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ABSTRACT

Performance measures are derived for data-adaptive hypothesis testing by sys-
tems trained on stochastic data. The measures consist of the averaged performance
of the systems over an ensemble of training sets. The uncertainties derivable from
training sets represent an irreducible uncertainty inherent in the learning procedure.
Data-adaptive system estimates are contrasted with classical hypothesis testing, in
which optimum tests are based on an assumed data model. In addition, a per-
formance estimate for the maximum a posteriori probability (MAP) N-hypothesis
test is.derived based on a neural-net formulation of the test. The performance of
adaptive systems on a binary test of uniformly distributed data is compared with
the data-adaptive and MAP estimates. The adaprive systems considered are linear
extrapolation from data (LINEXT) and a back-propagation neural net (BPNN).
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1. INTRODUCTION

Hypothesis testing by a data-adaptive system is fundamentally different from classical hy-
pothesis testing. In the former, a representative data set corresponding to known hypotheses is
used to train the system. System parameters are varied until the system training set to hypothesis
space mapping best approximates the known map. Two assumptions, a sufficiently representative
training set and the ability of the system to associate, are required to extend the map to arbitrary
data [1]. In contrast, classical hypothesis testing derives from an assumed model for the data, often
a signal in Gaussian noise, from which optimum tests are defined [2].

In this report, performance measures are derived based only on the procedure by which an
adaptive system is trained. We assume that if a system is perfectly trained on a representative data
set for each hypothesis, an appropriate performance estimate is the averaged performance over the
ensemble of training sets. This averaged performance, which is computed in terms of training-set
size and data distributions, reflects an uncertainty inherent in the learning procedure.

A data-adaptive system of particular interest is the neural net. Relative to the now-convention-
al neural-net taxonomy [1,3], we will consider only the back-propagation mapping network [4-7].
This network adapts internal parameters toward the approximation of a functional mapping, which
for hypothesis testing is the data input to hypothesis space output map. Alternative neural-net
architectures, such as those employing Kohonen learning (8], attempt to store data distributions
internally rather than to approximate a map to the hypothesis space. Neural-net classifiers gener-
ally perform as well as conventional techniques on a variety of problems including linear, Gaussian,
and k-nearest-neighbor algorithms [3], [9-12]. Neural nets have also been configured *o perform
maximum a posteriori probability (MAP) [13] and maximum likelihood tests [14] for arbitrary input
distributions.

In Section 3, training-set-based performance measures are derived for a data-adaptive system
on an arbitrary data-based N-hypothesis test. A MAP test is also formulated and represented in
a neural-net structure. A possible neural-net representation of the MAP test contains N output
neurons (processing elements). For a net input z, the ith neuron outputs p(H,|z)el0, 1], which is the
conditional probability for hypothesis H,, i = 1,..., N. The training-set-based and MAP estimates
are applied in Section 3 to a binary hypothesis test on uniformly distributed data. These measures
are compared to the computed performance of adaptive systems such as a linear extrapolation
from the training set and a back-propagation neural net. Linear extrapolation (LINEXT) simply
chooses the hypothesis of the nearest neighbor to the input, whereas a back-propagation neural net
(BPNN) is trained to minimize the summed difference between net outputs and targets over the
training set [4]. Both tests are data-adaptive in that the algorithms are defined using a training
set. Section 3 shows that systems trained to the exact training-set map most closely match the
training-set-based estimates. These systems are contrasted with systems trained on data biases,
which are better approximated by Bayesian performance.




2. ADAPTIVE-SYSTEM PERFORMANCE MEASURES

In this section two performance measures are defined for data-adaptive systems: the training-
set-based estimate, in which the statistics of the training set determine the performance, and the
MAP test estimate. The MAP hypothesis test is formulated with an assumed neural-net structure
for the data input to hypothesis space output map.

2.1 Training-Set-Based Measures

In this subsection the performance of an adaptive system is approximated from the statis-
tics of the training set. Consider the training of an adaptive system for the testing of hypotheses
Hi,...,Hy with prior probabilities p(H;),7 = 1,...,N. The prior probabilities are normalized to
unity by the condition Zé‘;l p(H;) = 1. The input to the system is the data value zeR, which
is obtained by the observation of stochastic phenomena reflecting the set of possible hypotheses.
We denote the operation of observing the phenomena, OBS, from which the data value z is ob-
tained. The OBS-generated data value z is input to the adaptive system, which has an output
i = (u1,...,un), with u; nonzero corresponding to hypothesis Hj,j = 1,..., N. Figure 1 contains
a schematic of the OBS and adaptive system operations.

