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Abstract

The performance of a multiple model adaptive estimator (MMAE) for an-enhanced

correlator/forwardlooking-infrared tracker for airborne targets is analyzed1 in order to

improve its perfomance. Performance evaluation is based on elemental filter selection and

MMAE estimation error sizes and trends. The elemental-filters are based on either first or

second-order acceleration models. Improved filter selection is achieved by using acceleration

models that separate the frequency content of acceleration power spectral densities into

non-overlapping regions with second-order models versus the more traditional overlapping

regions with first-order models. A revised tuning method is presented. The maximum

a posteriori (MAP) versus the Bayesian MMAE is investigated. The calculation of the

hypothesis probability calculation is altered to see how performance is affected. The impact

of the ad hoc selection of a lower bound on the elemental filter probability calculation to

prevent filter lockout is evaluated. Parameter space discretization is investigated.

Comparable performance is achieved from the MMAEs based on either first or second-

order acceleration models. The MAP and Bayesian options give comparable performance.

A lower bound of 0.001 gives best results. The traditional probability calculation allows

better filter selection by the MMAE for this application.

xxix



AMULTIPLE-MODEL ADAPTIVE ESTIMATOR USING FIRST AND

SECOND-ORDERACCELERATION MODELS:FOR USE IN A

FORWARD-LOOKING-INFRARED TRACKER

L Introduction

1.1 Background

The Department of Defense has placed great emphasis on the potential of a high

energy laser as a weapon against airborne targets. Current laser technology requires ex-

tremely tight specifications for the pointing and tracking systems supporting these laser

weapons. The Phillips Laboratory at Kirtland AFB, New Mexico, maintains ongoing re-

search efforts in this area and is supporting AFIT's continued research emphasis in tracking

as well as other aspects of the potential weapon system. The AFIT effort in tracking was

started in 1978 [11]. An understanding of the direction that effort has taken will aid this

current thesis [11, 3, 17, 1, 16, 4, 12, 19, 6, 14, 20, 5: chronologically].

The purpose of this thesis is to enhance the multiple model adaptive estimator's

(MMAE) ability to select the most appropriate elemental filter as system dynamics vary

rapidly. The MMAE used in this investigation is one developed for the Forward Looking

Infrared (FLIR)/correlator tracker that will be used in a high energy laser weapon system

[10, 11, 19, 20].

1.2 Summary of Previous AFIT Research

The tracking of airborne targets is currently done with a conventional correlator. This

correlator tracker has several limitations contributing to tracking errors. Two important

ones are:

1. There is a time lag due to the time it takes the correlator algorithm to correlate

the current frame of FLIR outputs to the previous frame and for the the actual

pointing gimbals to point the FLIR sensor in the next appropriate direction to keep
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the target in the center of the -field of View (FOV). The FOV is the number-of pixels

the correlator and, later, the Kalman filter will use in estimating target position.

The FLIR sensor is 300-by-500 pixels. Normally, 24-by-24 pixels is the maximum

sized tracking "window" used in the algorithm.

2. Apparent target motion results from physical phenomena like atmospheric jitter and

bending and vibration of the~tracker optics, The correlator does not distinguish true

target motion from this erroneous apparent motion.

Mercier [11] conducted the initial feasibility study of adding a Kalman filter to the

tracker to overcome these two limitations. Using the statistical characteristics of atmo-

spheric jitter and measurement errors, and the model of anticipated target motion, the

filter predicts an estimated target position one sample period (1/30 second) into the fu-

ture. The prediction allows the correlator to anticipate target position so tracking error

due to time delay is reduced. The tracking algorithm was a single extended Kalman filter

(EKF), with a first-order Gauss-Markov model for target position, resulting in enhanced

performance an order of magnitude better than tracking with the correlator tracker in

benign scenarios. The EKF was required because the measurement model for the FLIR

detector is nonlinear. The target was assumed distant and so is considered to be a point

source. The intensity pattern on the detector array was analytically expressed as a two-

dimensional Gaussian function, and the "measurements" represented the average intensity

over each of 64 pixels in an 8-by-8 pixel array on the FLIR image plane.

Most airborne targets of interest are not always in benign trajectories. So Jensen

and Harnly [3] incorporated velocity and acceleration estimates to allow tracking of more

maneuverable targets. They used a first-order Gauss-Markov process model for the target

acceleration. For performance evaluation of such a tracker, realistic target trajectory paths

were generated in three-dimensional inertial spdce and projected onto the FLIR image

plane. They also conducted the statistical analysis of the temporal and spatial correlation

of the background noise that will corrupt the IR image from the target.

Singletery [17] first applied digital signal processing techniques to the FLIP. data

to determine the underlying shape of the target image, assuming the target could have
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multiple hotspots. Rogers [16] completed this, considering .both-an extended Kalman filter

to process the 64 intensity measurements directly and an alternative design that inserted"

an enhanced correlator into the "front end" of the tracker and processed the enhanced

correlator outputs with a linear Kalman filter. His enhanced correlator algorithm compared

the current FLIR image with a template instead of the image from the previous time frame.

The template estimated the target shape by averaging the centered image over the previous

10 time frames. The "measurement" given to the Kalman filter is the offset of the image

from the center of the FOV, as produced by the enhanced correlator. The resulting linear

Kalman filter reduced computational loading and gave comparable performance to the

tKF. He used the same four-state state dynamics model as Mercier had used in both the

EKF and the linear Kalman filter when he compared their performance.

Flynn [1] continued the work of Jensen and Harnly and compared two other models

for target acceleration, a Brownian motion acceleration model and a constant turn-rate one,

as compared to their first-order Gauss-Markov acceleration model. He also implemented a

multiple model filter with less than satisfactory results.

Kozemchak [4] and Millner [12] continued comparing the EKF and the linear fil-

ter/correlator with highly maneuverable targets. They incorporated Flynn's nonlinear

constant turn-rate model for the target dynamics and compared performance with the

first-order Gauss-Markov acceleration model. Performance was good for more benign tar-

gets.

To overcome the problem of losing harshly maneuvering targets, Suizu [19] success-

fully applied the MMAE. He used two elemintal filters, one for benign and one for harshly

maneuvering targets. The benign filter used a narrow FOV (8-by-8 pixels) and the other

filter used a wider FOV (24-by-24 pixels). Two MMAEs were evaluated, one with EKF el-

emental filters and one with linear Kalman filters with enhanced correlator measurements.

Each MMAE gave comparable RMS errors, although the EKF had larger mean errors but

smaller standard deviations [19:VI-2].

Loving [6] added a third elemental filter to the Bayesian MMAE based on inter-

mediate target dynamics. This showed significant improvement in tracking performance.
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A maximum a posteriori (MAP) algorithm was also developed. It ,used- the same bank

of filters. However, it produced an estimate based only on the elemental filter -with the

highest. probability of being correct. The Bayesian MMAE, outputs an estimate that is the

probabilistically weighted average of all elemental filter estimates. The, MAP showed no

significant performance improvement.

Netzer [14] continued work with the three-elemental-filter Bayesian MMAE with

-the linear filter/correlator algorithm to investigate some unresolved biases and ramps in

previous results. He also looked at putting a-time lag inthe control applied by the system to

keep the FOV pointed at the target. He concluded that the errors resulting from nonideal

controller dynamics are small and interpreted as jitter error.

Tobin [20] then expanded the results of Loving's Bayesian MMAE with the linear

filter/correlator algorithm. He used separate elemental filters that were tuned for harsh

maneuvers in eithei the x or y directions. This allows the tracker to expand the FOV

only in the direction of the maneuver while maintaining maximum resolution in the other

direction. Also, he considered the constant turn, rate dynamics model for target motion

used by Kozemchak and Flynn as well as the first-order Gauss-Markov acceleration model.

More recently, Leeny [5] applied the MMAE algorithm based on Gauss-Markov ac-

celeration models to a truth model that included bending and vibrational effects of a large

space structure. Even though the MMAE was not modified to include any bending or

vibration information or states, the filter was able to tra~k a harshly maneuvering target.

Leeny also investigated the use of a rotating rectangular (24-by-8 pixel) FOV in which

the elongated side of the FOV would be aligned with the estimated acceleration direction.

This could hopefully replace the two rectangular FOV elemental filters of Tobin with one

filter.

Norton [15] implemented the rotating rectangular FOV. He also considered the ef-

fect of filter dynamics driving noise stiength versus FOV size on filter performance. The

results showed that choosing a larger dynamics driving noise strength in the direction of

maneuver was more important than increasing the FOV. This variable driving noise is

easily implemented in a MMAE.
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1.3 Objectives

This thesis investigates modifying the filter dynamics models .to produce elemental,

filters with nonoverlapping acceleration power spectral. densities (PSDs). A first-order

Gauss-Markov model is the basis of a;, lw-pass 'filter driven by white Gaussian noise, as

shown in Figure 4.2 (page 4-11). The corresponding acceleration PSDs are overlapped by

the one whose acceleration model has the highest break frequency, as depicted in plot (a)

of Figure 1.1. In contrast, second-order Gauss-Markov models are used in bandpass filters

as seen in Figure 4.3 (page 4-16) and Figure 4.4 (page 4-17). Model parameters can be

selected so that the PSDs have minimal overlap, as in plots (b) and (c) of Figure 1.1. The

residual monitoring done by the conditional probability computation should then quickly

select the elemental filter with the most benign dynamics model when a target vehicle

transitions from harsh maneuvering to a benign trajectory, so the estimation will be the

most precise. In previous investigations, the MMAE had little trouble moving from an

elemental filter tuned for benign target trajectories to one tuned for harsher trajectories

when the target initiates a jinking maneuver. The problem comes when the target returns

to a more benign trajectory. The MMAE takes longer to return to the elemental filter

tuned for the more benign trajectory. It has been conjectured that part of this problem is

due to the fact that, with acceleration PSDs that overlap in the low-frequency region, all

models are able to represent such behavior. On the other hand, when the target vehicle

truly exhibits harsh maneuvering, only those models with nonzero acceleration PSD values

over the higher frequencies can be deemed adequate [10].

The system dynamics are modeled as a second-order Gauss-Markov acceleration pro-

cess. The linear filter with enhanced correlator measurement model is used, as investigated

by Rogers and others [5, 6, 14, 15, 16, 19, 20]. The FOV remains constant for each ele-

mental filter and the bending effects modeled in the truth model are removed. A parallel

investigation uses filters based on first-order Gauss-Markov acceleration processes. The

PSD of the acceleration models in the MMAE are overlapping in the low frequency end

as in plot (a) of Figure 1.1. The second-order models can have almost no overlap or some

overlap as in plots (b) and (c). Plots (b) through (e) are possible MMAE configurations.

The break frequency of the PSD is driven by how fast the target can change its velocity
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vector. The height of the PSD plot represents the acceleration magnitude that the target

is exhibiting. The increased height of the PSDs in plots (d) and (e) acknowledge that the

target capable of showing high frequency acceleration power is capable of palng greater

acceleration magnitude as well. This should be allowed in the low frequency model, too,

as portrayed by plot (e), in which two low frequency acceleration models with the same

break frequency but different magnitudes are each cosidered as the basis for an elemental

'filter design. Specific objectives are as follows:

1.3.1 Second-Order Gauss-Markov Acceleration Models. The poles and zeros of the

second-order Gauss-Markov shaping filters describing expected target accelerations will be

selected for each elemental filter so that the PSDs of the filters have minimally overlapping

frequency content. This can be accomplished with filters having two real poles or a complex

pair of poles. The expected dynamic range of airborne targets to be tracked is up to 2.5

Hz.

Several sensitivity studies are accomplished:

1. The location and number of cutoff frequenc!,s of the PSDs for the elemental shaping

filters are varied.

2. The height of the PSD curves as determined by the dynamic driving noise are varied.

3. The accuracy of the measurements from the FLIR are varied as much as in order of

magnitude up and down.

1.3.2 Bayesian versus MAP MMAE. After a reasonable set of elemental filters is

selected, a comparison between Bayesian and MAP MMAE application is done. Previous

studies [6] cause one to anticipate that performance will be very comparable between

Bayesian and MAP forms, but this is explored to ensure the trend is not altered by the

introduction of different dynamics models.

1.3.3 Alter the Pk Calculation. The probabilistically weighted average used in the

Bayesian MMAE is investigated. As shown in Figure 1.2, the elemental filters are tied to-

gether with a hypothesis conditional probability computation that monitors the residuals
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Figure 1.2. The MMAE Structure. [8:132]

of each elemental filter. Each elemental filter is tracking the target and producing residuals,

rk, from the common measurement input, z. The residuals are used to compute hypoth-

esis conditional probabilities, P1,P2,...,ipj, in order to make a probabilistically weighted

average of all the elemental estimates such that they all contribute to the single estimate

of the MMAE. However, if each is properly tuned and the parameter space is appropri-

ately discretized, only one elemental filter should be the major contributor at each sample

period; hopefully, it will be the one with the smallest magnitude residuals.

The probability calculation is discussed in Chapter II. It is presented here to em-

phasize the purpose of this thesis. The probability calculation for the kth filter is:

1 ) ( exp !rT(t)A 1 (ti)rk(ti/) Pk) -l 1)

A ti) (2r)f 
(1.1)

ELI[ 1 exp _lrT(ti)il(ti)rg(ti)}p'(ti-l9 (2-)f lA (ti01
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where Ak(ti) is the kth filter's computed residual covariance:

Ak(=i) Hk(ti)Pk(tT)HT(ti)+ Rk(ti) (1.2)

The magnitude of the residuals squared comes into the Ph calculation in the exponential

term. However, the residual covariance, Ak(ti), enters into the exponential and the leading

coefficient, potentially resulting in a larger Pk for the elemental filter that does not have

the smallest magnitude residuals. For example, a filter tuned to expect harsh trajectories

normally has larger dynamics noise strength. This makes the corresponding denominator

lAki tend to be of larger magnitude, while also making the term within the exponential

a smaller magnitude negative number. The exponential terms thus make the probability

calculation tend to favor the filter tuned for harsher trajectories when the residuals from

several filters are of similar magnitude. However, the leading coefficient will be smaller

for the larger lAkI and should counter the exponential. This particular trait of the prob-

ability calculation is suspect when the "wrong" elemental filter is selected, in a particular

application [8, 9, 18] and various "fixes" can be used. For example, Stevens [9, 18] sug-

gested removing the leading coefficient on the calculation of the conditional probability

density that goes into the computation of the hypothesis conditional probability, Pk, via

Equation (1.1) for a problem that caused the MMAE to show an artificial bias towards

elemental filters with small lAM.. This suggestion may not be useful since, in the class of

problems of interest in this research, one would like to enhance a bias toward elemental

filters with small lAki. The presence of the determinant in the leading coefficient would

tend to counter the empirically observed sluggishness of the MMAE in returning to a

benign-model elemental filter when a target vehicle stops maneuvering. However, an as-

sociated concept, called "maximum entropy" design, alters both the leading term and the

exponential term by setting Ak to I in all filters (due to lack of confidence in the filter

computed Ak values, the impact of Ak is thereby removed). This may, in fact, prove

useful in reducing the sluggishness of returning high probability to a benign-model ele-

mental filter when a target stops maneuvering. Removal or non.emoval of the coefficient,

and maximum entropy design, combined with use of elemental filters with nonoverlapping

acceleration PSDs, should provide sufficient design freedom to improve tracking.
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1.3.4 Vary Lower Bound on pk. A particular problem of MMAE application is

that when the Pk of the kth elemental filter gets very small, it can-get locked onto zero

(or essentially zero) even ifthe real world situation becomes such that this pk value should

increase. Since the Pk of the previous time frame is used iteratively in Equation (1.1):to

calculate the Pk of the currenttime, once it becomes zero, that elemental filter is essentially

off-line for all time. This has been remedied by placing an artificial lower bound on the Pk.

The lower bound is varied or even eliminated, and the sensitivity of performance to lower

bound values is portrayed. Muravez [13] suggests a semi-Markov probability propagation

as an alternative to the lower bound. In the thesis, the probability is calculated after
measu.rement update, at t+ . The same probability is used at t' 1 ' In the current thesis,

the probability is calculated after measurement update at tt. The same probability is used

at t-1. In the Muravez presentation of the adaptive leariting theory of Moose and Wang,
the probability at t'+ is calculated as pk(ti ) = [Tk=k - Tk$]pk(ti+ ) + Tk#, where Tk is

the transition probability of true system dynamic parameters not changing during sample

time interval and is determined empirically. The Tkok is the transition probability of true

system dynamic parameters changing during sample time interval and is [1 - Tk=kl[j - 11

with j being the number of elemental filters in the MMAE. This is investigated.

1.4j Text Overview

The structure of an MMAE is described in Chapter II. Chapter III describes the

the truth model needed to generate the true values of the states to compare to the filter-

estimated values. The calculations required to simulate the output of the FLIR detector

that will be the input to the tracker algorithm used are also outlined. Chapter IV dis-

cusses the tracker algorithm which is composed of the enhanced correlator and linear filter

algorithms. The correlator manipulates the input data from the truth model so that lin-

ear filter models can be used to process the correlator outputs. Chapter V details what

filters are used in the various MMAEs. Tuning techniques are discussed and final results

are also presented. Chapter VI gives the results of the similar studies conducted with a

MMAE with elemental filters that are all first order. Finally, Chapter VII presents the

final conclusions and recommendations for further study into this fruitful area.
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I1. Theory

2.1 Introduction

This chapter reviews the basic structure of the MMAE. Features pertinent to this

investigation are highlighted. Full mathematical development of these concepts is found

in Maybeck [8:130].

2.2 The Multiple Model Adaptive Estimator

The Kalman filter (KF) is a predictor/corrector algorithm. In the predictor function

a model that describes the true system dynamics is propagated through one time increment

producing an estimate of states of interest of the true system. In this thesis the true system

dynamics are those displayed by the airborne target being tracked. The states of interest

are the target's position, velocity, and acceleration and the apparent motion of the target

due to atmospheric jitter. Certainly in this application many parameters describing the

dynamics of motion of the target are unknown or can change over time. The target or

its potential dynamics will not be known exactly a priori. However, there is a physical

limit on the range of the dynamics a tracker can be expected to see. This range of possible

dynamics is described by a parameter vector a. This vector is discretized over its continuous

space into j distinct models. Each of these j parameter vector values is embedded into

the predictor portion of an individual KF called an elemental filter. That is, the vector

ak; k = 1, 2,. . ., j; determines the coefficients of the differential or equivalent discrete-time

difference equation upon which the KF is based:

x(t) = F(t)x(t) + B(t)u(t) + G(t)w(t) (2.1)

F(t), B(t), and G(t) are the dynamics, input distribution, and noise distribution matrices,

respectively, where the coefFcints will be placed. x(t) is the system state vector and u(t)

is the deterministic control lupu, vector. The zero-mean white Gaussian noise, w(t), has

strength E{w(t)wT(tI)} = Q6(t - t') Since this investigation is done with simulations on
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a digital computer, the equivalent discrete-time difference equation is used

x(t,) = 5(ti+i,ti)x(ti) + Bd(t)u(t)+ wd(ti) (2.2)

where -(ti+ 1 , ti) is the state transition matrix and Bd(ti) = ft ti+l P(t+1 , r)B(r) dr. The

input vector, u(ti), is piecewise constant: u(ti) is computed and held constant over the

ensuing sample period. The vector, Wd(ti) is a zero-mean white Gaussian noise process

with covariance kernel E{Wd(ti)Wd'(t)} = Qd(ti)6ij where:

Qd(ti) = , l '(tj+j, T)G(r)Q(r)G T (r)i T (t,+I, r) dr (2.3)t

The elements of the equivalent discrete-time difference equation are placed in the KF

equations for the conditional mean state estimate and error covariance [7:275]:

C(t7) = P(ti,tjj)R(tt 1) + Bd(t4-1)U(ti-1) (2.4)

P~ ' tt- $Pt_) Tt,-) + Qd(t4-1) (2.5)

where the minus sign in the superscript denotes propagation up to time ti, but before

the measurement update that will happen at time ti. There will be an elemental KF for

each equivalent discrete-time difference equation model. A different model results from

each discrete parameter vector chosen. The conditional mean used to estimate the state

is R(ti ). The conditional covariance of the state (and the error in using the conditional

mean to estimate that state) is P(tf-). The initial conditions are [7:207,209]:

x(to) = E{x(to)} = xo (2.6)

P(to) = E{[x(to) - *o] [x(to) _k oT} = Po (2.7)

Each of the elemental filters is corrected at time ti with the same update equations

that are based on a simulated discrete-time measurement process. The model of the

measurement is:

z(ti) = H(ti)x(ti) + v(ti) (2.8)
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where z(ti) is the m-dimensional measurement vector, H(t1 ) is the output matrix, and v(ti)

is a zero-mean white Gaussian noise .process, independent from Wd, and with covariance

kernel E{v(ti)vT(ti)} = R(ti)6ij. The estimate of the state vector is updated' y-defing

the KF gain K(t) and. using it to find the new meaL and covariance [7:217]:

= R(t7) + K(t,) [z - (2.9)

P(t+) = P(t7) - K(tj)HP(q7) (2.10)

K(ti) = P(tf')H T [HP(ti)-HT + RI] -  (2.11)

where the plus sign in the superscript means after the measurement update.

In this investigation, the uncertain parameters are allowed to affect 4i and Qd. In the

simulation, the measurements are created by the truth model portion that will be covered

in Chapter III. The elemental filter models are discussed in Chapter IV

The elemental filters are tied together in a MMAE as in Figure 1.2. In this configu-

ration each of the j elemental filters propagates one time increment, producing an estimate

of the states, ick(t7') for each k = 1, 2, ...,j. Then the measurement update is performed

with the single measurement, z(ti), and a residual, rk(ti), is calculated for each:

rk(t) z(ti)- Hk(ti)Rk(t) (2.12)

Now the MMAE can make an adaptive estimate of the state based on the characteristics

of these residuals. A hypothesis conditional probability is calculated for each elemental

filter, producing pk(ti):

,1 .exp _ rT(tj)A-1 (tj)rk(ti)1 po~i-1)
pk(ti) = (2,)"YlAkOlFk" (2.13)

Eq I [(2,r)' Ag(t,,lF exp 1 2 r1T(tj)A91(tj)rq(ti)1 pg(ti-1)]

where Ak(ti) is the kth filter's computed residual covariance:

Ak0) = Hk(ti)Pk(t )HW(t) + Rk(ti) (2.14)
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is the kth filter-computed residual covariance, and m is the number -of measurements,

For this thesis, m is two, and the "measurements" are x and y position offsets in the

FLIR image plane computed by the enhanced correlator. The sum of the probabilities is

1, ~=j pg = 1, because of the- divisor in Equation (2.13). The probability calculation

is recursive. Since the current probability calculation includes the previous value, if the

probability for any filter, pk, goes to~zero at-one sample time, that probability will remain

zero for all subsequent time increments. Tactics to prevent this lockout of a filter are

varied [8:130][13:18]. The one used by previous AFIT theses [5, 6, 14, 15, 19, 20] is the

lower bound mentioned in Chapter I. Each Pk is set to the lower bound if its calculated

value is below that bound. Then the denominator in Equation (2.13) is recalculated so the

sum of probabilities will still be one.

The state estimate for the MMAE after measurement update is then:

iRtt)= L k4R +)  (2.15)
k=1

and similarly for the estimate at ti'. This is called a Bayesian estimate.

A variation on this is the maximum a posterior (MAP) estimate. In this case, the

probabilities are calculated as in Equation (2.13) and the MMAE estimate is set equal to

the xk(ti) corresponding to the largest computed probability, pk(ti).

The MMAE makes the adaptive estimate of the state based on the characteristics

of the residuals. It is important that there be significant differences between residuals

from the elemental filter designed for a specific trajectory and the other elemental filters.

Therefore, the correct elemental filter will be selected, that is, have the largest pk(ti). Two

things contribute to distinctive residuals among the elemental filters. First, the model

upon which the filter is based must be specific for an expected trajectory. This is key

to this thesis using second-order filters. Each elemental filter is designed for a trajectory

displaying a specific range of acceleration frequency content. For example, how fast the

plane responds to stick input will contribute to the frequency content of the resulting

trajectory, as in the trajectory an air superiority aircraft versus that of a cargo plane.

Second, the filter must be tuned specifically for the expected trajectory. If pseudonoise
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is added, as -in conserVative tuning practices with nonadaptive -ilters [7:339], it dan blur

the distinction between residuals of competing filters in the MMAE structurej aild thereby

incapacitate the adaptive mechanism of the MMAE algorithm. [8:133].

