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Abstract. The paper addresses the performance of square elements of type

Q(p) and Q‘(p). (The Q(p) resp. Q’(p) are elements of degree p analo-
gous to the well known 9 and 8 noded elements for p = 2.) The performance is
analyzed theoretically for the class of analytic functions. Numerical experi-
ments confirm the conclusions drawn from the theory. The computational com-
plexity of a solution algorithm is studied using timings of the computation on
an Alliant FX/8 computer. The data show that high order elements are

preferable.

1. Introduction.

The difference between the performance of the 8 noded and 9 noded quadri-
lateral element has been directly and indirectly addressed in various contexts
in the literature. The 8 noded element is sometimes called the serendipity
element. In the mathematical literature [1] the 9 noded element is denoted as
the Q(2) element while the 8 noded element is denoted as the Q‘(2) element.
Analogously, we can define elements Q(p) and Q’(p) for the general degree
p =2 2. As we will see in Section 2, the Q’(p) element is the element with
minimal number of internal shape functions, while in Q(p) additional inter-
nal shapes are present. Of course, in general we can have less or more inter-
nal shape functions, in principle up to an infinite number of them. A natural
question arises about optimal selection of the number of internal shape func-
tions. This question is especially important in the context of the h-p ver-
sion of the finite element method and its adaptive features.

The performance of the Q(p) and Q‘(p) elements (and others, which
differ by the number of the internal shape functions) can be compared from
various points of view. In [2], [3] we addressed in detail the differences

among various aspects of implementation on parallel computers. In [2], [4] we




addressed the question of the performance of 1terative procedures. Here, in
this paper we will be interested primarily in the question of the approxima-
tion properties (in the Hl-seminorm) of the Q(p) and Q'(p) elements and
their computational effectivity for achleving prescribed accuracy.

The questlon of which element is preferable cannot be answered in general
(see Section 8). This question can be addressed only in relation to a class
of functions to be approximated. This class has to be adequate to the prob-
lems solved in practice. In this paper we consider the class of analytic
functions. This class is very natural for static structural mechanics prob-
lems where the solutlions satisfy an elliptic differential equation with piece-
wise analytic right hand side and boundary conditions on a domain Q with
piecewise analytic boundary. The performance of the Q(p) and Q'(p) ele-
ments will be related to distance of the element to the boundary of the ana-
lyticity domain of the approximated function.

Ubviously the Q‘(p) element has a smaller number of the shape func-
tions. Hence, we can ask what is the smallest number H > 1 such that the
Q' (Hp) element yields a better approximation than the Q(p) element for a
particular approximated function (or class of functions). The number H can
be used as a natural comparison index. We can use this index together with
some other complexity indicator to assess the computational performance. For
example in [2], [3] we have used the value ¥ = v2 when we analyzed the com-
plexity of parallel computations.

In this paper we will present a theoretical upper estimate for the index
X when the approximation is measured in the Hl-seminorm. Further, we will
present the results of various numerical experiments on a model example. In
additions, some comparisons between quadrilateral and triangular elements will

be given, as well the relation between the mesh sizes and the degree of ele-




ments leading to the minimal computational cost for a given requested

accuracy.

2. The Q(p) and Q‘(p) elements.

Denote by S = {Ix| < 1/2, |yl < 1/2} the unit square and by T,, i =

4
1,2,3,4 1its sides, as indicated in Figure 2.1; let I''= U l‘i = 8Q

- 1=1
by
r
N, 2 N,
I‘3 I-‘1
~ X
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Figure 2.1. Scheme of the square domain.

In contrast to [1], we define the spaces Q(p) and Q’(p) via listing
the nodal, side and-internal shape functions as introduced in [S].

a) The Q(p) elements. Here we define

a) the nodal shape functions associated with the nodes Ni:

N1 : ¢1(x,y) = (172 + x)(1/72 + y),

Nz : ¢2(x.y) = (172 -x)(1/72 +vy),
(2.1)

N3 : ¢3(x.y) = (1/2 +x)(1/2 - y),

N4 : ¢4(x,y) = (1/2 -x)(1/72 - y).




b) the side shape functions associated with the sides Fi:

rl : wl.J(x.y) = PJ(y)(1/2-+x), J=23,...,p,

T, : v, .(x,y) =P (x)(1/2+y), J=2,3,...,p,
(2.2) 2 2.J J

F3 : ¢3'J(x.y) = PJ(y)(llz-x). J=2,3,...,p

F4 : w4.J(x.y) = PJ(x)(I/Z-y). J=2,3,...,p.

