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This report describes the analytical methods utilized in the development of a
computer model for the calculation of Metal-Ga-As ternary phase diagrams. The
Regular solution theory of alloying behavior has been used to model the free

energy functions for the ternary systems of interest. Ternary phase diagrams

for the Au, Ag, and Ge metals with GaAs have been calculated and are presented,

The purpose of this work is to provide an analytical tool for use in determining
the feasibility of candidate alloys for high temperature stability,when used as
ohmic contacts to GaAs electronic devices. Subsequent work will be to empirically
determine the accuracy and correctness of the computer model and the expansion

to allow the addition of a fourth element and accurately model quaternary phase
equilibrium diagrams involving GaAs semiconducting material.
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CALCULATION OF PHASE DIAGRAMS FOR METAL-GaAs SYSTEMS
I INTRODUCTION

The purpose of this research is to determine alloy compositions for electrical contacts to
gallium arsenide which will be chemically stable for temperatures up to 873K. As part of this
research, we utilized the temperature constitution phase diagrams of ternary gallium arsenic metal
svstems to determine alloy compositions for the electrical contact materials which are in
thermodynamic equilibrium with gallium arsenide. Although the phase diagrams have been
experimentally determined for a large number of binary systems!-4, by comparison only a few of
the possible ternary alloy systems have been experimentally investigated. The number of possible
ternary systems and the experimental effort required to adequately determine a ternary phase
diagram prompted us to utilize computational methods to calculate the phase boundaries for
selected ternary alloy systems. The analytical expressions for the liquidus and solidus phase
boundaries of ternary alloy systems were developed from the application of heterogeneous phase
equilibrium3:6 to ternary systems. In developing these analytical expressions, the following
assumptions were made:

+  The liquid and solid phases can be described by the theory of a regular solution®.

+  The regular solution parameter is a linear function of the absolute te-nperature.

«  The free energy function of the ternary phases can be represented by a linear combination of
the binary regular solution parameters’.

+  The binary compounds have a fixed composition and have no solubility for either of the
elemental constituents.

+  The Neumann-Kopp rule is obeyed, i.e. the difference between the heat capacities of the liquid

and solid phases is zero8.
2. BINARY ALLOY SYSTEMS

The eq.ations describing the thermodynamic equilibrium in binary systems were developed
for two cases. [he first case treats the equilibrium between a binary liquid phase and a binary
terminal solid solubility phase. The second case treats the equilibrium between a binary liquid
phase and an intermediate binary compound. These relations, together with experimental data for
the elements and ‘the binary alloys, were utilized to calculate the values for the regular solution
parameters. As a check on the computations, the calculated values of the regular solution
parameters were utilized to compute the liquidus and solidus boundaries for the binary systems
and these values were compared to the experimental values for the phase boundaries.




Phase

The procedure for developing the analytical expressions for the liquidus and solidus

boundaries consists of the following steps?:

l.

t2

Apply the principle of heterogeneous phase equilibrium. This principle states that the partidl
molal free energy of each of the elemental constituents in all of the separate phases must be

equal at equilibrium.

Express the partial molal free energy terms of each of the elemental constituents as
functions of the standard state free energy of the pure elements, the activity coefficients, the
mole fractions of the elemental constituents, and the absolute temperature.

Express the difference between the standard state free energies of th= liquid and solid states
of each of the elements in terms of their heats of fusion and melting temperatures, with the
assumption that the difference between the heat capacities of the liquid and the solid phases

18 zero.

Utilize the regular solution model of alloying behavior to obtain expressions for the activity
coefficients of each of the constituents.

These steps lead to the analytical expressions for the phase boundaries of the phase diagram.

The thermodynamic equilibrium between a binary liquid phase and a binary terminal solid

solubility phase is expressed by the two simultaneous equations (See Appendix A),

N
AHgy (1 : %):er( N‘}—E)+ S12 N - L12 N2, (la)
and
T\_ Nos 2 2
AHp (1 -T;)~RTln( N2L)+ S12 Njg - L12 N, (1b)

The left-hand side of Equations (1a) and (1b) depend only on the temperature of the alloy system
and the properties of the elemental constituents. The first term on the right-hand side of each of
each of these equations represents the ideal solution contribution to the chemical equilibrium, and




these terms are independent of any particular elemental components. The terms containing the
factors, S12 or L12, depend on the alloying effects and are specific to a particular alloy system.

The regular solution parameters, S12 and L12, were assumed to be linear functions of the

temperature, 1.€.

Li2=a+BT (2a)
and
Si12=y4+dT, (2a)

where the quantites, a, B, %, and J, are constants determined from the fit of the data to a linear

functon of the absolute temperature.