2.3 summary

This chapter discussed the basic function of the MMAE with emphasis on the parts

that are investigated.
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III. §lhth Model

3.1 Introduction

The truth model is an accurate representation of the real- world. Complete or not, it

must include all aspects the researcher deems necessary for what is to be investigated. In

this research the truth model must do two things:

1. Determine the true position, of the target image in the FLIR detector. The FLIR

detector is the array of 8-by-8 infrared (IR) sensors used to look at the IR signature

of the airborne target. The true position is used to determine how well the tracking

algorithm works. The model to generate this true position is outlined in Section 3.2.

2. Provide the measurements for the tracking algorithm to use as input. The mea-

surements are the average intensity of Ik radiation seen by each of the 64 pixels.

To generate this, the apparent location of the target is found. The apparent lo-

cation is the sum of the true target position and the apparent positi6n jitter due

to atmospheric distortion of the IR wavefront. Section 3.3 discusses the mbdel of

atmospheric distortion that causes apparent target motion. Section 3.4 shows the

augmented model. Generation of the measurement model is outlined in Section 3.5.

3.2 Deterministic Target Motion Model

The position of the image in the detector plane is due to:

1. true motion of the target

2. the "jitter" caused by distortion of the Ik wavefront as it travels from the target to

the detector plane.

The target is maneuvering in an earth-centered-earth-fixed frame that has been tradi-

tionally called an inertial frame. The origin can be defined at the FLIR detector. The

trajectories used in the investigation are created in this frame. The velocity vector must

then be transferred from the inertial frame to a velocity of the image in the FLIR detector.

As discussed later in the chapter, the truth model must generate the simulated target IR
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Figure 3.1. The Inertial Frame.

intensity pattern. To this end, the hotspot locations in the body frame of the target craft

are projected into the detector plane, as well.

3.2.1 Trajectories in the Inertial Frame, Several trajectories are used in this inves-

tigation. They are created in an inertial frame, (ey, ely, e,) where I means inertial frame

and the x, y, or z denotes one of the directions. The origin is at the center of the FLIR

detector, as in Figure 3.1. The e1x axis is due north in a plane tangent to the earth's

surface at the FLIR detector. The ely axis is perpendicular up from that plane. The e.,

axis is the third of the right hand set and so points east. The trajectories are created by

giving a starting position and an initial velocity. The trajectory is propagated as a position

vector in the inertial frame, pr whose value is:

PI(ti) = P1 (ti-1) + vAt (3.1)
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The following values are common to all trajectories finally used

p1x(to) = 3000 meters

vl-(to) = -1000 meters per second

a,.(to) = 0 meters per second2

pxy(to) = 0 meters

vi,(to) = Aw cos (4) + B meters per second

apy(to) = [vIy(to + At)-v(t 0)]/At meters per second 2

p1_(to) = 20000 meters

V1z(to) = 0 meters per second

alz(to) = 0 meters per second2

where p, v, and a are the position, velocity, and acceleration of the target. The air-

borne target stays at a constant altitude with constant velocity in the negative x direction

throughout the 6 second simulation. The motion dynamics are introduced in the y-direction

via:

v,1y(t) = Aw cos (wt + 4) + B meters per second (3.2)

The amplitude of the cosine wave, A, would vary, limited by the maximum acceleration

the manned target would pull. This acceleration due to the sinusoidal velocity can also be

written:

a1y(t) = Aw 2 sin (wt + 4) meters per second 2  (3.3)

The bias (B) and phase (4) variables are used in more elaborate trajectory construction,

for example, creating a target pulling a jinking maneuver in the velocity domain so that

it will not have discontinuities in acceleration.

3.2.2 Translate to the a-fi-7 Frame. The velocity vector in the inertial frame must

be projected onto the FLIR detector plane. To do this, an a-fl-/ frame is introduced as in

Figure 3.2. The line of sight (LOS) vector from the detector to the target coincides with

the positive e., axis, a is the azimuth angle measured east from el. to the projection of

the LOS vector onto the e1,-e1 z plane, and P3 is the angle down to the el.-e, plane from
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Figure 3,2. The Alpha-Beta Plane. This perspective is from the back of the detector.

the e. axis. From this definition and Figure 3.2, a is [3:32]:

e(t) = arctan (P-,(t) (3.4)

The velocity comes from a simple derivative:

1 1 [P5'()PI(t) - P_ (t)P x(t) (3.5)S+p,(t)/Plx(t)]2 ~ ~ )"

V__ )P't - VI'(t)PIZ(t). (3.6)
- rh(t)

where rh, the horizontal range to the target, is the length of the projection of the LOS

vector onto the horizontal plane of el, and e1.:

,(= /(t) + p (t) (3.7)

Similarly for P3 [3:33]:

fl(t) = arctan \ rh 1) (3.8)

(3.9)
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I i,(t)rh(t) -P, (t) h(t)1  ( .Ao)
1 f) [p)(t)/rr(t)](t) 2

= v-) ,h(t)-(fh(t)pI(t) (3.11)

where r is the range to the target and is given by:

(t)= p(t) + p 2(t) + p(t) (3.12)

and:

1 [i) = ) + plt)]- 2 [2,()p, (t) + 2P1,(t)p 1,(t)] (3.13)

v1 ()p 1'(t) + vy-(t)p,,(t) (3.14)r h(t)

At time tf, the center of mass of the target is at a position defined by a(tt) and

P(t). The superscript plus means just after the measurement update of the KF. This

shows up as an image at the center of the detector, (PD(t + ),PDY(tt)), where the subscript

D denotes the detector plane. The detector is two dimensional, with the (eDX, eD) frame

origin at the center, positive eDX pointing to the right from behind the detector, and pos-
itive eDY pointing down. During this time incr .nent, At = t-1 - tt, the target will move

to a new position in inertial space and the image will translate across the detector. The

new position of the image is defined as pDX(t+),pDY(t,+l). It is found by converting the

velocity in the a-P3-y frame to a velocity in the detector frame with the pixel proportion-

ality constant, L, the detector is designed to have. The constant used in this research is

20 microradians per pixel. For example:

(rD~i4D p~ (tfl ((t4- a(ttf)) /.L (3.15)

PD.(t+,)-pD.(t,) _1 (t+,)-C1(,+) 1 (3.16)
At tL t
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PDX(t1)= At [&(ti)IL] + PD.(ii) (3.17)

A similar relationship exits for PDy and Pt. The angular velocities, scaled by-the pixel pro-

portionality constant, become the velocity control inputs for the truth model propagation.

This purely deterministic model for true target dynamics is put into state space

form based on tradition (Mercier started with a first-order Gauss-Markov model for target

dynamics in the truth model [11:9,11]), to allow for possible future additiou of a stochatic

term to this deterministic model, and to allow augmentation to the already stochastiz

atmospheric state space model. The state space form of the mathematical model for the

true target motion is:

ktm(t) = Btmutm(t) (3.18)

=tmx(t) utm.(t) = &(t)/L (3.19)

itmy(i) Utmy(t) ] (t)!LJ

from the initial condition, xtm(to) = xo. The variables xtmx and xtmy are the truth model

states representing the position of the target centroid in the detector plane due to the true

motion of the target in its tiajectory. The subscript t denotes the truth model state. The

subscript m means due to actual motion of the target. The initial conditions are arbitrarily

chosen to be 3 pixels in each the x and y direction in the detector plane. The input matrix

is Btm and is 12x2. The system dynamic matrix, Ftm, is 0, making the state transition

matrix, 'Itm(t, to), equal to 12x2. The continuous-time solution is [7:40,42]:

Xtm(t) = 4'tm(t, to)Xtm(to) + j -tm(t, r)B(r)utm(r) dr (3.20)

Since this will be simulated on a computer, the equivalent discrete-time system model

of this continuous-time model is needed. The deterministic input is made a piecewise

constant function. Then, using [7:171]:

Bdtm = It1 m(ti+j,T)Bjm(T) dr (3.21)
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Figure 3.3. Mathematical Model for Atmospheric Jitter. [11:12]

the difference equation is:

Xtm(ti+i) = Ptn(ti+, ti)xtm(ti) + Bdtm Udtm(ti) (3.22)

X=mx(ti+i) I = xtmx(ti) 1 At 0 1 [ (3.23)SX"mo(ti+i) Xmy(ti) 0 At [(tj)/L
The subscript d denotes the equivalent discrete-time model. The initial conditions are

defined as in the continuous-time case.

3.3 Atmospheric Disturbance Model

The image of the target in the detector frame will undergo apparent motion due to the

IR wavefront propagating through the atmosphere. The model used for this was developed

by The Analytical Sciences Corporation and was first discussed by Mercier [11:10]. As

with the true target dynamics above, a mathematical model is devised. It is transformed

to state space form as a differential equation, but stochastic this time. The equation is

solved so the equivalent discrete-time form is written for implementation in the simulation.

The mathematical model for atmospheric jitter is a three-state linear shaping filter

driven by unit-strength, zero-mean, white Gaussian noise as in Figure 3.3. The poles and
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other important parameters are:

ata = 14.14 radians Per second

bta = 659.5 radians per second

Ifta = 0.382109544 Uta

ata = 0.447

The variable, ota, is the standard deviation of the output, yta. The subscript a refers to

the atmospheric model. Mercier calculated the gain Kfta [11:76]. He developed the Jordan

canonical form of the state differential equation used in the following equations [11:73].

The jitter effect is assumed independent of the direction of interest in the detector

plane, so the state-space model is developed independently in each eDX and evy direction.

The stochastic differential equation (in the less rigorous white noise notation [7:163,204))

for the x direction is:

=tax(t) Ftaxxtax(t) + Gtawtax(t) (3.24)

Xtai(t) -a 0 0 Xtai(t) Kab2 /(a - b)2

ita2(t) = 0 -b 1 XWa2(t) + -Kab2/(a - b)2 Wtax(t) (3.25)

Xta 3(t) 0 0 -b Xta3(t) J Kab2/(a - b)

with an output equation of:

yta(t) = Htaxt.a(t) 1 1 0 Xta 2() (3.26)

[Xta3(t)J

Subscripts 1, 2, and 3, refer to the states related to the poles, a and the repeated b.

Since the Ftax is time invariant, 'Pt=(ti+Iti) depends only on the time increment,

At. The solution is the inverse Laplace transform of the resolvent matrix [7:42] and is:
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exp(--aAt) 0 0

4Ptax(At)= 0 exp(-bAt) Atexp(-bAt) (3.27),

0 0 exp(-bAt)

A similar development is done for the detector y-axis. The resulting matrices, Fray,

Gtayj, Htay, and 4!ay(At) are all equal to and augmented to their x-axis counterparts:

*ta(t) = Ftoxt,(t) + Gtawt,(t) (3.28)

Fax(t) Fax 033 Xta(t) + Gax 030 Wtax(t) (3.29)

ktay(t) 0 3x3 Ftay I Xta(t) I 03x3 Gta, Wtay(t) J
The white noise process for the y-axis has the same statistics as that for the x-axis described

above. The output vector, Yta, is given by:

y = ( [) Ytax(t) 1 Hta 010 Xtax(t) (3.30)Y~ay(t) 1 10 Htay Xtay(t)

The augmented state transition matrix is:

) tax(At) 0333
03x3 Itay(At) ]

Using the state transition matrix, the equivalent difference equation is written:

Xta(ti+i) = Pta(At)xta(i) + Wdtaq(ti) (3.32)

where the white Gaussian dlscrete-time stochastic noise process is a vector of dimension

six with mean and covariance given by:

E{Wdtaq(ti)} = 0 (3.33)

E{Wdtaq(ti)Wdtaq(tj)} = Qdta(ti)6ij (3.34)
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where the covariance depicting-the strength of the discrete-time noise-is:

Qdta(ti) = ti+- r)Gt,(r)Qt(r,)G-()4 t.(til-i r). dr (335)

The computation of the elements of the 6-by-6 covariance matrix is outlined by Jensen and

Harnly [3:Vol. 2, p. 21].

In fact, the simulation is done with unit-strength white noise which is scaled by

the Cholesky square root of the covariance matrix found above, / QiIj [7:370]. The

discrete-time simulation model is:

Xta(ti+l) = Pta(ti+l - ti)Xta(ti) + Qdta(ti)Wdta(ti) (3.36)

with the output matrix Hta described above, and Wdta being a readily simulated zero-mean

white Gaussian noise of covariance equal to the indentity matrix.

3.4 Augmented Discrete-time Model

The deterministic process describing the true target motion is independent of the

stochastic process describing the apparent target motion. The two are augmented into an

eight-state model:

=t~ii (3.37)
xta(ti+i)I

• ,. t o 6 xt (d 2 ox6 o2x1

4tn (At) OWx6 Xtm (4) ] + BdtmUdtm(ti) + [ 02A [ a)

06x2 'Pta(At) Xta(ti) 06x2 I Wdt°@

with the output equation:

=t [ Ytx(t) 1 -Htm Hta 1 Xtm(t) ](3.38)
yt,(t) j Xt[a(t)J
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Figure 3.4. Simulated Target. The target body frame is noted; the third axis is into the
paper through the center of mass. The center of mass is the cross-haired
circle. The hotspots are the empty circles. The approximate position of peak
intensity due to the hotspot pattern is marked by the square.

3.5 Measurement Model

The output of the detector is a set of voltage levels that represent the average intensity

of the IR radiation impinging on each of the 64 IR sensitive pixels in the detector. The

output intensity is simulated by the truth model to be the input for the tracker. This

simulation is done in three steps:

1. A target shape must be decided upon.

2. The IR signature of that target is simulated.

3. The image that signature would make on the detector is simulated. This image is

calculated at the end of each target motion propagation cycle.

The target is shown in Figure 3.4. The target body frame is (eBx, eBy, eBz). The eBX

axis is out the nose of the plane. The sideslip angle and angle-of-attack are assumed zero

so that eB. is also along the velocity vector. The y-axis, eBv, is to the right side. The last

axis points out the underside of the fuselage. The target center of mass is at the origin.

The target irn Figure 3.4 shows the center of intensity not colocated with the center

of mass. Chapter IV will show that the MMAE tracks the center of intensity in the FOV.

The truth model simulates the true location with the center of mass of the target. As
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Tobin points out [20-137], the distance between the centers is 0.333 meters in the body

frame. At the range of 20000 meters, this represents a distance of 0".8325 pixels on -the

detector plane in the eDX. Since the error is defined as tie estimate from the MMAE minus

the position from the truth model, this distance should appear as a bias in the x-position

error plots as described in Section 5.2.

The IR signature is sufficiently described with the location of the hotspots of the

target. These are the spots that produce the greatest amount of IR radiation and are

described in the target frame. Three hotspots are assumed and their locations in meters

are:
Hotspot pjx PBY PBZ

1 1 0 0

2 0 0.5 0

3 0 -0.5 0

The simulation of the IR radiation from the target on the detector is more complex.

Mercier decided the intensity of a single hotspot image on the detector can be represented

by a bivariate Gaussian function [11:5-7]. According to Jensen and Harnly [3:6,7], for the

range and type of targets in this simulation, this function has elliptical constant-intensity

contours, with the semimajor axis along the direction of the velocity vector in the FLIR

image plane. According to Rogers [16:36] and Suizu [19:11-21], the intensity function for

a target with three hotspots is the sum of the bivariate Gaussian intensities due to each

hotspot.

Being a Gaussian function, three things are needed to define the intensity for each

hotspot, the center, the maximum magnitude, and the covariance matrix. The center of

each intensity function 1L the hotspot location in the detector frame. The diagonal elements

of the covariance matrix represent the spread of the function. The spread determines the

image size in the detector plane. The intensity function in the body frame is:

2 01-

1 = Ima., exp( X[ XXcen YYcen X - Xcen (3.39)
[ 01 [ - Ycen J
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The covariance matrix elements are a, and a,. One is in the direction of the projection

of the inertial velocity vector onto the detector plane (the v subscript). The other is

perpendicular to that-in the detector plane (the pv subscript). These' two Values define the

aspect ratio (AR) of the target; AR = a/opv. The AR is one for the reference taxget 'in

the inertial frame for these simulations [20:44]. The hotspot location is '(Xcen, Ycen). The

maximum intensity of each hotspot, 'ma, is given a value of 20 which makes a signal-to-

noise ratio (SNR) of 20 [3:62,68,148] [20:77]. The signal to noise ratio is Imax over the

RMS value of the measurement noise.

The average of this function over the area of each pixel is the output for that pixel due

to this single hotspot. Rather than integrate the function, the average is approximated:

1. Divide the pixel into a 5-by-5 array of subpixels;

2. At the center point in each of the 25 divisions calculate the value of the intensity due

to each of the three hotspots and sum the three values;

3. Sum the 25 values and divide by 25.

The output vector is then the sequential listing of these average intensities for the 64 pixels.

To make the intensity calculations during each time increment, the current (Xcen, Ycen),

a , and I are needed. In the case of the covariance elements, a reference value for each,

0 and 02 is selected for a nominal target hotspot at a given nominal range, ro, to the

target in the inertial frame. New covariance values are calculated from the reference and

the change in range and orientation of the target from the nominal values at each time

frame.

The hotspot locations in the target frame are translated to a position in the detector

plane using the fact that the target axis, eBx, is in the same direction as v, and the

velocities have already been defined for all frames. This is outlined in Jensen and Harnly

[12:37].

The output of the detector is, of course, corrupted by noise. The dominant source is

the background radiation that hits the detector with the radiation from the target. Jensen

and Harnly investigated the statistical nature of this background noise and concluded that
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Figure 3.5. Correlation Coefficients for Pixel 28.

it is spatially correlated [3:19]. For the pixel size used, that correlation extends to the

second pixel from the one of interest. The pixels are numbered 1 through 64 as shown

in Figure 3.5 along with the correlation coefficient pattern of pixel 28. The correlation

coefficient between 28 and the rest of the pixels not in Figure 3.5 are 0. This pattern of

coefficients will be repeated for every pixel in the detector and gives the elements in the

64-by-64 matrix of coefficients. That is, I is in position (28,28) and 0.3679 is in positions

(20,28), (28,20), (28,29), (29,28), (28,36), (36,28), (28,27), and (27,28); and so forth. This

matrix of coefficients is multiplied by the appropriate variance to make the measurement

error covariance matrix, Rt. As with the noise for the atmospheric distortion process

of Section 3.3, the simulation generates a 64-element vector of unit-strength white noise,

v'(ti), that is scaled with V-Et to make the measurement noise, vt(ti) = Vitv'(tj). The

appropriate statistical description is:

E(vt(ti)} =0 (3.40)

E{vt(ti)v(tj)} = Rt(ti)6ij (3.41)

The measurement handed off to the tracker, zt(ti), is then the 64-dimensional output

intensity vector plus the noise, vt(ti).
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3.6 Summary

This chapter has presented several models that will create the real world for the

simulation. The target and its trajectory through the atmosphere were described. The

measurements from the detector array were simulated. And finally, atmospheric jitter and

the spatially correlated background noise and their effects were discussed. The parameters

used for the models discussed in this chapter are compiled and presented in Appendix A.
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IV. Filter Models

4.1 Introduction

Chapter III presented the truth model, which is the representation of the enViron-

ment from which the measurement vector, z(ti), is generated. This vector is a series of

intensities, each representing the amount of IR, radiation impinging on one pixel. Using

this measurement vector directly would require a nonlinear update in the Kalman filter

tracking the target. Rogers developed a hybrid enhanced correlator/Kalman filter [16]. A

new measurement vector is created such that the measurement update in the Kalman filter

is linear. This reduces computational loading [16:52].

First, the enhanced correlator and filter measurement model are discussed. Then the

filter models and KF equations are given. Finally, template generation is outlined.

4.2 Enhanced Correlator

The enhanced correlator is an algorithm that correlates the current array of noise-

corrupted intensities with a template generated as an average of the past ten centered

arrays. It does this to find how much the center of mass of the current intensity has

moved from the center of the detector due to the target motion over a sample period,

as simulated by the propagation cycle of the truth model. The correlation is done on a

24-by-24 array of input intensities rather than the 8-by-8 FOV to reduce the edge effects,

aliasing, and leakage conditions involved in transforming a finite array of numbers [19:111-

15]. The outer 8 columns and rows are filled with simulated data calculated at one spot

in each pixel (rather than at 25 spots and averaged) plus the spatially correlated noise.

Correlation methods were investigated by Miliner, resulting in the correlation being

done in the frequency domain [12:96,150][16:53,131]. A Fourier transform is taken of the

current data, D(ti), and the smoothed data in the template, S(ti- 1). The conjugate of

the transformed S is multiplied by the transformed D. Then, the inverse transform is the

cross correlation matrix, R,:

R(ti) = -1 [.[ (S(x, y))* .F (D(x, y))] (4.1)

4-1



This matrix, A, is an array of numbers, the magnitude of which represents the amouit

the elements in that same position in D and S resemble each other. Since the inputs were

Gaussian, the result, A, shows a spatial Gaussian spread in the magnitude of its elements.

The offset of D from the template, S, is the offset of the peak of the Gaussian in R from

the center of the array.

Before the peak location is found, the array is smoothed somewhat by a thresholding

step. The threshold level was investigated by both Rogers [16:111] and Millner [12:78,96].

Millner's value of 0.3 is selected. The maximum magnitude of the 24-by-24 elements is

found. Then each element that is not at least 30% of that magnitude is set to zero.

This is to smooth out the array so local smaller peaks due to noise won't corrupt finding

the location of the peak that is due to the actual target intensity. The peak location is

estimated with a centroid summation rather than a peak detector [12:82]. The form of this

is [16:62]: iA j

Zpeak - - (4.2)

where i is the horizontal coordinate of each of the array elements and Ai is the magnitude

of the correlation in that position. Similarly, Ypeak is found. These values, (Xveak, Ypeak), are

the measurements for the update cycle of the elemental Kalman filter. These measurements

are given as:

z [ Xpeak = Hx + v (4.3)

Ypeak

The new measurement vector is zj, Hf is the output distribution matrix, and xf is the state

vector. The subscript f denotes a model for the KF equations. The additive measurement

noise is vj. This noise is white zero-mean, Gaussian and has strength Rf. The description

of Hf and xf will be given as the dynamics models are discussed in the next section.

The two directions are assumed independent so the Rf matrix is diagonal. The values

for this thesis are 0.00436 and 0.00598 pixels2 as used by Tobin [20:65]. A block diagram

representation of the enhanced correlator and linear Kalman filter is in Figure 4.1. Note

that the controller points the center of the FOV at the predicted centroid location using
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Figure 4.1. Enhanced Correlator and Linear Kalman Filter
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4.3 Update Equations

Now that the measurements are the offset, position in the detector plane, alinear

update can be done. The update equations for each elemental Kalman filter are:

*(t + ) = R(t-) + K(t) [zf-H f ] (4.4)

P(-t+) = P(t-) - K(ti)HfP(t-) (4.5)

K(ti) = P(t-)HT [H P(tT)HT + Rf] (4.6)

where the matrices are described in Chapter II. The Rf is described just above, and Hf

will be presented when the filter models are established in Section 4.5.

4.4 Propagation Equations

The Kalman filter consists of update equations and propagation equations. The

propagation equations predict the position of the target in the detector plane at the end

of the next 1/30 second sample period. The propagation equations based on an equivalent

discrete-time model are:

S(t,+,) = 4If(ti+iti)R(tt) (4.7)

P(t4.1 ) = f(ti+i, i)P(t)ff(ti~,ti% ) + Qdfti) (4.8)

where the state transition matrix, ,Pf(ti+', ti), will be presented with the filter models in

Section 4.5.

It is during the propagation cycle that control is applied. The detector is pointed so

the center of the FOV points toward the estimated target intensity location. This is done

at each sample time by redefining the upper left corner of the FOV to a value that puts

the estimated target position, (irnx,13my, at the middle of the screen. The subscript m

denotes true target motion. It is assumed that the controller can accomplish such pointing

perfectly in 1/30 second.

Appropriate models for the target dynamics are developed now to find the matrices

needed by the KF equations, 4,f(ti+1 ,ti), Qdf (ti), and H1 .
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4.5 Dynamics Models

Models are developed to describe the atmospheric jitter and the, target acceleration

process. From these models, the appropriate matrices for the KF equations are generated.

The models are described in the continuous-time domain, then the equivalent discrete-time

version is found.

4.5.1 Filter Atmospheric Models. The atmospheric jitter for the filter equations is

modeled as a stationary first-order Gauss-Markov process. This is the output of a first-

order lag driven by white Gaussian noise of strength q [7:184]. The differential equation for

the first-order lag modelis b(t) = (-1/T)x(t)+w(t) with noise described with E{w(t)} = 0

and E{w(t)w(t + r)} = q6(r) where q = 2U2/T. The correlation time is T and the mean

squared value of the output is or.

