'S

D-A250 962 O
\MMMMMM

~ Evolutien of Weakly Nonlinear Water Waves
in the Presence of Viscosity and Surfactant

S.W. Joo, A.F. Messiter* and W.W. Schultz
Department of Mechanical Engineering and Applied Mechanics
*Department of Aerospace Engineering

\

Contract Number NOOO A¥&-86-K-0684 D T l C

Technical Report No. 89-07 ELECTE

1
August, 1989 JUN1 QSZD

[ DISTRIBUTION STATEMENT A

Approved for public release;

Distribution UnBmited

02213802

92 5 26 028




. Y s

THE UNIVERSITY OF MICHIGAN
PROGRAM IN SHIP HYDRODYNAMICS

NAVAL ARCHITECTURE &

| @ COLLEGE OF ENGINEERING
MARINE ENGINEERING

AEROSPACE ENGINEERING

MECHANICAL ENGINEERING &
APPLIED MECHANICS

SHIP HYDRODYNAMIC
LABORATORY

SPACE PHYSICS RESEARCH
LABORATORY

—— S S —




"4

Evolution of Weakly Nonlinear Water Waves in the Presence
of Viscosity and Surfactant

S. W. Joo, A. F. Messiter* and W. W. Schultz
Department of Mechanical Engineering and Applied Mechanics,
University of Michigan, Ann Arbor, Michigan 48109

*Department of Aerospace Engineering,
University of Michigan, Ann Arbor, Michigan 48109

August 14, 1989

ABSTRACT

Amplitude evolution equations are derived for viscous gravity waves and for
viscous capillary-gravity waves with surfactants in water of infinite depth. Multiple
scales are used to describe the slow modulation of a wave packet, and matched
asymptotic expansions are introduced to represent the viscous boundary layer at
the free surface. The resulting dissipative nonlinear Schrodinger equations show
that the largest terms in the damping coefficients are unaltered from previous
linear results up to third order in the amplitude expansions. The modulational
instability of infinite wavetrains of small but finite amplitude is studied analytically
and computationally. For capillary-gravity waves a band of Weber numbers is
found in which the linear analysis guarantees neutral stability in the absence of
viscous dissipation. The corresponding spectral computation shows modulation
features that represent a small-amplitude recurrence not directly related to the
Benjamin-Feir instability.
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1 Introduction

Although water waves are adequately described by inviscid-flow theory in most cases, the
effects of viscosity and interfacial properties become important for waves of short wavelength.
For sufficiently short waves, the shear-stress boundary condition, which is neglected in classical
studies, must then be satisfied at the free surface. If the free surface is clean and the air above
is ignored, the shear stress vanishes. However, when a layer of contaminant (surfactant) is
present on the free surface, its concentration varies in accordance with the motion of the free
surface, causing a surface-tension gradient that must be balanced by a nonzero surface shear
stress. Therefore, the characteristics of the surfactant must be examined before the boundary
conditions can be prescribed completely.

The highly dissipative effect of surfactants has been observed since classical times (see Pliny,
77 A.D., for example). A qualitative explanation of its cause in terms of the variations in
surface tension was given by Reynolds (1880), as cited by Lamb (1932). Levich (1941, 1962)
later performed a more thorough analysis, and an extension of this work was described in the
review of Lucassen-Reynders & Lucassen (1969). In these mathematical models the surfactant
was considered as an interfacial film of infinitesimal thickness. Closed-form solutions for the
damping coefficient were given for linear capillary waves, and the damping effect was shown
to increase dramatically from that for a clean surface. A series of more complicated models
proposed by Goodrich (1960, 1962) treated the surfactant as an anisotropic rheological body. A
simpler viscoelastic interfacial constitutive equation that compared favorably with experimental
measurements was developed by Addison & Schechter (1979). Extensive references describing the
various effects of surfactants on water waves were given by Lucassen (1982) and Garrett (1986).

In the aforementioned investigations, the study of viscous damping associated with water
waves has been confined to linear theory, in which the wave amplitude is infinitesimal and the
free-surface boundary conditions are applied at a mean surface. In the present work, we focus

on the wave nonlinearity and adopt the simple elastic model of Lucassen-Reynders & Lucassen
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(1969) and Lucassen (1982), which is suitable for many insoluble surfactants.

The usual theory of weakly nonlinear waves is based on the assumptions that the fluid is
inviscid and the motion is irrotational. Of particular interest are solutions that address the
evolution of a wave packet and the instability of a Stokes wavetrain. Benjamin & Feir (1967)
and Whitham (1967) demonstrated in different ways that progressive waves of finite amplitude
on deep water are unstable. The evolution equation for the slowly varying amplitude is a non-
linear Schrédinger equation (NLS), first introduced for water waves by Zakharov (1968) with
a variational method and obtained by Hasimoto & Ono (1972) using the method of multiple
scales. Peregrine (1983) summarized various analytical solutions to the NLS equation, and Yuen
& Ferguson (1978), Weideman & Herbst (1987), and many others studied numerical solutions.
An extension to three-dimensional wave packets was given by Davey & Stewartson (1974), and
capillary effects were considered by Djordjevic & Redekopp (1977). The damping effect has been
included in the two-dimensional NLS equation, e.g., by Pereira & Stenflo (1977), through the
addition of a conjectured small dissipation term. A primary objective of the present work is
to develop a systematic derivation of the amplitude equation in the presence of viscosity and
a thin surfactant film. The result is a dissipative nonlinear Schrodinger equation (dissipative
NLS), which contains a linear dissipation term; the other terms remain unaltered from their
counterparts for inviscid flow.

We adopt the multiple-scale method to represent the wave modulation and a boundary-layer
scaling to incorporate the effects of viscosity and surfactant. For a water depth that is large
in comparison with the length of the wave packet, a slow modulation in the ;'ertical direction
must be added, as introduced by McGoldrick (1970) and explained further by Mei (1983). The
free-surface boundar; layer has been considered in several studies of the mean drift in water
waves, each in terms of coordinates such that a boundary-layer variable could be measured from
the actual location of the free surface. Longuet-Higgins (1953) and Liu & Davis (1977) used a
local curvilinear coordinate system moving with the free surface, Phillips (1966) and Craik (1982)

chose a conformal transformation, and Unliiata & Mei (1970) introduced a Lagrangian system.
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In the present study, our goal is somewhat different, and the analysis is extended to higher order.
One choice of coordinates that we considered initially was an orthogonal system obtained from a
higher-order conformal transformation. It appeared to us, however, that a more straightforward
formulation can be achieved by a nonorthogonal system with one coordinate measured horizon-

tally and the other measured vertically from the exact location of the free surface.

The formulation for two-dimensional capillary-gravity waves is developed in §2, where the
coordinate system and governing equations are presented. Suitable variables for the methods
of muitiple scales and matched asymptotic expansions are introduced, and the first-order inner
and outer solutions are derived. In §3, a dissipative NLS equation is derived for viscous gravity
waves with slowly varying amplitude. A solution for infinite wavetrains (the viscous equivalent
of Stokes waves) is obtained, and the resulting damping coefficient is determined. In §4, capillary
effects are added. The resulting dissipative NLS equation describes the effect of surfactants on
the evolution of weakly nonlinear waves. Nonuniformities associated with the second- and the
third-harmonic resonances and with pure capillary waves are discussed. Effects of viscosity and
surfactants on the stability of weakly nonlinear waves are analyzed in §5. Numerical solutions to
the dissipative NLS equations are obtained in §6; these solutions show the large-time modulation

of viscous gravity and capillary-gravity waves in the presence of surfactants.
2 Formulation

We consider the slow evolution of two-dimensional surface waves influenced by an insoluble
surfactant as well as by dispersion and weak nonlinearity. The extent of the wave packet is taken
to be small in comparison with the fluid depth, so that the depth may be regarded as infinite.
The fluid below the free surface has constant density p and viscosity p, and the air above the free
surface will be ignored. The surfactant is characterized by a surface dilational modulus M, which
measures the resistance to the compression/expansion type of surface deformation (Lucassen,

1982). Changes in surfactant concentration cause the surface tension o to vary in time and




space. The flow is caused by initial surface disturbances with small but finite amplitude, and is
irrotational everywhere except in the boundary layer beneath the free surface, since the viscosity
is considered to be small.

