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Introduction

Since the intraduction of the micromachining process, wherein mechanical
structures are etched from blocks of silicon, a number of very small acoustic
and vibration sensors have been built (for example, [1-7]1). Ranging from
simple capacitive pressure sensors [8] to accelerometers that measure the

- proof-mass displacement by electron tunneling with active mechanical feedback
[9], these sensors are attractive for many space-limited applications.
However, the small moving parts are especially susceptible to mechanical noise
resulting from molecular agitation. If the sensor is intended for low-level

slgnals, this mechanical-thermal noise can be the 1limiting noise componént.

Because mechanical-thermal noise has not been important for conventional-
ly sized sensors, the analysis procedures are often unfamiliar and the
mechanism is often neglected. Many designers fall into the trap of making
elaborate analyses of more common but less lmportant sources of noise. The
purpose of this paper is to present some simple techniques for evaluating
mechanical-thermal nolse limits and to review shot, 1/f, and amplifler ncise.
While these techniques are especlally useful for designing microminiature
sensors, the principles are generally aprllicable for any sensor intended for

extreme sensitivity.
The baslc types of noise considered are:

Thermal Noise: The random fluctuations result from molecular vibration.
This component is called Johnson Noise in electrical systems and

Brownlan Motion in mechanical systems.

Shot Noise: The noise assocliated with random emission of particles (or
photons) that have not yet reached thermal equilibrium with their
surroundings. Examples are emission of photons from a laser and transit

of charge carriers across a semiconductor junction.
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1/f Noise: A frequently observed noise component with power that decreases
roughly linearly with increasing frequency (roughly equal power per
octave). As yet, there is no satisfactory physical model for 1/f noilse.
This type of noise makes DC and very low frequency measurements diffi-

cult. It 1s also called flicker nolse or excess noise.

Since both mechanical, electrical, and thermodynamic quantities will be

used in these notes, any system of units other than SI would make calculations
awkward and prone to error. Consequently, SI units will be used throughout:
temperature in kelvin (K), mass in kilograms (kg), and length in meters (m).
One point of caution: these units lead to a base unit of pascal (Pa) for
pressure while the standard reference for underwater acoustics is the micro-
pascal (uPa). Also, a common unit for acceleration is the "g" but the SI unit

is m/sz; one g is 9.8 m/sz.

All of these noise quantities are distributed in frequency so they are
usually given in terms of spectral density: some quantity (proportional to
power) per hertz. Some examples of the units are: voltsa/Hz..mz/Hz, gz/Hz.
pPaz/HZ. These are frequently expressed in terms of the linear quantities as
follows: volts/vHz, ms/vHz, g/vHz, puPa/vHz. These linear units should be used
with caution because, when individual noise sources are incoherent, as is most
often the case, their powers add, not their voltages. To adjust for a known
frequency band, multiply the power-like quantity (voltsz/Hz. for example) by
the bandwidth; or, multiply the linear quantity (volts/vHz, for example) by
the square root of the bandwidth.

In order for a nolse analysis to have practical value, the results need
to be compared to the desired sensitivity of the sensor. In underwater
acoustics, a reasonable cholce for the desired minimum sighal to be measured
is the quietest level of occean background noise. Table I gives an approxima-
tion to these levels from 0.1 to 1000 Hz. The values were obtained by
subtracting 10 dB from an average quiet-ambient curve [10]. Notice that the
acoustic displacements are very small; the displacement at 1000 Hz is about

equal to the diameter of a proton! The pressure and the acceleration corres-
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ponding to this SS0-10dB ("sea-state zero minus 10 dB") curve are shown in
Figure 1 and tabulated in Table I. In practice, each sengor application must
t;e examined individually to determine the minimum signal requirement; in these
notes, however, the S50-10dB curve will be used to illustrate the anulysis.
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Figure 1. Acoustic pressure and particle acceleration corresponding to
Sea State Zero minur 10 dB.

Table ]. Ses State Zero-10dB

FREQUENCY LEVEL PRESSURE VELOCITY DISPLACEMENT ACCELERATION
® (NL) %) ) ® ®
Hz dB uPap:H m/s prH m prH mA”2prH
01 122 126000 84E-07 15806 S3E07
1 92 400C) 2.7E08 42E-09 1.7E07
10 62 1260 84E-10 13E-11 5.3c408
100 46 290 1.3E-10 21E13 8.4E-08
1000 M5 53 3.5E-11 3.6E-15 2.2E07
Notes: Level (NL) is in db//uPa“ 2 per hertz
"prH" stands for per root rertz
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(The various acoustic amplitudes are related as follow:n:

p = 10™% yn pPanviiz

(p/los)/pc (note conversion to Pa;
pc = 1 500 000 kg/m-s:)

X = v/w where w = 2nf

<
[ ]

& VW )

For audio microphone design, ambient levels are often expressed as
A-veighted levels [11] (where the reference lavel is 20 uPa not 1 uPa). The
equivalent bandwidth for a source of white noise (uniformly distributed in
frequency) is roughly 15 000 Hz; nolse spectral density values can be
converted to A-welghted levels by multiplying the per hertz value by 15 000z
and then dividing by 400 {20 uPa squared). If the noise spectral density it
given in dB with respect to 1 uPa2 per hertz, the value can be converted to
A-veighted level by adding 16 dB. Some typical background levels [11, 12]
are: 25-30 dB(A) in recording studios, 35-40 dB{(A) in churches, and 30-50
dB(A) in quiet residential areas

Thermal Noise

The concept of thermal equilibrium [13] 1s generally taught in basic
thermodynamics courses: A collection of molecules reaches equilibrium in
which each molecule has, on average, the same amount of energy. If another
molecule is added to the "bath,” it too reaches the same average energy level
after a few collisions. What is not often appreciated is that this uniform
distribution of energy applies to macroscopic objects also. A goif ball
placed in that molecular bath will, after many collisions, acquire an average
kineti. energy equal to that of any of the molecules. The only difference is
that it takes a substantially greater number of collisions to bring the golf
ball into thermal equilibrium [14].

One of the more well known mechanisms for mechanical-thermal nolge is

Brownian Motion [15]). Here, the agitation of an observable object is caused
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by molecular collisions from a surrounding gas or liquid and the agitation is
directly related to the fluld's viscosity. In fact, any molecular agitation
even through solid structures like springs and supports can cause movement of
an object and each fluctuation component is related to a mechanical damping.

Compare the lossless harmonic oscillator with the damped harmonic
osclllator in Fig. 2.

LCSSLESS DANPED
P27 2227724 LILISIIIIIII 7
—_—T T

 f N: HlJ

I i

1

2 2
d'z d”z dz
m«—i + kz = 0 m ——'—2- i+ R— + kz = 0
dt dt dt
Figure 2. Lousless and damped simple harmonic oscillators.

The presence of damping in the system on the right suggusts that any oscilla-
tion would continue to decrease in amplitude forever. Even the small, random
Jitter caused by molecular motion would decay; this, however, is the same
thing as saying that the temperature (2 measure of this molecular motion)
would continually decrease. The temperature cannot drop below that of the
surroundings so the model on the right violates the Second Law of Thermo-
dynamics. For mechanical systems,.this is not normally a problem but, if a
sensor 1s being designed for very small signals, the excitation of the
osciilator by molecular vibration can be significant.

The correct physical model for the damped simple harmonic oscillator
includes a force generator of sufficient amplitude to bring the system into
thermal equilibrium rather than to let it decay to the equivalent of absolute
Zzero temperature. The proper differentlial equation is:
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+ R az kz = fn(t) (1)

where fn is the fluctuating force required to maintain thermal equilibrium.
The presence of the damping term in the equation requires that the fluctuating

force be present as well. This is a crucial relationship.

Since noise sources add incoherently (power adds, not force), the forcing
power should be linear with R. Also, the energy in molecular vibrations is a
linear function of temperature, so the forcing power should also be linear
with T. Consequently, the force should be proportional to the square root of
R times T.

The assocliation between damping and fluctuation 1s expressed by the
Fluctuation-Dissipation Theorem [16]: any mechanism for dissipation causes
fluctuations. If there is a path for energy to leave an object or systenm,
then that path also allows thermally excited molecules in the environment to
transfer discrdered, fluctuating energy to the object. This "dissipatien" can
represent any mechanism that would cause the oscillation to decay: mechanical

damping, acoustic or electromagnetic radiation, transfer of power to a load.

The basic relationship that governs thermal noise analysis is expressed
by the Equipartition Theorem [13, 14, 17]: any "mode" of a system in thermal
equilibrium has an average noise energy of %kBT where kB is Boltzmann's
constant (1.38 x 10™2% J/kelvin) and T is the absolute temperature (here in
kelvin: K = °C + 273). The modes of the system can be identified by
writing out all of the components of the system energy. Any component that
depends on the square of a coordinate is a mode in the above sense. Common
examples include kinetic energy (%mvz). spring potential energy (%kxz). energy
stored in a capacitor (%CVZ). and energy stored in an inductor (%Liz).
Equipartitioa claims that the thermal energy is equally distributed among all
the energy storage modes and, furthermore, is equal to %kBT for each mode.
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The key to analyzing mechanical systems in equilibrium is that simple
equipartition holds for every mode of energy storage (as long as kBT >> hf
where h is Plank’s constant, 6.6 x 10734 Js, and f is frequency). Each mode
{kinetic or potential), whether corresponding to an observable motion of a
macroscopic mass or microscopic motion of molecular motion, vibration, or
rotation, has the same amount of thermal energy and these modes are continual-
ly exchanging energy with all of the other modes in order to maintain this
equilibrium.

If an "ordered" mode such as the vibration of a macroscopic mass-spring
system is in equilibrium with a large number of independent microscopic modes
(say, individual molecular vibrations in the spring), then an observable
"dissipation" results [18]. Energy from the orderly motion of the mass-spring
system is transferred (at some measureable rate) to a very large number of
molecular modes. In turn, the molecular vibrational modes transfer energy
back to the mass-spring oscillator; nowever, since the molecular vibrations
are essentially independent of each other, the return transfers are random and
the probability of them being in phase enough to reinforce the mass-spring
motion is effectively zero. So the whole system (mass-spring vibrator and
molecules in the spring), if no longer driven externally, eventually reaches a
state where the energy in the mass-spring motion equals the energy in any of

the many molecular vibrations.

The principle of equipartition leads directly to the first technique for
analyzing mechanical-system noise [19]. The average displacement of the mass

in a mass-spring osclillator is given by

1 2 1
;k<x> = EkﬂT (2)

Here, < > denotes an average and it is a broadband average. Also, k iz the
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spring constant while kB is Boltzmann’s constant. The average velocity of the

mass 1s

kT (3)

A free particle (an atom of Helium gas, for example) may not have a
spring-like storage mode but its kinetic energy is still subject to equipar-
tition. Since the three coordinate directions are independent, there are

three kinetic modes. The x, y, and z components each have an average kinetic

energy of %m<v:> %kBT so the total average energy of the particle is ngT.

In some analyses, these simple relations will suffice but, often, the
frequency distribution of the noise is required. In this case, the nolse
response of a device can be calculated by inserting a force generator at the
same location as each damper in the system. The spectral density of the force

corresponding to each damper is (see Appendix A)

F - V4'_kBTR' [N/VHZ) (4)

n

This result is; derived directly from equipartition: a system mode having %kaT
broadband energy is equivalent to the damper having an associated force
generator with VﬁE;Tﬁ spectral density. (The damping coefficient R is
mechanical resistance — force per velocity — and can be a function of
frequency. To analyze electrical systems, put a voltage generator of VﬁE;Tﬁ
volts/vHz in series with each resistor in the circuit. Here, R is electrical
resistance [20, 21].)

One of the consequences of the.Fluctuation-Dissipation theorem is that,
if the dissipation (loss, damping, resistance) of a system is measured, the
individual contributors to that dissipation need not be known: it is the total
dissipation acting on a mass-spring oscillator that determines the thermal
fluctuations of that oscillator. This is why a measurement of the Q of an




NADC-91113-50

oscillatory system is useful in noise analysis: the measured Q incorporates
all of the dissipation mechanisms that are acting on the system.

Another consequence of the F-D relatjons is that individual dampers can
be treated individually if that is more convenient. This is particularly
useful in modeling devices. Construct the zquivalent circuit for the entire
device (include both mechanical and electrical parts) and, for each resis-
tance, add z series force (or voltage) generator of magnitude 4kBTR (newtons
or volts per root hertz). Calculate the system output resulting from each of
these noise generators separately and then sum the squares of these individual

outputs to get the square of the total nolse output.

Quality Factor

Since mechanical damping is a critical part of thermal noise analysis, it
is useful to have several ways of determining it. In some cases, the mechani-
cal resistance can be modeled falrly accurately (for example, viscous drag on
simple shapes at low Reynolds numbers), but in others it must be measured.

For simple harmonic oscillators the quality factor or Q is related to the
damping and can often be measured easlily. Several expressions of Q are

useful:

(1) Q is 2m times the number of cycles of osclilation required for the

energy of the oscillator to drop by the factor e:
E(t) = Eo exp (-th/O) (5)

(2) ¢ is the ratio of the resonance frequency to the full width of the
resonance peak at the half-power points (3 dB down polints):

Q = fo/AfadB (6)

(3) Q is the ratio of either the mass reactance or the stiffness reactance

at resonance to the resistance in a series resonant circuit:

Q = uhm/R = k/woR (7)
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(4) Q equals 2n times the energy stored in the oscillator divided by the
energy dissipated per cycle. Q 1is also equal to Wy times the energy
stored in the oscillator divided by the power dissipated.

