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Foreword

The Navy Operational Global Atmospheric Prediction System
(NOGAPS) provides numerical guidance and products in support
of a wide range of Navy oceanographic and atmospheric require-
ments. The forecast model component of NOGAPS is the heart of
the system and represents a multiyear development effort by the
scientists of the Naval Oceanographic and Atmospheric Research
Laboratory’s Atmospheric Directorate.

Because many other Navy oceanographic and atmospheric research
efforts depend on NOGAPS for environmental inputs, there is
continuing demand for detailed technical descriptions of the forecast
model’s physical, mathematical, and computational processes. Only
with this documentation can other Navy scientists understand research
results influenced by NOGAPS output products. Because such
numerical weather prediction systems as NOGAPS are constantly
cvolving, periodic updates to system documentation are also a key
to supporting future Navy environmental research.

NOGAPS development directly responds to validated Chief of
Naval Operations requirements, but in a larger sense it is fair to
say that because so many Navy environmental needs depend on
NOGAPS to some degree, nearly every meteorological and
oceanographic requirement benefits from NOGAPS and its
continuing development.

i Bty 0 S
W. B. Moseley . R. Elliott, Commander, USN
Technical Director Commanding Officer




Executive Summary

The forecast model of the Navy Operational Global Atmospheric
Prediction System (NOGAPS) is described in complete physical and
mathematical detail. NOGAPS 3.2 is the latest in the NOGAPS forecast
models developed by the scientists of the Naval Oceanographic and
Atmospheric Research Laboratory. The model is a key part of Flect
Numerical Oceanographic Center’s (FNOC) central site environmental
support of the fleet.

The spectral spherical harmonic formulation of the NOGAPS model’s
governing equations are described, particularly the unique hybrid vertical
coordinate. The nonlinear normal mode initialization is described. The
initialization removes unwanted gravity waves from initial conditions to
ensure subsequent forecast fields are free from *“noise.” The techniques
used to increase the length of the maximum allowable NOGAPS timestep
are described. This procedure is of great operational importance because
the computational requirements of NOGAPS are enormous; anything that
reduces this requirement directly benefits FNOC’s operational scheduling.

The NOGAPS model’s diabatic processes, i.e., moist physics, dissipa-
tion, and radiation, are described in detail. Emphasis is given to thosc
aspects of the NOGAPS model that are of particular importance to special
Navy requirements: the physics of the marine planetary boundary layer,
cumuius convection, and cloud/radiation interactions. The interaction of
shortwave solar radiation and longwave terrestrial radiation with the model’s
predicted cloud field is the single, most important process in determining
systematic errors in the model’s near-surface conditions. Therefore, the
model’s cloud and radiation physical parameterizations are given special
emphasis.

NOGAPS is the foundation of much of the Navy’s operational environ-
mental central site fleet support. Nearly every environmental product
produced by FNOC is. to some degree, dependent on NOGAPS input.
Some users understanding of the NOGAPS model and its formulation is
important to the understanding of these products. Navy scientists who
develop environmental models will invariably depend on NOGAPS inputs.
The description of NOGAPS formulation will greatly assist them in
interpreting their research results. This guidance will become even more
important in the future as atmospheric and ocean models become
more closely coupled and interdependent.
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The NOGAPS Forecast Model:
A Technical Description

Introduction

This report describes the initialization and forecast model of the Navy’'s Operational Global
Atmospheric System, NOGAPS 3.2 developed by the Naval Oceanographic and Research Labora-
tory. The performance of the system, however, is not presented. Scasonal statistics and ecvaluation
of NOGAPS are given in the Fleet Numerical Oceanography Center’s (FNOC) Quarterly Performance
Summaries. We emphasize that NOGAPS is a forecast system that includes data quality control,
optimum interpolation analysis, normal mode initialization, forecast model, post processing, and
verification components. A description of the quality control and the optimum interpolation analy-
sis is given by Barker et al. (1989) and Baker (1989).

The Navy began global numerical weather prediction with the introduction of NOGAPS (Rosmond,
1981) in August 1982 after several years of development. It was a 9-layer, finite difference model
with a full physics package and a horizontal resolution of 2.4° x 3.0°. The major components of the
model’s dynamics and physics were based on those originally developed for the University of
California at Los Angeles’ (UCLA) general circulation model (Arakawa and Lamb, 1977). The
operational forecasts were run to 5 days with the model showing skill to 96 hours.

A major correction, NOGAPS 2.2, was implemented in July 1986 to correct some apparent
deficiencies in the ground temperature and wetness parameterizations. In January 1988, a global
spectral model, NOGAPS 3.0, replaced NOGAPS 2.2. The model’s resolution was 47 wave triangular
truncation (T47) in the horizontal and 18 levels in the vertical. Completely new diabatic parameter-
izations were introduced with NOGAPS 3.0, and initially not all of the various components were
compatible. To meet operational deadlines, it was necessary to apply a major engineering fix 10
NOGAPS 3.0’s radiative forcing.

In March 1989, several major corrections to the paramterizations were implemented, and the new
version of the model was called NOGAPS 3.1. The horizontal and vertical resolutions of versions
3.0 and 3.1 were the same. In August 1989, the horizontal resolution of the model was increased
to 79 wave triangular truncation (T79), and this version was designated as NOGAPS 3.2 The model
parameterizations are the same as NOGAPS 3.1. Aside from the increase in resolution, the only
important change in NOGAPS 3.2 is the introduction of a spectral filter that allows longer model
time steps in the presence of high winds.

The development of the various forecast components for 3.0/3.1/3.2 drew heavily from many
different sources and the references are noted in the text. With the exception of the radiation code,
however, all of the forecast and initialization coding was performed. The longwave and shortwave
codes, without the cloud parameterizations, were obtained in 1984 from the Laboratory for Atmo-
spheres, NASA Goddards Space Flight Center, and revisions were introduced by the authors to
correct the cold bias that developed when the radiation scheme interacted with the other physical
parameterizations.

The authors have gone into considerable detail describing the initialization scheme, adiabalic
calculations, and physical parameterizations so that the reader will be able to understand the param-
eterizations and numerical techniques used in NOGAPS. Any suggestions that provide improvements
to the Navy's forecast ability will be greatly appreciated.
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Chapter 1

Introduction

We discuss the equations for the model using the hybrid coordinate system in

Chapter 2. This chapter is a review of basic transformation theory for the primitive

equations, but it is included as an introduction to the technical points presented
in the next chapters. The hybrid vertical finite difference formulation of the model
is given in Chapter 3. The potential temperature is the thermodynamic forecast
variable and the vertical finite difference relations for both the potential tempera-
ture equation and the hydrostatic equation are slightlv different from most spectral
models. The moisture variable used in the forecast model is the reciprocal of the
natural log of specific humidity, rather than the specific humidity itself. The vertical
differencing of the moisture is also discussed in Chapter 3. We present a discussion
of the spectral representations for the forecast fields on hybrid pressure surfaces
in Chapter 4, together with a description of the spectral transform procedure. A
short discussion on the use of spectral filtering to reduce the Gibb’s phenomena
and its application to the terrain field is also given in the last section of Chapter 4.
The nonlinear normal mode initialization (NNMI) scheme is presented in Chapter
5. The NNMI discussion is placed after the development of the equations since
the initialization draws heavily on the adiabatic formulation of the model and the

spectral representations of the model variables. This chapter marks the beginning




of the discussion of the workings of the forecast model. Chapter 6 presents the
overall time step strategy of the forecast model. This chapter describes the time
splitting of the adiabatic and the diabatic processes. Later chapters will refer back
to Chapter 6 in their discussions of the provisional forecast fields as input into the
different parameterizations. The calculation procedure for the explicit adiabatic
tendencies is given in the first section of Chapter 7. The discussion there is brief,
since the equations are fully discussed in Chapter 3 and the transformation theory
is given in Chapter 4. Section 7.2 explains the details of the semi-implicit treat-
ment of gravity wave propagation, and Section 7.3 presents the implicit advection

calculations for vorticity and moisture. Chapter 8 describes the adiabatic tendency

truncation procedure, which ensures a sufficiently large time step for the opera-
tional runs, the Newtonian cooling filter of potential temperature at the top of the
atmosphere, the Robert time filter, and the fourth order implicit horizontal diffu-
sion of the divergence, vorticity, potential temperature and moisture variables. We
describe the physical parameterizations of the model in Chapters 9-15. The model
contains physical parameterizations as s»phisticated as can be found in any numer-
ical weather prediction model. The parameterizations include gravity wave drag
due to mountains (Chapter 9), vertical turbulent diffusion (Chapter 10), shallow
cumulus mixing (Chapter 11), cumulus convection (Chapter 12), large scale stable
precipitation (Chapter 13), and the heating due to longwave radiation (Chapter

14) and solar radiation (Chapter 15).




Chapter 2

The Equations of Motion With a

Hybrid Coordinate System

We introduce the partial differential equations of motion for the forecast model
in this chapter. A similar discussion can be found in the work of Simmons and
Strifing (1981). The horizontal coordinates are the longitude, A, and the latitude.
@; the vertical coordinate is represented by the variable n which ranges from 0 at
the model top to 1 at the surface. We shall call the combination of the spherical
coordinates (A, ¢) with 7 the hybrid coordinate system. The pressure p is a function

of 7 and is given by the relation:
p=Am+B(n)~. (2.1)

The functions A(n) and B(n) are any two functions defined on the interval 0 to 1

and with the boundary conditions:

A0) = pup |

A(l) = Prop (2.2)
B() = 0

B(l) = 1 |




where p,,, is the model's top pressure, and = is the difference between the surface
pressure, ps. and peop:
T = PS — Ptop- {2.3)
The hybrid vertical coordinate system is a cross between a pressure coordinate
system and a sigma coordinate system. The hybrid vertical coordinate is a pressure-
like coordinate in regions where B(n) is 0; 7 is a sigma-like coordinate in regions
where A(7n) is a constant and B(n) is not equal to 0.
We begin by deriving the mass continuity equation for any finite volume, V.
that is moving with the fluid with a mass density p. The total change of mass

following the flow, without mass sources, is zero, which we write as,

%///Vpd/{d:=0. (2.4)

where dA is a differential element. We transform the z coordinate in (2.4) to 7

using the differential relation:

_0z0p

It is assumed that the vertical variations in pressure are hydrostatic, so that the
term, 0z/0p, is replaced by —1/pg. With this transformation, we write the integral

mass conservation equation (2.4) as

%///r-g%d/ldr)zo.

For finite volumes, the above integral relation is equivalent to the differential form

of the continuity equation:

d (dp . {..9p 0 (.0p\ _
5(55) *y (“an) * o (”an) =0 (

where u 1s the horizontal velocity vector.

o
(W) ]
—




We obtain the equation for 7 by integrating Equation (2.3) from 7 = 0 to

n = 1, and employing the upper and lower boundary conditions for 7. which are
7(0) = 9(1) = 0; (2.6)

and the boundary conditions for B, which are given by Equation (2.1). The final

form of the = tendency equation is

57.’_ 1 8}) _ Ps .
_87~_/0v( )dr]_ V. (udp). (2.7)

u —
677 Ptop

[ 6]
~1

where dp is a function of A, ¢, and 7.
We obtain the vertical motion equation by integrating (2.3) from 0 to y.
Substituting for the dr/Jt term with the right hand side of Equation (2.7). we

obtain the vertical motion equation:

.dp _ ! dp ” dp .
[n%] (n) =B [ V- (u%) dn - ['9- (UE;) dr. (2.

The time rate of change of any dynamic variable, denoted by X. due to

o
o
=

advection is expressed in the hybrid coordinate system b/

(2.9)

— e —

0X __u 0X v?}ﬁ N L0X
e @cos© ON a Oy T

ot
where a is the radius of the earth. Since the vertical advection term is evaluated

at constant A and ¢, we use the chain rule to transform the n-derivative in (2.9) to

a p derivative, which yields

OX) | 0X_wx [.5]ox
ot ).,  acosp O\ ady 77677 op’

(2.10)

This is the form for the advection term we use throughout the forecast model.
The thermodynamic variable of the forecast model is the virtual potential

temperature 8, which is
1+
9=T (___@_8_q> ‘

)
5 (2.11)




where ¢ is the specific humidity. The variable P in Equation (2.11) is defined as

- ()
Po

where po denotes 1000 mb and « is the gas constant divided by the heat capacity.

(2.12)

k& = Rfc,. Two major advantages of using & in place of T are (1) an equation for
the vertical velocity, w = dp/dt, is not needed, and (2) the conservation of total
energy is easily satisfied for the finite difference formulation. We derive the discrete
form of the energy conservation equations in Chapter 3. We obtain the prognostic
equation for # by combining the advection term with the diabatic forcing, which
yields

The diabatic forcing, Qg, is due to radiation, latent heat release processes, horizontal

00 u 00 vQdb [.5[1]80

diffusion, and vertical mixing.

We write the hydrostatic equation in the form

g% = —¢pf, (2.14)
where ¢ is the geopotential and P is defined by (2.12). This form is chosen since
the finite difference form of (2.14) ensures total energy conservation (see Chapter
3 and Haltiner and Williams [1980], Chapter 7-2).

The moisture equation is usually written for the specific humidity, ¢. A
conservation equation, however, can be written for any continuously differentiable

function of q, which we denote by f{g]. The form of the moisture equation, which

is the same as the 0 equation, is:

oflg) _ _u Oflg] wvoflg _ [ﬁ@] aflq]

at _—acosup a a Oy an "3_17_'+Qf[q]- (2.15)

The forcing term, Q 1), is due to condensation/evaporation processes and turbulent

and cumulus vertical mixing. In NOGAPS 3.2 the moisture function is 1/ In(g).

10




Our choices for the variables describingthe velocity field are the vorticity, (,
and the divergence, D, since both ¢ and D are easily expanded in terms of Legendre
polynomials and the semi-implicit scheme adjustments are given in terms of D. The

vorticity and the divergence are defined by the relations

(= L -a_v.__a__( 2.16

" acosy [OA Oy ucos) (2.16)
and

1 [Ou & -

D—acoscp hg;-#gg(vcosga)]. (2.17)

We obtain ( and D equations by differentiating the horizontal velocity equations,

which are given by

Ou _ __u Ou_vou [.0p|0u
Ot  acospd\ ady 77617 Jdp
tan o 1 94 1 03¢0y 5
tu a Tv acos A acosc,787]3/\+Q" (2.18)
and
Qv _ __w Ov_wdv_ 1.0p|ov
Ot  acospd\ adyp "671 Op
_ptene o, 106 10¢0n )
Y “ adp adndyp Qu. (2.19)

The variable f denotes the Coriolis parameter,

f =2Qsin e,
with the angular rotation rate of the earth denoted by 2. The diabatic forcing
terms in (2.18) and (2.19) are due to vertical turbulent fluxes, gravity wave drag,
and horizontal diffusion. The second to last term on the right side of {2.18) describes

the forcing of the velocity field due to variations in the 5-coordinate with respect

to the terrain, and is evaluated as

(5),.. (55)
an Mo 7)) ,

11




where the subscripted variables indicate the variables that are held constant during

the partial differentiation. It is easily shown that at constant pressure (and therefore

9P\ (on\ _ _(oF
on A or p— on n'

We use this result together with the hydrostatic equation (2.14) to replace the

constant P) we have

terrain pressure term in (2.18) by

0o\ (On\ _ JP\ [On
(55) (5&) = o (-37) (5) ' (2.20)

A similar relation is obtained for the terrain pressure term in (2.19). With these

results, we write Equations (2.18) and (2.19) in the forms

@ —_ - u .@._22“_‘._ ?_R @_}_uvtanc’g_,_f
ot  acospd\ ady Ton| op v
1 0¢ 0 OP\ (or
Tacosp B\ Pacose (_a_w) (5/() +Cw (221)
and
oo _w w wow [0 unp
Ot ~ acospd\ adp n@n op YT “
19¢ 6 (0P\ (O~ 5
1%l (aw> (W) +Qu. (2.22)

We can now obtain the equations for vorticity and divergence by differentiat-
ing (2.21) and (2.22) and by using the definitions given by (2.16) and (2.17). The
derivation is simplified considerably by introducing the following definitions. The

cosine weighted velocities, which vanish at the poles, are given by

U=u? (2.23)
a
and
V= v°°:"°. (2.24)

12




We define the functions G, H, and I by:

6 = vic+n+iZ2| (%)

an) \ op
0 (2:) (g") cos? o — Q,,“’s"’, (2.25)
o 8)(8
——0 (?91,:) (g’;) Qum"’, (2.26)
and
I= <U2 ; Vz) CO‘:;O. (2.27)

The variable px, which replaces ¢ in the above definitions, is given by

(Y]
S
oo
~—~—

p = sine. (2.

Finally we define an operator, a(g, k), which operates on any two functions g and

h, by
1 dg  08h

= 2.2
a(g') h) COSZ(,QaA + 5= 6# (“"'9)

With the above definitions, we write definitions of the vorticity and the divergence

as

¢=a(V,=-U) (2.30)

and

D = (U, V), (2.31)

and the vorticity and the divergence equations as

%% = —a(G, H) (2.32)
and
g1-)-=oz(H -G) - Vo + 1) (2.33)

13




Equations (2.7), (2.8), (2.13), (2.14), (2.15), (2.30), (2.31), (2.32), and (2.33)
are the basic equations for the spectral model with a vertical hybrid coordinate
system. In the next chapter, we derive the vertical finite difference versions for
these equations and we show that these equations conserve the total energy for

adiabatic motions.

14




Chapter 3

The Vertical Finite Difference

Formulation

The vertical staggering of the variables is shown in Figure 3.1. We place subscripts
on the variables in order to designate the level of the horizontal grid point fields,
the variables’s spectral coefficients, or the discrete values of the functions A(7n)
and B(n). The total number of levels is identified by L; at present there are
L =18 vertical levels. The functions A and B, the pressure p, the function P that
is defined by (2.12), and the vertical velocity [70p/dn] are evaluated at the half
pressure levels. The half levels begin at the pressure p,,,, also denoted as py/2,
and end at the pressure ps, which according to the indexing system is p41/,. We

compute from (2.1) the discrete values of the pressures at the half levels as

Pr+1/2 = Ak41/2 + Biyrjam. (3.1)

15




Level Variables
1/2 Dtop, ﬁ1/2=0
] ccccceacan-
3/2
D eeeaccacca-
5/2
k-1/2 Pr-1/2s Pi-1/2, Nk-1/2
k """""" Uk’ Vka Dk) Chs okz f[(ﬂki ¢k
k+1/2 Pk+1/25 Pk+1/z, flk+1/2
L-1/2
L -ccccacaa--
L+1/2 ps, Ps, n124+1/2=0

Figure 3.1: The finite difference vertical structure of the forecast model.
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The values Ay, 1/; and Byyy/2 are arbitrary except at the top and the bottom where

they must satisfy the boundary conditions given by (2.2):

A1/2 = Ptop
A = Pep | (3.2)
By = 0
Bryiyz = 1

7

In NOGAPS, p;,p is set to 1 mb. The discrete values for A(n) and B(7) are given
in Table 3.1. At present the hybrid coordinate is a sigma-like coordinate system.
The virtual potential temperature 8, the moisture function f[g], the geopo-
tential ¢, the cosine weighted velocities U and V, the vorticity (, and the divergence
D are evaluated at the full levels, and their discrete values are indicated by: 6y,
f(qx)s &, Uks Viy (i, and Dy respectively (see Figure 3.1). From (2.1), we compute

the pressure depth for the k** layer as:
Apk = AAk + ABkﬂ’, (33)
where

AAy = Aiyry2 — Aoy,

ABy = Bryr/z — Br-aya-

At the half pressure level, we compute the function P as:

Piriz = (M) (3.4)
Po

In order to compute the temperature from the virtual potential temperature, P
must also be defined at the full levels. The definition of P; is that given by Phillips
(1974), which has the form

1 PZIilz - P:f}/z
Py = " . (3.5)
(k+1)p5 \ Prs+1/2 — Pik-1/2

17




Table 3.1. The discrete values of the functions A(n) and B(p).

Level

A

B

1/2

3/2

5/2

7/2

9/2

11/2
13/2
15/2
17/2
19/2
21/2
23/2
25/2
27/2
29/2
31/2
33/2
35/2
37/2

1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000

0.000000
0.015947
0.039867
0.071761
0.111628
0.159468
0.215282
0.279070
0.350831
0.435382
0.527741
0.622923
0.715947
0.801827
0.875581
0.932226
0.966777
0.989369
1.000000

18




This form is exact for an isentropic atmosphere as demonstrated by Tokioka (1978).
We calculate the pressure values at the full levels by taking the values of P in (3.5)

and inverting the definition (2.12), which gives the result
1/x ‘
Pk =poP . (3.6)

In order to compute the right hand sides of (2.7) and (2.8) for 7 and [0dp/dn]
respectively, we must vertically integrate the velocity and the mass divergence. In
performing these integrals, we assume that the velocities are constant in the layer

Api. With this assumption, the right hand side of (2.7) is computed as

or L -
== Y [AAD + AB M. (3.7)
1=1

The quantities D; and M; are the layer ! values of the divergence and mass diver-

gence:

D, = V-ul, (38)

M, = V.(ru). (3.9)

We integrate (2.8) by using the same integration strategy as we used in the deriva-

tion of (3.7), so the vertical motion is given at the half levels by

9
L

L k
] = Bk+1/2 Z (AA[D( + AB/M;) - Z (AA[D[ + ABM)). (3.10)
k+1/2 I=1 =1

Note that (3.10) satisfies the boundary conditions given by (2.6), namely:

.ap} [.8;7]
N = N =0. (3.11)
[ dn 1/2 on L+1/2

The half pressure level values for U, V, and 6 are also needed to evaluate the
vertical advection terms for the vorticity, divergence, and temperature equations.

The finite difference form of the vertical advection term that is consistent with the

19




flux conserving form is given by Haltiner and Williams (1980) as

(12, - 2., (%)
anj op /), 944172 Aps
4 [ Bp} (Xk_‘Xk—l/2>’ (3.12)
877 k-1/2 Apk

where X represents any dynamic variable. The choice of the interpolated values of

X is crucial to the energy conservation of the vertical finite difference scheme. The
interpolation that conserves the square of X is given by

X + Xk+1) .

Xir1/2 = ( ) (3.13)

We use the interpolation given by (3.13) for the velocities, Uky1/2 and Vigy/2. With

(3.13) we now write the vertical finite difference forms for (2.25)-(2.27) and (2.27)-

(2.33) as
31’] (Vk+1 - Vk) [.ap] (Vk - Vk—l)
Ge = +)+ S ) b ML)
k (C f) [ 67) k412 2Apk / nan k12 2Apk
oP\ 0
vt (Gr) - Qu e on
’ 3}’] (Uk+1 - Uk) [6;;} (Uk - Uk-l)
H, = Vi((+ ok SR A [ Pt MLl d
* €+~ [ 67; k+1/2 2Ap; n@n k-1/2 2Ap;
c,,Gk Qﬂ avr QU,,COS‘P’ (3.15)
“a? \or
2 2 2
I = (Uk+v'=) @ (3.16)
2 cos? @
G = a(Vi,~Us), (3.17)
Dy = a(U,V), (3.18)
0
B = —a(Gi Hy), (3.19)
and
9Dx = a(He,—Gi) — V(¢ + L) . (3.20)

ot
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In order to calculate (3.14) and (3.13), we must evaluate the term (9P/Or ). This
is done by inserting the definition (3.1) of px4+1/2 into the definition of Py given by

(3.5) and differentiating with respect to m. The final result is

0P [Brarsz (Perrjz = Pi) + Bicapa (Pc = Pecapa)
= . (3.21)
on Apk

where we have used the definitions of Py and Piyy/; in order to simply the final
relation.
We vertically integrate the hydrostatic equation (2.14) to obtain the geopo-

tential field @x. The result above the surface layer (i.e. 1 <k < L)is
Okt — Ok = —Cpbkyr2 (Provr — FPr): (3.22)
and in the surface layer the geopotential is computed as
L =ds+ 0L (Prarsz = Pr), (3.23)

where ¢5 is the surface geopotential given by gzs.
The vertical finite difference formulation of the virtual potential temperature

equation (2.13) is given by

00y .3}’] <0k+1/2 - 9k)
— = —u,-V(0,) - |n=— = -
5 u,-V(0) [7737’ /2 Aps
.612] (91: - 01:-1/2)
_ {9 %= %12) | @, 3.24
[nan b1/ Apk Q0 ( )

We determine the interpolation formula for 6 on the half level pressure surfaces by
computing the total energy and requiring that the adiabatic vertical finite difference
equations conserve energy. In the following discussion we again draw heavily from
the work of Haltiner and Williams (1980). In the layer Apy, the kinetic energy is
defined as

2 2
Ke, = Ape (“" ; ”") . (3.25)
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We compute the kinetic energy equation by first formulating the vertical finite dif-
ference equations for u and v, which are given by (2.21) and (2.22), and multiplying
the uy and v, equations by Ap,u, and Ap,vi, respectively. The result, with the

right and left hand sides of the kinetic energy equation having been switched. is

0 (u?+ v? u? 42
Grg, = A.‘Pkgt'( kg )+ ApiVi -V kQ u

. [ﬁgg] (uk-HUk + Vg1 Uk — Ul — vZ)
on k+1/2 2Apx

_ [n_a_p} (uk_luk+vk_1vk+ui+vz ) . (3.26)
aT] k-1/2 2API¢

The term Gk, is the generation of kinetic energy, which is composed of the terms

oP,
Okg, = —Apuk - Vér — Apicyby (a_;) ug - Vr + Apeug - Qu - (3.27)

The vertical finite difference form for the pressure equation (2.5) is

g (Ape) + V- (uxdpi) + [ﬁap} [r‘;a”] =0 (3.28)
s \* k ) k A - - = V. N4
ot d k+1/2 S/} P

By multiplying Equation (3.28) by (u2 + v?)/2 and adding this result to Equation
(3.26) we obtain the final result, which in flux form is

61\’Eh

5tV (uKe) + Py, o~ Fis,,,, = GKe,- (3.29)

where Fy are the vertical fluxes,
Exsir2

.Op UpprUk + Uiy 1Vk
Fren,,, = ["6_71] Hm( , ) . (3.30)

The sum over all levels, together with the integral over the entire sphere,

reduces the left hand side to the time derivative of the total kinetic energy of the
atmosphere. We simplify the generation term by first integrating by parts the first

term of (3.27). and then using Equation (3.28) tu obiain the result that

oA .0 .0
Org, =  —V-(ukdpk) — o (—5—& + [Tla—p] - [Tl'aﬂ} )
t Mlks1/2 Mle-1y2
—Apkc,.Ok%%uk - V. (331)
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Adding and subtracting the term,

.0 , .0
[77;92] Ok+1/2 — [U'a—p] ¢k—1/2
N3 k+1/2 Mk-1/2

to the right hand side of (3.31) and using the definition of Api given by (3.3). we

obtain
on
Kg, = ~— V- \UgApk) — @k \ Bk+1/2 — Bk-1/2) 57
G V- (ukApi) ~ ¢k (B B )az
.Bp] [.61)]
ol B A Oksr/2 — |7 k-1
([ dn k+1/2 ¥ on k=1/2 i
.ap] .Op ,
+ 15 Pks172 — Ok ) — [n—] Ok — Pk
[ an k+1/2( ¥ ) 67’ k—1/2( 1/2>
—Apkcpﬁk%iiuk - V. (3.32)

The final form is obtained by adding and subtracting the term,

on
(Bk+1/2¢k+1/2 - Bk-—]/2¢k-l/2) TR

to (3.32), with the result

.Op .Op
Oke, = -V (ukdelpi) - ([n—] Okr1/2 — [q-—] Ok /2)
: 617 k+1/2 i an k-1/2 1
371' aﬂ'
- (Bk+1/2¢k+1/2 - Bk-1/2¢>k-1/2) Bt + Bit1)2 (¢k+1/2 - Gk) E
ar .Op ,
—Bi_1j2\ bk = k-rp2) 77 + [T}—] Oks1/2 — Ok
( ) at 57] k+1/2( + )
sl Ui G — Sk-1/2) — Aprcyf—7—uy - V. (3.33)
[ M Y412 ( 2) L

Note that the first three terms of (3.33) are in flux form, so they integrate to zero
over the entire atmosphere.

