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Abstract

W'e prpent a new met hod for approximahiig t he paritiion funcl ion of 2D Ising models us•ing

a iran-,ler matirix of order 2". For ni = 30 our current program io(.k about 20 smconds on

a Sparc slat iot 1o oblaimi 4 correct decilinal, ii thlw lop two eige'1iva lues and .7) mniunes, for

(6 correct decila]s. Eigejvectors' were computed at the same line. The temperalure was

withiilm 3Mi of critical.

The main idea is to force certain entries, in vectors to have the samn value, an(] to find

tle crudest repreentatliol of this typp that delivers the required accuracy. .-X no linte doe,

our prograin work with vecrtors witih 2" entries.



1 Introduction

The Ising model was proposed to explain propenries of ferromaglnel.s but silice t hen it haI

found application to topics in ('henmistry and Biology as well as in Phvsics. For aiy reader

unfamiliar with the model an excellent introduction targeted at a general audienci, is [(ipl.ý71.

The remainder of this section assumes some knowledge of the so called transfer matrix. This

paper presents a numerical method for comp)uting properties of lhe 2D Ising model for given

parameter values such as magnetic field strength B. temperature T and coul)litig contant-

.1.

There are two avenues leading to such calculations: combinatorial and algel)raic. Our

method is in the second category which makes use of a transfer matrix _11, associated with

a semi-infilnite helical grid of "spiii- or --sites- with Ii of them on each circular band. Onw'

form of .l,, for it = 3 and it = 4. wrilh the field strength B normalized writh respecl to t he

coupliri constanl .1 is as follows:
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%%-here (XwithI appropriate tiorinalizat ions)

(I= f (2- B)/T. i, = ( -BIT aiid C-

The attractive propierty of 31i,, i~s that it is a lioliligatiVP irreducible mat rix whom,
donuna lit eigenvalue (called t he Perroni roow) is tile %vatited part it ion funict ion jper spill.

Thu-- it is only niecessary to apl~roxinliate this eigenvalue to thle dhesired accuracy altlioughi
lie associated eigelivpct or are also useful ini approxilnating quawlitt es of phiysical ilierest.

M\oreover Al,, is. excs'diliglv sparse: it has exact ly 2 lion-zero enitries Per row (and( (olunllllt)
arraiiged in a regular p~at tern. T.here is only one (hiffultv: It is of ordler 2" alid we are
inlterestedl in thle case it - x . We kniow\ of 110 calculationis -with ?I n> 20 u1p till now\.

Our applroachi uses a finite falnilv $, j}j~ of ort hogonal iiidlicil vectors. and approx-
imiat es thle top two c0olumnI and row\ eigexivectors of Al,, fromh t he subspace spaun lIidi

S,,.1

Step 0. Iut ializv I to 1.

Step 1. Rop~ rev.ýitill (i11 lonpct form~l. the orthlogonial lproiect ion I' of tlite t ranier Iiatlrix

.A1, outl (1The sulbspace pi(N,

Step 2. ( 0111putie lie two larg~est Pigemivalue, anid thle associated( colu 1111 Pigelvect (w)r of

V' lluese are. in a seon be. lie bst approxiiiat ion from thle given ilidicial ti bspace

sp~a H Iowever t eyliaý' 1ot be good eluou gli

Step 3. L-valtiale repid ual niormls . colidit ion iinibler, andi~ a~s(daIedi error bmldhi~ and Pl
limiat es. If thle estimates a I"e sat ifaCl ory thleni comnilpt thle requtiredl Ialperties of lIN

model all (] stlo1. Othlerwise ret urn to Stlop I witii Ihle liext mlemnber of each famuily-. i.e.
inlcreas'e I bY 1.

Our 1 o i, to creep up1 to tilie coarsest of our vvct or represent at ions hat permits apl-
proxilliat jobl of lite de~sir'ed accul'acý-. This miinimal represent at ion. which is, not known ini
ad alice. gave u1s lite Iiiinie for o~ur applroachl.

