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FOREWORD

The classical problem of weapons control involves predicting the future position of a
maneuvering target. Critical to successful prediction is the accurate estimat.on of the current
target state. With the advent of guided weapons, the consequences of threat maneuver are
reduced when accurate estimates of the target state can be obtained. Threat trends indicate
that the conditions under which hostile targets can be engaged successfully are becoming
more difficult to achieve; hence, any improvement in existing estimation algorithms is of

critical importance.

This report presents the results of an investigation of an approach to the improvement
of an important class of target tracking algorithms. The work was supported by the Naval
Surface Warfare Center Dahlgren Division (NSWCDD) AEGIS Program Office.

This document has been reviewed by Dr. Richard D. Hilton of the Command Support
Systems Division and R. T. Lee, Head, Weapons Control Division.

Approved by:

Davig
DAVID S. MALYEVAC, Deputy Department Head
Weapons Systems Department
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ABSTRACT

The two-stage Alpha-Beta-Gamma estimator is proposed as an alternative to adaptive
gain versions of the Alpha-Beta and Alpha-Beta-Gamma filters for tracking maneuvering
targets. The purpose of this report is to accomplish fixed-gain, variable dimension filtering
with a two-stage Alpha-Beta-Gamma estimator. The two-stage Alpha-Beta-Gamma estima-
tor is derived from the two-stage Kalman estimator, and the noise variance reduction matrix
and steady-state error covariance matrix are given as a function of the steady-state gains.
A procedure for filter parameter selection is alsc given along with a technique for maneuver
response and a gain scheduling technique for initialization. The kinematic constraint for
constant speed targets is also incorporated into the two-stage estimator to form the two-
stage Alpha-Beta-Gamma-Lambda estimator. Simulation results are given for a comparison
of the performances of estimators with that of the Alpha-Beta-Gamma filter.
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CHAPTER 1
INTRODUCTION

While the Kalman filter is known to produce an optimal estimate of the target state
when given the motion model and a sequence of sensor measurements corrupted with white
Gaussian errors, the computational burden of maintaining the Kalman filter may prohibit
its use when many targets are being tracked. A widely used approach to reducing the
computational burden of the filters involves the use of an approximate filter gain instead of
the optimal Kalman gain. The gain is usually based on the steady-state gains of the Kalman
filter and obtained by either using a fixed gain or an easily generated gain schedule. When
these steady-state or approximate gains are used, the resultant filters are called an « filter
for tracking position; an a, f filter for tracking position and velocity; and an a, 8, filter

tracking position, velocity, and acceleration.

For tracking systems with a uniform data rate and stationary measurement noise, non-
maneuvering targets can be accurately tracked with an a, g filter. However, when the target
maneuvers, the quality of the position and velocity estimates provided by the filter can de-
grade significantly, and for a target undergoing a large maneuver, the target track may be
lost. An a, 3, ~ filter can be used to track such a target, but the accelerations of a maneuver-
ing target are seldom constant in the tracking frame during the maneuver. If the a gain of
the a, 3, v filter is chosen small to achieve good noise reduction, the “optimal” + of Kalata [1]
will be very small and the acceleration estimates will respond slowly to a maneuver. Thus,
in order for the a, 3,~ filter to respond quickly to a maneuver, a must be maintained at a
high level and the filter will provide poor noise reduction (noisy estimates) when the target
is not manuevering. The noisy target state estimates may hinder the sensor pointing, data

association, and other control decisions and computations based on the state estimates.

One approach to overcoming this filtering dilemma is to use a small a until a maneuver
is detected. Then « is increased for tracking through the maneuver. This approach was

investigated by Cantrell [2] and Blackman [3]. It has two major problems. First, the response
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of the filter is significantly delayed because the gains are not increased until a maneuver is
detected. Furthermore, in the a, 3 filter, the a gain must be set artificially high to account
for the absence of acceleration from the motion model. Second, after a target has returned
to constant velocity from a maneuver, the decision to reduce « is often delayed because there
is no bias in the higher gain «, 8 filter to detect.

An alternate approach, which seems to be attractive, is to continuously estimate the
target acceleration and correct the position and velocity estimates of the a, 3 filter whenever
a maneuver is detected. The purpose of this report is to accomplish fixed-gain, variable
dimension filtering with a two-stage a, 8,7 estimator, as suggested by Alouani et. al. [4,5]
for the two-stage Kalman estimator. In the two-stage a, §,7 estimator, position and velocity
are tracked in the first stage, which is a standard «, 3 filter, and the acceleration is tracked in
the second stage, which is a standard single gain filter. The output of the acceleration filter
can be used to adjust the estimates of the a, 3 filter, as shown in Figure 1-1 when a bias is
detected. This approach to tracking maneuvering targets is similar to input estimation in
[6-8], with the exception that the acceleration is modeled as a stochastic process instead of
a deterministic process as in input estimation. The two-stage estimator has the good noise
reduction associated with the «, f filter when the target is not maneuvering, and when a
maneuver is detected, an acceleration estimate is available to compensate the estimates of
the a, 3 filter. Furthermore, since the acceleration is not part of the central filter, the ¥ gain

can be picked somewhat independent of « to improve maneuver response.

When targets maneuver while maintaining a constant speed, the accelerations vary with
time throughout the maneuver and the estimates of both the a, 3, v filter and the two-stage
a, 3,7 estimator will be biased. The kinematic constraint for constant speed targets can
be included as a pseudomeasurement in the filtering process to reduce the filter bias as in
[9]. The kinematic constraint for constant speed targets is incorporated into the two-stage

estimator to form the two-stage a, 3,4, A estimator.

This report is organized as follows. In Chapter 2, steady-state Kalman filters are dis-
cussed, and the a, 8 filter and o, 3, 7 filter are summarized. The two-stage Kalman estimator
is presented in Chapter 3. In Chapter 4, the two-stage a, 3,7 estimator is derived, and proce-
dures for gain selection during initialization and steady-state conditions are presented along
with the concept of a soft switch for maneuver response. The two-stage a, 3,7, A estimator
is presented in Chapter 5. Simulation results for a radar tracking system are presented in
Chapter 6 for the two-stage estimators and the a, 3, v filter. Some concluding remarks are

given in Chapter 7 along with a discussion of future research.
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Figure 1-1. Two-Stage Estimator for Tracking Maneuvering Targets
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CHAPTER 2
STEADY-STATE KALMAN FILTERS

A Kalman filter is often employed to filter the position measurements for estimating the
position, velocity, and/or acceleration of a target. When the target motion and measurement
models are linear and the measurement and motion modeling error processes are Gaussian,
the Kalman filter provides the minimum mean-square error estimate of the target state.
When the target motion and measurement models are linear, but the noise processes are not
Gaussian, the Kalman filter is the best linear estimator of the target state in the mean-square

error sense. The dynamics model commonly assumed for a target in track is given by
Xiy1 = Fir Xp + Gy (2.1)

where wi ~ N(0, Q) is the process noise and Fy defines a linear constraint on the dynamics.
The target state vector Xi contains the position, velocity, and acceleration of the target at
time k, as well as other variables used to model the time-varying acceleration. The linear

measurement model is given by
Y. = Hi Xy + nyg (2.2)

where Y; is usually the target position measurement and ny ~ N(0, Ry). The Kalman
filtering equations associated with the state model in Eq. (2.1) and the measurement model

in Eq. (2.2) are given by the following equations.

Time Update:

Xik=1 = Fe1 Xpo1jk1 (2.3)
Pip—1 = Fro1 Pe_yjpoa FEZy + Gro1Qioa Gi_y (2.4)
Measurement Update:
K = Py HE (He P HE + Ry ™! (2.5)
Xk = Xipe—1 + Ke[Ye = He Xgge-1] (2.6)
Pk = (I = KiHi] P (2.7)
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where X ~ N(Xyjk, Pje) with Xgx and Pgx denoting the mean and error covariance of the
state estimate, respectively. The subscript notation (k|j) denotes the state estimate for time
k when given measurements through time j, and K denotes the Kalman gain. Using the
matrix inversion lemma of [10] and Eqgs. (2.5) and (2.7), an alternate form of the Kalman

gain is given by

Kk = Pue—y H{ [He P HY + B ')
= [I = Py HY Ry HE) ™ Pu o HT R
= [I - Py HE (Hx Poper HE + REY) T Hi) Pae o HY R
= (I — Kx Hi] Popey HY R}
= Py H{ R}! (2.8)

The steady-state form of the Kalman filter is often used in order to reduce the computa-
tions required to maintain each track. In steady-state, Pyx = Pr_yjx_1, and Py = Prpp_y,
and K} = Ki_,. For a Kalman filter to achieve these steady-state conditions, the error pro-
cesses, wi and ni, must have stationary statistics and the data rate must be constant.
When the noise processes are not stationary or the data rate is not constant, a filter using
the steady-state gains will provide suboptimal estimates. The a, 8 and a, 3,~ filters are the
steady-state Kalman filters for tracking nearly constant velocity targets and nearly constant
acceleration targets, respectively. First, the o filter for tracking nearly constant position

targets will be considered. Then the a, § and a, 3, filters will be considered.

ALPHA FILTER

The « filter is a single coordinate filter that is based on the assumption that the tar-
get position is constant plus zero-mean, white Gaussian acceleration errors. Given this
assumption, the filter gain « is chosen as the steady-state Kalman gain that minimize the

mean-square error in the position estimates. For the « filter,

Xi = [x]" (2.9)

Fry=[1] (2.10)
T

Gy = l:z;.] (2.11)

Hy =[1] (2.12)

Ry = o2 (2.13)

Qx =02, (2.14)
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Ki =[a]” (2.15)

The steady-state error covariance of the filtered estimates for the a filter can be expressed
as a function the Kalman gain using Eq. (2.8) to be

Peyrjes1 = Pop = P = ao)) (2.16)

Using Eq. (2.4) in Eq. (2.7) and inse:ting Eq. (2.16) for P gives

T4
ac? = (1 - aj[ac? + Taﬁ,] (2.17)
Thus, Eq. (2.17) gives
2 2
2 -t - fe (2.18)

o2 l1-a

where T is the Tracking Index of [11], and o2 is the variance of the acceleration modeling
error. Thus, the a gain is determined as in {1] from I’ by solving the Eq. (2.18). Note the
these steady-state relationships result from the assumption that the model error process is

acceleration errors that are constant through each measurement sample period.

