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Final Report oni A POSH G~rant #1` J2-2J-~5

Invest igat ions in L inear andl~ Integer P rogrammlinig

Principal Fvtif, {~ctv ~b Rvk- If \r-

Linear-Programminhg Tools in Integer Programmting:
The Traveling Salesman Problem

A new -world record"%k't ,, i the t rav eling salsanm problem.n This Ao r,

joint with D. A plgtt \ ral arid W. ( 'ok . was designated bý D-
cover Magazine as on, of ii t ~op ten ~cierice storles~ of the year. I he A FOSH

supot f or u 111,"1 PT,4Imn tools for integer progritogpo
vided partial support fo, thl I SP project.

The problem we solve d ha~d -103IS node~s. The total cornplitat ion time waS
equivalent to approximately one and one- half years of SPAR(, 2 seconds. The
previous "record" wa~s 2392 node~s, a problem that we can now solve in under
two hours on a SPARC 2 1 with no branching'). In additi]on to solving the
.3038 problem, we solved I15 additional previously uinsolved real-world TSP
instances (mostly VLSI dn flinig problemis).

We are now in the process of preparing to write up thle results of thle
above work, a project that we hope will be completed within t~he next six
months. From the point of view of integer programming, the impact of this
work should go well beyond Ihe TISP. Several new separation techniques were
developed along with ne,ý1wt rneiods, for controlling the sizes of the the linear
programs that result in rin'. branch-and-cut approach. Other consequences
were improved general-p),i~~" hranching rules and improvements in the in-
teraction of the LP-solver %ý i h 1, e branching code (not to mention an almost
two-orders-of-magnitude nPpiwvemtent in the LP solutions times for problems
in this class). ceinFý
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Basis Recovery
A joi•it paper wit .i , la, S i L z , "' e. ,ivt- ii I III1 1.l' , ! ,i

interior posit sohitll"t A lt , t ,-i ani tt-d !,r pupih,, I O
p~aper wve couid~~er a pi wi viL ~ ua t~ iot dir F prJ iici 'PoIc~ o'!:t~

point inethuds: (i1V(1AlUt fII fk) so: 1Ile 11'wi r ,1
const ruct an1 opt im[ld 1).'.~ 1,.I ~tte~ a of tha ilre

* Construct sunwr'1. I~UIIV~~~ Start ing, ba'IS 11 tlt i'11 iud v

many --positive tl;1.i'ýit~lomi r* '0 postiliel.

9 After the constvi ,f: ," the initial B, there will, in g,'ueral, remain
some -positive" (01 pwiilts of X* that are outside of Ii. Siih variables
are designated as .,ui, 15a,te- Fhe second part of the procedure is to
modify the si iupVl,\ i•o.d to deal with these superbasic variables.

Results from this approa ,h were far superior to those for any previous
basis-recovery procedure. In tests on the Netlib problem set, this method
was able to recover an optimal basis in Y5"/- of the interior-point solution time
for most problems.

Since the completion of this work there have been further significant de-
velopments. In particular, a procedure proposed by Megiddo has been inves-
tigated and shown to be very promising for problems that are highly primal
degenerate. This proce, ii(' ha.- a time-complexity that is linear in the total
number of rows and colun, iii the given linear program.

Basis Reduction for Integer Programming

The object of this resear, h• to study a method that is particularly well
suited for mixed integer pifl,,eamaming problems with a relatively small num-
ber of general (non 0/1) wtc4-r variables. The drawback of this method has
been that the computatimurt.iI lTfort grows quickly with the number of integer
variables in the probl•ci i,,;riv solved. Thus, with current technology, the
number of integer variab,,i t, e-sentially restricted to 100 or fewer. The aim
of our research has been to extend the applicability of this method by study-
ing how it can be applied in parallel. In the process, we have not simply been
aiming to implement a known algorithm in a new computing environment,



but to investigate the charaicter of dhe uetihod wh,-n ult(, u. re•n-t e!t-p,, at(-

executed.
The method in quest!ion waS developed in 1990 by ( 'uok. RinltIhrford.

Scarf and Shallcross. loi date, we have been ,ble,.) to devlup a wequeItial
implementation of t heir ,, t hIn t hld iP t ap ',dle t.,f soll. in , - hut

very difficult rmixed iit<er tcraiii that are ,'Ne II the design ,f .fiher ,ptiC

networks. These proshli n ,- t able with .tandal d H raiid Mi nd 1I•old
approaches. Our IequI ,, ha, bet toestvd kn the I ue Inste h• P,'cu ,c*.

and the preliminary stcp lit4 't to obtai r a ptrallel itlenientat on are

nearly complete.
The algorithm that we have implenmented proceeds by creatring a larg,

search tree, and using a Vw1r\ complicated routine to determine which branch
to follow. Our focus thus far has been on parallelizing the branching step of
the overall process, aiil it. iV our belu,:f that this will drastically reduce the
time required for solving a probleim. Once, this step has been completed. we
plan to investigate posi hbi, parallelization of the complicated routine that
controls the branching sequence. This routivie is invoked within every node
of the large search tree that is generated by the algorithm, and we hope that
by finding a viable parallelization of this routine, the running time of our
code will be reduced enough that we will be able to solve problems with a
larger number of integer variables.

Polyhedral Approaches

This work focuses on the sttiudy of the underlying polyhedral structure and the
development of a branch-and-cut IP scver for a class of structured 0/1 integer
programs arising from a t iuck dispatching scheduling problem. The problem
is characterized by a group of set partitioning constraints and a group of
knapsack equality constraints of a specific form. Families of facets for the
polytopes associated with individual knapsack constraints are identified, and
in some cases, a complete ( haracterization of a polytope is obtained. In
addition, a notion of -conflict graph" is introduced and utilized to obtain an
approximating node-packing polytope for the convex hull of all 0/1 solutions.
We are in the process of developing the branch-a-d-cut solver which generates
cuts based on both the knapsack constraints and the approximating node-
packing polytope, and incorporates these cuts into a tree-search algorithm
that uses problem reformulation and LP-based heuristics at each node in
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the sedrch tree to assir.itI i•he soi utio pr ocess N iNmerical cx j . w di
then be performed on largt.,o-cal& r,.-d iSlI't 1iC•"supplied by an oil (onipally
in the Cnited States. 'hei optilinli. 'h41'dules obtained (orre-pond t, :os
savings for the company and grteate.r ")b sat ifaction for dri vt., ,W t,, retre
balanced work schedules and itcore distribution. It is notewortlhv that this is
apparently the first timle that bra'n'haild cut has bvetn applied to an e-uality
constrained problem in w,%:h1ih the e•nries in the constraint matrix antd right
hand side are not pulyv 0 1
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