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ABSTRACT =-C QUA 1NO ftrED 3

lRevtioldls str'ess calchulations of homogeneous turl)hlent shear flow are ('ondlicted witlh a

s(011(d-order ('closure model modified to account for non-equilibrium vortex strretcli ng in lhe

,dissilpation rate Iransport e('lpation as recently Vproposed by VBernard and Speziale [.1. FlH id.s

lnyqlq. 114. 29 (1992)]. As with the (arlier rep)orted A'- ý model calculations Incorporating

tilis vort('x si rtclii ig effect" a prod Iwt ion-eq Ials-d(issi pation ('tlquilibriurm is obtained witli

boumided turbulentl kitntic enmergy and dissipation. However, this e(uilibrium is flow not

achi'eved ,110tt il t(, ,lineiisionhlss t i"mime S• > 60 all m'lapse(d tim e that. is at least twice as large

as ay of, t hose comsidher('d ilI previous numerical and l)hysi('al eXperiments oil lhomnoge'neoius

shear flow. l)ir-ct qualititativye comparisons between the mod(el predictions and tihe results

of ('X penriments art'e (liiite favorable. Ini particuular, it, is shown that, t he inclusionl of fIlis nmI-

e(, uli I rimitn vortex st retchi ng effect has thie capability df exp)lai ning th"e significantt range of

product filio to dissipation ratios observed in eXperininlts.

"uThis res'arch was sul~mpnrted by I lhe Natiriral Aeronmautics and Space Administratiro under NASA ('Un-
tract N(). NASI- 18615 arid NASI- 19.180 while the first aithor was ill residence at thie Instiltute for (Comnputer
,,pplicatriMs inl Srci,nce, and IE;nginiering (I('ASE), NASA Langley Research (Cuniter, HamII tl,. VA 23•(5.



INTRODUCTION

In transport models for the turbulent dissipation rate it is traditionally assumed t hat an
equililbrilrm exists where the production of dissipation by vortex stretching is exactly counter-

balanced by the leading order part of the (lestruction of dissipation term (see Tennekes and

Lumley 1972 and Lesieur 1990). Recently, Bernard and Speziale (1992) proposed a new

transl)ort model for the dissipation rate with residual vortex stretching to account for small

departures from equilibrium. This new model - which is of the same general form as that

obtained from the theory of self-preservation (see Speziale and Bernard 1992 and George

1992) -- was shown to yield a more complete description of isotropic decay. More importantly.

however, it was demonstrated by Bernard and Speziale (1992) that the inclusion of this

vortex stretching effect yields a production-equals-dissipation equilil)rimn in homogeneous

shear flow, with bounded turbulent kinetic energy and dissipation. Prior to saturation -

which occurs at an elapsed time larger than any of those considered in previously conducted

p)hysical and numerical experiments -- the turbulent kinetic energy and dissipation rate grow

exponentially with time. Good qualitative agreement between the model predictions with
vortex stretching, and( the results of physical and numerical experiments on homogeneous

shear flow, was demonstrated b)y Bernard and Speziale (1992) and Bernard, Thangam and

Speziale (1992). However, they were not able to make more detailed quantitative com parisons

with experiments since, for simplicity, they based their calculations on the h '-- model. This

establishes the motivation of the l)resent paper: to present full Reynolds stress calculations of

homogeneous shear flow with a state of the art second-order closure model that incorporates

this vortex stretching effect.

II this p)aper, more detailed calculations of homogenmious shear flow are preseinted based

on the second-order closure model of Speziale. Sarkar an(d Gatski (1991) modified to accomit

for non-equilibrium vortex stretchuinrig in the dissipation rate transport equiation. For elapsed

times St < :30, vortex stretching has little qualitative effect on the solution which exhil)its an

exponential time growth of turbulent. kinetic energy and dissipation that is in good agreement

with the results of physical and ummerical experiments (see Tavoularis and Kartiik 1989 and(

Rogers, Moin and Reynolds 1986). However, for St > 60 (which is far beyond the largest

elapsed time that has been consi(lered in experiments), the flow saturates to a. proluictioii-

equals-dissipation equiliblrium. Interesting features of this vortex stretching solution which

incluide its apparent ability to explain the wide range of production to (Iissilpation ratios

ol)served ini experiments - are discussed along with tile implications for turbulence modeling.



