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ABSTRACT

This report formulates an error model for analyzing a cooperative engagement cruise
missile defense scenario in which a surveillance platform transmits the location of a target
to an air iute zeptor missile only once, just prior to launch. Included in this model is
a description of the three relevant inertial navigation systems (aboard the surveillance
platform, the launch platform, and the missile), the guidance system of the missile, the
surveillance platform radar, and the motion of the target. Detailed equations for each
of these components are provided along with numerical values for the error parameters
assumed for the various instruments.

This report is the second volume of the final report of an analysis of the effectiveness
of a U.S. interceptor long-range defense force to defend against the cruise missile tlireat in
the 2005 time frame, conducted by SYNETICS Corporation, and its subcontractors, Vitro
Corporation and Veda Inc., under Contract Number DCA100-90-C-0031 with the Defense
Communications Agency. Contract effort focused on two related issues: formulation of the
problem to permit examination of advanced surveillance and communication technology
potentially defining a “cooperative engagement” concept, and a bottoms-up approach to
detailed modeling of the current and emerging generation of air-to-air missiles.

The other volumes of this report include:

Volume I: Problem Definition, Solution Formulation, Hlustrative Results and Recom-
mendations

Volume II: Error Models and Simulation Formulation for Case [; Pre-Launch Coordi-
nation without Post-Launch Updates

Volume III: Simulation Tools: Current Status and Recommendations for Future Devel-
opment.
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Chapter 1
INTRODUCTION

1.1 Background

This memo contains a description of the error models developed for Case I of ar engage-
ment involving four entities:

e A Target, abbreviated by “T”
e A Missile, abbreviated by “M”

e A Surveillance Platform, abbreviated by “SP”

e A Launch Platform, abbreviated by “LP”.

Case [, illustrated in Figure 1.1, represents the simplest cooperative engagement scenario
under consideration: the SP transmits the location of T to M only once, just prior to
launch. This scenario is advantageous because after launch the SP can devote its re-
sources tn tracking other targets and also because communications equipment aboard M
is unnecessary resulting in a lighter and less expensive M.

Other scenarios under consideration are:

e Case II: During flvout the SP tracks T and transmits the location estimates to M
(possibly through the LP). This case requires M to have a receiver and additional
data processing equipment.

o Case III: Same as Case II but in addition the SP tracks M. This case requires M to
have a transponder.

e (Case IV: Tracking with more thau one SP operating in a multistatic mode. This con-
figuration is particularly effective for detecting and tracking low-observable Largets

([Foster, 1987]).
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Figure 1.1: Case | Scenario

1.2 Organization

This memo 1s organized into three parts:

e The first part is a description of the top-level of a simulation that implements the
pre-launch to handover error model. This part is contained in Section 2.

e The second part describes each of the components of the top-level model at a qual-
itative (without equations) level. This part is contained in Section 3.

o The third part provides detailed equations for each of the components described in
Section 3 including numerical values for the errors of the assumed instruments. This
part is ccntained in Appendix A {which mzkes reference to derivations contained in
Appendix B).
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Chapter 2

TOP-LEVEL MODEL

2.1 Model Objective

The objective of the model developed herein is to compute four quantities:

M mean position and velocity at handover

e T mean position and velocity at handover

M position and velocity covariance at handover

T position and velocity covariance at handover .

The model is a linearized model suitable for analysis with a covariance simulation ([Gelb.,
1974]).
The procedure followed by the model is as summarized in Figure 2.1:

1. The mean and covariance of the estimated T location (position and velocity) at
launch is computed based on the measurements provided by the radar and INS of

the SP

SN

The mean and covariance of the predicted T location at handover is computed. A
sample of this prediction is illustrated by the straight-line in the tigure

3. The mean and covariance of the estimated M location at launch is computed

4. From items 2 and 3 an acceleration command for the M is compnted so that an
intercept would result in the absence of errors. In the figure, an (erroneous) predicted
M trajectory is illustrated by a solid curve, whereas the resulting M trajectory is
illustrated by a dashed curve

5. From item 4, the mean and covariance of the M location at handover is computed

6. Finally, the mean and covariance of the T location at handover is computed.

This sequence of steps can be divided into three top-level steps: the first two steps
are pre-launch initializations while the third step simulates the launch to handover flight.
These three steps are described in the subsections that follow.
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Figure 2.1: Procedure Overview
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2.2 Step 1: Compute T Location Covariance
Assumptions:

o The SP has a “better quality” platform INS (“better” meaning better than 1 nm/hr)
which undergoes a ground align procedure prior to takeoff

o The SP has a radar that measures range, azimuth, elevation, and range-rate
e The SP is travelling in a constant velocity trajectory

o The T is also travelling in a constant velocity trajectory just prior to launch.

¢ SP nominal (deterministic) position and velocity at launch
¢ T nominal position and velocity at launch
o RCSof T

e Error model for the INS of the SP
e Error model for the radar of the SP.

Outputs: The output of Step 1 is the error covariance matrix of the target’s position
and velocity at the moment of launch. This covariance matrix is computed based on the
geometry of the engagement and the error models for the INS and the radar of the SP.

Sequence of events within Step 1: Figure 2.2 summarizes the following sequence of
events:

B D it e Rt Dt T”ogp. --------------------- L
12 - TIME
;«——2 or3 Hrs T
INITIAUZATION SPINS tuacanumas  ‘Launce
OF Pyp s

Figure 2.2: Step 1 Timeline
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1. Set Pspns to a diagonal matrix. Pspng is the covariance matrix of a local-level
INS (9 states plus error sources).

o

Simulate a ground-align procedure by solving the Riccatti equation for Psp vs with
measurements of position, velocity, and heading as specified in the ground-align
model. Ground align lasts for 10 min.

3. Propagate Psp s for 2 or 3 hours by solving the Riccatti equation assuming GPS
fixes every 10 scc until time tpauncu — TNo gps, where Tno gps is the interval of time

prior to launch during which GPS is assumed to be unavailable (possibly Tno gps =
0).

4. If TNo gps # 0, propagate Psp ns to tpauncu without GPS fixes.

ot

Set the tracking filter covariance matrix, Psp TrRack ((RapaR MEas) €qual to a block-

diagonal matrix with two blocks: Psp iNs(tRapar Meas) @0d PrARGET(!RADAR MEAS)
N ) ) ) .
where tRADAR MEAS = fLAUNCH — 6. with § a small number, is the time at which the

radar measurement is taken just prior to launch. PrarceT(tgapar MEAS) IS S€t to a
large diagonal matrix.

6. Perform one optimal update on Psp track modeling one radar measurement (which
may represent several measurements). Alternatively, tracking over a period of time
may be modeled by performing a number of optimal propagates and updates.

-

. Do a CPCT transformation on Psp Track to obtain the covariance matrix of the
target position and velocity at launch, PrarceT(t[aunch)-

Model Components: Step | requires three component error models:

e SP INS! model (described in Subsection 3.8)
e Ground align model (described in Subsection 3.5)
¢ T motion model (described in Subsection 3.1)

e SP radar measurement model (described in Subsection 3.9).

2.3 Step 2: Initialization of the M INS

Assumptions: The LP is assumed to have a | nm/hr strapdown INS and the M is assumed
to have also a strapdown INS of somewhat worse quality.
Inputs:

e LP nominal (deterministic) trajectory prior to launch

e Error models for the INS of the LP

'A full-order model is used for the INS in this step because (1) the covariance is propagated for many
Schuler periods and (2) the step is run by itself so that plenty of RAM is available.
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e Error models for the INS of the M
e Separation (lever arm) between the LP and M INS.

Outputs: The output of Step 2 is the error covariance matrix of the M INS model at
the time of launch. This covariance matrix is computed based on the error models ‘or (1)
the INS of the LP and (2) the INS of the M.

Sequence of Steps within Step 2: The objective of Step 2 is to simulate a transfer
alignment of the M INS. This simulation requires the simultaneous propagation prior to
launch of (1) the INS aboard the LP and (2) the INS aboard the M.

Tie propagation of the INS aboard the LP proceeds as summarized by the timeline
shown in Figure 2.3:

AETSa
L 1 il ! - TIME
[ W i i i
Td——- 20r3 Hrs T T T
INITIALIZATION LPINS taeaNTA tenDTA tLauncH

OF PLp s SETTLED

[igure 2.3: Step 2 Timeline

l. Set Prpins to a dizagonal matrix. Pppns is the covariance matrix of a strapdown
INS (9 states plus error sources).

o

Simulate a ground-align procedure by solving the Riccatti equation for P p 1ns with
measurements of position, velocity, and heading as specified in the ground-align
model. Ground align lasts for 10 min.

3. Propagate Ppp s for 2 or 3 hours by solving the Riccatti equation assuming GPS
fixes every 10 sec up until time t;suncH — Tno gps- This propagation depends on
the trajectory assumed for the LP as discussed below.

1. If Txo gps # (). propagate Py pNs to tLAUNCH without GPS fixes.

The timeline for the propagation of the INS aboard the M. also summarized in Fig-
ure 2.3, proceeds as follows:

-~}
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1. Set Py ns to a diagonal matrix and simulate a ground-align analogous to that of
the SP and LP. Py s is the covariance matrix of a strapdown INS (9 states plus
error sources).

|8

Propagate Pyyns open-loop for 2 or 3 hours until the INS settles

3. Perform the transfer alignment during the interval tgggin Ta <t < tgnp Ta- During
this interval:

e The LP performs an S-maneuver

e The Riccatti equation for the covariance of the concatenated M INS state and
LP INS state is propagated with measurement of the difference in the output
of the measurements provided by both INSs (taking into account the lever arm
effect).

4. Set Py ivs(tenD T4 ) to the final covariance matrix computed from the Riccatti equa-
tion.

5. Propagate Py ins open-loop to tpauncy. Note that the beneficial effect of the trans-
fer alignment is diminished if the M in question is launched a leng time after the
transfer alignment (i.e., the length of the time interval t auncH — tenp TA 1S a pa-
rameter of the engagement).

6. Initialize the covariance matrix for the M INS.2

Model Components: Step 2 requires three component error models:

e LP INS, model (described in Subsection 3.11)
e M INS, model (described in Subsection 3.4)

e LP deterministic trajectory model (described in Subsection 3.3).

2.4 Step 3: Launch to Handover Simulation
Assumptions:

e The transfer function of the M autopilot has no lags

¢ Acquisition range of M secker (determines when the flyout ends)

¢ Parameters for the random T motion Singer model

o Parameters for the random M motion Singer model

’Instead of a full-order covariance, a reduced-order covariance can be used if necessary to accommodate
the DOS 640K RAM limit. The reduced-order covariance can be then propagated during flyout using a
reduced-order model for the M INS.
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e Error models for the M INS

T and M nominal (deterministic) position and velocity at launch
e Covariance of T location at launch (from Step 1)
e Covariance of M INS model at launch (from Step 2)

Outputs: The output of Step 3 is the mean and covariance of the M and T position
and velocity at the end of flyout.

Sequence of Steps within Step 3: The following two steps are executed:

1. Compute mean and covariance of M-acceleration command. The acceleration com-
mand is computed from the (erroneous) position and velocity estimates of M and
T so that an intercept is produced if (1) M and T do not maneuver during the
endgame and (2) all estimates are error-free.

2. Propagate:

o T position and velocity (from the Singer model and the nominal trajectory)
e M INS (from the INS model and the mean acceleration command)

e M position and velocity (from the Singer model and the commanded accelera-
tion vector pointed in the erroneous direction indicated by the M INS).

This procedure is summarized in Figure 2.4.
Model Components: Step 3 requires four component error models:

¢ T random motion (Singer) model (described in Subsection 3.1)
e M random motion (Singer) model (described in Subsection 3.2)
e M INS model (described in Subsection 3.4)

e M mid-course guidance model {described in Subsection 3.7).
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+ COMMAND J- _[
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M INS
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Figure 2.4: Step 3 Block Diagram
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Chapter 3
COMPONENT MODELS

This section provides an overview of the thirteen component models required in the sim-
ulation of Case I:

o T:
~ T motion model (Subsection 3.1)

o M:

— M random motion model (Subsection 3.2)
— M INS model (Subsection 3.1)

— M ground align (Subsection 3.3)

— M transfer align (Subsection 3.6)

— M mid-course guidance model (Subsection 3.7)

— SP INS model (Subsection 3.8)

— SP ground align (Subsection 3.5)

~ SP radar model (Subsection 3.9)

— SP tracking fiiter model (Subsection 3.10)

— LP deterministic trajectory model (Subsection 3.3)
—~ LP INS model (Subsection 3.11)
~ LP ground align (Subsection 3.5)

11
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3.1 T Motion Model

The T metion model is composed of two componerts: a nominal (deterministic) trajec-
tory which is an input to the simulation: and a random component wnich models small
deviations from the nominal trajectory. The deviations of the random component are a
result of wiud, turbulence. and random motion mtroduced by the guidance mechanism
of the T. These random dewviations are unpredictable and consequently contribuie to the
nmuss distance.

The random component is modeled by a Singer model ([Singer. 1969]). The Singer
equations characterize acceleration as a band-limited random process with the bandiwidth
and power hased on the anticipated motion of the target. The state variables of the Singer
model are listed in Table 3.1 (position, velocity, and acceleration along the x-, y-, and
z-axes). Subsection A.1 of Appendix A gives the detailed equations for the Singer model
as well as the equations used in computing the power of the acceleration process.

Table 3.1: STATE VARIABLES OF TARGET MOTION MODEL

{ SYMBOL [ DEFINITION ]

F PTr z-position
e z-velocity
ar; r-acceleration
PTY y-position
'Ty y-velocity
ary, y-arceleration
Pr: z-position
', -\ ocaty
ar, z-acceleration

3.2 M Random Motion Model

M motion is the siun of two components: motion resulting fron: the guidance «..nmand
(considered in Subsection 3.7); and an uncontrollable perturbation resulting irom random
effects analogous to those in the T Motion Model. Both of these components affect miss
distance.

The uncontrollable perturbations are modeled by a Singer models with state variables
as listed in Table 3.2, The equations describing this model are addressed in Subsection A.z
of Appendix A.

3.3 LP Deterministic Trajectory Model

The LP is assumed to follow a deterministic trajectory which affects the geometryv of the
engagement. The detailed shape . this trajectory is also important because ui.e error
statistics of the LP INS and the M INS prior to launch are a function of the acceleration
and angular rates (produced by roll. pitch. and yaw motions) experienced by the LP.

12
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Table 3 2: STATE VARIABLES OF MISSILE MOTION MODEL

[ SYMBOL | DEFIN/TION |

Pyr r-position
UM r r-velocity
arfr z-acceleration
Pty y-position
UL, y-velocity
asy y-acceleration
Dafe z-position
M s-velocity
IAf: z-acceleration

Synetics

The motion of the LP is assumed to be a sequence of events chosen from the following

menu:

o [evel flight at constant velocity

e Azimuth change while on the ground.

Right-turn / Left-turn to a given heading

('limb to a given altitude

Descent to a given altitude

Speed-up alonug a constant altitude

For ea-h of these events. the variables listed in Table 3.3 are computed. These variables
specify the relevant aspects of the motion of the LP (and the M) from the time of grourd
align, prior to take-off. to the time of M launch

A detailed description of the LP motion cvents and the algorithms required for the

computation of the motion variables is provided in Section A.3 of Appendix A.

3.4 M INS Model

The M is assumed to have a strapdown INS. The INS errors are characterized by a state

vector having six groups of entries as shown in Table 3.4:

e Errors in attitude (body to local-level angles)

Errors in latinde, longitude. and altitude rates

Lrrors i latitude, longitude, and altitude

Givro drift raie errors

Acrelerometer errors
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Table 3.3: LP DETERMINISTIC TRAJECTORY MOTION VARIABLES

{ MOTION VARIABLE | RELATIVE TO [ REQUIRED FOR: ]
Position Rotating Earth e Trajectory specification
Velocity 7 e Guidance computations
Acceleration 1"
Acceleration Inertial space e INS error dynamics
e Accelerometer scale factor errors
Latitude The Equator o INS error dynamics
Longitude Vernal Equinox
Longitude Greenwich
Altitude Reference Ellipsoid

Lat.. Lon.. Alt. rates —
Lat.. Lon. accelerations —

Bank angle — e INS error dynamics
Elevation angle —

| Azimuth —
Roll rate Inertial space e Gyro scale factor errors
Pitch rate 1" o Transfer alignment model
Yaw rate 1"

e Altimeter errors.

The state equations for these errors are provided in Subsection A.4 of Appendix A.

LINS Reduced-Order Model Because flyout lasts for only a few minutes, the error
equations given in the previous subsection can be approximated by a reduced-order model.
This model approximates the error by polynomials in time with coefficients determined
by error source models valid over short time intervals. Different polynomials are used for
different trajectory segments.

Currently a reduced-order model appears to be unnecessary because a suitable soft-
ware development environment which bypasses the DOS 640K RAM limit is available.
(‘onsequently a more detailed description of this model is not provided.

3.5 M, LP, and SP Ground Align Model

The ground align procedure has three objectives: to level, align, and calibrate the INS. The
first two objectives determine the relationship between the platform frame and the frame
where navigation computations (double integration of acceleration) are performed. For
an INS with a local-level platform (such as that of the SP), leveling involves orienting the
platform so that it is perpendicular to the gravity vector (North and East accelerometers
read zero) and rotating the platform until it points North (gyrocompassing, [Farrell,
1976]). For a strapdown INS (such as those of the M and LP), leveling and alignment is
implemented within the computer by initializing estimates of the INS state and associated
transformations ([Farrell, 1976]).

The third objective of the ground align procedure is to calibrate >stimate) the gyro
and accelerometer bias. This bias is often called the “repeatability” or *turn-on” bias

14
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Table 3.4: STATE VARIABLES OF M INS MODEL

[ SYMBOL | DEFINITION ]

S6mN Attitude Error About N Axis
60MmE Attitude Error About E Axis
60mp Attitude Error About D Axis
‘”ﬁM Latitude Rate Error

22] Longitude Rate Error

dhm Altitude Rate Error

oLy Latitude Error

LAY Longitude Error

Shym Altitude Error

Y} Gyro Error Source Vector
g Accelerometer Error Source Vector
dhma Altimeter Error

because a different value is obtained every time the INS is activated.

The ground align procedure is modeled here by assuming an initial covariance matrix
for the INS state and simulating Kalman filter updates derived from position, velocity,
and magnetic heading measurements on a stationary aircraft. Details of the ground align
model are provided in Subsection A.7 of Appendix A.

3.6 VI Transfer Align Model

The objective of the transfer-align procedure is to calibrate (i.e.. estimate and correct)
errors in the M INS by comparing its read-out with that of the more accurate LP INS.
The errors that are calibrated fall into two categories: (1) instrument errors (specifically
gyro and accelerometer errors); and (2) system errors (specifically errors in the M INS
estimates of where the North and Down directions are). This procedure is performed
in-flight and as near to the time of launch as possible because the beneficial effect of the
transfer-alignment (the reduction of the error covariance of the state of the M INS) decays
with time. Details of the transfer-align model are provided in Subsection A.8

3.7 M Mid-Course Guidance Model

The guidance model describes the propagation of crrors through three cascaded “maps”
(indicated by “——"):

. Current estimated position and velocity of M and T — Commanded (computed)
acceleration. This map is the “guidance law.”

15
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S

Commanded acceleration — Resulting M acceleration. This map, which models
the autopilot, includes the effect of the misalignment of the M INS.

3. Resulting M acceleration — Resulting M velocity — Resulting M position. This
map is modeled by two integrations which represent Newton's second law.

The state variables of the M Mid-Course Guidance Model are listed in Table 3.5. The
table shows five groups of variables:

e The state error vector of the M INS, z,4
e Errors in the position and velocity read-out of the M INS (computed from z,,)

e Errors in the position and velocity estimates of the T position (computed from the
tracking filter model discussed in Section 3.10)

e Errors in the computed guidance quantities (accelerations and duration of applied
accelerations) due to the preceding two groups (i.e., due to ép,, évi,, dp%, and 8v%)

¢ Errors in the resulting M acceleration arising from the misorientation of the M INS
(computed from z,y).

State equations for these errors a:e provided in Subsection A.9 of Appendix A.

Table 3.5: STATE VARIABLES OF MISSILE MID-COURSE GUIDANCE MODEL, z.

