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THE AXISYMMETRIC CRACK PROBLEM IN A
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Lehigh University, Bethlehem, PA 18015

Abstract

In this paper the axisymmetric crack problem for a nonhomogeneous
medium is considered. It is assumed that the shear modulus is a function of z
approximated by u = pee®®. This is a simple simulation of materials and
interfacial zones with intentionally or naturally graded properties. The problem is
a mixed mode problem and is formulated in terms of a pair of singular integral
equations. With fracture mechanics applications in mind, the main results given
are the stress intensity factors as a functions of the nonhomogeneity parameter o
for various loading conditions. Also given are some sample results showing the

crack opening displacements.




Introduction

In solid mechanics many of the engineering materials such as composites
and large variety of bonded materials and structural components are generally
modeled as nonhomogeneous continua. The thermomechanical parameters of these
materials are usually assumed to be discontinuous functions, very often piece-wise
constants, in space variables. However, there are some important applications in
which the spatial variation in material properties is continuous. As examples for
such materials we may mention the following: (a) Geophysical materials with
naturally graded compositions such as shale-sandstone. In studying, for example,
hydraulic fracturing of such a medium it would be necessary to take into account
the mechanical property gradient of the material. (b) Interfacial regions with
graded properties in diffusion bonded materials, in plasma spray coating, and in
ion plating (Batakis and Vogan, 1985, Houck, 1987). (c) Material nonhomogeneity
resulting from temperature gradients in the solid in which thermomechanical
constants of the medium are significantly dependent on temperature. And finally
(d) the tailored materials with predetermined continuously varying volume

fractions.

Some of the important applications in the last category of materials may
be found in ceramic coating of metal substrates and in metal-ceramic composites
with graded properties. It is known that certain strength related properties of
ceramic coatings can be improved by layering the interfacial zone going from
metal-rich to ceramic-rich compositions. For example, in joining tungsten to

zirconia by introducing four intermediate layers that contain 80/20, 60/40, 40/60,
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and 20/80 percent W/ZrO,, respectively, it has been shown that the peak value of
the residual stress is reduced by approximately six folds compared to that

resulting from direct tungsten/zirconia bonding (Hirano, et al, 1988, Hirano and

Yamada, 1988).

The Fatigue and fracture characterization of materials and the related
analysis require the solution of certain standard crack problems. With the
exception of the problem of “torsion” of an infinite medium containing a penny-
shaped crack (Kassir,1972), the existing solutions of the crack problems in
nonhomogeneous materials with continuously varying properties have been
obtained under the assumption of plane strain, generalized plane stress, or anti-
plane shear loading (see, for example, Dhalival and Sing, 1978; Gerasoulis and
Srivastav, 1980; Delale and Erdogan, 1983, 1988a, 1988b; Erdogan, 1985; Konda
and Erdogan, 1989). One of the practical problems in this area is that of an
internal circular crack in a nonhomogeneous solid subjected to “tension.” The
problem is always a mixed mode problem. In this paper we comsider the simplest
of these problems, namely that of an axisymmetric crack in an infinite solid with
elastic properties varying in the axial direction only (Fig.1). The corresponding
plane strain mixed mode problem was recently considered by Konda and Erdogan

(1992).

Formulation of the Problem

In the crack problem shown in Fig.l for a large elastic solid it is assumed
that the external loads as well as the geome.t"ry are axisymmetric. Therefore, one
may easily separate the torsion component of tLe problem in which ug=v(r,z),

04r, and oy, are the only nonzero displacement and stress components. Similarly,
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by solving the remaining problem under the given external loads in the absence of
a crack and by using superposition, the problem may be reduced to that of a

nonhomogeneous solid containing a penny-shaped crack in which
022(7',0) = pl(r)’ arz(r70) = pZ(r)’ 0 S r<a (la,b)

are the only external loads. Furthermore, if the crack radius a is small in
comparison with the nearest distance from the crack to the boundary of the solid,
then in the perturbation problem the medium can be assumed to be infinite.
Needles to say, from the viewpoint of fracture mechanics the perturbation
problem would contain all the relevant information such as the stress intensity
factors and the crack opening displacements. If we now assume that locally the

elastic properties of the medium may be approximated by

p(y) = pee®?, v = constant, (2)
for the axisymmetric problem under consideration by using the kinematic
relations