The input-output relationships between the measurements Y and Xy can be expressed

as a linear system that is given by
X = (1 — @)Xy _jji-1 + a¥2 (2.19)

Using Eq. (2.19) provides the error covariance of Xy that results from the measurement
errors. Let Y be a white noise stationary sequence with zero mean. Then E[X;X}] = S =

Si—1 = Sa, which is given by
— ola
Sa = = )
«=5— (2.20)

The variance reduction ratio of the filter is given by Eq. (2.20) when o2 = 1.

Since during initialization the « filter is not in a steady-state condition, Eq. (2.16) cannot
be used to determine a. Using least-squares estimation in conjunction with a constant state

model, a simple gain scheduling procedure for a during initialization is given by

ap = ma.x{(—k—i—ﬁ,a} (2.21)

with Xoi_; = [O]T. The derivation of Eq. (2 21) follows closely the derivation for the gains
for initializing the a, § filter in Appendix A.
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ALPHA-BETA FILTER

The a, 3 filter is a single coordinate filter that is based on the assumption that the target
is moving with constant velocity plus zero-mean, white Gaussian acceleration errors. Given
this assumption, the filter gains a and 3 are chosen as the steady-state Kalman gains that

minimize the mean-square error in the position and velocity estimates. For the a, 3 filter
b 1,

Xp=[zx @] (2.22)
1 T
Fi = [ ! 1] (2.23)
2 T
Gy = [_7;_ T] (2.24)
Hy=[1 0] (2.25)
R = 03 (2.27)
Qx =0l (2.27)
3 T
K = el 2.28
k [a T] (2.28)
The a, 3 gains are determined as in [1,3,8] by solving the simultaneous equations
2 2
2 _ 749w _ B
I = 22~ 0—a) (2.29)
B=22-0a)-4/1-a (2.30)
where o is ...e variance of the acceleration modeling error.

The steady-state error covariance of the filtered estimates for the a, 3 filter is given in

[1.8] as
B
° T
‘Dkl)c = 03 ﬁ 5(20 _ ﬁ) (2.31)
T 2(1-a)T?

The steady-state gains and error covariance in Egs. (2.29) through (2.31) are derived in
Appendix A. Note that these steady-state relationships result from the assumption that
the model error process is acceleration errors that are constant through each measurement

sample pcriod.

In target tracking, a conflict arises between the goals of good noise reduction which
requires small o (and thus, small §), and good tracking through mancuvers which requires

a larger a. For good noise reduction, heavy filtering is used and a filter with slow system
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response (i.e., a large time constant) and a narrow bandwidth results. For good tracking
through a maneuver, light filtering is performed and a filter with fast response (i.e., a short
time constant) and a2 wide bandwidth results. The a and 8 are chosen with the “optimal”
relationship in Eq. (2.29) to obtain a compromise between these two goals that meets the

design requirements.

The input-output relationships between the measurements Yj and X;; can be expressed

as a linear system that is given by

Xik = FXi_1po1 + GiYa (2.32)
where

[1l—a (1-a)T

F= 3 (2.33)
| -7 (1-5)
[«

G= ﬂ} (2.34)
LT

Using Eq. (2.32) provides the error covariance of Xj; that results from the measurement

errors. That error covariance S is given by
5. =FSi.F +GG o} (2.35)

Since S = Si_; = —S_ag in steady-state conditions, Eq. (2.35) can be used to solve for 3-0/3
in terms of the filter gains, measurement period, and the measurement error variance. As

derived in Appendix A,

2 207482 -3a) Z2a-p)

= T
aff — 2 2
b | Loa-p) L

S (2.36)

where di = 4—2a—f. The variance reduction ratios of the filter are given by Eq. (2.36) when
o2 = 1 with the (1,1) and (2,2) elements of S, denoting the position variance reduction

ratio and velocity variance reduction ratio, respectively [3].

Since during initialization the a, § filter is not in steady-state conditions, Egs. (2.29) and
(2.30) cannot be used to determine a and 3. Using least-squares estimation in conjunction

with a constant velocity motion model, a simple gain scheduling procedure for o and 3
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during initialization is given by

_ 2(2k+1_)__
op = max{———(k )k +2),a}
i = max{———r——. )

k+1)(k+2)

(2.37)

(2.38)

with Xg_; = [0 O]T. Note that if Y5/7 can be extremely large relative to the dynamic

range of the compute., the first two filter iterations should be computed analytically to use

a two-point initialization procedure.

ALPHA-BETA-GAMMA FILTER

The a, B, 7 filter is a single coordinate filter that is based on the assumption that the tar-

get is moving with constant acceleration plus zero-mean, white Gaussian acceleration errors.

Given this assumption, the a, 3,~ filter gains are chosen as the steady-state Kalman gains

that minimize the mean-square error in the position, velocity, and acceleration estimates.

For the a, 5, v filter,

Xe=[ex & )7

[1 T 0.5T?
Fr=10 1 T
[0 0 1
r T
T? ]
G.=| -
k 2 T 1
Hy=[1 0 0]
Ry =o?
Qx =0,
T
_ B
K= [“ T 7
The a, 3,7 gains are determined as in [1,3,8] by solving the simultaneous equations
2 2
2 4%y — Y
r=T o2 (1-a)
B=22-a)~4/T—a
132
=

(2.39)

(2.40)

(2.41)

(2.42)
(2.43)
(2.44)

(2.45)

(2.46)
(2.47)
(2.48)

The steady-state error covariance matrix of the filtered estimates for the a, 8, ¥ filter is given
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in [1,8] as
I B Y T
“ T T2
B 4aB+v(B-2a—-4) PB(B-—
Pa=0ct| 7 — 4(1(— a)Tc; : 2(1(— a)?‘" (2.49)
L B(B - ) (B =)
| T2 2(1 — a)T? (1-a)T* |

The steady-state gains and error covariance in Eqs. (2.46) through (2.49) are derived in
Appendix B.

The input-output relationships between the measurements Y; and filtered state X;); can

be expressed as a linear system that is given by

(l—a (1-a)T (l—a)z;— @

Xklk = _g 1-8 (- _'g_)T Xk_1jg-1+ ‘g Y: (2.50)
A A X
| T2 T 2 | r

Using Eq. (2.50) provides the steady-state error covariance of Xy ; that results from the

measurement errors. That error covariance S,g, as given in [11} is
2

_S-aﬂv = (ﬁ;) X

20y - 60— 4) + 0By B@a-p@B-7) L2+ A1 —-26)]
Poa-pes-n Hre-a+286-1)  Bles-yn | e
2
X (2 + A1 - 26) 2 26 ) cAu.

where d) = 4 —2a — 8 and d2 = 20 + y(a — 2). The measurement error variance reduction
ratios of the filter are given by Eq. (2.51) when o2 = 1 with the (1,1), (2,2), and (3,3)
elements of ?aﬂ., denoting the position variance reduction ratio, velocity variance reduction

ratio, and the acceleration variance reduction ratio, respectively.

Using least-squares estimation in conjunction with a constant acceleration motion model,

a simple gain scheduling procedure for a, 8 and v during initialization is given by
3(3k% + 3k + 2)

ok = max{ G k3 ™ (2:52)
L 18(2k + 1)
Pr=m {(k+1)(k+2)(k+3)’ﬂ} (2:53)
60
= max{r— 1)(k+2)(k+3)’7} (2:54)
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with Xo_; = [0 0 0]7. Note that if Yp1/T? can be extremely large relative to the
dynamic range of the computer, the first three iterations of the filter should be computed

analytically to use a three-point initialization procedure.
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CHAPTER 3
TWO-STAGE KALMAN ESTIMATOR

Consider the problem of estimating the state of a linear system in the presence of a
random bias that influences the system dynamics and/or observations. The bias vector may
represent a part of the augmented system state as suggested in [12]. The idea of using a
two-stage filter to implement an augmented state filter was introduced in [12]. The idea is
to decouple the central filter into two parallel filters. The first filter, the “bias-free” filter,
is based on the assumption that the bias is nonexistent. The second filter, the bias filter,
produces an estimate of the bias vector. The output of the first filter is then corrected
with the output of the second filter. It was shown in [12] that if the bias is deterministic
and constant, but unknown, the two-stage filter is equivalent to the augmented state filter.
It was shown in [4,13] that under an algebraic constraint on the correlation between the
state process noise and the bias process noise, the proposed two-stage Kalman estimator is

equivalent to the augmented state Kalman filter.

Consider a linear system whose dynamics is modeled by

Xiq1 = Fi Xy + Gy + GEWE (3.1)
bep1 = b + AW} (3.2)

where X; is an n dimensional system state vector, b is a p dimensional bias vector. This
system may represent the dynamics of a maneuvering target, where the position and velocity
are the system state and the bias represents the target acceleration. The WkX and Wg are

white Gaussian sequences with zero means and variances given by

EWE (W) = Qiféu (3.3)
EWR(W))T] = Qién (3.4)
EWEW)T] = Qi6u (3.5)

The state measurement model at time k is given by
Yi = Hi Xy + Crbg + vi (3.6)
3-1
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where Y} is the measurement and vg ~ N(0, Ri) is the measurement error. The standard
approach to estimating the state and bias is to form an augmented state model which includes
both the bias and the state. With this augmented state model, a Kalman filter may be used

to produce the optimal state estimates.

