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Abstract
On the Numerical Solution of One-Dimensional

Integral and Differential Equations

Harold Page Starr, Jr.
Yale University

1992

Many problems in mathematical physics can be formulated as one-dimensional integral
equations. Examples include problems in electrostatics, crack problems in elastic bodies,
and two-point boundary value problems for ordinary differential equations. Since most in-
tegral equations arising in applications do not have analytic solutions, there is considerable
interest in the numerical solution of these problems. Unfortunately, discretization of inte-
gral equation ads to dense systems of linear algebraic equations, and the direct solution
of a dense linear system of dimension N requires order O(N 3 ) arithmetic operations. Al-
ternatively, the solution to the linear system can be obtained using an iterative method
such as the conjugate gradient algorithm or the conjugate residual algorithm. When the
condition number of the linear system is small, the amount of work required is reduced to
O(N 2), and can be reduced further to O(N) when the iterative method is combined with
an algorithm such as the fast multipole method. However, many problems (including those
formulated as first kind integral equations) yield ill-conditioned linear systems; for these
problems, the cost of an iterative method is prohibitive, even when combined with an algo-
rithm such as the fast multipole method. Recently, wavelet-like bases have been developed
with the property that integral operators in these bases correspond to matrices which are
sparse. When the inverses of these integral operators also correspond to sparse matrices,
the Schulz method becomes highly effective and produces an O(N - log 2 N) algorithm for
solving a one-dimensional integral equation. Unfortunately, for first kind integral equations
and other problems of interest, the integral operators do not have sparse inverses in these
wavelet-like bases.

This thesis is based on the observation that one-dimensional integral operators can
be recursively decomposed into sums of products of operators of low numerical rank. A
complicated analytical apparatus is then constructed which allows for the direct solution of
an integral equation in order O(N) operations. The algorithms of this thesis permit the use
of schemes with extremely high orders of convergence, and are quite insensitive to end-point
singularities. The performance of the methods is illustrated with numerical examples.
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Chapter 1

Introduction

Many problems in mathematical physics can be formulated as one-dimensional integral
equations. From an abstract viewpoint, the advantage of the integral equation formulation is
that many properties of the solution are readily apparent; from a computational viewpoint,
there exist extremely stable, high order numerical methods for the solution of integral
equations. In addition, linear systems which arise from discretization of second kind integral
equations are generally well-conditioned. On the other hand, linear systems arising from
first kind integral equations generally have condition numbers of at least O(N), where N is
the number of points in the discretization.

Despite their advantages, integral equations are virtually never used as a numerical
tool, since their discretization leads to dense systems of linear algebraic equations, and the
solution of a dense linear system of dimension N requires order 0(N 3 ) arithmetic operations,
with N the number of nodes in the discretization. This makes the use of integral equations
extremely unattractive as a numerical tool, despite their desirable analytical properties.

In recent years, a number of algorithms has been developed for the fast application of
integral operators [4], [211, the best known of which are the particle simulation algorithms
developed by L. Greengard and V. Rokhlin. Each algorithm of this class exploits the special
structure of a particular problem by combining interpolation of the function which defines
the matrix elements with a divide-and-conquer strategy, leading to a scheme for applying
the integral operator to an arbitrary vector for a cost proportional to N (or, sometimes,
N • log N), where N is the number of elements in the discretization of the domain of the
operator.

When such a scheme is combined with a conjugate gradient type procedure for the
solution of the integral equation, the resulting algorithm requires (asymptotically) a finite
number of iterations to converge, leading to an order O(N) estimate for the solution of the
original integral equation. Unfortunately, the actual number of iterations required is very
sensitive to the conditioning of the problem being solved. In many cases of interest, this
number is prohibitive.

In [5], orthonormal bases are developed with the property that integral operators in
these bases correspond to matrices which are sparse. When their inverses also correspond
to sparse matrices, the Schulz method becomes highly effective and produces an order
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O(N log2 N) algorithm for the solution of a second kind integral equation. While, formally
speaking, the Schultz technique is an iterative one, in reality it behaves almost like a direct
algorithm, since the number of iterations it requires is proportional to the logarithm of
the condition number k of the matrix (as opposed to v/k and k for the conjugate gradient
and conjugate residual techniques, respectively). However, this method can not be used for
operators which do not have sparse inverses (for example, first kind integral operators).

In [22], a direct method was developed for the solution of second kind integral equations
resulting from two-point boundary value problems of second order ordinary differential
equations. For these problems, the integral operators can be recursively decomposed into
sums of products of operators of low rank. A somewhat involved analytical apparatus is
then constructed which allows for the direct solution of the integral equation in order O(N)
operations, with N the number of nodes on the interval.

In this thesis, we construct O(N) algorithms for the direct solution of first and second
kind integral equations. We first extend [22] to permit the fast, direct solution of two-point
boundary problems of systems of first order ordinary differential equations. We then extend
the observations of [5] to construct sparse representations of integral operators with either
weakly singular kernels or a Cauchy kernel, and extend the techniques of [22] and [29] to
apply the inverse of these operators using order O(N) arithmetic operations.

The plan of this thesis is as follows: Chapter 2 describes the algorithms for two-point
boundary value problems for systems of ordinary differential equations (this chapter has
been published previously [29]); Chapter 3 describes the algorithms for integral equations
with singularities; Chapter 4 briefly outlines some generalizations, and presents our conclu-
sions.



Chapter 2

Two-Point Boundary Value
Problems

Second kind integral equations have been a popular analytical tool in the study of ordi-
nary differential equations for nearly a century. When boundary value problems axe being
considered, the integral equations which arise are of the Fredholm type. From an abstract
viewpoint, the advantage of this formulation is that many properties of the solution are
readily apparent; from a computational viewpoint, the linear systems which arise from dis-
cretization are generally well-conditioned. An ill-behaved differential equation can often
be reduced to a perfectly tractable integral equation by means of an appropriate choice
of the "background" Green's function (see Example 2.3 in Section 2.4 b,1low). Standard
finite difference and finite element methods, on the other hand, which discretize the original
differential equation, encounter serious numerical difficulties when the solution possesses
derivatives of large magnitude (boundary layers). A second advantage is that there exist
extremely stable, high order numerical methods for the solution of second kind Fredholm
equations, while the order of convergence of most practical schemes for the solution of
ordinary differential equations tends to be limited, even if Richardson extrapolation and
deferred correction approaches are considered.

Despite all these advantages, integral equations are virtually never used as a numerical
tool for the solution of systems of two-point boundary value problems, since their discretiza-
tion leads to dense systems of linear algebraic equations, and the solution of a dense linear
system of dimension N n requires order O(N 3 

. n3 ) arithmetic operations, with N the
number of nodes in the discretization, and n the number of equations in the system. Finite
difference and finite element schemes lead to banded systems of linear algebraic equations,
and the solution of the latter requires order O(N . n3 ) arithmetic operations. This makes the
use of integral equations extremely unattractive as a numerical tool, despite their superior
analytical properties. A similar difficulty is encountered when spectral methods -re applied
to boundary value problems. They yield high order accuracy, but result in dense systems
of linear algebraic equations.

Recently, [22] presented a fast numerical algorithm for solving two-point boundary value

3
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problems for second order differential equations. By solving the problems as second kind
integral equations, one obtains the superior properties of integral equations over differential
equations. By using the technique of [221, integral equations arising from boundary value
pioblems are solved in order O(N .p2) arithmetic operations, with N the number of nodes
on the interval and p the desired order of convergence.

In this chapter, we extend the results of [22] by showing that integral equations arising
from two-point boundary value problems for systems of ordinary differential equations can
be solved in O(N - p2 . n3) arithmetic operations, with n the number of equations in the
system. We in addition present a Newton method for solving boundary value problems for
nonlinear first order systems in which each Newton iterate is the solution of a second kind
integral equation.

The plan of this chapter is as follows: in Section 2.1 we summarize both the theory
of Green's functions for first order linear systems and the theory of Newton methods for
first order nonlinear systems, in Section 2.2 we develop the analytical apparatus to be used,
and in Section 2.3 we describe the numerical schemes themselves. The performance of the
methods is illustrated in Section 2.4 with numerical examples.

The present chapter is similar to [22] in that while it is based on a sequence of fairly
simple observations, the details of the algorithm are somewhat involved. We attempt in
this chapter to present both cursory, qualitative descriptions as well as detailed, rigorous
proofs.

2.1 Mathematical Preliminaries

In this section, we summarize the relevant properties of both the boundary value problems
to be addressed and the second kind integral equations to be used for their solution. Most
of the results are classical and can be found, for example, in [11] and [13]. The rest are
straightforward generalizations to systems of ordinary differential equations of well-known
facts concerning second order boundary value problems (see, for example, [14]).

2.1.1 Notation and Definitions

Definition 2.1 A linear first order system of ordinary differential equations is an expres-
sion of the form

'(x) + p(x) . 4(X) = f(x), (2.1)
with , : [a,cl -- Rn in C'[a,c], p: [a,c] -+ L(Rn ×n) and f : [a,c] --* R ' continuous, and
L(R ' ,× n ) denoting the linear space of all linear operators R n -- R n.

Definition 2.2 If f(x) =0 , (2.1) assumes the form

'(x) + p(x) .- x) = 0, (2.2)

and is referred to as a linear homogeneous first order system of ordinary differential equa-
tions.
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Definition 2.3 A differentiable function ' : [a, c] -- R n is a solution to a linear first order
boundary value problem if it satisfies an equation of the form (2.1), subject to boundary
conditions of the form

A - 4(a) + C-(c) = -y. (2.3)

with A, C E L(Rnx"), and 7 E R'.

Definition 2.4 If-y =0 0, (2.3) becomes

A-t(a) +- C -4(c) = 0, (2.4)

and is referred to as a set of homogeneous boundary conditions.

Definitions 2.5-2.6 are the nonlinear analogues to Definitions 2.1 and 2.3.

Definition 2.5 A nonlinear first order system is defined as an expression

'(x) = F($(x),x), (2.5)

with 4D : [a,c] - R' in C'[a,c], F :Rn+l --+ R' continuous.

Definition 2.6 A differentiable function t : [a, c] --* R' is a solution to a nonlinear first
order boundary value problem if it satisfies an equation of the form (2.5), subject to boundary
conditions of the form

A -4(a) + C -t(c) =,(2.6)

with A,C E L(R-xn), -7 E R-.

Definition 2.7 A continuous function G(x,t) : [a,c] x [a,c] -- L(Rxf) is the Green's
function for a boundary value problem (2.1), (24) if
1. 8G(z,t) is continuous except at x = t,

2. G(x + 0, x) - G(x - 0, x) = I for all x E [a, c],

3. 8G(x,t) + p(x).G(x,t)= 0 for all x,t E [a,c],x t,
4. A - G(a, t) + C - G(c, t) = 0 for all t E [a, c].

Remark 2.1 Green's functions are the principal analytical tools which enable boundary
value problems to be solved as second kind integral equations. However, Green's functions
are known or computable for very few problems (2.1), (2.4). Fortunately, we can use one
of the known Green's functions when constructing the second kind integral equation for a
particular boundary value problem. When a Green's function unrelated to a problem (2.1),
(2.4) is used to convert that problem to an integral equation, we will refer to this Green's
function as a background Green's function. 0
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Definition 2.8 A function T : [a, c] -+ L(R1lXfl) is called a fundamental matrix for (2.2)
if it is nonsingular and

T'(x) + p(x) . T(x) = 0 (2.7)

for all x E [a, cl.

We define boundary condition matrices D and DN to be used in theorems in the re-
mainder of Section 2.1.

Definition 2.9 Given a fundamental solution matrix T of the system (2.2), and a pair
of matrices A,C given by (2.3), the boundary condition matrices D, DN E L(Rl n ) are
defined by the formulae

D = A. T(a) + C-T(c), (2.8)

DN = A + C. (2.9)

We define a residual mapping K and Newton iterates bk to be used in a Newton method
for nonlinear boundary value problems.

Definition 2.10 Given functions G0 ,po : [a,c] x [a,c] -- L(Rnxn), we define the residual
mapping K: R n +

1 -- Rn by the formula

K(a (x), x) = a,(x) - po(x) j Go(x, t). -a(t) dt (2.10)

-F (U Go(x, t) - a-(t) dt, x).

Definition 2.11 For any continuous ao : [a, c] --* R , we refer to the continuous functions
bk : [a, c] - R ' as Newton iterates if for each k 1, 2,...,

bk = ak+l(x) - Ok(x), (2.11)

with each continuous ok : [a, c] --* R' recursively defined via the formula

Og(ark(x), x)Oak . (ak+l(x) - ak(X)) = -K(ak(X),x), k = 0, 1,---. (2.12)

Finally, we define a transposition operator to be used in the chapter.

Definition 2.12 Given an interval [bl,b 2] c R and an operator X : L 2[bl,b 2] - L(Rnxn),
the transpose XT : (L 2[b1, b2])n -- R n of x is defined by the formula

X = ,2 X(t) - a-(t) dt, (2.13)

with a E (L 2)n.
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2.1.2 Green's Functions for First Order Systems

Theorems 2.1-2.8 provide the tools for the conversion of first order systems of differential
equations into second kind integral equations. Theorems 2.1, 2.2, 2.5 and 2.6 are well known
and can be found, for example, in [11] and [13]. The authors failed to locate the remaining
theorems in the literature.

Theorems 2.1-2.2 provide conditions for the existence and uniqueness of solutions to
(2.1), (2.4).

Theorem 2.1 For any continuous function p: [a, c] --+ L(Rnxn), the homogeneous first
order system (2.2) has exactly n linearly independent solutions.

Theorem 2.2 If the matrix D defined by (2.8) is nonsingular, then there is a unique so-
lution d to the equation (2.1) satisfying homogeneous boundary conditions (2.4). Fur-
thermore, the solution to the homogeneous equation (2.2) satisfying homogeneous boundary
conditions (2.4) is 4(x) 0.

The purpose of the following two theorems is to permit the conversion of problems
with inhomogeneous boundary conditions to those with homogeneous ones. Theorem 2.3
concerns linear problems of the form (2.1), (2.3); Theorem 2.4 concerns nonlinear problems
of the form (2.5), (2.6).

Theorem 2.3 If the boundary condition matrices D, DN defined by (2.8), (2.9) are both
nonsingular, then the solution to the problem (2.1), (2.3) is given by the formula

D(x) = i(x) + v, (2.14)

with v E R ' given by the formula

V = (A+ C) - 1 - (2.15)

and t : [a,c] - R' in C'[a,c] the solution to the first order system

+ p(x) - -(z) = f(x) - p(x) -V, (2.16)

satisfying homogeneous boundary conditions (2.4).

Proof. Since the matrix D is nonsingular, it immediately follows from Theorem 2.2 that
there exists a unique 4i satisfying the equation (2.16). Substituting (2.14) into boundary
conditions (2.3), we obtain

A -(4(a) + v) + C - (4(c) + v) =.(2.17)

Now, (2.15) is easily obtained from the combination of (2.17) and (2.4), while (2.16) is a
result of substituting (2.14) into (2.1).
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Theorem 2.4 If there exists a solution 4 : [a, c] --+ R" to the problem (2.5), (2.6), and if
the matrix DN defined by (2.9) is nonsingular, then 4' is given by the formula

40(x) = $(x) + V, (2.18)

with v E R n given by
v = (A + C)-' .- (2.19)

and ( : [a, c] -* R n E C 1 [a, c] the solution to the nonlinear boundary value problem

i'(x) = F(i + v, x) (2.20)

with homogeneous boundary conditions (2.4).

Proof. Substituting (2.18) into boundary conditions (2.6) we obtain

A. (-b(a) + v) + C - (4b(c) + v) =.(2.21)

Now, (2.19) is easily obtained from the combination of (2.21) and (2.4), while (2.20) is a
result of substituting (2.18) into (2.5).

Theorem 2.5 provides an explicit construction for the Green's function for a boundary
value problem with a known fundamental matrix T. Given a Green's function for a homoge-
neous problem (2.2), (2.4), Theorem 2.6 provides an explicit solution for the inhomogeneou3
problem (2.1), (2.4).

Theorem 2.5 If the matrix D defined by (2.8) is nonsingular, then there exists a unique
Green's function G: [a,c] x [a,c] -- L(Rn x n ) for (2.2), (2.4). G is given by the formula

G(x, t)= ~ T(x) (T-'(t) + J(t)) (t < x), (2.22)ST(x) J(t) (t >! ),

with J [a,c] -- L(R ' x n ) given by the formula

J(t) = -D - 1 . C. T(c). T-(t), (2.23)

and T [a,c]--* L(Rl ×fl) the fundamental matrix for (2.2) (see Definition 2.8).

Theorem 2.6 Given a Green's function for the problem (2.2), (2.4), the solution 4' for the
problem (2.1), (2.4) can be obtained via the formula

4'(x) = G(x, t) . f(t) dt. (2.24)

The following two theorems are two of the principal analytical tools used in this chapter.
Theorem 2.7 is used to reduce a linear boundary value problem (2.1), (2.4) to a second kind
integral equation, even when the Green's function for the problem is not available; Theorem
2.8 is used in the same fashion to reduce nonlinear boundary value problems (2.5), (2.4) to
nonlinear second kind integral equations.
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Theorem 2.7 Suppose po : [a,c] -+ L(Rnxn ) is continuous, To : [a,c] -+ L(R n xfl) is the
fundamental matrix for the equation

W(x) + pO(x) • (x) = 0, (2.25)

and Go : [a, c] x [a, c] --- L(R n ×x) is the Green's function for the boundary value problem
(2.25), (2.4). Suppose further that the matrix D defined by (2.8) and the matrix Do E
L(RT×xfl) defined by the formula

Do = A. To(a) + C. To(c), (2.26)

are both nonsingular. Then the solution 4' to the problem (2.1), (2.4) can be obtained via
the formula

(x) =j Go(x, t) . a(t) dt, (2.27)

with a : [a, c] - R n the solution to the second kind integral equation

a(x) + [p(x) - PO(x)]- j Go(x, t) . a(t) dt = f(x). (2.28)

Proof. By Theorem 2.2, if matrices D, Do are nonsingular then the problems (2.1), (2.4)
and (2.25), (2.4) have unique solutions, and therefore the background Green's function Go
is also unique, and is defined by Theorem 2.4. Now, (2.28) is obtained by substituting (2.27)
into (2.1).

Remark 2.2 If po(x) = p(x), then the solution to equation (2.28) is trivially a = f.
Our working assumption is that for some background problem (2.25), (2.4), the Green's
function is known or computable, but that for the original differential equation (2.1), (2.4)
the Green's function is unavailable. 0

Theorem 2.8 Suppose 4 : [a, c] ---+ R n is a solution to (2.5), (2.4). Suppose further that
P : [a, c] --* L(Rnx× ) is continuous, and To : [a, c] --* L(R n ×x) is a fundamental matrix for
the equation

V(x) + po(x) • (x) = 0, (2.29)

and Go : [a,c] x [a, c] -- L(Rn×x n) is the Green's function for the boundary value problem
(2.25), (2.4). Suppose finally that the matrix Do defined by the formula

Do = A . To(a) + C -To(c) (2.30)

is nonsingular. Then 4P can be obtained via the formula

4'(x) = J Go(x, t) a(t) dt, (2.31)

with a : [a, c] - Rn the solution to the second kind integral equationCo  c
a(x) - pO(x). j Go(x, t). a(t) dt = F ( Go(x, t). a(t) dt, x). (2.32)

Proof. Since Do is nonsirgular, the background Green's function Go is unique, and there-
fore 4P can be obtained from (2.31). Now, (2.32) is obtained by substituting (2.31) into
(2.5).
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2.1.3 Green's Functions for Particular Equations

Lemmas 2.1-2.4 of this section provide fundamental matrices and Green's functions for
two particular types of boundary value problems. Lemmas 2.1, 2.2 are easily verified by
substituting formulae (2.34), (2.35) into (2.7), (2.22). Similarly, Lemmas 2.3, 2.4 are verified
by substituting formulae (2.37), (2.38) into (2.7), (2.22).

Lemma 2.1 A fundamental matrix To for the equation

4'()= 0 (2.33)

is given by the formula
To(x) = In, (2.34)

with n the dimensionality of the problem (2.33), and x E [a, c] (in accordance with standard
practice, I,, denotes the unity operator Rn --) R').

Lemma 2.2 The Green's function Go corresponding to the equation (2.33) subject to bound-
ary conditions (2.4) is given by the formula

Go(z,t)= In-(A+ C)-1 C (t < x), (2.35)-(A + C)-' .C (t > x).

Lemma 2.3 For any A E R, a fundamental matrix To for the equation

'(x) + A . 4'(X) = 0 (2.36)

is given by the formula
To(x) = e- AZ- In, (2.37)

with n the dimensionality of the problem (2.36), and X E [0, 1].

Lemma 2.4 The Green's function Go corresponding to the equation (2.36) subject to bound-
ary conditions (2.4) is given by the formula

Go (x, t) = e(t - x) . In - e\ ( - ') - (A + e . C)-' . C (t < x), (2.38)oeAt - 1) - (A + e- 
. C)- 1 • C (t > x).

2.1.4 Linear Transformations for Problems with Singular Do or D,

The purpose of Theorem 2.9 is to permit the conversion of a problem (2.1), (2.3) to a
second kind integral equation (2.28). For most problems, Theorems 2.3 and 2.7 allow
such a conversion, but Theorem 2.3 cannot be used when the matrix DN defined by (2.9)
is singular, while Theorem 2.7 cannot be used when the matrix Do defined by (2.26) is
singular. We remove these obstacles in this section by providing a scheme which reduces a
problem of the form (2.1), (2.3) with singular matrices Do, DN to a problem of the same
form with nonsingular Do, DN.

Theorem 2.10 generalizes Theorem 2.9; it permits the conversion of nonlinear problems
of the form (2.5), (2.6) to nonlinear integral equations of the form (2.32).
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Remark 2.3 If only the matrix Do is singular, one can always choose a new background
Green's function Go for which Do will be nonsingular. However, we have found that for
most problems it is easier to develop a transformation of the type described in this section
than to develop an alternate background Green's function. 0

Theorem 2.9 Suppose -t : [a,c] -- R' is the unique solution to the problem (2.1), (2.4).
Suppose further that To : [a, c] -* L(Rl'fl) is a fundamental matrix for the background
equation (2.25). Suppose finally that there exists T : [a, c] -* L(R.X.) such that 'T E
C1[a,c], det T(x) 5 0 for all x E [a,c], and the matrix

Do = A - *(a) To(a) + C. 1(c) -To(c) (2.39)

is nonsingular. Then the equation

r'(x) + -1''(x) (41,(x) + p(:). F(x)) . r(x)= T-I(). f(x), (2.40)

subject to boundary conditions

A. (a). F(a) + C. - (c). F(c) = 0. (2.41)

has a unique solution r :[a, c] -- R', and

4 (X) = T(X). r(:), (2.42)

for all : E [a, c].

Proof. We immediately obtain (2.41) by substituting (2.42) into (2.4). Now, substituting
(2.42) and its derivative into (2.1), we get

V (x). rF(x) + It(z). r '(x) + p(x). -T(x). -r(x) f f(x), (2.43)

and obtain (2.40) by combining (2.43) with the fact that T(x) is nonsingular for all x E [a, c].

Remark 2.4 Clearly, the transformed problem (2.40), (2.41) satisfies the conditions of
Theorem 2.7, as Do defined by (2.39) is nonsingular. However, for many problems, the
boundary condition matrix DN defined by the formula

DN = A . T(a) + C. '1(c). (2.44)

is singular, and therefore the transformed problem fails to satisfy the conditions of Theorem
2.1 If one needs to use the results of both Theorem 2.7 and 2.3, one must choose a
transformation q, such that both D0 and DN are nonsingular.

Of course, it is easier to choose transformations T when D0 = DN. This is true when the
background Green's function is chosen to correspond to the equation ' = 0. By Lemma 2.1,
the fundamental matrix for this equation is T = I,; the equivalence for this fundamental
matrix of (2.39) and (2.44) is readily apparent. 0
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Theorem 2.10 is the nonlinear analogue of Theorem 2.9; the proofs of the two theorems
are nearly identical.

Theorem 2.10 Suppose 4 :[a, c] - R n is the unique solution to the problem (2.5), (2.4).
Suppose further that To : [a, c] --* L(R nlX) is a fundamental matrix for the background
equation (2.25). Suppose finally that there exists it : [a,c] --- L(R nXn ) such that 'P E
C1 [a,c], det T (x) $ 0 for all x E [a,c], and the matrix

Do = A 'T(a)- To(a) + C -41(c) -To(c) (2.45)

is nonsingular. Then the equation

r'(x) + $-'(x)T'(x). r'(x) = '9-'(x) . F(I(x) . r(x),x) (2.46)

subject to boundary conditions

A.(a)-r(a) + C.P(c)- r(c) = 0. (2.47)

has a unique solution r :[a, c] - R', and

(x) = (x) r(x), (2.48)

for all x E [a, c].