The derivation of the total potential energy equation (the sum of the internal
energy plus the gravitational potential energy) starts with the writing the tempera-

ture equation from the potential temperature equation given by (3.24). The virtual
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temperature is related to the virtual potential temperature by

and therefore we write the virtual temperature equation as

oT,
—aTk + uk-V (Ty)

.0 T, - T .0 Ty — T
+ [n_lz] ( k+1/2 k)+ [ﬂ—e] ( k k 1/2)
dn k+1/2 Apy n k-1/2 Apk

0P, [3 } [-317] (Tk+1/2 - Pk0k+1/2)
= Oh— = +ux - V{(r)+ 1=
*or |0t k () "an k41/2 Apy
Pby_y/o —T,_
+ [17_6_1)] ( kYk-1/2 k 1/2) +Qek, (335)
dn k=1/2 Apk

where we have added the term,

2, ()1 (52
n k+1/2 Bpk On k-1/2 \ OPk

to both sides of Equation (3.35). The total potential energy in the layer Apy is

defined by
Pg, = ¢, T Apy. . (3.36)

We dbtain the equation for Pg, by multiplying Equation (3.35) by ¢,Ap; and
multiplying Equation (3.28) by ¢, T, and then adding the resultant equations. The

final result is

0P,
ot

+ V- (uPg,) + fPEkﬂ/z . fPEk—lﬁ = gPEk y (3.37)

The vertical fluxes FPg,,,,, are defined by

0

fPB,,,H/, = [1’67] (cka-H/Z) ’ (338)

]k+1/2

and the generation of total potential energy is given by

oP. | 0
gPEk = cPGkApk—a—;— [5{ +ug - VJ (TI’)
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.0
+ [17513] (Tk+l/2 - Pk0k+1/2)
M k172
.0
+ [”EEJ (P WO-1y2 = Tk—l/z) + cpApkQs, - (3.39)
k—1/2

We obtain the equation for total energy by adding (3.29) and (3.37), and then
summing over all levels and integrating over A and ¢. By comparing the generation
terms given by Equations (3.33) and (3.39), we observe that, in order to conserve
total energy, the following three terms must match in the Gx; equation and in the

Gpg, equation:

Brs1/2 — Pk = Cp (Tk+1/2 - Pk9k+1/2) ) (3.40)
e — Pr-1/2 = Cp (Pkak—lﬂ - Tk—1/2) ) (3.41)
and
0P,
Biy1/2 (¢k+1/2 - ¢k) — Bi_y)2 (¢k - ¢k-1/2) = c,0: Apk —8?k (3.42)

Equations (3.40) and (3.41) are equivalent to the hydrostatic equation (3.22). This
can be seen by solving Equation (3.41) for ¢x41/2 (by changing the index k to k+1)
and substituting the result into Equation (3.40). We rewrite the third condition,
(3.42), using the results of (3.21), (3.40), and (3.41) to obtain the result that

By (Tk+1/2 - Pk0k+1/2) ~ Bx_1p2 (Pk9k-1/z - Tk-l/2)

= Biy1/20k (Pk+1/2 - Pk) + Bi-1/20k (Pk - Pk-l/Z) . (3.43)
Equation (3.43) will be satisfied if the following two relations hold:

Tiet172 = Pibiyry2 = Ok (Pk+1/2 - Pk) (3.44)

and

Pibi_1y2 — Teerpr = 0k (Pe — Pecapa) - (3.45)
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Solving Equation (3.45) for Ty+1/2 and substituting into Equation (3.44), we obtain

the necessary interpolation form for fi41/2:

Peyrj2 — Pi Piy1 — Peyry2
0 =0, | ——— g _ ), .
k+1/2 k ( Pers — P + k41 Poor — P (3.46)

Note that 6¢,1/2 is a nonlinear interpolation of the function P. This interpolation
is a price one must pay to ensure that the vertical finite differencing conserves total

energy.

We write the vertical finite difference form for the moisture equation (2.15)

as
af[‘]]k {,ap] {f[(I]kH/z ~ flale }
8 L V4 - |p==
ot Ui (f[Q]k) T’an ka1/2 Api
. ap] {f[‘ﬂk - f[Q]k—l/z}
— o= + Q1(a0)- 3.47
[77 an eo1/2 Apk Qf(q ) ( )
We chose the interpolation formula of f[g] that is a linear interpolation in P,
namely:
Pk+1/2—Pk) (Pk+1-Pk+1/2>
= _t |+ —_—]. 3.48
flalk+r/2 = flalen ( Pers - Pi flalk Perr— Ps ( )

This interpolation does not formally conserve ¢, so it may not be appropriate for
climate simulations.

Equations (3.7), (3.10), (3.14)-(3.20), (3.22)-(3.24), and (3.47) are the equa-
tions for the discrete vertical fields of the model. In the next chapter we discuss
the spectral representation of the fields, the transformation between the variable’s
grid point and its spectral representation, and the computation of the horizontal

derivatives.
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Chapter 4

The Spectral Expansions

In this chapter we first derive the spectral representation of the field variables and
discuss the nature of the corresponding Gaussian grid point values. In the following

section the spectral filtering of the terrain field is briefly discussed.

4.1 The Spectral Expansion of the Variables

The n, (&, Dk, 0k, and f(qx) fields are the dynamic variables of the forecast model.
They are expanded in terms of spherical harmonics, which are the associated Leg-
endre polynomials, P™ (u) multiplied by the complex Fourier series, e™*. The
subscript n is the total wavenumber. The series are truncated assuming a triangu-
lar truncation with M indicating the total number of resolvable waves. At present,
NOGAPS 3.2 has a spectral resolution of 79. The spectral expansion of any variable

X is written as
M M ,
X mty= Y Y X)) PP (p)e™ (4.1)

m=-M n:lm’
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The spectral coefficients X (¢) are complex and satisfy the condition ensuring that
the field X is real:
X7™(t) = [ X2 ()], (1.2)

where the asterisk indicates a complex conjugate.
The spectral coefficients are obtained from (4.1) by applying the orthogonality

property of the spherical harmonics:
1 1 2r .
X (1) = _/ / X (M gy t) P™ (1) e~ "™ dAdp. (4.3)
2w J-1Jo

The grid point values of the fields are evaluated at points that facilitate the exact
evaluation of the sums in Equation (4.1) and the integrals in Equation (4.3). The
integral with respect to A in (4.3) is performed using a fast Fourier transform (FFT).
Accordingly, there must be at least 3(M + 1) evenly spaced, discrete values of A,

which are given by

{

After the FFT integration, Equation (4.3) can be written in the shorthand form,
1
Xzt = [ F X1, 0) P (w) (4.5)
where F™ [X] (p, t) is the Fourier transform, defined by the integral relation,
1 2” —imA
Fr X wt) = 5= [ X omt) e ™ (4.6)

The remaining integration of (4.5) is performed using the method of Gaussian
quadrature. This procedure is based on the theorem that, given any polynomial

g(u), of degree 2n — 1 or less, the integral of g from -1 to 1 is computed exactly as

/_llg(u)du = Z:wjg(u]),

28




where p; are the roots of the Legendre polynomial P2(u) and w,, are the weights

o A e

The roots and the weights are tabulated by Carnahan et al. (1969). The integrand

given by

n (4.5) can be shown to be a polynomial in u of degree less than or equal to 3M,
so that the minimum number of latitudinal points needed is (3M + 1)/2. These
latitudinal points, which are identified by y;, are called the Gaussian latitudes.
The spectral coefficients are finally evaluated by using the results of the Gaussian

quadrature theorem:
(3M+1)/2
XT)= 3 wiF"[X](ust) BT (1)) (4.7)
i=1
The discrete grid point values for the fields, X ;(t), are obtained by evaluating
Equation (4.1) at the Gaussian grid points,
Xi;(t) = Z Z X7 () P™ (p;) e™N. (4.8)
m=—m n=fm|
The summation over m in (4.8) is performed using FFT’s. The grid point values
of the horizontal derivatives are needed for the calculation of the time tendencies

of the dependent variables. The discrete values of the horizontal derivatives are

obtained from the expansion (4.1), which we use to obtain

X M X :
[.a_/\_] ()= 3 3 imXI ()PP (n)e™ (4.9)
1 m=—m n=jm|
and
5, 0- . n o FEwes
[ m=—m n=|m|

The evaluation of the advection tendency terms requires the computation of

the grid point values of the cosine weighted velocities, Uy and Vi. To obtain the
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spectral expansions for the velocity components, we first introduce the streamfunc-
tion ¥ and the potential function xx. The velocity vector uy is expanded in terms
of ¥ and xi as

ux = Vxx — Vx (k) (4.11)

where k is the unit vector in the vertical. The vorticity and the divergence are

related to the streamfunction and to the velocity potential by the relations
(k= Vi (4.12)

and

Dr = Vxk. (4.13)

We obtain the expansions for the cosine weighted velocities, Uy and Vi, from the

results of (4.11):
_10xe cos? ¢ O
" a? 9 a? ou’

U, (4.14)

and

cos®dxk , 1 0y

Vi = a2 Op a® 9\’

(4.15)

The spherical harmonics, P™(u)e'™*, are eigenfunctions of the Laplacian operator,

V2, with the eigenvalues, — [n(n + 1)/a?]:

n(n+1)

) } P™(p)e™. (4.16)

v {Pr(iem) = - |

The above eigenvalue equation is used to obtain the relationship of the spectral
coefficients of the vorticity and divergence to the coefficients of the streamfunction

and the divergence:

o= - 2 v @1
D&h=- [Fﬂg_lz] Xkn- (4.18)
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Inserting the spectral expansion of the form given by (4.1) for the streamfunction
and the potential function into Equations (4.14) and (4.15) and using the relations

(4.17) and (4.18), we obtain the final spectral expansion for the velocity fields as

Uehnt) = mf_:M élkan( T () e
and
Bhwt) = mgél—ﬁ—l—)cmw (1)
- f: 5% —Es—zi—Dk’?z(t)iwe‘"”. (4.20)

The spectral coefficients of the vorticity and the divergence can be obtained from
the grid point fields of Uy and Vi by using the spectral representations, which are
giver by (4.19) and (4.20), the orthogonality of the expansion functions, and the

zero boundary conditions of Uy and Vj at the poles. The final form is written

1 727 1 um ;
- R V A m imA
kn\t) o / /1 COS2 k( 9/""t) Pn (#)3

2 (#) A
em 4.2
+ 21r/ ./Uk)‘u’ dp ’ (4.21)
and
1 727 ' im .
™ (4 = - A Pm iml

DA = g [ [, sl t) PR (e
1o dPP(B) o ,
— [ [ Ve e, (4.22)

The above integrals are calculated in the same manner as Equation (4.7).
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4.2 Spectral Filters and the Terrain Field

For any field that is expanded in terms of spherical harmonics using Equation (4.1),

a spectral average (spectrally smoothed) field, X, can be defined as

X(\, p,t) Z Z o, X™ (t) P (p) €™, (4.23)

m==M n=|m|
The spectral filter coefficients, o,, depend only on the total wavenumber n. Differ-

ent examples of filters are the Sardeshmukh and Hoskins (1984) filter:

_ n(n + 1) '_
o, = €Xp — [m] ' (424)

the Bartlett filter (Jenkins and Watts, 1968 , Section 6.3.5):

n

On=1- i (4.25)
the Tukey filter (Jenkins and Watts, 1968 ):
On = ! (1 + cos E) ; (4.26)
2 M
and the Lanczos (1956) filter:
Op = i‘%:_;’#_) (4.27)

In order to lessen the effect of negative terrain caused by spectral truncation,
we apply a spectral filter to the terrain field. Comparisons of the various filters to
the unfiltered silhouette terrain are presented in Table 4.1. The results are for a
spectral resolution of 47 and the units are in meters. The rms difference is the root
mean square difference of the filter to the silhouette terrain. The unfiltered field is
the terrain field that has only been spectrally truncated (that is ¢,=1). It was felt
that the Lanczos (1956) filter produced the best results of the filters (4.24)-(4.27);

i.e., reducing the negative overshoots of the terrain with the smallest rms difference.
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Table 4.1: Comparisons of different filters to the silhouette terrain for a spectral
resolution of 47.

Filter Max Min RMS
Type Height | Height | Error

Silhouette | 5912.17 0.0 -
Unfiltered | 6457.05 | -700.80 | 176.79
Lanczos 5717.10 | -93.817 | 245.89

Sardeshmukh | 5241.42 | -235.274 | 333.31
Bartlett 5047.76 3.67 280.80

Tukey 5496.15 | -42.2809 | 275.59

It is of interest to note that the Bartlett filter gives non-negative results but the
maximum heights are greatly reduced. The final terrain field used by the model is
given by the spectral representation,

-y >

m=-M n=|m|

sin(nm /M)

m pm imA
“aniM — 2y P (k) €™, (4.28)

The unfiltered spectral coefficients, ZT*, are obtained from a spectral representation
of a silhouette profile of the U.S. Navy’s global terrain field, which has a horizontal

resolution of 10 minutes.
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Chapter 5

Nonlinear Normal Mode

Initialization

The removal of inconsistencies between externally derived initial conditions (as
obtained from an objective analysis scheme) and the internal dynamics of the
NOGAPS model is achieved through the use of nonlinear normal mode initial-
ization (NNMI), as originally proposed by Machenhauer (1977) and independently
by Baer (1977) and Baer and Tribbia (1977). In this section, we derive the nor-
mal modes of the NOGAPS model and describe the initialization procedure used
to achieve a balanced set of initial data. To accomplish this, we need only con-
sider the adiabatic model equations linearized about some basic state, in a manner
analogous to that used in Chapter 7 to derive the semi-implicit time differencing
scheme. In general, the basic state that is chosen is a state at rest with a uniform
pressure and temperature field given by p, = § and T = T(7), where p is the
pressure at some height, p, is the surface pressure, T(7) is the temperature defined
on n-surfaces (n being a hybrid vertical coordinate defined in Chapter 2) and the

overbar denotes a suitable horizontal average. Note that the choice T = T () differs
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from the isothermal basic state used in the semi-implicit scheme. In tests with the
NOGAPS model, the former appears to be better suited for use with the NNMI
iterative procedure described in Section 5.2. As pointed out by Errico (1987), the
mode structures are independent of P, but depend significantly on T(7) in that
T(n) should correspond to a statically stable environment. In the NOGAPS model,
T(n) is taken to be the global mean values of T(n) derived from a specified data
set. In order to get a limited eigenvalue problem, a separation of the equations into
vertical and horizontal structures is sought (Andersen, 1977). The development

outlined in this section closely follows that of Errico (1987) and Andersen (1977).

5.1 The Normal Modes of the NOGAPS Model

As in most numerical forecast models, the dependent variables in the NOGAPS
model are defined on discrete surfaces as described in Chapter 3. It turns out
that it is simpler to describe the derivation of the vertical modes in terms of this
discrete structure. Thus, we consider the dependent variables to be column vectors
at discrete points whose elements are the dependent variables on the L model -

surfaces (L=18); e.g.,
Q(Aa I‘) = [x(l‘v )‘a 771)’ I(ua A’ 772)v ey I(’\v Hy WL)]T ) (‘51)

where an underline denotes a column vector with L data elements z. The symbols
A and p are the longitude and sine of the latitude, respectively, and the superscript

T denotes a transpose.

Using the notation in (5.1), we can write the adiabatic, linearized vertically

discrete model equations in the form

¢

= = =20 -2V, .
Y 20QuD - 29V, (5.2)
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aD

ot

08

.a-t_ - _AQ,
o 1
E = —q Qa

where

¢ = V) is the vertical vorticity,

D =V? X is the horizontal divergence,

8 = T(po/P)*/° is the potential temperature,
T = P ~ Pop;

U = u(cosp)/a,

V =2u(cosy)/a,

po = 1000 mb,

Y is the streamnfunction,

x is the velocity potential,

u, v are the horizontal velocity components,
 is the angular velocity of the earth,

Prop 15 the pressure at the top of the model,
@ is the latitude,

u is the sin,

a is the radius of the earth,
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V? is the horizontal Laplacian,

and the operators A and q are discussed below.

In the linearized form of the model, the time-tendencies of the velocity fields depend

on the thermodynamic fields via the pseudo-geopotential
¢=9¢ +Bl+ecr, (5.6)

where ¢ _is a vector whose L components are all equal to the terrain geopotential

5.

Note that in the vertically discrete form, certain operators in (5.4)-(5.6) take
the form of matrix or vector operators that closely resemble those derived in Chap-
ter 7 for the semi-implicit time differencing scheme. For the purposes of this dis-

cussion, we need only note that

B = B(T,p) is an L x L matrix related to the linearized hydrostatic relation,

A = A(1706/0n) is an L x L matrix related to the linearized vertical advection of

potential temperature,

¢ = ¢(T,p) is an L-column vector related to the linearized hydrostatic relation

and to the n-coordinate representation of the pressure gradient force,

q is an L-column vector with elements A7, and is proportional to the discrete

form of the integral operator [y dn.

We can differentiate (5.6) with respect to ¢t in order to obtain

0d af or
= ~— 4+ cC

F T
and then use (5.4) and (5.5) to write

0% ..
Et— = —S_Q_, (D.b)
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where

S = (BA +cq”) (5.9)

is an L x L matrix. The prognostic equations (5.2), (5.3) and (5.8) form the
foundation for the separation of the dependent variables ¢, D and ¢ into horizontal
and vertical structures.
In the NOGAPS model, the normal mode decomposition of the fields is carried
out in terms of the spectral representations of the dependent variables (Chapter 4).
Accordingly, we obtain the spectral representations of (3.2), (5.3) and (5.8), by
expanding the dependent variables in the form
M M
z(\ p,t) = mgM ngnlz::‘(t) P () exp(im)), (5.10)
where z is a column vector of spherical harmonic coeflicients, and P*(u) is an
associated Legendre polynomial of order m and degree n. Because (5.10) is trun-
cated (triangularly)} at zonal wave number M (M=79), (5.2), (5.3) and (5.8) are

transformed into a finite system of ordinary differential equations given by

d
-Jt-_n"‘ = =2QuD} -2V, (5.11)
d n(n+1)
- D™ = m _ m m 1
dt‘Q" 2Qu¢™ - 2QU7 .+——~‘12 o, (5.12)
d
—o" = -SDI. 5.1.
e Dy (5.13)
The problem obtains a more suitable form after using the definitions
m e €
uy = ————D — =(" ‘ntl em . 5.14
" nn+1) " n n-1 ¥ -+-1"+1 (5.14)
m e €
m — - m n m Tl m .1"
Vn n(n + 1)Cn + n n-1" n + Dn+l (5 3)
and the recurrence relation
BT = €T+ €T (5.16)
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where

n? — m21/?
€n = [m] : (5.17)
to rewrite (5.11)—(5.13) in the form
dtg.n - 29[ (n+1)£n €n ( n )—n—l n+1 (n+1)Dn+l} , (5.18)
m m n +1 m n ~m
EEQ" —29[ (n+1)’2“+6 ( n >— +£"+‘(n+1>5"+‘]
1
+ 20t Dgn, (5.19)
d__. m :
Egﬂ = —SQn . (5.20)

5.1.1 Vertical structure

The only vertical coupling in (5.18)-(5.20) bccurs through the matrix operator S
n (5.20). Thus, the separation of the horizontal and vertical structures is obtained
by first computing the eigenvectors of S. These eigenvectors represent the vertical
structures of the normal mode solutions, while the corresponding eigenvalues play
the roles of the equivalent depths in a series of shallow water equations. The vertical

structures are determined by solving the eigenvalue problem
SZ = ¢gZH, (5.21)

where g is gravity, Z is a matrix whose columns are the eigenvectors z, (i.e., the
vertical modes), and H is a diagonal matrix whose elements are the eigenvalues
Hy (i.e., the equivalent depths). In the NOGAPS model, the vertical modes are

normalized such that

L
E ezt O =1, (5.22)
k=1
for each vertical mode £ = 1,..., L, where 2z, represents the kth 7-level component

of the £th vertical mode, and the values A, are the discrete components of dn that




would appear in the vertically continuous form [ z,2z,dn = 1. It should be noted
that, in the NOGAPS model, the vertical modes are not orthogonal in the sense

that

L
3 2k zke Ane =0, for j # ¢, (5.23)
k=1

is not true in general. Thus, strictly speaking, the vertical modes do not contribute
independently to the total variance of the fields. However, the vertical modes do
satisfy (5.23) to a very high degree for all but the shallowest equivalent depths, and
therefore, are extremely useful in conventional initialization applications; i.e., in
controlling spurious high frequency gravity waves that arise due to inconsistencies
between analyzed data and the internal dynamics of a numerical model.

A typical set of values of T(n) for NOGAPS 3.2 is shown in Table 5.1. The
corresponding vertical modes z, are shown in Figures 5.1-5.6. The values of T(7)
in Table 5.1 are the global mean values at each 7-layer obtained from an extended
forecast produced by the NOGAPS model. The 18 equivalent depths H, are also
shown in Table 5.1, ordered from largest to smallest. Note that the values range
from nearly 10 km for the external (¢ = 1) mode to only a few hundredths of a
meter for the shallowest internal (¢ = 18) mode. Recall that the equivalent depths
H, in Table 5.1, and the vertical modes z, in Figures 5.1-5.6, are the eigenvalues
and eigenvectors, respectively, of the vertical structure equation (5.21).

The vertical modes of the NOGAPS model shown in Figures 5.1-5.6 are typ-
ical of those in other models having similar vertical resolution (cf., Wergen, 1987).
In particular, we see that the external mode in Figure 5.1 is equivalent barotropic
(i.e., approximately independent of pressure) throughout the depth of the model
atmosphere, while vertical modes £ = 2 and ¢ = 3 exhibit one and two sign changes
with height, respectively. It can be seen in Figures 5.2-5.6 that the number of

zero crossings for each mode increases by one for successively shallower equivalent
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depths. Note that, in general, the shallower modes have their greatest amplitude
in the lower troposphere. However, because the modes have been normalized ac-
cording to (5.22), no meaningful comparison can be made between the amplitudes
of different modes at a given vertical level.

Because the vertical eigenvectors form a complete set, a vector of 5-surface
data values can be expanded in terms of these eigenvectors to obtain a vector
of vertical mode coefficients. Thus, the transform, or projection of a dependent

variable z* onto the vertical modes is given by
g™ =7 1", (5.24)

where 7 represents the transformed vector of vertical mode coefficients and the
superscript —1 denotes an inverse. Conversely, the vector of 7-surface values can

be determined from the vertical mode coefficients via
zp =217 . (5.25)

By applying (5.25) to the prognostic equations (5.18)-(5.20), we can transform that
set into one describing the tendencies of the vertical mode coefficients. When this
is done, (5.18) and (5.19) retain the same form, except that the dependent variables
are replaced by the transformed ones. In contrast, the form of (5.20) changes; the

new relation is obtained by using (5.25) combined with (5.21) to yield

d Fm
4

—gHD™. (5.26)

Thus, for each vertical mode ¢, we have
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Table 5.1: Values of T(7) from a 30-day simulation with the NOGAPS model, and
the set of equivalent depths H,, corresponding to the vertical modes in Figures 5.1-
5.6. Note that £ is a model index for 7 and T, but refers to the ordering of the
vertical modes in the case of H.

€| 7 p |T(K)| H(m)

1 | 0.008 | 899 |229.25 | 9669.53
0.028 | 28.97 | 209.14 | 3224.16

w N

0.049 | 49.95 | 198.15 | 801.71

>

0.092 | 92.91 | 199.12 | 308.66
0.136 | 136.86 | 214.05 | 130.55
0.187 | 187.81 | 217.82 | 63.85
0.247 | 247.75 | 227.33 | 40.60
0.315 | 315.69 | 236.96 | 21.30

© 00 9~ O O

0.393 | 393.61 | 247.70 | 11.48
10 [ 0.482 | 482.52 | 258.23 | 6.63
11 } 0.575 [ 575.43 | 266.92 | 3.99
12 | 0.669 | 669.33 | 273.94 | 2.36
13 1 0.759 | 759.24 | 279.79 | 1.45
14 { 0.839 | 839.16 | 283.94 | 0.75
15 | 0.904 | 904.10 | 287.66 | 0.40
16 { 0.950 | 950.05 | 290.40 | 0.18
1710978 | 978.02 | 291.83 { 0.10
18 [ 0.995 { 995.01 | 292.08 | 0.02
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Figure 5.1: The vertical modes of the 18-level NOGAPS model, based on the

parameter values in Table 5.1, for vertical modes 1-3.
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parameter values in Table 5.1, for vertical modes 4-6.
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Figure 5.3: The vertical modes of the 18-level NOGAPS model, based on the
parameter values in Table 5.1, for vertical modes 7-9.
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Figure 5.4: The vertical modes of the 18-level NOGAPS model, based on the
parameter values in Table 5.1, for vertical modes 10-12.
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parameter values in Table 5.1, for vertical modes 13-15.
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Figure 5.6: The vertical modes of the 18-level NOGAPS model, based on the
parameter values in Table 5.1, for vertical modes 16~18.
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iR = QQL(:Z e (M )0 (3 1)D*T+”} (5.27)

%D’T‘ - 2Q[n(::- et () et ) f}
n(naj Dor,, (5.28)

%‘i”éﬁe = —gH D7, (5.29)

5.1.2 Horizontal structure

For a given vertical mode ¢, the system of prognostic equations (5.27)-(5.29) is
decoupled from that for any other vertical mode. Each system represents a set of
shallow-water equations on a sphere with the corresponding equivalent depth H,
as its scale height. For a given equivalent depth, the horizontal structures of the
normal modes are determined from the eigenvectors of this system.

Equations (5.27)-(5.29) obtain a more convenient form if we use the dimen-

sionless forms

t = Qt,

gm o= (m/a,

D™~ = Dm/q,

" = o7/0%*,

and introduce the transformation

(m = —~ha 0", (5.30)
Dpr = ik, D™, (5.31)
o = ¢, (5.32)
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where

_ gH/N%a? 1/2
hne = (-————-—n(n ) . (5.33)

As discussed below, the dependence of the transformation of vorticity and diver-
gence on n in (5.30) and (5.31) enables the prognostic equations to obtain a simple
symmetric form well suited for solution as an eigenvalue problem. Note that no such
transformation of the pseudo-geopotential is required and that (5.32) is included

only for notational consistency. The resulting dimensionless system can thus be

written
d w3 " .
dt no= Al G+ el Dy + el DR, (5.34)
%-: = b O7 + DR +an (i + ey (T (5.35)
%67 = ey D71, (5.36)
where
wp=b=c=0, (5.37)
and
m ~2¢ 12 ]
ap = —=[(n+1)(n-1)J7", (5.38)
by = [5:112 n(n + 1)]1/2 : (5.39)
= Jf—m;T)- (5.40)
1/2
€ = [%;;_Yn—;] : , (5.41)

for n > 0. For convenience, the subscript ¢ is implied, as well as the primes denoting
the dimensionless quantities.

Equations (5.34)-(5.36) separate into independent sets for each zonal wave
number m. Thus, m may be considered a parameter of the problem, as is H,. and

may be dropped as a superscript unless otherwise necessary. Furthermore, it turns
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out that for each m, (5.34)-(5.36) separate into two independent systems: one in
which there are only even values of (n — m) for D,’:‘ and (f’? and odd values for
(™, and one in which the even and odd conditions are reversed. These two systems
are called the symmetric and antisymmetric cases, respectively, in reference to the
symmetries of the dependent variables about the equator. Note that the reference
to the symmetry of the fields about the equator should not be confused with the
symmetric form of the equations themselves, which occurs in both cases.
For the symmetric case, (5.34)-(5.36) may be written in the form

dXs
dt

[&1]
SN
o

= iMsiSa (
where the subscript S denotes the symmetric case and Xs is the vector
is = (&,Oa DQ, C.l) 629 Dz’ 637 ey 61\’—2’ DN-—?v 6N—1)T ) (‘543)

and Mg is the matrix

(0 b6 0 0 0 0 o o o )

bp ¢o a3 0 0 O 0 0 0

0 a1 0 a» 0 0 0 0

0 0 0 0 & 0 0 0 0

0 0 a; b, ¢ a 0 0 0

Mg = LR (5.44)

0 0 0 0 as C3 0 0 0

0 0 0 0 0 0 ... 0 byvo O

0 0 0 0 0 0 ... bv_y CN_2 an_1

L0 0 00 0 0 ... 0 avo cn-1 )

The single subscripts in (5.43) and (5.44) denote values of (n — m) and the super-

script m is implied. The value NV denotes the truncation size associated with zonal
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wave number m, which for a triangular truncation at wave number m = M is given
by N = M — |m| + 1. Thus, the truncation size N decreases with increasing zonal
wave number m, such that N =M+ 1lform=0, N=Mform=1,N=M -1
for m = 2, and so on, down to N =1 for m = M. The relationshin bctween the
truncation size N and the order of the matrix Mg is discussed below. It should be
noted that the last element of X5 in (5.43) has been described for the case when N
is even; when N is odd the last element of Xs is Dy_;. Similarly, the matrix Mg
has been described for the case when N is even, otherwise the last row and column
will have forms like the next-to-last row and column in (5.44).