In general, the boundary-layer thickness may be much smaller than the wave amplitude.
Since the boundary-layer part of the solution is expressed in terms of an inner variable measured
from the surface, matching with an outer potential-flow solution is facilitated by the introduction
of a coordinate system that moves with the free surface. One such system is a nonorthogonal
coordinate system (z,y) generated simply by subtracting the free-surface elevation n from the

vertical coordinate of a Cartesian system (z’,y'):

z=z, y=y,—"(z’t)a (1)

where n(z,t) = n(z’,t) and y is directed upward from the mean free surface. The two components
of the momentum equation are obtained by applying (1) to the nondimensional Navier-Stokes

equations expressed in the Cartesian coordinate system (z,y'):
U+ uls + (V= T — Un2)ty = —pr + Nepy + € [uge + (14 02Uy — 2nstizy — nzzuy]  (2)

Vit uvy + (v =1 —ung)yy = —py +¢€ [v,, + (14 n)vyy — 2020z — Nesvy) - 3)

Here, the reciprocals of the wavenumber k and the frequency w, of the linear fundamental wave are
used as the length and time scales, respectively. The horizontal and vertical velocity components
u and v are scaled by w,/k, and the pressure p (with the hydrostatic component subtracted) is
scaled by pw2/k2. Since the velocity vector is still written using the base vectors of the Cartesian
coordinate system (z',y’), only the chain rule has been used to derive (2)-(3). The reciprocal of
the Reynolds number, which is the primary small parameter, is defined as

e
Peo

€= .

iFrom the continuity equation for constant density, we have

us — ety + vy = 0. (4)
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If the elements of the nondimensional stress tensor referred to the (z',y’) coordinate system
are denoted by 7;;, and n, and n; are the z’ and ¥’ components of the unit vector normal to the
surface, the surface force per unit area has z’ and ¥ components F) and F3 given by F; = 7;n;.
Since the slope of the free surface is 7, the components of the outward normal are ny = -9, /L
and ny = 1/L, where

L=(1+n3)'2

The normal and tangential stresses then become F;n; and F;t,, where t; = n; and t; = —n;.
The normal stress on the free surface should balance the product of the curvature and the
surface-tension coefficient when the pressure above the free surface is taken to be zero. In the

present coordinate system, this condition is expressed as

2¢ T
p= 12 [’73(": - nruy) = neuy +vg) + (14 'lg)”v] +Gn— F'k: a y=0, (%)

where
3
G= k_g and T = ﬂ;l
wo WO

are the reciprocal of the Froude number and the Weber number, respectively. Here, g is the
gravitational acceleration acting vertically downward, and o, is the undisturbed value of the
surface tension. The boundary condition (5) is applied at the exact location of the free surface
y = 0 due to the transformation (1).

The tangential stress on the free surface balances the surface-tension gradient o,, which can
be related to the surface strain. If the displacement of a material point on the surface has z’ and
y’ components { and 7, the displacement component in a direction along the surface is (t; + nt2.
The surface strain equals the derivative of the displacement with respect to distance s along the
surface, and the gradient of surface tension is assumed to be proportional to the derivative of the
strain. This gives a nonlinear extension of the insoluble-surfactant model used by Levich {1962),

Lucassen-Reynders & Lucassen (1969), and others:

o, = % (¢ +nme),,
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where the surface dilational modulus M (or inverse surface compressibility) measures the change
in surface tension resulting from a unit fractional area change. A complete rheological interpre-
tation of this quantity was given by Lucassen-Reynders & Lucassen (1969). The nondimensional
parameter k>M/(pw?) is small and is chosen to be O(€*/?) so that the effect of surfactants
will appear in the first approximation to the boundary-layer solution (later in this section). A

nondimensional surface dilational modulus is defined as

BM

K= =g
puiel/?

In the present coordinate system, the required surface shear stress is then
Mz (vy = Uz + oty) + (1= 1) (uy + vz = Mevy) = €20 (C+ ), a6 y=0.  (6)
Since both the horizontal and the vertical displacements of the free surface are introduced,
two kinematic conditions on the free surface are needed to complete the governing equations:
v="m + un; at y=0 {7)

u=(+uls at y=0. (8)

Since we consider weak nonlinearity, we also require the initial amplitude a of the fundamental
mode to be small. The relative importance of nonlinearity, surfactant, and viscosity is determined
through the scaling of a, x, and ¢, respectively. Here, we choose x to be O(1) to observe the effect
of surfactants in the first approximation. The relationship between a and the boundary-layer
thickness, which is O(¢!/?), is chosen such that an amplitude equation with viscous effects can
be determined at third order.

We introduce the slow variables
r=a’t, €f=a(z- ct), y=ay, (9)

where ¢, denotes the group velocity of the primary progressive wave. The first two small scales are

identical to those used by Davey & Stewartson (1974) and Djordjevic & Redekopp (1977) for an
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inviscid fluid with finite depth. The slow modulation in the vertical direction is added to suppress
the inconsistency in the third-order solutions for infinite depth, as explained by Mei (1983) for
an inviscid fluid. The slow variation in the horizontal direction thus requires a corresponding
long-scale variation in the vertical direction, and the nondimensional depth is taken to be much
larger than the extent of the wave packet, which is O(a~?).

The flow outside the boundary layer can be described by a velocity potential ¢, which should

satisfy the Laplace equation. In the present coordinate system,
Gzz + by = Mebay + Nezdy — Mibyy. (10)
We expand the velocity potential ¢ for small amplitude a:
¢ =ad +a P2 +a%ds+---. (11)

By introducing the slow variables (9) and substituting the expansion (11) into (10), we then

obtain, for increasing powers of a,

P12 + ¢lry =0, (12)
G2e2 + Sy = 2')ls¢l:y + Mesbry — 2¢1:( - 20149, (13)
$3z: + b3y = 2771:(¢2:y + ¢1:1 + ¢l£1) +2(m2e + 7’15)¢1:y + ¢1v(7’2z: + 2’71:()

+M1z:(019 + G2y) — 20226 — Dree — 20295 — D199 — NizP1rgy- (14)

The lowest-order equation (12) gives
é1 = (AE + A°E~1)eY, (15)

where

= exp{i(z - 1)) (16)

and A(£, 7) describes a slow variation of amplitude with a mean value of % at r = 0, since a is
the initial amplitude of this mode. The superscript ¢ denotes the complex conjugate, and i is

v —1. Since the factor e¥ in (15) decays exponentially with depth, the slowly varying amplitude




A need not depend on §. In general, a long-scale velocity potential ¢2(¢, §, 7) can be added to
the right-hand-side of (15), which should satisfy é‘,’“. + ¢‘1’W = 0 to avoid secular terms arising
from (14). Also, the boundary condition ¢‘,’,(g = 0) = 0 should be imposed to suppress secular
terms in the second-order free-surface elevation 1; below. In the present study, we set ¢ = 0.
An example of nonzero ¢9 for a time-varying current is given by Mei (1983).