2.1.5 Newton's Method for Nonlinear Boundary Value Problems

Theorems 2.4, 2.8 of Section 2.1.2 reduce nonlinear boundary value problems of the form
(2.5), (2.6) to nonlinear second kind integral equations of the form (2.32). In this section,
we describe the convergence properties of the well-known Newton's method as applied to
the latter (Theorem 2.12), and reduce each step of Newton's algorithm to the solution of a
linear boundary value problem of the form (2.1), (2.4) (Theorem 2.11).

Theorem 2.11 permits each Newton iterate bk defined by (2.11) to be expressed as the
solution to a second kind integral equation.

Theorem 2.11 Suppose K : R n+1 -- R'n in Cl[a,c] defined by (2.10) is Frichet differen-
tiable at every point x E [a, c], and 4k [a, c] -- R n is defined for all k = 0, 1,... via the
formula

4k(x) = Go(x, t). Ok(t) dt, (2.49)

with ak : [a, c] -- Rn defined by (2.12), and Go [a,c x [a, cl - L(R nxf) the Green's
function for (2.25), (2.4). Then the Newton iterates k : [a, c] -- R E Co [a, c] given by
Definition 2.14 satisfy the equation

,5k(x) + Qk(X). GO(x, t) . k(t) dt = gk(x) (2.50)
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for all k = 0, 1,..., with Qk : [a, c]-* L(RXfl) defined for all k = 0, 1,... by the formula

k()= F (4k() X) -p(), (2.51)a44

and gk :[a, c] --+ L(R n Xn ) defined for all k = 0, 1,... by the formula

gk(-T) = PO(X) • 4k(X) + F(tk(X), x) - ak(x). (2.52)

Proof. (2.50) is obtained by substituting the Fr~chet derivative of the function K into
(2.12), and substituting (2.49), (2.51), (2.52) into the resulting equation.

The convergence properties of Newton's method have been thoroughly studied. Theorem
2.12 is one fundamental result, and can be found, for example, in [23] (in a slightly different
form).

Theorem 2.12 Suppose t is the unique solution to (2.5), (2.4), & is the solution to (2.32),
and b is the unique solution to (2.50) (so that the linearization (2.50) to the equation (2.32)
is nonsingular at &). Then there exists c > 0 such that for any ao : [a, c] -* R n satisfying
the condition

I1a0 - &11 <  f (2.53)

and Newton iterates ak : [a,c] --+ R n defined by (2.11),
1. ja - &1<: for all k = 1,2,...,

2. lim ak=6,
k-oo

3. ak converges to & quadratically.

2.1.6 A Lemma from Linear Algebra

Given a perturbation of the unity operator I(L2)n : (L 2 )n -- (L 2 )n, Lemma 2.5 provides its
inverse. It is normally used when the rank of the perturbation is low, is a particular case
of the Sherman-Morrison formula (see, for example, [19]), and is easy to verify directly.

Lemma 2.5 For any two vectors U, V E (L 2)nxn such that VT. U $ In,

(I(L2)n - U _ VT) - 1 = I(L2)n + U (In - VT. U)- 1 
_ VT. (2.54)

2.2 The Analytical Apparatus

In the remainder of this chapter, we assume that the solution to the problem (2.1), (2.4)
is being sought on the interval [a, c], and that b is some intermediate point (a < b < c).
The fundamental observation on which the algorithms of Section 2.3 are based is that the
solution to the integral equation (2.28) on the entire domain [a, c] can easily be constructed
from the solutions of two independent integral equations, one defined on [a, b] and one on
[b, c]. This leads naturally to a recursive algorithm, in which independent solutions on a
large number of subintervals are successively merged until the full solution is obtained. A
precise formulation of the construction and the resulting numerical scheme will require some
notation.
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2.2.1 Notation

We will denote the subintervals [a, b] and [b, c] of [a, c] by A and B, respectively. For
convenience, we write the integral equation (2.28) in the form

o(x) + A-), f Go(x, t) . a(t) dt = f(x), (2.55)

with P(x) = p(x) - p(x), and G0 : [a, c] x [a,c] -- L(R n ×xf) the background corresponding
to the equation (2.25) subject to boundary conditions (2.4).

We define the operator P : (L 2[a,c])n - (L 2[a,c])n corresponding to (2.55) by the
formula

P(a)(z) = a(X) + (x) .j Go(x, t) . a(t) dt, (2.56)

so that we have
P0 = f. (2.57)

We will require the four operators

PAA (L 2[ a , b]) n ' (L 2[ a , b]) n ,

PAB : (L2 [b, c]) n  -(L 2[a , b]) n ,

PBA (L 2[a,b])'- (L 2[b,c]) n

PBB (L 2 fb, c]) (L 2[b, c) ',

defined by the formulae

PAA(0)(x) = a(x) + (x). Go(x,t) a(t) dit, (2.58)

PAB(a)(X) = AX). Go(x, t) . a(t) dt, (2.59)

PBA(O')(X) = iK(x)". Go(x, t . a(t) dt, (2.60)

PBB(Oa)(X) = a(X) + (X). j Go(x, t) a(t) dt. (2.61)

We define the operator Q: (L 2[a, c])nxn --+ (L 2 [a, c])nxn by the expression

Q(x)(X) = x(x) + (x). Go(x, t) x(t) dt. (2.62)

We additionally require the four operators

QAA (L 2 [a, b])n, ' , (L 2 [a, b])nxn

QAB (L2[b,cI)Xn (L 2 [a,b])nxn

QBA (L 2 [a,b])n~n (L 2 [b,c])nxn

QBB (L 2[b,c])nxn (L 2[b,c])nxn,
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defined by the formulae

QAA(X)(X) = x(X) + (X).] Go(x, t), x(t) dt, (2.63)

QAB(X)(X) -- j(Z)- Go(z,t) x(t)dt, (2.64)

QBA(X)(X) = AX) fj Go(x,t). x(t)dt, (2.65)

QBB(x)(X) = x(X) + P(X). j Go(x, t) , x(t) dt. (2.66)

We also require the functions 0, VL, VR : [a, c] -- L(R"'×X) defined by the formulae

O(x) = P(x). To(x), (2.67)
VL(t) To'(t) + Jo(t), (2.68)
VR(t) = Jo(t), (2.69)

with To the fundamental matrix for equation (2.25), and Jo : [a, c] -- L(RXf) defined by
the formula

Jo(t) = -Do'. C. To(c) . To'(t), (2.70)

with the matrix Do defined by (2.26), and the matrix C given by (2.4).
Given a function f E (L 2[a, c])n, we will follow the convention of denoting its restriction

to A and B by fjA and fIB, respectively. Similarly, given a function 7P E (L 2 [a, c])nxn, we
will denote its restriction to A and B by IPJA and 0IB, respectively. Assuming that the
operators PAA, PBB are nonsingular, we define the functions 77A : A -+ R n , 77B : B -- Rn
via the formulae

7A = PjAI(fA), (2.71)
77B = PjB(f1B)" (2.72)

Similarly, assuming that the operators Q, QAA, QBB are nonsingular, we then define the
operators

X : [a,c]nXn-- L(Rnxn),
OA :AT" "-L(R7'x'),

O : BnXn L(Rnxn),

via the formulae

X = Q-'(0), (2.73)
OA = QA(1kIA), (2.74)

OB = QB(4IB)- (2.75)
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Finally, we will define six matrices aA, aA, aB, a, E
L L R , aL, aj E L(R'1 n ) by the formulae

L= VL(t). A(t) dt , (2.76)

A = VR(t). A(t) d!, (2.77)

aB =] VL(t). ¢B(t) dt , (2.78)

B = v,(t). ¢0(t) dt, (2.79)

aL = vL(t), x(t)dt , (2.80)

R= , (t)- X(t) dt, (2.81)

and six vectors 6A, , , 6 ,L 6RER via the formulae

A= bvL(t) r7A(t)dt, (2.82)

= la VR(t) ,7A(t) dt, (2.83)

B= lV (t) T B (t)dt, (2.84)

6B = c Vf1(t) 7B (t) dt, (2.85)

L = JVL(t) a(t) dt, (2.86)

bR = vR(t) a(t) dt, (2.87)

with o the solution to equation (2.57).

2.2.2 Analysis of the operators PAB, PBA

In this section, we observe that each of the operators PAB and PBA is of rank n, and give
simple expressions for these operators.

Lemma 2.6 In the notation of the preceding section,

PAB = 'IT (2.88)

PBA = I'PIB "V. (2.89)

Proof. We obtain (2.88) by observing that z < t for any x E [a,b],t E [b,c], and by
using (2.59) and (2.69). Similarly, (2.89) follows from the combination of (2.60), (2.69) and
observing that x > t for any x E [b, c], t E [a. b].
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Figure 2.1: The shaded boxes are rank n matrices

Remark 2.3 Just as we decomposed the second kind operator P into two second kind
integral operators (PAA 4PBB) and two first kind integral operators (PAB, PBA), we can
similarly decompose each of PAA, PBB into two second kind integral operators and two
first kind integral operators. Clearly, this decomposition can be applied recursively to
yield the structure shown in Figure 2.1, in which each block diagonal matrix is a second
kind integral operator, while the remaining block matrices correspond to rank ni operators.
This immediately suggests a recursive algorithm to rapidly obtain solutions to the integral
equation (2.57). We now present the principal lemmas for this algorithm,.

2.2.3 Recursive solution of the integral equation

We now consider the original integral equaL'gn (2.57)

Par = f.

The main result of this section is the following lemma, which constructs the solution a
of equation (2.57) from irA, 'lB of equations (2.71) and (2.72).
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Lemma 2.7 If, in the notation of Section 2.2.1, all six operators P, PAA, PBB,Q, QAA,

QBB are nonsingular, and the matrices A1 , A 2 E L(R " 'l) defined by the formulae

Al = I - A , (2.90)

AB = A- a-, (2.91)

are also nonsingular, then

UJlA = T4 + 'kA" A _' (a . 6B), (2.92)

6IB = 77B + B A "1(a .L - L). (2.93)

Proof. Using definitions (2.56) - (2.61), the integral equation

Pa = f (2.94)

can be rewritten in the form

PAA(01A) + PAB(C1B) = flA, (2.95)

PBA(aIA) + PBB(CIB) = fIB. (2.96)

The expansions (2.88) and (2.89) for PAB and PBA, respectively, can then be used

to obtain an explicit solution to the coupled equations (2.95) and (2.96) in terms of the

functions TIA, 7B, OA, and OB defined by (2.71), (2.72), (2.74), (2.75), respectively. Indeed,

applying the operator PA' to equation (2.95) and the operator Pi to equation (2.96), we

have
alA + PAl" PAB(6IB) = P.A(flA), (2.97)

PgB'- PBA(CIA) + UIB = Pj%(flB). (2.98)

Substituting (2.88) and (2.89) into (2.97) and (2.98) yields the formulae

aA + PAA -01A " ToB = nA, (2.99)

P - 0B. V" CIA + 1B = 7B, (2.100)

or

CIA + OA " v . orIB = 77A, (2.101)

TOB VL "alA + 6AB = 7B, (2.102)

where we have used the definitions (2.74), (2.75) for 45A and OB, respectively. Now, multi-

plying (2.102) by (kA - vT and subtracting it from (2.101), we obtain

6AL , - VR" 'O" Ls 'CI A = ?7A - OA" R S (2.103)
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Similarly, multiplying (2.101) by 'B • vT and subtracting it from (2.102) results in the
equation

(I(L2) -- B " v '.vTaIB =R * BvL "A •  (2.104)

Due to (2.76), (2.79), and (2.82), (2.85) we can rewrite these equations in the form

((L2n) - OA (a B vT)) oA = 17A - OA. b, (2.105)

(,(L2). - 'B (a . = - - PB" L. (2.106)

By application of Lemma 2.5, we obtain

a -A = (I(L2)- + ' •( B - . -. 0A)-1 a B vT) . (77A -A -6), (2.107)

0ajB = ('(L2)n + OB - (In -- A . T .OB) -I aA .VT) . (77B -- B .6A). (2.108)

The equations (2.92), (2.93) are now obtained from equations (2.107), (2.108) and equations
(2.90), (2.91).

Remark 2.6 Suppose that b, and b2 are a pair of real numbers such that a < b, < b2 < c,

and that the interval [bl, b2] is denoted by C. We will denote by Pcc the restriction
of the operator P to the interval C, and denote by Qcc the restriction of the operator
Q to the interval C. Assuming that Pcc, Qcc are nonsingular, we define the functions
77 : C -+ R', c : C -+ L(R' ×xn ) by

l7c = PcJ(fic), (2.109)

'c = Qcc(0lC)" (2.110)

By applying the above lemma twice (once for the subinterval [a, bj] and once for [a, b2]), we
may easily observe that there exists A E R n such that

a(x) = 7lc(x) + Oc(x) . A (2.111)

for all x E C. The exact expression for the vector A is complicated, but irrelevant for the
purposes of this chapter. The existence of a relation of the form (2.111), however, will be
critically important in Section 2.3. 0

The following corollary constructs the solution X of equation (2.73) from 'A, 'OB of
equations (2.74) and (2.75).

Corollary 2.1 If, in the notation of Section 2.2.1, all six operators P, PAA, PBB, Q, QAA,

QBB are nonsingular, then

XIA = OA'A (I.- aA), (2.112)

XIB = 'B a (, - A). (2.113)

with the matrices aA and aB defined by equations (2.76) and (2.79), and the matrices
A 1 , A 2 defined by equations (2.90) and (2.91).
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Proof. Substituting in equations (2.107), (2.108) the functions OA, 4B defined by (2.74),
(2.75) for the functions 77A, r1B defined by (2.71), (2.72), and the matrices a A , ca defined
by (2.76), (2.79) for the vectors 6A, 6B defined by (2.82), (2.85), we obtain

XjA = 0A-,A'aR+0A'A "' aL-- A2_1 a' aL (2.114)

XIB = OB-B - +a + B -A -0 B 'Aa (2.115)

The expressions (2.112), (2.113) are now easily obtained from the equations (2.114), (2.115).

2.2.4 Further Analytical Results

We now collect a number of identities which are necessary for Algorithm A, to be presented

in Section 2.3.
Corollary 2.2 provides analytical expressions for the inner products bL and bR defined

by (2.86), (2.87) in terms of the restricted inner products bA, B, A and bB defined by
(2.82)-(2.85).

Corollary 2.2 If, in the notation of Section 2.2.1, all six operators P, PAA, PBB, Q, QAA,

QBB are nonsingular, then

b = . VL(t) . o(t) dt = VL(t). aIA(t) dt + b VL(t) . OB(t) dt

- ~+~ aL. 2.a. t) R L I *(aL L~2) (2.116)

, = vR(t), a(t) dt = v(t), aA(t) dt + jv(t) aIB(t) dt

= bA+ B+a .- 1 (B 6 A )+a A1.(aA._B A). (2.117)

Proof. Multiplying equation (2.92) by vT and v., and equation (2.93) by vT and v T , we

obtain bVL(t) alAMtdt = L L R (c - ), (2.118)

j VL(t) .alB(t) dt = 6 B + oB . - (aA . _ 6A), (2.119)

lbvR(t).aUA(t)dt R R (2.120)

jVR(t). aI(t) dt - bB + QB . A-1 (a . - A). (2.121)

Now, expressions (2.116), (2.117) are easily obtained from (2.118)-(2.121).

Corollary 2.3 is similar to Corollary 2.2, but uses X, the matrix valued function defined
by (2.73), in place of a, the vector valued function defined by (2.57). While the two
corollaries concern different objects (the vectors L, 6 R in Corollary 2.2, the matrices aL, aR

in Corollary 2.3), their proofs are nearly identical.
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Corollary 2.3 If, in the notation of Section 2.2.1, all six operators P, PAA, FBB, Q, QAA,
QBB are nonsingular, then

aL= 1. VL (t) -x(t) dt = bVL(t) -XJAWt dt +±l VLMt 'XIB(t) dt

- QA A1(iQ B) +a B A-1( A), (2.122)

aR= Jac VR(t) x(t) dt = 1 b VR(t) - XJA(t) dt + lbCVR(t)- XJB(t) dt
A- (in -(IaB) +aB . 1(I A). (2.123)

Finally, combining Lemma 2.7 with the expressions (2.112)-(2.113), we have

Corollary 2.4 Suppose that in the notation of Section 2.2.1, all six operators P, PAA,
PBB, Q,QAA,QBB are nonsingular. Suppose further that the function F is defined by the
formula

F(x)= XA +o. (2.124)

with A E R n . Then on the interval [a, b],

F(x) = 10AWx A ~ + t7AWx, (2.125)

with ut E Rn defined by the formula

= L'(A _ - (A _ 6A) _ 6B). (2.126)

Similarly, on the interval [b, c],

F(x) = $B (X) - V + 77B (X), (2.127)

with v E Rn defined via the formula

Proof. Restricting (2.124) on the subintervals A, B of [a, c], respectively, we have

FA= XIA - A + ajA, (2.129)

FIB = X1B -A + 0 1B. (2.130)

Combining (2.129), (2.130) with (2.92), (2.93), (2.112), (2.113), we obtain

FA= OA A 2 (In- aR A + (7A+ O AX 2 i&R.L- 6 R) (2.131)

FIB = OBA- I A +7B O Al.aA.b A) (2.132)

Now, the expressions (2.126), (2.128) immediately follow from the comparisons of (2.125),
(2.127) with (2.131), (2.132), respectively.
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2.3 Description of the Algorithms

We turn now to the construction of the fast algorithm for the solution of the integral
equation (2.57)

Pa = f

based on the apparatus developed in Section 2.2. The main tool at our disposal is the ability
to merge the solutions of restricted versions of the integral equation in adjacent subintervals
(Lemma 2.7). As this suggests a recursive procedure, we begin by subdividing the whole
interval [a, c], on which the solution to (2.57) is sought, into a large number of subintervals.
For the sake of simplicity, we assume that m is a positive integer and that M = 2'n is the
number of subintervals created. The boundary points of the subintervals are then defined
by a strictly increasing sequence of numbers

bh, b2,. . ., bM,bM+, (2.133)

with bl = a and bM+l = c. For each i = 1,...,M, we define the interval Bi' via the
expression

S= [bi,b i+u], (2.134)

and create a hierarchy of intervals Bq by recursively merging adjacent pairs. That is, for
each j = m - 1,..., 1,0, and i = 1,...,M, we define

i-= U Bl+'. (2.135)

We will refer to each fixed I as a level. We will also refer to the two intervals Bt+'l and
B1i as children and to the larger interval B as a parent.

It is obvious that
B = [b1+(i 1 l. 2 ,.-, , bl+i.2m-,], (2.136)

and that for each level 1,
2'

[a,c]= U B!. (2.137)
i=l

2.3.1 Notation

Generalizing the notation of Section 2.2, we will denote by Pij the restriction to the interval
B of the integral operator P, so that

PiA)(X) = a(X) + (x). jb+2 Go(x, t) . a(t) dt (2.138)
f)1+(,-1) 2m

-
1

for any a E L2 (B )n. Similarly, we will denote by Qi,t the restriction to the interval B of
the integral operator Q, so that

Qi.(x)(x) = x(x) + (x). Go(x,t) . X(t)dt (2.139)
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for any X E L2(BI)nxn. For each B we will define the functions ?7i,: -- --

L(R nXn ) as the solutions of the equations

P0070) = fIBI (2.140)

QiA(0) = 0IBL' (2.141)

provided tL,. operators Pi,, Qij are nonsingular.

Remark 2.7 Suppose now that the operators Pj, Qij are nonsingular on the interval B .
Then, due to (2.111), there exists A',' E R n such that

a(x) = 17i,(X) + 4i,,(x)" A"1  (2.142)

for all x E B!. ]

For each 1 = 0,1,...,m, and i = 1,2,...,21, we define the matrices a l ,a E L(R nx n )

by the formulae

S= VLiBI(t) - ,,(t) dt. (2.143)

= fji,,.2m- VRiB (t) -,t(t) dt, (2.144)

and the vectors 6-J, , E R n by the formulae

,,, = , b s2 -- ,= b vL i s(t) - ,7,,(t) dr, (2.145)

*1 = VR B(t) - Tij,,(t) dt. (2.146)

2.3.2 Discretization of the Restricted Integral Equations

Choosing an integer p > 1, we construct the p scaled Chebyshev nodes
-j=_b+_-bi cos[(2j - 1)r ] bi+12+ bi )

(t 2 2p 2 j = 1,2,...,p (2.147)

on each of the intervals B!", i = 1,2, . . ., M. We then discretize the two integral equations
(2.140), (2.141) via a Nystr6m algorithm based on p-point Chebyshev quadrature (see, for
example, [22]). The resulting approximations to the functions 7hj , ¢ at the nodes will
be denoted by

7 (- -2 ,
repl, ely

respectively.
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Remark 2.8 It is well-known that the order of convergence of the approximations kiO, 4i,j
to the functions 7ij, Oj is p. Since all subsequent steps in the construction of an approximate
solution & to the integral equation (2.57) are analytic, the convergence rate of the full
algorithm depends entirely on the parameter p. For example, by using 16 scaled Chebyshev
points on each subinterval at the finest level, one obtains a sixteenth order method.

For many boundary value problems (2.1), (2.3), the matrix function p : [a, c] --+ L(R"× ')
is singular in the interval [a, c] (see Example 2.3 in Section 2.4 below). For such problems,
Chebyshev quadrature will yield acceptable convergence only if the singularity is removed
by means of an appropriate choice of the "background" Green's function. 11

Remark 2.9 The algorithm of this section makes extensive use of the apparatus of Cheby-
shev interpolation, quadratures, composite quadratures, etc. This apparatus is quite well-
developed, and can be found in various forms in [16], [18], [20]. For a detailed description
in the form most convenient for our purposes, we refer the reader to [22]. []

2.3.3 Informal Description of the Algorithm for Linear ODEs

We begin by directly solving the two integral equations (2.140), (2.141) on each subinterval
W' at the finest level, as discussed in the preceding section. Equation (2.142) then shows
that a restricted to B! can be expressed as a linear combination of the two solutions
rTh,m, Oi,,. Thus, it remains only to determine the coefficients A"' E R ' for each of the
M4 subintervals B"'. Fortunately, this can be done recursively. To see this, suppose that,
at some coarse level I < m - 1, we are given the coefficient A' for the subinterval B!.
Then Corollary 2.4 provides formulae for the calculation of the corresponding coefficients
A2i- '.1 + , \ 20 +1 E R ' for the two child intervals B-+ and B 1 , respectively. On the
coarsest level, we observe that A0,1 = 0, i.e. the solution of equation (2.140) on the whole
interval [a,c] is simply 1.

However, the formulae (2.126) and (2.128) of Corollary 2.4 contain the matrices aL
2i-1.1+1, 20,i~ 2i,1+1 L-'+61,1+1 L~,11 b2i,1+1 These0R 1 L aR and the vectors 2i1,+1 , R2i-+ 2i,+1 . These quantities

are also computed recursively but in the opposite direction, namely, from the finest level to
the coarsest. They are certainly available at level m directly from the definitions (2.143)-
(2.146). For the interval B at any coarser level 1 < m - 1, Corollaries 2.7 and 2.1 describe

iI ijl i jt ,ij

how matrices aL,, aR and vectors bL , 6R are obtained from the matrices aL, aR and vectors
L, R of the two child intervals.

To summarize, the algorithm consists of three parts. First, a sufficiently fine subdivision
bl.b 2 .. . .,bM+1 of the interval [a,c] is chosen so that, on each of the intervals Bi,,, the
functions 77,, .,, can be accurately represented by a low order Chebyshev expansion.
On each of the intervals Bim, the equations (2.140)-(2.141) are solved (approximately) by
direct inversion of the linear system arising from a Nystr6m discretization. Second, the
matrices a .o' i and vectors ',j. ' are computed in an upward sweep, beginning at the
finest level m. Finally, the coefficients A',' are computed in a downward sweep, beginning
at the coarsest level. The desired function a is then recovered on each subinterval from
equation (2.142).



2.3. DESCRIPTION OF THE ALGORITHMS 25

The following is a more detailed description of the numerical procedure.

Algorithm A

Comment [Define the computational grid.]

Create M = 21 subintervals on [a, c] by choosing a sequence of boundary points bl, b2,...,
bM, bM+l with b, = a and bM+l = c. Choose the number p of Chebyshev nodes on each
interval B!' = [bi, bi+ 1] for i = 1,..., M. Determine the locations of the scaled Chebyshev
nodes ri1, ri2,..., ri on each interval Bjn , and evaluate the functions f, P at these nodes,
obtaining f ,

Step 1.

Comment [Construct the approximate solutions rivn, qSm on each interval B!'.]

do i =1,2,..., M
(1) Construct the two p. n x p . n linear systems on B obtained through a Nystr6m

discretization of the corresponding integral equation.

(2) Solve the two p. n x p- n linear systems on B by Gaussian elimination,
obtaining the values i,m, kin-

end do

Step 2.

