantly over the range of
frequencies on which the blind identification algorithm is applied. This is because that

the source signals may have different power spectral characteristics, thus varying the
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relative energies of the source signals at different frequencies. Note however that at
the frequencies where the signal powers are strong (i.e.. high SNRs), the corresponding
source location estimates found through blind identification should be near to the true
parameter values. The frequencies where the signal energies are small or almost non-
existent would yield parameter estimates that are erratically distributed (the “outlier
estimates”) since the information contained within those frequencies are strongly
dominated by the spurious observation noise power. Note that the noise components
at different frequencies are mutually uncorrelated and therefore it is not likely that the
“outlier estimates” would map to the same locations for different frequencies. Thus
the application of blind identification over a range of frequencies would vield clusters
of estimates which are near the true parameter values and other outlier’ estimates
which are erratically distributed. It is clear then that any post processing of the
multiple source location estimates would neccessitate the omission of the “outlier”

estimates which fall outside these clusters.

We present one clustering technique in the following which is simple and have
found to work well in simulations. Note however. that there are various other clus-

tering techniques found in pattern recognition. see [37], which may be used at this

point.

One clustering method is by the use of a 2-D histogram of the multiple estimates
of the source locations. The modes (i.e.. the bins within the histogram where the
highest count of source location estimates fall into) of the histogram is selected as the

center of the clusters. This method is summarized below.

Clustering via 2D Histogram

e Collect all the source location estimates into a 2-D histogram. The number of

source signals can be found by determining the number of clusters present in
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the 2-D histogram of the source location estimates. Find their modes.

e For a specified cluster size (A8 and AR) of the modes, pick up all the source
location estimates falling within such a cluster size and their corresponding

gains. Compute the averages of these estimates.

This averaging of the estimates falling within a cluster may be viewed as a weighted

averaging of all the parameter estimates found in the range of frequencies of interest.

That is,

for the k-th source location

- J_ 3 Tbi(w) (7.23)
Vi
Z I“R u.' (724)
]
for the k-th source gains
1 «
= F Z Iug(w;) (725)

ko
where

(0(wr), R(wr)): Source location estimate found at frequency wi.
g(wi): Vector of gain estimates found at frequency w;.
Ni: k-th source location cluster.

Ijx: Indicator function defined as follows

I:kz{ L if (Bwn), Rlwn)) € N } (7.26)

0 otherwise.

Here N = Zl Iu,.

Remark: Other weighting strategies may be employed instead of the indicator func-

tion weights given above. such as one employing variable weights which give greater
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weight to the estimates closer to the cluster centers and less weight to estimates

further away.

Note that the post-processing of the estimates through clustering as proposed
above is fundamentally different from the coherent approach as in [75) and the inco-
herent approach as in [78]. Both the approaches in [73. 78] applies pre-processing of
the observation data and not post-processing of the parameter estimates. In [75], the
observation data at different frequencies is focused onto a single frequency while in

[78], the observation data is averaged across different frequencies.

7.3.4 Source Separation

This is the stage where the final source location and channel gains estimates is used

to extract the source signals from the observation.

The source signal vector s(t) can be estimated in a number of ways. The most
straightforward way is to use the estimates of the gains and source locations, {aik, Ok, Ri},

to solve for S(w), i.e.,

S(w) = Alw)*X(w) (7.27)

An alternative approach to extract the different source signals using the estimated
source locations and gains would be to use spatial filters (heamforming approach) to

extract the individual signals, see (83] for the various beamforming approaches that

may be applied.

7.3.5 Summary of Proposed Approach

In summary, the proposed approach proceeds in the following manner.
Proposed Approach

1. Apply FFT to data x(t).
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2. At the current irequency, estimate the number of sources present in the obser-
vation. This can be accomplished by examining the singular values of the covarince

matrix or through such criteria as found in [77. 26].

3. Apply Blind Identification to X{w). The locations of the signal sources are
estimated from the estimated matrix A(w) and the channel gains are estimated from

the magnitudes of the same matrix. Collect these estimates of gains and source

locations.

