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expléhataon that self~-compensation is responszble for the inability to make
a p-n Junction in II-VI semiconductors. ,

A general theory of substitutional impufities in superiattices that predicts
anomalous changes of dopant character with layer- thicknesses, and establishes
an intellectual framework for understanding 'the properties ‘of impurities in
superlattices. B £

& .
The mathematical theory of Mobius transforms its applications to physical
inverse problems. This is an important new area of theoretical physics,
especially for the Navy: with such transforms, one should be able to
detect the thermal radiation of a distant object and, from the radiatiom,
reconstruct the shape and temperature profile of the object.

<

A new molecular dynamics of III-V semiconductors, based on Sankey's ideas
for Si. This method solves the quantum local density equations very
rapidly for the forces on atoms, and then moves the atomic nuclei according
to Newton's equations. The result is a program that a computer can digest
that can compute realistic trajectories of atoms in condensed matter. This
will allow us to simulate many interesting microscopic processes, such as
semiconductor growth, impurity diffusion, chemical reactions, etc.

A new, relaxed-lattice model of isoelectronic traps in GaP, explaining some
old mysteries of the data.

A theory of the localized states in the HOMO-LUMO gaps of macromolecules.
The theory has the property that it can often be evaluated approximately
for very large molecule, whose electronic structure is poorly known. The
localized states associated with frontier orbitals often are responsible
for the critical chemical reactions in which macromolecules partake.

A new picture of doping amorphous Si, together with an explanation of its
band-tail states. This picture appears to agree with recent data.

An addition to the field of high-critical-temperature superconductors by
computing the electronic structures of LaZCuO4 and other high-Tc materials.
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THEORY OF SEMICONDUCTING SUPERLATTICES AND MICROSTRUCTURES

John D. Dow
Department of Physics
Universicy of Notre Dame
Notre Dame, Indiana 46556

A. Core excitons ir. superlattices

We have developed the first theory of Hjalmarsor.-Frenke' core
excitons in superlattices, and applied it to strained-layer systems. We
expect that this theory will be useful in characterizing phenomena in
such superlattices, using synchrotron radiation,

B. Theory of dopants in ZnSe and related materials

We have provided a unified theory of dopants in II-VI materials,
with emphasis on ZnSe and candidates for blue-green lasers. We have
explained why Ga is no longer an effective dopant in Zn,__Mn,Se for
x>0.1, with a theory that also provides a natural explanation of why ZnTe
is almost unique among the II-VI semiconductors in that it is naturally
p-type. This work provides, we believe, a theoretical framework for
viewing and undcerstanding the recent successes at 3M by Haase et al. in
obtaining blue emission from ZnSe. It also provides strong evidence
against the thirty-year-old explanation that self-compensation is
responsible for the inability to make a p-n junction in II-VI
semiconductors.

C. Theory of deep levels in superlattices

We have developed a general theory of substitutional impurities in
superlattices that predicts anomalous changes of dopant character with
layer thicknesses, and we have established an intellectual fiamework for
understanding the properties of impurities in superlattices.

D. Mobius transforms

We have developed the mathematical theory of Mobius transforms and
applied it to physical inverse problems. This is an important new area
of theoretical physics, especially for the Navy: with such transforms,
one should be able to detect the thermal radiation of a distant object
and, from the radiation, reconstruct the shape and temperature profile of
the oblect,

E. Molecular dynawics of semiconductors

We developed 2 new molecular dynamics of III-V semiconductors, based
on Sankey‘s ideas for Si. This method solves the quantum local density
equations very rapidly for the forces on atoms, and then moves the atomic
nuclei according to Newton's equations. The result is a program that a
computer can digest that can compute realistic trajectories of atoms in
condensed matter. This will allow us to simulate many interesting
microscrpic processes, such as semiconductor growth, impurity diffusion,
chemical reantiong, etc.




F. Isoelectronic traps in GaP

We have developed a new, relaxed-lattice model of isoelectronic
traps in GaP, explaining some old mysteries of the data.

G. Macromolecules

We have developed a theory of the localized states in the HOMO-LUMC
gaps of macromolecules. The theory has the property that it can often be
evaluated approximately for very large molecules, whose electronic
structure is poorly know. The localized states associated with frontier
orbitals often are responsible for “he critical chemical reactions in
which macromonlecules partake.

Doping of a-Si
We have provided a new picture of doping of amorphous S§i, together

with an explanation of 1ts band-tail states. This picture appears to
agrec with recent data.

High-_'gE superconductors

We have added to the field of  Thigh-critical-temperature
superconductors by computing the electronic structures of La,Cu0, and
other high-T, materials.
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CORE EXCITONS IN STRAINED-LAYER SUPERLATTICES

JOHN D. DOW AND JUN SHEN

Department of Physics
University of Notre Dame
Notre Dame, Indiana 46556 USA

SHANG YUAN REN

Department of Physics
University of Notre Dame, Indiana, USA
and
University of Science and Technology of China
Hefei, Anhui, People’s Republic of China

The physics of core excitons in semiconductors is reviewed, with empbasis on the fact that
Hjalmarson-Frenkel "deep’ core excitons are observed, and co-exist with Wannier-Mott ‘shallow’
excitons which are not “ormaily resolved experimentally. The theory of Hjalmarson-Frenkel exci-
tons is extended to exciiins in superlatuces, and the Gald core exciton in Gads,..P,/Ga?
strained-layer superlattices i predicted to change from a resonance in the conduction band (with
apparent negative binding eneryy) to a bound state in the gap (positive binding eaergy), as the
GaAs) ., P, layer thickness decreasss.

1. Intradiction

Franco Bassani pioneered the theory of core excituns and was one of the first theorists to
call attention to the fact that the Si 2p core exciton exhibits a binding energy significantly
different from the shallow donor binding energy in Si {1). Since he was also one of the
first theorists interested in artificial superlattices, we shall honor him by discussing the
physics of core excitons in superlattices.

When a soft x-ray excites an atom in a semiconductor, i creates a core hoie of very
small radius and an electron with the same wave vector (see Figures | and 2). Because
the core orbital has such a small radius, it does not overlap the : vrresponding orbital on
an adjacent site, and so the core band is flat, with infinite mass. &s a result, the hole is
immobile, and is a fixed point charge around which the electron cun “evolve. One expects
the electron’s orbit to be hydrogenic, with an envelope wave function ¢ obeying the
cifective-mass Schrodinger cquation

(=K /12m"y T~ e/ afdAr) = E¥(r).

Here £ is the energy of the orbiting electron with respect to the conduction band edge, ¢
is the dielectric constant of the semiconductor, and m° is the conduction band'. effective
mass [2] (we have assumed an isotropic, non-degenerate eflective mass, for simplicity).
The ground state of such an clectron in the presence of its hole should be the hyc ogenic
15 state, with a binding energy relative to the conduction band minimum of

Eg = (13.6eV)(m" I myé),

439

R.Girlanda et al. (eds.), Progress on Electron Properties of Solids, 439-449.
© 1989 by Kluwer Academic Publishers.
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Si Core Excitons

5
7 Hjalmarson-Frenkel
\-.ﬂ..’:/
o} A ~~Wannier-Mott
e
E s |
= N\
o
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i o
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Figure 1. Energy versus wave vector: illustration of a Si2p core excitation in Si. The core hole
band is flat (lower heavy line), and the excited electron is cither (i) associated with the conduction
band minima near X for the shallow Wannier-Mott exciton (dashed line), or (ii) in the anubonding
s-like 4, deep level resonant with the conduction band for the Hjalmarson-Frenkel core exciton
(upper heavy line).

typically tens of meV. Such a correlated electron-hole pair is a Wannier-Mott exciton 3],

Analogous impurity levels to the Wannier-Mott core excitons have been thoroughly
studied and were thought to be completely understood until recently [4): the shallow
hydrogenic donor states {2]. The clectrons of these states obey the same effective-mass
Schrédinger equation as the electrons of the core excitons, and exhibit the predicted
binding energies. In the case of P substituting {or # Si atom in bulk Si, the physics of
shallow donor levels has been well-established for lecades. Therefore one expected that
the Si2p core ex iton would exhibit the same binding enc:gy as the P donor. It did not,
being in many experiments two orders of *wagni ude larger: 0.1 10 0.9 eV [5-9).

The failure of the Si2p core exciton buaa’ .z ~neigy » match the P donor binding
energy was particularly perplexing becausz, to .n adxuue s proximation (the Z +1 rule
{1,10] or the optical alchemy approximauon { ‘1)), tne covc hole ha: zero radius and the
same charge distribution as a proton. in the case mf :ore-excited Si, the excited atom
with its ‘proton’ and electron is ' (similarly corc-cxcited Ga and /n are ‘Ge' and ‘Sn’,
respectively).

Hence in the case of the Si 2p core exciton, one expected an absorption spectrum that
reflecied the spectrum of the ‘P donor’ impurity on Si, with its small hydrogenic
cffective-mass binding energy: 13.6eV (m°/mge?). The observation of much larger Si2p
core exciton binding encrgies ranging from 0.1 to 0.9 eV [5] became known as the ‘St core
exciton problem’ - a problem whose explanation was complicated by the fact that the
experimental results apparently did not agree. Indeed, the experiments calling for a bind-
ing energy almost the size of the Si band gap were particularly difficult 10 accept in the
light of theories existing at that time. Bassani {1} was one of *he first theorists to recog-
nize that these observations called for a new theory of core excitons.

The differences between P in Si and a core-excited Si atom, Si°, are small: (i) because
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Figure 2. [Hustration of the Ga 3d core excitons of Gads. The shallow Wannier-Mott state lies only
2meV below the conduction band edge. The deep Hjalmarson-Frenkel state lies 0.4 eV above the
edge and is a T resonance {13).

of the Franck-Condon principle [12), there is no lattice relaxation surrounding the core
hole, whereas the lattice cenainly relaxes around a P impurity - an effect that has always
been thought 1o be negligible, and (ii) the differences in the core hole and proton charge
distributions have always been belicved to be negligible. Hence a successful theory of the
Si core exciton problem would have either relied on dynamical effects such as time-
dependent screening or explicitly embraced the sameness of Si® and P - and ascribed the
apparent differences in binding energies to the fact that experiments probe different
aspects of the same defect {1). The latter approach now provides a simple and natural
solution 10 the Si core exciton problem, but had been rejected by many theorists in the
1970’s because it implied that the theii-current understanding of P in Si had been incom-
plete.

2. Co-Existence of ‘Deep’ and ‘Shallow' States

The many apparently contradictory facts about the Si 2p exciton can be understood once
one recognizes that impurities such as P in Si have both *deep’ and ‘shallow’ states {4] -
and that there are corresponding deep or ‘Hjalmarson-Frenkel' {13] and shallow or
‘Wannier-Mott' excitons [3], Infrared and transport experiments are sensitive to the shal-
low impurity levels while core exciton experiments resolve the ‘deep’ Hjalmarson-Frenkel
excitons rather than the shallow Wannier-Mott states. For P in bulk Si the deep level
lies slighly above the conduction band edge, so that the corresponding exciton has an
apparent negauve binding energy [4,14] (see Figure 1). However, if the Hjalmarson-
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Frenkel Si 2p exciton is near a surface, its energy is rather dramatically perturbed, so that
its apparent binding energy can be 0.8 eV [15] (see Figure 3).

Si (100) - (2 x 1) exciton

1.00

v.75

Energy (eV)

0.50

0.25

0.00

Layer 1 Layer 2 Bulk
Figure 3. Si 2p Hjalmarson-Frenkel core exciton energies at the (2 X 1) asymmetric-dimer (100) sur-
face of Si, after Ref. {15]. *Up’ (‘down’) denotzs the upper (lower) surface site (assuming the St oc-
cupies the lower half plane), and results are given for the surface laver (Layer 1) and the upper-
most sub-surface layer (Layer 2). These levels coalesce intv a resonance in the conduction band for
excitons in the bulk (layer oo).

Thus the explanation of the wide range of observed exciton energies is «hat the different
measurements had different surface sensitvities, and probed core exciton binding encrgies
in §i, ranging from slightly negative values characteristic of the bulk to large positive
values (nearly the size of the band gap) at the surface.

A central clement of this picture for the Si2p core exciton was the prediction that the
Hjalmarson-Frenkel exciton lies slightly above the conduction band edge in Si, with an
apparent negative binding energy - a prediction that could be tested by measuring its
energy in Si,Ge,.. ; alloys as a function of alloy composition x. The theory |14] predicted
that the Hjalmarson-Frenkel state would descend into the gap and assume a positive
binding energy for x~20.27, and then re-enter the conduction band for larger x. The com-
position x==0.27 [16] corresponds 1o a cross-over in the conduction band minima of
SixGe)- 5 from being near the (100) X-point of the Brillouin zone of Si for x = 1 to the
(111) L-point of Ce. Bunker et al. [16] performed an experiment to test these ideas, and
concluded that the picture is correct for the SiZp core exciton, but that the predicted
energies of the Hjalmarson-Frenkel exciton were slighly lower than observed (see Figure
4). The resulting Si 2p core exciton binding ensrgy is about —0.06 eV.

The Hjalmarson-Frenkel core exciton level slighdy above the band gap in bulk Si
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Figure 4. Energies (in e¥) versus alloy composition x in Si,Ge,_,, after Ref. [16]. conducuon
band cdges (light solid line), (2) Wannier-Mott exciton levels (dashed line), and experimental con-
clusions [16] (heavy solid line), obtain=d by analyzing dat1 with an adjusted version of the theory
of Ref. [14).

corresponds to a ‘deep’ level of F in Si that is resonant with the conduction band. This
deep level had not been a part of the theory of the P impurity, and yet was demanded by
a fact that was well-known, but not fully appreciated: The central-cell defect potential of
a P substitutional impurisy in Si must be greater than 4e¥ deep, because the difference
between P and Si s-state atomic ¢nergies is deV. In a solid, it is impossible to have a
4 eV perturbation potential that docs not alter the electronic siructure on a &el energy
scale - and the old shallow donor theny indicated alterations of the electronic structure
only on the tens of meV scale of the donor binding energy. Thus, in retrospect [4], P in
Si must have, in addition to the shallow donor levels, four deep levels that lie above the
conduction band edge and are re.onances: onc s-like level that corresponds 1o the
Hjalmarson-Frenkel core exciton and a triply degenerate p-like level at higher energy.
These four levels are localized in space and arise from the four perturbed bonds formed
by the P impurity when it replaces Si.

The samie theoretical picture of Hjalmarson-Frenkel core excitons in Si Cessribed
Ga 3d core excitons in the bulk {13,17,18) (Figure 5) and Ga 3d and In 4d excitons at sur-
faces (Figures 6 and 7) [17,19,20) in GaAs, GaSh, Inds, InSb, and InP - a dramatic suc-
cess because the surface exciton energies differ markedly from those in the bulk, yet gen-
erally agree with the theory.

The major difference between thc Si2p core exciton on the one han” and the Ga 3d
and /n 4d excitons on the other is symmetry. Dipole selection rules imply that the core-
excited Ga and In generate electrons in odd-parity states and therefore have the energes
of the p-like T, deep levels of Ge and Sn, respectively. In Si, the cote-excited electron
occupies an s-like A level.,
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Figure 5. Comparison of measured (18} and predicted energies (in e¥) of Hjalmarson-Frenkel
Ga 3d core excitons in GaP, GaSh, anc ucds, after Ref. (13]. The zero of energy is the conductuon
band edge.

3. Core Excitons in Superiattices

Superlattices are particularly ‘nteresting materials for studying core excitons because the
superlattice band edges are very sensitive to the layer thicknesses, while deep impurity
levels are not. Therefore a G- Vd core excitation in a Gads quantum well, for example,
would have its core excitaticn energy (i.c, the Ge impurity T, level) remain almost
independent of the width of the Gads well while the conductn band edge would
dramatically increase in energy as the well became thinner (due to quantum
confinement). As a resuls, the apparent core exciton binding energy (i.c., the energy of the
Ge impurity level with respect to the conduction band edge) increases markedly as the
well-width decreases. The physics is even more complex when the superlatiice is not
lattice-matched, and strain is important.

In this paper we apply these ideas to Ga3d core excitons in GadsgePoq/GaP
strained-layer superlattices. We believe that these are the first theoretical results for this
type of Hjalmarson-Frenkel core exciton in III-V superlattices. Our goal is to show that a
Hjalmarson-Frenkel Ga3d core exciton at a site necar the center of a GadsogPoq layer
can emerge from the conduction band into the fundamental band gap of the superlattice
as the layer thickness decreases. That is, its apparent binding energy with respect to the
conduction band edge changes from negative to positive with decreasing layer thickness
(see Figure 8).

The theory is identical to a theory for a Ge impurity at a central Ga sitc of a
GaAdsg¢Poa4/ GaP superlattice. The theoretical formalism has been published for such a
defect in strain-free Gads/ Al Ga - ,As superlattices [21-24], and can be modified in a
straight-forward manner 1o treat strained-layer superlattices. The strain energy is

E, = (a®/64)(Z, [6c 1y + 12 2)(1d, = do)/ do)* + Zylen — ¢ 121(86,6)?)
where the sums are over the bonds (of length d,,) connecting atoms : and j and over the
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Figure 6. Experimental and theoretical Ga 3d Hjalmarson-Frenkel core exciton energies (propell-
ers) at the (110) surfaces of Gads, GaSb, and GuP, after Ref. [19]. The valence and conduction
band edges are denoted E, and E,. The horizontal lines denote the bottom of the surface state
band.

distortions 6, of bond angles defined by atoms i,j, and k. Here cyy, ¢)3, do, and a are
the elastic constants, perfect-crystal bond lengths, and perfect-crystal lattice constant of
the relevant material. There are three types of centributions to the strain energy: (i) from
GaP, (ii) from GaAs,.,P,, and (ili) from the interfaces. Three parameters define the
geometry of the strained superlattice: (i) aperp, the lattice constan in the direction per-
pendicular to the growth or = direction (this is the same in both Gads).- P, and GaP
layers), (i1) ¢(GaP), the strained lattice constant in the z or growth direction in a GaP
layer, ang (i) ¢(Gads,-,P,), the corresponding lattice constant in Gads;.,P,. The
strain energy is minimized with respect to these three parameters, and @perp, ¢(GaP), and
¢(GaAs, -, P,) are determined. Then the off-diagonal (only) matrix elements of the Ham-
iltonian are scaled according to the rules of Harrison (i.c., as d ™% {25]) and Slater and
Koster (i.c., the appropriate angle dependences [23,26}). Finally the superlattice electronic
structure and Green's functions are calculated, in the usual fashion [21-24).

The predictions of the theory are contained in the p-like T; *Ge impurity’ states,
because the 3d core hole 15 associated with 7', electron states as a consequence of the
dipole selection rules for optical absorption. The predicted band gaps for [001)
GaAsysPy4/ GaP superlattices, are expected to lie slightly below [27,28] the expenmental
gap, but within about ~0.1¢V of it. The band edge of the bulk materials, both
unstrained and strained as in the superlattice, are compared with the superlattice band
edges in Figure 9 (we have assumed a valence band offset for a strained
GaAsggPoa/ GaP heterojunciion of 60% of 0.33eV {29])). The corresponding ‘binding
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Figure 7. Experiments] and theoretical /n 4d Hjalmarson-Frenkel core exaiton energies (propellers)
at the (110) surfaces of Inds, InSb, and InP, after Ref. [19).
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Figure 8. Predicted apparent binding energy of a Ga 3d core exciton p;-like level at the center of a
GadsgyPo, layer in an N X 10 GaAsoyPo4/ GaP superlatiice as a function of N. Note that for
small (large) ¥ the binding energy 1s positive (negauve).

enesgies’ of the Hjalmarson-Frenkel excitons are displayed 1n Figure 8 [28]. As the
GadsggPo4 layer becomes thinner, the conduction band dge moves up in energy with
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Band Edge Relations In (GaAs, P, ) /(GaP), Superiattice
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Figure 9. Band edges in unstrained and strained (as in the superlattice) Gadsg 4Py, and GuP, and
in the 5X5 GadsogPg4/ GaP superlattice.

respect to the core exciton, until the core-exciton level descends into the gap. For simpli-
city of presentation in Figure 8, we have plotted only the p,-like T, core exciton level for
an exciton far from an interface. In the superlattice, and especially near interfaces, the T,
levels (which are degenerate in the bulk) split, with the splittings being largest near the

interfaces.
Site-Dependencs of Cors Exciton Levels
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Figure 10. Predicted site dependence of the Galdd core exciton levels (in ¢V) in a 5XS$
GadsggPos/ GaP superlatice, The band gap of the superiattice 15 denoted E, (SL) The Ga
atoms .re at odd-numbered sites. When only two lines are plotied at a site, (wo of the exciton
levels are nearly degenerate.

Figure 10 illustrates how the core exciton levels should vary in energy for a §X35
GaAsg¢Po4/ GaP superlattice, as the position of the core-excited Ga atom is changed. Of
course, experiments measuring such excitons should detect a broadened line whose shape
reflects the distribution ¢ f sites at which the excitons are created and the splittings at
each site.

[ ———
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4. Summary

We hope that this work will stimulate efforts to measure core excitons in superlattices
and to show that suitable manipulation of band edges in superiattices by controlling layer
thicknesses will cause Hjalmarson-Frenkel excitons to move into and out of the band

gap.
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A theory of deep impunty levels in supesdantices 15 outhned. and apphed 10 ZnSe/Zn,, sMn, (Se with the substtutional dopant
Ga,,. Ga s predicied to undergo a shallow ~deep transiton ac a funcuon of & in bulk Zn, ., Mn Se. and so Ga dopes ZnSe n-1vpe
but prevents ZnyMny(Se from being doped n-tape even by modulauon doping. In ZnSe/Zng (Mn,,Se superlattices. the band
edges are quite sensiine 10 changes in the layer thichnesses, but the deep lesels are not. As a result, shallow~deep transions as
functions of layer thickness are predicted 10 ovcur. The physics of shallow-deep transitions in superlattices is elucidated. and its

relevance 1o the 11-V1 doping problem is discussed.