Comment [Construct the matrices orL Ce and vectors 6L ,6R' on each interval B m at the
finest level.]

doi = 1,2,...,M
Evaluate the matrices a. aR and vectors bm, 6 m using the ppon
Chebyshev quadrature formula.

end do

Step 3 (Upward Sweep).
i'l il

Comment [Construct the matrices aL , a,, and vectors 6'L, 6b' for all intervals at all coarser levels
I=m- 1,m-2,..., 0.]

do 1= m-1, 0, -1
do i=1, 21

Compute the matrices aL , a,, and vectors 6L", 6R from the corresponding data in
2i1112i-1,1+1, 201+1 20+ 2-,+10 1+X +the two child intervals ( +L ,cIR , ,CR I LR ,l ,

6 't+l ), using the results of Corollaries 2.2 and 2.3.
end do

end do
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Step 4 (Downward Sweep).

Comment [Construct the coefficient A',' for all intervals at the finest level.]

Set A0 '1 = 0.

do 1=0,m-1
do i=1, 21

Use Corollary 2.4 to compute the coefficients A'+l,24
- 1, A2 i+ ,

for the child intervals B'+' and B'+' from the coefficient A',' of the parent interval
B'.

end do
end do

Step 5.

Comment [Compute the solution o, of equation (2.57) at the nodes r , rj2 ,..., r for each interval
B!" at the finest level.]

do i=1, M
do j=l,p

Determine the values of the solution a of equation (2.57) at the node ri via
formula (2.142).

end do
end do

Step 6.

Comment [Compute the solution 0 of equation (2.1) from the values of o,.]

Evaluate the integral (2.27), by using composite Chebyshev quadrature
(see Remark 2.11 below).

Remark 2.10 Inspection of the above algorithm shows that the amount of work required
is of the order O(M .p3 . n3). Step 1 involves solving two (p x n) x (p x n) linear systems for
each of the M intervals. Steps 2-5 require no more than O(M.p. n2 . (log p+ n)) operations.
Since N = M • p is the total number of nodes in the discretization of the interval [a, c],
we can write the CPU time estimate in the form O(N • p2 . h). The cost of evaluating
the solution * of the differential equation (2.55) from the integral representation (2.27) is
O(N -logp. n) (see Remark 2.11 below). 03

Remark 2.11 The final step in the algorithm involves the evaluation of an integral of the
form (2.27) at each of the Chebyshev nodes < on each subinterval Br', namely

4 0r) = Go(r',t). a(t)dt. (2.148)
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If these integrals were calculated independently for each 7J, the amount of work required
would be of the form O(N 2 

. n), and would dominate the construction of the function 4. In
fact, this is unnecessary, for we may write

= • VL(t)• a(t) dt+ VL(t)" a(t) dt (2.149)

+ v,(t) .a (t) dt + vR(t) . o(t) dt]

where we have used the representation (2.22) and the fact that 7' lies in the interval B n =

[bi, bj+j]. Step 6 can then be written in detail as follows:

Step 6 (a).

Comment [Precompute the integrals of VL - a and vR - a on each subinterval B! by Chebyshev
quadrature. These integrals will be denoted IL and IR, respectively.]

do i=1, M

IL(B!) = fb +1 VL(t) a(t)dt.

I(B) = fb +I VjR(t) .o(t)dt.

end do

Step 6 (b).

Comment [March across interval from a to c, computing $ at each node in the discretization. The
variables J and JR will be used to accumulate the integrals f v(t) , a(t) di and f*+ vR(t)" o(t) dt,
respectively.

Set JR = Ei2 I,(B!n).

Set J = 0.

do i=1, M
do j=l,p

For each 7j, compute

t(i) = T(7). [JL + fb. vL(t) . a(t) dt + jb; vR(t)- c(t) dt + JR
end do
JL =JL + IL(Bg)
J. : J - IR(Bj )

end do

Thus, the amount of work required in Step 6(a) is O(N - n). The integrals required on
each subinterval in Step 6 (b) can be computed by spectral integration (see, for example,
[22]) using O(p. log p. n) work. The total cost is therefore of the order O(M . p . logp- n)
or O(N - logp. n). 0
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2.3.4 Informal Description of a Simplified Algorithm for Linear ODEs

Figure 2.1 suggests a simpler version of Algorithm A, in which the solutions 77i,i,, are
obtained for all levels I = m, m - 1,...,0, with the solution a = r/,j. The time complexity
of the resulting algorithm is O(N .p 2

. q3 + N -log2 (N)- q2 ); since this compares unfavorably
with Algorithm A, we merely sketch the simplified algorithm below.

Algorithm A'

Comment [Define the computational grid.]

Create M = 2 m subintervals on [a, c] by choosing a sequence of boundary points bl, b2 ,...,
bM, bM+l with bj = a and bM+l = c. Choose the number p of Chebyshev nodes on each
interval B!' = [bi, bi+1] for i = 1,..., M. Determine the locations of the scaled Chebyshev
nodes ri1 , r,2 , .. T.,i on each interval B!", and evaluate the functions f, 4' at these nodes,
obtaining fi,,, 1j,,,.

Step 1.

Comment [Construct the approximate solutions ii,,, j,,, on each interval Br'.]

doi= 1,2,...,M
(1) Construct the two p. n x p. n linear systems on B! obtained through a Nystr6m

discretization of the corresponding integral equation.

(2) Solve the two p- n x p. n linear systems on Bi by Gaussian elimination,
obtaining the values mi,,, 'i,.

end do

Step 2.
i rn i m L~ R a th

Comment [Construct the matrices aL cf. and vectors 6 ,, on each interval Bi' at the
finest level.]

do i = 1,2,...,M i'm' i'rn i~ iRn- on
Evaluate the matrices ac ,a. and vectors b" b,6 R using the p-point
Chebyshev quadrature formula.

end do

Step 3 (Upward Sweep).

Comment [Construct the solutions Tijz, ij, matrices ak,, L and vectors 6'L", 6' for all intervals
at all coarser levels I = m - 1, m - 2. 0.]

do 1= m-1, 0, -1

do i=1, 21

(1) Compute the matrices oaj ,&'aR and vectors 6L" , 6' from the corresponding dataN 1,l+1l 2i-1,1+1, 20,+1 2i0+1 b2i-1,1+1 62i-1,1+1

in the two child intervals (Qa3Ll-  , R a' ,l , ' ,L ,R

6 "'/ ,6I17+ '), using the results of Corollaries 3.4 and 3.5. Alternatively, compute
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the matrices a1j, a4' vectors .', 41 via formulae (2.143)-(2.146) using the p-point
Chebyshev quadrature formula.

(2) Compute the solutions ri~,, 0i~j from data in the two child intervals (772i-1l+1,
2i-1,l+1 2i,l+1 62i-1,1+1 b2i,1+1t

772i+1, 02i-l,l+1,
4

2i,1+1, tL ,aR L ,R; using the results of
Lemma 2.7 and Corollary 2.1.

end do
end do

Step 4.

Comment [Compute the solution 4 of equation (2.1) from the values of 0.]

Evaluate the integral (2.27), using composite Chebyshev quadrature.

2.3.5 Informal Description of the Algorithm for Nonlinear ODEs

The nonlinear algorithm is a straightforward application of Algorithm A described in Section
2.3.3. The solution is obtained using Newton's method for nonlinear ODEs; each Newton
iterate is obtained by solving the lineaxized problem (2.50) via Algorithm A.

As with Algorithm A, we subdivide the interval [a, c] into a large number of subintervals
M; for simplicity we assume M = 2', with m a positive integer. As before the boundary
points bl,b 2,...,bM, bM+l are defined by (2.133), and the intervals B?,(1 < I < m),(1 K
i < 2t) by (2.134).

On the kth step of the Newton process, Algorithm A is applied to the integral equation

Pk6k = gk, (2.150)

with the operator pk : (L 2[a, c]), --+ (L 2 [a, c])' defined by the formula

Pk(bk)(z) = bk(z) + Qk(x) • Go(x, t) . bk(t) dt, (2.151)

with bk the solution of the integral equation (2.50), Pk given by (2.51), and 9k given by
(2.52). The integral equations (2.140), (2.141) now assume the form

P. (7i,t)= 9kjB', (2.152)

Q(,= lkB!, (2.153)

with the operator Pk :(L 2 [a, c]) ' - (L 2[a, c])' defined by the formula

Sfb i 2 m --..

P 1 ok)(X) = bk(x) + Qk(x) lb Go(x, t). L k(t) dr, (2.154)
n 1+(s-2) 2

-
-

and the operator Qk.t : (L 2[a, C])n ×n - (L 2[a,c])' ×n defined via the formula

Qi'*,I(X)(X) =, ,,(_, +QX)G x-((t) dr. (2.155)
Q .,(x)(z)~ ~ = 1)+gkz.'+(,-1) 2--1
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Once Algorithm A has computed the solution bk to (2.150), we obtain aA+, via (2.11), and
tk+I via (2.49).

The nonlinear algorithm requires an initial approximation (o, (V to the solution t and
its derivative 4V of equation (2.5), and we assume that both axe supplied by the calling
program. ao is obtained from 4to, V via the identity

ao(x) = V(x) + PO(x). to(x). (2.156)

The procedure is terminated when the stopping criterion

ILkL-- < (2.157)

is satisfied, with c provided by the calling program. Since Newton's method frequently fails
to converge, the calling program also permits a certain maximum number of iterations, after
which the algorithm stops, signaling failure.

The following is a more detailed description of the numerical procedure.

Algorithm B

Comment [Define the computational grid.]

Create M = 2 m subintervals on [a, c] by choosing a sequence of boundary points bl, b2 ,...,
b,, bM+1 with b. = a and bM+l = c. Choose the number p of Chebyshev nodes on each
interval B" = [bi, bi+x] for i = 1 ... , M. Determine the locations of the scaled Chebyshev
nodes r, r, 2,..., rP on each interval B n , and use the initial approximations $o, t' to
evaluate the initial approximations -t, a at these nodes, obtaining aj,m, 0i,m. Choose
tolerance c.

Step 1.

Comment [Use Algorithm A to compute Newton iterates (%, obtaining the solution 4' of equation
(2.5).]

repeat

(1) Set = T, .

(2) Evaluate the functions Q, at each of the scaled Chebyshev nodes ri-, ri2 ,. .. , T on
each interval B", obtaining (,m),g(,m).

(3) Apply Algorithm A to the discretized form of (2.50), obtaining 6.

(4) Set = &+6.

(5) Compute the solution 4P of equation (2.49) from the values of o, using composite
Chebyshev quadrature (see Step 6 of Algorithm A and Remark 2.11 above).

until lI12/l1J2 !5



2.4. NUMERICAL RESULTS 31

2.4 Numerical Results

FORTRAN programs have been written implementing the algorithms described in the pre-
ceding section. In this section, we discuss several details of our implementation, and demon-
strate the performance of the scheme with numerical examples.

The following technical details of our implementation appear to be worth mentioning.

1. The algorithms described in the preceding section require that the number M of ele-
mentary subintervals on the interval [a, c] be a power of 2. Clearly, this is not an essential
limitation and it can be removed by simple bookkeeping changes. In the version of the
algorithms used for numerical experiments, these changes were made.

2. Algorithm A depends for its stability on the equations (2.140), (2.141) having unique
solutions for all subintervals B! (1 = 0, 1,..., M, i = 1,...,21), while Algorithm B depends
on (2.152), (2.153) having unique solutions for all subintervals Bi and for all Newton it-
erates k. It is easy to construct examples for which these conditions are violated, even
though equation (2.57) or equation (2.32) has a unique solution. In such cases, a different
subdivision of the interval [a, c] can be attempted, such that none of the subintervals B
of the new subdivision coincides with an interval of the original one. This procedure can
be viewed as a form of pivoting, and it is easy to show that it is always possible to make
it work. It has not been implemented at this point, and we have not so far encountered a
need for it.

3. We have, however, implemented a crude scheme for detecting high condition numbers in
the algorithms. These can occur in two places: in the solution of the linear systems on each
of the finest level subintervals (Step 1 of Algorithm A), and while computing coefficients
A1 , A2 defined by (2.90), (2.91) used when merging solutions on two consecutive subintervals
(Step 3 of Algorithm A). In both cases, the condition number of the system being solved is
estimated in the process of solution (we use a standard LINPACK routine), and the largest
of these is returned to the user. When an extremely large condition number is detected
by the LINPACK routine, the resulting solution of the original ODE should be viewed as
suspect. It is easy to show that when the differential operator is positive definite, this
cannot happen. A more complete treatment of this subject requires further study.

i't i'tfo
4. In the upward sweep (Step 3) of Algorithm A, we evaluate the matrices aL , kR for
all iitervals Bij and use these matrices to evaluate the vectors oj, b"', the vectors
and, finally, the solution a of the integral equation (2.57). But the matrices a, a" do not
depend on the right-hand side f of equation (2.57), and it is easy to see that their evaluation
accounts for more than 90% of the work. Therefore, whenever the equation (2.57) has to bei'l i'l
solved with multiple right-hand sides, we can precompute the matrices OL , aR and store
them, saving 90% of the cost of the evaluation of subsequent solutions.

The algorithms of this chapter have been applied to a variety of problems. Five experi-
ments are described below, and their results are summarized in Tables 2.1-2.13.

Tables 2.1-2.11 are associated with examples for which analytic solutions are available.
In each of these tables, the first column contains the total number N of nodes in the
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discretization of the interval [a, c]. The second column contains the relative L2 error of
the numerical solution as compared with the analytically obtained one at 5000 equispaced
points within the interval [a, c], where Chebyshev interpolation has been used to evaluate
the numerical solution at each of the 5000 points. The third column contains the maximum
absolute error obtained at any of the 5000 points. The fourth column contains the CPU
time required to solve the problem, excluding the time used to evaluate the solution at
5000 equispaced points, where in all cases the times are given for a SUN SPARCstation 1
computer. Tables 2.9-2.11, associated with a nonlinear example, have in addition a fifth
column which contains the number of Newton steps taken before the stopping criterion
(2.157) has been satisfied, with E = 10-10 .

Tables 2.12-2.13 are associated with an example for which we did not have analytic
solutions. In this example, we compare each numerical solution with p Chebyshev nodes
and n subintervals against the solution with p Chebyshev nodes and 2-n subintervals. In each
of these tables, the first column contains the total number N of nodes in the discretization
of the interval [a, c]. The second column contains the relative L 2 error of the numerical
solution as compared with the numerical solution with twice the number of subintervals,
where the comparison is made at each of 5000 equispaced points in the interval [a, ci, and
where Chebyshev interpolation has been used to evaluate the numerical solution at each of
the 5000 points. The third column contains the maximum absolute error obtained at any of
the 5000 points. The fourth column contains the SPARCstation CPU time required to solve
the problem, excluding the time used to evaluate the solution at 5000 equispace points.

Remark 2.12 In Example 2.3 below, we solve a system of boundary value problems of
order 2; and in Example 2.5, we solve a problem of order 4. In both cases, the problems
were reduced to canonical first order systems (see, for example, [13]), with the latter solved
by means of algorithms A or B of the preceding section, as appropriate. 0

Example 2.1 This example is taken from [6], where it is introduced as a stiff problem.
The equation to be solved is given by the formulae

¢'(x)-998-0 1(x)- 1998. ¢2(x) = 2.x, (2.158)
q'(X) + 999-0 1(X) + 1999-0 2(X) = X, (2.159)

subject to the boundary conditions

01(0) = 1, (2.160)

02(l) = -6 . e-1 + 5- e - 100 +.004. (.999 +.001 . e-100). (2.161)

We use the results of Theorem 2.3 to reduce the first order system (2.158)-(2.161) to one
subject to homogeneous boundary conditioT

€ 1 (0) = 0, (2.162)

02(1) = 0. (2.163)
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Table 2.1: Numerical results for Example 2.1, p = 8.

n E__(__)_E-(_1) t (sec.)
16 0.962 x10°  0.685 x101 0.150 x10u
32 0.244 x10' 0.216 x102  0.300 x100

64 0.700 x10-  0.272 x10 1  0.560 x100

128 0.255 x10- 1  0.125 X10 1  0.108 x101

256 0.667 X 10- 2  0.342 x 100  0.214 x 101

512 0.805 X10 - 3  0.536 x10 - 1  0.428 x101
1024 0.330 x10 - 4  0.291 x10- 2  0.846 x101

2048 0.482 X10 - 6  0.529 x10- 4  0.168 xZ 2

4096 0.316 x10 - 8  0.476 x10- 6  0.337 x102

8192 0.112 x10 - 10  0.170 x10 - 8  0.670 X102

16384 0.115 x10- 1' 0.113 x10 - '0  0.137 X10 3

We apply Algorithm A to this system using equispaced subintervals, with the number of
Chebyshev nodes p = 8, 16,24. For this experiment, the background Green's function is
chosen to correspond to the equation

'(X) = 0, (2.164)

subject to boundary conditions (2.162)-(2.163). The results of this experiment are presented
in Tables 2.1-2.3.

Example 2.2 We solve the problem (2.158)-(2.161) defined in Example 2.1, but using
an alternate division of the subintervals. Since the solution of this problem has a fairly
sharp boundary layer near the left end of the interval [0, 1], we construct the intervals
B!' = [bi, bi+ 1] via the formula

bi= for i=2,...,M+1, (2.165)

so that they become progressively smaller near the left end of the interval [0, 1]. As in
Example 2.1, we reduce the problem (2.158)-(2.161) to a first order system subject to
homogeneous boundary conditions (2.162)-(2.163). Algorithm A has been applied to this
problem using the Green's function corresponding to the equation (2.164) subject to bound-
ary conditions (2.162)-(2.163), and with the number of Chebyshev nodes p = 16 and 24.
The results of this experiment appear in Tables 2.4-2.5, and are most satisfactory.

Example 2.3 The purpose of this example is to demonstrate the performance of the
method when the coefficient p of the equation (2.2) is singular at the ends of its inter-
val of definition, while the particular solution being sought is smooth. We solve the Bessel
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Table 2.2: Numerical results for Example 2.1, p = 16.

n E2(D) ______ t (sec.)
16 0.567 xl0°  0.436 x10 1  0.310 x10 0

32 0.251 xl01 0.192 X10 2  0.540 x100

64 0.340 x10 - 1  0.139 x101  0.950 x100

128 0.744 X10 - 2  0.344 x100  0.179 x10 1

256 0.798 X10 - 3  0.389 x10- 1  0.345 x101
512 0.164 X10 - 4  0.930 X10 - 2  0.686 x101

1024 0.364 X10 - 7  0.243 x10- 5  0.137 x10 2

2048 0.992 x10- 1' 0.817 x10- 9  0.274 X10 2

4096 0.942 X10 - 13  0.776 x10 - 12  0.532 x10 2

8192 0.214 X10- 12 0.164 x10 - 11 0.107 X10 3

Table 2.3: Numerical results for Example 2.1, p = 24.

n E2 (-§) t (sec.)
24 0.511 x100  0.373 x101  0.690 x10u
48 0.251 x100  0.244 x101  0.116 x101

96 0.591 X 10- 2  0.240 x 100 0.209 x 101

192 0.496 X10 - 3  0.214 x10- 1  0.387 x101
384 0.546 x 10- 5  0.258 X 10- 3  0.765 x 101
768 0.274 x10- " 0.129 x10- 6  0.147 x102

1536 0.105 Xi0 - 12  0.335 x10- " 0.295 x10 2

3072 0.663 X10 - 13  0.624 xl0- 1 2  0.578 x10 2

Table 2.4: Numerical results for Example 2.2, p = 16.

n E (§ _-) t (e.
16 0.567 x100  0.436 x10' 0.310 x100

32 0.251 x101 0.192 x102  0.540 x100
64 0.790 X10 - 2  0.360 x100  0.950 x10 0

128 0.992 x10 - 1' 0.818 x10- 9  0.177 x101

256 0.244 X10 - 12  0.261 x10- 11 0.352 x10'
512 0.243 X10 - 12 0.261 x10 - 11 0.681 x10'
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Table 2.5: Numerical results for Example 2.2, p = 24.

n E2__ .6_______ t (sec.)
24 0.511 x100  0.373 x10 1  0.710 X10 0

48 0.251 x100  0.244 x101 0.117 x101
96 0.496 X10 - 3  0.214 x10 - 1  0.209 x10 1

192 0.293 X10- 1 2  0.227 x10-1 1  0.387 x10 1

384 0.294 X10 - 1 2  0.227 x10 - 11  0.758 X10 1

equation system

x2 - n2 -n 1
X2 -¢ (x) +- ..- (x) = 0, (2.166)

n 2 + n (2.167)X) + X2 x2 • Cv-,(.) +t X 0,,-2(X) = 0, 217
x 2 _ n2 + 5.n-

x -1.5,-1 + ." 2 = 0, (2.168)

(see, for example, [1]) on the interval [0,600] with the boundary conditions

0.(0) = 44-1(0) = Ov-2(0) = 0, (2.169)

'(600) = 0.030598170290372796, (2.170)

e',,_ 1(600) = 0.015416721257492013, (2.171)
012(600) = -0.025526503991812874, (2.172)

and v = 100. The difficulty of this problem is due to the fact that the two linearly inde-
pendent solutions to each of equations (2.166), (2.167), (2.168) are J,(x), Y (x); J,-l(x),
Y)- (x); and J,,- 2 (X), Y,- 2 (x), respectively, (Bessel functions of the first and the second
kinds). As is well known, J,(x), J,-,, and JL- 2 behave in the vicinity of zero like x', x - ,

and x' - 2, respectively, while Y,(x),Y,-1, and Yv- 2 behave like x-', x - (v- 1) , and x- ( - 2) ,

respectively; most methods have trouble finding the decaying solution. In addition, this is
a fairly large-scale calculation, since the the solution to (2.166)-(2.168) contains almost 100
wavelengths in the interval [0,600].

We reduce the problem (2.166)-(2.168) to a first order system, and apply Algorithm A to
this system using equispaced subintervals, with the number of Chebyshev nodes p = 16,20
and 24. For this experiment, the background Green's function is chosen to correspond to
the equation

4I(X) = 0, (2.173)

subject to boundary conditions (2.169)-(2.172). The results of this experiment are presented
in Tables 2.6-2.8.
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Table 2.6: Numerical results for Example 2.3, p = 16.

n E2(4) E-(4$) t (sec.)
128 0.133 x10 1  0.415 x10 °  0.193 x102

256 0.958 x100  0.110 x100  0.384 X10 2

512 0.758 X 10- 2  0.779 X 10- 3  0.764 x 102

1024 0.203 x10 - 5  0.213 X10 - 6  0.152 X10 3

2048 0.632 x10- ° 0.661 xl0 1  0.301 X10 3

4096 0.823 X10 - " 1 0.126 X10 - 11  0.609 X103

Table 2.7: Numerical results for Example 2.3, p = 20.

n E2(,) E-(4$) t (sec.)
160 0.185 X10 1  0.558 xlO°  0.330 ×102
320 0.216 x10' 0.392 x100  0.655 x102

640 0.373 X10 - 4  0.388 X10 - 5  0.130 X10 3

1280 0.493 x10 - 9  0.522 ×10 - l °  0.260 X10 3

2560 0.111 xl0 - 1 2 0.220 x10- 13  0.520 x10 3

5120 0.142 xl0- 1° 0.186 x10- 1  0.104 x10 4

Table 2.8: Numerical results for Example 2.3, p = 24.

n E2(4t -) t (sec.)
96 0.125 xl0' 0.431 xl0°  0.262 x10 2

192 0.133 xl01 0.277 x100  0.527 x10 2

384 0.718 x10- 1 0.797 x10- 2  0.104 X10 3

768 0.728 x 10- 7  0.765 x 10- 8  0.206 X 10 3

1536 0.308 X10 - 12 0.555 X10 - 13  0.409 X10 3

3072 0.551 xl1- 12 0.397 X10 - 13 0.818 X<10 3
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Example 2.4 We consider a system of Jacobian elliptic functions sn, cn, dn: [0, 10-K] - R
(see, for example, [1]) which are solutions to the equations

sn'(x) = cn(z).dn(x), (2.174)
cn'(x) = -sn(z).dn(x), (2.175)
dn'(x) = -m.sn(x).cn(x), (2.176)

with m = in our experiments, subject to the boundary conditions

sn(O) = 0, (2.177)

cn(O) = 1, (2.178)

dn(40. K) = 1, (2.179)

with K given by the expression

K=o dO (2.180)
/1 - m -sin' 0

We use for an initial guess the solution to (2.176), (2.179) for m = 0, which is defined
by the formulae

sn(x) = sin( 2 -K )-. , (2.181)

cn(x) = cos ( 2 K X), (2.182)

dn(x) = 1. (2.183)

We use the results of Theorem 2.4 to reduce thp s ystem (2.174)-(2.176) to one subject
to the homogeneous boundary conditions

sn(O) = 0, (2.184)
cn(O) = 0, (2.185)

dn(40-K) = 0, (2.186)

and then apply Algorithm B to this system using equispaced subintervals, with the number
of Chebyshev nodes p = 8, 16 and 32. For this experiment, the background Green's function
is chosen to correspond to the equation

,'(X) = 0,

subject to boundary conditions (2.184)-(2.186). The results of this experiment are presented
in Tables 2.9-2.11.