2.2 Equilibrium Between a Bina

The procedure for developing the analytical relation to describe the composition of the
liquid boundary which is in equilbrium with an intermediate binary compound consists of the

following steps:

i. Express the molal free energy of the compound in terms of the composition of the
compound and the partial molal free energies of its solid elemental constituents.

2. Apply the principle of heterogenous phase equilibrium to express the partial molal free
energies in terms of the elemental components of the liquid phase which are in equilibrium

with the compound.

3 Express the molal free energy of the compound in terms of the absolute temperature and the
standard state free energies, the mole fractions, and the activity coefficients of the
components in the liquid phase.

4. Express the molal free energy of the liquid phase having the same composition as that of
the compound in terms of the absolute temperature and the standard state free energies, the
mole fractions, and the activity coefficients of the components in the liquid phase.

5. Assurme that the difference between the heat capacities of the compound and the liquid
phase is zero, and express the difference between the molal free 2nergies of the compound
and liquid phase in terms of the heat of fusion and melting temperature of the compound.
At the equilibrium melting temperature, the free energy difference between the liquid and
the solid phases is equal to zero.




6. Utlize the regular solution theory to obtain expressions for the activity coefficients of each
constituent of the liquid phase.

LY

The equation which describes the equilibrium between the binary liquid phase and the
binary compound is expressed by the relation (See Appendix C),

AHC (1 - TIC—) =RT (NIC ln(N,C) + N2C ln(Nzc))

-R T (Nj¢ In(Nyp) + Noe In(Nap )

+Njc L12 N3o + Npe L12 N2,
-NjcL12Nj - Npc LI2NG, . (3)

2.2.1 Results for llium-Germaniu m

The gallium-germanium system is discussed in some detail as an example of this approach.
The values for the binary regular solution parameters were obtained from the solution of Egs. (1a)
and (1b). The values for the heats of fusion and melting temperatures of the elements used are
presented in Table 1 and were taken from the compilation of Hultgren!0. The values for the
temperature and composition of the liquidus and solidus boundaries which are required for these
calculations are from the experimental investigations of Keck and Broder!!, Greiner and Breidt!2,
and Thurmond and Kowalchik!3.

Table 1
Values for the Heats of Fusion and Melting Points of Selected Elements

Heat of Fusion Melting Point
Element (Cal/gm-at) (°K)
Silver (Ag) 2700 1234
Arsenic (As) 2600 1090
Gallium (Ga) 1335 303
Germanium (Ge) 8100 1210

The values for the regular solution parameter were calculated for each value of the
temperature and these data were fitted by the method of least squares to a linear function of the




temperature. The values which were calculated for the intercept and slope for this system and other
selected binary systems are presented in Table 2. As a check on the results of the computations,
the phase boundaries were calculated for the binary system and compared to the experimental
values which have been reported. The values calculated for the liquidus and solidus boundaries are
presented in Figure 1. The solubility of germanium in gallium is very small and the terminal
solubility region is almost coincident with pure gallium. The calculated eutectic composition of the
gallium-germanium system is located close to the melting point of pure gallium and this result
agrees with the experimental results. The difference between the calculated and experimental
liquidus boundaries is less than 1 atomic percent over the entire temperature and composition

range. The calculated germanium solidus boundary shows the same retrograde solubility feature
that has been experimentally observed. The maximum solubility of gallium in solid germanium
occurs near 650°C for both the calculated and experimental boundaries.

2.2.2 Results for th nd Liqui

Since experimental values for the heats of fusion have been reported for only a few
compounds®9, two sets of computations were performed. In the first set of computations, the
values for the composition, heat of fusion, and melting point of the gallium arsenide, and the
temperature and composition of the liquid phase which is in equilibrium with this compound were
utilized to calculate the value of the regular solution parameter for the liquid phase. The
experimental values for the melting point and the heat of fusion of gallium arsenide were taken
from the compilation of Tmar!%. The experimental values for the temperature and composition of
the liquid phase which are in equilibrium with gallium arsenide were taken from the experimental
results of Halll4 and Koester and Thoma!3. The regular solution parameter calculated from
Equation 3 with these data is presented in Table 2.

In the second set of computaiions, the same values for the composition and melting point of
gallium arsenide and the same liquidus boundary data were utilized to calculate the values for the
heat of fusion of gallium arsenide and the regular solution parameter for the liquid phase. The
calculated value for the heat of fusion for gallium arsenide and other selected binary compounds are
presented in Table 3, and the slope and intercept for the regular solution parameters are presented
in Table 2. A comparison between the experimental and calculated values for the heat of fusion of
gallium arsenide shows a considerable difference. Likewise, a comparison of the calculated results

for the regular solution parameter also shows a significant difference.