17710441
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Figure 1. Schematic of the OBS and adaptive system operations. Hypotheses H,, i =
1,...,N, OBS output z, neural-net output 4.




The data value z is assumed to have a conditional probability distribution p(z|H;),i =
1,...,N, with hypothesis H,. More specifically, the function p(z|H;) is the probability density
that the OBS operation outputs = for phenomena satisfying hypothesis H,. The densities are nor-
malized to unity, [ p(z|H;)dz = 1, where D C R is the region of allowed z-values. The adaptive
system is trained on the sets {z},...,2}s },..., {2¥,..., 2}, } of OBS data outputs for each hy-
pothesis Hy,..., Hy. This training set results from M; trials of OBS with hypothesis Hy, M> trials
of OBS with hypothesis Hs, continuing to My trials of OBS with hypothesis Hy. The system is
trained to exactly perform the mapping

j
= . s
z! — (0,...,0, 1,0,...,0),i=1,...,M;,§=1,....,N . (1)

A measure of system errors due to inherent training-set ambiguities is obtained from the
performance on the training set {z},...,2};},..., {z,... ,acﬁ’,.v}. This intuitively represents an
upper bound on averaged system performance because added errors generally occur due to incorrect
system association on arbitrary data. To compute the training-set-based measures, it is assumed
that My +- - -+ My trials of OBS result exactly in the data set {z},..., 2}, YU---U{al, ..., 2} }.
For a given data point m{ yvi=1,...,M;,j=1,...,N, the probability of having been generated by
hypothesis Hg,k = 1,..., N, is given by

p(Hi)p(!|Hy)
f;’:l P(Hq)P(mg‘Hq)

Prob(c!, Hy) = (2)

where the normalization is over the hypotheses which could have generated z;’ inthe My+---+ My
trials. The system maps z] to hypothesis H, so that the probability in Equation (2) contributes to
the situation of a system declaration for hypothesis H, when the true hypothesis is Hi. Therefore,
over the set of M +- ..+ My trials of OBS, the number of H, declarations for true hypothesis Hy,
is given from Equation (2) by

M; .
NUM(Hj,Hy) = Y Prob(z], Hy)
i=]

M; :
A __ P(Hi)p(a}|Hr) ;
; Z:)V=l p(Hq)P(w“Hq) ) ( )

The probability of a system declaration of H, for true hypothesis Hy is then given by (j,k =
1,...,N),




1 > p(Hup(llHy)
Zé\;l My 5 ZE?’:IP(Hq)P(“’ﬂHq)

p(Hj, Hy) = (4)

Note that the required normalization for the M +- - -+ My trials, S0, p(H;, Hy) = M;/ E},V:l M,
follows from Equation (4). We now consider the average of p(Hj, Hy) over the ensemble of training
sets obtained by the above procedure. Recall that 2] in Equation (4) was obtained by the OBS
operation with a fixed hypothesis Hj, indicating that the appropriate distribution for z] is p(z J 1| H,).
Averaging over the values of x’ in Equation (%}, we obtain an averaged probability for hypothes1s
H; declared with the true hypothesis Hy,

(p(Hj, Hr)) = v;p(Hi)pj, ik =1,...,N (5)

where

oy = [ BRI

S p(Ho)p(alHy) €)

and v; is the proportion of hypothesis H,-generated data in the training set for the adaptive system

_ Ay

7
Zq"l A, (7)

7=

The joint probability in Equation (5) has factored into a training-ensemble-dependent parameter v,
and a statistics-dependent quantity p(H)p, k. An estimate of the conditional probability p(H,|H,),
corresponding to a decision for H; with true hypothesis H,, is obtained from Equation (5) by

{p(H;, Hj))
Sae1(p(Ho, Hj))
iPi,j
Ef;i:l YaPq.j

p(HilH;)

(8)

where 4, and £, ; are given in Equations (5) and (6), respectively. Equations {5)-(8) are denoted
the training-set-based measures of system performance in the following sections.

