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1. Statement of Problem

An important problem in solid modeling systems is the creation of surfaces that blend together
two or more surfaces that describe objects. The purpose of blending is to create a single, more com-
plex object. The blending swrface itself is generally not of any special importance in this context but is
intended to provide a smooth transition between the surfaces to be blended. As such, an equation
describing the blending surface should be easy to determine and the surface should be of low degree
because a low degree surface allows points on the surface can be computed fast

The most commonly occurring surfaces in solid modeling are those whose boundary representa-
tions are described by algebraic equations in several variables. These surfaces are called algcbraic sur-
faces. For simplicity of language, when we use the term "surface™ in the remainder of this report, we
mean an algebraic surface.

This is called a boundary representation. If the equation is solved explicitly for one of the coor-
dinate variables, the representation is called explicit; otherwise the representation is called implicit. If
the cocidinates of poinis on the surface are described by a set of parametric equations, then the
representation is called parametric.

The smooth mransition between surfaces usually means that the blending surface B is to be
tangent to the given surfaces, say F and G, usuaily in a "distinguished” curve. If the surfaces are
described by the equations of their boundaries, then we can represent a curve on a surface by the inter-
section of that surface and an “"auxiliary surface”. We will usually use the implicit form of representa-
tion of surfaces.

The blending surface B satisfies the following conditions:
1. B intersects the surfaces F and G

2. B is angent to the surface F in a distinguished curve C1 that is represented as the
intersection of F and a preassigned auxiliary surface H .

3. B is wangent to the surface G in a distinguished curve C2 that is represented as the
intersection of G and a preassigned auxiliary surface K.

Low degree surfaces are especially desirable since the blending surface is often needed in later
calculations involving the determination of hidden surfaces to be removed from a graphical display of
the object. These computations involve both the equation of the surface and the equations of the nor-
mal lines to the surface at each point. Since the gradient of the surface at a point is a three dimen-
sional vector whose componenis are polynomials (at least for polynomial equations of surfaces), the
degrees of the gradients alse affect the complexity of the computation of the blending surface. The
degree of an algebraic surface is defined to be the total degree { = sum of powers of vanables) of the
tcrm of highest total degree in the implicit equation describing the surface. The equalion is generally
assumed *0 be irreducible in order to simplify the geometric assumptions and to simplify computations.

Other subsequent computations that can be performed much fasier if the blending surface is of
low degree involve the computations of roots of simultaneous equations involving the lines normal to a
surface at a point and lines representing light rays. All of the later computations in a solid modeling
system are simpler and faster if the blending surface has a low degree and all three of the componcnts
of the gradient of the blending surface have a low degree.

The purpose of this research is to investigate exisling methods for computing blending surfaccs,
devclop new mcthods, and to evaluate the use of symbolic computation in this area.

2. Description of existing research

There has been a considerable amount of research effort directed toward finding low degrec
blending surfaces. Some authors look for a geometrically simple method involving the model of a "rol-
ling ball” ([6]. [5]). 1n this modcl, the blending surface is a portion of the surface that is swept out by
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a sphere of constant radius that moves along the two surfaces to be blended. This method often pro-
duces a geometrically acceptable blend. However, high degree surfaces often result from this method.
For example, the simple case of blending together a right circular cylinder that intersects a plane at a
right angle results in a torus, which has degree eight.

An attempt to automate the “rolling ball” method has been made by Mummy as part of a solid
modeling system produced by Boeing Computer Services [4]. This method produces blending surfaces
that are frequently unsatisfaciory for reasons of high computational complexity of later operations and
unusual geometic shapes,

Hoperoft and Hoffman {2] have developed a method called the projective method. This method
produces a blending surface B whose equation in implicit form is

B(x,y2)=0
where B is a blending surface and is guaranteed to be of the lowest possible degree that mects cortain
conditions. The surface B blends together two surfaces that are described by the equations
Flxyz)=0
and
Gixyz)=0
The name "projective method” is appropriate since the method is based on some relationships
hetween the surfaces in projective space.

There are two representations that are commonly used with the projective methed. Hoperoft and
Hoffman develop the blending surface with the representation

FG ~ P?
where P is determined in terms of /¥ and K'; in fact, P = HK .

Warren [8) used a somewhat different formulation of the projective method. He used the
representation

FH? + GK?

and remarked that this describes blending surfaces of the same lowest degree. Both papers point out
unusual situations that can occur if the equations representing the surfaces are not irreducible.