[SYMBOL! | DEFINITION |

Za M INS state error vector (Table 3.4)

5phy Error in M INS position read-out

N Error in M INS velocity read-out

oo Error in T position estimate from the SP tracking filter
buk Error in T velocity estimate from the SP tracking filter
6T4c Error in the computed duration of applied acceleration
ba . Error in the computed level (North/East) acceleration
da, . Error in the computed vertical (down) acceleration

4 Error produced by the drift of the M INS during flyout

"The subscript ¢ indicaies that the vector is expressed in the tangential frame define on page 24.
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3.8 SP INS Model

The SP INS model differs in two respects from the M INS model described in Subsec-
tion 3.1:

e A local-level platform INS is modeled instead of a strapdown INS
o The quality of the instruments is superior to those of the M INS.

Both of these factor affect only the forcing function (right-hand side) of the differential
error equations ([Britting, 1971]). Consequently the state variables for the SP INS model,
listed in Table 3.6, are analogous to those of the M INS (listed in Table 3.4).

Table 3.6: STATE VARLABLES OF SP INS MODEL

[ SYMBOL | DEFINITION ]
60sn Attit-ide Error About N Axis
b0sg Attitude Error About E Axis
68sp Attitude Error About D Axis
61.’5 Latitude Rate Error
685 Longitude Rate Error
bhs Altitude Rate Error
6Lg Latitude Error
5€S Longitude Error
bhs Altitude Error
£5 Gyro Error Source Vector
ag Accelerometer Error Source Vector
bhga Altimeter Error

The state equations for the SP INS errors are included in Subsection A.6 of Appendix
A.

3.9 SP Radar Model

Radar measurement errors are assumed to be modeled by an uncorrelated sequence with
covariance computed from the radar equation. Consequently, state variables are unnec-
essary for modeling the radar errors.

The equations for computing the measurement error covariance ( R-matrix) are pro-
vided in Subsection A.10 of Appendix A.

17
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3.10 SP Tracking Filter Model

The SP tracking filter is a nominal-trajectory linearized Kalman filter. The R-mnatrix for
this filter is specified by the SP Radar Model discussed in the previous section. The state
equations are divided into three groups as indicated in Table 3.7:

e The criots in the estimates of the position, velocity, and azimuth of ihe ST as

indicated by the SP INS
o The states of the random component of target motion.

e A group of position and velocity biases modeling the a priori uncertainty. The
covariance of these states is large before the radar measurement is processed.

Table 3.7: STATE VARIABLES OF SP TRACKING FILTER

[ SYMBOL [ DEFINITION |

Spsp Position Error from SP INS Model (Table 3.6)
Svsp Velocity Error from SP INS Model
60spa; Azimuth Error from SP INS Model

Iy T Motion Model in Table 3.1

6ptx B1as | Bias Error in T z-Position
bévrx Bias | Bias Error in T z-Velocity
dpty Bras | Bias Error in T y-Position
évry Bias | Bias Error in T y-Velocity
8pT1z Bias | Bias Error in T z-Position
dvrz Bias | Bias Error in T 2-Velocity

The state equation for the tracking filter are provided in Subsection A.11 of Appendix

3.11 LP INS Model

The state variable and equations of the LP INS error model are identical to those of
the T INS (Subsection 3.4} except for the instrument error models which correspond to
better-quality instruments. The state variables are listed in Table 3.8 and the equations
are provided in Subsection A.5 of Appendix A.
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Table 3.8: STATE VARIABLES OF LP INS MODEL

| SYMBOL | DEFINITION ]
S9N Attitude Error About N Axis
bOLE Attitude Error About E Axis
80Lp Attitude Error About__l? Axis
6Ly, Latitude Rate Error
64y, Longitude Rate Error
bhy, Altitude Rate Error
oLy, Latitude Error
6¢L Longitude Error
bhy, Altitude Error
L Gyro Error Source Vector
ay, Accelerometer Error Source Vector
bhpa Altimeter Error
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Appendix A

DETAILED COMPONENT
MODEL

This appendix provides detailed equations for each of the component models described in
Section 2.

A.1 T Motion Model

The T motion model is composed of two components: deterministic and random. These
two components are described in Subsections A.1.1 and A.1.2.

A.1.1 T Deterministic Motion Model

The deterministic motion of the T is approximated by polynomials in the z-, y-, and z-
axes of the tangential frame defined in Section A.3. Motion in the z-direction is specified
in the interval ¢; <t <t;,, by

1
pTz:.det(t) = PTzdeta + vTx,det,t(t - ti) + ;aTI.det,i(t - ti)z’ (Al)

4

and similarly for the y- and z-axes. Consequently, the deterministic motion of the target
is specified by an array of the form shown in Table A.1. For most cases the acceleration
term in Equation A.l is set to zero to obtain a piece-wise linear T trajectory.

A.1.2 T Random Motion Model

The random component of the T Motion Model is composed of three Singer models which
specify motion along each of the three axes of the tangential frame defined in Section A.3.
The model corresponding to the z-axis is given by state-space equations of the form

([Gelb, 1974])
—:i-T.l’ = ET: LTy + Wry - (A2)
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Table A.1: T DETERMINISTIC MODEL INPUT TABLE

BEGIN | END r-MOTION y-MOTION :-MOTION
TIMFE | TIME COEFFICIENTS COEFFICIENTS COEFFICIENTS
|
ty tit1 PTr det.is PTr det iy PTr det,i | UTr det.iy UTr deti, UTz det;i | @Tz det,iy QT det,iy ATz det,i

The F-matrix, the white noise vector, and its spectral matrix ([Gelb, 1974]) are given by

([Singer, 1969])

01 0
Er,=100 1 (A.3)
0 0 —QT,
0
Wry = 0 . (A4)
Wty
00 0
Q. =100 0 (A.5)
00 qTz

These equations indicate that acceleration, velocity, and position are related by integra-
tions, and that acceleration is taken as a first-order Markov process. Analogous models
are formulated for the random motion along the y and z coordinates.

The Singer model is a function of two parameters: ar, and 0%_. These parameters
are set as follows ([Singer, 1969]). The parameter « is the reciprocal of the correlation
time T,

o = —. (A6)
The correlation time is initially set to

T =5 sec. (A.7)

This value may be considered representative of turbulence and autopilot maneuvers.
The power parameter, o3, is set based on the anticipated magnitude of the maneuvers
according to the formula

A2
ol = r;‘@"‘[1 + 4 Prax — Po). (A.8)
In this equation,
Py = Probability that the acceleration is zero
Amax = Maximum expected acceleration
Pmax = Probability that the acceleration is Apax.

o
[ ]
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Equation A.8 is derived in [Singer, 1969] by assuming a uniform probability density func-
tion for acceleration with spikes at zero and £.A,,,,. The power parameter specifies the
spectral density of the white noise wr,,

qTz = QaTrU%I- (Ag)

The covariance of the random component of T motion (*Singer covariance™) is defined
by

z7.(t) I7,(t) r
Prp(t) = E{| 2r,(t) zr,(t) | } (A.10)
lT:(t) sz(t)

The subscript L in Pr(t) indicates that this covariance is a location covariance as op-
posed to an estimation covariance.

A.2 M Random Motion Model

The random component of the M motion is also given by z-, y-, and z-Singer models, each
model characterized by equations analogous to Equations A.2 to A.4. The parameters for
the Singer models (ar, and 0%,) are set by the procedure described in Subsection A.1.

The covariance of the random component of M motion (“Singer covariance”) is similarly

defined as
T

Zarz(¢) Zprp(t)
Prro(t) = E{| zar,(8) Iary(t) | }- (A.11)
T (t) Zar.(t)

The determiristic component of the M motion is given in Section A.9 which addresses
the guidance model.

A.3 LP Deterministic Trajectory Model

A.3.1 Introduction

The notation used in describing the LP trajectory model is as follows:
e Superscripts indicate Cartesian reference frames. Five frames are of interest:
- The “inertial” frame (i-frame), having its origin at the center of the Earth,

r-axis pointing to the vernal equinox and the z-axis pointing to the North pole

— The FEarth-centered Farth-fized frame (e-frame), having its origin at the cen-
ter of the Earth. r-axis on the Equatorial plane and through the Greenwich
meridian, and the z-axis pointing to the North pole

— The geographic frame (n-frame), having its origin at the center of mass of the
vehicle (LP), z-axis pointing North, y-axis East. and z-axis down
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— The tangential frame (t-frame), a geographic frame with origin at a fixed lo-
cation relative to the Earth. The location of the origin is determined by its
latitude, longitude, and altitude. (Lo tan,foTan,ho tan), which are simuia-
tion inputs. Values for these three coordinates should be chosen to specify a
location near the launch point

— The body frame (b-frame), having its origin at the center of mass of the vehicle,
r-frame along the roll axis, y-frame along the pitch axis, and = along the yaw
axis.

e (7} is the direction cosine matrix (DCM) for transforming a vector in the b-frame
to one in the n-frame ([Britting, 1971}). A similar notation is used for other DCM
transformations with the exception of the roll, pitch, and azimuth (yaw) transfor-
mation matrices ([Etkin, 1972]):

-

1 0 0
L.(¢) = 0 cos¢ sing (roll) (A.12)
| 0 —sin¢ coso¢

" cosf 0 —sinf

L,(8) = 0 1 0 (pitch) (A.13)
| sinf 0 cosd
cosyy siny 0

L,(¢) = —siny cosy 0 (azimuth) (A.14)
| 0 0 1

where ¢, 6, and ¥ are roll, pitch, and azimuth angles.
e Time (¢) 1s GMT.

This section contains the algorithms for computing thirty-one deterministic (non-
random) motion variables for each of six possible LP motion events. The thirty-one
variables are listed in Table A.2 which also specifies the frame in which the variable
is expressed and the corresponding symbol. These variables are necessary for specifying
the propagation of INS errors as summarized in Table 3.3.

The six LP motion events are considered in the following subsections as follows:

o Level flight at constant velocity: Subsection A.3.3

e Right-turn / Left-turn to a given heading: Subsection A.3.4
e Climb / descent to a given altitude: Subsection A.3.5

e Change of speed at a constant altitude: Subsection A.3.6

e Azimuth change while on the ground: Subsection A.3.7.

In addition to these motion events, two additional events are considered:
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Table A.2: LP TRAJECTORY MOTION VARIABLES AND SYMBOLS

[ MOTION VARIABLE | RELATIVE TO | FRAME | SYMBOL ]
Position Rotating Earth Tangential Pip
Velocity 7] ] vl p
Acceleration " n al p
Specific Force Inertial space Geographic, Body fr,ft
Latitude The Equator — Lip
Celestial Longitude Vernal Equinox — ALp
Terrestrial Longitude Greenwich — frp
Altitude Reference Ellipsoid — Chip
Rates — — L’LPVALPV[LP‘}ILP
Accelerations — — Lip, Arp, f1p
Bank (Euler angle) — o
Elevation " — ]

Azimuth ] — v
Roll rate Inertial space Body P
Pitch rate " " q
Yaw rate " " r

e A one-time initialization is performed at the beginning of the simulation. described
in the following subsection (Subsection A.3.2)

e A trajectory with constant three-dimensional acceleration. This trajectory, neces-
sary for the propagation of the M INS dynamics considered in Subsection A.9.9, is
described in Subsection A.3.8.

A.3.2 Initialization

Assumptions — The model for the initial condition of the LP is based on the following
assumptions:

o At the initial time, tLP.INIT:

— the LP is stationary at a known (BASE) location and oriented at a known
azimuth

— Pitch and roll angles are zero
o After tLP.INIT:

— Ground align is performed

— The LP takes off by executing, as required, a combination of: azimuth change
while on the ground (Subsection A.3.7); change of speed (Subsection A.3.6);
and climb (Subsection A.3.5).

Input Parameters — The initial conditions for the LP are determined by the following
Input parameters:
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[ ] [Ilitial timc. {Ll’.INIT
¢ Initial LP location. { Lpasg, fBase. "Basg)
o [mtial azimuth vpppar.

('omputation Algorithm -~ The objective of the computation algorithm is to provide
initial values fur the variables listed in Table A.2. A four-step procedure 1s followed.

[. Computation of point mass t-frame location (pip, vip. aip) at tLpiNiT:

la. Velocity and Acceleration:

vpp(tupinit) = app(tpisit) = 0. (A.13)

I1b. Compute the location of the origin of the t-frame in e-frame coordinates:

- € e
L0 TAN

€ € v
TO.TAN = YO.TAN (A.16)
26 TAN

[
(Ra + hotan) cos Lo tan €os €0, 1aN ]

= | (R + horan)cos Lo tan=info tan (AI7)
(Fg + horan)sin Lo tan )
N d
where R. is the radius of a spherical Earth (6378 km).
lc. Compute the location of the LP in i-frame coordinates:
[ 2hasE
TBASE = | YBASE (A.18)
L ZBASE
[ (Ra + hpasg) cos Lpasg cos {pasg |
= (Rq, + /?BASE)COS LBASE sin gBASE . (Alg)
L (Rs + hpase)sin Lpase
1d. Compute the location of the LP in e-frame coordinates:
prp(tipanit) = Cirgase — 6. TAN) (A.20)
where the ¢-frame to t-frame DCM is given by
ceo= (cp)f (A.21)
Ce = CRCY (A.22)
C? . Given by Equation A.94 (A.23)
—sin Lpasg cos pasg  — sinfpasg  — c0s Lpasg €0s £BAsE
(; = - sin LBASE sin (-]BASF, cOs fBASE — COs LBASE sin €BASL (A24)
CcOs LBASE 0 —sin LBASE

where the superscript T iadicates matrix transposition.
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2. Computation of specific force. (f*, f°): Because the LP experiences zero accelera-

tion, the specific force in the n-frame is given by

‘/.A\' T 0 n
fr=r0e ] =10 , (A.25)
f[; | -4
and in the -frame
fo=Cyn 1A.26)

where the Hrmula for (77 is given below in Step . (Equation A.30).
3. Comuutation of latitude, longitule. alt:tude, and rates, (Lyp. A p. £rp. hrp, and
rates): These quantities are computed using 'he following equations:

Lip = Igise

fip = 'pase

Arr o Equation A112
hip = hpase

Lip = 0

f:LP =0

Arp  Equation A117
hip = 0

Lip = 0

{ep = 0

5\Lp . Equation A.121.

4. Computation of rotational parameters. (0. 0. v p, g, 1)

ta. Compute Euler angles and DCM: During [t;.¢;]. the Euler angles (roll. pitch. and
vaw) are given by:

Aty = 0 (A.28)
w(t) = YrpaNIT (A.29)

where v pixiT is the azimuth at time ty pnir. The corresponding n-frame to b-frame
DCOM is:

Ch(t) = La(vrpanit)- (A.30)
th. Compute angular rates: The angular rates with respect to inertial space (p, g.

and r) are computed from the angular rates with respect to the n-frame (P, ¢, and R),
which in turn are computed from the Euler angle rates (¢, 0. and v):

6 0
il = |o (A.31)
0 0
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P 0

Q| = |0 ] (A.32)
R | 0

p ] (Qy + £) cos L
[q = (1) —L } (A.33)
r | —(Qz + O)sin L

where (2(t) is given by Equation A.30.

A.3.3 Level Flight at Constant Velocity

Assumptions — The model for level flight is based on the following assumptions:
o Level flight begins at time ¢, and ends t time ¢,
e Within the [t,, ;] time interval:

— The pitch and roll angles are zero
— All accelerations are zero

— Vertical velocity is zero (altitude is constant)
e The variables iisted in Table A.2 are known at ¢,.

Input Parameters — A level flight segment is determined by one input parameter: the
duration of the segment. t, — ¢,.

Computation Algorithm — The objective of the computation algorithm is to compute
the variables listed in Table A.2 within the [t,!,] interval. A four-step procedure is
followed.

[. Computation of point mass t-frame trajectory (pip, vip, aip):

dip(t) = 0 (A.34)
vip(t) = vip(t)) (A.395)
pip(t) = pip(t) +vpp(t)(t —t). (A.36)

2. Computation of specific force, (f*, f*): Because the LP experiences zero accelera-
tion. the specific force in the n-frame is given by

f =1 fe = 0 , (A.37)
fp -9

and in the b-frame

fe=chr (A.38)

where the formula for (? is given below in Step 4.
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3. Computation of latitude, longitude. altitude, and rates, (Lpp, A\rp, €1p, hrp, and
rates): These quantities are computed using the following equations:

. Lyp @ Equation A.110
rp : Equation A.111
Arp @ Equation A.112
krp : Equation A.113
Lip : Equation A.115
éLp . Equation A.116
YT Equation A.117
isz : Equation A.118
in : Equation A.119
ZLP : Equation A.120
\p Equation A.121.

4. Computation of rotational parameters, (¢, 0, ¥, p, q, T):

4a. Compute Euler angles and DCM: During [, ¢2], the Euler angles (roll, pitch, and
yaw) are given by:

é(t) = 0 (A.39)
8(t) = 0 (A.40)
v(t) = ¥y (A.41)

where ¥, i1s the azimuth at time ¢, and the small variation in azimuth because due to
translational motion is neglected. The corresponding n-frame to b-frame DCM is:

Co(t) = La(¥1). (A.42)

n

4b. Compute angular rates: The angular rates with respect to inertial space (p, q,
and r) are computed from the angular rates with respect to the n-frame (P, @, and R),
which in turn are computed from the Euler angle rates (¢, 8, and ¥'):

i
[

where C*(t) is given by Equation A.42.

(A.43)

(A.44)

(g + (’) cos L

= 1) ~L (A.45)
—(Qg + €)sin L

~axw O 7T =
l
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A.3.4 Right-Turn / Left-Turn

Assumptions — The model for the turn is based on the following assumptions:

The turn begins at time ¢, and ends ac time t,
At time ¢ (immediately before the turn) and at time ¢4 (at the end of the turn):

— The pitch and roll angles are zero
— All accelerations are zero

— Vertical velocity is zero
The variables listed in Table A.2 are known at ¢
During the turn (¢; <t < t4) the LP flies at a constant altitude
The turn is divided into three time intervals:

t; <t < t,: Roll from zero to the bank angle required by the turn!

t; <t <t3: Turn at a constant bank angle

t3 <t < t4: Roll back to zero bank angle

Within [t1, t2] and [t3, t4] the LP rolls at a constant roll rate. This roll rate is assumed

to be ¢ = £90 deg/sec, positive for right-turn (RT) and negative for left-turn (LT)
([McCormick, 1979]).

Input Parameters — A steady turn segment (also called a “truly banked” or “coordi-

nated” turn, [Etkin, 1972], [Dole, 1981]) is determined by the following input parameters:

Direction of the turn (right or left)
Load factor (the number of ¢'s the aircraft “pulls”), nr

Final heading, v.

Computation Algorithm — The objective of the computation algorithm is to compute

the variables listed in Table A.2 within each of the three intervals ([t;,1;], [t2,3], and
(t3,t4]). The development that follows is divided into three parts:

Preliminary computations
Computations for [t,.t,]
Computations for [t,, 3]

Computations for [t3,¢,].

'“Bank angle” is synonymous with “roll angle.”
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The development is based on [Etkin, 1972}, [Dole. 1981], [Anderson, 1989], and [Britting,
1971].

Preliminary Computations:

1. Computation of t-frame speed:

Vi = \/(vhp,)2 + (vhp, ). (A.46)
2. Computation of turn radius:

/’2
Rp= —21__ (A.47)

g\/nzT——l

2. . .
where ¢ = 9.8 in/sec” is the acceleration of gravity.
) )

3. Computation of turn rate:
Jyn% —1
igv*f (A.48)
T

wr =
where the plus sign corresponds to RT and the negative sign to LT.
4. Computation of turn interval duration: To compute the turn rate, compute first
the total turn angle, Ay,

Ay = [71’4 - d’l]SGO- (A-49)

In this equation, the subtraction is modulus 360 deg, vy is the final heading (an input
parameter), and ¥, is the initial heading computed from

t
1 = arctan (l—)fﬁ) ) (A.50)
VLPy
The duration of the turn interval is given by
A
Tr = —w (A.51)
wr
5. Computation of roll angle:
¢T = T arccos (——1—-> , (A.52)
nr

“+” for RT, “-" for LT.

6. Computation of roll interval: The duration of the roll interval is given by

_or

T, (A.53)
or
7. Computation of times:
t, = H+T. (A.54)
t3 - tl + 77,- + TT (A-55)
t4 = tl + QT,- + TT (A56)
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§. Computation of turn center: The turn circle is located at (rr¢, yrc, s1ec) in the

t-frame. Because the turn occurs at a constant altitude,

z1c = prp.(t1) = php.(t2).