Table 2
Calculated Binary Regular Solution Furameters

Regular Solution Parameter
Liquid Solid
System Intercept! Slope? Intercept!  Slope2 | Reference
Ag-As -9,256.9 0.12305 134.12 -4.1037 (16]
Ag-Ga -28,269 18.887 -25,839 15.932 (17]
As-Ga* 10,455 -11.608 [14,15]
As-Ga** | 19,264 -11.233 (14,15}
As-Ge -6,200.4 4.688 16,816 -6.0647 [18]
Ga-Ge 210.23 -0.54553 5,945.4 -2.0719 [11-13]
1Units = cal/gm-at
2Units = cal./gm-at°’K
* Calculated with the heat of fusion = 10,578 cal./gm-at.
** Calculated with the heat of fusion = 3,613 cal./gm-at.

Table 3
Heat of Fusion of Selected Binary Compounds

Heat of Fusion (cal./gm-atom)
Compound calc. exp.
AsGa 3,613 10,578
AsyGe 7,789
AsGe 8,087

As a check on these calculations, the liquidus boundaries were computed utilizing the
results from these two sets of calculations. The results from these two sets of computations and
the experimental data for the liquidus boundary are presented in Table 4 and in Figure 2. A
comparison of the results shows that the maximum deviation between the calculated and
experimental boundaries is less than five atomic percent arsenic. Although the calculated values for
the thermodynamic properties of gallium arsenide are significantly different for the two
approaches, the differences between the calculated and experimental liquidus boundaries are in

satisfactory agreement.




3. TERNARY ALLOY SYSTEMS.

The analytcal relations describing the equilibrium in ternary systems were developed for
two cases. In the first case, the equilibrium between a ternary liquid phase and a ternary terminal
solid solubility phase was expressed by three simultaneous equations. In the second case, an
expression was developed for the equilibrium between a ternary liquid phase and a binary
compound phase. In both cases the thermodynamic behavior of the ternary phases was
approximated by the binary regular solution parameters’.

3.1 The Equilibnum Between g Ternary Liquid Ph nd a Ternary Terminal Solubility Ph

The steps described in Section 2.1 were applied to develop the equations of equilibrium
between a ternary liquid phase and a ternary terminal solid solubility phase. This thermodynamic
equilibrium is expressed by the three simultaneous equations (See Appendix B).

N
AHf] (1 - %)=RTIH (N115)+ L12 NZL (1 'NIL)+L13 N3L (1 -NlL)

- L23 Ny N3 - S12 Ny (1 - Npg) - $23 Nyg (1 - Nyg)

+ 513 Nig Nig, (4a)
T Nys
AH, (1 : Tz—)zRTln (~—~N2L )+ L12 Ny (1- Ny +L23 Ny (1- Nyp)

“L13 Ny, Ny - S12 Nyg (1 - Nyg) - $23 Nyg (1 - Nyg)
+ 513 le N3S N (4b)

and

T _ N}S
AHpy (1 . T})_RTln (—Nu

~LI2 Ny Ny - S13 Nyg (I - Nag) - 523 Nog (1 - Nsg)

V4 L13 Ny (1-Nyp)+L23 Ny (1-Nyp)
J

+S12 Nig Nog . (4¢)




TABLE 4
CALCULATED AND EXPERIMENTAL BINARY LIQUID
COMPOSITIONS IN EQUILIBRIUM WITH GALLIUM ARSENIDE

Temperature (°K) Liquidus Boundary (atom-% As)
expenimental calculated!
case 1 case 2
731.1 0.004 0.007 0.043
767.1 0.023 0.016 0.074
827.1 0.053 0.057 0.168
866.1 0.114 0.117 0.269
926.1 0.34 0.32 0.52
964.1 0.56 0.56 0.76
984.1 0.70 .73 0.92
1018.1 1.15 1.15 1.25
1064.1 2.07 2.00 1.86
1126.1 3.83 3.84 3.08
1162.1 5.20 5.37 4.06
1226.1 8.86 8.99 6.51
1262.1 11.2 11.5 8.41
1277.1 12.2 12.7 9.34
1346.1 19.0 18.9 14.9
1448.1 31.0 31.3 28.8
1473.1 35.0 35.6 33.8
1488.1 38.2 38.8 37.6
1453.1 68.2 68.0 70.3
1418.1 73.2 73.0 76.2
1338.1 78.4 81.9 85.8
1288.1 85.0 86.4 89.9
1 See text
3.1.1 Resulis for the As-Ga-Ge System

The ternary liquidus boundary of the gallium arsenic germanium whose compositions are in
equilibrium with the germanium solid solubility phase were calculated from Equations (4a) - (4¢)
as a function of temperature. The values for the binary regular solution parameters which were
used to approximate the alloying behavior of the temnary alloys are listed in Table 2. The results of
these computations for the 1000K isotherm are presented in Figure 3a. Associated with each
composition on the liquidus boundary is a composition on the germanium solidus boundary with
which it 1s in equilibrium. Several of the tie lines which connect these liquid and solid
compositions are shown in Figure 3a. Similar computations were performed for the silver-arsenic-
gallium systemn. The calculated results for the ternary liquidus and solidus boundaries of this
system at 800K are presented in Figure 3b.