Middleditch and Sears [3] provide a somewhat different method of determining the lowest degree
blending surface with other tangency conditions.

The most common formulations of these methods allow the use of a single real parameter to
manipulate the surfaces. The resulting blending surface's equation can be replaced by an equation
which is a convex combination of the two expressions. This allows a higher degree of freedom when
plotting the blending surface.

These two methods of blending always produce a relatively low degree surface that blends the
two cxisting surfaces and that is always tangent to these surfaces in two preassigned curves provided
that we define the preassigned curve as the intersection of two surfaces and include the equation of the
auxiliary surface in our resulting blending surface equation.

Warren [10] has shown that, subject to some technical considerations, evcry algebraic bicnding
surface that solves the blending surface problem as formulated is the solution of an cquation of the
form

PFG + QFH® + RGK* + SH'K? = 0,
where P, QL R, and § are arbitrary polynomials,

[t appears that these methods provide a solution to the blending surface problem for implicitly
defined surfaces. For cxample, Hoperoft & Hoffman indicate thar any degrec four surface that blends
wogether two quadric surfaces must be of their form. However, these blending surfaces need not have
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acceptable behavior in the region between the two existing surfaces. For example, there is no obvious
reason that would preclude the blending surface obtained by any of these methods from being sclf-
intersecting between the two surfaces F and G, or even if the surfaces are embeddable in three dimen-
sional space. It is also clear that surfaces other than surfaces of revolution can be obtained even if the
existing surfaces were surfaces of revolution. See [11] for a discussion of other research in this area
and for examples of problems with existing blending methods.

The information provided in intersection curves using auxiliary surfaces sometimes forces a
higher degree blending surface than might be necessary for a solution to the original problem, The
problem of blending two surfaces of revolution with a common axis can be reduced 10 a problem in
two dimensions which has a simple solution, The solution gives rise to a corresponding blending sur-
face which has a degree of 2, 4, or 6.

There is a simpler method that can be used in this case; we refer 1o this method as the surface of
revolution method. The details are as follows:

1. Translate and rotate the problem if necessary so that the common axis is the positive x -
axis and that one of the surfaces is 10 be blended with the curve of intersection in the plane
x=0,

2. The problem can now be reduced to a two dimensional problem.

3. Project the two surfaces to be blended onto the x-z plane. Their traces in the x-y
plane are symmetrical about the x -axis.

4. The problem now reduces to the determination of a function y = A{x) such that the two
dimensional graph of h passes through the poims (0,f ) and (x,,f;} and has slopes of f,,
and f,, at these two points, respectively. If we look for the two dimensional curve of
lowest degree passing through the two points, we need only consider a cubic curve of the
form

y=ad+bx?+cx +d

which gives rise to a surface of revolution of degree 2, 4, or 6, with the lower degrees pos-
sible if the leading coefficicnts a, b, or ¢ being 0.

5..Rotate the two dimensional solution 10 get a blending surface of revolution.

The surface of revolution and rolling ball methods always lead to a surface of revolution; how-
cver, the resulting surface sometimes cannot be embedded in real three space.

Here is an example of the surface of revolution method. If the two surfaces to be blended are
cylinders of the same radius and have the same axis, then the two dimensional cubic curve reduccs to a
straight line since the values of f, and f, are equal and the slopes are both 0. When this straight linc
is rotated about the x-axis, the blending surface is a portion of a cylinder which is the simplest possiblc
blend in this situation. Note that the degree of the equation of the cylinder is 2.

The Hoperoft & Hoffman method leads to a surface of degree at least 4 because of the appear-
ance of the product of the expressions H and K. The Warren method leads to an expression of degree
4 alse. The degrees of the surfaces obtained by any method may be reduced by factoring the equations
in certain instances. The irreducibility of the surfaces is an essential feature of the Hopcroft-Hoffman
and Warren theories, The irreducibility of any equation describing a surface is difficult to determine
using currcnt technology without the use of symbolic computation. Thus the imreducibility of such sur-
faces and their actual degrees are not obvious,

Consider the "rolling ball® method for blending a particular instance of a cone and a cylinder.
The difficulty is easiest to see when we project the surfaces onto the x - y plane. The center of the cir-
clc used in the "rolling ball” must lie on both a line through the point (0,1) on the (projected) boundary
y =1 perpendicular to y = 1 and a line through the point (2,m{2-a)) that is perpendicular to the linc
y =m{x-a). Since m is non-zero, the two lines must intersect. Howcver, the distances from their
possible “center” to (0, 1) and (2.m(2-a)} need not be equal and hence there may not be a “rolling
ball” blending surface matching the surfaces in the desired curves.
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There are thus two possible remedies 10 the possible failure of the "rolling ball” method : relax
the conditions of tangency at the fixed curves or allow the rolling ball 10 intersect one or both of the
surfaces at curves "near”, but not coincidental with, the desired curves.