Example 2.5 This example is taken from [28]. Its purpose is to demonstrate the perfor-
mance of the method when the equation to be solved contains fourth order derivatives. The
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Table 2.9: Numerical results for Example 2.4, p = 8.

n E 2 (4,) E__(_) t (see.) Steps
128 0.211 x10- 1 0.551 x10- 1 0.167 x10 2  9
256 0.158 x10- 2  0.416 x10- 2  0.258 x10 2  7
512 0.849 x 10- 5  0.226 x 10- 4  0.439 x 102  6
1024 0.106 x10- 7  0.330 x10- 7  0.883 x10 2  6
2048 0.313 x10- 10  0.984 x10 -10  0.175 x10 3  6
4096 0.147 xl0- 12 0.469 X10 - 12 0.348 X 10 3  6

Table 2.10: Numerical results for Example 2.4, p = 16.

n E 2 (4) E-(4) t (see.) Steps
64 0.162 x100  0.505 x'100  0.177 x10 2  10

128 0.422 x10' 0.108 x100  0.246 x10 2  7
256 0.181 x 10 - 3  0.476 X 10 - 3  0.409 x10 2  6
512 0.441 x10- 7  0.120 x10- 6  0.851 x10 2  6
1024 0.425 x10 - 12 0.125 x10-1 1  0.164 X<10 3  6
2048 0.115 x0 - 12  0.317 X10 - 1 2 0.324 X10 3  6
4096 0.569 XI0 - 13 0.152 x10 - 12  0.653 x10 3  6

Table 2.11: Numerical results for Example 2.4, p = 32.

n E 2($) E-(-b) t (sec.) Steps
256 0.148 x10 - 3  0.388 x10 -3  0.163 X10 3  6
512 0.124 x10 - 9  0.395 x10 - 9  0.322 X10 3  6
1024 0.450 X10 - 1 2 0.119 x10- 1  0.632 X 103  6
2048 0.266 xl0- 1 2 0.703 x10- 12 0.126 x10 4 6
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deflection of a beam under a uniform load q, with the beam built in at the left end (x = 0)
and simply supported at the right end, is given by the formula

y"'U(z) + k-iyx .I
Y - Y(X) = E 1 ' (2.107)

subject to the boundary conditions

y(0) = y'(0) = y(L) = y"(L) = 0, (2.188)

with k the force per unit deflection per unit length of beam, and E I the flexural rigidity
of the beam. The values of the constants used are

L = 1.2 x 102 in., (2.189)

k = 2.604 x 103 psi, (2.190)

q = 4.34 x 10' lbs/in., (2.191)
E = 3.0 x 107 psi, (2.192)

I = 3.0× 103 in. 4 , (2.193)

(see [28], p. 174). The L2 norm of y, the solution to (2.188), is approximately 106 times
larger than the L2 norm of y"". Combined with the high number of derivatives in (2.187),
this tends to present difficulties for finite difference methods. We reduce the problem (2.187),
(2.188) to a first order system, and then use the results of Theorem 2.9 to express 4) by the
formula

4,(x) = '(X) r(),

with *(x) : [0, L] - L(R 4 ×4 ) given by the formula
L- x 0 1 00 0 0 1

1 x= 0 0 (2.194)

-1 0 1 0

and F : [a, c] -- R' the solution to the equation

r'(X) + I- (X) ('(X) + p(x). 1(X)) . F(X) *-1'(x) . f(x), (2.195)

subject to boundary conditions

'1000 0000
01 0 0 0 0 001
0 0 0 0 -(a)-r(a)+ 0 0 1 0 .(c) r(c) 0, (2.196)
0 00 0 1 00 0

with p: [0, L] -- L(R 4 ×4 ) defined by the formula

0 -1 0 0 29
p(X) = 0 0 -1 0) (2.197)

0 0 0 -1
0 0 0



40 CHAPTER 2. TWO-POINT BOUNDARY VALUE PROBLEMS

Table 2.12: Numerical results for Example 2.5, p = 4.

n E(0) E_(__) t (sec.)
4 0.115 xl0°  0.672 x10- ' 0.110 xl0°

8 0.755 x10 - 2  0.506 x10 - 2  0.220 x100

16 0.474 x10 - 3 0.369 x10- 3  0.400 x100

32 0.269 x10 - 4 0.249 X10 - 4  0.780 x100

64 0.185 x10- - 0.162 x10 - 5  0.153 xl0'
128 0.117 x10- 6  0.103 X10 - 6  0.303 xl01
256 0.891 x10 - 8  0.652 x10- 8  0.603 x101

512 0.306 x10 - 8  0.170 x10 - 1 0.120 X102

Table 2.13: Numerical results for Example 2.5, p = 8.

n E 2(o) E-(,) t (sec.)
8 0.130 x10- 5 0.816 X10 - 6  0.280 x10 0

16 0.792 x10- " 0.510 x10- " 0.530 x100

32 0.465 xl0-  0.235 x10-8  0.105 xl01

64 0.916 x10 - " 0.463 x10- 8  0.201 x101

and f: [0, L] - R4 defined via the formula

(X) 0 (2.198)0

We apply Algorithm A to this problem using equispace subintervals, with the number
of Chebyshev nodes p = 4 and 8. For this experiment the background Green's function is
chosen to correspond to the equation

V( = 0,

subject to boundary conditions (2.188). The results of this experiment are presented in
Tables 2.12-2.13.

The following observations can be made from Tables 2.1-2.13, and are corroborated by
our more extensive experiments.

1. The practical convergence rate of the method is consistent with the theoretical one. For
larger p. the exact numerical verification of the order of convergence tends to be difficult,
since the precision of calculations is exhausted before the behavior of the scheme becomes
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asymptotic. However, this is often encountered when dealing with rapidly convergent algo-
rithms.

2. For small-scale problems (such as in Example 2.5) and large p, the algorithm produces
essentially exact results with a small number of nodes. For large-scale problems, double
precision accuracy is achieved at approximately 20 nodes per wavelength with p = 20, at
12 nodes per wavelength with p = 24, and at 10 nodes per wavelength with p = 32. The
optimal timings are achieved at p between 24 and 32 (provided that about 10-12 digits of
accuracy are desired).

3. The condition number of a Nystr6m discretization of a second kind integral equation
is asymptotically bounded, and our results reflect this fact. The relatively poor accuracy
(8-11 digits) obtained in Example 2.5 is due to the il-conditioning of the original ODE, as
opposed to that of the numerical scheme used.

4. The algorithm is completely indifferent to the stiffness near the left end of the interval
[0, 1] of equations (2.158), (2.159) in Examples 2.1-2.2.

5. It is easy to use the algorithm in an adaptive manner, as demonstrated in Example
2.2. However, a fully adaptive version of the scheme has not been implemented. The
intervals B! in Example 2.2 were provided by the calling program (as opposed to having
been constructed by the algorithm itself).

6. If the function p: [a, c] -* L(R' 'I) given by (2.1) is singular in the interval [a, c], then
the choice of a background Green's function can dramatically affect the numerical results
(see Remark 2.8). When p is not singular in the interval [a, c], the numerical advantages
of one background Green's function over another are usually minor. However, using the
Green's function given in Lemma 2.2 results in a slightly faster algorithm. This is because
this Green's function is constant in each of the intervals (x <. t), (x > t), which provides
in Step 2 of Algorithm A faster evaluation of the matrices cf", a"' given by equations
(2.143)-(2.144) and vectors b" ,6' given by equations (2.145)-(2.146), and provides in
Step 6 a faster evaluation of the solution 4 of equation (2.27).

7. The algorithm can solve systems of high order equations with no numerical difficulty, as
demonstrated by Example 2.5.
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Chapter 3

One-Dimensional Integral
Equations

3.1 Introduction

In this chapter, we consider the problem of determining a function a [a, c] -- R which
satisfies the integral equation

A c(x) + k(xt).a a(t) dt = f(x), (3.1)

where the free term f : [a, c] -- R and the kernel k : [a, c] x [a, c] --+ R are known functions,
and 0 < ,A < 1 (so that (3.1) is a first kind equation when , 0, and is a second kind
equation when A = 1). We assume that the kernel k contains a singularity of the form

s(X - t) = log Iz - tj, (3.2)

or of the form
s(x - t) = Ix - tj, (0 < jal < 1), (3.3)

or of the form 1
- t) = (3.4)

When s is given by (3.2) or (3.3), equation (3.1) is a weakly singular integral equation; for
a singularity given by (3.4), equation (3.1) is a Cauchy integral equation, and its integral is
evaluated in the principal value sense.

For purposes of analysis, equations of the form (3.1) are usually divided into three
classes:

(1) Second kind integral equations with singularities of the form (3.2) or (3.3).

(2) First and second kind integral equations with singularities of the form (3.4).

(3) First kind integral equations with second singularities of the form (3.2) or (3.3).

43
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Generally speaking, integral operators for any of these classes have eigenfunctions with
end-point singularities, so that an integral equation will have a smooth solution only if the
solution is orthogonal to such eigenfunctions. Each class of equations also has its own set of
theorems governing the existence and uniqueness of solutions. When second kind integral
equations with weak singularities are considered, Fredholm's theorems govern the existence
and uniqueness of solutions, and the linear systems arising from discretization are generally
well-conditioned. When first and second kind integral equations with Cauchy singularities
are considered, Fredholm's theorems apply in an extended sense (see Remark 3.3), and
the discretized linear systems are also generally well-conditioned. Fredholm's theorems do
not apply to first kind integral equations with weak singularities, although some first kind
integral equations are known to have unique solutions. First kind integral equations also
yield ill-conditioned linear systems: the condition number of the discretized system is at
least O(N) where N is the dimension of the problem.

When an integral equation is discretized using a Nystr6m scheme, the order of conver-
gence of the method is equivalent to the order of convergence of the underlying quadrature
formula. Standard quadrature formulas yield extremely poor convergence for the integral
equations considered in this chapter, due to the kernel singularities in these equations. Spe-
cial quadrature formulae have been developed for these types of integral equations. When
the kernel has a Cauchy singularity, the methods presented in [81 and [9] yield quadrature
formulas with superalgebraic convergence. When the kernel contains a weak singularity,
the quadrature formulas developed in [27], [3] yield up to eighth-order convergence.

In this chapter, we construct two rapidly convergent, order O(N) algorithms for the
direct solution of first and second kind integral equations containing weak singularities or
Cauchy singularities. The first algorithm is designed for integral equations with end-point
singularities in the solution, while the second algorithm is designed for integral equations
with smooth solutions. We extend the observations of [5] to construct sparse representations
of the integral operators; we then extend the techniques of [22] and (29] to construct fast,
direct, rapidly convergent solvers. In addition, we extend the methods of [27] and [3] to yield
superalgebraically convergent quadrature formulas for equations with weak singularities.

The plan of this chapter is as follows: in Section 3.2 we review the relevant properties
and tools of Chebyshev approximation, in Section 3.3 we apply Chebyshev analysis to
the integral operators of interest, in Section 3.4 we develop superalgebraically convergent
quadrature formula for integral operators with weak singularities; in Section 3.5 we develop
the analytical apparatus for the algorithm for solutions with end-point singularities; in
Section 3.6 we develop the analytical apparatus for the algorithm for smooth solutions;
Sections 3.7 and 3.8 describes the numerical schemes for the algorithm for solutions with end-
point singularities and the algorithm for smooth solutions, respectively; finally, in Section
3.9 we illustrate the performance of the algorithms with several practical examples.
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3.2 Chebyshev Approximation

In this section, we define operators and summarize results from Chebyshev approximation
theory. Most of the results are classical and can be found, for example, in [16], [18], [20].
Much of our discussion follows the presentation given in [22].

3.2.1 One-Dimensional Chebyshev Approximation

Given a function f E Ck[-1, 1], we define the vector V E 12 of Chebyshev coefficients by
the expression

f= f (t) . it
Vi Ti (t) dr, (3.5)

where T denotes the ith Chebyshev polynomial. The function f can therefore be represented
by the expression

f(z) = T(x). V, (3.6)

with Q : 12 - L 2[-1, 1] the Chebyshev interpolation operator given by

-p

,@(x) . V = 1 Ti(x) . V. (3.7)
i=0

Let v E R P be defined by
vi = il

for i = 0, 1,...,p - 1, and let Ti : RP -+ L 2 [-1, 1] be the interpolation operator given by

p-1
O(x) .- v = : Ti(x) .- vi. (3.8)

We denote the transpose interpolation operator 4 ,T: f2[_1, 1] - RP by the expression

(OtT(x) f)i = Vi, (3.9)

for i = 1,...,p, where V is given by (3.5).
The following lemma proves that a Chebyshev expansion converges rapidly for suffi-

ciently smooth functions, and is proved, for example, in [20].

Lemma 3.1 Iff E Ck[-1, 1], v E RP is given by (3.5)fori =0,1,...,p- 1, and :RP
L 2[-1, 1] is defined by (3.8), then for any x E [-1, 1],

I1f(X) - (x) . v11 = O (pkl). (3.10)

Lemma 3.2 proves that, given a vector f E RP representing the function f discretized
at the roots the pth Chebyshev polynomial, the vector v E RP given by (3.5) for i =
0, 1,. .. ,p - 1 may be obtained from f via a discrete cosine transform. A proof of this
lemma may be found in [201.
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Lemma 3.2 Suppose that f E Ck[0, 1], v E R P is given by (3.5) for i = 0,1,..., p- 1, and
f E R P is given by the expression

fi = fAti), (3.11)

with ti the ith root of the Chebyshev polynomial Tp(x). Suppose further that a E R P is given
by the formula

a = C(f), (3.12)

where C denotes the discrete cosine transform of dimension p. Then

Iv, - ai, = 0 (PI). (3.13)

Remark 3.1 Since the discrete cosine transform of a function may be obtained via the
Fast Fourier Transform, the vector of Chebyshev coefficients a may be obtained from the
function values f using O(p. logp) arithmetic operations. 0

While, strictly speaking, Chebyshev interpolation is defined only for the interval [-1, 1],
we can define an interpolation operator RP[a,c] R - L 2 [a, c] for the interval [a, c] via the
formula

- (c - a) • (t) + (a + c)
2 Vt)+ 2 (3.14)

so that
x E [a,c] 4= t E [-1, 1] (3.15)

(see, for example, [15]). Similarly, we define the transpose operator V) L -T

via the formula

vj[ (c - a). VT(t ) + (a + c) (3.16)
ta,:]X) - 2 2

Given a function f[a,c] [a, c] - R, we denote the Chebyshev coefficients for that function
by V[ac], so that

V[a.l "V[a,c] (3.17)

is an approximation to f[ac]. Given the p roots t, of the Chebyshev polynomial Tp(t), we
define roots tqoaxi for the interval [a, c] via the formula

(c - a) (a + c)
S= ----2 ti + 2 (3.18)

for i=0,l,...,p-1.
Let b = (a+c)/2 denote the midpoint of [a, c], and let 0[ab] : RP -* L 2 [a,b], '[b,c] :R -

L2 [b, c] denote the interpolation operators for the intervals [a, b] and [b, c], respectively. We
consider the problem of obtaining the expansions V[a,b] and v[b,c], given the expansion V[a,c].
If the function f associated with v[ .c, is sufficiently smooth, then we may use v[,,Cl to

obtain the approximations f(tio.,l) and f(tilb]). Then, V[a,b ] is obtained from f(tr.b]) via

the cosine transform described in Lemma 3.2, and similarly V[b,c] is obtained from f(tjb.,]).

Thus, each of the mappings v[,c] - V[a b] and V[.c] - Vfc] is obtained via the application of
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an interpolation operator and a cosine transform operator. Let CA, CB : R P --+ R P denote
the operators which perform the mappings v[a,-] v[,b] and V[a,c] --+ V[b,c], respectively, so
that

CA V[a,c] = V[a,b], (3.19)

CB V[ac] = V[bc]. (3.20)

CA, CB are nonsingular (see, for example, [5]); we now define the inverse operators CD, Cu:
RP- R P via the expressions

CD = CA 1 , (3.21)

Cu = C 1 . (3.22)

3.2.2 Two-dimensional Chebyshev Approximation

Given a function K(x,t): [-1,1] x [-1,1] -+ R, the following three lemmas provide the
methods by which K may be approximated via Chebyshev approximation, and define the
circumstances under which these approximations are rapidly convergent. The lemmas are
direct consequences of Lemma 3.1.

Lemma 3.3 Given a function K(x,t) : [-1,1] x [-1,1] - R, suppose that for fixed t,
K(x,t) E Ck[-1, 1]. Let M : L 2[-1, 1] x L2 [-1,1] -, 12 x L2[-1, 1] be defined for all
t E [-1, 11 via the formula

Mt(K, (x-) dx, (3.23)

so that for each t, M,(K, t) yields a Chebyshev expansion in x which approximates K(x,t).
Let mi : L2 [-1, 1] x L 2[-1, 11 , RP x L2[-1, 1] be given by the expression

ml (K, t)i = MI (K, t)j, (3.24)

for i = 0, 1,...,p - 1 and for all t E [-1, 1]. Finally, let : --* L 2 [-1, 1] be the
interpolation operator defined by (3.8). Then, for any x,t E [-1,1],

IIK(x,t) - O(x) . mi(K,t)[I = 0 (G _ 1) . (3.25)

Lemma 3.4 Let K(x,t) : [-1,1] x [-1,11 -- R, and suppose that for fixed x, K(x,t) E
Ck[-1, 1]. Let M2 : L 2 [-1, 1] x L2 [-1,1] L 2[-1,1] X 12 be defined for all x E [-1,1] via
the formula

M 2 (K, x) = K(x, t) 2 Ti(t) dt, (3.26)

so that for each x, M2(K, x) yields a Chebyshev expansion in t which approximates K(x, t).
Let m2 : L2 [-1, 1] x L2[-I, 1] - L 2[-1, 1] x R P be given by the expression

m2(K,x)i = M2(K, x)j, (3.27)
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for i = 0,1,.. .,p - 1 and for all x E [-1,1]. Finally, let IpT : L2[_, 1] -. R p be the
interpolation operator defined by (3.9). Then, for any x,t E [-1,11,

IIK(x, t) - m 2(K,x) .0T(t)ll = 0 ( k-1 ). (3.28)

Lemma 3.5 Given a function K(x, t) [-1, 1] x [-1,1] -* R, suppose that for fixed x,
K(x, t) E Ck[-1, 1). Suppose further that for each fixed t, K(x,t) E Ck[-1, 1]. Let M3 :
L2[-1, 1] x L 2[-1, 1] _* 12 x 12 denote the two-dimensional Chebyshev expansion defined by
the formula

M3(K)ij (/1K(x' t) T t) dt) - T'() dx, (3.29)

for each i x j E {0,1,...} x {0,1,...}. Let m 3 L2[1,11] x L2[-1,1] - R P x R P be given
by the expression

m3(g)ij = V3(K)ij, (3.30)

for all i = 0,1,...,p- 1 and for all j = 0,1,...,p- 1. Finally, let : R P - L2[_1,1],
OT : L 2[_j, 1] , R P be the interpolation operators defined by (3.8), (3.9), respectively.

Then, for any x,t E [-1, 11,

IIK(x,t) - 'O(X)' m3(K). bT(t)jI = 0 (> . (3.31)

Remark 3.2 Let K(xi,ti) : Rn -- R n E L(Rnxn) denote an n x n discretization of K,
and suppose that n > p. Suppose further that On RP -- R n is the operator mapping a
Chebyshev expansion in x to function values at n points xi, and suppose bT : Rn -* R P is
the operator mapping function values at n points in ti to Chebyshev expansions in t. Then,
using Lemmas 3.3-3.5, we may represent K in one of four ways:

Case 1: If for fixed x, K(x,t) E Ck[-1, 1], and also for fixed t, K(x,t) E Ck[-1, 1], then
by Lemma 3.5 we may represent k by the formula

K = n" m 3 (K) T, (3.32)

with m 3 defined by (3.30). Thus, K can be approximated by M 3 , and 0", OT are merely
used to obtain values of K at specific points x, t. We have reduced the n2 representation k
to the p2 representation in3.

Case 2: If for fixed t. K(x,t) E Ck[- 1, 1], then by Lemma 3.3 we may represent k by the
formula

K = ib, . ffil(K,t), (3.33)

where rh1 : R P -- R ' denotes the operator mi given by (3.24), discretized at the n points
t,. A' can therefore be represented by fni using n .p coefficients; this is less than the n2

coefficients used in k, but more than the p2 coefficients used to represent m 3 in Case 1.
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Case 3: If for fixed x, K(x, t) E Ck[-1, 1], then by Lemma 3.4 we may represent k by the
formula

K(x, t) = fat2(K, x). , (3.34)

where r&2 : R' - RP denotes the operator m2 given by (3.27), discretized at the n points
xi. The number of coefficients required to represent K using rh2 is p- n- the same as the
number required in Case 2, but more than the number required in Case 1.

Case 4: If for fixed x, K(x,t) Ck[-1,1], and for fixed t, K(x,t) 0 Ck[-1, 1], then
we cannot use Chebyshev approximation to reduce the number of coefficients needed to
represent k. We require n2 coefficients to represent k, more than the p. n coefficients
required in Cases 2 and 3, and more than the p2 coefficients required in Case 1. 0

3.3 Chebyshev Approximation for Singular Integral Oper-
ators

In this section, we present techniques for the efficient representation of integral operators
with singularities, with the result that a dimension N discretization of an integral operator
with a singularity may be accurately represented using only O(N) elements.

We assume the kernel k: [a, c] x [a, c] -- R is of the form

k(x, t) = ki(x, t) . s(z - t) + k 2 (X, t), (3.35)

where the singularity s defined by one of (3.2)-(3.4), and k1 , k2 : [a, c] x [a, ci -* R E
Ck[a, c] x [a, c]. For convenience, we define the operator P : L 2[a, c] - L 2[a, c] by

P(a)(X) = A. a(x) + k(x, t). a(t) dr, (3.36)

so that the equation (3.1) assumes the form

Pa = f. (3.37)

Remark 3.3 While P is defined as an operator yielding solutions in L2[a, c], the existence
and uniqueness of solutions in L2[a, c] depends on the class of the integral operator under
consideration. If P is a second kind integral operator with a weak singularity, then by the
Fredholm Alternative, either there exist unique solutions a E L2[a, c], or the homogeneous
equation

Pa = 0 (3.38)

has a nontrivial solution.
For Cauchy integral equations, existence and uniqueness of solutions also depends on the

index X of the operator (as defined in [25]). For the integral operators under consideration,
X E {-1, 0, 1}. When X = 0, the operator is a Quasi-Fredholm operator, and the Fredholm
Alternative is applicable. When X = -1, and the adjoint of the homogeneous equation
has no nontrivial solutions, then a solution a E L 2[a,c] exist, but is unique only up to a
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constant. When X = 1, then the adjoint homogeneous equation has at least one nontrivial
solution, and a solution a E L2 [a, c] exists only if the free term f is orthogonal to the
solutions of the adjoint homogeneous equation.

When the operator P is a weakly singular first kind integral operator, then there may
not be a solution a E L 2[a, c], since for this class of integral equation P is a compact
operator. However, if such a solution exists, and the operator is positive definite, then the
solution is also unique (see [26]). 0

We will require the four operators

PAA L 2 [a,b] - L 2 [a,b] ,

PAB L 2 [b,c] L 2 [a,b] ,

PBA L 2 [a,b] -" L2 [b,c] ,
PBB L 2 [b,c] -- L2 [b,c] ,

defined by

PAA(a)(X) = A. -a(X) + z K (x, t) -a(t) dt, (3.39)

PAB(a)(X) = jK(x,t). -a(t) dt, (3.40)

PBA(o)(X) = K(x, t) a'(t) dt, (3.41)

PBB(a)(X) = A. a(x) + j K(x, t) .a'(t) dt. (3.42)

The integral equation (3.37) can therefore be rewritten in the form

PAA(OaIA) + PAB(alB) = flA, (3.43)

PBA(aA) + PBB(aJB) = fIB" (3.44)

We denote subintervals [cl, c2] and [dl, d2 ] of [a, c] by C and D, respectively, and assume
that C and D are disjoint. We define PCD : L 2 (D) - L 2 (C) via the formula

PCD(a)(X) = k(x, t) oa(t) dt, (3.45)

so that PCD is the operator P restricted to the domain C x D.
Theorem 3.1 determines the circumstances under which PCD may be represented via

Chebyshev approximation. Proofs may be found in [21] and [5], with the most general proof
located in [10].

Theorem 3.1 Suppose [cl, c2], [di, d2] are disjoint subintervals of [a, c], and let cl = C2-
cl. d = d2 - di, and r = min{Ici - d21, Jc2 - diJ}. Suppose further that PCD is given by
(3.45), with a kernel of the form (3.35), and the interpolation operators 0, ,T are given
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by (3.8), (3.9), respectively. Suppose finally that Chebyshev nodes tiC tiD are defined by
(3.18). If MI, M 2 , M3 given by Lemmas 3.3-3.5, then

1. If cl < r (the interval [cl, c2] is well-separated from [dj, d2]), then

IIPcD- 4.m(PcD)II = 0 ( _ ). (3.46)

2. If dl < r (the interval [dj, d2] is well-separated from [cl, C2]), then

IIPCD - m2(PCD)* .T 11 = O G1 1) (3.47)

3. If cl < r and also di < r (each of the intervals [c1 , c2] and [dj, d2] is well-separated from
the other), then

IIPCD - V. m 3 (PCD) . IbT11 = 0 (-y_ ) . (3.48)

Let b = (a + c)/2 denote the midpoint of the interval [a, c]. We denote the subintervals
[a, b] and [b, c] of [a, c] by A and B, respectively.