The first-order lag model is used as the atmospheric model independently in each

direction in the detector plane. The state vector is:

Xfa(t) = [ (4.9)

where the variable p is jitter position in the detector plane. The subscripts f and a denote

the model is for the KF equations and is modeling the apparent motion that is due to the

atmospheric distortion. Of course, x and y are the directions in the detector plane. The

time-invariant Ff a matrix is:

Fja [ lITa 0 (4.10)
0 -Z/T.Ia

The noise input matrix, Gia, is 12x2, and the covariance matrix for the vector of white

Gaussian zero-mean noise is:

Qfa= l (4.11)
0 2af a/Tf, J
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The difference equation for the model of atmospheric jitter is:

Xa(ti+l) = 'a(At)Xa(ti) + Wdfa(i) (4.12)

The state transition matrix is:

4fa(At) = -Atex0 e 0 (4.13)
exp{ J

The discrete-time noise, wdfp(ti) is :ero-mean Gaussian and has covariance Qdfa where

the subscript d denotes discrete-time. The covariance is found as:

Qd a(ti) = ],,1 Ofa(ti+1 -_ )Gf (r)Qfa(T)GT(),pT(ti+ - r) dr (4.14)

This gives:

[.2. [expzAif 0]
Qdfa -f- Tf (4.15)[ 0 afa [I.x{~-} j

The appropriate values are TY a 0.0707 seconds and oa = 0.2 pixels2 in each direction

on the detector plane.

Recall the jitter is created in the truth model with three states. In the interest of

keeping the number of states down, the filter tracks only the dominant single pole at 1/Tfa

or 14.14 radians per second. Note the output jitter variance is the same for both models.

4.5.2 Acceleration Models. Two kinds of acceleration models are developed. The

acceleration can be modeled as a first-order Gass-Markov process, leading to three filter

states for each axis in the detector plane. This acceleration model has been implemented

many times before [6, 20, 5]. Or the target acceleration can be modeled as a second-order

Gauss-Markov process, resulting in four filter states per axis.

4.5.2.1 First-Order Gauss-Markov Acceleration Process Model. The first-order

Gauss-Markov model is described for the atmospheric model above. The development is

similar for the acceleration process except that two additional states are needed for the
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velocity and position. Now the model looks like:

b(t)=v(t)
i(t)=a(i) (4.16)

4(t)=(-1/T)a(t) + w(t)

where the noise is zero-mean with strength of q = 2 2/T. The state space form of the

differential equation is:

P(t) 0 1 0 p(t) 0

b(t) = 0 1 V(t) + 0 (t) (4.17)

4(t) ] o -1[T a(t) 1

The state transition matrix derived from the time-invariant F matrix is:

At T[ l+ exp -t]
[o(At) 0 1 T 1+exp{-'} (4.18)

0 [ exp{ }

This model is used for both the x and y directions in the detector plane. The filter states

modeling the motion of the target are:

PfMX

P1my

Xfm = MX (4.19)
Vjmy

afmx

afmy J

where the variables, p, v, and a, are position, velocity, and acceleration. The subscripts,

f, m, x, and y show filter model, actual target motion (versus apparent motion due to

atmospheric jitter, with subscript a), the x direction in the detector plane, and the y
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direction, respectively. The Gfm, matrix is:

0 0

0 0

00m (4.20)
0 0

1 0

L0 1J

The dynamic driving noise is a vector with the covariance matrix:

2c7~I~ 2 0 1
Qfm = [ 0 2orfm/Tm1(.)

The discrete-time difference equation is written:

xfm (ti+i) = Pfm (At)xfim(ti) + Wdf m(ti) (4.22)

The appropriate state transition matrix is:

'Pfm(At) =(4.23)

10 At 0 - 1 + 1 exp{ -t)] 0

0 10 At 0 T2m [t -1+ exp{-4.t}]

0 01 0 Tfm [1 +exp{-At}] 0

0 00 1 0 Tim [I + exp{fL}

0 00 0 exp{ 1 A 0 .

S0 0 0 0 0 exp{ -AL}

The discrete-time noise strength is found with:

Qdfm,(ti) = tj 4 fm(tj+i - T)Gfm(T-)Qjm(T)G T r)-T)fm(tj+i - T) dT (4.24)
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yielding:

Qdfm(l) 0 Q4.m(2) 0 Qdfm(3) -0
o Qdfm(1) 0 Qdfm.(2) 0 Qdfm(3 )

Qdfm(4) 0 Qdfm( 5 ) 0 Qdfm(6) 0

o Qdfm(4) 0 Qdfm(5) 0 Qdfm(6)

Qdfm( 7), 0 Qdfm(8) 0 Qdfm(9) 0

0 Qdf m(7) 0 Qdfm,(8) 0 Qdim(9)

These values are [12:57, 164]:

Qdfm(1) = OlmTfm X (4.25)

2A T i At2  
2Tm ex (A,) + 2T,2,mAt -Tf3exp ( -A) + T

Qdf (2) = c72mTim (4.26)

[At2 +Tmtep+Tm 2T2mx (-At (-~2At)]

Qdf (3) = 0,2mTf m [-2At exp (-AtTf m) + Tim - Ti m exp (-2L\tITfm)] (.7

Qdf (4) = Qdf (2) (4.28)

QdJ (5) = ~mTf m [2Lt - 3Ti m + 4Tfm exp -At) - Ti ex ( (4.29)

Qdf (6) = OmTim [1 - 2 exp (-At/Tfm) + exp (-2At/Tfm)I 4.0

Qdf (7) = Qdf (3) (4.31)

Qdf (8) = Qdf (6) (4.32)

Qdf (9) = 0,2. (1 - exp (-2At/Tfm)I (4.33)
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The 8-by-8 Of matrix is block diagonal, with diagonal blocks of Of"' and 4fa.

Similarly, the 8-by-8 Qdf matrix is block diagonal with Qdfm and Qdfa, as diagonal blocks.

Since the estimated position of the target (due to actual motion and apparent motion from

the jitter effect) in the detector plane is the desired output, given the filter state description,

the appropriate Hf matrix is [12x2 0 2x4 12x2]. Thus are the elements of the KF equations

defined. The variables Tfm and ofm are what distinguish the various elemental filters in

the MMAE and will be described as the MMAE is used in Chapter V.

The KF algorithm must start from some initial conditions. Based on these models

placed into the KF equations, the initial condition for the state estimate is:

3

3

utx(to)

f() U(to) (4.34)

Xf@O) (1/At) [Utx(i) - Ut.,(tO)J 4.4

0

0

The estimated position is the same as the starting position of the truth model in the de-

tector plane. The initial velocity and acceleration use the actual control velocity input.

These "artificial" initial conditions allow the filter to avoid harsh initial acquisition prob-

lems. Initial acquisition has been investigated before [20:9,130,145] and is not germane to
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Figure 4.2. PSD Plot for the Output of a First-Order Gauss-Markov Filter. The param-
eters are a = 4800 pixels2 and T = 0.125 seconds

this thesis. The initial covariance matrix is a diagonal matrix. The diagonal elements are:

PI 1 10 pixels 2

P 2 2  
10 pixels2

P33  2000 (pixels/second)2

P44  2000 (pixels/second)2  (435)

P66 0fM

P77  f

The initial values for states 4 through 8 are the expected steady state values. The steady

state covariance values are the variance associated with that first-order process model. The

other four states are given reasonable numbers since they do not have steady state values

[20:78].

The first-order Gauss-Markov acceleration model is a low-pass filter driven by white

noise as shown by the PSD plot. An example of this is given in Figure 4.2 for the case of

or = 4800 pixels2 and T = 0.125 seconds.
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4.5.3 Second-Order Gauss-Markov Acceleration Model. The -acceleration process

can be modeled as a second-order process by driving a transfer function having -two poles

with unit-strength zero-mean white noise [7:185]. Four states for each direction are re-

quired to model the motion. A closed form solution in terms of Variable At for si(At)

is cumbersome so the actual numerical elements of 45(At) for fixed At are evaluated via

Matrixx [2] from the transfer function and placed in the simulation software. A two-pole

transfer function is selected that will model an acceleration process with an appropriate

PSD selected by the researcher. This transfer function can have two real poles or a complex

pair. Matrixx is used to find a state space form with a dynamic driving matrix, F 2x2, an

input matrix, G2UI, and an output matrix, Hx 2 from the transfer function. The 2-by-i

input matrix indicates a scalar zero-mean noise input. The strength of this noise is q. The

two-state acceleration model is augmented with the position and velocity model and the

model is applied to both axes yielding the eight-state state vector:

Pf Mx

P1MY

Vmx

XJm vfmu (4.36)
bf mx

Cfmy
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where the variables b and c are the two states that together generate a scalar acceleration

output. The F8s 8 is:

0100 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 Hi 0 H 12  0

0 0 0 0 0 H/i 0 H 12Fsxs = (4.37)
0 0 0 0 Fh 0 F 2  0

0 0 0 0 0 F 1  0 F12

0 0 0 0 F21  0 F22  0

0 0 0 0 0 F21  0 F22

where the subscript count is the matrix position, row and column, of F2 x2 and Hlx2. Then

O(At) = exp{(1/At)F} is used to find the state transition matrix. The G8x2 is made from

the elements of G2.1 as:
0 4X2

Gil 0

G8x2 = 0 Gil (4.38)

G21  0

0 G21

The dynamics driving noise is now a vector with the covariance matrix, Q2x2. The ac-

celeration process is modeled independently on each axis so this matrix is diagonal. The

diagonal terms, one for each the x and y direction, are input from the researcher for each

simulation. This matrix is given as:

Q2x2 q.=  (4.39)

0 qJ

Rather than perform the integral to find the discrete-time noise strength matrix, Qdsx8,

an approximation is used [7:359]:

Qd [,(At)GQGT@pT(At) + GQGT] At (4.40)

413



Augmentation with the atmospheric- states is done for 4f and Qdf. The proper Hf

matrix is [12x2 02x6 12x2]. Thus, all the elements of the KF equations are given.

The initial estimate of the state vector is:

3

3

Utx(to)

Uty(to)
bjmzo

= (4.41)
bfmvo

CfmyO

0

0

~~imxo ~ = li!(i )] (1/At) [Utx(tl) -(4.42)

if mVO = [Hill (H,21 + H12 )(1 t)[~() - UtX (to))4.3

if myO= [Hil! (H1 + 122)] (1/At) [utx(ti) - uty(to)] (4.44)

af [O- Hi2! (Ifll + H1i2)] (1At) (uty(ti) - Uit,4to)J (4.45)

where the H terms are the elements of the H1x2 determined by the matrix analysis package

from the transfer function model for the acceleration. The initial x-direction acceleration,

afmxo = (I/At) [ut.(t1 ) - uxy(to)], is the same as described in Equation (4.34) and sim-

ilarly for a mj0no. The states b and c together with the output matrix Hlx2 generate the

scalar acceleration output. For example, for the x-axis:

afmx = Hllbfmx + H 2 Cfmx (4.46)

=Hil [Hill (Hi1 + H12)] aj mx + H12 [1112/ ( 11 + H12)] afmx (4.47)

= afmx (4.48)
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and similarly for the y-axis. The initial covariance is block diagonal. The diagonal eiements

are:
P 10

P22  10

P3 3  2000

P44  2000

P55 P56 P57 P58  Pbb, 0 Pbc 0 (449)

P65 P66 P67 P68  0 Pbby 0 Pby

P65 P76 P77 P78  Pb= 0 P. 0

P75 P86 P87 P88  0 Pby 0 Pccy

P99  2j

Poo 012fa

where:
[-2F1 F2 2GG 21 + F22F21q2 + F 1 F 2qxG21]

2bc - F21 F1 2F22 +FF1 F2 2 + F 22F1 I - F1 IF1 2F21] 4.0

Pbb= = [11F11] [qxG 1 - 2F2PbC] (4.51)

= [I/ (2F22)J [-qxG21F2lPb](

[-2FuIF 22GllG21 + F22F2 lq2 + FIIF 2qyG2i]

2bc F 21 F1 2 F22 + F1 F2 2 + R 22F1 I - F1 IF 2 F2 11(45

Pbby = [1/F] [qyGI - 2 ]2Pbcyj (4.54)

Pcoy = [1/ (2F 22 ) [-qy21F2 IPbCYo] (4.55)

The initial values for the terms given by Equatiois (4.50) to (4.55) and P99 and P00 are

the expected steady state values. For the states based on second-order models, the steady

state covariance values are found by solving:

P2 X2 (t) F2x2P 2x2(t) + P 2x2(W)Fx2 + G2xlq2x2G2xl = 0 (4.56)

where the subscript 2x2 denotes calculating for two-state acceleration process only, not the

entire Poxj0 that is calculated in the KF equations.
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Real-Pole Filter Centered at w=2.8
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Figure 4.3. PSD Plot for the Output of a Real-Pole Filter. The poles are at 2.0222 and
5.0.

The second-order filter is a bandpass filter as shown by the PSD plot for the output

acceleration. An example of this for a filter based on transfer function with two real poles

at 2.0222 and 5.0 is given in Figure 4.3. An example of this for a filter based on transfer

function with a complex pair of poles at -. 56 : j.2743 is given in Figure 4.4.

4.6 Template Generation

The array, D(h), defined in Equation (4.1), is incorporated into the averaging process

along with the template S(ti- 1) to form the new template S(i). After the measurement

update, the location of the center of the intensity profile in the x direction is the sum

of states ifin,(tt) and fia~tand similarly for the y direction. This sum is used to

translate the intensity profile in the D(ti) array so it is centered in the array and can be

incorporated into the template where all previous inputs to the template were centered.

The translation is actually accomplished as a phase shift in the Fourier domain [16:1511.

The template is used to give the filter a picture of what the intensity profile looks

like for this target, in what ever orientation it appears. The data used by the filter is noise

corrupted. By averaging several (up to 10) arrays of centered intensity profile data, the

random noise that is quickly changing between each time increment will be reduced, while
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Complex-Pole Filter _Centered at w=2.8
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Figure 4.4. PSD Plot for the Output of a Complex Pole Filter. The poles are at - .56±
j.2743.

the target intensity pattern will. not be, assuming the target shape function changes at a

slower rate. Instead of storing a number of arrays of data to form a true average of the

most recent N sets of intensity profiles, an exponential smoothing algorithm is used. This

algorithm is:

S(t) = aD(i) + (1 - a.)S(t. .-.) (4.57)

The value of the template smoothing coefficient a, is 1 divided by the time increment, i,

i = 12,3, ... , until a, reaches 0. 1. Thereafter, the algorithm is essentially averaging the

previous 10 arrays of data and only the SQti- 1) array is stored rather than all. 10 previous

arrays. Selection of a, is based on work by Millner [12:101,150].

4. 7 Summary

This chapter described the enhanced correlator and how it defines a measurement

vector that allows use of a linear update model. The standard linear KF update and

propagation equations needed for this simulation were presented. Then the filter models

were developed to generate the matrices required in the KF algorithm, including the initial

conditions. Finally, the template used in the enhanced correlator was described. The

parameters used for the models discussed in this chapter are compiled in Appendix A.
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V. Performance Evaluation

5.1 Introduction

The truth model is described in Chapter III. This is the model .f the real world

that creates the inputs for the MMAE. Chapter IV presents the dynamics models for the

acceleration and atmospheric processes that are placed in the estimator. This chapter

describes the actual MMAEs tested and how they perform.

Two kinds of MMAEs are of interest here, one with elemental KFs based on first-

order Gauss-Markov models for acceleration. This has been investigated in various forms

before [6, 14, 20, 5]. The second MMAE has a mix of elemental filters, some based on first-

order Gauss-Markov acceleration models, and some based on second-oider Gauss-Marko,

acceleration models. A Monte Carlo analysis is done for each MMAE so comparisons can

be made on the performance potential of each.

The Monte Carlo analysis technique is described. Several MMAEs are designed.

First, the elemental filters are mixed, that is some are based on first-order acceleration

models and others oIL second-order models. The results of the Monte Carlo study for each

MMAE are presented and comparisons are made. Then in Chapter VI, the MMAEs are

such that all elemental filters are based on a first-order acceleration model. This provides

a basis of comparison, in order to assess the fundamental advantages and disadvantages

of second-order versus first-order acceleration models, i.e., of acceleration models with

overlapping versus nonoverlapping PSD frequency content, in the elemental filters of a

MMAE algorithm.

5.2 Monte Carlo Study

The performance of the MMAEs is evaluated by calculating the errors committed by

the filter in estimating the states. The error is the estimate from the MMAE minus the

state from the truth model. The model for atmospheric jitter is stochastic. Therefore, the

ensemble statistics of that error are needed to evaluate the filter performance. For this

tbesis, a Monte Carlo study is accomplished to get these values. In a Monte Carlo study,

many samples of the error are simulated and the sample statistics are computed [7:329].
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An infinite number of samples are required to get the true statistics of the stochastic

process model. However, usually a smaller number of samples will converge to a value that

is close to the true value. Previous students [11:43J[3:28][1:26,33] have investigated what

this smaller number should be. They selected 20 as showing convergence. Considering the

much longer individual runs required in this thesis (for the jinking trajectory), 10 runs

showed acceptable convergence and still allowed reasonable run times.

The mean error is calculated as [19:V-3]:

N N
2(t) = 1/N-"% [ xt() - :Es(ti)] = /N L e(ti) (5.1)

n=1 n=1

with the variance given by:

1 N N -2(
N) - 1 e2(t) N _ E(t- ) (5.2)

The number of runs in a Monte Carlo study, N, is 10. The mean error is 2(ti) while

the error for one run of the Monte Carlo study at one time, ti, is e(ti). Possible values

of the generic true and filter-computed variables xt and xf are shown in Table 5.1. The

variables of primary interest are the position of the target and position of the centroid

in the detector plane. The velocity and atmospheric data were used to investigate the

,citware. Error statistics are kept at each t- and t+ and for each the x and y directions in

the detector plane. The statistics are presented in two forms, a temporal average from 0.5

seconds to the end of the run or a plot of the data versus ti. The average is started at a

half second so the initial transients do not affect the averages. Plots are available for:

Table 5.1. Errors Kept by the Simulation Software.

Error Calculation

Actual Position of the Target Pyrn - Xtm
Position of the Centroid (Pyr + P1a) - Yt
Velocity of the Target Vim - Ut

Apparent Position due to Atmospherics Pfa - (Xtai + Xta 2 )
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1. True RMS error versus filter-computed RMS error for the actual- position of the

target. The true RMSerror is described above. The filter-computed RMS erroris the

square root of the appropriate disgonal terms, P11 and P22, of the-covariancernatrix

P, as computed with Equations (4.5) and (4.8). Such plots allow for assessment of

how well tuned the filters are.

2. Mean error, J one' standard deviation, plotted at t7 . These include plots of the

actual position of the target and the position of the centroid. The data on the

actual position represents the tracking performance of the MMAE since it is used for

pointing the center of the FOV for the subsequent sample period. The centroid error

indicates the effectiveness of the target intensity template identification [20:83J.

3. Mean error, ± one standard deviation, plotted at tt. This is presented for the actual

position of the target only and represents the highest level of precision in target

tracking.

Temporal average values are computed for 2 and 3 only. Such temporal averages are useful

for sensitivitiy studies or other comparisons for which entire time histories of statistics

would be somewhat unwieldly to use.

The plots are presented in the appendices due to the large number that has resulted

from this thesis. Each appendix is devoted to one particular MMAE, as will become

evident when the MMAEs are discussed. The temporal averages for the individual studies

are presented in tabular form with the respective plots in the appendices. These temporal

averages are also tabulated in the main text at points where comparisons between MMAEs

are done or sensitivity studies are analyzed.

&lso available from each Mint, Carlo study is information on the magnitude of

r7(t)rk(tj), rT(t,)AT (tj)rk(t), the leading coefficient of the Pk calculation, and the time

history of the k calculation. Recall from Section 1.3.3 that the relative magnitudes of

first three terms determine which elemental filter will have the largest Pk assigned. This

probability calculation is one of several characteristics of the MMAE algorithm being

investigated in this thesis to determine how best to help the MMAE select the correct

elemental filter for tracking a particular target. To aid this investigation, these terms are
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presented. The probability time histories are presented as a plot for each study. This plot

is for the first run of each 10-run Monte Carlo study rather than a mean plot over the 10

runs as with the error plots. This is discussed in Appendix B and the probability time

history plots for all 10 runs in four Monte Carlo studies are presented along with the time

history of the mean. The probability plot will appear in the chapter text since there are

fewer of them and filter selection is important for this initial look at elemental filters based

on second-order models. If the Monte Carlo study is done for a trajectory with nonvarying

parameters, a temporal average of each rT(ti)rk(ti) and rT(t,)A-'(ti)rk(ti) is cvlculated

and then an average over the 10 runs in the study is determined. These average values for

re(ti)rk(ti) and r (t,)A-(ti)rk(ti) for each elemental filter in the MMAE is presented in

tabular form in the appendix with the appropriate error plots. If the trajectory has varying

parameters, time histories of r T(ti)rk(ti), r .(tj)A-(t)rk(ti), and the leading coefficient for

each elemental filter a presented. These time histories are presented in plot form in the

appendices with the appropriate error plots. Recall that temporal averages are presented

for position errors no matter what the trajectory type. The distinction between trajectory

types is not made because position error is based on the estimate from the MMAE, not

from the individual elemental filters. The MMAE is not expected to have its position

errors increase due to a maneuvar during the six second simulation, it just selects another

elemental filter and continues tracking. A trajectory with nonvarying parameters is one for

which the A and w of vy in Equation (3.2) (page 3-3) do not change over the 6 second run.

The trajectory with varying parameters is called the jinking trajectory and is created with

concatenated 2-second increments of Equation (3.2) to simulate a maneuvering target.

5.3 Initial Look at Real-Pole MMAE

The first second-order filter investigated is the filter based on an acceleration model

with two real poles. Manned aircraft will show a range of frequency content for acceleration.

A cargo plane traveling straight and level will have an acceleration that shows power in

a PSD below a cutoff of 0.25 radians per second (Tfm = 4 seconds). The subscript, fm,

refers to the filter motion dynamics as is used in Equation (4.21). An air superiority craft

pulling evasive maneuvers can show power at frequencies greater than a cutoff of 0.6 to 0.8
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radians per second. Manned craft should show no power content'above a frequency cutoff

of about 2.5 radians per 'second [10]. This readily translates to three elemental filters.

One is based on an acceleration model that is a low-pass filter with cutoff at 0.25 radians

per seconds. It is referred to as the "benign" filter. This is the same benign filter used

by previous investigations [20:69][5:67]. The second, called the "intermediate" filter, is

second-order and centered between 0.25 and 0.8 radians per second. The last, the "harsh"

filter, is centered between about 0.6 and 2.5 radians per second. Within these rough limits,

filters based on acceleration models with two real poles are created. These filters are also

referred to as "real-pole" filters.

The transfer function, G(s), describing the acceleration model that is the basis for

the intermediate filter is:

G(s) 1.715(s + 0.1768) (5.3)

(s + 1.4305)(s + 0.3531)

The transfer function describing the acceleration model that is the basis for the harsh filter

is:
5.2(s + 1.0111) (5.4)

G (s + 2.0222)(s + 5)

The elemental filter is created as detailed in Chapter IV. It now must be tuned.

Calling a filter "tuned" is accomplished based on:

1. the true RMS error versus filter-computed RMS error. A tuned filter for an MMAE

should have a plot showing the filter-computed RlMS error with the same value as

the true RMS error.

2. the mean error plot after update (at tf). The error should be zero-mean and show

no signs of the trajectory.

3. filtcr selection through computed Pk values in the MMAE algorithm. if the dynamics

driving noise is too high, model "goodness" can be masked, and an inappropiate filter

can "take the job" for which another elemental filter is more appropriately designed.

Filter selection is one of the criteria for determining a successful model in this initial

study of the second-order model based filter.
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Tuning is accomplished by varying the value of the a mx and af! in Equation (4.21) for

the first-order models or the q and qy in Equation (4.39) for the second order models. One

can also change the measurement noise, but that was not accomplished at this juncture

since the measurement precision is assumed well known for this application. The tuning

value for both the x and y direction are kept the same so the x and y subscripts are dropped.

Allowing the diagonal elements to be different would fill the role of the rectangular FOV

that Tobin studied [20:8] or the directionally tuned filters that Norton investigated [15].

Two elemental filters would result, one expecting a maneuver in the x direction, and one

expecting the maneuver in the y direction. This is not accomplished in order to keep the

number of elemental filters small and so aid understanding the filter selection.

In order to tune these filters created with an acceleration model having a particular

frequency range in mind, a trajectory showing an acceleration with that frequency is used.