Here Pj(x) is a polynomial of degree J such that Py(tl/Z) = 0.

Specifically we use, PJ(x) = / gi:l LJ_I(t)dt. J=2,2,...,p where
' -1

Lj(t) is the Legendre polynomial of degree J. For more see e.g., [5].

c) The internal shape functions for the Q(p) element:

(2.3) Py J(x.y) = Pi(X) P .(y) 1,J=2,...,p.

J

The space of the Q(p) elements is the span of its nodal, side and internal

shape functions.

B) The Q’(p) elements. Here the nodal and side shape functions are

the same as in the family Q(p) 1i.e., they are given by (2.1) and (2.2).

¢’) The internal shape functions for the Q’(p) element:
pi.J(x.y) = Pi(x) PJ(y). 1,J, 22, 1i+) s p.

The space of the Q‘(p) elements is the span of its nodal, side and shape
functions.

The Q(p) and Q‘(p) elements can be described by listing all of the
monomials belonging to their space. We can visualize them in the Pascal table

of Figure 2.2.
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Figure 2.2. The Pascal table for the Q(p) element.

Every bullet in the Pascal table depicts the term nyp -J. The Q(p) element
i1s then associated with the set of the bullets in the diamond area shown in

Figure 2.2, The value of p 1s shown there too. Analogously we depict the

Pascal table for the Q’(p) element (see Figure 2.3).
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Figure 2.3. The Pascal table for the Q‘’(p) element.

The Q’(p) space is the smallest space of polynomials including the polyno-

mials of total degree p and the side functions which are polynomials of

degree p on one side and zero on the three others.




It is easy to compute the dimension of the spaces Q(p) and Q‘(p).l We

have

Dimension of Q(p) = (p+1)2

Dimension of Q‘(p) = 4 for p=1
=8 for p=2
= 4p-+£2:3152221 for pz 3

In the next section we will also employ the space Q(p,q) = Q(p.q),

with

Qlp.q) = Q“(p) @ 2(q)

2(q) = span{Pi(x) PJ(y), 0s1i,Jsq}
and

Q'(p,q) = Q"(p) @ 2(q)

2'(q) = span(Pl(x) P,ly), 0 s i+) s q}

J

where Q“(p) 1is the span of the nodal and side functions only. We have
Q(p,p) = Q(p) and Q'(p,p) = Q’(p). The spaces 2(q) and 2’(q) consist
only of internal shape functions.

We also introduce
Qp,») = Q"(p) & Ho(S) = Q'(p,)

where Hé(S) is the standard Sobolev space with zero traces on T.

3. The model problem.

let x+ily=2ze€eC, 2z, . = %(1+1). a>1 and

0
(a) 1 1 1 1
(3.1) W (z) = + - + .
° az-(:wzo)2 a20(z+20)2 [az-l a2+1]

The function w(a)

o (z) 1s a holomorphic function of the complex variable =z




onS = {|x| < 1/2, |yl < 1/2}. Denote

(a) (a)
o ° Yo

= Imw H

(3.2) uéa) = Re w (‘)a)

and are harmonic on S.

then uéa)

véa)

Let HI(S) be the real (or complex) Sobolev space. For u,v € HI(S)

let
(3.3) [u,v] = I (Vu - Uv) dxdy
S
(3.4) lul? = j Ivul? dxdy
S

be the scalar product and seminorm in HI(S). From the Cauchy-Riemann condi-

tion we have

Iuéa)I - IVéa)l

and
(a),2 (a),2 (a),2
(3.5) Iw0 = = Iu0 |1“ + Ivo 1=,
Let us consider the Neumann problem for the Laplace equation on S

(3.6) -4u = 0 on S

du
(3.7) = on T

where g 1s such that the solution of (3.6) and (3.7) is uéa).