(5) Q is related to the damping factor { or the loss tangent
Q = 1/(28) = 1/tand (8)

Critical damping (R = meo) is{=1o0or Q=1/2,

{6) When the Q is small, methods (1) and (2) are not very useful. In this
case, the resonance frequency can be measured by exciting the system and
looking for the frequency that results in a 90 degree phase shift
between the input and output. The damping can be determined from the

slope of the phase change (in radians per hertz) at the resonance:

f

0

(7) Another approach for small Q is to drive the system with a square
wave. The output waveform will show "ringing" at the level transitions.
If the peak-to-trough amplitude, a, of the first half cycle of the
ringing and the trough-to-peak amplitude, b, of the second half cycle
are measured, then the damping factor can be computed as follows {22,
23):

In (a /7 b)

c = ) (10)
\/ln2 (a/b) + n®

10
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Ihe Simple Accelerometer

The generic accelerometer sensor is shown schematically in Fig. 3. The
case is exposed to the desired acceleration and the displacement of the mass
relative to the case (z = y — x) is the output of the accelerometer. Also
shown are the locntion of the nolse force, and the free-body dlagram.

n l z = y-x

T T i)
k(y-x) fn
R(y-x)

Figure 3. Configuration and free-~-body diagram for simple accelerometer.

Of course, the noise force aldgo acts on the sensor case through the other end
of the damper but this is not important here. The analysis is simpler in the
frequency domain where the signal excitation displaceinent is Y(f), the
response is Z(f), and the nolse force is Fn. (As a reminder, y — Y, 9 —
iwY, and y — -wZY in the frequency domain.)} To get the noise response, set
the signal Y to zero and solve for 2' in terms of Fn; to get the signal

response, set Fn to zero and solve for Zn in terms of the case displacement Y.

Solving the simple accelerometer for the noise response gives

|z (f)] = VakTRG(f) / Kk (11}

11
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where

6 = 17V -t/e )+ e )Pt (12)
and cnzf: = w: = k/m. The factor G(f) i3 plotted in Figure 4 for Q's of 0.5,

4, and 100,

1E+02_ semmrn— R, =
w“ 1100
% TE+07 o s &k
7] . ‘f...‘\ N -
&g S ;:;;d& 4
o 1 E+0G: 8 Est . ; j TN “_
g F : ; \‘\‘\%
_§J - 4 0 5 \\\
xr - -
o) 1E-01 \‘
2 N
1E-02 et A
0.1 1 10
NORMALIZED FREQUENCY

Figure 4. Normalized response, G(f), of a mass-spring oscillator
as ‘a funciion of normalized frequency, f/fo, for three values of Q.

In the accelerometer limit (f << fo), the noise displacement becomes
|Zn(f)| = V4kBTR /7 k (13)

which can also be expressed in terms of the Q of the oscillator:

o / 3
|Zn(f)| = V4kBT/wokQ = 4kBT/womQ (14)
The signal response is

|2, (6)| = /)% GUo) Y| (15)

12
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but w2|Y'| is the magnitude of the input acceleration, a, so

lz,(6)] = a Gl£) /o (16)

and G(f) 1s one in the accelerometer limit,

The signal-to-noise ratlo at any frequency is then

272 |2 = a%m/ 4k To (17)
s n s B O

(Note: a moving-colil accelerometer has its electrical output proportional to
dz/dt or wZ; this is true for both signal and noise however, so the signal-to-
noise ratio is unchanged.) Here, the "signal" is taken to be the power
spectral density of the ambient nolse of the environment. This ié appropriate
for a sensor designed for optimum reception of real signals in this ambient;
if, however, the real signals are guaranteed never to approach the environmen-
tal ambient, then the minimum real signal level should be used. (That could
be a single~frequency level rather than a spectral density in which case the
noise power should be adjusted by the analysis bandwidth.)

From this expression for signal-to-nolse ratio it is apparent that the
SNR can be improved by:
(1) 1increasing the Q
(2) reducing 0
(3) increasing m (which also lowers wo)
(4) reducing the stiffness (which lowers wo)

Normally, dropping w, far enough so that it is within the band of
exnected signals is not wise because this introduces a nonlinear phase into
the system response. Increasing the Q can cause problems also: if the
oscillator has a high Q, then out-of-band oscillaticns can be large (at the
resonance frequency, Q times the motlon well below the resonance for the same
excitation) and the mechanical system must have enough dynamic range to handle
these large movements. As will be discussed later, feedback can be applied to

reduce the mechanical range required but then feedback circuit must have an

13
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adequate dynamic range. Moreover, the feedback circult introduces additional

noise.

Example 1. Determine the thermal nolise limjit for a critically
damped accelerometer that must be sensigive enough to detect the SS0-10dB
levels from 0.1 to 1000 Hz. Assume that an SNR > 1 is adequate. (Unless
otherwise stated, all accelerometer-type hydrophones will be assumed to
be neutrally buovant so that the fluld acceleration equals the sensor
acceleration.)

lhe lowest practical resonance frequency is 1000 Hz and the Q is 1/2
for critical damping. The smallest acceleration to be measured (see
Table I) is 5.3 x 1078 ms per vHz, which occurs at 10 Hz. In order to
have an SNR > 1 at 10 Hz, the mass must be greater than 72 grams (from
Eq. 17). Clearly, this would be a problem for a very small sensor.

Critical damping glives good response linearity at the expense of
thermal noise. If the Q were raised to 100, the minimum mass drops to
0.36 gm. 1f the Q were kept at 1/2 but the resonance were dropped to 10
Hz, the minimum mass drops to 0.72 gm. In this latter case, however, the
signal response now rolls off above 10 Hz. This is not a problem for
mechanical thermal noise since the SNR is not a function of frequency,
but this would be a dangerous strategy since other noise sources could

eventually dominate.

Example 2. What is the minimum Q required for a simple accelero-
meter with m = 40 x 10~ kg and f, = 300 Hz so that thermal noise is at
or below SS0-10dB from 0.1 Hz to fo?

Smallest SS0-10dB acceleration is at 10 Hz so SNR must be one or
greater at 10 Hz. From Eq. 17, the Q must be at least 270. If the mass
were reduced to 2 x 107° kg, then the minimum Q would be 5400! This

illustrates one of the problems assoclated with minlature accelerometers.

14
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The Simple Pressure Sensor

In the simple pressure sensor, the moving mass is directly exposed to the
incident acoustic pressure and the displacement (or speed) of this mass is

measured. Such a sensor is shown in Fig. 5.

— | T

Vil lldlididd

Figure §. Schematic diagram of a simple pressure sensor.

For an arbitrary force F, the displacement response 2 is

F G(f) /7 k (18)

2|

For signal, the force F = p.S, where S is the area of the transducer face and
P, is the spectral density of the signal pressure; for noise, the force F =
V4kBTR, so the signal-to-noise ratio is

Q(p.S)z / 4 Tom (19)

2 ) 2
12/ 2 | = (p8S)°/ 4k TR

In this case, the signal-to-noise ratio can be improved by:

(1) increasing the area, A

(2) increasing Q

(3) reducing the resonance frequency

(4) reducing the mass (unless the stiffness is also

reduced this increases wo since w: = k/m)

Reduction of the mass would seem to favor microminiaturization but the w,m
product goes as vm, which makes this dependence weak, whereas the dependence

on area is as area squared.
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Example 3. Design a critically damped pressure sensor with thermal
ncise at or below the SS0-i0dB curve from 0.1 to 1000 Hz if the sensor
area 1s 1 cm°.

Here Q is 1/2. Set fo to 1000 Hz (lowest value without dropping
resonance into desired band). The vworst case for pressure on the
SS0-10dB curve is at 1000 Hz where p = 53 uPa/vHiz. From Eq. 19, the
mass must be less than 140 grams. (Be careful with units: use pressure in
pascals, not micropascals, in Eq. 19.) If the sensor area were reduced
to 1 mmz. then the mass would have to be less than 14 micrograms. Also,

the stiffness would have to be reduced to keep the resonance at 1000 Hz.

One of the advantages of working with the Q of a sensor is that, if the Q
is measured, 1t automatically includes all of the relevant damping terms.
While this is only strictly true for single-degree-of-freedom systems with
frequency-independent resistance, many sensors can be approximately modeled
this way. In order for a Q measurement to be useful, though, the Q must be
measured with the sensor in the environment in which it will ultimately be
used. For example, the Q of a hydrophone should be measured in water, not in
air. Sometimes the difference may be negligible, but, especlally for nonstan-
dard designs, significant loss mechanisms (and, therefore, fluctuation
producers) could be overlooked if the complete mechanical configuration 1s not

measured in situ.

Dissipation Mechanisms

One of the keys to evaluating mechanical-thermal noise is in understand-
ing the sources of dissipation in the system. In terms of fluctuations, any
mechanism that allows energy to escape from the orderly motion of the sensor
counts as dissipation. These mechanisms include mechanical damping in the
spring and supports, viscous drag, acoustlc reradiation, electrical leakage,

and magnetic hysteresis.
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Since it is often very difficult to separate various damping mechanisms
in a device, measurement of the system's Q is a valuable technique for noise
assessment. As long as the dampingxts independent (or nearly so) of frequen-
cy, the Q gives the mechenical reslitance directly in terms of the resonance
frequency and elther the mass or stfffness Q= uom/R = k/wbR). Also, the Q
is the reciprocal of the loss tangent or the reciprocal of twice the damping
factor. Many times, measurements of a vibrating system's dominant mass and Q
are slimple; the resistance and, therefore, the fluctuating force can be

calculated from these measurements.

For capacltive sensors, the very thin gaps that permit low polarization
voltage and high capacitance per unit area also lead to squeeze-film damping:
the viscous loss assoclated vith squeezing the fluid out between moving
surfaces [24-26]. Squeeze-film damping can easily dominate the dissipation
mechanlsms for gaps of severral microns. For two parallel disks of area, S,
with average spacing, ho. the equivalent mechanical resistance is

- 2 3
anm = 3usS /2n h° (20)

where p 1s the fluld's viscosity (20 x 10™° kg/m s for air at 20°C; 10”2 kg/m
s for water at 20°C). Notlce the strong dependence on the spacing. If one

disk 1s perforated, the damping can be reduced considerably [27].

If a moving object is not near another surface (and the Reynold's number
is very low as would be expected for acoustic motion), the mechanical resist-
ance is given by Stoke's formula [28, 22]. For a disk of radius, a, moving
broadside (a reasonable model for an accelerom:ter mass or a pressure sensor's

diaphragm), Stoke's formula gives
R. = 167 a (21)

where 7 is the fluid's v;scosity (20 x 1n°° kg/m s for air at 20°C; lcfs kg/m
s for water at 20°C).

Radlatlon reslistance can be a significan: dissipation mechanism above &

or 10 kHz and, for micromachined sensors with very small diaphragm rasses,
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radiation mass loading can greatly exceed mechanical mass. The radiation
impedance for a simple pressure sensor is approximated closely by [il1]

2, = pecwma’ [(ka)z /4 + 10.6 ka] (22)

where k is the acoustic wave number (w/c), p and ¢ are the density and sound
speed of the fluld, and a is the radius of the piston. (The convention ettt
is assumed.) Notice that the equivalent resistance (the real part of Zl) is a
function of frequency; consequently the resulting noise is not whiie but,
instead, increases with frequency. On the other hand, the equivalent radia-
tion mass loading (the imaginary part of Zu divided by w) is not a function of

frequency.

The radiation impedance for an accelerometer immersed in a fluid is
approximately that of an oscillating sphere [30]

2 4
- pcma [(ka) /3 + )\ 2ka/ 3] . (23)

For any sensor, the reradiation affects the external surface of the
transducer and the expression for this equivalent nolse pressure does not
contain any of the properties of the transducer. Consequently, this equiva-
lent noise can and usually is included in the ambient sea (or air) noise

pressure [31, 32]:

prad = Frad /A = 4kamrud /A
= 2°f VEBTup/c (22)

= 1.8x 10°% £ [uPa/viz]

in water. This result also applies to immersed accelercmeters it they are
neutrally buoyant. The effective noise pressure is well below the SS0-10dB
curve over the entire range of 0.1 to 1000 Hz. This nolse component dominates
ocean ambient noise above 50 or 100 kHz so it is only a concern for very high

frequency underwater systems.
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{Note: The same result for P4 €an be obtained by calculating the
pressure that results from giving each normal mode in the ocean an energy of
kBT/Z. The reradiation component is sometimes mistakenly taken to be the
entire thermal noise component in a sensor but this ignores all of the
microscoplc energy-storage modes in the sensor structure and fill fluid. From
the standpoint of thermal excitation, a microscopic (molecular) mode is no

less Important than a macroscopic mode like an acoustic mode in the ocean.)

A interesting variety of thermal noise is that associated with leaky
dielectrics [33]. This dissipation 1s characterized by a loss tangent (tan &)
that can be nearly independent of frequency over a wide range of frequencles.

The current-voltage relationship for a capacitor with a leaky dielectric is
I = 1wCYV exp(-13) (25)

The real part of the equivalent impedance (for small &) is tand3/wC so the

open-circuit noise voltage is

2
oc

v

4 kBT tand / v C (26)

The thermal nolse assoclated with this dissipation has a spectrum that is not
white but, rather, 1/f. (Clearly, the loss tangent cannot be independent of
frequency all the way down to DC because this would require infinite fluctua-
tion power.) Many capacitive micromachined sensors use air (or vacuum) as the
dielectric where the loss tangent is negligible; however, in those cases where
a liquid might be used (to resist hydrostatic pressure in a hydrophone, for
example), this noise component should be calculated especially since the
micromachined sensor is likely to have very small capacitance (Vfc is

proportional to 1/C).