2.2 Neural-Net MAP Test Measures

A more traditional approach to system performance estimation is through the MAP test
[2]. For an OBS-generated input r, the hypothesis H; is chosen, which maximizes the conditional
probability p(Hx, * =1,...,N. A neural net trained on sufficiently representative data has been




shown to converge to the MAP test performance [13]. A mapping network for the N-hypothesis
test consists of a single OBS-generated input z, a series of hidden layers, and an N-neuron output
layer. A stochastic formulation of a MAP test neural net allows a comparison with the training-
set-based estimates in Equations (5)-(8). The N deepest layer neurons are assumed to output
i
~~
only 0 or 1 in the pattern (0,...,0, 1

i

,0,...,0),7=1,..., N, with probability ¢;(x) for input z.

The output N-vector (0,... ,O,/l\, 0,...,0) corresponds to a decision for hypothesis H;. The net
output probabilities are normalized by the condition Z§V=1 gj(z) = 1, zeD. The joint probability
p(Hj, Hg|x) for choosing hypothesis H; with pheomena satisfying Hy, assuming net input z, is
given by the product g;(z)p(Hg|z). The average over input values z with a prior distribution p(x)
yields

pMAPL(H,, H) = /R gi(z)p(Hele)p(a) do . )

The MAP test follows on average for

p(Hjle)
’ o1 P(Hylz)
Substitution of Equation (10) into Equation (9) yields, upon application of Bayes's theorem,
p(z|H;)p(H;)
Hilz) = =222 i=1,...,.N 1
P = "y )
the equation
pMAP‘l(Hj,Hk) = p(Hj)p(Hk)pj‘k, i k=1,...,N ’ (12)

*

where p, ;. is defined in Equation (6). Comparison of Equations (5) and (12) suggests that the MAP
test estimate equals the training-set-based estimate if the training set satisfies the equation 4, =
p(H,). This condition reflects the common-sense belief that the training set should be proportioned
according to the prior probabilities of the hypotheses.

A deterministic neural-net model for the MAP N-hypothesis test occurs if the N-deepest
layer neurons output analog values in the range [0,1]. We assume that for net input zeD the
ith,i = 1,..., N, neuron literally outputs the value p(H,|z). The MAP test then results simply
from choosing the hypothesis H, corresponding to the deepest layer neuron with the largest output
value. A schematic of the deterministic MAP test neural net is shown in Figure 2. In order to




compute performance probabilities for this net, we must define regions B;, j = 1,...,N, given
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Figure 2. Schematic of deterministic neural-net representation of MAP test. OBS-
generated input z, N-hypothesis neuron output.

by B; = {zeDl|p(Hj|xr) > p(Hlz), Vk # j}. Assuming that the regions of equal conditional
probabilities, &;x = {zeDlp(H;|x) = p(Hi|z)}, 4,k = 1,..., N, have zero support, we define the
joint performance probability p»4P2(H;, Hy) by the expression

r
pMAPH. HL) = p(H) Ja p(z|Hy)de (13)
J

corresponding to the probability that the jth neuron output in Figure 2 is maximum for an Hy-
generated input. The computation of the performance probabilities p*4*2(H,, Hy), j, k= 1,...,N
follows from the application of Bayes's formula in Equation (11) to the definitions of regions B, and
&,k In Section 3, Equation (13) is applied to the binary hypothesis test on uniformly distributed
data for comparison with the training-set-based estimates in Equations (5)-(8).




3. BINARY HYPOTHESIS TEST

In this section performance measures derived in Section 2 are applied to a binary hypothesis
test of uniformly distributed data. The averaged probabilities in Equations (8) and (13) ace related
to parameters in the hypothesis probability distributions. This relationship defines a framework
for comparison of the estimates with examples of adaptive system performance.