NoteV thIiat tlie diffilcult.\ lip, not ili 11,, it self but ill thle thle rejprpsenltat ion of vector!.
in R'" . ilndmq'l thle special st ructuire of Ai1, would permit evaluat ion of M,, for any 2 r-

dimensional vector r with great efliciellcy. However a procedure t hat cost,, 0(2") may be
too Ilucli when it i large and our central problem is the represenltationl of vectors in, R-"'

Sparse vectors occur iln sparse matrix work attd N. Fuchs [FwcsNW. whet apjylig thle
Power Method to AIQ. keeps only the largest 1000 entries of each vector. Trhis device i'.
sat isActorvy deep wit bin thle ferronuagluetic region of tihe model. However after st udving
tihe Perron vector in cases near the critical1 temperature we found that it contained almiost
110 small entries. In different language. every configuration in the -~spin- array conltributes
significant ly to thle 1)art ition funct ion.
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As a subst it ute for sparsit v we p~ropose to limit lhe numiber of (listiinct values T hatI call

occur amlong a vectors*, comnponenits. W~e (10 this by ijicans" of a fanililY of *-liidicial et0s

Here is a sketch of the idea. More (details are givenii il Section 2.

A vector in R2" maY be 1 houight of as a funict ion onl 1. 2..2" }. Whlat we call all

iII(icial function is reallY a partit ion of this, inidex set into lisjoint subsets onl each of which

the vector is conistant. Thus The vector takes onl fewer thian, 2" distinct values. per-haps ontly

a few million of ThIem. This sort of vector recall., H. Lebesglues ap~proacht to jilt erat iou

via step function,.. For a giveni partitiou f the set of all representable vectors, forms, a

sub~space Sj of R2" . We h~ow\ to thie influjence of computer science and start cotuntinig at

0. If {(O. '.2 . denotes the standard basis and if { IS. 93. 214. Ni6i} is one subset ill thle

partition f then (17 -ý (43 + f-1 + (666 is one member of a nlatuiral orthogonal basis for S'.
Ili othier words, the natural basis vectors of R2 "' are aggregated according to f to produce

anl ort hogontal basis of Sj. Ani iin]ortawi featutre of our applroaclh is thlla these basis. vectors

a me never representped explicit lY ill the comuput er. Careftul index nianipulat jolt takes t heir,

place . Moreover out. choice of f yields' a izamaeberepres'ent ation of Ilie Jpro)Pctionl 1'' o

.1,, onto S- I' ik nonitegative and~ irredlucible. P4' is not as s-parse as, 1l, lbut vo hold( ]It

Ill at conmpa ct forim th1at periuil Itstlie efficientl formiat ion of Pf (I for apprHopria te Ir'.

The-re s, sonv, frfedomi ili the choice, of thle famlily of f*s. Our. f*. are( a ('0111 pit(l Ili,',

bet vi"eml ph~Ysics and t le verY sp~ecial st ructutre of Al,,- Details are(- given ]in S-ction 2.

Tho next task is to0 fill(] thle IPrromi vect or, of 1'!. Recall lilat Iltl(e top two ei~emivaluv,

of _11, coalesce as tl leie lnl~wratnre becomes, critical. We have tused two ap)Iroaclle':

(a) a block power~ nieiehod wviit hia block size of 2.

(b) a mIoiisýYIIetr'ic Laiiczo- codle.

The (let ailýý are given in 111 It t uriti out t hat IT pays! to cotipii t P lihe Two Ia rize'

ei2emlalaues t oet her wit h their coltmnii a 11(] row Pig-envect ors. The reason that coliveii-

tionah teh iijimqus such as, t lise are appropriate is t hiat withl our current iiidicial funict ion,

f. lull S! 11 , 2 a I I(d so I", is of miodlest ordler. Ilii addit ion we formi allid coin loll

similar qitantit jes for Q,,. Thle (orthogonal) project ion of .11, onto anl associated sub~space

n1 ~e extra iiiforiniation fromt Qfp allows us to compupite all approximiate Perroni row

vector y' to match lthe Perroln columin vector xr for P1f. P1 and Qj' share lthe saime Per-roil

root. FortunatelY Qfp is diagonall.\ similar to P1 and need not be represented explicitly.