If the bias term is ignored, (b = 0), the bias-free filter is the Kalman filter based on the
model in Eqs. (3.1) and (3.6), where fictitious statistics are used for WX (i.e., akx is used
instead of GE Q¥ (GX)T). The bias-free filter is given by

Xip-1 = Feo1Xioqpe— (3.7)
Xk = X1 + K Vi - Hy X k1] (3.8)
ﬁﬁk—l = Fk—lﬁf—llk—lFIz-l +§1§—1 (3.9)
Flek = -EfHk)?f,k_l (3.10)
Ky = Por HY (HiPrg_ HY + Ri] ™ (3.11)

=X . . . = .
where Q}_; is defined later in this chapter. The Xy represents the estimate of the state

e =X . . <~
process when the bias is ignored, and Py, is the error covariance of X .

As in [12], a separate filter may be used to estimate the bias vector from the residual

sequence of the bias-free filter. The bias filter is given by

bjk—1 = br_1yk-1 (3.12)

bk = byk—1 + Kprk — Skbiji—1] (3.13)

Plglk—l = Pf—1|k—1 + G Qi (G )T (3.14)

Kb = Ply_,STISkPhy ST + HPijo  HY + Ry (3.15)

Py =(1- TTZSk)P,?Ik_I (3.16)

where

Sk = Hi U + Cy (3.17)

Up = FyorVie1 + Groy (3.18)

Vi = (I - KX Ho)Uy - e Gy (3.19)

and rj is the residual of the bias-free filter. Initialization of this bias filter is discussed later

in this chapter.

The algorithm for compensating the output of the bias-free filter with the output of the
bias filter is given by

Xie = E[Xx] = Xy + Vi (3.20)
3-2
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=X

Py = E[(Xx — X)) (Xa — Xew)T] = P + Vi PRV (3.21)
PP = E[(Xk — Xupe)(be = bige)T] = Vi PR, (3.22)
Pii = El(b — bie) (be — bige)™] = Pl (3.23)

The structure of the two-stage Kalman estimator is shown in Figure 3-1.

Theorem: If
GEQFNGYHT = Up 1 GLQYUGYH)T (3.24)

and the error covariance 6{ of the process noise of the bias-free filter model given by
—X
Qk = GEQF(GH)T - Uk GLOL(GH) UL, (3.25)

is positive semidefinite, then the filter given by Eqs. (3.20)-(3.23) is equivalent to the aug-
mented state filter.

Proof: See [4,13].

While the algebraic constraint of Eq. (3.24) will not be -atisfied by almost all real
systems, the theorem provides a basis for assessing the degree of suboptimality of a two-

stage estimator when applied to specific problems. For example, let the algebraic constraint
of Eq. (3.24) be expressed as

GEQFMGYHT < (1 + e)UrnGEQL(GHT k>0 (3.26)

Then for a given system, the smallest positive ¢ that satisfies Eq. (3.26) indicates the degree
of suboptimality of the two-stage estimate with respect to the augmented state filter.

For initialization of the two-stage estimator, P)fob = 0 if the initial estimate of the bias

0
is uncorrelated with the initial estimate of the bias-free state. If Po)i(ob = 0, Egs. (3.22) and
(3.19) imply that Vp = 0 and Uy = 0. Note that as shown in [4,13] the initialization does

not require Po)fob = 0.

For the system and bias models given in Eqs. (3.1) and (3.2), the process noise covari-
ances are given in Egs. (3.3) through (3.5). However, for tracking targets with the two-stage
estimator, the process noise covariances in Egs. (3.3) through (3.5) are design parameters.
When designing the two-stage estimator for tracking maneuvering targets, af can be chosen
to obtain the desired response of the constant velocity filter and Qt can be chosen for ma-
neuver response. In this type of design procedure, ai( is chosen to be positive semi-definite

and Qf is allowed be a free parameter that depends on the selection of 6{ and Q°.
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Figure 3-1. Structure of Two-Stage Kalman Estimator
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CHAPTER 4
TWO-STAGE ALPHA-BETA-GAMMA ESTIMATOR

For a uniform data rate and stationary noise processes, the single coordinate version
of the two-stage Kalman estimator can be approximated with a filter including three fixed
gains. In this fixed-gain filter, the two-stage o, 8,7 estimator, the position and velocity are
tracked in the first stage, which is a standard «, 3 filter, and the acceleration is tracked
separately in the second stage, which is a standard single gain filter. The output of the
acceleration filter can be used to adjust the estimates of the a, 8 filter, as shown in Figure

4-1, when a maneuver is detected. The parameters Ky, K7, and I3 will be defined later.

The bias-free filter of Eqs. (3.7)-(3.11) corresponds to the standard constant velocity

filter in a single coordinate when

F = [(1) :f] (4.1)
Qr = GGG (4.2)
T 17
Gk = G{ = [-2_ T] (43)
He=[1 0], Ci=0 (4.4)
T
Ry = | 4 (4.5)

for scalar acceleration error variance gi. The bias filter of Eqs. (3.12)-(3.16) corresponds
to the standard constant state filter with residuals of the bias-free filter, ry, as the input
and G = 1. Since the bias corresponds to a scalar acceleration, the bias filter gain will be

a scalar. Let the bias filter gain be denoted as
Kr=%S7l, k>0 (4.6)

where 4; are Sk are positive scalars obtained from Eqgs. (3.15) and (3.17). Letting b = Ai
and inserting Eq. (4.6) into Eq. (3.13) gives

Ak = Agi—1 + S5 e — Ayl (4.7)
4-1
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Figure 4-1. Two-Stage a, 8,7 Estimator
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Using Eqs. (4.1) through (4.7) in the bias-free and bias filters gives the two-stage a, 3,7

estimator as summarized by the following equations:

Prediction
Xip-1 = Fio1 X i qji (4.8)
Agk—1 = Ap_1)k-1 (4.9)
l—ap_1~Bry T
Uy = Br_1 Ur-1 + G- (4.10)
L 1
T
Measurement Update
— — —X —
Xk = Xgpo1 + Ky (Vi = He Xyp—1) (4.11)
A = (1 = ) Ageo1 + 1S5 ' (4.12)
Output Correction
Xepe = Xk + Ve A (4.13)
l—ap 0
Vi = Be | Uk (4.14)
T

where the gains are a function of time. In steady-state conditions, ap = «, B = B, and
& = 7. Also, the bias filter is initialized with Ag_; =0 and U_; =[0 0] .

STEADY-STATE RELATIONSHIPS

If the measurement rate is uniform (i.e., T is constant), the measurement error statistics
are stationary (i.e., Ry = 02), and the acceleration error statistics are stationary (i.e., 0 =
#2), then the bias-free filter in steady-state conditions corresponds to an a, filter with
ap = a and B = 8. Then o and 3 are given by Eqs. (2.29) and (2.30) for the o, 3 as

P T4i%{ __p (4.15)
o: (1-a)

B=22-a)—4Vl-a (4.16)

where T' denotes the tracking index for the bias-free filter.

Since the statistics of the residuals r; in the a, 8 filter will be stationary in steady state,
the bias filter will achieve steady-state conditions if the statistics of W? are stationary (i.e.,
Q% = 02). The bias filter in steady-state conditions corresponds to a single gain filter with

K} = Kb =551 (4.17)
4-3
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Qz = 02). The bias filter in steady-state conditions corresponds to a single gain filter with
K} = Kb =551 (4.17)

where S is a constant scalar in steady-state conditions. Using Eqgs. (4.10) and (4.14), the

steady-state parameters are

T? « T
U1 =Ur=U = [— (—+O.5)T] (4.18)
BB
T
T2
Visi=Ve=V = [(1—0:)— (3—0.5)T] (4.19)
BB
The steady state values of Ky, K7, and K3 in Figure 4-1 are given by
_ B
Ki=8"1'=(HU)!= 77 (4.20)
K
[Aﬁ] =V (4.21)

Since the two-stage a, 3,7 estimator is an a, g filter when the switch is open, the steady-

state error covariance Fflk =P s provided by Eq. (2.31) as

B
o B
Pae=P =025 paa-—p) (4.22)
T 2(1-a)T?

The variance of the residuals of the bias-free or a, 3 filter is given by
—X _
obps = HiFkP" FYH] + @i HxGikGL HY + o2 (4.23)
Inserting Eqs. (4.1) through (4.4) and (4.22) into Eq. (4.23) gives

_ 4

Using Eq. (4.15) to eliminate &2, from Eq. (4.24) and using o ~ 28 + af +0.258 = 0 of [8)

gives
2

U%ZES = (1 __va‘ (425)

Thus, using Eq. (4.25) in conjunction with Eq. (4.20) gives the variance of the input to the
second stage or bias filter as (K))%0%pg. Using Egs. (2.8) and (4.15) gives the steady-state

gain for the second stage as

¥y = P,f'k (%afws)—l = Pb(g;“%ws)_l = ﬁ(—ﬁ(—ﬁi———)_lav—2 = P72 (4.26)
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Thus, the steady-state error covariance of the second stage is given by

(B - B -
P = 7(’7“7”%”) = 7(1‘4(1 - a))"'z’ =% (4.27)
Inserting Eq. (2.4) into Eq. (2.7) for the bias filter gives
PP =[1-3][P" + 0% (4.28)
Thus L~
pb | ;7)03, (4.20)
Egs. (4.27) and (4.29) give
R (4.30)
6, (1-7) '
Using Eqgs. (4.19) and (4.27) in Eq. (3.22) gives
LA
Xb Xb b_ 5.2 7?2
Pklk =P =VP" =70, (a - 0.58)8 (4.31)
(1—-a)T3
Using Eqs. (4.19) and (4.31) gives
| — (a = 0.58)
by, T _ ~ 2 T
VPVE =30y | (a-058) (o —0.58)2 (4.32)
T (1 —a)T?

Since the output error covariance of the two-stage estimator is dependent on the maneuver

switch, let the switch gain be denoted by

0, switch open
Gs = (4.33)
3, switch closed

Using Egs. (4.22), (4.27), (4.31), and (4.32) in Eqgs. (3.21) through (3.23) gives the output

error covariance of the two-stage estimator as a function of the maneuver switch to be

Pii(1,1) = o2(a + (1 — a)Gs) (4.34)
2
Pup(1,2) = 2B+ (o = 0.58)Cs] (4.35)
aip
Pyr(1,3) = 25Gs (4.36)
Pun(2,2) = o SN0 + (e - 050)G3 (4.37)
a—0.58
Pei(2,3) = Uﬁé(gl—_a—)ﬁ—)Gs (4.38)
52

Pue(3,3) = o) Gs (4.39)

(1-a)T*
4-5
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where Py (2, ) denotes the (z,5) element of the error covariance.