It is also not clear that the surfaces produced by the other methods are always embeddable in real
three space. In our investigation, we found many cases of non-embeddability of blending surfaces. We
also found several cases of blending surfaces having cusps or ther undesirable features.

3. Results Obtained

The most complete results were obtained for the blending of surfaces that are described by either
the explicit or implicit boundary representations.

The first problem that we studied was the determination of the relative quality of blending sur-
faces that are produced by several popular blending surface methods. [n order to quaniify our results
and have a testbed for evaluating alternate methods, we developed a database consisting of many com-
monly used quadric and higher degree surfaces.

The database entries were selected as follows. All of the standard forms of quadric surfaces were
used together with rotations about the principal axes and the origin. This included planes, spheres,
ellipsoids, cones, hyperboloids (of one and two sheets), paraboloids, and cylinders. Other surfaces with
simple third and fourth degree algebraic equations were also included in the database; these were sub-
jected to rotations and the rotated surfaces were also included in the database.

In order to make sure that no surfaces with an interesting physical shape were excluded, we stu-
died most of the heavy machinery, laboratory equipment, and exposed plumbing valves in Howard
University's School of Engineering building. An examination of many physical objects indicated that
we had covered all the basic combinations that were needed for most practical situations.

We compared the results of the Hoperoft & Hoffman method with that of the Warren method for
determining blending surfaces for pairs of surfaces taken from the database. We compared the resulting
blending surfaces purely on the basis of the complexity of the blending surface. The complexity of the
blending surface was measurcd by the degree of surface, thc cumber of terms appearing in the algebraic
cquation of the surface, the degree of each of the three coordinate functions in the gradient of the sur-
face, and the number of terms in each of the three coordinate functions appearing in the gradient of the
surface.

We found that the two methods often produced blending surfaces with considerably different
complexity results. There was no clear pattern that one of the two methods produced simpler results in
all cases. The total complexity (as measured by the sum of the degrees and number of terms in both
the equation of the surface and the coefficient functions of the gradient) for each of these methods was
generally within one or two for the two methods. Thus we concluded that the two methods are similar
in terms of the complexity of the blending surface produced. The two methods also take approximately
the same amount of time o produce a blending surface and thus we consider the two methods w be
equivalent in lerms of their effectiveness in producing algebraic equations for blending surfaces.

The computations were quite compiex and were error-prone if done by hand. We used the easy-
to-use, menu-driven symbolic computation software "Derive” on PC’s in order w perform the computa-
tions. They were done by two students sitting next w one another and checking the results by hand.
While this was somewhat inefficient, it was the best available system during much of the contract
period. In any cvenl, the results of the machine computatons were checked by hand and so there is
confidence that the results obtained were correct.

The embeddability or non-embeddability of a blending surface was oficn casy to see from a graph
of the blending surface. The symbolic computation sofiware Theorist, which works on Maciniosh com-
putcrs, had an adequaic graphical package, which did not abort when non-rcal results of computations
arose. Instead, it did not plot points that corresponded to complex values of the variable z for values of
x and y within the designated rectangular region for which the graph was plotied. (This package
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required the explicit representation of the surface so that it was necessary to perform a preliminary step
of solving for z,) It was easy to detect regions of large change in the surface from these graphs,

The Theorist software was a menu-driven system that was extremely easy o use.

The next problem considered was the extent 10 which geometric properties of surfaces to be
blended were inherited by the blending surfaces obtained by any of the common methods. The
geomelric properties that was most tractable was that of symmetry.

Consider the case of two surfaces of revolution having a common axis of symmetry. If the two
distinguished curves on the surfaces are described as iniersections with auxiliary surfaces that are sym-
metrical with respect to the axis of symmetry, then we should expect that a good blending surface
method would produce a blending surface that is also symmetrical about the same axis of revolution.

On this problem, the Hopcroft & Hoffman and Warren methods produced unsatisfactory results
unless the simplest formulations of the auxiliary surfaces was used to find the distinguished curves on
the surfaces to be blended. Thus curves that would occur naturally as the intersection of two surfaces
need not give a simple symmetric blending surface directly unless a preliminary simplification of the
problem occurred before the blending algorithm was applied.