WVe would prefer to use the oblique projection of M,~ onto the pair of subspaces, (Sf. S..'

but we have not vet found a convenient (sparse) represenltationl because somue of the canlonical

angles betwveen Sf and Sfp eqlual -,/2 and this fact comiplicates the representation.

Associated with the vectors x- (Pfr = x-,,) and y' (y'Qf, = -.y)are vectors :f E S 'f
and ir E Sf, that ap~proximate the eigenivectors we seek. It is essential to be able to bound

or estimate the accuracy of our approximiate eigentriple : f. ttr I.

Fortunately- lby using our sp~ecial bases in Sf and Sf, appropriately we canl comulit,



(exactly ill exact arithmetic) the ass.ociated residual vectors,

anld

Alt bough rf E R2" E R 2 " we Canl accIuIIiailae ijjf 2 all(] f ali~l W1f duriiille II

cotllult at ioni of --1 all]ivýl and thus avoid ever hiavinig to store them. This, is- a key fea Inre

of bhe efficiencyN of our met hod. From H rIý. 1slsH and .:f we canl compute error h~ounids aiid

error est~imates. This is dhiscussed hin [PH9l].

It is likely t hat our- error estimates, indi~cate that :If. rf, and -,, are no0t sufficiently accu-

rate. hII that Case we pick lie next judicial funct ion f ini our- fanmilY so that [ is a refimienienit

of f and S1 c Sf (dim S! ;z 2 diim Sf. Thenl we repeat the cycle of a pproxiltiat ionls until

tie accur-ac.N requirement is, met or our, recou rces are exhaust ed. Thisý iý- not all iterative

Iuiet hod he s.InI a finlite nmbuuier of steps. ie( itidicia] futict ion heconiuie t if, idpleI1 t .

lBY 1r11)ti ito)1 d'utealrxta o from hplow \ve en surE, that weveiil up wit hi

11iv (Ita ips 111icial I tI- ct ion t hat niem.thIle given I oleraulcp. InI t11ii' way (10 we achievp Ilie

mm iiitiial mI'pro~vnt ationl. froml our- famiilvy. t hat gives our nietho 110( jt ame)(.

Dt 1, worm Ii repeat imig t hat at 110 uiie ill lie cycle do we nieed to stlore a vt'ctor wit i 2'

(oImiJolietitl

Qutamit it if. Of ilite-re't arp sal partial eletiat ives oft lie hart it mu ftunctioni. If w\.e It'od

(liffPVtCl s to ''st imiat derivat ive- t hat would sIlirhihv iuicrease, tilie requirod accuracy\ ofur l

approximuationi,. lor u nat dv S. Cart enihau [Gf(ar,3 all(l N. Fucli 'Fucs~ ]iha( ye siouil I ha

'0111P~ Of tilie (palatit ieý' of interest mIuaY btw expre-P(ld ini terms of --alii ir- aiidl o Ihere k 110

iiof-l To tiise (ifforvii ce. Thiý, increa-'e' thle 'Cop(' of outir app~roachi sigtiifica n lv.y



2 Projections of duodiagonal matrices

Figure., :3 and 4I show that the Perron eigenvertor of .11 iar lbe applroximated quiie

well bY red orsý ini which certain positions are constrained to carry the samne value. The

challengle ik. of course. to specify' in general the right positions. Our ap~proach miakes, heavy

use of the binary represent ation of the numbers 0. 1... 2" - 1. In p~articular we alhvavy,

use n-bit' iin a represent at ionl. Thus, lte positiows ]in a 21'-vect or are indlexed hr hIC( bit

stig.{00 ...0.00 ...01...11 ...11). If wethiink of these strings a--sofgraiio

ID Ising mnodel then wep obtain equal coid ribut ions to the (total) part it ion funictliol froium

all conmfigurat ions, (strinigs wh~ich have tIhe saine k ( hle number of J's ) and f (the niumber

of transitions). Thus we can group the bit strings, bly thle vausof ( k. f. For 71 = 4 t hi-

lpart it ion Is, showni in Figure 1.

# ls transýitionsi inidicial sets inidicial vectors

0 0 0000)f

II {1000.00011} '

1 2 {0100.0010)

2 1 J1100.00111} -,1

2 2 1001.01101-

2 3 j1010.0101)

3 1 f1110. 01111) 1

3 2 41101. 10:111 I1.)