For the antisymmetric case, (5.34)-(5.36) may be written in the form

dx x = -
—dTA = lMAXA, (5.40)

where the subscript A denotes the antisymmetric case and X4 is the vector
iA = (C.'Oa 61, Dla 521 633 D39 seey C.N—Zs éN—lv DN-—I)T 3 (546)

and M, is the matrix

(% 0 & 0 0 0 0o 0 0
0 0 5 0 0 O 0 0 0
a b c a2 0 0 0 0 0
0 0 a ¢ 0 aj 0 0 0
M, = 0 0 0 0 0 b 0 0 0 (5.47)
0 0 0 a3 b3 c3 0 0 0
0 0 0 0 0 0 ... evo2 0 any
6 6 0 0 0 0 ... O 0 by,
\ 0 0 0 0 0 0 ... av-1 bvoy onay
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As before, the last element of X4 in (5.46) has been described for the case when N
is even; when NV is odd the last element of X4 is ZN—1~ Similarly, the matrix M4
has been described for the case when N is even, otherwise the last row and column
will have forms like the second-to-last row and column in (5.47).

The order of the matrix M for a given value of m is given by the sum of the
gravitational components {equal to the number of geopotential and divergence ele-
ments) plus the rotational components (equal to the number of vorticity elements)
in the state vector X. Recalling that N = M — |m| + 1, and following Andersen
(1977), we compute the number of gravity modes Ny,,, for zonal wave number m

by the formulae

2l(N +1)//2] symmetric
N LI | )
2[N//2] antisymmetric

and the number of rotational modes N,,; by the formula

N/ /2 symimnetric
N, =1 M Y , (5.49)

(N +1)//2 antisymmetric

where the symbol “//” denotes integer division. Thus, the order N,,4 of the matrix
Mis

Nog = 2[(N+1)//2]+ N//2 symmetric . (5.50)

2[N//2]+ (N +1)//2 antisymmetric

It should be noted that for the zonally symmetric (m = 0) fields there arises a

formal problem in defining the components (3, DS and 3. The components (2 and

D3 correspond to zero-valued velocity fields, and thus, have no physical significance.

The component 68 corresponds to the horizontal mean geopotential field so that

data will, in general, have a non-zero projection onto this mode. However, rather

than reduce the order of the matrix M for m = 0, we simply set the corresponding

elements to zero (as shown in (5.37)) since the remaining meaningful components
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are mapped invariant by the matrix (Andersen, 1977). Thus, we retain the formula
in (5.50) for all m and simply note that, for m = 0, the number of gravity modes
is reduced by two in the symmetric case, while the number of rotational modes
is reduced by one in the antisymmetric case. A formal treatment of these special
modes is given in Errico (1987).

The horizontal structures of the modes are given by the eigenvectors of M,

which we determine from the eigenvalue problem
ME = EW, (5.51)

where E is a matrix whose columns are the horizontal eigenvectors e; (i.e., the
horizontal modes), W is a diagonal matrix whose elements are the eigenvalues w;
(i.e., the frequencies of the modes), and the subscript j denotes a particular mode.
Note that there is a unique horizontal eigenvector e; for each mode. The normal

mode solutions to (5.34)-(5.36) take the form
X = aje; exp(tw;t) , (5.52)

where q; is the time-dependent amplitude coefficient, or normal mode coefficient.
Again, the subscripts £ and m are implied; i.e., each mode is uniquely identified by
a triplet of indices (¢, m, j). |

Because the matrices (5.44) and (5.47) are real and symmetric, all « and e are
real-valued. For a given equivalent depth, all the modes corresponding to m # 0

are orthonormal in the sense that

1 for:=y,
(e; - e;) = (5.53)
0 fori#yjy,

where the operation on the left side denotes a vector inner-product. For m = 0 the

rotational modes are stationary and degenerate having a; = 0. The eigenvectors
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corresponding to these eigenvalues are not uniquely determined, and thus, are not
orthogonal in the sense of (5.53). However, this problem is of little relevance within
the context of conventional nonlinear normal mode initialization since we seek to
balance only the gravitational components of the flow. Methods for dealing with
this ambiguity are discussed by Kasahara (1978) and by Errico (1987).

For m # 0, the modes can be ordered from smallest to largest according to
their frequencies w;, and then divided into three separate bands corresponding to
the three types of modes. In the NOGAPS model, the smallest third in this sequence
are negative-valued, and correspond to eastward propagating inertia-gravity modes
(EG modes) in the linearized model. These include the Kelvin modes, which are low
frequency eastward propagating gravity modes. The middle third of the frequencies
for each zonal wave number are positive valued and correspond to rotational, or
Rossby modes (RT modes), while the largest third in this ordering corresponds
to the westward propagating inertia-gravity modes (WG modes). For increasing
values of m, the number of modes decreases by three from 3(M + 1)—or (M + 1)
of each type—for m = 0, down to 3—or one of each type—for m = M, including
those for the symmetric and antisymmetric cases together.

Finally, in a manner analogous to (5.24) and (5.25), the projection of the

state vector, or vertical mode coeflicients, X, onto the normal modes is given by
a = ETx, (5.54)

where a is a vector containing the N normal mode amplitude coeflicients corre-
sponding to vertical mode £ and zonal wave number m, and ET = E~? owing to the
symmetric form of the matrix M. Conversely, the vertical mode coefficients can be

expanded in terms of the normal modes via

% = Ea. (5.55)
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5.2 Adiabatic Initialization: Machenhauer’s Method

The unforced, nonlinear equations for the NOGAPS model can be written in the
general form
dx

5 = iMx + N, (5.56)

where A represents the nonlinear contributions to the tendencies, which were omit-
ted in the determination of the normal modes. We obtain the normal mode form of
(5.56) by transforming X according to (5.54) and then applying (5.51), which yields

da .
T iWa + R, (5.57)

where R = ETA. Thus, for mode j we have

da; .
—(Z’l = w;a; + RJ' , (5.58)

where again w; is the frequency of the mode in the linearized model determined as
an eigenvalue of the matrix M. The nonlinear term R; generally depends on modes
other than a; alone, and thereby acts to couple the linear modes in the nonlinear
model (Errico, 1987).

The aim of the initialization procedure is to eliminate dynamic imbalances in
the initial data that lead to unrealistically large gravity mode oscillations during the

early part of a model forecast. Machenhauer (1977) proposed the balance condition

d .
—5';—’ =0, (5.59)

initially for all gravity modes, based on scaling arguments regarding the magnitudes
of the terms in (5.58). It is clear from (5.58) that balance is thus obtained when

the mode amplitude satisfies
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As (5.60) is a nonlinear equation, Machenhauer proposed an iterative solution

oM = R, (5.61)

J

where the superscript (n) denotes an iteration number and Rﬁ-") is computed from
data in terms of a™. In its present form, (5.61) is extremely cumbersome owing
to the difficulty in deriving the expression Rﬁ") for each new set of coefficients.
However, it obtains a far more convenient form if we use (5.58) to substitute for
’Rg-"), giving

(n)
() _ (n41) _ _(n) _ _ 1 daj o
Aa;"’ = a; a;’ = ——iwj T (5.62)

where Aaﬁ") is the nonlinear correction to the mode amplitude. The advantage of
this approach is that we may now use the forecast model to compute the nonlinear
term 'Rg") implicitly as the difference between the mode tendency and its linear
forcing. The term da}") /dt may be approximated by first computing agn)(to), and
then making a short forecast (say, one model time step) to obtain aj(-")(to + At) and

the tendency
da; ™ _ a{"(to + At) — ol (1)
= At ’

(5.63)

where tg refers to the initial conditions and At is a small time-step. In practice
this procedure is further simplified by taking a model step and then transforming
the tendencies of the dependent variables directly into normal mode space, rather
than transforming data from two time levels. Thus, the term da&") /dt is analyzed
in terms of the actual time-differencing scheme used in the model. In NOGAPS,
a forward time step is used for the first iteration and centered time steps are used
thereafter.

The convergence of the iterative scheme is monitored by computing the squared
sum of the tendencies of the initialized coefficients, as introduced by Andersen

(1977). This quantity is usually computed for each vertical mode ¢ after each
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iteration, and may be written

dajdaj'

maL- 3 R

JE€G,

(5.64)

where the asterisk denotes a complex conjugate and G, is the set of initialized
gravity modes pertaining to vertical mode £. The closer BAL is to zero, the closer
the initial data are to the desired balance. Experience with NOGAPS shows that,
for a conventional adiabatic initialization, two or three iterations of (5.62) are suf-
ficient for obtaining values of BAL that may be considered zero at half precision
machine accuracy. Of course, the number of iterations required to obtain BAL = 0,
or more importantly, the likelihood of (5.62) converging, depends strongly on the
number of modes initialized. The number of vertical modes initialized operationally
in NOGAPS 3.2 as well as the determination of the subset Gy, is discussed in Sec-

tion 5.3.

5.2.1 Rasch’s scheme

As an alternative to (5.62), Rasch (1985) proposed an iterative scheme that gen-
erally converges for a larger subset of modes than does the Machenhauer scheme.
Although it is not used operationally at the present time, this scheme is an available
option in NOGAPS that may be invoked by simply resetting a parameter value. In

the Rasch scheme, the balance condition (5.59) is the same, but (5.62) is replaced

by
(n) (n—1}) (n)
(n) _ a;’ —a; da; _
Baj” = =f ( () .(n—l)) at (5.65)

where the overdots in the denominator denote time derivatives and /3 is a relaxation
coefficient that controls the rate of convergence. Typical values of 3 are in the range
0.5 < B8 £ 1. Because (5.65) requires coefficients from two time levels, the values

for n = 1 are obtained by using a drastically under-relaxed Machenhauer step of
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the form
o _ & doy®
I in' dt

: (5.66)

olt) =

where ¢ is a small number; e.g., € = 0.05 has been used successfully in the NOGAPS

model. By comparison with (5.62), we can view the parenthesized quantity

dg'n-l)
Q‘(]_'n.—l)

& - ,
=] = w, , (5.67)
C!J' -

that appears in (5.65) as an empirically derived frequency for a given normal mode
(Rasch, 1985). Note that the denominator of this quantity represents a poten-
tial singularity and, under certain conditions, might need to be replaced by some
nonzero number. This is discussed in more detail by Rasch (1985). Finally, it should
be noted that the Rasch scheme may be particularly useful in NNMI applications

that require robust convergence properties, such as initializing many vertical modes

or including diabatic forcing terms on the right side of (5.58).

5.2.2 Correction of the prognostic variables

After each iteration, the corrections Aa to the mode coefficients must be trans-
formed back to “model space” (e.g., spherical harmonic coefficients in the case of
NOGAPS) and then added to the fields before computing the next set of tenden-
cies. Accordingly, we perform the inverse horizontal and vertical transforms (see
Sections 5.1.1 and 5.1.2) on Aa to obtain the corrections A(™, ADY and AQ.
At this point, the corrections to the vorticity and divergence fields can be applied
in a straightforward manner by simply adding A(™ and ADT to ¢ and D7,
respectively.

The remaining problem is to extract the corrections to the pressure and po-
tential temperature fields from A®. To accomplish this, we make use of (5.13),

which states that the divergence may be expressed solely in terms of the time change




of the pseudo- geopotential as

d
D™= _§ 1 —_¢pm. .
Dy S dtgn (5.68)

The time change of the pressure field can thus be expressed in terms of the time
change of the pseudo-geopotential by combining (5.68) with the spectral form of
(5.5) to obtain

d . d . m

i "229‘" , (5.69)

where p = q7S™!

is an L-vector whose elements depend on linear operators de-
scribed in Section 5.1. Then from (5.69), it follows that the correction to the surface
pressure is given by

Ar™ = pAD™. (5.70)

In the same manner, the time change of the potential temperature field may be
expressed in terms of the time change of the pseudo-geopotential by combining

(5.68) with the spectral form of (5.4) to obtain

d . d .
EQ"”TEQ"’ (5.71)

where T = AS™!is an L x L matrix. From (5.71), it follows that the correction to

the potential temperature is given by

Ag™ = TAD™ . (5.72)

“n =n

Having obtained Ag‘, AD7, A9 and A, we adjust the values of each prognostic

=n?
variable accordingly, and then take a model step to obtain a new set of tendencies for
the next iteration of (5.62). The process is repeated until BAL, = 0 for all vertical
modes initialized (or until some pre-specified number of iterations is performed),

m

indicating that the initial values of ¢, D7, 7' and 7" have obtained the desired

state of balance.
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5.3 Summary of the NOGAPS NNMI
Procedure

NOGAPS 3.2’s NNMI is configured to initialize three vertical modes £ =1-3 (i.e.,
the external and first two internal modes) using the Machenhauer iterative scheme
(5.62). Two iterations of (5.62) are performed, not including the calculations of
the initial tendencies at n = 0. In addition to a vertical mode cutoff at ¢ = 3, a
frequency cut-off is employed that restricts the subset of initialized modes G; to
those with natural periods less than 24 hours (as determined from their linear fre-
quencies w). The cutoff values for £ and w were determined empirically and appear
to eliminate most of the undesired initial gravity wave noise without severely dam-
aging meteorologically significant divergent ﬁirculations. This is especially crucial
for preserving the character of certain tropical circulations. Future research with
NOGAPS’s NNMI will be aimed at improving the initialization of these circula-
tions through, for example, the inclusion of diabatic processes in (5.58) or more
specialized choices of G,.

The sequence of operations performed during NOGAPS’s NNMI is summa-
rized below. In the following, we denote the model data corresponding to time ¢

and iteration n by z{™)(t). The sequence of operations is as follows:
0. Set n = 0 to begin the procedure with the uninitialized data zO(to).
1. Perform a nonlinear model step to determine dz(™ /dt from z(™)(¢,).

2. Transform dz(™/dt into da'™ /dt using (5.7), (5.24), (5.30)-(5.32) and (5.54).

Check for convergence using (5.64).

3. Compute the corrections to the mode amplitudes Aa!™ from da!™ /dt using

(5.62).
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4. Transform Aa‘™ into corrections in “model space” Az(™ using (5.55), (5.30)-

(5.32), (5.25), (5.70) and (5.72).

5. Apply the corrections to the model fields, where the corrected values are given

by M (to) = 2™ (to) + Az,

6. Set 2" (ty) = xg‘)(to) andn =n+1. If n <2 (or some other pre-specified
number of iterations), then return to step (1). Otherwise, the corrected values

2™ (to) represent the initialized data at to and the procedure is complete.
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Chapter 6

The Time Step Integration

Strategy

In this chapter we present an overall view of the numerical procedures that are used
to compute the time tendencies of the dynamical variables. In the subsequent chap-
ters we describe the details of the adiabatic calculations (Chapter 7), the implicit
adjustments (Chapter 7), the horizontal smoothing (Chapter 8), and the diabatic
calculations (Chapters 9-14).

A schematic diagram of the NOGAPS 3.2 forecast system is presented in Fig-
ure 6.1. The forecast model saves 3 time levels of spectral coefficients corresponding
to the previous time level (t-At), the current time level (t), and the spectral time
tendency for =, (i, Dy, 0k, and flgk]. The time tendency is computed using central

differencing:
@i(_ _ X{t+At) - X(t - Ay)
at 2At ’

(6.1)

where X represents any variable. In addition, we store the spectral coefficients of
the potential temperature tendency due to radiation, since the radiative parame-

terizations are not called every time step. As opposed to the spectral coeflicients.
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Figure 6.1: A schematic flow chart of NOGAPS 3.2 numerical computations.
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however, we store only 1 time level of the Gaussian grid point fields: =, (., Dy, Uy.
Vi, Ok, f[Qk], Py, and Pk+1/2-

The forecast cycle begins with the adiabatic calculations, which use either (at
the first time step) the nonlinear normal mode initialization adjustments (described
in Chapter 3) to the optimum interpolation analysis fields interpolated to the model
coordinates, or (for all subsequent time steps) the results from the previous time
step. The fields, 7, (i, Dy, 6k, and 1/ln[q]i are the dynamical variables of the
forecast model and their dynamical equations are given respectively by (3.7), (3.17),
(3.18), (3.24), and (3.47). These tendencies are computed explicitly using the
fields evaluated at the central time. The details of the adiabatic calculations are
given in Chapter 7. We adjust the explicit adiabatic tendencies of =, Dy, and 6;
by treating gravity wave propagation semi-implicitly (Chapter 7), and we modify
the expiicit adiabatic tendencies of (x and f{g]x by treating the zonal advection
implicitly (Chapter 7). After the above calculations, we compute the adiabatic
spectral coefficients at time t+At for 7, 1/1In[g]s, {x and D, as (X representing =,

D, ¢k, or 1/ In[gls)
X@dmp 4 At) = X™(t — At) 4+ 2AtX D™ (4), (6.2)

The superscript (ad) indicates that the tendency term is from the adiabatic cal-
culations and the t+ At fields are evaluated using only these adiabatic tendencies.
The spectral coeflicients for the virtual potential temperature are computed from

the adiabatic and radiation tendencies as
0520 (t + At) = 0,7(t — At) + 22t (6597 + 6520 (6.3)

where the notation, 8"*Y, indicates we use the adiabatic and the radiative ten-
dencies in the calculation. Using the results of (4.8), (4.19), and (4.20), we then

compute the grid point fields, corresponding to the spectral coefficients of (6.2)
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and (6.3), for the velocities, potential temperature, and the moisture function. We
denote these fields, respectively, as Uf;:), V,(;kd), 9(,;7:”, and f[q](,‘;i), where the sub-
scripts have the range: [ =1,3M + 1,7 =1,(3M +1)/2,and k = I,L. _he grid

point specific humidities are then obtained by inverting the moisture function:

gl = exp{1/flal}ise -
The details of the diabatic parameterizations are given in Chapters 9-15.
All the NOGAPS 3.2 diabatic processes calculate implicit vertical adjustments to
the grid point fields based on the current values of these fields. Therefore, the
order that we call the diabatic routines has an impact on the final grid point
fields. The order that the parameterizations are called is: the gravity wave drag,
the turbulent vertical diffusion, the shallow convection, the penetrative cumulus
convection, and the large scale precipitation. The output from the large scale
precipitation parameterizavion is the final diabatic grid point prediction. If the
time step is a multiple of 2 hours, then the radiation tendency is computed from
the final diabatic predictions of temperature and moisture. Gravity wave drag and
the vertical diffusion are the only two parameterizations that alter the velocity
fields. For the velocities we write the adjustment scheme as
Ut +At) = U+ A +AUEY,
UPit+ 4t = U+ Ay +avl),

and

VENt+ At = VD + At + AVEY,

Vid+ Aty = vEN e+ At + AVl
The superscripts (gw) and (vf) indicate respectively the gravity wave drag and
the vertical flux calculations. The temperature and the moisture are changed by

the vertical diffusion, the shallow convection mixing, the penetrative cumulus con-

vection, and the large scale precipitation. The diabatic adjustment scheme for
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temperature is

0D+ A = 059+ AL+ a0,
ot + A1) = 0D+ AL + 2809,
cu sc cu (66)
e‘,jk’(t +At) = 652t + A+ a6y,
OB +al) = 6 +an+ AR, |

The superscripts (sc), (cu), and (sp) indicate the shallow convection mixing, the
large cumulus convection, and the large scale precipitation calculations. A similar
sequence as (6.6) can be written for ¢. The end results of the physics calculations
are the grid point fields of temperature, specific humidity, and velocity, which are
valid at t+At.

Following the diabatic parameterizations, we first calculate the grid point spe-
cific humidity function, 1/In[q]; we then compute the spectral coefficients for the
virtual potential temperature, the moisture function, the vorticity, and the diver-
gence from (4.7), (4.21), and (4.22). We adjust the spectral coefficients of potential
temperature at the top model level (i.e., 6,) using a Newtonian cooling term to
reduce the false reflection of vertically propagation gravity waves (Chapter 8), and
we apply an implicit fourth order diffusion operator to the spectral coefficients of
Ce(t+ At), Di(t+ At), 0,(t + At), and 1/ In[q]i(t + At) to reduce small scale noise.
Finally, we apply a Robert time filter to the spectral coefficients evaluated at time t
to damp the computational mode. We do not, however, recalculate new grid point
fields corresponding the implicit spectral coefficients computed above, since exper-
iments indicated that little is gained by the Gaussian grid point parameterization.
Instead, the grid point fields are those obtained after the large scale precipitation
computation. The spectral fields obtained after horizontal diffusion and the grid
point values obtained after the parameterization of large scale precipitation are

then used for the next time step.
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To demonstrate the difference between the adjustment procedure and the ten-
dency computed from fields using a previous time step, we present results from the
forecasts starting at 12Z February 23, 1989. At that time NOGAPS 3.0 (triangu-
lar truncation of 47) was operational, and the gravity wave drag and the vertical
flux calculations were done by computing a tendency based on thet-At grid point
fields. Since the grid point fields corresponding to this time step are not saved by
the model, NOGAPS 3.0 computed the grid point fields from their spectral coef-
ficients, which greatly added to the computational overhead of the model. The
time series of NOGAPS 3.0’s lower level variables and PBL stresses were often very
noisy, especially under stable conditions. This is demonstrated in Figure 6.2 for
the lowest level wind speed. Figure 6.3 is the time series for the same case and
truncation (NOGAPS 3.1) starting from exactly the same initial conditions with
the gravity wave and vertical flux tendencies computed using the current grid point
fields. Using the current fields to compute implicitly the adjustments does not re-
move all variations associated with changes in stability states, but they are greatly
reduced as seen by comparing the sensible heat flux computed in NOGAPS 3.0
in Figure 6.4 with that computed for NOGAPS 3.1 starting from the same initial

condition given in Figure 6.5.
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Figure 6.2: The lowest level wind speed for the open sea point 48°41N, 172°5W for
12Z February 23, 1989, from NOGAPS 3.0 calculating the vertical flux tendency
from the t — At fields.
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Figure 6.3: The lowest level wind speed for the open sea point 48°41N, 172°5W for
12Z February 23, 1989, from NOGAPS 3.1 calculating the vertical flux tendency
as an adjustment from the current ¢ + At fields.
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Figure 6.4: The sensible heat flux for the open sea point 58°34 N, 42°50 W for 12Z

February 23, 1989, from NOGAPS 3.0 calculating the vertical flux tendency from

the t — At fields.
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Figure 6.5: The sensible heat flux for the opensea point 58°34 N, 42°50W for 127

February 23, 1989, from NOGAPS 3.1 calculating the vertical flux tendency as an

adjustment from the t + At fields.

74




Chapter 7

The Adiabatic and Implicit

Adjustments

In this chapter we first present a short description of the procedure to calculate
the explicit adiabatic terms. The discussion is brief since all the equations have
been presented in previous chapters (Chapters 3 and 4). In the second section of
this chapter we give the details of the semi-implicit method and the implicit zonal

advection of the moisture function and vorticity.

7.1 The Explicit Adiabatic Calculation

We compute the explicit adiabatic tendencies using central differsncing. We start
the adiabatic calculations with the calculation of the grid point values of the 7 time
tendency terms given by the right hand side of Equation (3.7). Using the quadra-
ture formula given by (4.7) we compute the corresponding spectral coefficients for
the m tendency. The grid point values of the vertical motion, [7dp/dn],,/,. are
then computed from Equation (3.10). We calculate the grid point values of G, and

Hy from Equations (3.14) and (3.15) (without the forcing terms); the correspond-
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ing spectral coefficients are computed using (4.7), and we compute the derivatives
that are needed in Equations (3.19) and (3.20) using the spectral expansions of
Equations (4.9) and (4.10). The geopotential term of (2.33) is obtained from Equa-
tions (3.22) and (3.23). We calculate the kinetic energy term of (3.16) by squaring
the cosine weighted velocities. We add the grid point values of the geopotential
and the kinetic energy and then compute the spectral coefficients of the resulting
sum. Using the results of thg eigenvector/eigenvalue relationship of the spherical
harmonics given by Equation (4.16), we multiply the spectral coefficients of the
geopotential and kinetic energy by the eigenvalues, —[n(n + 1)/a?], to obtain the
spectral contribution of the Laplacian term on the right hand side of Equation
(3.20).

The adiabatic calculation of the spectral tendencies for the virtual potential
temperature equation (3.24) and the moisture equation (3.47) proceed in the same
manner as those of the vorticity and divergence equations. We calculate the neces-
sary terms for the tendency from the grid point values at time t, and then compute
the corresponding spectral coeflicients. At the end of the explicit adiabatic calcula-
tions we have the spectral coefficients for the explicit adiabatic time tendencies of =,
Ck, Dk, 0k and f[glk, which are denoted as (%{)m’l, (%%)upl, (a—al-);k)upl, (a—gf
and (m)e”l.

) expl ?

at

7.2 Semi-Implicit Calculation

If we used only the explicit time tendencies for the dynamic variables, a small time
step would be needed to prevent computational instability. In general, the time

step must satisfy the CFL criterion,

a

At < :
Umaz\/M(M + 1)
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where the velocity u,,,, is the sum of the maximum advective wind speed plus the
external gravity wave speed. With an explicit treatment of gravity wave propa-

gation this maximum speed is about 400 m sec™!.

In order to achieve a larger
time step, we treat gravity wave propagation in a semi-implicit manner using the
method developed by Robert et al. (1972). The approach that is described below
closely follows that given by Hoskins and Simmons (1975). The final results of the
procedure are corrections for those terms responsible for the gravity wave propa-
gation, namely the divergence and the geopotential terms in the =, 6;, and the D,
equations.

First, we define a mean atmospheric reference state that is characterized by
a constant w, which we denote by 7 and is independent of A and u, and a mean
virtual potential temperature field denoted by 8;. We use an isothermal mean
state of 300K to ensure maximum numerical stability as suggested by Simmons
et al. (1978). We set 7 to 600 mbs because our stability analysis also shows a
stability advantage for a reference state near minimum expected terrain pressure
values. Using these mean states, we write 7 and 0 as the sum of the mean and a

deviation in the form:

T = T+7, (7.1)

0 = O+, (7.2)

If we insert (7.1) and (7.2) into the 7 tendency equation given by (3.7), then the

tendency equation takes the form:

o
ot

|
)
M=
<]
3
S
|
™
<
EX
<
=
&

where

L—S;I = AA + AB'T.
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We treat implicitly the divergence in the first term on the right hand side of (7.3)
by evaluating it as the sum of the forward time divergence D;(t + At) and the
backward time divergence D;(t — At). We compute the remaining terms of (7.3)
explicitly; that is, we evaluate them using the central time values. The equation

then takes the form:

L
=Y ABV-[r'Vy(t)]. (7.4)

on Di(t+At) + Dy(t At)]ZF
1
=1

__=._12: 5

Adding and subtracting the term Ap;Di(t) to the right hand side of equation (7.4),

we obtain the simplified form of the equation:

9 ) L
5% = (511) ~ > ApnD.. (7.5)
expl

=1

where from Equation (3.7) the explicit = tendency is given by

L
(%) = - ; [AADi(t) + ABIM(t)]. (7.6)

In Equation (7.5), we have introduced for any variable X, the quantity X, given by

. - X(t). (7.7)

% [X(H—At) + X(t—At)
Note that X can be viewed as a perturbation due to the implicit scheme and
Equation (7.5) expresses the change in the 7 tendency due to the divergence change.
The divergence term enters the 6§, equation given by (3.24) through the ver-
tical advection terms. Using the same procedure as the 7 equation, we rewrite the
vertical motion, which is given by Equation (3.10), as
ap Lk
[ 67)] = Biyip 2_: Ap D, - Z: Api D,
k+1/2 =1 =1
+ By EL: [AADi(t) + ABM(t))

=1

k
- Y [AAD(t) + ABM(t)]. (7.8)

=1
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Inserting the vertical motion calculation of Equation (7.8) into the adiabatic form
of the 6 equation given by (3.24), we obtain the final result,
00, (69k> }_’;‘ —_
== - SHD(, (79)
ot at erpl I=1

where s;; denote the components of a matrix S, which are defined by

'R -0 S 0. —0,_1,0] -
Ski = [—‘%—%—k——k] Biy128p + [‘k—A——pkk—lﬁ Bi_1/20p;
6 -0} — 0 —O_1/2] —
— he | RN AD by | M2 A (7.10)
Apk Apr |

In the above definition, the components hy; define a matrix H that are given as

1 ifk>1
hkl=

0 ifk<li .