These geometric deficiencies suggested that we consider a reformulation of the problem. The
reformulation that was most successful was the removal of dependency on auxiliary surfaces to deter-
mine the distinguished curve by determining the intersection with the surface to be blended. Instead,
we used the symmetry of the problem to determine the distinguished curves by a method with only a
single degree of freedom.

The surfaces developed by this method were frequendy of lower degree than that of the other
methods. In this work, we used the symbolic computation software Mathematica because of the ease of
programming loops to repeat calculations with different parameters and because of the superior graphi-
cal abilities. This work was done on several NeXT computers, with the final extensive computations
done using the facilitics of COMSERC, which is the Army’s high performance computing center at
Howard University.

As a first anuempt to study just how well-behaved such methods are, we considered the relation-
ship between the Hopcroft & Hoffman and Warren formulations.

We determined the simplest blending surfaces possible in a variety of situations. The first swep
was (0 analyze the equations of the blending surfaces that were created by the Hoperoft & Hoffman
method and compare them with the ones that were created by the Warren method. We considered
blending pairs of surfaces of degrees 2, 3, and 4. For a set of 40 surfaces, we found that the Hoperoft
& Hoffman method produced a surface of higher degree in 9 of the cases; in each of the other cases,
the degrees of the blending surfaces were the same. The Hopcroft & Hoffman method produced more
complex gradients in the sense that the total of the degrees of the three components were higher in 21
cases than that computed by the Warren method; in 13 cases, the Warren method produced a higher
total; and the remaining cases had the same totals. These results are suggestive but not conclusive.

3.1. An Example: Blending a cone and a cylinder

Our work can best be presented by giving an example in detail. Additional information can be
found in the papers refcrenced. We will fix one of the surfaces 10 be the cylinder whose cquation is
y' 2+ 2% = 1. The other surface will be a cone whose equation is y* + 22 = [m(x - a))%. The cone is
obtained by revolving the line y = m(x - a) about the x-axis; its equation is described by two parame-
ters m and a which represent the slope of the line y = m(x —a) and its x- intercept,

We neced to determine a curve on each of these surfaces that the blending surface will pass
through and that the surface will be tangent to the surface in this curve. We will choose these curves
by sclecting as two auxiliary surfaces the planes x =0 and x = 2. The curve of interest on the first su:-
face is thus described by the pair of equations
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yi+z2-1=0
x=0
and the corresponding curve on the second surface is described by the pair

yi+22-[m{x -a)*=0

x-2=0
The Hoperoft & Hoffman method provides a blending surface whose equation is
FG -H*=0
where
F=FXYZ)=y+:2-1,
G=Gkryz)=y’ +22~[m(x ~a)f
and

H=Hxyz)=x(x-2)
In implicit form, the equation is
G+ 2= D0+ - I —a)Pr(xx - 2)°
This blending surface has degree 4. It contains 17 wrms. The three components of its gradient have

degrees 3, 3, and 3, and they contain 9, 6, and 6 terms respectively.
The Warren method produces a blending surface whose egquation is

FS;2+GSZZ=0

where £ and G are as before. Here §, and S, represent the left hand side of the equations of the auxi-
liary surfaces x = 0 and x — 2 = 0, respectively. In implicit form, the equation is

0+ 22 - DEP+ P+ 22 —[mix - a)P )x-2)

This biending surface has degree 4. It contains 11 terms. The three components of its gradient have
degrees 3, 3, and 3, and they contain 8, 2, and 2 terms respectively.

The method based on surfaces of revolution requires more work than does either of the previous
methods. We must solve a system of four eguations in order to determine the coefficients of a cubic
polynomial Ax> + Bx? + Cx + D = 0 which matches the surfaces al appropriale points after projecting
the surface onto the x - y plane. The projection of the blending surface onto the x - y plane must inter-
sect the line y =1 at the point (0, 1) and must intersect the line y = m(x — a) at the point
(2.m(2 - a)). Each of these points of intersection must be a point of tangency.

This leads to the system

AA+B-C+D=1
JA-2B+C=0
A+B+C+D=m(l-2)
JA+2B+C=m

which has the solutions




A=(l+ma-a)d
B=(4m-3-3ma)d
C=0

D=1

The comresponding blending surface of revolution is obtained by revolving the line
Ax® + Bx? + Cx + D = 0 around the x- axis and its equation in implicit form is

y2+z22=[(Ax}+ +Bx* + Cx + D?