40 41111)

Fig-m 1: In udicial spts and basisvctors, for- bit strjings of lenaigt h n 4.

The a pproximniation is, not bad at lie- visual level but muay weil not lie adequate. Wo

uIpeed a sv.l eminat ic waY to refiuii te partlition induced by k anid /. Our choice may not lo

opt inial but it has thle ])racticral virtue of exploiting lie duodia-gonal structure of .11, We

us;p t li last I bits, ini lite siriiiQ. for- I = 1. 2.. .- as a refining p~aranmeter. For larg(e euioual

l tie orignial ilidpx set is, recoveredl. The hiartit ion for n = 5. 1 = I is shown in Figure 2.

In teach fiaiii- the last column blss a set of orthogonal v--ctors in R2' which we call S8..;:

7)= 4I. 1 = 0 for F'igur' 1. ni 5. 11 for Figure 2. A careful analysis, (see [Hen9l] ) shm-w

lie cardiumalit v of t his set:

=2'(1 + < 7+ 2 7'

Our method's utility deplend., oni obtaining adequate accuracy for stuall values of 1. However

defining ShI is not enoughi. We need to derive the projection P,C' of M, onto spa n(87,I)

without actually' using the indicial vectors exhibited in the figures above. Instead. by

analYsis. we determine a priori the positions and values of ltie nonzeros in Ps.'I
The duiodiagonal formi of 1I7, i, essential to thme anialysis,. The key fact is, that the action



I railinig bit # i\ s trans~it ions iiidicia] sets inldicial vectors

0 0 0 {00000}

0 1 j100001

0 2 400010.00100.01000} f2 - + 1

0 2 1 {11000}12

0 2{ 00110.01100}f
o 2 3 {10010. 101001 ] )t

0 2 41 {01010j (Io

0 :3 1 411100)I ý
0 82 {01110}'1

0 :j 1 10110. 110101

0 4 1 Ja11110)

II I 100001j,'

12 1 {00011} (

1 2410001)11
12 :3 100101.01001)+

1 31 1 400111) (

1 :3 2 410011.11001)f
1 3 3 {01011.01101} 1 ):

1 31 41 101011 121

1 4 1 {01111) 1,

14 2 110111.11011.11101} (2 7+2

15 0 {11111} ~31

Figure 2: Indicial sets and basis veclors for n, = .5 and 1 1.
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of .11, oian aiv vector in 3, ~can he expressed as a linear comnbinat ion of either 2 or 4 vect or-
in . To illustrate the idea we show how to obtain a column of P(,fru= .1=1

Let (l eitote the last I bits of aun l-string and let x.r.k;1 denote the Mudicial vect or s]ecified

bY .:. k. and 1. e.g. {00010. 00100.010001 is the ini(licial set withI k = 1. 1= 2. .- = 0 ovitli

n = 5. 1 = 1 ). Thus xi.ru.1. = f2 + (4 + (S. The (uiUdiagonla structure requires that t li

nonzeros int column j occur in ro,,vs 2j mod 2' antd (2j' + 1) ino0( 2".

In -.0 .1 ..2 = M!, (2 ±_ + 1,, ( 4 + .11 (

= ((1 4 + b(,0 + (a~i. + b(,) + (b11j, + c(,-,)

= (W(4 + (s + bVfs + (c9) + b(I, +i 1

= xij.r1 .2 -r baw2.3 + bxrouitj + r0 .

See thle mat rices illustrated ]in the hInTroduct ion for the meaning of ai. b. and c. .Next w%-e

mu111t (leermiiie t lie t riplesý (-:'. 1V. I') such that the innier prod uct

(loeý, ]lo va iii.li . We ret 111,1i to our examnple aboveP and road off t lip result s beca u~e all i11 dicial

vpctors are p~air\\I'(' ortliogonal.