1. Introduction

Every s- and P-bonded substitutional ‘impurity
in a semiconductor produces four “deep” levels
that lie near or in the fundamental band gap of
the host. These levels are due 10 the central-cell
defect potential, and may all lie resonant with the
host bands. in which case the impurity is termed
“shallow.” Or at least one of these levels may lie
within the gap. in which case the impurty is
“deep™ [1}. Normally one such deep level is A,-
symmetric or s-like and three are p-like (and pos-
sibly degenerate, depending on the site symmeiry).

2. Shailow-deep transitions

In a very crude (but instructive) approximation
[2}. the ceep Jevels are insensitive 10 changes of the
host corposition. alomiic ordering (e.g.. super-
lattice versus random alloy). or pressure, and re-
tain their absolute energies. in contrast. the con-
ducbion and salence band edges are sensitive to
such changes. and so it is rather common that a
band edze passes through a deep level, changing
the characier of the impurity frem shallow 1
deep. This is believed to be the case [3) for § ...
(Si on a cation site) in Al Ga,_ As: for x <0.2
the A -svmmetric deep leve; lies in the conduction

0039.6028,-90,/503.50 * Clsevier Sasence Publishers B V.
{North- Holland)

band. making Si a shallew donor: but for x> 0.3
the deep level is in the fundamental band gap.
allowing the Si atom to trap an extra electron
rather than donaie one 10 the conduction band.
rendering the material semi-insulating rather than
n-type [3). This shallow-deep transition is particu-
larly interesting in superlattices. where the band
edges are sensistive 1o the choice of laver thick-
ness. but the deep levels are not {2).

3. Shallow-~deep transitions in superlattices

One example of such a transition is the Gu,,
impurity near the center of a ZnSe layer in a
ZnSe/ZngyMn,Se [001) superlattice. This im-
purity (s a shailow donor. with its A,-symmetric
deep level in the conduction band, for thick ZnSe
lavers. Fig. 1 iliustrates how the conduction band
edge of a N x 12 superlattice passes through the
Ga decp level as N decreases from N =15 (o
N =1 {a single laver of inSe¢). !n the thin super-
latuces (for N < 3. according to the theory [2.4]),
the superlatuce’s conduction band edge lies above
the deep level: and Ga brcomes a deep impurnity:
the extrs electron (relative 10 Zn) of neutral Gu is
trapped in the deep level. which can also trap an
additiona! elacuon of opposite spin. For thick
ZnSe layers (N 2 3). the extra ciectron of neutral

A ot bt At 0l
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Fig. 1. Well-center Gay, A} deep levels in (a) thin (1 X 10) and in (b) thick (10 % 10) quantum well ZnSe/Zn,sMngSe [001]

superlattices. The thick solid lines are the band edges of ZnSe and ZngyMnSe bulk semiconductors respectively. The dashed lines

are the superlattice band edges. The short solid lines are the Ga,, deep levels. The Gay, decp level is above the superlatiice

conduction band edge in a 10 X 10 superlattice and is in the gap of a 1 X 10 superiattice, The exira valence clectron in the Gag,

resonant deep level will fall (o the conduction band edge in the 10 > 10 superlattice, while in the 1 X 10 superiattice the extra electron
will occupy the de=p level which can also trap another electron of opposite spin.

Ga spills out of the deep level (which lies above
the superlattice’s conduction band edge) and the
Ga is autoionized. creating a 1ong-ranged Coulomb
potential which binds the electron at zero temper-
ature in a shallow donor level,

Fig. 2 illustrates how the Ga deep level, the
conduction band minimum (CBM), the valence
band maximum (VBM), and the shallow leve!l are
predicted to vary with ZnSe layer thickness N in
an N x 10 ZnSe/ZnysMngSe superlattice. The
predictions use an empirical tight-binding Ham-
iltonian {5.6) together with the Green's function
method (1},

This behavior of the Ga deep level as a func-
tion of layer thickness N is similar 10 that found
as a function of alloy composition x in Zn,_ -
Mn Se: for v > 0.1 the Ga deep level lies in the
band gap. not in the conduction band and traps
electrons rather than donating them. This means
that doping of Zn, . Mn .Se for x> 0.1 with Ga
should produce semi-insulating rather than n-type
material, which appears 10 be the case experimen-
tully {7). Even modulation doping of Zn, . Mn,Se
with Ga will not produce n-type material for
x > 0.1, because Ga is u deep trap in both layers
of a Zn,_ ,Mn, Se/Zn,_,Mn Se superlattice for
v> x>0, '

« Fig. 3 illustrates the predicted dependence on
alloy composition x of the levels of a Ga g, impur-
ity in the ZnSe layer of a 1 X 10 ZnSe/Zn,_,-
Mn,Se superlattice. For x =0, the superlattice
reduces to bulk ZnSe. and Ga has a shallow
hydrogenic ground state donor level slightly below
the conduction band minimum, which provides
n-type doping. The Ga deep level lics above the
conduction band minimum. As the alloy composi-
tion x of the ZnSc/Zn,_,Mn Se superlattice in-
creases, the band gzp opens up and the conduc-
tion band edge (measured with respect to the
valence band maximum) moves to higher energy
until, near x = 0.4, the band edge passes through
the deep level. For x > 0.4, the stable ground stuic
of the neutral Ga impur.y in the 1 x10
ZnSe/Zn, _ Mn Se superlatiice has the deep level
occupied by one electron. This deep level can trap
a second clectron of opposite spin, and so it
removes clectrons from the conduction band.
making the material semi-insulating rather than
n-1ype.

Shallow-~deep transitions can occur when the
valence band edge passes through a deep level,
much the same as when a conduction band edge
does. The vulence-band shallow=-deep transitions
normally have i much more dramatic effect on the
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Gazn in (InSe),/ (TN, Mn, Se),, Superiatiice

Shallow-Deep Transition
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Fig. 2. Dependence of deep levels and superlattice band edges
on ZnSe layer thicaness .V (number of ZnSe molecules thick)
for N 10 ZnSe/ZngoMng¢Se superiattices. The thick lines
are the superlattice conduction band (CBM) and valence band
(VBM) edges respectively. The 1op of the ZnSe vafe'nce band
{without strain) is taken 10 be the zero of energy, The thin solid

lin€" is the predicted wel-center Ga,, A, deep level. The.

shallow Jevel, which follows the conduction band edge. is
depicied by a dashed line. A shallow~deep transition is predic-
ted 1o occur around N = 3,

doping character of a material, however, because
they invariably involve p-like deep levels capable
of containing six electrons (whereas the conduc-
tion-band shallow~deep transitions normally in-
volve A,-svmmetric levels capable of trapping only
two electrons).

We believe that such shallow-deep transitions
are responsible for the different doping characters
[R.9] of ZnSe (which can be easily doped n-tvpe
but not p-type) and ZnTe (which can be doped
p-tvpe): deep levels that lie in the gap of ZnSe and
trup holes instead lie below the valence band
maximum in ZnTe and donate holes. Clearly one
way 1o enhance the p-type dopability of a I1-VI
semiconductor is to manipulate the semiconduc-
tor’s valence band maximum, moving it up in
energy until it covers the deep hole traps. For
example, the p-dopability of CdTe can be im-
proved (10] by fabricating a Cd1e,ZnTe strained-
laver superlattice. In this case the strain splits the

Dependence on X

Ga,, in (ZnSe},/ (Zn, ,Mn Se),, Superlattice

32
2 Oeep Lovel /
| , =

30 [ Conducuon // ]
© Bsnd Edge
; 2.9 \ o Deep Trap
& o
£ 2y
w Shallow Leve!

27

2€

25 4 .

0.0 0.2 4 08
X .
Fig. 3. Predicied dependence on Mn concentration x of the
Gag, deep level, and the shallow Jonor level in 1x10
ZnSe/Zn, . ,Mn, Se {001] superluttices. The Gaz, A, deep
level is resonart with the conduction nand when x < 0.4 (mak.
ing Ga a shallow donor impurity), and is u deep 1rap occupied
by the extra clectron for x > 0.4,
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Fig. 4. Sthematic energy bund structure (encrgy in ¢V versus
wave vector) of CdTe, illustrating hw strain qualnatively
changes the valence hand level struciure with respect to the
deep level encegy and covers the deep level, (3) The buil
semiconductor with 3 deep hole trip (ot also vontains at least
one hole) within 0.2 ¢V of the valence Fand edge. The Ty and
I, bands are pelike bands that are spit Jue 10 the large
spin=orbit interastion in CdTe +h) A 354 wuperlatuce has an
internal sieain that further splite the vatence bund and covers
up the deep fevel, sutoionizing the hale,




vilence band maximum of the CdTe and covers
up deep hole traps in the gap slightly above the
valence band maximum (fig. 4). A more complete
discussion of this p-doping problem will be pub.
fished elsewhere [11),

4. Summary

The physics of shallow-deep transitions plays a
major role in determining the doping properties of
11-V1 semiconduciors. Band edges pass through
deep levels and change the doping character of the
impurity from n-type (donor) to semi-insulating
(trap) or from p-type (acceptor) 10 semi-insulat-
ing. We believe that by better understanding and
using these shallow-deep transitions, it will be
possible 1o circumvent many of the doping prob-
lems that currently plague 11-V] semiconductors.
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Deep Levels in Superlattices
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The physics governing deep levels in superl

attices and quantum wells is elucidated,

with emphasis on the importance of shallow-deep transitions caused by a band edge
pzssing through a deep level, and the accompanying change in doping character of the

irapursity.

Key words: Deep impurity levels, superlattices -

I. INTRODUCTION

The meedern definition of a deep energy level is a
levei thut criginates from the central-ceil defect po-
tential of the impurity that produces it.! By this
definition. whicn supplants the older energy crite-
rion of a leve] within the fundamentai band gap by
at least 0.1 eV, maay deep levels in semiconduczors
lie resonant with e host energy vands and so0 do
not fall within the bead gap. Indeed, for s- and »-
bonded substitutionat .ipurities in semiconductors,
one exyects four deep leviis near or within the fun-
damen:al gap, associated with the four perturbed
impurity bonds: cne of s-like symmesry arc three
of p-like symmetsy. Ar impurity is termed a deep
impuricy if one or more of inese deep leveis lies
within the funcamentai band gap, #nd so can trap
an electron or a hole —rem: -ing varciers rather than
donating them.

In this paper we consider now denp levels behave
differently in superlattices and in guantum wells
from in bulk semiconductors. We¢ fin.l that the ef-
fects of a superlattice on the atzoiute energy of a
deep level iend to be (i) small, suting « - splitting
the level by ar amount of order (.1 =V or less, and
(i) in most :ases localized to wit..in abwul thres
biatomic lave-s of an interzace berw 2a ihe super-
lattice’s con:tituens materiais. Thereivrs. Gt :vst
glance, the physics of deep levels in superlaticer
weould appear to be uninteresting. However, the ef-
fect of the superlatiice on the host toad edges is
quite dramatic for small-period superiattices. pro-
ducing quan:um confinement effects and typica.iy
shifting the superiar-ice band edges away from =2
large-period superlaizice edges by severai tenths <t
an eV, As a result of the confinement-indured
movement of band edges in superlattices, these ¢27:5
can often pass through a deep level. converding a
shallow impurity into a deep irtpurity. (Note tie
distinction netween a deep imp.rity. which has it
least one of .15 deep levels in the fundamen:sl up.
and a deep e -‘nich may or may not be “.he
gap.) Such sha.isw-deed transitions as 4 funct..n of
cecraasing superiattice layer thickness are the :uost
cramatic superiatiice effacts on deep levels,
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II. SHALLOW-DEEP TRANSITIONS IN
BULK ALLOYS

The theory of doping in semiconductors® has to be
revised to account for the deep levels, which play a
major roie in determining the doping character of
an impurity and its statie ground state. The pre-
vious theory of doping, e:.zctive-mass theory,” sim-
ply assumed that subst:zutional impurities from
Columrs :o the right (leti in the Periodic Table of
the hos: 2tom would be donors (acceptors). This is
not always the case. Fig. 1 shows how the relative
energies of the deep levels and .he band edges de-
ter—ine :he character of a dogzant that by the old
rules shouid be a single donor, e.g.. P in Si. In most
cases considered, the s- and p-like bonding crbitals
of the impurity lie well beiow the valence band
maximum and are -ully occupied by electrons; the
antibonding p-like orbitals are »mpty and high in
the conduction band. The case of P in Si corresponds
to the conveational shallow donor limit: its s-like
deep levei lies above th? concuction band minimum
(CBM), and the extra eiectran of neuiral P, which
would occupy that jevel. spil's out and falls to the
conduction band edge. icniring the P. The extra
Coulomb potential of P then binds the electron {2t
zero temperature) in a large-radius hydrogenic
shallow impurity level, which is easily ionized ther-
maiiy in this case P is a shailow dono~ impurity
(Fig. la). Si on a Ga site in GaAs and Ga on a Zn
site in ZaSe are similariy shailow impurities.

Tf the conduction dand edge of Si were above the
deep levei (Fig. Ib), then the extra P electron would
occupy the deep level, and the P would be neutral
insto=c of ionized. The deep level would be capable
ol traspisg another eiectron of opposite spin (con-
verting PY tu P7y or another icic fcons 2rting P’ w0
P-). Iz this hvpotheticsi case of a ceep ievel in the
gap. P weuld de a deer impuriry. Of course, Pin Si
is no: 2 Ceer impunty out Bunier e al.® have shown

that in Si.Gs,., there ic a range of alloy composi-
rions x. such that the conduction band edge is above
zhe P s-iike deep level and P isindeec a deep trap.
Other simiiar deep traps are -xygen on a P sitein
GaP. Si on 2 G size n AL,-Gaa s, and Gaon 3
cation fite in Zny Mir ;Se.

A shirgé possibilicy wxitts. nomely that the s-lire
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Fig. 1 — Mlustration of bow the deep level structure relative to the band edges determines whether an impurity 1s (2) shallow, (b
deep, or (c) false valence. Electrons (holes) are denoted by iilled circles (open triangles). It is assumed that the impunzy is from one
Cutumn 20 the right in the Periocic Table of the atom it reolaces such as P in Si. Deep (shallow! leveis are solid (dashed) lines and
the band gap is stiped. CBM and VBM denote the conduction bané mummum and the valence band maximum, respectively.

P deep level might lie below the valence band edge
of Si (Fig. lc). In this case the hole that would nat-
urally occupy that deep level were it in the gap would
instead bubble up to the valence bund maximum:
the P impurity would be negativ>:y charged. and
the charged impurity would bind a hole in the re-
sulting shallow acceptor level. In this hypothetical
case, we would say that the P impurity has a felse
valence of minus two relative to its normal valence,
in that it wouid act as though it came from Column
IIT of the Periodic Table instead of Coiumn V, hav-
ing the character of a shallow acceptor. Of course,
the resultant P deep level does not actually lie be-
low the valence band maximum. and so this case—
which appears to be quite Ereposterous 10 persons
who thini iz terms of the old effective-mass ideas—
does not occur for P in Si. But it does occur Sor In
on a Te site in Ph,.,Sn,Te: In is well know 2 be
a donor ir PbTe and an acceptor in SnTe—a be-
havior tha: is now <nown to be a conseguence of the
small band zap _passing through a & -like deep ieve!
as a function of ailoy compos:zion® (racther than In
changing its site). As 2 rule, false valence impuri-
ties are oriy to de expected in smail band-gzp sem

conduczors because ialse valence is associated win
a level moving across the gap anc is most ez.iiy
achieved if the gap is small.

Shallow-deep transitions were first demonstrated
as a function of alloy composition by Wolford and
Streetman for the N isoeleccronic impurity substi-
tuting for P and As iz Gaas P, alloys (Fig. 2).5
’l‘hexr system«qc studies on carefuily ion-implanted
alloys showec that the Coiumn VI ao*ants S and Se
produced hydrogenic effective-mass donor levezs that
followed the band edges as a function of ailoy com-
position x. but that oxygen produced a deep level
that was unatiached to any band edge and “varied
linearly with x. Column- V nizrogen behaved like
Column-V] oxygen. as a functiva of x, although iw
energy level in GaP is shallower eneweticallv than
S's or Se's, and for x < 0.2 the .V level disappears
into the conductior band. These data showed that
the N level is actually 2 deen level, similar to ox-
vgen's and distinct rom .ne st allow leveis, and that
t.he deep level pasges inw the conduction band rather
easily. (For simpiici:y, we call this a shallow-deep
transxt.cn even though the V. beiny isoelectronic 0
As and P, does not arod':.ce a shal'ow donor level.)
They also indicated tha: am \e must also have
deep levels similar 0 these of ¥ and oxvgen. lying
cbove the conductin band ...mx:nu.... R .naln.' since
N is ispelectronic i P and As. the cefect ootent.al
responaibie for proc "c:ng the dexs lev e: is. to a good
approximation, coxiinec to the centra. cell—and so0
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Deep Levels in Superlatices

2.3 GaAs, P,
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1.5 ¢

1.4 | 0
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Fig. 2 — Schemartic summary of the energy levels of GeAs,..P,
with N, O, 5, and Se anion-substitutional impurities, versus al
loy compositiou. as detarmined by Wollord et al.® The zero of en-
ergy is the valence band maximum. I"and X labe! the conduction

band minima at.# = 0'and'% = (27/0.X1.0,0) of  Brillouin
zone, respectively, The thin wlid lines labelc! N are the
measured nitrogen and oxygen deep ievels, and thy  aed lines

are the S and Se shallow levels.

the data demonstrated that deep levels are due to
the central-cell potential, giving rise to the modern
definition of a deep level. All of these ideas were
revolutionary and controversial at the time they were
first propose:.. but are now well-established. Some
other impur:ties that exhibit shallow-deep transi-
tions as functions of alloy composition are Si on a
Ga site in A{.Ga,.. 45" and Ga on a cation site in
.Zr.x,-,Mn,Se’ (See Fig. 3). For small x, these impur-
ities are donors, causing the host semiconductor to
bg‘ n-type. For larger x they become deep traps, in-
hibiting conductivity, and producing semi-insulat-
ing behavior.

O, SiIALLOW-DEEP TRANSITIONS
VERSUS LAYER THICKNESS IN
SUPERLATTICES

In the alloy hests. the band edyes vary with alloy
compos! jon 2nd pass threugh the deep tevels, lead-

~Y¥s'e~ pelike

. ——e—ee CBM
A= slike @4 sehike
c3u ;
snallow
vBr
VBHM
ZnSe : Ga, Zn, Mn, Se : Ga,,
n-type semi-insulating
(a) {b)

Fig. 3 — Schematic energy level diagram of Gay, in (2} ZnSe and
(0) Zn, Mz 5Se, illusoraang the s-like and p-like deep leveis. Holes
{electrons: are denotod by open triangles (closed circies), The lowest
shallow fevel is cashed. In ZnSe the s-like deep level of Ga :s
above the conduction band minimum (CBM), causing its electron
10 be autioazed and Tapped in the resulting shallow level ia:
zero tamperaiure), In this case, Ga is a shallow donor impunity,
maiing ZnSe n-type. The s-like levei i. in the gap for 2naMny Se.
is a deep tap (for either an alectwon or a hoie), and maikes th?
waterial semi-insalating.

ing to shallow-deep transitions, which are now well-
documenszed.,

Analogous transitions occur in sugerlattices as
functions of the laver thicknesses.*"'* To under-
szand this, consider Si in the middle of ¢ Gads ayer
in a Gals/Al,-Gay,As superlottice, and recognize
that a Si on a Ga site in GaAs is a shallow donor
impurity, but that Si on an A{ site in AlAs is a
deep rap. As an initial approximation, think of the
absolute energy of the Si deep level as being inde-
pendec: of the Gads layer th. ckness,

If the GaAs laver is thick. then the band gap of
the superlattice is approximateiy equal to the bard
gap of Gads: if the layer is thir, thex the superlat-
zice band gap is almost the A{As gap.** Hence, by
reducing 15¢ thickness of the GaAs layers, it is pos-
siole to move the superlattice concuction band edge
from the energy of the bulk GaAs conduction edge
to that of AfAs. This is a guantum confinement ef-
fecz. Since the s-like deep level of Si is relatively
constant in energy, the superiatzice band edge moves
©o through the Si decp level as the Gads layer-wid.a
decreases—arnd Si is predicted to undergo a shal-
low-deep transitior. This is illustrated in Fig. <
fcr the thick GaAs wells in an 13 x 18 GaAs/
A¢,.GagAs superlattice and for thin GaAs wells in
a 2:¢34 superlattice. In thin Gass quarntum weils,
Si on a Ga site is predicted 0 be a deep tr2p.