We separate the divergence equation (3.20) in a similar manner as the = and
the 8, equation in order to find the relationship of the divergence tendency to 7= and
0. The dependence of 3Dy /8t on 7 and 6, comes from the expansion of the pressure
gradient forcing terms about the mean state. These terms are treated in the same
implicit manner as the divergence term in the = tendency equation given by (7.5).
However, before the final implicit expansion of the divergence tendency equation is
performed, we need some special handling of the geopotential term to extract the
dependence of the geopotential on 7 and 8. If we insert the interpolation formula
for i41/2, which is given by (3.46), into the integrated hydrostatic equation (3.22),

we obtain the result that

bk — dr+1 = bk (Pk+1/2 - Pk) + cp0k+1 (Pk+1 - Pk+1/2) : (7.11)

Equation (7.11) demonstrates that the geopotential difference is a function of both

0. and 7. Therefore, we expand this difference in Taylor series about the mean
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atmospheric state as

bk — Sre1 = 0k (Pk+l/2 - T’;) + cpfis1 (Pk+1 - Pk+l/2)

+ c(6k — i) (Pk+1/2 - 73;) + cp(Oks1 — Oiir) (Pk+1 - Pk+1/2)

— (9P J
+ c,0 ( 5;1/2 - 57: (m =)
+— (0P oP ‘o
+ bk ( al;:l - 5:/2) (7 =7) + éy — bxsr-

(7.12)

The double prime terms above indicate second order terms in a Taylor series ex-

pansion. Equation (7.12) is valid for k < L. We obtain the expansion form for the

bottom geopotential (k¥ = L) from Equation (3.23):

¢ = és+chL (PL+1/2 - _PZ)

+ (8L —0z) (PL+1/2 - T’Z)

_ (3P 3P )
+ cp0L< S~ a,f>(rr—f)+¢v

We put the results of (7.12) and (7.13) into the shorthand form:

L L L
Y akidi =D bl +c(r —F)+ D kg
I=1

=1 =1

(7.13)

(7.14)

The components a;; of the matrix A, the components by ; of the matrix B, and the

components ¢ of the vector C are given, respectively, by

1 ifk=1
k= -1 fk=1l+1land k#L ,

0 otherwise

& (Pevrys = P)  ifk=1
bei =1 ¢, (Pes1 = Pesija) ifk=I+1landk#L ,

0 otherwise
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and

oP JP dP JP
6 = cp9k ( k+1/2 k) 9k+1 ( :TH _ 5;1/2) ‘ (7.17)

o = off (8PL+1/2 5. ) (7.

Since A is a non singular matrix, we denote the inverse matrix by A~! (with elements

-~1
—
[0 ]
~

a;;') and we finally write the geopotential as

L L L
EZ kllbljaj+La;1101(7""‘7")+¢z- (7.19)

=1 =1 =1

We use the result of (7.19) to write the divergence tendency equation (3.20)

as

oD,

5% = a(Hi, —Gy) — VI,

L L
- S aptby, v, + Zak, aVin + V2. (7.20)

=1 ;=1 =1

_—

We shall treat all 7 and 6 dependency in the divergence equation above in a similar
manner as the divergence in the = and the 6, equations. Note that both Hy and G,
defined by (3.14) and (3.15) depend on 7, and we must take this dependence into
account. Therefore, we write the corrected divergence tendency due to the implicit
treatment of © and §; as

8Dk (8 k) ——W): 2~
it U (el I LA VP
at expl ’

L
- Zzal:llbIJHJ + 23;11017?- (7.21)

We evaluate the Pyy;/2 derivative from Equation (3.21) to compute the derivatives

n (7.17) and the definition of Apy. which is given by (3.2):
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Combining (7.21) with (7.19), we write the divergence equation in its final

form for the semi-implicit method as

Q{g—" = (%jt_k)m, - ;S;fk,v?é, ~ g V27, (7.22)
where the components f;; comprise the matrix F, defined by
F=A"!B, (7.23)
and the elements of the vectc;r gk are given by
gk = Cpgk—+zak[ a. (7.24)

Equations (7.3), (7.9), and (7.22) are the governing equations for the adjust-
ment to the adiabatic tendencies due to the semi-implicii treatment of gravity wave

propagation. To calculate the hatted variables, we define a modified geopotential,

~1
o
(W]
—

L
o, = quez + giT. (7.

=1
Note the similarity between (7.25) and the pseudo-geopotential discussed in Chap-
ter 5. We obtain an equation for ®; by first applying the matrix F to Equation (7.9),

then multiplying Equation (7.5) by gi, and finally adding the resultant equations.

In addition, we use (7.25) to simplify (7.22). We write this system of equations as
o 0% L= -
—a—tk- = (—-bt—k) —ZmHDl (426)
{ I=1
D a -
%’: - <_%) ~ v, (7.27)
erpl

where the components of the matrix M are defined as,

-1
(8]
o.4]

L
My = kajsﬂ + g« Api. (7.2

=1
[t 1s assumed that the matrix M has L distinct eigenvalues (L is the total number

of model levels. 18). which are denoted as £. If we denote E as the matrix whose
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columns are the eigenvectors of M, and we denote = as the diagonal matrix whose
diagonal elements are the eigenvalues £, then the matrix M is given by the canonical

form,

M= E'ZE (7.29)

We define the notation that a superscript E on a vector indicates that the vector
has been multiplied by the matrix E~1. Therefore, as for example, the variable Df

Is defined as

L
DE =5 eg' D (7.30)

=1

Applying the matrix E~! to Equations (7.26) and (7.27), we get the following wave

equation system:

IPE 09E e i
6t - ( at )e:rpl - Ele ’ (‘31)
dDE _ (8DF ViE o
o = ( > ml-v OF. (7.32)

The above equations take the same form as the linearized shallow water equations.
The dependent variables above define the vertical modes of the forecast model for
the given mean atmospheric state, ¥ and 0,. From the wave equation nature of
the above system an eigenvalues £, is equivalent to the square of the gravity wave
phase speed for the k** vertical mode.

Equations (7.31) and (7.32) are most easily solved in spectral harmonic space.

We write the spectral coeflicients tendency equations as

gorE (am,f) .

—nk o [ZZmE ) g DME, (7.33)
ot ot /.. :

Tnk [ Znk DT gmE, T 3.
at ( at crp’+ a2 nk (131)

We rewrite the left hand sides of (7.33) and (7.31) by making use of the central

difference definition of the time tendency, which is given by (6.1). and the definitions
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of D™E and ®™F, which are given by (7.7) in order to obtain the following;:

00nF _ nF+ opF(1) — OnF(t-AY) (7.35)
at At ’ ’
aprE DTE + DTE(t) — DT E(t—At) N

By inserting (7.35) and (7.36) into (7.33) and 7.34), we write a matrix equation for

the variables ®F and D™F as

r .
1 £kt orE Y E
¢ S S L (7.37)
—-n(n +1)At/a? 1 DmE zmE
where
E aq)rkE E mE
Y.© o= e At + 75 (t—At) — T (1) (7.38)
expl
mE aD;nkE mE mE
AR 5 At + D (t—At) — DL (1), (7.39)
expl
The solutions to the system (7.37) is given by
. Y’mE _ thE 2
R i o2 [a” (7.40)
1+ éin(n + 1)At?/a?
and
. mE 1A/ a? mE
D:xnkE': an +[n(n+ ) /a ]Ynk (7.41)

1 +&n(n + 1)At?/a?
Finally, we compute 5:,'1 by applying the matrix E to the results of (7.41), so that
we obtain
- L ——
= ey DT E. (7.42)
=1

Once E?k and &7, are known, the new spectral tendencies for 7, and 8§, are com-
puted from Equations (7.5) and (7.9) respectively and we get the new spectral

divergence tendency from Equation (7.27) as

BD,’:‘k_ oD, nn+1)] 2. o
po(R) e o
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(This result can also be obtained from (7.36) which is what is done by the code.)

The final results of these calculations are the spectral adiabatic tendencies for =,

™ and 9(:d)':.

divergence and the potential temperature: #{e9™, D(,:d) n

7.3 Implicit Advection of Vorticity and

Moisture

The semi-implicit method discussed above removes the CFL criterion due to the
propagation of gravity waves, but there is still the constraint of the advection due
to non-divergent horizontal velocities. The ideal approach to remove this stability
limit is to couple the semi-implicit method with a semi-Lagrangian formulatioﬁ.
As an alternative, we treat the longitudinal advection of the vorticity and the
moisture function in an implicit manner using a technique developed be Simmous
and Jarraud (1983). This enables an approximate 25% additional increase in the
time step above the semi-implicit method.

We begin by writing the longitudinal cosine weighted velocity Uy for each

level as a sum of a mean zonal velocity plus a difference:
Ue(Xs p,t) = Tl t) + Uk (A, g1, 1) (7.44)

We define Ux(u,t) as the average of the maximum and the minimum of the longi-

tudinal velocity at time t—At:
Ue(p.t) = % [m;xx UM, p, t—AL) + m’\in Uk(/\,p,t—At)] : (7.45)

If we represent the vorticity or the moisture function by X, we can put the tendency

equations for vorticity (3.19) or moisture (3.47) into the form:

0Xe (axk> _ Ui t) [axk 6Xk(t)}
zpl

at ot /. , cos?

aA )
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where the expl subscript on the tendency indicates that this quantity is the sum
of all terms that comprise the explicit adiabatic tendency, which is computed from
the fields valid at the central time t. For convenience of notation, we shall suppress
the dependence of X on A and g, but we will display the time level at which the

variable is evaluated. We compute the A derivative in Equation (7.46) implicitly as

0X a
—b—A’i = oy [Xu(t+88) + Xi(t—A8) — Xi(1)]. (7.47)
Using the relation given by (7.47), we write (7.46) as
ox, _ (2%,
a — \at ),
exrp
Ui(p,t) 0
- —é(siz—‘p—)ﬁ[Xk(t+At)+Xk(t-At)—2Xk(t)]. (7.48)

We see from the form of Equation (7.48) that the tendency correction has the
same structure as a diffusion term. This time diffusion allows an increase in the
time step At. Using the definition for the computation of the central difference
time tendency given by (6.1), we write (7.48) in terms of the time tendency of the

dependent variable as

0X, (ax,,) _ Talw, )28t & [axk]
expl

ot ot cos?p O\ ot
Ui(p,t) 0 -
2 wos?y O [Xe(t) — Xi(t=At))]. (7.49)

By calculating the Fourier transform of (7.49), (see [4.6]),we obtain the result that

Ui(p.t)2At 27 9 [0X,] _,.
Froxue) =~ [ ] e
2U(p, t)

"0 x Xi(t—At)] e~ d\
L 55 Xu(t) = Xt A e

27 cos?

+ F(0Xk/08),.p) - (7.50)

Note that F™[X,] is a function of x and t. We perform the integrals of Equation

(7.50) by parts, and use the fact that the variables are periodic in A to eliminate
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the integral of the total derivative, leaving the result

im Ug(p, t)2At

Fr0X/ot] = — . F™[0X, /0t
Qz—r-%gzi—) {FMXk(t)] = F"[X(t — At)}
+ F[(0Xe/0t),0p] (7.51)
Solving for the Fourier transform of the tendencies, we obtain
F™ [0Xe/0t) = G™(Xi]/ {1 + im Ui, t)2At/ cos® o}, (7.52)

where

GmXd] = F™[(0Xi/0t)or)
[2imU(, 1)/ cos? o] {FP(Xi()] = FH{Xilt = AT} (7.53)

Given the Fourier transform computed above, we compute the new spectral tenden-
cies for the vorticity and the moisture function by using the Gaussian quadrature
calculation of Equation (4.7). The final results of these calculations are the spectral

d)
adiabatic tendencies for the vorticity and moisture function: C(a )':, nd f[q](a i
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Chapter 8

Adiabatic Truncation and

Implicit Smoothing Calculations

In this chapter we discuss several algorithms that enhance the stability of the
numerical solutions. These are the truncation of the top levels’ adiabatic tendencies,
the Newtonian cooling term for the top level temperature, the fourth order implicit

diffusion of the fields, and the Robert time filter.

8.1 Adiabatic Tendency Truncation

The T79 forecast model uses a time step of 1200 seconds. We have truncated the
top 2 or 3 level adiabatic tendencies in order to preserve the stability of the modei
in the presence of intense stratospheric polar night jets. If the maximum wind
speed of the model is less than 120 m sec™! then the adiabatic tendencies in the
top level are truncated to a total wavenumber of 63, and the second level adiabatic
tendencies are truncated to 71. However, if the maximum wind speed exceeds 120
m/sec then the top 3 level adiabatic tendencies are truncated to resolutions of 47,

63, and 71, respectively. Under most circumstances, this algorithm preserves the
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1200 second time step. However, if the maximum winds exceed 160 m sec™! the

time step of the model is reduced to 900 seconds for the remaining forecast.

8.2 Top Level Newtonian Cooling Term

In order to damp falsely reflecting vertically propagating gravity waves from the
model’s top, we added a Newtonian damping term to the top level virtual potential
temperature tendency equation to relax the top 2 model levels toward an isother-
mal condition. The relation between the virtual temperature and virtual potential
temperature is given by Equation (3.34). If we ignore the small amount of moisture
present in the stratosphere, then the condition that the top two levels be isothermal

is given by
P

1

If we add a term of the form,

P
K.V? (0 y —2-),
1 2 P

1

to the top virtual potential temperature equation, it has the effect of damping the
temperature difference at the higher wavenumbers. In order to reduce the overhead
of calculating the Gaussian quadratures associated with the grid point velues of P,
and P;, we use the average values of P, and P, associated with the mean state of

the atmosphere, 7. We then write the 8, equation in the form:

0, P,
=L =0T+ KV (6, - 0,22 ), 8.2
where é(fp)': contains the explicit adiabatic tendency, the semi-implicit correction.

and all diabatic adjustments (see Chapter 6 for the discussion of the integration

scheme and the superscript notation). I we use the central difference definition of




the time derivative, and we define (Chapter 6):
OSPIT (t + At) = 0,7 (t — At) + 2816577
then we can put (8.2) into the form:

O (t+ At) = 6P Tt + At) - 2ALK,

[_____"(" + 1)] {a;::(z + A1) 0577 + A %} - (83)
1

a2
Solving (8.3) for 8,(t + At), we obtain the new spectral coefficients of the virtual

potential temperature as

0.7 (t + At) = {o‘;”’:’:(t + At) + 2AtK, {”_(";211—)] o8P ™ (¢ + At)%}

1

/{1 + 20K, ['-‘%j—l—)]} (8.4)

We choose the damping coefficient K, so that the highest wavenumber coefficient

has a e-folding relaxation time of 4 hours, so that the reciprocal of K. is given by:

M(M +1)

K.' =4 x 3600 sec x ;
a

(8.5)

The effect of the damping term can be seen by comparing Figure 8.1 with
Figure 8.2. Both figures are taken from forecasts starting at 12Z July 30, 1988, at
which time a strong stratospheric jet was present around Antarctica. The initial
conditions are the same for both runs. Figure 8.1 is taken from NOGAPS 3.0,
which did not contain the Newtonian damping term. With a time step of 1440
seconds significant noise developed in the stratospheric heights. From analysis of
time series of heights and temperatures it was evident that the temperature profile
was buckling at the top of the model, probably due to false reflection of upward
propagating gravity waves generated at the larger time step. This noise problem

was not evident at smaller time steps. The inclusion of the damping term eliminates
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Figure 8.1: The NOGAPS 3.0 20 mb height field forecast for 7 = 18 hrs starting
from July 30,1988.
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Figure 8.2: The NOGAP> 3.1 20 mb height field forecast for 7
from July 30,1988.
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the stratospheric height noise at the larger time step as seen in NOGAPS 3.1 run
of Figure 8.2. An examination of time series indicates that the Newtonian cooling

term also eliminates the temperature buckling.

8.3 Horizontal Diffusion

We apply an implicit fourth order diffusion operation to spectral coefficients of vor-
ticity, divergence, virtual potential temperature, and the moisture function at the
time step ¢t + At. The procedure is similar to that performed with the Newtonian
cooling of the top level virtual potential temperature with the exception that a
fourth order diffusion operator is used instead of the second order diffusion oper-
ator used with the Newtonian cooling. The effect of the terrain following hybrid
coordinates must also be taken into account for the moisture and the temperature
fields.

If we let X, represent either the vorticity or divergence at level k, we can

write the tendency equation with diffusion as

%—f’i = X" _ K,V0X, (8.6)

The term ).(,(:p),‘m is the sum of all the preceding adiabatic, adjustment, and diabatic

adjustments terms (see Chapter 6 for the discussion of the integration scheme and
the superscript notation). For central time differencing and with the definition of

X,(:p) ™(t + At) from Chapter 6:

n

XU ™4 Aty = X, 7(t — At) + 28t XD

n

we put (8.6) into the form:

Xo(t+At) = XUV (t+ At)
2
————”("H)} X7 (t + At). (

on
-1

a?

2At [\’d [
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Solving (8.7) the spectral coefhicients for divergence and vorticity, we obtain the

spectral coefficients of divergence and vorticity as

2
DI (t+At) = DUP ™t 4 At/ {1 +2ALK, [Mzil—) ] } , (8.8)
a
and
p)m , 1 1?
(I (E+AL) = (P, (t+At)/{l+2AtI\d [mazi—)} } (8.9)

We see from (8.8) and (8.9) that the diffusion is highly wavenumber selective,
damping the higher wavenumbers greater than the smaller ones. Under most cir-
cumstances a value of the diffusion coefficient is chosen to yield an e-folding damping

time for the highest wave number of 1 day:

(8.10)

2
K;' =24 x 3600 sec x [Ml—)} .

a?

At the top level, divergence diffusion is increased by a factor of 5, and moisture and
temperature diffusion by a factor of 4. In the second level, divergence diffusion is
increased by a factor of 2.5, and moisture and temperature diffusion by a factor of 2.
For any level with maximum winds exceeding 80 m/sec, we increase the divergence
diffusion by a factor of 10. A similar strategy is described by Simmons et al. (1989)
for the ECMWF model.

Since the nybrid coordinate varies with the terrain pressure, the virtual po-
tential temperature and the moisture function will contain some high wavenumber
features that are due to the terrain variations. Instead of applying the diffusion
operator directly to these fields, we write the equivalent of Equation (8.7) in terms
of 0 — 0,/ and f(qx) - flglie/, where the ref superscript denotes a reference state.
We calculate the reference state for potential temperature by first defining a sur-
face pressure from the standard atmospheric pressure at the model’s terrain height.
which we denote as 7"¢/. We then obtain the pressure values, p;ef, from (3.1),

(3.5), and (3.6). We then calculate the standard atmospheric values of potential

95




temperature, which we denote as 8;*/. We define the reference moisture function
as the value of the moisture function evaluated at the saturation specific humidity
value for a virtual potential temperature given by 0;” and a pressure of p;"’f. This

is computed as

Flali = flasael 65 5]

These reference values are independent of time and are computed at the initial
time of the forecast and are saved by the model. The procedure is now the same
as that used to obtain (8.7). The results for the virtual potential temperature and

the moisture function are

a?

2y -1
{1+2At1{4 [3(”—“—)}} , (8.11)

O (t+AL) = {9£’p)nm(t+At)+23t1\'d [M] 0’°f;"}

X

a?

and

m (sp)m . -, n(n+1) ? refim
flalaa(t+At) = ¢ flgl™ (¢ + At) + 2AtK,y — | fldla

2y -1
x {1+2At1{d["-("—aj—9}} . (8.12)

As a final point, in place of Bi’p)nm(t + At) in (8.11), we use the results from the

Newtonian cooling computation given by (8.4).

8.4 Robert Time Filter

We apply a Robert time filter to the spectral coefficients of the dynamical variables
in order to damp the computational mode inherent in using central time differenc-
ing. This time filter changes the spectral coefficients at the ¢ time step and is the

last modification to the variables. If we let X represent either m. (i. Dy, 6. or
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f(gx), we calculate the final values of the spectral coefficients at time ¢, X/ ™(¢),

by using the Robert filter:
XUmmg) = Xm(t) + Kp[XT(t+At) — 2X™(t) + X (t—At)]. (8.13)

The spectral coeflicients on the right hand side of (8.13) are the values obtained
after the fourth order diffusion operator. The Robert time filter constant, which is

given by Kap, is set at 0.05.
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Chapter 9

Gravity Wave Drag

The effect of increased vertical shear due to the breaking of subgrid scale vertically
propagating gravity waves, which are generated by orography, is modeled by the
gravity wave drag parameterization. Palmer et al. (1986) show that the introduc-
tion of a gravity wave drag parameterization reduces the Northern Hemispheric
zonal wind bias. Our parameterization is based on the work of Palmer et al. (1986)
and the following discussion closely follows their work.

If we represent the vertical flux vector, which describes the upward transport
of horizontal momentum by the gravity waves, by Tgw, then we can write the

vertical flux equation for the horizontal velocity vector, u, as

Ou  9Tgw

ot gap

. (9.1)

The vertical structure of the model is shown in Figure 3.1. With the fluxes evaluated

at the half pressure levels, we write the vertical finite difference form of (9.1) as,

duy _ TSWk+1/2 B Tgwk-l/z

ot Apy

(9.2)

The computation of the vertical gravity wave flux utilizes the Eliassen-Palm the-

orem (Eliassen and Palm [1961]), which states that, in the absence of transients
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and dissipation, vertically propagating waves preserve their vertical flux. Using this
result, we assume that the surface flux, which is due to the generation of gravity
waves, will be transported upward until some turbulent layer is reached, where
this flux will be reduced and thereby dissipate the mean flow. At each-half level,
we define the Brunt-Vaisala frequency, Ni;1/2, and the bulk Richardson number,

Riy41/2, which are given as

_ l g0k = 0iq1)

9(0k — Oryr1) A2

R , 9.4
k12 Orr1/2[(Urs1 — uk)? + (Vg1 — k)7 (94)
where we use the simple interpolation formula:
Oryr + 0
berrjp = = (9.5)

We use the adiabatic velocities and temperature to calculate Nyy1/2 and Rigyq/2.

We compute the layer thickness Az, from the hydrostatic equation (3.22):
Az = pbrr/2(Pr — Prya)/g- (9.6)

We take the surface stress to be in the direction of the surface layer wind, ur, and
we denote the component of any level wind vector projected in the surface wind

direction by ul:
ur, -
ul = Uk'm. (9()

The projection of the horizontal wind at the half-level hybrid surface is given by

t_ (u +w) ug
Ukpr2 = 2 luLl’

(9.8)

We assume that the surface stress vector, defined as Tgwg, is proportional to the

surface density, the surface wind, the surface buoyancy frequency, and the variance
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of the terrain field, (6z5)%, which is obtained from the U.S. Navy’s 10 minute

resolution global terrain field. This relationship is
Tgws = ngPSNL—l/2uL(5ZS)2- (9.9)

A maximum of 400 meters has been set for 625 and the adjustable constant K, is
set to 2.5 x 10~° m™!, (Palmer et al. [1986]).

Starting at the L — 3/2 level and continuing to the top of the model, we
compute a wave bulk Richardson number, Ri} , /2 which is based on linear wave

theory, as
1 - [N5h/ut]k+1/2

. 2
{1 + Rz,lcﬁ/?[N&h/uT]kH/z}

where the wave amplitude éki41/; is obtained by assuming that relation given by

Ri:+1/2 = Rik+1/2 (910)

Equation (9.9) is valid in the vertical with éz5 replaced by 6hii1/2, ps by pit1/2,

and the surface stress by the stress at k+1/2:

Tk41/2
oh = , A1
i \/Vng[PNuT]kH/? (911

The scalar, T¢41/2, is the magnitude of the gravity wave drag:

Tkt1/2 = |Tg“'k+1/21'

At the lowest level we set 7_y/2 = 75 and 6hy_1/; = bzs.

We use the results of the Eliassen-Palm theorem to assume that 7,,/, remains
equal to 75 until a layer of turbulent dissipation is reached. This occurs when the
wave bulk Richardson number, given by (9.10), is less than 1/4. When this occurs,
Rag,,/p is reset to 1/4 and Equation (9.10) is solved for 6Ayy1/2. The solution of

the quadratic equation is given by

6hk+1/2 = (uf/N)k+l/2Ri;-lo-/12/2(1+2Rillc(+21/2)

x {2Ri" (1 + 2Ri2 )7V -1} (9.12)
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Resetting the wave bulk Richardson number back to the critical value of 1/4 is based
on a ‘‘saturation hypothesis,” which assumesthat with the transition to turbulence
the wave amplitude has reach.d its maximum (Lindzen [1981]). Given the new

value of the wave amplitude, we calculate the vector gravity wave stress as

: Tk+1/2 = ngPk+1/2Nk+1/2U;Tc+1/2 (9-13)

All of the above calculations assume that ul +1/2 1s greater than zero. If at any half
level u} +1/2 is less than or equal to zero, it is assumed that at this level a critical
layer has been reached, the gravity wave breaks totally, and we set 744,/ equal to
zero. All the dissipation of the mean flow is assumed to occur at this critical layer.

Only the component of the mean flow projected onto the surface wind vector
is dissipated by the breaking of the gravity waves. Therefore, given the values of
the gravity wave stresses in the 2 adjacent layers, we calculate the new value of

uigw” from Equation (9.1) as

ul = uiad) f - 2Atzg;; (Tk+1/2 - Tk—l/2) . (9.14)

The discussion of the time integration strategy and the superscript notation is

presented in Chapter 6. We obtain the new winds, ¥ and v, which are
adjusted by gravity wave drag, from (9.14) as
(ad)
(9w) (ﬂd) g uL
ug =y — 280—=— {Tky1/2 = Tk-1/2 , (9.15)
Aps ( ) /u%d)z N vgxd)z
and
(gw) _  (ad) 9 ) v
L ¥ o= Vg - 24— Tk4+1/2 = Tk=1/2 . (916)
Apy \/u(;d) 2, U}Jad) 2

At the top of the model, we set the gravity wave stress, 7y/2, to zero so that any
excess gravity wave drag is deposited in the top layer.

We have incorporated one modification to the Palmer et al. (1986) algorithm.
With the above formulation, a large percentage of the gravity wave drag is com-

pletely deposited in the lowest layers of the model. To enable more of the gravity
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wave drag to reach the upper atmosphere, we set the maximum gravity wave stress
reduction in layer k to 50% of the stress at level k + 1/2 for px > 450 mb and
uf::l) ;2 > 0. Above 450 mb, we allow the stress to be absorbed completely in a

single layer. Also, if at any level, u{*®t < 0, the gravity wave stress is set to zero

for all levels above this critical level.
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Chapter 10

Vertical Flux Parameterization

The calculation of the subgrid vertical diffusive fluxes is based on the work of
Louis (1979) and Louis et al. (1982). If we let X represent either the horizontal
velocity components u or v, the virtual potential temperature 8, or the specific

humidity ¢, then we can write the vertical diffusion equation for X, in z coordinates

as

0X 10Fx

(10.1)
The vertical flux Fx is defined as

Fx = —pu'X’, (10.2)

where the primed variables indicate the turbulent eddy difference from the mean and
the overline indicates an averaging (temporal) process. The full diffusive equation
would include horizontal turbulent diffusion in addition to the vertical diffusion,
but we neglect the horizontal terms under the assumption that they are small in
comparison to the vertical term.

The vertical diffusive fluxes are related to the derivatives of the mean quanti-
ties through a first order closure assumption (K theory). Introducing a mass mixing

length !, and a momentum mixing length I, we assume that the turbulent fluxes
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are assumed are given by the relationships:

Foo= |2 2 (10.3)
F, = pl? %‘5 g%, (10.4)
F. = pl& gg -g%, (10.5)
F, = pl2 g—‘z‘ -g-:-. (10.6)

The forms for the momentum and mass mixing lengths are based on the Monin-
Obukhov (1954) similarity theory and are defined on the half levels (see Figure 3.1).
Their functional forms are defined below. The vertical fluxes are computed on the
half level surfaces. At each half level a bulk Richardson number Riiyy/; is defined
for the layer centered at z;41/;, with a thickness given by Aziy1/2. The heights
and thicknesses are computed from the hydrostatic equation (3.22) starting at the

surface level L +1/2 as

ZL41/2 = 2§,
c
Zk~1/2 = 212t ;P ok(Pl:+1/2 - Pk-x/z),

¢k - ¢k+1 )

Azpyre =
g

For the Richardson numbers and the exchange coefficient calculations in this sec-
tion, we use the winds computed from the gravity wave drag, uﬁgw) and v,(‘gw), the
temperatures from the adiabatic and radiative tendencies, T{™*¥, and the adiabatic
specific humidity, qﬁ“d). We present a complete discussion of the time integration
scheme in Chapter 6. Also, we omit the horizontal grid point indices, ¢ and j, on all
the variables. The functional relations for the bulk Richardson number are given
below by (10.30) and (10.32). We assume that a positive bulk Richardson number
implies that the layer is stable to thermally forced turbulence, while a negative bulk

Richardson numbers indicates this layer is unstable to thermally forced turbulence.
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Above the svrface, we calculate the fluxes at the half levels as

(‘X’k - :Xk+1) (10 7)

2k — Zk41

Uk, — Uk
Zk+1 — 2k

—_ 2
ka+1/2 - Pk+1/21xk“/2

where, if X = uor X = v then Ix = l», and if X = 6 or X = g then Ix = I,.
For the u and v fluxes we set the velocity at the surface to zero so that the surface

wind stresses can be expressed as

Fuc=0p uf——L 10.8

and
Foe=p uf-—L 10.9
s ) | I ( )

where the frictional velocity given by u. is defined as

I 2 lug?
Ue = z—zzs—_—;;)?. (1010)

The surface sensible heat flux and the surface flux for the virtual potential

temperature are defined as
fTs =V {T5 - BLPL/(l + .608(]1)} (10.11)

and

Fos = v(0s —0L), (10.12)
where the mass flux coefficient v (sometimes call the ventilation factor) is given by

psli |ur|

The surface value of the virtual potential temperature 05 is related to the surface

temperature Ts and surface moisture gs from (3.34) as

Ts(1 +.
05 = 5(1P+ 603¢s). (10.14)
L+1/2
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We define the ground moisture g5 as a combination of the ground saturation specific

humidity, gs:(Ts), and the surface air specific humidity by the relation:
gs = Wsqyat(Ts) + (1 — Ws)qr. (10.15)

The factor Wy is the ground wetness. Finally, we calculate the surface evaporative

flux by assuming Equation (10.12) is valid for the moisture:
Fos = vWs(gs — qu). (10.16)

We specify the following constants for the computation of the momentum

exchange coefficient:

b, = 5.0 \

em = 1.5

dn = 50 | (10.17)
Km = 0.4

Am = 150.0 J

and we define the neutral stability (R:=0) mixing length for momentum at the
surface and at the half levels as

K2

15:) = T Tl (10.18)
) - Km :
s P EESYL (10.19)
and we specify the function:
2 z4 Az\'3 3/
e = i [( . ) ~1| (10.20)

The variables z and Az are evaluated at the half levels. The variable 2y is the
roughness length. For water points we update the value of the roughness length,
zo at each time step using Charnock’s relation (Charnock {1955}):

0.032
2o = —g~3—uf (10.21)
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For land points the roughness length is fixed throughout the forecast by its clima-
tological value, which is obtained by interpolation to thc valid initial time from
monthly values. Using these definitions, for positive Lulk Richardson numbers.