- a
Err=_g%1 5€€=%1 ‘zz=%t—;'25rz='g% + '3%1 (3)

and the Hooke’s law
05 = 2pei;+ Aegby;. (4,7 =T,6,2), (4)

the equilibrium equations

60',.,. aar:
- + W +'1]':"(arr - 099) =0,

or
60"2 aal‘
or + 3z +%O‘,, =0, (5a,b)

may be expressed as follows:

('€+1){6—2u + % - %u + azw} + (N—l)a<3“+ﬂ”—

or? dro:z 9z " or
%u_ Jw) _
+ (k- 1){322 - 81‘62} =0,




9%u 10u _ agw} (e {02u _ 0w
(~+1){3732 t 75, 0z* (£ ~1) 0ro:z 8r2}
d
0

where u and w are, respectively the r and z components of the displacement
vector, u is the shear modulus, v the Poisson’s ratio, A\/p =2v/(1 ~2v), and
x = 3 —4v. In addition to the boundary conditions given by (1) and the regularity
conditions at infinity (requiring that u and w must vanish as r?+ z%400), the

crack problem must be solved under the following conditions:

0’,,(7‘, +0) = U::(r’ -0), Urz(T, +0) = o'rz(ra —0)’ 0<r<o, (Taab)

u(r,+0) = u(r,-0), w(r, +0) =w(r,-0),a<r <oo. (8a,b)

We now assume the solution of (6) in the form

ur,2)= [ F(zp)pli(ro)dp,
w(r,2) = [ "Glzp)plo(re)dp, (9a,b)

where J, and J, are the Bessel functions of the first kind. Substituting from (9)

into (6), defining D = d/dz, and inverting the related Hanke] transforms we find

{(s=1)D* + a(x-1)D - (x+1)p*}F — {2oD + a(x—1)}G =0,
(20D + a(3=K)p}F + {(x+1)D* + a(s+1)D = (x=1)p*}G =0,
(10a,b)

where the following relationships have been used:

2
L+ 3 - L) = - p(0),
% + %)Jx(rp) = pJo(rp),




2
Edp Jo(rp) = -ﬁ-Jl(rp) — p*Jo(rp). (1la~c)
The solution of the system of the differential equations(10) is found to be

F(zp) = 3 Ax(p)e™?,
k=

—

4 .
G(Z,p) = kzlak(p) Ak(p)e k~v (lzaab)

where the functions Ay, (k =1,..,4) are arbitrary unknowns, m,,..,m4 are the roots

of the following characteristic equation

m* + 2am® + (a2—2p2>m2 - 2p*am + i—_—*_—'-;-azpz + p* =0, (13)

and the coefficients a,,..,a, are given by

2omy + pa(3 —k)
- — k=1,.4).
o (k+1)mi + a(s+1)m; — (k~1)p  (k=18) (14)

The characteristic equation (13) may easily be expressed as

2
2 2 J—k 22 _
(m +am—p)+m0p—0 (15)

from which it follows that

— ) — 2
my =M3= — % + %{02 + P2 +14 i—_ﬁap} )
3

my=m,= - § - %{az + +i4\i—;—'{-ap}. (16a,b)

After solving for m,,..,m,, the expressions for coefficients a; given by (14) may be

simplified as follows:

2my a(3 —«)
= - , (k=1,2
o 2p +ia{(3—K)(1+x) ( )
a3 =_a-1, (14 =—d‘2. (173.—(:)

By observing that R(m,,m;) >0 and R(m,m,) <0, to satisfy the
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regularity conditions at z = £ oo in the solution given by (12) we must delete the
terms involving A, and A; for z >0 and A, and A, for z < 0. Thus, the problem
may be considered as that of two half spaces involving two unknowns, 4, and A4, ,
for the upper half space and two , A4, and 4; , for the lower half. Of these four
unknowns two may be eliminated by using the stress continuity conditions (7) .

Thus, by eliminating 4; and A; from (12) and (7) it can be shown that

Ae™? 4 4™ 250,
(r.p) -{

(18)
(M4, + ’\2A4)em12 + (M4, + /\4A4)em32y 2<0
ay A% 4+ g,4,™F 2> 0,
G(r.p) ={ . )
al(/\1.42 + A2A4)e 1< + aS(A3‘42 + A4A4)e 3 y Z <O

where the expressions for the coefficients A;,..,\, are given in Appendix A. The

unknowns A4, and A, may now be determined from the mixed boundary

conditions (1) and (8).