Figures 5 and 6 show how relatively insensitive
the deen levels in a2 superlattice are to the super-
latzice ordering. in comparnson itk the band edges.
Note thas the 3i s-iike levei shifts oniy slightly near
an intertace (<0.1 V) arnd assumes i3 bulk vaiue
near she center of a laver. The superiatice eifects
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Fig. 4 — Schematic illustration of :he shallow-deep transition as a function of layer thickness for a Sis, imounty near the center of
a GaAs quantum well in a [001) GaAs/ALy-GagsAs superlattice.’ The buik energy band edges vs posicion 1n the 1001 direction are 3
denoted by thick solid lines. The superlatzice band 2dges are Genoted by dashed lines. For the 18 x 18 suoeriactice, the well 1s 1§ bi-
atomic layers thick, and the Si deep level lies above the superiattice’s conduction band munimum (CBM: dashed line)—causing 3i w0
be a shallow donor. In the 2 x 34 superlatsice, the s-like deep level is beiow the CBM of the superlattice, and Si is a deep tmap. Noze
that the CBM of the superlattice is the first confinement ievel in a Kronig-Penney model.

have virtually disappeared for impurides more than orbizal oriented toward the Gads and the lowest
three bi-atomic layers from an interface. (See Fig. being cirected toward the A{,-Gaysas. (See Fig. 6.)
3. The variations in the deep ievel energies that do

The p-like levels have similar behavior, splitting cccur are caused by the greater clectropositivity of
near an interface (of order 0.1 eV) with the highest- the A€ and the valence band ofiset. For deep levels
energy superlactice state of a cation vacancy in 1 pear the valence band maximum of the superiat-
X 10 GaAs/Af,;Ca,..As corresponding to the p-like tice, the superiattice-induced splittings of the va-

Cation-site Si Substitutional A levels

Bulk Bulk
24~ GoAs 3IxI0 GaAs/AI”GooJAs Superifattice Al Ga, As
2.0+~
l.a ol eche »I T e
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(o] 5 10 15 20 25
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Tig. 5 —~ Predicted energy levels of a 3., oA (0 Uik GaAs. at various s1tes 510 a3 « 101001 Gadsr.tr -Ganyds superiatiice

:_"d in dulk A \:G_&n.-:\s. ater Fefl 7. Note 124t 8i s a shatiow conor 'n Gads. 2ne 3 CCeo t72p in the suseratiice ana in A, Gk, As
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Cation-site T-derived Vacancy Levels :
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Fig. 6 ~ Prediccad energy levels of a cation vacaney in bulk Gads, at various sites 8in a 10 x 10 (001} Gaas/Al, 1Ga, A8 superlatzice,
and in bulk' Ale:Gayaas, after Ref. 7. Note the significant splitting of the valence band maxemum in the superiattice. and the corre
sponding spiitiing of the p-like T;-derived deep levels, even when the vacancy is distant om the intertace tbecause the host spectral

density of the superlattice iy likewise split).

lence band and the host spectral density are re-
flected in the deep levels, even for levels distant from
an interface.

In contrast to the deep levels, the band edges shift
and split considerabiy from their bulk energies in
the superlattice.

IV. APPLICATION TO THE II-VI DOFING
PROBLEM

These ideas about deep levels can be used to cir-
cumvent the II~VI doring probler. Stated simpiy,
the II-VI semiconducturs are prime candidates for
optical semiconductors operating in the green, biue,
and ultraviolet portions of the spectrum, but are
limited by the difficulty of doping them both n- and
p-type—which is required for fabricating light-
emitting diodes. The p-type doping is especiail:
problematic in O-VTs. A notable excention is ZnTe,
which is rather easily doped p-type, !ut not n-type—
1n contrast to ZnSe and most other I-VI semicon-
ductors which are n-type dopable but not p-type. Thus
a major mystery has been why ZnTe's doping proo-
erties are so differer: from ZnSe's and those of other
O-VTs,

We proposes the following explanation of ZnTe's
unusual prociivity toward p-type doping: ¥ All but
the most carefully grown Zn3e and ZnTe have de-
fects which produce p-like deep levels at energies
slight above the valence band maximum of Zn3e.
but below the valence band edge of ZaTe. As a re-
sult, the deep levei traps holes in ZaSe (making th
macerial semi-insulating:. but provides free holes in
Zn’fe (making ZnTe »-tvpe). Nameiy, if random
ZuSe,_,Te, alloys could be growr. these deep leveis
would cause the defect to undergo a ceep to shailow
transition with increasing x.

We speculate that the defest responsible for the
relevant deep leve! is antisite Zn, namely Zng, and
Znr,, or. in the case of Li doping, an antisite dopan:
Lis, or Li;,.* Our analysis. nowever, does not de-
pend on either of ttese identificaticns. and the pic-
ture we propose cerends oniy on there being a de-
fect with a deep ieve! slightly above the valence band
maximum caLabie of trapping hecles in ZnSe; the
corresponding deep ievel in ZnTe must lie below the
valence band maximum and donaze holes to the va-
lence band. (Fig. 7.)

Our goa’ is to construct a superiattice with a bard
gap c2ar that of ZaSe, but with a superlattice va-
lence band maximum that lies above the ZnSe hole
trap and hence will convert it into a shallow accep-
tor. One way to do that is 1o embed thin lavers of
GaAs in ZnSe. The valence band edge of GaAs is at
higher energy than that of ZaSe, while the conduc-
tion band minima of tiie two ma:arials are at al-
most the same energy.' Therefore by choosing the
thickness of the GaAs we can "tune” the superlat-
tice’s valence banc edge so that it lies above the ZnSe
hole trap, without great!ly altering the energy of the
conduction band ecdge. (See Fig. 8.) The resulting
predicted {low temperature) band gaps are given in

Fig. 9. Band gaps even further toward the blue are '

possi'p‘le with 1GaAs) . (ZnSet,/InSe superla:-
tices.”

V. SUMMARY

In summary we have showsn that in typizal su-
perlattices the deep level enermes do not change
much: typically of orcer 0.1 oV {or an impurity at
an intertace. The s-iike levels shift and the p-lixe
leveis spiit with the 2-9rditi.s directed toward ore
materiai having aonsoiute energes ciose to the buik
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Fig. 7 — Hlus:ranon of the proposed suallow-deep transition
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defect energy for that material (e.z. "saAs or
AZo:GagsAs). The interface spiitting and shifts die
out rather rapidly with distance from the interface,
virtually disappearing within three atomic bi-lay-
ers unless the level is p-like with nearby p-like host
states, in which case its splittinyg reflects the split-
ung of the host superiattice’s spectral density.

In conrtrast tw the deep levels, which are rela-
tively unaffected by the superlattice order, the band
edges of small-period superlattices exhibit the ef-
fects of quantum confinement, and so can lie any-
where between the lower and upper conduction band
energies of the two bulk materials which constiture
the superlattice—with the exact superlattice band
edge energy depending on the 'ayer thicknesses, es-
pecially the small-gap layer (c.g. GaAs). Therefore,
the interploy between the ronfinement effects on the
band edges and the insensitivity of the deep levels
to the superiatiice ordering can lead to shallow-deep
transitions which change the character of a dopant
from. say, an n-type donor 0 a semi-insulating deep
frap.

The concept of shallow-aeep transitions for p-like
deep hole traps iying slightly above the valence band
maximum of ZnSe has been p'-ooosed as 2 possible
explanation of why ZnTe is reiatively eesily doped
p-tyDe, in contrast to other I-VI semiconductors.
Finally this concept has been used ic design Gads/
ZnSe smali-period superlattices which have almost
the band ;ap ot ZnSe and almeost the doping prop-
ercies of GaAs.
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Self-Conslistent Antiferromagnetic Ground State for LaCuO4and CuO Via Energy Band

Theory
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Station, Wilmington, De. 19880-0356
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3Catholic University, Nijmegen, Netherlands

We have used the pseudofunction (PSF) method to compute self-consistent spin- polarized energy
bands for LazCuO4 and CuO. The ground state is found to be semiconducting and anti-ferromagetic

(AF) for both LazCuO4 and CuO. For LaaCuO4 the Cu moment is 0.35ug. For CuO, the moment is 0.68
up on the Cu site and 0.19 g on the O site. The moments are in agreement with neutron ditfraction

data.

The pseudofunction (PSF) method[1] with a
local density potential{2] has been used to compute
spin-polarized energy bands for LazCuOy4 (214)
and CuO which give properties in good agreement
with experiment. The PSF method uses a local
orbital basis set employing the full potential
including the core states and non-spherical
corrections throughout the unit cell. Nine s, p, d
basis functions were used on the metal atoms with
5, p sets on the O atoms. The basis functions are
continually changed during iteration to self-
Consistency so as to optimize the description of the
charge density. The pseudofuntions and the non-
Spherical parnt of the potential are expanded in
plane waves.

In Figure 1, the spin polarized bands near E¢
are plotted for 214. The band gap between filled
and empty states varies from approximately 2 eV at
I'0 0.06 6V on the hexagonal face. The bands are
felatively flat in the Z direction because of the
kyared structure and are not shown, For the spin-
Polarized bands, the gap varies from 0.35 eV at X

directions, The necassity that bands be narrow on
this hexagonal face thus becomes obvious since

';%m" $pin effact which gives the semiconducting gap

Mh-Holland)

A

‘&“*’34/89/303.50 © Elsevier Science Publishers B.V.

varies from 0.35 eV t0 0.06 ¢V. This band Is0.17
eV wide for the PSF method[3] and approximately
0.5 eV for other methodsl4].

The spin polarized energy bands for CuO
give a larger gap of 0.2 eV. The recent crystal
structure determination with neutrons was used(3).
Thare are 16 atoms in a monoclinic cell. The non-
spherical potential was expanded in 18513 plane
waves in order to allow very accurate description of
the potential.

-2

%
-
z
z
"
~
»

Figure 1) Spin polarized energy bands near the
Fermi energy for LaaCuOy
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in Table I, the moments on the Cu and O
sites are shown with comparison to recent neutron
diffraction data. The agreement is very close
indicating that the local density energy bands are
giving an accurate description of the ground state.

Table I. Comparison of calculated magnetic
moments with experiment.

LasCuOy4
Calculated  Experiment
Cu  0.35up 0.35ug
0 0.0 small
Cu0
Cu 0.68ug 0.65up
0 0.19up 0.14pp

The importance of the description of the
potential s illustrated in Figure 2 where only the
band at the Fermi energy is shown. These
calcualtions are non spin polarized as we wish to
Illlustrate how the band width is sensitive to
description. The band at Eq Is very broad in the top
panel because the potential was limited to only
4913 plane waves. The band in the bottom panel
is very narrow because 15,625 plane waves were
used. The wave functions and their plane wave
description were identical for both calculations.
This result apppears to be a convincing means of
relating band widths and accuracy of description.

Finally, the CuO bands were also calculated
with spin polarized augmented spherical
wave(ASW) method. [dentical postions, unit cells
and k point sampling were used in the ASW and
PSF calculations. The ASW method found the
ground state to be metallic with no magnetic
moment on the Cu or O sites contrary to the results
obtained with the FSF method. Thus, the ASW and
PSF methods give different solutions.

In summary, the Htinerant energy band model
yieids a band structure which has a moment of
approximately the correct magnitude on the Cu site
and O sites for both 214 and CuO.

E(eV)

E(eV)

0~

Figure 2) Non-spin polarized energy Bgﬁ‘d E(i0
4913 and 15356 plane waves in potential
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¢ Relaxed-lattice model of isolated and paired isoelectronic traps in GaP

f.

Jun Shen, Shang Yuan Ren, and John D. Dow

: Depuriment of Physics, Unversity of Notre Dome, Notre Damc¢, Inciona 46556

“ . {Recetved 25 Ociober 1989)

A simple mode] of isolated and paired isoclectironic substitutional traps in GaP is presented that
successfully explains the anomaious monotonic-in-n ordering of the nth nearesi-neighbor (NN), -
pair levels, with pair ensrpies that vary as the inverse cube of the N-N separation. Tne model is &
multiband dezp-level theory that includes the efects of lattice relaxation around the impurities. It

is predicied that (Bi.Bi),

pairs will not exhibit the monotonic-in-n ordering of NN, pairs, that

{Bi,Bi}, and (Bi,Bi), will be resonant with the valence band, and that hydrostztic pressure can drive

the Bi trap into'the valence band.

1. INTRODUCTION

Alhough luminsscence associated with isoclectronic
P-substitutional defects such as Bi 2nd N in GzP hes
been studied for over a quarter of 2 czatury,' ™2 there -iill
is no theory which can explain 21! of the following fazis:
(i) isolaied Bi; produces a Gzzp hols trzp =40 m=V 2bov:
the vaicnce-band maximum,* (i) isolaied Njp produces
below the conduction-bznd
{iii) Juminescence 2ssocizied with (Bi,Bi},
pairs is not observed, and {iv) discrete luminesszazce lings
rved with the snergy

of the rth nearesi-ne’ghbor pair being simply reiated to
1a¢ sepzration R, beiwesn the two N ztoms in the pair:

R TY T

ic trap, isolated substitutiona) N in GaP,

E(NN_)=EZ(N)=BR} forn22.

Here NN, reiers 10 the nth nearesi-neighbor pair (with
both N impurities on amon sites), Z(N) is the energy of
isolated N, znd [ is a constant. Indesd, existing theornies
have been incapable of satisfactoniiv describing the ob-
served ordering of the NN, -pair izvels, 2nd do noi cven
predict the observed monotonic vzriation with the sepe-
rziion R, {(or the nsighbor number #}.

In this paper we shall assume the accepted viewnoint
that the isozlectronic trap ieveis are dzzp levels® ! duz 1o
the centrai-cell potentizls of N and Bi, and we shall
demonsirate that (i) a sirain-frez mod:) eznno: c7p]zir
the obszrved monolonic-in-n behavior of the NN, -pair
lines, namely, if the impurities and host atoms 2:+ 2s.
sumed 10 ozcupy sites on {he undistoried lattic:
the efiecis of sirain due 10 the size mismatch of impurity
2nd hos: zrz neglected), then the ens rgies of thz NN, -
pair linas 2re 20t monotonic functions of » or R,, and (i
i strain is incorporated in 2 simple modsl, thea 21l of the
2dove unexplainad facts san b 2asily unders:nod,

Tiz2 suceessful theories of the protowpn-al isoelectron-
have 2]} 2%

tial is jcsal-
howev . in

AP

sumed that virtually the entire defest pat
ized in the ce atral ccll, the theories éiﬁere

15

‘9118

the numbzr of host bznds signifizzntly mixed into the
chemical bonds of this deiect. The cariicr theorizs, noi-
ably by Faulkner’ an¢ by Hsu ¢1 cl., ® emploved only ore
band until Swarts er ... 10 Gemorsizated that the nztural
defest potential had 2 sirencth so jarpe (=7 eV) 1hat 2
multiband model is nazass2ry 10 renormalize the defect
pox-..ua Jiis now pens rallv accepted this lh. minimum
number of bands reguired 10 p.our:: inz sp chemizz
bonding is eighi: The N tran level is 2 “dezp™ leva) origi-
nating jrem the central-cell poteniizl, as ccs:.‘m-d by the
Grezn's-function theory of Hjalmarson ¢ al.?

“fl. INADEQUACY OF STRAI!S-FREZ THEORIFS

“Efiorts 10 extead the iscimed-3i theory 10 NN, pazin'!

have no. produced the obs:rved monolonic Gependence
on « (o7 i:, 7; see Fiz. 1. Whik ties faljure might appezr,
21 first piance, 10 be 2 proa-r'\ of the spesiiic theoretizel
modzls, cioszs examinatior of the theoriss reveals that it
is 2 gene=s2] propeiy of mocels whizch cinii the effects of
lattice sirzin and whizh insizal ziiempl 16 obiain th:
NN, -p2ir energies y ejsctronie -oup]ing alone, while

from
constrzining the N impuritic: zng the hos: atoms 10 silz,
i

of 2 perfezt zinc-biznde jzitize. e se 1 18, consider the
Schrodinger eguation or an isciate d N impurity at site
A(A=00or A=K,

(He= V) =E0NiE, .

Here &, is the deep-lzvel wave Junction of 2n isolater.V
impurity 2t sitz A, 2nc 17, is the Seie pmcmial For
an NN, pai:, with ons X impuriy n1 the orizin and the
o:ner 2: R, :ne Schrodinger equaticn is

u..._ <7

(Ho=Vo+ 1y J@=Z00N, 0,
with approxim21e bonging znd amibonding c:titals

LESA R Y
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Expenment e THOON®S
Thomas+Hopfiekd  Present  Faulkner BrandeJaros LMR Gil
w0} —o —0 7 s =ls =n
! N4 —__z"' —30.24 3 ___\3.5 —_ z
=l Si=sVEs o o
[ —8 —s T8 — Y2
J— —15
| - - 5 =15 T2
2 —3
50 [ — — s —2 =2
s [ —3 —3 —_—
g 70[
- 3 —2
2 -
> 80f !
e ! —2 —_—
g 4
o 110F
E 2 — —— — 4
B 1
3 1301 2
-1
150+
i -\
-
3004
{upper bound) ae—g ‘

FIG. 1. Binding encryies of NN, pairs observed by Thomas a:id Hopfield (Ref. 2), and calculated with the precent model, by

e

Faulkner (Ref. 3), by Brand and Jaros (Ref. 16), by Li er al. (LMR) (Ref. 15), 2nd by Gil ef ¢l. (Ref. 17). The zero of energy is the
free-exciton luminescence line. Note the ordering of levels with n. The NN, binding energy for the present theory is an upper bound

estimated by 2ssuming &°=dJ; see text.
The corresponding energy is

E(NN,)I=EN)+(=(éq|Volég )+ (olVg 1d,))

X{(1=(dgldg N7

or
E(NN,)=E{N)=4,(0)d5, (0),

for large R,." (This approximate result agrees weli with
more exact calcu} ations.) Here the overlap integral is
(doié, ); we havs 2ssumed that R, is moderately Jarge,
and we have taken the defect potcmial 1o have R'rcrg:h
¢y and 1o be locaiized within the impurity's cell. Hence
the NN-pair enzrgy E(NK, ) has the same dependence on
R, 25 the isolated-N dec;level wave function centered at
R,: d:,- (0). Since this wave functicn is knuwn 10 osci-
late" 25 2 function of R, and is not monoionic, we con-
clude that the obsarvec NN, -p2ii enerpes, which zre
monoionic, 2re not delerminzd ;rcco-n. ently by the
electronic coupiing trtwesn the two impurities.

IIL. ROLE QF STRAIN

Since the eiecironic coupling betwezn the tao N im-
purities in the NN, pairs does not produce the observed

monotonic-in-n ordering of (ne pair levels, there must be
some other cfiect which is larger in magnitude than the
electronic coupling and which produccs monotonic level
ordering. We shall show tihat wiastic sirain due to dejor-
mation of the host lattice in the vicinity of the defazt s
responsible for the observed ordering and also produces
the correct magnitudes for the ensrgies of the NN, pairs.
We are not the first to sugper: strain 2s the mechanism
primarily responsible for the NN, -pair energy levels in
GaP. Twenty years ago Alien' propossd thai strain, and
consequentially deformation pcisntials, determined the
NN, -pair bincing enz:gizs in GaP. liis theory fell into
disiavor, however, because his N-reizied levels were rig-
idly zttached to the condc—lio" band edges and would
have preserved their ensrziss, with respect 10 the conduc-
tion mimmum 1n GaAs, _,P 2¢ the alioy composition x
varied —contrary 10 the observzuens.” The important
demonstration of Allen is that strain produces an effest of
the correct order of megniiude 10 explain the NN, -pair
caia. Ths raises the questior of how the sty 2in-fres
neeries were able 10 obiain NN, -puir enerpies of the
correst order of magnitug. zloo m.orrc\.xl,\' oruared: !f
both the elecirenic coupiing end strain effects ar= of the
requirsg order of raagnitude to capizin the data, the;
correct theory must zccount for the competiiion aetwesn
these efiects. However, in the two muliiband :heoniss.
namely these of 11 er ¢! and Jaros and Brand,'* the
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R coupling bztween N atoms or the defect potential
strength is an adjustable parameter—and this parameter
& lcads o the large apparent electronic coupling with in-

corrcct ordcrmg The theories of Faulkner® and Gil
et al.) are missing the important effects of the valence

$£ band’ on the impurity levels. Thus the prcvnous theories

|
|

TN T INITYY

Y

TSRS IART R

E\‘,’"'(nupwﬁ‘f“ﬂ% f Y

§ that attempled 10 explain the NN

«-pair energies in terms
of a strain-free electronic-coupling model considerably

¥ overestimated the effect.

IV, 1ISOLATED IMPURITIES

We incorporate the effects of lattice deformation and
strain 2round an isolated impurity using the widely ac-

F- cepted sp’s® tight-binding modzl of Hjalmarson er al.’

This model successfully described the 1solated-N trap in
GaAs; .. P, and many other deep levels in a wide variety
of semiconductors. Most of the published calculations
based on this model did not incorporate the effects of
strain or lattice relaxation, however, although lattice dis-
tortions are easily incorporated into the nearesi-neighbor
tight-binding model Hamiltonian, bscause the various
matrix element. T between orbitals centered on adjacent
sites obey Harrison's scaling rule and so are 2pproximate-
ly inversly proportional to the square of thz bead length
d: T=Tyldy/dY. Therefore, the defect- -potential matrix
V of, say a Np defect in GaP, is locaiized 10 the impurity

site and its four neighbors 2nd to the basis orbitals s, p,,
§ 7y, and p, (Ref.
. impurity-site dizgonal elements are the same 2s given by

18) centered on those sites. The

RELAXED-LATTICE MODEL OF ISOLATED
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Hjalmarson er al. for the strain-free theory'®
V,=B,[uw,(N)—w{P)},

and
V=8, {w,(N)—uw,(P)].