The trajectory described in Equation (3.2) is used. The three trajectories used to investi-

gate the real-pole MMAE are shown in Table 5.2. These three trajectories are called basic

to this MMAE because they are the frequencies about which the PSDs of the elemental

filter models are centered. The PSD plots are in Figure 5.1. A plot of the y-direction of

these trajectories in the detector plane is shown in Figure 5.2.

A tuned value of q is selected for each real-pole elemental filter by tracking the

appropriate trajectory of Table 5.2 with the appropriate elemental filter only and checking

the tuning criteria mentioned above. The benign filter is assumed tuned with the same

value for a that was used by previous studies [20:69][5:67]. Recall that q for the first-

order Gauss-Markov filter is (2o'2)/T. The elemental filters are called tuned with ao = 250

(qb = 125) for the benign filter, qi = 2000 for the intermediate filter, and qJ, = 29000 for the

harsh filter. The subscripts, b, i, and h, will refer to the benign, intermediate, and harsh

Table 5.2. Trajectories Used to Evaluate the Real-Pole MMAE.

Trajectory Amplitude Omega Bias I

Benign 9 meters 0.01 radians per second 0 meters 0 degrees
Intermediate 9 meters 0.62 radians per second 0 meters 0 degrees

Harsh 9 meters 2.8 radians per second 0 meters 0 degrees
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Figure 5.1. PSD Plot; Real-Pole MMAE-O

elemental filters of whatever MMAE is currently being discussed. (Recall the tuning values

are the same for both the x and y directions.) The units of the strength of the dynamics

driving noise, q, is p els 2 per seconds. A PSD plot of the three acceleration models in

the tuned, real-pole MMAE is in Figure 5.1. The -0 refers to the tunii~g technique used:

original. Note the peak of the PSD for the harsh filter is at 2.8 radians per second which

is a little above the 2.5 radians per second desired above.

The MMAE is allowed to track the same three target trajectories one at a time and

so-t out which elemental filter is best for the joi. At this point, the hypothesis probability

calcdlation is done aq with Equation (2.13). This is referred to as a probability calculation

(PC) type 1. (This will be explained further in Section 5.8.) A plot of the probability

assgned to each elinental filter for each of the trajectories is shown in Figure 5.3.

The error plots are in Figures C.1 through C.9. These error plots come in sets of

three pages:

1. The two plots of the first page show the filter-computed RMS error and the actual

RMS error for the x- and y-directions. The actual RMS error is the solid line. The

filter-computed RMS error is the dashed line that appears as a band. The band

is due to the increase in error during the propagation cycle and then tie drop in

magnitude after the measurement update.
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2. The next page has three plots. The first is the x-position error at t7, the second'is

x-position error at t+. The centroid error is presented in the third plot. In each, the

mean error is the solid line bounded by the mean ±o dashed lines.

3. The third page shows the same plots as the second but for errors in the the y direction

of the detector plane.

The temporal averages of the information in the plots is presented in Tables C.1 through C.3

appearing on the first page of the appropriate set of plots. Also, the temporal average of

r(ti)rk(ti) and r(t,)A-1 (ti)rk(ti) are presented. The MMAE should select the elemental

filter with th smallest squared residual value, rr(t;)rk(ti). The rT(ti)A-'(ti)rk(ti) is the

term in the exponential for the calculation of pk as in Equation (1.1) (page 1-8). The

temporal averages for r (f,)rk(ti) and rT(ti)A-'(ti)rk(ti) are over each run in the Monte

Carlo study then averaged over the 10 runs in the study.

From the probability plots in Figure 5.3 we see that the benign filter is selected by

the MMAE to track both the benign and intermediate trajectories. Also, the intermediate

filter is predominantly selected to track the harsh trajectory. Since the benign filter is

the only elemental filter contributing to the MMAE estimate, the RMS error plots for

the benign (Figure C.1) and intermediate (Figure C.4) trajectories show the benign filter

to be conservatively tuned for both trajectories. The x- (Figure C.2 and Figure C.5)

and y-position (Figure C.3 and Figure C.6) error plots show no unacceptable trends or

magnitudes. The tracking is deemed adequate, except the "wrong" filter is selected for the

intermediate trajectory. Indeed, the elemental filter with the smallest average rT(ti)rk(ti)

is selected by the MMAE to do most of the tracking. The intermediate and harsh filters

have averages very close in magnitude when the MMAE is tracking the harsh trajectory;

thus is seen the inability of the MMAE to select one clearly. Note, the harsh filter has the

smallest average r (t,)AT'(ti)rk(ti)no matter the trajectory.

The RMS error plots for the harsh trajectory in Figure C.7 show a filter-computed

band at a greater average magnitude than for the benign and intermediate cases due to the

increased dynamics noise strength contributed by both the intermediate and harsh filters.

The ripple look to the band is due to filter selection almost switching between the interme-
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diate and harsh filters. Some of the trajectory is still evident in the y-position error plots

in Figure C.9. The magnitude of the t- versus t+ plots dramatically demonstrate the effect

of the filter update cycle that corrects the estimate. In this case, the intermediate filter is

incapable of predicting the harsh trajectory propagation, and the peak error magnitudes

are almost 1 pixel in the ti. The measure update brings the errors back down to below

0.5 pixels at t+ . The temporal average statistics remain of small magnitude, 0.03 pixels

for x- and 0.02 pixels for y-position error, because the trends in the y-positions errors are

sinusoidal about a zero-mean. The slightly larger x-position error should not be due to

the expected bias due to the truth model determining position based on the target center

of mass and the MMAE tracking the center of intensity. The magnitude is much smaller

than the expected 0.8 pixels (page 3-12).

5.4 Initial Look at Notch Filters

Filter selection for the real-pole MMAE was not what was desired. The benign

filter tracked targets with the benign and intermediate trajectories. The intermediate

filter tracked the harsh trajectory. The inappropriate filter selection could be due to

the overlapping PSD plots shown in Figure 5.1. The potential for overlap is inherent in

a real-pole model when the dynamics driving noise strength is as high as was deemed

necessary. Therefore, a notch filter is designed. If dynamics driving noise strengths of

these magnitudes are necessary for tracking performance, the notch filter can yield almost

,n o PSD overlap and should help the MMAE sort out the low .fr-quency end of the filters.

The notch filter is based on an acceleration represented as the output of a white-

noise-driven linear model with the transfer function:

k~s
s22ws~w (5.5)a s 2 + 2(wts +5.5)

where C is 0.2 and w for the intermediate and harsh filters are 0.62 and 2.8 radians per

second, respectively. The value of k is 1 and 4.5 for the intermediate and harsh filters,

respectively. The small C gives minimal overlap of the PSD plots for the benign and

intermediate filters. The w's selected center the notch filters at the same frequencies as the
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Figure 5.4. PSD Plot; Notch MMAE-10

real pole filters are centered. These are tuned in the same manner as the real-pole filters.

Tuning values used are ab= 250 for the benign filter, qj = 2000 for the intermediate filter

and qh = 5000 for the harsh filter. The resulting set of PSD plots is in Figure 5.4. The

-10 refers to the first notch MMAE (with the intermediate filter at W = 0.62 radians per

second) tuned in the original manner.

The MMAE with the benign filter and these two notch filters is allowed to track the

three trajectories in Table 5.2. The probability plots are in Figure 5.5. The error plots are

in Figures D.1 through D.9. The temporal averages of the mean position errors and the

averages of (t)rk.(t) and ni i are presented in Tables D.1 through D.3.

As with the real-pole MMAE, the probability time history plots (Figure 5.5) show

the benign and intermediate trajectories are tracked by the benign filter. The harsh filter

does eventually get the harsh trajectory from the intermediate filter. The time of the

transfer, 1.4 seconds, does not correspond to any obvious feature of the trajectory at that

point (Figure 5.2). The velocity and acceleration magnitudes are about the same at this

time as at 0.3 and 0.8 seconds in this sinusoidal motion. In fact, 0.3 seconds is about when

the initial filter selection is sorted out and the intermediate one is selected. So velocity or

acceleration magnitude does not seem to drive the residuals.
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The x- and y-position error plots look about the same as the plots from the real-pole

MMAE-O, as would be expected since the same elemental filter did the tracking. The

filter-computed RMS error plot for the harsh trajectory in Figure D.7 shows less of the

ripple, with only one bump at the only filter selection change at 1.4 seconds. The width

of the band and its average magnitude are about the same as for the real-pole MMAE-O

(Figure F.7). The x-position error plots look very similar. The y-position error plots in

Figure D.9 lose the sinusoid of the trajectory after the MMAE selects the harsh filter at

1.4 seconds. This does not result in a reduction in corresponding temporal average. In

fact, the average error increased for each y-position error listed in Table C.3 and Table D.3.

The standard deviations remain about the same.

5.5 Alternative Approach to Tuning

Again, the filter selection is not what was expected. This time the tuning process is

reviewed. The strength of the dynamics driving noise of the filter, q, is changed for each

tuning run. This results in a different average value of rT(ti)rk(ti) and r (ti)A.(ti)rk(ti)

for each run. A plot of q versus r (t )rk(i ) and q versus .k is made as

in Figure 5.6. This example is for tuning the harsh filter while it is tracking the harsh

trajectory. Since it is desired that the MMAE choose the elemental filter with the smallest

r (t,)rk(ti) (see Section 1.3.3), a reasonable value to select for qh is the one with the

smallest r(ti)rk(ti), qh = 400 pixels2 per seconds5 . This is an order of magnitude smaller

than that selected in the ad hoc manner. Similar plots are made for the intermediate filter

tracking the intermediate trajectory and the benign filter tracking the benign trajectory.

For the real-pole MMAE, the new tuning values are ab = 150, qi = 500, qh = 4000. The

new values are O'= 150 (qb = 75), qi = 75, and qh = 400 for the notch MMAE. New PSD

plots based on the revised tuning values are in Figure 5.7. The -R. signifies the tuning is

done with the revised method. For the remainder of the thesis, tuning is done with this

revised method. For the real-pole models, the alaount by which the harsh model overlaps

the PSD of the other models is less than that resulting from the original tuning (Figure 5.1).

However, the overlap is still significant. Overlap seems essentially nonexistent in the notch

filter PSD plots.
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Table 5.3. Average Position Errors for Real-Pole and Notch-i MMAE§ -with -0 and -R
Options.

F'aj _ _ _ Error in: MMAE-TI Ip (t) y(t) pY (t,-) [ p(t i) fi T7 Specs:

601 .133±;422 .100±.38q .089±.384 -.004.359 -.003±.322 I .001±.370 Real,O
.01) .167±.411 .129±.375 .106±.382 .003±.347 .004±.315 .009±.368 Real,R
.01 .133:L.421 .099:E.381 .088±.383 -.008±.357 =.006=.320I -.002±-.369 Not,1O
.01 .066±.422 .050±.383 .050±.385 -.006".346 .-005±".313 -.001".366 NotlR
.62 .150±.422 .116±=382 .105±.384 .002:E.359 .001±.322 .005±.369 Real,O
.62 .162±.412 .124±-375 .101±.382 .009±.344 .1244-.375 .101±.382 Real,R
.62 .136±.424 .102±.385 .091±.384 .002±.358 .002±.321 j.006±.369 Not,1O
.62 .069±.423 .053±.384 .053±.387 .034±.347 .026±.315 .0234".367 NotlR
2.8 -.026±.509 -.027±.422 -.014±.421 -.018:L.504 -.019±.400 -.016±.426 Real,O
2.8 -.018±.557 -.016±.446 -.004+.446 .011±.493 -.127".384 .004±.426 Real,R
2.8 -.022±.577 -.009±.446 -.005±.464 -.070-+.540 -.065±.399 -.067+.455 Not,1O
2.8 -.100±.510 -.063±.429 -.064±.420 .062±.450 .0244-.370 .043±.402 Not,1R

The MMAE is allowed to track each trajectory as before, error plots are made and

averages are computed. Table 5.3 shows the average position errors for the four Monte

Carlo studies. For the real-pole MMAE-R, the probability plots are in Figures 5.8 and 5.9.

Error plots are shown in Figures C.10 through C.18 and the average residuals are tabulated

in Tables C.4 through C.6. For the notch MMAE-1R, the error plots are in Figures D.10

through D.18 and the average residuals are tabulated in Tables D.4 through D.6.

From the residual information tables we see that the filter with the smallest average

r (ti)rk(t,) value is ultimately selected for all trajectories for both MMAEs. Both MMAEs

show excellent response in selecting the harsh filter for the harsh trajectory. Note the harsh
filter always has the smallest (ti)rk(t) value because of its greater dynamics

driving noise strength and the similar magnitude of residuals for each elemental filter.

There is a trace of the trajectory in the y-position error, but the error magnitude remains

less than half a pixel. The average position errors in Table 5.3 are small, in the hundredths

of a pixel, because the error plot is sinusoidal. However, the probability plots show almost

identical traces for the benign and intermediate trajectories for both MMAEs. The benign

filter is selected for the benign and intermediate trajectories with the real-pole MMAE-R.

Neither benign nor intermediate are clearly chosen by the notch MMAE-1R.
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Figure 5.8. Probability Plots; Real-Pole MMAE-R; PC is 1; Basic Trajectories. Benign
filter has solid line; intermediate filter has dashed line; harsh filter has dotted
line.
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Figure 5.9. Probability Plots; Notch MMAE-1R; PC is 1; Basic Trajectories. Benign
filter has solid line; intermediate filter has dashed line; harsh filter has dotted
line.
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5.6 A Second Notch MMAE

Again we~seetheprobability plots show the "wrofng'" filter is beingseletted to track

the target. Now, is this a phenomenon, again, of the filter design or pethaps&6f' the

hypothesis probability calculation as discussed in Chapter I? To address the 'latter, a

quick check is done using all variations on the probability calculation that are addressed

in Section 1.3.3 for the notch MMAE only aid is presented-in the first part of Section 5.8.

Section 5.8 points out that alternative probability calculations do not help filter

selection for notchMMAE-1R, so filter design is examined in this section. When the benign

filter is subject to the revised tuning process while tracking the intermediate trajectory,

it comes out with almost the same values of rT(ti)rk(ti) that the intermediate filter does

tracking the intermediate trajectory. So, the intermediate filter with a model designed at

w = 0.62 radians per second shotldnot be expected to be definitively selected out of the

MMAE to track the intermediate trajectory. The definition of the intermediate filter and

trajectory is not different enough from the benign definition, within the parameter space

limited as we have to manned airborne targets. A two-filter MMAE can result, or a new

intermediate filter and corresponding tiajectory can be designed.

To investigate the hypothesis that distinguishability of "benign" and "intermediate"

trajectories is the key issue, a new intermediate filter is chosen based on an acceleration

model that shows a peak at w = 1.32 radians per second in a PSD plot. The peak falls

between the peaks for the models at 0.62 and 2.8 radians per second (an ad hoc choice based

on 1.32 = exp{0.5 [log(2.8) - log(0.62)] + log(0.62)}). The filter is tuned for a trajectory

with w = 1.32 radians per second and an amplitude of 9 meters. A plot of the resulting y

position in the detector plane for this new intermediate trajectory is in Figure 5.10 as well

as the PSD plot of the tuned MMAE. Compare this PSD to the second plot in Figure 5.7.

The -211. denotes the second notch MMAE designed and the revised tuning method.

This MMAE is allowed to track targets undergoing accelerations with frequencies of

0.01, 1.32, and 2.8 radians per second (the basic trajectories for which the elemental filters

are tuned). The probability plots are in Figure 5.11. The error plots are in Figures E.1

through E.9. The temporal averages are in Tables E.1 through E.3.
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Figure 5.10. Intermediate Model at w = 1.32 radians per second. The top plot is target
position in the detector plane. The bottom plot is the PSD plot for the
models for the notch MMAE-2R.

5-21



1MMAE, Trackinig Trajoctory with 'Omega=.Oi -

-0

o .4~ ........... ... . ... ----------- . £. L~

o 1 2 3 4 56

1MMAE Tracking Trajectory with Omega=1.32

.8 . ............... .....................
.8~ it,.. . .... 3. . . . ................

S .6 . ........ .... ... .... ...................................
.0
.0

0 .4

.2..- T

o 1 2 3 4 5 6

MMAE Tracking Trajectory with Omnega=2.8 ___

a6

0 
6

0 1 2 3 456
Time (seconds)

Figure 5.11. Probability Plots; Notch MMAE-2R; PC is 1; Basic Trajectories. Benign
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As a result of these efforts, we finally see a difference .in elemental filter selection

when the MMAE is tracking the benign and the intermediate trajectories. The harsh filter

remains uncontested in tracking the harsh -trajectory. The. benign, filter gets the benign

trajectory after about 0.6 seconds. There is a lot of switching between the benign and'

intermediate filters for the intermediate trajectory. The times of switching, 0.6, 1.1, 1.7,

and 2.5 seconds, again, are not related to anything obvious in the trajectory acceleration.

The average rk(ti)rk(ti) is smaller for the intermediate filter (Table E.2) but the lead-

ing coefficient in the probability calculation gives the benign filter an advantage due to

its smaller magnitude dynamics driving noise strength. It is expected that the y-position

RMS error plot of Figure E.4 would show the ripples due to filter switching as noted before

(Figure C.7). The ripples are less evident probably because the strength of the dynamics

driving noise is not as different between the benign and intermediate filters. There are

trajectory trends remaining in the y-position error plots in for both the intermediate (Fig-

ure E.6) and harsh (Figure E.9) trajectories, still of a small magnitude, less than half a

pixel for the t+ plots.

This seemingly better designed notch MMAE will be used, also, in a probability

calculation analysis. The method is presented in Section 5.8 and the results are in Sec-

tion 5.8.2.

5.7 Tracking a Target in an Evasive Maneuver

The trajectories considered thus far are tied to the elemental filters in the MMAE

as we investigate filter selection. In other words, the simulated "real world" is one of the

three nominal trajectories for all 6 seconds of the simulation. A trajectory was created to

simulate a target in an evasive maneuver by concatenating two seconds of each nominal

trajectory type together. As with the basic trajectories used above, the motion dynamics

are added only to the y direction. The y position in the detector plane for this jinking

motion is shown in the plot in Figure 5.12. In the inertial frame the target experiences

about 7.3 g's acceleration in the dive.

The notch MMAEs are allowed to track this trajectory. The error plots for the notch

MMAE-1R are in Figures D.46 to D.48. The error statistics are in Table D.16. No average
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Figure 5.12. Target Position; Detector Plane; Jinking Trajectory

'r(ti)rk(ti) or r1(ti)A-1 (ti)rk(t) is presented because it is expected that the magnitudes of

the residuals will change for each elemental filter over the course of the changing dynamics.

Instead, a series of plots showing r (ti)rk(t), r (ti)A-'(ti)rk(ti), and the leading coefficient

in the hypothesis probability calculation are presented in Figure D.49. The error plots for

the notch MMAE-2R are in Figures E.37 to E.39. The associated error statistics are in

Table E.13. A compilation of the error statistics is in Table 5.4. The probability plots for

each notch MMAE are in Figure 5.13.

The first part of the trajectory is benign. Thus the probability plots match pretty

well the corresponding probability plo. "the benign trajectory in Figure 5.9 for the notch

MMAE-1R and Figure 5.11 for the notch MMAE-2R. The diving part of the trajectory is

a piece of the harsh trajectory from Figure 5.2. Thus, it is expected that the harsh filter

would be selected for that part. The harsh trajectory is inserted at 2 seconds but care was

Table 5.4. Position Error Statistics for Notch MMAE-1R and -2R with Jinking
Trajectory.

Error in: Notch1r aj I p.(t'7) I p.(t[) I y. (q py(ti-) Ipy(til) y(t) ,MMAE[

Jink 1-.021±E.470 1i-.013±t.409 1 -.008±.40 O 116!.2 .085±t.359 1 .106±E.392I -1R
Jink 1-.009±-.471 1-.005±t.408 1.001±t.406 1.137±t.4265 .087±t.361 1.106±£.393 1-2R]
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harsh filter has dotted line.
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taken by using the phase ;and: bias variables in, the velocity equation of Equation (3.3) to

ensure no discontinuities in the acceleration or jerk domains. Therefore, the target slowly-

falls into-the dive, and filter selection is delayed for about 0:3 seconds. At 4 second s,,the

trajectory with w = 0.62 radians per second is inserted. This is evidentin the trajectory

plot in Figure 5.12, but filter -selection does not begin to, change until, past 5 seconds for

either MMAE. For both, the benign filter is being selected when the simulation, ends.

Trends from the trajectory are evident in the y-position error plots for, both MMAEs

(Figures D.48 and E.39) and the magnitude of the average values in Table 5.4 reflect this.

The error trends are in the positive direction, meaning the filter is estimating the position

with a positive bias during the dive. The filter-computed RMS bands in Figures D.46

and E.37 each make a step when the harsh filter is selected at 2.3 seconds and the average

magnitude of the band starts coming down only at the end when the benign filter comes

in.

The plots of rr(ti)rk(ti), r (ti)A-'(ti)rk(ti), and the leading coefficient show the

biggest difference between the two intermediate filters designed thus far. In Figure D.49,

the dashed lines for the intermediate filter follow the solid line for the benign filter more

closely than the corresponding lines for MMAE-2R in Figure E.40. The drop in the leading

coefficient for the benign filter at 3.47 seconds is due to the benign filter losing lock and

being reset with the proportional values from the intermediate and harsh filters that did

not lose lock. At this point, the harsh filter is contributing the most to the MMAE estimate

and so contributes the most to the restart of the benign filter. This restart of the benign

filter covariance is improper. It could have retained its precomputable steady-state value

during the restart of the state estimates [10]. Quite obviously, the harsh filter has the

smallest residuals during the dive and so is selected. The advantage given to the benign

filter by the leading coefficient is quite obvious when presented in this graphical form.
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5.8 Examining. the Hypothesis Prob'ability;C'alculation

As discussed in Chapter I, there:are -aternatives in.the way the'hypothesis probability

is calculated. The probability calculation-for the kth-filter.in Figure 1.2 is repeated :here:

Pk(tis) = i2 ') exp {' rT(ti)A(ti)rk(ti)}Pk(k. -(56

.=l2') A(t- ep.1)Tf)Ai(i~gt)pat~) (5.6)-

where Ak(ti) is the kth filter's computed residual covafiance:

Ak(ti) = Hk(ti)Pk(ti7)HT(t,) + Rk(ti) (5.7)

It is proposed to set Ak(ti) equal to 12x2 in the exponential, in the leading coefficient, or

in both. This leads to four possibilities:

1. Use the traditional calculation as in Equations (5.6) and (5.7). This is what has

been done thus far in the thesis, At issue here is that, when the residuals, of each

of the elemental filters are of the same magnitude, the leading coefficient will cause

the MMAE to select the "more benign" filter because it tends to have the smaller

dynamics driving noise. However, the Akl(ti) in the exponential will cause the

calculation to favor the "harsher" elemental filter because it has the greater dynamics

driving noise. This investigation will help in deciding if removing one or both of the

Ak(ti)s will aid in tracking.

2. Leave the leading coefficient as it is in the Equation (5.6), but set Ak(ti) equal to

12x2 in the exponential. This should enhance the ability to return high probability to

the benign elemental filter when a target stops maneuvering and returns to a benign

flight trajectory.

3. Remove the leading coefficient. Setting Ak(ti) to 12x2 in the leading coefficient would

leave a constant multiplier that is the same for all elemental filters. The multiplier is

set to one which will allow the exponential term to select the "correct" elemental filter

when the residuals from each are about the same magnitude. The MMAE should

favor the "harsh" filter.
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Table 5.5. Average Position Errors for Notch MMAE-1R with Basic'Tra jectories and- all
PC Options.

'Rai~ I x4 Error. in:

.01 .066±.422 .050±.383 .050±.385, -.006..346: .-005±.313 -.001±.366, 1

.01 .116±.414f .089±.378 .077±.832' -.003±.346 -.002±314 .002±.367 2
.01 -.050±.496 -.028±.423 -.024.414 -.004-433 -.007±.364 -,.001±.394 3
.01 .0824-.418j .068±.381 .062±.384 -.001±.354 -.0002:L.321 -004±.370 4
.62 .069".423 .053±.384 .053±.387 .034±.347 ] .026±.315 .023±.367 1
.62 .115±.417 .:'-883±.381 f .0774.384 .015±.346 .011±.314 .012±.367 2
.62 -.047±.492J -.025±.420 [ -.022±.4131 .083±.432 .038±;364- .057±.393 3
.62 .080±.422 .065±.385 .058±.386 .026±.350 .020±.316 .020±.368 4
2.8 -.100±.510 -.063±.429 -.064±.420 .062:L.450 .024±.370 .043±.402 1
2.8 -.081±.507 -.048±.429 -.047±,417 .106±.457 .056±.375 .072±.407, 2
2.8 -.013±.509 -.067±.428 -.068±.418 .061-.450 .023±.370 .041±.402 3
2.8 -.093±.509 -.058:L.428 -.058±.420 .084:L.451 .043±.371 .063±.402 4

4. Remove the leading coefficient and set A:&(ti) equal to 12x2 in the exponential. This

is the maximum entropy application discussed in Chapter I. Only residual magni-

tudes (absolute magnitudes, not scaled relative to anticipated RMS residual size) will

determine filter selection

Each of these probability calculations are referenced with the variable, "PC". The values

of the variable are 1 through 4 as enumerated above.