SELECTING GAMMA

Since the algebraic constraint of Eq. (3.24) will not be satisfied, the two-stage estimator
with the maneuver switch closed will not be identical ‘o the augmented state filter (i.e.,
the a, 3,7 filter). However, the position, velocity, or acceleration variances of the two-stage
estimator and the a, 3, filter can be matched through the selection of 7. Using the (1,1)
elements of Egs. (2.49) and (4.34), a match between the position variances is given by
&—a
1-a)

¥= ( (4.40)
where & denotes the alpha gain of a standard «, 3, v filter that is desired for tracking through
maneuvers. Using the /2,2) elements of Eqs. (2.49) and (4.37), a match between the velocity
variances is given by

(1 =) (aﬁ+0.25ﬁ(3—26—4)) B ] (4.41)

7=[\1—c‘r (e —0.58)2 T a—058
where &, 3,4 denote the gains of a standard a, B, 4 filter that is desired for tracking through

maneuvers. Using the (3,3) element of Eq. (2.49) and Eq. (4.39) gives a match between the
acceleration variances as

(4.42)

Fig. 4-2 gives various values of ¥ versus & for matching the position, velocity, or accel-
eration variances when & — a = 0.1. Using Fig. 4-2, consider the two-stage estimator with
a = 0.3 and 5§ = 0.2 and the a, 8,7 filter with & = 0.4. Then the position and velocity esti-
mates of the two-stage estimator with the maneuver switch closed will closely match those
estimates of the corresponding a, 3, v filter, while the acceleration estimates of the two-stage
estimator will be filtered more heavily than those of the a, 3, filter. Fig. 4-2 also shows
that the estimates of two-stage estimator for & — a = 0.1 will more closely match those ot
the augmented state filter, the a, 3, filter, when 0.4 < a < 0.5 and 0.25 < 7 < 0.5.

MEASUREMENT VARIANCE REDUCTION MATRIX

The variance reductions between position, velocity, and acceleration estimates and the

measurements are often considered in the design and analysis of fixed-gain filters. The

4-6




NSWCDD/TR-92/297
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Figure 4-2. 4 Versus & for @ —a = 0.1

variance reduction matrix for the two-stage a, 3,7 estimator is derived by considering the
estimator with the maneuver switch open as a linear system with a white noise input. The
variance reduction matrix for the estimator with the maneuver switch open is used to com-

pute the variance reduction matrix for the estimator with the maneuver switch is closed.

. T
The input-output relationships between the measurements Y; and [ X Zl k Aklk] when the

maneuver switch is open can be expressed as a linear system that is given by

Yklk] _T [71;—1|k—1] ye:
[Aklk F A1kt + GY; (4.43)
where
[1—a (1-a)T 0
F= —g (1-8) 0 (4.44)
R R
| T T 7]
[ o ]
G= g (4.45)
18
| T |

. T
Using Eq. (4.43) provides the error covariance of [X Z}k Aklk] that results from white

4-7
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noise measurement errors. That error covariance is denoted as

X
E[ [Ak} [Xk Ak” Sah (4.46)
and given by

Sa afy —

=FS%F +GTC o? (4.47)
where o2 is the variance of the input Y;. Eq. (4.47) can be used to solve for elements of Sgﬂ.-'

in terms of the filter gains, measurement period, and the measurement error variance. Let

o S11 812 S13
Saﬂ"y = | 812 S22 823 (448)
S13 823 333
Since the position and velocity estimates of the two-stage estimator with the maneuver
switch open are equivalent to those of the a, 3 filter, 513, s12, 322 are given by those of the
a, B filter in Eqs. (A.43) through (A. 45)

o1 = [4 g (4.49)
S12 = 0[4(2_612; _)%]Ta?, (4.50)
2 = o ;52_ ﬂ]Tzaﬁ (4.51)
Equating the (1,3), (2,3), and (3,3) elements of Eq. (4.47) gives
813 = (—a%‘):y—ﬂ[su +2T'sy2 + T2322] + (7 — ) — 1)[s13 + Tsa3} + :,?f ; (4.52)
823 = %[311 +2Ts13 + TPsp0] — [812 + Tsp2] + ( 1) [s13 + T's23] + 7ﬁ2 2 (4.53)
3332 —F)7 = :7262 [s11 + 2T'sy2 + T?s53) + %Y_ﬂ%:_)[sls + T'sz3] + —;520 (4.54)
Using Eqs. (4.49) through (4.51) gives
s11+ 2Ts12 + T2y = o [2‘?4 + ;‘g a Zf] (4.55)
12+ To = o[ s 2_“/)3]T] (4.56)
Adding Eqgs. (4.51) and (4.52) and using Eqgs. (4.55) and (4.56) gives
s13 + Tsz3 = Pl + ;1(2 =) [s11 + 2T's12 + T?s55] — E[Sn + T's22]
+(‘—1)[7(:—1)+ﬂ][3 + Tsy Hﬂ(ﬂ;a’r) o (4.57)
_ 2P 270® 4 (7 + 2)af + B(B - 27) (4.58)

T2 al(l ~a)3? + (a — )7 + B][4 - 2a - 7]
4-8
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Inserting Eqgs. (4.55) and (4.58) into Eq. (4.52) gives

s 2/5‘7[ 250* + (2 -7)aB + [(B - 2)7 - BB
777 |af(1 = o) + (o= A7 + A4 — 20— B]
Inserting Eqs. (4.55) and (4.58) into Eq. (4.53) gives
;2847 Y(2a~B) +28
= e e AT (450
Inserting Eqs. (4.55) and (4.58) into Eq. (4.54) gives
=0 i(2a - ) +28 |
T @=T* |o[(1= )7 + (a— A7 + Alld — 2a— A]
Inserting Eqs. (4.49) through (4.51) and Eqs. (4.59) through (4.61) into Eq. (4.48) provides

the steady-state error covariance of the filter output that results from the measurement errors

(4.59)

(4.61)

when the maneuver switch is open. The elements of S,. are summarized as

afy
§ps(1,1) = dg, [20® + B(2 - 3a)] (4.62)
S35(1,2) = 52(% - B) (4.63)
$95(1,9) = 0T [T 4 o2 5) +5(3-2)~ ] (450
5op+(2,2) = ai?ﬁ; (4.65)
$95(29) = 22 (500~ §) +28) (4.66)
59510,9) = 2 (30~ ) +26) (467

where dy =4 —2a — f and d3 = (1 — a)7% + (a — B)7 + 6.

The input-output relationships between the measurements Y; and filter output when

the maneuver switch is closed can be expressed as

X X
[ A:::] =D [ A:::] (4.68)
where )
1 0 (1- a)%—
b= 1 (5 —0.5)T (4.69)
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Using Eq. (4.68) provides the steady-state error covariance that results from the measure-

ment errors when the maneuver switch is closed. That error covariance is given by

SCs; = DSSg. DT (4.70)

INITIALIZATION

A gain scheduling procedure is needed to facilitate the settling of the estimates of the
two-stage a, 3,7 estimator. A gain scheduling procedure that produces estimates that are
equivalent to those of a quadratic least-squares fit is developed. The estimates will be shown
to be equivalent to those produced by an a, 3, filter that is initialized with gains scheduled
with Egs. (2.52) through (2.54).

Since the bias-free filter is an a, g filter, Eqgs. (2.37) and (2.38) will be used to schedule
a and B as

2(2k +1)

o = max{m,a} (471)
6
Br = max{m, B} (4.72)

with Xg_; = [0 O]T. Inserting Eqgs. (4.71) and (4.72) into Eq. (4.10) gives

LC_E_ZL T ﬁ
Up = 6 U+ | 2 (4.73)
“FE+ DT T

A solution to the time-varying difference equation in Eq. (4.73) is

(k+1)(k +2)T?

= 12
U = (k+1)T (4.74)

2

Inserting Ug—; from Eq. (4.74) into Eq. (4.73) confirms that Eq. (4.74) is a valid solution
of the difference equation. Using Eqs. (4.71), (4.72), and (4.74) in Eq. (4.14) gives

k(k - 1) 0 k(k —1)T?
Vi = 6 U= g, (4.75)

C(k+ D) (k+2)T 5

4-10
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Using Eq. (4.75) with Eq. (4.13) gives

 kk=DT?
Tilk _ Trk + ——12——Ak|k
X = | . = Xk + ViAgi = KT (4.76)
Thlk Uik + 5 Ax
Delaying the time index in Eq. (4.76) gives
) k—1)(k—2)T?
Tp_yjk-1+ ( )(12 ) Ar_1jk-1
Xe-1je-1 = (k- 1)T (4.77)
Ukrp-1 + 5 Ak-1k-1
Also,
. T? ) _ k+ 2)(k + 3)T?
Th-1fk-1 + Topoape—1 + 5 Ak-1jk-r = Te-rje-1 + Top_qjg—1 + ( )(12 ) Ap_afk-1
(4.78)
Using Egs. (4.74) and (4.78) in Eq. (4.12) gives
A = (1 = M) A1 + Te(HeUp) " Y — Zx_qjpe1 — TOr_1k-1]
_ 12
= Ar-gjpr + 7"((k + 1 + 2)T2) %
_ _ k+1)(k+2)T?
[Yk ~ Zp k-1 — TOk_qpp—1 — ( )(12 ) Ak—1|k—1]
12%; ; T?
= Ak—llk—l + ((k + 1)(k + 2)T2) [)fk = Tk-1lk-1 — Txk—llk—l - _2—Ak—l|k—l] (479)

which is in the form of the acceleration update of the a, 3, filter. Setting the gain equal to
the acceleration gain of the a, 3, filter in Eq. (2.54) gives

2% 60
(k+1)(k+2)  (k+1)(k+2)(k+3) (4.80)
Thus, .
e = k£3) (4.81)
Inserting Eq. (4.81) into Eq. (4.79) gives
60 . T?
Ak|k = Ak—llk—l + ((k F 1)k +2)(k+ 3)T2) [Yi ~ Tk-1fk-1 " Txk—llk—l - “E‘Ak—llk—l]
(4.82)

which is the acceleration update equation for the o, 8,7 filter when using Eq. (2.54) for

initialization.