FORMULATION OF THE PROBLEM

\We ('onsi(ler homogeneous turblhent shear flow where the mean velocity gradient tensor

takes the form

given that -; is a constant shear rate and bij is the Kronecker delta. In the usual formulations

of homogeneous shear flow, an initially decaving isotropic turbulence is subjected to the

uniform shear rate S at time t = 0. The Reynolds stress tensor 7ij = u'u' is a solution of

the transport equation (c.f. llinze 1975)

7i k -jk -- Tjik ± [+ (2)

in incoml)ressible homogeneous turbulence, where a superposed (lot rel)resents a time deriva-

tive and

n ij= P + (3)0-/.--j o.r i O.rj .rj(

dhenote. respectively, the presstmr-strain correlation and the turbudent dissipation rate. In

I3). an(l u', represent the fluctuating pressure and fluctuating velocity, respectively, and vi

denotes the kinematic viscosity of the fluid: as with most model studies of high-Reynolds-

number triirbulence, Kolmogorov's assimiption of local isotropy is invoked for the dissipation

ra t e.

In order to achieve closure, models must be p)rovided for the pressure-strain correlation

[II" and t lie t urbulent (lissipation rate z. The recent pressure-strain model of Speziale, Sarkar

and Gatski (1991) is utilized which takes the form:

IIu -(( ( + (P + ('2b bi+bkj - lbbklbk,5qj

+((,3 - ('I l )k/ 1) + cI' (bikjk " bik (4)

- -bkl kS•-ij + C'5 K\'(bikWk +j bjk bJ'iU.)

where

(7Til - ' 1ij /2K. K 7i, (5)

11 = b1jbij, P 7- ,.rw (6)
0) .r.

2m) wd- +_ 1 2 )~ 0r (7)



given that li, is the anisotropy tensor, K is the turbulent kinetic energy, and P is the

tuirbutlence prodluction. Thle constants of the model are given as follows: CI 3.4. ('"= 1.80.

C'2 =4..2, C3 =4/5, C:; 1.30. C4~ = 1.25 and C~0.40. Equation (2) is solvedl with the

Iiiodeled dlissipation rate transport equaticiAi

2 *2

K C~1/2~

where H1 EI'/sis the ttirbii lenc Revio1dSnuhe and C(I (,],(C 2 and C'1:3 are constants
(see B~ernard and Spezia le 1992). The term containing C. 3 occuirs when there is a departutre
from e('(itii~ibrium 1 so t hat there is aii Imibalanice b~etween the p~rodulct ion of dlissi pat ion by
vortex stretching and1 thle leading order part of the destruction of dissipat ion term whicil

ea~ch scale as H?12 Equation (8) isof the same gen~eral matliemat ical form as t hat obt aiited

from the theory of self-preservation (see Speziale andI Bernard 1992 and George 1992). TI'le(

stand~ardl modeled dIissip~ation rate transport equation is recoveredl in the limit, as C,.3 goes to

zero. ThIe Samle vausOf (-', and (', 2 as proposed inI the Speziale. Sarkar andl Gatski (SS(;)

model are chosen:

(' 1 =1.44. C .2 =1.83.(9

A varietyV of values of (>:j iii the ranige of 0.001 to 0.01 will be consideredl (these represent

smlall Imbalances in vortex stretching of the order of 0. 1 7( - LOW,; of con rse, thle magn itiide

oif thIiis imibalance caii depend oil the initial conditions).

Theli govern inzg nonli near dIifferential equations for homogeneous shear flow are( ob~tainied

by subst ittittinig (I) iiito (2) and (8) while making use of the pressutre-strain miodel (4). Five

c'oulpledl tioulhitear differential equations for 711, ' Th2, 722 , 7-33. and .r comp~rise this syst em. These

colipledl equatilons' call be easily convertedl to an equivalent set iii terms of b,1 , bl 2, 1)22, b33

and( %' / v li chi conlstilt mit t ho non-dimensional st riictmiiral paramneters of the p~rob~lem that

achieve equilibritium values that are Independent, (of the iiiitial conditions (see Speziale aii(l

Mlac ( ;Iol a M hui ris I99ab The governing system of Ii fferenltial equlal Oios are solved

suibject to the Initial conidi Iionls:

b1, Z=0.1t , '-A' AU (0)

at time t 0. Onlyv the solutit ons wit h net vortex stretching ( C': > 0) require the specifica-

tionl of the initial Itilrbullence lieynolds num11ber.