The analytical representation which describes the equilibrium between a temary liquid
phase and a bin -y compound relates the composition, heat of fusion, and melting temperature of
the binary compound, and the regular solution parameters, composition, and temperature of the
ternary liquid phase. The steps described in Section 2.2 for the binary case were followed to obtain
the equation for the ternary case. This thermodynamic equilibrium is expressed by the relation (See
Appendix D),

AHc ( - 'TIC—) =R T (Nyc In(Ny¢) + Npc In(Ny¢)) - RT (Nyc In(Nyy)

+ Ny In(Ny) + Ny L12 Ny (1 - Nyo)

+ Ny LIZ Ny (1 - Npe) - Ny (L12 Ny (1 - Nyp)

+L13 Ny (1-Nyp) - L23 Ny Nap)

Ny (L1 Ny (1- Nyp) +L23 Nay_ (1 - Nyp)

CLI3N Ny (5)
3.2.1 Results for the As-Ga- m

The compositions of the gallium arsenide germanium temnary liquidus boundary whose
compositions are in equilibrium with the compound, GaAs, were calculated from Eq. (5) as a
function of temperature. The calculated liquidus boundary 1s shown in Figure 4a, and this liquidus
boundary is the dominant liquidus surface for this ternary system.

At 873K, there are two intersections of this liquidus surface and the temnary liquidus
surface which is in equilibrium with the germanium solid solubility phase in the arsenic gallium
germanium system. The values for the liquid compositions of these two intersections and the
values for the composition of the solid germanium alloy which are in equilibrium with each of
these liquid compositions are listed in Table 5. These two intersections define the compositional
endpoints at that temperature for which the liquid phase will be present. A plot of the liquidus and
solidus boundaries at 1000K and the tie lines between the liquid and the solid phases at the
mtersection of the two liquidus boundaries is presented in Figure Sa. For compositions between
these two endpoints only the two solid phases, the gallium arsenide compound and the germanium

alloy. will be present at equilibrium. However, there is a ternary eutectic involving GaAs, GeAs,

10




and the germanium solid solubility phase which will lower the limit of the arsenic-nich germanium

solid solubility phase, which is in equilibrium with gallium arsenide.

Similar calculations were performed on the silver-arsenic-gallium ternary system. The
calculated results for the liquidus boundary representing ternary liquid compositions which are in
equilibrium with gallium arsenide at 800K are shown in Figure 4b. A plot of the liquidus and
solidus boundaries at 800K and the tie lines between the liquid and the solid phases at the
intersection of the two liquidus boundaries is presented in Figure 5b.

Table 5
Solid Alloy Compositions in Equilibrium with GaAs
Liquidus Solidus
Atomic Percent Atomic Percent
System  Endpoint  As Ga Bal. As Ga Bal Temp(°K)

Ag-As-Ga  Ga-rich 1.15 3332 Ag >005 2454 Ag 800
Ag-As-Ga  As-ich 1808 11.92  Ag 9.9 32 Ag 800
As-Ga-Ge Ga-rich 030 7068 Ge >001 163 Ge 873
As-Ga-Ge  Asrich 5846 0.24 Ge 0.08 0.01 Ge 873

3.2.2 Temary Eutectics in the As-Ga-Ge System

The eutectic point involving the ternary liquid phase, the gallium arsenide, the germanium
arsenide, and the primary solid phase germanium alloy was determined from the intersection of the
three pertinent ternary liquidus phase boundaries. One of these boundaries is associated with the
equilibrium between the ternary liquid phase and the compound GaAs. The second boundary is
associated with the equilibrium between the liquid phase and the compound GeAs. The third
boundary is associated with the equilibrium between the liquid phase and the solid germanium
alloy phase. The temperature and composition of the ternary liquid phase of the eutectic point and
the composition of the solid germanium alloy which is in equilibrium with the two compounds
GaAs and GeAss at this temperature are listed in Table 6. The composition of the germanium solid
solubility phase (one of the three solid phases in this eutectic reaction) contains 99.78 atomic
percent germanium, 0.16 atomic percent arsenic, and 0.06 atomic percent gallium. Germanium
alloy compositions on the solidus boundary containing a higher percentage of arsenic will be in
thermodynamic equilibrium with the GeAs compound.