The velocity components are obtained from the gradient of the velocity potential (11) in the

z' and y’ coordinates with the transformation (1):

S
]

ai(AE - ACE-X)C’ + G2(¢2: + ¢l£ - ’h:¢ly) +-- (17)

v = a(AE+ AE"1)eY +a%¢yy + a®(d3y + daog) + - (18)
From the Bernoulli equation, the pressure for the outer region of irrotational flow is

. 1
P = Gi(AE — A°E™")e¥ — a¥[pa — cyb1¢ — Mud1y + §(¢¥, + ¢¥,)] — a®[@a; — cyd2¢ + 615

~Mid2y + (D29 — M2t + cgMme)b1y + (D20 + D1¢ )01z = MePredry] + . (19)

In the boundary layer, the system (2)-(8) is solved after introducing the slow variables (9)

and the inner coordinate

v = (20)

e

Velocity components, pressure, and free-surface displacements are expanded for large Reynolds
number. The gauge functions for the inner expansions are to be determined after the scale of the
amplitude is chosen. Independent of the scale, the first-order boundary-layer equations become,

in the order of usage:

vy =0 (21)
me=v; at y*'=0 (22)
Piy- =0 (23)
pi=Gn-Tm,, at y" =0 (24)
Ulyeys — U1t = Py (25)

9




Ulge = KUy, a8t Yy =0 (26)
(u=u] at y" =0 (27)

where uj, v, and p; are the first-order inner solutions. The boundary condition for uj in (26)
is obtained by differentiating (6) with respect to time and applying (8). The solutions must also

match with the outer solutions (17)-(19). After matching conditions are applied, the solutions

become
v; = AE +c.c. (28)
m =iAE +c.c (29)
p} =iAE + cec. (30)
u] = (Q1 +9)AE +c.c. (31)
¢1 = (iQo - AE + cc. , (32)
where

@ =1z i(\lﬁjx/in) P (ls/_iiy.) = Qaexp (-1-\-/'-5-‘3,) ’

and c.c. denotes the complex conjugate. The linear dispersion equation

G+T=1 (33)

is obtained from the boundary and matching conditions for the pressure and is not affected by
surfactants.

The development of the solutions to (2)-(8) beginning with the outer solution for ¢; is now
straightforward. The matching condition for the second-order pressure gives the group velocity
¢, At third order, where we terminate the analysis, the matching condition yields an evolution
equation for A(£, 7) in the form of a dissipative NLS equation that includes the effects of viscosity,
surface tension, and surfactant. This dissipative NLS equation can be used to obtain the damping

coefficient and to examine the stability of weakly nonlinear waves.

10
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3 Gravity wave

‘We first examine the case when the capillary effect is absent; i.e., we take T = 0 and then,
by necessity, K = 0. The wave amplitude is chosen to be of the same order as the boundary-layer
thickness, so that

da = €2 (34)

where A = O(1) is a proportionality constant. The gauge functions for the inner expansions

should then be
el/2\*}
a0 =(5) | (35)
where A is inserted for convenience. We have verified at each step that this is the correc. sequence
for the first few terms. The first-order inner and outer solutions are identical to those in the
previous section except that G is replaced by unity, and @Q; and Qg in (31) and (32) are absent;
thus u] is independent of y*.

The second-order term, O(¢), in the potential is found from (13),
$2:c + b2yy = —3iA’E%eY - 2iA¢EeY +cc. (36)

and we set

¢2 = iA’E%eY — iAcEyeY + c.c.+ ¢5(€, 5, 7). (37)

The solution to the homogeneous equation, F3(¢, 7, 7)E2e® + F1 (€, §, 7) Ee¥ +c.c., is not included.
Matching shows that F; = 0. The other coefficient F; remains arbitrary and may be set to zero;
taking Fy; # 0 would be equivalent to changing 4 by an amount aF,. The long-scale velocity
potential ¢3 should satisfy

¢2¢¢ + ¢ggy =0, (38)

which can be obtained by extending the expansions (12)-(14) to the fourth order. (From another
viewpoint, the flow at large distances such that § = O(1) and § = O(1) is described by (38).)

The boundary condition for ¢J will be determined at third order. The second-order velocity

11




components and the pressure in the outer region, from (17)-(19), become

uy = A¢E(e¥ + ye¥) — A’E?eY +cc.+2| AP e (39)
vy = iAE%eV — iA¢E(e¥ + ye¥) + c.c. (40)
pa = —A’E%eV + A¢E(cye¥ +ye¥) +cc. +2 [A|? (¥ - e¥). (41)

In the boundary layer, the second-order equations are

1

Kv;”. = —uj, (42)

N =vy—uiMmz+cyme at y" =0 (43)

P = ol (49)

p=m at y =0 (45)

Uymye U = Phe = 3 MieBSye + Ple = Coule + iuls (46)
%u-}y. =-v;, at y" =0 (47

After matching with the outer solutions, the solutions to (42)-(47) become

v} = AAEy" +iA’E? —iA¢E + cc. (48)
m=-AE%+ %A(E + c.c. (49)
p3 = iMAEy" - A’E* + -;-AEE +ec.c. (50)

u = AV2(1 — i) exp (-17'53;,‘) AE +iMAEy" — A’E? + AcE+cc. +2|A?.  (51)

A long-scale free-surface elevation n3(¢, ) that could appear in (49) as a result of integrating
(43) has been set to zero as a consequence of matching the pressure. Also, the group velocity ¢,
has been replaced by 4.

The third-order outer solutions, O(e3/2), are obtained first by solving

Gacs + b3y, = 124°ESeY - AA, E’(-g-e’ + 3ye?)

—AAg(-gc’ + ye¥) — Age E(e¥ + 2ye¥) + c.c. (52)

12
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The solution to the homogeneous equation is dropped for the same reason as cited for ¢, in (37).

We try a solution for (52) of the form
3 433 y 2,3 y y el v ] 1 2,y Ore &
03 = --2-A E°e¥ + AAE (Ee + ye )—AAE(Ee + ye )—-2-A¢€Ey eV +ce.+¢3(6,9,7) (53)

The outer solutions for the vertical component of the velocity and the hydrodynamic pressure

are then obtained from (18)-(19):

vs = —%A"E‘”e" + AA;E’(%e’ + ye¥) — AA;(%ev + yeY)
1
=54 B2+ y)ye’ +c.c. + 3 (54)
by = —i%AaEse” HIAAY(E? — ¥ — ye¥) — 2 A E(1+ y)ye?

—A,EeY +i|A|? AE(3¢Y — 4e¥) + iAA;Ez(eV +e 4 ye¥) e + %¢g€ (55)

The boundary-layer equations at third order are

1 L] 1 ] - .
Xﬂsy. = X']l,uzv. - Uy — ul€ (56)
- 1 L ] - L]
M = v3 + S ~ Mr = 41(Me + M) — uime at y" =0 (57)
1 » » 1 [ ] L] -
Py = TVt ¥y — UiV, (58)
Ps =2dvy. + 13 at y*" =0 (59)

The equations for u3 are omitted since they are not required for derivation of the desired ampli-

tude equation. After matching with (18), equation (56) gives

1-i 1-i
3 = -AMW2(1-i)ex (—- ) (A’E’-—-AAE A ’) + MA2EY”
Vs ( ') p \/i y \/5 + I ' 1 y
-h\’%AEy” - 2i0A¢Ey" — gA:‘E“’ + gAAfs’ - %AA; +cc+¢35.  (60)

Integrating (57) then yields the third-order free-surface elevation:

M= ~3i4>E° +3i | A AE + 2V AE + 2iAAE? + SAGE+ A E+ce+nd(67),  (61)

13
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where the condition

a|A? ‘
8% =2[9—£' at §=0 (62)

has been imposed to suppress secular terms. The equation for p§ with the boundary condition

(59) can easily be solved to yield

Py = %,\"'AEy" - MAPE?y 4+ %AAeEy' +4)\AE - gm%ﬁ +3i|A? AE

2AAE? + iA“E +AE+ce. -2 |A]Zy" +nd(E, 7). (63)
The matching condition for the third-order pressure (63) with the outer solution (19) finally gives
0 1o _
713(6)1’) = 5¢2£ at y= 0’ (64)
for terms independent of E, and
iA, +2iA%A - %A“ =2|AP A, (65)

for terms linear in E.