5.8.1 PC Check on MMAE-1R. As shown in Section 5.6, particularly Figure 5.11,

MMAE-1R is showing almost no difference between tracking the benign and intermediate

trajectories. The trajectories are different to the eye as in Figure 5.2 and the acceleration

models are certainly of very different design as shown in the PSD plot of Figure 5.7. It

seems reasonable to expect that when the possible effects of dynamics driving noise strength

are removed by setting A to 42x2, the matched dynamics of the acceleration model and the

trajectory would cause the correct filter to be selected.

For the PC check, Table 5.5 shows the average position errors for the Monte Carlo

studies for all trajectories and all PC options. The probability plots are in Figures 5.14

through 5.16 and are to be compared to the probability plots in Figure 5.9. The corre-
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Figure 5.14. Probability Plots; Notch MMAE-1R; PC is 2; Basic Trajectories. Benign
filter has solid line; intermediate filter has dashed line; harsh filter has dotted
line.
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sponding error plots are in Figures D,19 to D.45. These are to be compared to'the error

plots of Figures D.i0 to D.18. The tables of averages are in Tables; D,7 and ,D.15 and are

to be compared to the averages in Tables D.4 to D.6.

The probability plot for PC = 2 in Figure 5.14 ' shows the benign filter selected more

for the benign and intermediate trajectories. This is expected because the magnitude of

the residuals, rh(ti)rk(ti), in the exp6nential. is about the same whether tracked by the

benign or intermediate filters. The determining factor will then be the leading coefficient.

The leading coefficient is greater for the filter with the weakest dynamics driving noise.

The harsh trajectory is tracked by the harsh filter because, by far, it gives the smallest

magnitude of residuals. The error plot in Figure D.27 shows an increased magnitude for the

first 0.5 seconds because of the nontrivial (and inappropriate) contribution of the benign

filter.

The probability plots of the Monte Carlo study with PC = 3 in Figure 5.15 shows

the harsh filter tracking all the trajectories. This is expected since the leading coefficient

is removed. The leading coefficient tends to be smallest for the harshest filter (see Fig-

ure D.49) while the magnitude of the r (ti)Ak'(ti)rk(t) that remains in the exponential is

smallest for the harsh filter. This makes the probability the largest for the filter with the

greater dynamics driving noise strength when the residuals are not very different between

elemental filters. Because the harsh filter does all the tracking, the standard deviations of

the errors in Table D.10 are greater than the corresponding values in Table D.4.

The probability plots for PC = 4 in Figure 5.16 look much like the plots for PC .1

except with a much slower response. The benign and intermediate filters fight for both

the benign and intermediate trajectories. Again the plot for the benign trajectory looks

very similar to the plot for the intermediate trajectory. The slow response time makes the

filter selection smoother which should put less ripple in the band of filter-computed RMS

errors, but still the "wrong" filter is selected.

Given these probability plots and these non-varying trajectories, a PC of 2 or 4 would

be acceptable. There is less switching, the harsh filter does track the harsh trajectory

(the hardest job), and either the benign or intermediate filters (or both) show adequate
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Table 5.6. Average Position Errors f6r Notch MMA_-2R with al! Trajectories and-PC
Options.

Rai I.. Error:,in:' ,"
I i p.(t7)- 1 7 Y, Ct,-) 'I 7POTi) 7 p -P(ti+): - yy Y(t7) t-Pd=

_______ ________ S~tT I~~h ~(~S _________

.01 .164±.411 .126-:,373 .103±.381 -.004 .347 -:0034.314 .002-.366 1

.01 .674-.408 .127±.372' .104±380 -.002±.346' -.001±.314 .004±.367 2
.01 -.057:L.503 -.031±.427 -.028±.417 -005±.440 -.031±.427 -.028±.417 3
.01 .098±.427' .081:E.387 .065±.388 .004±.362 .004:.326 .008±.372 4

1.32 -.0334-.445 -.028±.396 -.016±.392 ;-.008±.391 -.014-.343 -.016±.374, 1
1.32 .161±.411 .122+.376 .099±.381 .016±.348 .0003±.316 ,002±.365 2
1.32 -.091±.497 .-.058±.421 -.056±.414: .006±.445 -.009±.369 -.0001:E.400 3
1.32 -.026±.444 -.017±.396 -.010:E.391 -.014±.389 -.023±.343 -.014±.378 4
2.8 -.096±.512 -.060±.431. -.061±.420 .066-.450 .028±.371 .047±.403 1
2.8 -.093±.496 -.062±.422 -.056±.414 .060±.460 .031±.375 .040-.406 2
2.8 -.104d.511 -.068±.430 -.0691.419 :064J,450 .026±.372 .045±.402 3
2.8 -.093±.509 -.058±.429 -.058±.420 .0864-,453 .043-:.373 .0621.402 4

Jink -.009±.471 -.005±.408 .001±.406 .137±.425 .087±.361 '.106:L.393 1
Jink .009±.459 .007±.401 .011±.402 .199±,425 .137±.360 .138±.395 2
Jink -.071-.502 -.041:E.426 -.038±.417 .103±.451 .060±.379 .079±.402 3
Jink -.038±.482 -,025±.416 -.015d.411 .151±.435 .095±.370 .110±.396 :

performance tracking either the benign or intermediate trajectories. The slow response

time that makes these plots look so smooth would make the PC options unacceptable in

tracking an evading target, and so a PC of 1 would be preferred.

Finally, the intermediate filter was not definitively selected. It is appropriate at this

time to abandon it for the intermediate filter based on the acceleration model with w = 1.32

radians per second.

5.8.2 PC Check on MMAE-2R. The notch MMAE-2R is allowed to track its ba-

sic trajectories with each of the four hypothesis probability calculations. Table 5.6 is a

compilation of the average position errors for the Monte Carlo studies for all trajectories

and all PC options. The probability plots are presented in Figures 5.17 to 5.19 and are to

be compared to the probability plots in Figure 5.11 (page 5-22). The error plots are in

Figures E.10 to E.36. These are to be compared to the error plots of Figures E.1 to E.9.

The tables of averages are in Tables E.4 and E.12 and are to be compared to the averages

in Tables E.1 to E.3.
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The results of MMAE-2R are similar to that for MMAE-1R.PC- 3 still allows the

harsh filter to do all the tracking. The filter selection looks smoother with PC = 4. The

more benign filters are selected for PC = 2. For MMAE-2R, the intermediate filter is more

able to track the harsh trajectory and so gets some-input into the MMAE estimate when

it is tracking the harsh trajectory with PC,= 2 (Figure 5.17). This leaves PC of 1 or 4 as

acceptable options. In fact, if a MAP version of the MMAE is run with MMAE-2R and

PC = 4, the "correct" filter will be used for each trajectory through most of the 6 seconds.

The notch MMAE-2R is allowed to track the jinking trajectory using PC options 2,

3, and 4. The probability plots are in Figure 5.20. The error plots are in Figures E.41

to E.51. The error statistics are in Tables E.14 to E.16. Recall, the probability plot for the

notch MMAE-2R with PC = 1 tracking the jinking trajectory is in Figure 5.13 (page 5-25).

The error plots are in Figures E.37 to E.39. The error averages are in Table E.13. The

residual. and related plots are in Figure E.40.

With PC = 2, the probability plot looks very similar to the probability plot for

PC = 1, except that the switch from the benign to harsh filter after 2 seconds is delayed

by almost 0.3 seconds, as is the switch from harsh to benign after 5 seconds. The plot

does show the desired improvement in removing high probability from the harsh elemental

filter from t = 4.0 seconds on, but at the expense of the intermediate one contributing to

the MMAE estimate during t = 2.6 to 3.6 seconds. The PC = 3 option causes the MMAE

to select only the harsh filter. With PC = 4, the switch after 2 seconds is delayed and

the one after 5 seconds did not even take place. Using this option appears to disable the

MMAE and it cannot make a decision, even a wrong one, quickly. Given these responses,

only the PC = 1 option is acceptable.

For only this jinking trajectory, a notch MMAE-2R modified as a MAP and -..3ing

option. PC = 2 should give suitable performance based on these plots of filter selection.

Recall, however, this combination would not work looking at the basic trajectories as

discussed just above. Moreover, PC = 1 would still provide superior performance, even

implemenced in MAP fashion. Except for the switching after 2 seconds and the lack of

switching at the end, the PC = 4 option would give a MAP MMAE reasonably good

performance. This will be pursued further in the next section.
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Table 5.7. Appropriate Compilation for Comparing Position Error St'atistics.in Bayesian
and MAP Options with Notch MMA-2R.

Traj I___________ Error. in: Vr
_____ pz(t7) . p(ti) [- (t___ t ~ L~Du7 0I Y-t-- I h-*) (t* .I T *) p(; Ii p (t I I Y T) PC=¢-

.01 .164±.411 .126±.374 .103±.381 -.004±.347 --.003L.314 .002.366 J,1
.01 .098±.427 .081±.387 .065:L.388 .004±.362 .004±.326 .0084.372 B,4
.01 .159±.403 ,118±.367 .094:L.380 -.011:.343 -.010.311 -.005±.366 M,1
.01 .156±.404 .115±.368 .092±.381 -.009±.343 ]j -.008±.311 -.003±.366 M4
1.32 -.033±.445 -.028±.396 -.016±.392 -.008±.391 -.014E.343' -.016±.374 [B,1
1.32 -.026:.444 -.017±.396, -.010±.391 -.014±.389, -.023:.343J -.014±.378 13,4
1.32 -.036±.446 J-.033±.394 -.020:E.394 -.007±.402 -.0111-.350 -.013:E.382 M,1
1.32 -.058±.445 -.052±.393 -.039±.400 .002:E.398 -.005±.347 -.006±.380 M,4
2.8 -.096±.512 -.060±.431 -.061±.420 .066±.450 .028±.371 .047±.403 B,1
2.8 -.093±.509 -.058±.429 -.058±.420 .086±.453 .043±.373 .062±.402 B,4
2.8 -.103-L.509 -.066±.428 -.0674.419 .048±.450 .010±.371 .029±.402 M.1
2.8 -.107-.507 -.070±.425 -.071±.419 .054-.450 .016:.371 .035:L.402 M,4

Jink -.009±.471 -.005±.408 .001±.406 .137±-.425 .087t.361 .106±.393 B,1
Jink -.038±:.482 -.025±.416 -.015±.411 .1514E.435 .095±.370 .11±.396 B,4
Jink -.013±.470 -.013±.405 -.005±-.406 .123±.421 .075±.358 .093±.393 M,1
Jink -.016±.468 -.017±.405 -.007:E.406 .144.424 .089±.360 .105±-.393 M,4

5.9 MAP MMAE

The maximum a posteriori (MAP) MMAE is described in Chapter I. In the MAP

version of the MMAE, the estimate is the output of the elemental filter that has the highest

probability, that is, no weighted average is used to calculate the MMAE estimate. This

MAP MMAE can be used with any PC option. However, as discussed in Section 5.8,

only PC options 1 and 4 are investigated. The MMAE-2R is used to track the nominal

trajectories basic to it and to track a target in the jinking trajectory. A compilation

of the position error statistics is in Table 5.7. The probability plots are in Figures 5.21

to 5.23. The error plots are in Figures E.53 to E.77. The average errors and average

r (t,)rk(ti) and rk(ti)A-'(ti)rh(ti) are in Tables E.17 to E.24 where applicable. The runs

that simulate tracking a target during an evasive maneuver have plots of r(ti)rk(t4),

r;(ti)A-.(ti)rk(t4), and the leading coefficient that goes into the probability calculation

and do not have average residual values presented in tabular form. These sets of plots are

in Figure E.74 and E.78.
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The probability plots look very similar to ,the non-MAP counterparts as would be

expected. (Compare Figure 5.21 to Figure 5.11, Figure 5.22 to Figure 5.19, the top plot

of Figure 5.23 to the top plot of Figure 5.13, and the bottom plot of Figure 5.23 to the

bottom plot of Figure 5.20.) In these cases, when filters are competing, the decision is

between the benign and intermediate. The contribution to the estimate by the "wrong"

filter 'would not be much. So, when that contribution is removed in the MAP option, the

estimates and thus the residuals will.not be that different.

The error plots, again, are very similar. The error statistics should tell of any benefit

reaped from the MAP option. The results of that comparison is, for the benign trajectory

for either PC option, the mean errors are about the same and the standard deviations are

slightly smaller for the MAP version. For the intermediate trajectory, the mean errors are

comparable and the standard deviations are slightly larger. For the harsh trajectory, the

errors are about the same and the standard deviations are slightly smaller. For the jinking

trajectory, both the mean errors and standard deviations are smaller for the MAP version,

but not smaller than the errors for the Bayesian notch MMAE-2R with PC = 1.

5.10 Varying the Lower Bound of the Probability Calculation

A lower bound is used to prevent elemental filter lock out for this thesis, as discussed

in Section 1.3.4. The magnitude of this lower bound will impact both the estimate made

by the MMAE and filter selection. If the lower bound is too large, all elemental filters,

even those that are based on very inappropriate models and so have poor estimates, will

contribute a larger amount to every estimate of the MMAE. However, if the lower bound

is too small, filter switching when appropriate may be slowed because of the recursive

nature of the probability calculation. More sample times must pass before the now smaller

magnitude residuals of the correct elemental filter can pull the probability calculated for

that elemental filter off a value "too close" to zero.

For this analysis, the lower bound is varied while MMAE-2R., using PC = 1, is

tracking the target as it undergoes an evasive maneuver. The lower bound is referred

to as "LB" and the values used are 0.0005, 0.005, and 0.01. The respective plots and

tables are in this order here and in Appendix E. Table 5.8 shows the average errors
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Table 5.8. Average Errors for Notch MMAE-2R with Various Lower Bounds.

ri - _Error, in:

Aink -.013±.472 -.009±.408 -.002±.407 .133±.425 .083±.361 -101±.393 0.0005
Jink -.009±.471 -.005±.408 .001±.406 .13"7±'425 .087±.361 .106±-.393 0.001
Jink -.004±.467 .003±.406 .004±.404, .134±.421 .086:357 .105±.392 0.005
Jink -.007±.468 .001±.407 .001±.404 .130±.425 .083:E.360 .101±.393 0.01

for the Monte Carlo studies. The probability plots are in Figure 5.24. These are to be

compared to the bottom plot in Figure 5.13 where the lower bound is the traditional 0.001.

(The probability time history for all 10 runs of each of these four Monte Carlo studies is

presented in Appendix B along with a discussion of why only run one is presented in

the chapter. Recall the discussion in Section 5.2.) The error plots are in Figures E.79

to E.81, Figures E.83 to E.85, and Figures E.87 to E.89. The list of error statistics are in

Tables E.25 to E.27. The plots of r(t)rk(tj), rT(tj)A-'(t)rk(ti), and leading coefficient

used in the probability calculation are in Figures E.82, E.86, and E.90.

Consider Figure 5.24. As the lower bound increases, the MMAE is quicker at re-

moving high probability from the harsh filter after the maneuver stops at 4 seconds. Also,

the noisy looking spikes at 2.1 seconds and between 3 and 4 seconds get larger due to the

quicker response time of the MMAE.

The filter-computed RMS error plot shows more rippling of the band as the lower

bound increases, due to the increased filter switching. The error plots do not seem to be

affected by the lower bound. The error statistics show the standard deviation values the

lowest at LB = 0.005. The x-position mean errors are so much smaller than the y-position

mean errors that only the trends in the latter are of importance. That trend seems to show

slightly smaller errors when tracking with LB = 0.01. Since all of these differences are in

third decimal place, no real benefit of change in the lower bound can be reported based on

these error statistics.
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5.11 Summary

This-chapter discussed only the MMAEs with one first-order filter and two second-

order filters. The analysis started out with second-order filters based on acceleration models,

with two real poles. This Was quickly abandoned when the similarly designed notch MMAE

gave comparable performance and elemental filter redesign wasrequired.

The parameter space was coarsely discretized into three models based on aircraft

type; the cargo plane in level flight, -the air-superiority aircraft in a maneuver, and- the

generic "other" aircraft that occupies the frequency range in the middle. Revised tuning

(Section 5.5) and changing the probability calculation did not help this discretization choice

and a second notch MMAE was designed so as to embody better frequency separation of

acceleration PSDs. This notch MMAE-2R was used in a second probability calculation

investigation to ensure the previous results were not corrupted by the improper MMAE

design. The notch MMAE-2R was then used in the MAP versus Bayesian, and the lower

bound investigations.

In the PC study on the notch MMAE-2R, the basic probability calculation (PC = 1)

gave the best probability time history with regard to correct elemental filter selection and

the speed with which the MMAE would assign maximum probability to the appropriate

filter. The maximum entropy option (PC = 4) gives the same filter selection with regard

to which elemental filter is assigned the largest probability. But maximum probability

(probability greater than 0.9) is not assigned quickly and the MMAE is especially sluggish

in returning any probability to the more benign filter when the target stops maneuvering.

The MAP MMAE did not give clear advantage in either the error magnitude mean

value or standard deviation. The lower bound check gave more interesting results. The

greater the lower bound, the more easily the MMAE can assign greater probability to

another elemental filter either appropriately (as when the target starts or stops maneuver-

ing) or unexpectedly (as in apparant response to noise). The tradeoff of fast probability

response versus noise susceptibility may not be crucial as it affects only the filter-computed

RMS error: the mean error and standard deviation are about the same for all LB values.

Based on the time history plots (Figure 5.24), a lower bound of 0.001 is selected.
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VI. MMAE Based on First-Order Models

6.1 Introduction

Since previous theses have used first-order acceleration models, a comparison must

be made to determine which MMAE tracks better, one with all elemental filters based on

first-order acceleration models or the MMAEs with some of the elemental filters based on

second-order models. One "first-order" MMAE is designed. The elemental filters have

the correlation times of 4, 0.5, and 0.125 seconds for the benign, intermediate, and harsh

filters, respectively. These values do not correspond to previous theses, but place the

break frequency for the intermediate filter between the peaks for the intermediate and

harsh notch models. The break frequency for the harsh filter is slightly above the peak of

the harsh notch model. The lower bound for the probability calculation is held at 0.001.

The MMAE is used to track the basic trajectories, those with w's of 0.01, 1.32, and 2.8

radians per second, and the jinking trajectory.

6.2 First-Order MMAE with Revised Tuning

The elemental filters are tuned with the revised method (-R) yielding 0'b = 150,

I= 400, and = 10000 each in units of pixels2 . These mean squared acceleration

values require the respective first-order acceleration model be driven by a white noise of

strength qb = 75, qi = 1600, and qh = 160000, each with units of pixels2 per seconds5 .

The acceleration PSD plot of these is in Figure 6.1. The height of the curves may be

misleading, especially for the PSD of the model for the benign and intermediate filters.

It is the area under the PSD curve that is related to the magnitude of the acceleration

the resulting filter is designed to track. The area under these curves is increasing and

comparable to the respective PSD plots for the notch filter models. This is discussed in

Appendix A. Only the PC options 1 and 4 are used (as described in Section 5.8). First

the basic trajectories are discussed. The probability plots are in Figures 6.2 and 6.3.

The error plots are in Figures F.1 to F.18. The respective error statistics and average

rT(ti)rk(ti) and rT(ti)h-'(ti)rk(ti) are in Tables F.1 to F.6.
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Figure 6.1. PSD Plot; First-Order MMAE-R

The performance of this MMAE must be compared to that of the notch MMAE-2R.

The probability plots are in Figures 5.11 for PC = 1 (page 5-22) and 5.19 for PC = 4

(page 6-36). The error plots are iAn Figures E.1 to E.9 for PC = 1 and in Figures E.28

to E,36 for PC = 4. The error statistics are in Tables E.1 to E.3 and Tables E.10 to E.12.

A compilation of the position error statistics is in Table 6.1.1

The probability plots for the first-order MMAE-R are almost identical to that of the

notch MMAE-2R for either PC option. (Certainly a suitable set of first-order acceleration

models has been selected for the comparison.) Again, the MMAE does not clearly select

the intermediate filter for the intermediate trajectory until after 2.5 seconds of switching

between the benign and intermediate filters. The probability given to the benign filter

between 2 and 2.5 seconds by the first-order MMAE-R is not as great (0.7) as what the

notch MMAE-2R gives (0.9), but it is still interesting that the final switch has no further

ripples of indecision. PC = 4 yields the same filter selection pattern as with PC =1, but

the MMAE takes longer to make the selection clearly; in fact, the benign filter never gets

probability greater than 0.9 for the benign trajectory.

Given the magnitude of the standard deviations in the position error tables, there is

no appreciable difference in the mean error magnitudes between the two kinds of MMAE

or the two PC options. It is good to see the how close the mean errors and standard

deviations are for the MMAEs each tracking the benign trajectory since they both have
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Table 6.1. Average Position Errors for FirstOrder-R and'Notch-21LMMAEs with PC 1
and 4 Options.

Error in: 
FF. MMAE,

.01 .159±.408 .121±.371 .o98±.3181 .005±.347- .006±.315 .011±.366 Fo,1F .01 .114±.422 .086±.381 .071±.385 .0034-.361 .003±.325 .008±.370 FO,4

.01 .164±.411 .126±.373 .103±.381 '-.004±.347 -.003-.314' .002±.366 N2,1
S.01 .098±.427 .081:.387 .065±.388 .004:L.362 .004±.326 .008±.372 N2,4

1.32 ;058±.447 "034+.398 .043±.395 7.002:408 -.007±-.361 -.008±.383 FO,1
1.32 .063±.443 .040:L.394, .046±-.392 -.026±.401 -.029±.355 -.021".380 FO,4
1.32 -.033±.445, -.028±.396 -.016±".392, -.008±.391 -.014±.343 -.016±.374 N2,1
1.32 -.026±.444 -.017±.396 -.010±.391 -.014±.389, -.0232L.343 -.014±.378 N2,4
2.8 -.023±.559 -.024".446 -.010±.446 .013±.498 -.003±.386 .008-.429 FO,1
2.8 -.016±.560 -.018±.447 -.003±.446 .027±.501 .007±.389 .019±.429 FO,4
2.8 -.096±.512 -.060+.431 -.061±.420 .066".450 .028-.371 .047".403 N2,1
2.8 -.093±.509 -.058±.429 -.0582.420 .086".453 .043±.373 .062±.402 N2,4

Jink .035±".497 .018±.412 .031±.419 .025±.459 .017+.376 .021±.409 FO,1
Jink .003±.509 -.007±.420 .012±.425 .063±.473 .012±.385 .041±.415 FO,4
Jink -.009±.471 -.005±.408 .001".406 .137±.425 .087±.361 .106:L.393 N2,1
Jink -.038E.482 -.025±.416 -.015±.411 .151±.435 .095±.370 .110".396 N2,4

the same benign filter with which to do it. As with the notch MMAE-2R errors, the

magnitude of the mean x-position error and standard deviation for the benign trajectory

is larger than that for the y-position error. This does not seem correct. The acceleration

in the x direction is zero while the acceleration in the y direction for the benign trajectory

is not zero but remains less than 0.00006 meters per second2 . One would expect a similar

magnitude error for either the x- or y-position error for the benign trajectory. As the

dynamics in the y-axis get more harsh (w = 1.32, then 2.8), the magnitude of the x-

position errors decreases while its standard deviation increases because the dynamics in

the y-axis forces the MMAE to select a harsher filter that has greater dynamics noise

strength. The shapes of the error plots for the first-order MMAE-R are slightly different

but the magnitudes are about the same as the plots for the notch MMAE-2R.

A target in the jinking trajectory is tracked with PC options 1 and 4. The result-

ing probability plots are in Figure 6.4. The error plots are in Figures F.19 to F.21 and

Figures F.23 to F.25. The error statistics are in Tables F.7 and F.8. The plots of the

probability calculation elements are in Figures F.22 and F.26.
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Figure 6.4. Probability Plots; First-Order MMAE-R; PC is Varied; Jinking Trajectory.
Benign filter has solid line, intermediate filter has dashed line, harsh filter
has dotted line.
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The probability plots compare favorably to the plots for the notchMMAt.2R track

ing the jinkingtrajectory. For PC = 1,-theprobability plot for the notch MMAE-2R is the

bottom one in Figure 5.13 (page 5-25). For PC = 4, the appropriate plot is the bottom

one in Figure 5.20 (page 5-38). The trace for the intermediate filter is slightly different

for both PC options. The first-order MMA]-R selects the intermediate filter to track the

target after it pulls out of the dive When PC = 1. Based on the way the trajectory is made,

either the benign or the intermediate filter could be the one that is selected at the end of

the jinking trajectory. (The last two-second segment has w = 0.62.) In the probability

plot for PC = 4, the first-order MMAE-R starts to choose the intermediate filter to track

the target after it dives, but then quickly switches to the more correct harsh filter. The

same slow filter selection response is seen in the plot for PC = 4 as has been noted before.

