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I. Introduction and Program Objective

The fatigue initiation processes and subsequent behavior of a (single) macrocrack are fairly well
documented and understood for conventional, isotropic materials. By comparison, the fatigue
process in single crystal materials is significantly more complicated.

Fatigue damage in such materials is observed to involve a number of distinct 'states’. Further-
more, transition from state to state is not, as it is in more conventional materials, the simple pro-
gression of accumulated microdamage culminating in a fatigue crack of engineering dimensions.
In single crystals the sequence of damage progression is greatly influenced by the regularity of
the microstructue, its orientation with regard to the principal loading axis, as well as the more
obvious rate-controlling parameters such as temperature, AX, and state of stress. The resulting
macrobehavior can therefore be somewhat difficult to predict, as is evidenced by shifts in crack
propagation threshold, multiplicity of cracking, and changes in crack path trajectory.

While the fatigue process is commonly described as a series of deterministic events, it is recog-
nized that this is influenced by a stochastic component, as is any real physical process. This pro-
babilistic influence in single crystals can be exploited to help explain the macrobehavior.

This program investigates the influence of microstructure on macrobehavior in single crystal air-
foil materials by considering the micromechanics of damage accumulation as a Markov process.
The program concentrates on describing mathematically this relationship with the longer term
objective of establishing a model to elucidate the behavior of this complex alloy system. Itis
hoped that payoffs from this effort will include suggested directions for alloy improvement, as
well as increased robustness against the influences of pernicious environments including hydro-
gen. Laboratory data is being obtained under separate funding so that this program can focus its
resources on the primary objective.

To summarize, the objective of this program is to develop a micromechanistic and probabilistic
model using the Markov paradigm describing the fatigue process in a class of materials which
includes single crystals (i.e., the ¥’ strengthened superalloys).

II. Program Organization

The program is structured into three technical tasks. The individual tasks are outlined here.

Task 100 - Micromechanical Characterization

This task defines the mechanisms of damage accumulation for the various types of fracture ob-
served in single crystal alloys. These fracture characteristics will be used to establish a series of
Damage States which represent the fatigue damage process. The basis for this investigation is
detailed fractographic assessment of failed laboratory specimens generated in concurrent pro-
grams. Emphasis is on specifically identifying the micromechanical damage mechanisms, relat-
ing them to a damage state, and determining the conditions required to transition to an alternate
state. Principal investigator for this task is Mr. D. P. DeLuca.
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Task 200 - Analytical P ter Development

This task will extend current methods of fatigue and fracture mechanics analysis to account for
microstructural complexities inherent in single crystal alloys. This will be accomplished through
the development of flexible correlative parameters which can be used to evaluate the crack
growth characteristics of a particular damage state. The analyses will consider the finite element
and the hybrid Surface-Integral and Finite Element (SAFE) methods to describe the microme-
chanics of crack propagation. Principal investigators for this task are Dr. S. E. Cunningham and
Mr. D. P. DeLuca ‘

Task 300 - Probabilistic Modelin

This task will model the accumulation of fatigue damage in single crystal alloys as a Markov pro-
cess. The probabilities of damage progressing between the damage states defined in Task 100
will be evaluated for input into the Markov model. The relationship between these transition
probabilities and fatigue life will then be exploited to establish a model with comprehensive life
predictive capabilities. Principal investigators for this task are Mr. C. G. Annis, Jr. (the Program
Manager) and Mr. T. Watkins, Jr..

1. Accomplishments

One major accomplishment is an increased understanding of the micromechanics of the fatigue
and fracture process in single crystal gas turbine blade superalloys. We have shown that the op-
erative microscopic fatigue crack fracture mode can affect the fatigue crack growth rate. We
have also shown that the rate of input energy (a function of stress intensity (K), stress ratio (R),
and frequency (v)) and test temperature (controlling dislocation mobility and character) deter-
mine the operat.. : microscopic fatigue crack fracture mode.

To date we have cataloged six distinct damage states based on microscopic fatigue crack fracture
modes. They are, in order of ascending energy:

o

undamaged material
vY-7Y decohesion (submicroscopic octahedral fracture confined to the y phase)
microscopic octahedral (trans-precipitate) fracture

ancillary decohesion (may be non-crystallographic fracture of the y phase)'

“oa W

trans-precipitate non-crystallographic (monoplanar) fracture

6. trans-precipitate non-crystallographic (ancillary) fracture

These discrete states of fracture energy dissipation (separated by transition regions) are controlled
by dislocation dynamics. They can possibly be modeled by Arrhenius-like rate kinetics to obtain
an apparent activation energy for each discrete transition event (or end point, i.e., K, and K;.).