(A.57)

Let the vector from the location of LP at {; to the center of the turn circle be éNT
(the subscript indicates that this vector is the negative turn radius vector). Because of

Equation A.57, the z-component of Rnt is zero. The z- and y-components are computed
by noting that at time ¢, the turn circle is in a direction orthogonal to the velocity vector,
to the right or the left of the pilot, depending on the direction of the turn, and at a

distance Rt from the LP. Two cases need to be considered as follows:

If ULPr(tZ) # 0:

aRt
1+ p?
T
1+ p

Rnte = —p

+

Rnty =

]

where
_vLpy(t2)

vLpz(t2)
The constant a is set according to the following conditions:

If LT and vrpc(f;) >0 then a= -1
If LT and vpp.(t3) <0 then a= +1
If RT and wvrp.(t;) >0 then a= +1
If RT and vpp.(t2) <0

then a = ~1.

If vaI(lg) =0:

Ryt = aRy
RNTy =0.

For this case, the constant a is set according to the following conditions:

If LT and wvppy(tz) >0 thena = +1
If LT and wvppy(t;) <0 thena= -1
If RT and wvppy(t2) >0 thena= -1
If RT and wvppy(t) <0 thena= +1.

(A.61)
(A.62)

The center of the turn circle is then computed from the negative turn radius vector,

t t t

Tre | PLpo(t2) RNt
yrc | = | PLpy,(t2) | +| Bn7y
ire PLp(t2) Rnt.
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Computations for [t;,¢;]: Within this interval a four-step procedure is followed.
1. Computation of point mass t-frame trajectory (pip, vip, aip):

app(t) = 0 (A.64)
vpp(t) = vip(ty) (A.65)
prp(t) = prp(t) +vpp(ti)(t —t). (A.66)

2. Computation of specific force, (", f°): Because the LP experiences zero acceler-
ation (and the INS is assumed to be located at the center of mass), the specific force in

the n-frame is given by
fN n O n
f".——.{fg} :{ 0 } , (A.67)
fp -9

fr=cufr (A.68)
where the formula for C? is given below in Step 4.

3. Computation of latitude, longitude, altitude, and rates, (Lyp, App, {LP, hrp, and
rates): These quantities are computed using the following equations:

and in the b-frame

Lip : Equation A.110
¢rp : Equation A.111
Arp : Equation A.112
hrp : Equation A.113
LLP : Equation A.115
éLp :  Equation A.116
).\Lp :  Equation A.117
i.z,Lp : Equation A.118
];Lp : Equation A.119
¢ p : Equation A.120
Ap : Equation A.121.

4. Computation of rotational parameters, (¢, 0, ', p, q, r):
4a. Compute Euler angles and DCM: During [t;, t2], the Euler angles (roll, pitch. and
yaw) are givei by:

o(t) = ¢r(t—t) (A.69)
o(t) = 0 (A.70)
Y(t) = ¢ (A.71)

where 1, is the azimuth at time ¢;. The corresponding n-frame to b-frame DCM is:

CE(t) = L,(8(t)) Lalt). (A.72)
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4b. Compute angular rates: The angular rates with respect to inertial space (p, g,
and r) are computed from the angular rates with respect to the n-frame (P, @, and R),
which in turn are computed from the Euler angle rates (¢, 8, and ¥):

7]
= o0 (A.73)

L

0
| ] 0
- b 5
Q| = Li(g(t)| 0 } (A.74)
| R ] P
P P (g + €)cos L
[ g| = | Q|+Ct) [ -L } (A.75)
r R —(Qg +€)sin L

where C?(t) is given by Equation A.72.

Computations for [t;,¢3): Within this interval a four-step procedure is followed.

1. Computation of point mass t-frame trajectory (pip, vip, atp): Consider first the
position. pi p(t), te[ts, ts]. In the b(t;)-frame (body frame at time t,) the trajectory during
the turn is simply a circle specified by

[ c(t) sin a(t) on)
prp(t)) = | c(t) cosaft) (A.76)
0
[ c(t)sinat) Hu)
pLp(t)S) = | —c(t) cosa(t) (A.T7)
L 0
where the first/second equation apply to RT/LT, and:
_ sinvy(t) -
c(t) = - a(t)RT (A.78)
() = wr(t—t2) (A.79)
- (t
alt) = %Q  (rad). (A.80)
The trajectory in the b(¢;)-frame is transformed to the ¢-frame by means of:
PLP(t)' = prp(t2)t + Ctiy Croy PLP(H)M®). (A.81)

This equation states that the LP position in the t-frame is the sum of two vectors expressed
in the t-frame: the position of the origin of the b(t;)-frame plus the location of the LP in the
b(t2)-frame. To express the second vector in the t-frame, the vector is transformed, using
DCMs, from the b(t;) to the n(t;) to the t frames. The DCM for the first transformation

is given by:
cosy, —siny; O
oot = | siny, 0 (A.82)

b(t2) — cos 1y
0 0 1
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where ', is the heading at the beginning of the turn maneuver. And the DCMs for the
second transformation is given by:

AL2 2
AL

|- = - '\—:i sin? L, Aflysin L, —-AL - A—fl sin2L,
ey = | =Al(sin L, + ALycosL,) | 1—28 | —Aty(cosL, — ALysin L,)
AL, — —’- sin 2L, Abycos L, 1 - A—fi - A—;i cos’L, |
(A.83)
where
AL, = Ly- Lotan
ANA €, — {o1aN
Ly,€, = Latitude and terrestrial longitude of the origin of the n(t,)-frame

Lotan, €o,TAN

Latitude and terrestrial longitude of the origin of the t-frame.

The velocity and acceleration in the t-frame (vl p and a}p) are obtained by differen-
tiating Equation A.81 to obtain:

"(tz)

ULP(t)t n(tz)Cb(tg) dtpLP( )b(tz) (A84)
n(tr) 4°
azp(t)' = ChiyCriay graPLe(t)". (A.85)
The derivatives on the right-hand side for right-turns are:
d ; [ wr Ry cosy(t) ot2)
[EPLPU)W?) = A(1) (A.86)
Irr i 0
e : [ —wi Rrsiny(t) o)
[E;PLP(t)b(m = fa(t) (A.87)
IRT 0
where the functions f, and f, are given by:
_ cosy(t)  wr Ry sin~(t)
At = wr Ttan a(t) 2 sin’a(t) (A.88)
__ ap sinq(t) , ., cosy(t)  wiRr cos a(t)
Ht) = —er Ttana(t) Terfir n?a(t) 2 7(t)sin3cx(t)' (A.89)
And for left-turns:
d : [ wr Ry cos () b(ta)
[EPLPU)W’) = - h(t) (A.90)
Jur i 0
2 : [ —w}Rpsiny(t) 1
[-(It-;pu:(t)b“z) = —fz(t) . (A.91)
lur 0
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)

e

five-step process.

Computation of specific force, (f™, f*): The computation of specific forces is a

2a. Compute the LP current latitude, terrestrial longitude, and rates as follows:?

e L and ¢ from ppp(t)' (which is available from Equation A.81)

e L and ¢ from vy p(t)' (which is available from Equation A.84)

e [ and ¢ from arp(t)! (which is available from Equation A.85).

The equations for these computations

are given in paragraph 3, below.

2b. Transform vy p(t)! (given by Equation A.84) from the ¢-frame to the current n-

frame:
VLPN i
vep(t)" = | vipe (A.92)
VLP.D
where
1— 8L 2824n2 [, | —Al(sin L, + ALcos L) | AL~ 2Esin2L,
cr= Alsin L, 1- a8 Alcos L,
—AL - 224in2L, |-Af(cos L, — ALsinL,) |1 — Aé“z Mz cos? L,
(A.94)
and, as in Equation A.83,
AL L — Lotan (A.95)
AZ = (- EO.TAN- (A96)

2c.

Transtorm app(t)t (given by Equation A.85) from the t-frame to the current n-

frame using the theorem of Coriolis ([Britting, 1971]):

1l

arp(t)"

where C7 is given by Equation A.94

arpn "
aipg (A.97)
alpp

Ct"aLp(t) Qn,Clurp(t )t (A.98)

and Q7, is the skew-symmetric matrix ([Britting,

1971]) corresponding to the angular velocity of the t-frame relative to the n-frame:

0 —dsinL L
Qr, = ¢sin L 0 lcosL |. (A.99)
—L —fcosl 0

2Shorthand notation: L = Lyp, ¢ = €1p,

A= /\Lp, h= th.
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2d. Compute the specific force in the n-frame:

al
fe (A.100)
fp

f‘n.

aipn + }'ZP,E(i +2Qg)sin L — .LUZP,D
= | alpp —Vipn(l+2Qs)sin L — vip p(€ + 20s) cos L (A.101)

atpp + vipp({ +20s)cos L + Lvipy — g

where the subscripts NV, F, and D identify the North, East, and Down components.
2e. Compute the specific force in the b-frame:

fo=chfm (A.102)

where C? is computed in Step 4.

3. Computation of latitude, longitude, altitude, and rates, (Lpp, Arp, {Lp, hrp, and
rates): The computation of these quantities is a 5-step process.>

3a. Compute the location of the origin of the t-frame in e-frame coordinates:

€

TH TAN
YO, TAN (A.103)
| 20,TAN
[ (Rg + ho1an) cos Lo 1an cos £ 1aN
= (Rg + hotaN) cos Lo 1an sin€o TAN . (A.104)
(Rg + hotan)sin Lo Tan

€
T0,TAN

€

where R, is the radius of a spherical Earth (6378 km).
3b. Compute the location of the LP in e-frame coordinates:

e

Tip

ree = | Yip (A.105)
Zip

= reO,TAN-kap'LP (A.106)

where the {-frame to e-frame DCM is given by

C; = C.C} (A.107)
C{ : Given by Equation A.94 (A.108)
—sinLcosl —sinf -—cosLcos?t
C: = —sinLsin¢ cos?{ —cosLsinf |. (A.109)
cos L 0 —sin L

3Shorthand notation: L = Lyp, £=€.p, A= ALp, h=hLp.
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3c. Compute the latitude, longitudes, and altitude of the LP:

L = arcsin( sz ) (A.110)
irgel

¢ = arctan <y£—P) (A.111)
Trp

N o= 04t (A.112)

h = hoxan — pip. + ALpyp, + Alcos Lo tan pip, (A.113)

where time (t) is GMT and

lirepll = \,/(5'321))2 +(yip)? + (zip)% (A.114)

3d. Compute first derivatives:

. ot
i = LP.N 115
Ry + h (A-115)
; VLPE
( = ' .
(Rg + h)cos L (A-116)
A= 0+ Q4 (A.117)
h = —vip, + Lp‘LP,__ + ALvjp, + €cos Lo TaN PLp, + Al cos Lo TaN vp p,(A.118)
Je. Compute second derivatives:
i atpy — hl
L —_ .
Ro 1 h (A.119)
P afpg — hlcos L + (Rg + h)¢Lsin L (A.120)
(Rg + h)cos L
A= 4. (A.121)

4. Computation of rotational parameters, (¢, 0, ¥, p, q, 7):
4a. Compute Euler angles and DCM: During (¢, t3], the Euler angles are given by:

o(t) = or (A.122)
o(t) = 0 (A.123)
Y(t) = i +wr(t —ta). (A.124)

The corresponding n-frame to b-frame DCM is:

Cb(t) = L.(é7)La(3(t)). (A.125)

4b. Compute angular rates: Following a procedure similar to that for the [t;,1,]
interval, the following calculations provide the angular rates with respect to inertial space
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(p, q, and 7):

6 ] 0

[0 _ [ 0 } (A.126)
¥ ] wr
P o

Q| = L.(¢7) { 9 ] (A.127)
R P
p] P (Qq +é_)cosL

[q = [Q + Ca(t) ~L } (A.128)
r| R —(Qg 4 )sin L

where C®(t) is given by Equation A.125.
Computations for [t3,¢4]: Within this interval a four-step procedure is followed.
1. Computation of point mass t-frame trajectory (pp, vip, alp):

ajp(t) = 0 (A.129)
vpp(t) = vpp(ts) (A.130)
prp(t) = pip(ts) +vip(ta)(t - t3). (A.131)

2. Computation of specific force, (f™, f°): Because the LP experiences zero accelera-
tion the specific force in the n-frame is given by

HEM
mlo=10|, (A.132)
fo -9

fe=ctf (A.133)

where the formula for C? is given below in Step 4.
3. Computation of latitude, longitude. altitude. and rates, (Lpp, Ay p. €1p, hrp, and
rates): These quantities are computed using the following equations:

f‘n

and in the b-frame

Lrp : Equation A.110
¢ p : Equation A.111
Arp @ Equation A.112
hyp : Equation A.113
LLP . Equation A.115
bip Equation A.116
Aep Equation A.117
isz . Equation A.118
sz . Equation A.119
ZLP : Equation A.120
;i[/p . Equation A.121.
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4. Computation of rotational parameters, (¢, 0, v, p, q. r):
4a. Compute Euler angles and DCM: During (¢5.7,], the Euler angles are given by:

o(t) = or—orlt —1y) (A.134)
0(t) = 0 (A.135)
P(t) = s (A.156)

The corresponding n-frame to b-frame DCM is:
Calt) = Lo(o(t)) La(v3). (A.137)

4b. Compute angular rates: Tollowing a procedure similar to that for the [tq, ]
inferval, the following calculations provide the angular rates with respect to inertial space
(p, q, and r):

o] —¢r

0 = 0 (A.138)
y ] 0

P i

Q| = Listy] ¢ (A.139)
R Y

p ] P Qg + l") cos L

g| = | Q|+Cit) ~L (A.140)
r | R —(Qg +)sin L

where C®(t) is given b~ Equation A.137.

A.3.5 Climb and Descent

Assumptions ~— The model for climb and descent segments is based on the following

assumptions:

e The scgient begins at time ¢; and ends at time t3

The [t4, t5] interval is divided into two suvintervals during which a bang-bang accel-
eration control is applied:

— During [t1, t2], the LP experiences a total (inclusive of gravity) upward vertical
acceleration +n¢pg. (If nep is negative then the acceleration is downward)

~ During [t,.7,], the LP experiences a total upward vertical acceleration —ncpg
e At times t{ and t3, vertical velocity and acceleration are zero

o At all times, the horizontal acceleration and the roll angle are zero

At all times, the velucity vector points along the centerline of the LP
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o At all times. the pitch rate equals the tlight-path angle rate?

o [he variables listed in Table A.? are known at #;.

Input Paramcters — A climb/descend flight segment *» determined by two parameters:

e Iinal altitude at time t5, h-
e Maagnitude of the vertical acceleration of the LP in ¢’s, |nepl.

("omputation Algorithm — The objective of the computation algorithm is to ccmpute
the variables listed in Table A.2 within the [t,{3] interval. .\ five-step procedure is
followed.

1. Preliminary Computations.

la. Compute times (¢, and ¢3):

h = H+A (A.141)
fj; = f,'z + —a (1‘\142)

hsy —
A= 2 (A.143)

necp g

Ib. Compute nep:

If h3>h, then ncp = +|ncpl (A.144)
If hy < hy then ngp = —|nepl. (A.145)

2. Computation of point mass t-frame trajectory (pip, vip, aip):

Horizontal motion, ¢ <t < t3:

app.(t) = 0 (A.146)
agpy(t) = 0 (A.147)
vppe(t) = vip(t) (A.148)
Uzpy(t) ";,Py(fl) (A.149)
PLpe(1) PLpe(t1) + vpp (L)t = 1) (A.150)
PLpy(t) = prp,(t1) + vpp, ()t = t) (A.151)
Vertical motion, {; <t < ¢,
ajp,(t) = =ncpyg (A.152)
vip(t) = —nepg(t—t) (A.153)
ne .
PLp.(t) = horan —hi - C.;g(i — i (A.154)

*The flight-p ach angle is the angle between the velocity vector and the horizontal plane (e.g., [Farrell,
1976]).
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Vertical motion, t, < ¢ < t5:

app(t) = tncpyg (A.155)
vpp.(t) = —hatncpg(t—ty) (A.156)
Php(t) = homax —h—hat — 1)+ 2L — )7 (A15T)
where
hy = h‘jh” (A.158)
he = nepgl(ts—ty). (A.159)

3. Computation of specific force, (f, f°): The acceleration experienced by the LP in
the t-frame is given by
0 t
at
LP:

Consequently the specific force experienced by the LP in the n-frame is given by

fr=l fe| =Clagp—10 | , (A.161)
fp g

where ('} 1s given by Equation A.94. In the b-frame
r=cr (A.162)

where the formula for C? is given below in Step 5.
4. Computation of latitude, longitude. altitude, and rates, (Lyp, Arp, {1p, hrp, and
rates): These quantities are computed using the following equations:

Liyp : Equation A.110
{rp : Equation A.111
Arp : Equation A.112
hrp : Equation A.113
Lip : Equation A.115
éLp : Equation A.116
Ap Equation A.117
ile . Equation A.118
.[;Lp . Equation A.119
ELP . Equation A.120
ALp Equation A.121.

5. Computation of rotational parameters, (¢, 6, Y, p, q, 7):
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5a. Compute Euler angles and DCM: During [¢,, 3], the Euler angles (roll, pitch, and

yaw) are given by:

where v} is the azimuth at

o(t) = 0

f(t) = arctan (@)
z

P(t) = ¥

time ¢; and

(A.163)
(A.164)
(A.165)

v Velocity in the level (horizontal) plane

(A.166)

Vhp)? + (vhp, )2

The corresponding n-frame to b-frame DCM is:

Ch(t) = Lp(6)La(vn).

(A.167)

(A.168)

5b. Compute angular rates: The angular rates with respect to inertial space (p, g,
and r) are computed from the angular rates with respect to the n-frame (P, @, and R),
which in turn are computed from the Euler angle rates (¢, 8, and ¢):

$] [ 0

0' = (Ul)2+(l;ipz)2 atLPz

(U i 0

P [1 0 —sind [ (D

Q = 0 1 0 0

R (0 0 cost || 4

p ] [P (R + €)cos L
g = |Q|[+Cub) ~-L

T | R —(Qg + €)sin L

where (?(t) is given by Equation A.168.

A.3.6 Level Change of Speed

(A.169)
(A.170)

] (A.171)

Assumptions — The model for a level change-of-speed is based on the following assump-

tions:
e Flight begins at time ¢; and ends at time t;
e Within the [ty, ;] time interval:

— The heading angle remains constant

~ The pitch and roll angles are zero

— Vertical acceleration and velocity are zero (altitude is constant)
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— The magnitude of the level acceleration is constant (and representative of the
maximum acceleration that the LP can develop)

e The variables listed in Table A.2 are known at t,.

Input Parameters — A change-of-speed flight segment is determined by two input
parameters:

e Final horizontal (level) velocity, v,

e Magnitude of level acceleration in g's, |n| .

Computation Algorithm — The objective of the computation algorithm is to compute
the variables listed in Table A.2 within the [¢,.t;] interval. A four-step procedure is
followed.

1. Preliminary Computations.

la. Compute the initial speed, vy;:

v = \fvlp(t)? + vhpy(t)2. (A.172)

Ib. Compute the final time, t,:

ty =t + o2 = vu (A.173)
Inil g
lc. Compute the final/initial speed ratio, p;, if v;; > 0:
o= 22, (A.174)
Un
1d. Compute n;:
If wy=0o0rp>1 then n, = +|n| (speed-up) (A.175)
If m<l then n; = —|n| (slow-down). (A.176)
2. C'omputation of point mass t-frame trajectory (pip. vip, app):
2a. Compute acceleration in the t-frame, azp, 1, <t < ty:
If v;; = 0 (start-up on the ground):
arp; = |mlgcosyy (A.177)
atp, = Inlgsinyy (A.178)
aip, = 0 (A.179)
where v is the heading at t;.
If v, # 0 (speed-up or slow-down):
it t
aip, = L—”’I—(l-)-n,g (A.180)
Un
vh o (1
arp, = L—Py—(—l—)nlg (A.181)
Un
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2b. Compute position and velocity, t;, <t < {,:

vip(t) = vip(t) +a

1
prp(t) = prp(ty) +opp(t)(t —t) + §atLP(t — ;)%

3. Computation of specific force. (f",
[ ]

fr= [ fe

fp

where C7 is given by Equation A.94. In

pp(t—t1)

£y

the b-frame

fr=cif

where the formula for C? is given below in Step 5 (Equation A.190).