Because the

solution u of (3.6) and (3.7) is determired up to a constant, we will assume

(a)

that u(-1/2, 1/2) = u (=172, 1/2). Note that we are interested in the

(o]
seminorm |+|, and hence this constant is not essential.
lal (a)
For any a > 1, Dauéa) =8 _ U € HI(S) for any multindex
axal ayaz
a= (ai.az) a, = o, @, z 0, integers, |a| = a, + a,. Nevertheless as
a—1, lDau(a)I-—)w and hence uéa) becomes less smooth as a decreases.

The function uéa) is analytic on S§ and its analyticity domain is Q =




Rz\(z = ta-—zo, 213-—20}. This function is a typical representative of the
solutions of elliptic PDE problems in two dimensions. In practice such solu-
tions are analytic with singularities only at a finite number of points on the
boundary of the domain, e.g., where the boundary has corner or the boundary
condition type is changing.

We will be interested in the performance of the finite element method for

éa) and the mesh con-

solving (3.6) and (3.7) where the exact solution is u
sists of squares with sides of length % (i.e., S 1is divided into 82

squares).

Let
Q’(p) = {u € Q(p)] u 1is harmonic polynomial}.

Obviously we have

(3.9) Q(p,=) > Q(p)
(3.10) Q’'(p) > G’(p).
We denote by u'®@(p),), uP@m.0, k.., @ @),

the finite element solution of (3.6) (3.7) using the respective Q(p) and
Q’'(p) element etc. on the mesh consisting by tz squares. The finite element

éa) on the ret of finite element functions.

solution is the projection of u

We will impose the constraint at (-1/2, 1/2) that the finite element solution

(a)
0

colncides with the exact solution u to get uniqueness. This constraint

does not influence the seminorm |-}.
Denote

1 - u{* ), 001

0
(a)
0

2,0 =

{u

and analogously 7'2)(Q’(p),8) 2®'@(p,»).8), 2@ (a(p).2). For any a >




1 we have

(a) (a)

22 @), s 2@ @E).0 s @@, s 2@ .0
and
2@V @ 2p).0) s o)
Let
(a) (a),., (a)
(3.11) 7 (p,t) =inf{le, o> 1| v "(Qp),8) =9 7 (Q(p),8)}

(a)

The index # "~ "(p,¢) 1is a good characterization of the performance of the

Q(p) and Q‘(p) elements relative to the function u(a)

0 (and mesh composed

by tz elements)
Let us further define

(a)

3.12) 7@V, 0) = 1nf (o, o>1 | 2@ (@ (ep).O) s 2®)(Q(p,w), 0}

(a) (a) (a)

Obviously 7 " "(p,2) 2 ® " "(p,2) and hence 7 " "(p,l) 1is an upper bound for

R(a)(p.l).

If ¢ =1 we often will not write the index ¢. For example, we will

write n(a)(Q(p)) instead 'n(a)(Q(p).l). I(a)(p) instead J(a)(p.l). etc.
4. Asymptotic estimate of J®)(p), ¢ = 1.
Let
@1 wp) = 1ns la{®) - ul s 1) {1=1,....4
weP, (p) H (r;)

Here Pl(p) is the set of all polynomials on l‘i. 1 =1,2,3,4, of degree

p. By |-| /2 = inf lel, Ai(v)'(ﬁli is harmonic on S and
H°(ry) veA (p)

¥y =¢ on l"i) we denote the standard Hl/z(r } seminorm of the traces on

i




Pi. Then by the extension theorem we have

(2.2) 227 @Q(p.)) = max [uia)(p)]= L@ (.
1sis4 :

Further we have

(a)

@) = ing 1wy

(4.3) |%“m :
weQ (p)

where ﬁc(p) is the space of all complex polynomials of degree = p.

Now we apply the classical theory of approximation of functions in

complex domain [6]. First we will consider the approximation on Fi. To this
end let

I ={z=x+1y, x| s1/72, y=0}cC
and

nI= {zeC, z¢l}

The function

1
g
maps the 7 = {{ | || > 1}, 1l.e., the outside of the unit circle in the

{-plane) onto QI.