This mode has been partially documented, but, as yet is not fully understood. A temperature gradient test
between room temperature and 800°F is planned.

3




FR2198-10 25 August, 1992

We hypothesize that these activation energies then set the energy limits between which a particu-
lar fracture mode (with its characteristic da/dN behavior) will be operative.

Markov Paradigm

+ From the perspective of the Markov Paradigm these micromechanical events represent the
transitional and absorbing states that determine the physical outcome of the fatigue process. The
Markov model is described in greater detail in the attached ASME paper, "Markov Fatigue in
Single Crystal Airfoils" by Charles Annis and Daniel P. DeLuca, presented at the International
Gas Turbine and Aeroengine Congress and Exposition, Cologne, Germany June 1-4, 1992

*  We have now identified what appears to be the bulk of the microscopic fracture modes.
Significance

The identification and cataloging of these fracture states along with the correlation of fatigue
crack growth (FCG) behavior represents a significant contribution to the study of fatigue and
fracture and thus increased fatigue resistance through microstructural modifications based on
those results. For more details on microstructural modifications which have resulted in an order
of magnitude increase in LCF life in hydrogen and a 50% reduction in fatigue crack growth rate
see our contract progress reports FR-21998-02 (15 December, 1991) and FR-21998-08 (15 June,
1992); also see "Improved Crack Growth in Hydrogen With Modified Precipitate Morphology
Single Crystal Nickel", by D. P. DeLuca et. al., Proceedings of the Conference on Advanced
Earth-t0-Orbit Propulsion Technology 1992.

Planned Efforts Remaining

We will quantify Markov transition probabilities based both on statistical techniques, such as
maximum likelihood parameter estimation, and through quantitative metallography identifying
the relative proportion of damage in the neighborhood of the advancing crack.

We will continue to correlate fracture details with experimental FCG data currently being devel-
oped under a related program. We will also be analyzing temperature gradient FCG tests and
fractures to focus on transition behavior for better resolution of these events. We will commence
Task 200, Analytical Parameter Development, and continue Task 300, Probabilistic modeling.

Presentations Given and Papers Published

The paper "Markov Fatigue in Single Crystal Airfoils," by Charles Annis and Daniel P. DeLuca
was presented at the International Gas Turbine and Aeroengine Congress and Exposition, Co-
logne, Germany June 1-4, 1992,

The paper "Improved Crack Growth in Hydrogen With Modified Precipitate Morphology Single
Crystal Nickel", by D. P. DeLuca, H. B. Jones, B. A. Cowles, and F. D. Cobia was presented at
the Conference on Advanced Earth-to-Orbit Propulsion Technology held at NASA George C.
Marshall Space Flight Center, Huntsville, Alabama, 1992.
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Markov Fatigue in Single Crystal Airfoils

CHARLES ANNIS and DANIEL P. De LUCA

Pratt & Whitney
West Palm Beach, Florida 33410-9600

Abstract:

This paper considers the influence of microstructure on
macrobchavior in single crvstal airfoils by treating the
micromechanics of damage accumulation as a Markov
process.  Single Crystal Fatigue (SCF) is a result of several,
simultancous (compcting), damage mechanisms, which are
selectively favored by particular combinations of external
conditions. As with any rcal physical process, SCF is also
influcnced by a stochastic component.  This probabilistic
influcnce can be exploited to help explain the macrobehavior.

We begin with a description of single crystal materials and
how they differ from more conventional (isotropic) alloys.
Relationships are suggested among the more probable of
scveral competing microstructural damage mechanisms and
specific  rate-controlling  parameters. The states  of
microstructural damage are then described and catalogued.
and the various avenues of damage accumulation are
investigated.  Next, the Markov paradigm is reviewed as it
applies to these materials. Finally, a Markov model is
presented to describe the rather complex behavior observed in
single crystals, and its use in lifing gas turbinc engine airfoils
is discussed.