DISCUSSION OF THE RESULTS

nefow present. restillts obtained from a t( unge- Klt ittIa nmelirical initegral ion s-chemie. InI

Fýigure 1(a). thle time evolution of the dimensionless uirbulent kinetic energy ( N - K/Ko)

3



is shown as a function of the dimensionless time (t* = St) for ,S'' 0/ý() - 3.38 and fi o = 750

tie initial conditions of the large-eddy simulation of Bardina, Ferziger and Reynolds ( 1983

[here, we set (Cý = 0.001 so that there is only a uninute imbalance in vortex st retching of the

order of 0. 1 ..As with tie earlier reported calculations withi the SSG model where (C,: = 0.

there is excellent agreem'ent, between the moldel predict ions and the large-eddy silliaiOl

results as illustrated ill Figure 1(a). ltowever, While there is virtually no ditference between

the short-lime predictions of the SSG model with CG = 0 and G>3 = 0.001 , there is a distinct

difference inI the long-time solutions. When CE•: 0. the kinetic energy and dissipation rate

grow iil)ounded with time; for t" > 1,

A, -- C,\t •:, F~t (11 I)

so that A` and cc as / --+ oc. For any finite ('3 - no matter how small it may be -

the turhihent kinetic energy and dissipation rate eventually saturate to boiided eqiibiil)riium

valhes after an early time exponential growth as shown in Figure 1(b).

II Figure 2. the time evolution of the turbulent kinetic energy is shown for the same

initial conditions (S'o/go = 3.38, Rt0 = 750) but with a variety of different values for

(":J. It is clear from these results that the value of (C3 determines the saturation level of

the tu ribulent. kinetic energy. For sufficiently small C3, the turb)ulent kinetic energy grows

expolielially for -;1 < 30 the largest elapsed time considered in all previously conducted

physical andl numerical experiments. IHere, saturation does not occiu" until St > 60, which

is a value that is more than double that of any considered inI previous experiments. If the

Vorlex stret(1hiig solntio were examined in isolation for elapsed times Stl < 30. it could

Ie erroieouslv concluded that there is ain inbounded exponential time growth of turbn lent

kinteic energy. Thiis points to the danger of drawing conclusions about lohg-time asyvmptotic

states fromii data corresponding to only limited elapsed times.

ItI Figure 3(a), the tinic evolution of the ratio of production to dissipation Pl-/ predicted

Ibv thel SS( model both wit h and without vortex stretching is shown. The non-zero values of

le "mislt alt (' "3 are in tihe range of 0.001-0.009 (an imbalance in vortex stretching of the order

of 0. 1/ -1/(). It is clear from this figure that just a minute imbalance in vortex stretching

(all cau se a significant spread in 'P/z at,. S = 30. This is reminiscent of tle exl)eriments of

Tavoularis and Karliik (1989) where, for comparably large shear rates *,';K 0/- 0 > 1. values

of 'P/s ill the range of 1.4 - 1.8 have been observed at, the latest statioi measured which

corresponds to S1 < :30. Furthermore, P/l: peaks at St ; 20 before as"liptoting to a value of

P/ý = I whIIh is achieve I for vallies of St > 60 as shown in Figure 3(b). This phenomenon of

a lhcal maxiI111 tiI Iuei g reached, followed a gradual dropoff ill the time interval 0 < SI < 30.

is tel)iiIscent of results ob~serve I in physical and numerical experiments (see the direct

I I I I



simulations of Rogers et al. 1986 shown in Figure 4). Without this vortex stretching effect,

second-order closures predict that P/l goes to an equilibrium value of ((", 2 - 1)/(C> - I)

monotonically, getting close by the time ';t = 20.

As in the absence of this vortex stretching effect, second-order closure models predict

that bij and SKA/e achieve equilibrium values that are independent of the initial conditions

as well as the constants C(1, Ce2 and C(3. In Table 1, the equilibrium values predicted

Iy the standard SSC model (C,3 = 0) and the SS(G model with vortex stretching ((,3 >

0) are compared with the physical and numerical experiments of Tavoularis and IKarnik

(1989) and Rogers et al. (1986). The inclusion of vortex stretching only causes modest

deviations from the experimental values for the anisotropies; only the shear parameter Is

affected substantially. However, it must be remembered that the physical and numerical

experiments have only been conducted for St _< 30. For the case where Ko/o= 3.38,

Rt0 = 750 and G3 = 0.001 shown in Figure 1, the SSG model with vortex stretching

predicts that

bli =0.215), b12 =--0.16:3. b22 =-0.141, b33 =--0.074. SK1/- = 5.40 (12)

at ,'t = :30 - results that are in close proximity to the experimental data which is given on

Table I.

