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Abstract:  Sensitivity analysis in data envelopment analysis for the Charnes—Cooper—
Rhodes ratio model is studied for the case of the simultaneous proportionate increase of
all inputs and proportionate decrease of all outputs of an efficient decision making unit
for which efliciency is preserved. Sufficient conditions which preserve efficiency are found
and a numerical example illustrating the results is provided.
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1. Introduction

Sensitivity analysis in Data Envelopment Analysis (DEA) for the Charnes-
Cooper-Rhodes (CCR) ratio model was introduced by Charnes et al. [5] for the case
of the change of single output. Sufficient conditions for an efficient Decision Making
Unit (DMU) to continue to be efficient after the change of single output were found
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first [5). The generalizations of that result for the case of the simultaneous change
of all outputs, the case of the simultaneous single output and single input changes,
the case of the simultaneous change of all inputs and the case of the simultaneous
change of all inputs and outputs for the CCR ratio model were given by Charnes
and Neralié [6], [7], [8]. Similar results for the additive model were found by Charnes
and Neralié¢ [9]. Sufficient conditions for an efficient DMU to preserve efficiency after
the proportionate change of inputs (or outputs) were giwen by Charnes and Nerali¢
[10]. The results in the case of the proportionate change of inputs (or outputs)
can be used for ranking among efficient DMUs as it was suggested by Banker and
Gifford {2].

The aim of that paper is to study the case of the simultaneous proportionate
change (increase) of inputs and proportionate change (decrease) of outputs of an
efficient DMU preserving efficiency. Using the results of Charnes and Neralié [8]
in sensitivity analysis in DEA for the CCR ratio model sufficient conditions for an
efficient DMU to preserve efficiency after the simultaneous proportionate change of
inputs and outputs are given.

The paper is organized as follows. The results in sensitivity analysis in DEA
which will be used later are contained in Section 2. The main result of the paper is
given in the Theorem 2 in Section 3. Section 4 gives an illustrative example. The
last Section contains some conclusions.

2. Preliminaries

Let us suppose that there are n Decision Making Units (DMUs) with m inputs
and s outputs. Let r;; be the observed amount of :th type of input of the jth DMU
(zij >0,2=1,2,...,m,j =1,2,...,n) and let y,; be the observed amount of
output of the rth type for the jth DMU (y.; > 0, r = 1,2,...,s,7 = 1,2,...,n).
Let Y;, X, be the obscerved vectors of outputs and inputs of the DMUj;, respectively,
J=12,...,n. Let e be the column vector of ones and let T as a superscript denote
the transpose. In order to see if the DMUjo = DMUjp is efficient according to the
CCR ratio model the following linear programming problem should be solved:

minO\ 4+ - +0X g +---+ 0%, —ceTst —eceTs™ + 46
subject to

Yo
0 (1)

Na + -+ Yodo + oo + Yol — st
“Xoh = o = Xode — o — Xuh, — s+ Xof
Ay ooy Ay st >0,

with Y5 = Y, Xy = X,;. A = \,; and 0 unconstrained. The symbol & represents
the infinitesimal we use to generate the non-Archimedean ordered extension field we
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shall use. In this extension field ¢ is less than every positive number in our base field,
but greater than zero. DMUj, is DEA efficient if and only if for the optimal solution
(A*,s%*,57%,0") of the linear programming problem (1) both of the following are
satisfied (for details see [3]):

mn 0 = 0 =1

-

s** = 57" = 0, in all alternative optima.

(2)

We are interested in variations of all inputs and all outputs of an efficient
DMUj preserving efficiency A decrease of any input cannot worsen an already
achieved efficiency rating. Downward variations of inputs are not possible in the
efficiency rating for an efficient DMUq . Hence we can restrict attention to upward
variations of inputs of an efficient DMU, which can be written as

it'0=-’l:i0"’6i1 ﬁiZO, i=1,2)"'7m' (3)

Similarly, an increase of any output cannot worsen an already achieved efficiency
rating. Upward variations of outputs are not possible in the efficiency rating for an
efficient DMUy. Hence we can restrict attention to downward variations of outputs
which can be written as

grozyro_ar>05 011207 T=1,2,...,S. (4)

For an efficient DMUg because of (2) vectors { Yo — Xo ]T and [0 X, ]T must
occur in some optimal basis, which means that there is a basic optimal solution
to (1) with A\j = 1 and 0* = 1. Changes (3) and (4) are then accompanied by
alterations in the inverse B~! of the optimal basis matrix