3.1 Training-Set-Based and MAP Estimates

Consider a training-set-based decision between hypothesis Hy and Hy with prior probabilities
po = p(Hp) and p; = p(H,), respectively. Assume the output from the OBS operation, x, has
conditional probabilities p(z|H,), i = 0,1, for phenomena satisfying hypothesis H,. The system
performance is defined by the standard conditional probabilities of detection Py = p(H1|H,), false
alarm Py = p(H,|Hp), miss Py, = p(Ho|H1), and the correct Hp identification Pcp, = p(Ho|Ho)-
Assuming a training set consisting of V,, ¢ = 0, 1, trials of OBS with hypothesis H,, we have, from
Equation (8),

P e o)

P, = 5171,%1%%%._0 , (15)

P i o0
and

Pio = oa @)

where v; = N;/(No + N1), i = 0,1, and

o p(z}H;)p(z|Hk)
Pik = /1>P0P(33|H0) + pip(z|H)

dz, j,k=0,1 (18)

with D the region of possible z-values.

A common situation that occurs in the conventional Neyman Pearson test is the existence of a
maximum tolerated joint false alarm probability Pr = p(H,, Hp). From Equation (5), a maximum
joint false alarm probability Pr, implies an upper bound on the percentage of H trials in the
training set, i.e., the condition 73 < Pg,/pop1,0. There is also a corresponding upper bound on the
joint detection probability Pp = p(Hy, Hy), given by Pp < Pg,p1m,1/P101,0-




The MAP test performance measure in Equation (13) can also be applied to the binary
hypothesis test. Assume that for zefp;, which is the region of equal a posteriori probability, the
test chooses between hypothesis Hy and H; with equal probability. In this case the neural net has
equal output values from the two deepest layer neurons in Figure 2. The expression in Equation (13)
is easily generalized to obtain the conditional probabilities

PMAP2 _ /B p(elH)do + 5 / p(alH)de | (19)

j /B p(a|Ho) dz + = / p(a|Ho)de | (20)

pMAP2 _ / p(a|H) do + = / (@|H)de (21)
and

piare =/B p(z|Ho)dz + = / p(z|Ho)d . (22)

In order to compare performance measures in Equations (14)-(17) with the MAP estimates
in Equations (19)-(22), consider the case of uniformly distributed conditional probabilities p(x|H,)
of width A,, ¢ = 0,1. Figure 3 contains uniform distributions p(z|H,), i = 0,1, normalized to
a peak value of 1/A,, centered at 0 for Hy and at z; for Hy. The distributions are overlapped
under the condition |Ag — A;]/2 £ 21 < (A + Ay)/2. Substitution of the uniform distributions in
Equation (18) results in expressions for p; j, 7,7 = 0,1, given by

($l+éo_;_~'u) Al(énjél_xl)

= - 2 23
poo Polo Ao(poAy + p1lg) (23)
(éo.%él_.ml)
= =2 7 24
pos=pro = (24)
and
A =Ag An(Lo+ir _
P s e 2 (25)

ZYAV! A1(poly + p1do)

10
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Figure 8. Binary hypothesis test on uniformly distributed data. Input probability distri-
butions p(z|H;), i = 0,1. Width A;, i =0,1; center 0 for Hy and x; for H,.

The adaptive system simulation in Section 3.2 is for uniform probability distributions of
equal width, Ag = A; = A, separated by z; = KA. The K-factor parameterization of overlapped
distributions is convenient for analysis of system discrimination performance {15;. The overlapped
distribution condition corresponds to Kel0,1], with K of unity for non-overlapped distributions.
The training-set-based measures for uniform distributions are obtained from the substitution of
Equations (23)-(25) into Equations (14)~(18), with the result

_mnlK+(1=-K)p]

- » y 26

1= KT (= Em (26)
Y1po(1 - K)

Pt = = , 27

I %K+ (1-K)po (27)

TmE+(1-Kp

and

11




_ WK + (1 = K)p]
YoK + (1 — K)po

FP.H, (29)

The MAP test measures in Equations (19)-(22) can be computed for the uniform data dis-
tributions in Figure 3. Note that for the case Ag = Ay = A, 2y = KA, and py = p1 = 0.5, the
region of equal a posteriori probability € is [A(K — 1), A/2]; the dominant hypothesis regions
are given by By = [-A/2, A(K - )] and By = [A/2, A(K +1)]. Substitution of these regions into
Equations (19)-(22) with uniform conditional probabilities p(z|H;), ¢ = 0,1, yields

PMAP2 - pMAPY — (1 L K)/2 (30)
and
pMAPY - pMAP2 = (1 - K)/2 . (31)

Note that for the case v9 = pp = 0.5 and 41 = p; = 0.5, Equations (26)-(29) and Equations (30)
and (31) are identical, as expected for a training set proportioned according to prior probabilities.
Note that the condition py = p; implies that the MAP test is equivalent to the maximum likelihood
test, which maximizes p(z|Hj), j = 1,..., N, to determine the hypothesis.