4. Go to the next frequency and return to Step 2, unless the maximum desired

frequency has been exceeded. If so, go to Step 3.

5. Apply a 2-D clustering technique onto the collection of source locations. Such
clustering methods can be a simple histogram or the methods as found in pattern
recognition, [37]. The number of sources is estimated from the number of clusters.

Using these clusters, estimate the averages of the various source locations and asso-

ciated gains.

6. Using estimates of {ai,0, Ri}, extract {Si(w)} from X{w), i.e, S(w) =
A(w)*X(w).

7. Inverse FFT to obtain s(t).

Discussions

Unknown Sensor Gains: As is clear from the previous section. the proposed ap-

proach is able to estimate the unknown sensor gains.

Unknown number of signals: The number of sources is estimated after clustering
is performed on the source location estimates. Thus the total number of sources
present over the whole range of frequency bins is determined. This is as opposed to

the estimation of number of sources at any particular frequency bin which may be




111

less than the total number of sources. As an example. consider the case where there
are four sources, two of which have overlapping spectra disjoint from the other two.
Then any estimation of the number of sources at any particular frequency would yield

less than four sources.

Unknown Source Spectral Characteristics: The proposed approach is not de-
pendent on the spectral characteristics of the sources. Thus, the sources can be

overlapping or non-overlapping in their power spectra.

Unknown Combinations of Narrowband and Wideband Sources: The sources
may be a combination of narrowband and wideband signals. Qur approach is able
to still cluster the narrowband sources even though the number of points within the
narrowband source cluster is relatively less than the number of points within the
wideband sources. This is achieved through the use of time segmentation of the
observation data, i.e., by exploiting the fact that the number of points within the
narrowband cluster may be increased by using multiple observation intervals. Note
that the ’outlier’ estimates would tend to distribute themselves erratically with dif-

ferent observation intervals while the 'good’ estimates would tend to stay near the

true estimates.

Unknown Combinations of Near-Field and Far-Field Sources: Source loca-
tion estimation is performed for all sources, regardless of whether they are far-field or
near-field. Thus the fact that the sources may consists of both far-field and near-field

sources is immaterial to the proposed approach.
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7.4 Simulations

7.4.1 Simulation 1: Three Near Field Sources

The array is a cross array consisting of five sensors located at (0,0) (reference sensor),
(.5,0), (-.5,0), (0,.5), {0,-.5) meters. Three source signals, one of interfering white
noise with power equal to 2.0, while the others are a maie speech sequence and a
female speech sequence, both of unit power. The interfering white noise signal is
located at a range of 5 meters and angle 20 degrees, the male speech signal is located
at a distance of 1.5 meters and angle -5 degrees while the female speech sequence is
1ocated at a distance of 1.5 meters and angle 20 degrees. Additive observation noise
is taken to be AWGN (additive white gaussian noise) with variance equal to (.1)%

Speed of propagation is taken to be 340 m/s.

The channel attenuations in the model is assumed to be due only to geometrical
attenuation of the signal sources (from the spherical spreading of the wavefront) and
thus the gains a;; are inversely proportional to the distances Ry, i.e., the distance
between the :-th sensor and the k-th source. The gains are computed to be a; =
Ryi/ Rix, where the gains for the first sensor are normalized to unity. Then the gains

are

(1.0 1.0 1.0
1.1 1.5 1.44
1.03 .92 1.06 (7.28)
91 .75 .76
| 96 .97 .86

16000 samples of observations from the array is taken at a sampling rate of 8000

Hz.

These samples are then chopped into 30 blocks of non-overlapping intervals of 512
samples each and 512 point FFT is applied to these intervals. Wideband blind identi-

fication is then applied on the data for frequency bins ranging from 50 Hz to 1.6 kHz.
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Figure 7.5: Simulation 1: Typical observations from sensors no. 1 and 2.

Note that this selection of frequency bins does not satiy the constraint for avoiding
phase wrapping and therefore the closed form least squares based methods cannot be
applied. The source locations are estimated using the Approximate Method. Figs.