Louis et al. (1982) specify [, by

) 1 1/2 _
I"‘zls"){1+2b m/m} - (Re>0), (10-22)

while for negative bulk Richardson numbers, they define [, as

. 1/2
by = 131 = 2 R . (Ri<0) (10.23)
L+ 2bmem /| Ril

In the above formulas we have omitted the subscript £+ 1/2 on the Richardson

number and the momentum exchange coeflicient.

For the mass exchange coeflicient computation, we set the following constants:

bp = 5.0 ’

c. = 5.0

d, = 50 ¢ (10.24)
kn = 04

A = 450.0 J

and we define the surface and half level neutral mixing lengths as

Knz

i Tren (10.25)
1 = Ch 10.:
hs In{(z + 20)/20]’ (10.26)
together with the function:
/2
A z+An 7 i
o= s [( =) (10.27)

With the above definitions, for positive bulk Richardson numbers, Louis et al.

(1982) specify [, as

{ 1/2
I =iV . : : 10.28
W {1+3b,,Ri/\/'1'+ThR'_i} (R >0) (10-23)
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while for negative bulk Richardson numbers, they define [, by

. 1/2
=11 - 3bu s . (Ri
1+ 3bnen fay/| Ril

- The bulk Richardson numbers are computed at the half levels. Above the

<0). (10.29)

surface, we set Rixy1/2 by the relationship:

g2k ~ zk 1 )(Sk — Sk+1)
cpluk — uk+1'2T"k+1/2

Rigs1j2 = (10.30)

The variable s is the virtual'dry static energy, which is defined by the equation,
sk = Ty, + . (10.31)

At the surface, we use the formula for the bulk Richardson number that is suggested

by Randall (1976):

_ 9(zL = 25)[ep(Ts — T1) + -608WsTs(gs — qL)]

R
s (,Ts + gzs)|ur?

. (10.32)

We form the u,(c"f) equations by inserting (10.3) into (10.1), together with
the central time formula for the time derivative and the definition of u{®”. This

implicit u, system of equations is given by

(vf) (gw) g 2 (ng) — u(lgW) Uy — Uy
v = WL 9AL l ( ) 10.33
uy Uuy Ap, P3/2lm,,, P— ) ( )
(gw) (8w)
L L Sy PP . Ukl ~ Uk Uk — Uk41
k k Apx i Zk41 — 2k 2k — Zk41
(W) (8w)
g 2 U ~ —Up 4 Uk_1 — Uk
——2Atpr_ 121 , 10.34
+ {Apk T } (Zk—l — zk) (10.34)
(gw)
(v1) (gw) g 2 uy, ( uL )
= u ~ { —2Atpsl
tL L {APL PStms | 22 — 25 } 2L — 2s

(gw) (gw)
up " —up 4

g 2
+ {K;ZQAtPL-llzlmL—lh

(“L“""L) (10.35)
2L-1— 2L ' .

The system given by (10.33)-(10.35) is implicit and linear for uff”. However, it is

2L — 2L-1

not fully implicit since the bracket terms are calculated using the gravity wave drag

110

L ]

L‘“‘




(input) fields. An iterative procedure could be set up to adjust these coefficients,
but we feel that this is too expensive and the final results would not be greatly
changed. The system (10.33)-(10.35) is a tridiagonal system of equations, which

can be expressed in the form:
muf?) + b ul? + e ulf) = u), (10.36)

We obtain the momentum tridiagonal coefficients a, , b, , and ¢, from Equations

(10.33)~(10.35), which for ]} £ k < L are

an, = 0, (10.37)
(8W) (8w)
g 2 l“k — Uk,
= —{{ = { : .
a.m‘t {Apk QAth—l/Z Mi1/2 (Zk—l _ zk)2 } (10 38)
bmk = l—(am, + ka)’ (10-39)
Atg
b, = 1 2 —Qp,, R |
- TSt Apruy] (10-40)
(8w) (8W)
g 2 qu ! ,
= —<¢—2At l 10.41
Cm, {API P3/2 my2 (Zl _ 22)2 ( 0 )
(BW) (gw)
_ ) g 2 ’“k+1 — Uy | .
Cmy, = {AkaAtpk+1/21m**‘/’ (zk _ zk+1)2 ’ (1042)
m, = 0. (10.43)

The v,(‘"” equations take the same form as above, and we write the equation system:
amy V) 4 b 0+ e o) = 0l (10.44)

We solve the tridiagonal systems (10.36) and (10.44) for u{"/) and v\"?) using the
double sweep (Gaussian elimination) method (Carnahan et al. [1969)).

The vertical diffusion of momentum removes kinetic energy from the mean
flow. We account for this lost of energy by assuming that it goes directly into
the internal eunergy and therefore increases the temperature of the air. After the

horizontal velocity calculations, we compute a new temperature as

uigw)? + vl(cgw) 2) _ (uivf)Z + v’(‘u/)Z)

2¢,

7! = irad) . | (10.45)
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Above the surface level (k=L=18), the potential temperature and the specific
humidity equations are similar in form to Equations (10.33) and (10.34), except that
the mass exchange coefficient replaces the momentum coefficient. At the ground, we
hold the ground wetness to its climatological value throughout the forecast for all
points. However, the surface flux for temperature and moisture, which are given by
(10.12) and (10.16), depend on the surface temperature and the saturated specific
humidity. Over water points, the sea surface temperature is held at the initial
analysis value throughout the forecast, but over land or ice points the temperature is
predicted. Therefore, the surface land temperature and saturated specific humidity
equations are coupled into the predictive equations for 8\"/) and ¢{*”’, and we must

solve for these two variables along with the temperature and moisture.

The ground temperature equation for non-water points is given by

dT.
Cs—de = Fsw—Fw —cv(Ts —0LP) — vL,Ws(gs — qr)

—L;Sp + kses(Teim — Ts). (non water points) (10.46)
For water points, the temperature is fixed by its initial analysis value, so that:
Ts =T,, (water points). (10.47)

In Equation (10.46): the variable Fsw is the incoming surface shortwave radiation
flux; Frw is the outgoing surface longwave radiation flux; L, is the latent heat
of condensation; L; is the latent heat of fusion; ¢, is the specific heat of air; cs
is the heat capacity of the ground; v is the mass exchange coefficient given by
(10.13); S is the snow melting rate with units kg m~? sec™!; T,, is the sea surface

temperature; T;m is the climatological relaxation surface temperature; and ks is
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one over a climatological relaxation time. The surface heat capacity is given by

[ 4.20 x 104 J m~2 K~1\/27.5[387 + 15Ws(1 + Ws)] land
cs =14 214 x10° Jm ?K-! ice (10.48)
9.66 x 10* Jm™2K™!? Snow.

For land points, Tiim is the climatological ground temperature. For sea ice points,

we set Ty, =271.2 K. For land points, we set ks to
ks = 27 /100 hours;

while for sea ice points:

ks = &/ I,

where «; is the thermal conductivity of ice (5 x 102 cal (sec cm K)7!) and I, is
the sea ice thickness held fixed at 2 meters (Holloway and Manabe [1971]).

Equation (10.46) depends on the snow melting rate Sy;. At a land point,
the snow, S, is increased by the amount of precipitation that reaches the ground if
the surface temperature is less than 273.15 K. If the ground temperature increases
above freezing when snow is present, then the difference, AT, between the pre-
dicted temperature and 273.15 K is used to melt a snow amount of ¢csAT/(L;At).
The surface temperature is decreased either back to 273.15 K if there is still snow
remaining, or to 7s — L;§ if all the snow is melted.

We derive an equation for saturation adjustment from the relationship of

saturation specific humidity, g,,:(T’, p), to saturation vapor pressure, e, (7):

62197¢,0:(T)

o~ eond(T) (10.49)

Qaat(Tv P) =

A first order Taylor expansion in temperature with fixed pressure of (10.49) yields:

L.
Gat(T + AT, p) = quae( T, p) + = 1 AT, (10.50)

P
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with the variable v given by

_ % Oqsat
TEI T )

Using the Clausius-Claperyon Equation, which is

desat _ m wLwe.mt

dT ~ R*T?

we evaluate « in terms of pressure and temperature as

- (& 4 mwQsath) i
7= (Lw) (p—- e,at(T)) ( R*T? J (10.51)

where R* is the universal gas constant and m,, is the mass per unit mole of water.

We convert (10.50) to a time tendency equation by dividing both sides by At,

yielding
dos _ 7LwdTs (10.52)

dt ¢ dt’
We combine the results of Equations (10.1), (10.3), (10.4), (10.7), (10.12),
(10.16), (10.46), (10.52), with the central difference time difference formula, (10.45),

a

and the definition of q,(c 4 to obtain the equations for the virtual potential temper-
ature, surface temperature, the specific humidity, and the surface humidity. These

are given by

(gw) (8w) (v1) (vf)
) —-u 0 L/
0N = 9 _ ) 9 ontp 2 |22 1 1 2 . (10.53
1 1 Api Pasli,,, p—— pa— (10.53)
(gwW) (gw) (vf) (vf)
gl — ! _ ) 9 A pr 1,202 U1 ~ YUk 0. — by,
. , Aps B bz Zky1 — 2k 2k — Zky1
(gw) (8W) (vf) (vf)
g 2 Ue " — U 021 — 0,
——2Atpr_y/21 , 10.54
* {APk Pk=1/2hacsra 2k = Zk-1 } ( Zk—1 — 2k (10.54)
0N = g _ ] 9 _onrpsi? uf™ |\ (627 — Ts[1 + .608¢s]/Ps
L L Apr s lzp — zs zL — 25
(gw) (gw) (vf) (vf)
g 2 up —uyp_y 0=, — 9} =
4+ ———2Atpr /2l . (10.55
{APL LA hecas zL = 2L } ( L1 — 2L ( )
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Ts = T. ( )+5 ——{fsw Frw —CPV[TS—-H( f)P ]}

At
+5w"s‘ {vL Wslgs — q1) + LiS — kscs|Toim — Ts]} (10.56)
and.
(gw) _ u'gw) (vf) (vf)
wh _ ed) ) 9 ony, 12 |Uz2 Uy G 9 10.57
@ Ul {Apl P3/2¢hy g -, , (10.57)
&w) _ ,(&8W) (vf) vf
q(uf) — q(ad) _)_9g 2Atprsry 2 U1 ~ YUk 9 ‘h(m)
¢ * Apx Pz | g — 2k Zk — Zk41
(8W) _ (gw} (vf) (vf)
g 2 uy -1 k-1 — 9%
———2Atpr_y1/9l , (10.58
+ {Apk Pk=1/2h,_y )y 2t — Zr1 } ( Zo1 — 2k ) ( )
(8W) 1% (vf) _ (vf)
g = o _ ]I gngpe “L slgs™ —qr")
Apr *lzp — zs 2L — zg

(8W) _ y{8%) (vf) _ (vf) '
g 2 up, L. — 9 -
——2Atpr-1/2l . :
+ {Ap 2AtpL-1/2 hee T o 2 } ( 2L 1 — 2L ) (10.39)
qgvf) — ("f)( t) + 6 7__ {Ts - Ts(t)} . (10.60)

The variables Ts and gs without the time variable are the forecasted surface tem-
perature and saturated moisture at the time {+At. Also, the variable é,, is defined
as 0 for water points and 1 for non water points to account for the fixed sea surface
temperature.

The above systems are coupled and can be written in the tridiagonal form,
fork=1,..,L -1, as

om0+ b0 4 cr 08 = 60
vf) (vf) (vf) (ad) (10.61)
ahﬂl(: b ten iy = Gk

where the tridiagonal mass coefficients a,,, b;,, and ¢, are identical to the mo-
mentum tridiagonal coefficients given by (10.37)-(10.42) except that I? replaces [2,.

For k = L we have the equations:

(vf) (vf) (/")
ar 0 + b‘r 0 + cr Ts = 9
- - ‘ (10.62)
a (vf) +b q(v +c = lad)
q(L"”qL“ q(Lvn L q(Lv!)fIs qr
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where the coefficients are

g o™ — uf)

aTL = - {—A—I)—I-J'?AtpL-llgliL_llz (ZL_1 — ZL)2 } 5 (1063)
20t

bT,_ = 14v Apf - ar,, (10.64)
2At

= - 1 + .608¢s(t .65

cry Y AP Ps {1 +.608¢s(t)}, (10.65)

aq(LV!) = aTLa (10.66)

bq(Lvn = 1- (aq(z_“” + cq(Lun), (10.67)

2At
cq(va) = —VWSgApL. (1068)

Finally , we cast the T's equation, given by (10.56), and the ¢s equation, given by

(10.60), into the matrix form:

T T 0(”!’) T BT T XT
a1 G2 L n % s _ ’ (10.69)
0 0 il b, 1 gs Y?
where the coefficients and right hand side are defined as:
al, = —6,c,AtPs{v/cs(1+ .608¢s(t)}, (10.70)
al, = —6,WsL,At(v/cs), (10.71)
bl = 1+6,Atu(co/cs) + buks, (10.72)
b, = 6,L WsAt(v/cs), (10.73)
szx = —awLw(‘Y/cP)’ (1074)
LAY L;
XT = Ts(t)+ (Fsw — Fw) — 6,SAt—
cs cs
+6chlimkSCSa (1075)
YT = g¢s(t) - 5w~,T5(t)I—“ci. (10.76)
p

The equations, given by (10.61), (10.62), and (10.69), are a tridiagonal system,
and we solve them by extending the double sweep method, which is used for the

velocities, to handle the case where the coeflicients are matrices.
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Our final vertical diffusion results are the grid point horizontal velocities,
specific humidity, virtual potential temperature, surface temperature, and the snow
amount, which are denoted by u}f{), v,(;'k”, 0,(;-’,{), q,(;kf), Ts,, and S;, respectively.

We also compute the surface drag D, the surface sensible heat flux F,;, and the

surface latent heat flux F;; from these new fields as

2|“(ny)|
Psu.m, (10.77)
Fu = cuo{Ts— 01 PL/(1 + .608¢")}, (10.78)
Fin = LovWs{qu(Ts) — g’} (10.79)
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Chapter 11

Shallow Convection

The shallow convection parameterization scheme is based on the work of Tiedtke
(1984). We include a shallow convection mixing parameterization in order to repro-
duce more accurately the trade wind inversion layer. Without the shallow cumulus
mixing mechanism, the subtropical boundary layer in the NOGAPS’s model is too
shallow and too moist.

The change in any quantity X due to subgrid scale eddy flux caused by shallow

cumulus convection is given by
= (11.1)

We take into account only the vertical mixing. The vertical flux Fx is defined as a

large scale average over the smaller cumulus scales of the turbulent quantities:
Fx = —pw'X',.. (11.2)

We relate the flux, which is defined by (11.2), to the large scale quantities by using

a simple turbulent mixing theory as,

ox

—pw' X' = Kyo—.
o J:z

(11.3)
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We specify the mixing coefficient, K., as

10.0 m? sec™? shallow cumulus interior
K, =14 2.00 m? sec™! shallow cumulus top (11.4)
0.00 no shallow cumulus
In NOGAPS, we assume that shallow cumulus convection occurs when the

following four conditions are met:

1. the relative humidity of the lowest layer is at least 70 percent;
2. the surface temperature is greater than the surface air temperature;

3. the lifted condensation level (LCL) for surface air occurs within the lowest

175 mb of the atmosphere;

4. the atmosphere is moist unstable somewhere in the lowest 175 mb of the

atmosphere.

We check for the first item by defining the relative humidity of the bottom

layer, Rhy and we require that,
Rhp = q1/qsat(TL) > 0.70. (11.5)

For the second condition, we compute the surface air temperature by assuming
an adiabatic lapse rate between the surface and the lowest pressure level. We assume
that there is a constant specific humidity between the lowest level and the surface.

With Ts denoting the surface skin temperature, we write the second condition as
Ts > 6" Pg/(1 + .608qy). (11.6)

We check for the third condition by computing the LCL temperature from

Inman’s (1969) formula:

Trer = Ty, — (0.212 + 0.001717,, — 0.000436Ts)D;, (11.7)
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where Ty, is the dew point in degrees C at the surface and D; is the surface dew
point depression. We assume an adiabatic ascent up to the LCL, and therefore the
pressure for the LCL is given by:

1000 mb
{60/ [TreL(1 + .608q.)) )/

For the final condition, we compute the moist static energy for all levels:

PrcL = (11.8)

hsatk = Cka + ¢ + LwQsat(Tk) (1 19)
We assume that the atmosphere is moist unstable if there exists a layer k such that,
Poatyyy > Psaty- (11.10)

Note that we check all of the above conditions using the grid point fields from the
vertical flux calculation.

If all the criterion are met, then we assume that there is mixing of temperature
and moisture by shallow cumulus clouds. The shallow convection layer extends from
the surface up to the top of the moist instability with a maximum depth of 175 mb
above the surface. We solve for 9 and ¢{* in a manner similar to that described

in Chapter 10. The equations take the form:

af:c) — 0[(::}’) + [ngtl\’SCkH/z] (01(:3 _el(:”))

Api Zk+1 — 2k

_92AtK,e,,, (08 — 6() (11.11)

Apk 2k — Zh-1 ’ .
(s¢) wn) , [92BtKsey, qi’ﬂ ~q
% = @&+

Apk Zk+1 — 2k

_920tK,, g — ¢i*°) (11.12)

Apk Zk - zk—l . o

The notation and the time integration scheme are described in Chapter 6. In the
surface layer, k=L=18, we assume that the vertical gradients of virtual potential

temperature and the specific humidity are zero.
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The tridiagonal system for Of:c) (we omit the horizontal indices I and j) is

@B + 0,00 + 8l = 610, (11.13)
where
20t K,
aG = - J = (11.14)
Api(zi-1 ~ zi)
b = 1—(ak+ck), (11.15)
2ALK,
G = ~— R (11.16)
Api(2zik = 2k41)
e = 0. (11.17)

An analogous system obtains for ¢\"". We solve (11.13) using the same Gaussian

elimination procedure employed in Chapter 10 (Carnahan et al. [1969)).
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Chapter 12

Cumulus Parameterization

The cumulus parameterization used in the NOGAPS forecast model is based on
the Arakawa-Schubert (A-S) scheme. Arakawa and Schubert (1974) describes the
theoretical basis for the approach, Lord and Arakawa (1980) and Lord et al. (1982)
develop the discrete forr.n of the parameterization to be used in a numerical model,
and Lord (1972) presents verification results from semi-prognostic experiments with
GARP Atlantic Tropical Experiment GATE data.

‘The A-S scheme shares similarities with other cumulus parameterization schemes
in use today. Like other schemes, the A-S scheme adjusts a model predicted thermo-
dvnamic state toward some reference atmosphere. This adjustment process must
reduce conditional instability in the model atmosphere. The reference state is de-
fined in terms of a cloud work function which is a generalized form of conditional
instability. Arakawa and Schubert (1974) show that the cloud work function can
be interpreted as the work done by the buoyancy force that is converted into the
kinetic energy of the cumulus updrafts. A fundamental assumption of A-S is that
there is a quasi-equilibrium between the generation of the cloud work function by
large scale processes and its conversion to cloud scale motion. Therefore, the cloud

work function vertical profile in a convectively active atmosphere always remains

123




near some reference or climatological state. This reference state has been obser-
vationally verified (Lord and Arakawa, {1980]) to be nearly constant over a wide
range of convective regimes.

An important property of the cloud work function is that it is dependent on
the vertical profile of a composite of temperature and moisture, but is not a function
of each variable profile individually. For this reason the cloud work function quasi-
equilibrium is a less restrictive constraint than, for example, the moist adiabatic
lapse rate, which is a function of temperature only. This gives the A-S scheme more
degrees of freedom to reach a convective equilibrium state. Theoretically, this is an
attractive property of the scheme, but in practice it can allow undesirable biases to
develop in vertical heating profiles. Considerable research on this problem remains
before the full advantage of the A-S scheme will be realized.

A second similarity of the A-S scheme with other cumulus parameterization
schemes is the use of a cloud model to interact with the large scale environment. A-S
differs from most other schemes in allowing an ensemble of cloud types with different
cloud top pressures to exist at each model grid point. Cloud and environmental
thermodynamic budgets are derived for each cloud type. The early A-S formulations
use a simple entraining plume model for each cloud in the ensemble, with constant
entrainment rate for each cloud defined. All downdrafts take place in the dry
environment. Payne (1981) has shown the benefits of including moist downdrafts in
the A-S cloud model. In the NOGAPS formulation, the cloud model is generalized
to include the effects of a simple cloud scale moist downdraft. This has a beneficial
impact on the vertical heating/moistening profiles produced by the NOGAPS A-S
scheme.

In all cumulus parameterization schemes, a closure assumption must be made

to determine the strength or intensity of the convection. In the A-S scheme, this
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closure is defined in terms of the cloud base mass flur generated by each cloud in
the ensemble. Once found, the cloud base mass fluxes are combined with the envi-
ronmental budgets to yield the changes to thermodynamic variables. The problem
of the parameterization therefore reduces to solving for these mass fluxes.

The cloud ensemble concept is the distinguishing characteristic of the A-S
parameterization from nearly all other schemes used in NWP models. Not only do
the clouds interact with the large scale environment to stabilize it, but the clouds
in an ensemble interact with one another as they modify the environment. This
interaction is represented in the A-S scheme through a cloud interaction kernel
that is a unique feature of the scheme. Much of the following discussion on the
cloud and environmental budget equations is from Lord(1978). Readers interested

in more details and theoretical discussion are referred there.

12.1 Thermodynamic Profiles and Vertical
Structure

The model atmosphere is defined by the thermodynamic state variables potential
temperature @, or temperature T, and specific humidity ¢. The geopotential ¢ is
computed from & via the hydrostatic equation. The dry static energy and mois:
static energy are defined as

s=¢T + ¢, (12.1)

and

h=c,T+6é+ Lug. (12.2)

For cloud buoyancy effects we use the virtual dry static energy

Sy =5+ ¢, T(bg —¥€), (12.3)

125




where 6= 0.608 and ¢ is the cloud liquid water content.

The thermodynamic variables predicted by the model represent the large scale
environment. All cloud thermodynamic properties must be expressed in terms
of these variables. We assume that cloud air is saturated. From the Clausius-

Clapeyron equation

1 q"
=7+ — € —3), 12.4
=7 ( aT)p (s°—3) (12.4)
where the superscript ¢ denotes a cloud variable, the asterisk a saturation value,

and the overbar a large scale environment value. Also

]. ==
C—-3=——(h"=h 12.5
5= (b =) (12
and
c_—-___‘y___i_ c_ 3"
-7 = 1+7Lw(h h) (12.6)
where
L, (97
_ —— _— . 1.7
Ly <6T)p (12.7)

A convective cloud becomes non-buoyant with respect to the large scale en-
vironment when

$$ =3+ ¢T[6(¢ —q) — €] =0. (12.8)

Neglecting overshooting, the level of vanishing buoyancy is the cloud top. From

(12.4 - 12.8) the cloud top moist static energy is

“._—- (1+7)Lw6 . _
ReF - g e -o-1, (12.9)
where
¢, T
=2 12.1
€= (12.10)

and the () denotes a cloud top value. In a conditionally unstable environment the

condition

h<h <h (12.11)
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h —

Figure 12.1: Schematic profiles of % and h*. Dashed lines are profiles of cloud air

h¢ produced by entrainment mixing.
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must exist. Figure 12.1 shows a typical vertical profile of & and h*. The dashed lines
are profiles of A that result from the entrainment (mixing) of high & air from below
the lifting condensation level (LCL) with lower % air as the cloud rises. Where a
dashed line crosses h* defines a cloud top. The smaller the entrainment rate, the
less rapidly the cloud loses its buoyancy with respect to the environment and the
higher it will penetrate. A non-entraining hot tower cloud can penetrate until h*

equals the moist static energy of the sub cloud layer.

12.2 Parameterization of Ice Physics

The release of latent heat of fusion when cloud liquid water freezes is a significant
factor in buoyant energy production in deep cumulus convection. The microphysics
of precipitation is far too complex and computationally expensive for any attempt
to model it as part of a large scale cumulus parameterization. The most we can
hope for is to crudely model the bulk effects of ice formation on cloud buoyancy.
Ice formation increases cloud buoyancy over liquid water formation through
two mechanisms. First, the equilibrium saturation vapor pressure e* over ice is
less than that over water, so more precipitate will be formed and more latent heat
released when we include this dependence. Second, the extra change of phase step
from liquid to ice releases the latent heat of fusion, in addition to the latent heat
of condensation already released when water vapor condenses. We model the first
effect by linearly combining the over water and over ice values of saturation vapor

pressure such that:

€yapor for T > 0° C,
€ =93 €lapor — T/40(e},, — €yapor) for —40° C < T < 0° C, (12.12)
e for T < —40° C.

ice
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We model the second effect by linearly combining the latent heat of condensation

L, and latent heat of fusion L; such that:

L, for T >0° C,
Lyi=4 L,—-T/40L; for —40° C < T < 0° C, (12.13)
L,+L; for T < —40° C.

We replace L,, with L,; in all terms representing vapor/liquid/ice change of phase

processes.

12.3 The Discrete Model

We now introduce the vertical structure of the discrete model used in the NOGAPS
A-S cumulus scheme. Figure 12.2 shows an example ensemble of 3 clouds with
tops at model full levels Kiop, Kiop + 3, Kiop + 9, where K., = 5. For purposes
of demonstration we assume that candidate clouds at the other levels have been
eliminated by the variety of mechanisms that will be described later. We introduce
a local vertical coordinate k& with its origin (k = 1) at the top of the deepest cloud
(Ktop). The bottom full level is k = N, = L — Kyop + 1 = 14. The first full level
above the LCL is k = k. = 12. For convenience we also define a cloud type index
k; with its origin at the top of the highest cloud. In the present example the cloud
tops are at k; = 1,4, and 10 respectively. In all subsequent descriptions, vertical
indexing will be in terms of k or k, unless otherwise indicated. K,,, may have values

corresponding to the full range of meteorologically realistic cloud top pressures. In

the L = 18 level NOGAPS we allow
J<Kpp <L-1,

which allows clouds to penetrate to about 70 mbs.
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Figure 12.2: Three cloud ensemble showing vertical coordinate and cloud top index

coordinate for the A-S scheme.
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12.4 Cloud Budget Equations

The cloud model is an entraining plume with constant entrainment rate A. In

continuous form the cloud model is
77 = exp[’\(z - 20)]7 z _>_ 20, (1214)

where 7 is the normalized cloud base mass flux. Above the cloud base, the discrete

form of 12.14 is

Me-1/2.k = Mkt1/2.4 (1 + Ae,Dzi), ke < k < ko, (12.15)

where at cloud base

Mke+1/2, = 1. (12.16)

Below the cloud base, the mass flux varies linearly to zero at the surface. The cloud
base (LCL) is defined simply as the half level k. + 1/2 below the lowest full level k.
where gn, > ¢i_. Figure 12.3 schematically shows the discrete cloud mass budget.
€k and di, are entrainment and detrainment terms which are related to the net

entrainment rate and the normalized mass flux by

Ckk = Ak:(l'*'Cd)Az_lcflkﬂ/:',k,, (12.17)

dk.kc = /\kzchszIk+l/2,kg1 (1218)

where ¢4 is a fractional detrainment parameter (currently we use ¢; = 0). An

alternate form of (12.15) is

Mk=1/2.k = Mk+1/2.kc + Ekke — i k,- (12.19)

At the cloud top, all mass must be detrained into the large scale environment;

therefore

di, = Mo+ /2.4 (1 + /\k,-z\zk,)- (12.20)
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CLOUD TYPE &t

-
TT kt+1/2
Mkt+1/2kt
i k-1/2
Nk-1/2,kt
€k ke dege = ——— &
ft k+1/2
Ne+1/2,0
t ke~1/2
Nke-1/2.1¢
==>  Chekt Qecg =) — == ke
ft kev1/2

Nhe+1/2. = 1.0
Figure 12.3: Schematic depiction of cloud mass budget for A-S cloud model showing

exchange of mass between cloud and large scale environment.
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The cloud ensemble moist static energy budget is

c c
nk—l/Z.kthk-l/Zkg - nk+1/2.kzhk+1/2.kc

— hé + hS_
R — di, k+1/2,k, k 1/2,k,.