Except for an additional term 2iA?A, the amplitude equation (65) is identical to the NLS
equation that governs the amplitude modulation of gravity waves in inviscid flow. It is thus
appropriate to call the amplitude equation a dissipative NLS equation. ;From (65), the integral
of | A [? over £ is easily found to decay as exp(—4A%7).

For infinite wavetrains independent of £, the solution Ag(7) of (65) that satisfies A5(0) = ao
is

Ao(7) = agexp [-2)«’1 + -2-;\-2- lao|? (=47 - 1)] , (66)
where ao is a complex constant with |ag |= 1/2, as explained earlier. Here, the expression |ag |2

is kept to show the amplitude dependence explicitly. In the inviscid limit, A — 0, the Stokes

wave (to third order) is recovered:

Ao(t) = agexp (—2i |ag|? 7). (67)

14




The decaying factor in (66), combined with (9) and (34), becomes exp(—2¢t). Thus, the damping

coefficient D, for weakly nonlinear gravity waves is
D, = 2, (68)

which is identical to the linear result of Stokes (1845). In retrospect, we could instead have
shown that the damping coefficient is unaffected by nonlinearity at this order using the dissipation
function and its expansion for small amplitude. Viscosity also causes a phase shift, as can be seen
from (66). Although viscous dissipation causes exponential decay in the amplitude of nonlinear
waves, it is not clear whether it can suppress a modulational instability of the Benjamin-Feir

type and the subsequent recurrence phenomenon. We will examine this in §5.
4 Capillary-gravity waves

We now consider capillary-gravity waves with a surfactant on the free surface. For the gravity
wave in the previous section, the amplitude of the wave i‘s chosen to be of the same order as
the boundary-layer thickness so that nonlinearity and dissipation both appear in the amplitude
equation. When a surfactant is present, however, lower-order dissipation is expected; thus, the

amplitude is chosen to be of lower order than the boundary-layer thickness:
da = €4, (69)

where ) is again a proportionality constant. The gauge functions for the inner expansions now

become
U4

8i(e) = (T) (70)

The first-order solutions, O(¢!/4), are as given by (17)-(19) for the outer region of irrotational

flow and by (28)-(32) for the boundary layer. Since the nondimensional surface dilational modulus
x and the Weber number T are nonzero, the boundary-layer solutions for the horizontal velocity
component (31) and displacement (32) are affected by the surfactant at the leading order, and

the linear dispersion relationship (33) is that for capillary-gravity waves.

15




The equation for the O(¢!/?) term ¢, in the velocity potential is identical to (36), but the

appropriate solution now includes a solution of the homogeneous equation:

¢2 = FE?% + iA’E?%ev - iA¢EyeY +c.c.+ ¢2(s,g,r), (71)

‘where F(£,7) can be determined through a matching condition. Again, the long-scale potential

43 should satisfy the Laplace equation (38), with the boundary condition to be determined
through matching of the third-order solutions. The velocity components and the pressure in the

outer region, from (17)-(19), then become

u = 2iFE%% + A¢E(e? +ye¥) — A’E%eV +cc. +2|A* ¢ (72)
v2 = 2FE%¥ +iA’E%eY — iA¢E(e¥ + ye¥) + c.c. (73)
p2 = 2iFE%™ — A’E%eY 4+ A¢E(cqe¥ +ye¥) +c.c. + 2 |AP (¥ — e¥). (74)

The boundary-layer equations for the O(¢!/2) terms differ from those for the gravity wave in
the previous section because the amplitude considered here is of lower order than the boundary-
layer thickness. Substituting the inner expansions into (2)-(8) and using the multiple scales (9),

the inner variable (20), and the amplitude (69), we obtain

Viye = MeUjye (75)

et = V3 — UiMs + oM at y" =0 (76)
Py =0 (77

P2 =Gm —T(Mmec+2meg) at y =0 (78)
Wiyeye = Uit = Ple + Pl = 35 ieBlye + uiul, - coui (19)
udye = K{(C2 + MMe)e, + Ane¢} at " =0. (80)

The third approximation to the y* momentum equation is also needed, to eliminate P3ye from
(79):

1
Fp;'. = ~v},. (81)
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The vertical velocity component v is obtained by integrating (75) and imposing the matching
condition:

v = Q) |A]? +2FE? 4 (i — Q1)A’E? — iA¢E + c.c. (82)
Then, from (76), the second-order free-surface elevation becomes
n2 = iFE? — A2E? 4+ (1 - ¢;)A¢E +c.c., (83)

where the long-scale quantity n2(¢,, 7) is omitted in anticipation of the matching condition for
the second-order pressure. After (83) is substituted into the boundary condition for p3 in (78),

the inner solution for the second-order pressure is obtained:
Py = (1 +3T)(iF — A2)E* 4+ (1 — ¢, + 2T)A¢E + c.c. (84)

The solution (84) should match the outer solution (19), with the terms O(¢!/?) replaced by (74).

Therefore, the slowly varying amplitude F and the group velocity ¢, are obtained as

_ i3T
F=s—gmd (85)
142T
o =22, (86)

respectively. The group velocity (86) agrees with the relationship for a linear capillary-gravity
wave in inviscid flow. It is noteworthy that F blows up as T — 1/3; thus, a second-harmonic
resonance persists despite the effects of viscosity and surfactants. A complete discussion of this
resonant behavior was given by McGoldrick (1970). A modified asymptotic flow description is
needed for small values of |T — 1/3| and will be discussed later in this section.

Substituting the known solutions into the right-hand side of the boundary-layer equation for

u3 in (79) gives
. . . .2(1+3T .
Ugyeye — Uy = [’Q? -2Q: - '%_T—)] A’E? 4 (i — ¢,Q1)A¢E + cec. (87)

The boundary condition for u3 in (79) can be applied more conveniently after it is differentiated

with respect to time and the kinematic boundary condition (8) is introduced:
Ugye — KU3., = —4x(Q3 + 2iQ0 — 3)A’E? + k(2 ~ ¢,)(iQo — 1)A¢E +cc. at y" =0. (88)
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Then, from (87) and (88), the second-order horizontal velocity component is

Sy 1 . 1-14 - ¢ -
uj = [qle(l")y —5Q§+2101] A’E’+[qzexp (-Ti'y)+l—7§(—l’j7)y Qx] Ak
143T 202 2
FE 89
- AE +ec+ 2| AP, (89)
where
1 1414 -3T
Nn=-g—7 [( 7 +K)Qo+{\/-+'(8'¢—\/-)}Qo+4x 3T]
and

[’2\/-(2 . CJ) + (1 = ')01] Qo - 2v2(1 - Cy)
2(\/-2-n —-1-1)

In the third approximation, O(e%/4), the velocity potential ¢s should satisfy (14), or

12(1 ) 18T
= 3 2y 2 ey
$acz + 03y = A E3[1-3T + 5| + AP AET e
6T — 24T
- y ¥ 2 y v %y
AgeE(eY +2ye?) + AAE ( 3 5, 3ye? + T=37¢ )
—AA¢ (5—:2-228 + ye’) +c.c. (90)
The appropriate solution of (90) is
31-T7) 6T 6T
- 3,3y 2,2y _ A8 e ey 2 e 0 2V
@3 F3E°e” + FoE*e A°E [2(1 -3T) + 3T + |A] AE —37°¢
3-2T 6T -2T
2 y y 2y ) — 4A¢ y y
+AAE ( 3 e’ + ye +1_3Tye ) AA‘( e +ye)
1
—EA“E'yze’ +c.c. + ¢3(¢,7,7), (91)

where the slowly varying amplitudes F3(§, 7) and F3(¢, 7) are to be determined from the matching
condition. As in the derivation of ¢4, a first-harmonic term in the solution to the homogeneous

equation is dropped. The vertical velocity component v is then obtained from (18) as

0-17) , 12T 127,
21-37)° " 1-3T 1-3T

+AAE? ( 3 -22Te' +ye' + 5 67;Te + 1_2§Ty¢2') ~ AA; ( 3 -22Te' + ye’)

2 :
~AgE (ye’ + %-e’) +ecc +¢%. (92)

v3 = 3F3E%e™ + 2R E%e® - AES [ e”] + |A]* AE
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Replacing the O(¢3/4) terms in (19) with the known solutions yields

5-9T , 1-2T, 6T 3,]
21-3T) 1-3T 1-3T
1-6T-6T? ,, 1-15T ,,]

ps = i3FE%% +i2FE% —iA’E® [

1-3T ¢ ~1-3T7Y
—_ 2
+i|Af AE[ 2y 30-5T), 6T e3v] ~iAgE (”—eu +22Tye’)

+iAA¢E? [3e” + 2ye¥ —

1-3T 1-3T 1-3T 2
+iAAE(e” — e - yezl’) - Ay EeY +¢cc.+ (me — ¢1v)¢2, + C,¢g€. (93)

The third-order boundary-layer solutions are again obtained from the continuity equation (4)
for v3, the free-surface boundary condition (7), and the vertical momentum equation (3) for p3.