The temperature and composition of the eutectic point involving the ternary liquid phase
and the three compounds GaAs, GeAs, and GeAsj, was determined from the intersection of the




three perunent liquidus surfaces. The three liquidus boundaries required to determine this eutectic

point are the boundary between the ternary phase and the compound GaAs, the boundary between
the liquid phase and the compound GeAs, and the boundary between the liquid and the compound
GeAsp. The calculated values of the eutectic temperature and composition for this ternary eutectic

are also listed in Table 6.

4.

Table 6
Calculated Temnary Eutectic Compositions in
the Arsenic-Gallium-Germanium System

Liquidus Atomic
Percent
Solid Phases Temp (°K) As Ga Balance
GaAs, GeAs,Ge 1002 41.8 1.7 Ge
GaAs, GeAs, GeAs) 1000 60.9 0.6 Ge

SUMMARY

The compositions of germanium and silver alloys which are in thermodynamic equilibrium

with gallium arsenide were determined from the pertinent ternary alloy phase diagrams. The
procedure for determining these alloy compositions consisted of:

1.

Modeling the free energy functions of the binary and temary phases utilizing the theory of a
regular solution.

Developing the analytical expressions for the binary and ternary liquidus and solidus
boundaries from these free energy functions.

Utilizing the melting temperatures and heats of fusion of the elemental components and the
experimental values of the temperature and composition for the liquidus and solidus
boundaries of the binary alloy systems to calculate the binary regular solution parameter.

Modeling the regular solution parameters for the ternary liquid and solid phases as a sum of
the binary systems.

Calculating the compositions of the ternary liquidus and solidus boundaries as a function of

temperature.

12




6. Determining the compositions of any intersections of the ternary liquidus boundaries as a
function of temperature. The compositions of these intersections are the limiting
compositions for which the liquid phase will be present. Between these compositional

limits only the solid phases will coexist.

7. Uulizing the tie lines between the ternary liquid and solid phases to determine the
compositions on the ternary solidus surface which are in equilibrium with the temary liquid

phase at the points of intersection of the ternary liquidus surfaces.

8. These solid compositions represent the endpoints of the solid alloys for which only the two
solid phases, the gallium arsenide and the terminal solid solubility phase will coexist.

The occurrence of ternary eutectics involving the terminal ternary solid solubility can be
expected to limit the compositional range of terminal solid alloys which are in equilibrium with
gallium arsenide. The ternary eutectic point involving the three solid phases, gallium arsenide,
germanium arsenide, and the germanium solid solubility phase, was determined from the
intersection of the ternary liquidus surfaces whose compositions are in equilibrium with each of
these three solid phases. The composition of the germanium solid solubility phase which is one of
the phases involved in the eutectic reaction was determined from the tie line between the ternary
liquidus and solidus surface at the eutectic point. Solid germanium alloys containing a higher
arsenic concentration than this eutectic component will be in thermodynamic equilibrium with

germanium arsenide.
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Figure 1. The temperature-constitution phase diagram for the gallium-germanium
system. The calculated boundaries are represented by the solid lines and
the experimentally reported results are represented by the *+' symbols.
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Figure 2. The temperature-constitution phase diagram for the gallium-arsenide

system. The experimentally reported results are presented by the ‘X’
symbols. The calculated liquidus boundaries are represented by the solid
lines. The upper liquidus boundary labeled 1, is calculated with a
calculated value for the heat of fusion for the gallium arsenide. The lower
liquidus boundary was calculated with the experimental value for the heat
of fusion.
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Figure 3a. The calculated liquidus and solidus boundaries of the germanium-rich
corner of the arsenic-gallium-germanium phase diagram. The liquidus and
solidus boundaries are represented by the solid lines, and the tie lines

connecting the liquidus and solidus compositions which are in equilibrium
are represented by the dotted lines.
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Figure 3b. The calculated liquidus and solidus boundaries of the silver-rich corner of
the silver-arsenic-gallium phase diagram. The liquidus and solidus
boundaries are represented by the solid lines, and the tie lines connecting
the liquidus and solidus compositions which are in equilibrium are
represented by the dotted lines.
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Figure 4a. The calculated liquidus boundary of the arsenic-gallium-germanium phase
diagram representing ternary liquid composition at 873K which are in
equilibrium with gallium arsenide.
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Figure 4b. The caiculated liquidus boundary of the silver-arsenic-gallium phase
diagram representing ternary liquid compositions at 800K which are in

equilibrium with gallium arsenide.
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Figure 5a. Plots of the liquidus boundaries and their two intersections for the arsenic-
gallium-germanium phase diagram. The solid lines are the liquidus
bonndaries and the dotted lines represent the tie lines between the liquid
and solid compositions which are in equilibrium.
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Appendix A.
The Equilibrium Between a Binary Liquid Phase
and a Binary Terminal Solid Solubility Phase.