The Integral Equations

To reduce the mixed boundary conditions (1) and (8) to a system of

integral equations we first define the following new unknown functions
=-6—{ r, +0) — w(r, ~0)},
ga(r) =+ 2 {ru(r, +0) - ru(r, -0)} (20a,b)
From (9), (18), (19) and (20) it then follows that

gu(r) = [ (= dar+Go)y = olag+G)AT (rp)ds,

9(r) E[ (1= Exdy + oL— Edaedo(roldp, (2lab
2a L)

where the functions G, and G, are defined in Appendix A. Equations (21

-7~




determine A, and A, in terms of g, and g,.

By substituting now from (18) and (19) into (9) and by using (3) and (4),

the boundary conditions (1) may be expressed as

o £—1
| Fulopdolro)de = S5zt py(r), 0<r <,
* 1
|4 Fulo)ods(ro)ip = f5polr), 0<r<a, (222.b)
Fi(p) =n4; + n4A,,
Fylp) = vaA; + vid,, (23a,b)

where the functions n,, n4, vy, and v, are again defined in Appendix A. Inverting
the transforms given by (21) and from (8) and (20) observing that g,(r) =0 for

r > a, (k = 1,2), the functions F; and F, are found to be
a
Fi(p) = IO (= dJi(ps)ga(s) + diJo(ps)ga(s))sds ,

Fie) = [ (= dndi(p9)ar(s) + dnelps)a(osds,  (24aD)

where the functions d;;(p), (¢, = 1,2) are also defined in Appendix A.

In order to avoid working with divergent kernels and to simplify the
analysis regarding the asymptotic behavior of the kernels, first both sides of (22)

are integrated in r. By using (24) it may then be shown that

[ iro)dn [ (= dndr(p9an(s) + duadolps)ga(s)sds = 5zt{ [spile)ds + 1 )

~ [ Jotrodo [ (— dndi(p9)01(s) + daaTo(p9)ga()lsds = [ mals)ds + €, )
(25a,b)

where C| and C, are arbitrary constants. Equations (25) are essentially the




integral equations that determine g; and g9 . For p =+ 00 it can be shown that the

functions d,;(p) have the following asymptotic behavior:

du(p) = =253 + 0(p™), dpplp) = £51% + 0(p™),

dy(p) = p _1*_ 1

R

+ O(P-B), dy(p) = -

Thus, from (25) and (26) we find

—

JZ{(Hll(r’s) + by (ry8))ga(s) + h12(r,3)92(3)}3d3 =;+ (Jrspl(s)ds+cl),

[ Ul $)91(s) + (Balr,s) + haatrs)as(s)lods =522 [Tpalolds +€,),

(27a,b)
where
Hy(r,s) [oo J1(rp)J (sp)d 2{ %[K(S/T‘)—E(s/r)], s<r,

nir,s) = (ro)o(sp)dp = 2
20 P %"[K(T/S)—E(T/s)]"g)r,

" ) © y 12 %K(s/r), s<r,
r,s)= =£ 29
22(rs 8 .[0 o(rp)Jo(sp)dp 7r{ %:K(r/s), s>, (29)
hy(rys) = f;oDu(p)J 1(rp)J1(sp)dp,
hia(r,s) J;o 12(0)Jo(rp)J 1 (sp)dp,
ha(r,s) [:oDn(P)J (rp)Jo(sp)dp,
o
haa(r,s) = [ Do) o(rp) ofse)dp, (30a-d)
d
Dll(p) = (d::(ﬁ:g) 1)»
d
Dle) = 72,
d
Dy(p) = d 221(32),




dyy(o0) = —26=1 4 ()= ——2 (31a-f)

where K and E are the complete elliptic integrals of the first and second kind,
respectively. By differentiating, (27) can further be reduced to the following

standard form:

=i
'*_-‘0
[==T ~]
N
73
{—
-~
+
+

) W(s)ds + % J ‘Zj rng s)ds =n+1p1(r),

) 2(s)ds + % J Z kg,(rsg](s %;—0—11)2(1'), (32a,b)

where the Fredholm kernels k,; are given by

M, -1 ’\[ , 1 o
utroe) = DT =Ly TS o 1Dy ohpdolro) (),

bua(r,s) = = 75| “Duslp)polre)olsp)de,

0
ka(r,s) = WSJO Dyi(p)od 1 (rp) T (sp)dp,

M s -1 M 3 -1 o0
)=l ISl [ Do) o(s)dp,  (33a-d)

kn(r,s) =

IE(§)+§:£A'(§), s<r,
Ml(r,s)={ o , ’ (34)
E(g), s>,
FERF), s<r,
M,y(r,s) = o (35)
2 st poor 2—r?
_ZE(E) - —rT-I\(g), s§>T.

Note that the dominant kernels of the system of integral equations (32) are

of the generalized Cauchy type (Erdogan, 1973). Thus, expressing the solution by

gi(s) = (a—_h:%—syk k=12, (36)
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and using the function-theoretic method described. for example, by Erdogan

(1978), the characteristic equations giving v, and 3, may be obtained as follows:

cotmy, =0, k=1,2, (37)

cost3; = =1, cosrf3,=1. (38a,b)
In (36) h; and h, are unknown bounded functions which are nonzero at the end
points s=a and s=0. Equation (37) gives the expected results v, =1/2,
¥, =1/2. On the other hand, considering the physical constraints ¢,(0) =0 and
u(0,+0) =u(0,-0) =0, it rnay- be seen that the admissible roots of (38) are
B, = -1, 3, =0 giving

ails) = e le) = (a—_lmhz(s). (39)

From (20) and (39) it can be shown that for small values of r/a the crack surface

displacements would have the following asymptotic form:

_ h,(0) - o h(0)
wt —wT ~wy+ 21ﬁr2, ut —u :zzzﬁr, r<a. (40)
Also, from the physical conditions rut —ru~ =0 for r =0 and r = q, it is clear
that the unknown function g, must satisfy
- a
/ 0 rgy(r)dr =0. (41)

In solving equations such as (32), the accuracy is very highly dependent un
the correct evaluation of the kernels k;;, (7, = 1,2). For this it is necessary that
the asymptotic behavior of k,; for s + r be examined and the weak singularities, if

any, be separated . From (26b,c), (31e,f), and
K()) »log(4/N1 =A%) for A~ 1, (42)

it can indeed be shown that for s -+ r the kernels k,; have logarithmic singularities
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that may be extracted as

M, (r,s)=1
M) =1 o Liogls—r| - 3(1-loglEr)+ my(r.s),
M, (r,s)—1

0
kio(r,s) = —%aan(r,s) - xsjo (Dn(p)p+%)Jo(rp).]0(sp)dp,

ka(r,s) —"O‘SHn(" s)+ TFSJ (D21(P)P + 2)'] rp)Jy(sp)dp,
(43a-d)
where H,; and H,, are given By (28) and (29) and , by virtue of (42), are also
seen to have logarithmic singularities and mll1 and m,, are known functions which

are bounded in the closed interval 0 < (r,s) < a.

The Solution

The integral equations may be solved by extending the interval and the
definition of the unknown functions and the kernels into ( — a,0) and by using the
properties of the Chebyshev polynomials T, and U, (Erdogan,1978). These
equations may also be solved by observing from (39) that the orthogonal
polynomials corresponding to the weidht functions w,(y) = (1 +y)/{1 -y and

y)=1/{T—y, y=2s/a—1, are P( 2z )( ) and PS—%’O)(y), respectively, and

by expressing the unknown functions ¢, and g, as follows:
1+ ,1)
9i(s) = 4(y) = %ZAM P )
1 (-3:0)
s) = = AP, . 44a,b
92(s) = $a(y) ]1_—-_3}20: 2 (v) ( )

The integral equations may then be regularized by using the properties of Jacobi

polynomials and may be solved by truncating the series in (44) and using an




appropriate collocation technique (Mahajan,1992). However, a somewhat more

efficient technique may also be developed by defining

Wi

00) =51 125) s aes) = S = oa (4330)

and by requiring that f,(0) =0, f,(0) =0. The orthogonal polynomials related to

the weight functions in (45) are

P-4, It cosntd ety
n ( )_ nINT COS% T aNT n( ),
1 1
(-4-9,, T+3) I(n+3)
P, ¥ H(t) = cosn = —=2"T,(1), (46a,b)

t=2d—1=cosb, (1+t)t,(t)=TL(t)+T,4,(t), —-1<t<l (47)

We then express g; and g, in terms of the following infinite series:

204, (as') =\~ 3 Bita(2d ~ 1

n+191 as —\1_31% 1nn( s = )’

249 ! 1 x !