4-11
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Using Eqs. (4.11), (4.12), and (4.74) in Eq. (4.77) gives
kT
Thk = Ok + 5 Aug
_ B _ _
= Vp_e—1 + T[Yk = Zp_qk—1 — TOr-1pk-1]

kT . kT _ - _ _
+ —2—(1 = Yk)Ap_1)k-1 + T‘Yk(HkUk) "V — Zx—rpk—1 — TOx—1jk—1]
(k- 1)T 3(2k + 1)T

= Vgp|k—1 + Apyjk—1 + T A1)k W-Ak—llk—l
+ ((k + 1)(6k FoT T Er D) iog)(k + 3)T) [Y" T Tk-fk-1 T T'_”‘-llk-l]
= Ek-tf-t + T Ak + ((k + 1;(8152:: ;;(lk)+ 3)T) X
[Yk ~ Zp_ajk-1 — Tk -1 — £+ 1)(II;+ 1" Ak—llk—l]
= Tp_qk-1 + TAp_qpk—1 + ((k n 1;(8152_:_65(1,3_*_ 3)T)
[Yk ~Tp k-1 — TTp_qpp—1 — T—zAk—llk 1] (4.83)

which is in the form of the velocity update of the a, 3, filter when using Eq. (2.53) for

initialization.
Using Eqs. (4.11), (4.12) and (4.74) in Eq. (4.77) gives

Thlk = Tk +
k(k — 1)T?
12

‘?k(HkUk)_l) [Yk — Tp k-1~ Tﬁk-uk—l]
(k+ 1)(k+2)T? 3(3k% + 3k + 2)T?
Ag-1jk-1
12 12(k + 3)

3(3k2 + 3k + 2) ] )
((’c + 1)(k + 2)(k + 3)T) [Y" = Th-fk-1 T Tvlc—llk—]]
3(3k2 + 3k + 2) )

(k+1)(k+2)(k +3)T

. ) k+ 1)(k + 2)T?
[Yk = Zp k-1 — TOp_qjk—1 — ( )(12 Ar_1jk-1

)
2 3(3k2% + 3k +2) )

= Zp k-1 + T + (1 — ) Ag-1jk-1
k(k — 1)T?

+ (Olk + T

=Zp k-1 + T g1 + Ap_ijk-1—

2

] T
= ZThk + Tp-yjk-1 + "2_Ak—1|k—l + (

X

. T
= The + Se-te-1 + 5 Ak <(k TOk+2(k+3)T/) "
T2
[Yk = Zkoafe-1 — TEeoife-1 = 5 A1 1] (4.84)
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which is in the form of the position update of the a, 3, filter when using Eq. (2.52) for

initialization.

Using the definitions of the parameters Kj, K3, and K3 in Eqs. (4.20) and (4.21) and
Egs. (4.71), (4.72), (4.74), (4.75), and (4.81), the gain scheduling is summarized as

~ 2(2k + 1)
ap = max{—-————(k Tkt 2),oz} (4.85)
6
B = max{m,ﬂ} (4.86)
_ 5 _

e = max{m,‘/} (4.87)
K, = & max{——2 ) (4.88)
1772 (k+1)(k+2)’ ‘
Ky =T? min{k(kI; h @ ;")} (4.89)
Ky=T min{g,% - 0.5} (4.90)

with Xo_; = (0 0 0]

Figure 4-3 gives a comparison of the Root-Mean Square Errors (RMSE) during intial-
ization of the two-stage o, 3,7 estimator with Egs. (4.85) through (4.90), and the a, 3,7
filter with Eqs. (2.52) through (2.54). For the a, 8,7 filter, the steady-state gains were
chosen with a = 0.45. For the two-stage estimator, the steady-state gains were chosen with
a = 0.35 and 7 = 0.15 to match the position variances. The errors are the average over 50
experiments. The target trajectory began at 12 km with an initial velocity of —100 m/s and
the acceleration remained constant at 10 m/s/s. The measurement period was 0.25 sec and
oy, = 8 m. The RMSE of the two filters a.  losely matched in the transient region from 0
to 4 sec, while the RMSE in position are clos.iy matched in steady-state.

When Eqs. (4.85) through (4.90) are used to initialize the two-stage estimator, the
maneuver switch can be left open until enough measurements are received so that the accel-

eration estimate is settled before it is used.

EXAMPLE

A simple tracking system is considered to illustrate the operation of the two-stage es-
timator. The tracking system measures a target’s position at 4 Hz with errors that have a

standard deviation of 8 m. The target is expected to perform maneuvers with up to 2 g of
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acceleration. For an a, (3,7 filter, « = 0.45, = 0.13 and 4 = 0.02. For the two-stage esti-
mator, a = 0.35, 8 = 0.075 and 4 = 0.15, where Eq. (4.40) was used to compute 4. While
various techniques can be used for maneuver detection, a soft switch approach was chosen.
For the soft switch approach, the bias filter is duplicated in the maneuver detector with b
as the filter output. Then the gain of the maneuver switch in Eq. (4.33) is augmented by

0, |bk] < 4.0
Gss = { 1.0, |b&| > 6.0 (4.91)
0.5(]bx| — 4.0), otherwise

Also, to improve maneuver response, the magnitude of by is restricted so that |bi] < 6.2.
Using the soft switch approach, the correction of the output of the bias-free filter with the
acceleration estimates is multiplied by Ggs. Simulated tracking results from a Monte Carlo
simulation with 200 experiments are given in Figure 4-4 for the two filters, where the target
moved with constant velocity except for a 2 g maneuver from 15 to 30 sec. A critically
damped, second order system with an approximate time constant of 1 sec was used to model
the dynamics of the target. As indicated in Figure 4-4, the two-stage estimator provides
significantly better tracking when the target moves with constant velocity, while matching

the tracking performance of the a, 8, filter during the maneuver.
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Figure 4-4. RMSE in the Estimates
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CHAPTER 5
TWO-STAGE ALPHA-BETA-GAMMA-LAMBDA ESTIMATOR

In the two-stage a, 3,7 estimator, the position and velocity are tracked in the first stage,
which is a standard a, § filter, and the acceleration is tracked separately in the second stage,
which is a standard single gain filter. However, when tracking two or three dimensional
target motion with two-stage a, 8,7 estimators operating separately in each coordinate,
the state estimates will be biased for targets maneuvering with constant speed because the
accelerations are time-varying. This bias in the state estimates can be reduced through the

use of the kinematic constraint for constant speed targets as in [9]). The speed of a target is

given by
S = (&2 +§% + )7 (5.1)
For a target moving at constant speed,
%f— =0 (5.2)
or
(Zz+9y+22)=0 (5.3)

This kinematic constraint can be incorporated in the system state of Eq. (2.1) or used as a
pseudomeasurement in conjunction with the measurement equation. While both approaches
are feasible, the second approach is more attractive because the first changes the state
equation from linear to nonlinear. In the implementation of the extended Kalman fiiter,
including nonlinearities in the measurement equation is computationally less expensive than
in the state equation [9). Thus, the kinematic constraint of Eq. (5.3) is incorporated into the

filter through a pseudomeasurement as discussed in [9]. The pseudomeasurement equation

is given by
Viik
A+ =0 (5.4)
Skik
where
Ve = [Thie - Uk Zagx | (5.5)
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Sk = (Ffu + i + éilk)% (5.6)

and pp ~ N(0, Ry). The Vix and Sy are the filtered velocity and speed, respectively, for
time k given measurements through time k. The uj is a white Gaussian error process that
accounts for the uncertainty in both Vjx and the constraint. Since the initial estimate of Vj;
may include a significant error, R’,: is initialized with a large value and allowed to decrease
as

RY =ri(&)* + 1o (5.7)

where 0 < § < 1, r; is a constant chosen large for initialization, and r¢ is a constant chosen

for steady-state conditions.

The two-stage a, 3, estimator utilizing this constraint in the second stage will be called
the two-stage a, 3,7, A estimator. Eq. (5.4) can be written as
-1,. . . . Tk ..
S (Gapkde + ZueZe) = o3k + (5.8)
K|k Skik
Thus, the filtered acceleration estimates can be inserted into the left side of Eq. (5.8)

to compute a measurement for updating the z-coordinate acceleration. For the two-stage

approach, the measurement equation for the z-coordinate is given by Eq. (3.6) with by = A,

as
Y
-1 . . . |1 0 0 Vi
E;(yklkykik + Zxedep) | T [0 0] Xi + [C,f] Ak + [ﬂk] (5.9)
Ci = % (5.10)

where Y} is the z-coordinate position measurement, v ~ N(0, Ry ) is the measurement error,

pr ~ N(O, R',:) is the constraint error, and A; is the z-coordinate acceleration.