This equation has degree 6 and has a lotal of 12 terms. The three eomponents of its gradient have
degree 6, 1, and 1, and have 9, 1, and 1 terms, respectively.

In one special case, the solution is simpler. If the parameters m and a describing the cone have
the relationship m = (@ - 1)/a, then the leading coefficient of A drops out and the degree of the blend-
ing surface becomes 4 instead of 6, since we are revolving a parabola instead of a cubie,

The gradient also simplifies in this case. The degrees of the components are 3, 1, and 1, and the
number of terms are 5, 1, and 1,

There is a problem with the "rolling ball” method, at least as we might use it in this example,
The difficulty is easiest w0 see when we project the surfaces onto the x - y plane. The center of the cir-
cle used in the "rolling ball” must lie on both a line through the point (0,1) on the (projected) boundary
y =1 perpendicular 10 y = 1 and a line through the point (2,m(2-a)) that is perpendicular to the line
y=mix-a). Since m is non-zero, the two lines must intersect. However, the distances from their
possible“center” w0 (0, 1) and (2,m(2-a)) need not be equal and hence there may not be a "rolling ball”
blending surface matching the surfaces in the desired curves.

The "rolling ball” method has a solution in this case only if the distances agree. This is possible
only if the distance of that is the radius of the rolling ball, which we denote by r, satisfies the equation
_lr+1mal
- 1
(m2+1)?
which represents the distance from the point (0 +1) o the line y=m (x-a) being equal 1o the distance
from (0r+1) to (0, 1), namely, r. This equation is rarely satisfied for m and a.

A word about the graphics is in order. All of the graphs were done using Mathematica on a
NeXT computer, with the same viewpoint and the same range in the x and y directions. The implicit
equations obtained for the blending surfaces were solved for z and the graphs of those explicit cqua-
tions were plotted. An arbitrary choice was made in the case of multiple solutions for z. Thus jagged
edges in a graph indicate only that the graph is near the limits of its range rather than any discontinuity.
All of the graphs are included at the end of this report,

Figures 1 through 12 show the nature of some of the blending surfaces for some values of the
parameters m and a. As indicated earlier, the graphs were obtained using Mathematica on a NeXT
computer and required the representation of the graphs in explicit form. Thus they may conly represent
portions of graphs.

Figures 1 through 4 arc computed using the Hopcroft & Hoffman technique. Note that some of
the the surfaces appear 10 have dents and bulges, which indicate that the surfaces are not surfaces of
revolution.

Figures 5 through 8 are computed using the surface of revoution method. Not the apparent
discontinuity; this means that the surface is not embeddable in real three dimensional space. The
graphs in figures 9 through 12, which were computed using the rolling ball method, show other
difficulties.
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3.2. Proof that these results cannot be obtained by existing methods

At this point, we addressed the issue of whether this new approach provided new blending sur-
faces. This is a difficult question 10 answer because the existing methods (Hopcroft & Hoffman, War-
ren, Middlediteh & Sears, Rossignac & Rechiqua, Mummy, etc.} often produce surfaces that could be
produced by one of the other methods by varying a parameler, which can be a constant parameter or
can itself be an algebraic function of three vanables.

In order 1o show that a particular surface (which could be a blending surface or, in fact could be
any arbitrary surface) is not achievable by the Warren or Hopcroft & Hoffman methods, it is necessary
to show that the surface does not belong to a certain ideal. The ideal is another means of describing
the polynomials that are used in Warren's general representation [10). The ideal consists of polynomi-
als in several variables and is generated by the surfaces to be blended and the auxiliary surfaces in a
specific combination. The generators are generally quite complex and it is very difficult to determine if
a given polynomial belongs to this ideal.

An equivalent formulation is that we must show that the polynomials that we have developed
cannot be written as a linear combination of these polynomials, where the coefficients are themselves
allowed to be polynomials in the variables x, y, and z. The compulations necded to show that a partic-
ular polynomial is not in an ideal are quite complicated and require an efficient algorithm. The com-
plexity of the equations makes the computation impossible to perform by hand,

The method that we use for the computation is the method suggested in [1] and (10): finding a
Grobner basis for the ideal. A Grobner basis for the ideal is a finite set of polynomials organized so
that an operation called "reduction”, when performed on a particular polynomial, will always terminate.
The reduction algorithm produces a result of O if and only if the polynomial is in the ideal. (Reduction
is basically a degree-reducing method that uses a clever ordering scheme.)