Remark 3.4 The purpose of this section is to develop efficient representations for the
discretized operators PAB, PBA. Since A and B are not well-separated intervals, we cannot
apply Theorem 3.1 to the operators themselves. However, there are subintervals of A and
B which are well-separated. We now proceed to decompose PAB, PBA into operators acting
on smaller subintervals, so that Theorem 3.1 applies to these restricted operators. 0

Suppose that we are given positive integers qA,qB, and that rA,rB are defined by the
equations

rA - (b -a) (3.49)
A -- 2qA_ 1

B = ( c -b) (3.50)r -- 2qB_ 1 •

If qA > 1, then we denote the subintervals [a,b - rA] and [b - rA,b] of A by A1 and A0,
respectively, and similarly if qB > 1 we denote the subintervals [b, b + rB] and [b + rB, c] of
B by B0 and B 1, respectively. If qA > 2, then we denote qA - 1 subintervals A2, ... , AqA of
A1, via the formulae

Ai = [b- rA .2'-l,b- rA .2 i - 2] (i = 2,...,qA - 1), (3.51)

aqA = [a, b - rA . q8-2].

Similarly, if qB > 2. then we denote the qB - 1 subintervals B2 ,..., BqB of B using the
formulae

Bi = [b+ rB 2-2 ,b+ rB .2 -1] (i = 2. ., q -1), (3.52)
BqB = [b+ rB .2 q B - 2 ,C].
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When qA = 1, we define both A1 and A 2 to be the interval [b, b]; when qB= 1, we define
B1 and B 2 to be the interval [b, b]. When qA = 2, we define A 2 to be equivalent to A1 , and
similarly we define B 2 to be equivalent to B1 when qB = 2. Thus, for all values of qA, qB,

qA

A, = U A,, (3.53)
i-=2

qB

B, = U B,. (3.54)
i=2

Given operators PAB, PBA defined by (3.39), (3.40), respectively, we may express PAB
and PBA via the sums

qA qB

PAB(aIB) = PAoBO(OlBo)+ EPAB(1B) + E PAoB,(aB,) (3.55)
i=2 j=2

qA qB

+ E E PAB,(a1B,),
i-=2 j=2

qA qB

PBA(aIA) = PBoAo(UIAo) + E PAo(lAo) + PBoA,(alA ,) (3.56)
i=2 j=2

qB qA

+ E E PB.A, (a IA).
i--2 j=2

The following theorem is the principal analytical tool of this chapter. It permits factor-
izations of PAB and PBA which approximate these operators to high accuracy. Corollary
3.1 then proves that for the discretizations of interest, few coefficients are required in the
discretization of these factorizations.

Theorem 3.2 Suppose 01A : L 2(A0) x RP'(qA-1)- L2 (A) is given by the expression

VAqA -1

I'I , (3.57)

VA2
IA,

u,herc [Ao denotes the identity operator for the interval A0 , and suppose further that 1,'2B

L2(B 0 ) x RP-(qB - 1) - L 2(B) is given by the ezpression

B'S2

VB2B = q3 (3.58)

VBqB
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Then

IIPAB -1A MAB Tl11 = 0(-~) (3.59)

IIPBA - V2,,MBA _TI = 0 ( 1 ), (3.60)

where MAB L 2 (BO) x RP'(qB1') -- L 2 (Ao) x RP(qA-1) is given by the expression

M1 (PAq B0) m3(PAqAB2 ) mn3(PAqA B3) .. M3(PAqABEqI)
=jMl(PAqA-1B,) M3(PAqA _B 2 ) m3(PAqA _.B 3 ) .. M3(PAq1..1B,,)

MAB

M 1(PA2 B.) M3(PA2B,) m3(PAB 3 ) .. M3(PA2 B,,) J
TAoBo M2(PAoB,) m2(PA.B 3 ) .. M2(PA.BqB) /

(3.61)
and where MBA :L 2(Ao) x RP'(qA-1) --, L 2 (B 0 ) X~ Rp(qB-1) is given by the expression

(m2(PI3.A 'A) M2(PBoAq'A-') .. m2(PB0 A2) PBoAo
M3P,2 ' m)73(PBAq'A-.l) ... m3(PB2A2) M I(PB3 A.) ,(.2

MIBA M3P6, 'A) M3(PBA qAl) .. m3(PB3A2 ) M1 (PB2, A.) (.2

M3(B,,A,,) M(PB.A,-,)...m3(PBq 8,A,) M1(B,,AQ

and where mi L x P2 , RP x L2, M2 :PL x L2 PL x RP, M3 : L2 x L2- RP x RP are
defined by (3.24), (3.27), (3.30), respectively.

Proof. For each i =2,. ... , qA, Ai is well-separated from B0. Therefore, by Theorem 3.1 we
may represent operators PA,B. and PBOA, to 0(11P k-1) accuracy using the approximations

PA,B, ; .VI,-MI(PA, Bo), (3.63)

PBA, ;ZM2(PB.A,).?,Ail (3.64)

for each i = 2, ... , qA. In addition, each subinterval B, is well-separated from A0, for
i= 2,... -, q. Therefore, by Theorem 3A1 we may represent operators P& B, and PBjA& to

0(1/pkl') accuracy using the approximations

PAOB, M2(PAOB,) 1,b. (3.65)

PB,A,, IB - Ml(PB,A,), (3.66)

for each i =2,...qB. For each i = 2. ,qA and for each j = 2,...qB, each of the
subinterNvals Ai and B1 are well-separated from the other. Therefore, by Theorem 3.1 we
may represent operators PA,B, and PB,A, to 0(11Pk-1) accuracy using the approximations

PA,B) 0 A, M3(PA,B) BT (3.67)
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for each i - 2,.. .,qA and for each j = 2,.. .,qB. The approximations (3.59), (3.60) are
now obtained from the approximations (3.63)-(3.68) and from equations (3.55), (3.56). 0

The particular values of the integers qA and qB used in this section are discretization
dependent. In this chapter, we will be using the following three discretizations:

Discretization C1: Both A and B contain n points, n = p.k, where k is a positive integer.
A 0 and B0 contain p Chebyshev roots tjA , ti, 0 , respectively. The remaining n - p points
for A and B are placed in A 2 and B 2 as follows:
1. p Chebyshev nodes are contained in the subinterval [(a + b - r)/2, b - r] of A2 and p
nodes are contained in the subinterval [b + r, (2b + r)/2].
2. For i = 2,..., k - 2, both the subinterval [(a + b - r)/2', (a + b - r)/2' - 11 of A2 and the
subinterval [(2b + r)/2 i -1, (2b + r)/2i1 of B2 contain p Chebyshev roots.
3. Finally, the subinterval [a, (a + b - r)/2 k- 2 ] of A 2 and the subinterval [(2b + r)/2k- 2 , c]
each contain p Chebyshev roots.

Thi s, for Discretization C1, qA = qB = 2.

Discretization C2: The structure of Ao and A2 are the same as in Discretization C1.
However, there are only p points in the interval B, located at the p Chebyshev roots ti,.
For this discretization, qA = 2, and qB = 1.

Discretization D: Both A and B contain n points, where n = p. 2 k, for some integer
k. The number of points in each of the subintervals Ai and Bi is proportional to the size
of the subinterval. A0 and B0 contain the p Chebyshev roots to and tiB0, respectively,
where the Chebyshev roots are defined by (3.18). A 2 and B2 each contain the p Chebyshev
roots t' 2, ti. 2 , respectively. For the subintervals A3 and B 3 , we have p Chebyshev roots in
each half of the subinterval, for a total of 2p points in the subinterval. For the remaining
subintervals A1 and Bi, for i = 3,. .. , q, we divide each subinterval into 2 q- 1 pieces, and
place the p Chebyshev roots in each piece (so that the total number of points is p- 2q-1).
Thus, for Discretization C, qA = qB = k + 1.

Corollary (3.1) directly follows from Theorem 3.2 and from Discretizations C1, C2, D.

Corollary 3.1 Suppose MAB and MBA are given by (3.61) and (3.62). Then,

1. When MAB and MBA are discretized via Discretization C1, then the corresponding
* discretized operators IAB, MAfBA require 4 -p2 coefficients each.

2. When MAB and MBA are discretized via Discretization C2, then the corresponding
discretizcd operators M-.AB. MBA require 2 . p2 coefficients each.
3. The discretization of both MAB and MBA via Discretization D requires p2 + p2 k + p2 .
k + p2 

. k 2 coefficients. Equivalently, each operator M AB, MtBA requires p2 (log2(n/p) + 1)2

coefficients for this discretization.

Remark 3.5 The analytical apparatus of this chapter strongly resembles the analytical
apparatus of Chapter 2. This is largely because for both chapters the observations of
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Remark 2.5 apply- that just as P was decomposed into operators PAA, PBB and low-rank
operators PAB, PBA, so we can decompose each of PAA and PBB into four operators, two of
which are of low numerical rank. If this process is continued, we obtain the structure shown
in Figure 2.1. However, while the integral operators of Chapter 2 were of low analytic rank,
the operators of the present chapter are of low rank only when discretized. 0

3.4 Quadrature Formulae for Singular Integral Operators

In this section, we develop quadrature formulae to be used in the algorithms of this chap-
ter. The results of this section can be used to construct p x p discretizations of singular or
wealdy singular integral operators. These discretizations are well-conditioned (the under-
lying quadrature weights are nearly all positive), and exhibit pth order convergence to the
analytic integral operator.

3.4.1 Product Integration for Singular Functions

We first consider the numerical evaluation of integral equations of the form (3.1), with the
kernel k given by (3.35), and the singularity s given by either (3.2) or (3.3).

Remark 3.6 The method of this section is not required for the Cauchy singularity (3.4), as
high-order quadrature formulas for this singularity already exist (see, for example, [8],[9]).
0

We denote an n-point discretization of the interval [-1, 1] by [xI, x 2,. ., x.]. Given this
discretization and quadrature weights wij (1 < i,j !_ n), the Nystr6m algorithm replaces
the integral equation (3.1) with the linear system

n

A'a,+_ _,E , .i'(ki(zi,xj)s(x - zi)+k 2(zi, x)).Oj = f(Xi) (1< i < n). (3.69)
j=1

The solutions al .... , an are then viewed as approximations to the solution a of (3.1) at the
nodes X1,..., xn. As is well-known, if (3.1) has a unique solution, then for a wide class of
quadrature formulae and sufficiently large n, the system (3.69) has a unique solution, and
the solution of (3.1) converges to the analytic solution at the same rate as the underlying
quadrature formula.

Unfortunately, standard quadrature formulae (for example, end-point corrected trape-
zoidal quadrature formulae, or Chebyshev quadrature) exhibit extremely poor convergence
for equations of the form (3.1), due to the singularity s. Appropriate quadrature formulae
are usually obtained by some form of product integration (see, for example, [17]). Such
formulae were obtained in [27], [3] for end-point corrected trapezoidal quadrature rules; we
now use the method of these papers to construct weights for Chebyshev quadrature.

We assume that (3.1) has been discretized at the 2p zeroes [X1,. .. ,X2p] of the 2pth
Chebyshev polynomial T2p. Using the notation of [32], we define generalized moments of
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the moment function s, with s singular at xi, by the expression

m_(x_) 1 Tj_l(t) s(t - x)dt (1 <j <p). (3.70)

For each xi we now consider the following system of linear algebraic equations with respect
to the unknowns wij (1 < i < n):

2p
L Tjo (Xk).wik Tj-I(t) dt, (3.71)

k=1

for 1,...,p, and

2p

L Tj-p-1(Xk)" s(xk - xi)" Wik = mj-p(xi), (3.72)
k=1

for j = p +..., 2p. Obtaining the quadrature weights wij therefore requires the solution
of a total of 2p linear systems.

Remark 3.7 While the 2p2 moments mj(xi) can be determined analytically, this is quite
burdensome for large p. Instead, we evaluate the moments numerically, using adaptive
gaussian quadrature (see, for example, [30]). The expression (3.70) can be evaluated to
high accuracy, provided the singularity is given by (3.2), or is given by (3.3) with a positive
exponent.

If the singularity is given by (3.3) with negative exponent, then adaptive gaussian
quadrature will yield high accuracy only if the location of the singularity is zero (for other
locations of the singularity, the subinterval divisions can not be made sufficiently fine to
yield high accuracy). However, the following expression is equivalent to (3.70), and can be
evaluated accurately using adaptive Gaussian quadrature:

m ) +1
T.. 1(= - t). s(t) dt (1 _ <p). (3.73)

The existence of unique solutions to the linear systems and the convergence rate of the
quadrature formulae are given by the following two lemmas, which were presented in [3] (in
a slightly different form).

Lemma 3.6 For each xi (1 < i < 2p), the linear system (3.71)-(3.72) has a unique solu-
tion.

Lemma 3.7 For each xi, the convergence rate of the quadrature weights wii (1 < j _< 2p)
is at least p.

Unfortunately, as the order of the quadrature formulae p increases, the linear systems
given by (3.71)-(3.72) become increasingly ill-conditioned. As a result, the weights wi1
become large, to the point that substantial accuracy is lost when p > 8.
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3.4.2 High-Order Quadrature Formulae with Well-Conditioned Weights

The algorithms of [27], [3] have favorable analytic properties, but produce unacceptably
large quadrature weights for an order of convergence p >_ 8. In contrast, the algorithm we
now present is a series of linear algebraic fixes to [27], [3]. We have no proofs concerning the
performance of the algorithm in this section, but in practice it has been used to generate
extremely high-order methods with quadrature weights that are nearly all positive.

We rewrite the system (3.71)-(3.72) in the form

Miw 1 = fl, (3.74)

where M1 E R2p 12p is the system of Chebyshev polynomials and Chebyshev polynomials
times a singular function, w E R 2p is the vector of quadrature weights, and f E R2 p is
the vector of analytic integrals. Assume that to some precision C, the rank of the matrix
M, : f (the matrix M1 with an additional column f) is n. Then, an orthonormal matrix
Qi E R 2 px 2 p can be constructed which maps the left nullspace to zero (to precision c).
More precisely, we obtain an orthonormal matrix Q, such that rows n + 1,...,2p of the
matrix Q • M, are zero, to precision c. Let Q2 E Rn x 2P denote the matrix with its n rows
equivalent to the first n rows of Q1. Then, to precision E, the linear system

Q 2Mlw1 = Q2fl (3.75)

is equivalent to the linear system (3.74). For convenience, we rewrite the system (3.75) as
the system

M 2 W1 = f2, (3.76)

with M 2 E R'X2P defined by
M2 = Q2" -M1, (3.77)

and f2 E R ' defined by

f2 = Q2 fl. (3.78)

By Lemma 3.6, there exist solutions to (3.76). We obtain w, by solving the following
least squares problem with linear constraints (see, for example, [151):

Minimize IIWII12 subject to M 2 w, = f 2 . (3.79)

While solving the system (3.79) does provide solutions for p _ 8, the weights w, obtained
are still quite large. However, if we construct weights for points located at the zeroes of
a Chebyshev polynomial n > 2p, these weights can be nearly all positive. The original
equations (3.71)-(3.72) thus become, for each z 1 :

E Tj-l(k) - Mk = Tj,(t) dt, (3.80)
k=1

forj = 1.....p, and

yZ T-p-1(xk)" s(Xk - Xi) " wik = Mj-p(-Zi), (3.81)
k=1
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for j = p + 1,..., 2p. Our experiments indicate that when n > 3p, the weights are either
all positive or nearly all positive. Unfortunately, we have no explanation for this behavior.

Remark 3.8 In [3], Alpert interpolates a function discretized at equispaced nodes to a
Chebyshev discretization, ip order to delay the growth in weights. A similar interpola-
tion strategy can be used here to generate a p x p integral operator with pth order con-
vergence, even when the number of quadrature weights required for a particular row is
large (we use 3p weights per row). Assume an operator is to be applied to a function
f = [f(tlj ,p f(t 21[,]), ., f(tp[,,])], with each t., given by (3.18), and assume further-
more that f E CP[a, c]. Denote by M the p x 3p matrix containing the discretized kernel
function K(ti[.,c, yj) (for each ti[.,c], the points yl, y2,..., y3p are chosen in some convenient
fashion). Let C : RP - R P denote the discrete Chebyshev transform operator of dimension
p. Then, M • f will yield the p Chebyshev coefficients of the function f. These coefficients
can then be used to yield the interpolated values of f at the points Yl, Y2,. . ., y3p

By itself, this interpolation procedure is of little interest. However, when combined with
the algorithms of this chapter, the order of convergence of the discretized integral operator
is improved from p/3 to p. 0

3.5 The Analytical Apparatus for Singular Solutions

In the following two sections, we use the results of Section 3.3 to produce the apparatus for
the rapid solution of the integral equation (3.1). By Corollary 3.1, the exact representation
of the operators PAB and PBA defined by (3.40), (3.41) is discretization dependent. In this
section, we present results for Discretizations C1 and C2- these discretizations are used
when there is an end-point singularity in the solution of (3.1). In Section (3.6), we present
results for Discretization D; this discretization is used when the solution to (3.1) is smooth.

The fast algorithms of this chapter are based on the fundamental observation that the
solution to the integral equation (3.1) on the entire domain [a, c] can easily be constructed
from the solution of the two independent integral equations (3.43)-(3.44). one defined on
[a, b] and one on [b, c]. This leads naturally to a recursive algorithm, in which independent
solutions on a large number of subintervals are successively merged until the full solution
is obtained. A precise formulation of the construction and the resulting numerical scheme
will require some notation.

3.5.1 Notation

We let b = (a + c)/2 denote the midpoint of [a, c], and denote the subintervals [a, b] and
[b. c] by A and B, respectively. In addition, we require the operators

P L 2 [a,c] - L 2 [a,c],

PAA L2 [a,b] - L2[a,b],

PAB L2 [b,c] - L 2 [a,b],

PBA L2[a, b] - L[b, c],
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PBB : L2[b,c]-,*L2 [b,c],

defined by (3.36), (3.39), (3.40), (3.41), (3.42), respectively. Due to Theorem (3.2), if we
are using Discretization Cl then we may approximate PAB and PBA via the expressions

PAB 0 1A" MA B" bT, (3.82)

PBA ' PIB MBA "I'A' (3.83)

with

01A RV x L 2 (Ao)--

01, RP x L 2(Bo) ,* L(B),

the interpolation operators of the form (3.57), given by the expressions

'PI A = (IPA 2 IA0 ) (3.84)

01B = ( 7B 2 IBo) (3.85)

with

M4B R P x L 2 (Bo) P-* x L2(Ao),

MkA RP x L 2 (Ao) - R P x L 2 (Bo),

given via the formulae

( m(PA2 B°) m3(PA2B) (3.86)

A B = PAoBo m2(PAoB3 ) (

= ( m2(P.A2 ) PB.A ) (3.87)
MBA = m3(PB2 A,) m1(P 2 A) "

Similarly, if we are using Discretization C2 then using Theorem (3.2) we may approximate
PAB and PBA via the expressions

PAB 01A " MA2B, (3.88)

PBA " MBA IA? V, (3.89)

with

m2 L2(B) - B x
AB L - RP L2 (Ao),
A R P x L (Ao) - L (B),
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given via the formulae

M 2 (PA2B) (3.90)
MAB = PAoBo (39'

M2A = ( m2(PBA2 ) PBAo ). (3.91)

We define the operator

Q: L2 [a, c] x RP L2[a,c] x R P

by the expression

Q(x)(x) = x(X) + k(z, t). X(t) dt. (3.92)

We additionally require the four operators

QAA L 2 [a,b] x R- L 2 [a,b] x R P

QAB L2 [b,c] x R P  L 2 [a,b] x R P

QBA L2[a,b] x R- L2 [b,c] x R P ,

QBB L2[b,c] x R P L2[b,c] x R P

defined by the formulae

QAA(X)(X) = X(X) + k(x, t), X(t) dt, (3.93)

QAB(X(z) = jk(xt) x(t) dt, (3.94)

QBA(X)(z) = k(x, t), x(t) dt, (3.95)

QBB(X)() = X(x) + k(x, t)- x(t) dt. (3.96)

Given a function f E L2[a, c], we will follow the convention of denoting its restriction to
A and B by f1A and fIB, respectively. Similarly, given a function V' E L2[a, c] x RP, we will
denote its restriction to A and B by VJIA and 0IB, respectively.

Given an interval [bl, b2] C R and operators t4 : R '
- L2(bl,b 2], X : Rm 

- L 2[b, Ib2],
and let V,i(x) denote the ith component of V,(x), and let Xj(x) denote the jth component
of x(x). Then we define the inner product a E L(R" × 'n) by the expression

= (t )t) xj(t) dt, (3.97)

where (o),j denotes the entry in the ith row and jth column of a. Similarly, we define the
transpose of u" by the formula

((,T(Tt)), = (t).- tj (t) dt, (3.98)
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Given interpolation operators

:[a,c] R P -L 2 [a,c],

TPA RP L-* (A),

PB RP- L 2(B),

defined by (3.14), we will in this section refer to them by 7'3, 1P3A, and 03B,, respectively.
Given Discretizations C1 and C2, we require the interpolation operator

01 : RPL 2(B) -" L2[a,c],

given by the formula
01 = ( OA  ) (3.99)

We in addition require the zero operators

OA L L2[a, c] "- L2(A),

OB R P - L2(B).
(3.100)

The operators 'j and '3 are related to P3A, I'3B via the expressions

011A = "k3A X 0 A , (3.101)

011B = OB X IB , (3.102)

031A = 0'3A CD , (3.103)

V731D = 3B"Cu , (3.104)

where CD, Cu : R P , RP denote the shifting matrices defined by (3.21), (3.22), respectively.
Assuming that the operators PAA, PBB are nonsingular, we define the functions

77A A R,
77B B B R,

via the formulae

r]A = PA](fjA) , (3.105)

77B = PB(f1 B) " (3.106)

Similarly, assuming that the operators P, PAA, PBB are nonsingular, we then define the
operators

X,: RP x L 2 (B) , L 2 [a,c] ,

X3 : RP L2 [a,c) ,

01A RP x L 2(.A0 ) - L2 (A)

( 3, R P - L2 (A)

53,: RP - L2(B),
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via the formulae

Xi = P'(¢i) , (3.107)

X3 = P-1(0 3 ), (3.108)

= P,( 'A), (3.109)
03A = PAZ( 3 A), (3.110)

03, = P 1('03,) (3.111)

Finally, given the transpose defined by (3.98), we define operators

A 2 2 'Roll R x L 2 (Ao) , R P x L2 (Ao) ,
aA3: R- R  x L 23(Ao),

aA  2 r R

A

all: RP x L 2(B) R P x L 2(B),

a13 R P -- R P x L 2(B),
a3: RP x L 2 (B) - - R P,

a33 R P -
-* 

R P

by the formulae
A =?T aA VA1 T*j

(3.112)

a~1= 3A 01A, 33 b3A "03A,

II--iiTx , a13 = 'T" X3,
(3.113)

3=)T' X, a3 3 
=  X 3 ,

and the functions

1 E RP x L (Ao)
bA E RP ,

61 E R P xL 2 (B),

63 E R P ,

by the expressions

(3.114)

where (7 is the solution to equation (3.37).
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3.5.2 Recursive solution of the integral equation

We now consider the original integral equation (3.37)

Pa = f.

The main results of this section are the following two lemmas, which construct the
solutions o of equation (3.37) from the solutions 7)A, rlB of equations (3.105) and (3.106).
Since the proofs are quite similar, we only present the proof for Lemma 3.8.

Lemma 3.8 If Discretization C1 is used, so that operators PAB, PBA can be approxirnated

via (3.88)-(3.89), and if, in the notation of Section 3.5.1, all six operators P, PAA, PBB,

Q, QAA, QBB are non-singular, and if furthermore the operator

A, : RP x L 2 (Ao) - RP x L2 (A0)

given by

A 1 = IRPxL2(Ao)- all MB .1 MKA, (3.115)

is also nonsingular, then to accuracy O(1/pk-1),

A71A 77A "+1 MAB "(aiiMBA " Al (3.116)
(b A _ aA .  6MBf) _ 6B),

a 17 7 B + 01,, MBA (A I "O - MAB (3.117)-b -, ,. MA ) - 6)

Proof. Using definitions (3.39)-(3.42), the integral equation

PC = f

can be rewritten in the form (3.43)-(3.44). The approximations (3.82) and (3.83) for PAB

and PBA, respectively, can then be used to obtain an explicit solution to the coupled equa-

tions (3.43) and (3.44) in terms of the functions 77A, 77B, 01A,' 3A defined by (3.105), (3.106),

(3.109), (3.110), respectively. Indeed, applying the operator Pj to equation (3.43) and the

operator PB to equation (3.44), we have

UIA + PA " PAB(cIIB) = PA (fIA), (3.118)

PB. PBA(0IA) + (FB = PB(fIB)" (3.119)

Substituting the approximations (3.82) and (3.83) into (3.118) and (3.119) yields the for-

mulae
P A1 .M T . "aIB = 77A, (3.120)
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Pt." 1B"MA" OTA.oaA+oiB = 7)B, (3.121)

or

ClA + 01," M B * 61B = 17A, (3.122)

01B " MBA . T A + alB = r/B, (3.123)
where we have used the definitions (3.109), (3.110) for €1A and 0k1B, respectively. Now,
multiplying (3.123) by (' A MAIB .,OT and subtracting it from (3.122), we obtain

(IL2(A) -01A - MAB .'TB"1B "MBA' 1A)'aA = (3.124)

17A -01A . MAB 1 7B-

Similarly, multiplying (3.122) by 01B "MBA pTA and subtracting it from (3.123) results in
the equation

(IL2(B) -1B" MBA "1A 01A " MAB 1TB) aIB = (3.125)

77B - 01, " MB,. _ .T ,.