Introduction

The difficulty of fatigue life prediction for jet engine airfoils
is exacerbated by the complex behavior of single crystal
materials. While the fatigue initiation processes and
subsequent hchavior of a (singlc) macrocrack are fairly well
understood and  documented for conventional isotropic
matcriale, fatigue in single crystal metals is significantly more
intricate.

Fatigue in such materials is observed to involve a small
number of distinct states. These damage states are nat simply
numcrous, successively increasing iengths  of 2 single
macrocrack,  but  rather  microstructurally  discernible
conditions which comprise the damage accumulation process

itself. Furthermore, transition from state to state is not, as it
is in more conventional materials, the repeated progression of
accumulated microdamage culminating in an incremental
advance of the fatigue crack front.  In single crvstals the
scquence of damage progression is greatly influenced by the
regularity oi the microstructure, its oricntation with regard to
the principal loading axis, as weil a5 the more obvious
rate-controlling paramcters such as temperatere. loading
frequency, and state of stress. The reculting e crehehavior
can therefore be somewhat unexpected. as is cvidenced by
shifts in crack propagation threshold (Telesman and Ghaosn
1989), multiplicity of cracking. and uncxpected changes in
crack path trajectory (Deluca, etal, 1991

Characteristics of Single Crystal Materials

Modern gas turbine flight propulsion systems employ <ingle
crystal materials for turbine airfoil applications because of
their superior performance in resisting creep. oxidation, and
thermal mechanical fatigie (TMF).  These propertics have
been achicved by composition and alloving, of course, but alse
by appropriate crystal orientation and associated anisotrops.

Early acrocngine turbine blade and vanc materials were
conventionally cast, equiaxed allovs, such as INT0OO and
Renc RN). This changed in the Jate 1960« with the innroduction
of directionally-solidified (DS) MAR-M200 + Hf airfoils. The
DS process produces a <001 > crystallographic arientation,
which in supcralloys exhibits excellent strain controlled
fatiguc resistance due to its low elastic mocuius. The absence
of transverse grain  boundaries, ©  60% raduction in
longitudinal modulus compared with equiaxed grains, and its
corresponding improved resistance 1o thermal fatigune and
creep, permitted  significant increases in allowable mcetal
temperatures and biade stresses. Still further progress wae
achicved in the mid-1970s with the development of single
crystal airfoils (Gell., ct.al.. 1980).

The first such material, PWA {480, has a considerabiy
simpler composition than preeceding cast nickel blade alloye
because, in the absence of grain boundaries. no grain

Presented at the International Gas Turbine and Aeroengine Congress and Exposition
Cologne, Germany June 1-4, 1992




boundary strengthening elements arce required. Deleting these
grain boundary strengtheners, which arc also melting point
depressants, increased the incipient melt temperature. This.
in turn. allowed neariv complete ' solutioning during heat
treatment and thus a reduction in dendritic segregation. The
absence of grain boundarics, the apportunity tor full solution
heat treatment. and the minimal post-heat treat dendritic
segregation, result i significantly improved properties as
compared with conventionally cast o1 directionaliy solidified
afloys. Single crystal castings also share with IS #llovs the
<001 ~ crvstal orientation, along with the beaefits of the
resulting low modulus in the longitudinal direction.

Pratt & Whitney has developed numerons single crvstal
materials.  Like most, PWA TIR0 and PW A 1484 e
strengthened cast mono-grain nickel supcralloys based on the
Ni-Cr-Al svstem. The bulk of the microstructure consists of
approximately 60% by volume of cuboidal ;° precipitates in
ap matrix. The precipitate ranges from 0.25 10 0.5 microns
and is an ordered Face Centered Cubic (FCC) nickel
atuminide compound. The macrostructure of these materials
in characterized by parallel continuous primary  dendrites
spanning the casting without interruption in the direction of
salidification. Secondary dendrite arm< (perpendicular 1o
solidification) define the interdendritic spacing. Solidification
for both primary and sccondary dendrite arms proceeds in
001~ type crystallographic directions. Lindissolved
cutectic peols and associated microporosity reside throughout
the inmterdendritic arcas. These features act as microstructura’
discantinuitics, and often cxert a controliing influence on the
fatiguc imitiatton behavior of the alloy.  Also. since the
cutectics arc structurally dissimilar from the surrounding
matrix their fracture characteristics will differ.