Here the w's are the atomic energies in the solid, as given
by Vogl et al.?®

The wave function of the N desp ]cvc] is dominantly
hostlike and Ga-dangling-bond-like in character. chcc,
the efiects of host d states are well simulated by the sp’s®
moael, which 1s known 1o treal the host electronic siruc-
ture well, and the relativistic effects (which are important
for Bi levels) can be neglected. The nonzero nearest-
neighbor ofi-diagonal elements of the defect potential V
are obtained from the host-crystal matrix elements,
scaled for the aliered (inwardly relaxed) bond length of
the impurity with its four neighbors:

Vo dn;oml=D =T0[(do/d)2--]] ,

where & is the reiaxed bond length and has a value be-
tween do(=2.36, A) and the sum of the covalent radii of
N and Ga, 2.01 A. Details of the caiculational pro..ccv’
for obtaining the N desp-level energy are given in Appen-
dix A. N

V. PHYSICS OF THE RELAXATION EFFECT

The qualitative physics governing the strain-relaxation
effect is displayed in Fig. 2, where we uss a defeci-
molecule model. When 2 Gz 2tom {energy eg,) and 2 P
atom (energy £p) are brought together, z bonding and an

Defect Molecule Model with Lattice Relaxation

T2 v
RISV condustion band
T2 Eeatn
Eeatn \
Deep Exctron Trap
s
aa - €ca
4
th (¢./0)
€catai
—Ep T_/ 7 ai
(retaxac) -
EN Deed Hole Trap ’
—\ ——\ 7.2
I i Yy — Fisan i G‘ v
valence band e o
{urvelaxed) (viveiar s}
N p Bi )
€,<€p 0Ty E52Ep 10,
(2) (o)

FI1G. 2. Schematic ilust: stion of the efzcts of the central-cell defes: poizniia! and latuce relaxaiicr on the deep smpurny leveis of

. RINy; (b) Bip in GaP. See text for discussion.
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antibonding state will be formed. The bonding state is
broadened in the crystal and forms the valence band,
while the antibonding state produces the conduction
band. When a N atom replaces a P atom (e, > £p> £x),
its central-cell deiect potential produces a bonding hyper-
deep level in or below the valence band and an antibond-
ing deep level in the band gap. The depth of the defect
potential is related to the difference in atomic energies of
P and N (Ref. 7), and is = =17 ¢V. Because the nearest-
neighbor transfer-matrix element T is almost the same for
N—Ga and P—Ga bonds, it is the larger {by =7 eV) en-
ergy denominator eg,—g)y which causes the defect's
bonding-antibonding splitting [of order T3(eg, ~€p)”
the extreme tight-binding limit] to be smaller than the
host's—leading 1o a deep level in the gap. Because N has
a smaller covalent radius than P, the Ga collapses inward
and the transfer-matrix element T increases, owing to
Harrison's universal rule T=T,22 /22 (Ref. 21). The an-
tibonding deep level is pushed up due to such a lattice re-
laxation by an amount of order T%[(do/d)‘—l](sa,
—ex)™". When the impurity atom is larger than the P
host atom it replzces, as in the case of Bi, ths bonding
desp level is puiied up in energy by approximately
Tltdg/d) —1)eg,~ep;) ™" as a result of reiaxation.

We assume that the relaxed bond length ¢ is 2 linear
function of Ar, the diffe ence between tha covalent radii
of the impurity and the host:®

d=dy+2Ar .

The parameter 4 is necessarily positive and less than vai-
1y, since the relaxation around a vacancy (the smallesi-
radius “impurity") doss not annihilate the vacancy. We
determine the precise value of A by requiring the theory
for isolated Np to produce exactly the observed energy
level, namely 11 meV below the conduction-band
edge.*?* Note that without the lattice-relaxation efiect
the N level would lie 270 meV lower in energy. {Ses Fig.
3.) It should be emphasized, howsver, that 7 is a phe-
nomenological parameter whose precise valus shouid not
be ovcnme'prc:lcu We have pcrformcd calculations for a
variety of a}ucs of X, uSng various models of the defect
potential,' and find the physics insensitive 1o the detailed
parametric choice.™

AL this point the theory is completely determined for
isolated impurities, and we can compute the ¢ energy Jevel
of Bip—a defect that, without the lattice-relzxation
efiect, would give 2 T.-symmetric deep-izvel resonent
with the valence band. But Biis larger than P and causss
2n outward relaxation of its neighboring Ga atoms—2nd
this reiaxation pushes the deep Jeve' up into the gap (sze
Fig. 3), where it hes gratifyingly closs 1o the observed Bi
ensrgy,

Accordi.:g 10 the theory, neither # *p nor Sby produces

ep level in the fundamental band g2p of GaP—in
agreement with experimen:

When hydrostatic prassure is °pph'*d to GaP, the Bi
Jevel should move down into the vaience bznd™ (see Fig.
45,
In Gaas, we predict that the X ieve] e
funcamental banc gap with ncreased ps

o

»
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Np in GaP, s-like A, level

24 bt ol e it com
(witn relaxation) Ey— 0
23 |
3
E 22
5 21 -l. ~—Ey (no relaxation) (@)
2'00.00 0.;)5 0.410 0.;5 C.20
A{d-cy)lar )
Bip In GaP, p-like T, level
> {with relaxstion) EBI -~ _,Z
0.0 svaarved ’ VBN
byl '.;" Eilll
- I
s . ,;lz,l I } ’
& 0.2 IEBI {no relaxation) “ !lmm
! I 1 ()
] ' "l"” "l””f*”" I" "ll“ mmm)mmll
0.3
0.00 0. OS 0.10 0.45 0.20

rm(0-C)lar

FIG. 3. Predicted results of lattice rejaxation vs the parame-
ter 7 on (a) the s-like 4, level of Ny and (b) the p-like Ty leve!
Bip in GaP. The conduction-band minimun, is denoted CBM
and the valence-band maximum s VEM. The shaded area cor-
responds 1o the energies of tne Rost bands.

Pressure Depensance of Isolated Bi
and (B!,Blj, Palr Levels in GaP
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served*® (see Fig. 5).

This same theory, applied to Bi on an anion site in
GaAs or InP, produces a Jevel above the valence-band
maximum in InP that descends into the valence band
with hydrostatic pressure and a level in the valence band
of GaAs that remains there—in agreement with the ob-
servations.?’ Clearly, this simple model convincingly ac-
counts for the principal experimental facts concerning
isolated isoclectronic traps in GaP and other IIi-V semi-
conductors.

VI. NN, pairs

The model Hamiltonian for a pair of impurities, such
as NN,, can be constructed from the isolated-impurity
Hamilionian as discussed in Appendix B. One new
feature arises in the case of pairs: one must (1n principle)
determine the relaxed bond length d” for each bond using
elasticity theory.

An important point is that the strain field cicate by
one N impurity at the origin influences the nearesi-
neighbor bond lengths of the second impurity at R,. One
N, being smaller than P, causes the second N of an NN,
pair to move toward it by an amount approximately
given by elasticity theory. The second N's neightoring
Ga atom that is closest to the first N also moves toward
the origin, causing a net elongation of the second N—Ga
bond length, given by the gragient of the strain field:

d'=d(i+A/R}) forn22,

where we have A =22°6a, and a?8a =~=0.7904 A" 30
This dependence of the strained bond length on R}

reiiected in the NN, -pair energies. In the case of NN,
p2irs this expression for the bond length, which is based

Pressure Dependence of Isolated N
and NN Pair Levels in GaAs

e
o =
) m l'm”"l” . remmrrn

2R
H”"l"i| :
h"
;',~/ J

-
~

Enorgy {(eV)

—
[52]

0 9 20 30 40 £ 60 70

Pressure (knar)

FIG. 5. Predicted depanaences on pressure o7 the GaAs sand
ecgss T 2nc X theavy soli linesi and rhe ioslecizonic trap N,
I? companson with the a2tz of Rel 28 Some NN, parrs are

2iso shown, and have sim.iar pricsure gepengsnces 10 ihe
150]218¢-N Jevel,
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on linear-clasticity theory and the assumption that the
strain fields of the two interacting N atoms do not inter-
fere, breaks down. In this case, both N atoms will relax
toward their common Ga neighbor, assuming a bond
Jength less than &y, GaP's bond length. Thus, for n =1,
we can only say d'<d,. To simplify the calculation of
the pair energies, we 2ssume that a single stretched bond
length d’, that of the N—Ga bond closest to the first N
atom, characterizes all of the N—Ga nearest-neighbor
bonds of the second N. (In fact there is ofien a slight an-
gular dependence 1o these bond lengths.) Then we obtain
the energies of the NN, pairs using the Green's-function
method, as outlined in Appendix B.

The NN, -pair energies are in excellent agreement with
the data, as shown in Figs. | and 6. Ths relaxation of the
strain is responsible for the R,”? and monotonic-in-n or-
dering of the NN -pair Jevels as observed first by Thomas
and Hopfield.? Note that the other theories attempted
unsuccessfully to explain the observed ordering in terms
of electronic coupling between the two N atoms rather
than in terms of strain,

It is noteworthy that the theory doss nor predict that
(Bi.Bi), pairs order monotonically with n or R,. In this
case the isolated-Bi states are p-like or Ty symmerric and
near the valencs-band maximum. We find that isolated
Bi lies in theigap, as observed, and that some (Bi,Bi),
pairs, for n Z 3, lie in the gap as well. However, (Bi.Bi),
and (Bi,Bi), li¢ in the valence band, due to the strain asso-
ciated with its larger radius than the rad.vs of P.

No (Bi,Bi), pairs have been reporied in Gz2P, to our
knowledge. It stands to reason that for very large n these
pairs will liz closs to the isolated-Bi level—and so may
not be resolvec. For smaller n the formation of encugh

Binding Energies for NNy, Pairs in GaP

1000

3
i
[ w ~—— upper bound: NN,
NK,
100 & qi‘”z
© o N
E f '
> : 4 gxpenment ‘”R
vy O present theory
=
= 10f
b7 ; “NN‘O
- slope = -3 .
1 . s e vy ) . NS
o} 3 10
{8

sinescents hinss in GeP
{with respect to the 1solated Ny iuminescence) vs pair separation
R, cdivided by the iatuice consizn: of GaP, a. Open circles nre
the present theory for n 2 2: daiz2 are denoted by sOnC tnangis..
Note the R, ¥ depencence causeo oy sirain. Toe upper bour
on ihs NNpjair energy eaiamned oy assuming 6°=6p 18
dispizyed as a bar.

FiG. 6. Enzrpies of NN, .puir lum
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pairs 10 observe may be limited by the Bi solubility. The
interesting feature of the present theory is that it explains
why (Bi.Bi); and (Bi.Bi), should not be observed, even if
these pairs form in sufficient concentration, namely they
lie outside the fundamental band gap. To a good approa-
imation, the (Bi,Bi}, levels have the same dependence on
hydrostatic pressure as isolated Bi, according 1o the
theory. It would be interesting if these missing levels pre-
dicted by the theory, and their pressure dependences,
were measured.

ACKNOWLEDGMENTS

We would like to thank D. J. Wolford for stimulating
discussions of the data and the Office of Naval Research
for their generous support (Contract No. N0D0O}4-89-)-
1136).

APPENDIX A: ISOLATED IMPURITY

We consider an impurity (e.g., Bip) in GaP at the ori-
gin with nearest neighbors at the sites

v,=(1,1,1)a/4,

v,=(1,=1,~1)a/4,

v,=(=1,1,—1la/4,
and

ve=(=1,-1,1)a/4,

where a is the lattice constant. On the impurity (anion or
)

“g") site we have five orbitals 10.a,5), |0.e,p, }, 10.0.p,.),
10.c,p,), and 10,e.5° ). Since the defect-potential matrix
does not involve the excited state s°, we ignore that or-
bital. The s orbital is a basis for the 4, or s-like irreduc-
ible representation of the tetrahedral group, and the three
p orbitals transform according to the T, representation.
Another set of basis orbitals can be formed from the
inward-directed sp® hybrids centered on the first shell of
adjacent (cation or *“'¢") sites to the impurity. They are

W, Aps ) =51k Y+ 1hy ) +lhy ) +10, 0372,

1L, Thxd=(—=|h}=lhy) +lhd+1R 1V 72,

LTy ) =(=1h )+ =1hy) +1h 0)/2
and

1, Ta2)=(—1h Y+ lhy) +lhy) =1 /2,
where the hybrids are
) =Uvies)=iviex ) =lv,ep) =lvez /2,
By ) =(vae,s Y =iva,c,x Y+ ivae,y ) vy e2) )72,
lhy)=(vae,s ) riviex ) =lvyep) +lvye,z )72,
and ;

lh Y =(ivaes Y =ivae,x ) =ivecy ) =Iv,ez))/2.

If the defect potential matrix V associated with the im-
purity is confined 10 the central cell and it coupling is
limited to first neighbors {the latier being 2 strain efiect),
then we have the nonzero matrix elements of ¥

0.e.s) 1, 4,.8) 10e,x) 1L,Tyx) 10.0,p) 11,Typ) 10.a) [1,T,.2)

v, D, 0 0
D, v, 0 0
0 0 v, D, 0
o]0 0 D, 2 0
0 0 0 0 v,
0 0 0 0 D,
0 0 0 0 0
0 0 0 0

0 0 0
0 0 0
G 0 0
0 0 0
D, 0 0
" 0 0
0 v, D,
0 D, v,

ar . s . . . .
where according to Harrison's rule,** the int~ratomic periurbation matris elements are

D,=U,{dy/dr 1],

D,=U, [id/d¥ =1},
and we have

U,=Tl(s,5)—3T{sa,pc),
and

UF_—'T(SC”DD)':‘ {x,x)+2T(x,») .
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Here dy and & are the perfect and relaxed bond lengths, respectively, and the matrix elements are the same as in Refs.
20and 7. The deep impurity Jevels associated with defect are obtained by solving the secular equation

det[1~G(E)W)=0,

where G(E)=(E —H)™ ! is the host Green's function, with matrix elements

G(R,b,i;R",b"i")= (R,b,i{w,k)[E —E(+.k)])™ (. k|R"b".i") .

vk

Here the sum is over the host bands v and ten special points’* in the Brillouin zone. Because of the simple form of the
Jefect matrix, the cigenvalue equations for 4, and T, levels become

1-G(0,8,5;0,0,5),]+[G(0,a,5;1, 4.5 ~G (0,a,5;0,2,5)G (1, 4,,5;1, 4,.5))D} ~2G (0,a,5;1, 4,,5)D, =0 ,

'1—-G1(0,0,x;0,a,x)¥,}+[G(0,a,x;1,T4,x) =G (0,4,x;0,a,x)G ( l,Tz.x;l,T:.x)]D,f—2G(0,c,x;l.Tz,x)DP=0 ,

threefold degenerate).

This calculation has not included the effects of bond-
ength changes between the first- and second-nearest
aeighbors for two reasons: (i) we wanizd 10 present the
amplest possible model containing the sssential physics
of (N,N) pairs, and (i) these efiects are very small, be-
sause they afiect in first-order only the hybrid orbisals
:entered on the nearest-neighbor sites and directed cui-
verd from the impurity, whereas the leve] positions are
istermined primarily by the hybridization of the impuri-
v orbitals with the inward-direcied hybrids.

APPENDIX B: NN, -PAIRED INMPURITIES

For paired impurities the defect potential 'y is 2 dirsct
um matrix

= 1(0)+F(R,),

where ezch of V(0) and V(R,) is an 8 X8 matria, and
the bond lengths in these matrices are the a2ppropriate
values &' for the pair {as opposed to d). The resuliing
secular equation is a 16 X 16 matrix:

{
Get[1=G(E)V,)=0,

which is'solved for the pair enzrgies £. The ten special
points were extended 10 240 points by the 24 7, symme-
try operations’ and then were used to evaluzte the
Green's-function matrix elements.
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DEEP LEVELS IN SUPERLATTICES

JORN D. DOW, SRANG YUAN REN, JUN SHEN, AND MIN-HSIUNG TSAl
Department of Physics, University of Notre Dame, Notre Dume, Indinna 46336 U.S.A.

ABSTRACT

The physics of deep levels in semiconductors is reviewed, with emplinsis on 1) » fact
that all substitutional impurities produce deep levels - some of which may not lie wihin
the fundamental bund gap. The character of a dopunt changes whes: one of the deeps levels
moves into or out of the fundamental gap in response to a perturbation suel: sx pressure
or change of host composition. For exu-\ple. Si on a Ga site in Gads is & shuliow done-.
but becomes a deep trap for x>C.3 ir. AL Gu). A8 Such shallow-deep trieitions can
be induced in superlattic = by chnugmg the period-widths and quantum coaiven g, A
good rule of thumb for doep levels in superlattices is tha: the energy levels with tespact
to vacuum are relatively insensitive (on a >0.1 ¢V scale) to superlatticr jumiud-widti,
but that tlic band edges of the superlattices are sensitive to ¢} anges of period. Heace
the deep lev.l positions relative to the band edges are sensitive to the peiind-widths. and
shallow-deep transitions can be induced by b..nd-gap engineering the superlattice periods.

DOPING AND DEEP LEVELS IN BULK SEMICONDUCTORS

In recent years. the theory of doping has been revised from the ald ¢T tive-mass
theary {1} which expiained the behiavior of substitutional P i Si and §+ o un As site
{Ses,) in GaAs so well. In the effective-mass model, one simply assumed that un impurniy
such us Se substituting fo. As would have a singly-ionized nab.c ground statr Set were
it not for the long-ranged screencd Coulomb potential —e2/er which bmd« the “extra”
electron of Se in a hydrogenic shallow-donur orbital with radius azi2e/m”c2 mucii lnrger
than a typical litice constant. (Here m” is the eflective muss of the clection ¢ is the
diclecinie constant of the host, and we have, for simplicity of presentanie &, ovetlooked @«
angsotrop: of m..) Hydrogenic eficctive-mass theory has a signifiens: wenkuess, do wever:
it dors not predict that i purticular impuniy such as Sean GaAs should b, & <hallow donor,
but rathe: assumes timt all atoms coming frem Columns to the right of A8 {Coiumn-\Y)
in the Peniodic Table arc donors, when they substitute for As. The.ciore cfiective-mass
theory offers no criterion for determining when the exira clectron of an impurity such as Se
in Gais should oceupy a delocalized "shallow™ Lydrogense arbital ruthe than a loraliced
“deep” oroital, but rather assumes that al) impunity leveis are shidlow

Because there was no aceepted tieory of deep inpuriy levels in scnnconductors sev-
cral years ago. an unfortunate semantic problem has arisen in the literature, Shallow
ene-gx levels were defined as levels within x0.1 ¢V of a Lund edge ang Hrense th = nally
wizable vith sigmficant probabulity at room temperature Deep lovels were bevell 1n tie
funce-iental bend gap by more thin 0.1 eV, With the advent of the theory of deep levels
[2]. tiis enerzy definntion, has beess supplicited by oue that reivs mare o the localizauion of
the ~tate tinn its energy wish respeet o« nearby band edge Shialiow e els inse from the
lang- . anged Conlomb potential of the defect, and have extended. hydee e wavelunetions
dosenhed by esfertne-mass theory, Deep levels onginate from the centis-oldl patenual of
the defoer As aeesult, all levels that were shaclow by tise previous deiieon are shallow
by thie e oue. exeept (hose few deep levels (by the new defioion that w adent.
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within 0.1 eV of & band edgé; Aflﬁvchthu"m decp by the old definition are also deep

- by the new one, but now there are:pieviously unanticipated deep levels that may lie in
the bunds or in the gup within 0.1 ¢V of a Band-edge. In thir paper, we always adopt the
following modern definitions: A shillow doner (aceeptor) is a defeet whose only encrgy
levels in the fundamenta! band gap are shallow effective-maas theory levels. A decp trup
is a defect that has one or tore deep Jevels in the gap. An isoelectronic trnp is o deep
trap asrociated with an isoelectronic substitutional impurity. An isotlectronie restnnnt
scattering center is an isoclectronic impus 'ty whese deep levels lie energeticaliy within the
hoat bands and lience resonantly seatter carriers.

The character of a substitutionsl impurity. namely whether it is a shallow domor. »
shallow aceeptor, & deep trap, an isnclectruznic trap, of an isoclectronic resonant scutering
center is now known to be determined ne* solely by the position of an impurity in the
Periedic Table relative to the host atom it 1epli.ces, but alvo by the strength of the centrul.
ccll defect porential and the energies of the “duep™ ievels praduced by that potentinl relutive
to the band edges of the fundemental gap, Missing from the eflcctive-mass moc. ) are the
local bonds that are perturbed by the defect (and their bonding and antiberding states),
and a symptom of this short-coming is the fact that the s-atomic energies of Se and As
differ by m¢ eV, indicating that the central-cell potentia! which models the dificrence nust
be larger yet. Clearly one cannot introduce a wé eV attractive potential into a solid wie
have its sole effect be the formation of shallow donor states with binsing energies of luss
than 10 me\'; something must alse happen to the clectronic siructurc on the 4 ¢V scale.
What happens is the formation of the hyperdeep and deep levils.

Fig. {1) [3.4] illustrates the case of N substituting for P in GaP, but (for simplic-
ity) considrrs only a single dirccted orbital of ruch atom. The Gu and P atoms, when
brought together into 8 molecule. form bouding : nd antibonding orbitals, with u bauding-
antibonding splitting inversely proportional to the atomic energy difference ¢ -¢p. In
the solid, these molecular levels broadr:: into bands. When N substitutes for P, its energy
€N is =7 eV Jower than that of P; hience the energy denominator ¢Gy-en i S7 ¢V lure 1
than ¢g,-¢p and the impurity bonding-nntibending splitting is correspondinsly smalier,
causing the aniibonding deep Jevel to liv in the gap. The N-Eke nnpurity Jevel s the un
observed hyperdeep level below the valence band maximum, whereas the deey & el this
lies in the gap has o wavefunction that is Ga-dangling-bond-like (ulmost independent of
the N impurity ). If the conduction band were somewhat brouder in encrgy, the ucep level
would be covered up (as happens for N in Gaas).