01"

:CtnatLP_[OJ ’
g

(A.183)
(A.184)

(A.185)

(A.186)

4. Computation of latitude, longitude, altitude, and rates, (Lpp, Arp, {Lp, hrp, and

rates): These quantities are computed using the following equations:

5. Computation of rotational parameters, (¢, 0, ¥, p, q, r):

Equation A.110
Equation A.111
Equation A.112
Equation A.113
Equation A.115
Equation A.116
Equation A.117
Equation A.118
Equation A.119
Equation A.120

Equation A.121.

5a. Compute Euler angles and DCM: During [¢,, ¢,], the Euler angles (roll, pitch, and

yaw) are given by:

t) = 0
t) = ¥

(A.187)
(A.188)
(A.189)

where 1, i1s the azimuth at time f; and the small variation in azimuth because due to
translatioual motion is neglected. The corresponding n-frame to b-frame DCM is:

Ch(t

) = La(31).
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5b. Compute angular rates: The angular rates with respect to inertial space (p, g,
and r) are counputed from the angular rates with respect to the n-frame (P, @, and R),
which in turn are computed from the Euler angle rates (¢, 8, and ¢):

[ 6] 0]
61 = |0 (A.191)
[ [ 0 |
[ p } [0 ]
Q| = |o (A.192)
| R | [ 0]
p] (Qp + ) cos L
q| = C) _; } (A.193)
T i —‘(Q@ + é’) SinL

where C(t) is given by Equation A.190.

A.3.7 Ground Azimuth Change

An azimuth change while on the ground is executed by rotating the aircraft about the
Down axis of the n-frame.

Assumptions — The model for an azimuth change is based on the following assump-
tions:

e Azimuth change begins at time ¢, and ends at time ¢,
e Within the [¢;,¢;] time interval:

— The heading angle varies linearly with time
— The pitch and roll angles are zero

— Horizontal and vertical accelerations and velocities are zero
e The magnitude of the azimuth rate is |w,| = 20 deg/sec
e The variables listed in Table A.2 are known at ¢;.

Input Parameters — A change of azimuth is determined by two input parameters:

e Final heading, ¥,
e Clockwise (CW) or Counter-Clockwise (CCW) turn.

Computation Algorithm — The objective of the computation algorithm is to compute
the variables listed in Table A.2 within the [t;,t,] interval. A five-step procedure is
followed.

1. Preliminary Computations.
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la. Compute w,:

_f 420 deg/sec if CW
e { —20 deg/sec if CCW (A.194)
1b. Compute the final time, ¢5:
by = L&:ilﬁd_l (A.195)

where ¢; and 3, are the initial and final azimuths and the qualifier “modulo” indicates
that the difference should be taken modulo 360 deg and taking into account the direction
of turn.

2. Computation of point mass t-frame trajectory (pip, vip, atp):

2a. Velocity and Acceleration: For t) <t < t,,

vi p(t) = afp(t) = 0. (A.196)
2b. Position: For t; <t < iy,

pp(t) = Prp(tr)- (A.197)

3. Computation of specific force, (f*, f®): Because the center of mass of the LP
experiences zero acceleration, the specific force in the n-frame is given by

fN n 0 n
an[fE] :[0}, (A.198)
fo -9
and in the b-frame
fP=ctr (A.199)

where the formula for C? is given below in Step 5 (Equation A.203).
4. Computation of latitude, longitude, altitude, and rates, (Lyp, ALp, £Lp, hrp, and
rates): During the [¢,, ;] interval these quantities are given by:

Lip = Ly
bp = 4
Arp : Equation A.112
hip = ht,
Lip = 0
bep = 0
;\Lp :  Equation A.117
hip = 0
Lip = 0
bep = 0

XLP :  Equation A.121.

47




Synetics

5. Computation of rotational parameters, (¢, 8, ¢, p, ¢, T):
5a. Compute Euler angles and DCM: During [t;,¢,], the Euler angles (roll, pitch, and
yaw) are given by:

pt) = 0 (A.200)
o(t) = 0 (A.201)
P(t) = P +wa(ta — t). (A.202)

The corresponding n-frame to b-frame DCM is:
Ca(t) = La(¥(1)). (A.203)

5b. Compute angular rates: The angular rates with respect to inertial space (p, ¢,
and r) are computed from the angular rates with respect to the n-frame (P, @, and R),
which coincide with the Euler angle rates (¢, 9, and ¥):

6 ] 0

0 = 0 (A.204)
L ¥ [ Wa
[P ] K, 0

Q| = [0 ]|=]0 (A.205)
| R | | ¢ wa

p] [ P (Q@+é_)cosL

g = | Q| +C) -L (A.206)

T R —(Qg + ) sin L

where C2(t) is given by Equation A.203.

A.3.8 Constant Acceleration

A constant acceleration trajectory is needed for the propagation of the M INS dynamics
during flyout as described in Subsection A.9.9. Motion variables for such a trajectory are
defined in the following paragraphs.®

Assumptions — The model for a constant acceleration segment is based on the follow-
ing assumptions:

e The segment begins at time ¢,
e After t; all accelerations are constant

e At all times, the roll angle is zero

5Notation: Even though the constant acceleration event is necessary only to analyze M motion after
launch, “LP” is used to label variables in this subsection to maintain consistency with the development
of previous subsections.
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o At all times, the velocity vector points along the centerline of the LP (pitch rate
equals the flight-path angle rate)

e The variables listed in Table A.2 are known at ¢;.

Input Parameters — A constant acceleration segment is determined by three param-
eters:

e a;, = level acceleration in the North direction
o a;, = level acceleration in the East direction
e a, = vertical acceleration (Down direction).

Computation Algorithm — The objective of the computation algorithm is to compute
the variables listed in Table A.2 for times after ¢;. A five-step procedure is followed.

1. Preliminary Computations.

2. Computation of point mass t-frame trajectory (p p, v} p, asp):

Acceleration: ,
aj
aip=1| aiy | - (A.207)
a,
Velocity: )
vpp(t) = vpp(t) + (t — tr)agp. (A.208)
Position: .
prp(t) = pLp(ti) + (t — t)vpp(ts) + 5(t - t1)%ap. (A.209)

3. Computation of specific force, (f™, f°): The acceleration experienced by the LP in
the (-fraine is given 1n kguation A.2u7. Consequently the specific force experienced by
the LP in the n-frame is given by

fN n 0 n
el | =Craip—{0] . (A.210)
fp g

where C7' is given by Equation A.94. In the b-frame
fP=ctym (A.211)

where the formula for C? is given below in Step 5.
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4. Computation of latitude, longitude, altitude, and rates, (Lyp, Arp, {Lp, hrp, and

rates): These quantities are computed using the following equations:

Lyp : Equation A.110
¢rp : Equation A.111
Arp : Equation A.112
hrp : Equation A.113
Lip : Equation A.115
éLp : Equation A.116
j\Lp : Equation A.117
hip Equation A.118
Lip : Equation A.119
ZLP : Equation A.120
Ap Equation A.121.

5. Computation of rotational parameters, (¢, 6, ¥, p, q, r):
5a. Comput: Euler angles and DCM: After ¢,, the Euler angles (roll, pitch, and yaw)

ave given by:

where

(]

¢(t) = 0
6(t) = arctan <:_v&>
v
_ VLPy
P(t) = arctan <vLPI)

Velocity in the level (horizontal) plane
V(e )? + (vhp, )2

The corresponding n-frame to b-frame DCM is:

Co(t) = Ly(6)La(¥).

(A.212)
(A.213)

(A.214)

(A.215)
(A.216)

(A.217)

5b. Compute angular rates: The angular rates with respect to inertial space (p, g,
and r) are computed from the angular rates with respect to the n-frame (P, @, and R),

which in turn are computed from the Euler angle rates (¢, 8, and ¢):

[

r

O €& ..o

0

— at
Sl S/ | .
= ('-’1)2"'(’-"1‘}3,)2 LPz
”'I,Pz“‘,y'”ir’!al-z
L (U‘I,P:)2+(u(l.Py)2

(1 0 —sinf | [ ¢
= |01 0 6
| 0 0 cosd "
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p P (s +€) cos L
! = | Q| +cCt) ~L (A.220)
T R —(Qg +{)sinL

where C?(t) is given by Equation A.217.

A.4 M INS Model

The model for the M strapdown INS is given by Equation B.1 of Appendix B with the
following modifications:

¢ Because the M INS is a strapdown system, the direction cosine matrix (DCM) €7
in Equation B.5 is replaced by the DCM (7} specifying the transformation from the
body to the navigation frame in Equations B.5 and B.8. This DCM is a function of
the trajectory followed by the M as specified in Section A.9.

e The altimeter gains K| and A, which appear in Figure B.1 and Equation B.11 are
set to the values given in Table B.3 for the M.

e The sensor error models, characterizing the vectors ¢ a and éh,, are as given in
Table A.3.

e The white noise vector w, is non-zero as described in Subsection B.8.

Table A.3: M INS SENSOR ERROR MODELS®

| INSTRUMENT [ ERROR SOURCE | MODEL | MODEL PARAMETERS’ |
Laser Gyro Turn-on Repeatability Bias Bias o = 1.0 deg/hr
Bias Drift Rate Markov o =0.1 deg/hr, 7= 1 hr
Random Drift Rate® White Noise Q = (0.030 deg/v/hr)?
Scale Factor Bias o = 100 ppm
Misalignment Bias o = 6 sec
Accelerometer Turn-on Repeatability Bias Bias o = 1500 ug
Bias #1 Markov o = 240 pg, 7 = 60 min
Bias #2 Markov o =120 ug, 7 = 15 min
Scale Factor Bias o =500 ppm
Misalignment Bias o = 20 sec
Altimeter Bias Markov o =150 m, v = 463000/ v sec
Scale Factor Bias o =0.03

#Source: [Levinson et al., 1977] and [Maybeck, 1977]. Error characteristics comparable to Sperry SLIC-
15 INS with Hamiiton Standard accelerometer model ([Maybeck, 1976] and {Maybeck, 1977]) scaled to
SLIC-15 (Q-Flex accelerometer) bias error level.

"Notation: o is the standard deviation of bias and Markov error sources; r is the correlation time
of Markov error sources; @ is the Q-matrix (spectral level, [Gelb, 1974]) of the white noise; v is the M
velocity in m/sec.

8The white noise random drift rate is modeled as a first-order Markov with 7 = A/2 and ¢? = Q/A
where A is the sampling interval between propagations or updates.
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A.5 LP INS Model

The model for the LP strapdown INS is given by Equation B.1 of Appendix B with the

following modifications:

e Because the M INS is a strapdown system, the direction cosine matrix (DCM)

c

in Equation B.5 is replaced by the DCM C} specifying the transformation from
the body to the navigation frame in Equations B.5 and B.8. This DCM is a func-
tion of the trajectory followed by the LP as specified in Subsection A.3 (Equa-

tions A.3, A.30, A2, A.72, A.125, A.137, A.168, A.190, A.203).

e The altimeter gains iA'; and N, which appear in Figure B.1 and Equation B.11 are

set to the values given in Table B.3 for the LP.

e The sensor error models, characterizing the vectors ¢ @ and dh,, are as given in

Table A 4.

e The white noise vector w,, is non-zero as described in Subsection B.8.

Table A.4: LP INS SENSOR ERROR MODELS?®

[ INSTRUMENT | ERROR SOURCE | MODEL | MODEL PARAMETERS'™ |

Laser Gyro Turn-on Repeatability Bias Bias o = 0.004 deg/hr
Random Drift Rate!? White Noise Q = (0.004 deg/vhr)?
Scale Factor Bias 10 ppm
Misalignment Bias o = 6 sec

Accelerometer Turn-on Repeatability Bias Bias o =100 pg
Bias #1 Markov o =16 pg, 7 = 60 min
Bias #2 Markov =8 pug, 7= 15 min
Scale Factor Bias o =200 ppm
Misalignment Bias o = 4 sec

Altimeter Bias Markov o = 150 m, 7 = 463000/ v sec
Scale Factor Bias o =0.03

A.6 SP INS Model

The model for the SP strapdown INS is given by Equation B.1 of Appendix B with the

following modifications:

®Source: [Levinson, 1978] and [Maybeck, 1977). Error characteristics comparable to Honeywell LINS-
0 INS with Hamilton Standard accelerometer model ([Maybeck, 1976} and [Maybeck, 1977]) scaled to

LINS-0 bias error level.

19Notation: ¢ is the standard deviation of bias and Markov error sources; r is the correlation time of

Markov error sources; @ is the Q-matrix of the white noise; v is the LP velocity in m/sec.

""The white noise random drift rate is modeled as a first-order Markov with 7 = A/2 and 0% = Q/A

where A is the sampling interval between propagations or updates.
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o Because the SP INS is a level-platform system, the direction cosine matrix (DCM)
(7 in Equation B.5 is replaced by the identity matrix in Equations B.5 and B.8.

e The altimeter gains A}, and I, which appear in Figure B.1 and Equation B.11 are
set to the values given in Table B.3 for the SP.

e The sensor error models, characterizing the vectors g, a, and 8hy, are as given in

Table A.5

e The white noise vector w, is zero as described in Subsection B.8.

Table A.5: SP INS SENSOR ERROR MODELS"?

{ INSTRUMENT | ERROR SOURCE | MODEL | MODEL PARAMETERST |

SDOF Gyro G-Insensitive Bias Bias o = 0.005 deg/hr
G-, G*-Sensitive Bias — Neglected!?
Bias #1 Markov | ¢ = 0.002 deg/hr, 7 = 60 min
Bias #2 Markov | ¢ = 0.001 deg/hr, 7 = 15 min
Scale Factor Markov | ¢ = 0.0025 deg/hr 7 = 60 min
Misalignment Bias o = 0.2 sec

Accelerometer Turn-on Repeatability Bias Bias oc=10 ug
Bias #1 Markov o =3 pg, =60 min
Bias #2 Markov 0 =2pug, r=15mn
Scale Factor — Neglected!4
Misalignment Bias o =2 sec

Altimeter Bias Markov oc=6m, 7 = 30 sec

Table A.6

Table A.6: GRAVITY ERROR MODEL FOR SP INS'

| ERROR SOURCE [ SYMBOL | MODEL | MODEL PARAMETERS*® |
Meridian Deflection (about East) £ Markov o =26.0x 107° rad, 7 = 1.852 x 10%/v sec
Prime Deflection (about North) n Markov o =17.0x 107° rad, 7 = 1.852 x 10*/v sec
Gravity Anomaly AG Markov | ¢ = 343.0 x 107 m/sec”, r = 1.111 x 10%/v sec

2Source: Error characteristics comparable to high-accuracy (conventional gyro) model in [Mueller et
al., 1977] with: gyro Markov biases and misalignments from Hamilton Standard model ([Maybeck, 1976]
and [Maybeck, 1977]) scaled to the gyro bias error level: and Hamilton Standard accelerometer model
scaled to the accelerometer bias error level.

13Notation: ¢ is the standard deviation of bias and Markov error sources; 7 is the correlation time of
Markov error sources.

1GP acceleration is neglected.

15Source: [Maybeck, 1977).

®Notation: ¢ is the standard deviation and 7 is the correlation time of Markov error sources; v is the
magnitude of SP velocity.

7Source: [Perlmutter et al., 1977].

"®Uncorrelated measurement sequence.
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Table A.7: GPS ERROR MODEL PARAMETERS!”

| PARAMETER [ PARAMETER VALUE, |
Position Measurement Std. Dev.T® 15 m |
Position Velocity Std. Dev.!® 0.1 m/sec
| Update Interval 10 sec

A.7 M, LP, and SP Ground Align Model

The simulation of ground alignment has three steps:
1. Covariance initialization
2. State angmentation
3. Riccatti equation propagation.

These three steps are described in the following three paragraphs.

Covariance [nitialization. The INS covariance (Pyins, Pyins. of Pviss, depending
on the INS under consideration) is initialized to a diagonal 'natrix in.icative of the errors
in the approximate initialization entered by ground personnel. Table A.8 gives the RMS
levels of the first nine diagonal entries in the initial covariance matrix for all thre~ vehicles
(M, LP, and SP). The RMS levels of the other diagonal entries (gyro. accelerometer, and
altimeter error sources) are set to the RMS levels listed in Tables A.3. A.4. and A.5.

Table A.8: RMS LEVLLS OF INITIAL INS STATES!®

[ SYMBOL? | DEFINITION | RMS LEVEI,_J
86N Attitude Error About N Axis 60 n‘}n
0f.g Attitude Error About E Axis 60 n;n
9.p Attitude Frror About D Axis 300 mAin
oL. Latitude Rate Error 0.016 sec /sec
¢, Longitude Rate Error 0.022 sec /sec
8h, Altitude Rate Error 0.5 m/sec
5L. Latitude Error 5
b€x Longitude Error 5 n;n
bh. Atitude Error 170 m

State Augmentation. Ground align is modeled by simulating seven noisy measurements
of the INS state: a magnetic heading as measured with a flux valve. three positions (the

YSource: [San Giovanni, 1977]. Assumed ground alignment location (near Norfolk Va.): Latitude
North = 37 deg; longitude West = 76 deg; altitude = 3 m.

Notation: “*" indicates M, L (for LP), or S (for SP).
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approximately known position of the aircraft at home-base), and three velocities (indica-
tive of wind buffeting of a stationary aircraft). The error models for these measurements
are given in Table .\.9.

Table A.9: GROUND ALIGN MEASUREMENT ACCURACIES*

MEASUREMENT ] MEASUREMENT MODEL ' MODEL PARAMETER?* |

Heading

Bias + White Noise

Obias = 2 deg

Owhite r.oise = 15 min

North Position
East Position
Down Position

White Noise
"
"

c=3m
17
"

North Velocity
East Velocity
Down Velocity

White Noise
!
1

o = 0.005 m/sec
"
n

The magnetic heading error model includes two components: a bias due to uncompen-
sated error in magnetic variation; and a white noise component due to flux valve error.
To simulate the bias component, the covariance matrix of the INS needs to be augmented
with an additional bias state having the RMS accuracy shown in Table A.9. This state is
removed after completion of the ground align simulation.

Riccatti Equation Propagation. The Riccatti equation is propagated for a 10 min
interval with measurements every 30 sec using the following state-space matrices:

e F and { matrices from the INS error models for the M, LP, and SP described in
Subsections A.4, A.3, and A.6, cach with an additional zero-row and zero-column te
model the bias magnetic heading error described in the previous paragraph. These
matrices specify the state-space equations

¢ Initial covariance matrix as described in e Covariance [nitialization paragraph

e Measurement equation of the form

Zga = Hoa + 14a (A.221)

=ga

where the entries in the vector =z, correspond to the seven measurements listed in

Table A.9

e H-Matrix given by :
Hyo= | Hoa | Hew | Houo | (A.222)

21Source: [San Giovanni. 1977].
?2Notation: a is the standard deviation of the bias or discrete-time white noise.

- L]
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where:

[0 0 1]0 0 0|0 0 O]
0 001 0 0[O0 0O
0 0 0{01 0[O0 0O

ﬁgal— 00 0(0 0 1|0 00 (A.223)
0 0 00 0 0j1 0O
0 0 0|0 O0O0OjO0 1O
_000000001_

ﬂgaz = er(dhn{;}+djm{g}+1) (A.224)
]
0
0

ﬁ_gw_i (A.225)
0
0
LO_

The blocks within H,, are as follows. The first row of H,,, and the first row of H_,;
model the heading measurement as a linear combination of the heading error state
(e.g., 66mp) and the heading instrument bias (to which white noise is added via
the first entry in vg,). The other non-zero entries in H,,; model the measurement
of position and velocity. The [l,,; is zero because the gyro. accelerometer, and
altimeter error states are not directly measured.

o The I2-Matrix is specified by the white noise entries listed in Table A.9.

A.8 M Transfer Align Model

The transfer-align model is composed of two parts:

e A\ state-space model (dynamics and measurement equations) which specifies the
transfer-align Kalman filter

e An LP maneuver model (deterministic) which specifies the trajectory followed by
the LP during transfer-alignment.

These two models are described in Subsections A.8.1 and A.8.2.