(. 01~..~,,ru~) bII.i ul.1.2i11 = 21b

ýx~. .1 _11,tu1, 1!i = b I i . ~1.1 12 = b

(X0 1.2.2- -1l,,-'. 1.r i2 = CIIa Ut .2.2,112 =

All1 ot Iter ei it ries Ii i columi n ii(0. 1. 2 ) va i i is Ii . Since thle indicial vectors are not normrnalized, a

(hiagolial <caling. is necessary. The result is, t hat thle 41 nonzeros ]in columnit (0. 1. 2) of Iý'~

are just a. b. b. ( anid t heY occur in thei indicated rows. Thus P is easily st ored, in compact

formi. iii a rectangular arraY a,, discussed in tlite next sect ion. Some ot her columns of P wkill

have oitlv 2 iionzeros. Inlithe geeneral case the p)recise formi of Pý.1 is not easy to deterniitie.

However the azialvsis hias been done and the details may he found iii [Hen9l]. The result

i., that P mlaY be compluted withI arithmnetic effort proportional to 1,5,11 and with Iisorago

p~roportionial to 1,,,1 BY mneans of this combinatorial anialy\sis thp largest two eigenivaliueý

of A11, maY be a pproximated by the largest two eigenvahues of P anid this can be tackled

by more conventional techniques.

Here is a sample of the sizes of the set-,3 and the maximal number of ones ini anj

indicial vector .r = X.Tk.1



10 1024 1 -1 20 35 6

20o 1.0-7, 10" 6i S'-20 2 192 25720

30 1.07. 10" 162ý' 5.95 10'> 3  1.I1

Ta 1)J( 1: ('Olt billal Orial pro]))er-if . of suIffhx-basPd indicial sets,



3 Implementation issues

We dkusthe dat a siruci ure.s used for judicial sets anid Hidicial vectors a s \well it,

effi cientl al-gori thi is for ni aniiipula ti g (oefli ciewu vect ors.

3.1 Represenitation of vectors

III order to ti urn thle set S8,1 of juldicial vect or", htlHt a Ita sis a lot al ordpri-iti miit Ii'.

uiidex triples . .I)with Ii K = I/. ii eeded. Recall that .:Is thle 1-bit suffix of a ul il-int rui.

"S'uch a triple is, l(gitimt~w( if the correspondingii- index set is tioijempty (or. equivalent lv. if
Siis a vector inl 8,J . The ordering onl legit imat e triples uses thle xiiuilwrb I ofwIc

isthe himiarv re])resentat ion:

if aul i~l].%- if.

a) I(.. < 'Z .I ,i. wii

(c)r.. = A(...) = 4.' anld I < It.

We iise 4)(..:.. k.. for tlie rauik'n-, of (-. k. I ) under thiis orderiiia. i.e. 4) maps, k. 0.I l~(

lio~ilipela!iv(e fllt evQ.

L~et A, (leniot e tli(, iuiat ii1x whose (.011111111 am'' il, vocto, HIn S,-i inll lie o)fsilP ldorde

Then atix vector g/ inl spani8,,;! iaY lie writ teli asý

y=X9

w re9ili flix-ba.f d co-ffich ofI'fc of y. Note thIlat R2" while Y9--:R'''/

It is t euuii lting to uise f . IIas anl iii(lex so t hat all.\, could be held inl a :3D array of meal

nilumblers. Tho t rou hle withI this scheme is t hat there are hioles, O llegit ininae triplesl aiid so iT

is a bit wasteful of storag-eand. eveni worse. eve(ry\ access, 10the arraY miust chock whet her t hi

Ind~ex is leglit imat e. Instead we simplY map thle le-it iniat e t rijles onto 0O. L.8ý,jj - 1 }
usinz 4).

The first task is to obtaiin -( given ('. . Ik~). The definition of --, shows that t plays a

minor role and so we only need a 2D arraY. based oxilv~ atid k. which we call ind~ .. The

iDeeded entries in the 21 x ( nt + 1) array ifld(x mnay be computed initially. Then

Sk. N) = indf.r~r(' ý)][k] + t.