7.6 show the 2-D histogram plots of the source location estimates.

It is clear from the 2-D histogram that there are three definite clusters and there-

fore there are three souce signals present.

Picking the size of the clusters to be A® = 5 deg and AR =2 meters, i.e., all
source location estimates falling within this distance from the modes of the clusters
are collected and averaged, we find that the final estimated DOA angles. ranges and

gains are: (19.79 deg, 4.21 meters), (-4.48 deg, 1.65 meters) and (19.15 deg., 1.83
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Figure 7.6: Simulation 1: 2-D Histogram of the Source Location Estimates.

meters), respectively, and their corresponding gains are

1.0 1.0 1.0

112 15 1.36

1.06 .95 1.06 (7.29)
9 .15 8

| 98 1.05 .88 |

Using these averaged gains and source location estimates, the source signals are ex-
tracted from the observation data. The true and separated speech sequences is shown
in Figs. 7.7-7.8. Computation of the correlation between the estimated and the true

speech sequences shows the correlation to be 99 percent and 95 percent respectively.
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Figure 7.7: Simulation 1: Plots of Estimate of Speech no. 1.

7.4.2 Simulation 2: Near-Field (Wideband) Source and Far-
Field (Narrowband) Source

The shape of the array is the same as in Simulation 1, except that the radial distances
of the sensors from the reference is set to 0.25 meters. The wideband source is a speech
source located at range of 1.5 meters and angle 45 degrees. The narrowband source
is synthetically generated to contain sinusoidal lines at the frequencies of 35. 60 and
65 Hz. It is situated at a range of 20 meters and angle of 5 degrees. Thus we have
a combination of wideband near-field source and narrowband far-field source in the
observations. Both sources are at unity power. Additive observation noise is taken

to be AWGN with variance equal to (.1)2. Speed of propagation is taken to be 340
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Figure 7.8: Simulation 1: Plots of Estimate of Speech no. 2.

m/s.

The channel attenuations in the model is assumed to be due only to geometrical
attenuation of the signal sources {from the spherical spreading of the wavefront) and

thus ) ]
1.0 1.0

112 1.01
89 1.0 (7.30)
89 .99
| 112 1.0

As done previously, 16000 samples are collected and 30 sub-intervals of 512 points
each are obtained. The range of frequencies over which the proposed approach is

applied is from 15 Hz to 234 Hz, giving a total of 15 frequency bins. The proposed
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Figure 7.9: Simulation 2: Typical observations from sensors no. 1 and 2.
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algorithm is applied to the FFT of the data. Then. another 30 sub-intervals of 512

points each is obtained from the same observation set by shifting the sub-intervals

window by 200 points and the proposed approach is again applied. Next, the same

procedure is done for a sub-interval window shift of 400 points, and also for a shift

of 600 points. Finally, the collection of source location estimates is clustered using a

2D histogram, shown in Fig. 7.10. Two clusters are evident from the histogram.

Picking the size of the clusters to be A® = 5 deg and AR =2 meters, i.e., all

source location estimates falling within this distance from the modes of the clusters

are collected and averaged, we find that the final estimated DOA angles, ranges and

gains are: (—44.6 deg, 1.43 meters) and (5.23 deg., 25 mete. *), respectively, and their
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Figure 7.10: Simulation 2: 2-D Histogram of the Source Location Estimates.

corresponding gains are )

1.0 1.0 ]
117 .99
88 1.0 (7.31)
89 1.0
| 1.16 1.0 |

Using these averaged gains and source location estimates, the source signals are ex-

tracted from the observation data. The true and separated speech and narrowband

sources are shown in Figs. 7.11-7.12.
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Figure 7.11: Simulation 2: Plots of Estimate of Speech Source.

7.4.3 Simulation 3: Far-Field Sources

It is assumed that the number of sources is three and the number of sensors (i.e.,
microphones) is four. The sources are two male speech signals and a fernale speech
signal, respectively with no multipaths. The sources are located in the far field with
DOA angles of 40, +10 and +50 degrees respectively. The four sensors are located
at (0,0),(1,0),(1,1),(0,1) meters respectively. The speed of propagation is taken as

340 meters-per-second.
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Figure 7.12: Simulation 2: Plots of Estimate of Narrowband Source.