Example 4. A fluid-filled capacitive hydrophone has a receiving
sensitivity of -185 dB (1V/uPa) and a capacitance of 400 pF. If the loss
tangent of the dielectric flulid is 0.01, what is the equivalent noise

pressure corresponding to the open-circuit voltage noise due to the leaky

dielectric?
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From Eq. 26, the open-circuit voltage-squared is 6.4 x 10'1‘ / f
volts-squared per hertz. At 1 Hz, this is -132 dB(V). From the receiv-
ing sensitivity, the corresponding pressure is 60 dB(luPaz/Hz), which is
well below the SS0-10dB curve. This noise component increases with
decreasing frequency but the ocean ambient also increases (faster) with

decreasing frequency.

The following examples lllustrate why ignoring thermal nolse in conven-

tionally-sized underwater sensors has not created a problem:

Example 5. A standard piezoceramic hydrophone (pressure sensor) has
the following characteristics: fo = 1600 Hz, Q = 5, m = 0.4 x 10'3 kg,
and S = 3 cm®. If it is to be used from 0.1 to 1000 Hz, will thermal
noise be a problem?

Again. the worst case iIs at 1000 Hz. From Eq. 19, the signal-to-
noise ratio at 1000 Hz is 20 000 so thermal nolse is not a problem.

Example 6. A conventional geophone can be modeled as a simple
accelerometer. If a geophone {23] has fo =28 Hz, m = 2.2 gm, and a
damping factor { = 0.18, will thermal nolse be a problem?

Here, the worst case is at 10 Hz where a = 5.3 x 10™° ws. (Use
Eq. 8 to calculate Q.) From Eq. 17, the signal-to-noise ratio at 10 Hz
is 6. While this is not as large as in the previous example, thermal

noise would not be a problem in this case elther.

Mechanical thermal noise is often overlooked as limiting noise source
because conventlionally sized underwater sensors have thermal noise well below
the quietest background noise in the ocean. Thermal nolse can be a serious
issue though for very small sensors as Examples 1 through 3 i1llustrate. Small
physical size should not be the criterion for deciding whether or not to ’
consider mechanical-thermal nolse; this nolse component should be evaluated
for any sensor that 1s lntended for extreme sensitivity. For example,
mechanical-thermal noise (s routinely considered in the design of gravity-wave
detectors [34]) even though these detactors are physically very large.
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Noise Estimation from Sensor Freguency Response

Sometimes the Information avallable for a sensor 1s insufficient to
directly calculate Q or R. One consequence of equipartition is that the
detalls of damping need not be known. The total thermal energy is fixed by
equipartition; the system’s frequency response can only redistribute that
energy. If a frequency response curve (measured or theoretical) is given for
the sensor, this curve can be used to evaluate the mechanical-thermal noise

for simple sensors.

In order for thls to work, the spectral shape of the signal response of
the sensor must be the same as the spectral shape of the output of the sensor
due to thermal agitation of the sense element. For the simple accelerometer,
the spectral shape of the acceleration response is identical to the shape of
the noise respcnse (Eq. 11); for the simple pressure sensor, the shape of the
pressure response is ldentical to the shape of the noise reponse (Eq. 18).
This may not be true for more complicated sensors but, if the behavior 1s
dominated by a single mass-spring system, then the following procedure may be

suitable as a first approximation to the noise characteristics.

The spectral density of the nolse 1ls generally not constant with frequen-
cy because the mechanlical spring-mass system shapes the spectrum but the

broadband nolse is still governed by equipartition so

(-]
<x®> = [x%(f)df = kT / k (27)
0

(Note: this is the appropriate starting point if the sensor output is proport-
ional to the displacement of the sensor mass; if, as in the case of a
moving-coll accelerometer, the output is proportional to the velocity of the
mass, then <v®> and Eq. 3 should be used to write the velocity equivalent of
Eq. 27.) This expression says that the energy in the mode associated with the

mean-square displacment is constant regardless of its spectral distribution.
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Figure 6 shows the spectral distribution uf the mean-square displacement
for three systems with the same k (so the right-hand side of Eq. 27 remains
constant), but different resonance frequency or Q. The spectral shape is
different In each case but the area under each curve is the same. For
example, increasing the Q does not reduce the total noise energy, but it
concentrates the energy near the resonance thereby reducing it in the band

below resonance.

fo=05 Q=1

NOISE POWER RESPONSE

0.0 05 1.0 1.5 29
NORMALIZED FREQUENCY

Figure 6. Noise power distribution for three oscillators with the same
spring constant but different resonance frequencies and Q's.

If the given sensor power response function is called G(f) and the
displacement noise has the same shape, then x2(f) = ciG(f) and all that is
needed is the value of the constant c,- This is found directly from Eq. 27:

the integral is simply the area, A{, under the response curve so

c = kBT /7 k Ar (28)
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X(f) = G(f) kT / kA (29)

(When the area 1s calculated, the curve must be expressed in a power-like
quantity — displacement squared, pressure squared — and certainly never in
dB.) Once the displacement noise is known, the factor relating sense mass
displacement to sensor output can be used to calculate the sensor output
noise. For a moving-ccil sensor whose output is proportional to the velocity

of the moving element, the equivalent velocity noise expression is

vi£) = G(F) KT/ mA (30)

Example 7. A pressure sensor with an equivalent spring constant of
105 Nt/m has a flat frequency response between 0 and 500 Hz and rolls off
rapidly beyond that. Evaluate its mechanical-thermal noise.

The response can be approximated by G(f) = 1 from 0 to 500 Hz and
G(f) = 0 above 500 Hz. The area under the curve is then 500 and Eq. 29
then gives x = 9 x 10™'° m/Hz. If the active face of the sentor were 3
mm by 3 mm, then the equivalent noise pressure would be the equivalent
noise force, kx, divided by this area. In this case, the noise pressure
is 56 pPasvHz, which is roughly equal to the SS0-10dB curve at S00 Hz.

Sensors with Feedback

One of the ways of reducing the mechanical-thermal noise is to increase
the () of the sensor. As has been discussed, a high Q can cause dynamic range
problems in that out-of-band signals can produce large excurs'ons of the sense
mass and these excursions must be accomodated by the mechanical design in

order that the in-band signals not be distorted.
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There is a means for eliminating this mechanical problem and that is by
negative feedback: the output of the sensor 1s amplified and applied to a
force-generating mechanism that opposes the motion of the sense element. If
properly done, the feedback force keeps the sense element virtually stationary
and the sensor output is taken from the input to the feedback force generator.

This is sometimes known as force~-balance feedback.

In this way, the mechanical frequency response is made effectively flat
and the mechanical dynamic range problem is eliminated. Even 1f the sensor
output without feedback is not linearly related to the sense mass motion (the
electron-tunneling sensor is inherently nonlinear), the sensor output with

feedback is linear.

These improvements are ncot, however, free. If the phase response cf the
feedback loop is not carefully controlled, the intended negative feedback can
become positive at some frequencies and the sensor can be driven into self
oscillation. Also, negative feedback does not reduce the effects of thermal
noise; in fact, the feedback loop adds additional noise. Finally, while the
mechanical dynamic range problem is eliminated, the feedback circuitry must
have sufficient electrical dynamic range to successfully force-~balance the
mass motion through the resonance. Fortunately, electrical dynamic range is

usually easier to come by than mechanical dynamic range.

The implementation of feedback in the simple accelerometer is shown

schematically in Fig. 7.

Yi_ n _

Figure 7. Simple accelerometer with feedback force applied.
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The force, f, is applied to oppose the motion of the mass. (Two ways in which
the force can be applied are electrostatically or by means of a plezoceramic
element.) The control circuit (using fraquency domain notation) would look
something llke the circult in Fig. 8.

L

Z A B -
= AB2

Figure 8. Control eircuit for force-~-balance feedback,

e i 2 = AZ
l'- ou

A 1s the gain of a very high gain displacement-to-voltage conversion stage and

B i1s the transfer constant for the voltage-to-force transducer.

In the frequency domaln, the response Z to a case displacement X is

2, = wsz/[wzm-in-(k-*AB)] (31)

which, for very large A (i.e., AB >> wzm), becomes

2, = wlm X / AB (32)

Since A is very large, Zs is kept very small by the feedback force. The
actual sensor ou.put is the voltage input to the feedback force transducer.

This voltage is

V., © umX/B = ma /B (33)
in terms of the case acceleration, a. Notice that the response to signal is
flat as long as the frequency is low enough so that AB >> wzm; the higher the
feedback gain, the higher the high-frequency rolloff is. Besides removing the
respons;e peak around the resonance, the high frequency rolloff can be delayed

by high gain in the feedback loop.
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For noise response, the sens2 mass digplacement Z is

2, = F,/AB (24)

and the corresponding voltage ocutput is

v o V4kaTR /B (35)

out

Consegquently, the signal~to-noise ratio is obtained by squaring Eqs. 33 and 35
and dividing:

v 2 azmz azmQ
™ " W ° T (36)
n 3 8“0

which ls identical to the expression without feedback giver in Eq. 17. So
feedback does not improve the sensor’s immunity to ther:al noise. In ract,
components in the teedback circuit will introduce additicnal noise. Because
feedback permits use of high Q, the introduction of addiiional noise in the

feedback ioop may be more than offset by the noise reduction irorm increasad Q.

Compound Sensors

The foregoing analyses apply to sensors that are well-represented by a
single mass-—-spring system. While this is adequate for many hydrophones, some
designs are more complex. The solution procedure for more complicated systems
is more tedlous but it is, in principle, identlcal to the simpler systenms.

For example, consider an accelerometer with two mass-spring components.

A schematlic diagram and the relevant free-t.,dy dlagrams are shown in Filg. 9.

i
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Flgure 9. Configuration and free-bcdy diagrems for a
compound accelerometer.

As before, the analysis is more conveniently done in the frequency domain. To

get the signal response, set Fnl and Fnz to zero and solve for SB (=X - 2)

as a function of the case displacement X. To get the noise response, set X to

zero and set F;z to zero and solve for Snx as a functlion of F;l; then set X

and F‘n1 to zero and solve for Snz as a function of Fnz‘ Since nolse powers

add, the total noise is S° = S° +S°. Also, F_ = VK TR, and F _ =
n nl n2 nl B 1 n2

V4kBTR2.

In the accelerometer limit (w << wi,wz), the signal responge is

. 2 2
s = - X (w/wl) [1 + (wl/wé) (1 - kzlkll] (37)
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and the signal-to-noise ratio is
2 2,.2,2
a'm1Q1 {1 + mzlm1 + ”a/wz)

SNR = 3 (38)
4kBTw1 1 0+ (mllma)(Ql/Qz)(wl/wz)

If m, << m, wz >> wl, and the k's and the Q's are about equal for the two
mass-spring systems, the factors in square brackets are approximately equal to

one and the expressions reduce to those of a single mass-spring system.

Complex mechanical devices are, perhaps, best analyzed by first drawing
the electrical equivalent circuit and then using a computer-based circuit
‘analysis program to determine the frequency and noise response. This approach

is discussed in Appendix B.

Limits of Applicability

Just because a sensor passes the thermal nolse test does not mean that it
will not have a nolse problem. One of the other nolse factors discussed in
subsequent sectlions may dominate. However, if it fails the thermal nolse

evaluation, then the sensor does have a problem.

The noise terms are not really uniformly distributed over all frequencles
— that would imply infinlte power. More correctly, the factor knT should be
replaced by [13, 17]

hf
exp (hf/kBT) -1

(39)

where h is Plank's constant (6.6 x 10°% J 8). For hf << k,T this expres-
sion reduces to kaT but above hf = ksT in frequency, the noise power is
reduced. At room temperature, this rolloff occurs above about 10" Hz; so,

this is is not a concern for typlical underwater acoustic sensors.

28




NADC~91113-50

Some authors [35-37] include the zero-point energy term in Eq. 39, which
amounts to an additionali hf/2. Whether or not this term should be included is
the subject of scme debate [37] and, since it is not significant below 10'3
Hz, it is only of academic interest here. While its inclusion does produce
the "proper" limit as T goes to zero it also makes Eq. 39 diverge at high
frequency. The zero-point energy does put an ultimate limit on optical
systems and cryogenically cooled systems [38, 39] but the zero-point energy
cannot be extracted from the system [35] and so, from the standpoint of noise
power delivered to the observer, need be considered only as a fundamental

limit on the observabllity of a process.

Shot Noise

If a system is in equilibrium, then thermal noise provides a complete
description of its internal fluctuations. There are, however, several

important non-equilibrium sources of noise [18]: One of these is shot noise.

If a signal is carried by discrete "particles" (electrons or photons, for
example) and these particles are emitted randomly, then there will be noise
associated with that signal. In the case of an electrical current, the

spectral density of the noise component of that current is (40, 41])

i = 21e [amps/VvHz] (40)

where 1 is the average current flowing and e is the charge on an electron (1.6

x 107 coulombs per electron). This is shot noise.

Photons generated by a laser, charge carrlers crossing potential barriers
at semiconductor junctions, and electrons emitted from the filament in a
vacuum tube are all examples of random emissions that lead to shot noise. On
the other hand, the current produced by applying a voltage to a conductor is
spatially correlated over large distances and results in very little shot
noise [19, 40, 42, 43]. Shot noise results from charge carriers crossing
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potential barriers of some sort and the process of jumplng the barrier is

random.

In a bipolar junction transistor, the charge carriers are randomly
injected into the emitter-base and base-collector depletion layers and it is
in these layers that the carriers interact with externally applied voltages
(18]. These layers are too thin (i.e., the transit times of the carriers are
too short) to permit the carriers to reach equilibrium with the "stationary"
molecules. Consequently, the nolse produced in the external circuits by these
Junctions is directly related to the randomness of the transit of carrlers
across the junction rather than being related to thermal vibrations in the

semiconductor lattice. This nolse is primarily shot noise.