5 (12.21)

= Ck,ke

Figure 12.4 gives a schematic view of the budget. Using (12.15), (12.16), and
(12.18) we can rewrite (12.21) as

P12k = Bk + Lo (Bigyj2k, — i), (12.22)
where
1 — 9 Az
Ly, = 2 . 12.23
bk S TR + D)h Az (12.23)
At cloud top, the moist static energy budget is
Jk:’;kz = nk¢+1/2,k¢hi¢+1/2'k‘
- hi, + S
+ eroe ke — i — 2"'“’2”“, (12.24)
which becomes
i, = he, + fk,(hiﬁm‘k‘ - hy,), (12.25)
where
- 1~ 9\, Az,
I, 2 Tk D7k (12.26)

T 1+ (1 + DA Azk,

Equations (12.22) and (12.25) require values of 2§, , (i.e., surface values) to
begin the recursive solution for the cloud budgets of moist static energy. Because
we start the budget calculations below the actual cloud bases, however, we can
only define virtual values for cloud variables in sub-cloud layers. We have chosen to
define hy ./, as the pressure weighted mean moist static energy in the subcloud

layer. We write

ko, hrApy

Np+1/2 = SR AL (12.27)
=iNp
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CLOUD TYPE &t

Riedet + disie —_———

(i‘h + hi:ﬂ/z.n)/'z

ﬂ +l/2
R 1 2 ueMMhe+1/2.8

k-1/2
hi. 1/2keTh=1/2.kt

L

=> Riliut dike(hsprjape T hi-rj2u)/2 =0 —— =

- t k+1/2
Rivy/2aeMir1/2

ke-1/2
hi.-m,uﬂu-x/z.u
Tikeh.h dh'gg(":,.' + h;‘_x,,.a)/z = - = = ke
£ ke+1/2
RrgNier1/2.

Figure 12.4: Schematic of cloud moist static energy budget showing exchanges

between cloud and large scale environment.
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where k. + 1 is the first full layer below the LCL.

The cloud ensemble total water budget equation is analogous to the moist
static energy budget, with the complication that we must partition the total cloud
water among cloud water vapor, non-precipitating liquid water, and precipitating

liquid water via a crude microphysics model. The cloud water budget equation is

c c
NMk-1/2.kTk-1/2,kc — Mk+1/2,keTk41/2,k:

_ QIcc+1/2,kg + Qi-l/z.k.
€k ke qk ~ dk ks 5 — Mk Thk Ak (12.28)

The last term in (12.28) is the moisture sink due to precipitation. Figure 12.5 is a
schematic representation of the total cloud water budget process. Notice that 7,

is a full level normalized mass flux. For computational convenience we choose

di k,
Nkke = Tk+1/2,k T Chkke — 5
C

= meranll+ (14 )0z (12.29)

The cloud liquid water computations are done at the full levels. The full level water

budget equation is

c — dkka C
Nk ke Qe k, = ﬂk+l/2.k‘42+1/2,k, + €k k Gk — —2—"11:+1/2.kn (12.30)

or
qz,k, = qk + Ikvkl(qz+1/2,k¢ - qk)a (1231)
Notice that (12.31) is exactly analogous to (12.22) for the moist static energy bud-

get. This is a consequence of our choice of (12.29) for defining 74 s,. The cloud

saturation water vapor is found using (12.6):

=c —- Yk 1 ¢ —
Qg =9 + —( k+1/2,ke — h)- (12.32)
The total cloud liquid water content is

Crke = g, — Tk, (12.33)
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Figure 12.5: Schematic of total cloud water budget showing exchanges between

cloud and large scale environment.
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The cloud liquid water content after precipitation is removed is
Gk = bike — TeR A2k, (12.34)

where

Tk = Cop, (€ x, — €c)- (12.35)

{. is the minimum cloud liquid water content at which precipitation can be pro-
duced and c,, is a cloud microphysics parameter which determines precipitation
generation efficiency. Currently £ is set to 0.0 and ¢,,, to 0.002 m™" for all levels
within a cloud except at cloud top, where it is 0.004 m~!. Combining (12.34) and
(12.35) and solving for ¢} ;, yields

, Ci g, + cok‘chzk
ke =
¢ 14+ CoktAzk

(12.36)

and the amount of precipitation per unit cloud base mass flux produced in layer k
from cloud type k, is

Rk, = e e T ke Azi, (12.37)

which is also the last term in (12.28). However, if we subtract (12.30) from (12.28)
we get

di s,
Te—1/2.k (Mk=1/2,6 + _::2_) = Mieke (T ke — Thke D2k)- (12.38)

The term in parentheses in the last term of (12.38) is total cloud water after pre-

cipitation is removed. If we substitute (12.29) and (12.18) into (12.38) the result
18

qi—l/‘),k, = k., = TkkD2k. (12.39)

At cloud top the total water budget equation is exactly analogous to the

budget equations at lower levels, so

qli;,k. = -q—kl + Ik!(qiz'l-l/?.k‘ - qk,)' (1240)

137




A requirement for cloud existence is that at cloud top a cloud be saturated, i.e,

that ¢ ;, > @, At lower levels within each cloud this is not required.

12.5 Special Treatment at Top of Deepest Clouds

In section 12.1 the cloud top moist static energy is defined (Equation 12.9). In
the discrete model, each full model level k, may become a cloud top, and there
is a unique value of R* at each of these levels. The deepest possible cloud is one
with entrainment rate A, equal to zero, which corresponds to Tz;'_l /2 equal to EN,,-
Because in practice there is seldom an exact matci between ﬁ;‘_l /2 and hn, at any
level, the deepest cloud (k, = 1) actually occurs for the case where E;,-x 12> R,
and E,‘h +1/2 < EN,. During a forecast model integration, however, it is not unusual
for FN, to increase enough so that 71;‘_1 ;2 < EN,,, where earlier in the forecast
fz;t_, /2> hn,, meaning that k; = 1 must be defined one model level higher. When
this is allowed to occur at a grid point, a cloud type which has previously been
excluded from the cloud ensemble spectrum may suddenly appear, or if the process
is reversed, suddenly disappear. Such behavior is physically unrealistic as well as a
source of computational noise as deep clouds are sporadically turned on and off.
The solution is to redefine the position of the k, = 1 level and the variables
values there so that the k; = 1 clouds can smoothly vary in height as FN,, varies

relative to 71;.. At k; = 1 we have

by, < Ry, < B3 (12.41)
Let _
~  hyn, +h3
P= R (12.42)
and the adjusted height at k; = 1 be
2 = 232 + K(hn,)[21 — 2372, (12.43)
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where K (FNP) is the linear interpolation coefficient

—— _EN —~ ks

K(hy,) = ==L (12.44)
h1/2 = fay2

Note that R(-ENP) varies from 0.0 to 1.0 as hn, varies from 7:;/2 to fzg/z, so we have

the smoothly varying behavior we want. The thermodynamic variables for layer

k, = 1 are redefined as

— — K(w)= =
V), = W3 + (QNP)[‘I’l/z — W32}, (12.45)
where
.\r’- = {T$q?$7p}

We use (12.45) for only these variables, all derived quantities are computed in
appropriate ways to preserve non-linearities, e.g., using (12.45) to get Tj,=; and
Pr,—1 and then finding g _, as a function of these interpolated quantities.

The cloud budget equations described in section 12.4 are in no way affected
by this redefinition of layer k&, = 1. The changes do influence the large scale

environmental changes, however, and will be discussed in section 12.13.

12.6 Solution for Entrainment Rate

Equations (12.22) and (12.25) form a recursive system of equations for the budget
of cloud moist static energy. Since at its top a cloud must be neutrally buoyant
with respect to the large scale environment, we can use (12.9) to close the system.
The system is highly non-linear in A;, and so must be solved numerically for the
root that represents a physical solution. We use the pseudo-secant method, which

is a finite difference analog to Newton’s method. The buoyancy equation is

(12.46)

Tw ¢ 1 + t T t
B(Akt) = hckg.kg - hkg - ek;.k: { ( ‘7k )cp ‘ ] °

14 'ﬂcgéCkag/Lw
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The pseudo-secant algorithm is

AN = AN (12.47)

B(M) — B(w=1)’

where

AL =AY 4+ ANy = iteration counter.

Notice that we must have two estimates of A, to begin the iteration.

We start the iteration with an assumed small value of A, say 107, and
recursively solve the moist static energy equations (12.22, 12.25) and the total water
budget equations (12.31, 12.39, 12.40) from the bottom up using the sub-cloud base
layer values hy, and dn, as Ry y1/24 and qy 41724, If the cloud top buoyancy
B(A{7') is greater than zero, A{=! is too small and A{=? must be greater than A;=!.
If B(A{™!) is less than zero, A{=! is too big and A{™? must be less than A{~'. We
use a £10% X increment for these differences. The iteration is terminated when
[B(Ag, )| is less than 4.0 Joules kg™, which corresponds to +0.004° C or +0.0016 g
kg~! specific humidity. Six to seven iterations is usually sufficient. Experience has
shown that the method converges best when an iteration starts with A;=! too small
(clouds too buoyant). We therefore begin with the deepest cloud in an ensemble
(k¢ = 1) and use A= as the initial estimate for A\{Z),, etc.

A byproduct of the pseudo-secant iteration is a very good estimate of the
derivative of the buoyancy function B(),) as a function of A\;,. At convergence we

save
d
dx,

_ B(AL) - BOYY
[B(’\kt)] - ’\ll:, _ Az‘—l i

(12.48)

for later use in a true Newton's method iteration when we find the elements of the
cloud interaction kernel matrix.
There are several potential physical and computational problems that can

occur during a A, iteration. They are

140




1. B(A\y,) — B(AL) = 0.0,

2. X;, < 0.0,

(o]

. M{, too large (> 0.01),

-

. No convergence (v greater than 10),

5. Cloud not saturated at top: gf, ;, < gf. «,-

In the first four cases the condition is pathological and this cloud must be removed
from the ensemble. The last condition normally occurs when the large scale en-
vironment is so dry that the entrainment processes never let the cloud air reach
saturation. This is a real physical mechanism for rejecting potential clouds from
an ensemble. Another situation that requires rejection of clouds from an ensemble
occurs when a cloud loses its buoyancy at a level with an unstable layer above
that level. Figure 12.6 shows a profile of h* with typical A solutions for a situation
which might occur above a trade wind inversion. The distinguishing characteristic
of the A solutions in this case is for A to increase for increasing cloud top height, a
physically implausible result. To detect these physically unrealistic values of A, we
look for the condition

Ak‘t—l > Akt > /\kt+1' (1249)

Wherever 12.49 is satisfied, ), is rejected from the cloud ensemble.

After the A, are found, we use (12.15) to get nx—1/2,k,, the normalized mass
flux profiles. Solution of the total cloud water budget equations (12.31, 12.37, 12.40)
also yields the normalized convective precipitation. However, since the precipitation
must be equal to the vertically integrated net environmental drying in a column,
we use the environmental water budget equations of Section 12.8 to ensure an exact

balance between these two terms in global water budget accounting.
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Figure 12.6: Example of A solution for cloud detraining below unstable layer. Cloud

for Ax, must be rejected.
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12.7 The Cloud Work Function

Arakawa and Schubert (1974) show that the generation of kinetic energy by cloud

buoyant force is given by

V) ¢ ,
A(/\) = / —::-—7’21'/\(55‘, A — guz’)dz . (1250)

s Tl
The cloud work function per unit cloud base mass flux is therefore proportional
to the buoyancy of the cloud air relative to its large scale environment and the
normalized mass flux within the cloud, integrated from cloud base to cloud top. In
discrete form (12.50) can be written as
Np ~
Ak =9 D Tksr/2kBZks1/2fes1/2(RE g2 me — Pigry2) — Gikl)s (12.51)

k=k¢

where
1+ ‘Yk+1/250ka+1/2/Lw
(1 + Yes1/2)pT k4172

In a convectively active atmosphere the cloud work function Aj, has been

ferr2 =

shown to be approximately constant, i.e. the quasi-equilibrium condition (Lord,
[1978]). In the NOGAPS model we use (12.51) to compute the A, and compare

them to predefined climatological values AZ™ (Table 12.7). If
A, — AZ™ >0,

then the k, cloud can exist. If this difference is less than zero, then the k, cloud is

not unstable enough to exist and is removed from the ensemble.
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12.8 Large Scale Environmental Budget

Equations

Table 12.1: Climatological cloud work function at a function of cloud top pressure.
Values are normalized by pressure depth of cloud.

10.0 2.0000
100.0 | 1.8983
200.0 1.2425
300.0 | 0.5162
400.0 | 0.3252
500.0 | 0.1915
600.0 | 0.0924
700.0 | 0.0577
800.0 | 0.0350
900.0 | 0.0220
1000.0 | 0.0150
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Figure 12.7: Schematic representation of fluxes between clouds and large-scale en-

vironment. Each flux in the environmental budgets has a corresponding flux in the

cloud budgets.
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Figure 12.7 gives a schematic picture of the distribution of fluxes between cloud and
large scale environment from the perspective of the budgets of a thermodynamic
variable ¥y in the large scale environment, where ¥ is either & or §. Comparison
with Figures 12.4 or 12.5 shows an exact counterpart for every flux in the cloud
budget equations. The budget equations for the changes to environmental moist

static energy Dk and total water D per unit cloud base mass flux are

Dhiy, = Kgﬁ[ﬂk—l/Zk,(Ek—l"‘Ek)

hS + h$_ -
k+1/2,k: . k=1/2,ke hk)],

+  dik( (12.52)

g

Apr (k=172 (Th—1 — T)

Dg,, =

¢ e F G5
Qev1/2,ke T Dk-1/2 k. ~3)) (12.53)

+  dig,( 5

and at cloud top

tht.kc = Aik r’kc+1/2,kt[(l + /\kg&k,)(zh - .Ek()

— Bk, + hS _
+  cark, Az, ( 2k'+1/2'k' — hk,)], (12.54)

Dgk, e = etz (1 + M B2k ) (G — Ti,)

g
Apkc

—~ c
o~ Tk T 9k 11/2.k,

+ CdAk,AZk,( > - ‘q’k‘)]. (1255)

The environmental budgets are similar in appearance to the cloud budget equations,
although the choice for the subsidence terms is a departure from the form originally
proposed by Lord (1978). Notice that the ¥ subsidence terms defined on the half
levels in Figure 12.7 are the product of the half level normalized mass flux and the ¥
gradient between the two full levels above and below that half level. This is a donor

cell form of vertical advection and is a flux form of upstream differencing. It has
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the property of systematically reducing the drying bias characteristic of the simple
entraining plume cloud model. Also, because upstream differencing is diffusive, it
eliminates much of the two grid interval noise in the heating profiles that plague

centered space differencing forms of the budget equations.

12.9 Evaporation of Convective Precipitation

In section 12.4 convective precipitation per unit cloud base mass flux was generated
as an integral part of the total cloud water budget computation. Observational
studies have shown that a significant portion of convective precipitate evaporates
before it reaches the Earth’s surface (Leary and Houze, 1980). This process tends to
cool and moisten the lower atmosphere where the evaporation occurs, so including
it in the NOGAPS A-S scheme corrects some of the excessive low level drying A-S
otherwise produces.

The mass of water evaporated into each layer as it falls is assumed propor-
tional to the mass M of the layer and inversely proportional to the layer relative
humidity Rj. For any cloud type k; there are k = k;,..., N, — 1 layers that may
produce precipitate, and the precipitate from each of these layers falls through
N, — k layers. Therefore

M, Il = ky.o .. N, -1
U R
We assume that the evaporation is a constant fraction of the total precipitate R,

generated by each cloud layer I. Therefore

Np Np w
SAg =AY X =b.R, (12.57)
k=l k=1 th
SO
be
A= NPR;, (12.58)
Lkt Ry
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The final step is to modify the environmental water budget equations by summing

over all cloud types [.

Np-1
Dy, = Dy, + > Agpy, k=1 N, (12.59)
l=kg
A value of b, = 0.2 is used. Note that because moist static energy is conserved

during moist processes, the Dk, are unaffected.

12.10 Saturated Downdraft Model

The total cloud water budget equations partitioned the moisture into three parts:
cloud water vapor, non-precipitating liquid water, and precipitating liquid water.
In section 12.9 we further divided the precipitating fraction into an evaporating
and non-evaporating fraction. The downdraft model exploits the non-precipitating
fraction based on empirical evidence that evaporation of suspended cloud water gen-
erates negatively buoyant cloud scale air parcels. These downdrafts carry suspended
cloud liquid water downward, depositing it at lower levels where it is evaporated.
This is in contrast to the A-S cloud model, which evaporates cloud liquid water at
the level where it detrains into the environment.

Payne (1981) incorporates a downdraft model directly into the budget equa-
tions of the A-S scheme. His approach is quite sophisticated and certainly attractive
as a long-term alternative to the current A-S cloud model. However, we have cho-
sen to model the downdrafts in a much simpler manner by taking advantage of the
observed biases in the vertical moistening/drying (Q2) profiles of the A-S scheme.
Figure 12.8 is from Lord (1978) and shows observed and predicted Q2 from a GATE
semi-prognostic study. The difference between the profiles is also shown. This dif-

ference is quite typical of Q2 bias from A-S. We can fit it reasonably well with a
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Figure 12.8: Observed Q2 profiles from GATE and Lord (1978) A-S semi-prognostic

study, plus difference between two showing typical vertical biases.
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12.11 The Perturbed Cloud Budget Equations

We now have a complete set of budget equations describing the interaction of a
cumulus cloud ensemble with the large scale environment. For each cloud in an
ensemble the cloud work function for a unit cloud base mass flux gives us a mea-
sure of the instability in the large scale environment that must be reduced to an
equilibrium state. For each cloud in the ensemble we must find the actual cloud
base mass flux which reduces the cloud work function to this equilibrium. We can

formally write the cloud base mass flux kernel system of equations as

Np-1
Y Kiwmp, +y, =0, k=1N,—1, (12.66)

ki=1

where

Oy,
37723"‘

Ay, — AT, (12.68)

(12.67)

K, =

Y&,

The complexity of the cloud and environmental budget equations precludes any
hope of an analytic solution to (12.66). A finite difference approach is required. To
find the matrix elements K, »» we assume a cloud base test mass flux m};ké for a
cloud type k} in an ensemble. We run this test value through the environmental

budget equations (12.52), (12.53), (12.54), and (12.55) to get changes to the large

scale environment due to this cloud. The perturbed values are

R, =he+ my,, DR, (12.69)
and
T = Q%+ mp, D (12.70)

Using these adjusted thermodynamic profiles, we resolve the cloud budget equations

(12.22), (12.25), (12.31), (12.39), and (12.40) for all values of k., with the attendant
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simple quadratic profile. Let

Ag} . = aMi(az} — z}), (12.60)
where
T = (pk - ﬁkt/(pr - ﬁk:)7
M, = k layer mass,
a, a = proportionality constants t.b.d.

The parameter zj is a locally defined pressure coordinate normalized to 0.0 at
cloud top and 1.0 at the surface. We assume the downdrafts are non-precipitating,

so there is no net change of moisture in the column. Therefore

Np
Y Ak =0, (12.61)
k'—-kg .
SO
Np Np
a= Y Mua/ ) Mz} (12.62)
k=k; k=k,

From (12.61) we know that the normalized downdraft moisture flux from the moist
bias area to the dry bias area in Figure 12.8 must be equal to the negative (lower)

area of the difference profile of Figure 12.61. The flux is therefore

J
Feo= Y, Aq,‘f‘k‘, J = highest layer where Aqik' > 0. (12.63)
k=Np

The actual strength of the downdraft moisture flux is assumed to be proportional

to the total drying in the column (i.e., precipitation), so

_ bRy,
o= (12.64)

Based on model sensitivity experiments we use b5 = 0.1. The final step is to modify

the environmental water budget equations,
Dgix, = Dgis, + Agi ., - (12.65)

As was the case for evaporation of convective precipitation, there are no changes

to the moist static energy budget.
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values of entrainment rate A; and normalized mass flux 7}, . The cloud work
function A} is recomputed for the perturbed environment, where

N, _

e =9 2 Merrjan Azkr12fiery2(Risrjan — Pivrsa) = Gokl- (12.71)

k=k(
This entire process is repeated for all allowable values of k;. The matrix elements
of (12.66) are given by

Al — Ag,

Nt = ——— (12.72)
m'Bk:

=1 is used for all values of k;.

A constant value of m§ , = 2.0 kg m~? sec

The computationai effort to find the K, s is quite large compared to the
original cloud budget calculations. In the original cloud budget calculations for a
given K,,, we have k; = L — K,, possibie clouds. Finding the elements of (12.68)
requires all possible combinations of k; = L~ K., and k, = L— K,,,, so the problem
is of order kZ, rather that k,. Howcver, because the test mass flux changes in the
cloud budget calculations are small, we can take advantage of the results of (12.48)

from the original cloud budget solutions in a Newton’s method solution to (12.46),

rather than the original pseudo-secant method. So

v , ., d
XN BOW)/ g5 [BOW)] - (12.73)

Beginning with A}, ! = A4, ,two iterations give solutions to ( 12.73) which are within

+4.0 Joules kg™!.

12.12 Solution of the Cloud Kernel Equation

Equation (12.66) is a deceptively simple linear system of equations. However, the
physical constraints we impose on the solutions to this system have historically

presented a non-trivial problem to implementations of the discrete A-S scheme.
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We must minimize

Np-1
Gi= > Kimi+y, i=1,N,-1, (12.74)

=1

with the constraints

m, > 0, (12.75)

and

G, 20. (12.76)

Equations (12.74), (12.75), and (12.76) form a constrained linear system of order
N = L — K. Schubert (1973) proposed an iterative solution method which was
used in early versions of the UCLA general circulation model. The method worked,
but was subject to occasional numerical problems. Silva-Dias and Schubert (1977)
solved (12.74 - 12.76) as a linear programming problem using the simplex algorithm
(Dantzig, 1963). Simplex finds the optimum solution and is numerically robust,
but is computationally expensive for the large number of low order linear systems
generated by the A-S scheme. More details of these methods are in Lord (1978).
The nature of (12.74 - 12.76) suggests a calculus of variations approach. We

want to minimize the functional

N N
In =Y _ei(mi —mo,)t + (D Kiymj + v:)?, (12.77)
=1

=1
where m,, are the unconstrained solutions to (12.74) which generally will not satisfy
(12.75) for all values of i. The factors ¢; and o; are the so-called weak constraint
variational weights to be determined. Taking the first variation of (12.77) with

respect to m; and collecting terms yields

N N N
Z(Z(QIK,JK:J’J) + ej)m] = Z oKy + €My, , (12‘78)
7=1 I=1 =1
which is of the form
N
S Lijm; = hi. (12.79)
=1
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The iterative solution of (12.78) proceeds as follows:

p—t

. Solve (12.74) with G; = 0.0 to get m,,.

2. If m,, satisfies (12.75), then set a; to 0.0 and ¢ to 1.0, which causes

(12.78) to reduce to m; = m,,, so (12.75) is satisfied.

3. If m,, is less than 0.0, then set m,, to 0.0, ¢; to 0.0, and a; to 1.0 in

(12.78). This causes G; to be greater than 0.0, so (12.76) is satisfied.

4. With the adjusted values of m, and the assigned values of ¢; and o;,

solve (12.78) for m;.

5. Check to see if (12.75) and (12.76) are satisfied for all values of i. If not,
then replace m,, with any positive m; and return to step 2 above and

repeat the iteration.

The method usually converges within 2-3 iterations, even for cloud ensembles
with 8-10 positive values of m;. Non-pivoting Gaussian elimination is used to solve
(12.79) because experience has shown that £; ; is almost always well-conditioned. In
rare cases with pathological temperature and moisture structure this method fails.
In these cases full-pivoting Gaussian elimination is tried, and if this also fails the
mass fluxes for this cloud ensemble are set to zero. Computationally the method is
an order of magnitude faster than the simplex algorithm and yields exactly the same
solutions in nearly all cases. No meteorologically significant differences between the

two methods’ solutions is ever observed.

12.13 Update of Large Scale Environment

Solution of (12.74-12.76) closes the A-S parameterization. Since the environmental

budget equations are for a unit cloud base mass flux, the changes at each level k in
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the environment are

_ Np-1 Np _
Ahk = Z mBk‘ Z th‘k',
k=1 k=k,
Np-1 Np
Ag, = ) mB,, Y Dy, .
k¢=1 k=kg
So
— Ry — 7
ATk — A k LwAQk.
Cp

The total precipitation is
NP
Pcu = - Z Aqk'
k=1
The total cloud base mass flux is

Np-1
Mg= Y mp,, .

k3=l

(12.80)

(12.81)

(12.84)

In Section 12.5 the need to redefine the definition of the layer containing the tops

of the deepest penetrating clouds was described. These redefined layers are always

thinner than the full model layer that is otherwise defined at these levels. Therefore

the deepest cloud heating and moistening changes computed from the environmen-

tal budgets must be adjusted for the difference in thickness between the temporary

thin layers and the full model layers. Using 12.44, we obtain the adjusted heating

and moistening changes

Ahg=1 = jz(sz)AEke=1 )

ATir = K(Rn,) ATy 2y
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Chapter 13

Large Scale Precipitation

The large scale precipitation parameterization removes all supersaturation remain-
ing in the model after all previous temperature and moisture adjustments. We per-
form the computations with the current grid point fields, which in this case, are the
temperature and moisture from the Arakawa-Schubert cumulus parameterization:
T and g\ (see Chapter 6 for the discussion of the time integration procedures).
The large scale precipitation processes begin at the highest supersaturated model
layer and continue downward to the surface.

For level k with temperature T; and pressure p; the saturation specific hu-

midity is given by
62197e*(T%)
pe— e (Ty)

where e*(T}) is the saturation vapor pressure. We obtain the saturation vapor

qsat(Tkspk) = (13'1)

pressure by solving the Clausius-Claperyon equation:

de” _ 62197L,¢"
daT ~  RT?

(13.2)

where .62197 is m, /mg4, that is the ratio of the mass per unit mole of water vapor,
m, (18.016 g mole™!) to the mass per unit mole of dry air, m, (28.966 g mole™'); R

is the dry air gas constant (287 J K=! kg™!); and L,, is the temperature dependent
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latent heat of condensation L,,; given by Equation (12.13). Equation (12.12) is also
used to include saturation vapor pressure dependence with respect to ice.

We define Ry as the accumulated liquid water falling into layer k with pressure
thickness Apx (Rr = 0 for the top saturated layer), and define Ej, the amount of

evaporation in the layer, as

. (Rhcqsar, — qk)é_f&
min
Ek = max Rk (13.3)
0,
where Rh. is the maximum relative humidity to which E; can raise layer relative
humidity. Currently Rh. is 100%. We assume that the evaporation moistens the
layer uniformly and that the heat used to evaporate Ej is removed from the layer,

giving new layer specific humidity and temperature

O = gy B 13.4

qx q + kApk’ (13.4)
' L g

) = e _Zw I p 13.5

k k Cp Apk k ( )

Using Equations (13.1) and (13.2), we calculate the relative humidity for the layer
for the moisture and temperature given by (13.4) and (13.5): qu,) and T, If
the relative humidity is greater than 100%, we find the saturation temperature and
specific humidity, add the excess moisture to the accumulated precipitation, and
add the latent heat to the layer’s temperature. This procedure is done iteratively
and is described below.

We define the nt* iterate for moisture and temperature by,

& = ¢oa(T8px) = q¢ ' = CF, (13.6)

and
n n—1 Lw n -
Ty = T7' + —CF, (13.7)

P
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with C} denoting the amount of moisture removed by the iteration to obtain sat-
uration. The input moisture and temperature are ¢\’ and 7). Expanding e
of Equation (13.6) in a first order Taylor series in temperature about the previous
iterate, we get the result:

oT c

P

- n— 030 L n
Cr = @ = quadT™ 1, i) (—q—) Loy
?