The equation for the vertical velocity component then becomes
Vgye = -2%uy, + MeUsye + Mcl],ye., (94)

which gives

v = [(%Qx + A2y"AE +c.c) - : 3T(iA’E’ + c.e)(QLAE + c.c) ~ (AE + c.c) -

. [(qle(l-i)y° _ _;_Qf + 2in)A2E2 + {q: exp (-1:/_——2,1.!,‘) f(l y Ql}AfE + C. C]

+ [3{F3 - 2(11;—7;:1‘_)'43}E3 +2FRE? + c.c] + 1- 2T(iA¢E + c.c)(QiAE +c.c)
12T 2 3-2r 2T 6T2 -5T+5 2 0

after the matching condition is applied. The third-order free-surface elevation 53 is obtained by
integrating
M = V3 +CyMag — Mr — U1 (Me + me) —uim: at y" =0 (96)

The result after appropriate substitutions is

, 3 ar T +4
m = i [F3 - 55—:—23—7,;-.43] B+ [:Fz + {i —1—-3-T—-;— + lQ;;}AA;] E?

+i1_+7_'2 |AP? AE+ (3 —T’):A¢¢E+A,E+17+-:QOAE+cc + (97)

where the condition
9% = 21— T) |4 ~i(QoAA; - Q5A°A) st =0 (98)
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has been imposed to suppress secular terms. As mentioned earlier, (98) is the boundary condition
for ¢3; thus, ¢) is uniquely determined once A is obtained from (104) below. It is noteworthy
that additional nonlinear forcing terms are present in (98) because of the surfactant.

The differential equation for p3 is (81), and the associated boundary condition is
. 2. 3 2
p3 = 22%vj . + G — T(n3z: + 2n22¢ + Mige) + ETnlzﬂlz:- (99)

Solving (81) subject to (99) results in

. _ 3(1+ 12T + 21T?)
Py = z[(1+8T)F3— (1 — 37)

143T7)(4-1 2 1437
+[i( +3T)(4- 13T +6T%) + 167 1+

A3 E® 4+ i(1 4+ 3T)F,E?

Qo] AAGE? + N(iy" + -I—'g-'Qo)AE'

2(1 - 37T) 2 V2
+it= T 4Bt A B+ i% |A]? AE +c.c.+ GrS. (100)

Applying the matching condition for the pressure, we determine F> and Fj3:

3T(5 + 21T)

B=-omo-a

A3, (101)

_[3T(7 - 15T +6T%) . 1+3T ]
Fy= [ 3= 3T 12(1 -3T)Q° AAg. (102)
We also obtain
0 _ 1+2I.' 0
N3 = ——-—-2(1 _T)d’gf | (103)

and the amplitude equation for the capillary-gravity wave with viscosity and surfactant:

A2 x[x+ i(v2 - x)]

972 — 15T + 8
m n’—\/in+l

A+ a(1 - 37)

|[AP A (104)

A- %(4'1‘2 -8T + 1)Ag =

Two more nonuniformities are observed, in addition to the one for the second-harmonic res-
onance (T = 1/3). In (101), the amplitude F3 becomes unbounded as T approaches 1/4; thus,
a third-harmonic resonance occurs. As T approaches unity (the value for pure capillary waves),
73 in (103) is singular, and a rescaling of the long-scale free-surface elevations is required, as

explained below.
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The dissipation term proportional to A in (104) is attributed to the surfactant, whereas for a
clean surface the dissipation is of higher order, as shown in the previous section where different
scaling was required. Therefore, if either A or x is zero, the dissipation term in (104) is absent,
and we recover the amplitude equation for capillary-gravity waves in inviscid flow. In these cases,
the resulting NLS equation could also be obtained more easily in a Cartesian coordinate system
by incorporating the vertical modulation § in the derivation of Djordjevic & Redekopp (1977)
for finite depth. In the dissipative NLS equation (104), the linear dissipation term has a complex
coeflicient; the imaginary part is related to the decay rate, and the real part corresponds to a
frequency change due to the surfactant.

A solution of (104) for infinite wavetrains which depends only on 7 is

As = agexp |- 22 x2+i(\/§_ﬁ—52)f ;e [i'a |2 (9T2-15T+8).
0 = aoexp 22 K2 — J2r+1 Xp 0 —1_3T
2 —V2k+1 1 x2A2
' ——m——7 | - 1}] . 105
( 2V2r2)2 ){exp( \/2-'6"-\/‘5;:+17) }} (10%)

Since the slow time is now defined as T = ¢!/2t/)? due to (69), the damping coefficient D, for

an infinite wavetrain (105) becomes

Vax?
D, = 1/2,
T Vi + l)‘E

(106)

which has a maximum at x = /2. At this maximum, the frequency shift due to the surfactant
disappears. The damping coeflicient (106) agrees with the results of Levich (1941, 1972) and
Lucassen-Reynders & Lucassen (1969) for linear capillary waves, as can be seen by expanding
their solutions for large Reynolds number. It is clear from the resuit that the damping effect is
greatly enhanced by the surfactant.

In the derivation of these expansions, we have noted that singular behavior appeats for certain
values of the Weber number. The case for T = 1/3 corresponds to second-harmonic resonance and
is related to Wilton’s ripples. The nonuniformity can be removed by considering a superposition
of the fundamental wave and its second harmonic in the first approximation and by adding an

intermediate slow time scale, as in McGoldrick (1970) for inviscid flow. We start by considering
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a Weber number near the value for the resonance:

T = = +aT, (107)

)

where 7 = O(1) is a constant. An appropriate solution for (12) is now
¢ = Ay(&,D)Ee? + Ag(§, D) E?e™ + c.c., (108)
instead of (15), where
t=at=r1/a (109)
is the new time variable. The subsequent analysis proceeds as before except for the added
complexity due to the presence of second-harmonic terms in the first-order solutions. For example,
an equation analogous to (36) is
G2e + b2yy = —24iAIE*e? —iA1A2ED (10e? +8¢e¥) — 3iATE?eY
~6iAS Az Ee® — 2iA,¢Ee¥ — 4iAyEe® + c.c., (110)

and an appropriate solution of the homogeneous equation should include third- and fourth-

harmonic terms. A matching condition for the second-order pressure finally gives

A= —AlA; (111)
3T 1 1
Agi + i Az + 3Az = EA}, (112)

in addition to the group velocity ¢, = 5/6, the correct value when T' = 1/3.