In a field-effect transistor (FET), the carriers interact with the
external voltages in a channel that is long enough to allow the carriers to
reach thermal equilibrium with the channel. Consequently, the characteristics
assoclated with the random emission into the channel are lost and the noise in

a fleld-effect transistor is primarily thermal nolse.

Even if the photon generation by a laser were not random, detection of
that light by a photodiode involves random emission of electrons in response
to the incldent photons, so the photodiode output has shot nolse. A typical
value for photodiode sensitivity ls one microamp output for two microwatts of
light input: this value 1s not arbltrary but is the result of each incoming
photon (with a frequency in the visible-light range) forcing a single electron

out.

Example 8. Suppose a fiber-optic interferometric accelerometer [44]
uses 200 uW of optical power, which produces 100 pA of current out of the
photodiode. The mass is 0.54 kg, the resonance frequency is 240 Hz, and
the Q is 10. Interferometer sensitivities are often given in terms of
radians of phase shift (in the interference fringes) per sensed quantity.
In this case, the phase shift per unit displacement of the sense mass is

8500 radians per micrometer of displacement. The sensitivity can be
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increased simply by adding more fiber to arms of the interferometer. If
the laser noise is 50 upradians per vHz, is there any point to increasing
the sensitivity?

This sensor has both shot and thermal noise components. Analyze the
shot noise first. An interference fringe goes from light .o dark so
there would be (at mos!) a 10( pA current change corresponding to n
radians (a half cycle!] of fringe shift. The electrical sensitivity is
then 100/n or about 30 itA/ra¢<. The worst-case shot nolse is for an
average current of 100 pA sc the shot nolse spectral density (Eq. 40) is
1 =6x 10™*2 A/vHz and the minimum detectable signal, in terms of
fringe shift, is then ¢n“lu-in/(30 pA/rad) = 0.2 urad/vHz. This is well
below the laser noise so this sensor !s not shot-noise limlted.

The noise displacement of the sense mass resulting from thermal
nolse can be calculated from Eq. 13. The displacement noise is 9.3 x
10" m/vHz. For an optical sensitivity of 8500 rad/um, the correspond-
ing phase noise is 8 urad/vHz. Although this is greater tnan the shot
noise, the laser noise st.1ll dominates. Consequently, the overall
sensitivity of thls accelsrometer coulu be increased (with more fiber)

somewhat.

Example 9. Accelerometers are not sensitive to hydrostatic pressure
(that is, until the case implodes!) but a pressure sensor is unless it is
somehow compensated for the hydrostatic pressure. Another way of saying
this is that the simple pressure sensor responds all the way down to DC
pressure. Suppose that an uncompensated fliber-optic pressure sensor has
bee1 c¢esigned to operate betwuon 100 and 300 meters depth over the
frequency range 0.1 to 100 Hz. Suppose that chis is not an interfero-
mefric sensor but that the varlation in light output can be adjusted so
that it ranges smoothly from dark to bright over the range of pressure
sensed. Evaluate the shot noise performance [45).

Since the sensor is not corpensated for hydrostatic pressure
veriations, it must respond to pressures over the entire hydrostetic
renge — about 2 MPa here. (.ach 1{9 meters in depth adds about 1 MPa to
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the hvdrostatic pressure.) If Ipd is the maximum current out o’ the
detecting photodiode, then the sensitivity is

= 7/
M Ipd AP (41)

where AP is the total required range of pressure to be sensed (2 MPa in
this case). Ipd is also the current from which to compute the (worst-
case) shot noise spectral density in from Eq. 40, so the mininum

detectable pressiure is

p = § /M = AP 2 e/ Ipd (42)

The worst case in the band of interest is at 100 Hz where the required

Poin is 200 pPa/vHz so the required photodiode current, Ipd. would be 32
amps, which would regquire an 64 watt laser! In order fer this sensor to
be a practical underwater sensor, some means would have to be developed

to eliminate the DC pressure response.

The shot noise was particularly serlous in this last example because the
sensor responded to pressure iall the way to zero frequency (hYdrostatic or DC
pressure). A conventlonal alr-backed piezoceramic pressure hydrophone does
not respond to DC prescsure because leakage currents in the sensor remove the
charge produced by very slow straining of the material. Also, the plezoceram-
ic sensor does not modulate & shot-ncise producing current, so shot nolse is

not a consideration.

The spectrum of shot noise is unifernly distributed in frequency
("white") up to rather high frequencies. In order for the shot noise relation
to hold, there must be many charge carrliers per cycle. There are i/e elect-
rons per second in a current, I, or.there are I/ef electrons per cycle at the
frequency, f. For a current of 1 nA, there is one electron per cycle at 6 x
10° Hz, so for frequencies well below this, the shot nolse spactrum would be

white. Increasing the current increases the high-frequency limit.
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1/f Nolise

Except for a very high frequency cutoff, the fundamental mechanisms of
both thermal and shot noise are uniformly distributed in frequency. There is,
however, a very commonly occuring nolse component whose spectral distribution
is not flat but, instead, dreps with increasing frequency so that the power
distribution is approximately f'l. This sort of behavior is seen in measure-
ments of the base current of transistors, the speed of ocean currents, the
flow of sand in an hourglass, the yearly flow of the Nile over the (ast 2000
years, traffic flow on expressways, sunspot activity, and the loudness of
classical music [40, 46, 47].

Unfortunately, there is no simple physical model capable of explaining
this nolse component as there is in the case of thermal or shot nojse [48,
49]). The fact that this 1/f distribution of power occurs so often in so many
vastly different settings suggests that the underlylng explanation should not
depend on the specific details of any single physical process. In addition,
the 1/f portion of the spectral distribution can extend over many iecades so
the time scales required to explain this behavior must range from milliseconds

to hours or even days in some instances [47].

The distribution is not precisely f'l either. Observations of different
processes show that the exponent can range [49] from -0.8 to -1.4. Further-
more, when the exponent is -1 or more negative, some low-frequency cutoff must

be present or there would be infinite power in the spectrum [33, 48, 49].

One attempt to model the spectral shape of this nosise component relies on
a distribution of relaxation times for the process [49]. Roughly speaking,
relaxation time is the time it tekes a system to return to "normal" after
being disturbed. If the system raverts to its undisturbed state immediately
(i.e., it has no "memory"), then the associated power spectrum s independent

of frequency. If the system has one characteristic relaxation time, t, then
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the spectral shape is

wif) = At/ 1+ (bD)¥) (43)

where A is an arbitrary constart. This spectrum varies as 1/£2 for wr > 1
(or £ > 1/2ut).

If, for some reason, a system has a distribution of relaxation times and
the probablility distribution of those t's has just the right shape, then a 1/f
spectrum results. For example, 1f the relaxation time ls controlled by some
sort of energy, E, t is likely to be exponentially related to that energy (t =
toexp(E/kBT)); if the probability distribution of the energy is uniform over
some range of T, then the spectrum will have 1/f slope over the equivalent
frequency range. A reasonable physical model for 1/f nolise In semiconductors
has been developed based on such a distribution of relaxation times where the
relaxation processes are connected with trapping and release of the charge
carriers ("generation-recombination" noise) [41, 49]. This approach has not
been so successful In describing, for example, 1/f noise in metallic

conductors.

In electrical devices, the 1/f noise is proportional to the current
passing through the device. Some authors have suggested that the noise results
from random fluctuations in resistance that are sensed by the current rather
than from fluctuations caused by the current [33, 48, 49]. This conclusion
contradicts the notion that 1/f nolise is a non-equilibrium phenomenon; some
external source of energy would be required to keep the resistor from equilib-
rium and the most likely suspect is the current. In some materials, the noise
i1s proportional to the volume of material, but the nolse is often sensitive to

surface conditions as well.

Any component that carries current is a potential source of 1/f noise
[18) in addition to thermal noise [37]. Carbon resistors produce much more
1/f noise than wirewound resistors and so should be avolded (in favor of
either wirewound or metal-film resistors) in low-noise preamplifiers. Contact

resistance — bad solder joints, terminal lugs screwed to aluminum frames ——
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can contribute significant amounts of 1/f noise. Poor selection of capacitor
tvpes for coupling or bypass capacitcrs (especlally through leakage currents)
can contribute also: electrolytic capacitors are particularly poor; ceramic
capaclitors are moderately poor; peoly>ster are acceptable; and teflon, poly-
styrene, and polypropylene capacitors are excellent. Polarized capacitors
should be avoided where possible. For applications requiring large capaci-
tance, tantalum capacitors are acceptable. Any polarized capacitor must be
protected against reverse DC blas, which may occur during power-on transients,

because they can emit noise pulses up to several hours afterward (50].

Because there is no simple predictive technique to estimate the magnitude
of 1/f nolse, its effects must generally be measured. Fortunately, manufact-
urers often provide sufficient information about transistors and amplifier
chips to allow estimation of noise (of all sources including 1/f). The next
section summarizes how to use this information. Before turning to that topic
though, it is worth pointing out that 1/f nolse is not only a low frequency
problem. Oscillators must be nonlinear in order for their amplitude to be
stable and this nonlinearity coupled with 1/f nolse results in sidebands on
the oscillator output [18].

It is also possible that 1/f noise is not limited to the electrical part
of a sensor. Mechanical parts in the sensor assembly may also contribute 1/f
nolse according to one study of condensor microphones [51-53]. In this case,
the energy required to keep the system from equilibrium was likely to have

been the polarizing voltage.

An effective way of avoiding the effects of 1/f noise in very-low-
frequency measurement systems ls to arrange the signal to modulate a high-
frequency reference signal. For example, a capacitive sensor can be used in
an AC bridge circuit. If the sensor is in one leg of the bridge and a
reference capaclitor is in the other, then the output is a differential signal:
oscillator noise effectively cancels out since its signal flows through both

branches.
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Even better if the sensor itself can be designed with a "push-pull”
output. A capacitive accelerometer could be built with the moving plate
suspended between two stationary plates. The two capacitors so formed would

be used in the bridge circuit, one in each leg.

Another approacn is to use an inductor to form a tuned circuvit that is
driven electrically at its resonance. The phase shift resulting from capaci-
tance changes is directly proportional to the electrical Q (see Eq. 9). This
approach does not by itself remove the oscillator noise but a biridge clircuit

can be constructed in which each leg of the bridge contains a tuned circuit

(43].

Amplifier Noise

Once the sensing element itself has been designed for adequate noise
performance, 1t is usually necessary to amplify the resulting signal to a
useable level. While electrical noise calculations are much more familiar
than mechanical noise calculations, it is worth summarizing the principles

herz because a poor preamplifier can negate the noise performance of a qulet

sensor.

The safest way to analyze the nolse performance of a preamplifier circuit
connected to a sensor is to calculate the signal-to-nolse ratio directly from
the manufacturer’s data (or measurements) for the equivalent input noise
voltage and current for the transistors or chips (18, 40, 54]. This is the
procedure that will be outlined below, but some more common but less useful
definitions will be mentioned first in order to warn of some dangers and to

make connections between alternate expressions of nolse performance.
One of the most commonly quoted noise measures is noigse figure. Noise

figure is ten times the common logarithm of the noise factor; noise factor for

a particular device is the ratio of the signal-to-noise power at the input of
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the device to the signal-to-noise powsar at the output of the device:

noise factor = nf = SNR“.W,r / SNRunPur

{44)
noise figure = NF = 10 log (nf)

Defined this way, noise factor is always greater than one (and noise figure is
always positive) and is a measure of the degradation in signal-to-noise ratio

caused by the device.

This sounds like a good approach but, in practice, device manufacturers
often quote only the optimum nolse figure. Nolse {igure is a strong function
of source resistance, so if the source resistance is not given for that nolse
figure or the stated source reslistance is not close to the actual source

resistance used, the nolse figure is of little value.

Equivalent input nolse sources

Of far more value are the manufacturer’'s specifications for equivalent
input voltage and current nolse for the device. By convention, these values
are equivalent values at the input to the device and so are added to the
source noise contributions (thermal, shot, 1/f). The output levels can be
found simply by multiplying by the device gain but the signal-to-noise ratio
remalns the same. In effect, the real device has been replaced by a noise-
free amplifier and voltage and current noise generators as in Fig. 10.

REAL LEVICE NOISE-FREE
DEVICE

Figure 10. Input nolse current and voltage generators.
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Because the nolse voltage and current are given as the equivalent input
values, the noise figure can be determined from the input noise alone (the
ratio of the input signal to the input signal is one!). If the device were
truly noise-free (in and e equal to zero), then the input noise voltage
squared would be 4kBTR' from the source resistance, R.. In terms of the noise
figure, the actual input nolse for the real device would then be

e = (4k_TR ) nf (45)
B s

or (cna//\f“*)lmmt otee = 10 log (4K TR) + NF
This can be misleading, though, because the input noise may not be

entirely due to the obvicus Input circuit resistance. The input noise also
includes the mechanical thermal nolse of the sensor and, maybe, shot noise and
i/f noise. Of course, an equivalent source resistance could be derived to
include all these effects but this is an awkward approach. Again, the best
approach is to calculate the esquivalent input noise directly and elther forget
about nolse figure altogether or calculate the nolse figure directly from the

equivalent input noise.

If the source noise can be represented by an equivalent resistance, R-,

then the amplifier can be analyzed using the model of Fig. 11.

_@+ D_O
e

AMP

Figure 11. Model for nolsoc analyis of amplifier,

(Note: If the source impedance is complex, take the real part for Rs for those
terms representing generation of thermal noise — AkBTR terms — but use the

magnitude of the source impedance for those terms representing voltages
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generated by current flowing through the source impedance — 1nR terms, for
example.) The equivalent input noise voltage and current (40, 55-§7] for
several low-noise op amps and one low-noise preamp (LM381) are shown in
Figures 12 and 13,

1 R L7028

Noise Voltage {nV per root hertz)
°
2"

T=Yrrrf

0.1
1

Y

T

T

LI S S e

lines indicate slope corresponding to 1/f aoise.