Solving for C}, we obtain:

-1 n—
Clr: _ ql? — q-’at(Tk l’pk)

= T (13.8)
with
Lw aq\sat
y=L ( L ),,' (13.9)

Using the Clausius-Claperyon equation (13.2), we write the partial derivative of

@sar With respect to temperature as

a‘Isat _ qu.;at I
(_a’.l_")p = 62197 (k) [1 __e_/p]. (13.10)

The procedure given by Equations (13.6)-(13.10) is continued until the change C} is

sufficiently small (typically 1 or 2 iterations). If N is the total number of iterations,
then the rain falling into the next layer, £ + 1, is given by the excess moisture from
level k and by the difference between the accumulated and the evaporated moisture

in that layer:

APk N n
Rkﬂ:Rk-Ek"‘TZCk' (13.11)
n=1

Ry, falls into the next layer below and the process is repeated, continuing down to
the surface layer L, where no evaporation of precipitation is allowed. The accumu-
lated liquid water Ry is the predicted large scale precipitation at the ground. If the
ground temperature is below freezing the precipitation is assumed to accumulate

as Snow.
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The temperature and moisture fields are given by (13.6) and (13.7) summed
over all iterations and are denoted by T{"” and ¢\"”. These are the t + At forecast
grid point fields used for the next time step plus the radiation calculations if the

forecast time is a multiple of 2 hours.
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Chapter 14

Longwave Radiation

The time tendency equation for temperature due only to the absorption of longwave
radiation is

oT _ _0 (i |
eopm = =5 (Flw = Fiw) (14.1)

The upward longwave radiative flux, F}, and the downward longwave radiative
flux, F}w, are the radiative energy per unit time and per unit area (Watts m™2).
The variable p is the density of air and ¢, is the specific heat of air at constant
pressure (1005.45 J K-! kg~'). Equation (14.1) is valid for both a cloud free and
a cloudy atmosphere. The longwave calculation proceeds by first calculating the
longwave fluxes in the absence of clouds, and then obtaining the longwave fluxes in
the presence of clouds by reducing the clear sky fluxes by a probability of the clear

line of sight between pressure levels.

14.1 Fundamentals of Longwave Radiation

The following discussion is taken from Liou (1980). We start by considering a pencil
of light impinging on a surface area at an angle ¢ (see Figure 14.1) and by defining

dE, as the differential radiant energy that crosses the area dA, in the direction ¢
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measured normal to dA, in the time interval t to t+dt, in the frequency range v
to v+dv, and in the solid angle span df). The radiance, (monochromatic intensity,

brightness) I,, is defined as

[ = dE,
Y7 dvdt cos 0dAdQ’

(14.2)

The monochromatic flux density F, is the total energy emitted through dA in time

dt with the frequency range dv:
2x pm/2
F. =/ / [,(0, ) cos 0sin 8dfde. (14.3)
o Jo
If the radiance is isotropic, then the monochromatic flux density is given by
F, =rl, (isotropic radiation).

The flux density F that appears in Equation (14.1) is the integral of the monochro-

matic flux density over all frequencies:
f=/ F.dv. (14.4)
0

We assume that the atmosphere is locally in a state of thermodynamic equi-
librium, so that at each point in the atmosphere we can define a temperature and
assume the atmospheic’s emiscivity is equal to its absorptivity (Kirchhoff’s law).
Further, we assume that the absorption and emission of longwave radiation domi-
nate any multiple scattering-absorption processes. We will consider only longwave
radiation with an upward or downward component, and we will define 8 as the angle
of the radiation normal to the vertical z coordinate (the plane parallel approxima-
tion). Under these conditions, the fundamental equation for radiative transfer is

the Schwarzschild’s equation for the radiance:

dl,
dz

= —pk, I, secl + pk, B, secf, (14.5)
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ﬁZ

dE,

dQ

dA

Figure 14.1: A pencil of radiation through area dA in the direction  and confined

to the solid angle d).
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where k, is the mass extinction cross section and B, is the monochromatic intensity

for a blackbody:
2h03

B,[T] = c2(eh /AT _ 1)

(14.6)

The constants of the blackbody monochromatic intensity are Planck’s constant A
(6.6262x107%" erg sec), Boltzmann’s constant k (1.3806x10~'¢ erg K-!), and the
speed of light ¢ (2.998x10® cm sec™!). The temperature T is a function of the
height z or the pressure p. We shall express the dependence of B, on T, z, or p
interchangeability.

We obtain an equation for the upward longwave radiance, I}, from the Schwarzschild
equation (14.5) by considering only § > 0, and we obtain the downward longwave

radiance I}’s equation by setting < 0. The results are

1
t‘li]; = —pk,I!sec® + pk,B, secf (14.7)
and
dI} |
o= pk, I, sec@ — pk, B, sec8. (14.8)

The boundary conditions for (14.7) and (14.8) are the surface emits longwave
radiation as a blackbody at the surface temperature Ts and there is no down-
ward longwave radiance at the top of the atmosphere. We write these boundary

conditions as

1}(0) = B.[Ty]
I&(ztor’) = 0
The solutions of (14.7) and (14.8) with boundary conditions (14.9) for the upward

(14.9)

and downward intensities are

I)(z) = B,[Tsle Jo shvrccoas

+ /‘ B.[Z'|pk, sec e~ Jo pkysechdz” g1 (14.10)
0

164




and

INz) = / - B,[Z']pk, sec fe=Ji phvsectdz” y 1 (14.11)

We compute the upward and downward monochromatic flux density by integrating

(14.10) and (14.11):

z /
Fl(z) = WBU[TS]Tf(z,z'=O)+/ TrBU-a—T”T(z,z')dz', (14.12)
0 Jdz
Ztop j
Flz) = —/z rBy%(z',z)dz'. (14.13)

We have simplified the form of the fluxes by introducing the diffuse transmission

function, 7/, which is given by the integral:

Y v

/2 z "
i(z,2) = 2/ sin 8 cos e~ Jur kvesectdz" gg. (14.14)
0

We perform the integrals in (14.12) and (14.13) by parts, which yields the results

that

FNz) = #B,[T(2)] + 7B,[Ts|t/(2,0) — 7B, [T{z = 0)]r/(z,0)

[ g (BT d (14.15)
and

ful(z) = nB,[T(z)] - ”BU[TZsop]T.{(ztom z)

Ztop f ’ _a-_ , ,
+ [Tl 2) 5 (BT o' (14.16)
In (14.15) and (14.16), we use the fact that
J(z,2) = 1.

Note that in (14.15) we have distinguished between the surface ground temperature,
Ts, and the temperature of the surface air denoted by T'(z = 0).
For the numerical computations we evaluate the fluxes at the half level sur-

faces (see Figure 14.2), and we must replace the integrals of (14.15) and (14.16) by
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finite sums over the levels. We add two extra levels to the existing model, where N
indicates the total number of levels for the longwave calculation, i.e. N=L+2, with
L=18. (see Figure 14.2). We take the top model temperature as the temperatures
of the two added levels, and we set the specific humidity of the top level to zero
and the next level humidity to 3.0 x 1076, With these conventions, we write the

finite difference form of (14.15) and (14.16) as

Flziery2) = 7B [T(zk4172)]

+ wB[Ts|r!(2k41/2,0) = B {Tn412)7] (264172, 0)
Nk
-y {ﬂBu[T(Zk+j-1/2)]"'3(zk+1/2’ Zk+;)

=1

- WBV[T(Zk+j+l/2)]7'yf(zk+1/2a2k+j)} ) (14.17)
and

f,f(zk+1/2) = 7B,[T(zk41/2))

- WB[TZ‘OP]TJ(Z“?, 2k+1/2)
N+1-k

- Z {ﬂ'Bu[T(2k+1—j—1/2)]7';{(2k+1—j»2k+1/2)
=

= 7B[T(zk41-j4172)I7] (zk41-5) Zk+1/2)} : (14.18)

14.2 The Band Model

The following development is based on the work of Harshvardhan et al. (1987).
To obtain the total clear air longwave fluxes, we must first calculate the diffuse
transmission function for all atmospheric longwave absorbers, and second we must
integrate (14.17) and (14.18) over all frequencies. The major difficulty is that 7/ is a
very complicated and often rapidly varying function of v, which has a very different
transmission property for the different molecular components of the atmosphere.

To obtain a solution, we first limit the longwave absorbers to the three major
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Model Level Longwave Radiation Level

p=0, }'OT, }.01 =0

------------ T = Tip, q=0
P=Ptop/2
------------ T = Tipp, =3 x 1078
1/2 p=Ptop
k-1/2 P = Pk-1/2 Fr, 7t
k --cec-cee-- T=T,q=q
k+1/2 P = Prsrja, 71, Fi
L-1/2
[ -ccceac-ae-
L+1/2 p:ps,}'st,}'sl

Figure 14.2: The vertical structure for the longwave calculation.
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Table 14.1: The spectral longwave band regions in um.

Ay Avy Avs Ay

5.26-7.25 | 3.330-5.260 | 12.5-18.5 | 9.09-10.2
29.41-00 | 7.250-9.090
10.20-12.50

18.52-29.41 l

ones: water vapor, carbon dioxide, and ozone. Second, in order to approximate
the fluxes, we break up the frequency domain into four distinct regions, where
broadband parameterizations are applied. This technique is called the band model
parameterization.

We write the total flux as a finite sum over four frequency bands,

© =
.F=/ Fdv=5 [ Fdv (14.19)
0 mandd

Av,

=1
We designate the four .nds considered as
1. the water  Lor band center (Av,),
2. the water vapor band wing (Av,),
3. the 15um carbon dioxide band (Av;), and

4. the 9um ozone band (Avy).

The values of the bands are given in Table 14.1. Three of the four band regions
contain more than one type of absorption. We summarize the different absorption

properties of the regions as:

e Band region 1 contains solely absorption and emission due to the center band

of water vapor alone.




e Band region 2 contains just water vapor absorption and emission with 2 dif-

ferent types of absorption:

1. the continuous absorption of water vapor, which is dependent on the

water vapor’s partial pressure, e, (the e-type absorption); and

2. the absorption in the wings due to the water vapor amount.

e Band region 3 includes water vapor and carbon dioxide absorption of the

following types:

1. the e-type water vapor absorption,
2. the wing water vapor absorption,
3. the carbon dioxide center band absorption, and

4. the carbon dioxide wing band absorption.
¢ Band region 4 includes water vapor and ozone absorption:

1. the e-type water vapor absorption and

2. all types of ozone absorption in the infrared.

For each region, we define the spectrally integrated Planck flux, B:[T}], by

BiT] = /A 7B, [T)dv, (14.20)

Yy

and we define the Planck weighted transmission function, 7;(p,p’), of the diffuse

transmission function (14.14) by the integral,

] .
(P, p) = BT Jon 7/ (p, p')7 B, [T (p))dv. (14.21)

In (14.21) we have made the simple change of variables from z to pressure p. Note

that the convention is that when we write 7(p;, p2). p1 is greater than p,.

169




From (14.20) and (14.21), we obtain the total upward and downward fluxes

by replacing the integral in (14.17) by the sum over the 4 bands:

-7'-/1+1/2 = Z {Bi[Tk+l/2] + Bi[TS]Ti(pS-,Pk+1/2)
1
- B-'[T(PS)]T:'(PS,PI:+1/2)}
4 N-k

- Z Z {Bi[Tk+j—1/2]7'i(Pk+j»Pk+1/2)

=1 j=1

= Bi[Teyjsr2]7i(prsis Pk+1/2)} (14.22)

4
1=

and

4

"Flt+1/2 = Z{Bi[Tan]
1

1=

—  BilT(Prop)17i(Pk1/2: Prop) }

4 N4l-k
+ E Z {Bi[Tk+1-j—1/2]Ti(Pk+1/2,Pk+1-j)

=1 ;=1
- Bi[Tk+1—j+1/2]Ti(Pk+1/2»Pk+1—j)}- (14.23)

In the above equations, ps is the surface pressure, p;,, is the model’s top pressure,
Ts is the surface temperature, and T(ps) is the surface air temperature.

In order to determine the Planck weighted transmission function (14.21),
we integrate the diffuse transmission function (14.14) over the different frequency
bands. This requires a parameterization of the functional form of the highly com-
plicated molecular mass extinction cross section k,(p,7). We assume that the

functional form of the cross section can be written as

k.(p,T) = k,(p., T:) f(p, T), (14.24)

where p, and T, are representative values of pressure and temperature, and the

shape function f is given by the form

f(p.T) = (f—) explr(T — T.)).

r
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The units of p and p, are mb, the temperature units are degrees K, and the coeffi-

cient r has units A ~!. We define the scaled optical path u(p,p’) by
u(p.) = [ S, T)dp" /s, (14.25)
and with this definition we write the diffuse transmission function as
/=2 Ll cos e~ kv (Pr T )ulpr)sect d o5 9 (14.26)

The water vapor scaled optical path for the e-type absorption in the atmo-

spheric window, u, is given by Chou (1984) as

P2 1 1 dp
= —_—— —— — 97
u(p1,p2) | gevexp [1800 (T 296)] . (14.27)

The partial pressure e, is in the units of atmospheres and ¢ is the specific humidity.

Using the equation of state for e,, which is

pq

= ¢+ 62197
we write u (gm/cin?) as
2 pq® [1800 ] X
pa) = 1. / = 6.0811] dp. 2
u(p1,p2) 02 . 630-211exp T 6.0811| dp (14.28)

The leading coefficient (1.02) is the conversion factor of mb to g/cm™2.

The water
vapor scaled optical path in the water center band, which is denoted by v, is given
by Chou (1984) (g/cm?) by

P2
v(py, pa2) = 1.02/ qz—%exp[o.oos(:r — 225)]dp. (14.29)
41

The water vapor scaled optical path in the water wing band, w, is given by Chou

(1984) (g/ cm™?) as

w(p1,p2) = 1.02 /’D2 (5;;0) exp[0.016(T — 256)]dp (14.30)
P1
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We take the functional form of the carbon dioxide scaled optical path in the CO,

center band, denoted by z, from Chou and Peng (1983) and is given (g/cm?) by

P2 0.85
z(p1, p2) = 1.02(0.26) / (5%) exp|0.0089(T — 240)]dp. (14.31)
P1

Chou and Peng (1984) give the carbon dioxide scaled optical path in the CO, band

wing, y (g/cm™?) by

P2 p 1/2
y(p1, p2) = 1.02(0.26) /,, (ﬁ) exp|0.025(T — 240)]dp. (14.32)
1

The factor 0.26 corresponds to 330 ppm by volume for the CO; concentration.

Finally, we write the scaled optical path for ozone, 2,, (g/cm?) By

P2
2,2(p1,p2) = 1.02 ¢o:dp, (14.33)

P1
where the ozone mixing ratio, ¢,, is obtained from the climatological values tabu-
lated by Dopplick (1974).

The Planck weighted transmission functions for the four regions, 7;, are func-
tions of the different scaled optical paths defined above. We write this formally

as
7i(p1,p2) = Tilua(p1, p2), wa(pr, p2), ).
In the water vapor center band region (Band Region 1), the Planck weighted trans-

mission function 7, is a function of the scaled optical path v, given by (14.29).

Chou (1984) expresses this as the series,
(0, T) = 71(v,250) {1 + 0 (v)(T — 250) + B (v)(T — 250)?] . (14.34)

In Harshvardhan et al. (1987), equations for 7(v,250), a;(v), and Bi(v) are de-
rived based on the tabulated values of Chou (1984). These equations, which were
obtained from the computer code, are

1
1+9.2/v — .187v3/2 + 0.323v’

T](U, 250) -
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a(v) = .08v — .187Tv*? 4 03230,

Bi(v) = .001{.239v — .09v%/% — .016v7}.

In the water vapor wing band (Band Region 2), the Planck weighted trans-
mission function 1, depends on the scaled optical path for the e-type absorption u,
which is defined by (14.28), and the water vapor wing absorption path w, which is

given by (14.30). A functional form of 7, which is given by Chou (1984), is

nu,w,T) = 72(u,w,250)(1 + az(u, w)(T — 250)

+ Balu,w)(T - 250)%] , (14.35)

with 7,(u,w,250), az(u,w), and B2(u,w) parameterized by Harshvardhan et al.

(1987) as

1+32.2u 53 + 199u — 1990.6u2
na(ww) = [(1 ¥ 52.85u) +Vu ( 1+ 333.2u )]

. 1+ 74.1u
N [(’w+l)(.433+24.1u)]’
— 2
cr(ww) = 1 [(-005“-05“ 39u) (-07+4.4u+3.15u,/—w)

1+ 202u 1+ 40.2u
—.038 — 3.6u + 7.9wu? 3/2 006 + .71u — 2.8u?
+ +w ,
1+ 62u 1+ 70u
—.003 + 2.38u + 5.19u? —.029 - 23u+ 10.9u2\/l;
Bru,w) = 001 [( 1+ 10.7u ) + ( 1 + 63.5u
(i IBu— 101 (002 - BTIu 4 23507
1 4+ 98.4u 14 12u )

The Planck weighted transmission function in the 15um band (Band Region 3)
is a function of the scaled optical paths u, w, z, and y, which are given by (14.28)
and (14.30)-(14.32), and weakly depends on the temperature T. The functional

form for 73 is given by Harshvardhan et al. (1987) as

T3 = .384013(y)‘y3(u)53(w) + .61653(1‘)“/3(11)63(10), (1436)
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where a3(y) is the transmission function for carbon dioxide in the 15um wing band:

as(y) = exp{—0.04y/(1 + 9y°")}; (14.37)
B3(z) is the transmission function in the 15um center band:

Ba(z) = exp{=3.1z/(1 + 15.1z)°%}; (14.38)
v3(u) is the water vapor e-type transmission function in the 15pm band:

v3(u) = exp{—27u*%}; (14.39)

and 83(w) is the water vapor wing band transmission function in the 154m band:

63(w) = exp{—6.Tw/(1 + 16w"°)}. (14.40)

The Planck weighted transmission function in the 9um region (Band Region

4), 74, is a function of the optical paths u, given by (14.28), and z,,, specified by

(14.33). We assume that it is independent of the temperature. The functional form
is given by

Ta(Y, 2,:) = aq(u)Ba(z02), (14.41)

where a4(u) is the transmission function for the e-type water vapor absorption, and

B4(z) is the transmission function for ozone. These are approximated by

as(u) = exp{—27.0u"%},

and
ﬂ4(201) =1~ .677 [1 - exp{—4474(\/ 54 - 1)}] s
where
Ps
o= zo,/1013/ 00D
0
and

1381.12 rps
04 = —-4.474\/1 + / Pq,.dp.
88‘74 0
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The spectrally integrated Planck fluxes, B;[T], which are defined by (14.20),
are given in tables in the code provided by Harshvardhan at al. (1987). With
these values and with the transmission fuﬁctions defined above, we compute the

cloud-free upward and downward fluxes from (14.22) and (14.23).

14.3 The Cloud Parameterization

A cloud parameterization is a crucial part of any radiation scheme. We diagnose
two types of clouds in the forecast model: stratiform and cumulus. For each grid
point we define C,; as the stratiform cloud fraction and C., as the cumulus cloud
fraction occupying the grid box at the point.

To define the stable cloud fraction function, we use the formulation that was
developed for the ECMWF’s forecast model (Slingo and Ritter {1985]). At each
pressure level py, we compute the relative humidity Rhj, and we define an average

relative humidity Rh; by

Rhi = 0.5Rhi + 0.25( Rhy-1 + Rhis1), (14.42)

with Rhy = Rh; and Rhy = Rhy. We calculate the stratiform cloud fraction at

level k from the equation,

_ (R — RR;\" |
C,ek—( T Rh ) . (14.43)

The variable Rh, which is a function of the pressure level and the surface pressure

Ps, is the cloud critical relative humidity and is specified by the relation:

v (B) - ()] A E) [0 ()2 ()] v

The values of Rh* for a surface pressure of 1000 mb as a function of pressure are

shown in Table (13.2). As we see from Equation (14.43), the vertically averaged
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Table 14.2: The critical relative humidity for stratiform clouds versus pressure (mb)
with a surface pressure of 1000 mb.

Pressure | RA"
100 0.94
200 0.85
300 0.73
400 0.60
500 0.50
600 0.44
700 0.43
800 0.51
900 0.70

1000 1.00

relative humidity must be greater than the critical relative humidity for the strati-
form cloud fraction to be greater than zero. The smaller values of Rh* in the middle
atmosphere favor middle clouds compared to lower and higher level clouds.

We assume that the cumulus cloud fraction starts at the lifting condensa-
tion level given by Equation (11.8) and extends to the highest entraining cloud
level computed by the Arakawa-Schubert scheme (Chapter 12). We set a con-
stant cumulus cloud fraction up to the level where cumulus anvils are diagnosed
(T <233.16); above this level we increase the fraction in order to account for the
ice anvil. The cumulus cloud fraction is based on the amount of cumulus rainfall.
We use the function developed for cumulus clouds by Slingo (1987). For a cumulus

precipitation rate P, given in units of cm/hr the cumulus cloud fraction is

Cew, = 0.93 +0.124In(P..) Ti > 233.16, (14.45)




Table 14.3: The cumulus cloud fraction versus cumulus precipitation rate in cin/hr.

Peoo | Cu
0.0012 | 0.10
0.0028 | 0.20
0.0062 | 0.30
0.0139 | 0.40
0.0312 | 0.50
0.0699 | 0.60
0.1565 { 0.70
0.3595 | 0.80

with a maximum cumulus cloud fraction without anvils set at 0.80. The values of
cumulus cloud fraction versus cumulus precipitation rate are given in Table 14.3.
We enhance the cumulus cloud fraction to take into account the presence of ice
anvils. When the temperature is sufficiently cold we increase the value of C., by
0.20. Therefore, if the temperature is below 233.16 K then the cumulus cloud
fraction is
Ce, =1.134+0.1241In(P.,) T, < 233.16. (14.46)
The probability of clear line of sight through a layer with cloud fraction Cy

is simply

P.=1-Ck.

We compute the total cloud fraction, denoted by C’Tk, by combining the stable and
convective cloud fractions as if their associated clear line-of-sight probabilities were

independent:

éTk = C.'tk + Ccuk - Cstkccuk- (14.47)
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14.4 Longwave Radiation in a Cloudy Atmo-
sphere

We use the total cloud fractior;, specified by (14.47), to compute a probability of
a clear line of sight between any 2 pressure levels. In order to account for the
different emissivities of ice versus liquid water, we reduce the total cloud fraction
for the longwave calculations if the temperature is less than freezing. We assume
that the emissivity for water clouds (temperatures greater than 273 K) is 1 and that
for ice clouds (temperature less than 233 K) the emissivity is 1/2. For temperatures
between 273 K and 233 K we compute an emissivity of the cloud by taking a linear
interpolation in temperature between the two values. We define the total effective
cloud fraction in the longwave as the emissivity times the cloud fraction, which is

given by

Cr, T > 273K
Cr. =9 [05(273 - T)+ (T —233)]Cr,/40 233K < T <273K  (14.48)
0.5Cr, T< 233 K
Two types of cloud overlap strategies are used in the model: maximum and
random. For the maximum overlap case, given the total cloud fractions at each
layer k (14.48), we define the probability of a clear line of sight between 2 pressure

levels, p; and p;, as

min{(1 - Cr,),(1-C yeeey (1 = C_ ifi>7
PM.J = [( T]) ( TJ+!) ( T, !)] ] ) (14.49)
min[(l -—CT}_,),(I —CT]_z),...,(l -—CT,)] ifi<y
The form of Py, given by (14.49) assumes that the clouds are stacked one on top
of another and that the largest cloud fraction between p; and p, determines the

probability of a clear line of sight between the two levels. For the random cloud

overlap case we assume that the cloud fraction in a layer is independent of the cloud
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fraction in any other layer. Therefore we define the probability of the clear line of
sight between pressure levels, p; and p;, as

(1= Cr)1=Cpp)---(=Cr)] ifi>j
(1-Cr ) =Cp) -0 -Cr)] ifi<j
The total probability of a clear line of sight Pr, is given as the product of (14.49)

Pp,, = (14.50)

and (14.50):
I‘-"T'J = PM.JPR.J- (14.51)

We assume that the clouds can be treated as blackbodies so that the longwave
radiation fluxes between 2 pressure levels are given by the clear air fluxes between
the two points times the probability of the clear line of sight between the points.
Therefore, we write the final form for the upward and downward fluxes for the

cloudy atmosphere as

4
-FII+1/2 = ZB"[TI:H/?]

=1

+ Pr, > {Bi[TS]Ti(PSaPk+I/2) - Bi[T(pS)]Ti(pSapk+l/2)}

1=1
4 N-k
- z Z PT.,+,., {Bi[Tk+j—l/2]7'i(pk+jsPk+1/2)

=1 ;=1

- Bi[Tk+j+l/2]Ti(Pk+j»Pk+1/2)} ) (14.52)

and

4
Firap = 2 A{BilTul

i=1

- PTk 1 Bi(T[Ptop])Ti(pk+l/Qv ptop)}

4 Nt1-k
+ 2 Y Pro., {BilTeioso12)T(pesja b ;)
=1 j=1
- Bi(Tk+l—j+l/2)Ti(Pk+1/2apk-H—j)}s (14-53)

and the longwave radiation temperature tendency 1s

daT 1
) = oeammr ) vt Faovn = Fiopa = Franpa): 14.54
(dt )LW (gCPAPk> (Ferirz k=1/2 k-1/2 k+1/2) ( )
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In order to demonstrate the influence of clouds on the longwave radiation,
we present some results of a 30 day integration of the 47 wave models starting from
1 December 1989. For every call to the longwave radiation parameterization, we
computed the temperature tendency with and without clouds. We present the zonal
mean cross section of the 30 day cloud fraction in Figure 14.3; Figure 14.4 is the
cross section of the zonal mean longwave cooling without clouds; Figure 14.5 is
the cross section of the zonal mean cloudy longwave cooling; and Figure 14.6 is
the zonal mean cross section of the difference between the cloudy and cloud-free
tendencies. Figure 14.3 demonstrates that the stable cloud parameterization favors
the prediction of middle clouds (380-800 mb). The larger cloud fractions in the
tropics are due to the cumulus activity. The distribution of longwave cooling with-
out clouds (Figure 14.4) is relatively simple, reflecting the absorption and emission
of the atmospheric components. There are two maximums, one at the tropopause
and one at the top of the model. The tropospheric maximum corresponds to the
position of the maximum cooling due to water vapor; the stratospheric maximum is
caused primarily by CO,. The cloudy longwave distribution (Figure 14.5), however,
is more complicated, especially in the troposphere. Large maximums occur near
the surface, reflecting strong longwave cooling off stratus and small cumulus tops.
As we see from Figure 14.6, the difference is more than 2°C in the tropics. The
tropical cumulus cloud fractions, which are constant in the vertical, create
relatively constant strong cooling, up to the ice anvil positions. Overall, the clouds
have a strong cooling influence in the troposphere, with the maximum difference
occurring near the surface. A large amount of longwave radiation emitted by the
troposphere is absorbed in the upper atmosphere; and therefore,clouds effectively

create a warmer stratosphere.
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Figure 14.3: The cross section of the 30 day average of the zonal mean cloud fraction

for a T47 NOGAPS integration starting at 1 December 1989.
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longwave cooling (deg/day) ior a T47 NOGAPS integration starting at 1 December

1989.
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Chapter 15

Shortwave Radiation

The time tendency equation for temperature due to the absorption of solar radiation

is
OT _ 0Asw
Col ot 0z ’

where Agy is the absorbed solar flux (Watts/m?), p is the density of air, and ¢,

(15.1)

is the specific heat of air at constant pressure (1005.45 J K! kg~!). At the top of

the atmosphere the incoming solar radiation is given by
S = S cos by. (15.2)

So is the solar constant, which is taken to be 1368.3 Watts/m?. The variable 6, is

the solar zenith angle, which we define by the relation,
cos By = sin Asin § + cos A cos § cos h, (15.3)

where ) is the latitude, § is the inclination of the sun (< |23.5| degrees), and h is
the hour angle (the degrees that the earth must turn so that the point is at local
noon). The shortwave radiation heating is computed every two hours of forecast
time, using the current moisture and temperature fields. However, the solar zenith

angle is computed for the mid point of the two hour radiation time step.
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The shortwave calculations are based on the work of Davies (1982), which
in turn drew heavily from the work of Lacis and Hansen (1974). In the present
treatment, we assume that water vapor and ozone are the only gases that absorb
solar radiation. We ignore the effects of aerosols and cloud droplets and the spectral

nature of the surface albedo.