(4.4) ¢m)=%m+). C=€+ in

Let ¢(z) be a holomorphic function in a domain D c €, I <¢ D and
p(z) 1is real for z € I. Define &(Z) = p(¢(L)). Then ¢(g) 1is a

holomorphic function in an annulus

T = {€ 1 1 < IZl <R}

for certain R which depends on the domain of analyticity D of the function
®. We assume that Zh is the largest possible annulus, i.e., ¢&(g) 1is not
holomorphic in the annulus ZR"__ for any € > 0.

From (6] §5.2, Theorem 3, we have for any ¢ >0 and k = 0,1

10




172
(4.5) ¢, () ®R+e)P 5 inf [[ lw(k)-wlzdx] s C,(e) (R-e) P
weP® (p) I

where ?c(p) is the set of all complex polynomials on I of degree = p and
C,(e), C,(c) are constants independent of p.
Using the standard interpolation theory in Banach spaces [7] we get from

(4.5)

(4.6) cltc)(R+e)'p s inf g~ S cz(c)(R—e)'p
weP® (p) H3(1)

Here |y(x,y)] We note that if ¢(x) 1is real

= |y(x, y+1/2)| .
13 (1) Hllz(rh)

on I then we can replace in (4.5) the space ?c(p) of complex polynomials
by the space P(p) of real polynomials.

For 1 =1 Ilet

"1(2) = wl(x+iy) = %-[w(x+1y) + w(l-x+iy)i,

then wl(z) is a holomorphic function in a domain ﬂ1 cC, r1 cD and

"1(2) = uo(z) for z € rl. Analogously we define "1(2) , 1 =2,3,4. Ve

use now (4.6) for the functions "1(2) instead of ¢(2).

Relation (4.6) now leads in our particular case immediately to the

estimate

(4.7) @ ®RMVee)P 2 ¥ ) s c (3 rM)-e)P
where

(4.8) R = min 11g,1,18,11

with

¢(§1) = (a-1) + 172

1
¢(C2) =5+ i(a-1)
Then we get from (4.2) and (4.7)

(4.9) 1@ p) 2 cle) RV ey P

11




Because for large & we have

(4.10) $(8) = 3¢

we get for large a

(4.11) " @p,e)) 2 ¢ (c)(4a+ )P

We will now consider the estimate for n(a)(ﬁ'(p)). By the same argument
as above let y({) denote the conformal mapping of the outside of the unit
circle 7 onto the outside of S. Using the Schwarz Christoffel formula (see
[81,(9]) we get with z, = Vizo. 1zl =1

- ig)vz(gz . ig)uz

c2

(4.12) g—z = y(L) = ¢

with c = 0.591 obtained by numerical integration. The function (L) now

plays the same role as the function ¢(g) in (4.4).

Let
(4.13) R?) = nin IC(1)I
1si=<4
where
W(C(l)) =a+z
W(C(Z)) = -3 + Z

w@®) = 1a + z

¢(((4)) -ia + zZ,

Then we get analogously as before
(4.14) | " @e) s c (r?P-0)P.
Because for large & we have

v(g) = 0.591 ¢

12




we get for large a

1

(@15 @) s c e)30.59a- ) 2 e)(1.692a - )P

Remark 4.1. From the Lindeldf principle, we always have R(l) > R(Z).

From (4.11), (4.15), énd (3.12) we see that for large a,
(4.16) @) sp
where

Bp
(1.692a) Ci(e)

(a)

and hence for large a and p we get B = 1 and hence 5150 R = 1.

On the other hand it is easy to see that for small a, R(l) -1=

172 (2)

0((a~-1) ) and R “'-1 = 0((a-1)2/3). Hence for small a B— o and we can

expect that with decreasing a, H will grow. Of course always H = 2.