The quantitatve criterion for thermodynamic equilibrium to exist between a binary liquid
phase and a binary solid phase requires that the partial molal free energies of each elemental
consutuent in the two phases be equal. This requirement is expressed as follows,

G5 =61L (la)
and
Gis =Gy (1b)

The parual molal free energies are related to the standard state free energies of the pure
components, the activity coefficients of the components, and the absolute temperature by the

relations,
Gy =Gj +RTIn(Njp) +R Tln(yp), (2a)
Gy =G + R TIn(Ny) +R Tln(yyp), (2b)
Gis =Glg*+ RTIn(Nyg) + R T In (¥;5), (2¢)
and,
Gps = Gag+ R T In(Npg) + R T In (v25). (2d)

After substituting Equations (2a)-(2d) into Equations (1a) and (1b), the following expressions are

obtained,
G} - Gs =R TIn(Ni5) +RTln (;5) - R TIn(N)5) - R T In (;5) (3a)
and
G5 - G5g =R TIn(Nys) + R Tln (Y25) - R T In(Npg) - R T In (Yps). (3b)
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[n the regular solution theory, the activity coefficients are relaied to the absolute temperature

and the compositions of the liquid or solid phases by the expressions,

RTlIn(y)=L12 N2, (4a)

RTlIn(yy)=L12 N2, (4b)

R TIn(vs) = S12 Njg, (4c)
and

R TIn(yys) =S12 N?_ (4d)

At the equilibrium melting tempc.ature the liquid and solid phases coexist and the free
energies of the liquid and solid phases are equal, «.:d i free »nergy difference between the liquid
and solid phases is expressed as a function of the temperature by the relations,

T
G}, - Gjs =AHp (1 - ﬁ) (5a)
and
0 0 T
Gy, - G3s =AHp, (1 - T—z) (5b)

The substitution of Equations (4a)-(4d) and (5a) and (5b) into Equations (3a) and (3b) yields two
simultaneous equations which express the temperature and composition dependence of the liquidus
and solidus boundaries under equilibrium conditions for binary systems. The two equations

resulting from these substitutions are,

Ty Nis 2 2 ,
AH (1 . T—l)—RTln (NlL)+ S12 N5 - LI2Nj, (6a)
and
Th_ Nas 2 2
AHp (1 : T—Z)—RTln (NzL)+ S12N% - LI2N3, . (6b)
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The mole fractons of the elemental constituents of the liquid and solid phases are subject to the
constraints,

NIL + N2L =1 (73)
and
N15+N25= 1. (7b)
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Appendix B.
The Equilibrium Between a Ternary Liquid Phase
and a Ternary Terminal Solid Solubility Phase.

The quantitative criterion for thermodynamic equilibrium to exist between a ternary liquid
phase and a ternary solid phase requires that the partial molal free energies of each elemental
constituent in the two phases be equal. This requirement is expressed as follows,

Gis =G, (1a)

Gos = Gy, (1b)
and

Gig = G3i. (Ic)

The partial molal free energies are related to the standard state free energies of the pure
components, the activity coefficients of the components, and the absolute temperature by the

relations,
Gy =Gj +RTIn(Nyp) +R Tln(yy), (2a)
Gy =GJ +RTIn(Ny) +RTln(yy), (2b)
G3p =G +RTIn(N3y) +R Tln(ysp), (2¢)
Gys = Gjg + R TIn(Nyg) + R T In(y;g), (2d)
Gys = Gog + R T In(Njg) + R T In(yys), (2¢)
and,
G3s = G3g + R T In(Npg) + R T In(y3). (2f)

After substituting Equations (2a)-(2f) into Equations (1a), (1b), and (1c), and rearranging, the

following expressions are obtained,
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G].-GJs =R TIn(N;5) + R Tln (y;g) - R T In(Nyg) - R T In (¥;g),
Gy - G5 =R TIn(Nag) + R Tln (y35) - R T In(Npg) - R T n (vy5),

and

G3, - G35 =R TIn(N3g) + R Tln (y3) - R T In(N3g) - R T In (y3).