The evolution equations (111)-(112) are equivalent to the second-harmonic resonance equa-
tions given by McGoldrick (1970), except that a term proportional to T is added to account for
values of the Weber number close to 1/3. The coefficients for the terms with spatial variation
are different because the slow variable £ is constant at points moving with the group velocity;
adding c,8/8¢ to 8/ leads to the same terms as in McGoldrick (1970). For large |T|, equations

(111)-(112) are consistent with previous results. As |T'|— oo, (112) reduces to

A?
Ay = 5.'.% (113)
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which, with (107), is found to agree with (85). Using (113) to remove A; in (111) gives
iA; = - |4, | A;. (114)
T

This equation can also be obtained from (104) by using (107), setting r = af, and noting that
the dissipation and the dispersion terms become small as T — 1/3. Thus, the results for T # 1/3
and for T close to 1/3 match asymptotically as T — 1/3 and |T ~ 1/3| /a — oo.

A set of solutions of (111)-(112) for infinite wavetrains without £-dependence can be obtained

as
A; = bge™i% (115)
Ay =i (%) fe~ 20 (116)

where
6= % (31'"- (sgnT)\/97 + 16 | bo |2) , (117)

and by is a complex constant. The sign in (117) has been chosen so that § — 0 when | T |— oco.
Then, also | Az |— 0, and hence by becomes identical to ap as | T |— co. When T is zero, the
wavetrains obtained by McGoldrick (1970) are recovered from (115)-(117).

A nonuniformity related to the third-harmonic resonance is observed when T = 1/4. We
can expect more nonuniformities for T = 1/(n + 1) (n = 3,4,--.), corresponding to a n*’-
harmonic resonance. Uniform expansions near these resonance values of the Weber number can
be obtained by modifying those introduced for T = 1/3 above. The amplitude equation (104) still
can describe the evolution of the slowly varying amplitude of the first-order s&olutions, because
higher-harmonic corrections need not be imposed on the first-order solutions (Joo et sl., 1989).

Still another nonrniformity occurs for values of T' close to unity, when the surface-tension
force is large in comparison with the gravitational force. In this case, the long-wave solutions for
the velocity potential and the surface elevation must be modified. Since the orders of magnitude
change, it is now convenient to omit subscripts and to denote the largest “long-wave” terms

by €!/2¢° and ¢!/29°, where ¢° and n° are not necessarily O(1). By repeating the previous
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derivations when 1 — T « 1, we find that the equations analogous to (98) and (103) become

1+2T dIAPR e e
-2 vy =20-n2AE - i@oas; - Gsacan (118)
(1-T)° = 1+22Te1/4¢g. (119)

When 1 =T = O(1), then ¢° = O(1) but 7° = O(¢!/4); n° and ¢° can be replaced by ¢!/453 and
#3, respectively, and (98) and (103) are recovered. When ¢¥/4 € 1 -T < 1, n° = O{e*/4/(1 -
T)} while ¢° remains O(1). In the distinguished limit corresponding to 1 — T = O(e/4), all
terms in (118) and (119) are retained. Finally, for 1 —= T <« /4, n® = O(1) while ¢° =
O({(1 — T)/e!/4}). Thus, for pure capillary disturbances in the presence of a surfactant, there
is a long-wave component with a surface elevation €}/27°(¢, 7), whereas the corresponding long-
wave potential is of higher order; ° is determined by (118). For a clean surface, however, the

nonuniformity at T = 1 disappears because Qo = 0 and ¢} is proportional to 1 - T..
5 Linear stability analysis

The effects of viscosity and surfactant on the stability of infinite wavetrains to sideband
disturbances of the Benjamin-Feir type can be examined by considering the dissipative NLS
equations (65) and (104). We can obtain the evolution of disturbances to the solutions (66) and
(105) for small time, while the magnitude of the disturbances stays relatively small, by extending
the linear analysis of Stuart & DiPrima (1978); this extension incorporates the unsteadiness of
the basic state.

We first consider a perturbation to the wavetrain (66) for gravity waves and write
A= Ao(T)[1 + B(§, 7). (120)
Substituting (120) into (65) gives
iB, - %B“ = 2|aof? e=¥7(B + BF) (121)
after the quadratic terms in B are neglected. For a pair of sideband modes, we seek a solution
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of (121) in the form
B = By(1)e' + By(r)e ™K, (122)

where B; and B, are complex coefficients, and [ is a real wavenumber.
Although the disturbance can grow for small values of the slow time variable 7, it will even-

tually be damped out due to viscous dissipation. A norm for one spatial period,

N = || 1a1- 140l | = \/ -2'; / ://',(IAI - |4al)? &, (123)

can be used as a measure of the growth or decay of the disturbance. While the magnitude of the

disturbance B stays small, the norm N is equivalent to

A
N(rn) = l—-\/-%l (1B1]> + |B;|* +B,B; + B{B;)llz, (124)

which is seen by substituting (120) and (122) into (123).

We now substitute (122) into (121) and obtain a pair of linear homogeneous equations for B;

and Bg:
;]2
B, - %31 +2agP e (By+BS) = 0 (125)
:12
By~ 2By +2ilao =¥ (B{ 4 B) = 0, (126)

where a prime denotes differentiation with respect to r. Equations (125)-(126) and the transfor-

mation
By = =7 B(r) (127)
yield
B"-6B=0, (128)
where
- %(32 lao 2 =47 - 1) 4+ _;_,\2,2 + 40 (129)

In the inviscid limit (A —~ 0), [ Ao | is constant, and (129) becomes
8= 3(32 lao|? —12) (130)
64
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and B = B;. The stability of the flow is then determined by the sign of 8: > 0 indicates insta-
bility, whereas § < 0 gives neutral stability, in agreement with the inviscid instability condition
of Benjamin & Feir (1967):

0<1?<32]a0l?. (131)

The details of the instability for inviscid flow were given by Stuart & DiPrima (1978).

When viscosity is present, the solution for B is obtained from (128). A change of variables

Iaﬁl l ~223%r
= 132
s 2 ﬁ;\ze ( )
leads to the Bessel equation
d*B dB =
24”5 G0 . 2 75 =
s'0 +s o’ (s°*+a*)B=0, (133)
where
.2 .
a=1+ tm. (134)
The solution for B is
B = ¢;Ka(8) + cala(), (135)

where K, and I, are modified Bessel functions of complex order o, and ¢; and c¢; are constants
to be determined by initial conditions at s =|ap| {/(2v/2)?). For large 7, and thus small s, the
disturbances are expected to decay as a result of viscous damping. As s — 0, the Bessel functions

in (135) have the form
Kq(8) ~ (constant)s™?, Ia(8) ~ (constant)s®. (136)
The solution for B, therefore, is
B~ (consta.nt)c“"’ 832 (137)

as 7 — co. However, since B; = ¢~2*"" B and | Ag|= age~?*"", the amplitude of the disturbance

a8 T — 00 is

| Ao By |= O(e=2*°7) (138)
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and approaches zero as anticipated.

The result (138) obviously does not allow recovery of the condition (131) obtained for zero
viscosity. If A is small, both the order and the argument of the Bessel functions are large in
magnitude. To achieve a single asymptotic representation that contains (131) and also predicts

decay for large time, we take the limit as A — 0 and 7 — oo with A2r fixed. Then,

[ s2\ "4 [, 8 s/a
Kq(s) = a(l-i-;) exp |-a 1+;§—aln-l-:—T————\/+s—2M (139)

1

AR W1 2 taln s/a 140
Io(s) = \/21—0(1'{'?) exp |a +:2'+C! W . (140)

The previous results are now recovered for large and small values of A2r. If A27 — oo, the largest

term arises from Ko and is proportional to s~%, as in (136); thus, B is again found in the form
(137). If A2r = 0,
N4, (141)

and B, after some manipulation, becomes

= il? / 32|ao|?
B ~ (constant)exp (T 1- 7T
T 2
+(constant) exp (-ils- 1- 32 II:(’I -1') . (142)

This is exactly the solution of (128) when A = 0.