N, being isoelectronic to P, simply produees & decp level in GaP that lies in the
fundin ental baad gap. slightly below the condv tion band edge. For Se in Gua- sad P
m Si, Un bonding-a  ibonding physics is the same. but there is an exita eleetson (the
“dunor™ clectron) that will accupy thus deep state of it is within the gep. o alicrnatively,
if the deep level hies ab-we: the conduction hand edge. the extra electror, will fall to the
conduction band edge. produce SeT or P*, and be boun!! 1o the jomized nnpurity i.. the
hydrogenie effective-mass donor state,

For Se in GuAs {or for P in. S0 the dyperdeep or ixmcize leveis have «like and pebie
xymaetry, are fully accupied by elecirans, and iie wed! below the valence Land manizum

wned are 1 hserved and nosnstiy winiersung Toe atibonding or ooy levels of Se
i CaAs are abo sdike and peline, and fie ceore 1 onca tion baad aammum, Thee
doep levels in particalar are missine flom the eifeet ve-tin ~modil, and the = ruceares i
respret ta the eonduction band edge delermane the doping character of the apurity.

lu the effectne-ninns model, T anion ~hstitunionad dopants oxvgeo, s, soens,
and telhaimm ~houkd all be shalion donor- m Gaas, Gall annd Gudg 'y Yetovrom
has Buva absesscd to e a deep trapan Go Pl s thoughs 1o be deejom Qo i well
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Fig. {1). Schematic encrgy levels of Ga, P, molecular GaP, and solid GaP, together
with the encrgy levels of a N anion-substitutional impurity “defezt molecule” in GaP, after
Refs. [3) and [4].
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Fig. {2). Energy level diagrazn illustrating the Jifference between shallow impurities
such us § and Sc in GaAs, which have their deep levels /o] A5 and Ta symumetry for
substitutional defects in zinchiende hoste) omside the funcantental band gap and deep
impurities such ns O in GuAs or GaP, which have at leas: one deep level in the gap.
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[5). In contrast to oxygen, 5 and Se aze shallow donors. The resson for the diffrrent
doping character in GaAs of S und Sc on the one hiand and oxygen on the other is that
the s-like (Aj-symmetric) antibonding deep leve] of oxygen lies below the conduction Lund
minimum, but the corresponding decp levels of S and Se lic above the conduction Laud
edge. (See Fig. {2).) As n result, the¢ groutid state of the ncutral oxygen impurity it
GaAs hax the deep level in the gap occupied by one electron, This level lies about 0.3 eV’
{3] below the conduction band edge, and so is not thermally ionizable - and does not
contribute to the semiconduectivity of GaAs, Moreover, the neutral oxygen impurity can
trap another clectron of opposite spin, and so rather than donating an electron und mading
GnAs netype, it can remove one and make the host semi-insulating.

In contrast to oxygen, S and Sc are shallow donor impuritics that make GaAs n.
type, because their Aysymmetric antibonding deep levels lic adove the conduction band
minimum. As s result, their extra electrons are autoionized, fall 1o the conduction band
eige, and are then bound (at aero temperature) in the hydrogenic shallow donor levels
produced by the onized ST or Set. These shallow levels lie within 0.1 eV of the conduction
band edge and so can be thermally ionized rather easily at room temperatures. Since the
Ay deep level lies well above the Fermi energy and the Coulombic potential of &+ or
Se is screened by the donor eleciron. cach of these impurities is incapable of binding a
second electron {6]. Thus the shallow donor impurities S and Se are thermally ionized and
contribute to the n-type semiconductivity of GaAs. In contrast, the deep impurity oxygen
traps electrons and detracts from conductivity.

A central notion of the modern theory of doping is that the character of a dopent
is determined by the relstive posrtions of its decp levels end the band edges (and Termi
energy ).

Fig. {3) shows l.ow the doping character of an impurity such as Sc 4 ; in GaAs could be
changed from a shallow donor to a deep trap to a false valence shallow uccepto:. provided
one could perturb the band cdger of the host GaAs relative to tiie deep level s¢ that fust
the conduction band edge and then the valence band maximum passed through the Ay
symmetric decp level. In the cases considered in Fig. {3). the bonding ~like and p-like
levels are fully occupied by electrons, lic well below the valence band maxitnum. and e
clecirically innctive and uninteresting. The anti-boneag p-like levels lic well above the
conduction band minimuin, and ure unoccupied and nlso uninteresting. Thus. for Seyq i
GaAs, the interesting deep level is the s-like or Ay-symmetric decp level and it lies above
the conduction band edge. But we could imagine applying a very large pressure. which
would cause the GaAs conduction band edge to pass above the Se dee;r level = chiunging
the doping chiaracter of this impurity from a shaliow donor to u deep-trap, and causing
the conductivity to drop preaipitousiy. One could also imagine applying & uniaxial siress
so strong that the Se deep level would pass into the valence band. (The magnitude of the
stress would actually exceed the breaking point of Gads.) In this case Se g would beenme
a shaflow acceptor becanse the hole in the deep Jevel would bubble up to the valence brnd
maximwun or Ferim cneryy. leaving the stabie ion of Se to be Se”. A hole could then oonit
the negative jou in a hydrogenic effective-mass state, We call this case the case of {nise
valence It does not oce ir often. hecruse it generally requires a smal! band-gay host,
whose vacancy has no deep level in the gap. Nevertheless when the conditions for fulse
valence are miet. an imnpurity such as Sey, from Column-V1can appear to .ot as if st wae
from Column-1V {from the viewpomt of some we fazimhiar only wath eficctiy c-mass theory )
In gencrad the false valence will differ from thie truc valence by two or s, depedag on
whether the deep level <hat has erossed tir fundamental baind gap s an s-state or o wetate,
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Fig. {3). Energy level dingram illustrating how the relative positions of a deep level
and the band edges could affect the character of a dopant, Band edges arc long solid lines;
shallow levels are dashed, and the deep level is a short solid line. The relevant deep Jevel in
assumed to bLe s-like and capable of hiolding two electrons of opposite spin  This impurity
is assumed to come from one Column to the right in the Periodic Tuble of the aom it
replaces (such as Seyq in GaAs). If the relevant deep * vel is in the gap (b), it is occupicd
by an electron (solid circle) and a hole (open triangle), and the neutral impurity is a deep
trap for an electron or a hole. I{ the level is in the conduction band (), the electron is
autoionized, falls to the conduction band edge, and is trapred in the shallow donor lovel
{dashed). If the level is in the valence band (c), the hole will bubble up mto the shallow
acceptor level.
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Fig. {4}, The baad edges at the N-poin. and the Tepoint of the Brillown zone. the
N deep level, the O devp leved, and the S and Se shallow levels in Gadsy o Py versus alloy
compositon X, after Refs ™ and 12




ALTERING THE CHARACTER OF A DOPANT"

Interesting physics occurs when a band edge-passes through & deep level, because
the chasncter of 8 dopant chunges. This effect was first explicitly recognized by Welford
et ol [3], who studicd anion-sité¢ Ni. O, §, and ‘Se in GaAsy. Py, Theso impurity-liost
combinations were eapecially interestrr r beeause O, S, and Se aye all Column: Viimpuritivs
and were naively expected to huve the same doping character ns shallow donors, but N 18
» Columa-V isaclectronie defect and should not have produced any level necording to the
then-conventional thinking. Instead. only § 1ud Se produced shiallow donors. N produced
an “isocleetronic trup” in GaP that actually lies closer to the conduction baud edge than
the shallow donor states. We now know that this isoelectronic teap state is in fact & devp
Jovel that by accident lies only ightly below the conduction band edge, but whe it wus
first discovered in Gal, the ivocleetronic trap concept was nove] and na one considered the
poesibility that the trap Jovel was in fact & decys fevel (with “decp” defined in a localization
sense) although it was energetically shallower than the shallow levels  Oxygen in GaP
produced u Jevel energetically deop in the gnp, %1 e\’ below the conduction band cdge.

The key to the dificrence between $ and Se on the one hand azd oxygen on the
other is provided by the data for N in the alioy GaAsy yPy (8] In tiie alloy the N and
O energy levels behave sicvilarly, being roughly linear functions of alloy composition x,
while the § and S levels are rather obviously “attached” to the band edges and s vary
quadratically tFig. {4}). This fact indicated that the physics responsible for the 7 and
O levels is the sume, and, sinee N is isoclectronic to As and P and hence has 1o lone-
ranged defeet potential, that she long-ranged or Coulombic parts of the defect potentini
are not responsibile for the O 1evel. This was an important fact because it showed that
the O level was not a shallow level that sumeliow appeared energetically lower in the gnp
- lower due to sor:: extra physies that ix unimportant in most shallow donor problems.
The data demons:-nted that the O deep Jevel originuted instead from the central-cell
potential of the detect. This meant that there were two sepurate limits to the impuzity
problen:: {:) ordinary shallow-donor, one-hand, effeetive-mass theory in which the long-

ranged Coulomb potential of the impurity crented hydrogenic states lozalized in T-spuce
near s hand extremnm and delocaiized in 7 -space. and (2} deep-level theory which relied
upon the localized centrul-cell potential. created bonding and antibunding states, ui:d had
spY-churacter wavefunctions involving at lenst «ight energy bunds - the wavefunctions of

——
such levels are delocalized in L -spuce.

A direct consequence of this way of thinking about impurities was the votion that
every s- and p-bonded impurity produces four localized bondiug and four antibonding
deep levels nssoeiated with the impurity's perturbed bowds. Ty ically the antionding
levels of an clertronegutive defeet are near the band gap. while the bouding el age
i or below the valenee band, are termed hyperdeep leveis [2] and normadly are seither
cleetritally active nor interesting, Therefore, 1L must be both an s-like and a threc-fold
degenerate p-like deep level of S (or Se) in Gai® that lies adaw :he conduction bis.d edge
and varies approximately linenrly with x in Gadss (Py - as the X and O (s-like) - s do.

The d: e for Noin Gudsy (Py ind: ate that o deep Jevel. anmely an anttionang (-
hike, in this case) Jevel can be cither in. the gas: or in the band (for x<0.2). Indied the
leve! passes rather readily into the conduction band near xx0.2. without # large Fano
resonanee offect, indicating that its wavefunction hias rather difierent character from the
shallow levels or the G 25y« Py conduction band winivum. {Recall that GuP hus
indirect band gap at the N poiut of the Brillown, sone, in the (0027 direction, while GaAs

has o direct gapat T or k=)
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DEEP LEVELS IN SUPERLATTICES
Shallowrdeep tranaitions

Since the relntive positions of the substitutional impurity’s deep lovels and the band
edges of the hust determine the character of a dopant, the physics of deep levels in -
petlattices is particularly interesting [7-34). The energy of a deep level with respect to
vucuum i« relatively insensitive (on a seale of >0.1 eV) to the structure of the superintiice,
becnuse the apatial extent of the deep level wavefunction if only of order 210 A and only
infrequently comes into contaey with the interfuces of all but the smalles periad superlat.
tices. Therefore the: wavefunciion and cuergics of a decp smpurity w & auperlatticr de not
change murh when the perin, af the superlattice changes. In contrast to the deep levels
themselves, the superlattice Lund edges are readily perturded by changes of the superlattice
periods, exhibiting the well-known effcets of quantum confinement: for example. recuing
the width of the GuAs Iayers in A GaAs/AL,Gay 4 As superlattice eanses n quantuni-well
effect, which results 1 the conduction hand edge of the superlattice moving up in erergy
while the valence band maximum deseends to lower energy. (See Fig. {5}.) Bence it is
possible to “band-gnp engineer™ the pe-rivd sizes of a superlatiice so that, fur exuruple, the
small-period superluttice’s conduction vand maximum lies sbave the deep ievel of o dopant
~ although the corresponding large-perind superlattice’s condnetion bund edge Jics below
the deep level. This means that the doping churacter of the impurity changes with period
size [7).

To be specific. consider Ny > No GaAs/Alg 7Gng 3As supcrlattices grows: in the, [001)
direction and doped with Ga-site Si near the center of the GaAs quantum wells (Fig {6}
Here Ny is the number of Gadis layers in the superlattice period. and Ny is the numbi: of
Al 7Gaq 3 Inyers. For the 18x18 Inrge-period superlattice, the §i deep level dies above the
conduction band edge, resonsnt with the conduction band. so that the “extra” Si clectron
ix autoionized. making Sit - and the Coulonbic potential of Si binds the electron vat low
temperature; m a shallow donor level. However, for the smali-period 2x34 supe:lotuee,
the conduction band minunum Lies at higher energy that the Si dep leved faceerdog o
theory [7.8.15)) and so the Si deep leve! lies in the gap. where it can tap an additions’
clectron of apposite spin 10 its own clectron, becoming Sr. In the thick-period superluiuce,
Sig, near the center of a Gaas well is a shullow donor, making the  nantum well n-1ype,
but in the thin-period 2x34 structure, Sig;,, is & deep trap which tends to make the GuAs
weli semi-insuinting,  This teaze tion from shaliow donor to deep trap behavior of the
Si substitunional impurity, as a function of GaAs layer tuckness (Fig. {7}, is one of
many example of shallow-to-deep transitions o. substitutional impuritics i semiconducio
superlattices The fact that the most common donor in the most widely studicd superlattice
exhibits this bebasior should be disturbing to people who have assumed that ampuritics
do not change their doping el acter in suprlattices

Indeed, one can show theoretically that i twa-dimensional semicanductor hosts every
substitutional supunty as at least one deep devel mthe fundamental band gap. That is,
in two-dimensions all upurities are deep irape wath levels in the gap  Tihas beheior is
to Le contrasted with the situation for thiee diznensions most impusities do not produce
deep levelsin the gan, Thus vnth inercaving quantum confincment, many shallow donors or
acceptars can be czpeciec to become decp (rapsind ta ceasc prorsding free carrsers. lnother
words, tlnn quantum well structures will have i greater tendency to exhibat + Lui-insulavng,
behavior rather than doping beliavior.
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Fig. {5). Predicied energies (in eV) of the superlattice ronduction band minimum
and valence band maximum with respect to the valence band maximum of bullk Gnas for
& GaAs/Al Gay ,As [001] superlattice versus reduced layer thicknesses Ny und Na for
various NyxNg {001] GaAs/Al,Guy.cAs supcrlattices, with x=0.7 and M+N2 fixed 1o
be 20, after Ref. [7]. Note the broken scale on the ordinate. The positions of the band

Numbder of Sods loyers N,

extrema of bulk GaAs at T', L, and X ure shown on the right of the figure. at Nym20.
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Fig. {C}. Nustratiug the quantum-well effect on the basd eap Egyn(SL) of a Ny» Ny
GaAs/Alg 7Gag 3As superlattice, after Ref. 7} (a+ Ny=Na=15: and (b) Ny=2, No=J)
For this allry com-

The band edges of the superluttice are denoted by chaned hues,

position the superlatiice gap is wdirect for case (b), with the conduction band edge at

I‘=(f-"7/:f]_,)(1/2.1/2.0). Note the broken energy seale. The zero of energy is the vilenee

band maximuin of Gads.




Si,, Decp-sholiow trensition
in N.xIO GeAs/At,,Gn, JAs superiattice

2.0~
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At Secp lovel soner levei
. 4
e
P4 VBM (GeAs)
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~0.2p
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Number of GaAs leyers N,

Fig. {7}. Ilustrating the deep-to-shallow transition ns a function of GaAs layer
thickness Np in 8 GaAs/Al,Gay As Nyx10 supcrlattice (SL) with x=0.7 for » Si :mpurity
on a Column-I11 site in the center of a GaAs layer of the superluttice host, aiter Ref. 7).
The conduction band edge (CBM) and valence band maximum (VBM) are indicnted by
light solid lines. The Si deep level is denoted by  heavy line, which is solid when the
level is in the gup but dashed when the level is resonant with the conduction band. The
deep level in the hand gap for N1<6 is covered up by the conduction band i~ a result of
changes in the host for Ny>%. Tue impurity’s deep evel lies in the gap for N1<6 and
is occupicd by the extra Si clectron; the Si, in this case, is thus a “deep impurity.” For
N1>6, the decp level lies above the conduction band edge as a resonance. The duughter
cleciron fiom the Si impurity which was destined for tiis deep level is autoionized. & itls
out of the deep resonance level, and falls to the conduction bund cdge (light soiic Lne)
where it is subsequently bound (at low temperature) in a shallow Jevel associated with the
long-ranged Coulomb potential of the donor (indicated by the short dushed line). 't is
unportant to realize that both the deep level and the shallow levels coexist and are disi:uet
levels with qualitatively different wavefunctions The issuc of whether an impurityis “deep™
o1 “shallow™ 18 determined by whethier or not a deep level associated with the impurity lies
m the band gap. The computed deep-shallow transitnion occurs for NyxG6 lyers Wiile the
qualitatine physics is completely rebable, it is possible that the transtion fayer thacanese
may differ somewhat from Ny=6 w real superlattices. The predicted fundatacntal band
gap of the superlattice is indue et for 1<N) <8, Al encrgics are with respeat to the valenee
Laud maxinum of Gads.
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Dependence of deep levels on ldestion

Although shallow-deep transitions that >ecur when a quantum-confined band edge
passcs through a deep level are the most dramati. superlattice effect, the interfaces beiween
Inyers in superlattices hiave the offect of shifting and splitting deep levels on a scale of order
0.1 ¢V, Fig. {8} shows the predicted |8} dependence on site of an As vacancy's decp levels
in a 10x10 GuAs/ALy 7Gaq gAs superlattice grown in the [111] direction, Note that the
valence band cdges of GaAs, Aly -Gag 3As, and the superlattice are aligned according to
the meusured band offsct [16), and that once this is done, the decp levels are relatively
independent of site, except for a varintion on the scale of 0.1 eV, The bulk p-like valence
band maximum is split into an upper x-like and lower o-like band edge due to the reduced
symmetry of the supeclattice. This splitting is reflected in different energies for »-like and
a-like deep levels, even if the parent impurity is distant from an interface. The Ty or p-like
deep levels split the most at an interface into one or two levels corresponding to hybrid
orbilals directed primarily into GaAs (which orbitals have energics near the bulk GaAs
vacancy energy) and hybrids directed primasily into Alg7Gag gAs with corresponding
energier [7,8). In addition to this effect, the band offset beiween the two materials is
reflected in both the p-like deep level and the s:like level,

The wlike deep levels of cation-site Si in & 3%10 GaAs/Aly ;Gag 3As superlattice are
given in Fig. {9}, and show (i) how undramatic the eflects of the superlattice ar¢ on the
level itself and (ii) how an impurity can produce a shallow donor and n-type doping in
bulk GaAs but yield & deep trap and semi-insulating behavior in the superlattice. Silor s
defect involving 5i) is thought to be the DX center in Al Gaj.xAs [18).

These shifts and splittings of the deep ievels as a function of pesition in the superlattice
will manifest themselves experimentally as inhomogeneously broadened deep level energies.

Formalism

The formalism employed here is rather simple, and has been discussed in Refs. |7}
and [8] in detail. Basically, one solves the secular equation

det {1-GV } =0,

where G=(E-H)'} is the Grecn's function operator associated with the host Hamiltonian
H and ¥ is the deep level energy. The dafect potential operator is V, and we have obtained
solutions to this equation using ‘e tight-binding model of Vagl ¢ al. 17 The basic
approac:: is the sarae as that used oy iljuisnarson et al. [2] jor substitutional itnpurities in
bulk sexuconductors.

SUMMARY

Deep impurity levels in seiniconductor superlattices will, on an absolute energy seale,
be shifted only slightly and split {or inhumogencously breadened) from their buik semicon:
ductor encrgies  This rejative insensitivity of the levels to superlattice geometry, combin «!
with the superlattice’s property of being sensitive to quantum confincment effects on its
band edpes should lead to shallow-decp transitions and novel dop:i: . pioperties of impu-
rities i, thin quantum wells. The inhomogenrous brandening of deep levels will be a less
dramtic cffect an the electrome structure. but will nonctheless have inportant conse:
quences in areas such s exciton transport and resonant energy transfer of excitons bound
to deep impuritios.,
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band maximum lying 0.057 eV Jower in cnergy  The Ay level in the ALy Gay o As luyer
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Abstract e

A molecule whose electronic structures are poorly understood. in some cuses, can be thought of 2
another perhaps well-understood “host chemical molecule™ with gubsitutional “impurities.” From this
point of view, the Green's function technique in solid state physies can be extznded o izvevupme the
ciange due 10 substitutional impuntics in large shemical or biological moiecuiss of the frogusr eiscwoni:
orbitals—the highest ocsupied molecular orbitals (HOMO) and the lowest unocupisd moleular ortitals
(LUMO). Thess orhitals are the ancs most active in chemical ceactions. and ass conceprually very simiiar
10 the varence band and conduction band states of semiconductors. Substitutional impuritss will oher
introduce new “deep™ clectronic stalcs into the gap between the HOMO and LUMO statss of e onpms
molccule and these states will have the following properties. (i) The liketihood that as impuriry wil
produce a state in the gap depends on the site of the impunty. (i) For impurites oo a il g,
the waveiunction of the gap state will be relatively independent of the impurity. (iii) Only 3 ==all fanisa
of the deep level waverunction (typically 10%) will lie within the impunity's c2l' and U lugezt ;s
(about 40-50% ) will be on the impurity's nzarestoneighbcs atoms. (iv) The derivative of 22 saegy of
the impurity state with respect 10.ine centralcell impunty potential dE/&V is spproxic=aisly eatal o

the probability of the gap-siate cleciron being found on the impuny's sits. =« .

The frontier orbitals of chemical or biological molecules, pamely the highes:
occupied molecuiar orbitals ( HOMO) and the lowest unoccupied molecuiar orditals
(LUMO). are the most active electronic orbitals in chemical reactions and biological
processes {1]. A theory of how these orbitals change when the chemical compositon
of the macromolecule is alicred would be panizularly useful. For reasonadty small
molecules. with fewer than 100 atoms. the star-card quanium-chemistry calculatons
can provide the needed information about electronic structure, But for very la‘rge
macromolecules. such as DNA or proteins. such calculations are’ QUTEDUY im-
practical. and so one must find an alicrnanve scheme for predicting how the froatie:
orbitals of large molccuics. their energy levels, and their electronic profs=s changs
with chemical composition. Such a scheme is suggesied by the fact that B2y large
chemical or biological molccules are eiectrically semicondu-tive [2], With HOMO
and LUMO staigs that are conceptually simifar in the valence bands and conducuon
bands in semiconductors. Thercfore replazement of one atom in 3 macr.omolc:ui:
is analogous 10 introducticn of a substitutionai impurity into a seMICORCLSION. 33

so the qualitative concepts of the theory of deep impurity levels in semiconaulic:s
73-50 (1990

imernanonal Juurnal of Quantum Chemustn. Quanism E oy Symposium 17, R
20880 £y
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FRONTIER ELECTRONIC ORBITALS -

*n

Diazabicyclooctane can be considcrcd as 2.2, 2-bicyclooctane with “two subs:: w.

tional impurity mtrogen atoms™ at carbon sites | and 4 (with two H atoms. euc
of them bonded to cach of the 1wo C atoms, removed).