(3a)

(3b)

(3c)

In the regular solution theory, the activity coefficients are related to the absolute temperature

and the compositions of the liquid or solid phases by the expressions,
RTIn(y; ) =L12 Ny (1- Ny ) +L13 Ny (1-Njp)-L23 Ny Ny,
RTIn(yy ) =L12 Nyjp (1- Ny ) +L23 Ny (1-Ny)-LI3 N Ny,
RTIn(y; ) =L13 Nyp (1-N3 ) +L23 Ny (1- N3 ) - LI2 Ny Ny,
R TIn(y)g) = S12 Npg (1 - Njg) + S13 N3 (1 - Nyg) - S23 Nyg Nig,
R Tin(Yyg) = S12 Nyg (1 - Njg) + 823 Nyg (1 - Nog) - S13 N; g Ny,
and

(4a)
(4b)
(4c)
(4d)

(de)

(4f)

At the equilibrium melting temperature the liquid and solid phases coexist and the free
energies of the liquid and solid phases are equal, and the free energy difference between the liquid

and solid phases is expressed as a function of the temperature by the relations,

0 0 T
GjL-Gis =4Hy (1 "1

T
o] o
Gar - Gas =AHrz(1 T
and
0 o T
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The subsdtution of Equations (4a)-(4f) and Equations (5a)-(5¢), into Equations (3a)-(3c) yields
three simultaneous equations which express the temperature and composition dependence of the
liquidus and solidus boundaries under equilibrium conditions for ternary systems. The three
equations resulting from these substitutions are,

- N
AHj (1 - %)=RTln(-l\J—:LS)+ L12 Ny (1-N;) +LI3 Ny (1-Nyp)

T N
AH,, (1 - T—z) =RTIn (—I\I—;—E)wu Ny (1-Noy )+ 123 Ny (1-Nyp)

- L13 Ny Nyp - S12 Nyg (1 - Npg) - 823 Nyg (1 - Nyg)

+ 513 le N3S , (ﬁb)
and
T N3s N N L23 N, (1-N
AHn(l --T—3)=RT1n(N3L)+L13 i (1-Nap) + o (1-Nyp)
- L12 Ny Nyp - S13 Nyg (1 - N3g) - $23 Nyg (1 - Nag)

The mole fractions of the elemental constituents of the ternary liquid and solid phases are subject to

the constraints,

N+ Ny + N3 =1 (Ta)
and

Njs + Npg + N3g = 1. (7b)
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Appendix C
The Equilibrium Between a Binary Liquid Phase and a
Congruently Melting Intermediate Binary Compound.

The quantitatve criterion for the thermodynamic equilibrium to exist between a binary
liquid phase and a solid compound phase requires that the partial molal free energies of each
constituent in the two phases be equal. This requirement is expressed by the two relations,

Gyc=GiL (1a)
and

The molal free energy of the solid compound phase is related to the partial molal free energies of its

constituents by the expression,

The molal free energy of the compound can also be expressed in terms of the partial molal free
energies of the components in the liquid phase with which it is equilibrium by the substitution of
equations la and 1b into equation 2. This substitution results in the expression,

Ge =Nic Gy + Noc Gy 3)
The parnal molal free energies of the liquid phase are related to the standard state free energies of

the pure components in the liquid phase, the composition variables, and the activity coefficients by

the expressions,

Gy =GJ; +RTIn(N;) +R Tln(yyp) (4a)
and
Gy =Gy +RTIn(Ny ) +R Tln(yy) (4b)

The acuvity coefficients are related to the regular solution parameter of the liquid phase by the

expressions,

RTIn(yy) =L12 N3 (5a)
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and

R TlIn(yy) = L12 NI, (5b)

The substitution of Equations (4a), (4b), (5a), and (5b) into Equation (3) yields an expression for
the mol2l free energy of the compound in terms of the standard state free energies of the elemental
components tn thetr pure hiquid state, the regular solution parameter, and the temperature and
composition of the liquid phase with which it is in equilibrium. The expression which results from

these substitutions 1s as tfollows,

Ge =Ny (G +R T In(N;c) + LIZN3))
+ Nyc (G, + R TIn(Ny ) + L12N3)). (6)

The molal free energy of the liquid phase is related to the partial molal free energies of its

constituents by the expression,

The subsutution of Equanons (4a), (4b), (5a), and (5b) into Equation (7) yields an expression for
the hquid phase in terms of the standard state free energies of the elemental components in their
pure hiquid state, the regular solution parameter of the liquid phase, and the temperature and
composiaon of the hquid phase. The equation which results from these substitutions is as follows,

G =Ny (G, +RTIn(N; )+ L12N3))

-
<

+ Ny (G +RTIn(Ny +LI2ZNF)). (8)

The free energy function of a liquid phase which has the same composition as that of the
compound phase is obtained by fixing the composition of the liquid phase at the same value as that
of the compound phase. Thus, the free energy function of a liquid phase which has the same

consttution as that of the compound is give by the relation,

Gp = Nic (GS +R TIn(N;) + L12N30)
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+ Nae (G3, + R TIn(Nye + L12 N2 ). (8)

The mole fracdons which represent the composition of the liquid phase have the same value as that
of the composition as the compound and are written with the subscript, C, to emphasize this point.