Again, PC = 1 appears to be 'he better option.

The error statistics are compared with the statistics for the notch MMAE-2R in

Tables E.13 and E.16 for PC = 1 and 4, respectively. The first-order MMAE-R has

smaller position errors for y-position but not x-position.

Table 6.1 shows a compilation of the average position errors for the four Monte Carlo

studies. The key comparison is for PC = 1 since that option yields an MMAE that gives

the best performance with regard to filter selection. For the intermediate trajectory, the

notch MMAE has smaller mean errors. For the harsh trajectory, the first-order MMAE

has smaller mean errors but slightly larger standard deviations. Neither the first-order

MMAE-P nor the notch MMAE-2RP outperforms the other based on the criteria used for

the evaluation.

6.3 First-Order MMAE with Ad Hoc Tuning

Ad hoc tuning is applied to the first-order MMAE as shown in Figure 6.5. The

acceleration maodel dynamics noise strengths are selected such that the PSD plots of the

acceleration models are all of the same height. The height of the benign filter in Figure 6.1

is selected for the first MMAE. This MMAE is referred to as first-order MMAE-FB for the

flat PSD plot at a benign height The tuning values areab = 150, a? = 1200, and a0, = 4800.

The second MMAE, called first-order MMAE-FH, has elemental filters each tuned such
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Table 6.2. The Tuning Values used-for the First-Order Models,

Tunng iJ~ qb- -1 ]jqi ''1,h1 [] h
- 150 75 1,400 1600- 10000 160000 -1

-FB 150 75 11200 1 4800 , .74800 76800
-FB 313 156,1 2500 10000 "10000 160000

that the PSD of their acceleration models are the height of the harsh acceleration model

in 'Figure 6.1. Tuning values for this are ab = 312,5, a = 2500, and a2 = 10000. The

tuning values for-these options and the revised values are in Table 6.2. Note, the strength

of the dynamics driving noise is increased for the intermediate filter for both the -FB and

-FH options. These two MMAEs are allowed to track targets in the basic trajectories and

the results are compared to tracking with the first-order MMAE-R of the previous section.

The mean errors are compiled (with the results of studies still to be discussed) in Table 6.3

on Page 6-13. The probability plots are in Figures 6.6 and 6.7. The error plots are in

Figures F.27 to F.44. The error statistics and average residuals for the individual studies

are in Tables F.9 to F.14.

The probability plots for the first-order MMAE-FB are very similar to those for the

first-order MMAE-R. The intermediate filter contributes a little more to tracking the harsh

trajectory due to the increased noise strength of the filter. There do not appear to be any

trends in the average position errors as tabulated in Table 6.3 because different filters

are selected for the different trajectories. One exception is that the standard deviation is

increased when the filter tracking the trajectory has an increased dynamics driving noise

strength. Thre is a larger trace of the harsh trajectory left in the error plot for the -FB

option.

The probability plots for -FH look much like the probability plots of the MMAEs

tuned in the original manner. The intermediate and benign filters have unacceptably

high strength of dynamics driving noise. As discussed before, this disables the MMAE

adaptation. The first-order MMAE-FH selects the benign filter to track the intermediate

trajectory and cannot clearly select the harsh filter for the harsh trajectory for most of the

simulation time.
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Table 6.3. Average Position Errors for First-Order and Notch-2 MMAEs with -FB, -FH,.
and -R Tuning -Options, PC 1.

_ _Tai  Error in: . ...___ MMAE,
__ _) I y_(t_-) I i (tt) I Cit ) I tun
.01 .165±.406 .126±.370 .102±.380 -.003±.348 -.002-.316 .003±367 FO,FB
.01 .116±.424 .085±.382 .078±=.382 -.003±.366 -.002±.328 .003±.371 FOiFH
.01 .159±.408 .121±.371 .098±.381 .051±.347 .006±.315 .011±.366 FO,R
.01 .164±.411 .126±.373 .103±.381 -.004±.347 -.003±.314 .002±.366 N2,R
1.32 .046±.463 .026±;404 .037±.401 -.021±.426T -.022±.365 -.022±.386 FO,FB
1.12 .089±.436 .059±.393 .053-.390 -.009=+.383 -.020±.341 -.014±.373 FO,FH
1.32 .058±.447 .034±.398 .043±.395 -.002±.408 -.007±.361 -.008±.383 FO,R
1.32 -.033±.44r -.028±.396 -.016±.392 -.008±.391 -.014±.343 -.016-.374 N2,R
2.8 -.006±.528 -.009±.435 .006±.430 .056±.470 .035±.379 .045±.411 FO,FB
2.8 -.018±.546 -.021±.436 -.006±.440 -.015±.494 -.025±.385 -.019±.428 FO,FH
2.8 -.023±.559 -.024±.446 -.010±.446 .013±.498 -.003±.386 .008±.429 FO,R
2.8 -.096±.512 -.060±.431 -.061±.420 .066±.450 .028±.371 .047±.403 N2,R

Jink .043±.481 .022±.407 .039±.412 .009±.444 .004±.370 .006±.401 FO,FB
Jink .0034-.509 -.0074-.420 .012±.425 .063±.473 .042±.385 .041±.415 FO,FH
Jink .035±.497 .018±.412 .0314-.419 .025±.459 .017±.376 .021±.409 FO,R
Jink -.067±.437 -.045-.391 -.033±.391 .241±.415 .193±.359 .168±.392 N2,FB
Jink -.022±.477 -.015-.411 -.007=.406 .088.461 .057±.380 .066±.410 N2,FH
Jink -.009±.471 -.0054.408 .001±.406 .1374-.425 .087±.361 .106±.393 N2,R

Figures F.19 to F.21 and Table F.7. For the -FB option, the error statistics and the plots

are only slightly different from the results using the second-order acceleration models. The

mean errors in the x position are less, while in the y position they are more by the same

amount.

Table 6.3 is a compilation of the average position errors for the Monte Carlo studies

performed for the two MMAEs tuned in the ad hoc manner and revised manner. This

table includes the notch-MMAE-R that is covered below.

For completeness, this same ad hoc tuning, -FB and -FH, is applied to the notch

MMAE-2R. The PSD plots of these are in Figure 6.9. Tuning values for the -FB option

are all q = 75. For the -FB option, the benign filter needs au = 800 so q = 400 for each

filter. These values are listed in Table 6.4. The MMAE is allowed to track only the jinking

trajectory with PC = 1. The probability plots are in Figure 6.10 and are to be compared

to the bottom plot in Figure 5.13 (page 5-25) for the notch MMAE-2R. The error plots
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Table 6.4. The Tuning Values used for the Notch-2 Models,

ITuning:[ab b ,I2 LAi
- : 4150 75 100 400
-FB 150 75 75 75
-FB< 800 400,1400 400

are in Figures E.91 to E.97 and are to be compared to Figures E.37 to E.39., The error

statistics are in Tables E.28 andE.29 and areto be compared to Table E.13.

The probability plot for the -FB option shows the quickest response after the dive is

stopped for a less harsh filter to be selected. The y-position RMS error plots have large

spikes during the time the target is diving. The spikes show up with both the -FB and

-FH options and are due to the input of the intermediate filter during the time when the

harsh filter should be selected. The mean errors on the -FH option are all less than 0.09

pixels. These are smaller than the mean errors for the notch MMAE-21t of Table E.13.

The standard deviations are all increased by one or more in the second decimal place. The

error plots look very similar to those of the notch MMAE-2R in Figure E.39. Thus, except

for the unusual looking probability plot, this option may be acceptable as a tuning method.

The magnitude of the y-position error plots for the -FB option as shown in Figure E.93

make this an unacceptable option.

6.4 Proximity Check for Filters

There is some difficulty defining an intermediate filter that will allow the MMAE

to select the "correct" elemental filter for a particular trajectory. The elemental filters

were initially defined by what is known about how major classes of manned aircraft per-

form. This proved inappropriate despite the various modifications applied to the MMAE

in this thesis. These difficulties motivate a proximity check to determine how practically

the parameter space could be divided for a three-filter MMAE. The issue is, how much

acceleration PSD overlap is permissible before elemental filter selection becomes inappro-

priate or ambiguous? In other words, how much separation between notched PSD regions

should be maintained in order to generate unambiguous and correct filter selections?
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6.4.1 Proximity of Notch and FirstwOrder Filters. The first diffiulty, encounterd

was the MMAE selecting the benign filter to-track what was "designed" to~bethe inter-

mediate trajectory. This benign filter is needed in the MMA E because any airborne target

is capable of 'presenting a -trajectory with acceleration power in the low-frequency range,

a level flyby. Therefore, the benign filter will be held. constant and the intermediate notch

filter is moved to higher frequencies. The two-filter MMAE is then allowed to track the

corresponding intermediate trajectory.

Two more intermediate filters are defined. Again, the distance on the PSD plot be-

tween the current intermediate model and the harsh model is split by the new intermediate

model. This results in a MMAE-3R with wi3 = 1.92 radians per second and qi3 = 200.

The distance is split again so MMAE-4R has Wi4 = 2.32 radians per second and qi4 = 400.

For the check, only the benign and intermediate filters are allowed to contribute to the

MMAE while it tracks a target with the respective newly defined intermediate trajectory.

Only the probability plots are presented, and these are in Figure 6.11. Because these are

two-filter MMAEs, the probability plots start from 0.5 and the numeral 2 is appended to

the familiar MMAE notation. The plot for notch MMAE-2R2 looks as expected based on

i he three-filter performance. This is unacceptable if filter selection is the goal, however the

notch MMAE-2R2 gave good performance tracking its intermediate trajectory based on

error magnitudes and trends. If clear filter selection is a primary goal, then MMAE-3R2

or MMAE-4R2 should be selected.

Does this proximity hold at the high frequency end? The harsh notch filter is held

constant and the time constant of the first-order filter model is reduced. Of course the

new filter is tuned at each step and the resulting two-filter MMAE is allowed to track the

harsh trajectory. Always the notch filter is selected by the MMAE. This is demonstrated

here by placing the harsh first-order filter (Th = 0.125, a = 10000, qh = 160000) and the

harsh notch filter (wh = 2.8, qh = 400) in the MMAE. The probability plot labeled (a)

of Figure 6.12 results. The harsh notch filter is selected over the harsh first-order filter.

PSD plots without the log scale on the x-axis show that the approximate area under the

curve for either harsh model is about the same magnitude (10000), so either should be able

to track the same. (The area under the PSD plots is discussed in Appendix A.) When
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Figure 6.11. Probability Plots; Various Notch MMAEs; PC is 1; Intermediate Trajecto-
re.Benign filter has solid line, intermediate filter has dashed line.

6-18



M:.

o.. .. .................------------------------- ............

.2 . .... ... .......

o 1 2 3 4 56

.~~a ......

1............... ... (b

ar ,2 0 a n ah 40.Frpo bte uigvle r

h0...... h..................
an.0 5.Frtodrfitrhssldlnntc itrhsdte ie

0 a a 6a19



the -qh of the notch model is reduced (qh, = 156) so that the height -of its PSD curve is

-the same height-as the first-ordermodel (a purely ad hoc choice), the resulting.filters take

turns tracking the target as in plot (b) of Figure 6.12. Thus,;area under the PSD curve is

either an inconclusive way to compare two different filter models or an inappropriate area

estimation method was selected. Each harsh filter is designed and tuned to'track the same

trajectory. It is expected that each should contribute to the MMAE estimate. Plot (a)

indicates that the second-order model based filter must be disabled by reduced tuning to

let the first-order filter have a chance. The second-order filter is apparantly more able to

handle the harsh dynamics.

6.4.2 Proximity of Notch Filters. An obvious remaining point to investigate is, how

"close" can the intermediate and harsh notch filter models get in their PSD representation

and still track the intermediate a- ' harsh trajectories? To this end, MMAEs 2R, 3R, and

4R are allowed to track their re,,.. _ ve intermediate trajectory, the harsh trajectory, and

a sinusoidal trajectory with an w between the PSD representation of the filter models,

called the middle trajectory. Again, only the probability plots are presented. These are in

Figures 6.13 to 6.15.

In both the notch MMAE-2R and the notch MMAE-3R, the harsh filter is selected to

track the harsh trajectory and not the intermediate trajectory. In the notch MMAE-2R, the

middle trajectory is tracked by both notch elemental filters; neither is more "correct". In

contrast, the notch MMAE-3R and the notch MMAE-4R each select the intermediate filter

to track their respective middle trajectories and the latter MMAE selects the intermediate

filter to track even the harsh trajectory. This latter MMAE has the intermediate and harsh

elemental filter models designed too closely in the parameter space. Notch MMAE-3R gives

better performance for filter selection.
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6.5 Summary

Elemental filter design is a trial and error process. The time histories of the pioba-

bilities assigned to-the elemental filters is essential for deciding if the parameter spAce has

been divided between the filters appropriately. For this thesis, the paxameter space is the

range of frequencies in which nonzero acceleration PSD content is expected for manned

airborne targets. Three elemental filters appear to cover the space adequately, especially

when the benign filter is based on a first-order model. The first-order benign model does

not allow a second filter model, notch or first-order, to get very close in the frequency

domain without causing ambiguities in the pk calculations. The parameters used to de-

scribe each elemental filter used, first- or second-order, are compiled in Appendix A for

convenience.

The ad hoc tuning method is inadequate based on the results from the two attempts,

-FB or -FH. Other attempt,; are felt unnecebsary since any acceleration model resulting in

a fiat PSD plot will require increased dynamics driving noise strength on the intermediate

filter model a. it is defined for this thesis. That disables the MMAE. If the dynamics

driving noise strength for the harsh filter model is reduced, the filter does not track the

harsh trajectory as well, as shown by the increased magnitude of the mean y-position error

plots.

Many of the options run on the notch MMAEs are not accomplished on the first-order

MMAE because the results for the notch MMAEs showed the options to be unnecessary

or even unacceptable. Best performance is achieved with a basic MMAE; i.e., Bayesian,

PC = 1, tuned with the revised method, and the lower bound set at 0.001. Table 6.5 gives

the average position errors and standard deviations for the first-order MMAE-R and the

notch MMAE-2R with PC = 1. The notch MMAE-2RP consistently gives smaller stan-

dard deviations than the first-order MMAE-R. Either performs well with regard to filter

selection. Neither performs consistently better than the other with regard to mean error

magnitudes. The first-order MMAE-R has as small or smaller average error magnitudes

for the y-position errors. That is where the dynamics are entered, but the x-position is

as important for determining target location. Unfortunately, neither shows consistently

better results for the x-position errors magnitudes.
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Table 6.5. Summary Comparing Best First-Order and Notch MMAEs; PC isI.

____ Error in: _MMAE,'

w p.(7 p.____ (t+) (tj-) J.py(tj-) py (t') y t) PC

.01 .159±.408 1.121±.371 [.098±.:8 .05.47- .006±.315, .011.366 1,.FOJ1

.01 .164±.411 .126±.373 .103±.38i 1 -.004±.347 1-.003±.314 j .002-.366 1 N2,1
1.32 .058±.447 1.034±.398 .043±.395 - .002±.408 1-.007±.361 [ -.008±.383 'I FO, ]
1.32 J-.033±.445 ]-.0284-.396 -.0164-.392 1 -.008:E.391,1 -.014±.343 1 -.016±.374 1 N21
2.8 -.023±.559 -.024:.446 -.010±.446 J .013±.498 1 -.003±.386 1.008 1.429 FOI1
2.8 -.0964-.512 -.060±.431 1-.061±.420 1 .066±.450,1 .028-.3711 .047-.403 1 N2,1

Jink .0354-.4971 .018±.412 .031:L.419 .025±.459 .017.376 .021.409 FOI1
Jink -.009d-.471 -.005-E.408 .001±.406 .137-.425 .087:E.361 .106±.393 N2,1

The greatest motivation for trying the second-order filter models (and looking at the

acceleration models in the frequency domain of the PSD plot) was to get an MMAE that

would assign greater probability to a filter based on a less harsh model more quickly after

a target stops maneuvering. To this end, a target in a jinking maneuver was simulated and

many MMAEs were allowed to track it. Of these, based only on their respective probability

time histories, the following list of viable filters is compiled:

1. Notch MMAE-2R; PC=1; LB=0.001; Figure 5.13, bottom plot, Page 5-25

2. Notch MMAE-2R; PC=1; LB=0.005; Figure 5.24, bottom plot, Page 5-45

3. Notch MMAE-2R; PC=2; LB=0.001; Figure 5.20, top plot, Page 5-38

4. First-order MMAE-R; PC=1; LB=0.001; Figure 6.4, top plot, Page 6-6

The notch MMAE-R with PC = 2 has increased mean error magnitude but the same

standard deviation as tracking with the same MMAE with PC = 1. The notch MMAE-R

with PC = 1 and the increased lower bound of 0.005 makes the MMAE filter selection

susceptible to noise, as shown by the increased sized spikes in the probability time history

between 2.5 and 4.5 seconds. These spikes also show up with the notch MMAE-R. with

PC = 1 and LB = 0.001, except smaller. These spikes may be acceptable since performance

is still adequate. The first-order MMAE-R with PC = 1 and LB = 0.001 shows almost none

of these spikes but, as mentioned above, has increased standard deviation of the position

errors and no real improvement in error magnitudes.
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VIi. Conclusions and Recommendations

7.1 Introduction

This thesis is the initial investigation into the possibility (and perhaps necessity) of

using second-order acceleration models, rather than first-order models, in the elemental

filters of the MMAE used in the enhanced correlator/FLIR tracker. This is motivated by

the shape of the acceleration PSD of the model. That is, the frequency range expected

target accelerations can exhibit is divided up by the acceleration models with minimal

overlap. The minimal overlap should help the MMAE select the proper filter quickly even

when the target motion changes from harsh to more benign dynamics, a problem that has

plagued MMAE algorithms in the past.

First, a suitable MMAE is designed with emphasis on:

1. Discretizing the parameter space appropriately for the three elemental filters. That

is, vary the location of the low pass and bandpass filter models in the frequency

domain of the PSD and see what filter selection the resulting MMAE makes. This is

referred to as the proximity check.

2. Selecting proper tuning values for the dynamics driving noise to allow the MMAE to

select the proper filter based on residual magnitudes. The tuning changes the height

of the PSD curve and is done in both ad hoc and revised manners. The measurement

noise matrix, R 2x2, for the "measurements" from the enhanced correlator is not

investigated in this thesis since other matters took precedence in the limited time

available, and because there is much greater uncertainty associated with current

target trajectory characteristics than with precision of measuring devices [10].

Then, the MMAE itself is investigated in three areas:

1. Bayesian versus MAP elemental filter probability assignment.

2. Setting the residual covariance, Ak(ti) equal to 12x2 in one or both of the locations

where it appears in the hypothesis probability calculation so that four possible prob-

ability computation implementations are considered. These are numbered PC = 1

thtrough 4.
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3. Changing the lower bound value that, prevents elemental:filter lockout. The Markov

probability propagation suggested by Muravez [13] is not investigated.

Finally, based on the results for the second-order models, first-order models are

designed and the benchmark performance of the resulting MMAE is compared to the

performance of the MMAE based on second-order models.

7.2 Conclusions of Current Investigation

1. The parameter space is suitably discretized with the "notch" MMAE-2 or the notch

MMAE-3. These are three-elemental-filter MMAEs each with a "benign" filter based

on a first-order acceleration model (T = 4 seconds) and a "harsh" filter based on

a notch acceleration model (w = 2.8 radians per second). The "intermediate" filter

is based on a notch model with w = 1.32 radians per second for notch MMAE-

2 or w = 1.92 radians per second for notch MMAE-3. The "first-order" MMAE is

designed with break frequencies (T is 4, 0.5, and 0.125 seconds for the three elemental

filters) close to the roll-off frequencies of the notch MMAE-2 and the resulting models

also represent a suitable discretization. The suitability of the discretization can be

corrupted by improper tuning.

2. The revised tuning method does produce a magnitude for the dynamics driving noise

strength that allows the MMAE to make proper filter selection.

3. The MAP option did not show any reduction in tracking error. The Bayesian ap-

proach is sufficient.

4. The probability calculation option that gives acceptable results with regard to both

filter selection and error magnitudes is 1 (the "basic" hypothesis probability calcula-

tion). The maximum entropy option allows the MMAE to take too long to select an

elemental filter clearly. The errors increase for this option with the harsher trajec-

tories because the more benign filters are allowed to affect the MMAE estimate too

much.

5. The probability lower bound of 0.001 is the most suitable choice of those investigated,

based on filter selection from the probability plots. The error magnitudes did not
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change appreciably between the Monte Carlo studies accomplished with the various

lower bound values.

6. The MMAE based on the first-order acceleration. models performs basically the same

as the MMAE based on the second-order models. The standard deviation of the-

position errors are smaller for the notch MMAE but the magnitudes of the mean

errors are about the same for each MMAE over all the trajectories tested.

7. The greatest motivation for trying the second-order filter models (and looking at the

acceleration models in the frequency domain .of the PSD plot) was to get an MMAE

that would assign greater probability to a filter based on a less harsh model more

quickly after a target stops maneuvering. The first-order MMAE appears to do this

the best and still have reasonable error magnitudes and an acceptable probability

time history through the whole simulation,

7.3 Recommendations for Further Investigation

1. Return to the first-order filter models but use the break frequencies used in this thesis.

This thesis did not demonstrate any improvement from the second-order filters that

warrants the additional filter complexity. Filter run-times are inconclusive. It is

impossible to separate out the time required for the truth model simulation that is

common to both and get a percentage increase in filter algorithm run-time for the

MMAE based on the second-order models.

2. If second-order filters are investigated further, vary the C of the notch models. Don't

bother with the real-pole models, since the notch ones work the same and are much

easier to make and place precisely in the frequency domain of the PSD. Perhaps a

two-filter MMAE will be sufficient; the typical benign filter with lag time at T = 4

seconds with a notch at about 2.2 radians and a C of about 0.5.

3. Create the deterministic target trajectory for the truth model in the acceleration

domain to ease creation of realistic target motion without the discontinuities in the

acceleration domain. Discontinuities are a product of the simulation only and corrupt

the filter evaluation.
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4. A four-filter MMAE can be designed that will have two elemental filters, each based

on a first-order acceleration model with the correlation time, T = 4 seconds, but with

differing dynamics driving noise strength (see Section 1.3). In the frequency domain

of a PSD plot (Figure 1.1), this recognizes that a target for which the direction of the

velocity vector cannot change rapidly can still exhibit large accelertion magnitudes.

The inclusion of this elemental filter into either the notch or first-order MMAE must

be investigated.

5. A bias was expected in the x-position error due to an idiosyncracy of the simulation

software (see Section 3.5). This was not found in this thesis nor was a correction in

the software noted. This discrepancy must be resolved.
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Appendix A. Parameters of the MMAEs and Trajectories, Designed

Several different kinds of MMAEs are used in this thesis:

1. MMAEs with all first-order elemental filter models.

2. MMAEs with a first-order elemental filter model (the benign filter) and two second-
order elemental filter models.

(a) MMAEs with the second-order filter models having real poles.

(b) MMAEs with the second-order filter models having complex poles (notch-filter
models).

This appendix presents the parameter specifications for all elemental filters used in

Chapters V and VI. It also presents models required in the truth model simulation.

There are two real-pole second-order models, five notch second-order models, and

three first-order models. The real-pole models are best presented as the transfer functions.

These are in Equations (5.3) and (5.4) and are repeated here for first what is used in the

intermediate filter and then what is in the harsh filter:

1.715s + 0.3032
G(s) = (s + 1.4305)(s + 0.3531) (A.1)

G(s) = 5.2(s + 1.0111) (A.2)

(s + 2.0222)(s + 5)

The strengths of the dynamics driving noise that were tried are in Table A.1.

The notch-filter models are described by the transfer function given in Equation (5.5),

which is repeated here:

G(s) = s2 + 2Cws + W2 (A.3)

Table A.1. Real-Pole Noise Strengths.

Tuning qi qh
Original 2000 29000
Revised 500 4000
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Table A.2. Notch Filter Model Parameters.