[ Ya-1§ 0 o -
B-[_XB 0 —I5 Xol|’ (5)

which corresponds to the optimal solution (A%, s**,s7",8%) of (1) with A3 = 1 and
6" =1. Let

B! = [bfjl ,y Li=12,...,8s+m,
be the inverse of the optimal basis B in (5). Let P, 7=12,...,n+s+m+1 be the
colurnns of the matrix and let Py be the right hand side of the linear programming
problem (1).We will use the following notations:

I;=B"'P,j=0,1,....n+s+m+1,
wT=c§B_l,
:;, = cEB7'P;
WP, j=01,...,n+s+m+]1.
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The simultaneous change of outputs (3) and inputs (4) leads to the following change
of the optimal basis matrix B

B=B+AB (6)
with
k s+m
- l L
0 -+ 0 ~a; O 0
0 -+ 0 —a; O 0
0 - 0 —a. 0 --- 0
AB = y 7
e 8 0
0 - 0 =B, 0 - B
0 -+ 0 —Bn 0 -+ fm
and the following change of the right hand side vector
130‘=P0+[—a1 —ag...—a,O...O]T, (8)

where indexes k and s + m correspond to the optimal basic variables A\j = 1 and
0* = 1 respectively. Using matrices

a o
s QO
L/sm . a! a.’ 9
(s4mixz = | g0 g 9)
B2 0O
| Bm O
and
k s+m
! 1
0 - 0 =1 0 --- 0 1
vy
2x(3+m) 0 --- 0 0 0 --- 0 -1 (10)

we can write the perturbation matrix (7) as AB = UVT. Let us use the abbreviation
M =1+VTB1y,

where matrix A{ is nonsingular with

det M =1- Zb[‘}a, + Z(*bi.lﬁ +b s+m )P+
t= t=1

+ (st—-:m.lal)(z b;,.ls-f-zﬂ! Zbktat Zb:-:m,s+t:3t)7 (11)
=1

t=1 t=1




and
D=UMWT, (12)

Theorem 1. Conditions
wTDFJ > z; —¢;, j an inder of nonbasic variables, (13)

are sufficient for DMUjy to be efficient after the simultaneous changes of inputs (3)
and of outputs ({). If detM > 0, conditions (13) can be written in the following
way

‘Ykr‘kj + 7:+mra+m.j 2 (zj - cj)det M’ (14)
with
Tk = ‘(1 + Z bs—-:m.s+tﬁt)(zwtat) + (_1 + Eb:-:m,tat)(zwaﬂﬂt)’ (15)
t=1 t=1 t=1 t=1
and

teem = (3B B wee) + (1= 3 b tae) (30 wraefle) (16)
t=1 t=1 t=1

t=1

For the proof and details see [8].

3. Simultaneous proportionate change of inputs
and outputs

Let us consider the simultaneous proportionate change (increase) of all inputs
Fio=Pzio, B>1, i=1,2,...,m, (17)

and the proportionate change (decrease) of all outputs
Jro =0y, 0<a<l, r=12,...,s, (18)

of an efficient DMUj preserving effliciency. We are interested in sufficient conditions
for DMUj to preserve efficiency after the simultaneous changes (17) and (18).

Theorem 2. . Let us suppose that DMUy is efficient and let
det M =1—-a(l—a)+(-b+ bg)(ﬁ — 1)+ (azb; — a1 b2)(1 — &)(B - 1) >0, (19)
with

3 s m m
_ -1 _ -1 _ -1 _ -1
a = Z bkt Yo G2 = st+1n,tyl0v b = E bk,a+¢xt0’ by = Z ba+m.s+tzf0' (20)
t=1 t=1 t=1 t=1
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az = Zwtyto, by = Zw:+tzt0, (21)

t=1 t=1
dj = —asrkj +a1C;, €; = _bS(ij - Fs+m,j) + ("bl + 52)51', (22)
fi = (agbs — azby)Ti; + (azby — a103)sm,; — (@2by — a1b2)¢;, (23)

j=12...,n+s+m+l,

with ¢; = z; — ¢j. Then the conditions

-~ -~

di(1-a)+ei(B-1)+ f,(1-a)B-1)2¢g, (24)
J an index of nonbasic variables,

are sufficient for DMU, to preserve efficiency after the simultaneous proportionate
changes of inputs (17) and of outputs (18).