At the equilibrium melting temperature of the compound, the free energy difference
between the liquid and solid phases is equal to zero. At any other temperature, the free energy
difference between the compound phase and a liquid phase at the same composition is given by the
relation,

T
G, - Gc =AHC(1- T_c) (10)

The substitution of Equations (6) and (9) into Equanon (10) yields the relation,

T
AHc (1 - TE) =R T (Nc In(N; ) + Nyc In(Nyc))

-RT (NIC In(N;p) + Nye In(N5;))

+Njc L12 Njo + Ny LIZ N2
-N,~LI12 N2 -N,~LI12N? (11)
1C 2L 2C 1L’

This expression relates the mole fractions of the components, the heat of fusion, and the melting
temperature of the compound, the mole fractions and the regular solution parameter of the liquid
phase, and the temperature of the equilbrium between the two phases. The mole fraction of the
elemental constitutents of the compound and the liquid phase are subject to the constraints,

N1L+N2L= 1 (12a)
and
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Appendix D.
The Equilibrium Between a Temary Liquid Phase and
a Congruently Melting Intermediate Binary Compound.

The quantitative criterion for thermodynamic equilbrium to exist between a ternary liquid
phase and a solid binary compound phase requires that the partial molal free energies of the
elemental constituents in the two phases be equal. This requirement is expressed by the relations,

Gic=GyL (la)
and

The molal free energy of the compound is related to the partial molal free energies of the elemental

constituents by the expression,
The molal free energy of the compound can also be expressed in terms of the partial molal free

energies of the liquid phase with which it is in equilibrium. The substitution of Equations (1a) and

(1b) into Equation (2) results in the expression,
Ge =Nye Gy + Nye G- )
The partial molal free energies of the liquid phase are related to the standard state free energies of

the pure components in the liquid phase, the activity coefficients, the mole fractions of the

components in the liquid phase, and tiie absolute temperature by the relations,

G, =Gj +RTIn(N; ) +R TIn(y;)) (4a)
and
G, =Gy + R TIn(Ny ) + R Tln(yyy) (4b)

The activity coefficients are related to the regular solution parameters of the liquid phase by the

exXpressions,

RTln(y;)=L12 Ny (1-N; ) +LI3N; (1-N;)-L23Nyy N3 . (Sa)

32




and

RTIn(Yy ) =L12 Ny (1-N;;) +L23 Ny (1-Ny)-LI3N; Ny, (5b)

The substtution of Equations (4a), (4b), (5a), and (Sb) into Equation (3) yields an
expression for the molal free energy of the compound in terms of the standard state free energies of
the pure elemental components in the liquid state, the regular solution parameter of the liquid state,
and the temperature and composition of the liquid phase with which it is in equilibrium. The
expression which results from these substitutions is as follows,

Ge =N (G] +RTIn(Ny) +L12 Ny (1-Njp) +L13 N3 (1-Nyp)
-L23 Ny N3; )+ Nayy (G5 + R TIn(Ny ) + LI12Njp (1-Nyp)
+ 123 N3 (1-Nyp)-L13 Ny Nyp). (6)

The free energy function of a liquid phase which has the same composition as that of the
compound phase is obtained by fixing the values of the mole fractions of the components of the
liquid phase at the same values as those of the compound phase. Thus, the free energy function of
a liquid phase which has the same constitution as that of the compound is given by the expression
is given by the expression,

Gp =N (Gj +RTIn(N;0) + L12 Ny (1- Ny))
+ Ny (G, + R TIn(Np) + L12 Ny (1 - Nyeo)). (7

At the equilibrium melting temperature of the compound the free energy difference between
the liquid and solid phases is equal to zero. At any other temperature the free energy difference is
given by the relation,

‘ T

The subsutution of equations 6 and 7 into equation 8 yields the relation,

; T :
\He- 1 T(-‘):RT(Nlcln(N1C)+N2Cln(N2C))

RT (NIC ]“(NIL) + Nye l“(NZL))




+ Ny L12 Ny (1 - Nyg) + Ny L12 Ny (1 - Ny
- Ny (L12 Ny (1- Ny )+ L13 Ny (1-Nyp)

-L23 Ny Nyp)

- Ny (L12Nyp (1-Ny ) +L23 Ny (1-Nyp)

-L13 Ny Nyp) 9)

This expression relates the composition, the heat of fusion, and the melting temperature of the
compound, the compositon and regular solution parameter of the liquid phase with which it is
equilibrium, and the absolute temperature of the alloy system. The mole fractions of the elemental
constituents of the ternary liquid and the binary compound phases are subject to the constraints,

and
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