39
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Figure 12. Input vultage noise for several integrated circuits. Dashed
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Figure 13. Input current noise for several integrated circuits.
For preamplifier chips and transistors without feedback, the equivalent
input noise voltage resulting from the amplifler is

e = e ¢ ({1 R )2 (46)
n ne

(Sometimes it is more convenient to calculate the amplifier’s input nolse

current

12 = (em)? + 3 ) (47)
n 3 n

If R: represents the entire nolse contributioa of the source, then the total
input noise voltage is e’ from Eq. 46 plus 4kBTR-. This total nolise voltage
gs a function of scurce resistunce is shown in Figure 14 fo:r the devices of
Figures 12 and 13.
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Figure 14. Total input voltage noise &s a function of source resistance.

Notice that, in each case, there is an optimum source resistance that
results in the smallest nolse excess over source resistor noise. Notice also
that this optimum resistance is substantially different from device to device.
For example, the LT1028 is particularly good for source resistances between
100 and 1000 ohms while the LF411 is good for source resistances between 1 and
10 megohms. For best noise performance, it is not enough to select a low-
noise chip; it is also necessary to match the chip to the source impedance.

Operational amplifiers with feedback

The curves in Figure 14 represent the nolse performance for the op amps
without feedback. This is not realistic since op amps are almost always used
with feedback and the feedback circults add additional noise (both from
thermal noise in the feedback resistors and interaction of the amplifier ln
and e with the feedback resistors). For the noninverting feedback
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configuration (see Appendix C) shown in Fig. 15,

Figure 158. DNoninverting configuration for an operational amplifier.

the voltage gain is G = 1 + Rz/Rn and the total input noise voltage (including

source resistor noise) is
e2 = e + 4k TR +R) + 1°R +R)? (48)
n B [ ] P n s P
where Rp is the parallel combination of R1 and RZ: Rp = RIRZ/(R1+R2).

For the inverting configuration of Fig. 16,

RZ

R ——— NAN ——

O—— AN 2
—o

+

Figure 16. Operational amplifier in inverting configuration.

I
|

the voltage gain G = Rz/Rx and the total input nolse voltage is

= 2 2
e (1 #Ru/Rz) ®n + 4kBTR. (49)

2 2
+ 4k TR (R /R)® + 1:R.

where R‘ is the sum of R- and Rx' A more complete discussion of nolse
analysis of op amps with feedback and JFET amplifiers is in Appendix C.
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By comparing Eqs. 48 and 49 to Eq. 46, it is obvious that feedback
increases the amplifier noise contribution. Once the amplifier configuration
has been chosen, either Eq. 47 or 48 can be used to calculate the input nolse
to which must be added any sensor noise component not included in the source
resistance R'. If the sensor noise component is an equivalent current noise,
the amplifier noise may be more conveniently expressed as a current: 12 =
ez/Rf. In any case, the proper R. may also include mechanical resistance.
The best way to insure that all components are accounted for 1s to draw the

complete electro-mechanical equivalent circuit as described in Appendix D.

(Note: Some low-noise preamplifier chips, such as the LM381 shown in
Figures 12-14, have optional differential inputs. If the differential inputs
are used, the ei value for the chip must be doubled (1: stays the same).)

Example 10. A non-traditional way of sensing the displacement of
the sense mass in an accelerometer is by electron tunneling. If a probe
is placed very close (10~° to 107'° meters) to a conducting surface and a
small voltage is applied from the conducting surface to the probe, a
current flows because of wave-like tunneling of electrons across the gap
{9, 58). The actual mechanism of current generation 1is unimportant here;
the important detail is that a current is generated that is proportional
to displacement. (The fact that the proportionality is not linear will
be ignored.)

Consider an electron-tunneling accelerometer with m = 25 x 107¢ kg,
a resonance frequency of 200 Hz and a Q of 200. The change in tunneling
current with a change in displacement is 7 amps per meter and the average
tunneling current is 1 nanoamp with an applied voltage across the gap of
100 mV. The preamplifier is an inverting op amp with Rz = 0 and R2 = 107
ohms. (In this configuration, the op amp acts as a current-to-voltage
convertor with an output voltage equal to 107 times the input current.)
Evaluate the noise performance and select a suitable op amp.

Since this is a current-producing sensor, it is convenlent teo

express all noise components in equivalent currents. The mechanical-
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thermal noise displacement is given by Eq. 13, and, when multiplied by
the displacenent-to-current {actor of 7 A/m, the resulting noise current
i1s 2.8 x 10°'® A/VHZ. The shot-noise current from Eq. 39 is 1.8 x 10°**
AsvHzZ. The tunneling gap has an equivalent resistance equal to the bias
voltage (100 mV) divided by the tunneling current (1 nA) or 10° ohms;
however, this contributes no noise because tunneling is not an equilibrium
process: there is no mechanism that can bring the tunneling waves into
equilibrium as they transit the gap. Wlthout considering the preamplifier
contribution then, this device is limited by mechanlcal-thermal noise.
(The mechanical-thermal contribution is slightly larger than the equivalent
SS0-10dB value at 10 Hz but that problem will be ignored in this example.)
The preamplifier nolse can be determined from Eq. 49 divided by the
source resistance squared (to get 12) and with R1 = 0:

2

i2 = 1% + 4k TR
n B 2

(50)
+ €2 (1 +R/R)YR®
n s 2 [

The first and third terms on the right-hand side reflect the impact of the
amplifier current and voltage noise components. The second term results
from thermal noise in the feedback resistor and the third term includes
the effects of the amplifier voltage noise on the feedback resistor.

In order to illustrate the selection problem with ¢p amps, three
types will be considered: two expensive chips — LT1028 and AD549, and
one cheap chip — the LF411. The equivalent noise voltage and current
for each chip can be estimated from Figures 12 and 13. At 10 Hz, the

values are given in Table II.

Table II. 10 Hz noise values for LT1028, AD549, and LF411.

LT1028 AD549 LF411
e [v/Viz] 1 x 107° 1 x 1077 6 x 10°°
1 [(AVEZ) 5x 1072  1x10' 2 xi10M
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Table III summarizes the individual current noise components {in
ampszlﬂz so that they can be added directly) for the entire system with
each of the three choices of op amp. The terms on the right-hand side of
Eq. 50 have been named amplifier current, feedback thermal, and amplifier

voltage in order of thelr appearance in that equation.

Table III. Curreont nolue components for sensor/amplitier system.
LT1028 AD549 LFa11
MRGEANAEAL | 7.8 x 107%®  |7.8 x 107%%| 7.8 x 107%
RB%%e 3.2 x 1002  3.2x10%® 3.2x10%
FRRRRASE 1.6 x 107 1.6 x 1007 1.6 x 107¥
AVBLZLER 1.2X10%  1.2x%x10% 4.4x10%
AMDKAERER 2.5 x 1072 1.0x10% 4.0x10%

Clearly, the
expensive LT1028 would be an extremely poor cholce since its noilse
While the
LT1028 does have exceptlonally low voltage noise, its current roise is
quite high.
tion, it is necessary to select a chip with low current noise.

For each op amp, the dominant nolse component is boxed.

component is much higher than the intrinsic sensor noise.

Since the source resistance is very high in this applica~-
(The
LT1028 would be excellent for applications with very low source resist-
Both the AD549 and the LF411 woull perform well since the sensor
nolse dominates in both cases but the LF411 1s considerably cheaper.

ance. )

This analysis has been dcne for 10 Hz, which is the worst-case
frequency for designing to the 3S0-10dB curve for the simpl:: accelero-
meter alone. The preamplifier introduces 1/f noise, however, so the
lowest frequency of lnterest should a.so be examined. If, for example,
the system ls intended to be used down .0 0.1 Hz, the amplifier voltage
and current nolse would te considerablv higher. If the manuficturer does
not supply equivalent nnise values at a low enough frequency, the values
can be estimated by extrapolating the given values by 1/f (in power).

The voltage-squared (or current-squar=d) noise would be 100 times greater

at 0.1 Hz than at 10 Hz. This would 11crease the values in the last two
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lines of the above table by a factor of 100. The LF411 and the ADS49
systems would stili be adequate.

General Considerations for Preamplifiers (18, 40, SO, 54])

(1) The first stage of amplification usually dominates the noise perfor-
mance of the electronics. It should be a simrle preamplifier that passes the
frequency range of interest. Mixers, complex fllters and detectors should be

saved for later stages.

(2) Don’t select an amplifier by nolse figure alone. D¢ the complete
analysis as in the previous example and account for the actual source

reslstance.

(3) Don’t add a resistor in series with a source to more closely match
the optimum source resistance for a particular amplifier. This may make the
noise figure of the amplifier alone lower but it will add more than enough

additional thermal noise to compensate.

(4) With op amps, don't forget to include the feedback components in the
noise calculations. (Use Eq. 48 or 49, not Eq. 46.)

(5) If the manufacturer’'s specifications on e and 1n don’t go low enough
in frequency, estimate the appropriate values by extrapolatling e: and 1: as
1/f. (Do this even if the manufacturer’s curve shows a constant value wiih no
low-frequency increase; the 1/f breakpoint in the curve is probably just hclow
the given portion.) Of course, don't try to extrapolate beyond the passband

of the device.

(6) For systems that require very low noise electronics, better perfor-
mance can be obtained with a discrete (FET or bipolar transistor) input stage
added tu an op amp. Here, a JFET would be selected for a high-impedance
source, while a bipolar transistor would be selected fcr a low-impedance
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source. MOSFETs are not used for low frequency applications because they have

large 1/f nolse components.

Summary

As the preceeding examples illustrate, mechanical-thermal noise can have
cbservable consequences in micromachined sensors. The gross effects can be
estimated easlly either through Nyquist’s Relation or the Equipartition
Theorem. Frequently, this estimate is sufficient to determine if there is
thermal nolse problem. Of course, Just because a sensor passes the thermal
nolse test does not mean that it will not have a noise problem. There are
many other sources of noise in an electromechanical transducer system;

however, if the sensor falls the thermal nolse evaluation, then it does have a

pioblenm.

If the sensor can be approximated as a simple pressure sensor or a simple
accelerometer, then an estimate for the sensor nolse can be made from the
sensor Q, from a calculation of the dominant damping mechanism, or from a
measured or calculated frequency response. Many times this simple estimate
will be sufficient. 1If not, then a more detailed mechanical analysis or a
complete electromechanical equivalent circuit may be required. The efiects of
the sensor preamplifier can be included if the complete circult is drawn.

In short, when a high-sensitivity sensor is being designed, an analysis
of mechanical-thermal noise should be included at an early stage to avoid

being trapped with an unacceptably high noise floor.
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Appendix A. Derivation of Nyquist’'s Relation

Nyquist’s relation gives the connection between the spectral density of
the fluctuations of a system in thermal equilibrium and the dissipation of
that system. Since this relation comes from equilibrium thermodynamics, the
result is independent of the physical model used. The following derivation is
done for a damped mass~spring oscillator [59-61] but it can be done just as
well for a damped inductor-capacitor oscillator [17, 19].

As discussed for the simple pressure sensor, the displacement response,
Z, for a damped harmonic oscillatorr to which an arbitrary force, F, is applied

is given by Eq. 13 rewritten here

12| = F/rva-0)?+ 0P (A-1)
where Q = w/wo.

From equipartition, Eq. 2, k<zz> = kBT. The quantity <zz> is equal to
the integral of i2|z over all frequencies so the equipartition expression can

be written

k

l‘)l:’-r’N

k¢ ) 1-852 + 0?q?

[

J df = kT (A-2)

0

where Fn is the noise dJdriving force, which is assumed to be uniformly distri-
buted over all frequencies. Changing the integration variable from f to Q
ylelds

2 [
Fw
no I dn = kT (A-3)
0

2nk (1-0%)% + o®/q®

The denominator of the integral is quadratic in 0° and so can be factored.
Then the integral can be solved by complex contour integration but it also

48




o

NADC-91113-50

appears in Gradshteyn and Ryzhik [62, Eq. 3.264.2) where its value is found to
be nQ/2. Corsequently,

2 2
Ff'w. = Q Fo k
L n0 - = kT (A-4)
2nk 2 4k woR
or
F = V4kBTR [force/vHz) (A-S)

which applies even if R is a function of frequency [16].

As mentioned at the beginning of this Appendix, the same result can be
obtajined by analyzing a varlety of different physical models. Alternative
systems leading to the Nyquist relation, Eqn. A-5, are

(i) A spring~damper system acting on an object with negligible mass [36,
63]. (For example, Langevin’s method.)

(2) A transmission line with matched resistive terminations [21, 43, 64].
This ls the device used by Nyqulist to obtain thc electrical form of
his relation (for "Johnson" noise).

(3) Fermi-Dirac conduction electrons in a metal {17, 37].

(4) Equilibrium between a small surface and an infinite volume of fluid
[32, 65]. This is one of the most interesting examples because the
problem can be solved in two ways. The spectral density of the
pressure fluctuations can be derived by the acoustic analog of
blackbody radiation (as is done for the Rayleigh-leans Law) where the
surface is assumed to be inside a volume, the frequency distribution
for the normal modes in the volume is obtained, the modes are each
given their thermal equipartion energy, and the volume is allowed to
increase indefinitely. The result is [31]

dp® = (p/nk _T/c) £2 af (A-6)
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The Nyquist relation

dF = §°dp = 4kBTR df (A-7)

where S is the surface element area, implies that

the assoclated resistance is
R = prStrc (A-8)

From strictly hydrodynamic considerations, the
radiation resistance can be calculated for a surface
element in an infinite fluid volume znd the result
is identical to Eq. A-8.
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Appendix B. Equivalent:--Circuit Hodeling with SPICE

Noiee analysls can oe performed on complicated mechanical systems easily
by using a computer simulation of the equivalent electrical circuit. This
appendix summarizes the use of one of the popular software tools — SPICE —

to do these analyses [66].