Since the bias-free state is not observed through the pseudomeasurement, its gain in the
bias-free filter can be shown to be zero. Thus, the bias-free filter can be defined as if the
kinematic constraint is not being used. Thus, as in Chapter 4, the bias-free filter of Eqgs.
(3.7)-(3.11) corresponds to the standard constant velocity filter when defined as in Egs.
(4.1)-(4.5). Using Eqgs. (3.17)-(3.19) in conjunction with Eq. (5.2), Ui, Vi, and the first
element of S; can be shown to be independent of the constraint and equivalent for both the
two-stage a, 3,7 estimator and the two-stage a, 3,9, A estimator. The second element of Sy is
given by S§ = Cf. Also, since the errors on the measurement and the constraint are assumed

to be independent, the measurement update znd the constraint update of the bias filter will

5-2
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be performed separately with the measurement-updated acceleration cstimates being used
to compensate the velocity estimates in the pseudomeasurement. Thus, the bias filter of
Egs. (3.12)-(3.16) corresponds to the standard constant state filter with the residuals of the
bias-free filter r; and the pseudomeasurement as the inputs. Since the bias corresponds to a
scalar acceleration, the bias filter gain includes a scalar gain for the bias-free filter residual
and a scalar gain for the constraint. Let the bias filter gain for the bias-free filter residuals
be represented by

K} =%(SH)7'Y, k>0 (5.11)

where 7 and S} are positive scalars obtained from Egs. (3.15) and (3.17) with S} being the
first element of S;. Let the gain for the constraint be represented by

K{=MCE, k>0 (5.12)

where A; is a positive scalar. Letting A; = bg, the two-stage a, 3,7, A estimator is given in

the following equations:

Prediction
Xik~1 = Fr1 Xp_1jk-1 (5.13)
Aklk-] = Ai-uk-l (5.14)
l—op =B T
Uy = Br1 Uk—1 + Gy (5.15)
T

Measurement Update

— — —X —

Xk = Xigp—1 + K (Ve — He X e 1) (5.16)
Age = (V= %) Age—1 + 7(SH 7 (re) (5.17)

Constraint Update

c Ct.. . oo ..

Ak = Ak — M Sun (ErkZrpk + UkkTrie + 20k Zaik) (5.18)

Output Correction
Xy = Yklk + VkAilk (5.19)

l1—a; O
Vi = _@i i Uk (5.20)
T
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The velocities of Eq. (5.18) are temporarily compensated with the acceleration estimates as
in Eq. (5.11) before updating the acceleration with the kinematic constraint. The bias filter
is initialized with Ag_, = 0 and U, = [0 0]".

If the measurement rate is uniform (i.e., T is constant) and the statistics of the measure-
ment and acceleration errors are stationary (i.e., Ry = o2 and ¢§ = 52), then the bias-free
filter in steady-state conditions corresponds to an a, 8 filter with ax = a and B¢ = B. The
steady-staie values of Uy and V; are given by Egs. (4.18) and (4.19), respectively. Using
Egs. (3.17) and (5.9) gives

2 T
Sk = [7/;— C,f} (5.21)

where the first element of Sy reaches a steady-state value. The bias filter is a two-gain filter
with the residual of the bias-free filter multiplied by (S})~! and the pseudomeasurement as
inputs. Using Eq. (2.8) for the Kalman gain gives

T Poa?
- ""‘ C (5.22)

where &2 is the variance of the residual errors entering into the bias filter as shown ‘n Eq.

(4.27), and 0;24 is the variance of the constraint errors. Thus, using Eq. (5.22) gives

as,
A = —2—‘y (5.23)
o
and the output variance of the second stage is given by
=, 3242
b - =2 _ VB0
P =10 = 71— o (5:24)

If the statistics of ry are stationary, the bias filter will achieve steady-state conditions when
the statistics of W,? are stationary (i.e., Qz = ¢2) and the kinematic constraint is not
included. Thus, for simplification, the gain 4x will be assumed to reach a steady-state value
%. Thus, the covariance matrix of the output of the two-stage a, 3,7, A estimator will the

equivalent to that of the two-stage a, 3,7 estimator given in Chapter 4.

When selecting ), the scalar relationship between A and 7 of Eq. (5.23) can be adjusted
through 0‘2‘ to tune the filter. The gain scheduling technique for initializing the twe-stage
a, 3,7 estimator given in Chapter 4 can be used for the two-stage a, 3,7, ) estimator with

Tu_ 0
aﬁ T orbk 41

where rg is chosen for steady-state conditions, ry is chosen large for initialization, and ¢ is

§<1 (5.25)

chosen for the desired settling time.
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CHAPTER 6
SIMULATION RESULTS

As an example, a tracking system that measures a target’s position at 2 Hz with errors
that have a standard deviation in range of 6 m and standard deviation in bearing and
elevation of 2 mrad. For an a, 3, filter, & = 0.40, 8 = 0.1 and vy = 0.013. For the two-stage
estimator, a = 0.3, 8 = 0.053, and Eq. (4.41) was used to compute 4 = 0.19 to match the
velocity variances of the filters. For Eq. (5.25), r¢ = 0.75, r; = 400, and é = 0.75. Thus,
in steady-state conditions A = 0.14. While various techniques can be used for maneuver
detection, a soft switch approach was chosen. For the soft switch approach, the acceleration
filter in each coordinate is duplicated in the maneuver detector with b; as the filter output.

As a result, the gain for compensating the a, A filter in each coordinate is given by
0, |bx] < 4.0
Gss = { 1.0, |bg] > 6.0 (6.1)
0.5(|bx] — 4.0), otherwise

Also, to improve maneuver response, the magnitude of b, is restricted so that |b;| < 6.2.
Using the soft switch approach, the correction to the output of the bias-free filter with the
acceleration estimates is multiplied by Ggg. Simulated tracking results from a Monte Carlo
simulation with 200 experiments are given in Figure 6-1 for the o, 3, filter and the two-
stage estimator with and without the kinematic constraint. For this example, the target
moved with constant velocity except for a 4 g, constant speed turn from 12 to 24 s. The
target began at a range of 17.5 km and moved at a constant speed of 300 m/s to a final range
of 9.3 km. A cr ically damped, second order system with an approximate time constant
of 1 s was used to model the dynamics of the target. Both two-stage estimators provide
better tracking than the a, 3,7 filter when the target moves with constant velocity, while
the two-stage estimator with the kinematic constraint provides the best tracking through

the maneuver.
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Figure 6-1. RMSE for Radar Tracking Example
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CHAPTER 7
CONCLUSIONS AND FUTURE RESEARCH

The tracking performance of the two-stage estimator can be achieved by operating an
a, f filter in parallel with a a, 8, 7 filter and selecting the output of one of the filters. However,
when using the soft switch approach to maneuver detection and response as presented in
Chapters 3 and 5, a second a, 3,7 filter is required so that its acceleration estimate can
be restricted during a maneuver to improve detecting the end of a maneuver. While this
multiple filter approach is feasible, it requires approximately three times the number of

computations for essentially the same tracking performance.

Since the two-stage a, 8,7 estimator is simple, it can be implemented in current sys-
tems with a modest increase in the computational burden and memory. The two-stage
a, B,% estimator has the potential to provide significant performance gains in the tracking of
maneuvering targets within systems that are responsible for tracking and engaging a large
number of targets. Also, since the two-stage a, 3,7 estimator maintains an a, 3 filter track
at all times, the command and control decisions, as well as maneuver detection, can be
made with greater consistency with the two-stage estimator than other adaptive filtering

techniques where the gains are increased during maneuvers.

Further research is needed to develop improved maneuver response procedures for the
two-stage estimator. Also, further research is needed to compare the tracking performances of
the fixed-gain, two-stage estimators with other simple, adaptive tracking algorithms. When
using the two-stage estimator, the kinematically constrained second stage can be paralleled
with the standard second stage so that constant speed and variable speed targets can be
tracked by selecting the more accurate second stage. However, research is needed to develop

procedures for selecting the more accurate second stage.
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APPENDIX A
DERIVATIONS FOR ALPHA-BETA FILTER
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A Kalman filter is often employed to filter the position measurements for estimating the
position, velocity, and/or acceleration of a target. When the target motion and measurement
models are linear and the measurement and motion modeling error processes are Gaussian,
the Kalman filter provides the minimum mean-square error estimate of the target state.
When the target motion and measurement models are linear, but the noise processes are not
Gaussian, the Kalman filter is the best linear estimator of the target state in the mean-square

error sense. The dynamics model commonly assumed for a target in track is given by
Xi41 = Fr Xk + Grwy (A.1)

where wy ~ N(0, Qr) is the process noise and F} defines a linear constraint on the dynamics.
The target state vector X contains the position, velocity, and acceleration of the target at
time k as well as other variables used to model the time-varying acceleration. The linear

measurement model is given by
Yi = Hi X3 + ng (A.2)

where Y; is usually the target position measurement and n;y ~ N(0, Rx). The Kalman
filtering equations associated with the state model in Eq. (A.!) and the measurement model

in Eq. (A.2) are given by the following equations.
Time Update:

Xijk-1 = Fe—1Xi_1jk-1 (A.3)
Py = Feo1 Pocip1 FEy + Gro1Qia GE_ (A.4)

Measurement Update:

Ky = Py HY (H Py HY + Ri]™! (A.5)
Xk = Xgpp—1 + Ki[Vz — Hi Xy (A.6)
P = (I = KiHi] Py (A.T)

where X ~ N(Xyk, Pyjx) with Xp; and Py denoting the mean and error covariance of the
state estimate, respectively. The subscript notation (k|j) denotes the state estimate for time
k when given measurements through time j, and K} denotes the Kalman gain. Using the
matrix inversion lemma of [A-1] and Eqgs. (A.5) and (A.7), an alternate form of the Kalman

gain is given by
Ky = Pk|k_1HZ[HkPk|k—1HZ‘ + Rl:ll_l
= [I - Pk|k_1H{R;lHk]-]Pk|k—1H{R;1
A-3
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= (I - Pog_1 H{ (HxPupsy Hi + Ry') ™ Hi]Pyx_  H R}
= [I - Ky Hi)Pope HY R
= Py H R;! (4.8)

The steady-state form of the Kalman filter is often used in order to reduce the
computations required to maintain each track. In steady-state, Pyp = Py_jx—1, and
Piyip = Pip—1, and Kg = Kj_;. For a Kalman filter to achieve these steady-state
conditions, the error processes, wy and nji, must have stationary statistics and the data
rate must be constant. When the noise processes are not stationary or the data rate is not
constant, a filter using the steady-state gains will provide suboptimal estimates. The o,
filter is the steady-state Kalman filter for tracking nearly constant velocity targets.