The gains are arbitrarily selected as follows:

1.0 1.0 1.0
1.2 1.5 0.5
0.7 09 1.5
1.7 0.9 20

(7.32)

16,000 time samples of the microphone array are taken at a sampling rate of 8000
samples/s. The signal sources are all of equal power, with the total energy of a signal
source summed over the 16,000 samples set to unity. The separation of the speech
signals from the array observations is desired. The time samples are divided into 30
sub-intervals of 512 samples each and 512-pt FFT taken over the 30 sub-intervals.

Wideband blind identification is then applied across the frequency spectrum ranging
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from 93.75 Hz to 703.125 Hz, giving a total of 40 frequency bins. DOA estimates are
found. The incoherent clustering algorithm is applied to obtain the final DOA and

gain estimates. Using these estimates, individual estimates of the speech sources are

made. using (7.27).

Modes of DOAs are found to be at: -41 deg., +10 deg., and +50 deg. A plot of
the histogram of the DOA estimates is shown in Fig. 7.13.
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Figure 7.13: Simulation 3: Histogram of DOA estimates

Picking the size of the clusters to be A® = 5 deg, i.e., all , we find that the final

(incoherent) estimated DOA angles are:
Est. DOAs:—40.667 deg., +10.417 deg., +50.0 deg.

Also, using the sensor gains correponding to the collected DOA estimates, we find




that the final gain estimates are:

1.0 1.0 1.0
1.196 1.709 0.504
0.702 1.06 1.14 (7.33)

1.794 123 1.572

Figs. 1 (a,b) show two typical observations from the array. It can be seen from Figs.

2(a,b), Fig. 3(a,b), Fig. 4(a,b) that the speech signals are succesfully separated from

the array observations.
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Figure 7.14: Simulation 3: Estimate of Speech no. 1
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Figure 7.15: Simulation 3: Estimate of Speech no. 2

7.4.4 Simulation 4: Non-stationary Source and Speech Source

The scenario is the same as is in Simulation 2, except that the narrowband source
is now replaced by a non-stationary source. The non-stationary source is generated
by scaling a gaussian distributed source differently at each time instant, thus making

the source have different ensemble variances at different times.

The proposed approach is applied over a frequency range of 50 Hz. to 1.6 kHz.
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Figure 7.16: Simulation 3: Estimate «* speech no. 3

(1.0 1.0 ] (1.0 1.0 ]
1.12 1.01 1.07 .927
True Gains | .89 1.0 Estimated Gains | .89 .984 (7.34)
89 .99 943 1.03
| 1.12 1.0 | | 1.11 .992 |

The true source locations are: (1.5 m, -45 deg.) and (20 m, 5 deg.)
The estimated source locations are: (1.31 m, -45.08 deg.) and (25 m, 4.393 deg.).

From fig. 7.17, it is clear that the speech signal is succesfuly separated from the

non-stationary signal.
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Figure 7.17: Simulation 4: Typical observ:tion and estimated speech source.

7.4.5 Simulation 5: Non-stationary Source and Two Speech
Sources

The scenario is the same as is in Simulation 1, except that the white noise interference
source is now replaced by a non-stationary source. The non-stationary source is

generated by switching between uniform and gaussian distributions every 250 time

samples where their variances are different.

The proposed approach is applied over a frequency range of 50 Hz. to 1.6 kHz.
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Figure 7.18: Simulation 5: Typical observations from sensors no. 1 and 2.

[1.0 1.0 1.0 ] [1.0 1.0 1.0
1.1 1.5 144 1.1 1.4 131
True Gains: | 1.03 .92 1.06 | Estimated Gains: | 1.04 .87 1.07 (7.35)
91 .75 .76 894 77T .81
| 96 .97 86 .99 905 .89

Using these averaged gains and source location estimates, the source signals are ex-

tracted from the observation data.