Single Crystal Fatigue

The fatigue process i <ingle ervatal airfoil materials isoa
remarkably compicy and interesting process,  In cast single
crystal  mickel  allove,  two  basic  fracture  modes.
crvstallographic  and  non-crystallographic. arc seen in
combination.  Thev occur in varving proportions dependmg
upon temperature  and  stress state. Crvstallographic
orientation Witk respect o applicd foad ko affecis the Vigure 1. FCC it o ad (1) plane (hattemy: |1yt
proportion of cach and influences the specific crvstaliographic "r,l:.“,'l,,l,“mm e e e '
planes and <hip directions mvolved. Mined maode itaciure s

observed under monotonic as well as ooclic condimors,

Single crvstal turbine blades are cast such thnt the radinl axis
of the component is essentially coincident with the - 001

crystallographic  direction  which i« the  direction of
sofidification.  Crystallographic fracture is nsually seen ac
cither octahediat along multiple (111 planes or under cortair
creimstances as (001 cleavage along cubie planes I he
fatigue and fracture processes can be visuahzed by orelating
the fraciographic features 1o stroctural aspects of rhe alloy
svstem. In Fagure 1othe T7CC unnt el structure s showr
aong with o depiction of the (111 ervaallographic plane
Such pianes i cight neighborme umit cells describe an
octahedion,  The tracture of an TCT snecimen shown in
Figure 2 displacs propinent (P01 octahedial <he plane:

Non-crastaliographic tracture i o obseney, fow
temperatires favor  crvstallopraphie tracure. N highe:
temperatires, qn tae 42700 panees small o amaonnts of
non-crystalineraphic propagation hove the appeiance o
transgranuts: ateue oo related fie oo castoned alloy o 3 PWA LRI TP 1O notche apecimen froa toe
Uinder some condinans, s propavaton chianee. aintose PIOBE - b o0 1
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immediatelv to the highly crvstallographic mode aiong (111D
shear planes, frequentv exhibiting  propuacnt  stoations
emanating from the fatigue origin and continuing to the linaj
fracture  region. Under. other  conditions the non-
crystallographic hehavior can continue unul global failure
Occurs, as s seen in the turhine blade fracture surface shown
in Figure 3 At intermediate temperatures (around 760C7

non-crestaliogeaphic propagation i< more pronounced  and
mav continue until tensile overload, or mav transition tc
suheritical erystatlographic propagation as at 427C. At 982C
prapagation is aimost entirely non-crystatographic, similar 1o
rransgranutar propagation in a polyverystal.

Figure . Non-cryvstallographic  transprecipitate fracture of  a turhine
Made:  Such Dulure can ocone normal 1o the principal loading
anis at elesared temperatures and lower sires<es.

Damage (atalogue

Deluca, cral (1991 hanve compiled deseriptions ot single
crvstal fracture morphojogies and hove postuiated fatigne
mechanisms tor them. (This work i< continuing and no claim
1s made 1that these are the only mechanisms by which single
crvstal materals can experience failurey It i< helptul te
consider these different mechanisms as unigte damage states
Thev arer

1. undamaged material

2

3. dislocation penetration of " on imited (111 planes
4. local octahedral free surface formation

’

distocanon penetration of 7 on additianal slip syvstems

o, cross ship, dislocation climb, and precipitate bypass: creep
7. global crvstallographic octahedral fracture

% non-crystallographic transprecipitawe fracture

The first six of these are rransition states. the final 1wo are
absorping stares. The distinction 1< discussed  in later
paragraphs.

Considerable progress has been made in understanding
micromechanical causc-and-effect relationships (Dreshfield.
1986; Telesman and Ghosn, 1989: DeLuca ct.al.. 1991). With
increased understanding. however, comes the realization that
many of the microstructural causes can only bhe determined
with electron microscopy and other ex post facro methaods.
Therefore. a fatigue lifc prediction svstem  requires. in
addition to an understanding of the phvsical phenomena. a
method for cataloging the relative likelihoods of these
micro-occurrences, and a formalism for describing their likely
interactions, the collective behavior of which consttutes the
observable fatigue process.  The Markov paradigm seems

ideally suited to this task. Put another wayv, miciomechanics

describes the  physical  relationships linking  damage
accumulation  and  microstructurc. But bhecause fing

microstructure is random. this information cannat be used
a priori.  Thus, a stochastic model is useful for damagec
prediction.