Due to (3.112) and (3.180), we can rewrite these equations in the form

(IL2(A) - 1A MAB. . MBA. (TA)). aA = 77A-¢'A M!B .$B, (3.126)

(IL2(B) - 01 , MA. (11 - MAB .1B)) .IB = 77B -019 MBA . (3.127)

By application of Lemma 2.5, we obtain

CIA = (IL2(A) + 01A - MAB.B 4.MkA. (3.128)

(IRPxL2(Ao) - al MAI aB 1 1 MBA) -  eTA) ( 0A - 'a" MAB 1

UIB =  (IL2(B) + 1B" MBA "(IP xL2(Ao) - " M IIA)- (3.129)
oAt " MAB "1B)"- (77B - 01B -MBA m ?T. 6A)_

The equations (3.116), (3.117) are now obtained from equations (3.128), (3.129) and equa-
tion (3.115).

Lemma 3.9 If Discretization C2 is used, so that operators PAB, PBA may be approximated
via (3.82)-(3 83), and if, in the notation of Section 3.5.1, all six operators P, PAA, PBB,
Q- QAA, QBB are non-singular, and if furthermore the operator

A 2 : L 2 (B) -- L2(B)

given by

A2 = IB - Pp . MBA 11A, MAS, (3.130)

is also nonsingular. with M2B. MBA defined by (3.90)-(3.91), then to accuracy O(1/pk-1),

CIA = r/A+1,,AMAB'(A2.P BMA" (3.131)

AB- . . 77B) -77),

S=A BA - 1 " M ") . (3.132)
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3.5.3 Further Analytical Results for Discretization C2

We now collect a number of identities which are necessary for the algorithm to be presented
in Section 3.7. First, we apply Lemma 3.9 to the particular cases f = '1, f = i3 to obtain
analytical expressions for the functions X, and X3 defined in equations (3.107) and (3.108).
We omit the proofs here, as they are quite similar to the proofs for Lemmas 3.8-3.9

Corollary 3.2 If Discretization C2 is used, so that operators PAB, PBA may be approxi-
mated via (3.82)-(3.83), and if, in the notation of Section 3.5.1, all six operators P, PAA,
PBB, Q, QAA, QBB are non-singular, then to accuracy 0(1/pk-1),

X)(llA = (_aA3A "-1A M B .21" P " M A"A3) X (3.133)

(--0A" MB "(N x Pil " MBA 11 - MAB " PjaB + P il)

118 = ( 21 
."P 2B 'a13) x (A - ' - P-), (3.134)

X3,A = "AAB (A-' " P " 'MB*" (3.135)

(A . 1- . " " Cu) - 3 CU,

X3 = A (03.CuM .A 1 . CD) , (3.136)

where the coefficients aA and are given by equation (3.112).

We will also require analytical expressions for the inner products bl, and 63 defined in
(3.114) in terms of the restricted inner products bA and 6A defined in (3.114). The proofs
follow readily from Lemma 3.9.

Corollary 3.3 If Discretization C2 is used, so that operators PAB, PBA may be approxi-
mated via (3.82)-(3.83), and if, in the notation of Section 3.5.1, all six operators P, PAA,

PBR, Q, QAA, QBB are non-singular, then to accuracy O(1/pk-i),

= ' '  
- (03A X OB)T alA + (OA X IB)T .B (3.137)

=a~ (dAA2B'(A2' lPB'MB2A'( I-all"MAB'ri7B) -- 77B) )

63= CU. '"B +C- + CD a3  MAB (3.138)
2A-  PB " MA "(I IIAl. MB - 77B)- 77B).

Special cases of Corollary 3.2 are obtained when f = ? or f = '3. The proofs follow
easily from the definitions of X, and x3 in (3.107) and (3.108).
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Corollary 3.4 If Discretization C2 is used, so that operators PAB, PBA may be approxi-
mated via (3.82)-(3.83), and if, in the notation of Section 3.5.1, all six operators P, PAA,
PBB, Q, QAA, QBB are non-singular, then to accuracy O(1/pk-1),

V(' ,= M pp X N m  (.19

all : ¢1,. (---139)B

with M1p, Npp : R P - R P given by

MI = aA + cA.MAB".z t.P1 M2 eaA.,
:% -e~A M2 . 1 A ''.P L. .MA2 .Pi + Pi)
N= -_a~ 31 AB'A PB'I'l

Corollary 3.5 If Discretization C2 is used, so that operators PAB,PBA may be approxi-
mated via (3.82)-(3.83), and if, in the notation of Section 3.5.1, all six operators P, PAA,
PBB, Q, QAA, QBB are non-singular, then to accuracy 0 (1/pk-1),

a13 = 0T" X3 = )X31B '(3.140)

with .,lpp : R P - RP given by

,I -" 3a3 D--3 (A2 " PB'" MBA
01t3"- CDo -A  M AB " 03, " CU ) 03, " CU )•

Corollary 3.6 If Discretization C2 is used, so that operators PAB, PBA may be approxi-
mated via (3.82)-(3.83), and if, in the notation of Section 3.5.1, all six operators P, PAA,
PBB. Q, QAA, QBB are non-singular, then to accuracy O(i1pk-1),

031 = VT = (3.141)

(CT,. jz3m • X,,B + C T . aA + C r .a.A . m2iI . 1 A2 .P . A e3) X
UC 3B D1I 33 DL A1 +L0 4 AB - 2  'P BlMBA~ 13)

(-CT A31 -lA'B "(-X "1 P 'BA * 1a1
" MIAB" P9 + P9))

Corollary 3.7 If Discretization C2 is used, so that operators PAB, PBA may be approx-
inated ria (3.82)-(3.83), and if. in the notation of Section 3.5.1, all six operators P,

P4 .4 ,PBB, Q. Q.A, QB3 are non-singular, then to accuracy O(1/pk- 1 ),

T3 = t'3 .X3 (3.142)

(a[ A -CD_ ,A .I .o C .c .AfCO - 03pP- Ci

Finally, combining Lemma 3.9 with the expressions (3.133)-(3.136), we have



3.6. THE ANALYTICAL APPARATUS FOR SMOOTH SOLUTIONS 67

Corollary 3.8 Suppose Discretization C2 is used, so that operators PAB, PBA may be ap-
proximated via (3.82)-(3.83), and suppose that in the notation of Section 3.5.1, all six
operators P, PAA, PBB, Q, QAA, QBB are non-singular. Suppose further that the function
F : [a, c] - R is defined by the formula

F(x) = xi(x)( ) +X3(X).-A3 +a(x), (3.143)

with 1\2 E L 2(B), and A1,A3 E R P. Then on the interval [a,b], to accuracy O(1/pk-),

F(x) = ¢1A(X) " p + 03A(x) - P3 + '?A(X) , (3.144)

with the functions P'i E RP x L2(Ao), P3 E R P defined by the formulae

A + . + +
1, : M A1 "(?'"PiB'B 13 -~ .(I(Al + CD " A 3)-

all1• MA2B (PB -A3 + 03B "Cu A\3 +77B) 6A)
9B- ) 2 - -B Cu ) 3 - 77)

113 = 1+ CD -A 3. (3.145)

Similarly, on the interval [b, c], to accuracy O(1/p'-'),

F(x) = xIB(x)• ) + X31B(X) - A3 4- Oal(z). (3.146)

Proof. Restricting (3.143) on the subintervals A, B of [a, c], respectively, we have

FIA = Xl1A " A, + X 3 1A  " A 3 +t 0'[A ,(3.147)

FIB = XI1B ( , + X31B ' A3 + a "B (3.148)

Now, (3.148) is equivalent to (3.146), and the expression (3.145) results from combining
(3.147) with (3.131), (3.133), (3.135), and comparing the resulting expression with the
expressions (3.144).

3.6 The Analytical Apparatus for Smooth Solutions

In this section, we present results for the solution of the integral equation (3.1), when the
solution is smooth. Like Section 3.5, the techniques of the present section are used to merge
independent solutions on a large number of subintervals until the full solution is obtained.
In addition, the notation and theorems of the preseut section strongly resemble those of
Section 3.5. but with two important differences. First, the underlying discretizations are
different (Discretization D for the present section, Discretizations C1 and C2 for Section
3.5), resulting in different factorizations of PAB and PBA. Second, because the two sections
assume different merging strategies, the relations (3.162)-(3.165) in the present section are
different from the relations (3.101)-(3.104) of Section 3.5.
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3.6.1 Notation

We let b = (a + c)/2 denote the midpoint of [a, c], and denote the subintervals [a, b] and
[b, c] by A and B, respectively. Given the integer q associated with Discretization D (see
Corollary 3.1), we define r = (c - a)/2q, and define subintervals

Af = [a, a + r], (3.149)

Ac= [b -r, b), (3.150)

Bc= [b, b + r], (3.151)

Bf = [c -r, c). (3.152)

In addition, we require the operators

P L2 [a, c] L ac]

PAA L 2 [a,b] L2a~)

PAB L2 [b, c] -L 2 [a, b'j,

PBA L 2 [a~b] - 2b~]

PBB L2[b, l [,c],

defined by (3.36), (3.39), (3.40), (3.41), (3.42), respectively. Due to Theorem (3.2), when

we are using Discretization D we may approximate PAB and PBA via the expressions

PAB 'i ~A MAB k 2B, 313
PB ~1#2BMBA . OT (3.154)

with

VPIA RP(-)x L 2 (Ac) P~L(A),

,J' Rp.(-1)x L2(Bf) - (B)

7'2A L2 (Af) x R -(q1 ()

02, L2 (Bc) x R -(q1 L()

interpolation operators given by (3.57) and (3.58), and with

M1BA RP'(q-' x L2(Ac) -L 2(B,) x P(-)

defined by (3.61). (3.62), respectively.
We define the operator

Q :L 2[a, cj x RP L2[a, c] x R

by the expression

Q ()= JXP) + jK(xt) -yk(t) dt. (3.155)
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We additionally require the four operators

QAA L2 [a, b] x Rp.(q - 1) -- L 2 [a, b] x R p'(q- 1) ,

QAB L 2 [b,c] x RP(q- 1) -, L 2 [a,b] x RP (q- 1) ,

QBA L 2 [a,b] x R rP (q-I) - L2 [b,c] x R P-0- 1) ,

QBB L2 [b,c] x RrP(g - 1) - L2 [b,c] x RP '(q- 1) ,

defined by the formulae

QAA(X)(X) = X(X)+ jk(xt)-x(t)dt, (3.156)

QAB(X)(X) = 1k(x, t) -x(t) d, (3.157)

QBA(X)(X) = Z k(x, t) , X(t) dr, (3.158)

QBB(x)(X) = x(x) + k(xt), x(t) t. (3.159)

Given interpolation operators

0[a,c : -L2[a,c],

0A RP -P(A),

OB RP - L 2(B ),

defined by (3.14), we will in this section refer to them by 03, '3A, and tp3B, respectively.
The operator 03 is related to '3A, I 13B via the expressions

VA31, = '3A CD , (3.160)

'3,B =  ¢3B'Cu , (3.161)

with CD, CU R --* R P given by (3.21), (3.22), respectively. We in addition require the
zero operators

OA, : RP'(q- 1) x L 2(Af) - L2(B),
0A, R -L2(B),

OB, :R'( q-l) x L 2(Bf) - L2(A),
0

2 : RP , L 2 (A).

Given Discretization D. we require the interpolation operators

V'i R- q 
x L 2 (Bf) - L2[a,C]

'2 L2(A1 ) x RP'q - L2 [a,c],
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given by the formulae

7PIA= P3A X 0 A2 , (3.162)

I1B = 0 B X '01B , (3.163)

021A = 2A X 0 A1 , (3.164)

021B = 0 B2 X V13B • (3.165)

Assuming that the operators PAA, PBB are nonsingular, we define the functions

71A A-+R,

77B B -- R,

via the formulae

TA = fI(fIA) , (3.166)

77B = Pi(f 1 B)" (3.167)

Similarly, assuming that the operators Q, QAA, QBB are nonsingular, we then define the
operators

X, RP 'q x L 2(Bf) -- L2 [a,c]

X2 L 2 (Af) x -- L 2 [a,c] ,

X3 R-* L 2 [a,c],

01A RP.(q-1) x L 2 (A,) , L2 (A)

02A L2(Af) x RP'(q- - L 2 (A)

03A RP , L2(A) ,

01 : Rp'(q-1) x L2(Bf) - L2(B)

02B L2(B) x RP'(q-1) -* L2(B)
03, :L R - L 2 ( B ) ,

via the formulae

Xi = Q- 1(0), (3.168)

X2 = Q-1(0 2 ) , (3.169)
X3 = Q- 1(03) , (3.170)

OA = Q A V(Y'IA) , (3.171)

¢'A = Q 02(A), (3.172)

63A = Q(0(43A), (3.173)

61" = QB(-'B,) , (3.174)
62, = QB(/2B), (3.175)

-1 : B (0 3B) .- (3 176)
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Finally, given the transpose defined by (3.98), we will define operators

A (q1 2x

al R P -  x L2(AL ( -, R P'(q- ) x L2(A,),

A 2

a12 :L2(Af) x RP'(q- 1 ) ... RP'(9- I ) x L (Ar),

A x 2-

Q13 ;R
p --- R P ' ( q - 1 ) x L (A,),

aA1 R P' (q- 1) x L (A,) --- L(A]) X P '(q- 1) ,

a2 2 : L (Af) x Rp (9- 1) - (Af) x R P'(q-

A2BA : R x LxA)×R'q 1

31 R P ' (q- 1 ) x L - R P

032 : L(A) x RP(q
- 1 )  R P

A  : - RP,

B :R ( q- 1) x 2(Bf) R ( q- 1) × 2B),

Bl : R P - - x LRP(1) - x

B : 2 '( 1 ) X L 2 (B .) 2Ra12 :L2(¢ × "q _, LP-(B-) x RL"(B-) ,

a 13 : R P- x L2(B) -
)

B : x × (B-) 2 ,-

a32 :L 2 (B0 ) ×R'q 1 .,R

aB R v  R p

al: RP ' -' x L (B) - R x L2(B)

a12 . L2 (A1 ) ×x v ' 
--- R xq L2(Bf),

a1 3 : R2 R L2(B-),

a21 : R p q x L2(Bf) --- L2(Af) X R"'q

a 22 : L (A) x R P ' q 
-- L (Af) x RPq

023 : RP -- L (B,) p-(q -1)

31 :R P' q - x L 2 (Bf) R P

a32 : L(A) x RP ' q -- RP,

a33 RP R - R P ,
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by the formulae
A, = OT A = OT . A 7,pT-eL

all A 0
1

A 1
2  

IA02 al 3 =lA 3A~

a22 _ A 22 2 , 2A a23 2A 3A (3.177)

VT A = R V( -)T x A = ,3

A A A 33f) A') 3

OT.1Ba = OT B. yT (

11B 2  I ' -  2B a13  I1B,

aB =.,T B = p B=VT(3.178)

1 BB 2 L 2B) '  , 2 3 B 3B

aI a 1 = I X2 , a13t1UX3,

a21= 2X1 a22=g2 'X 2 , a 2 3 = 2 X 3 , (3.179)

a3l = TX,132 = 03TX2, 033 = 03TX3 ,

and the functions

RPC(.-1) x L (A),

2-- L (A •) x RP3

EB P(q-1) R' x L (Bf)

62 E L (B,)x

63 E RP,

by the expressions

I 1A 17A 2 2A 7A. 3 3 7

I o 6 2 = 2~u 63=L V,3'
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where a is the solution to equation (3.37).

3.6.2 Recursive solution of the integral equation

We now consider the original integral equation (3.37)

Pa = f.

The main result of this section is the following lemma, which constructs the solution a
of equation (3.37) from the solutions 77A, 77B of equations (3.166) and (3.167).

Lemma 3.10 If Discretization D is used, so that operators PAB, PBA can be approximated
via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P, PAA, PEB,
Q, QAA, QBB are non-singular, and the operators

A1  RP'(q-1) x L 2(Ac) R P (q- 1) x L 2(A,)

A 2  L (Bc) x Rp '(q- 1) -- L2(Bc) x RP(Q-I)

given by

A 1 = IRP(q-1)xL2(A,) - oA " MAB 22 MBA, (3.181)

A2 = IL2(B,)xRp(q-1) - a22 MBA a MAB, (3.182)

are also nonsingular, then to accuracy O(1/pk-i),

alA = 77A +4 1 A 2MAB"A1 B (a • MBA" A B , (3.183)

aIB = 7B + 02B MBA" A-" (aA MAB_ .B 6A) . (3.184)

Proof. Using definitions (3.39)-(3.42), the integral equation

Pa = f

can be rewritten in the form (3.43)-(3.44). The approximation (3.59) and (3.60), for PAB and
PBA, respectively, cain then be used to obtain an explicit solution to the coupled equations
(3.43) and (3.44) in terms of the functions 77A, 77B, 1A, 2A, 3A) 01B, 62B and 03, defined
by (3.166). (3.167), (3.171), (3.172), (3.173), (3.174), (3.175), (3.176), respectively. Indeed,
applying the operator PA to equation (3.43) and the operator P61 to equation (3.44), we
have

a1A + P4,A - PAB(aIB) = PA(f 1 ,), (3.185)

PB "PBA(aA) + aIB = P B(flB)" (3.186)

Substituting the approximations (3.59) and (3.60) into (3.185) and (3.186) yields the for-
mulae

Sp- T (3187)OJA,4 A 'A "A B "'2 a ,B =(3.87



74 CHAPTER 3. ONE-DIMENSIONAL INTEGRAL EQUATIONS

PA" T A + B = YB, (3.188)

or

U'A +Q1A • MAB • .1 B "a0j = 7A, (3.189)

€2B MBA • PiA "0CA + OIB = 77B, (3.190)

where we have used the definitions (3.171), (3.175) for 01A and 02B, respectively. Now,

multiplying (3.190) by 01A " MAB . OTB and subtracting it from (3.189), we obtain

(IL2(A) - P MA'B 02 MBA 1A)'- (3.191)
7A -V 1A "MAB ", "qB.

Similarly, multiplying (3.189) by 02, " MBA •'fA and subtracting it from (3.190) results in
the equation

(IL(B) - 82M" - IBA "1A Ol " MAB " 2 B) alB = (3.192)
-B M2B "BA . ,T 7A.

Due to (3.177), (3.178) and (3.180), we can rewrite these equations in the form

(IL2(A) - (IA MAB (Ck2. MBA " = A)).AYA-1A- MA " 2., (3.193)

(IL,(8) - MBA " (A\ •IAB 2 T)) • aIB = YB - 2, MBA . (3.194)

By application of Lemma 2.5, we obtain

(TlA (A + 'A MAB (IL2(B,)xRP(q--o1) MBA'. MAB) -
. (3.195)

UIB ('B + 2B "MBA • (IRP-)xL2(A ) - • MAB • - M&A) (3.196)

al MAB 2B~) -(77B - 62, MBA'

Th( equations (3.183), (3.184) are now obtained from equations (3.195), (3.191) and equa-
tiolls (3.ls'l), (3.11Q ). E

3.6.3 Further Analytical Results

Wp now collect a number of identities which are necessary for the algorithm to be presented
in Section :3.8. First, we apply Lemma 3.10 to the particular cases f = I, f = 1'2, f = t"3

to obtain analytical expressions for the functions X1, X2 and 13 defined in equations (3.168)
and (3.169).
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Corollary 3.9 If Discretization D is used, so that operators PAB, PB4 can be approximated
via (3.153)-(3.154). and if, in the notation of Section 3.5.1, all six operators P, PAA, PBB,

Q, QAA, QBB are non-singular, then to accuracy O(1lpk-1),

X1.I = (BaA + ¢1A MAB A MBAaA3 ) x (3.197)
(-4"A "MAB " A l "aB

1)
,

XljB = (-€2s MBA "a1- oA) x (3.198)

(¢I'B + " MBA .7~ . .MAB -4Y),
121A = (02A + 01A "IAB" A 2 -a 22 * MBA" 132) (3.199)

A MA' )
X211 = (-2B MBA Al1 "a) X (3.200)

(01, + 02B "MBA" Al 11 MAB 2),

X(3IA = ¢A 'CD+C1 'MAB A- " a(BMBA ' a A 'CD - Cu), (3.201)

= 3" Cu+ 2 " MBA" A .(1 • MAB" a3" Cu aA3 CD) , (3.202)

where the coefficients CA and B are given by equations (3.177) and (3.178).

Proof. We only prove the expressions (3.197), (3.198); the proofs for the remaining expres-
sions (3.199), (3.200) and (3.201), (3.202) are nearly identical.

Substituting in equations (3.195), (3.191) the functions 01AIlB defined by (3.171),
(3.174) for the functions qA,q B defined by (3.166), (3.167), and the matrices all, a22 defined
by (3.177), (3.178) for the vectors 6A, 6B defined by (3.180), we obtain

'"JA = (IL2(A) + 01A - MAB " A 2  a22 MBA "IA) (3.203)
( -1A - I AB aB ),

X1IB = (IL2(B) + 02, " MBA " - a 1 MAB " TB)" (3.204)

(02,E - 02 MBA - all.

The expressions (3.197). (3.198) are now easily obtained from the equations (3.203), (3.204).
0

We will also require analytical expressions for the inner products 61, 62, and 63 defined
in (3.180) in terms of the restricted inner products 6A, ,B, ,bA, bB, b, and 63 defined in

(3.180).

Corollary 3.10 If Discretization D is used, so that operators PAB,PBA can be approx-
imated via (3.153)-(3.15), and if, in the notation of Section 3.5.1, all six operators P,
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PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(l/pk-l),

61= T (1k3A x OA 2 )T .rA + (aB=TIB)T O'IB

A 6~ Aj MAB.A-' .(a~B A 6B~6)

= M" , (3.205)
Is + a1 MBA -(o A  MAB . _6 A)

b P2 0' = ( 1 2A X OA ) .'A + (0B 2 X '03,), 'IB

I 6~ Q~4 MAB - .( MA A- 6b

M ,(3.206)
bB + 4-B MBA A' . (oA\. Ms•AB * - 6b)

T - . O - A= CD)T "O:7A+U(aB"CU)T "IB

=CT~bA C~B+ CTa -1 BbA bD= 35 Dc +c.31, MAB-' -(a22-.MA. 1-2)
+CT. 4. MB 1 . (aA1• MAB-6 B 

- 6A). (3.207)

Proof. Multiplying equation (3.183) by ?,Ta and 10T , and equation (3.184) by T and

2L- we obtain
OTA'IA = A + A .MAB. A '.( o .MBA.6i-6 B ), (3.208)

3A 'aA = A 1 A.MAB. A2.(oB2.MBA.A_1B) , (3.209)

?1B IB 1 6B o12 .MBA . .(oA.MAB .2 -1), (3.210)

3B " B = 6B + 4B MBA A (A. MAB . - A (3.211)

Now, expressions (3.205), (3.206) and (3.207) are easily obtained from (3.208)-(3.211).
El

Special cases of Corollary 3.10 are obtained when f = 0, f = IP2, or f = P3- While the
objects in Corollaries 3.11-3.19 are different from those of Corollary 3.10 (Corollary 3.10
is concerned with the vectors 61, 6263, while Corollaries 3.11-3.19 are concerned with the
matrices 011, 012, aQ3, a21, 022, 023, 031, 032, o33), the proof for each of Corollaries 3.11-3.19
is nearly identical to that of Corollary 3.10.

Corollary 3.11 If Discretization D is used, so that operators PAB,PBA can be approx-
imatcd via (3.153)-(3.154), and if. in the notation of Section 3.5.1, all six operators P,
FAA. PBB, Q. QA.4, QBB are non-singular, then to accuracy O(1/pk-1),

=t' M M v',) (3.212)

with

A i RP -- RP.