A.8.1 State-Space Transfer-Align Model

Background - - The objective of the development that follows 1s to obtain a state-space
model for the transfer-alignment measurements, Zr4:

Xra = EpaXggt+ Wy

Zra = HryXrat+Vra. (A.226)

-
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The variables in these equations can be divided into four groups as follows. State equation
variables:

Xry = [ L ] (A.227)
Zar
r.p = LPINS error state vector specified in Table 3.4
£ay = M INS error state vector specified in Table 3.8
Fry = F-matrix
_ [ Fip 0
= |0 Fy } (A.228)
Wry = White-noise vector
= | } . (A.229)
| Wnr

where F;p and Fy; are the F-matrices of the LP and M INS appearing in Equation B.1,
and w;p and w,, are the corresponding white-noise vectors. Measurements:

. VA
Zry = | ZT4% ] (A.230)
ZTA.U
Zra, = Position difference measurement
= Par— PLplu (A.231)
Zrs, = Velocity difference measurement
= 0%y — lply (A.232)
py = Position read-out of M INS in the n-frame
prpla; = Position of M based on read-out of LP INS in the n-frame
03y = Velocity read-out of M INS in the n-frame
Orply = Velocity of M based on read-out of LP INS in the n-frame.
H-matrix:
H
Hry = | 7747 (A.233)
LI—TA,U
Hry, = 3x(dim{z;p}+ dim{z,,}] matrix specifying the position measurement
Hrs, = 3 x[dim{zyp} + dim{zy;}] matrix specifying the velocity measurement.
Measurement noise:
’ KTA,p ‘
Vea = |y (A.234)
X TAv
Vrap, = 3 x 1 position measurement noise vector
Vra. = 3 x1 velocity measurement noise vector.

The position and vclocity measurement noise s specified by the covariance matrix

Rra=E{VaVTL) (A.235)

It
-1
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The equations listed above specify a Kalman filter which estimates the state of the M
INS based on measurements generated by subtracting (appropriately) the difference in the
position and velocity read-outs of the M and LP INSs.?® The accuracy of the estimates
provided by the Kalman filter is specified by the error covariance matrix of the state X4,

Pra=E{(Xr,4 - XT,;)(iTA - XTA)T} (A.236)

(XTA is the Kalman estimate). This matrix is obtained by propagating the associated
Riccatti equation {[Gelb, 1974]). From Pr 4, the error covariance matrix for the M at the
end of the transfer alignment is obtained by a CPCT transformation:

Pultexpta) = C Py CT (A.237)

where
C= [ Q&“‘{ELP} Lﬁm{gw} } : (A.238)

The computation of the covariance defined in Equation A.237 is the objective of the
transfer-align simulation.

Input Parameters — The following parameters are set before the computation algo-
rithm 1s begun:

e The time at which transfer-alignment begins. tgegivta. (Note: the time at which
transfer-alignment ends, tgnp 1A is the time at which the maneuver described in
Subsection A.8.2 ends and consequently is not an input parameter.)

e The vector from the LP INS to the M INS, called lever-arm, when the LP is sta-
tionary (i.e., when the wings are not “flapping” or the body of the LP is not being
deformed in any way) expressed in the b p-frame:

-2 m
pia=| +4m|. (A.239)
0.5 m

The sign selection in £+t depends on whether the M is under the rigi. wing (+) or
the left wing (-).

e The covariance of the uncertainty, 6pl}”‘, in p} , produced by aircraft deformation
during flight:

(0.2 m)? 0 0
Pra, = 0 (02m)? 0 . (A.240)
0 0 (0.6 m)?

The covariance values indicate that the greatest uncertainty is in the “vertical”
motion of the wings.

ZThe state of the LP INS is also estimated but is not expected to be significantly affected because of
the better accuracy of the LP INS relative to the M INS.
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o The covariance of the uncertainty, év} , of the velocity of M relative to the origin
of the by p-frame in by p-frame coordinates. This velocity 1s produced by aircraft
deformations while in-flight and is taken to be

BLA,U
0.5 sec

Pra,= (A.241)

to reflect the time taken by a one-sigma position excursion.

Assumptions — The following simplifying assumptions provide an approximate model
for the deformation motion of the aircraft:

e The vectors ép4 , and évé , are white noise processes and component-wise uncorre-
lated when sampled at 5 sec intervals

o The vectors ép} , and 6v8 , are uncorrelated when sampled at 5 sec intervals. (Basis:
for any value of a component of 6p} ,, the sign of the corresponding vt , is equally
likely to be + or —.)

Computation Algorithm — The objective of the computation algorithm is to compute
Par(tenpTa). A seven-step procedure is followed based on the approximate analysis
suggested in [Farrell, 1976] (also [Perlmutter et al., 1977]). A more exact (and more
complicated) development is given in [Baziw and Leondes, 1972a] and [Baziw and Leondes,
1972b)).

I. Increment time: t =t + 5 sec while tgggivta <t < tenp TA

2. Compute the state-space model variables, Fr, and the covariance of Wy 4: The
matrix Fr, is computed using Equation A.228 where F;p and F); are the F-matrices
of the LP and M INS appearing in Equation B.1. The @Q-matrix of W, is similarly
computed from the QQ-matrices of w;p and wy,;. Both of these quantities depend on the
trajectory being followed by the LP at time ¢.

3. Compute the position-difference measurement matriz, Hy, ,: To form the difference-
position measurement, the position read-out of the LP INS is subtracted from that of the
M INS. This subtraction is accomplished by the matrix Hy 4, which multiplies the com-
posite state vector X7 +:

Hpy, = [ ~(Hraprpr + Hraprps) | Hrapm } (A.242)

If the LP and M INSs were colocated, the subtraction is accomplished by multiplying
the state vectors of the M and LP by the matrices Hry, 0 and Hry,ppy respectively,
and subtracting. These matrices, which convert latitude/longitude to NED position bv
taking into account the spherical shape of the Earth, are shown in Figures A.1 and A.2
(the matrices are almost identical). Because the INSs are not colocated, the effect of the
lever-arm needs to be taken into account by the product Hr, , parrp with the matrix
Hy,y, 1po as defined in Figure A.3. The dummy variables dy, d,, and d3 used in Figure A.3
are defined by

dy | =-Cippa (A.243)
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Ra 0 L

Oaxs | —Rafsin L RgcosL {lcosL

0 0 -1

Figure A.1: Matrix Hr,, 1 p)

Re 0 L

0343 | —RglsinL RgcosL fcoslL

0 0 -1

Figure A.2: Matrix Hry , ar

QSX (dim{z; p}-9)

Q’Sx(dim{;_M}—Q)

—d3; 0 d, Q:Sx(dim{zz,p}':”

Figure A.3: Matrix Hy 4, 1p2
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where p} , is the lever-arm vector (Equation A.239) and b is the LP b-frame.
4. Compute the velocity-difference measurement matriz, Hy, ,: The velocity mea-
surement matrix, /7,4, is the sum of three terms:

ﬂTA.U - ﬂTA,ul + ﬂTA.v'Z + -[iTA.vl}' (A.244)

These three terms are as follows.

The first term, Hr, ,,, forms the difference between the velocity read-out of the M
and LP INSs. If the M and the LP INSs were colocated, this term would be the only
one required in Equation A.244. To form this difference, the longitude-, latitude-, and
altitude-rate entries in the M and LP INS states have to be multiplied by factors containing
the radius of the Earth and then subtracted. These operations are implemented by

Hrpm = [ Hrauee | Hravim ] (A.245)

where the left /right partitions (which multiply the LP/M states) are given in Figures A.4
and A.5. In the figures, vy, vg, and L are the North-velocity, East-Velocity, and latitude
of the LP as given. for example, by Equations A.92 to A.94 for the Right-Turn/Left-Turn
LP motion event (Subsection A.3.4) and similarly for other events.

-Rs 0 0 0 0 R
O3x3{ 0 —RgcosL Ofvgtanl 0O —ﬁg O3x (dim{z, p}-9)
0 0 1 0 0 0

Figure A.4: Matrix Hyy 1P

Rg 0 0 0 0 %
Os3x3| 0 RpycosL 0 | —vetanl 0 £ O—3X(djm{£M}-9)
0 0 -1 0 0 O

Figure A.5: Matrix Hr4 01 0
g wl,

The second term, Hr, ,,, takes into account the error in estimating the angular veloc-
ity of the lever-arm based on the attitude read-out of the LP INS. (The angular velocity of
the lever-arm contributes to the velocity of the point where the M INS is located.) This er-
ror is computed by “multiplying” (appropriately) the attitude error rates of the LP (80,
60.115, and 6()‘11[), Table 3.8) by the entries in the lever arm vector, p'LA (Equation A.239):

_I_LTA.U’Z = { Q.F_n QEn: D_Ena QEnh | Q.?Xdim{gM} ] (A246)
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where the F-matrix blocks are used to form the attitude error rates as in Equation B.1.
The dummy matrix D sclects the attitude error rates from n (Equation B.1) and multiplies
by the lever-arm vector:

D = CPPCllsye (A.247)
CPand C® : Asin Section A.3 (A.248)
13x9 = L’ixa 0—3x3 Q‘BxB (A249)
0 P33 —p2
P =|-ps 0 p (A.250)
P2 DN 0
D1
P3

The third term, Hr,4 3, takes into account the effect of attitude errors of the LP in
determining the orientation of the angular velocity vector of the LP. This matrix acts ou
the attitude errors of the LP according to

0 d; —d,
Hrpuws=| —ds 0 di | Osxqdim{z, p}-3) | Q3xdim{z,,) (A.252)
d2 —d1 0
where the dummy variables d,, d;, and d3 are defined by
d; |
dy | = CTWEph 4. (A.253)
d3
In this equation, W2, is the matrix of angular rates with respect to the n-frame,
0 -R Q
W= R 0 -P (A.254)
-Q P 0

where P, ), and R are as defined in Section A.3.

5. Compute the position and velocity measurement noise covariance, Ry, The mea-
surement noise originates from the uncertainties in measuring the position and velocity
of the lever-arm, 6p%, and 6v¢,. These uncertainties, with covariance given by Equa-
tions A.240 and A.241, affects the position and velocity difference measurements according
to

1%
Vra = [;“v*’} (A.255)
X TAv
— 6P%A
= __[ ot (A.256)
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where the matrix D,
D= [ < QM] (A.257)
= CrWe P ’
accounts for two effects: (1) the transformation from the b-frame to the n-frame; and (2)
the effect of the position uncertainty on velocity error because of the angular rate of the
LP, W?,.

Equations A.256 and A.257 indicate that the covariance matrix of the position and
velocity difference measurement noise is given by (Equation A.235)

[BL,;‘,) 033 ]Qr (A.258)

Rys =D
=T4 Osxs  Pra,

where the diagonal entries are given in Equations A.240 and A.241.

6. Propagate the Riccatti equation: A continuous-discrete propagate/update is per-
formed as described in [Gelb, 1974].

7. End iteration: If done (t = tgnp TA). compute Pas(tgnp Ta) from Equation A.237;
else goto Step 1.

A.8.2 Transfer-Align LP Trajectory Model

Background — The transfer-align maneuver has three segments ([Perlmutter et al., 1977},

[Schmidt. 1978}):

1. An initial constant-velocity segment for the calibration of level attitude and level
gyro bias

2. An S-maneuver which produces lateral acceleration and azimuth changes for the
calibration of azimuth and accelerometer bias

3. A final constant-velocity segment for the calibration of level attitude errors which
may be excited by the S-maneuver.

These segments are specified in the following paragraphs in terms of the LP “motion
events described in Section A.3.

Initial Constant-Velocity Segment — The LP executes a “Level Flight at Constant
Velocity” trajectory (Subsection A.3.3) for 90 sec.

S-Maneuver Segment — The LP executes a sequence of four “Right-Turn / Left-Turn”
trajectories (Subsection A.3.4) as follows (y'gggin Ta is the initial LP heading):

e Right-turn at 0.65 ¢ to a heading ¥'ggginv ta + 30 deg

o Left-turn at 0.65 ¢ to a heading Yo T4 — 30 deg

Right-turn at 0.65 g to a heading ¥'gggin 1A + 30 deg

o Left-turn at 0.65 g to a heading ¥gggv TA -

Final Constant-Velocity Segment — The LP executes a “Level Flight at Constant
Velocity” trajectory (Subsection A.3.3) for 30 sec.

During all three of these segments, the calculations described in Subsection A.8.1 are
executed.
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A.9 M Mid-Course Guidance Model

A.9.1 Introduction

The guidance model has two objectives:
e To compute the mean and covariance of the M position and velocity at handover
e To compute the mean and covariance of the T position and velocity at handover.

These quantities determine the outcome of the endgame.
The algorithms to compute these quantities are developed in the following subsections
as follows:

e Subsection A.9.2 lists the inputs to the guidance algorithm
e Subsection A.9.3 lists the outputs of the guidance algorithm

¢ Subsection A.9.4 provides an overview of the algorithm used to compute the outputs
from the inputs

o Subsections A.9.5 to A.9.11 describe the details of the algorithm.

A.9.2 Guidance Inputs

The inputs to the guidance algorithm and their source are as follows.

M true position and velocity at launch (ply(tLauncu), Ui (tLauncu)): These quantities
are computed from the true LP position and velocity according to:

Pa(tiauncn) = prp(tuauncn) + Cypp, (A.259)
var(tLaunen) = vip(tLauncu) (A.260)

where pj , is the lever arm vector (Equation A.239). The LP position and velocity (pLp
and vpp) and the transformation CJ' are specified by the LP trajectory events prior to
launch as described in Section A.3. The addition of n-frame and ¢-frame quantities in
Equation A.259 is justified because the origin of the ¢-frame is assumed to be near the
launch point.

M INS error covariance matriz at launch (Pp(tLauncu)): This matrix. defined by

E{zm(tLauncu)za(tLaunen) ) (A.261)
M INS state vector (Table 3.4),

Pr(tLaunch)

IM

is available from the propagation of the M INS covariance from the end of the transfer
alignment procedure (Section A.8) to the time of launch.

T mean position and velocity at launch (pr(tLauncu), vy(tLauncu)): The mean T
position and velocity is the deterministic component of T motion as described in Subsec-
tion A.1.2. This component is specified by the input parameters listed in Table A.1.
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1" position and velocity estimation error covariance from SP tracking filter at to (Prpg ,,(t0)):
This matrix, defined by Equation A.366, is computed according to Equation A.375. (The
time £y 1s defined on page 66.)

Miscellaneous inputs: The following parameters are inputs to the simulation:

Ry = Range of M (indicative of M fuel/aerodynamic characteristics)
= 50 km (A.262)
Rsgeker acq = Seeker acquisition range?®*
8 km (A.263)
Vs = M cruising speed
5M (A.264)
apauncH = M acceleration at launch
= 15g (A.265)
aimax = M maximum available level (North/East) acceleration
= 10g (A.266)
@, max = M maximum available vertical acceleration
= 10g (A.267)
Mmax = Measure of available M maneuverability
= 600 g - sec. (A.268)

The last parameter in the above list, maneuverability, is a measure of the capability
of the M to execute corrective maneuvers according to the formula

m = |a|m + |a.|7., (A.269)
where
a; = Constant acceleration applied in the level direction
a, = Constant acceleration applied in the vertical direction
7, = Time interval during which a; is applied
7. = Time interval during which a, is applied.

Maneuvers during flyout are required to obey the feasibility constraint Al < mp,,. Large
accelerations sustained for a long time interval would tend to exceed the maximum ma-
neuver capability mpyay.

A.9.3 Guidance Outputs

The outputs produced by the guidance model are as follows.
Zero-error handover time (tgo): This quantity is the time at which handover occurs
in the absence of errors.?

%In the presence of errors, the handover time is a random variable as described below.
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Means:
Pr(tuo) = Mean T position at tyo
vr(fyo) = Mean T velocity at tyo
Pyi(tHo) Mean M position at {yo
vi(fyo) = Mean M velocity at {yo.

Covariances: Output covariances are identified by the subscript “L” to indicate a
measure of the variability of the physical location (actually, position and velocity) of the
M or T. These covariances are different from estimation covariances which measure the
variability of numbers stored in a computer.

Two output location covariances are computed:

T position and velocity covariance at tyo

s
o
o

4
sy

!

~—

M position and velocity covariance at 0.

The first of these matrices. P rps(tHo). is obtained from a CPC7T transformation of the
covariance of the T random motion (Singer) model (described in Subsection A.1.2). The
second matrix. Pras,(tHo), is the sum of two terms: one term is caused by guidance
uncertainty (as described below): the other term represents uncertainty in M motion
(Singer model described in Section A.2).

A.9.4 Guidance Algorithm Overview

The procedure for computing the output quantities from the input quantities is divided
into seven steps as follows:

1. Propagation from t auncu to tg: The input quantities in Equations A.259. A.260.
and A.261 are propagated from the time of launch to the time ¢, at which the M
achieves its cruise speed. All guidance computations are assumed to begin at .
This step is described in Subsection A.9.5.

&™)

C'omputation of mean trajectories: The trajectories of the M and T from launch to
handover are computed in the absence of any random effects (which in actuality are
produced by instrument errors and trajectory fluctuations). This step is described
in Subsection A.9.6.

3. Feasibility test: The mean trajectories are tested to determine if an intercept can
occur in the absence of errors and other random fluctuations. If an intercept is
feasible in this ideal case. then the linearized error analyvsis described in Steps 2 to
6 is executed. Otherwise. «ne of the following actions is executed:

e The simulation terminates. indicating that a change in the input parameters
is necessary to insure a geometry that makes intercepts possible
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e One of the guidance model input parameters listed in Subsection A.9.2 is mod-
ified and Steps | and 2 are executed again.*®

This step 1s described in Subsection A.9.7.

1. Initialization of the flyout guidance state vector covariance: The flyout guidance
state vector, I, contains all the relevant random quantities from which the M
output covariance is computed. The covariance of this vector is initialized at a
time ¢, (defined below) based on the navigation and tracking errors. This step is
described in Section A.9.8.

5. Propagation of flyout guidance covariance: The covariance of rs is propagated from
to to the mean handover time tyo. This step is described in Subsection A.9.9.

6. Computation of M Location Covariance: The matrix PL_T‘,,L.(?HO) is computed from
the covariance of r; and the M Singer motion model. This step i1s described in
Subsection A.9.10.

. Computation of T Location Covariance: The matrix of Pp as,.(fno) is computed
from the T Singer motion model. This step is described in Subsection A.9.11.

The M trajectory is computed based on the following assumptions:

e A constant three-dimensional acceleration is applied to M starting at time {o (a
deterministic quantity) and ending at the handover time tyo (a random variable.
defined below)

e The acceleration levels are computed so that an intercept occurs at time tyo + t,
where f, (a deterministic quantity) is an estimate of the duration of the endgame

e The applied acceleration has two components: level and vertical. Both components
are assumed to be orthogonal to the estimated velocity of the M at ¢.

The ~guidance law™ defined by these assumptions produces an intercept in the absence of
errors and T maneuvers without any further M maneuvering during the endgame. In the
presence of errors. the endgame maneuvering counteracts the flyout (launch to handover)
guidance errors.

A.9.5 Propagate from t; syxcu to #

The first step in the guidance algorithm propagates the input variables listed in Subsec-
tion A.9.2 from the time of launch (f;avxcy) to the time (#9) when the M achieves its
cruising speed (Var). Time ¢ty is assumed to be the starting point for all guidance com-
putations: lateral and vertical accelerations to achieve an intercept are applied only after
the M has achieved its cruising speed. Input quantities are propagated to t, as follows.

25For example, suppose the mean trajectory is unfeasible because of insufficient maneuvering time

during flyout. By reducing the acquisition range RsppkeR acq additional flyout time is provided at the
expense of less time during endgame.
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M true position and velocity at launch (piy(tauncu). vig(tLauncu)): These variables,
computed according to Equations A.259 and A.260, are propagated to ty via a “Change
of Speed” trajectory event as described in Subsection A.3 6. The input parameters to this
event are the final velocity and the magnitude of tlie level acceleration. Values for these
parameters are given in Equations A.261 and A.265.

M INS state vector covariance Py, (tpau~cn): The covaniane Lf the M INS state vector
(Equation A.261) aie propagated from tsunch) to to accordiug to the M INS dynamics
(Section A.1).

T mean position and velocity at launch (p§(tLauxcu)s vr(tacxcu)): The mean T
position and velocity is the deterministic component of T motion as described in Subsec-
tion A.1.2. This companent is specified by the input parameters listed in Table A.1.

Tracking position and velocity crror covariance (Pqp,,(to)): This niauix is already
availabie at to, making propagation unnecessary.

A.9.6 Compute Mean Trajectories

The second step in the guidance algorithm computes tlie mean trajectories followed by the
M and the T. The mean M trajectory is the trajectory followed by the M in the absence
of any errors. The mean (predicted) T trajectorv is the trajectory followed by the T in
the absence of maneuvers after {y. To compute these trajectories. eight steps are followed.

1. Computc the closing velocity (V): The closing velocity at t, is the magnitude of
the difference between the velocities of the T and the M:

Ve 2 |lek(to) = vl (to)]]- (A.270)

2. Compute the duration of the endgame (t.): The duration of the endgame is defined
to be
& Rseeker acq
==
This definition implies that the endgame begins as soon as the seeker is able to acquire
the target.