The Green's function lcchmquc‘ which so succcssfunv described the waveiune.
tions [6] and the electronic siruéture of deep nmpunw ‘levels in semiconduciors
can be readily extended 10 investigate the change of the electronic structurs of the
froniier orbitals due 10 one or more substitutional impurity aloms in a large chemica!
or biological molecule. That is to say, for very large chemical or biological molezuies,

although it may be very difficult 0 calculate the complete electroni¢ strustures of

the frontier orbitals themselves. the changes in electranic structure due to an “im-
purity” can be predicted rather casily. Moreover, in soms moleculss so lares that
calculations of even the electronic structure of a single “perivct host™ is impractical,
qualitative predictions are nevertheless sull feasible. bascd on the general siructurs
of the theory of deep levels. For example. many extremely large biological molezules
have several P atoms. The theory of deep leveis (without any calculaion) would
predict that moleculzs with ons P atom replaced by an As atom should have similar
electronic structures 10 the "host,™ but that N substitution might vield a daep isve!
in the HOMO-LUMO gap.

A substitutional impurity produces a defcct potential {9], the short-rangad pan
of which is normally associated with the “deep™ impurity levels in the gap. The
states associated with s- and p-orbitals on each site will be especially periurbed by
this potential (but the number of staies ncar the HCM/~LUMO g2p Wil not t2
altered) and one or more of the staies 'ving in the bands of the “host™ may move
into the gap as a result of the penurbation. The gap siaies or “decp levels™ interes:
us in this paner. In panicular, we are especialiv interested in determining whether
a particular “impurity ™ produces a “desp level” in the HOMO-LUMO gap. 2nid if' iy
does. what would be the propenizs of such a lsve!--z proplem similar to the dae
impurity problem in semiconductors,

The approach we use 10 investigate the wavefunctions of dezp impurity levels
a semismpirical Green's fu-ction approach [3-6] with 2 nearest-neighbor tight.
binding Hamilonian describing the electronic bund struciures of lh:.“hos"‘ s
talline semiconductor or macromolecule. In lh" molecular case the major diference
1s that chemical or biological moiecules gencrally do not have periodic symmainy
[10.11]. Herz, for illustrative purposes. we treat a rather small molecuie, 200
bicyclooctane, 2s our “host.™ It has § carbon atowns and 14 hydrogen atoms. We
use a nearesi-neighbor tizhi-binding Hamillonian 1o describe the electronic structure
of the "“host moiecuie,” 2.2.2 bicvcloociane, We include one S ortital anc three p
orbitals for each ¢carbon aiom and one s orbital for cach hvdrogen atcm. The e rasulting
uight-binding Hamiltonianisan § X 4 + 14 = 16-dimensional matnix. To otiai;
the tight-binding parame:ers. we Nt the 20 nit‘n SCF-LCAO-MO cciculation of Lehn
and Wipfi [12]. obtaining the resulis of Figure 2.

This Hamilioman has 46 enzrgy cigenvalues, each of which can contdin o
electrons of cpposite spin. The 46 valence elecirons of this “host molecuic™ win
occupy the 23 lower cnerey levels, and the 23 higner energy levels arc unozeupied

S

at zero temperature. We nnd a .33 ¢V energy gap between the highest ozcucieq
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[3-6] should have useful 'analnz_:ucs ‘in mn_cromolecular physics. In namgulur. i
should be possible 12 p'erm which “impucities™ or chemical chunges are likely 1o
introduce a deep level into the HOMO-LUMO gap. ) . .

In crystalline scr?nconducwrs such as Si or GaAs..:m impurity produces “decp
Jevels associated Wit thc‘ pans of the “central-cell™ impurity poiential at and ncar
the impurity site [§]. Normally four s}:ch lc.vcls sl‘mu!d appear in the enerpevic
vicinity of the rundarr}ental hand gap. if the impurity is s npd p-tfondcd: one s
like Jevel and three p-_h}ze l_cvcls assoctated with the _pcnurbcd impunty bonds. The
theory of decp impurities 1s concerned with predicting whether one or more of the
deep levels lies within 1hg fundamenial band gap. in which cuse the level often
alters the electron dynamics, by wrapping carriers, by scrving as a center for non-
radiative recombination of elecirons and holes. or by providing an initiation site
for a chemical reaction. Similar phenomena should occur in macromolecules.

Two cases amenable 10 treatment by the theory of deep impuritics in macro-
molecules are:

I¥2(7) Several macromolecules with the same crysial structure are 5o large

- that it is practical 10 compuie the compiete electronic siructure of only
. one prototype, in which case the other molecules are considered as the
- prototype “host™ with “impurities ™

© &5 (i) The macromolecules are sc large that it is impractical 10 compute

" "the electronic structure of even a prootyps.
In this latter case onc can oficn make a cruce approximation 10 the Gresn's “unction
of the “host™ and then estimaie how the frontier orbitals of the host are affected
by “impuniiss.” For cxample. if we taks the rather small 2.2.2-bicvcloociane [ 7)
molecule as the “host molecule™ (see Fig. 1). then quinuclidine can be considersd
as 2.2.2-bicvcloociane with “a substiiutional impurity nitrogen atom™ at carbon
sue 1 (with the H atom, which is bonded 10 the C atom. also aken out [8)).

H\i/‘l H\dH
2@__.... 3
/H H H \

H""@\ / g/é}_}"

c)—

€ —
e
H H H H

Figure 1. The geomeincal siruciure of the 2.2, 2 usvcloosiane molecule 2iier Redersnes
[7}. incizating tne iz laneiing
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Figure 2.  Comparison of the valence clectronic struciure of 2.2.2-hicycinoctane obinined

with ah intner SCF theory [12])~-uand the ught-hinding parameirization of 1hat theory

(- - =). The LUMO swaic is the highest encrgy Aj, stale and the HOMO state is the hiphust
L, state in this figure.

snergy level—the 23rd cigenvaluc—and the lowest unoccupicd cnergy level—the
24th eigenvalue. This gap is analopous 10 the band gup of semiconductors. and the
awer 23 enzsrgy levels are very similar 10 the vaicnze bands of scmiconduciors,
vnile the higher 23 uroccupicd encrgy levels correspond 10 the conduction bands.
17 2 substitutional impurity alom is introduced into this host molecuic, the dif-
srence in Hamiltonians will bz the “impurity poiential™ of the sysiem [4-6]. iHere
«¢ consider only the cficct of the shori-ranged peicntial, in aralogy with the case
> erystalline semiconductors. for whizh the shon-ranged poicntial rather than the
ong-ranged Coulomb potential is dominant in pruducing staies in the gep more
nan 0.1 eV from a band edgz. We model the defect potential in a tighi-binding
w2sis of s and p orbitals centered on cach atom ¢ site. Following the theon of des
mpurnity levels in semiconduciors [2~6). we take the defect potential to be shon-
2nged in such a basis (assuming cither that the basis states on diffierent sites do
*ot overlap, or that the basis siaics are symmetncaliy orihogonahzed ): The cficctive
nori-ranged poiential may be eapressed as an “on-site” poienuzl on the “impunty

et
e e

(ialV0jpy =1V, f 1=5=0. and  e=h=,
o =1, if i=j=0. and ¢c=h=noryor:,

= 0 otherwise (1

]
{
;:
e
.
M
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Here 1 and j denote siomic sites in the molecule, 3nd ¢ and b are symbols of orbitals
S. Py, Py and p,. With this appronimation. the enc gy level associated with the
impurity in the host molecule will be determined by the folicwing secular equation
[4.5)

detit -Gl =0 (M
Here G is the Green's function of the host mol~cule:
CialGighy = T Caln){nyhYNE = E,) (3

and we ure intcresied in the levels £ in the gup, Here n represents one of the
solutions of the tight-binding Hamiltonian of the perfect host moiccule, For many
cases. especially when the impurity has an attractive shor-ranged potential, 1,
plays u more imporant role, and the effect of 1, can be neglected. In this case, the
energy level of the gap staic is determined by,

(0s1G10s)1, = | (4)
The associated wavelunction is [6)
) = 3 Cylia) (3)
where we have
Co = = (051G 10s)(0s| G105} /(d{0s|G|0s)/dE) (6)
and
Cu ™ CoiulG10s)/{0s1G10s) . . (N

We take 2.2.2-bicvclooctane as an illustrauve example of a “host” although it is
not a very large molecule. It has eight carbon atoms, but only two of the carbon
sites are incquivaient, namely those at site | and site 2 (Sce Fig. 1). In 59‘"’ Jwe
show the energy levels of the gap siae for site | and site 2 as functiors of the
impurity poicanal 1, [see Eq. (4)]. IR

For an impunity ai site 1. an impurity potential of ahout —0.12 ¢V is.en 2ugh to
produce an impurity state in the HOMO-LUMO gap, while for an impunty at site
2. 2 much stronger impunity potental, =2.0 ¢V is needed to produce an Impunty
staie in the gap. The following atoms, subsuuung for C at enher site, should producs
a deep level in ihe gap: the rare gases. the halogens. and N, O, S. and S¢- In add:uor;
At is the only s and p-honded impunty with an impunty potential berween "'9'-1.-
and =2.0 eV when it subsututes for C [8]. and so At proguces 3 “4¢<P ‘°;‘°' in
e HOMO=LUMO gap when o occupies site 1 but not when it (cCUPICS SUE < “3.}" j

In Figure 4 we show that the on-site coetiicient (,, for the “'3"3"““"0“..3‘ sie
1 Jepends veny hitle on 1, as deiermined by Eq. (6). This is an ‘“m.ple G f“‘“ g
level “pinning™ [ $). 1 means that the deep ievel in the HOWC-LUMOEP xsa's;so:.atfd.
with a wavelvncton and an energy nat Wie almost m.!:pendcr}t of thf impLnty: i
diticrent impunues produce imost IRe Se wasetuncuons. This happens Decause

P Y g
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Figure ).  Theencrgy level of the gap sate for the site | (= ) and site 2(~ = =) as funciions
of the impurity shon.range potential 1, deiermined by Eq. (3). We chase the lowest
encrgy level of the LUMO siaves of 1he host molecule as the energy 2ero,

the deep level in the gap associaied with a sirongly attractive defect is an antibonding
s:ate and has a predominantly hosi-like characier,

The charpe density associaied with the decp level has wypically 40-50%. of its
charge on the alomic sites of the nearest-neighbors 10 the impurity, and only about

03

0.2
;i O,

-

* 0.0° =
-20 -10 ¢

Vg (eV)

Figure 4. The on-sitz wareiunction co-fizient Ce, o7 the gap si21e for the sne | 2s 2
function o :n2 1mpunny shori-rangs potenual 1,, datermunsd by Eg (6)
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Figure 5.  The on-site probability (= = =) I, [Cyl?, where | » 5, p,, By, 40d By, 804 the
corresponding nearest-neighbor prebability (=) of the gaz state for thasite | ssa funcuion
of the impurity shon-range potential 1, determined by Bqs. (¢) and (7).

10% on the impurity's site (see Fig. 3). The 10% on the impurity site for ihis
molecule is similar to the corresponding charge densities for deep levels in eleroentany
crystali:ne Si. Hevice. the basic physics of deep levels in semiconductors carries over
to macromolecules: the cha. ge density in the impurity cell is rather sraller than
an uninformed person might have guessed. and is rclated to the derivative.

dE/d1, = (Cu)? . (8)

by the Hellmann-Feynman theorem [13).,

In summary, the calculation for the rather moderate-sized 2.2.2-bicyclooctane
molecule reveals that deep impurity levels can be produced in the HOMO-LUMO
gap with similar propenties 10 those found for deep impurity levels in crysalline
semiconductors. Since this physics holds for both the rather small 2.2.2-bicycloos-
tane molecule and for very large semiconductor crysuals, it appears 1o be very genenl,
and hence can be exploited for elucidating the electronic structures of vnd.e cl.ams
of macromolecules that correspond 10 a “host™ plus one or more subsututional
“impunties.”
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An inverse formula is given for a new, generalized Mbius transform G(x. y...) m S8, S %41 . F(n"x, My, ..}, namely

Flep,w)m S, T 0esk(0)p(m)G(n%, mh, ..

.3, In the case of one dimension and cvss = |, this reduces 10 the Chen-Mbius

transform which has been applied to the inverse black-body radistion problem. For s 41 this becomes the Hardy-Wright~

Mubius transform.

Recently Chen [1] modified M&bius' number-
theory transform {2] and showed how it could be
used 10 solve a class of inverse problems in physics,
including the problem of determining the tempera-
ture distribution of a black body from its radiation
spectrum; given a quantity F(x) that is related to a
function G(x) by

Gx)= § Flxim), (1a)
the inverse function ¥ is given by
Fx)= § u(n) G(xin), (1b)

where u(n) is the M&bius function: g(n) =1 if n=1,
pu{n)=(=1)" if n is the product of r distinct prime
factors. and u(n) =0 otherwise [2]. For example, in
the physics of black bodics. G(¥) may be related to
the radiation spectrum and F(7’) may be related 10
the areal thermal distribution of the body [1]). As
shown by Chen, this theorem is panicularly useful
for inverting datg, for example. obtaining the un-
known areal distribution of tcmypwratures on a black
body from its radiation spectrum.

Here (i) we combine Chen’s result with another

' On leave from the University of Science and Technology of
China. Hefei 230026, China.
* Present «ddress.

0375-9601/91/$ 03.50 © 1991

inverse M&bius transform from number theory (2]*
to obtain a more general inverse formula, and (ii)
we extend this generalized formula to two and higher
dimensions. The new and more general inverse
Mdbius trinsform formula for one dimension is:

If we have

G(x) = }'fl F(nex) (%)
then it is the case that
F(x)= 3':' #(m)G(nx) . (2b)

Hardy and Wright proved this theorem for a=1
(“theorem 270" {2] *') and Chen's M&bius theo-
rem corresponds 10 a= ~ 1. We show that the theo-
rem is valid for any real a, and hence there are entire
classes of Mébius transforms. each corresponding to
a different choice of a. Our proof uses “‘theorem 263"
(2] for the Mdbius function,

Y u(n)=1, fork=l,

Atk

=0. otherwise. (3)
He:e the sum is over all the different divisors # of
the integer k. including | and k. The proof of the gen-

* In fact. ductocq. (31) of ref. [1]. cq. (32) incef. [t]isa
direct result of theorem 270 of ref. {2].

- Elsevier Science Publishers B.Y. (North-Holland ) 215
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-nml

Z u(n)G(n"\)-— .Z Z u(n)F(m"n"‘\)

Z F(k“x);p(n) F(.\) - (@)
In this derivation, we performed the sum over k=mn
and », instead of over m and.n; this reordering will
converge if .

Z z IF('"“"“\‘)I—-Zd(k)lF(k“Y)l

mutnml

(5)

converges. where d(k) is the-number. of dmsors of
k [2]. Note that for a=0 this convergence cmcpon
is normally not met, and hence a=0 is to be avoided.
Furthermore the converse of eq. (2) is true if
Y ¥ ]G(m"n"x)lz;d(k) [G(kox)|

nel mwi

(6)

converges.

Generalization of form..la (2) to higher dimen-
sions is straightforward; for example, in two dimen-
sions for F(x, y) of the form

Gxv)= § 5 Fonox,nfy),

(7a)
Mo nm)
we have
F(x,y)= i. ,i p(k)u(h) G(kox, 1%) . (Tb)

A sufficient condition for this inverse formula to be
valid is the convergence of

LI LT IF(m ke, nflly)|

= T L d(D)d() I F(iw. )] . (8)
t

The new inverse Mtbius formula (2) can be applied

10 problems in mathematics and physics. and a con-

venicnt choice of the indices a, B, ... can te selected

10 best suit each problem.

The ong-dimensional versien leads to the new
mathematical identity
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E <p I
?.'(p)‘ Z u(n)n forp>

nml

where ,(p)-._,,.. n=" is the. R:cmann zota func-
uon Tt also ieads*to she xdemmes ‘ .

x-.” Zill(n)[(m/n)fo(m\/n)-II
" and
)= o (li’(“l-i--l—A
| o-\)-—"g'# ) -3t
+2 2\: (nz.\':-4m’1:’)"”5). (1)
nal

where we have ANt <y < (2N +2)r, J, is the cylin-
drical 'Bessel function, fi{x)=coth(r), and
f-(x)=cot(x). and we have used the identities {3]

] v &
)= — '.:+_ .’.-l’
Jx(mx) X nE.“ ")

and

Z Jo(nx)..--l--i- ! +2 Z

ne | mwl
for 2Nt <x<(2N+2)x.

There are undoubtedly many morc u.cs for this
inverse formalism in both mathematics and theo-
retical physics that will be uncovered as it is used
more.

(x*=d4m*r2)-'2
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We compare the forces gcnerated by various- ang)e-dcpend’em potentials-and ‘by.ab initio band-
structure calculations with a limited number of k points. In cells.with 32 and $4 atoms we nné $ub- ‘

stantial’ errors for all of the angle-dependent-force moocls,

with very few L points.

-

Recently there have been 2 number of computer simu-
Iations-of amorphous solid Si (a-Si) and of liquid Si (/-Si)
using two distinct methods: (i), empirically-fitted angle-
dependent forces (ADF) (Refs. 1-8), and (i) first-
principles band-structure-derived forces (BSF).*'% Finite
Si clusters and reconstructed Si surfaces have also been
studied. Similar studies have been performed or are be-
ing performed for other materials,!' Both of these
methods, ADF and 3SF, have inaccuracies that have not
been systematically evaluated for liquid and amorphous
geometries. The ADF models are fit to a fairly small da-
tabase so that one might question how wel! they predict
the forces in an amorphous sclid of liquid. This is espe-
cially true since relatively small errors in total energies
can lead to rather large errors in forces. The BSF
methods, which use first-principles molecular-dvnamics
simulations within a supercell geometry are not fit. How-
ever, because of the computational complexity in actually
implementing them, they have a different set of
difficulties. One can ask how important cell size is
and/or what the dependence is on the band curvatuse or
number of k points in the Brillouin zone. In this com-
munication, we oriefly investigate these questions. For
the ADF models we have limited our investigations to
the potentials of Stillinger and Weber (SW)," the two po-
tentials of Biswas and Hamann [BH-1 (Ref. §) and BH-2
(Ref. 6))'. and the model of Carlsson, Fedders, and Myles
(CFM).” Concerning the BSF method, the cell size and
k-point sampling wer investigated using the ab initio
toxal-encrg\'-—molccular'dynamncs scheme of Sunkey and
Wiklewski, '*

For the BSF model. we find that the use of only the [*
(k=01 point in samples of from 32 10 54 atoms leads to
t)pical errors of 0.3-0.4 eV/A. These are small in com-
parison with typica! force scales in Si that are of order
several eV/A. However, errors of this magoitude caused
one sample to remain amorphous upon annealing, when a
more accurate calculation led to erystallization, Further.,
we have generally found fewer defects in samples an-
nealed with a more accurate prm.edure. This suggests
that the energy burriers lor necessary forzesi for cryvstaili-
zation and defect healing are much lower than the natie
ral seale in Si. Increasing the number of points to eigin
can sl lead to non-negligible error. Th+ ADF modeis
all yield orrors several times larger thun the Tepoint BSF

3

" surface states.

well as for the band-structurc forces

method,

We first” exafine the accurac) of the BSF method.
Ab initio molecular-dynamics simulations usually in-
volve the use-of “supercells,” because it is compuuuoml
ly :mposs;b!e to sifulaté a: ciuster large enough 1o, 1gnore
In addition, supc‘ccll« are convenient
since it is quite straightforward to use the apparatus of
crystalline solids -to simulate approximately an -infinite

“system. One chooses a particular Bravais lattice with a

largs unit cell, and periodically repeats the cell through
all space. The aim of this construction is to eliminate
spuricus surface effects. while providing a cell large
enough to include a representative sampie of local mi-
crostructures, The properties o this infinite system are
then easily handled with k-spuce methods. A crucial as-
rect of this procedure is the choice of geometry of the
ecil,

If the supercell is large enough so that inte: 2ell interace
tions are negligible, we are stili left with the requirement
of handling the “'supercell bands™ properiy, Because the
supercell lattice constant is much larger than typical in-
teratomic spacings, the supercell bands are much nar-
rower than for a system with @ smaller unit cell. In this
paper we examine the effects of curvature and dispersion
of the supercell bands on the atomic forces, in scrae com-
monly used supercell geomeiries. The systems we treat
are disordcred and have u finite electronic density nf
states at the Fermi level. The Fermi level's erossing the
supercell bands is expecied to enhance the effects of the
band dispersion on the toial energy. If all bands were
completely filled or emy.ty, then only the center of gravity
of a band. and not its widtk, would affect the total ener-
gy. This is not true for partally filled bands. Typical
ADF methods vield 15% ar more defacts, which vields a
sizable desisity of states at the Fermi level. :

It has become a common pracuce in ab initio
molecular-dy namics simulitions 10 vse one k point in the
Brillouin zane 10 caleulate energies and forces. 1n effect
this assumes that the supercel! bands are flar. For com-
putational reasons. the I point 1k =0 is usuully selected
for this purpose. To evaluute this procedure. we have
caleulated the supercell bunds for a S&-atem fec structure
that 1s highly disordered. There 1« mignificant dispersion
in the bunds for the $2-atom ceil, with widths of order Q0.1

eV, We pertormed o sigular caleulation for the S4-anen
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FIG. 1. Radial d«smbuuon funcuun of samples.d and L in.

reduced units of d=2 IS A,

ever, starting with the same near equilibrium sample,
when it was annealed further with four k points, it be-
came a crystal. Thus, the structures that emergs are very
sensitive to the interatomic forces, Although (as raen-
tioned above) the annealing sequence that was used is cer-
tainly far removed from the actual physical growth pro-
cess for a-Si, we see no reason why the physical growth
process should be less sensitive to the forces. Sampie L
was obtained in the same fashion as sample 4, but the
procedure was stopped when the kinetic energy was still
several thousund degrees per atom. Its radial distribution
function is shown in Fig. 1, and is basically liquidolikc

However, the radial distribution function is qune
different from the experimental one.!” This is not a seri-

ous probiem, since these samples were created in order to
test the potentials and not to simulate real [-Si. Thus our
twe samples include a sample that is ciose to being a-Si
and a sample that is still quite liquid-like, Our results on
the forces are summarized in Table I (for the 32-atom
sample A) and Table II (for the 54-atom sample L). We
have defined AF as a root-mean-square deviation

AF= [N=' J [F()y=F D} ]"’.
]

where F(i) is the computed force on atom {, F (i) is the
exact (1o-point BSF method) force on atom i, and N is the
number of atoms (32 or 54). The quantities §,F in the
tables are the errors in the forces for the 3 or 5 worst
atoms. The quantity AF" is the same as AF except that
the worst 109% of the atoms were taken out of the sum
and thus V is 29 or 49. The rms force on the atoms in

B T - - - — I I el -l U

Singe sample A had been cxtcnsu; v annealed, the ex-
act forcu are small and thus the ralative errof in the
iG:, *s is rather large compared. to:t:y rms total force. It
is,interesting to-note the atoms:-6n which the.errors were
the :gréatest are hwhlv Gorrélated” not only. among the
various ADF method$ but <also - ‘between the ADF
- methods and-the T-point BSF method. For this réason
~atdm numbers of «thé worst atom are. -inciuded in
_-pafentheses in Table s-Land II. Atems no. 12, 24, and 29
all-have one bond angle of less than 90°, atom no. 3} has
bond angles betweer’ 96° and 127°, and atom no. 9 has a
dangling bond. Endemly almost all “of the methods have
moré trouble with badly strained bonds than wuh dan.