Computation of the correlation between the estimated and the true speech se-

quences shows the correlation to be 99 percent and 94 percent respectively.




Figure 7.19: Simulation 5: 2-D Histogram of source location estimates.

7.5 Extension of Approach to Multipath Cases

The proposed approach is also applicable to the multipath case, specifically the spec-
ular multipath scenario, i.e., perfectly coherent multipaths are present. In this
subsection, we will discuss the application of wideband blind identification to this

problem.

For ease of discussion, assume 1 multipath signal and n other signals.

The observation at the :-th sensor is written as

Ti(t) = Tiog Gikse(t — k) + Bisi(t — &) + .
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Figure 7.20: Simulation 5: Plots of Estimate of Speech no. 1.

(Bi, &) denotes the multipath ga.as and delays. Thus the signal s,(¢) has a direct

and a multipath component.

In the frequency domain,

X(w) = A(w)S(w) + 7(w)
where

(10 + Bre=ia) o 10
- (age™ ™ 4 ﬁze—wéz) R az"e—)wnn

Aw)=| . : (7.36)

(amie™™ + fpe™svm) ... apae T
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Figure 7.21: Simulation 5: Plots of Estimate of Speech no. 2.

Blind identification is then performed. The signal with multipath can be distinguished
from the other signals (with no multipaths) by examining the column vectors of the
matrix A(w). The magnitudes of elements within the column vector associated with
the signal s;(¢) would vary with different w's while those with no multipaths would
have constant magnitudes. Therefore, the estimates of {a;, 7}, for ¢ = 2,...,m,
k =2,...,n can be found directly from A. Estimates of {a;;, 71} and {5;,¢;} may be

found from the estimates of A(w) at several different frequencies.

In general however, the use of blind identification raises the probiem of scaling
and ordering indeterminacy of the signals, see [70]. When there are several signals

with multipaths this indeterminacy is undesirable because in order to solve for the
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direct and multipath parameters, estimates of A must be made at several frequencies.
However with several signals with multipaths. their corresponding column vectors
m A may be scaled and ordered differently at different frequencies. Since signals
with no multipath can be easily distinguished from signals with multipath (as noted
previously) it is assumed that A contains only those column vectors corresponding to
signals with multipaths. Without loss of generality, we consider the case where there

are two signals each with a multipath. Thus,

(1.0 4 Byye~iwén) (1.0 + Byze™7w63)

- az e~Jvm + ﬁ 1e-j“'£” a e-jwf')z + ﬁ e 1wk

i ( 1 2 ) ( 22 22 ) (1.37)
etc etc

To eliminate the unknown scaling of the column vectors in the blind identified value
of (7.37), a 'normalized’ matrix A(w) is defined by dividing the column vectors of the

estimate of the matrix with their first elements, i.e.,

1.0 1.0
(8206709721 4-051e719421)  (agae™ W™ 45507 w422)

A= 14811 ¢t I4frze™Ivin (7.38)
etc elc

Thus the unknown scaling of the column vectors in A at different frequencies have

been eliminated. Next the problem of ordering of the column vectors is examined.

Define

(az'.e"jw’?i + Bz'.e“jw{?l)
1 + Byie—1n

When the separation between adjacent bin frequencies (Aw) are small enough such

filw) = (7.39)

that | Awry |<< 1.0, | Awéx |<< 1.0, then

filwo + Aw) = fi(we) — jAwgi(wo) (7.40)

where,
(@giaie ™™ 4 Bribgie™ 1 — fi(w)Bhik1i)
1 + ﬂlie”jufll

g;(w) = (741)
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Similarly at the bin frequency wo + Aw. we have
filwo — Aw) = fi(wo) + 7 Awgi(wo) (7.42)

Now consider the ratio of differences:

D = filwo + Bw) = fi(wo)
T filwo + Aw) ~ fi(wo)

(7.43)

it can be seen from (7.40) and (7.42) that generally, p;x is equal to -1.0fori =k =
and not equal to -1.0, otherwise. Thus, given the matrices A(wo), A(wo + Aw),
A(wo — Aw) (with possibly different and unknown permutations of their column

vectors), the ratio in (7.43) can be used to determine their correct ordering.