The next task is to represent the inverse mnapping: given a value for 4) find -:. k. and I

This is easily accomiplshed with three ID arrays of length IS.,.one for each of -:. k. and

1. These are initialized before the calculations begin.

9



3.2 Advantage of the indexing schemne

Wh1en complJuting lie domniiant eigemPiictors of a project ion mat mix thle array - is t real(-(d a,

a coiiVwiintjmal vector ini Rlý-1 bill Miwen we nieed to know ami emit rv of gj = _Y- ini R2 we

proceedl as follows. TO fimill y(I) first obtain p. thle ui-bit lbilary r,-pres-eiitlat on of i'. tooet her
witlli it, 1-])I suffix :( t lie last I b)it, of p). Next comtiiimIe A- and f from p. rinallY look up

4ý_: k. 0) as described ab~ove. Then

y(iJ = 94(: .t)

It iý tliese simple lbit mianip~ulat ions and t able look-tips 1hat eiiablle us, to avoidl lie use of

anl arraY with 2"~~ entries.

3.3 The Projection Matrix

A - nientilonp(l earlier P'(" liaý at most 4l noiiz'ros pecr row amid ,(o (onitaini somewhat le,,

Thani -4S,,51 .1 iionZeros. We relproPleit P a, a seqimetice of packed (oluillli u iil a 11) aria '

tob-pro) . lID additioni TWO in nex arrays'ý col and rowr are neede-d: Ilie it 0i nionizero iý ill

p051tol ron . coi~l/)j a iid hia lie( value cob projl i . Th(e veci or V , forimed by iah kin -

l~ ielnear. colill Iliat Iont (of V' (ohltiliiii withI cofffhclemit- given li bY.

3.4 Application of the transfer matrix to approximate eigenvectors

Alt 1011111~lie 1iP of su)ffixes .; to refinle oilr mio(Vl hlas 11(1 jiiiifjcat joll fromt iisC i

have tlie vin tieo th1at li act ion of _11" oti VVectos Iin "pa ii(S_:) c-ali be compin~ltd exactlY

moiiidluo rounid off error). ( onseq enily~ t li iiormiis of residual vectors niav he comlpiuted

wvit liout s;t111( o imi l ara Of lenvt It 2' . The reasont. lbriefiY. is hat .11, naps' s])ati( 8, ititio

spai 8, ~). Dplails' are L'mvell inl [PJHf)IL

3.5 Extracting Information from the Projections

Even tlhou.Qli !S,, Il ~< 2" it i.; essentital to use a fairlY efficient met hod to coiputoe t ih
two (lonliamit eigenvectors of P', amid] the two doinimiant rOW igenlvecIt. Orof pPR (which i,

diagonally similar to P'(.' aitd so does not iieed -separate treat inent ). Although we only want

the dominant eigenvector we consider the calculation of two eigenvectors; to be essential for

efficiency wben the ternplerat nre ill the ]sing model is near critical and there is less and less

separation between thme two largest eigenvalues.

We have tried two methods: (a) the block power method with block size 2 (Called

SUbSpace iteration by numerical analysis and structural engineers,). (b) the ulsnsvmmetric

Lanczos algorithm.

A block Lamiczos algorithmn with block size 2 would probably be more efficient but we

have not developed a code for that yet. Indeed the unsymimetric Lanczos code is not vet

10



a stanida rd wheod04 bii in our experuiwnis it hecoujues inicrpasjuug]v betier than 11K le114rk

p;owe rume hod as n increases beyond 15.
More deiails a bou thIle inmplemient at ion and our error est niales am given in~ [PH91t.



4 Numerical results

Here are the results from a preliniiiary code using the iionsyvinwiric Lanczo., algorithln.

For the hardest case. v = 30 and temperature within :1(7, of critical, it took about 20 secojid.,
on a Sparc slation to obtain the partilion futniction to :3 decimal digits. and about 5 mnilttlut,

to obtaiii 5 decimal diogit,. lit the tables beloxw. GRQ is the generalized Rayleigh quoien"il

y .11,, .r/'.. The lemlperalurie T = 1..6 is deep within tlh, ferromagttetic region. T = 2.2 i,

within :30, of tite critical tenperature.