3. Compute the mean acceleration interval (7,): The mean acceleration is interve. is
computed to achieve an intercept in the absence of errors:

‘ (A.271)

(AIO -r AUO) + te(AUrO -r AvyO)

i, = if eypro # 0 A272
F At — Atwg UM F ( )
Ao+ e Av _ -
fp = T oW if varz0 7= 0. (A.273)
—AL’JL)
where
po= M0 (A.274)
UAfro

.‘_\I() = a0 — ITo (AQTS)

Ayo = yaro ~ Y10 (A.276)

Azop = zyo~ 3To (A2TT)
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Aryg ALY PV YT (A.27%)
—\M,n UALy0 U0 ( ())
Aoy Y TR (T (A "H())
Pasty) [raro yapn - \m]T (A.281)
I"II'“H) |~"lu Y -‘Inll. (A.282)
"[\1(’()) [".\Im UA Ly "“‘.“]1' ( 283)
"',I'("l) [or0 ey "‘l‘.:u]'r . (A.231)

4. Compute the wean handover fine (e ): This time is the handover time i the

absence of errors:
o —to + 7., (A.285)
S5 Corpute the mean iced acceleration 1o ) "The level (North /Fast) acceleration that

results produces an intercept i the absence of errors is given by

o North, Fast
ap= | (A.256)
\/,’\l UAfr0
where:
VM ) ””;\1(’1))“ (A.237)
Ary + (1 + T,,)Au,. _
‘U ’A)lm(, 7 + ) 2 if VAL y0 / 0 (ABHH)
Ayo + 0+ )80
@ " TS e £ 0 (A.289)

uA.l.LQ([ Ta F 2 ”)

. Compute the mean vertical aceeleration (a.): The vertical acceleration that will
produce an intercept in the absence of errors is given by

A~ . JAe,
g, St ,r,)_._",“ (A.290)
(ot + T2

2 ta

7. Compule the mean position ard velocity of M:

Before handover: lor {71 < Iy:

l )
/’f‘\l(’) - I’!M(’n) 1 '{’\;”n)(’ R ot (- Hy)° (A.201)
g (1) o (lo) 4 a (b 1y) (A.292)
where the vector a.is the (jmnpulwl acceleration
“ .- | i ] . (A.293)
(. J

The computed aceeleration o, 15 i nmmber that exists in the M ocomputer. In the
presence of errors, this aceeleration s different from the resulting acceleration, a,
which is the acecleration actually experienced by the Mo In the errvor free case,
however, o, - a,.
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After handover: For fyo <t < t;, where {; is the mean intercept time. t; = tyo + t.:
Pha(t) = Prs(tno) + vigltuo)(t — fro). (A.294)

8. Compute the mean predicted position of T: The position of T if the M does not
maneuver after time ¢y is given by:

PT prediced(t) = Pr(to) + vis(to)(t — to), (A.295)

for to <t <t;.

A.9.7 Test Feasibility of Intercept

The third step in the guidance algorithm is to test the feasibility of an intercept in the
absence of any errors. An intercept is considered feasible if the mean trajectories are such
that the following conditions hold:

1. The length of the acceleration interval is realizable:

T, > 0. (A.296)

2. The maximum accelerations are not exceeded:
@il < armax (A.297)
@:f < dzmax- (A.298)

3. The maximum maneuverability is not exceeded:

(lal + la.

)Tar < Mumax- (A.299)
1. An intercept is achieved in the mean:

pf\l( ! ’) = p'}.pr(‘di(‘ted( {1)' (A300)

{Note: this equation needs to hold only within numerical round-off error: e.g., to
within four significant digits.)

If an intercept is unfeasible in the mean, then the deterministic LP and T trajectories
are not likely to result in a significant probability of intercept.?” For these cases. an
analysis of the flyout guidance error iacks practical significance. Consequently. if the
intercept is unfeasible. the simulation should take one of the two following courses of
action:

e Exit (after printing a suitable message)

e Change one of the guidance model input parameters. re-compute the mean trajec-
tories. and re-try the feasibility test.

2Tk ven 1t the intercept is feasible. however, some of the sample paths may result in unfeasible intercepts
hecause the tails of the Ganssian distribution extend to infinity.
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A.9.8 Compute Initial Mid-Course Guidance Covariance, Ps(t;)

Background -—- The fourth step in the guidance algorithm begins the evaluation of the
random perturbations on the mean M and T locations at handover. These perturbations
are caused by random errors; consequently, variables that include random components
need to he defined as follows:

Parlt) = piy(t) + Epiy(t) (A.301)
Position read-out of the M INS
03 (t) = vi,(t) + dvy(t) (A.302)
Velocity read-out of the M INS
Pr(to) = pr(to) + épr(to) (A.303)
Estimate of T position obtained from the SP tracking filter
or(to) = vr(to) + 6vr(to) (A.304)
Estimate of T velocity obtained from the SP tracking filter
Tae = Taet+ 0Tuc (A.305)
= Computed duration of applied acceleration
ae = ai+ba, (A.306)
= Computed level (North/East) acceleration (2-dimensional vector)
Are = G:c+da,. (A.307)

= Computed vertical (down) acceleration.

The notation used in these equations is as follows:

Quantities which include errors are identified by a “hat” (e.g., p},)*®

Errors are identified by the prefix 47

Mean error-free quantities are identified by an over-bar or by the absence of a “hat”
or ¢

The subscript “¢” identifies computed quantities:

~ The computed accelerations (@, and a. ) differ from the resulting acceleration
by the misalignment of the M INS. Other differences between computed and
resulting accelerations (such as autopilot inaccuracies and delays) are neglected

— The computed duration of the acceleration interval (7,.) differs from the re-
sulting duration because of clock and autopilot inaccuracies. These differences
are neglected.

*This notation. often found in the navigation literature (e.g., [Britting, 1971)), differs from the notation
used in the estimation literature (e.g., [Gelb, 1974]) where “hats” identify estimates.
3 )
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The errors quantities defined in Equations A.301 to A.307 are included in the flyout
guidance state vector, I, which has entries as defined in Table 3.5 of Section 3.7. In the
following paragraphs equations are given for the “initial” covariance of z;:

Pe(to) = E{ag(to)zg(to)T}. (A.308)

To obtain this covariance, the vector rg; is partitioned into five vectors corresponding to
the partitions shown in Table 3.5 using the following notation:

o

Q}\I.pv

o
Pm ] (A.309)

t
L 61)[”

ne

T

r § ¢
£TR,pu = 62’{ ] (A310)

01, ¢
I, odr. | . (A.311)

| da..

1l

With this notation, an expression is obtained for z at ty:

[ zu(to)
zM.pv(tO)
ﬁG(tO) = .‘lTR.pv(tO) (A.312)
z,(to)
z4(to)
ldim{gM}xdim(z_:M} Qdim{gM}xﬁ
-C—‘Al,pv QﬁxG
_ _ ‘ Zar(to)
— O6x dim(z ,,} Lexs [ rnlto) } (A.313)
le—C.\l.pv Qg‘Z
O5x dim{z,,} Osxe |
Ias(to)
= ¢, | o) | A.314
7 { g;TR.pv(lO) ( )

These equations contains four transformation matrices:

o (s, transforms the M INS error vector (z,r) into the errors in M INS indicated
position and velocity

o (', transforms the errors in M INS indicated position and velocity into the contri-

bution of these errors to the guidance errors ()

o (', transforms the tracking errors (rrpg,,) into the contribution of these errors to

the guidance errors (r,)

~1
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e (', in Equation A.314 is defined to be equal to the partitioned matrix in Equa-
tion A.313 (as evident from Equations A.313 and A.314).

Equations A.313 and A.314 show that the initial covariance of the guidance state
vector I.; is given by

Pr(to)  Ogimiz, yxe T

P, (ty) =C
Eslto) Osxdim{z,} LTrRpulto) | 7

9

(A.315)

where P,/(to) is the covariance of the M INS state vector and Prp (%) is the covariance
of the tracking filter position and velocity errors given by Equation A.375. A procedure
for computing Pg;(to) is given below.

Procedure for computing F;(to) — The top-level procedure for computing Ps(to) has
five steps as follows:

l. Compute Cyy,,
2. Compute C,

3. Compute Qg)

1. Compute C,

5. Compute Pg(to) .

Details of these steps are given in the following paragraphs.
Computation of Cy;,, — The 6 x dim{z,/} matrix Cyy,, is given in Figure A.6.

Figure A.6: Matrix Cy/,,

[0 0 0| O 0 0 Rg 0 L 1
0 00| O 0 0 | —RalsinL RgcosL €cos L | Osx(dimiz,,}-9)
0 0 00 0 0 0 0 ~1
0 0 0] Ra 0 0 0 0 Ry
0 00 0 RycosL 0 | —vgtanl 0 e | Bax(dim{zy}-9)
L0 0 0| 0 0 -1 0 0 0 |

Computation of C,; — The 4 x 6 matrix (', can be partitioned into four 1 x 6 row
matrices,
Ch
o | G
Las
Cis
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where:
a6 a,c
Cp = = (A.317)
agh!.pv
aéalxc
C., = L A.
=12 al]u_pv ( 318)
8501‘y,c
Ciz = Er. (A.319)
Oba, .
) = - A.
Cha OZnr e (A.320)
and Sa North Fast
lr,.c -
[ Sy, ] = éd,.. (A.321)
Expressions for the row matrices Cy;, ¢ = 1,...,4, are given in Figures A.7 to A.10.

Expressions for the partials appearing in these figures are given in Tables A.11 to A.15.
The notation used in all these figures and tubles is summarized in Table A.10.

O%a.c ATa.c ATa.c OTa,c ATa.c O7a ¢
drmo  Aymo  Izmo | Fumro  Iumye  Ddumeo

Figure A.7: Row Matrix C;;

LT B8y ¢ 24, . BT ( a4y . a; c) Jay . ]
a - a . < == a - —_ = a -
[ 152 pmo 1 3y a0 13za10 13vuprz0 Y3ty Vi 15vatz0
Figure A.8: Row Matrix C,,
“—-l‘v
A4y . LTI Fdy . ( Aay . ay c) day e day. ]
a £ 2 2 —_—= y —— a 2
23z pm0 23ymo0 23za10 2 3vatz0 Var LBV 23upa0

Figure A.9: Row Matrix C,,

Computation of C'j, — The 4 x 6 matrix C, can be partitioned into four 1 x 6 row
matrices,

Ca
C,= gz , (A.322)

Cay
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30':,:: 301,: ‘I)az.c 3’1z.c 31:,5 aaz,r.
drmo  Fymo  dzmo | Svarro  vamye  Fvaao

Figure A.10: Row Matrix C,,

Table A.10: NOTATION FOR GUIDANCE PARTIAL DERIVATIVES

T
[Tar0 Yamo =aro]’ = Pi(to)

(€10 YTO ZTO]T:‘-PtT(to)

T
(VMz0 UMyo Umzo) = Vig(to)

[vT:r:O vaO szO]T :v%'(tﬂ)

Axo = xpm0 ~ TT0
AYo = Ymo — Y10
Azg = zp0 = 270
Avzg = Upz0 — UTz0
Avyo = Varyo — UTyo

szO = UM.0 — UT:z0

UM y0
ay = — iMyo
1 Ve
a, = Mz
2 Vg

a; : Given in Equations A.288 and A.289

Var @ Given in Equation A.287

~3
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Table A.11: PARTIAL DERIVATIVES OF 7,. FOR vpr0 # 0

For v = x a0, ymo, 2a10, Va0, VAfyo, UAMz05 LTOs YTO5 £T0s VTz0s UTy0, VUT:0:

O%ac — NL 2D, + 1 BNI
8 T D% Oy D, 8~
A VAL 4O VAL 40 — _UM 0 _
N, = Azg + _LUMxo Aljo + t, AUIO + —_LUMJ-O Avyo D, —Lszo Avyo Avgg
ONy _ 1 3D, — 0
Sx Mo Az mo
ON, UMyo 2D _
Yy nmo YMz0 Symo
?NI =0 3D, =0
32 a0 3zp0
AN, __ UMy0 ¢ UM aD,  _ vMm OA
= - — v 0D _ o Ay o
duptzo vil:o Ayo + e 1 Yiszo Avyo Oupm=zo Virzo ¥0
ONy . _1 “_Muﬂ] aDr  _ 1
9Ny 9Dy _ 1 —p
8UMyO UMz0 Ayo + te [ VM z0 8UM;(O UM 20 (QvMyO lTyO)
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Table A.12: PARTIAL DERIVATIVES OF 7, FOR var0 =0

For Y = Taro, Y105 SA0y UAM20s UMy0s UALz0y TT0y YT0y) <T0s UTz0y UTy0s VT:z0-
ATa.c — _N; 3D, 1 3N,
ER) D2 3~ D, Oy

N, = Ay +t.Avy | D, = —Avy

ANz =0 9Ds _

L a0 Az pmo

IN, 1 aDy

3ymo 3y mo

ANy 3D, 0

dz 0 dzpmo

AN, 3D, 0

3uprro duarzo

ONr _ ¢ 3D, __ —1

BUMyo € aUMyO

3N, =0 3D, =0

v 20 Ouarzo

3NI — () BDZ — 0

Az 1o 3rT0

IN, = —1 9D, =0

dyTo 3yro

AN, __ 3Dy __

dz10 0 dzre 0

IN, 0 aD, _

Bur;o duT o

ANz —t 3D, =1

auTyO € 3U1yo

Ny 0 oDy _ 0

AuT,0 dvr.0
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Table A.13: PARTIAL DERIVATIVES OF a;. FOR varyo # 0

For Y = Mo, YMo, SMay VM0, UMy0, UM20, £T0, YT0, ST0s UTr0, UTy0y UTz0:

9dr. . Ng19Day 1 _ONgy
y Z,t 3 + Doy 0O~
_ ; _ 1.2

Na.l - AIO + (te + Ta,c)Avro Da.l - _al(teTa,c + §TG,C)
aNa,l . 87’0.5 aDa.l —_ 37a,c
Eryvrdi 1+ Avxoazm Tor = a(te + ‘ra'c)——(%M0
NG ¢ BTG - 9D 9Ta.c
Bon. — Qv =2 = —ay(t T, -
dymo A 705y dymo 1( et “'C)ayMo
et = PDat —

z A0 ZMO

ONa.1 O7a.c 9Dy 3Ta.c
dvmzo (te + Tac) + Avzo WM zo Jupzo a(te + 7-“'C)avzuzo
INat ATa e 3D, B7a ¢ te-,—a‘c.i.%fg .
—a! — Vg — s — = a4t T 2 L
Bvuaryo A Z0 5upryo Bupryo i(te + “’C)avuyo Vit
BNa { — 0 8Da i — O
Jup 0 Ovas 20
3Nn i A')Ta ¢ I9Da.l — 3Ta ¢
drro —1 4 Avzo Bz19 dzro —an(te + T“'C)arro
8an 37’:15 3Dal ITa ¢

= = = —qaq (! T :

dyTo Avzog = ByTo dyro 1(te + 7o) dyTo
INa: __ 0 D,
327‘0 - BZTO -
NG, ATa OTac 3D, 1 — 87'0 ¢
Bur0 (t + T C) + Qvzog, o durzo | dvrzo (t +7a C)avT 0
N4 37Ta ¢ a1 OTa.c
uryo Uzom Buryo al(tc t Ta'C)avaO
ONa . ADay _ 0
au'l'zO avTxO -
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= ; " =0
ble A.14: PARTIAL DERIVATIVES OF a;. FOR Vafyo =
lable A.14: PAR]T A F

IOI ) ‘l 0 IAHO’ ~! ’L‘ Uy M bl : * 7y Y Yy

Nu ] aDa,l + 1 a{vall
J’Y Da.[ (5‘7

a,l

Nal = AyO + (te + Ta,c)AvyO

Dal = —(12(t Tac+

2Tac)

37'0.5
91'(1 c ,a—Dg—l = —a?(te + Ta,C)aJJMO
% — Av 0 Az aro
Bt aro YV 3z a0 OTq c
Iras St = —ag(te + 7o) pres
St = 1+ Avgogme Pyaso
AYmMo
3Da<l — 0
% -0 dzmo
32}\10 a‘ru,c teTa\c‘*'%Tg‘c
ATac 9Dar _ —-(lz(te + Ta'C) dumzo Vu
% — A OB_L Bvao
Bvareo y UM z0 OTa.c
St = —aa(le + Tae) s
DNk = (1, + 7ae) + A”voavmo uatyo
81/My0
8Do.l —_
Nat _ Puaeso
av,wzo
370,6
| Prae T = —ap(le + o) G
,))an — AUyO’;f—J— drro
deo oTrTQ
afaAc
Orae Tond = —ag(t, + Tac) 52
Wag = | 4 Avyoss vt
AyTo
DDn,l —
Mas _ g o
327"0 31’a4c
DDt = —ante + o) Hros
ﬂvﬂ — Avyoau : 3L'Tx0
Avurro =0 O7ac
OTae | Doy _ —az(t. + T“'C)m
AN, (t + 7, ,.) + Avyoaur.,o Avryo
8UTy0
9D, —
MNu _ g oo
8'-’7‘20
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Table A.15: PARTIAL DERIVATIVES OF a,

For 7 = rapo, Yao, 2Mo, UMz0, UMy0s UMz0, LT0, YTO, 2T0s UTz0y UTy0, UT20:

o3,

3y

_ N, 9D, | 1N,
D? 9+ D, 9~

N: = -320 + (te + Ta,c)Av:O

Dz = _(teTa,c + %Taz_c)

AN, __ ITac 8D, _ _ ATa.c

drare szoaruo drar0 (t + T“'C)Bxuo

AN, _ n. ITa,c 3D, __ 97Tac

dymo Auzoaymo dyamo (te + T“‘C)ay,uo

IN, _. 8D; _ 0

Oz a0 Azaf0

aN ATa.c aD 3Ta.c

= = A\V.n=——— _—i = — —a.c_

Supszo l*oc'?vuzo dvprzo (te + T“'C)avuzo

AN, / ATa.c aD OTac

AL S Lz = ~lac

duaryo AUZO@UMyo Buaryo (te + “'C)avuyo

aN AN,

JCZAF S —

Auasz0 te + Tac dvaszo

AN ATac '9D; BTac

—l = i = — .

Arro AU:O ArTo drTo (te + Ta.c)axTo

AN ATa ¢ 3D ATa,c

Ziv: — Ayp. 2 o _ ;

dyro Al"’o dyTo 3yTo (te + T"’C) 3yTo

oV g a0, _

Oz1¢ dz1o

3N ATa.c 3D, 3Ta,c
i — — —&<

Avrzo 20 5v710 dvrzo (te + Ta'c)aur,o

AN, __ ATa e aD, __ 3Ta ¢

avaO - szo <9v’ryo BUTyo - (fe + T“'C)Su'ryo

AN, aD

—_d = — —_—i =

a'UTzO (te + Ta'c) avT:O
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where:
00T,
Cp = o2e (A.323)
a.llTR,pu
déa ;.
Cp = (A.324)
leR.pv
dbay ,, .
Coz = -ty (A.325)
8£TR,pv
dba, .
Cp = 2 (A.326)
()QTR.pv
Expressions for the row matrices Cy;, ¢ = 1,...,4, are given in Figures A.11 to A.14.

Expressions for the partials appearing in these figures are given in Tables A.11 to A.15.
The notation used in all these figures and tables is summarized in Table A.10.

3Tq ¢ ITa e DTac ATa e ITa ¢ ATa ¢ ]
drre  dyre  JFzro | Jvrro  duryo  Jurzo |

Figure A.11: Row Matrix C,,

a, 3a; . da; . a ddy,c 94, . aal,c ddy .

ay z—— a
dzrTo 1 3yro Y210 13vrs0 1Burw0 18vr20

Figure A.12: Row Matrix C,,

Ady . 3a; . Ady . da, . day day .
a : a : a : 2T a : a y
25rr0 28yre 28zre | Ciurne “Chure “2Fura

Figure A.13: Row Matrix Cy3

Computation of C'; — The mairix C is computed from its definition in Equations A.313
and A.314.

Computation of Pg;(ty) — The matrix P;(to) is computed from Equation A.315.