3.2 Performance Estimate Comparisons

In the analysis of the previous sections, performance measures for an adaptive system were
obtained from the statistics of the training set. We also derived estimates based on the assumption
that an adaptive system, realized as a neural net, performs a MAP N-hypothesis test. Back-
propagation neural nets are adaptive systems consisting of connected layers of processing elements
(neurons) with adjustable connection weights between layers and adjustable thresholds on each
neuron. A training set for decision making is used to adjust net parameters so that the net
performs a map between the input data space and the output hypothesis space. Both the training-
set-based and MAP estimates defined in the previous sections involve particular assurnptions about
the adaptive system. The training-set-based estimate assumes that the system power of association,
i.e., the ability to decide on data not trained on, does not affect the system performance. The MAP
estimate for neural nets assumes that regardless of training-set composition the network literally
outputs the conditional probabilities p(H;|z), 7 = 1,...,N, in the N-neuron deepest layer. In
this section we compare the training-set-based- and MAP-performance measures on the binary
hypothesis test in Section 3.1. The performance of two adaptive systems, a linear extrapolation
from the data set (LINEXT) and a back-propagation neural net (BPNN), are compared with the
two performance measures.

12
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the training set is Hi-generated, 13 = 0.5, the training-set-based probabilities are linear in K and
match the MAP estimates. The results in Figure 4 indicate that a training set proportioned toward
Hy, i.e., 1 > 70, increases Py (at the expense of Py) over the MAP test estimate. The reverse
situation occurs for a training set proportioned toward Hjy.

A simple adaptive algorithm for hypothesis testing on binary hypotheses is linear extension
(LINEXT) from the training set. Assume a training set of OBS-generated data {zJ,...,2% } U
{z1,...,2},}, where 2} is H;-generated. An input z is mapped by LINEXT to the hypothesis
of the nearest element of the training set. If the adaptive system.is viewed as a map.f from
D to {0,1}, with f(z) = ¢ for hypothesis H;, then the nearest-training-set-neighbor algorithm is
simply a linear extension of f from the training set. The hypothesis chosen for input z results
from a decision threshold at 0.5, e.g., f(z) greater (less) than 0.5 implies hypothesis Hy (Hp). The
performance of the LINEXT algorithm was tested by creating a training set with Ny = 100y and
Ny = 100v; Ho and Hj-generated elements, respectively. We considered the cases of v = 0.1
and 0.2 separately and in each case used a training ensemble consisting of 1000 training sets. The
LINEXT algorithm for each training set was tested with an independent performance set of 400
elements. Each performance-set element was generated by first choosing Hy or H; phenomena
according to po and p; prior probabilities. The chosen hypothesis H, determined the distribution
p(z|H,) (Figure 3) used to generate the data value z¢D. The LINEXT algorithm was applied to
zeD and the output hypothesis H, was compared to the originating hypothesis H,. The number of
elements mapped to H, originating from an observation of H,, divided by the number of elements
in the performance set from H,, yielded the conditional probability p(H,|H,). Figures 5 and 6
show the average performance of the LINEXT algorithm in which the performance set probability
estimates described above were averaged over the training ensemble of 1000 sets. Figure 5 contains
a plot of Py, Py, Pp, and P.y, as a function of K for an ensemble of training sets with yo = 0.2
and 11 = 0.8. Note that the experimental performance of LINEXT was well approximated by
the training-set-based estimate (dashed line), particularly for Py and P, probabilities. As seen in
Figure 6, similar results were obtained for an ensemble of training sets with y9 = 0.1 and y; = 0.9.
Note that the MAP test estimate (dotted line) provided a less successful prediction of LINEXT
performance.