S. Numerical examples. Performance of the Q{p) and Q‘(p) elements in the

p~-version - ¢ =1,

(a) (a)

In Figure 5.1 we show the graphs of 7 " (Q(p)) and 7% "' (Q'(p)) as

functions of a and p 1in the scale lg'n(a) x p. This scale is assoclated

(@) (R(a))"P in which case we would get a

straight line. In Table 5.1 we give the values of R(i). 1=1,2, with

(a) (2)

with the expected behavior 17

2@, RY)P from (4.8) and with 2@ (@) = R@H P from

(4.13).

13

S




100 .
50
‘*o.,_{
2 RIS WL
%&&:l‘a: 1.10 °
10 =Rl
a=1.05 %
| ~__(La= 1.10
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Figure 5.1. Performance of the Q(p) and Q‘(p) elements for various a.

Table 5.1. The rates RY), 1 =1,2

(1) (2)

a R R

1.05 | 1.39 | 1.13
1.10 | 1.60 | 1.25
1.50 | 2.81 | 1.86
2.00 | 3.97 | 2.38

14




In Figure 5.1 we also show theoretical slopes for n(a)(Q(p,w)) and

n(a)(ﬁ’(p)) which are expected approximations of the rates of 'n(a)(Q(p))

and n(a)(Q’(p)) respectively. We see that in fact the theoretical slope of

(a)(Q(p)) (but is slightly larger) and

(a)

’n(a)(Q(p.w)) is close to the one of 19

the slope of n(a)(Q'(p)) is slightly larger than that of 7 - (§’(p)) as

should be expected.

100 “P‘ ‘#
3 S~ -
60 \t\ + Q‘\
\:c ‘MQ\ »—xQ (p)
N \x X Q o--0Q' (p)
;5 N ¥>b
CH N |y | a=105
5 20 \x L
£ NR
| Q o
\ o \’
‘ 2
Z‘ 10
Q
m \
6
! 4 ;X(

2 3 4 6 810 14
Degree p

Figure 5.2a. Comparison of the performance of the Q(p) and Q’(p)

elements for a = 1.05.

Figure 5.2a shows the error n(a)(Q(p)) and n(a)(Q’(p)) ona 1gmn x

1gp scale for a = 1.05. We see that the curves are nearly parallel and
2@ @ pep))) = 2 @ip))

where for small p, o(p) = 1.8 and for larger p, o(p) = 1.4. Figure 5.2b

shows the analogous graphs for a = 2.0. Here we see 1.3 < ¢(p) < 1.6. This

15




indicates, as the analyses support, that ¢ decreases as a increases,

i.e., as the smoothness of the solution increases.

100 ‘
.\ '
10 . ‘
< \:. --?\\ ; HQ(p)
: Y o0 Q'(
E 1 \x g?‘\‘[ QI p)
aa l \I
= : \] $~1>‘
§ a=2.0 \ -\‘
S 01 - -
k LT
£ 001 ‘\ &
)
\L | 13
0.001 X
3

2 3 4 56 789 1113
Degree p

Figure 5.2b. Comparison of the performance of the Q(p) and Q‘(p)

elements for a = 2.

We have seen that the difference among the spaces Q(p). Q‘(p), Q(p.q),

Q’(p,q) differ only in the different number of internal shape functions. 1In

(a)(Q,

Figure 5.3a,b we show the error n(a)(Q(p.q)) and 17 (p.q)) for gq

o el
.E 50 ‘T »—xQ (p, q@)
3 3 y| o—oQ'(p,q)
:‘ [
5 40 ..| ! J|
NGNS
g 30 \ R
20 1 ™

T
5 6 78 910111213

—q-——’

[

3 4

Figure 5.3a. Influence of the internal shape functions on the accuracy

for a=1.1 and p=S5, for the Q(p) and Q'(p) elements.
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increasing, p=5,7 and a=1.1. The value p = q 1is marked in the
figure. This value is almost optimal for the Q element but is far from the
optimal for the Q' element. As a— ® the influence of the internal shape

functions decreases.

Relative error n® in %

10

i i i T
2 3456 78 9101112

e R

..—q——b
Figure 5.3b. Influence of the internal shape functions on the accuracy

for a=1.1 and p=7 for the Q(p) and Q‘(p) elements.