[W~k.] C 'WTuing, i Are6k-I-
0.62 1 0.2 Original 20Q0 nc
0.62, 1 1 0.2 Revised 75 430'
1.32 '2.11 '0.2 Revised' 100 1200
1.92 3.07 0.2 Revised' 200 .3500
2.32 3.71 '0.2 Revised 400 10000
2.8 4.5 -0.2 Original 5000 nc
2.8 4.5 0.2 Revised 400 10300

Table A.2 shows the parameters used for the various elemental filters used and value of

q for the tuned filter. The entry, nc, denotes a value that was not calculated because

the filter model was not deemed inappropriate. The area noted in the table is the area

under the PSD curve for the acceleration model when generated with the given white noise

strength. The PSD curve is not on a log scale for the calculation. The area is an estimate;

the height times the width at one third the height.

The first-order models are described by:

G _s = l/T
G(s) +(IT) (A.4)

The correlation time, T, and the value of o2 associated with the acceleration and the

strength, q, of the dynamics driving noise are in Table A.3.

Table A.3. First-Order Filter Model Parameters.

T fTuning I a  q IjAreal
4 Original 250 125 nc
4 Revised 150 75 420

0.5 IRevised 400 1600 1380
0.125 jjRevised 10000 160000 11300
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Table A.4. Trajectory Parameters andAssociated AtceleratiOns.

(rad/sec) (mieters) ('s)'
0.01 9 0
0.62 9 0.35
1.32 9 1.6
1.92 9 3.4
2.32_ 9 5.0
2.55 9 6.0
2.8 9 7.3

Jinking Trajectory 7.3

The area under the PSD curve of the acceleration model from which an estimator

is made is related to the maximum acceleration the estimator can track. The trajectories

used in this thesis are listed in Table A.4 along with the maximum acceleration, Aw 2,

shown by the trajectory. The trajectory is created with no acceleration in the x-axis. The

dynamics are entered in the y-axis in the velocity domain with the sinusoidal equation of

Equation (3.3). The acceleration is given by Equation (3.4) and is repeated here:

azv(t) = Aw 2 sin (wt + 0) meters per second2  (A.5)

Recall that A is an amplitude, 0 is a phase option added to help the researcher simulate

evasive maneuvers, and the subscript i denotes the inertial frame that is described in

Chapter III.

The parameters of the filter models have been given in the tables above. Following is

a compilation of the remaining parameters necessary for the simulation. Many of these are

discussed briefly in Chapters III and IV. In Table A.5, a - denotes a parameter for which

no variable was assigned. The initial probability assigned to each of the elemental filters

is 1/3 when three filters are used. The initial values are 1/2 when two elemental filters are

used. The lower bound is generally 0.001 except where discussed in the Chapter V.
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Table A.5. Parameters Needed for theSimulation Software.

- 180 time steps number-of time steps in one'run",6 secx 30 steps/sec
- 10 runs number of-runs per Monte Carlo study

Uta 0.447 radians/second standard deviation for true atmospheric model
Tfa 0.0707 seconds correlation time for filter atmospheric model

fa 0.2 pixels' variance for filter atmospheric model
L 0.000020 radians/pixel pixel proportionality constant

AR 1 aspect ratio of the target
- 1.4142 meters reference length of the target semimajor axis

R! 0.00436 pixels' term (1,1) in the measurement noise strength matrix
0.00598 pixels' term (2,2) in the measurement noise strength matrix

- (1,0,0) meters position of hotspot one, body frame
- (0,0.5,0) meters position of hotspot two, body frame
- (0,-0.5,0) meters position of hotspot three, body frame

Imax 20 maximum intensity of each hotspot
e 0.1 smoothing constant for template generation

0.3 correlator threshhold
1 designating an FFT correlation rather than phase

P1 C(to) 3000
VIZX (to) -1000
aix(to) 0
p(0to) 0 initial conditions on true target trajectory
vZ1 (to) Aw cos (4) + B p (meters), v (meters/second), a (meters/second 2)
az (to) [vY, (to-+ At) - vzY(to) /At
p1 (to) 20000
VI;(to) 0
a (o) 0
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Appendix B. Probability Plots for each of the 1O:Runs

One of the tools that is used for evaluating the performance of each of the MMAEs

tested is the probability time history as discussed in Chapter V. The:time history plots

presented in Chapters V and VI are the time histories for run 1 of each of the 10-run Monte

Carlo studies accomplished. Legitimate question can be raised whether this accurately rep-

resents the MMAE performance. To address this question, a series of plots (the probability

time history for each of the 10 runs and for the mean over the 10 runs) are generated for

several Monte Carlo runs. These are shown in Figures B.1 through B.4. These Monte

Carlo studies are the notch MMAE-2R with PC = 1 and varying lower bound as discussed

in Section 5.10 and corresponding to Figure 5.24. The plot of the mean probability time

history is a misleading one to present because the noise has been averaged out. If the

tracker is used, the expected response will be noisy, as shown by the other plots. Some of

the samples are noisier than others. The most dramatic difference though is in the time

history plots between 4 and 6 seconds. In some samples, the harsh filter does not lose its

high probability, in others, it does. The plot for run 1 of 10 is an "average looking" plot

for the group of 10 for each of the four Monte Carlo studies presented. The same ten sets

of noise samples are used for each Monte Carlo study in the thesis. The probability time

history for run one is presented for the simulations in Chapters V and VI.
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Figure B.1. Complete Probability Plots; Notch MMAE-2R; PC is 1; LB is 0.0005; Jink-
ing Trajectory. Benign filter has solid line; intermediate filter has dashed
line; harsh filter has dotted line.
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Appendix C. Error plots for Real-Pole MMAE

This appendix contains the complete set of error plots for the runs discussed in

Chapter V for the real-pole MMAE. The first part is results for the MMAE as originally

tuned. The latter part is from the MMAE as retuned.

The results for one Monte Carlo study consist of a set of three pages. The first page

shows the RMS error plots for each of the x- and y-positions. The band is the dashed line

for the filter-computed RMS error. The solid line is the actual RMS error calculated over

the Monte Carlo study. These plots give an indication of adequacy of filter tuning. Below

these plots are two tables. The table on the left lists the temporal average of the position

errors. This temporal average is from .5 seconds to the end of each of the 10 runs in the

Monte Carlo study as described in Section 5.2. The table on the right is the list of the

average rT(ti)rk(ti) and r (ti)A-'(ti)rk(ti) over the 10 runs for the entire run, not just

the last 5.5 seconds. The lack of time notation (rather than the traditional overbar) in

the table signifies the temporal average. These values are presented because, depending

on what hypothesis probability calculation is used, the relative magnitudes of r (ti)rk(ti)

or rT(ti)A-'(ti)rk(t) will determine what filter is selected. The average rk(ti)rk(ti) and

rk(ti)A-'(ti)rk(ti) are presented only for nonvarying trajectories. If the average value of

r (ti)rk(ti) is small for one elemental filter, that filter should be selected for the entire 6

second run. If it was not, other influences need to be determined. The next page of each

set shows the mean ± one standard deviation error plots for the x-position at time t7 and

t+ and the mean x-centroid position error at time t7. The final page shows similar plots

for the mean y-position errors. The solid line denotes the mean error while the dashed line

is the mean ± a.
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Figure C.1. RMS Error Plots; Real-Pole MMAE-0; PC is 1; Trajectory with w = .01

Table C.1. _.mporal Average and Residuals; Real-Pole MMAE-O; PC is 1; Trajectory
with w = .01.

Error in: Mean o" Filter r rk r kA-rk
pt_ ) 0.13389 0.42208 Benign 0.31486 1.81639

Me___) 0.10040 0.38270 Intermediate 0.35553 1.68579
y.(t) 0.089433 0.38411 Harsh 0.53661 1.40270
pu(t,') -0.0043953 0.35911
py(tt) -0.0031046 0.32245
yy(ti) 0.0013646 0.36994
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Figure CA4. RMS Error Plots; Real-Pole MMAE-0; PC is 1; Trajectory with W .62

Table C.2. Temporal Average and Residuals; Real-Pole MMAE-0; PC is 1; Trajectory
with w =.62.

[Error in: Mean o____ Filter r~krk Ir~kAErk

px@7) 0.14914 0.42189 Benign 10.315111 1.817681
px(t) 0.11576 0.38228 Intermediate 0.35663 1.69112
Y.x(tT) 0.10470 0.38396 Harsh 0.53743 1.40485
py(t,-) OW000W16 695 0.35867
pY(tt,) 110.00128981 0.32162
vy(ti ) 110.0046943 10.36945
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Table CA4. Temporal Average and Residuals; Real-Pole MMAE-R; PC is 1; Trajectory
with w = .01.

~Errn~ Mean a ~ Filter r4kr k rlAj'rk

p.T@7) 0.16729 -0.41147] Benign fi0.31347 [1.84759
p ,(tt) 0.12927 0.37482 LIntermediate Jj0.33138 1.74876
y,,(t,- 0.10607 0.38161 Harsh JJ0.41194 Jj1.56997
py(ti-) 0.0025636 0.34717
pY(tl) 0.00395881 0.31505

y~() 00080981 0.36838
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Table C.5. Temporal Average and Residuals; Real-Pole MMAE-R; PC is 1; Trajectory
with w = .62.

(Error in: 11 MeanT [ a* Filter IIr~rk ]lA 7A~r;
p,(i) 0.16224 0.41166 Benign 0.31397 11.85046
Met~ 0.12445 0.37512 Intermediat 0.33211 1.75272
Y,,(ty) 0.10131 0.38216 Hars~i II0.41180 1.56946

, (i) 0.0093033 0.34414
pY(I ) 1 0.0084065 10.311421

y~(tT 0.01496 0.36649
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Table C.6. Temporal Average and Residuals; Real-Pole MMAE-R; PC is 1; Trajectory
with w = 2.8.

Error in: D Mean J or Filter r~krk rkA, rj.

________ -0.018441 0.55672 Benign 2.62178 15.29063
p,,(i) -0.016016 0.44602 Intermediate 0.93188 4.94933
y,(te7) -0.0040403 0.44564 [ Hars 0.6173 1767
py(te ) 0.011116 0.49278
py(tt) 11-0.012656 10.38439
yy) 0.0035426 10.42634
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Appendix D. Error Plots for Notch MMAE-1

This appendix shows the errc plots for the notch MMAE with the intermediate filter

at w = .62 radians per second as discussed in Chapter V. This is referred to as MMAE-1.

The first part is results for the MMAE as originally tuned. The latter part is from the

MMAE as retuned.

The results for one Monte Carlo study consists of a set of three pages. The first page

shows the RMS error plots for each of the x- and y-positions. The band is the dashed line

for the filter-computed RMS error. The solid line is the actual RMS error calculated over

the Monte Carlo study. Below these plots are two tables. The table on the left lists the

temporal average of the position errors. This temporal average is from .5 seconds to the

end of each of the 10 runs in the Monte Carlo study as described in Section 5.2. The table

on the right is the list of the average r (t,)rk(ti) and rT(ti)A (ti)rk(ti) over the 10 runs

for the entire run, not just the last 5.5 seconds due only to ease of programing. The lack

of time notation (rather than the traditional overbar) in the table signifies the ,emporal

average. The next page of each set shows the mean ± 1 standard deviation error plots for

the x-position at time t- and tt and the mean x-centroid position error at time tC. The

final page shows similar plots for the mean y-position errors. The solid line denotes the

mean error while the dashed line is the mean ± a.

When the MMAE is tracking the target in a jinking maneuver, there is no table

on the ':st page for the average r (ti)rk(ti) and r.(ti)A-'(ti)rk(ti). Instead, plots of the

r.(ti)r(ti), rT(ti)A (ti)rk(ti), and leading coefficient needed in the hypothesis probability

calculation are presented to help determine why one filter is selected over the others.
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Figure D.1. MS Error Plots; Notch MMAE-1O; PC is 1; Trajectory with W .01

Table D.1. Temporal Averages and Residuals; Notch MMAE-10; PC is 1; Trajectory
with w = .01.

Error in: D Mean o a Filter 117 rk [r~A'

p , t i) 0.13314 0.42082 Benign If0.31409 1.8'.2401
pz@(ti) 0.098728 0.38137 Intermediate If0.35060 1.71287
y.,(ti 0.087985 0.38305 j Harsh If0.46834 1.55518J
py,(t7) -0.0079997 0.35707
pjy(ti) T-0.0064396 0.32042
yy (ti -0.0020653 10.36901
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Table D.2. Temporal Averages and Residuals; Notch MMAE-1O; PC is 1; Trajectory
with w = .62.

[Errin: Meanl a ]Filter rk A 'rk

Px(ti-) 0.13628 0.42397 Benign 10.315061 1.817811
p, (tt) 0.10193 0.38462 Intermediate I0.35186 1.71896
y ,(t7) 0.091146 0.38427 Harsh 0.47046 1.56216

, (i) 0.0024705 0.35754
PyY(i) 0.0022286 0.32053
yy(t7) 0.0055900 0.36884
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Table D.3. Temporal Averages and Residuals; Notch MMAE-10; PC is 1; Trajectory
with w = 2.8.

Error in: H Mean 77oJ 7 I Filter _r~krk r~kA~rk
p., t,-) -0.022058 0.57723 Benign If2.47745 J14.24848
p,(tit) -0.0092969 0.44565 Intermediate ~f0.67420 3.31920
y,(ti) -0.0049930 0.46382 Harsh iFO 0459 68 1.52569
py(ty) -0.069637 0.54025
py(t) -0.065185 0.39927
y~j(t7) -0.066540 0.45485
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Table D.5. Temporal Averages and Residuals; Notch MMAE-1R; PC is 1; Trajectory
with w = .62.

Error in: Mean a Filter -- Fr rr r TAT'rk

p,(t,-) 0.068746 0.42274 Benign 0.31484 1.85585
p,(ti+) 0.053178 0.38391 _Intermediate 0.30817 1.80175
yxQt7) 0.052772 0.38689 Harsh 0.38557 1.75574
p~y(t) 0.033674 0.34746
py (e) 0.025586 0.31473
yy(t7) 0.023106 0.36711
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Table D.6. Tempo)ral Averages and Residuals; Notch MMAE-1R; PC is 1; Trajectory
with w = 2.8.

[Error in:T11 Mean o____ I [ Filter D 4rk I r~kA rk
p.,(t7) -0.099560 0.50994 [ Benign D2.19094 12.78353
p., t) -0.063166 0.42876 [Intermediate fi2.72419 16.09295
y,(t7) -0.064370 0.41940 [ Harsh JJ 0.40112 1.82285
pY(t7 ) 0.061973 0.44972
py(tf) 1 0.023998 0 .370221
yyQy) 110.042546 10.40173
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Table D.8. Temporal Averages and Residuals; Notch MMAE-1R; PC is 2; Trajectory
with w = .62.

Erori:Mfean a Filter If 4rkf r4Aj'rk
pMt7-) 0.11523 0.41719 Benign jj0.31542 11.85918

p.(i) 0.88291 0.38139 Intermediate f0 .3233,-1 1.80396
y,(i) 0.076764 0.38411 Harsh IFO0.38552 [1.75528
py(t7) 0.014898 0.34589
py(tt) 0.011082 0.18
YY@t, 0.011787 0.36650
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Table D.9. Temporal Averages and Residuals; Notch MMAE-1R; PC is 2; Trajectory
with w = 2.8.

[Error in: DMean [ o, I Filter IIrrk jr~kAT'rk
p.,(t,-) -0.081160 0.50749 Benign 2.22412 12.97866

lp.,(&) -0.047907 0.42873 Intermediate 2.70873 16.00030
y ,(~t) -0.047496 0.41749 Harsh 0.40205 1.82690
py(t7) 0.10597 0.45741
py,(tt) 0.055791 0.37485
yy(t7) 0.071927 0.40658
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Figure D.28. RMS Error Plots; Notch MMAE-1R; PC is 3; Trajectory with w = .01

Table D.10. Temporal Averages and Residuals; Notch MMAE-1R; PC is 3; Trajectory
with w = .01.

Error in: I ean a Filter rkrk r .A ,'rk

p,(t-) -0.050487 0.49598 Benign 0.31079 1.83162
p,(t i) -0.027731 0.42257 Intermediate 0.30487 1.78230
yz(t) -0,023628 0.41439 Harsh 0.37680 1.71529
py(t7) -0.0038789 0.43262
py(tt) -0.0065926 0.36371
yl,(t7) -0.0013384 0.39367
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Figure D.31. RMS Error Plots; Notch MMAE-1R; PC is 3; Trajectory with w =.62

Table D.11. Temporal Averages and Residuals; Notch MMAE-1R; PC is 3; Trajectory
with w = .62.

Error in: Mean [ o, Filter IIr~rk I r~kAT rk

, ~t) -0.047181 0 .49152 Benign [10.31174 11.836881
p (i) -0.024761 0.42006 IntermediaeI 0.30684 1.79374

yx(t7) -0.021591 0.41321 Harsh II0.38349 1.74601
pyQ7) 0.082595 0.43193
py(tt) 0.038382 0.36413
yy (tF) 0.056653 0.39264
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Figure D.34. RMS Error Plots; Notch MMAE-1R; PC is 3; Trajectory with w =2.8

Table D.12. Temporal Averages and Residuals; Notch MMAE-1R1; PC is 3; Trajectory
with w = 2.8.

Error in: 11Mean [ o, Filter lir~rk I rkrAT!rkl
pa,(t7) -0.10336 0.50942 Benign 2.21391 12.91533

~) -0066899 0.42816 Intermediate fl2.72299 j16.08609
ijx(ti) -0.068122 0.41849 Harsh II 0.40008 j1.81825
py(t7) 0.060898 0.44930
py(ti+) J!0.022934 0.37038

v~(y) 0.041416 0.40205
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Figure D.37. RMS Error Plots; Notch MMAE-1R; PC is 4; Trajectory with w = .01

Table D.13. Temporal Averages and Residuals; Notch MMAE-1R; PC is 4; Trajectory
with w = .01.

Error in: II Mean a Filter rkrk [r A.rk]
pM(_') 0.082393 0.41841 Benign 0.31492 1.85673
p., (t ) 0.068079 0.38066 Intermediate 0.30830 1.80297
y._(t'-) 0.061653 0.38355 Harsh 0.38061 1.73296
py(t7') -0.00058354 0.35407
py(tt) -0.00026798 0.32088
yy(t') 0.0040345 0.36966
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Figure D.40. RMS Error Plots; Notch MMAE-1R; PC is 4; Trajectory with W .62

Table D.14. Temporal Averages and Residuals; Notch MMAE-1R; PC is 4; Trajectory
with w = .62.

E~rin:f~e n a Filter IIr~rk ] r~kAT'rkJ
px(ti-) 0.080174 0.42232 Benign fi0.31548 1.85949]
p,(tt+) 0.065309 0.38483 Intermediate fi0.30918 1.807631
yx(t7) 0.058459 0.38644 Harsh II 0.38565 1.59
pY (ty 0.026384 0.34956
py(tt) 0.019793 0.31601
yy(t) 0.020130 0.36826
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Figure D.43. RMS Error Plots; Notch MMAE..1R; PC is 4; Trajectory with W 2.8

Table D.15. Temporal Averages and Residuals; Notch MMAE-1R; PC is 4; Trajectoi-y
with w = 2.8.

Errr n:~JMean a Filter rIf r rk I 1rk

Fpx,(t7) -0.093248 0.50884 Benign If2.23683 13.05215
p(0t) -0.057815 0.42845 Intermedia-te If2.72495 16.09862]

y.,(i -0.058479 0.41982 Harsh If0.40132 j1.82378J
py(t7) 0.085308 0.45102
py(tt) 0.042720 10.37132
Y(tt7) 0.062680 10.40167
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Appendix E. Error Plots for Notch MMAE-2

This appendix contains the error plots for the MMAE with one elemental filter-based

on a first-order acceleration model and two elemental filters based on second-order accel-

eration models that are also referred to as notch filters. The intermediate filter model has

w = 1.32 radians per second as discussed in Chapter V. The MMAE is referred to as the

notch MMAE-2. All Monte Carlo studies were done with the MMAE tuned in the revised

method.

The results for one Monte Carlo study typically consist of a set of three pages. The

first page shows the RMS error plots for each of the x- and y-positions. The band is the

dashed line for the filter-computed RMS error. The solid line is the actual RMS error cal-

culated over the Monte Carlo study. Below these plots are two tables. The table on the left

lists the temporal average of the position errors. This temporal average is from .5 seconds

to the end of each of the 10 runs in the Monte Carlo study as described in Section 5.2.

The table on the right is the list of the average rk(ti)rk(t) and rT(ti)A-'(ti)rk(ti) over

the 10 runs for the entire run, not just the last 5.5 seconds. The lack of time notation

(rather than the traditional overbar) in the table signifies the temporal average. The next

page of each set shows the mean ± 1 standard deviation error plots for the x-position at
time t7 and tt and the mean x-centroid position error at time t7. The final page shows

similar plots for the mean y-position errors. The solid line denotes the mean error while

the dashed line is the mean ± a.

When the MMAE is tracking the target in a jinking maneuver, there is no table on

the first page for the average r .(ti)rk(ti) and r .(ti)A-'(ti)rk(ti) since each is expected to

change greatly over the run due to the changing acceleration dynamics. Instead, the plots

of the r .(ti)rk(ti), r .(ti)A-.(ti)rk(ti), and leading coefficient needed in the hypothesis

probability calculation are presented.
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Table E.1. Temporal Averages and Residuals; Notch MMAE-2R; PC is 1; Trajectory
with w = .01.

[Error in:~ Mean a* j Filter rkk r~kAT'rk

________ 0.16395 0.41076 Benign If0.31351 J1.84793
________ 0.12649 0.37388 Intermediate if0.33135 1.80755
yx(t7) 0.10306 0.38144 Harsh F 0.37906 1.72563
py(iy) -0.0039394 0.34661
py(tt) -0.0025796 0.31421
yy,(ty) 0.0020246 10.36641
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Figure E.10. RMS Error Plots; Notch MMAE-2R; PC is 2; Trajectory with W .01

Table E.4. Temporal Averages and Residuals; Notch MMAE-2R; PC is 2; Trajectory
with w = .01.

Ero n I Mean J o- Filter r~krk rkAT'rk
p.______ 0.16652 0.40800 Benign jJ0.31318 1.84589
pMii') 0.12716 0.37228 Intermediatle 0.33136 1.80754
yx(t7) 0.10364 0.38029 Harsh 0.37947 1.72742
py(t) -0.0022974 0.34585
pYWi~ -0.00076801 0.31391
yy(t,-) 0.0037461 10.36747
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Table E.5. Temporal Averages and Residuals; Notch MMAE-2R; PC is 2; Trajectory

with w = 1.32.

Error in: 11 Mean I a Fitr r~rk r kAi r~k

p.(t7 ) 10.16117 10.41127 Benign 0.39225 2.32115
p,(tt) 0.122566 0.37608 Intermediate 0.32824 1.78972
y (t) 0.099123 1 0.38065 Harsh 0.38384 1.74748
pU(t7) 0.015718 0.34806
py(tt) 0.00032987 0.31627
yy(q) 0.0018954 0.36466
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Table E.6. Temporal Averages and Residuals; Notch MMAE-2R; PC is 2; Trajectory
with w = 2.8.

Error in: Mean a Filter 11 rkrk r .A:'rk
p.(t') -0.093410 0.49614 Benign 2.62346 15.41430
p(ti+) -0.061646 0.42245 Intermediate 1.23224 6.79350
yz(tT) -0.056087 0.41445 Harsh 0.40072 1.82109
py(tT) 0.059635 0.45977
py(t + )  0.031220 0.37477
yy(tT ) 0.040140 0.40561
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Figure E.22. RMS Error Plots; Notch MMAE-2R; PC is 3; Trajectory with W= 1.32

Table E.8. Temporal Averages and Residuals; Notch MMAE-2R; PC is 3; Trajectory
with w = 1.32.

Errorin:j Mean ~ oj F ilter r 4rk r~kA 'rk-
pz,(t7) -0.091315 0.49737 Benign D0.39661 2.34752
p,(i+) -0.057604 0.42162 Intermediate 0.33319 1.81734
y.,(t7) -0.056153 0.41397 Harsh iI 0.38992 T1.77566
py(t7) 0.0056087 0.44451
py(tt) -0.0092533 0.36878
y(t7) -0.00012055 0.40002
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Figure E.25. RMS Error Plots; Notch MMAE-2R; PC is 3; Trajectory with W 2.8

Table E.9. Temporal Averages and Residuals; Notch MMAE-2R; PC is 3; Trajectory
with w = 2.8.