K+192(as) = .S'(l —s') ZO: By Tn(25' - 1). (4837b)

By substituting from (48) into (32) and by observing that
l/l St (25 —1)ds _l/l T+ T, 1) dt
T OJl—s' sh—7! - -1 (t—zN1—1¢2

lH d ta2s' ~1)ds' _ | Unai@+Ua(@), 2] <1, (49)
TloN1-§ =7 Gu(2)+Gpya(z), =>1,

' _ _ sin{n+1)§
r=rfa, c=27-1, UJz)= —

, |z| <1, cosb =z, n=0,1,.,(50)

n
G, (z) = -(i%;=— Jf__ll) (z>1), n=0,l,.. (51)

the integral equations (32) may be reduced to the following system of equations:

-13-




{BinlUn_1(2) + Unz) + K1 1(2)] + By K12,(2)} = Py(2),

{Ban21n($) + By,[2U, _(2) + I{Z2n(I)]} = Py(z),

OM8 OM8

(-1<z<1) (52a,b)

where

P(z)=pir), j=12, z=%-1=2"~1,

Kiln(m) = %/:okil(arlaas’)\l S’ tn(QSI - 1)d3, ’ (7' = 1’2)7

l—
K,.(2)= %/;ok.'z(a",as')T"?S 1) B
S

—\l—Tl——_——EdS, , (1=1,2), (53a-c)

Also, by substituting from (48b) into (41) and by using the orthogonality

conditions
1, i=3=0,
%Elz%%t—)dt= 1/2, i=j>0, (54)
0,2 # 7,
it may easily be shown that
Bao+5By = 0. (55)

Equations (52) and (55) are solved by truncating the series and by using a simple
collocation technique. Very fast converging results are obtained if the collocation

points z; are selected as follows:
Tn(z;) =0, z,;=cosd,, u,-:ﬁ(?j—l). (56)

From the derivation of the integral equations (32) we observe that the
right hand side of (32) represents o,,(r,0) and o,,(r,0) for a < r < 0o as well as for

0 < r < a. Thus, defining the modesI and II stress intensity factors by

-14-




k, = l;'TG\IQ(r —a)o,,(r,0),
k, = l}_’_rr’za.l?(r —a)o,,(r,0), (57a,b)
and by using (51), from (47), (48) and (32) it can be shown that
o o
k, = -mZBlm k= -mZan- (38)
0 0

For a homogeneous medium (i.e., for a =0 in (2)) modes I and II crack problems

are uncoupled and the stress intensity factors are given by

kl_ 2 Ja TPI(T') d

= TwNa 0at—r2

k2== 2 Ja 72p2(r) d

- r. 39
7.'a3‘/2 OsJa:’—-r2 ( )

The Results

The main results of this study are the stress intensity factors calculated for
various loading conditions as functions of the nonhomogeneity constant a by
defining the shear modulus in u(z) = ygezp(az). Table 1 shows the six different
loading conditions used in the calculations. The table also shows the corresponding
modes I and II stress intensity factors in a homogeneous medium containing a
penny-shaped crack of radius ¢ obtained from (59). For the nonhomogeneous
medium the normalized stress intensity factors calculated for v = 0.3 are shown in
Table 2. As in the plane strain problem, for all loading conditions both k; and k,
increase with increasing aa, the dimensionless nonhomogeneity constant.
Comparing the results given in Table2 with the corresponding plane strain results
obtained by Konda and Erdogan (1992) , it may be seen that , aside from the
factor 2/7 characterizing the difference between penny-shaped and plane strain
cracks, the increase in the stress intensity factors k; and k; with increasing aa in

the axisymmetric case is not as severe as in the plane strain crack. For the case of

~15-




pressurized cracks (i.e., for 0,,(r,0) = —p,, 0,,(r,0)=0 and o,,(z,0) = - p,,

0.,(2,0) = 0) the comparison of the two sets of results is shown in Table 3.