CONCLUDING REMARKS

The Reynolds stress calculations p)resented in this study clearly indicate that the in-

troduction of the non-equilibrium vortex stretching effect of Bernard and Speziale (1992)

in a recently p)rol)osed second-order closure model does not compromise the accuracy of its

quantitative predictions for homogeneous shear flow. In fact, when the SS( model was mod-

ified to incorporate this vortex stretching effect, better agreement with experimental data

was achieved on two fronts: (a) consistent with experiments, a universal equililbrium was

not reached by ,'St = 30, and (b) a variety of production to dissipation ratios in the range

I < P/l < 1.8, depending on the initial conditions, were obtained at ,'.t = 10 consistent

with experiments (Pl/c asymptotes to I for elapsed times S';t > 60). In our opinion, the

level of agreement between the model predictions and exl)eriments is of such quality that a

prodluctiou-equals-(issi l)ation equilibrium, with bounded energy states, cannot be ruled out

as a viable alternative to the classically accel)ted hypothesis of unbounded energy growth.

As discutssed bv Bernard and Speziale (1992), the question of whether or not homogeneous

shear flow act uallv saturates to a. )ro(lu-ct~ion-equials-dissit)ation equilibrium remains an open

question that will only be firmly resolved by a rigorous mathematical analysis. lHowever, even

if it were to be ulti nately proved that homogeneous shear flow has unbounded energy growth,



this would he due to the idealized nat ire of the prol)lem; real physical systems sat irate

before singularities occur. The introduction of this vortex stretchiig effect in Reynolds

st ress closures could lead to better behaved models by preventing such singpilari ties, without

compromising their ability to collapse experimental data in benchmark turbulent flows like

homogeneous shear flow.
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Equilibrium SSG Model SSG Model Experimental
Values (c 3 = 0) ((C3 > 0) Data

b1i 0.219 0.201 0.21

b22 -0.146 -0.127 -0.141

b':33 -0.073 -0.074 -0.07

)12 -0.16-4 -0.160 -0.16

S l'/e 5.75 :3.12 5.0

Table 1. Comparison of the predictions of the SSG model for the equilibrium values in

homogeneous shear flow with physical and numerical experiments (Tavoularis and lxarnik

1989 and Rogers et al. 1986).
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Fig,,re 1. Timie evolutioni of the tirbilent ki;netic energy in homogeiieous shear flow: S

:3.38 and•M == 750. (a) Comparison of the vortex-strctching modified SS( moode(1 ((C,_ r

0.001) with lthe large-eddy simulation of Hardiia et al. (1983), and (b) the long-time SS(;

mlodel predlictions (C,3 = 0 and C3 = 0.001).
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(b)
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lrWigre 1. Time evolution of the turbulent kinetic energy in hiomogeneous shear flow: ,_ Ao/Eo
= 3.38and [,t,(,0 = 7,50. (a) Comparis.on' of thle vor-tex-stretching mlodified SSG' model (C.3a =
0.001) with the large-eddy simulation of Bardina et a]. (19)83), and (b) the long-time SSG,
model p,'edictioms (C,3 = 0 and Cj. = 0.001).
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Figure 2. Time evolution of the turbulent kinetic energy predicted by the SSG model with

vortex stretching for a range of values of Cr3; SKo/Eo = 3.38 and /to = 750.
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Figure 3. Time evolution of the ratio of production to dissipation in homogeneous shear flow

for SKlo/ 0 = 3.38 and Ru, = 750: (a) Predictions of the SSG model for a variety of values

of C,3 for St < 30, and (b) Predictions of thle SSGn model for St < 100.
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ligilre 3. 'i'ne evovlution of the ratio of prodlictioni to dissipation iII hoinogeneoiis shealr flow

for 5A'o/SF 3.38 and RJ, = 750: (a) Predictions of the SSG model for a variety of values

of (3 for 't <5 30, afld (b) Predictions of thlie SSG mohdel for ,S/ < 100.
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l~igure 4. Time evolution of the ratio of production to,( dissipation taken from the direct
inumerical simulations of homogeneotis shear flow by Rogers et al. (1986).
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