Proof:First of all let us show that the proportionate changes (17) and (18) are
the special cases of the changes (3) and (4) respectively. Using the substitutions

~

B=1+48, 20, (25)
and
3 =0z, Bi20, i=1,2,...,m, (26)
we can write (17) as

Tio = Tio + Azio

=$i0+Bia ﬂiZOa i=1329°-°7m' (27)

It means that the proportionate change of inputs (17) is the special case of the
change of inputs (3) with 3,0 = 1,2,... . m in (26) and S in (25). Similarly, if we
put

a=1l—-a, 0<ax<l, (28)

and
a, = aiy, 20, t=1,2,...,s, (29)

we can write (18) as

'!7;-0 = Yro — QYo
=yo—a,>0, .20, r=12,...,s. (30)

It means that the proportionate change of outputs (18) is the special case of the
change of outputs (4), with a,,r = 1,2,...,s in (29) and a in (28).




Let us suppose that conditions (24) are satisfied. Then using (25), (28), (20)-
(23) and (19) it is easy to show that conditions (24) are equivalent to conditions (14)
for the case with 8;,2 = 1,2,...,m in (26) and a,,7 = 1,2,...,s in (29). According
to Theorem 1 conditions (14) are sufficient for DMUj to preserve efficiency after the
changes (3) and (4). Because of the equivalency between conditions (14) and (24)
for the special case with 8;,7 = 1,2,...,m in (26) and a,,r = 1,2,...,s in (29),
which means the simultaneous proportionate changes of inputs (17) and outputs
(18), it follows that conditions (24) are sufficient for DMUp to preserve efficiency
after the simultaneous proportionate changes of inputs (17) and outputs (18) and
completes the proof.

Remark 1. For the case det M < 0 instead of det M > 0 in (19), the inequality
sign > in conditions (24) should be changed into <.

Remark 2. The system of inequalities (24) together with conditions (17), (18)
and (19) for & and K] gives the area Ao in the plane with the coordinate system
&0p.For each point (a ¥ ) in the area A, efficiency of DMUj, will be preserved after
the simultaneous proportionate changes of inputs (17) and outputs (18).

Remark 3. We can use the area Ay for ranking among efficient DMUs. For
example, if for efficient DMU, and DMU, holds 21 > 22 it can be said that "DMU,
is relatively more cfficient than DMU,” because DMU, is less sensitive to the si-
multaneous proportionate change of inputs and outputs preserving efficiency than
DMU,. The ranking among efficient DMUs can also be based on the proportionate
change of inputs (or outputs) as it was suggested by Banker and Gifford [2] and
used by Charnes and Nerali¢ [10].

4. Illustrative example

We will consider the following example taken from [11] with five DMUs, one
output, two inputs and data in Table 1.

Table 1
Data for the example

DMU; 1 2 3 4 5
Output/Input

W, 2 4 2 3 2
Il) 4 12 8 6 2
Xy, 6 8 2 6 8

We are interested in the efficency of DMU,, with Xo =[6 6] and Yp = (3]. In
order to see if DMU, is efficient, the following linear programming problem should




be solved:
min0A; 40Xy + 0A3 + 0Ay + OXs —est —esT ~es; + 0

subject to
2A1 + 4/\2 + 2A3 + 3A4 + 2/\5 - 8‘1'- =3
48X — 12X, — 8X; — 6X, — 2A ~ 57 +60=0 o
"‘6)\1 - 8/\2 - 2A3 - 6/\4 - 8)\5 - S; + 60 = 0

Al, A’h A3a A47 ASa 3.1*—: 51—7 S; Z 0

The optimal solution of problem (31)is A\g=A;=1,60"=1, Al =2 =A3= A} =
0, sT* = s7" = 57" = 0 with min0 = 0° = 1, which means that DMUj, is efficient.
The optimal basic variables are A3, Ay and 4. The optimal basis matrix is

2 30

B=}) -8 -6 6},
-2 -6 6

with the inverse

0 -1

p=| 1 1 I} (32)
Y 1 1
31 9

and corresponding optimum tableau in Table 2.