Note that the results given in Table 2 may be used to obtain the stress
intensity factors for arbitrary crack surface tractions by superposition to the

extent that the tractions may be approximated by the second degree polynomials

in r.

After determining g, and g, or the coefficients B, and B,, shown in (48),

the crack opening displacements may be obtained form (20) as follows:

w(r, +0) - w(r, ‘0) = - /: gl(s)ds

alk+1
= — (4#0 ) B,o(¢' + sm2t9')
1o 1 '
+ E B "(2 1) sin2n + 2)0 +2 sin2né )} (60)

rlu(r, +0) — u(r, -0)] = — J'f sg,(s)ds

2
= - 9—(;;-5——1—){321( +sin26 + 8517»49’ + ZBm ( sin2nf’
g sin(2n +2)8' + sin(?n—?)@')}, (61)

where

cos?d =

S )

It should be observed that u* —u~ vanishes for r + 0 . This may be seen from

(40) and also from (61) and (43) by using the condition (41) as follows:
1{1’1_7: O[u(r, +0) —u(r, -0)] = —liTo%/: 39,(s)ds

= -l 4 a d
Y

fa(r)

= 11.1.1_7: Om 0. (62)

-16~
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Figures2 and 3 show some sample results for the crack opening
displacements. In Fig.2 the external loads are o,,(r,0) = — pg, 7,(r,0) = 0 and the

dimensionless displacement shown is defined by

_w(r,+0) —w(r,-0) _(1+k)
W(r) = T , Wy = T Poa. (63)
In Fig.3 it is assumed that o,,(r,0) =0, ¢ (r,0) = — ¢, and the displacement is
normalized as follows:
. u{r,+0)—u(r,-0 14k

From figures 2 and 3 it may be seen that the influence of the nonhomogeneity
constant « is much more significant on the axial displacement than on the radial
displacement. For reference we note that for @ = 0 in pressurized planc strain and

penny-shaped cracks the crack opening displacements are respectively given by

u (z, +0) —u,(z, -0)] = w0\|1 —z*/a?,

w(r, +0) —w(r, -0)] = %wox 1—r?fa®, wy= -(-1%:) poa.  (65a—c)

In this study, largely to simplify the analysis, the Poison’s ratio v is
assumed to be constant. In an actual nonhomogeneous medium this, of course, is
not possible. The assumption can only be justified if the fracture mechanics
parameters of interest, in this case the stress intensity factors, prove to be
relatively insensitive to variations in the Poisson’s ratio. To give some idea about
the influence of the variations in v on the stress intensity factors, some additional
results are given in Table 4. The table shows the normalized stress intensity
factors for various values of v and for a small and a large value of the

dimensionless nonhomogeneity constant aa. In these examples the external loads
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are assumed to be o,(r,0) = pr(r) = (= po, — py(r/a), - pa(r/a)) , O<r<a,
7,,(r,0) = p,(r) = 0. Particularly considering the fact that the Poisson’s ratio of
the constituent materials and consequently that of the composite nonhomogeneous
medium is likely to vary within a much narrower range than shown in the table,
the influence of v on the stress intensity factors does not seem to be very

significant.

Acknowledgements: This work was supported by ONR under the Contract
N00014-89-J-3188 and by NSF under the Grant MSM-8613611.

References

Batakis, A.P. and Vogan, J.M., 1985, “Rocket Thrust Chamber Thermal
Barrier Coating,” NASA CR-1750222.

Delale,F. and Erdogan, F., 1983, “The Crack Problem for a
Nonhomogeneous Plane,” ASME J. Appl. Mech., 50, pp. 609-614.

Delale, F. and Erdogan,F., 1988a, “Interface Crack in a Nonhomogeneous
Medium,” Int. J. Engng, Sci., 26, pp. 559-568.

Delale, F. and Erdogan,F., 1988b, “On the Mechanical Modelling of the
Interfacial Region in Bonded Materials,” ASME J. Appl. Mech., 55, pp. 317-
324.

Dhalival, R.S. and Sing, B.M., 1978, “On the Theory of Elasticity of a
Nonhomogeneous Medium,” J. Elasticity, 8, PP- 211-219.

Erdogan,F., 1978, “Mixed Boundary Value Problems in Mechanics”,
Mechanics Today, S. Nemat-Nasser, ed., Vol.4, pp. 1-86.