The first step is to sclect an approprlate analeogy between electrical

- quantities and mechanical quantities [65]. For an entirely mechanical system
tha choice between the impedance or the mobllity analog is mostiy one of
preference. If, however, it is desired to analyze a mechanical transducer
with its assoclated electronics, the natural association of pressure with
veltage in a piezoclectric or capacitive sensor favors the impedance analog,
while the moving-coil sensor favors the mobllity analog. The impedance analog
will be used here; relations for the moblility analog can be written similarly.

The impedance analog Is as follows:

velocity, v ¢&——— current, 1

force, F &——>3 voltage, e

dv di
mass: F = m I —— e L It (B-1)

(where v is velocity in inertial frame)

spring: F = k [vdt e— e = éji dt (B-2)

(where v is the velocity difference between the ends)

damper: F = Rv —— e = R (B-3)

(where v is the velocity difference between the ends)
From these relations it is clear that inductance, L, is the analog of mass, m;
the inverse of capaclitance, 1/C, is the analog of stiftness, k; and the

mechanical resistance, R, 1s the analog of electrical resistance, R.
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The key to the impedance analogy lles in the distinction between the
relevant velocity for a mass and the relevant velocity for elther a spring or

a damper. This distinction is illustrated in Fig. B-1 (mechanical symbol on

left, 2lectrical symbol with appropriate “current" on right).

m MASS

(A VT

— YV

v, T
2 T X
E k ' ‘L SPRING
o1l l

v, T
%_j 3 VII DAMPER
v
1

Figure B-1. Electromechanical impedance analogy.

When drawing the electrical circuit, split the current as required to keep the

appropriate velocity or velocity difference on the objects. Figure B-2

illustrates this procedure for a simple example.

T
w1l 7 -glv‘
§

1 | T

Construction of impedance analogy and creation

Figjure B-2.
of proper branch currents (velocities).
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In SPICE, voltage and current¢ (corresponding to force and velocity,
respectively) can be monltored easily. When acceleration and displacement
must be measured, & small subterfuge is required. To measure acceleration,
insert a small inductor, LW and measure the voltage (force) across it. Since
F = m,a, the acceleration at that point is equal to F/mo. Obvioualy the
inserted inauctor must be small with respect to the other components so as not

to influence the clrcuit behavior.

To measure displacement, lusesrt u small capscitor, i/ko. and measure the
voltage (force} across it. The force F = kox g0 the displacement is equal to
F/ko. If the circult values can be arranged so that moand ko can be set to
one, then the acceleration and displacement can be re¢ad directly from the

voltage eacross the probe component.

There is, however, an unfortunate problem with SPICE: all nodes must have
a DC path to ground. Insertlion of the displacement probing capacitor will
often isolate a node from ground. To re-establish DC contact with ground, add
a very large inductor in parallel with the probe capacitor (see Fig. B~3).

—_— —

Figure B~-3., Use of inductor to provide DC path around capacitor.

Don'% use u parallel resistor because that may upset the noise calculation.
Also, don't use a small test resistor to measure velocity (current; as this
can also upset the roise calculation. To measure veiocity, imsert an indepen-
dent voltage source with zerb amplitude. SPICE allows the syntax I(VTEST) to
display the current flowing thirough the source, VTEST.

The total voltage noise is calculated using the .NOISE statement.
Unfortunately, there is no convenlent way to calculate the total current nolse
directly.
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Voltage and current sources in SPICE are used to drive the mechanical
system. Pressure ls force divided by area (if it is uniform on the transducer
face) so a voltage source with an amplitude equal to the desired pressurs
timus area represents the driving pressure. A velocity driver is directly
represented by a current source. There 1s no acceleration (or displacement)
source so 2 veloclty source should be used with a series-connected probe
inductor (or capacitor) to measure the acceleiation (or displacement) drive

level.

Before conslidering some examples of electrical analougs of mechanical
devices, the acoustic analogy should be mentioned since some transducers are
more easlily represented by acoustic lumped parameters rather than mechanlical
lumped parameters [11]). In the acoustic analogy, current is the analog of
volume velocity and voltage is the analog of pressure. Volume velocity, ¢, 1is
the total volume flow rate through some reference surface and is deflned for a

vector velccity fleld, v,

q = Iv-us (B~4)
area

where dS is the differential surface-area element expressed as a vector nermal
to the surface. Normally, the acoustic analogy is only used if the fluid
velocity can be considered te be constant over and nocrmal to the area in
question. In this case, the volume velocity is simply q = vS where S is the
area. The acoustic analogy 1s used for devices in which fluid flow is a

significant property.

Acoustic impedance 15 defined as pressure divided by volume velocity and
is equal to the mechanical impedance (force divided by veloclty) d.ivided by

the area squared. Therefore, mechanical elements are represented as follows:

mass ~-—— inductor with L = m/S2

———— resistor with R=R /&
mech much

stiffness ———» capacitor with 1/C = k/S°
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In fluid-filled systems, stiffness elements are often volumes of fluid.

For gasas, these volumes are represented as [11)
volume ~——— capacitor with C = V/1P°

where V is the volume, y is the ratio of specific heats (1.4 for air), gnd p°
is the amblent pressure. For liquids, replace P, with the bulk modulus,
B. The principles for equivalent circuit construction for acoustic analogs

are similar to those for mechanical impedance analogs.

Example B~1, Simple Pressure Sensor. The mechanical-impedance

equivalent circult is shown in Fig. B-4.

l e

m iI:Z : - -»
T

k § [_-ll:]R :
1

Vil dld e

.F m II 1/k
I

Figure B-4. Equivalent circuit for simple pressure sensor.

and the electrical equivalent circuit with a displacement probe to

measure 2 (and numbered nodes) is shown in Fig. B-5.

L Cc
1 2 11 3
VY 1t
»
VSRC E R
LBYPS
= SV
{ -
° CTEST ‘4

Figure B-5. SFICE equivalent circuit for pressure mentgor.

To anaiyze a specific case, the actual mechanical component values

can be used and CTEST can be selected so that CTEST >> C. Ir this
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11lustration, however, the values will all be normalized as follows:
(1) Set CTEST = 1 so that the voltage V(4,0) is directly equal to the
displacement, z.
(2) Pick C << CTEST (e.g., 1E-S)
(3) Pick L s0o that the resonant freguency. fo’ is one. (u: = 1/1LC so
L = 2533.03 for this example.)
(4) Pick R toset Q: Q= wa/R. For Q = 10 in this example, R = .
1591.55.
AC analysis glves the sensor output displacement for a constant pressure
input; NOISE analysis gives the thermal noise output resulting from R.
The following input file for SPICE performs these analyses on this
circuit:

SIMPLE PRESSURE SENSOR
VSRC 1 0 AC 10

2533.03
1E~S
1591.85

L 1
c 2
R 3

s wnN

CTEST O
LTEST O

1
1E12

[

.AC DEC 10 0.01 100
.NOISE V(4,0) VSRC 20

.PRINT AC WM(0,4)
.PRINT NOISE ONOISE(M)

.END

(A SPICE manual should be consulted for a detailed explanation of these
statements [66]).

For a frequency well below.the resonance (e.g., f = 0.01}, the .
signal output VM(0,4) = 1E-5 which equals F/k (the amplitude of the
driving force ls one here) as it should. Also, the noise output
ONOISE(M) = 5.137E-14 m/VFz vhich equals V4K TR / k as it should. At the
resonance, both of these values should be Q (10) times larger and they
are in the SPICE simulatlion.
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Example B-2. Simple Accelerometer. The mechanical-impedance
equivalent circult is shown in Fig. B-6

g . (1) ilEe

Figure B-6. Equivalent circuit for simple accelerometer.

and the electrical equivalent circuit with an input acceleration probe
(LCASE) and an output displacement probe (CTEST) is shown in Fig. B-7.

LCASE

SNV 2
4
3 c
TSRC [T:] L { LBYPS R
Va'e aa
5 { |-
CTEST

Figure B-7. SPICE equivalent circuit for accelerometer.

For normalized output as in the previous example, set CTEST = 1 and
LCASE = 1. (Note: Physically, LCASE represents a small mass assoclated
with the accelerometer case and CTEST represents a very weak spring
connected between the mass pointer and the case pointer.) The other
component selectlions are identical to those for the simple pressure

sensor.

AC analysis gives the output displacement and the input accelera-
tion. Note that, while the velocity driver is constant, the input
acceleration is a function of frequency so the transfer function must be
calculated by dividing the output displacement V(0,4) by the input
acceleration V(2,1). For the pressure sensor, the input force was

constant (and equal to one) so the transfer function (the tensor’'s
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receiving sensitivity) between input pressure and output displacement was

equal to the output displacement times the transducer area. The SPICE
NOISE analysis gives the thermal-noise displacement resulting from R.
The following input file for SPICE performs these analyses on this

circult:

SIMPLE ACCELEROMETER

ISRC 0
L 0
c 2
R 3
LCASE 1
CTECT O
LBYFS 0
.AC DEC

1

LN ) N o> wWwnN

AC 1 O .
2533.03

1E'5 .
1591.5S

1

1

1E12

10 0.01 100
.NOISE V(4,0) ISRC 20

.PRINT AC VM(1,2) VM(0,4)
.PRINT NOISE ONOISE(M)

.END

(The magnitude of the displacement-cutput to acceleration-input ratio is

VM(0,4)/VM(1,2).)
cutput from the SPICE simulation agree with the theoretical calculaticns.

The values for the sensor signal response and noise
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Example B-3, Compound fcceleromcter. The mechanical-impedance
equivalent circult is shown in Fig. B-8

S l“‘ X-Y

al Ay m‘J_.,
- o L P
I

15'-
x 1 T

Figure B-8. Equivalent clircult for compound accelerometer.

iz,
1/k —%1

and the electrical equivalent circuit is shown in B-9.

- C2
L2 E ET— < Rl
LB'IPS R2
R /N VA
|
0 C1 18T 6

Figure B-9. SPICE equivalent ciicult for compound accelasrometer.

The following input file f'or SPICE performs the signal and noise
analysis on this compound acceleromster. The values were selected so
that, for the m1~-lc1-R1 osclllator, the resonance frequency ls one and ihe
Q is 5; and, for the mz--lf. a-R2 osclllator, %the resonance frejuency is two
and the Q is 2.S5.
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COMPOUND ACCELEROMETER

ISRC 0 1 AC 1 O

L1 2 3 2533.03

c1 2 4 1E-5

R1 4 6 3183.10

L2 3 0 1266.51

c2 3 5 1E-S .
R2 5 6 3183.10

LCASE 1 2 1 .
CTEST 6 0 1

LBYPS 6 O 1E12

.AC DEC 10 0.01 100
.NOISE V(6,0) ISRC 20
PRINT AC VM(1,2) VM(6,0)
.PRINT NOISE ONOISE(M)
.END

The displacement (signal) response¢ and the noise spectral density
for this compound system as calculated by the SPICE simulatlon are shown
in Fig. B-10. Notice that the displacement response and the noise
spectral density do not have the same dependence on firequency. This
would introduce an error (although small in this case) in any estimate of

nolse power based on a measured displacement response curve.
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(Times 10E-13)
Noise Spectral Density

Normalized Frequency

Figure B-10. Signal and noise responsc computed by SPICE for
compound accelsrometer.

Much more elaborate mechanical systems can be modeled with SPICE. With
gsome ingenuity other forms of friction and even backlash can be described with
various combinations of SPICE elements [67].
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Appendix C. Noise Analysis of Op Amps and JFETs

There are several subtle problems that arise in calculating the noise of
combined sensor/amplifier systems. In thls Appendix, the noise characteris-
tics of op amps and JFET preamplifiers will be considered in sufficient detall
to present these problems and provide a model for analysis of similar

alectronic circuits.

The usual representation of noise in an amplifier or a transistor is as
independent voltage and current sources. When the device is in a circuit,
especially if feedback is applied, it may not be possible to maintain this
independent voltage and current representation. (For example, the total noise
current would contain the amplifier noise current, but the total noise voltage
could also include a term resulting from the amplifier noise current flowing
through a circuit resistor.) Fortunately, it is not necessary to do this. In
fact, it 1s better to analyze the circuit with the signal source connected and
calculate the total noice voltage (or the total noise current) without trying

to artificlally develop separate voltage and current components.

Two of the more useful techniques for performing this nolse analysis are:
(1) Compute the output voltage resulting from each nolse source (amplifier
current, amplifier voltage, resistor, shot) separately; divide by the
clreult gain to refer the values back to the input; and, sum the squares
of the individual contributions to get the total mean-square input nolse

voltage.

(2) Use the signal-to-noise ratio theorem for feedback circuits [43]): The
output signal~-to-noise ratio is independent of the load impedance. The
output SNR based on output signal and noise currents with the output
shorted to ground is identical to the output SNR based on voltages with
the output open-circuilted. Shorting or open-circuitling the output can
simplify the calculations considerably.

To illustrate these techniques, the noninverting op amp circulit will be
analyzed by the first procedure and the inverting op amp will be analyzed by
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the second procedure. For fhese analyses, the simple model for an op amp
(Fig. C-1) will be used [40].

. +INPUT © - o =1

Figure C-1. Simple model for operational! amplifier.

In this model, A is very large. (When the output is short-circuited to ground
in the second procedure, a small series resistor representing the open-loop
output impedance of the op arp will be inserted to keep the current finite.)