Mp : RP-(q-1) X L 2 (B) - R P,

m'lp :RP '- R7 ' ( q - 1) × L 2(Bf ),

,,: RP'("- ') x L (Bf) - RP'(q- 1) x L 2(Bf)
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given by

M,= a A A . ,
A -1 B A

M, = -a3 l MAB " A2 * 2 1 ,

'VP= . . 1 .a ,
vp12 MBA 1 Al 135

Aln = aB +12 "M B A  I ' l11 - MAB B

Corollary 3.12 If Discretization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P,
PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(l/pk-1),

(f2M m, M np) (3.213)
at2 * ,X2 = m~ A M )'

with

Mlm,,  L 2 (Af) x RP'(-)-*R P ,

MIPP: RP -+RP,
Ln 2 L(Af) x R P'(q - 1) - p (q - 1) x L 2(Bf)

Mnp :R P ,- R P'(q- a) x L 2(Bf)

given by

aln = 2 + aA1MAB _A2
1- aB MBA " A,

AlPP = -Ca MAB "A' . 2 3

Inn 0 = B Al 2

Corollary 3.13 If Discretization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P,
P4 4 . PBB, Q- QAA, QBB are non-singular! then to accuracy O(1/pk-l),

CE1 3  X3 KMp) (3.214)a~~~a = ('X MP '

with

APP R P  R P ,

MnI : R P 
- R P '(q- ) x L2(B)

given by

A" +,A A-iB. aA r B CU
Ipp = a33 "-CD 31 MAB A2 ( 2 2 MBA 

0 1 3 CD 23 u

1M,P = a. "Cu+aB 'MBA" A- (aA MAB aBCu -aA CD)
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Corollary 3.14 If Discretization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P,
PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(1/pk-l),

= Mp n A1 . (3.215)

with

MIp R P 
-, L2(Af) x R P'

M :R P'(q - 1) x L 2(Bf) L L2(Af) X R p' (q- ' ),

M1PP : RP - RP,

.Mp,: R P'(q-' x L 2 (Bf) RP,

given by

VInp = a23 + c'l • MAB " A21" aB2• MBA c13,
J~n = --t21

"  
2[A " 21 1

B -a A
.pp =-('32• MBA" Al" 13,

An = B31 +32-MBA -Al l all . MAB -B21

Corollary 3.15 If Discretization D is used, so that operators PAB, PBA can be approx-

imated via (3.153)-(3.154), and if. in the notation of Section 3.5.1, all six operators P,

PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(1/pk-1),

' ( IVn Mnp
a22 ,2 X2 -v 41 ) (3.216)

with

f,. L(Af) x RP-(q-1) - L 2(Af) x R P'(q1),

JInp R P - L (Af) x RP

Mp : L2(Af) x RP-q- 1) - R P,

MAf R P - RP,

gircn by

M,-, A A -. , •Mas•A 1 aBMIn 0 2 2 +01MAB.2 22 MBA 12

AfA AB

Mpn -aB MBA 1 A-'

aB aB A-I 0A M B B
AlT,, 3 0+0 3 2 MBA11.B 011 MB 23
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Corollary 3.16 If Discretization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P?
PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(1/pk-1),

a2.3 = 0.X3 -(MP), (3.217)

with

Mfnp :R P - L ( A f ) x R P '( - )

MPP: RP - RP,

given by

MP = a23.CD+aAi.MAB.A2.( 22.MBA.13-CD-aB.cu)

3= a2.Cu +a MBA - -X (a11 MAB a23 Cu1- 3 "CD).

Corollary 3.17 If Discretization D is used, so that operators PAB,PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P,
PAA, PBB, Q, QAA, QBB are non-singular, then to accuracy O(11k-1),

a3 1 = '3X1=
(T. A +cT.aA. M .B. M aA (3.218)

-CU .2 MBA. Aj' 13) X
(_ - aA, M . .a , + CT. aB,

D-C 31 -MABz~ A B+C1TU 31+cT .a. M . a A B , ).
CU.32B-MBA-/Al 11 'j MAB * ).

Corollary 3.18 If Discretization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.154), and if, in the notation of Section 3.5.1, all six operators P,
P4A. PBB. Q, QAA, QBB are non-singular, then to accuracy O(1/pk-1),

032 = X2

DC~~C 32 D 31 -MAB A 2 1 22 -MBA 12

-c... MBA- .~,~01) x
(-cCt.o MAB -A 1 -OB+CtOB+D-/, 31 , 2 23-,f + CUT 33+
IT.:¢ B',,, .- 1-:f O A BO2 ) . (3.219)

Corollary 3.19 If Discrctization D is used, so that operators PAB, PBA can be approx-
imated via (3.153)-(3.1 54). and if, in the notation of Section 3.5.1. all six operators P,
FP4A, PBB. Q- QAA. QBB are non-singular, then to accuracy (l1/pk-1),

033 = V3 -X3= (3.220)
CT.OA C + CT 0 ,4 A-

+(. o . C. + CT. . M0,B I . (QA' 0 MB B- CU -,OA . CD)).
t 3 - C 1 3 . M 1
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Finally, combining Lemma 3.10 with the expressions (3.197)-(3.202), we have

Corollary 3.20 Suppose that Discretization D is used, so that operators PAB, PBA can be
approximated via (3.153)-(3.154), and suppose further that in the notation of Section 3.5.1,
all six operators P, PAA, PBB, Q, QAA, QBB are non-singular. Suppose finally that the
function F : [a, c] - R is defined by the formula

F(x) =X(x). ( l + ) X2W(X A21) + X3(X) -A3 + or(X), (3.221)

with

Ai 1 ,A 22,A 3 E Rk
A 12 E RP' tq- ') x L2(Bf),

A2 1 E L (Af) x RP(' - )

Then on the interval [a, b], to accuracy Q(1/pk-1),

F(x) = 01a(X) "- "+ 4 2 A(X) -/2 + 0 3 A(X) P3 + 7A(X) , (3.222)

with

jai E Ry' q- 1) x L 2(Ac),

/12 E L2(Af) X R P'

P3 E R

defined by the formulae

/1I MAB A 2 "(2 MBA (1 3 -All 1 + A 2 1 13 CD -A3 1)

-0, ,A12 - O .(A22 + CLu. A3 ) - 6B)
P2 A21 ,

P3 = Al + CD • A3. (3.223)

Similarly, on the interval [b, c], to accuracy O(1/p k-1),

F(z) = 61B(z) Vi + 02,(z) -v2 + 03,,(z) V3 + 7B(Z) , (3.224)

with

vi E R P-( q- 1) x L2(Bf)

V2 E L 2 (B,) x RP '(q-l ,

v3 E R P,

dcfirwd by thr formulae

v -= A1 2 ,
,, 1 ' . ', MAB .(e .A22 + C, ,A12 + o C. A3 + 6B)

-('12 * A21 - -(All + CD" A3) -6 jA)
V3 = A22 + Cu - A3 . (3.225)
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Proof. Restricting (3.22 1) on the subintervals A, B of [a, c], respectively, we have

X A11+ X 2 1  ) + X \3 + alA (3.226)

IA = XIJA ,12 + 222 +

F11 + X21B -\212 + X31B A3 + IB (3.227)FIB =: X11B" \\12 " \"22

Now, the expressions (3.223), (3.225) follow by combining (3.226), (3.227) with (3.183),

(3.184), (3.197), (3.198), (3.199), (3.200), and comparing the resulting expression with the

expressions (3.222), (3.224). 0

3.7 Description of the Algorithm for Singular Solutions

In this section, we present a merging strategy for integral equations with end-point singu-

larities using Discretizations Cl and C2. We subdivide the whole interval fa,c] into 2M

subintervals, where M is a positive integer. The boundary points bl, b2 ,... , bM+l are defined

by the expressions

b = a, (3.228)

bi= a (2m +2 - ' - 1) + c (2 < 2 < M + 1) (3.229)
2M+2_i

a = a+ c-(22M-i'"1), (M + 2 < i < 2M) (3.230)bi = 22MAi-+ 1

b2A+l = c. (3.231)

We now define subintervals BI, B2 ,.  , B2M by the formulae

Bi = (bi, bi+ 1), (1 < i < M) (3.232)

Bi = (b3A+I ,b3M+2-i), (M + 1 < i < 2M) (3.233)

so that Bi, B2 and BM+1.,BNI+2 are all the same length, and for all i = 2,..., M, the

subintervals B, and B.f+i are equivalent in length, and are twice the length of Bi-i and We

also define subintervals A 2. A3 ,. .. AMI, AM+2, AM+3,.. •, A2M (for notational convenience.

we leave Aj,+, undefined) by the formulae

A 2 = BI U B 2,

A, = A,- 1 uBi, (3<i< M)

AM+1 = BMUBM+1,

A, = A,- 1 UBi, (M+2< i<2M)

I
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3.7.1 Notation

Generalizing the notation of Section 3.5, we will denote by PA,, PB, the restriction to the

interval Ai, Bi of the integral operator P, respectively, so that

PB,(a)(x) = a(x)+ k(z,t).a(t)dt, (1 < i < M) (3.234)
b,

fb 3 M+,2-.

PB,(C)(X) = a(X)+ k(x,t).a(t)dt, (M+ 1< i <2M) (3.235)
Jb3M+ -,

PA,(a)(X) = a(X) + / k(z, t) , a(t) dt, (2 < i < M) (3.236)
Jb

PA,(a)(X) = a(X)+ k(x, t) a(t) dt, (M + 2 <i < 2M) (3.237)
Jb3 M+ -

for any a E L 2(A,).a E L2 (Bi), respectively. Similarly, we will denote by QA,,QB, the

restriction to the interval A,, Bi of the integral operator Q, respectively so that'+
QB,(x)( ) = a(z) + j k(xt). ((t)dt, (1 < i < M) (3.238)

QB,(X)(X) = a(X) + k(x.t) x(t)dt, (M + 1 < i < 2M) (3.239)

QA,(X)(X) = a(x) + I k(x, t) . k(t)dt, (2< i < M) (3.240)

QA,(x) = a(X) + k(x,t). X(t)dt, (M + 2 < i < 2M) (3.241)

for any E E L 2(Ai) x KP, X E L 2(Bi) x RP, respectively. For each B, we define the functions

iB, :Bi - R ,

61,.: RP x L2(B,) L2(Bi)
1 3B, :R P - L 2 ( B i ) ,

as tho solutions of the equations
PB,(77B.) fB,, (3.242)

QB,(01 B, 1 ) Bt  (3.243)

Q B,(03 B, ) t"31p,, (3.244)

Similarly, we define the functions

7A4, A, - R

:A, RP x L 2 (A,) - L 2(A,)

3.A, R R - - L 2(A,),
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by the formulae
PA, (OA,) = fA,, (3.245)

QA,(XIA,) = -0b1A, (3.246)

QA, (X3A,) = P31A,, (3.247)

provided the operators PA,, PB,, QA,, QB, are nonsingular.
For each i = 1,.. ., 2M, we define the operators and functions

al : RP x L2 (B) -- R P x L2 (Bi),
B, R-2L(B,)

1B, R x L2(Bi) .-. R P (4

B3,, ~B

a : R P -, RP,

E RP x L (Bi),

3 E RP,

by the formulae

A, =VT .1" . VT

A, 3B, '61B, 3, = 3B, , (3.248)

I IB, 22 3 2
B.

For each i =2.. ,, M + 2,..., 2M we define the operators and functions

al : RP x L(A)- R P x LL(A(),

a3 R PL- RP x LL(Ai),
31 A. R P x L 

2
( A i ) , R P,

o033 R P -. R P,

1f E RP' x L (A,),

3 A E RP',

by the formulae

A¢ r2, "? )ta A2 T X2Ul A, I , 1 2 , = VI A, A, I329

2 14  = -,r X I A , a 2 = V 2r . , ( 3 2 4 9
I A, (7A, 2 2A, OA "

Finally, we define operators

,182 L L(B2)--L(),
Ij 3I2,: L 2(BI) L L2(B2)
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M M+,BM+2  L 2 (BM+2 ) -* L2 (BM+l) ,
m222

ABM+ 2BM+l L2 (BM+l) - L 2 (BM+ 2 ),

MA,B., L L(+)--RPX L ( A j) , (i'=2,...,M-1, M+2,...,2M-1),

MB,I , . RP x L (Aj) -- L (Bi+,) , (i = 2,..., M - 2, M + 2,...,2M - 1),

1w IA2M RP x L2(A 2M) -, RP x L2(AM) ,

A 2MAM R P x L2(AM1 ) - RP x L2(A 2M) ,

which are given by (3.86), (3.87), (3.90), (3.91).

3.7.2 Discretization of the Restricted Integral Equations
Choosing an integer p >_ 1, we construct the p scaled Chebyshev nodes tjs, defined by

(3.18) on each of the intervals Bi, i = 1,2,....,2M. We then discretize the three integral
equations (3.242), (3.243), (3.244) via the Nystr6m algorithm based on p-point Chebyshev
quadrature.

Remark 3.9 We use the standard Chebyshev quadratures (see [16], [18], [201) when the
particular operator being discretized is of the form m3(PAB), m3(PBA) (defined in Lemma
3.5) or of the form m2(PAB), m2(PBA) (defined in Lemmas 3.4). When the operator is of
the form PAA, PBB, or of the form ml(PAB), Ml(PBA) (defined in Lemma 3.3), then it is
discretized via the singular Chebyshev quadrature rules described in Section 3.4. El

The resulting approximations to the functions /B, , 01B, I 2B, at the nodes tjB, will be
denoted by

03 = RB,1, ....14 B
(P3B - B, 93B,...... 3B,)

respectively. For each interval A,(1 _ i < - 1), we do not construct approximations
for a.,,. I 2, for the entire interval Ai, but only for the "rightmost" subinterval Bi+1 .
Similarly, for each interval Aj(M + 1 < i < 2M - 1), we construct approximations for
a 4 ,, \IA, ' 2,, on for the "leftmost" subinterval Bj+1 . The resulting approximations to
these functions at the nodes tj,,+, are denoted by

CA, AI . v ) (i=2,. ..,M.M + 2,..., 2M).JAB, A , 4,B , '  A ,IB , ..... A , B,"" . .

,Al -2 .... ) (i=2 .... ,M,M+2,...,2M),( IA,B,' IA,IB, 1A,1B"

-, B. -'3AI V3 ) (i=2,...,M,M+2,...,2M).

Remark 3.10 It is well-known that the order of convergence of the approximations i.,
01,., 02,1,, L3.,, to the functions 77ij, 01,1, 03.., is p. Since an subsequent steps in the
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construction of an approximate solution & to the integral equation (3.37) are analytic, the
convergence rate of the full algorithm depends entirely on the parameter p. For example,
by using 16 scaled Chebyshev points on each subinterval at the finest level, one obtains a
sixteenth order method.

The parameter p also determines the order of Chebyshev polynomial used to approximate
well-separated regions of the kernel. For example, choosing p = 8 results in single precision
interpolation accuracy the kernels of interest, while choosing p = 16 results in double
precision accuracy.

Thus, p determines both the order of convergence (for example, eighth order convergence
for p = 8), and the maximum accuracy (for example, single precision accuracy for p = 8).
0

The operators of the form MAB,MBA,all,a 1 3 , a31 and functions of the form 61, A1 all
have the property that they are composed of a finite rank function (corresponding to Cheby-
shev approximation for well-separated intervals) and an L' function defined for an interval
not well-separated. The L' portion of each of these operators is discretized at p Cheby-
shev nodes; we will refer to the discretizations of these operators as MAB,M] BA, 6 11 ,5 13,
&31,61,At, respectively. We will also refer to the discretizations &33, 63, A3 , which are
equivalent to a33, 63, A3, respectively, since the operators a33, 63, A3 are finite dimensional.

3.7.3 Informal Description of the Algorithm for Singular Solutions

We begin by directly solving the integral equations (3.242), (3.243), (3.244) on each of the
subintervals Bi. The algorithm then proceeds with an upward sweep for computing the oper-
ators a , A, aA., and functions bA,, A,; and a downward sweep for computing A,' E]p2 ,A, bAIo
R2P and A E RP. Using Corollaries 3.3-3.7, we first obtain data of the form ast, I. from

,BBB, and also obtain aAfAM from aBMI jBMI, ,BM2 sBM+2. Then,B 1 QBB2 6B2 an looti 6
8 M, ut BM+2 ,B+.

st , st 3 s 3 , .1 s

using Lemma 3.8 and Corollaries 3.2-3.7, we obtain for each i = 3,. .. , A, M + 3, .. ,2M
, the operators ai, and the functions bA, from thethe functions O'A,,,, , X1A,IB. , X3.AIB, teo ra r s t 3t

functions 77B,, B B, the operators , and the functions ,

The splitting process proceeds in the reverse order. First, since [a, c] = AAM U A2 M, we
can use Lemma 3.8 to construct AAM, A 2M (by inspection, AA is the expression to which
61A is applied in equation (3.116), A, is the expression to which 01B is applied in equation
(3.117), and AA = 0, AB = 0). Using (3.146) from Corollary 3.8, we can immediately obtain
the solution CiB M using the functions GAM 10

M, XIAM IBM, X2AMIBM and the vectors AlM

A2M. Similarly, we obtain the solution C'IB2M using the functions a'A2MIB 2M, X1A 2MIB2M
X252M B2 M and the veztors AA2M, AA21. Corollary 3.8 also pro'ides the furmula for the

calculation of AA,,AA' given AA,'+',AA' + '. Therefore, we compute the AAAAM+, in the
order i = M - 1. M - 2,...,2, and subsequently use equation (3.146) from Corollary 3.8
to determine the solutions 01B,,a OBM+ . We then calculate four final functions, A3, AB'

BA 2j AA2 AM+ AM+
j BRP+I 4M+i £ R r , from the vectors 1AA, AA , AA+2, A 3"+2. Using equation (3.143) from
Corollary 3.8. we obtain the solutions 'IB, aIBM.
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To summarize, the algorithm consists of three parts. First, a sufficiently fine subdivision
bIb2 ,.. .,b2M+l of the interval [a,c] is chosen so that, on each of the intervals B1 , the
functions ,B,, ,' 8 , 03r, 0 A,1 B, X1A.jB i iX3AjjB i can be accurateiy represented by a low order
Chebyshev expansion (the latter three functions are not computed for both i = 1 and i =
Al+ 1). On each of the intervals Bi, the equations (3.242)-(3.244) are solved (approximately)
by direct inversion of the linear system arising from a Nystr6m discretization. Second,
the functions aA,jj, , XIAIIB ,X3AiB 1 matrices ot, and vectors bi, are computed for i =

2 ... ? M, M + 2,..., 2M. The vectors AA',A A ,, are computed for i = M,M - 1,...,2 and
also for i = 2M, 2M- 1,.. ., M + 2, and finally the vectors A 1, A'61, ABM+ ,A BMI . The
desired function a is then recovered on each subinterval Bi.

The following is a more detailed description of the numerical procedure.

Algorithm C

Comment [Define the computational grid.]

Create 2Af subintervals on [a, c] by using the sequence of boundary points bl, b2,....
b2M, bAfM+1 given by (3.228)-(3.231). Create subintervals B1,..., B2M defined by (3.232)-(3.233),
and choose the number p of Chebyshev nodes on ,ach Bi. Determine the locations of the
scaled Chebyshev nodes t1B, t2,, ... I tP on each interval Bi, and evaluate the functions
f , vI'. at these-nodes, obtaining fB,, ¢'10,k33 , Compute the discretized operators

IB B,, M-BB , MBm+iBM+ 2 , Af!BM+ 2 BM+i, MA, B,+i, MB,+I-,A (i = 2,..., M - 1,
A! + 2,..., 2, - 1), MAMA 2 M, MA1A.a, using one-dimensional and two-dimensional
Chebyshev transforms, as appropriate (see Theorem 3.2 and Lemmas 3.3-3.5).

Step 1.

Comment [Construct the approximate solutions iB,, 
6 1,, i 3, on each interval Bi.]

do i = 1,..., 2M
(1) Construct the two p x p matrices on B, obtained through a Nystr6m discretization

of the corresponding integral equation.

(2) Solve the thf-e p x p linear systems on B1 by Gaussian elimination, obtaining
the values 61B 3 , 3,.

end do

Step 2.
Comment [Construct the four matrices & -B. B -B and the two vectors B, B on each

interval B,.]

do i = 1,2., 2M

Evaluate the four matrices &B', -B, -b, &B and the two vectors 6B, -B using the
T-point Chebyshev quadrature formula (see Remark 3.9).

end do
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Step 3 (Upward Sweep).

Comment [Construct the three functions &A,, ,X1A.B )X3A,, the four matrices 11, A, 31,
A, ,A 13 331

33 and the two vectors for i - M, + ,

(1) Compute the three functions CA2B , -l ,3A ,the four matrices &A2, &A 3, &A, &A2

and the two vectors jA. ,A. from the data MB B2,M B  -, ,03B, IB, B, &B,
th dat 11BM2 I ?1 2 & 2 ~3 2  n 13 ,31

aB, -B 2 , 02, &B2 , B2 , PB, 6 B2 ' B2 us
33, 1 1 ,13, 3 1 ,3 3 using the results of Lemma 3.8 and

Corollaries 3.2-3.7. Similarly, compute the three functions &SA+jBM+,X1AM++2'

Am+2, Am+2,&Am+, &Am+ A2+B
th~fur-AM 4 2 -AM+2 -AM+2 -AM+2 ndt

X3 AM +2IBM+2 , the four matrices 5 ,1 13  , a 3 1  , 033 , and the two vectors bM+ I
-AM+f d B+- - - -BM4 -BM+I
63 from the data MB -+fBM+2 -+[BM+ B+2 B2 ,M+ I oBM+13BM+ i1M12

& 3 1  , 33 11 , 13 u31 .033 1 ' 3 , 1 3

(2) do i= 3,4.M,M+3,M+4,...,2M
Compute the three functions &0A,, ,*i, , XA, I , the four matrires &A. , &A, 5A, &A.

B, JB 1 13 31 33,

- - --A 3 .- &A.-,
and the two vectors 1 ,6" from the data M4,_,B,, MBA,., rB,, 0,(531E , 53, - , 103

-A., -A,_, -B, -B, B , -B& - .0 A., B, B, using the results of Lemma 3.8
031 .33 ,11, 13,:31.33,

ind Corollaries 3.2-3.7.
end do

Step 4 (Downward Sweep).

Comment [Construct the two vectors A' .AA, for all intervals A,. Compute the vectors AB,' B,

(1) Set AM - .o =AM 0. Use the results of Lemma 3.8 to construct )IAM, AM from the
data 1 M a , 1A. AM.

(2) do i=2M-1,2M-2, ... ,2MM-2,M-3,...,2

Use Corollary 3.8 to compute the vectors ,X', AA, from the vectors lambda A',, A .

end do

(3) Use Corollary 3.8 to compute the vectors 4,. 4' from thp vectors A, A,. and tc
compute the vectors A+, 3 from the vectors I '3

Step 5.

Comment [Compute the solution a of equation (3.37) at the nodes t,., t2 ,,... tp for each
interval B,.]

(1) Determine the values cf the the solution aIBI, alBxM+, using equation (3.144).

(2) do i=2.3,...M.M+2.M+3. ... 2M

Determine the values of the solution CrIB, using equation (3.i45).
end do
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Remark 3.11 Inspection of the above algorithm shows that the amount of work required
is of the order O(M.p 3 ). Step 1 involves solving three pxp linear systems for each of the 2M
intervals. Step 2 requires for each interval the application of two p x p matrices to two p x p
matrices each (a total of four matrix-matrix multiplies), and also requires the application of
the same two p x p matrices to a length p vector. Steps 3-5 require no more than O(M .p2)
operations. Since N = 2M -p is the total number of nodes in the discretization of the
interval [a, c], we can write the CPU time estimate in the form O(N . p2). 0

3.8 Description of the Algorithm for Smooth Solutions

We turn now to the construction of the fast algorithm for the solution of the integral
equation (3.37)

Pa=f,

using Discretization D, and based on the apparatus developed in Section 3.6. The main
tool at our disposal is the ability to merge the solutions of restricted versions of the integral
equation in adjacent subintervals (Lemma 3.10). As this suggests a recursive procedure, we
begin by subdividing the whole interval [a, c], on which the solution to (3.37) is sought, into
a large number of subintervals. For the sake of simplicity, we assume that m is a positive
integer and that M = 2m is the number of subintervals created. The boundary points of
the subintervals are then defined by a strictly increasing sequence of numbers

bl, b2 ,. . ., bM,bM+l, (3.250)

with b, = a and bM+l = c. For each i = 1,...,M, we define the interval B!, via the
expression

B = [b1,bi+ 1], (3.251)

and create a hierarchy of intervals B j by recursively merging adjacent pairs. That is, for
each j = m - 1,..., 1,0, and i = 1,...,M, we define

2s1 P +1 (3.252)
B!- B"2i-- U 2i"

We will refer to each fixed I as a level. We will also refer to the two intervals Blt' and
B21 as children and to the larger interval B! as a parent.