"gling borids. Further, ffom’ the't2 bles. one can see that a .
* substantial part of the rms error comes from 10% of ihe

atoms.

For the ‘$4:atom more-liquid- like samp!e L we note
that all of the ADF mechod&prcdlct forccs that are in er-
ror by about the magnuudé of the exact forces, while the
BSF method is much’ be(ter, even with one k point. Since
we have found no cotrelations bétween the methods on
which atoms were treated worst, we have not included
the atom numibers in this case. We have also noted some
dynamical dnﬂ'erem.es between the methods, For exam-
ple. if ane plots #%(¢) versus ¢ with the exact BSF method,
one obtains a reasonably straight line indicating the ex-
pected dlﬁ'uswe behavior. However, with only one k
point, r? is supratinear, suggesting a partially ballistic be.
havior.

Some further general trends are evident as one goes
from the least-accurate methods (the ADF models) to I'
point BSF calculations and finally to exact BSF calcula.
tions. One trend that is evident among all of the methods
is that more accurate methods tend to favor crystals and
methods with larger errors tend to favor disorder, As
noted earlier, we found samples that had corverged to an
amorphous sample using the ["-point BSF method but
that became crystalline when annealed further with more
k points, Further, it has become clear from other investi-
gations'$~? that the ADF methods .rvariably give very
large (or order 15-20%) concentrutions of defects,
Another trend is evident on a shorter tune scale, This is
the observation that distortions from perfect crystal or
from tetrahedral coordination are reluxed faster and
more completely with the better methods.

In order to undersiand better the origins of the errers
caused by using a finite number of k poiats, we have per-
formed some additional calculations. it is well known

TABDLE 1. Comparison of the errors in the 32-atom cluster, sample 4. The root-mean-square error
AF is dutined in the text and 8. F are the errors in the forces for the worst thr.ee atoms. The numbers in
parentheses refer to the one atom number in the cluster and all units are ¢V/A,

Method AF AF SF b)l" S F
BS k=0 0.34 0.23 0,731 0.6321 0.54291
BH-1 1.54 141 2800 237 2280
BI{.2 0.74 0.57 NG R IELIRE R 1.2%2%
Sw 1.Ow .60 JuAn 2w AR RS
Cry 101 AL AL ATl 134:24
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’ lssl«&kfpomm‘ 30:18. . - 0124 o.h. ‘ﬁ 0. *o 0.20 020
. BStk=iox ’xo:s‘s« 0.50 0.74. 072 .68
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that in otder to obtam accurate Brillouin-zone (BZ) in-
tegrations, one needs more: k points for materials with, a .
finite density of states at the Fermi energy than for ma-
terials with a gap at the Fermi-euergy. To establish. the
importance of this effect, we performed calculations for .
the energies and forces on crystals that were allowed o
disorder slightly by small'random motions. In case Twe .
ailowed rms excursions of roughly-0.1
tained a gap of about 1 eV In case II we allowed rms ex-
cursions of roughly 0.2 A, and the gap barely closed.
Both samples contained 54 atoms. In both cases the er-
ror obtained by using only one k points was 0.26 eV per
atom. However, the rms error in the force in case I was
0.13 eV/A, while the error was 0.53 eV/A
This suggests that the majority of the error is in the
bands crossing the Fermi surface. Further, we note that
the energy differences between different crystal structures
are often less than 0.26 ¢V per atom.

.. This sxmplc re-

in case Il

One can understand this rasult in the following way.

We view the use of different numbers of k points in the
BZ as corresponding to different interpolations for E (k)
versus k between the chosen k points. The approximate
E (k) thsn oscillates about the exact E (k) over a distance
Ak in k space and with an amplitude proportional to Ak.
For bands crossing the Fermi surface the integral is cut
short, leading 10 errors of order (Ak)* (a length times a
height). The first factor of Ak comes from the numbsr of
wave functions that are affected, and the second one
comes from the distance of these wave functions from the
Fermi level. On :ie other hand, the error in the charge

P

density, which determines the electm ﬁcld and thus the

forccs, is of order Ak. Thus the tota! energy is in error by
teris of ordér (AK)?, while the forces arc in error by

terms that are linear in Ak,

In conciusion, we have shown that the ADF methods
studled ‘vield forces for badly d:sordcud s.zmplcc far from
cqml:bnum that are in efror by about the. m.\gmtude of
the forces. In térins of absolute error, theee methods are,
much *better for samples that are necaref to equilibrivm
but are still only- qualnamelv correct, Whether they can
vield reliable defect or surface structures is open to ques-
tion. The I'-point BSF method for smal. clusters is worst
when far from equilibrium. For such clusters the forces
are in error by about 0.4 eV/A and in error by about
0.1-0.2 eV/A when using four h points, The absolute
error in the forces when using oniy one k point is rather
small for nearly converged samples, but this small error
can make the difference between un amorphous and crys-
talline sample.
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function, but rather perform the integrals numericaily
from a wave-function tabulation.

The total energy in Eq. (1) can be conveniently rewrit-
ter: as a sum over eigenvalues of the single-particle Ham-
iltonian,

E(ny=Egs(n +{Uy—U,(n,n))+8U,(n), (3a}

where Egg(n) is the “band-structure™ energy and is given
by a sum of one-¢lectron eigenvalues over occupied states
i,

EBs(R)=2EE, . . (3b)
{

The quantities €; are the single-particle Hamiltonian ei-
genvalues that satisfy the Schrodinger equation in matrix
form

3, hEvalv,a) =g 2 Sa%aiv,a’), . (4a)

l'ﬂ

where the single-partic's Hamiitonian matrix elements
are

hd =(dPAOr—r )|k (n)l$POr~1,)) , (4b)
and the overlap matrix is -
Sad = (gFA 1~ )|gPA%r—1,)) (4c)

The standard single-particle LDA Hamiltorian operator
is

2,
h(n)ulz’;-+ Ein,,.(r-r,)-i- Valr—=r,)]

+e* f in(r) —d’rtu,n), (5)

where pu,(n)=d[ne.(n)]/dn is the exchange-correlation
potential. The other terms in Eq. {3a) are the “short-
ranged" repulsive potential

Usp=Uy—U,in,n)

= f farnn v

{6

and an exchange-correlation correction, §U,,

U, = [ n(r)egeln)—pu,lm)}d’r . (7

The Schrodinger-like Eq. (4a) follows from a variation-
al principle for the total energy of Eq, (1). The smg!e-
particle Hamiltonian, Eq. (5), defines a problem requu'mg
a self-consistent solution. To avoid the difficulties associ-
ated with iterating to self- consnstency, we adopt an ap-
proximation suggcsted by Harris.2” Thus our third major
approximation is to consider & sum of neutral-atom
spherical charge densities as a zero-order approximation
to the self-consistent density of the cluster, and to keep
only first-order changes from this density in the energy
functional. Thus we write

n(r)=n%r)+8n(r), (8)

G oV
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where
n%r)= 3 nyomlr—=1,) .’ (9)

a

The neutral-atom density for Si is taken to be a spherical-
ly symmetric 5 °p? configuration. To first order in 8, the
encrgy functional of Eq. (3a) simplifies to

EWN=ER+[U;= U n®n")+8U,(a%, (10

where ELY is the “band-structure” energy determined
from the smgle-pamcle Hamiltonian of Eq. (5) with n re-
placed by n viz., h(n®). This functional neglects terms
of order 5n%

Our approach is to use this approximate total-energy
functional rather than the fully self-consistent total-
energy functional. The advantages of this method are (1)
the electronic eigenvalue ¢quation only needs to be sclved
once for each atomic configuration instead of ~ 10 times
as in a fully self-consistent calculation and (2) four-center
Coulomb 1ntegrals do not need to be evaluated since they
appear only in the 8n° terms, which are neglected Thxs
non-self-consistent msthod has bc.n tested by Harris,”
Polatoglou e: al.,?¥ and Read et al.*® on metals, sainicon-
ductors, and an ionic compound (NaCl) and it is found to
give surprisingly good agreement with self-consistent cal-
culations.

Our fourth major approximation involves the evalua.
tion of the matrix elements of the ¥aricus terms that
make up #(n®). The kinetic encrgy, overlap, and nonlo-
cal part of the pseudopotential are easily cvaluated exact-
ly (numerically) for each geometry. A iable of results on
a fine grid of separations is constructed so that the matrix
elements for any separation between the atoms is accu-
rately interpolated. The three center matrix elemnents of
the neutral-atom potential given by

n{r'=r,)
VNA(r-r,,)-*V;on(r~ra)+f’f—-|-;;7l1-d’r' (11)

are accurately approximated by an r-dependent expan-
sion in multipole moments. The nonlinear exchange-
correlation matrix elements are calculated within the
average density approximation described in Ref, 23. All
matrix elements are calculated in real space.

The forces are determined by dlﬂ‘erentmtmg the total
energy £\l given by Eq. (10), F,==3E}]/dr,. The
most difficult term comes from the band structure. Its
derivative is

_aE(l) a
—-....—_=._ — [+] .
i 2 2‘; afy(w,lh(n N;)
{oce) N
T e aa(hO)aa

;u (%
or, o,

ams b [ a(h°)‘:‘: . OSan "
[ Hy I"' ar)' ( -)

a'u

where p°“ and E"" are the density and energy-density
matrices, respccuve!y
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similar to that recently proposed by Foulkes er al.?*

In this paper, we use this method to determine the
equilibrium structures and vibrational spectra of small Si
clusters (Si, with n=2-7). The technique of molecular
dynamics is employed, in which the many-body classical
equations of motion, F=m d’r/di?, is solved in time,
and the subsequent motion of the atoms is determined
from some set of initial conditions. Equilibrium struc-
tures were found by simulated annealing and dynamical
quenching (in which the system is periodically quenc}}ed
by removing kinetic energy from its atoms). In finding
the vibrational spectra, the velocity autocorrelation func-
tions are Fourier transformed. The theory and tech-
niques described in this paper are immediately transfer-
4ble to condensed-matte. systems, which will be dealt
with in future publications.

-

1. ELECTRONIC-STRUCTURE THEORY

In this section, we briefly describe the theory used to
determine the electronic structure and to obtain the total
energy of these systems and forces between atoms. We
will describe four major approximations that simplify the
electronic structure tremendously, so that medium scale
(~100 atoms or more) molecular-dynamics simulations
can easily be performed. Only a brief description of the
theory will be given, as a more complete descriptinn can
be found in Ref. 23.

The theoretical foundation used is density-function
theory. Within this rigorous ground-state theory, we
make our first major approximations. The approxima-
tions are the use of the Hohenberg-Kohn-Sham local-
density approximation (LDA) and the pseudopotential
approximation. The LDA replaces the exchange-
correlation energy functional by a local funciion of the
density. We use the local exchange-correlation function-
al of Ceperley and Alder as psrametrized by Perdew and
Zunger.** The pseudopotential approximation replaces
the core electrons by an effective potential that acts on
the valence electrons. Accurate nonlocal (angular-
momentum-dependent) pseudopotentials of the norm-
conserving Hamann-Schliiter-Chiang type are us=d.?

In the LDA and nonlocal pscudopotential approxima-
tion, the total-energy functional is given by

En=Tg +f S [ Vinlr—r )} Vylr—r,)]
a

el r onlr')
NS pLA Ly LS 3
5 f E r'ld riteeln) In(r)dr

(1

where the individual terms are, respectively, the kinetic
energy, the ionic local pseudopotential of the ion at r,,
the nonlocal pseudopotential. the electron-elestron Har-
tree repulsion, and the exchange-correlation energy,
which is a functional of the electron density ».

The clectronic energy eigenstates ¢, are. the expanded

in a tight-binding-like lincar combination of pseudo-
atomic-crbitals (PAQ's):

lg;(r)) =3 a;(p,a@)lgfA%r—r,)) .~ (2)

ma

The PAO’s are self-consistently determined eigenfunc-
tions of the valence electrons of the free atom in the non-
local pseudopotential approximation and are nodeless.
The pseudoatom contains only the valence electrons. so
that the orbital types p for Si are s, p,, py, and p,.

Our second major approximation is motivated by the
need to reduce the range of interaction between atomic
orbitals, and hence, greatly reduce the number of neigh-
bors each atom (or pair of atoms) interacts with. This
reduction leads to a corresponding reduction in computer
time required for the calculations. We do this by slightly
exciting the PAO's by imposing the boundary coadition
that they vanish at and outside a predetermined radius r,.
(As r,—» », the atom approaches the ground ctate) The
value of r, that we use here and in previous work is
5.0a5. The motivation for this value is that it rigorously
yields a third-neighbor model for matrix elements of the
single-particle Hamiltonian in crystalline Si. We have
found that our results are not critically dependent on the
precise value of r, as long as 7, is not too small. The ki-
netic energy associated with the confinement of the elec-
tron in the atom begins a sharp increase at values of r,
slightly less than Sag. A plot of the Si s-orbital wave
function in the pseudopotential approximation for vari-
ous values of r, is shown in Fig. 1. The curve for r, =8a,
is virtually identical to the ground-stat¢' wave function.
Notice that for r, *=5a,, the wave function in the bond-
ing region is well represented, but the long-ranged tail is
climinated. In the multicenter integrals n2eded in this
work, we do not fit the wave function 10 any analytic

Si s orbital vs I

0.0 {- v S
0.0 1.0 20 30 40 50 o 7.0 80

r/o8

FIG. 1. The s pseudo-atomic-orbital of Si using various
vilues of r,. The wave function for r, =8ay i~ very close to the
pscudoatom ground state. The bonding region tdefined 10 be
half the nearest-neighbor distance in bulk Si) is shown by the
vertical arrow,
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tér: ‘as a sum over eigenvalues of the smgle-pamcle Ham-
iltonian,

Epg(m)=Egstn' +[Uy=U(n,m)]+8U,(n), (3a)

where Egg(n) is the “band-structure” energy and isgiveh:

by a sum of one-¢lectron eigenvalues over occupied states
i \

Eg(m=23¢, . . (o)
i

The quantities €; are the single-particle Hamiltonian ei-
genvalues thut satisfy the Schrddinger equation in matrix
form

3 hpsevia)me 3 8%%a(va’), ,  (4a)
va'

va'

where the single-particls Hamiitonian matrix elements
are

b = ($pA%r—r, )| A(n)$¥ r—1,)) , (4b)
and the overlap matrix is °

S m (A 1=, )|$PA%r 1)) . (@)
‘_I‘he standard single-particle LDA Hamiltorian operator
is

2.
h(»)-f';-t- zm,,,(r-ar,w Valr=r,))

+etf l"(r) ——dr 0, (5

where u (n)=d{ne.(n)]/dn is the exchange-correlation
potential. The other terms in Eq. {3a) are the “short-
ranged” repulsive potential

Ugp = Uy =U,in,n)

=¢1 ’ zaza’ 3 n{r') 3.
5 5. e N drn(r)h___r,ldr

6

and an exchange-correlation correction, 8U,.,

U= [ n(r)eyln)—pu,lm)dr m

The Schrodinger-like Eq. (4a) follows from a variation-
al principle for the total energy of Eq. (1). The single-
particle Hamiltonian, Eq. (5), defines a problem requiring
a self-consistent solution. To avoid the difficulties associ-
ated with iterating to self- consnstency, we adopt an ap-
prox:mauon suggested by Harris.?” Thus our third major
approximation is to consider a sum of neutral-atom
spherical charge densities as a zero-order approximation
to the self-consistent density of the cluster, and to keep
only first-order changes from this density in the energy
functional. Thus we write

nlr)=n%r)+5n(r), (8

a N - -

The. neutraloatom densuy for Si is takentobe s sphencal- .

Iy symmetrxc 3 conﬁgurauon -To first: order in §n, the
encrgy functional-of Eq: (3a) s;mphﬁes )

E(l)_;vE(l)w_*_[U” U (n

i

where ‘B is-thi: "band-structure" energy determmed .
from the $in le-pimcle Hamglmman of Eq; (5) with nire

placed by n fwz “h(n® ) 'l‘hxs functional neglects terms
of ordérdiis = : e

Ot approschi-is:ta ‘use:this: dpproXimate: total-energ\
functional rather than the filly- self-consment total
energy-functional, The advantages: -of this method are (1)
the electronic engem)nlue %qation’only needs to be sclved
once for each atomic. counfiguration instead of ~ 10 times
as in a fully self-consistent caleufation and (2) four~cemer
Coulomb- mtegrals do nm néed to be evaluated since they
appear only in the 8n? terms, which are neglécted. Thus\
non-self-consistent mathod has been tested by Hairis, ¥
Polatoglou e: al;?® and Read et al.** on metals, sainicon-
ductors, and an ionic compound (NaCl) and it is found t0
give surprisingly good agreement with self-consistent cal-
culations. . .

Our fourth major npptoximation involves the evaua-
tion of the matrix elements of the darious terms that
make up h(n®). The kinetic energy, overlap, and nonlo-
cal part of the pseudopotential are easily cvaluated exact-
ly (numerically) for each géometry, A table of results on
a fine grid of separations is constructed so that the matrix
elements for any separation between the atoms is accu-
rately interpolated. The three center matrix #lements of
the neutral-atom potential given by

Vaalr= 1) m Vi lr=r,)+2 f ')d’ (1)
are accurately approximated by an r-dependent expan-
sion in multipole moments. The nonlinear exchange-
correlation matrix elements are calculated within the
average density approximation described in Ref, 23, All
matrix elements are calculated in real space.

The forces are determined by dlﬂ‘erenuating the Total
energy E\}} given by Eq. (10), =—aE o /0r,. The
most difficult term comes from the band structure. Its
derivative is

_aE(U
--é-r-r!ia-z > -a-?:(\b,lh(rﬂ)M)
‘OCC) .
"3‘;;' 3 phe A
ﬂd
=~3 :gw-gzgﬂ]
".V

where p““ and E“ are the density and energy-density
matrices, respecnve!y

)]4-8U;,(n°) s (10
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funcuon, but rather - perform the integrals numenca.!y where - Lo ;;f
from a wave-f\.nctnon tabulation. o - ’
The totil energy in Eq (1).can-be conveniently. rewnt-« A= 3, Noin( P T ) : ’ o
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Pus = X o (,2)aylv,a'),
i
(oce)

EQ=3 ga’(gale,(va’),
(o::c)

where a;{p,a) are the expansion coefficients of the wave
function in Eq. (2).

After the forces are evaluated, the equations of motion
can be solved and the positions and velocities of the
atoms updated. The energy functional has been tested in
bulk Si and foungd to give bulk static propesties that are
in good agreement with experiment.?® It is the purpose
of this paper to extend these calculations to the static and
dynamic properties of small Si clusters using an ab initio
molecular-dynamics technique.

III, MOLECULAR DYNAMICS

The equilibrium structures and vibrational spectra of
Si clusters have been determined using the technique of
molecular dynamics. The forces are calculated quantum
mechanically from the total energy [Eq. (10)) and its
derivatives [e.g., Eq. (12)]. The nuclear coordinates are
moved in time according to the classical equations of
motion, F, =n:, d*r/di®. These equations are integrated
using the Gear predictor-corrector algorithm,® with a
time step of ~ 1.5 fs. '

The ground-state equilibrium structures are found by
one of two techniques: dynamical quenching or simulat-
cd annealing. In either of these two techniques, the clus-
ter is started in some trial structure, generally with very
little symunetry.

In the technique of dynamical quenching, the atoms in
the cluster are allowed to respond to internal forces and
are accelerated. A Kinetic temperature T is defined as
the average classical kinetic energy of the atoms,
372kTp=(1/N)3;4mv}, where i=1,2,...,n is the
atom index. As the atoms accelerate, the kinetic temper-
ature increases until a maximum is reached. The system

6.0
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2.« §1, tetrahudron
5.0 3 « Sig penuagon
do 5'5 pyramdg
5. SIC hexagon
o 4.01 © o §i; Cappwd peniagon
> 7 » Sig six-lold nng
\m, 8 « Sy cLopvd Sux-lgio nng
3.01%
u
1 03 o5
< 8,
2.0 1 6
8
1.0 1
0.0 T T r - v r

1 2 3 4 5 6 7 8
cluste. size (n) bullr —>

FIG. 2. The energy dilierence per atom hetween Si clusters of
size . =2-7and bulk §  The solid dots correspond 1o equilibri-
um structures eaplaini g i the teat, and othor metastable
configurations are also shown for n =4-7,
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FIG. 3. The n-dependent fragmentation energy (AEg, ), asa
function of n. The dip at n =5 indicates that fragmentation is
more likely to occur for this cluster.

is then quenched by setti~g all the velocities to zero, thus
removing all the kinetic energy, The atoms again are al-
lowed to accelerate and the quenching process is repeat-
ed. After several dynamical quenching cycles, a
minimum energy configuration is obtained. The
minimum may be only a local minimum, %o that the pro-
cedure needs to be repeated several times with different
initial configurations.