[Error in: Mean [ a jFilter r~krk I rkA T r-k
M~tT-) -0.10444 0.51073 Benign [j2.20156 12.84532
p., (ti+ -0.067960 0.42973 Intermediate 1.2326816.79588
yr@7)i -0.069137 0.41934 Harsh jJ0.40067 1.82089
py(t7) 0.064390 0.45039
py(tt) 0.026317 0.37165
yy(tr) 0.044831 0.40208
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Figure B.28. RMS Error Plots; Notch MMAE-2R; PC is 4; Trajectory with W= .01

Table E.10. Temporal A tnd Residuals; Notch MMAE-2R; PC is 4; Trajectory
with w =.0

Error in: IIMean [ ax Filter rkrk r~kAT'rk

p.,(t,-) 0.097821 0.42738 Benign If0.31476 1.85570
p.,(t) 0.081477 0.38664 Intermediate If0.33195 1.8109
yx,(tT) 0.065413 0.38750 Harsh IF0.38049 1.73231
pyj(t7) 0.0036758 0.36175
py,(t) 0.0039819 10.32572

y~(tT 0.0047240.37170
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Figure E.31. RMS Error Plots; Notch MMAE-2R; PC is 4; Trajectory with W= 1.32

Table E.11. Temporal Averages and Residuals; Notch MMAE-2R; PC is 4; Trajectory
with w = 1.32.

[Error in: E Mean [ a Filter [I4rk r~kAT'rk

p,(t7-) -0.025702 0.44396 Benign 0.97 . 3
P, i) -0.017072 0.39586 Intermedit 0.33460 1.82528

y.,(t-) -0.0097122 0.39111 Harsh 0.98 1741
pv(ti) -0.014490 0.38864

p~(~) -0.022636 0.34311
yu(ey) -0.014081 0.37820
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Figure E.34. RMS Error Plots; Notch MMAE-2R; PC is 4; Trajectory with w = 2.8

Table E.12. Temporal Averages and Residuals; Notch MMAE-2R; PC is 4; Trajectory
with w = 2.8.

ITrror in: II Mean I a Filter r~rk r AZ.rk

p.(ti,) -0.093356 0.50926 Benign 2.21312 12.91275
px(tit) -0.057692 0.42890 Intermediate 1.23460 6.80630
y.(t.) -0.058363 0.41973 Harsh 0.40148 1.82447
py(t.) 0.085914 0.45259
py(t +  0.043384 0.37338
yy(t') 0.062324 0.40152

E-35



-~ .5Mean Error +-One Sigma, t- _______

------------ --- -------------------

I. -------- T- * ~

vs a

.5- -. ... ..... 7 ---------------------------------

-1..5 ... .L .... . 1................ .... ...... ............ -----------

X0 1 2 3 4 5 6

Mean Error +-One Sigma, t+
.9SS

1........... ..

o . 3 . -.. ...- - - - - - - - - - - - - -.-..

Ld 0 1v 2, 3 Y

to.. ...... A.
L . .. ..... .

0 .6 * 4~1I~l El lI . . ....... .

IL a ~a

X 0 12 3 4 5 6

Figur E3.XError lots Notch, t-E2;P s4 raetr vt .

Z 1 3



Mean Error +-One Sigma, t- ____

1 to

.1. It. 1, AAI. . I s 5 * S
0

it 1~v 2 45

so 1.tenEro -oneSga,+ ___

02 5 6.~ --- ~"

0
-1 4--'v .......... L L . . L . ....... . I ............. .. .... . .. . . . .. . . .. .

0 1 2 3 4 5 6

15Mean Error + - One Sigma, t ______

x ...v.....................II............................................

L . ....... 4~ ... ---~ it. 4* if Ile. .. .. . .

-A 55

#5I ... ... .

-_I '.5 V5 .......... to .* ...... .

0 1 2 3 4 5 6
Time (seconds)

Figure E.36. Y-Error Plots; Notch MMAE-2R; PC is 4; Trajectory with w =2.8

E-37



-~ .5Filter-Comnputed and Actual RMS. Error
u) 1.

x

1.2
oil I

.6-

0 fl

0

0 345 6

Filter-Computed and Actual RMS Error ____

x

............. . . . . ........................ ..................

3 9 1..2..........

Lo .6 -..-. J

0

C)

0. .

0 1 2 3 4 56
Time (seconds)

Figure E.37. RMS Error Plots; Notch MMAE-2R; PC is 1; Jinking Trajectory

Table E.13. Temporal Averages; Notch MMAE-2R; PC is 1; Jinking Trajectory.

[Error in:~ Mean a

px(i7) -0.0091597 0.47084
px(tt) -0.0045M1 0.40771
yx(et) 0.0013619 0.40565
py_____ 0.13653 0.42526
py(tt) 0.087173 0.36126

11____ 0.10617 =0.39323
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Figure E.45. RMS Error Plots; Notch MMAE-2R; PC is 3; Jinking Trajectory

TaDle E.15. Temporal Averages; Notch MMAE-2R; PC is 3; Jinking Trajectory.

Irror in:1 Mean o,7
px(17) -0.070978 0.50184
p,(t+ )  -0.041023 0.42579
yX(t7) -0.038458 0.41694
py(t,7) 0.10343 0.45123
py(t +) 0.060133 0.37858
y(t,) 0.079114 0.40246
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Table E.16. Temporal Averages; Notch MMAE-2R; PC is 4; Jinking Trajectory.

Error in: Mean a
px(t.y) -0.037607 0.48179
p,(it) -0.024760 0.41634
yx(t) -0.015064 0.41064
pu(ti-) 0.15135 0.43453
py(t t ) 0.095046 0.37039

Y(7) 0.11017 0.39597
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Figure E.53. RMS Error Plots; Notch MMAE-2RM; PC is 1; Trajectory with Wo .01

Table E.17. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 1; Trajectory
with wo = .01.

Error in: Mean or Filter rI T r. I r TA -!r
p=(t7) 0.15904 0.40347 Benign 10.312421 1.841861
p=(W+ 0.11759 0.36725 Intermediate 0.32972 1!.79894
y.(t,'7 0.094249 0.37923 Harsh 0O.378141 1.721731
py (t' -0.011480 0.34310
py(l})  -0.0097946 0.31130

yy(t,') -0.0053241 0.36629
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Table E.18. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 1; Trajectory
with w = 1.32.

E rror in: jj Mean o, Filter r~kr1, rkAF'rk
p.x(t7) -0.036431 J0.44638 Benign 0.39511 2.33873
p ,(tt) -0.032749 j0.39415 Intermediate 0.33222 1.81237

(ti-)__ -0.020003 j0.39437 Harsh II0.38827 1.76856
p,(i-) -0.0066317 6 . r,211 -
1py(tt) -0.011366 FO 035045.
YY(ti7) -0.013406 1 0.38162]
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Table B.19. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 1; Trajectory
with w = 2.8.

Error in: Mean _____ Filter r~rk r TA-'rk

p, (,-) -0.10278 0.50898 Benign 12.15052112.544541
p-,(tt) -0.065960 0.42770 Intermediate 1.23168 6.79064
y_,(t7) -0.067352 0.41901 Harsh 10.39981 1.81722
py(ti7) 0.048331 0.44956
pY(i) 0.010367 0.37085
YY(ti7) 0.028849 0.401851
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Figure E.62. RMS Error Plots; Notch MMAE-2RM; PC is 4; Trajectory with w .01

Table E.20. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 4; Trajectory
with w = .01.

[Error in: M ean a Filter Irkrk zIAk'rk]

-,(i1-) 0.15641 0.40369 Benign 0.31317 1.84613]
________ 0.11529 0.36775 Intermediate 0.33002 1.80041J

v~t) 0.091869 0.38077 Harsh fl0.37790 1.72046J
py~t7) -0.0092784 0.34307
ry(ti) 11-0.0075805 0.110
yy(t7) -. 019 .62
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Figure E.65. RMS Error Plots; Notch MMAE-2RM; PC is 4; Trajectory with W= 1.32

Table E.21. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 4; Trajectory
with w = 1.32.

[Error in: II Mean J oa ] Filter Rr~krk r~kA'kr-k"

p,(t,-) -0.058428 0.44490 Benign 0.39496 2.337811
p_ (t) -0.051705 0.39259 Intermediate fl0.33220 1.81221
y.,(ti -0.038729 0.39657 Harsh jj 0.38849 1.76957
py(et) 0.0018327 0.39795
py(t) -0.0046705 0.34698
YY ti) -0.0060652 0.38019
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Table E.22. Temporal Averages and Residuals; Notch MMAE-2RM; PC is 4; Trajectory
with w = 2.8.

Error in: Mean [ omue Filter AcurkR MSErr
______ i) -0.10655 0.50686 Benign H2.15511 12.57190
p,(1 ) I-0.069795 0.42524 Intermedi 1.23253 6.79541
Y (i) -0.071117 0.41854 Harsh H0.40027 11.81933
PY(t7-) 0.054462 0.44973

_py(ij) 0.016408 0.37101
yy(t7) 0.034950 0.40231
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Figure E.71. RMS Error Plots; Notch MMAE-2RM; PC is 1; Jinking Trajectory

Table E.23. Temporal Averages; Notch MMAE-2RM; PC is 1; Jinking Trajectory.

Error in: Mean a

pM(i) -0.013476 0.46916
p,t) -0.013134 0.40511
y=(t7) -0.0054122 0.40593
py(t') 0.12341 0.42130
pY(t+) 0.074803 0.35758
yy(t7) 0.093291 0.39254
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Figure E.74. Probability Calculation Plots; Notch MMAE-2RM; PC is 1; Jinking Trajec-
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Table E.24. Temporal Averages; Notch MMAE-2RM; PC is 4; Jinking Trajectory.

'Errorin Mean ] 7
p.,(t7) -0.016032 j0.46839
rP (tt) -0.017465 1 0.40464

y.,(i -0.007402 0.40618
pY (tT) 0.14398 0.42371
pY(il) 0.089285 0.36003
yyQt) 0.10522 10.39282
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Table E.26. Temporal Averages; Notch MMAE-2R; PC is 1; LB is .005; Jinking
Trajectory.

Ero in M]n o

pMt7-) -0.0040466 0.46724
p (tt) 0.0025857 0.40553
YX (ti-) 0.0044920 0.40372
py(t7) 0.13361 0.42075
pY@t) 0.085555 0.35672
yy (ty 0.10522 0.39225
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Table E.28. Temporal Averages; Notch MMAE-2FB; PC is 1; Jinking Trajectory.

[F~rorin: Mean ___

p.(t7) -0.067192 0.43698
p.,(tt) -0.044687 0.39109
y ,(t7) -0.033344 0.39124
py,(tt7) 0.24085 0.41523
py(til) 0.19262 0.35910
y (i-) 0.16781, 0.39180
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Table E.29. Temporal Averages; Notch MMAE-2FH; PC is 1; Jinking Trajectory.

[rrr in:jeanJ o

M~tT-) -0.022119 0.47749
p_,(tt) -0.014961 0.41091
1j,(t7) -0.0066979 0.40560
py,(ti) 0.088483 0.46066
PY(W) 0.057249 0.38098
yy(i) 0.066056 0.40906
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Appendix F. Error Plots for First-Order MMAE

This appendix shows the error plots for the MMAE with elemental filters each based

on first-order acceleration models. The MMAE is referred to as the first-order MMAE. All

Monte Carlo studies were done with the MMAE tuned in the revised method.

The results for one Monte Carlo study consists of a set of three pages. The first page

shows the RMS error plots for each of the x- and y-positions. The band is the dashed line

for the filter-computed RMS error. The solid line is the actual RMS error calculated over

the Monte Carlo study. Below these plots are two tables. The table on the left lists the

temporal average of the position errors. This temporal average is from .5 seconds to the

end of each of the 10 runs in the Monte Carlo study as described in Section 5.2. The table

on the right is the list of the average rk(ti)rk(ti) and rT(ti)A'(ti)rk(tj) over the 10 runs

for the entire run, not just the last 5.5 seconds. The lack of time notation (rather than

the traditional overbar) in the table signifies the temporal average. The next page of each

set shows the mean ± 1 standard deviation error plots for the x-position at time t- and t+

and the mean x-centroid position error at time t7. The final page shows similar plots for

the mean y-position errors. The solid line denotes the mean error while the dashed line is

the mean ± a.

When the MMAE is tracking the target in a jinking maneuver, there is no table on

the first page for the average r T(j)rk(ti) and r .(ti)A-'(ti)rk(ti) since each is expected

to change greatly over the run due to the changing acceleration dynamics. Instead, plots

of the rT(ti)rk(ti), r .(ti)A-1 (ti)rk(fi), and leading coefficient needed in the hypothesis

probability calculation are presented.
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Figure F.1. UMS Error Plots; First-Order MMAE-R; PC is 1; Trajectory with W= .01

Table F.1. Temporal Averages and Residuals; F irst- Order M MAE- R; PC is 1; Trajectory
with w = .01.

Error in: IIMean [ o, Filter IIr~rk r4A~1rk ]
-(7 0.15868 0.40832 Benign fi0.31398 1.84920

p ,(t) 0.12117 0.37102 Intermediate II0.33190 1.75898
y,(t) 0.098154 0.38119 Harsh 0f 041606 1.55076J
py(ti) 0.0051362 0.34680
py~tt) 0.0064047 0.31464
yy (ti) 0.011017 0.36595
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Figure F.4. RMS Error Plots; First-Order MMAE-R; PC is 1; Trajectory with w = 1.32

Table F.2. Temporal Averages and Residuals; First-Order MMAE-R; PC is 1; Trajectory
with w = 1.32.

Error in: Mean a Filter r .rk r .ATFrk
p,(t7) 0.057818 0.44716 Benign 0.39482 2.33499
p,(t+ ) 0.033986 0.39757 Intermediate 0.34213 1.81372
y (t i) 0.042546 0.39483 Harsh 0.40987 1.52774

p,(t) -0.0024213 0.40806
pY(t +) -0.0070504 0.36088
yy(t7 ) -0.0081275 0.38321
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Figure F.7. RMS Error Plots; First-Order MMAE-R; PC is 1; Trajectory with w = 2.8

Table F.3. Temporal Averages and Residuals; First-Order MMAE-R; PC is 1; Trajectory
with w = 2.8.

Error in: Mean o Filter r Trk r'.A;'rk

px(it) -0.022937 0.55944 Benign 2.69663 15.7z584
pt(i) -0.024402 0.44596 Intermediate 0.98172 5.23861
yM(t,) -0.010097 0.44613 Harsh 0.46939 1.75040
py(t7) 0.012936 0.49776
p,(t+) -0.0026746 0.38626
yj(t) 0.0082901 0.42864
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Figure F.10. RMS Error Plots; First-Order MMAE-R; PC is 4; Trajectory with W .01

Table F.4. Temporal Averages and Residuals; First-Order MMAE-R; PC is 4; Trajectory
with w = .01.

Error in: I Mean o u F ilter rTrk rTA;:-'rl.
p.,(i) 0.11442 0.42164 Benign 0.31523 1.85689
Met~ 0.085762 0.38103 Intermedit 0.33312 1.76567
Y.,(t7) 0.070765 0.38486 Harsh 10.41874 1.56092
PYN(t) 0.0025993 0.36127
py(tt) 110.0034330 0.32493
yy(i ) 110.00785871 0.370271
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Table F.5. Temporal Averages and Residuals; First-Order MMAE-R; PC is 4; Trajectory
with w = 1.32.

[rnean1 a* Filter r4rk rkA T'rk
p.(i7) 10.062867 0.44319 Benign 0.39518 2.33718

-p.,(t) 0.040271 0.39356 Intermediate 0.34223 1.81435
y,,(t7) 0.045719 0.39182 Harsh 0.40940 1.52597
py(t7) -0.025904 0.40133
pY(tt,) -0.029409 0.35530
yy (t-) 11-0.021276 0.38006

F-14



Mean Error +-One Sig ma, t+
U) .. 1.5

0

.5........ .. A - s----

C V I

o) - .35 ............ ~ '

X 0 1 2 3 4 5 6

-~ Mean Error +-OneSigma, t-
0) .9

.0

IsIII........ . .................... ............

X 9 0 1 2 3 4 5 6

Figur FMean ErrPos FrtOde SimaR PCi;Tajcoywthw=13

UF- 15



-~ .5'Mean -Error +-OneSigma,_t-
x

.. .. . .. . . . . . . . . ... ..

-----5----- ..... .. . . ... 4.. ......

.. .. ... ... . .. .. .. ... .. .

.5) - .... ......-. . . . . . . .

0 A

0 15 2 3 4 5.

Mean Error +-OneSigma,_t+

-.5 D......... -4 At% -;, . ! #I,

0

Ui 0 1 2 3Y 4 5 V

IL -

0 1 2 3 4 5 6

Figuren F1YErros FrtOde SimaR PCi ;Trjcoywihw13

F- 1



S1. Filter-Computed and Actual RMS Error

x3 1.2

L
0

00 1 2 3 4 5 6

Filter-Computed and Actual RMS Error ____

.5

1 .2 ................... ................................................ ...........

01 .1..... .....

L .6

0

0

0 1 2 3 4 5 6
Time (seconds)

Figure F.16. RMS Error Plots; First-Order MMAE-R; PC is 4; Trajectory with w =2.8

Table F.6. Temporal Averages and Residuals; First-Order MMAE-R; PC is 4; Trajectory
with w = 2.8.

Error in: Mean a JnFilterdActuolRMSAErro
p.,(t7) -0.015750 0.55956 Benign 2.67626 15.60465

p, ( -0.017707 0.44688 Intermediate 0.98082 5.23367
y(ti) -0.0030663 0.44580 Harsh 0.46882 1.74825
py(ey) 0.027256 0.50058
py~jt) 0.0073189 0.38922
yy(7 0.018990 0.42867
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Figure F.19. RMS Error Plots; First-Order MMAE-R; PC is 1; Jinking Trajectory

Table F.7. Temporal Averages and Residuals; First-Order MMAE-R; PC is 1; Jinking
Trajectory.

[Error in:~ Mean] o
p ,(t,7) }f0.034563 0.49723
po.(til) If0.018161 0.41243
y,(i7) 0.031366 0.41929
py(t7) If0.024590 0.45909
PY(tt) If0.017355 0.37569
yy(t7) li0.020847 0.40925
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Figure F.27. RMS Error Plots; First-Order MMAE-FB; PC is 1; Trajectory with w =.01

Table F.9. Temporal Averages and Residuals; First-Order MMAE-FB; PC is 1; Trajec-
tory with w = .01.

Error i: Mean [ oa Filter r~krk r~kA Trk
), (t,-) 0.16528 0.40632 I Benign 0.31415 1.85020

p.,(tf) 0.12577 0.36997 Intermediate 0.35000 1.70701
.,(tty) 0.10202 0.37950 Harsh 0.38647 1.60664

py(ti7) -0.0030356 0.34764
pl,(t) -0.0016989 0.31555
yy(ti ) 110.0029201 10.366771
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Figure F.30. RMS Error Plots; First-Order MMAE-FB; PC is 1; Trajectory with w =1.32

Table F.10. Temporal Averages and Reqiduals; First-Order MMAE-FB; PC is 1; Trajec-
tory with w = 1.32.

[Error in: 1 Mean a Filter r]J rk, rkAT1 rk]

p,(t7) 0.045651 0.46321 f Benign ~f0.39558 2.33950
_Px(tt) 0.026013 0.40486 Intermediate j0.34910 1.70255

y.,(ti ) 0.037215 0.40084 [ Harsh if 0.38397 1.59621j
py(ty ) -0.021472 0.42602
py(tt) -0.022343 0.36528
yy(tT) -0.022785 08598
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Figure F.33. RMS Error Plots; First-Order MMAE-FB; PC is 1; Tr'ajectory with w =2.8

Table F.1. Temporal Averages and Aesiduals; First-Order MMAE-B; PC is 1; Trajec-

tory with w = 2.8.

[Error in: Mean or Filter IIr~rk r kAT r

p.,(ti, -0.0063046 0.52794 Benign 3.91350 23.24718
Mlt ) -0.0086904 0.43546 Intermediate 0.58717 2.87271
y1(t2) 0.0060853 0.43040 Harsh .416 2.03137

py(t.[) 0.056067 0.46951
pY(tt) 0.035263 0.37882

yu~7+) 0.045077 0.41084
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Figure F.36. RMS Error Plots; First-Order MMAE-FH; PC is 1; Trajectory with W= .01

Table F.12. Temporal Averages and Residuals; First-Order MMAE-FH; PC is 1; Trajec-
tory with w = .01.

Error in: ] Mea a F Filter _Jrkrk r TA-'rk
p-,(t) 0.11580 0.42424 Benign 0.31612 1.80449
p. ( i 0.085036 0.38211 Intermedate 1.36594 [1.67018

y.,(t7) 0.078042 0.38214 Harsh 0O.41545 [1.54853
py,(ti7) -0.0028899 0.36568
1)y(il ) -0.0017195 0.32779
yy(~t) 0.0027658 0.37086
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Figure F.39. RMS Error Plots; First-Order MMAE-FH; PC is 1; Trajectory with w =1.32

Table F.D3. Temporal Averages and Residuals; First-Order MMAE -FH; PC is 1; Trajec-
tory with w = 1.32.

[Error in:J Mean [ or Filter r T rk r~kAT'rk

px-t-) 0.088745 0.43603 Benign 0.35077 2.00592
P,(tt) 0.059248 0.39308 Intermediate 0.35858 1.63629
Y.,(ty) 0.053840 0.38965 Harsh 10.405621 1.51172
pYN(t) -0.0088055 0.38312
pu(tf) -0.019678 10.34112
Y,(ty) -. 138 .71

F-4 0



-~ .5 ean Error +- One Sigma,t- ___

0. -5---------
--- --- 

-
---

---------- - --- --- --- ------

.5a

X0 123456

U) % Mean Error +-One Sigma, t+
.9

CL .6 4 : ------------ --------------------------- ~ ....----------

.3 . .. ............................................. ...............

o -- S-------------. ----- . ....-------

a- -

xl - .6 .......

0 1 2 3 456

Mean Error +-One Sigma,t-___

_T .6--- '. ' ~ ----- OA......... .. .

.3 ---- ----

Ao I Ia,11II 11 t M

IL 
0 

f*- IA

Fiues.0 - ---o -Plots; .. FistOr s ..........s.; rjetoywih 13

....e .. ........ .----. .. .. ...



15Mean ,Error +- One Sigma, t- _______

1 --------- ------------------------------------ - - -------- ; .......A------

.5 -- --- --- -. --- -- ---- -- .. ..

0~

o . ---- ----------------- ------- - - - ----------

o -15------Is

a-
-1 0 1 2 3 4 5 6

-~ 1Mean Error +-One Sigma, t+

CL

00__

05 1..2..3..4....6

15Mean Error +-One Sigma, t- _______a, 1.

..X. ................. ...... .... ......... ..........

:. 14

0U -It IF

-o

C .5 ---~-- --. --- - -

0 1 2 3 4 5 6
Time (seconds)
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Figure F.42. RMS Error Plots; First-Order MMAE-FII; PC is 1; Trajectory with w = 2.8

Table F.14. Temporal Averages and Residuals; First-Order MMAE-FH; PC is 1; Trajec-
tory with w = 2.8.

[Error in: Mean ____ Filter rkrk rkAk7rk.
p.,(t7) -0.0187401 0.54556 BTnign 3.62457 21.0931

-p.,(tt) -0.021292 0.43676 Intermediate 0.48645 2.22368
Yx,(ti) -0.0058123 0.44014 Harsh 0,46795 1.7449
py(t7) -0.015370 0.49408
1 y(ti+) -0.025484 0.38544

yv~F) 0.018680 0.42806
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Figure P.46. RIMS Error Plots; First-Order MMAE-FB; PC is 1; Jinking Trajectory

Table F.15. Temporal Averages and Residuals; First-Order MMAE-FB; PC is 1; Jinking
Trajectory.

E rror in: IIMean [ ao
p.(i;-) 0.042970 0.48133
Met~ 0.022726 0.40679
y.,(t7) 0.038922 0.41157
pY(t7 ) 0.0090056 0.44386
PY(tt ) 0.0037421 0.370201
y(t7 ) 0.0056431 0.40119
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Figure F.48. Probability Calculation Plots; First-Order MMAE-FB; PC is 1; Jinking
Trajectory. Benign filter has solid line; intermediate filter has dashed line;
harsh filter has dotted line.
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Tabl F.6. empoal verges and Residuals; First-Order MMAE-FH; PC is 1; Jinking
Trajectory.

Errin: MheanI a

p,, t) 0.0029189 0.50868
px(til) _-0.0065459 0O.42018
Y.,(t7) 0.012048 0.42481
pv(tfl 0.062903 0.47264
py(tt) 0.041699 0.38468
yy (t-) 0.040567 0.41512
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