Noninverting Amplifier

The noninverting configuration for an operational amplifier is shown

in Fig. C-2 with a source generator, e and source resistance, Rs. connected.

Figure C~2. Noninverting op amp clircuit with source.

The noninverting configuration would normally be used with a high impedance
gource since the input impedance is high. The circuit model including the
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resistor and amplifier noise sources is shown in Fig. C-3.

°
2
R
- p—— + 1 - r——-ﬁ + QUTPUT
01 VaVaWal e )-—o b
n +
{ e .
| x (1) c e
- + -
YR o0 L
- [
Figure C-3. Inverting op amp with source.

In this circuit, es can either be the noise voltage assocliated with R$ or the
signal voltage. Since all of the noise sources (ei. e,.e. e, in) are
assumed to be independent, consider thelr effects separately. Pick one
source, set the others to zero (replace voltage sources by short circuits,
replace current sources by open circulits), and calculate L {the output
voltage) for each. Once this has been done for all of the nolse sources, add
the squares of the individual output voltages to get the total mean-square
noise voltage. Calculate e, for the signal source, square it, and divide by
the total mean-square noise voltage to get the output signal-to-noise ratilo.
This is also the equivalent input signal-to-noise ratio for the equivalent
ideal amplifier. If the equivalent input mean-square noise voltage is
required, divide the total mean-cquare nolse voltage by the circult voltage

gain squared.
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For example, select e, to analyze and set all the other sources to zero.

The resulting circuit is given in Fig. C-4.

R2
R pr——— W\ e R
1 - (l_ out
VINAN -0 2 . 0
]
— Rs l ' Aoy
- VAN —— =0 -

Figqure C-4, Circuilt of Fig. C-3 with only source gensrator active.

Two of the voltage loop equations are

iR + e - e = 0 (c-1)
21

and e - e + iR - Ae‘ = 0 (c-2)

Eliminate 12. let A become very large, and solve for Aei (which equals eout):

e = Ael = est/Rp (C-3)

out

where Rp is thec parallel combination of R1 and Rz' which equals
RIRZ/(R1+ Rz).

Since the source e, can represent elther the signal voltage sov.ce or the
noise source of the source resistance, there are two results from chis

calculation. One 1s the signal voltage gain of the amplifier:
G = e /e = R./R (C-4)
2 p

The cther ls the mean-square nolse voltage from the source resistance, which,

at the output is

2
e
nat-S

2
= 4kBTRs (R2/Rp) (C-5)
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and referred back to the input is

2 2 2
®ns ~  %ou-s’C T TR, (C-6)

The oiher nolise-voltage sources are treated similarly.

To analyze the amplifier nolse current, set all other sources to zero to
obtain the circuit in Fig. C-5.

out
. 0
@

Figure C-5. Circuit of Fig. C~3 with only amplifier current noise.

Two of the lcop equations are:

(1n+1z)R1 t e 4+ 1nRs = 0 (c-7)

and - 1nP.s - e+ isz - Ael = 0 (Cc-8)

Eliminate 12, let A become very large, and solve for Aelz

e = Ae‘ = - inRz(l + RS/RP) (C-9)

so the mean-square noise voltage from the amplifier current noise is

2? - [1R.(1 +R/R)N2 (C-10)
n 2 S p

£2
out-1{

at the output and

e> = 1*(R +R)? (C-11)
n P S

in-{

referred back to the input.
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The output signal-to-nolse ratio is equal to the voltage~squared signal
output (Eq. C-3 squared) divided by the sum of the voltage-squared noise
outputs {*we of which are given hy Eqs. C-5 and C-10). For all of the noise
sources, the output signal-to-noise ratio for this circult is then

SNR &« ™ (C-12)

2 . .2 . 2 2
e / [en + 4kaf(Rs + Rp) + in(Rp + Rs) ]

This 1s also the equivalent input signal-to-noise ratio and the denominator is

the mean-square nolise voltage referred to the input.

Note: In general, the source has a complex impedance, not just a
resistance. The thermal nolse generated directly by that impedance is only
generated by the real part so, in the noise terms that are of the form 4kBTR.
only the real part of the source impedance should be used. However, in those
terms that result from currents flowing through the source impedance (result-
ing from, for example, e, or ln), the resulting voltage depends on the
magnitude of the impedance and so |Zs| should be used in place of R,

Inverting Amplifier

The inverting configuration for an operational amplifier with a source

attached is shown in Fig. C-6.

Figure C~6. Inverting configuration for op amp.
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This configuration would normally be used wlth a low-impedance source since
the input impedance is low. Figure C-7 illustrates ithe circuit model
Including the resistor and amplifier nolse sources.

R

-Do 2
.2 -—VW-—.——-.
- 'y ‘ '

-

LU 'PUT
et e )

b

3 ——
e

Figure C-7. Equivalent noise mndel for inverting op axp.

Obviously, open-circuiting the outpul dces not simplity the circult — it is
already open circuited, su, to proceed with this technique, short the output
to ground (and insert a small resistor representing tlie output lmpedance of

the op). The resulting circuit is shown in Fig. C-8.

!

——— ——0

Figure C-8. Shorted-output model for invertiny amplifier.

(Notice that the output current really also includes the current that flows
through R, but, if A is large, this <cntribution is negligible.)

From this point on, the solutior procedure is similar to the analysls of

the noninverting amplifier. First, cumpute the output current, 10, for only
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the signal source voltage, eg. Squaring this gives a quantity proportional to
the signal output power; this quantity will be the numerator of the signal-to-
noise expression. Next, compute the individual components of noise output
current by considering each rolse generator sepaiatcly. Finally, rform the
output signal-to-noise ratio by dividing the mean-square signal current by the
sum of the mean-square nolse components. The mean-square signal ocutput
current for this clircult is

2. = (R)Z(eR MR ) (C-13)

out

where R =R + R + R_, and the output signal-to-noise ratio is
sun S 1 2

_ 2 2 2
= e / [(R.un/ Rz) e +

» (C-14)

4k TR (1 + R/R)) + 12 R?%)
P a a 2 n a

output

As in the case of the noninverting amplifier, Eq. C-14 is also the input
signal-to-noise ratlo and the denominator 1is the equivalent input noise
voltage. Unfortunately, the process of referring the nolse to the input can
cauce some confusion here. The denominator of Eq. C-14 is referred to the
positive terminal of the source generator, e The conventional point to
which the equivalent lnput values are referred is the node between the source
resistance, Rs’ and the resistor, Rx' If it is necessary to find the equiva-
lent voltage referred to the conventional point, the analysis should be done
as for the noninverting amplifier being careful to calculate the circuit
voltage gain from the proper node to the output node. However, the end result
for circult evaluations for nolse ls usually signal-to-noise ratic; if that is

true, ther it is easier to calculate the SNR directly as shown above,

(Note: The expression given in the text for the equivalent input noise
voltage of the inverting amplifier is referred to the conventional node. For
the noninverting amplifier, as long as the amplifier input impedance is high

compared to the source impedance, this distinction is irrelevant.)
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Junction Field-Effect Iransistors (JFETs)

JFETs are sometimes used as the first--stage preamplifier for sensors with
high source impedance. The simplified model [68] for a JFET shown in Fig. C-9
is often adequate for calculating the nolse performance of a sensor/pre-

amplifier combination.

D G —‘ en' O

Flgure C-9, Nolse wmodel for JFET.
Typical applications are as an amplifier or as a follower (Fig. C-10).

0 +V
pD

DD

AMPLIFIER R
FOLLOWER

Figure C-10. Amplifier and follower applications for JFETs.

The follower is used as a high-input-impedance buffer to drive an amplifier
stage, while the amplifier circuit provides some gain. In the amplifier
circult, RB sets a DC blas point and the capacitor, Ca’ effectively removes

the resistor for signal frequencies.

To analyze the noise characteristics of the amplifier, connect a source
generator, e and its source resistance, Rs' replace the RB-CB combination by

a short circult, short the output to ground, and compute the signul-to-nolse
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ratio based on the output current. The equivalent clircuit for this analysis
is given in Fig. C-11.

R .
. S ] T

0

Figure C-11. Equivalent circuit for noise analysis of cosmon-
source JFET amplifier.

For signal, the output current squared is

12 = g:e: (RP/RS)2 {C-15)

out

where Rp = RSRG/(RS + Ro)’ while, for noise, the mean-square output current is

12 = g2 le? + 1*R
out-noise m n n p (C-16)

2
* II;kB'I'Rp + 4kBTRD/(g.RD)l
For an amplifier, g.RD > 1, and, in the usual application, RD << Rp. 80 the
last term in square brackets can be neglected. The signal-to-noise ratio is

Eq. C-15 divided by Eq. C-16. The equivalent mean-square noise voltage
referred to the JFET gate is

e = e + 1°R® + 4k TR (C-17)
n n p B p

As discussed previously, if the source impedance is complex, then just the
real part of R is used in the 4k T term while the magnitude of the parallel

combination of the source impedance and R is used in the 1 term.
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Microminiature sensors tend to be high-impedance devices, hence the
emphasis on JFET circuits. For a low-impedance sensor, if an op amp did not
provide adequate performance, a bipolar transistor input stage would be
appropriate (50, 54]. The design and analysis procedures are similar although
a somewhat more complicated model than was used for the JFET is usually

required for the bipolar transistor.
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Appendix D. Electromechanical Transducer Equivalents

A complete analysis of noise in a transducer system should ccnsider the
mechani~zal system coupled to the electrical system through the first stage of
amplification. This Appendix reviews the equivalent circuit representation
for mechanical~to-electrical transducer systems of three types: reciprocal,
antirecinrocal, and nonreciprocal. Once the proper equivalent circuit has
been drawn, the nolise analysis fullows by attaching a Johnson-roise voltage

generator to each resistance in the clrcuit.

Both the reciprocal and the antireciprocal transducers allow transduction
in either direction (receiving or transmitting). While the focus here is on
conversion of pressure or acceleration to voltage or current, these transdu-
cers will generate pressure or motlon if a current or voltage is applied.

Most conventional transducers fall into cne of these categorles; however,
there is a very important type of transducer — the electron-tunneling sensor
— in which the reverse actiun is governed by a different mechanism than the
forward action. The reverse action is 50 small that the transducer can be
considered to be practically unidirectional {(displacement input produces
current output). These nonreclprocal transducers are stralghtforward to model
but, because a resistance corresponding to the mechanical damping does not
translate over into the elcctrical side of the equivalent circuit, sometimes

the mechanical-thermal noise is in-orrectly neglected.

The reciprocal and tlre antireciprocal transducers can be represented by
a "black-box" (Fig. D-1) in which force, F, and velocity, u, on one side are

related to voltage, V, and current, I, on the other side [11]:

u

S
?

L I
 — ———
,. B

Figure D-1. Two-port reprosentation for electromechanical transducers.

<
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If the system 1ls linear, the simplest general reiations between the quantities
are
vV = 2Z 1 + T u
[ ]

EB (D-1)

F = T 1 + 2 u
no

where Z'_,B is the electrical impedance with the mechanical motion blocked

(u =0), Zm° is the mechanical impedance with the electrical terminals open

(I =9), T‘_ is the transduction factor from velocity to open-circult voltage,
and T;e is the transduction factor from current to force when motion of the
device is blocked.

If TQ. = T;e. then the device is reciprocal. A transformation

coeffliclent, ¢, can be defined

¢ = T/ ZEB (D-2)

and one way of drawing the electrical equivalent circuit, which includes the

mechanical-to-electrical converslion, 1s shown in Fig. D-2.

$u
——) 2 2
zrad/¢ Z-|/¢

Figure D-2, Generalized esquivalent circuit for reciprocal
transducer.

Here, the radlation impedance, Zr.d. is included separately since it is often
negligible. The quantity, ZL., then refers to the mechanical impedance with

the electrical terminals shorted and in the absence of the radiation load.

If Tem = - Tm‘. then the transducer is antireciprocal. Another

transformation coefficient, ¢". can be defined:

¢ = T (D-3)
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and an equivalent circuit such as that in Fig. D-3 can he drawn.

F/¢"
———— 2 __
. EB
2 2
¢Hu ¢H Yr-d ¢ll Y-o

Figure D-3. Generalized equivalent circult Jor anti-reciprocal
transducer.

As before the radiation admittance (Y = 1/2) ls included separately. Notice
that the mechanical voltage-like quantity 1s velccliy and the meclranical
current-like quantity is force. This switch from the normal impedance analogy
was made to accomodate the antireciprocal transduc‘lon coefficients.

For reciprocal transducers, a mcre specific circuit (Fig. D--4) can oe
drawn that represents several important types [65. 69, 70):

2 2

2
Rrad/¢ mrud/¢ Ru/¢ ¢

2
— AAA =Nl AAN l

Cj Sp/¢ € T R

Figure D~4, Typlcal equivalent circuilt for capacitive or
pilezoelectric (reciprocal) hydrophones.