Erdogan,F., 1985, “The Crack Problem for Bonded Nonhomogeneous
Materials under Antiplane Shear Loading,” ASME J. Appl. Mech., 52, pp. 823-
828.

Gerasoulis, A. and Srivastav, R.P., 1980, “AGriffith Crack Problem for a
Nohomogeneous Medium,” Int. J. Engng. Sci., 18, pp.239-247.

Hirano, T. and Yamada,T., 1988, “Multi-Paradigm Expert System
Architecture Based upon the Inverse Design Concept,” Int. Workshop On

-18-




[

Artificial Intelligence For Industrial Applications,” Hitachi, Japan.

Hirano, T., Yamada,T., Teraki,J., Niino,M. and Kumakawa,A., 1988, “ A
Study on a Functionally Gradient Material Design System for a Thrust
Chamber,” Proc. 16th Int. Symposium On Space Technology And Science,
Sapporo, Japan.

Houck, D.L., ed., 1987, Thermal Spray: Advances in Coating Technology,
Proc. Of The National Thermal Spray Conference, Orlando, Florida, ASM
International.

Kassir, M.K., 1972, “A Note on the Twisting Deformation of a
Nonhomogeneous Shaft Containing a Circular Crack,” Int. J. Fracture Mech., 8,
pp- 325-334.

Konda, N. and Erdogan, F. , 1989, “The Mixed-Mode Crack Problem in a
Nonhomogeneous Medium,” ONR Report, Contract N00014-89-J-3188, to
appear in Trans. Japan Soc. Mech. Engineers, 1992.

Mahajan, R., 1992, “Crack Problems for an Elastic Film Bonded to an
Orthotropic Substrate”, Ph.D. Dissertation, Lehigh University, Bethlehem, PA.

-19-




stress intensity factors for a=0.

Tablel. Loading conditions used and the corresponding

2

pi(r) - pa(%) 0 0 0

pa(r) 0 — 4o - ‘11(‘2') - ‘12(5)2

ky 2PV 0 0 0

ky 0 %‘Io“a_ §4,'r<11‘m %Qz‘m
—90-




Table2. The variation of stress intensity factors with «a for

various loading conditions shown in Table 1, v = 0.3

dzz(r70) = pl(r)a 0’,.2(7‘,0) = 0

o ky ky ky ks Tk k,
Pova pova piVa pVa pyVa pyNa
0.0 | 0.6366 0.0 0.5 0.0 0.4244 0.0
0.1 |0.6378 0.0106 0.5008 0.0063 0.4249 0.0042
0.2 | 06413 0.0212 0.5028 0.0125 0.4263 0.0085
0.3 | 0.6465 0.0319 0.5058 0.0188 0.4284 0.0128
0.4 | 0.6580 0.0425 0.5097 0.0250 0.4309 0.0169
0.5 | 0.6608 0.0532 0.5143 0.0313 0.4341 0.0213
0.6 | 0.6695 0.0639 0.5193 0.0376 0.4376 0.0255
0.75 | 0.6841 0.0801 0.5279 0.0471 0.4434 0.0319
1.0 |o0.7115 0.1073 0.5441 0.0631 0.4544 0.0428
1.5 | 0.7741 0.1628 0.5811 0.0955 0.4795 0.0647
2.0 | 0.8435 0.2202 0.6219 0.1289 0.5073 0.0872
3.0 | 0.9943 0.3413 0.7108 0.1988 0.5676 0.1339
4.0 | 1.1558 0.4714 0.8057 0.2732 0.6319 0.1833
50 | 1.3256 0.6105 0.9053 0.3521 0.6994 0.2355
azz(rao) = 0’ 0',.2(7',0) = p2(r)