Thus the re-scaling and re-ordering of the column vectors may be accomplished

as follows:
Scaling: Define the 'normalized’ matrix A(w) as in (7.38).
Ordering: Given the matrices A(wo), A(wo + Aw), A(wo — Aw).

1. Suppose the correct column vectors in A(wp + Aw), A(wo — Aw) are to be
associuted with the i-th column vector in A(wp). Denote the second element in the

i-th column vector of A(wp) as a.

2. Denote the elements in the second row of A (wo+Aw), A(wo—Aw) as {p1, p2, -}
and {v1, 1y, ...} respectively. Here the term y; denotes the second element of the k-th
column vector in A (wo+Aw) and similarly for v;. Define the differences éux = pr—a,
and by, = v — a.

3. Compute the ratios: :—.;f The ratio closest to the value of ~1.0 would signify

the correct ordering of the column vectors, i.e., the (7, k) index of the ratio denotes
that the j-th column vector of A(wo+ Aw) and the k-th column vector of A{wp—Aw)

are associated with the i-th column vector of A (wo).
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7.6 Extension of Approach to 3-D Scenario

The proposed approach may also be extended to the case where 3 parameters deter-
mine the source location (eg., range, azimuth angle and elevation angle). Conside fig.

7.22. The path differences (relative to the reference sensor which is assumed to be at

k-th source

Figure 7.22: 3-Dimensional Scenario for Sources and Sensors
the origin) can then be shown to be
1
dix = dfy — z-{al - (d})") (7.44)

where d{k = a;{sinvsin&;sin (0 + ¢;)}, is the far-field component of the time

delay.

Similarly, to the previous discussion on the sensor pairs in the 2-D case, the estima-
tion of the azimuth and elevation angles may be decoupled from the estimation of the

range through the use of a specific sensor pair configuration. Specifically, suppose that

M
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the :*-th sensor associated with the i-th is located at the location (a,,— 7+ @, 7 —¢,).
-

Then its path difference for the k-th source is written as

1
dien = =d}y = 5p={a - ()"} (7.45)
where d/, is as defined previously for the i-th sensor. Thus, by defining a fitting
function similar to the one in the 2-D case, the search for the azimuth and elevation

angles (0x, k) is decoupled from the range search.

Remarks:

(i) The search for the source range may be performed once the azimuth and

elevation angles are estimated.

(11) On the other hand, it may be possible to configure the sensor array structure
analogously to the cross-array strucutre of the 2-D case, such that the source range

can be estimated independently of the azimuth and elevation angle estimation.
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CONCLUSIONS

We conclude the with the following summary of the resuits of this investigation.

o An analysis of ESPRIT under random model errors is conducted which provides

insight into its performance and robustness against such random model errors
as unknown sensor gains and phases, unknown sensor locations and unknown
rotations of sub-arrays within the ESPRIT array. In particular, it is shown that
in the case of Uniform Linear Arrays (ULA), the bulk of the Mean-Square-Error
(MSE) of ESPRIT is due to the sensor phase errors as opposed to the sensor

gain errors.

An approach based on a signal subspace constraint is proposed for array sig-
nal processing under model errors. This approach yields asymptotically unbi-
ased estimates of the sensor gains and phases when the DOA angles are known

a-priori. When both sensor gains/phases and DOA angles are unknown, an

iterative version of the approach is given.

A novel approach using blind identification is developed for the source estima-
tion problem under model errors and uncertainties. By using clustering tech-

niques in conjunction with blind identification, it is shown that the proposed

134
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approach is robust against the silmutaneous presence of such uncertainties such
as unknown sensor or channel gains. unknown combinations of near-field and
far-field sources. unknown combinations of wideband and narrowband sources.
unknown source spectral charateristics and unknown number of sources. As
such, it shows promising potential in such application areas as speech separa-

tion/processing and mobile communications.
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