The linear stability analysis for capillary-gravity waves represented by (105) proceeds in the
same way as for the gravity wave. The evolution equation for the disturbance, equivalent to

(121), becomes

2 _ 232
iB,-%(4T’-8T+1)B“ = 197" - 15T +8 a2t lr) (B+B°). (143)

1
9T’ —15T+8 [ 1 w27
i 1-3r el exp( 2K — 2kt

The transformation and definition for # corresponding to (127) and (130) are

By = e~P¥7 B(r) (144)
6 =Til? (2 |ao[? Tye=2P¥ - T;I’) +12DT A2 + D24, (145)
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respectively, where

D= 1 —_K2 .(146)
- m x2—V2r+1
and
4T?2 -8T +1 _9T? - 15T +8
Tl._——-s———- and Tp= (= 37) (147)
For inviscid flow, (145) reduces to

6=Ty%(2lal* TR - Th%). (148)

When T175 < 0, or

1

1—§5T<§, (149)

§ is always negative, and the side-band resonance disappears regardless of the disturbance
wavenumber. The corresponding stability analysis for waves in water of finite depth has been re-
ported by Djordjevic & Redekopp (1977). The stability band (149) corresponds to the deep-water
limit of their stable region, which lies between the minimum phase speed and the second-harmonic
resonance. The other stable regions seem to disappear as the depth approaches infinity. Aithough
only neutral stability is predicted for (149), computations of the large-time modulation for this
region, in the following section, show strikingly different behavior from that in the other neu-
trally stable regions. When 0 < T < 1 —+/3/2, the lower instability boundary for [ stays at zero,
whereas the upper bound increases with T until it blows up at T = 1 — v/3/2. When the Weber
number exceeds the value for the second-harmonic resonance, the upper bound decreases with
the Weber number. As T — 1, the upper bound approaches ! = 1//3, which is smaller than the
value I = 24/2 for gravity waves.

For viscous flow, the solution for B with (145) should be considered. The change of variables

analogous to (132) is
_ YA ilaoll

8= Dt (150)
The resulting equation is again the Bessel equation (135), but with
i3
a=1+ l—D—A-;. (151)
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The subsequent results are then similar to those for the gravity wave except that no initial growth
is possible when the Weber number satisfies (149), as anticipated. A large-time modulation for

this range of Weber numbers is examined in the following computations.
6 Numerical solution of dissipative NLS equations

The linear analysis in the previous section is valid only while the magnitude of the disturbance
remains small. In this section, we obtain numerical solutions of (65) and (104) with given initial
conditions and examine the evolution of a disturbance of the type in (122) for finite time.

Numerical solutions of the NLS equation have been obtained by Yuen & Ferguson (1978)
and Weideman & Herbst (1987) and many others, with an emphasis on medulational instability
and recurrence of the Fermi-Pasta-Ulam type (Fermi et al., 1974). Yuen & Ferguson (1978)
examined the relationship between Benjamin-Feir instability and recurrence and showed two
types of recurrence, “simple” and “complex.” They explained that for modulations with the
sideband perturbation wavenumber lin the range 8|ag |2 < 12 < 32|aq[? the recurrence is simple
because all higher harmonics of the prescribed modulation are stable. For modulations with
0 < I? < 8]ag|?, the recurrence is complex (quasi-periodic) because at least one higher harmonic
of the prescribed mode lies in the unstable region. Weideman & Herbst (1987) obtained similar
solutions using finite-difference, spectral, and pseudospectral methods, and they compared the
effectiveness of these methods. We use a pseudospectral method to solve the dissipative NLS
equations for capillary-gravity waves. This method is appropriate for our purpose, once an
aliasing error is suppressed by introducing a sufficient number of degrees of freedom (number of
collocation points).

The initial condition (120), with B replaced by (122), is specialized to the simple case

A = ag(1 + bcoslf), (152)
where the substitution
B1(0) = By(0) = %b (153)
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has been made. Modulational behavior for different initial sideband amplitudes, B, and B,, will
be discussed later in this section.

A periodic boundary condition
2
A7) = A+ ), (154)
is imposed using a Fourier-collocation method with the computational domain —x/l < £ < =/I.
The slowly varying amplitude is then expressed as

N
A= ) Ay(r)enel, (155)

n=-~N

where we choose N as a positive integer power of 2 and a fast Fourier transformation is used
to compute the Fourier coefficients A,. As in the analyses, the amplitude of ao is ‘%, and b
is small. In particular, we set ag = Ag(0) = 0.5 and b = 24,(0) = 24_,(0) = 0.1 for most
of the computations, unless otherwise specified. A fourth-order Hamming modified predictor-
corrector method is used for time marching. The fourth-order Runge-Kutta method is used for
automatic adjustment of the initial time increment and for computation of starting values. For
most computations, the maximum time step is 0.01, and the number of collocation points is 32
for one initial period in §.

Fig. 1 illustrates the evolution of the Stokes wave (67) for zero viscosity when subject to
the modulation described by (152). Evolution of the envelope amplitude | A(¢, 7) | is shown in
Fig. 1a, c, and e, whereas the magnitude of each Fourier coefficient | An(r)| (n = 0,1,2,---) is
plotted in Fig. 1b, d, and f. Since | A, | is symmetric about n = 0 due to (152), the evolution
for negative n is deleted for clarity. The perturbation wavenumber [ = 1 corresponds to complex
recurrence (Fig. la, b); | = 2 corresponds to the maximum initial growth rate and simple
recurrence (Fig. lc,d). These figures agree with the results of Yuen & Ferguson (1978) and
Weideman & Herbst (1987), who provide detailed explanations. For the simple recurrence, the
fundamental (n = 0) and sideband (n = 1) modes are periodic, as can be also seen in Fig. 8.
The higher modes (not shown in Fig. 8), excited due to nonlinear interaction, are not exactly

periodic, but they are not dominant at any stage, making the modulation almost periodic in time.
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When [ lies outside of the instability range (131), a very nearly periodic oscillation is observed
(Fig. le), which is in good agreement with the neutral stability predicted by the linear analysis.
The corresponding Fourier-space solution (Fig. 1f) shows that none of the higher harmonics is
excited and that the sidebands never become dominant.

In Fig. 2, the same cases as in Fig. 1 are described using the norm N defined in (123).
The behavior for small = is in precise agreement with the linear analysis. The growth rate is a
maximum when ! = 2 and decreases as ! increases, resulting in larger recurrence periods, until
it becomes zero for | = 2v/2. When ! becomes larger than 2\/5, an oscillation due to neutral
stability is observed, as predicted by the linear analysis. When ! decreases from 2, the initial
growth rate again decreases, but complex recurrence is observed for I < V2.

Fig. 3 shows the evolution of the slowly varying envelope A for gravity waves with small
viscosity. The initial condition and the perturbation wavenumber ! are identical to those for the
cases in Fig. 1. Here, the dissipative NLS equation (65) is solved with A = 0.125. In Fig. 3a
and 3b, the values of ! lie in the instability range, and the initial behavior shows a modulational
instability despite viscous dissipation, which is in agreement with the analysis in the previous
section for small A. Compared to the corresponding cases in Fig. 1, the spikes are attenuated
at larger times for both the compléx and the simple recurrence. In Fig. 3c, the value | = 4 lies
outside the instability range.

The norm for viscous gravity waves is plotted in Fig. 4. In Fig. 4a, A = 0.125 as in Fig. 3, and
the dependence of the modulation on the perturbation wavenumber is examined. The amplitudes
of the recurrence are attenuated, as is also seen in Fig. 3, and the spikes are smoother. The value
1 = 0.05 lies within the instability range in the inviscid limit (A = 0), but shows decay in Fig. 4a.
The effect of X is illustrated in Fig. 4b with | = 2 fixed. As A becomes larger, the amplitude
and period of recurrence decrease; when A = 0.5, we observe monotonic decay. Fig. 4¢ shows
the effect of the disturbance amplitude b when ! = 2. For small time the growth rate does not
demonstrate amplitude dependence, whereas for larger time the recurrence period increases as

b decreases. Other calculations for neutral stability (e.g., ! = 4) show that the modulational
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behavior is hardly affected by changes in b and is almost exclusively dependent on [, as expected
from the linear analysis.