The a, 8 filter is a single coordinate filter that is based on the assumption that the
target is moving with constant velocity plus zero-mean, white Gaussian acceleration errors.
Given this assumption, the filter gains a and g are chosen as the steady-state Kalman gains
that minimize the mean-square error in the position and velocity estimates. For the a, 8
filter,

Xe =z &) (4.9)
1 T
Fi= [0 1] (A.10)
T
2
Gy = -1-;— T] (A.11)
Hy=[1 0] (A.12)
Ry =o? (A.13)
Qi =0l (A.14)
ﬂ T
K, = = A.l5
i=[a £ (A15)
The a, B8 gains are determined as in [A-2] by solving the simultaneous equations

™ 401211 52

B=22-a)-4/]1-a (A.17)

where T is the tracking index of [A-2], and o2 is the variance of the acceleration modeling

€rror.

STEADY-STATE ERROR COVARIANCE AND GAINS
A-4
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Let the steady-state error covariance matrix of the filtered estimates for the a, 3 filter
be denoted as

P P2
Popipnr =Pop=P=1| ., (A.18)
Using Egs. (A.8), (A.12), and (A.13) gives the steady-state gain
P
K =PHIo7? = [ ] (A.19)
p12
Thus using Eq. (A.15) gives
P = ao’ (A.20)
P12 = éof (A.21)

T
Inserting Eq. (A.4) into Eq. (A.7) and setting Py = Pr_jx—) = P for steady-state gives

[[ - KHy™'P = F 1 PFL_ | + Gx_,G¥_, 0%, (A.22)
Then
1 0
[I-KH]!'= =8 _. (A.23)
T
o B
2 T
-1p_ _%
I - KH™'P = 17— 8 @3+(1—a)’33 (A.24)
T T? ol
P +2Tp12 + T?p22  p12 + T2z
FyPFl =
HTR pi2 + Tp2; P22
(A.25)
T4 T3
GiGlo? = o2 1‘33 2 (A.26)
— T2
2
Equating the (2,2) elements of Eq. (A.22) gives
B Ta,, 2
e ahll (A.27)

A-5
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Equating the (1,2) elements of Eq. (A.22) and using Eq. (A.27) to eliminate o gives

B(2a - B) o2

P2 = A= oy (A.28)

Equating the (1,1) elements of Eq. (A.22) and using Eqs. (A.20) through (A.21) and Eqs.
(A.27) through (A.28) gives

B=22-0a)-4/T—a (A.29)

Egs. (A.27) and (A.30) give the steady-state gain relationships in Eqs. (A.16) and (A.17).
The steady-state error covariance in Eq. (A.18) is given by [1,8] as

B

o —
Pklk = 0‘3 g ﬁ(2aT— ﬂ) (A30)
T 201 -a)T?

MEASUREMENT VARIANCE REDUCTION MATRIX

The variance reduction between position and velocity estimates and the measurements
are often considered in the design and analysis of a,f filters. The variance reduction
matrix for the a, 8 filter is derived by considering the filter as a linear system with a white
noise input. The input-output relationships between the measurements Y; and Xy can be
expressed as a linear system that is given by

Xipe = FXi_qjp-1 + GrYa (A.31)
where

'1—a (1-a)T

F= 8 } (A.32)
| _T (1 - ﬂ)
K

G=|g ] (A.33)
LT

Using Eq. (A.31) provides the error covariance of Xz that results from white noise
measurement errors. That error covariance E[Xy; X {I .} = Sy is given by

5x=F 5 F +GG o

A-6
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where o? is the variance of the input Y. Since Si =S = §ap in steady-state conditions,
Eq. (A.34) can be used to solve for elements of S, in terms of the filter gains, measurement

period, and the measurement error variance. Eq. (A.34) can be rewritten as

F 'S,y =5usF +F GG o2
where
T 1-a T (1-a)
» [(a=pa (@-p)~
FG0 =2 T
""l1-a| of i
. T T2

Let
811 321]

Sap = [821 $22
Then, equating the (1,1), (2,1), and (2,2) elements of Eq. (A.35) gives
[(2=a) - B)s1 — (2 —a)(1 —a)Tsy2 = (@ — Bac?
Bs11 + a(l — a)Tsj2 — (1 — a)’T?sy; = = afo?
2

(2—a)sip+ (1 —a)Tsy == ﬂ;v

Multiplying Eq. (A.41) by (1 — )T and adding it to Eq. (A.40) gives
T
su=-2(1-a)=s12+ 03
B
Inserting Eq. (A.42) into Eq. (A.39) gives

. (2a=-8)8  ,
= A —2a-AT""

Inserting Eq. (A.43) into Eq. (A.42) gives

_2a2+ﬂ(2-—3a) 2
1= af4 - 2a - f] e

Inserting Eq. (A.43) into Eq. (A.41) gives

S99 = 26* 2
2= A —2a -4
A-T

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)
(A.40)

(AA1)

(A.42)

(A.43)

(A.44)

(A.45)
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Eqgs. (A.43) through (A.45) with Eq. (A.38) gives

_ o2 2a? + B(2 - 3a) §(2a - B)
Sap = o 8 s 26 (A.46)
T T?

where d; = 4—2a—f8. The variance reduction ratios of the filter are given by Eq. (A.46) when
o2 = 1 with the (1,1) and (2,2) elements of S, denoting the position variance reduction

ratio and velocity variance reduction ratio, respectively [A-3].

INITTIALIZATION GAINS

For tracking systems with a uniform data rate and stationary measurement noise,
nonmaneut-ring targets can be accurately tracked with a steady-state Kalman filter.
However, between filter initialization and steady-state conditions, the Kalman gain and
state error covariances are transient. If steady-state gains are used from initialization, the
settling time of the state estimates may be extended significantly. While the initial gains can
be approximated as decaying exponentials as suggested in [A-2], identifying the constants
for the exponential can be quite cumbersome. The purpose of this section is to present a

simple gain scheduling procedure for initializing a, 8 filters.

The gain scheduling procedures are developed by using the motion and measurement
models to formulate a batch least-squares estimation problem for an arbitrary number of
measurements. An analytical form is then obtained for the resulting error covariance that is

used in conjunction with Eq. (A.8) to obtain an analytical form for the Kalman gain.

For linear least-squares estimation, an equation formulating the measurement vector

Z as a linear function of the parameter vector X to be estimated is given by
Z=WX+V (A.47)

where E[V] = 0 and E[VVT] = o%Iy for N measurements with Iy denoting the N x N

identity matrix. The least-squares estimate Xis given in [A-4] as
X =wTw)'wTz (A.48)

with error covariance
Py = COV[X] = e} (WTW)™! (A.49)
A-8




NSWCDD/TR-92/297

A current state estimate of X denoted by 5(0 = [z9 9] can be obtained from the
current measurement plus the N previous measurements as

Zn = WyXo + Vy (A.50)
where
ZN ={y-N Y-N41 --- ¥=1 %l (A.51)
Vv =[v_y v_Ng1 ... v_q v]T ) (A.52)
o= |_vr nbor e 4] (45)

with E(Vy] = 0 and E[VwV{] = ¢2Iy. The error covariance of the least-squares estimate
5(0 is given by

COV[Xo] = Py = a2(WEWy)™! (A.54)
First,
] N ]
N +1 TY (—N +1)
(W}V“WN) — ¥ i=13
TY (~N+i) T?) (N-i)
1=0 1=0 i
r N e
N+1 -T) j
=0

= J (A.55)

N N
=T i T*)_ 7
L =0 =0

Evaluating the finite summations of Eq. (A.55) gives

L Al
(WEWyN) = (N +1) T 72 (A.56)
—NZ N@N+1)=—
2 6
Then
COV[Xo] = Py =
3
2?2 2N +1 7 s
(N+D)(N+2)| 3 __°® '
T (N-1)T?
A-9
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Let the Kalman gain be denoted by

K—[ @E]T (A.58)
E= e | .

Letting Py = Pi in Eq. (A.8) provides a simple gain scheduling procedure for o and
during initialization that is given by

_ 2(2k + 1)
ak—max{—————(k+l)(k+2),a} (A.59)
6
Br = max{m,ﬂ} (A.60)

with Xg-y = [0 O]T. Note that if Yy/T can be extremely large relative to dynamic range
of the computer, the first two filter iterations should be computed analytically to use a

two-point initialization procedure.
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APPENDIX B
DERIVATIONS FOR ALPHA-BETA-GAMMA FILTER
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A Kalman filter is often emplc ,ed to filter the position measurements for estimating the
position, velocity, and/or acceleration of a target. When the target motion and measurement
models are linear and the measurement and motion modeling error processes are Gaussian,
the Kalman filter provides the minimum mean-square error estimate of the target state.
When the target motion and measurement models are linear, but the noise processes are not
Gaussian, the Kalman filter is the best linear estimator of the target state in the mean-square

error sense. The dynamics model commonly assumed for a target in track is given by
Xi41 = Fi X + Grwy (B.1)

where wy ~ N(0, Qi) is the process noise and F defines a linear constraint on the dynamics.
The target state vector X; contains the position, velocity, and acceleration of the target at
time k, as well as other variables used to model the time-varying acceleration. The linear
measurement model is given by

Y = Hi Xi + ng (B.2)

where Y} is usually the target position measurement and n; ~ N(0, Rx). The Kalman
filtering equations associated with the state model in Eq. (B.1) and the measurement model

in Eq. (B.2) are given by the following equations.