The resolution of this problem was 10 determine a basis for this ideal which was amcnable to
computation. The theoretical method of determining a Grobner basis was essential here. Once such a
basis was computed, a straightforward algorithm could determine the membership of the given polyno-
mial in the ideal.

However, the computations to determine a Grobner basis were often quite messy and were some-
what emror-prone. We used the symbolic computation software Macsyma, which is the oldest com-
monly available such software. One of the libraries included with Macsyma included functions to use
as input a set of generators for an arbitrary ideal and 10 produce as output a Grobner basis for the ideal
and to casily determine if a given polynomial belonged 1o the ideal generated by this baris,

The software was quite successful in showing that, in the case of surfaces of revolution, the new
method produced simple, low degree blending surfaces that cannot be obtained by any of the existing
mcthods.

Implementing an algorithm to compute the Grobner basis of an ideal generated by a set of poly-
nomials and the reduction algorithm is somewhat tricky. Instead, we used the grobner() and
grob_reduce(} functions included in the Macsyma distribution in the share directory. The results arc
summarized as follows.

Theorem. The ideal described by Warren does not include all possible implicitly defined blending sur-
faces. In fact, it includes neither the surface of revolution blend or the rolling ball blend for the cases
of a cone and a cylinder or two cylinders.

Proof. The result of the Macsyma function grob_reduce(), when applied to the two types of blending
polynomials, does not produce 0 and the result cannot be transformed 10 ( by the reduction operation.

Note 1: The proof is somewhat disquieting in that it is extremely difficult 1o verify by hand
computation. However, the software had been tested by others on several different comput-
ers and was tested by us using the examples provided in [10]. Thus we have confidence in
the computations.




Note 2: The reason for our polynomials not being representable in Warren's form is of
course that we reformulated the problem by not using the auxiliary surfaces.

Note 3: The ideals, Grobner bases, and the results of the reductions do not change if we
replace the planes by appropriate spheres in our auxiliary surfaces.

Note 4: We have developed methods that produce new blending surfaces for implicitly
defined algebraic surfaces. These methods are often lowe. in complexity than some of the
existing methods,

33. Summary of Techniques Used

The maujor techniques used in this research were symbolic computation (with the software pack-
ages Derive, Theorist, Mathematica, and Macsyma), symmetry, reformulation of the problem to reduce
complexity by simplifying the role of auxilliary surfaces, and Grobner bases (to detetmine membership
in ideals).

The most useful symbolic computation packages were Mathematica because of its cxcellent
graphics and Macsymabecause of the completeness of its libraries.

3.4, Other results from the use of symbolic computation

We studied another problem: determination of relationships among the coefficients of parametric
representations of surfaces that indicated particular geometric shapes, For example, we considered the
problem of determining the nature of algebraic surfaces of degree two and three from particular
parametric representations. We were unable 1o solve the general problem at the time b<cause of a lim-
ited amount of physical memory devoted to Macsyma computations. Partial results have been obtained
in a fcw simple examples and the work is continuing on a system with more memory.

4 FUTURE RESEARCH

Our surface of revolution method and the classical rolling ball method always provides surfaces
of revoluton when the original surfaces are also surfaces of revolution. The equations cobtained in the
other methods do not always describe surfaces of revolution. When they do, this is not clear without
simplification of the expressions involved. This is not needed in our method for surfaces of revolution.
Embeddability in real three dimensional space remains a serious problem.

In several methods, blending surfaces may be parameterized by replacing one or more of the
polynomials in the general polynomial ideal formulation by a constant that can be varied to change the
shape of the blend. Perhaps this can remove some of the problems of bulges, dents, cusps, lack of sym-
metry, or embeddability problems,

Many questions remain 10 be answered about the characterizaton of general blending surfaces.
lncorporation of information about the geometry of the surfaces 1o be blended, such as being surfaces of
revolution, having any types of symmetry, ¢tg, may significanly change the resulting blending surface.

We will expand our limited set of experiments (40 pairs of surfaces) to a more general discussion
of how the existing methods work on low degree surfaces. This work will be continued using
Mathematica on an Alliant supercomputer. We necd the high performance because there are many pos-
sible combinations of surface types (8 of degree 2, 19 of degree 3, and 27 of degree 4 [7]). We will
also consider the use of geometric features of the surfaces to be blended such as being surfaces of revo-
lution, having other symmetry, or being ruled surfaces.
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APPENDIX
Graphs of cerain blending surfaces
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