15.1 Absorption by Ozone

We assume that the absorption of ozone takes place above any level of scattering of
radiation by clouds (i.e., above the cloud top for a given point) and at wavelengths
less than 0.9um (A <0.9um). The effective path traveled by the direct solar beam

to reach the half level k+1/2 is given by
Thy1/2 = Mugyy)2 (15.4)

where M is the magnification factor, which accounts for the inclined path and

refraction of the direct solar radiation (Rogers [1967]):

35

M = 15.5
V1224 cos? 0y + 1 ( )

and ug41/42 is the normal optical path of ozone, defined at the half pressure levels

(see Figure 3.1):

Pk41/2
uenp= [ Guudplg. (15.6)
P

top

The mixing ratios of ozone are taken from the climatological results tabulated by

Dopplick (1974). The reflected radiation effective path is given by

I;+1/2 = MUL+1/2 + 1-9(UL+1/2 - Uk+1/2)- (15.7)

The empirical factor 1.9 accounts for the diffuse upward radiation and L is the total

number of atmospheric layers.
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The absorption by ozone in the visible frequencies (the Chappius band) is

parameterized by Lacis and Hansen (1974) by the function:

. 0.02118
A% (2) = z

T 1+0.042z + 0.00032372° (15.8)

and the absorption of ozone in the ultraviolet frequencies (the Hartley and Huggins

band) is given by Lacis and Hansen (1974) as

1.082z 0.0658x
Al(z) = : 5.
x(%) = T 138.609% T 1T+ (103.62)° (15.9)
The total absorption of ozone is the sum of (15.8) and (15.9):
Ao:(z) = A% (z) + A% (). (15.10)

The total absorption by ozone in the k* layer, which is denoted by A,.,, is the
difference between the absorbed radiation at £+1/2 and the absorbed radiation at

k-1/2, which we compute as

0A,.
_37LAZI‘ = Socosbo[Aoz(Try1/2) — Aoz(Tik-1/2)]

+ R,:S0c0880[As:(Tho1y2) — Aoz(ioy )] (15.11)

The factor R,, is the total albedo of the underlying (and probably cloudy) atmo-
sphere to visible and ultraviolet light. We obtain R,, from a solution to the diffuse

radiative transfer equation.

15.2 Diffuse Radiation and the Two Stream

Solution

In order to calculate the albedo of the lower atmosphere, we must consider the

scattered part as well as the direct solar radiation. The radiative transfer equation

187




for the diffuse radiance, I,, for a plane-parallel atmosphere illuminated by a solar
flux, 7 Fy, at an angle, 85, (see Liou [1980]) is

al,
oz

= —pk. I, secly

1 2n
+ pkysects [ [T Puoi (i ) duds

+ pk,, sec o FoP (1, 0; — o, —po)e™ 7/, (15.12)
where v denotes the frequer}cy and ¢ = cosf. The first term on the right hand
side of (15.12) is the loss of radiance due to absorption and single scattering, with
the mass extinction cross section given by k.,. The second term is the increase
of radiance due to multiple scattering, with k, denoting the mass scattering cross
section. P is the scattering phase function, which is the probability that a photon
will be scattered from the direction given by the angles, (4', '), into the direction

(#, ). The phase function P is defined such that

1 P
/_1/0 Plu, i i’ ¢')dp'dy’ = 4

The third term of (15.12) is the increase of radiance due to the single scattering of
the direct solar beam whose direction is given by (—po, —o)-

We define the upward and downward diffusive fluxes by the integrals:

2l
Fiy= [ [ 1z ohudude (15.13)
and
| 2r -1
Fig= [ [ Liemelndudy. (15.14)
The total downward flux is the sum of the direct and the diffuse radiation, which
1s
2r -1
Fy = nFopoe™ ™ + [ [0 1, (2, . o)udude (15.15)
o Jo
We assume that all reflected solar radiation is diffuse, so that the total upward flux

is given by (15.13).
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The optical thickness, 7, of the air column above a height z is defined as

7'=/ pk.,.dz. (15.16)

Replacing the vertical coordinate z with 7 in the radiative transfer equation (15.12),

we obtain the result that
31., 2 ,
ot =1, —(wo/am) [ / (7 1 ) P (s 5 ' o) dp’
— (wo/4m) TFoe™ T P(u,0; —po, —p0), (15.17)

where P is phase function wp is the single scattering albedo, which is defined by

the relation: k
Wo = k’" .
cy

The phase function P is typically taken to be a function of the scattering

angle, O, only, which is given by the relation

cos @ = pu' + ﬁ—- ,uz\/l ~ ucos(p’ — ).

The expansion of the phase function in terms of Legendre polynomials, P, results

in the expansion sum with coefficients, &, of the form:

P(cosO) = i&zﬂ(cosﬁ) (15.18)

=0

with &g = 1. The first moment of the phase function is called the asymmetry factor,

which is denoted by g, and is obtained from the relation:

%- 2/ P(cosO) cos Od cos O. (15.19)

The general form of P(cos©) is given in terms of Legendre and associated

Legendre polynomials (see Liou [1980]) as

o ~(l=-m)y__ o ,
+ Z Z 20, - !PI (W) P (p)cos[m(p — ¢')].  (15.20)
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For the remaining discussion, however, we shall restrict ourselves to cases where the
radiances are independent of the azimuthal angle ¢. From the integral of (15.20)

with respect to ¢, we define the integrated phase function P(y,pu') as

NgE

Plu,p') = ) oPi(p)Pi(y). (15.21)

(=0

We assume that [, is independent of ¢, so that when we integrate (15.17) with

respect to i, we obtain the azimuthal independent transfer equation for the diffuse

radiance:
61,, _ “o 1 ’ ' '
pgs = L) = () [ L w) Pl u)dn
- (4%%) rFoe” P, — o). (15.22)

By performing the integrals of (15.22) with respect to p from 0 to 1, and from -1

to 0, we obtain the following upward and downward radiance equations:

dI: ! Wo ' n ' ' '
/0 1(r,p)dp - <—2—>/0 /_IP(ﬂ,ﬂ)lu(T,ﬂ)du du

dr ~
1
= (&) wFoe [ Plu—po)du (15.23)

m 0

and

dIy- _ 0 L‘)O) 0 1 , ) ,
dr —/-1 Iu('ry/-‘)dﬂ' - (2 ‘[_1 [1 P(”vﬂ)lu(T,ﬂ)d[[ d/.l
- (-4_/'2 ~1/uo 0 _
(47r> Foe /_IP(I" po)dp,  (15.24)

where the functions I}(7) and I (1) are defined by
1
L) = [ ul(r,w)dp (15.25)
o

and
0
()= [ uh(r,u)dp (15.26)
-1
In order to obtain approximate solutions to the differential/integral equations

(15.23) and (15.24), we use certain assumptions to evaluate the integrals. One of
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these assumption is that the radiance is approximately constant over . With this

approximation, we evaluate the first term on the right hand side of (15.23) as
1
/ L(r p)du = 2IF (7). (15.27)
0

This type of approximation will be used throughout the analysis. Defining the

function Bo(uo) by

Bo(po) = :1,‘/: P(p, —po)dp, (15.28)

4

which implies (from the normalization of the phase function) that

1 0
L= Boluo) = 5 / P(u,—po)d, (15.29)

and defining the number §' as

1 0 f1
== Ndudy' 15.
B 2/_1/0 P(p,p")dudy', (15.30)

which implies (from the normalization of the phase function) that

1
_ I= - ! d 1 .
1-3 2/0 /O P(p, p')dpdy', (15.31)

and using the integral approximations demonstrated by (15.27), we convert Equa-
tions (15.23) and (15.24) into the Coakley and Chylek’s (1975) two-stream approx-

imation transfer equations:

dI: + nr+ res
dr = 2Iu - 2&)0(1 - 'B )Iu - ZUOB Iu
—  woFoe~ /M By (o) (15.32)
and
dl; - " g- )4
dr = 2Iv - 2“)0(1 - ﬁ )Iv - 2“003 Iv
— woFoe~ "1 — Bo(po)). (15.33)
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The Coakley and Chylek two-stream method is one of many different two-stream
approximations to the transfer equations. In general, the two-stream approxima-

tion method is any method where the transfer equations can be put into the form

(Meador and Weaver [1980]):

drr

= =nll —nl — nFoe” MWy (15.34)
and

dI”- + - -7 /uo

I =72 0] — ] + 7Foe™ *wors. (15.35)

The solution to the transfer equations (15.32) and (15.33) for an atmospheric
layer of total optical thickness, 7*, with boundary conditions:
nlf(r") = 0

: (15.36)
xI[7(0) = 0

is given by Coakley and Chylek (1975). We obtain the reflection coefficient R(uo)

and the transmission coefficient, T'(ug), which are defined by

©1}(0)
R(po) = = Fotio (15.37)
and
_ wI7(r*)
T(po) = 7 Foria (15.38)
from the Coakley and Chylek (1975) solution as
Rlpo) = s {267 + (1 — €77 /) (B — 28]} (15.39)
1+28'r ° '

and

T(po) = T;—;Tg—; {(1=Bo+28po)[1 — /%] — 287"/} (15.40)
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15.3 The Atmospheric Reflection for A <0.9um

In order to calculate the total reflection, R,, in Equation (15.11), of an atmo-
spheric layer with a surface albedo for diffuse radiation. as, and an albedo for
direct radiation, Rs(uo), we use the results of the previous section and the results

of Chandrasekhar (1960), who gives the total reflection Rr(ug) by

~(R ~7 /w0t agT
Rr(uo) = Riuo) + T ( s(#o)el - asﬁas (Ilo)) .

(15.41)

R(po) and T(uo) are given by (15.39) and (15.40) and R and 7T denote the average
reflection and transmission coefficients, which are defined by

_ 1
R=1-T= 2/0 o R (10 )dpo. (15.42)

The albedo for the direct solar radiation is given by Paltridge and Platt (1976) as

as — 0.05
Rs(po) = (50.95 )

e G e

Over land, as are obtained from monthly climatological tables, which are then
interpolated to the day at the beginning of each forecast. Over sea ice, the albedo
is given a value of 0.60, and over open sea ags is set to 0.09.

In order to take into account the frequency dependence of the total reflec-
tion coefficient for the underlying atmosphere for wavelengths less than 0.9um, we
perform two separate two-stream calculations for different total optical depths, T
and 77, which are the sums of the Rayleigh optical depth, 75, and the cloud optical
depth, 7c. The total optical depth of the clouds is defined by

L ~
Tc = ;;f(T,)CT,Ap, (15.44)
where L is the total number of model layers (L=18), and Cr, is the total cloud

fraction, which is given by (14.47). The empirical factor f(7;), which parametrizes
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the effect of clouds’ liquid water drops, is

0.08 T, 2213 K

f(Th) = § {0.02(273 — T + 0.08(T; — 233)] /40 233K < T, < 273K . (15.45)
0.02 T, <233K

For the first calculation, we set the Rayleigh optical depth to zero, i.e. 7 = 0,

so that the optical depth is given by only the cloud optical depth:
T, = TC

The function Bo(uo), defined by (15.28), is given by Davies (1982) as

1 1+ a(ﬂo)]g}
==l - = 15.46
with a(ue) given by
a(po) = —1.01373 + 1.14397uo + 0.6824642. (15.47)

Davies (1982) took the above form of Gy(o) from Figure 3 of Wiscombe and Grams

(1976). We assume that the scattering is conservative:
wo =1, (15.48)
and that the asymmetry factor g, defined by (15.19), is constant:
g=085. (15.49)

To improve the accuracy of the solutions, we use empirical adjustments or scalings
for g, 7°, and wy, which we denote by ¢’, 7/, and w;. The idea of scaling was
originally introduced by Joseph et al. (1976) in order to improve on the Eddington

solution to the transfer equations. These scalings are given by
g = 9/(1 +9),
T = (1 — wog®)ry, . (15.50)

0 (1= g*)wo/(1 — g*wo)

&
I
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The constant 3’ defined by (15.30) is given by

g = 12 (1 - gg’) . (15.51)

With the scaling given by (15.50), we compute the refiection and transmission coeffi-
cients from (15.39) and (15.40). From (15.42) we calculate the average transmission,

T as
1

T-— 1
) 1+ .12997/

(15.52)

and we obtain the total reflection (for the 7 = 0 case) from (15.41), which we

denote by Rr,.

In the second calculation for the total reflection coeflicient, we set the Rayleigh

optical depth to 0.85, 7g = 0.85, so that the total optical depth is
7, = 0.85 + 7¢. (15.53)
Again, we assume that the scattering is conservative:
wo=1,
but we use a asymmetry factor, which is given by the formula,

TC
=0.85 . 15.54
I TR + TC ( )

The scaling for this case is given by

9 = (9-¢9/(1-4%,
TI - (1_w°g2).rz', ; (1555)

wp = (1-92)‘-00/(1 — g%wo)

the function Bg(po) is given by (15.46), with g replaced by ¢’; and ' is defined by

B = 2(1 — .4375¢"). (15.56)
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The solutions for the reflection and transmission coefficients are given by (15.39)
and (15.40); T, which is defined by (15.42), is given by

1

T= ;
1+ 0.866(1 — g)’

(15.57)

and we denote Ry, as the total reflection coefficient, (for the Tp = 0.85 case),
which is given by (15.41). Finally, we calculate the total reflection coefficient for
wavelengths less than 0.9um, which is specified by E,. in (15.11), as the weighted
sum of Ry, and Rr;:

_ Ry, 2R

Ro = 5%+ = (15.58)

With this result, we compute the atmospheric absorption due to ozone from (15.11).

The absorption of solar radiation by the surface for wavelengths less than ¢.9um is
As, = Sopo[0.647 — A,,(Muy)}(1 ~ Rs,)- (15.59)

In order to calculate the reflection coefficient at the surface, Hs,, we repeat the
calculation that resulted in the reflection coefficient, Rr,, wuich is given by Equation
(15.58), using the same scaling, 5, and £’ but for a Rayleigh optical depth of 0.118,
Tr = 0.118.

15.4 Clear Sky Water Vapor Absorption

We assume that all water vapor absorption occurs at wavelengths greater than
0.9um (A >0.9um). The effective water vapor path at half level £+1/2 is defined

as

Tisr/2 = Myrya)2, (15.60)

where the effective water vapor amount, yi41/2, is given by

1 [Prsis2 273
Ye+1/2 = 5/0 q( £ ) dp. (15.61)

1013.25mb T
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The return path for the reflected solar radiation is given by

. 5
Tryr/2 = Mypia2 + 3 (yL+1/2 - yk+l/2) . (15.62)

The 5/3 is an empirical factor that accounts for the diffuse transmission. The cloud

free water vapor absorption for the k" layer is

0A,.,
0z

Az, = Soﬂo[Awu($k+1/2)—‘Awu(zk—l/z)

+ SoﬂoRSIva(IZ—l/z) - va(x;:+1/2)]’ (15.63)

where the water vapor absorption function is given by Lacis and Hansen (1975) as

2.9z
Aw(2) = T Ta152)75% + 5.915¢ (15.64)

The total absorption for the cloud free sky case is the sum of (15.11) and (15.63).

The surface absorption for the clear sky case for A >0.9um is given by
As, = Sopo(1 — Rs)[0.353 — Auwu(MyL+1/2)], (15.65)

and the total surface absorption is the sum of (15.59) and (15.65).

15.5 Cloudy Sky Water Vapor Absorption

For cloudy conditions there is usually significant scattering of the solar radiation for
wavelengths greater than 0.9 gum. In place of one equation of the form of (15.63),
we calculate the absorption for different bands of the absorption coefficient. We
assume that the transmission can be broken up into discrete values of the absorption

coeflicient as
5
T(z) = Y p(ki)e ™ =, (15.66)
=1
where p(k;) is the fraction of incident flux that is transmitted with an absorption

coefficient k; with an absorption range ék;. The absorption coefficient replaces
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Table 15.1: The discrete values for the absorption and probability distribution.

i k; p(k;)
11 0.005 | 0.107

2 ( 0.041 | 0.104
3| 0.416 | 0.073
4| 4.752 | 0.044
5 | 72.459 | 0.025

frequency as the dependent variable because frequency dependent transmissions
are not multiplicative (see Stephens [1984]). The values for k; and p(k;) are given
in Table 15.1.

We write the incoming direct solar radiation for A >0.9um at the top of the

cloud layer as the sum

5
S =" Sopop(k)eFiverer, (15.67)

=1

where y.,p, is the effective water vapor amount at the cloud top level, which is
defined by (15.61). The numerical procedure is: First, we solve for the total upward
and downward fluxes, which are specified by Uy, and Dyyy/2, using the adding
method (described below), together with the two-stream solution for the diffuse
radiation in each layer. Second, once Ujyy/; and Dyyyy; are known for all levels, we

compute the total absorption for A > 0.9um for layer 1 by

0A,
0z

“Az = (Di-1j2 — Uic1y2) = (Digas2 = Ungaga)- (15.68)

In order to obtain the total upward and downward fluxes, we must calculate

the following quantities:

Si+1/2 = the direct solar flux at level [41/2,

Ui /2 = the reflected diffuse flux at level [+1/2 due to the direct flux,
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51.,_3/2: the transmitted diffuse flux at level 14+3/2 due to the direct flux,
riy1/2 = reflection coefficient due to diffuse radiation as the source,

ti43/2 = transmission coefficient due to diffuse radiation as the source

We compute the above quantities by summing the two streara solutions for each of
the five absorption coefficients given in Table 15.1. The details are given after the
discussion of the adding method. Once the quantities 17,.,,1 /25 5,+3/2, Tit1/2, and
ti143/2 are calculated, we define the following intermediate quantities as part of the

adding method:

51+3/2 = the downward diffuse flux at level { + 3/2 due to all diffuse
radiation, which has not previously crossed level I + 3/2,

l71+1 /2 = the upward diffuse flux at level [ + 1/2 due to all diffuse
radiation, which has not previously crossed level [ + 3/2,

My /2 = the magnification factor for multiple reflections at level I + 1/2
for all levels above I + 1/2

=1/(1- Rl+1/27'1+1/2),

RH-I /2 = the composite reflection coefficient of the entire atmosphere

above level [+1/2

= T2+ tl—1/2él-1/2tl—1/2ﬂl-1/2-

The boundary conditions for the various quantities are

Dip = 0 W

51/2 = 0

Uiz = Uy (15.69)
Ry = 0

Ml/g = 1

TLy1/2 = Qg )
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We obtain the relations for (7“.1 /2 and B,H /2 by starting at the top of the atmo-
sphere, with the boundary conditions (15.69), and we assume that the two adjacent
layers are separated by a small vertical displacement (see Figure 14.1). At level 3/2,
the downward intermediate flux is given by the two stream downward flux from the
top layer:

53/2 = 53/2-

This downward flux, 53,2, is reflected off the next layer diffusely with the reflection
coefficient, r3/,, and contributes to the upward flux, so that, in the absence of
reflections from the top layer, the upward intermediate flux would be 173/2 +73 /253 /2-
However, this upward flux is repeatedly bounced between the first two layers with

a total magnification factor of M3/2, so that the total intermediate flux is given by
[73/2 = (7'3/253/2 + (73/2)ﬁ3/2-

The returning downward flux between the first two layers is not counted in 53/2,
since the radiation has already crossed the 3/2 level. This returning flux will be
counted as part of the next downward flux. For the 5/2 level, the downward diffuse
flux, due to all sources above 5/2, is the sum of the two stream downward flux, Ds /25
plus the contribution from the layers above, which are from two sources. First, the
upward flux, 173/2, is reflected off all layers above it with a total reflection coefficient
of R3/2, which then undergoes multiple reflections and finally transmitted downward
with a coefficient, t5/; ,to reach level 5/2. The second contribution from above is
the downward flux, 53/2, which undergoes multiple reflections and is transmitted

downward to 5/2. The total result is
55/2 = 55/2 + ts/zﬁa/z(Rs/zﬁa/z + 53/2)-

The upward diffuse flux due to all sources above level 5/2 is the multiple reflections

of the upward flux originating in the layer, 175/2, and the reflected downward flux,
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Figure 15.1: The adding method for the intermediate upward and downward fluxes.
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T5/255/2. The total is
Usjo = Ms2(Usjz + 7572 Ds2).

The above computational procedure continues lown to the surface. For an

arbitrary number of levels, the results are summarized by Davies (1982) as
51+1/2 = 51+1/2 + tl+3/2ﬁl+1/2(ﬁl—1/2 + Rl—1/2(71—1/2)7 (15.70)

and

01+1/2 = ﬂl+l/2(rl+l/2Dl+l/2 + (71+1/2)- (15.71)

Once we compute (15.70) and (15.71), we calculate the total fluxes by starting
at the bottom of the atmosphere and proceeding upwards. At the surface, the total

upward flux is given by the definition of the intermediate flux as

ULyrfz = ij+1/2-

The total downward flux at the surface is given by the sum of all diffuse downward
fluxes due to sources above the surface, 51,.,,1 /2, Plus the amount of the diffuse
upward flux reflected off the entire atmosphere, RL.H /2UL+1/2, plus the direct solar

radiation, Sp41/;:

Dryipp = BL+1/2 + §L+1/2UL+1/2 + Sr41/2-

The total upward flux at the first layer above the surface has two sources of diffuse
radiation. The first is the upward flux due to all sources above level L—1/2, which
is given by l7L..1 2- The second source is the upward flux from the layers below,
which in this case is the surface. Only part of this flux is transmitted through
the bottom layer, ¢;_1/,UL41/2, which then undergoes multiple reflections with the

atmosphere. Therefore, the total upward radiation at level L—1/2 is given by

Up-y2 = 0L-1/2 + Mp_y/2ti-1/2ULs1)2-
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The total downward flux at this level is the sum of all diffuse downward fluxes

due to sources above L—1/2, BL_I /2, plus the amount of the diffuse upward flux

reflected off the atmosphere above, ﬁL_l/gUL-l /2, plus the direct solar radiation,

Si-172- The result is

Dy_ypp = 5L-1/2 + RL—1/2UL—-1/2 + Sp-172-

The above procedure continues for the all levels. The final results of the

adding method for arbitrary levels are given by (Davies [1982]) as

U2 = [71+1/2 + Ml+1/2tl+1/2Ul+3/21 (15.72)
and
Diyyy2 = 51+1/2 + Rl+1/2UI+1/2 + Si4+1/2, (15.73)

with the surface boundary condition:

UL+1/2 = 0L+1/2-

(15.74)

The solution for the fluxes Sj;1/2, U,.H/g, and 51.,_3/2, and the coefficients

1412 and t41/, are the summation of two-stream solutions for each of the five

absorption coefficients of Table 15.5:

Sl+l /2 =
U +1/2 =
51+3/2 =
Tiy1/2 =

tiyaps =

5 qi
i=1 2l+1/2

S fri
Ei:l Ul+l/2

5 Ty

=1 Dl+3/2

5 i
Yi=1 Tiy1/2

. (15.75)

E?:l t:+3/2 J

The boundary conditions are given by (15.36). The direct flux for each absorption

coefficient at the top of any layer [ is given by

S:+1/2 = Sop(ki
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where y.10p is the effective water vapor amount defined by (15.61) at the cloud top
level, M is the magnification factor defined by (15.5), and 7¢,,,,, is the optical

thickness from the cloud top to level | + 1/2 computed as

thop n
TCirp2 = Z f(Tj)CT,Apja (1577)

j=i+1

with the factor f(T;) given by (15.45).

We obtain the diffuse reflection and transmission coefficients, r{,, , and ¢, ,,,
from the Sagan and Pollack (1967) quadrature two-stream solution for diffuse ra-
diation only, i.e. Fy = 0 in the two-stream transfer equations (15.32) and (15.33).

We introduce scaling in order to improve the solution. Defining the quantities:

g = 085, (15.78)

f =4, (15.79)

g = (g-N/A-1), (15.80)
Tivy2 = kY2 + oy (15.81)
Woreryy = 0-80Kkyis1s2/Tivases (15.82)
Wiz = (1= fwo,,,/(1 = fwo,, ), (15.83)
Tll+1/2 = Tf+1/2(1 - fw0,+,,,), (15.84)
wryz = {(1-g'wiyap)/(1- “";+1/2)}2, (15.85)
A4y = "l’+1/2{3(1 — wigy2)(1 - g'w;+l/2)}l/2; (15.86)

we write the Sagan and Pollack (1967) two-stream solution for the diffuse reflection
and diffuse transmission functions as

(a0 = D(enn — &)

2 2,2 -
Uly1/2 + 1) efi+1/2 — (ul+1/2 —_ l)e 2141/2

Tiap = ( (15.87)

and

4u1+1/2
Uip1/2 + 1)2ell+1/2 - (“l+1/2 - 1)26-"‘“/’ )

le32 = ( (15.88)
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We place the empirical factor 0.80 on the single scattering albedo formula (15.82)
to ensure that an average of 82 Watts/m? are absorbed globally in the shortwave
spectrum by the atmosphere.

We get the upward and downward fluxes, [71+1 /2 and 5,+3 /2, using the Coakley
and Chylek (1975) two-stream solution. These are given by (15.39) and (15.40),
and we use the scaling of (15.78)-(15.86). The results are

rrs Si T -7 0 '

Ulve = T — 215'2;“,2 {28710+ (1 = €Tin/) (8o — 28'n0]}  (15.89)
and
5;'+3/2 = _S"“_/f__. {(1 — Bo+2B'po)[1 - € ,'4.1/2/#0] _ Qﬂ’T1’+1/26_T"+1/2/“°} ’
1+ 287,12

(15.90)

with Bo(po) given by (15.46) with ¢’ replacing g and 3’ given by
g =0.5-04375¢". (15.91)

For the cloudy part of the atmosphere, the total atmospheric absorption is the sum
of (15.11) and (15.68).

For levels I > Ny, the absorption for A > 0.9um is given by

0A..,
g‘; Az = So#o[Aw(le/z) - Awu(-’fl-l/z)

5
Y Uly(1 — eV, (15.92)

i=1
The clear sky adsorptions, Ayy(Zi41/2), are given by (15.64). The incoming solar
flux at the surface for A > 0.9um is (71,.,,1/2, which we obtain from the adding
method.

The 30 day average shortwave heating cross sections, corresponding to Fig-
ures 14.4-14.6 are given in Figures 15.2-15.4. Figure 15.2 is the cloud free solar

heating. The large water vapor content in the lower tropical atmosphere is reflected
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Figure 15.2: The zonal mean cross section of the 30 day cloud-free shortwave heating

(deg/day) for a T47 NOGAPS integration starting at 1 December 1989.




in the maximum heating; the stratospheric maximum at the southern pole is caused
by ozone absorption. With clouds (Figure 15.3) the distinct tropospheric heating
profile is spread out, with large solar absorption occurring near the cloud tops. The
difference of the heating profiles (Figure 15.4) demonstrates that clouds warm the

entire troposphere; their influence on the stratosphere, however, is small.
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Figure 15.3: The zonal mean cross section of the 30 day cloudy shortwave heating

(deg/day) for a T47 NOGAPS integration starting at 1 December 1989.
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Figure 15.4: The zonal mean cross section of the 30 day difference of the cloud-
free and the cloudy shortwave heating (deg/day) for a T47 NOGAPS integration
starting at 1 December 1989.
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Chapter 16

Summary

The purpose of this report is to present a description of the initialization and fore-
cast components of the current Navy Operational Global Atmospheric Prediction
System (NOGAPS 3.2). We hope that this report will serve three purposes: (1)
provide a means of identifying those aspects of model formulation which make NO-
GAPS unique from other numerical weather prediction models; (2) act as a research
guide for future improvements to NOGAPS numerical procedures and physical pa-
rameterizations; and (3) be a handbook for meteorological and oceanographic users
of NOGAPS products, so that they can better understand the precise workings
and assumptions of the model. With these purposes in mind, we have presented in
detail the numerical procedures and physical parameterizations of the model.

In the introduction we give a brief history of NOGAPS. In Chapter 2 we
define the vertical hybrid coordinate system and review the transformation theory
for the primitive equations with this coordinate system. Chapter 3 contains the
vertical hybrid finite difference formulation of the model, and Chapter 4 contains
the horizontal spectral representations for the forecast fields on hybrid pressure
surfaces, together with a description of the spectral transform procedures. The

discussion of the nonlinear normal moce initialization (NNMI) scheme is presented
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in Chapter 5. In Chapter 6, we present the time splitting numerical procedure for
the adiabatic and diabatic processes. Chapter 7 contains the details of the time
splitting for the calculations of the explicit adiabatic tendencies and the tendency
corrections due to the implicit treatment of gravity waves and zonal advection.
In Chapter 8, we describe the additional implicit adjustments, which ensure a
sufficiently large time step for operational integrations.

We describe the physical parameterizations of the model in Chapters 9-15.
The model contains state of the art physical parameterizations and the presentation
is as detailed as any that can be found in the literature. The parameterizations
include gravity wave drag due to mountains (Chapter 9), vertical turbulent diffusion
(Chapter 10), shallow cumulus mixing (Chapter 11), cumulus convection (Chapter
12), large scale stable precipitation (Chapter 13), and the heating due to longwave
radiation (Chapter 14) and solar radiation (Chapter 15). We have included in
all the discussions not only the theory behind the parameterizations, but also our
precise tunings of the NOGAPS physics, which have minimized the cold biases that

plague many other numerical weather prediction models.
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