6. Performance of the Q(p) and Q’(p) elements in the h-p version - £ > 1.

In Section 5 we analyzed the case when ¢ = 1, i.e., the domain S on
which the problem (3.6)-(3.7) has been solved was not partitioned. Let us
assume now that £ > 1, f.e., S 1is divided into tz squares. We can now
expect that the error can be essentially estimated element by element. It

has been seen that the approximation was governed in the case ¢ =1 by the

parameter a with a-1 being the ratio of the distance of the singularity to

the boundary and size of the element. (Note that S 1is unit square.) Denote

by n(a)(t) the error when ¢2 elements are used. Then for ¢ not too large,

17




the error is governed by the "worst" element, i.e., the one closest to the

singularity. Then we can approximately expect

(a)(t) we denote the relative error when lz elements are used.

(a)

where by 17
In Figure 6.1a,b we show the error n(a)(Q(p).t) and n " (Q'(p),8) for
a=1.05. In addition, we show in the figure the error n(a)(Q(p).l) for

a® (a-1) + 1. We see that (6.1) nearly holds. For other values of a the

results are similar.

100
50
N~
\ Element Q
20 _ N
\ N el TN

R ¥ R \\ \\4>a=11° a=1.05
AN =
2 2 i \\\ 1\\*\\
[— \‘\A ‘\\
E 1 1 q“\ \ \“\
ARAN NN #
2 05 — i r=2_
_T-a' \‘ a= 1.05
& 3
0.2 { 4—
IRV AT
0.1 i x /=8 a= 1.05
! \ W\ a=1.05
[ 3 3 N
0.05 1 /=167
7=32 Ya=105] /=1
00zl2= 108 il a= 15
. /=1
ﬁ} a= 2.0
2 4 6 8 10 12 14
Degree p |

Figure 6.1a. Comparison of the performance of the Q(p) element for

different a and ¢ leading approximately to the same accuracy.
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Figure 6.1b. Comparison of the performance of the Q‘'(p) element
for different a and ¢ leading to approximately the same accuracy.

In Figure 6.2 we show n(a)

(Q(p.q),¢) for a=1.1, p=5 and various
q and {. The values 'n(a)(Q(p).l) = n(a)(Q(p.p),t) are marked. We see that

for & > 1 the character does not change.
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Figure 6.2. Performance of the Q(p,q) element for a =1.1 and p =35.

7. Comparison of the performance of the triangular elements and Q(p)

elements.

So far we have discussed square elements. Analogously, the triangular

elements of degree p can be constructed (see [5]). Here the space T(p)

the triangular element consists of all polynomials of degree = p.

Let us consider once more a square element. Dividing it into two

of

triangles by the diagonal and using T(p) elements we can understand this as

a composite element which has the same degrees of freedom as the element

Q(p).
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We can also enrich the space T(p) by internal functions as in the case
of square elements. The analysis of the kind we have made in Section 4 can
here be used, too.

Based on this analysis we can expect that the performance of the Q(p)
element is better than of T(p) and the performance of Q(p) improves with
increasing p and the smoothness of the approximated function. These
conclusions are in agreement with numerical tests. In Figure 7.1 we show

(a)

n(a)(T(p),t) and 7 "'(Q(p),8) for a = 1.05 and various p and ¢
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Figure 7.1. Comparison of the performance

of the square and triangular element.
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8. Additional considerations.

It is obvious that in general it is impossible to prefer either element
Q(p) or Q‘(p). The preference depends strongly on the class of solutions
under consideration. To lllustrate this let us be interested for simplicity
in the best approximations of u on S 1in the Lz-norm instead of the HI(S)
seminorm, i.e., let us consider

inf j (ug~w)? dxdy
S

where the infimum is taken over all functions of Q(p) resp. Q’(p). In this

case we will consider shape functions of the form Li(x)-LJ(y) where L, (x)

J
is the normalized Legendre polynomial of degree Jj . Then we can write
-]
(8.1) uy = Z oy gLy (IL,x)
i,J)=1
and
(8.2) inf [ (u.~w)? dxdy = Z c?
weQ(p) 0 1
S 1,0
(8.3) inf I(u )2 dxdy = Z 2
weQ’ (p) 0 1
S 1+>p