Table 2
Optimum tableau

r| rg 1‘3 F4 F5 FG F7 Fg Pg Fo
Ay -2 21 0 -1 0 3 -1 0 0
VN e T
A T N N S S S S S
2 2 1 1 1 1
5-¢ -5 -5 0 0 -3 -3+4¢€ —z4€ —g+e 0 1

Let us consider the simultancous proportionate change (increase) of inputs
B0 =68, 20 =68, A21 (33)
and proportionate change (decrease) of output
J10=3a 0<ac<l, (34)
of DMU, preserving efliciency. Using (25) - (26) in (33) we get
Tw=6+p, Bi=68, B 20, (35)
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Tp=6+02, B.=68, B.2>0. (36)
Similarly using (28)-(29) in (34) we get

}710=3—01>0, a; = 3a, 0501<3. (37)
Using (32) we have
wl=cEB'=(001]B~' =[1/31/18 1/9]. (38)

If we use (32), (38),s =1, m=2, k=2, s+ m =3 and the elements of Table 1
it is easy to get

(l[zl,(l2=l,b1=0,b2=1,a3=1,b3=1. (39)

Because of (39) it follows from (19), (22) and (23)

~ -~

det M =1-(l-a)+(B-1)-(1-a)p-1)>0, (40)
dy = -Ty +¢, ¢ =—(Iy;-Ty) -3, (41)

and
f1=—r3,+é,, j=1a2y---a9’ (42)

respectively, with ¢, = z; — ¢,. Using (41) and (42) the conditions (24} can be
written in the following way

-

(=T2;+&)(1 = &)+ (=Ty + Ty, = ENB 1) +(-T3, + &)1 —&)(B-1) > , (43)
J=1,2,5,6,7,8.
For example, if j = 1 using elements of Table 2 we have from (43)
(—8/9-2/9)(1 —5)+(—§/9—2/9+2/9)(B—1)+(2/9—2/9)(1—6)(3—1) > -2/9,

or )
A < 1.25a.

It is easy to see that the solution set of the system of inequalities (43) together with
constraints (33), (34) and (40) is the triangle ABC in the plane with the coordinate
system aOg in Figure 1, with A(1, 1.25),

Figure 1 about here




B(0.8, 1) and C(1, 1). The redundant constraints are not sketched in Figure 1. For
every point (&, 3) which belongs to the triangle ABC the efficiency of DMU, will
be preserved after the simultaneous proportionate change of inputs (33) with the
coefficient 3 and proportionate change of output (34) with the coefficient a.The
point C(1, 1) means that there are no changes of inputs and of output, the point
A(1, 1.25) means the maximal proportionate increase of inputs of DMU, for 25%
preserving its cfficicncy and the point B(0.8, 1) means the maximal proportionate
decrease of output of DMU, for 20% preserving efficiency of DMU,. These results
of proportionate change of inputs (or output) in that example are the same as in
Charnes and Nerali¢ {10], but as can be seen in Figure 1 these changes can not be
done simultaneously.

The area A; = 0.025 of the triangle ABC can be used for ranking DMU,
among the other cfficient DMUs. We can consider DMU; and DMU; which are
efficient too. It is easy to show that in the case of the simultaneous proportionate
change of inputs and output of DMUj; preserving efficiency for the corresponding
area holds A; = 0.19982 (for ¢ = 0.00001). In the same way it easy to seee that for
the efficient DMUj; holds A5 = 0.49982 (for € = 0.00001). According to the Remark
3 because of /33 = fis > xid it means that "DUM; and DMUj; are relatively more
efficient than DMU ™.

5. Conclusions

The simultancous proportionate change of inputs and proportionate change
of outputs of an efficient DMUj preserving efficiency in the case of the CCR ratio
model in DEA is studied in the paper. Using the results of Charnes and Neralié [8]
in sensitivity analvsis in DEA for the CCR ratio model sufficient conditions for an
efficient DMUj to preserve cfficiency are established for the case of the simultaneous
proportionate increase ol inputs and proportionate decrease of outputs. Sufficiency
conditions give for cach efficient DMUg the area which can be used for ranking
among efficient DMUs. A numerical example illustrating the results is provided.

The situltancous proportionate change of inputs with the coefficient 3 and
proportionate change of outputs with the coefficient @ which is studied can be
generalized. [or example, the cases of the proportionate change of inputs with
different coefficients 3,.1 = 1,2....,m or/and the proportionate change of outputs
with different coeflicients a,.rr = 1,2,...,s can be considered. These cases seems to
be interesting also for the BCC model [1] and the additive model [4] . The results
for these cases will he presented clsewhere.
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