The LINEXT algorithm above performs the decision space mapping on the training-set ele-
ments exactly. For a sufficiently representative training set in the overlap region of Figure 3, this
necessitates a mapping with undulations between the Hy and H; hypotheses. A three-layer BPNN
has proven sufficient to perform any reasonable functional mapping [16]. A rough estimate of the
required number of neurons is obtained from the BPNN threshold function,

1

Tol) = 1+ exp(—1I+6)

; (32)

which is applied to the input I of a neuron with threshold value §. An undulation in the net
input,'output mapping is easily represented as the difference of two neuron threshold functions,

14
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Ty — Tpr. This suggests that a mapping with p undulations requires at least 2p hidden-layer neurons
in the three-layer net. However, a BPNN trained to exactly perform the lypothesis space map
over a training set most likely approximates the training-set-based performance estimate. A neural
net with performance matching the MAP estimate is trained on data biases rather than on an
exact training-set map. In order to obtain MAP test performance, we considered a BPNN with
a single input, sixteen hidden-layer neurons, and two output neurons. The net was trained to
perform the binary hypothesis test on uniformly distributed data of equal width (A¢ = Ay =
A) and equal prior probabilities (pg = p1 = 0.5). For each training set of 20 Hy- and 80 H;-
generated inputs (o = 0.2,7; = 0.8), the net was trained to map to (1,0) and (0,1) for Hp and
Hj, respectively. To avoid mapping to training-set undulations and to train only on data biases,
the inputs from the overlapped regions in Figure 3 were removed from the training sets. The
performance probabilities for the trained BPNNs ar a function of K are shown in Figure 7. For
each K, ten BPNNs were trained on independent training sets of 20 and 80 Hy- and H)-generated
inputs. For each trained RPNN, a set of 1000 four-hundred-element performance sets, each with
equal prior probabilities p, of 0.5, was used to compute performance probabilities. The BPNN
output decisions were determined by the larger neuron outputs in the third layer. rs with the
LINEXT algorithm, the conditional probabilities p(H,|H,) were determined by counting the number
of H, decisions from H,-generated data and dividing by the total number of H-generated elements
in the performance set. As demonstrated in Figure 7, although the training set was proportioned
toward Hj (71 = 0.8) the BPNN performance was best approximated by the MAP estimat ~ (dotted
line). These results highlight the fundamental difference between training-set-based- and MAP-test
estimation of adaptive system performance.
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Figure 7. Detection, false alarm, miss, and correct Hy probabilities versus K for BPNN
algorithm on the binary hypothesis test. Averaged over 10 training sets with o = 0.2 and

11 = 0.8. Prior probabilities py = p, = 0.5. Each trained system performance-tested with
1000 sets of 400 elements each.
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4. CONCLUSION

In this report two distinct performance measures were identified for adaptive systems. Training-
set-based 2stimation of system performance was derived from the statistics of the training set. These
statistics are relevant if system errors reflect uncertainties inherent in the learning procedure. The
measures are independent of a particular adaptive system, although it was argued that systems
which perform training-set map undulations are described by training-set-based estimates. The
training-set-based measures were compared to the performance of a MAP test, which is easily rep-
resented in a neural net. It was suggested that systems trained for data biases rather than an exact
training-set map are best described by the MAP test performance.

Two adaptive systems were considered to emphasize the differences between training-set-
based- and MAP-test performance measures. The LINEXT algorithm, as applied to the binary
hypothesis test, performed the training-set map exactly. It was experimentaily determined that
the LINEXT system performance was well approximated by the training-set-based estimate. Al-
ternatively, it was shown that a BPNN trained on data biases had a performance matching the
MAP test estimate.

The desired system performance has implications for neural-net structure. For example, it
was argued that two neurons are required in a three-layer BPNN for each implemented undulation
in the training-set map. An adaptive system matching MAP test performance would not have this
structural condition. However, training-set-based performance may be desirable beci.use perfor-
mance probabilities are dependent on the training set. For example, a training set proportioned
toward particular hypotheses increases the system performance for conditivnal probabilities involv-
ing those hypotheses. In this report a Neyman-Pearson-like bound for the binary hypothesis test
was shown to imply an upper bound on 7;, the proportion of detection data in the training set;
the adaptive system must be described by the training-set-based estimate for such bounds to be
relevant,
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