NV

e wet
I
|

This circuit can be used to analyze simple electrostatic (i.e., capacitive)
and piezoelectric sensors. One of the assumptions invoked to draw this
circuit is that the sensor is small with respect to an acoustic wavelength so
the force on the sensor face is equal to the acoustic pressure, p, times the
sensor face area, S. For hydrophones operating below several tens of kilo-
hertz, the radiation resistance is negligible; however, depending on the
construction of the device, the radiation mass loading may be significant (see
Appendix E). For microphones operating over high audio and ultrasonic

frequencies, the radiation resistance should be included [71].
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Capacitive ssnsors

One of the simplest reciprocal sensors is the electrostatic or capacitive
sensor {11]. Two parallel plates, each of area S, are spaced a distance, x,
apart and a polarlizing voltage is applied. Wher the plate spacing changes
because of an applied pressure, the charge on the plates changes, which is
sensed electrically. In the following discussion, 1t will be assumed that the
polarization circuit has no :ffect on the noise of the sensor. (The resistor
— typically very large — in serles with the polarization supply is effect-
ively in parallel with Ro so the electrical-thermal noise is slightly

reduced. )

The capacitance, Co' and the transformation coefficlient, ¢, are given by

Co = eS8/ X, (D-4)

¢ C° Vo 7 X, (D-5)

where € is the permittivity of the material between the plates, X, is the
spacing between the plates with rno pressure applied, and Vo is the polariza-
tion voltage. The resistance, Ro’ can be measured or, if the loss tangent is

known for the dlelectric, calculated.

The mass can be calculated by adding the mass of the moveable plate (or
membrane) to the radiation mass (see section on radiation impedance). Then
the resonance frequency and Q can be measured with the electrical terminals
shorted to get the mechanical resistance and the spring constant. If the
moveable plate is a membrane and the membrane tension ¥ is known, then the
stiffness, k, 1s 8nJ. Alternately, 1f the recelving sensitivity as a function

of frequency can be measured, then the mechanlcal parameters can be inferred

from those measurements combined with an analysis of the equivalent circuit.
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Plezoelectric sensors

Plezoelectric sensors are similar to capaclitive sensors in that an
applied strain produces a charge redistribution. There are, however, many
more configurations in which pie:oelectric material can be used, the choice
depending on the application. Here, three common conflgurations will be
considered: a hydrostatic-mode shnsor, a cylinder, and a bender-disk. The
values in the equivalent circuit will, in general, be different for each
configuration but the form of the circulit will be the same or very close to

that used for the capacitive sensor.

The hydrostatic-mode sensor is simply a rectangular block of plezoceramic
with electrodes on one pair of opposing faces [65]. Pressure acts uniformly
on all sides, the mechanical response is stiffness-dominated, and the device
can tolerate very large pressure loads. Unfortunately, this configuration has

rather low sensitivity.

The same equivalent circuit can be userl as was used for the capacitance
sensor (and the mechanical mass can be neglected). The capacitance, Co. and

the transformation coefficlent, ¢, are given by

s
Co = g, S/t (D-6)

¢ = Co h33 (D-7)

where 8:3 is the dielectric constant for zero strain, t is the block thickness
from electrode to electrode, S is the surface area of one electrode, and h33
is the rate of change of the electric field with applied strain for constant
electric flux density. (The 33 subscript refers to the relationship between
the direction of the field from electrode to electrode and the direction In
which the material was polarized: For the 33-mode, these directions are

the same. These parameters can be found in numerous references on

plezoelectric materials, for example [65, 72].)
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The mechanical stiffness, k.. is
kn = S/ [t(su + 2912)1 (D-8)

where the S, and s,, are piezoceramic elastic constants. Since the transdu-
cer is very stiff, the radiation mass loading would rormally be negligible;
since this conflguration is normally only used as a hydrophone, the radiation
resistance loading can be neglected as well. Under these conditions, the
open-circuit receiving sensitivity ls

M = (g

N a3 2331) t (D-9)

where the g's are the rates of change of electric fleld with respect to
changes in applied stress for constant electric flux density. (Usually, g,,
is about half of g,, and of the opposite sign so the "hydrostatic" sensitivity
is low.) 1If the loss tangent of the pliezoceramic material is known, then R°

can be calculated.

Higher sensitivities can be obtained by isolating one or more faces of
the material) from the acoustic pressure. This is often accomplished by using
an ajr cavity. One such configuration ls a cylinder of plezoceramic material
with end caps and air inside. For a cylinder of length, h, radius, a, and
thickness, t, the mechanical mass, m, is p2maht where p is the density of the
ceramic. The applied force, F, is equal to the acoustic pressure times the

surface area, 2nah.

If the cylinder is polarized parallel to the cylinder axis and the
electrodes are on the lnner and outer surfaces of the cylinder, th-a the
device is being operated in the 3-1 mode [é5, 73]. The capacitance, Co. in

this case 1is

Cc = €, 2nah/t (D-10)

and the mechanical stiffness is

kK = 2uht/asf1 (D-11)
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The transformation coefficlent is

¢ = d 2=h/ sf1 (D-12)

and the mechanical resistance is best determined by measuring the Q with the

electrical terminals shorted.

An even simpler coafiguration that is air-back:d is the bender disk. A
thin piezoceramic disk is cemented to a brass disk that ls, In turn adge
mounted over an air-filled cavity [73]. Most ofien, two such disks arr
mounted back-to-back with an edge ring to separate them end i« form the
cavity. 1If the brass disk (radius, a, and thickness, t) dominates t'.» ..ass
and stiftness, then the mechanical stiffness is

k = 3my t3 /2 a (D--13)

where Y is the Young’'s modulus or the brass disk, and the mechznical mass is
m = 2ma tp/3 (D-14)

where p is the density of the disk. The effective water mass should be added
to get the total mass. Thls additional mass is

m = O4n a’ p (D-15)

water

The capacitance, Co’ is

= S -
Co = £y, S/t (D-16)

Since the disk does not move as a rigid piston, Eq. D-14 is less than the
total mass of the disk. This also complicates the calculation of ¢ so that
quantity should be obtained irom the measured pressure response of the device.

The losses can be determined from the measured Q.

Moving-coil sensors

The moving-coil sensor is the archetypical antireciprocal transducer.

Beca'ise the output is proportional to the velocity of the proof mass rather
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than its displacemz2nt, it ls more convenient to use the modbility analog
(velocity «——> voltage; force «—-» current) tor the mechanical parts nf the
circuit. A generic equivelent clicult for these moving-cclil devices (for
example, [22]) is shown in Fig. D-S.

[-J:\J ¢"u. _i_ lt‘i 2.. S E ? SRsmm-

Figure D-5. Equivalent c¢ircuit for » moving-coil sensor.

The mass-spring osclillator is represented by n, R‘, and kn; the electrical
propertles of the coil by Rc and Lc; and the mass of the sensor case by m .
The shunt resistor is used to adjust the damping of the sensor and is usually

‘ter- ali. TZ the radiation load is not negligible, it can be udded in
parai. .1 with the velocitiy ge:zrator as in Fig. D-6,

- ——

* —-‘-] 2
L ¢, — M ad Py
2
- E ¢N and
%

Figure D-~6. Addition of radiation load for anti-reciprocal sensor.

If the sensor case moves at the same speed as the medium In which it is
placed, then the velocity source 1s appropriate. This would be true for a
small sensor attached to a massive object (a geophone in the ground or an
accelerometer on a piece of machinery) or for a sensor thezt is neutrally
buoyant and not near resonance (an accelerometer being used as a hydrophone).
The more general case of an lmmersed sensor is better treated by using a force
generator proportional to the net force resulting from the pressure integrated

over the sensor case (see Appendix E).
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The transformatlon coefficlent is

¢" = Bl (D-17)

where B is the magnetic flux density (webers/mz) and 1 is the length of wire
in the coil. Normally, B is rather hard to determine; fortunately, ‘n can be

measured [22]:

(1) Fix the case to a nonmoving surface (u = 0).

(2) Remove the shunt resistor, RsmmT'

(3) Measure the open-circuit damping, bo' The
mechanical resistance, Rh’ can be determined from
bo.

(4) Reconnect the shunt resistor.

(5) Measure the damping, bt.

(6) If the coil inductance, Lo. can be neglected, then

the transformation coefficient is

> = 2w m(R_+R

W ) (bt - bo) (D-18)

SHUNT

Electron-tunneling sensors

For most transducers, the magnitude of the output voltage (or current) is
proportional te the amount of sensing material. The capacitive sensor’'s
output is proportional to the size of the plates, the output of a plezoceramic
sensor is proportional to the amount of ceramic, and the output of a moving-
coll sensor is proportional to the amount of wire =~ .0 the miguntic flux
density. Miniaturization necessarily reduces the senus‘'tivity of t(hese

transducers.

An alternate means of sensing displacement is by measuring the electron
tunneling current that flows between two conductors. IJf two conductors are
very close together (on the order of a nanometer), then there is a wave-

mechanical transfer of electrons from one to the other [58])}. This tranzfer is
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exponentially sensitive to the separation and so provides the basis for an
extremely sensitive displacement measurement. The surface area through which
the tunneling takes plsce need only be a few atoms in size; a larger area does
not increase the sensitivity to displacement. In this sense, the electron-~
tunneling sensor is an ldeal candidate for microminiaturization [9]. The
mechanical parts of the accelerometer or pressure configuration are still
subject to thermal-fluctuation motion though.

One interestlng aspect of the electron-tunneling sensor is that it is
effectively unidirectional. A displacement change produces a change in the
tunneling current but an externally forced change in the current produces very
little sensor motion. The motion produced results from electrostatic forces
on the equivalent capacitance of the tunneling gap (and this capacitance is
quite small) and fr-.a momentum transfer from the tunneling electrons [74].
Since these mechanisms are not the same as the mechanism for the displacement-
to-voltage transduction, this device 1s nonreciprocal. A convenient

equivalent circuit for this device is shown in Fig. D-7.

ml |7 |
[:T:] u : f-[:l Bf_ d:] I gnq

Figure D-7. Equivalent circult for electron-tunneling sensor.

Notice that the mechanical reslistance does not appear in the output branches:
The thermal noise from this resistance does enter the output circuit through
fm. This would present a serlious problem if the classical definition of noise
figure were forced on this device since only Rq would be considered (and Rq

is noigeless!). An advantage of the nonreciprocal nature is that the ampli-
fier current noise does not feed back into the mechanical circuit so the

amplifier-induced noise is not as large as it could be for a reciprocal
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transducer. This advantage is inconsequential though, 1f the device is
dominated by thermal noise in the mechanical circuit.

In the equivalent circuit given above,

g = 1,7 uﬁ m X, (D-19)

where I° is the static tunneling current (a function of the bias voltage, Vb.
across the gap) and X, is a characteristic displacement associated with the
tunneling (58):

x = 1/« Ve (D-20)

1 -1/2

where a = 1,025 x 10'% n™' ev and & 1s the work function of the surfaces
between which the tunneling is taking place (about half an electron volt for
gold-to-gold tunneling). The distance, Xy i1s usually close to an angstrom.
Because tunneling involves random emission of electrons across the gap, a shot
noise component, I' = VEET; , must also be included in the analysis along
with the equivalent gap resistance, Rq = Vb/Io. (Be aware that tunneling is
not an equilibrium process: there is no mechanism to force the tunneling waves
into equilibrium as they cross the gap so there is no thermal noise

associated with Rq.) Since this device is a current generator, the first
stage of preamplification is usually a high-gain current-to-voltage convertor

(an inverting op amp with R1 = 0).
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Appendix E. Radiation Loading of Transducers

The two baslc types of acoustlc sensors -— pressure sensors and accelero-
meters — differ significantly in their interaction with the medium. Most
practical receiving transducers are small with respect to a wavelength in the
medium over most of thelr operating range. If this is true, then the presence
of the transducer has little effect on the acoustic waves that pass by. For a
pressure sensor, this means that the relevant pressure is equal to the

undisturbed acoustic pressure in the surrounding medium.

An accelerometer responds to case motion rather than pressure on the case
so the appropriate quantity is the force exerted on the case by the acoustic
wave. This force is equal to the integral of the pressure times the vector
element of surface on the transducer case over the entire case. For a case of
volume, V, with dimensions much smaller than a wavelength, the root-mean-

square value of the force resulting from a traveling plane wave is
F = Vwp/c (E-1)

where p is the root-mean-square acoustic pressure and c¢ is the sound speed in

the medium.

If the transducer is well represented by a rigid body with the same
density as the fluid in which it is immersed (that 1s, 1f the transducer is
neutrally buoyant as is common for underwater sensors), then it will move as
if it were a part of the fluld. By using the above expression for force with
the proper mechanical equivalent circuit, the proper case motion can be
computed even if the density of the transducer is not equal to that of the
surrounding fluid or if the transducer does not act like a rigid body. (At
resonance, if the proof mass is of the same order as the case mass, the motion

can be quite different even if the device is neutrally buoyant.)
Another difference between the pressure sensor and the accelerometer is

in the radiation impedance. The pressure sensor acts as a monopole source as

far as reradliation is concerned, while the accelerometer acts as a dipole
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source for reradiation. A reasonable model of a small pressure transducer
(for the purposes of radiation impedance calculation) is as an unbaffiled
piston. In this case, the (mechanical) radiation impedance is [11]

2 2
2y - PcCTma [(ka) /74 + 10.6 ka] (E-2)

where, here, k is the acoustic wave number (w/c) and a is the radius of the
piston. (As in the body of this paper, the convention ' 15 used for

convenience in drawing electrical equivalent circuits.)

A simple model for the reradiation of an accelerometer 1s that of a
sphere oscillating along some axis. The radiation impedance corresponding to
this motion is [30]

2 4
zxzcn = pcna [(ka) /3 + 1 2ka/ 3] (E-3)

In comparing Eqs. E-2 and E-3, notice that the imaginary parts, representing
the mass loading, are roughly equal; however, the real parts, representing the
real radiation and contributing to the thermal nolse, are significantly
different. The dipole radiation is proportional to (ka)* which, for small ka,

is much smaller than the monopole dependence of (ka)®.

If the accelerometer is neutrally buoyant, the nolse assocliated with
reradiation resistance can be calculated as an equivalent pressure as !s done
in the text. This noilse component can then be treated as an addition to the
ambient nolse. If the accelerometer is not neutrally buoyant (an accelero-
meter in air would probably not be), then Eq. E-3 should be used.
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