In the simulated annealing technique, the energy is re-
zsoved more gradually so that a gl»bhal mi" ".um is more
likely to be obtained. The technique lias beet described
by Kirkpatrick ef al.*' and uses the Monte Carlo algo-
rithm of Mewropolis et al.** Monte Carlo steps are taken
where the coordinates of each purticle are changed as
r;—r,+8r;. Here br;=r,8R, where SR is a triplet of
random numbers batween —1 and =1 for each atom i,
and r, is the maximum step size. An energy Jifference
8E =~F,;-br; is computed and tbe sicp is taken if SE <0,
while if 8E>0 the step is taken with probability

- 4, where T is an annealing temj.crature. This
ensures that afier many moves, the ensemble tends to the
Goltzmann distribution. The temiperature T4 is gradual-
ly reduced so that the sysicm settles into the ground
state. We have found thar ihe dynamical quenching finds
the ground state much morc readily than simulated an-
nealing for these small clusters. However, simulated an-
ncaling is more likely to find the true ground state than
dynamical quenching. In eit.er case, however, a variety
of initial configurations mus: be tried beforc one can be-
lieve that the true ground stute has been found.

The vibrational spectrum is found directly {rom ihe
molecular-dynamics simulation  without amnealing or
quenching. We start in a ground-state configuration and
have constrained the motion s that the ce iter of mas of
the system of atoms is stationary and ihere is no angular
momentum about the certer of mass. To accomplish
this, we first give the atoms random velocities commensu-
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rate with a given initial kinetic temperature. In general,
however, the angular momentum (L) is nonzero. To
keep the system from rotating, we adjust the velocities by
subtracting the quantity v;=(1~"-L)Xr, from the veloci-
ty vector v; (i =1,2,...,n), where ] is the inertia ten:or.
This procedure removes the angular momentum while
still allowing for randomness in the velocities. Finally
the velocities are uniformly shifted so that there is no
center-of-mass motion.

The frequency spectrum is determined by Fourier
transforming the velocity autocorrelation function,

(= s {v,(1)-v,(0))
8= 2 T v,

nw-j

Here n is the atom index and the brackets { * -+ ) indi-

6.0 ‘ :
(a)
3.0} =
20,
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FIG. 4. (a) The one-electron LDA energy eigenvalues vs sep-
aration distance d for Si;. The doubly degenerate (neglecting
spin} lm, level crosses the singly degenerate 207, level at about
d=2.12 A. (b) Total energy per atom vs separation distance d
for Si;. A secondary minimum occurs because of the level
crossing shown in (a),

d=2.1894
§=78.8°

FIG. 5. The ground-state configuration of Si.
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bond bending forces of the Si; molecule.
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FIG. 7. Spectral density g{w) of Si; in its equilibrium
configuration at a low (lower figure) and a high (upper figure) ki-
netic temperature. The kinetic temperatures are 50 and 500 X,
respectively. The modes soften at higher excitation levels, and

(arb. units)
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there is added structure due to anharmonicity.
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FIG. 8. (a) A snapshot of the planar motion of an Si; mole-
cule at high excitation corresponding to u kinetic temperature
of ~2500 K. The chaotic motion i. very much anharmonic. (b)
The spectral density function glw) for the motion in (a). The
three peak structure is lost and the spectrum becomes continu-

ous.
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FIG. 9. The ground-state configuration of Si,.

cate that an ensemble average over all atoms is taken.
This ensemble average is defined by

_ 1 M=
(f(tﬁf((”)“ M""i+l mzm f(l,'.*.m )f(tm) ]

where ¢, is the time at the jth step and j =0,1,2,...,M,
with M being the total number of time steps in the simu-
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Fl4i. 10. (a) The one-electron LDA encrgy eigenvalues vs in-
terior angle 6 for Si,. In the ground state, 6§=62". The side
length was kept constant at its ground-state value. Degenera-
cies and Jahn-Teller instabilities accur a1 90" (b; Total envrgy
per atom vs interior angle 8 for Si,.
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FIG. 11, Spectral density g{w) of Si, in its equilibrium
configuration for high and low kinetic temperatures, The peaks
in the spectrum are labeled according to the symmetry of the
displacements.

lation. The spectral density g(w) is the Fourier cosine
transform of the velocity autocorrelation function g (¢),

glo)=(1/T) forg(t)W(t)cos(wt)dt ,

where T is the total time of the simulation. W(¢) is the
Blackman window function®® used to reduce oscillations
due to finite time sampling.

IV, RESULTS FOR Si CLUSTERS

In this se.tion we individually discuss the results of

clusters from Si, with n=2-7. We begin by summariz. -

ing the energetics of the various geometries found
by quenching and annealing. In Fig. 2 we show the
energy difference per atom, AE,=(E,,/atom)y,,,
—(E o /atom)y,,;,, between bulk (diamond) Si and the Si
clusters in their ground state and metastable equilibrium
configurations.

The solid circles indicate the ground-state
configurations (to be described individually), while the
open circles, squares, and triangles represent local-
minimum (metastable) structures. The energy per atom
of the cluster approaches the bulk binding energy mono-
tonically, but there is a marked decrease in slope in going

TABLE 1. Comparison of the harmonic frequencies (in
¢m™") of the Si, molecule in this work with quantum-chemistry
SCF results.

Mode 6-31 G* 631 G
symmetry This work (Ref, 43)

B,, 116 130 137
B,, 243 ryX) 157
A, 346 380 328
B,, 464 453 k¥
B, 495 543 mn
A, 546 503 425

2304

3.02A

FIG. 12. Ground-state configuration of Sis. This structure is
a trigonal bipyramid, consisting of an equilateral triangle with
one atom abovs the plane of the triangle and one atom below.

from n=4 to n=35., This can be seen more clearly by
considering the fragmentation energy as defined by Raga-
vachari and Logovinsky** according to the reaction
Si, —Si, - +Si. The energy cf this reaction is

(Efn; ),, =(AE"“ )n +[E‘ -(Em /at9m)bulk] » (13)

where (AEq, ), =(n—1)AE,_ +nAE,. The last term
in Eq. (13) is a constant (independent of n). This term in-
volves the energy of an isolated atom, which is not well
described in our method because of spin effects and the
use of compact orbitals.”* The trends with n of (Efrag)a
are entirely contained in the first term (AEy,,), that is
plotted in Fig. 3. The lesser stability of Si; compared to
neighboring clusters is clearly evident, The results are in
very close agreement with the fragmentation trends
found by Raghavachari.*®

T=50K

(arb. units)

glw)

L

0.0 200.0 400.0 600.0
w (em )

FIG. 1). Spectral density glw) of Sis in its equilibrium
configuration at low kinetic temperature {T=50 K).
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FIG. 14. Ground-state configuration of Sic. This structure is
a square bipyramid, consisting of a square with one atom above
the plane of the square and one atom below.

A, Si,

Dynamic qucnchmg of Si, gives the equilibriun: bond
distance at d =2.27 A in good agreement with the exper-
imental value of 2.24 A" The bulk bond length of crys-
talline Si is 2.35 A, while the present theory gives 2.38 A.
Thus we find especially good agreement between thcory
and experiment for the large reduction in ncarest-
neighbor distance in going from bulk Si to Si; (0.11 A ex-
periment and 0.11 A theory).

The single harmomc-vxbrauonal stretch mode is deter-
mined to be =531 cm™', which compares well to the
experimental result of 511 cm™'3" In this case at least,
our results are comparable to the considerably more so-
phisticated quantum chemistry self-consistent-ﬁeld {SCF)
resuits of Ref. 36 who find 568 em™

In Fig. 4(a) arz shown the eigenvalues of the one-
electron LDA Hamiltonian for Si, as a function of Si-Si
distance. The 1w, electronic level is fourfold degenerate
(including spin) and contains two electrons in equilibrium
(d=2.27 A). The 20, level crosses the 1w, level as the
distance is decreased. Thls is in excellent agreement with

FIG. 15. Ground-state configuration of Si,. This structure is
a pentagonal bipyramid, consisting f a pentagon with one atom
above the plane of the pentagon and one atom below.

the spin-polarized results of Northrup et al.,’® who find
that the 17, level crosses the doubly dcgenerate 20, level
at about 4. OaB 2.12 A), resulting in a new ground-state
configuration at smaller separations. We also find the
1w, level crossing the 20, level at d =2.12 A. This re-
sults in a potential-energy surface with two minima as
shown in Fig. 4(b). A metastable configuration exists at
d=2.03 A.

B. Si;

The Siy ground-statc configuration we find by dynami-
cal querching is an isosceles triangle with the two equal
sides of length d=2.189 A and an Opemng angle of
0=178.8" (see Fxg 5). These results are in good agreement
with the more rigorous quantum-chcmnstry SCF calcula-
tions of Diercksen et aI ® who find d=2.196 A and
6=80.6". Grev et al® who find d=2.160 A and
6=178.1°, and Raghavachari et al.** who find d=2.17°
and 6=717.8".

The energy cigenvalues as a function of the angle 6
(with the distance d kept constant at its value at equilibri-
um) are shown in Fig. 6(a). The Fermi level lies between
the sixth and seventh levels. These two levgls become de-
generate at 9=60" (an equilateral triangle), which make
this geometry Jahn-Teller unstable. The total energy as a
function of 6 (again with d fixed) is shown in Fig. 6(b).
Two equivalent minimum are seen corresponding to
6=18.8" and 6=281.2". The system is glearly unstable at
60°, and a relatively large barrier separates the two
equivalent minimum as the molecule passes through 180°,
where the molecule forms # linear chain as occurs for C;.
Curiously, we find a very shallow local minimum at the
lincar chain. This is to be contrasted to the SCF results
of Raghavachari, which find the linear chain to be un-
stable. The imaginary frequency found ir that work (82i
em™!) is very small, indicating a relatively flat potential
surface similar to ours.

The spectral density function g(w) in the harmonic

=50 K) and the near-harmonic ( T, =500 K) regione
for 3i, vibrations are shown in Fig. 7. Three peaks are
apparent corresponding to the 3n — 6 normal modes cf vi-
bration. The width of the peaks is due to the finite time
of the simulation. The position of the peaks indicates the
frequency of the normal mode, while the relative heights
reflect the (randomly chosen) relative amplitudes in each
of the modes. The spectrum at low temperature is pure,
indicating very little anharmonicity, while at higher tcm-
peratures, small contributions to anharmonic affects (sum
and difference frequencies) are evident. Also notice the
overall shift toward lower {requencics. The “harmonic”
frequencies at 50 K are 202, 474, and 596 ecm™! for the
Ay, B,, and 4, symmetric modes, respectively. These
can be compared with those obtained by Grev et ai.® of
157, 570, and 574 and Ragha\'achari" of 206, 560, and
582. We note that both of our 4, modes are in good
agreement with these quantum-chemistry SCF calcula-
tions, while the B, mode is only in fair sgreement, with
our mode lying ~ 167 lower than theirs. This is not un-
reasonable as typically calculated freguencies of mole-
cules are accurate to ~10-15 %.9
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The motlecular-dynamics technique makes no assump-
tiors about.harmonic potentials and does not construct a
dynamical matrix. Very har:nonic systemns are trcated in
exactly the same way as an enharmonic system. We
show in Fig. 8 the results of « simulation of Siy at a very
lugh temperature of ~2508 K. The simuiation was of
3600 time steps and there is no indication that the mole-
cule is about to disassociate. " he motion is two dimen-
sional and a snapshot of the motion is shown in Fig. 3{a).
Within the chaotic motion, one sees a nearly sixfold pat-
tern coming from a molecule containing only three
atoms. Thls occurs because the atom that acts as the
apex of the ground-stats triangular molecule is being
changed from one atom to *he next. Also there is consid-
erabic classical tunnelingli\e behavior of the apex atom
through the center line connecting the other two atoms.
The spectral density function g(w) [Fig. 8(b)] has lost the
three-peak structure cf the harmonic system, and takes
on a continuous spectrum. The frequencies depend on
the amplitude of each ¢’ the “modes,” and ihe umpli-
tudes are continuously changing.

C. si,

The equilibrium configuration determined for Si;is a
rhombus with sxdc length 2.32 A and a minor diagonal
length of 2.39 A 1z Fig. 9. This compares very well
with the results of Tominzk and Schlijter,* who find a
rhombus of side length 2.3 A with a diagonal of 2 4 A,
and the results of Raghavachari and Logovinsky,” who
also find a rhombus of side 2.30 A and diagonal 2.40 A.
Other possible genmetries include the square and
tetrahedron. ‘The square forms a metastable minimum-
energy con‘iguranon with a side oflcngth 232 A, and the
tetrahedron is metastable with minimum energy of side
length 2.46 A. The energies ol these two structures are
shown in Fig. 2 and are significantly hxgher in energy
{=0.6] eV-atom and =().53 eV /atom, respectively) than
the rhombus.

The one-electron LDA encrgy eigenvalues are plotted
as a !unction of the angi¢ 8 in Fig. 10{a). As in the case
of Si;, there is again a crossing of levels at the
configuration of highest symmetry (in this case, =90").
This causes a Jahn-Teller unsiable system that shows up
as a cusp in the total energy per atom alsc as a function
of the angle 6 in Fig. 10(b).

The vibrational spectrum of Si, is shown in Fig. 11 for
a high and low kinetic temperature. There are 3In ~6=6
normai modes for Si; and the high-temperature spectrum
shows the mode-softening characteristic of anharmonici-
ty at higher-excitation levels. The normal coordinates
that give rise to the various peaks in the spectrum are Ja-
beled according to symmetry. The lowest frequency
mode is 5;,, which is the “*bond-bending™ mode in which
alternate atoms move ou: of and into the plane of the pa-
per (see Fig. 9% The other bond-bending mode is By, in
which the atoms move in the plane of the paper. The fre-
quencies found from an examination of Fig. 11 are com-
pared with those of Raghavichari and Rohlfing" in Table

I. Overall agreement with these far more sophisticated
calculations is excellent.

D. Siy

We find the equilibrium structure of Sis based on an-
nealing and quenching to be ‘a trigonal bipyramid, con-
sisting of an equilateral triangle of side 3.02 A cagpyed on
top and bottom, with the distance between the corners of
the triangle and a cap being 2.30 A (see Fig. 12). This
structure arrccs with those found by Tomanek and
Schiiiter,'* who find a trigonal bipyramid with the
relevant lengths of 3.1 and 2.4 A, and Raghavachari and
Logoviasky,”* who find the same structure with distances

of 2.34 and 3.26 A. Metastable structures for Si include
the pentagon and pyramid. The energetics of these struc-
tures are shown in Fig. 2, where the pentagon is =1.00
eV/atom higher and the pyramid is =0.13 ¢V/atom
higher.

The vibrational spectral density function of Sig is
shown in Fig. 13 at low temperature (T=50 K). The five
peaks in the figure come about because three frequencies
are doubly degenerate, while an additional {requency is
“accidentally” degenerate, and unresolvable,

E. Si;

The cquxhbnum structure for Sig is that of a bipyram-
id, consisting of 2 square with side length 2.71 A capped
on top and bottom, wit's the distance hstween a vertex of
the squar: and a cap being 2.36 A gee Fig. 14). This
structure ngrces with that found gy Toméanek and
Schliiter,'* who also find such a “distorted Joctahedron”
with the relevant distances of 2.6 and 2.3 A. Raghava.
chari,’® however, finds the grournd-state structure to be an
edge-capped trigonal bipyramid.

The energies of higher-energy metastable states for
n=6 are shown in Fig. 2. Three structures investigated
are structures higher in energy than the equilibrium
structure: (1) a hexagon (= 1.22 eV/atom higher in ener-
gy), (2) the singly capped pentagon (=0.50 eV/atom
higher), and (3) a sixfold buckled ring which is a bulk
fragment ( =0.22 eV/atom higher).

F. 8iy

The ground-state structure found for Si; is a bicapped
pentagon, consisting of a pentagon of side length 2.46 A
capped on top and bottom, with the distarce between a
vertex of the pentagon and a cap being 2.45 A (see Fig.
15). This is in agreement with Ballone ¢ al,, ¥ who also
find a pentagonal bipyramid as the equilibrium structure.
In addition, when just dynamical quenching is performed,
the system invariably settles into a capped and strongly
reconstructed version of the sixfold buckled ring. This
metastable structure is relatively close in energy (=0.16
eV/atom higher) to this cquilibrium structure.

V. CONCLUSIONS

We have used an approximate electronic-structure
method to determine the electronic and vibrational spec-
trum and the equilibrium structures of small Si clusters.
The method used is a simplified ab initio tight-binding
model based on local-density theory, and has no adjust-
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able parameters. We have compared a number of our re-
sults with those of others and find substantial agreement
with more rigorous calculations. Based on these results
for small molecules, we are optimistic that the
molecular-dynamics technique and energy functional
used here will be applicdble to bulk crystalline and amor-
phous covalent semiconductors and to semiconductor
surfaces as well. The method is computationally fast and
efficient, and should permit us to study covalent systems
of previously incalculable complexity.
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An inverse formula is given for a new, generalized Mbbius transform Gix, y,..) =I5 S 2., F(n°x, m?y, ..). namely
Fla )= =, o u(mu(m)G(n?x, mPr, ..). Inthe case of one dimension and cv= — 1, this reduces 10 the Chen-Mdbius
transform which has been applied 10 the inverse black-body radiation problem. For a@=+1 this becomes the Hardy-Wright-

Mdibius transform.

Recently Chen [!] modified Mdbius’ number-
theory transform (2] and showed how it could be
used to solve a class of inverse problems in physics,
inciuding the problem of determining the tempera-
ture distribution of a black body from its radiation
spectrum; given a quautity F(x) that is related to a
function G(x) by

G(x)= § Fix/n), (12)

LY

the inverse function F is given by

an

F(xy= zl,u(n)G(.\‘/n) , (1b)
where (1) is the M§bius function: u{n =1 ifn=1,
a(n)={~1)"if n is the product of r distinct prime
factors. and u(n) =0 otherwise [2]. For example. in
the phvsics of black bodics, G(1) may be related to
the radiation spectrum and F(7T) may be related to
the areal thermal distribution of the body {1]. As
shown by Chen, this theorem is particularly useful
for inverting data, for example. obtaining the un-
known areal distribution of temperatures on a black
body from its radiation spectrum.

Here (i) we combine Chen's result with another

' On leave from the University of Science and Technology of
China. Hefea 230026, China.
* Present address.

inverse M&bius transform from number theory [2]*
to obtain a more general inverse formula, and (ii)
we extend this generalized formula to two and higher
dimensions. The new and more general inverse
Mébius tinnsform formula for one dimension is:

If we have

Glx)= S F(nox) (22)

Am

then it is the case that
F(x)= E u(m)G(n%x) . (2b)
Al

Hardy and Wright proved this theorem for a=1
(“theorem 270" (2] *') and Chen’s Mdbius theo-
rem corresponds 10 a= -~ 1. We show that the theo-
rem is valid for any reai @, and hence there are entire
classes of M&bius transforms. each corresponding to
a different choice of &. Our proof uses “theorem 263"
[2] for the Mbius function,

Y u(n)=1, fork=l,

njk

=0. otherwise. (3)
Here the sumn is over all the different divisors n of
the integer &. including | and A. The proof of the gea-

* In facl. duc 10 ¢q. (31) of ref. {1].cq. (32} inref. (1] isa
direct result of theorem 270 of ref. [2].
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eralized formula is obtained by evaluating

z u(n)G(nx)y= Z Z u(n) F(menx)

Amlmmt
= ki F(k™) T u(n)=F(x). (4)

In this derivation, we performed the sum over k=mn
and n, instead of over nt and x; this reordering will
converge if

Z Z |F(m*n*® \)|—-Zd(k)|1-'(k"’\)| (5)
converges, where d(k) is the number of divisors of
& [2]. Note that for a=0 this convergence criterion
is normally nor met, and hence a=0 is to be avoided.
Furthermore the converse of eq. (2) is true if

X. ZlIG(m"’n“.\'H:;d(k) |G(k®x) | (6)
converges.

Generalization of formula (2) to higher dimen-

sions is straightforwarc; for example, in two dimen-
sions for F(x, y) of the form

G(x. p)= f_ S_E_F(m",\'. nfy), (7a)

muwl nml

we have
Flx.p)= ‘i lf w(k)u(l) Gkax, 1) . (Tb)
- iml

A sufficient condition for this inverse formula to be
valid is the convergence of
Z Y Y ¥ [F(m®kex, nl%y)|

m T s

= 3 3 d(Dd() I F(iox. joy)1 . (8)
t 7

The new inverse Mabius formula (2) can be applied
to problems in mathematics and physics. and a con-
venient choice of the indices o, B. ... can bte selected
10 best suit each problem.

The onc-dimensional version leads 1o the new
mathcmatical identity
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RN Zlu(n)n"’ forp>1. (9)

where J(p)=S2.,n"" is the Riemann zeta fuac-
tion. It also leads to the icentities

..

:_.,: Z bu(n) [(rx/n)f=(nx/n)=1]  (10)

and

* | |
Jo(X)= Zl ;t(n)(—- 3 4+ —

nx

AY

+2 ) (n‘.\':-4m=n=)"’=), (1)
nw |

where we have 2Nrn<nx < (2N+2)r, Jy is the cvlin-

drical Bessel function, f,(x)=coth{>). and

f-(x)=cot(x). and we have used the identities [3}]

f.(n.\)—-l—\-+~—- Y o(xixnt)-t,

ne |
and

Z Jo(nx)=—l+ Ly Z (x3—dmin?) =t

LY e
for 2Ar<x< (IN+2)r,

There are undoubtedly many morc u.cs for this
inverse formalism in both mathematics and theo-
retical physics that will be uncovered as it is used
more.
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