kl kZ kl k’) kl k’l
ac qoVa goNa q\a qa q,\a q\a
0.0 0.0 0.5 0.0 0.4244 0.0 0.3750
0.1 0.000 0.5001 0.000 0.4244 0.000 0.3750
0.2 0.000 0.5003 0.000 0.4246 0.000 0.3751
0.3 0.000 0.5006 0.000 0.4248 0.000 0.3753
0.4 0.000 0.5012 0.000 0.4252 0.000 0.3756
0.5 0.000 0.5018 0.000 0.4256 0.000 0.3759
0.6 0.000 0.5026 0.000 0.4262 0.000 0.3763
0.75 0.000 0.5039 0.000 0.4271 0.000 0.3770
1.0 0.000 0.5068 0.000 0.4290 0.000 0.3784
1.5 0.000 0.5142 0.000 0.4341 0.000 0.3821
2.0 0.000 0.5233 0.000 0.4403 0.000 0.3867
3.0 0.000 0.5447 0.000 0.4550 0.000 0.3976
4.0 | -0.0001 0.5682 0.000 0.4713 0.000 0.4097
50 | -0.0004 0.5926 0.0002 0.4882 | -0.0001 0.4224
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Table3. Comparison of the stress intensity factors

for pressurized plane strain and penny-shaped

cracks in a nonhomogeneous medium (v = 0.3).

aa 0 0.1 0.25 0.5 1.0 2.5 5.0
Plane strain crack
k
_pg*lﬁi 1 1.008 1.036 1.101 1.258 1.808 2.869
ky
m 0.0 0.026 0.065 0.129 0.263 0.697 1.567
Penny-shaped crack
k
_POTIE 0.637 0.638 0.644 0.661 0.712 0.918 1.32
k2 0.0 0.011 0.026 0.053 0.107 0.280 0.611
poﬁ N . . Uo . . .
Table4. The influence of the Poisson’s ratio on the stress
intensity factors, loading: o.(r,0) =0, o,,(r,0) = (= pq,
— pi(r/a), pz(r/a)z), 0<r<a.
k, k, k, k, k, k,
v PoVG PoVa PV piva pV@ P2V
aa = 0.3
0.01 0.6428 0.0318 0.5037 0.0188 0.4269 0.0127
0.1 0.6437 0.0318 0.5042 0.0188 0.4273 0.0127
0.2 0.6449 0.0319 0.5049 0.0188 0.4277 0.0127
0.3 0.6465 0.0319 0.5058 0.0188 0.4284 0.0127
0.4 0.6484 0.0319 0.5069 0.0188 0.4291 0.0127
0.45 0.6496 0.0319 0.5077 0.0188 0.4296 0.0127
aa =3.0
011 0.9193 0.3370 0.6659 0.1967 0.5367 0.1327
0.. 0.9389 0.3381 0.6776 0.1973 0.5448 0.1330
0.2 0.9642 0.3395 0.6928 0.1979 0.5552 0.1334
0.3 0.9943 0.3413 0.7108 0.1988 0.5676 0.1339
0.4 1.031 0.3434 0.7328 0.1999 0.5827 0.1346
0.45 1.053 0.3447 0.7458 0.2006 0.5917 0.1349
29—
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Fig.1 Crack geometry and notation
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Fig.2 z- component of the normalized crack opening
displacement, W = (wt —w™)/wy, wo = (1 + &)pea/2p0
for the external loading o,(r,0) = — pg, 0,4(r,0) =0.




Fig.3. r- component of the normalized crack opening
displacement,U = (u* —u~)/ug, ug = (1 + £)qoa/2p, for
the external loading o,,(r,0) =0, 0,(r,0) = — go-
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Appendix
Expressions for various functions that appear in analysis.
M(p) = (ngug —ngv,) /A, Ay(p) = (navs —ngvy) /A,
Aa(p) = (nyvy —ng))[AL, A(p) = (myug ~ngvy) /A, (Al-4)
nip)=@—xr)p—(1+x)m,a;, vi{p) =m;+pa;, j=1,.4,
Ay(p) = nyvy — nav,. (A5-T)
Ej(p) = ALI{"j[ms ~my + p(az — ap) + (1 + «)v;(azmy — almx)},

Gi(p) = ﬂnj(alms — agmy) + vy{(3 ~ k)(a3 —ay)p
+ (1 +R)(mg—m)aayl}, (j=24).  (A89)

du(p) =3 (1-E) -3 (1~ Ey)

L

dialp) = 7 (a4~ Gy) = 3 (02 = Gs),

dzl(/’) = %2; (1 -E,) —’zi (1- E,),

dalp) = 52 (4= Gy) = 3 (a2 = @), (A10-13)
D) = AL~ B)(a,=G) -~ (1= E)ea=Gy)).  (AL4)
~26~