For capillary-gravity waves with surfactants, the dissipative NLS equation is given by (104).
The coefficient for the dissipation term is independent of the surface tension T, and the coefficients
for the dispersion and nonlinear terms depend only on T. The term that corresponds to the
frequency change in the coeflicient for the dissipation term can be absorbed in the carrier wave
and does not contribute to the magnitude of the envelope wave. The qualitative behavior of the
modulation is then expected to be identical to that for the gravity waves when T is outside of
the range (149), for the so-called self-focussing type of NLS equation. When T is in the range
(149), equation (104) is of the defocussing type. In this case, the long-time modulation exhibits
quite different features from the simple oscillation with constant amplitude and frequency found
for neutral stability of the self-focussing type. A discussion of self-focussing and defocussing NLS
equations was given by Peregrine (1983).

Fig. 5 shows the evolution of inviscid capillary-gravity waves (x = A = 0). The perturbation
wavenumber is chosen a8 [ = 2, and four different values of surface tension are considered. For
pure gravity waves (T = 0), the maximum growth rate and simple recurrence are observed as
in Fig. 3. For pure capillary waves (T' = 1), [ = 2 lies outside of the instability region, as can
be deduced from (148); thus, an oscillation is observed with constant amplitude and frequency.
For T = 0.1, | = 2 is closer to the lower bound of the instability region { = 0, and so complex
recurrence occurs. The value T = 0.3 lies between 1 — /3/2 and 1/3, and the modulation
shows initial neutral stability, as predicted by the analysis. However, for large time an additional
periodic behavior is observed. The large-scale period increases as [ decreases, as can be seen in
Fig. 6a, where | = 1 while the other parameters remain unchanged (T = 0.3 and x = A = 0). The
corresponding profile for amplitude evolution is given in Fig. 6b. Initially, the behavior is similar
to that for neutral stability, but the amplitude then gradually decreases and the frequency starts
to change until the initial envelope disintegrates at about r = 30; still later, the original form

of the envelope is almost completely recovered, near r = 60. Therefore, this phenomenon can
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be referred to as recurrence, of a small-amplitude type different from the recurrence related to
Benjamin-Feir instability.

In Fig. 7, we examine the effect of dissipation due to viscosity and a surfactant; A = 0.125,
x = V2, and | = 1/VB. The perturbation wavenumber corresponds to the maximum growth rate
/8 for inviscid pure capillary waves. The norm for the case T = 1 grows to a maximum at twice
its initial value near r = 50 (Fig. 7a). When T = 0.1, the instability with complex recurrence is
observed despite viscous dissipation, whereas for T slightly smaller than 1 — v/3/2 (T = 0.1339),
the complex recurrence is suppressed by dissipation, and monotonic decay is observed. For
T = 0.3, a disintegration of the wave envelope is obvious even with viscous damping, as can be
seen clearly in the corresponding evolution profile in Fig. 7b. From Fig. 7, we can also deduce
that the period of the disintegration-recovery has increased from that in Fig. 6 because a smaller
{ has been considered.

In all the calculations above, the initial condition used is (152), which corresponds to a
symmetric amplitude modulation. We now consider more general modulations by using (121)
instead, with B,(0) and B2(0) not necessarily equal and real as in (152). For simplicity, the
results for inviscid gravity waves are presented in Fig. 8. Only the dominant fundamental and
the sideband modes are plotted. In all the cases considered, the wavenumber perturbation is
{ = 2, so that all exhibit an initial Benjamin-Feir instability followed by simple recurrence. In
Fig. 8a, the given initial condition is identical to that in Fig. 1a and b, and so the results are
identical. In Fig. 8b, it is obvious that the phase difference changes the modulational behavior
significantly, including the recurrence period. Fig. 8¢ shows the effect of diﬂ'eren.t initial sideband
amplitudes, here showing an increase in the recurrence period with a decrease in amplitude. In
Fig. 8¢, only one of tlLe sideband modes is present initially, but subsequent evolution shows that
the other mode is automatically excited to produce the Benjamin-Feir instability. The initially
different sideband amplitudes in Fig. 8c become nearly identical, as predicted by Stiassnie &

Kroszynski (1982), but they recover their difference periodically in the subsequent recurrence.
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7 Concluding remarks

The methods of multiple scales and matched asymptotic expansions have been used in a
formal derivation of evolution equations for weakly nonlinear viscous water waves. The result is
the nonlinear Schrodinger equation with an additional linear dissipation term. For both gravity
waves and capillary-gravity waves with an insoluble surfactant, the largest terms in the damping
coeflicients are identical to classical linear results. For capillary-gravity waves, nonuniformities
are observed despite dissipation due to the surfactant. Near the second-harmonic resonance,
a modified set of evolution equations is obtained, which are matched asymptotically with the
nonresonant results. For pure capillary waves, a rescaling of the long-scale free-surface elevation
is required in the presence of surfactants.

The derived evolution equations are solved analytically and computationally to examine the
modulation of infinite wavetrains with sideband disturbances of the Benjamin-Feir type. The
linear analysis shows that in the presence of dissipation the modulation, described by modified
Bessel functions of complex order, has the same initial behavior as the inviscid case but eventually
decays to zero. In the inviscid limit, the instability condition obtained originally by Benjamin
& Feir (1967) is recovered for gravity waves, whereas a stable range of Weber number is found
for capillary-gravity waves, which agrees with that obtained by Djordjevic & Redekopp (1977).
In this range, spectral computations show a new type of recurrence not directly related to the

Benjamin-Feir instability.
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LIST OF FIGURES

Figure 1. Evolution of modulations for inviscid gravity waves (A = 0) when the amplitude per-
turbation b is 0.1: a) { = 1, b) I = 1 Fourier space, ¢) | = 2, d) | = 2 Fourier space, e) | = 4, )

{ = 4 Fourier space.

Figure 2. Evolution of modulations for gravity waves expressed by N(r)/N(0) for I =1
(---)hi=2(—)1=2v2(--),and I =4 (— - —).

Figure 3. Evolution of modulations for gravity waves with small viscosity (A = 0.125): a)

I=1,b){=2,¢c)l=4.

Figure 4. Evolution of modulations for gravity waves when: a) A = 0.125 and b = 0.1 are

fixed, and the perturbation wavenumber varies for [ = 0.05 (------ Wi=1(----),1=2(—)
and l =4 (— - —) b) [ =2and b = 0.1 are fixed, and the viscous dissipation varies for A = 0
(——), A=0125(----),A=025(— - —),A=05(---),and A=1(—-—)c)l=2and

A = 0.125 are fixed, and the amplitude perturbation varies for b = 0.01 (———), 4=10.1 (-- - -),
b=02(— -—),and 6=03 (------ ).

Figure 5. Evolution of modulations for inviscid capillary-gravity waves (A = x = () when
the perturbation wavenumber / = 2 and the Weber number is chosen as T =0 (———), T = 0.1

(----),T=03(—-—),andT=1(----").

Figure 6. Evolution of modulations for inviscid capillary-gravity waves (A = x = 0) when
the perturbation wavenumber ! is 1 and the Weber number T is 0.3 expressed by: a) N(r)/N(0)
b) [A(€, )]

Figure 7. Evolution of modulations for capillary-gravity waves in the presence of viscosity




(A = 0.125) and surfactant (x = V/2) when the perturbation wavenumber ! = 1/v6 and the
Weber number is chosen as: a) T =01 (——), T =0.1339 (----), T =03 (— - ——),. and
T=1(--- )b) T =023

Figure 8. Evolution of dominant Fourier modes (n = 0 and +1) for inviscid gravity waves
when [ = 2. The initial sideband amplitudes are represented by: a) B, = 0.05 and B; = 0.05, b)
B; =0.05 and B; = 0.051%, ¢) B; = 0.05 and B; = 0.
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