A.9.9 Propagate Pg;

Background — The fifth step in the guidance algorithm is the propagation from to to tgo
of the covariance (Pg;) of the guidance state vector. This propagation is specified by the
initial covariance matrix P(to) (defined in the previous subsection) and by the matrices
Fg and @, associated with the state equation

ic = Fgrg+ug (A.327)
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An, . Jag . Jay e Haz.c dag . Faz.c

9TTo  Jyro  ere | Jvrre  urye  Jurae

Figure A.14: Row Matrix (4

Equations for £'¢; and (. follow.

Computation of F;: The matrix I; is defined in Figure A.15. The figure shows that
the partitions of the guidance state vector z; (given in Equation A.312) propagate as
follows:

[ E{\l Qdim{EM}xﬁ erim{_f_M}xﬁ O—Aim{gM}x«l Qdim{gM}xﬁ

QISX (dim{zr,,}+22)

L -E-dM Qﬁxﬁ ste inx4 _E_d

Figure A.15: Matrix f;

e 1,(f) propagates according to the dynamics of the M INS state equation as de-
scribed in Section A.4

® 1, ,.(f) propagates according to the state equation
ihf,pv = (_J_ﬁ (ABQS)

because rys,,(t) contains the M INS position and velocity read-out errors at t, which
remain invariant with time

e Similarly, zyp_,(t) propagates according to
‘_i:TR,pu = Ug (A.329)
because the tracking errors at {y are also time-invariant

e Also time-invariant are the errors in the computed acceleration and acceleration
interval:

£, =0, (A.330)
e The errors z,; in “pointing” the computed acceleration (resuiting from the erroneous
attitude read-out of the M INS) propagate according to the state equation

= Fazq+ FaprZar (A.331)
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In this equation:

)
oy = [ PM.Ld ] (A."32)
dUALLd
Oparra = Perturbation in the M Location (NED position) due to
M INS attitude errors
dvarLgs = Perturbation in the M velocity (NED) due to M INS
attitud- errors
F, = Uaxs Loxs ] (position is the integral of velocity) (A.333)
L Q?x:} QﬂxB
[ 03xdim{£“}
Edzw = 0 dz.c _al,y,c (A334)
_az,c 0 (—ll,z,c Q}x(dim{gu}—-.’i)
L (_ll,y.c “"(-ll.x,c 0 |

(attitude error times acceleration drives velocity rates).

Computation of @ .: The only entries of z; driven by white noise are some of th.
states corresponding to the M INS error vector. Consequently,

Q Odim{z,, }x22 -
Q. = [ o sz | (A.335)

andim{gM} Q22x22

where @, is as described in Section A.4.

A.9.10 Compute M Location Covariance

The sixth step in the guidance algorithm is the computation of the M position and velocity
covariance at handover,

5U:\f.L( )

This covariance is one of the four main results computed in the simulation: it characterizes
the M position (épas.r) and velocity (81 ) deviations from the mean at handover.?®
The M position and velocity covariance at handover is computed by the transformation

: . T
] Spsri(ino) 1T Spars(i
Prrppllio) & E{[ ”“’-L(f:g’ } [ »””L([” )} 3 (A.336)

Purttpo = Cotpn Po(tn0)Chs Lo (A.337) |

where P;(t0) is calculated as described in the previous subsection. The transformation
Cm.Lpv is defined in Figure A.16.

29The other three main results computed by the simulation are: the T position and velocity covariance
at handover (considered in Subsection A.9.11), and the mean M and T positions and velocities also at
handover (considered in Subsection A.9.6).
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2
O3x (dim{z, )+12) | Tarto) + Tacde | O
0

a
Qﬁx(dim{{M}+l2) ac 0 Tae
0

L 0 Fa |
Figure A.16: Matrix Cyyp

Discussion of Equation A.337 — From Equation A.337 and Figure A.16 the following
expression is obtained for the deviation in M position from the mean at handover:

=72 800 + To 67, G + SparL.a(tHo) (A.338)

[V|.—-‘

SparLltro) = 6o Uar(to) +

The terms in the right-side of this equation are as follows:

o 67,.Ta(ty) and 7,67, a. represent the effect of integrating the velocity at ¢y, and
the acceleration applied through an interval that is in error by 67, ¢

o ;72.ba. represents the effect of errors in the computed acceleration

e dparpg represents the effect of M INS attitude errors on the application of the
computed acceleration.

Similarly, the following expression is obtained for the deviation in M velocity from the
mean at handover:

svarL(tno) = 67ac @ + Toebac + bvarra(tho) (A.339)
The terms in the right-side of this equation are as follows:

e 47, .a. represent the effect of integrating the acceleration applied through an interval
that is in error by 67,

o 7, .ba, represents the effect of errors in the computed acceleration
e dvprp 4 represents the effect of M INS attitude errors on the application of the

computed acceleration.

A.9.11 Compute T Location Covariance

The seventh step in the guidance algorithm is the computation of the T position and
velocity covariance at handover,

p (ino) 2 E{ 6pT.L ’Ho ] [5PTL tho) T} (A.340)
LTLpu\tHO M obvrLiino) ][ et (tio) ' '
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This covariance is one of the four main results computed in the simulation: it characterizes
the T position (épr.p) and velocity (dvr 1) deviations from the mean at handover.
Pr1,.(tho) is computed from the Singer covariance (Pr(tno) in Equation A.10 of
Subsection A.1.2):
Pripw=CrinPriltuo)Cr o, (A.341)

where the transformation Cg; is defined in Figure A.17. The figure shows how the
transformation chooses the appropriate position and velocity entries from the Singer state
vector defined in Subsection A.1.2.

OO~ O O
OO OO O O
O = OO0 O O
o Coclo O O
— 0 O O O

OO OO O
O O oo oo

DO - O

OO OO O

Figure A.17: Matrix Crp ,

A.10 SP Radar Model

A.10.1 Background

This section presents a back-of-the-envelope radar accuracy model for an airborne surveil-
lance platform such as the E-3 AWACS. The model is “back-of-the-envelope” because all
accuracies are characterized by simple one-line formulas. A more detailed accuracy char-
acterization can be developed but is beyond the scor of the present study. While the
model is addressed to airborne early-warning radars such as that aboard the AWACS
surveillance platform. the model is completely based on unclassified information.

All radar measurement accuracies (range, azimuth. elevation, and range-rate) can
be characterized as the root-sum-square of a range-dependent (RD) term and a range-

independent (RI) term:
OTOTAL = \)UE{D + (7%(1. (A342)

The RI term characterizes the physical limits of the radar: no matter how close the target
is to the radar, the measurement accuracy is corrupted by factors such as vibration,
deformation of the air frame. resolver accuracy, etc. The RD term represents the effect
of signal-to-noise ratio (SNR) on the measurement accuracy:

e Accuracy improves with a stronger received signal power level (such as results from
a larger target, a shorter distance to the target. or a more powerful radar)

o Accuracy deteriorates from a stronger noise power level (such as results from less
expensive radar equipment or from the presence of jamming).
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In Subsection A.10.3 expressions are given for both the RD and RI accuracies. These
expressions are based on the assumptions listed in Subsection A.10.2.

A.10.2 Assumptions

Model assumptions are divided into three categories: fundamental assumnptions, radar
parameter assumptions, and miscellaneous assumptions.
Fundamental Assumptions:

e All RD accuracics (range, range-rate, azimuth, and elevation accuracies) are ex-
pressed in terms of the azimuth accuracy (standard deviation of error) under nom-

inal conditions. oxp,,. Le., the “quality” of the radar is parameterized by oxp,,
A typical value of ofp,, is

a;:{D.az =15 deg (A343)
To consider radars which are “better”, values of o ,. smaller than 1.5 deg are
assumed: and conve,sely for “worse” radars

e Nominal conditions are defined as follows:

— Range to the target is 300 km
~ The target has RCS of 1 m* (corresponding to a typical fighter aircraft®°)
— The radar has parameters as listed below.
Radar Parameter Assumptions: The following assumptions are based on the parame-

ters of the AWACS E3 surveillance radar as reported in the unclassified literature ([Morchin,
1990]):

A = Wavelength

= 10 cm (S-band) (A.344)
l,. = Horizontal dimension of antenna
7.5 m (A.345)
[, = Vertical dimension of antenna
= 1.5 m. (A.346)

The following additional assumptions are made:

7 = Compressed pulse width
0.05 p sec (A.347)

Af = Doppler filter bandwidth
= 300 Hz. (A.348)

Miscellaneous assumptions:

30The radar cross section (RCS) measured in m?, is roughly proportional to *he size of the target.
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e The radar measures range, range-rate, azimuth, and elevation
e All measurement noises are uncorrelated

e SNR is proportional to the RCS (o) and inversely proportional to the fourth power
of the distance to the target (R), so that

SNR = A’R?% (A.319)

The constant A'g depends on the transmitted power. system losses, and other foctore
wccording to the radar equation ([Skolnik, 1980]).

e All RD accuracies (e.g., [Hovanessian, 1988]) are inversely proportional to SNR
according to (c is the speed of light. 3 x 10® m/sec):

orp.r = RD range standard deviation (m)
cT
= — A.350
4VSNR ( )
oppr = RD range-rate standard deviation (m/sec)
AAf
= =5 A.351
4+/SNR ( )
ORD.a: = RD azimuth standard deviation (deg)
A 180
= ——— — A.352
2l,,vVSNR « ( )
orpet = RD elevation standard deviation (deg)
A 180
- = A.353
20yvV/SNR 7 ( )
A.10.3 Accuracy Model
The accuracy model for the RD component is given by the following equations:
R2
ORD.R = 2.23 x 10—10 U;?D,az —\/? (m) (A354)
R?
Tppi = 446 x 107 op, . 7 (m/sec) (A.355)
1 R
ORDa: = 2.22x107 UF{D,az —\/—E- (deg) (A.356)
R?
orpa = L11 X107 ofp,, (deg). (A.357)

S

These equations are obtained by solving Equation A.352 for A'g (using Equation A.349)
as a function of ofp,, under nominal conditions. The resulting expression for SNR. is
then substituted in Equations A.350 to A.353 for the range, range-rate azimuth, and
elevation standard deviations.
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The error model for the RI components are specified by constant standard deviations:

ORILR = 3 m (A.358)
oprip = 10 m/sec (A.359)
ORla: = 1 deg (A360)
ORIel = 2 deg. (A361)
The total error is obtained by rss’ing the RD and RI components:
otoTALR = /%hpR+ ChiR (A.362)
oroTALE = \oRpit Thin (A.363)
OTOTALa: = \/Ufw_a: + 0k - (A.364)

- [52 2 A Q=
TTOTALe = \/ORpe T ORIel- (A.365)

An example of the computation of radar errors is shown in Table A.16. The table lists
errors under nominal conditions for o, .. = 1.5 deg.

Table A.16: RADAR ERROR STANDARD DEVIATIONS FOR o3, = 1.5 deg

| MEASUREMENT | RD ERROR [ RI ERROR | TOTAL ERROR ]

Range (m) 15 3 16
Range-Rate (imn/sec) 30 10 32
Azimuth (deg) 1.5 1 2
Elevation (deg) 7.5 ! 2 8

A.11 SP Tracking Filter Model
A.11.1 Background

The objective of the SP tracking filter model is the computation of the position and
velocity estimation error covariance matrix at time t, (time ty is the time at which the M
has achieved its cruising speed. Subsection A.9.4). This covariance matrix is defined by

T
Prpp(to) = E{[ ‘;’l’;xz; ] [gf};xzz} } (A.366)
where épr(ty) and dvr(ty) are the errors in estimating the target’s unperturbed®! position
and velocity vectors in the t-frame.??

The matrix Prp ,,(to) is obtained via a Kalman update and a Kalman propagation.
The top-level of the update and propagate is given in Subsection A.11.2. The formulas
for the matrices which define the update and propagate ( {1, Rrr, Frg, and Q,p) are
given in Subsection A.11.3.

31«Unperturbed” means without the Singer perturbation (i.e.. the straight-line T trajectory).
32The superscript ¢ indicating the t-frame is omitted in this section.
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A.11.2 Tracking Filter Top Level

The Kalman update and propagate procedure leading to the computation of Prg (o)
is divided into four steps as follows:

e Computation of the covariance before the update (at t; ;;nvep)
e Computation of the rovariance after the update (at t} ,unvcn)

e Propagation from tf ,;ncp to to

Computation of Prg ,.(t0).

1. Computation of covaricnce before the update (at t7 ;yncpn): The state vector of the
tracking filter is as defined in Table 3.7:

[ dpsp ]
605}3
80sp.a:
LT
IR = Op1x BIAS _ (A.367)
dvUT« BIAS
Opty BIAS
5va BIAS
0pT, BlAS
dvT, BIAS

L .

Because the three parts of rpgp are uncorrelated, the covariance of the state vector is a
block-diagonal matrix:

Pra(tiavsen) = E{zrr(tiavnen)Zrr(tTauncn)’ ) (A.368)
BSP,pva Q7)(9 QTXG
= .ng'r BT,L 04)x6 . (A-369)

Q6x'f -QﬂXQ BT,bias

Expressions for the diagonal blocks follow.

The covariance Pgp ,,, models the uncertainty in the position, velocity, and azimuth
read-out of the SP INS. This covariance is given by a transformation of the covariance
(Psp) of the SP INS,

Psppa = CsppuaPspCippun (A.370)

where the Cgp,,, is as shown in Figure A.18.

The covariance Py models the uncertainty in the trajectory of the T as given by the
Singer model described in Subsection A.1.2. The covariance is as defined in Equation A.10
and is computed by propagating the covariance according to Equation A.4 for the z-
component and identical equations for the y- and z-components.
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0 0 0] 0 0 0 R4 0 L 1
0 0010 0 0 | —Raflsin L RgcosL fcoslL O3 (dim{z s p}-9)
0000 0 0 0 0 -1
0 0 0|Rs 0 0 0 0 %

0 0 0] 0 RzycosL 0 | —vgtanl 0 ,%f; O3 (dim{zsp}-9)
0 0010 0 -1 0 0 0
0 01]0 0 0 0 0 0 01 x(dim{zgp}-9)

Figure A.18: Matrix Csp 10

The covariance Pry,,, of the bias part of the state,

-

[ Oprx BIAS
0UTx BIAS
8p1y Bias (A.371)
3UTy BIAS
0pTa BIAS
0vT, BIAS |

QTR =

represent the uncertainty in the location of the straight-line trajectory of the target before
the radar measurement is processed. Because this uncertainty is “infinite™ (T trajectory
is unknown), the covariance is a diagonal matrix with large diagonal entries:

[ (100 km)? 0 0 0 0 0 T
0 (300 m/sec)? 0 0 0 0
p 0 0 (100 km)? 0 0 0
=16~ 0 0 0 (300 m/sec)? 0 0
0 0 0 0 (100 km)? 0
] 0 0 0 0 0 (300 m/sec)? |
(A.372)

2. Computation of covariance after the updaie (at t] yncn): The covariance after

the update, Prp(tfsuncy)- is obtained by performing a Kalman update on the covariance
Prr{t{auncu)- The Kalman update is specified by the matrices Hyp and Rypg defined in
Subsection A.11.3. These matrices model the linearized measurement equation

zrr = HrpLrr + rr (A.373)
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where the vector zrp is the measurement of errors in range, rangs-rate. azimuth, and
elevation. and all quantities are evaluated at t; synep-

3. Propagetion from tf ;yncy to to: The covariance Prp(tfauncy) is propagated from
tfainon to to according to the state equations

Irp = Erperp+ wrp - (A.374)

This propagation is defined by the dynamics matrix F7p and the white noise spectral
density matrix Q. ([Gelb. 1974]). Expressions for these matrices are provided in Sub-
section A.11.3. The propagation produces Pyp(to).

4. Computation of Prp,,(to): The matrix Prg,(to), defined by Equation A.366, is
obtained trom Frplto) by ihe transformation

Lrrplio) = CTRETR(%)Q’?}% (A.375)
where
[ 1 00 0 0 07
O3x6{0 01 0 0 O
. 000010 i
03560 0 01 0O
| 00000 1]

The transformation Crp includes only the errors in estimating the bias states because
the M guidance computations are based on the straight-line unperturbed T trajectory,
excluding the short-term Singer perturbations. The bias states, however, are observed in
the presence of the Singer perturbations as modeled by the H 1 matrix defined below.

A.11.3 Computation of Hrp Rrp Frp, and Q.

Matriz Hrp: The matrix g appearing in the linearized measurement equation (Equa-
tion A.373) has four rows corresponding to the four radar measurements:

H,

L{TR = %2 . (A377)

-

H, |

In this equation, the H; are | x 22 row matrices:

OR
By = 5 (A.378)
IR -
Hy = 5~ (A.379)
H, = ﬁfa (A.380)
LTR
de
L = 5~ (A.381)
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where

R = True range

R = True range-rate
a = True azimuth
e = True elevation
rrr = Tracking state vector defined in Equation A.367.

The entries in rrp are given in Figure A.19 (r. y. and = correspond to North. East, and
Down).

brs bys b5 |bvsy bvs, bus,

80spa: | PT: T ATz | pry Uty ary | Pr: tr: ar.
Oprx BIAS  OUT« BIAS 5P'ry BIAS 51’Ty BIAS OPT.BIAS ¢UTs BIAS }
Figure A.19: Entries in State Vector 1,4
Expressions for the row matrices H; are given in Figures A.20 to A.23. Expressions

for the partials appearing in these figures are given in Tables A.17 to A.20. All quantities
appearing in these figures and tables are evaluated at the update time. t; suncH.

[ 2 ZEjo o ofof 2 0 0f2E 0 0l 00

5
g o N \ “PT: i Ly y -Faiz

AR 0 AR O AR 0
I8pTx BIAS IEpTy BlAS 30pT2 BlAS

Figure A.20: Row Matrix H

[ 3R IR AR IR IR IR !
[ 000 I Fug, ugy ddvg, 00 Jury 010 Jury 010 v, 0
AR AR 3R ]
0 JovTx BIAS 0 dSury BIAS 0 J6uT: B1AS

Figure A.21: Row Matrix f,

Matriz Rpp: The accuracy of the range, range-rate. azimuth. and elevation measure-
ments are specified by the matrix

2
OTOTAL.R 0 0 0
2
Rrp = 0 TTOTAL.R , 0 0 ) (A.382)
0 0 YTOTAL.az O )
2
0 0 0 TTOTAL.e/
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e { e e 0 ]
JOpTx BIAS JopTy Blas 1OPTz BIAS

Figure A.23: Row Matrix H

Table A.17: PARTIAL DERIVATIVES OF R

AR _ —lxrr-rc<)
Frs R
AR —(yr-ys)
Pys T R
AR —(zp—z3)
Aszs R
R — SR — Ir-rg
pTy I8pTx B1AZ R
R __OR  _ yr-us
Ipry 26pTy BIAS R
R — 3R — Ir-—:zg
Apr. 36pT2 BiAS R
where
R=\/(zr — 25)* + (yr — ys)? + (21 — =5)?
- it
[xr yr =] =%
~ T _
[ts ys =s]° =psp

{—I— e 000 0 01|z 0 05 0 0l0 0 0f
~ REYES I - y
s U s 00 0]
JOPTx BIAS CPTy BIAS 1
Figure A.22: Row Matrix /1,
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Table A.18: PARTIAL DERIVATIVES OF £

R e —vag)

R R _orr—tes
- R

JrTe Tz BIAS

where:

ey R
"R _ ‘("Ty_'*'y)
e, T R
R —(rre-rey)
e, - R
DR R g
‘T PrTe BIAY R
R R _tTyTley
ey Hury Bias R

R = \/Ul —rs)r Ay — s+ (G = 29)?

Table A 19: PARTIAL DERIVATIVES OF «

i . 1 YT =<
dere T 14¢&4 (rr—r-)4
o -1 1
oy - 1462 rp—r.
G A #
T APTx BlAx
a1 n _
apry, CPTy BlAL

where £ — L2k

RN iV N

-l _yr-vs

T OV4E (rr-ra)?

| 1
1 4€ rp—r:
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Table A.20: PARTIAL DERIVATIVES OF «

e -1 = R
Are \/l—n* Re ére
e =1 rr—xc IR
Ays \/1_”2 R dys
Ie —i I r—zo ot 1
dozs loy: | RS ezs R
e e _ —1 rr—23 R
Ipr: ApreBIAs Vit : R oSprs
Se e _ —1 p=zs IR
4')pTV "OVry BIAS 1—n2 2 Ty
de e ___ -1 ir=:: R
aprs 8pTs Blas V-1t [ e Spr,
where = L3

where the standard deviations along the diagonal are given in Equations A.362 to A.365

of Section A.10. These standard deviations are assumed to be indicative of both measure-

ment accuracy (i.c.. the accuracy of the measurement made during one scan) and tracking
accuracy. This simplifying assumption is based on the uncertainty introduced by target

mot

and the third part propagates according to “position is the integral of velocity™.

ion from scan to scan.