Markov Fatigue

The fatigne and fracture processes in single crystal materials
can he viewed as a sequence of micromechanical events.
Some of these c¢vents are transitional in that thev can be
emerged from to enter a more damaged state: therefore.
damage is accumulated in the transition from one state to
another.  Other states arc non-transitional. or absorbing
states, representing ultimate material degradation such as the
creation of a thermodynamic free surface. or crack. (Since
fatigue is essentially irreversibie. transition probabilities from
a more damaged statc to one of lesser damage are defined as
zero.)

Because these processes are fundamentally provabhilistic in
nature. the entirc ensemble can be moadeled as 4 Markov
pracess. Here the aggregaie (macroscopic) materiai response
can be described as having resulted from scquences of
microevents.  While the underlying model enjoys a certain
simplicity. it is remarkably powerful in describing complex.
interactive bchavior.

Consider an elemental volume of material being subjected to
cvclic lnading at some operating temperature, for example a
fatigue specimen gage volume. At any given cycle count, n,
(or time, or block of cvcles) the damage process is in one of
the states, 1,2, 3,..S. Let X, represent the damage process
at timc n. so that the observed s<equence of states is
X, G LN X L and so on. Under certain conditions.
this sequence. or chain of evenis (a Markov chain) can be
summarized by an S x § matrix of transition probabilities, P
(cquation 1).

Now let p., be the probability of transition from state 7 to state
J. This is the conditional probability «mat the fatigue process
will be in state .Y, = ;at time a2, given that the preceding state
was X, ; = i thatis p,= Probl X, ~ ji X, | = il. If the
damage process i< at state 7 at time 7 -1, then it must be in
some other (but not-necessarily different) state at time n. The

' The Markov assumptions here are essentially that
(1) The future depends only upon the present, and nnl upon the past. Staleg
differentiv: the probabilities of future events depend only on the current <ate
the path which fead 1o 1hat state s irrelevant. Sembolically this is
Probl Xy = 11 ¥ =0 Xy =0y o Xa =y =0 ]
= Protf X, - 11 ¥ =~ 1)
(2} These probabilities are constant over time  Thee provides the theoretical
justification for equation S




movement from state ¢ to state ; is controlled by the matrix
of conditional probahilities.  Using X damage states a< an
cxample:

o e s
P pn s
P = Egn |
P s
a0 e s

The state 7 s called an absorbing stare if it cannot be departed
once it has been entered. Thus, if 7 is an absorbing state, then
po-land p.—0forall sand =0 Itis important to notice
"nat there may be more than one absorbing state, i.c.. more
*han onc tvpe of failure. for example, global crystallographic
octahedral fracture. or failure by non-crystaliographic
transprecipitate fracture.

This statistical groundwork permits answers to two main
yuestions:

s  What i« the expected time, or number of accumulated
cveles, required to producce failure from a given state?

= What is the probability of an early failure?

These questions can he addressed in terms of the transition
probabilities. Here 1< a greatly simplified example.

Transition Probabilities and Fatigue Lifetimes

There is a relationship hetween transition probabilities and
Fatigue lfetime. Consider the simplest situation with only two
states:  state | i damaged, but unfractured. and state 2 is
fracture. Ohviousis, state 2 is an absorbing state. Now py, s,
hv definition. the probability of returning to state 1. at cyvcle
count a. from already being in state | at cvcle count 7 - 1.
Similarly, py; is the probabiiity of becoming fractured (state
2) at cycle count ». given being unfractured (state | at cvcle
count n - 1. Clearly, py == 0 and p;,; = 1. ‘ihat is, the
probability of becomig whole after experiencing fracture is
zero, and the probability of remaining fractured ic one
Notice, too. that p, + py = 1, since if the <vstem s
currentlv in <tate | tthe first subscript) then it must he in
cither state § or staie 2 {the second subscripty at the next
iterval; there arc no other alternatives. Thus the sum of the
probabilitics must be 1007, Now, if py, is larpe (i.c. nearly
one), then py, is necessarily small (nearly zero), and the
associated cyvclic life should be Jonger than for a situation
where, sav.py, = pa o= 12

For this gross over-simplification. consider o <eguence of
cvents culminating in failure:

cvele: 1. 20 A 40 ... o

state: 1. 1, N 0L L, [, 2

The probhability of (exactly) n cvc’es to failure is then,

) = poy % Py X Py Xy x

- repeated 7 -

LxXpyx o ps o= potlh - opa”

mes

Egn 2

which is the prohability density of a Geometric distribution.
sometimes referred to as the waiting time distithutinn.