I apl)roxiial 01ion CRQ dint timei

"2 3.51s9,67614 (2.7 10-") 3.51.•9•22267 (-.x, > 10-.) 14i., 0.•
3 3.51,9N.'4299.'5 (2.9 > 10-7) 3.5l•.(9}377.2 (-2.4 > 10-7 ) 2:32 1.3

4 3.51>9-397556 (-3.S , 10- ) 3.51 9'm39519 (-6.2 , 10-8) 3:)2 2.0

Table 2: Resull.- for n = 10. B = 0.0001. - = 1.6 (trite eigenvalue = 3.51)'I,401:35j

I apl)roxiutat ioul (RQ (i1 lite(.,

"2 2.57)927)20794(1 (2.3 1(-4) 2.5922407')3:3 .. 10- 4 0.

:3 2.59233:3603:4(6 (4.4 10- 2.59"21:U3(40 (-1.1 >, 10-4 232 1.5
4 2.5922660120 (-2.6 ,* 10-') 2.5922266644 (-6.6 , 10- t 352 2.4

Table 3: Resuh-l for ii = 10. B = 0.0001. T = 2.2 (true eigenvaluue = 2.5922922453

/ ap~proximation CRQ approxinuialion - C RQ dii I tite I,)

"2 3..1s9qs02741 :3.51.s9759.S7, 4.3 > 10-" (is6 .5.2
3 3.51,.97'0552 3.51.f.1)7:31775 4.0 10-" 12:32 S.3

4 3.51!ý9775223 3.51N9777525 -2.3 . 10 2192 17.0
5 3.51'()9776100 :3.51.'ý9775601 5.0 • 10- 3N72 35.7

6 3.51N9776241 :3.51S977(6145 9.6 x 10-" 6 7.,4 71.7
7 3.51S977(40S 1.97771.4 -7.1 9 10- 11776 132.0

Table 4: Results for t = 20. B = 0.0001. T = 1.6
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/ aipproxinlia ion (CRQ approximnation - (;RQ (lilim 1 inei

"2 2.5,751(i4697 2.5'73011057 2.2 10-4 (j• 6,.,

3. 2.5.•73559732 2.5""71-52423 1. 10-4 12:32

4 2.5N72924943 2.5,S"2"2471 2 2 10-ý 2192 11.2

5 2.5N6,', 505:3N 2.56.101i67169 -1.7 . 10-ý 372 17.3

6 2.587257(1018 2.5S72809894 -2.3 10 - 67-4 x0.9

7 2.5 TS'72475229 2.5".,729 .1335 -5.1 x 10-" 1177( 76.7

Table 5: Results for n = 20. B = 0.0001. T = 2.2

1 approxiuuial iol (RQ al)proxiualaioll - ('IQ (i1lil 1-f,

"2 3.51 8979,3•(i :3.51 *l9277.,229 5.2 10-1 16 2-ý 11.,-

:3 3.5 1S742 1095 3.51N72716fi5 1.5 1(}-7 3032 1(.(

4 3.51 .N9765962 3.51 1ý9734194 3.2 .0 10- 5632 50..9

5 3.5189754 S69 :3.51 .96301ý 14 1.2 10-7" 10-432 10(1..5

( 3.51 S976732(i 2 3.51 976543(i6 1 f 10-7 19264 213:L.

7 3.7,1 S977454 2 3.51S,9775232 -6.9 10-1" 35456 472.3

Table 6: Resulls for n = 30. B = 0.0001. T = 1.6

I approximation (;RQ approximation - (RQ dim ti nu(e

"2 2.55,'77396 2.5X64247904 1.6 10-4 162s 21.1

3 2.58,64495960 2.5.%3367635 1.1 >, 10-4 3032 17.5

4 2.5S63989389 2.5S63409514 5.S x 10- 5632 3). 3

5 2.586373 510 2.586342905S 3.1 > 10-" 10432 64.3

6 2.5863633205 2.5863620747 1.2 x 10-6 19264 139.1

7 2.5,M63635130 2.5863831549 -2.0 x 10-' 35456 316.5

Table 7: Results for n = 30. B = 0.0001. T = 2.2
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Figure 3: Dominant column, eigenvector of MT,. u7 = g. B =0.0001. T = 1.6.
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Figure 4: Dominant column eigenvector of M�. u = 8. B = 0.0001. T = 2.2.
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