In Figure 8.1 we depict the pairs (i,J) in the upper quarter plane by
bullets; then the error of Q(p) resp. Q‘(p) 1is the sum of the squares of
all coefficients c1J associated with the bullets outside the square resp.
triangle shown in Figure 8.1. Hence the performance of the element depends on
the distribution of c1J for the approximated functions resp. class of
functions under consideration. If for small (i,J) the coefficlients are

decaying slowly and are approximately of the same magnitude then the
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Figure 8.1. Schematic comparison of the Q(p) and Q’(p) element.

coefficlient M introduced in (3.11) will have approximately the value V2.
We have roughly seen this in our numerical experiments with a = 1.0S.

We remark that it 1is easy to introduce a class of functions for which
elther Q(p) or Q’(p) elements are preferable for this class.

Although we addressed for simplicity the Lz-norm, the same conclusions

are the same for the Hl-seminorm.

9. Optimal relation between p and ¢.

The optimal relation between p and ¢ can be based on various
criteria. In Figure 9.1 we show the relation between the number of degrees of
freedom for which n(a)(Q(p).l) = ¢, a=1.05, for various p and €. With
this criterion, we see that use of higher p is preferable.

In general, of course, cost 1s not proportional to the number of degrees
N. We can also determine optimality in terms of the computational complexity
(cost) needed to solve the problem (3.6) (3.7) with an accuracy e. To
address thls question, we examine the CPU times required to achieve a

specified accuracy for the implementation of a finite element solver described
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Figure 9.1. Number of degrees of freedom leading to the same

accuracy for the element Q(p,¢).

in [3]. The algorithm used treats the unknowns associated with internal shape

functions in a manner akin to domain decomposition, in which these unknowns

are decoupled from the system using static condensation. The resulting global

interface problem is then solved iteratively using a preconditioned conjugate

gradient algorfthn. with the preconditioner derived from the portion of the

global stiffness matrix assoclated with the nodal points, L.e., p = 1. See

{4] for an analysis of this preconditioner. The implementation was made on an

eight processor Alliant FX/8 parallel computer, with optinns to run on fewer
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than eight processors also avallable. Further details about the algorithm and
its implementation, as well as a detalled study of performance character-
istics, can be found in [3].

Our concern is the cost, in CPU time, required to achieve a specified
accuracy. The computations reported here correspond to choosing values of ¢
and p that produce a given accuracy and then solving the model problem
(3.6)-(3.7) with zero right hand side. In all cases, the conjugate gradient
iteration started with a random initial guess with entries between O and 1,
and the stopping criterion was that the relative error in the energy norm be
less than 0.5 x 10-3. (This is smaller than accuracy considered.) All
computations were performed using double precision FORTRAN.

Table 9.1 shows the CPU time in seconds on one processor for various ¢

that produces solution with accuracy of order 5% 1in the finite element

solution for a = 1.05. Both Q(p) and Q‘(p) elements are considered.

Table 9.1. CPU times for various combinations of & and p to achieve

approximately 5% accuracy for a = 1.0S.

Q(p) Q' (p)
L] p Error % | time L p | Error % | time
1 13 5.8 1.16 2 14 7.0 2.35
2 9 5.1 1.41 4 10 4.5 3.26
2 10 3.0 1.96 8 7 3.5 S.00
4 6 5.8 1.75 16 4 5.0 6.58
4 7 2.4 2.58
8 4 5.8 2.58
8 S 1.6 4.14
16 3 3.2 5.73

Table 9.2 shows the analogous timings required for accuracy of order 0.1%.
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Table 9.2 CPU times for various combinations of ¢ and p to achieve

approximately 0.1% accuracy for a = 1.05.

Q(p) Q' (p)
Ll p Error % time ¢ p | Error % time
4 13 0.12 17.87 4 14 0.09 8.96
8 0.16 14.68 8 9 0.10 9.33
8 9 0.04 21.07 16 6 0.09 13.92
16 6 0.06 26.10

We see that for a = 1.05 for both 5% accuracy and 0.1% accuracy the lowest
cost occurs for smallest ¢ and large p. This 1s still more pronounced for
a larger. For 5% accuracy the Q(p) element is less expensive than the
Q’(p) element. In contrast the Q‘’(p) element was less expensive when 0.1%
accuracy ls required. This is consistent with the results of the analysis
made in Section 4.