For this distribution the expected. or average. - ¢les to failure
can be shown ta be 7 = 1/p; (Mood, Gravbii. and Boces,
1974).  For cxample. if p = 0.99 then p,; -= 0.01 and
i = 100. That is, if the probability of failure un any given
cvele is one in one hundred. then the average cyclic fife is 100
cveles to failure.  If pyy = 0999, then p; = 0.001 and
7 o= 1/0.001 = 1000 cvcics. The point is that cvclic life s a
natural outcome of the state transition probabilities.

Notice. too, that the properties of the geametric distribution
can exploited to estimate the probability of an carly failure.
where n -~ < 7. In this very simple example. the probability
of a failure hefore .V counts (or cvcies) is

N
Pn- Ny =% pti—p)y ! Egn 3
rod

where p is the probability of failure on the next cycle, oo in
this example.

The situation is analogous for the more realistic model in
which fatigue damage is catalogued into more than two
damage states. The arithmetic and subsequent statistics are
considerably more involved, however.

It can be shown (Tavlor and Karlin, [984) that by
pariitioning the transition matrix. Equation 1. into
transitional and absorbing portions,

Qv
P—1-eimm- Egn 4
)

with ¢ transitional states and «a absorbing <tates, then the
£ ¢ matrix (2 is the portion of P corresponding to transitional
{non-absorbing) states. and U is a r ¥ g matrix representing
the probabilitics of moving from a transitional statc to an
absorbing srate. [ is an identity matrix of appropriate
dimensions.

It can be further shown that

« L=(-O) Fan §

where 1 is a column matnix of ones, aad L i« the vector
representing times to failure, from a given state.

®  The expected time to failure of the undamaged materias
is the first clement of this mairix, L.

Thus the desired engincering parameter, lifetime, is obtained
from the Markov description of the fatiguc process.




Fstimating the Model Parameters

Consider ngain the ciements  comprising  the  transition
prohability mamix in Equation 1. 1t 1< necessary that these
clements be estimable tor the Markoy model to be a usetul
cnginesring tooi. Some clements are easily  determined.
Beeause tatigue i rreversible, transitions from a more to 3
lesser damaged state necessarifv have probability zero. Thus,
Al the probabilities beiow the mawnix diagonal in Equanon |
are zerogie: po = 0, Torr ~ 4 For this material there appear to
he two absorbing states, global crvsrallographic octahedral
fracture (sitate Ty and fadlure by non-ervstatlographic

iransprecipitate fracture (state Xy Thus pe =1 and pao- ]
so that the lower nght portion of the matrix is the 2 - 2
identity matrix, Now, since po- = 1 and poo= 1L and because

the sum of the probabilitics within a row must be unity, all

other entries in rows 7 and 8 must be zero. Since there are <ix
transition states and two absorbing states, the partitioned
matrix is then,

e P e P P P hs
D e po oo s pro e P
00 pupu P pu e P
P O 0 0 pups pu P P Eqn 6
O 0 0 0 pepu pe ps
O 0 0 0 0 pu pe P
O 0 0 0 0 0 1t 0

0o o0 0 0 0 0 0 1

The remaining transition probabilitics can be estimated from
experimental  observations,  which  include  the  relative
nroportions  of - crvstaifographic  octahedral fracture and
non-crystallographic  transprecipitate  fracture, and  their
average cyvelic lives.  The computations arc conceptually
straightforward but tedious in practice. The idea is to invoke
the familiar least-squares criterion and select as probability
estimates those values which minimize the summed squared
crror hetween these observed quantities and those predicted
by the modcl.

Conclusions

Pratt & Whitnev has enjoved modest success in using this
Markoy model to expiam some ot the unusual behavior
observed in single  crystal airfoil  materials in fatigue.
Although only in its carly c¢evelopment. it promises to provide
a warkable life prediction system for these comphi« materials.
something which has until now proved rather clusive. The
method s also being evaluated for describing damage
accumulation in composite matcerials, again where damage i
complex and doces not lead itself to description in terms of a
single physical entity, such as cracklength.
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