Matrir Frp: The F-matrix for propagating the state rrp (defined in Equation A.367)
is shown in Figure A.21. The figure shows that: the first part of rpp is time-invariant:
the second part propagates according to the Singer dyvnamics (Equations A.2 and A.3):

Matrur QTR.'. 'Ihe mat'r.l.\' Qg i sh()wtn in Figure :‘\.2;). I}IHIS matrix 1s zero except
for the terms driving the Singer states which have entries Qr,. Qry. and Qr. defined by
Equation A5,
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QTx'Z'z

ET: Q’Sxfi Q3x3

QO 7 (13)(3 ETy Q’ix:} Q9x6
Q_3x3 Q3x3 E.Tz
01 0000
0000O00OQO
0001*™ 00O
Osx 16 000GOO0
0 000G 1
10000000
Figure A.24: Matrix Frp
Q7x22
QT.L‘ sza Q.’lxs
Q9x7 _0_’3)(3 -QTy Q"&x.’! %XG
.Q’ix.'} Q’}XZZ QT..
Q6x22

Figure A.25: Matrix @
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Appendix B

GENERALIZED INS
FULL-ORDER MODEL

[Britting, 1971} develops the notion of a “generalized” INS error model which applies.
with only minor modifications, to all INS mechanizations. Following this development.
error equations for both strapdown (M and LP) and local level (SP) mechanizations are
given in this section. The error equations are represented in the state-space ferm

n En Ens Ena 2 nh n wy,

d | ¢z 0 £ Q90 0 £ w,

dl « |10 0 E, 0 a | T w | (B-1)
5hA 0 0 0 Fy 5hA Wh

The components of the state vector in this equation corresponds to the state variables
listed in Tables 3.4, 3.6. and 3.8 as follows. The vector n corresponds to the first nine
entries on these tables: attitude errors, position rate. and position. The vectors ¢ and a
and the scalar dhy correspond to gyro. accelerometer, and altimeter errors also listed in
the tables. The structure of the state equation represents the effect of instrument errors
(2. . and &hy) feeding the navigation states (n).

The interaction between the navigation states and the instrument errors is specified
by the blocks in the F-matrix. The following paragraphs describe these blocks and the
white noise vectors (w,, w,, w,, and wy) based on the development presented in [Britting,
1971] and [Schmidt. 1978].

B.1 Matrix F,

The matrix [, is defined in Figure B.1. This matrix can be used to model any Schuler-
tuned mechanization and consequently is applicable to both the strapdown and platform
error models. The nomenclature used .n Figure B.1 is:

ft, = Distance from the center of the Earth to the vehicle
= I?‘E’ + h,
Ha = Radius of a spherical Earth (6378 km)
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Q: = Angular velocity of the Earth
= Latitude

A = C(Celestial longitude (relative to the vernal equinox)

{ = Terrestrial longitude (relative to Greenwich)

h = Altitude
/v = Output of an accelerometer pointing North (specific force)
fe = Output of an accelerometer pointing East (specific force)
fo = Output of an accelerometer pointing Down (specific force)

A,y = Gains for 2nd order altimeter loop

ws = Schuler frequency (\/—g;/_[{—p)

g = Gravity acceleration at the location of the vehicle.

The first three rows of £, (Figure B.1) describe the dynamics of the errors in estimating
the orientation of the platform relative to the local-level frame. These errors are produced
by gyro errors introduced into the differential equation by the £, z term in Equation B.1.
The middle three rows characterize how accelerometers errors (F,,a in Equation B.1) and
attitude errors lead to errors in the estimated velocities (latitude rate, longitude rate, and
altitude rate). The bottom three rows represent the integration of latitude rate, longitude

rate, and altitude rate to obtain latitude, longitude, and altitude.

B.2 Matrix F. and Vector w.

The matrix £, and vector w, in Equation B.1 specify the state equations
E=F s +uw, (B.2)

for the vector of gyro errors ¢. Each of the entries in the vector £ models an error source
for one of the three gyros (r. y, or =) of the INS.! The error sources can be classified into
three groups as summarized in the first two columns of Table B.1:

e Gyro drift rate (top part of the table), a result of random drift of the gyro output
axis

e Scale factor errors (middle part), a result of gyro torquer inaccuracies

o Misalignment errors (bottom part), a result of inaccuracies in mounting the gyros
on the INS.

As indicated in the third column of the table, each error source in ¢ is modeled by either
a bias, a first-order Markov. or a random walk, depending on the error source group. The
parameters of these models define the entries in the matrix [, and the vector w, ([Gelb.,
1974]). Parameters assumed for the M. LP, and SP gyros are given in Sections A.4, A.5,
and A.6.

'For a platform INS, z =North, y=Fast, and : =Down. For a strapdown mechanization, r =Roll,
y =Pitch, and : =Yaw.
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Table B.1: COMPONENTS OF THE GYRO ERROR VECTOR,. ¢

[ SYMBOL | DEFINITION |  MODEL TYPE j
iy z-gyro drift rate Bias, R.W.. Markov
Iy y-gyro drift rate
Zy z-gyro drift rate
tr z-gyro scale factor error Bias, Markov
ty y-gvro scale factor error
¢ z-gyro scale factor error
Ory r-gyro misalignment resulting from a rotation about y-axis Bias
Or: r-gyro misalignment resulting from a rotation about :-axis
Oyr y-gyro misalignment resulting from a rotation about r-axis
Oy y-gyro misalignment resulting from a rotation about :-axis
O:r z-gyro misalignment resulting from a rotation about r-axis
sy z-gyro misalignment resulting from a rotation about y-axis

B.3 Matrix F, and Vector w,

~
f

The matrix £, and vector w, specify the state equations
a=F,a+w, (B.3)

for the vector of acceleration, . The entries in this vector include three groups analogous
to those of the gyro errors (random acceleration error, scale factor error. and misalign-
ments) as shown in Table B.2. In addition, a fourth group modeling gravity uncertainty
errors. 1s also included in the vector a. Parameters assumed for the acceleration errors
driving the M. LP. and SP INSs are given in Sections A.4, A.5, and A.6.

Table B.2: COMPONENTS OF THE ACCELERATION VECTOR. a

[ SYMBOL | DEFINITION | MODEL TYPE |
o, r-accelerometer random error Bias, R.W., Markov
a, y-accelerometer random error
a, z-accelerometer random error
i, z-accelerometer scale factor error Bias, Markov
ay y-accelerometer scale factor error
a, z-accelerometer scale factor error
Ozy r-accelerometer misahgnment (analogous to ¢.y) Bias
Or; z-accelerometer misalignment (analogous to ¢, )

Oyz y-accelerometer misalignment (analogous to ¢y;)
Oy y-accelerometer misalignment (analogous to ¢y.)
6,r z-accelerometer misalignment (analogous to ¢,;)
0.y z-accelerometer misalignment (analogous to ¢.,,)
n Vertical deflection about East axis Bias, Markov
£ Vertical deflection about North axis
&g Gravity anomaly
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B.4 Scalars F, and wy

The vertical channels of the three INSs under consideration are assumed to be damped
by an altimeter having errors characterized by a first-order Markov,

Shy = Fy 6ha + wn . (B.4)

Parameters for these Markovs are given in Sections A.4, A.5, and A.6.

B.5 Matrix Ens

The matrix £, is given by

3

=_p=-nel

E_ns = Q&xdim{g} . (BS)

LQ’}xdim{g} ]
The notation in this equation is as follows: C7 is the direction cosine transformation
between the platform frame? and the navigation (also called local-level or geographic)
frame ([Britting, 1971]); £,,, is a matrix specified below; and 035 gim{} 15 the zero matrix
having the indicated dimension.

Equations B.5 and B.1 show that the effect of the matrix F,, is to transform the vector
of gyro errors, £, into quantities that drive the attitude error states (all other states are
not directly affected as indicated by the zero matrices). This transformation is a two step
process. First, the vector ¢ is multiplied by the matrix F,,; shown in Figure B.2. This

Figure B.2: Matrix F,,

transformation “adds-up” the gyro errors from the three groups (random drift rate, scale
factor, and misalignments) in each dimension of the platform frame. The weights w,,
wy, and w,. multiplying the scale factor and misalignment errors, are the angular rates
experienced by the z, y, and z gyros.

2For a strapdown INS, the “platform” frame is the body frame; for a platform INS, it is the local-level
frame.
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The second step 1s the transformation of the total error in each dimension from the
platform frame to the local-level frame to drive the attitude states. This step i1s imple-
mented with the direction cosine matrix €'} which is defined by ({Farrell, 1976])

- - — -

In"lp In-Jp In-hy

- - - - -

Cr=\ Julp Jn'Jp Jn-k, |- (B.6)

— - ~ —

T A

L -~

-

In this equation (Tn.f,l, En) and (zp,fp. Ep) are unit vectors along the n and p frames, and
*” indicates the dot product. The formulas for computing 7 are as follows:

e For the SP (in fact, for any local-level INS), the p frame is the n frame so that
cr=1L (B.7)

e For the LP, (] is computed from the assumed trajectory as given in Section A.3

e For the M, C7' is computed from the guidance commands using the formulas given
in Section A.9.

B.6 Matrix F,,

The matrix £, , is given by

O—'Bdem{g}

_Ena = —QQ;Enal | Ena) : (88)

L (—]3xdim{_fz} i

The notation in this equation is as follows. The matrix D, given by

1
R, O 0

_Q = 0 m 0 , (Bg)
0 0 -1

transforms velocities from the linear scale (vnorh, UVEasts and Upown) to an angular rates
scales (latitude, longitude, and altitude rates). The direction cosine matrix C7, trans-
forming the p-frame to the n-frame, is as defined in Equation B.6. The matrices F, .,
and F,,; are defined below.

Equations B.8 and B.1 show that the effect of the matrix F,, is to transform the vector
of acceleration and gravity errors, g, into quantities that drive the velocity error states
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(latitude rate error, longitude rate error. and altitude rate error). This transformation
involves the additiou of two terms: errors due to acceleremoter uncertainties and errors
due to gravity uncertainties.

Errors due to accelerometer uncertaintics are modeled by the product of DCTF,
times the first three parts of a shown in Table B.2 containing .ccelerometer errors. The
matrix £,,,. shown in Figure B.3. "adds-up” the three groups of accelerometer errors
irandom drift rate, scale factor, and misalignments) in each dimension of the platform
frame. The resuiting total error is then converted from the platform to the navigation
frame by (7, and from the linear to the angular rate scale by D. The weights fz fy, and
f- multiplying the scale factor and misalignment errors are the specific force experienced
by the r. y, and : accelerometers.

1...1 0...0 0..0}f, O O|—=f. f, O 0O O o]

0.0 1...1 0..000 f 0|0 0 f. —f 2 ©

Figure B.3: Matrix £,

Errors due to gravity uncertainties are introduced by the product F,,, times the last
three states in «. The matrix F,, is given by

=0 0
P
D=|0 x%7 0. (B.10)
P
0 0 1

This matrix models the effect of the vertical deflections about East and North on the time
derivatives of latitude and longitude rates. and also the effect of the gravity anomaly on
altitude acceleration .
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B.7 Matrix F,;

The matrix £, i1s given by

Enh =

(B.11)

The constants A and K, appearing in F, and in the last column of I, (Figure B.1)
define a second-order loop used to damp the vertical channel of the INS {{Kayton. 1969)
and [Schmidt. 1978]). The transfer function for this loop is given by

-1 K, + Kis

Shis) = —d&fp(s) + . .
(s) ST+ Kys + (K — 22) Iols ) R + (K = 22
P P

Sha. (B.12)

In this equation. §h(s) is the altitude error (8hyy for M. éhg for SP, or éhy, for LP); bhy
is the altimeter error (6hma for M, dhga for SP, or 8k s for LP); 6 fp is the total specific
force error in the Down direction; and A, and K, are the damping constants.

The remainder of this subsection is addressed at the selection of the damping constants
K, and K, for the M, LP, and SP INSs. The constant i, is set to

K% 2

1 4 290
4 R,
to achieve critical damping which prevents “ringing” (oscillations) in the loop response

([Van Valkenburg, 1964]). For critical damping, the transfer function in Equation B.12
becomes

[\'2 =

(B.13)

5h - [#] § [H%’%](HSTQ)M B.14
(s) = T +sT)? fols) + (1 + s, A (B.14)
where

2
Tl = = (B15)

[\1

I"l
T, = -l (B.16)
T ()

The constants Ty and T, specify the break frequencies w; and w, of the associated Bode

plot ([Van Valkenburg, 1964]):

1 [\’1
_ — L B.17
Wy = ,Ivl - 2 ( )
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1 [\'1 290
_ LA , B.18
T, iy TR, (B.18)

w

What remains now is the selection of the constant A, which determines the charac-
teristics of the altitude error éh, as evident from Equations B.14 to B.16. The constant
15 thus set to achieve a “satisfactory™ 6h according to the following three criteria:

1. Set A’y so that the loop damps-out errors quickly

2. Minimize the effect of the errors introduced by the accelerometer errors. é fp, via
Equation B.14

3. Minimize the effect of the errors introduced by the altimeter errors, éh 4, via Equa-
tion B.14.

These threc criteria are considered in the following three paragraphs.

The response time of a critically damped second-order loop. defined here as the time
required for the step response to achieve 90% of its final value. is given by 799 = 4/w,
where w,, is the natural frequency of the loop ([Kuo. 1962]). In Equation B.14 w, = w;
so that s

Tog = — (B.19)
Wi
where w; = K;/2. Consequently, to obtain quick damping of altitude errors w; must be
sufficiently large.

The eftect of accelerometer errors (first term on the right side of Equation B.14) can
be divided into two components: low-frequency and high-frequency accelerometer errors.
High-frequency errors are attenuated by making w; as small as possible. The effect of
low-frequency errors can be measured from the steady-state altitude error produced by
the accelerometer bias, 6h,,, which from the final value theorem ([Kuo. 1962)) is given
by
46A  6A
K7W
where 0 A is the magnitude of a step acceleration error. Consequently to obtain a satis-
factory low-frequency response to accelerometer errors, w; must be made large.

The effect of the errors introduced bv the altimeter (second term on the right side of
Equation B.14) is reduced by (1) making w, as smallas possible to filter-out high-frequency
errors, and (2) making w; large to avoid amplification of higher frequency errors by the

lead factor of the second term in Equation B.14. The value of w,, however, is given by
(from Equations B.17 and B.18)

6hosq = (B?O)

w2=ﬂ+ go

2 Rpwl

(B.21)

for critical damping. This equation indicates that the effect of altimeter error on altitude
error is not a monotonic function of w; (i.e., it is not a simple matter of making w; small
or large).
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Counsequently, 1t is necessary to obtain an exact equation for the RMS value of éh
produced by oh,4. Assuming a first-order Markov for é6h 4, the transfer function relating
oh and éh 4 15 obtained from Equations B.14 to B.16 (setting 6 fp = 0):

. R? 2
Kys+ |3+ 7?:0} o\23
(s + %‘L)z s+ 3

(B.22)

bhdue to altimeter —

where o and .3 are the RMS value and inverse correlation time of the Markov process.
From this transfer function. an expression for the RMS value of éA is obtained following
the procedure in [Newton. Gould. and Kaiser, 1957]:

c3dody + (] — 2e909)dods + caads e
T&h, due to altimeter = . (B23)

2d0d3(d1 (l'z - dOdB)

The terms in this equation are given by:

Cy; = 0
o = KNioy23
K? -90]
= 2 1 D
(13 = 1
(12 = 1\’1 + ,3
K2
d = Tl + 8K,
K?
d() = —4‘—

In summary, the three criteria listed above for a satisfactory vertical channel damping
response lead to conflicting (large/small) requirements on w;. To obtain a satisfactory
compromise value for A'). five variables were evaluated as a function of I’} using a program

coded in the BASIC language:
e «; from Equation B.17
® 79 from Equation B.19
e w; from Equation B.18
e 6h,., from Equation B.20
® Osh. due to altimeter irom Equation B.23.

These five variables were evaluated for the altimeter and accelerometer error models of
the M, LP, and SP listed in Tables A.3, A.4, and A.5.

Based on these calculations, the K, and K; values shown in Table B.3 are selected
as damping constants for the vertical channels of the M, LP, and SP. The bases of these
selections are as follows:
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M INS: (Calculations summarized in Table B.1)

Initial vertical channel errors are damped within nussion time (7, = 30 sec)

wy 1s small. resulting in a reduction of the high-frequency errors introduced by
the low-quality accelerometers

wy 1s suthiciently large to prevent amplification of altimeter errors (@ due 1o altimeter

= 150 m)

dhyee 15 small (5.9 m).
(Calculations summarized in Table B.5)

Shysa 15 negligible (0.6 m).

wy is stnalll resulting 1n a reduction of the high-frequency accelerometers errors.
wy is sufficiently large to prevent amplification of altimeter errors (7. due o altimeter
= 150 m)

(Calculations summarized in Table B.6)

wy 1s large enough to make &h,,, negligible (0.1 m)

wy 1s small. resulting 1n a reduction of the high-frequency errors introduced by
the low-quality accelerometers

wy is sufficiently large to make ouh gue to altimeter Within 3 mi of its minimum
value (which is obtained for '} = 0.03).

Table B.3: DAMPING CONSTANTS FOR THE M. LP. AND SP INS

[INST Ay [ ha ]
M 0.10 [ 250 x 1077
LP [0.08 ] 1.60x 10-3
SP [0.06]9.03x 1077

Table B.4: SELECTION OF K} FOR M INS®

A w1 Tan w32 6ha.m TS5k, due to altimeter
(rad/sec) | (sec) (rad/sec) {m) (m)
0.001 || 5.0 x 10~ } 8000 ] 332 x 1073 ] 58800 300
0.01 || 50x 10=2 | 800 | 2.80x 109 | 588 165
0.1 5.0 x 10~° 80 250 x 1077 5.88 151
1.0 0.5 8 0.25 0.06 150
10.0 5.0 0.8 2.5 P~ 150
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Table B.5: SELECTION OF Ay FOR LP INS?

[\.1 '] Teas - ; hhuu TSk due to altimetsr
{rad/sec) (secy | (rad/see) 0 () (m)
{0001 T 50 x 107F TR000° T332 x 1077 T3520 ] 1150 g
001 [50x 07T TS0 280 x 1077 30 168 |
C0OR L0 x 1077 T 100 200 x 07T [ 0.6 150 |
TO01 [50x 1077 N0 250 x 1072 04 150 |
) 0.5 X 025 = 150 |
100 [ 50 T osx 25 [ =0 150 !

Table B.6: SELECTION OF A} FOR SPINS®

N “l Tai wn P 8hea | Osh due o altimeter
: : (rad/see) (sec) o rad/sec) ‘\ (m) {m}
D001 50 x 10T TRo00 T332« 1077 7 302 1 7
C 0003 115 x 1077 72660 0 177 x 107774 27
L GO 50 1T TR0 2Rex 1077 T R
L 006 1 3.0x 1077 1133 | 150 x 10771 011 6
[ 01 530 % 1077 1~y "T250x 1077 [ =0 6
C10 95 R .25 ~0 | 6
L ow [ 50 08 25 B 6

B.8 White Noise Vector, w,

The vector w, in Equation B.1 can be used to model the white noise component of gyro
dnift rate present i the laser gyvros assumed for the M and LP INS. By thus modeling
this component, three states are “saved”™. resulting in a state vector of smaller dimension.

This modeling technique is not used in the model described in this memo because it
mtrodices complications in the simulation of transfer alignment (Subsection A.8). Con-
sequentlv. in all cases considered here

w, =10, (B.21)

To model the white noise component present in the laser gyros. a first-order Markov
error source is included in the vector = of Fquation B.1. The parameters for this Markov
model are defined i the footnotes 1o Tables A3 and Aa wiicls list the parameters for
the M and LP INS error models.

3Conditions: Accelerometer bias = 1500 ug. Altimeter RMS level = 150 m: Altimeter Markov corre-
lation time = 11 mun at 2 Mach M velocity,

*Conditions: Accelerometer bias = 100 pug: Altimeter RMS level = 150 m:; Altimeter Markov correla-
tion time = 28 mun at 0.8 Mach LP velocity.

*Conditions: Accelerometer hias = 10 ug: Altimeter RMS level = 6 m: Altimeter Markov correlation
time = 3() sec.
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