As discussed in [3] many factors contribute to the cost of the finite
element solver, but cost tends to be dominated by the construction and
condensation of the local stiffness matrices. For the data in Tables 9.1 and
9.2 there is one local matrix for each of lz elements. For our particular
model problems the local stiffness matrices for all elements are the same, so
that considerable saving can be achieved by using one local matrix for all the
elements. An estimate for the cost of implementing the solver this way 1is
obtained from:

time using 1 local matrix
= total time - (time for tz local matrix computations)

4+ (time for local matrix computations)/t:2
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(Here in the local matrix computation both the construction and condensation
is included.)

These timings, for S% accuracy and 0.1% accuracy, are presented in
Tables 9.3 and 9.4 respectively (for one processor computations). There is in
general a dramatic drop in the total cost required by the finite element
solver. The optimal combination is also tilted to high degrees. The
comparison between the Q(p) and Q’(p) elements is consistent with the
observations above. The Q(p) element is more efficient when low accuracy is
obtained and Q‘(p) is more efficient when high accuracy is required or the
solution is smoother. The character of the optimal combination of ¢ and p
seen here ls in agreement with the results of an analysis of a computational

model in [10].

Table 9.3. CPU times for various comblnations of 1 and p to achieve
approximately 5% accuracy for a = 1.05 and
one local stiffness matrix computation.

Q(p) Q' (p)
L] p Error % | time ] p | Error % | time
1 13 5.8 1.16 2 14 7.0 0.92
2 9 5.1 0.55 4 10 4.5 0.94
2 10 3.0 0.74 8 7 3.5 1.69
4 6 5.8 0.58 | 16 4 5.0 3.07
4 7 2.4 0.70
8 4 5.8 1.02
8 S 1.6 1.26
16 3 3.2 2.61
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Table 9.4. CPU times for various combinations of 1 and p to achieve

approximately O0.1% accuracy for a = 1.05 and
one local stiffness matrix computation.

Q(p) Q' (p)
Ll p Error % | time ] p | Error ¥ | time
4 13 0.12 2.64 -4 14 0.09 1.91
8 8 0.16 2.68 8 9 0.10 2.47
8 9 0.04 3.34 16 6 0.09 5.14
16 6 0.06 6.51

the solver used (with repeated stiffness matrix as in Table 9.1) allows a

large amount of natural parallglism in the solution process.

Finally as observed in (3] the element oriented computations required by
show the CPU times and speedups for several cholces of ¢ and p on multiple
|
|
|

processors of the Alliant FX/8 in comparison with computations reported in

‘ Table 9.1. We see typical speedups on eight processors between five and six.

Table 9.5 CPU times and speedups on multiple processors
for various combinations of £ and p that

produce approximately 57 error for a = 1.05.

In Table 9.5 we

no. of Q(p) Q’(p)
processors L]lp time |speed up| ¢ p | time [speed up
8 4 71 0.5 5.06 4 10 § 0.59 5.53
8 8 S]] 0.76 5.45 8 7 ] 0.87 5.45
8 16 31115 4.98 16 4 11.24 5.31
4 21 10 § 0.62 3.17 2114 10.71 3.31

Parallel efficlency 1s affected by such factors as the number of elements, the

amount of work required per element and the storage requirements of the local
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computations. For the data of Table 9.5, the largest speedup appear when

t = 8. This is a consequence of the fact that there is considerable overhead
for the relatively small number elements when ¢ = 4 and for the small amount
of work per element when ¢ = 16. See [3] for a detailed study of such
effects on parallel implementation.

The implementation we have used is not adaptive and hence the timing for
the prescribed accuracy is not completely realistic because this accuracy is
not known in advance. We can consider for example the p-adaptivity for
given mesh where p 1is increased adaptively. Various aspects of such

adaptive approaches will be discussed elsewhere.
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