It is obvious that B! = [b,+il.2_ bl+i.,_] 323

and that for each level 1,
21

[a,c]= UB . (3.254)
i=1

Furthermore, since in this section we are using discretization D, so that the number of
points in a subinterval is proportional to the size of the interval), the dimension of the finite
rank portions of MAB, MBA given by (3.61), (3.61), for an interval B! is p. (m - l).
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3.8.1 Notation

Generalizing the notation of Section 3.6, we will denote by Pi,l the restriction to the interval
B! of the integral operator P, so that

Pila)(X) = a(x) + +  -  k(x, t) , a(t) dt (3.255)
b1+(i-1).2M-1

for any r e L2(B ). Similarly, we will denote by Qij the restriction to the interval B! of
the integral operator Q, so that

Qi,,(x)(x) = X)+ k(x, t) -X(t) dt (3.256)
Jb 1+(i-1).2--1

for any X E L2(B?) x RP*(m-l). For each B we will define the functions

7-ij B!-- R, (3.257)

RP(m-l) x L 2(B?)-, L2(Bi), (3.258)
0,,j L L2(BI) X R P ( m--') L 2(Bil), (3.259)

03,.l : -* L 2 (B,), (3.260)

as the solutions of the equations

PA,1(7i,l) = fIB!, (3.261)

QiX0(¢l) = 01 IZ' (3.262)

Qij(€2,.) = 021B , L (3.263)

Qi,1(03,,) = 031B, (3.264)

provided the operators P,,, Qij, are nonsingular.
For each l=,1,...,m, and i = 1,2,...,21 , we define the operators

11 RP.(m-L) x LR(B P'(- × B')

a12  : L2(B) x RP '('n-1) -- RP (ml -1)

ija13  R P - RP '( - ') x L (B'),

a2. RP-(,-- L 2 (Bl) L 2 (B?) x RP,(,-),
a22  L2(Bi) x Rp ' (m- ) -- L2(Bi) x

a 23 R -- RP.(,,-,

31 At : RP'(rn-1 x L 2 (B!)- R P,

a32 : L 2 (B!) x RP'(--) __ RP ,

33A : R P -- R P,
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by the formulae

a j= ,- 1,,, , a = . , .2 , , ,o T11 Oil00 7 2 - o j 13 - li ,t I' 43ijt

aij = T at. 11 -?T -0 i, T *0 i 32 5

21 2I," , 22 = , a2 = , (3.265)
ai'l = T at'l - T .0 i,

a31 = 3, I, 32 = 3i " i, 3i, " 3i. '

and the functions

1 E Rp'( m-) x L (B!),
b2 E L2(B!) x RP(--),

63 E R P,

bv 'he formulae

,= ,i, , b2= 2"t, " T 1i, (3.266)

Finally for each I = 0, 1,...,m- 1, and i = 1,2,...,21, we define the operators
2 t+1 L(' RP.(,n-1 )  RP'(m - 1) x L., B"-'-l

MBiIB'+t :L(2i) - 2i-+l

MBL+BI : RP-(--') x L2 (BL+l ) L2 (BI+l) x ,.(m-l)
MB/Bll2 i- lll / 2 i+ X RP'( -)

defined by (3.61) and (3.62).

3.8.2 Discretization of the Restricted Integral Equations

Choosing an integer p >_ 1, we construct the p scaled Chebyshev nodes tj3 ,, defined by (3.18)
on each of the intervals B n, i = 1, 2, ... , M. We then discretize the two integral equations
(3.261), (3.264) via the Nystr6m algorithm based on p-point Chebyshev quadrature (see
Remark 3.9). The resulting approximations to the functions r7j,j, 40,.p 02,,,3,,, at the
nodes rj will be denoted by

(W -2 -p

77,'j = ( 7,",1, , . ) ,

2j,, 4., ,,)
=3t ( 31k 2,1 1

respectively.
The operators of the form MAB, MBA, al1, a12, a 13 , a 21 , a 22 ,a 23 , a 31 ,a 32 and functions

of the form 61, 62, A I, A2 all have the property that they are composed of a finite rank function
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(corresponding to Chebyshev approximation for well-separated intervals) and an L2 function
defined for an interval not well-separated. The L2 portion of each of these operators is
discretized at p Chebyshev nodes; we will refer to the discretizations of these operators as
MAB, M BA, 611, 6 1 2 , 6 1 3, 4 2 1 , 6 2 2 , &2 3 , 631, &32, 33? , 6, AI, \ 2 , respectively. We will also
refer to the discretizations &3, i3, A3 , which are equivalent to a3, b3, A3 , respectively, since
the operators a33, 63, A3 are finite dimencional.

3.8.3 Informal Description of the Algorithm for Smooth Solutions

We begin by directly solving the two integral equations (3.261), (3.264) on each subinterval
B!' at the finest level, as discussed in the preceding section. Theorem (3.20) then shows that
a restricted to B can be expressed as a linear combination of the four solutions 1 i,m, 041j.,

S,,,,. Thus, it remains only to determine the vectors A, A2m E RP.(m+1-i), 3im ER1 for each of the M subintervals B . Fortunately, this can be done recursively. To see

this, suppose that, at some coarse level I < m - 1, we are given the vectors A ', A ", A,'

for the subinterval B!. Then Corollary 3.20 provides formulae for the calculation of theS2i-1,1+1 -2i-1,1+1 ~2i,1+1 -2i,/+1 D.m-l 2i-1,1+1 2i-1,+1l

corresponding vectors A1  ,+11 22,1 ,2 E PA - -, . , A3  E
R P for the two child intervals B+11 and B1+1 , respectively. On the coarsest level, we
observe that 0j = 0, A0,' = 0, A0' = 0, i.e. the solution of equation (3.261) on the whole
interval [a, c] is simply a.

However, the formulae (3.223) and (3.225) of Corollary 3.6 contain the eighteen matrices
+2i-1,1+1 -2i,<+1 3T qu

et , (1 < s, t < 3) and the six vectors 21,+ , 3). These quan-
tities are also computed recursively but in the opposite direction, namely, from the finest
level to the coarsest. They are certainly available at level m directly from the definitions
(3.265)-(3.266). For the interval B! at any coarser level 1 < m - 1, Corollary 3.10 and
Corollaries 3.11-3.19 describe how the nine matrices Ci"'(i < s, t < 3) and the three vectors
"(l _< s < 3) are obtained from the eighteen matrices &,t, and six vectors 6, of the two

child intervals.
To summarize, the algorithm consists of three parts. First, a sufficiently fine subdivi-

sion bl, b2,. . ., bM+1 of the interval [a, c] is chosen so that, on each of the intervals Bi,m, the
functions r71i,m 4, 2,, , 03i,,. can be accurately represented by a low order Chebyshev
expansion. On each of the intervals Bi,m, the equations (3.261)-(3.264) are solved (ap-
proximately) by direct inversion of the linear system arising from a Nystr6m discretization.
Second, the matrices & 'j and three vectors 6,t are computed in an upward sweep, beginning
at the finest level m. Finally, the vectors A1' , 32 , are computed in a downward sweep,
beginning at the coarsest level. The desired function a is then recovered on each subinterval
from equations (3.221)-(3.222).

The following is a more detailed description of the numerical procedure.
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Algorithm D

Comment [Define the computational grid.]

Create M = 2m subintervals on [a, c] by choosing a sequence of boundary points bi, b2 ,...,
bM, bM+l with b, = a and bM+l = c. Choose the number p of Chebyshev nodes on each
interval Bj" = [b1, bi+] for i = 1, ... , M. Determine the locations of the scaled Chebyshev
nodes r , , 2 , ... , 'ri on each interval B!, and evaluate the functions f, VI, 0'2, 03 at these
nodes, obtaining firm, 102i,-, 03i,.. For each I = 0, 1,...,m - 1, and i = 1,2,...,2',
compute the discretized operators MfBI+i B+ , k'+Bl+ll I using one-dimensional and

21- 2 2. 3--two-dimensional Chebyshev transforms, as appropriate (see Theorem 3.2 and Lemmas 3.3-3.5).

Step 1.

Comment [Construct the approximate solutions i,, , 2.,, on each interval Br.]

do i = 1,2,..., M
(1) Construct the two p x p matrices on Bj obtained through a Nystr6m

discretization of the corresponding integral equation.

(2) Solve the four p x p linear systems on Bi by Gaussian elimination,
obtaining the values , .

end do

Step 2.

Comment [Construct the nine matrices &"' and six vectors 6 ,' on each interval B, at the finest
level.]

do i = 1,2,..., M
Evaluate the nine matrices &t, and three vectors 6 using p-point
Chebyshev quadrature formula (see Remark 3.9).

end do

Step 3 (Upward Sweep).

Comment [Construct the matrices d"' and vectors for all intervals at all coarser levels 1
m- l,m-2,..,,0.]

do 1= m-1, 0, -1
do i=1, 2'

Compute the nine matrices &' and three vectors 6,' from the corresponding data in
the two child intervals aat+, M , -1 '2i -l~t+- iI+
using the results of Corollaries 3.4 and 3.5.

end do
end do
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Step 4 (Downward Sweep).

Comment [Construct the three vectors A',m for all intervals at the finest level.]

Set ",1 = 0, i' 1 = O,A' 1 =0.

do 1=0,m-1
do i=1, 2'

Use Corollary 3.20 to compute the vectors +1,2-i-1, 2i.+l < s <3)

for the child intervals Bt 1 and B' + ' from the vectors A'(1 < s < 3) of the parent
interval Bj.

end do
end do

Step 5.

Comment [Compute the solution o of equation (3.37) at the nodes tl, t 2 ,, I ... , tPB for each
interval B!' at the finest level.]

do i=1, M
do j=l,p

Determine the values of the solution a of equation (3.37) at the node tjB?, via
formulae (3.221)-(3.222).

end do
end do

Remark 3.12 Inspection of the above algorithm shows that the amount of work required
is of the order O(M • p3). Step 1 involves solving four p x p linear systems for each of the
M intervals. Step 2 requires for each interval the application of three p x p matrices to
three p x p matrices each (a total of nine matrix-matrix multiplies), and also requires the
application of the same three p x p matrices to a length p vector. In step 3, the asymptotic
cost for each B! is bounded by the cost of multiplying the largest matrices from the previous
level (&.".1- ' 1-2i.+1, (1 < s, t < 3), each of which have dimensions p.(m-l) xp.(m-l)).
The asymptotic total cost is given by the series

3 3. 2 14t .(m - 1) = 4-p 3 .(2m - 1) - 2. p 3 .m. (3.267)
1=0

Steps 4-5 require no more than O(M .p') operations. Since N = M -p is the total number
of nodes in the discretization of the interval [a, c], we can write the CPU time estimate in
the form O(N .p2). 0
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3.9 Numerical Results

FORTRAN programs have been written implementing the algorithms described in this
chapter. In this section, we discuss several details of our implementation, and demonstrate
the performance of the scheme with numerical examples.

The following technical details of our implementation appear to be worth mentioning.

1. Algorithm C depends for its stability on (3.242)-(3.247) having unique solutions for
all subintervals Ai and Bi, while Algorithm D depends on the equations (3.261)-(3.264)
having unique solutions for all subintervals Bi (I = 0,1,...,M, i = 1,...,21). It is easy
to construct examples for which these conditions are violated, even though equation (3.37)
has a unique solution. In such cases, a different subdivision of the interval [a, c] can be
attempted, such that none of the subintervals of the new subdivision coincides with an
interval of the original one. This procedure can be viewed as a form of pivoting, and it
is easy to show that it is always possible to make it work. However, since the numerical
ranks of the discretized operators of the form PAB or PBA are sensitive to the sizes of the
subintervals A, B, an implementation of this pivoting scheme would be somewhat involved.
It has not been implemented at this point, and we have not so far encountered a need for
it.

2. We have, however, implemented a crude scheme for detecting high condition numbers in
the algorithms. For Algorithm C, these can occur in the solution of the linear systems on
each of the subintervals Bi (Step 1), while computing inverses of the matrices A1 defined by
(3.130) used when merging solutions (Step 3), and while computing the inverse A2 defined
by (3.115) (Step 4.1). For Algorithm D, these can occur in the solution of the linear systems
on each of the finest level subintervals (Step 1), and while computing inverses of the matrices

Al, A2 defined by (3.181), (3.182) (Step 3). In all cases. the condition number of the system
being solved is estimated in the process of solution (we use a standard LINPACK routine),
and the largest of these is returned to the user. When an extremely large condition number
is detected by the LINPACK routine, the resulting solution of the original integral equation
should be viewed as suspect. It is easy to show that when the differential operator is positive
definite, this cannot happen. A more complete treatment of this subject requires further
study.

The algorithms of this chapter have been applied to a variety of problems. Five experi-
ments are described below, and their results are summarized in Tables 3.2-3.14.

In each of these tables, the first column contains the total number N of nodes in the
discretization of the interval [a, c]. The second column contains the relative L2 error of
the numerical solution as compared with the analytically obtained one at 5000 equispaced
points within the interval [a, c], where Chebyshev interpolation has been used to evaluate
the numerical solution at each of the 5000 points. The third column contains the maximum
absolute error obtained at any of the 5000 points. The fourth column contains the CPU
time required to solve the problem, excluding the time used to evaluate the solution at
5000 equispaced points, where in all cases the times are given for a Sun SPARCstation 2
computer.
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Table 3.1: LU Factorization timings

n t (sec.)
20 0.100 x10-

40 0.300 x10 - 1

80 0.180 x100

160 0.127 x 101
320 0.948 x 101
640 0.723 x 102

1280 0.578 x 103

2560 0.462 x10 4 (est)

Table 3.2: Numerical results for Example 3.1, p = 5.

n E 2(a) E'(u) t (sec.)
20 0.184 x10 °  0.952 x10( 0.500 x10 1

40 0.112 x100  0.687 x100  0.150 x10 0

80 0.260 xl0-  0.152 x10 °  0.260 x100

160 0.292 x10- 3  0.125 x10- 2  0.510 x100

320 0.241 X10 - 3  0.471 X10- 3  0.106 X10 1

Remark 3.13 For comparison, Table 3.1 shows times for solving linear systems of com-
parable sizes using the LINPACK LU factorization routines on a Sun SPARCstation 2
computer. 0

Example 3.1 The following problem was presented in [24] for the purpose of modeling the
intrinsic viscosities of flexible macromolecules. The equation to be solved is given by the
formulae ,1 tT(t) 3 2 1

f V dt = 8 + . (3.268)

The closed form solution of this problem (due to [7]) is given by the formula

a(x) = . 2 -(3.269)r.- v'2 (1 - ),4

We solve (3.268) using Algorithm C with the number of Chebyshev nodes p = 5, 10,20. The
results of this experiment are presented in Tables 3.2-3.4.

Example 3.2 The following problem was presented in [12] and [31] (in a slightly different
form) for the purpose of modeling an antiplane elasticity problem of a crack terminating
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Table 3.3: Numerical results for Example 3.1, p = 10.

n E2 (a-) t (sec.)
40 0.112 x100  0.686 xl01 0.230 x100

80 0.540 x10 - 1  0.335 x100  0.550 x100

160 0.207 x10- 1  0.166 X10 0  0.123 X10 1

320 0.346 X10 - 7  0.240 x10 - 6  0.252 x10 1

640 0.789 X10 - s 0.213 x10 - 7 0.508 xl01

Table 3.4: Numerical results for Example 3.1, p = 20.

n E 2(a) E'(a) t (sec.)
80 0.541 x10 - 1  0.335 x100  0.138 xl01
160 0.263 x10 - 1  0.149 x100  0.343 x101
320 0.988 x10 - 2  0.720 x10- 1 0.738 x10 1

640 0.345 x10- s  0.268 x10- 7  0.154 x10 2

1280 0.138 x10- 10  0.116 x10- 9  0.319 x102

perpendiculaxly at a bimaterial interface [31]. The equation to be solved is given by the
formulae

+ dt = 4x - 2vX + X 2 . (3.270)

The closed form solution of this problem (due in part to [26]) is given by the formula

a(x) 2 - X2 .  (3.271)

We solve (3.270) using Algorithm C with the number of Chebyshev nodes p = 5, 10,20. The
results of this experiment are presented in Tables 3.5-3.7.

Table 3.5: Numerical results for Example 3.2, p = 5.

n E 2(0) I E((a) t (sec.)
20 0.482 x10 - 1  0.102 x10 °  0.500 x10- 1

40 0.148 x10 - 1  0.482 x10- 1  0.120 x100

80 0.100 x10- 2  0.619 x10 - 2  0.230 x100

160 0.288 X10 - 3 0.161 X10 - 2  0.460 x100

320 0.155 X10 - 2 0.115 x10 - 1 0.102 x101
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Table 3.6: Numerical results for Example 3.2, p = 10.

n E2 (a) E'(r) t (sec.)
40 0.129 x10- 1  0.469 x10 - 1  0.240 X10u
80 0.390 X10 - 2  0.201 x10 - 1  0.550 x100

160 0.277 x10- 3  0.190 X10 - 2  0.119 X10 1

320 0.550 x10 - 6  0.244 x10 - 5  0.237 x10 1

640 0.181 x10 - 6  0.124 X10 - 5  0.489 x101

Table 3.7: Numerical results for Example 3.2, p = 20.

n E2( ) E°( ) t (sec.)
80 0.350 x10 - 2  0.201 x10 - 1  0.131 x101
160 0.102 x10- 2  0.680 x10 - 2  0.336 x10 1

320 0.699 X10 - 4  0.464 X10 - 3  0.728 x101

640 0.144 X10 - 6  0.862 X10 - 6  0.151 X10 2

1280 0.854 x10 - '0  0.564 x10 - 9  0.311 X10 2

Example 3.3 This example resembles an experiment presented in J51. The equation to be
solved solved is given by the formulae

A. a(z) + 1[(1 + sin(25x))log(Ix - ti) + cos(25xt)] -a(t) dt = (3.272)

A . sin(mx) + ql(x) . (1 + sin(25z)) + q(x),

with m = 250, A E {0, 1}, and qj, q2 given by the expressions

1
q1(x) = - .[og(X) - cos(m)log(1 - x) - cos(mx) (3.273)

m

[Ci(mz) - Ci(m(1 - x))] - sin(mx)[Si(mx) + Si(m(1 - x))]],
cos(25x + m)(25z - m) - cos(25x - m)(25x + m) + 2m

q2 (X) = -2(25x + m)(25z - m) (3.274)

where Ci and Si are the cosine integral and sine integral, respectively. The solution to this
equation is given by

a(x) = sin(mx). (3.275)

We first solve (3.272) setting A = 1 (a second kind integral equation), applying Algorithm
D to this equation with the number of Chebyshev nodes p = 5, 10,20. The results of this
experiment are presented in Tables 3.8-3.10. We then solve (3.272) with A\ = 0 (a first kind
integral equation), applying Algorithm D to this equation with the number of Chebyshev
nodes p = 10, 20 (due to the high condition number, p = 5 yields no accuracy for this
problem). The results of this second experiment are presented in Tables 3.11-3.12.
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Table 3.8: Numerical results for Example 3.3, A = 1,p = 5.

n __()_E(_ ) t (Sec.)
20 0.728 x101 0.142 x102  0.600 x10- 1

40 0.271 x101  0.589 x10 0.310 x 100

80 0.125 x10' 0.218 x10' 0.920 x 100

160 0.201 x100  0.345 x100  0.228 x10 1

320 0.945 x10- 2 0.163 x10- 1  0.532 xl0
640 0.121 X10 - 2 0.234 x10- 2  0.122 x10 2

1280 0.113 x10- 2 0.190 X10 - 2  0.259 X10 2

2560 0.112 x10 - 2 0.188 x10- 2  0.553 x10 2

Table 3.9: Numerical results for Example 3.3, A = 1,p = 10.

n E 2(a) E'(a) t (sec.)
40 0.280 x101 0.641 x101 0.390 x10 0

80 0.127 xl0 0.273 xl0 0.159 x101
160 0.947 x10- ' 0.138 x100  0.495 xl0
320 0.231 x10- 3 0.333 x10- 3 0.135 X10 2

640 0.297 X10 - 6 0.539 x10 - 6  0.329 x102

1280 0.885 x10- 7  0.146 x10- 6 0.751 X10 2

2560 0.885 x10- 7 0.146 x10- 6 0.164 x10 3

Table 3.10: Numerical results for Example 3.3, A = 1,p = 20.

n E 2(o) E°(a) t (sec.)
80 0.123 xlG1 0.217 x10 1  0.236 x10 1

160 0.217 x 10- 1  0.354 xl0 - 1  0.105 x10 2

320 0.21 X10 - 6  0.288 x10 - 6  0.344 x102

640 0.321 x10 -1 2 0.467 X10 - 12 0.943 x102

1280 0.107 x10 - 13 0.340 X10 - 13 0.237 X10 3

2560 0.112 X10 - 13 0.310 X10 - 13 0.558 X10 3
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Table 3.11: Numerical results for Example 3.3, A = 0,p = 10.

n E2(,) E'(,) t (sec.)

40 0.102 x1O 0.165 x101  0.420 xlI0
80 0.927 x10 0  0.146 x10 1  0.171 x101
160 0.425 x 100  0.640 x101  0.537 x 101

320 0.740 x10 - 3 0.135 X10 - 1 0.143 x10 2

640 0.313 x10 - 3 0.791 X10 - 2 0.351 X10 2

1280 0.861 x10- 3 0.200 x10- 1 0.801 x10 2

2560 0.202 x10- 2 0.414 x10 - ' 1 0.174 x10 3

Table 3.12: Numerical results for Example 3.3, A = 0,p 20.

n E,(a) E@,) t (sec.)
80 0.952 x10( 0.160 x10 1  0.242 x10'
160 0.207 x10 -1  0.417 x10 - 1 0.108 x102

320 0.150 x10- 5  0.423 x10 - 4 0.355 x10 2

640 0.345 x10 - 7 0.699 x10 - 6  0.978 x10 2

1280 0.200 x10- 7  0.436 x10 - 6 0.245 x10 3

2560 0.330 x10 - 6 0.958 x10 - 5 0.575 x10 3
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The following observations can be made from Tables 3.1-3.12, and are corroborated by
our more extensive experiments.

1. For Algorithm D, the practical convergence rate of the method is consistent with the
theoretical one.

2. While we have not analyzed the theoretical convergence rate for Algorithm C, in practice
the convergence is determined by the number of subintervals used, as opposed to the total
number of points in the discretization. While double precision arithmetic permits a maxi-
mum of 104 subintervals, our experiments indicate that maximum accuracy is achieved by
using approximately 64 subintervals.

3. Example 3.3 with A = 0 is an extremely ill-conditioned problem, which substantially
reduces the accuracy of the computed results compared to the relatively well-conditioned
Example 3.3 with A = 1. Because Algorithm D is a direct method, the timings for X = 0
and for A = 1 are the same, for equivalent number of points n and order of method p.

4. For both Algorithm C and Algorithm D, most of the computational effort is devoted
to merging the & matrices (Step 3 in both Algorithm C and D). However, the size of the
matrices is fixed for Algorithm C, while for Algorithm D the matrices increase in size for
coarser levels. As a result, Algorithm C is from 3-7 times faster than Algorithm D, for an
equivalent number of points n and order of convergence p.



Chapter 4

Generalizations and Conclusions

4.1 Generalizations

In Chapter 3, we decomposed a one-dimensional integral operator P into four operators
PAA, PAB, PBA, PBB, and then constructed low rank factorizations of PAB and PBA-
The specific factorization of PAB and PBA in Chapter 3 involved subdividing each of the
intervals A and B into a number of smaller subintervals, and decomposing PAB and PBA into
a number of operators acting on these smaller subintervals. Each of the smaller operators
either acted on subintervals which were well-separated from each other (the operator thus
can be approximated by a low-order Chebyshev polynomial), or acted on subintervals which,
when discretized, contained few points (the discretization of the operator thus being of low
dimension). Such factorizations can also be applied to integral operators corresponding to
integral equations on a curve, and to operators corresponding to integral equations of two
and three dimensions.

Two problems arise when this method is applied to integral equations on curves. First,
it is more difficult to subdivide A and B into a number of smaller well-separated intervals.
For example, suppose that the curve is described by a polynomial, and suppose further that
one needs to determine the rank of the interaction between two sections of the curve. It is
not clear how to determine whether the two sections are well-separated. A second problem
is that the choice of boundary separating subintervals A and B can dramatically affect the
ranks of the operators PAB and PBA. As an example, consider an integral equation for an
ellipse in which one of the axes of the ellipse is much longer than the other. If the short axis
is chosen to be the boundary separating subintervals A and B, then there are few points
in the discretization which are close to this boundary; PAB and PBA will therefore be low
rank operators. On the other hand, if the long axis is chosen to be the boundary separating
A and B, then nearly all the points in the discretization will be close to the boundary, and
the ranks of PAB and PBA will be quite high.

When integral operators of two and three dimensions axe considered, the rank of the
operators PAB and PBA is largely determined by the number of points on the boundary
separating A and B. For an N x N discretization in two dimensions, the boundary separating

101
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A and B is a line containing N points, and the rank of PAB and PBA is N log N. Thus a
direct solver for a two dimensional integral equation would require order O(N 3 ) arithmetic
operations, and would be of considerable practical interest. On the other hand, for an
N x N x N discretization in three dimensions, the boundary separating A and B is a square
containing N x N points, and the rank of PAB and PBA for this operator is N2 log N. A
direct solver for a three dimensional integral equation would require order O(N 6) arithmetic
operations, and would be prohibitively expensive.

4.2 Conclusions

Algorithms have been presented for the solution of two-point boundary value problems for
ordinary differential equations, and for the solution of one-dimensional first and second
kind integral equations of potential theory. All algorithms have CPU time requirements
proportional to N • p2 , with N the number of nodes in the discretization, and p the desired
order of convergence. In addition, the time requirements axe insensitive to the condition
number of the discretized linear system, The methods permit the use of schemes with
extremely high orders of convergence, and are quite insensitive to eDd-point singularities.
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