Time Update:

Xijk—1 = Fr-1Xp_1jk1 (B.3)
Pik_y= Fr_1 Py FE_y + Gro1Qio1GL_, (B4)
Measurement Update:
Ky = Py H{ [Hx Pyp 1 HY + Ri]™? (B.5)
Xk = Xejp—1 + Ki[Vi — He Xppi] (B.6)
Pug = [I = KxHy) Py (B.7)

where Xi ~ N(Xp, Prjx) with X, and Py denoting the mean and error covariance of the
state estimate, respectively. The subscript notation (k|j) denotes the state estimate for time
k when given measurements through time j, and Kj denotes the Kalman gain. Using the
matrix inversion lemma of [B-1] and Eqs. (B.5) and (B.7), an alternate form of the Kalman

gain is given by
Ky = Pk|k_1HkT[HkPk|k-1HZ + Ry
= [I - Pklk_lH{R;lHk]—lPklk—lH[R;]
B-3
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= (I - Py H{ (HxPo—1 H{ + Ry') " Hy)Pys_  HY RS
= [I — Ke Hi)Pep— HL R
= Py HY Ry (B.8)

The steady-state form of the Kalman filter is often used in order to reduce the
computations required to maintain each track. In steady-state, Pyr = Pr_jj—;, and
Peiip = Pyr—1, and Ki = Ki-j. For a Kalman filter to achieve these steady-state
conditions, the error processes, wi and nj, must have stationary statistics and the data
rate must be constant. When the noise processes are not stationary or the data rate is not
constant, a filter using the steady-state gains will provide suboptimal estimates. The a, 8,7

filter is the steady-state Kalman filter for tracking nearly constant acceleration targets.

The a, B8, filter is a single coordinate filter that is based on the assumption that the
target is moving with constant acceleration plus zero-mean, white Gaussian acceleration
errors. Given this assumption, the a,f,v filter gains are chosen as the steady-state
Kalman gains that minimize the mean-square error in the position, velocity, and acceleration

estimates. For the a, 8, v filter,

Xp=[ar ax )7 (B.9)
1 T 0572
Fr=1{0 1 T (B.10)
00 1
2 T
Gy = [S’_;_ T 1] (B.11)
Hy=[1 0 0] (B.12)
Ry = o (B.13)
Qi =2 (B.14)
T
Ky = [a A l] (B.15)
T T?
The a, 3,7 gains are determined as in [B-2] by solving the simultaneous equations
o _ 1
T“a—3 =0_a (B.16)
B=22-a)—4V1 -« (B.17)
_2
1= 5 (B.18)

T?o, . .
where I' = is the tracking index of [B-2].

Oy

B4
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STEADY-STATE ERROR COVARIANCE AND GAINS

Let the steady-state error covariance matrix of the filtered estimates for the a, 8,9
filter be denoted as

P11 P12 P13
P=|p2 pn p2s (B.19)
P13 P23 P33

Using Eq. (B.8), (B.12), and (B.13) gives the steady-state gain

p11
K =PHIo;? = | P12 (B.20)
P13
Thus using Eq. (B.15) gives
P11 = ao? (B.21)
Pz = -f—,a?, (B.22)
P13 = 7504 (B.23)

Inserting Eq. (B.4) into Eq. (B.7) and setting Pyx = Py_yr—y = P for steady-state

gives

(I — KHy|"'P = Fy_,PFL| + G4-1GT_, 0% (B.24)
Then
1 0 0
[I-KH]!= __1_ g l-a 0 (B.25)
T‘Y—z 0 l-a
[ B ¥ ]
o T T?
2 2
-1p_ _% B B _ P2 B Y 2]
[I-KH)'P=—"—| 5 H+(-0a) - T: +(l1-a o2 (B.26)
v By P37 P33
Lﬁ ﬁ"‘(l )-;3- F+(1-—a);§
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B T4 7
pu1 + 2Tp12 + T3 (p13 + p22) + Tpas + < P
RY K T3
FPFT = P12 + T(p13 + p22) + —5 P2+ 5P p22 + 2T p2s + Tp3s
T2
L pi3 + Tp2s + 5 P33 p23 + T'p3s P33
(B.27)
r T4 T3 T2 1
4 2 2
T3
GiGTo2 = o2 5 ™ T (B.28)
T2
— T
e 2 1 -
Equating the (3,3) elements of Eq. (B.24) gives
2 4.2
v T*o?, 2
T —=—=T (B.29)

Equating the (2,3) elements of Eq. (B.24) and using Eq. (B.29) to eliminate o2 gives

(B~

P33 = mdu (B.30)

Equating the (2,2) elements of Eq. (B.24) and using Eq. (B.29) to eliminate o2 gives

_ 1B~

P8 =50 Z )18 o, (B.31)

Equating the (3,1) elements of Eq. (B.24) and using Egs. (B.20), (B.29), (B.30), and (B.31)
gives

32

~ 2

Equating the (2,3) elements of Eq. (B.24) and using Eqgs. (B.20), (B.29), and (B.31) gives

(B.32)

(B.33)

Equating the (1,1) elements of Eq. (B.24) and using Egs. (B.21) through (B.23) and Egs.
(B.29) through (B.33) gives

B=202-0a)~4V/I-a (B.34)
B-6
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Eqs. (B.29), (B.32), and (B.34) give the steady-state gain relationships in Eqs. (B.16)
through (B.18). The steady-state error covariance in Eq. (B.19) is given by

[ B Y T
“ T T?
_ B 4B +1(B—2a-4) B(B-7)
P=oy| 7 (1 - a)T? 50 — a)T3 (B-35)
a2 BB -1) 7(8-1)
| T2 2(1 ~ )T (1-a)T* |

INITIALIZATION GAINS

For tracking systems with a uniform data rate and stationary measurement noise,
nonmaneuvering targets can be accurately tracked with a steady-state Kalman filter.
However, between filter initialization and steady-state conditions, the Kalman gain and
state error covariances are transient. If steady-state gains are used from initialization, the
settling time of the state estimates can extended significantly. While the initial gains can be
approximated as decaying exponentials as suggested in [B-2], identifying the constants for
the exponential can be quite cumbersome. The purpose of this section is to present some

simple gain scheduling procedures for initializing «, 3, v filters.

The gain scheduling procedures are developed by using the motion and measurement
models to forinulate a batch least-squares estimation problem for an arbitrary number of
measurements. An analytical form is then obtained for the resulting error covariance that is

used in conjunction with Eq. (B.8) to obtain an analytical form for the Kalman gain.

For linear least-squares estimation, an equation for:nulating the measurement vector

Z as a linear function of the parameter vector X to be estimated is given by
Z=WX+V (B.36)

where E[V] = 0 and E[VVT] = 62Iy for N measurements with Iy denoting the N x N

identity matrix. The least-squares estimate X is given in [B-3] as
X=wTw)"'wTz (B.37)

with error covariance
Py = COV[X] = 2(WTW)™! (B.38)
B-7
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A current state estimate of Xo = [zo o Z9] can be obtained from the current

measurement plus the N previous measurements as

Zn = WynXo+ VN (B.39)
where
Zy =[y-N Y-N+1 - Y1 Wl (B.40)
VN———[v..N Vo N4l ... Ui vo]T (B.4l)
1 1 .. 1 17
Wy=| -NT (-N+1)T ... -T 0 (B.42)
0.5(NT)? 0.5(-N+1)2T% ... 0.5T% 0

with E[Vy] = 0 and E[VNV{] = 62Iy. The covariance of the least-squares estimate X, is
given by

COV[Xy] = Py = 3(WEWy)~? (B.43)
First,
i . " ]
N+1 TZ(—N—H) 3 (N —i)?
1=0 :_0
WEwy) = TZ( N+z) T2y (N -i)? —Z( N +i)3
1=0 :=0 :--0
T2 &
2 4
5 D (N =) ——Z( N +34) ——Z(N—z)
R 1=0 1=0 =0
I N N ]
T2
N - =
+1 TZ] 5 72
=0 j=0
N N 3 X
_ _ : 2 -2 -
= TZ] T Z] - 33 (B.44)
j=0 3=0 =0
e N . —T% N ¢ Y )
T2 5L T
| 1= 7=0 =0 |
B-8
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Evaluating the finite summations of Eq. (B.44) gives

(WAWN) = (N +1).

2 -
1 —N%— NN + 1)T
T2 3
—N:‘g- N@N +1)% ~N*N + 1)T— (B.45)
T2 3 T4
| NN +1)35 T —N3(N + 1)-—- N(2N 4+ 1)(3N? + 3N — 1)120
Then
(WEWN)Py = 013 (B.46)
Let the error covariance be denoted as
a1y a2 a3
Py = a2 ¢ agg (B.AT)

a13 a3 ass

Equating the elements of Eq. (B.46) gives the following six equations t. solve for Py:

1 T T? o2
Nou - e+t (2N + l)—-a 13 = —-—-—N(N gy (B.48)
1 T T?
Nalz —_ 5022 + (2N + 1)—'-(123 =0 (B49)
la - Za + (2N + 1)-—2a =0 (B.50)
N 13 9 23 12 33 = .
T T? T 0'2
—Ealz + (2N + 1)—6—022 - N(N + 1)—8—(1 3 = m (B 51)
T T? T3
—--2—013 + (2N + 1)—a23 — N(N + 1)——033 =0 (B.52)

3 2

T 2 T‘4 00
(2N + 1) a13 ~ N(N + 1) 3 az + (2N + 1)(3N + 3N - 1)120 N(N+ ) (B.53)

Solving Egs. (B.48) through (B.53) gives

COV(Xy] = Py =

[ 6(2N +1 20 )
3N?2+3N +2 ——T——) T2
302 6(2N +1) 42N +1)(8N -3) 120 (B.54)
(N+1)(N+2)(N+3) T (N -1)NT? (N-1)T13 '
20 120 240
T2 (N-1)T? (N = 1)NT* |
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Let the Kalman gain be denoted by

B T
Kim|m 2 1]

(B.55)

Letting Py = P in Eq. (B.8) gives a simple gain scheduling procedure for ai, B¢ and %

during initialization that is given by

— max{ 3(3k% + 3k +2)

ok =ma{ Nk Tk +3) Y
3 18(2k + 1)

Yk = max{ 9

TER DD

(B.56)
(B.57)

(B.58)

with Xg_y = [0 O O]T. Note that if Yp1/T? can be extremely large relative to the
dynamic range of the computer, the first three iterations of the filter should be computed

analytically to use a three-point initialization procedure.

B-10
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