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Chief of Naval Research
c/o Dr. Thomas Kinder
Office of Naval Research
800 N Quincy Street
Arlington, VA 22217-5000

Dear Sir/Madam:

This letter constitutes the revised final report for ONR contract N00014-88-K-0203

awarded to Old Dominion University for the period October 1, 1987 though January

31, 1989. The original final report was submitted to the Office of Naval Research as

part of a renewal proposal.

The bulk of the research activities conducted under this contract consisted of basic
research on ocean flow dynamics as it pertains to the prediction of ocean motion.

During the contract period, three papers describing aspects of the research were
published in the adjudicated scientific literature. These papers are:

1. "Genesis of the Gulf of Mexico Ring as Determined from Kinematic Analysis,"

J. Geophys. Res., 92(C11), 11727-11740, 1987.

2. "Observed and Simulated Kinematic Properties of Loop Current Rings," J. Geo-
phys. Res., 93(C2), 1189-1198, 1988.

3. "Notes on the Cluster Method for Interpreting Relative Motions," J. Geo-

phys. Res., 93(C8), 9337-9339, 1988.

In addition to these papers, the results of the research were reported at the 1988 Liege
Colloquium on Ocean Hydrodynamics, Mesoscale/Synoptic Coherence in Geophysical

Turbulence..

As a part of the research effort, the funds were used to support William Iiidest, a

Ph.D. graduate student in the Department of Oceanography.

I am grateful to the Gffice of Naval Research for continued support for this research.

Respectfully,

A. D. Kirwan, Jr.
Samuel L. and Fay M. Slover

Chair of Oceanography
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Genesis ofa Gulf of Mexico Ring as Determined From Kinematic Analyses

JAMF.S K. Lewis

Science .Ippliatmm itreatinnal Corpratlion, Collhqe Stathl, Tt.xal

A. D. KIRWAN, JR.'

Uouicri " ipf So'uth FIhorhta. Depurnen of Aarine Science. St. Petersburg

The kinematics or the Loop Current are studied using trajectories of drifters in the Gulf of Mexico
during mid.June through September 1985. One of the drifters was in the Loop Current proper, while
o ler drifters -Acre in two recently ,lied .oop Current ring,. The drifter in the Loop Current showed
strong anticyclonic motion during the itudy period. This Loop Current anticyclone first begin off the
,orthwest coast of Cuba. It rapidly moved northward into the Gulf of Mexico as a ring pinched off from
the Loop Current. Analysis of the Loop Current drifter motion showed that the anticyclone became an

integral part or the Loop Current, taking on many of the characteristics of the most recently shed ring.
The reiiiti, of the analy'sis suggest a process by which Loop Current rings can be generated. Apparently.
this mechaitsin can cause the Loop Current to become recontigured in 2-3 months for beginning the
proce%% cif rillg ',en:itifcl(n,

I. l.rtt'ICTION The following analysis is obtained from the movement of

The shedding of Loop Current rings has a major impact on drifters 3354 and 3378 as well as concurrent sea surface tem-

processes in the central and western Gulf of Mexico. These perature (SST) data and XBT data. These, along with the

large anticyclones transport a tremendous amount of momen- presence and location of Ghost Eddy, suggest a new process

tutn. heat. and salt across the gulf. all the way to the Mexican by which an anticyclonic vortex is formed that can eventually

coast LEliot. 1982: Kirwan et al., 1984; Lewis and Kirwan. become a Loop Current ring. The original mechanism for

1991J. to oder toi coiiider balance- of itnctunit, mass. and spinning tip the vortex appears to be the lateral sharing

lie:,t ,ithn the Gulf of Mexico. it is important to have somc stresses caused by the Loop Current off the northwest coast of

idea of the charactc islics of the kinematics of the Loop Cur- Cuit.

rent. including how often a ring may be pinched off. A detailed description of the kinematic characteristics of the

During June 1985. an attempt was made to put an Argos Ioop Current and the ring is provided by an analysis of the

drifter into the Loop Current as a ring was pinching off How- :.fter paths. This analysis gives t the time histories of the

ccr. the ring did not totally disconnect from the l.oop Cur- rotation rate. eccentricity and orientation of the ellipses of the

rent. and the drifter ended tip ,spending approximately 3 trajectories, swirl velocities, and movement of the centers of

nonth; in the Loop Current proper. The drifter exited the rotation. A comparison is made of the kinematics of the Loop

Gulf of Mexico (60M) through the Florida Straits in Septem- Current as determined by drifter 3354 during the time it co-

her 1985 (Figure I. drifter 3354). Fortunately. a second drifter existed with a ring. The latter is designated by drifter 3378.

13378. Figure I) was placed in the ring in July 1985. Together, The comparison of the last part of drifter 3354 (before it exited

these two Lagrangian data sets provide a unique view of the the GOM) with the first month of ring 3378 provides an in-

motion of the Loop Current %hilc it is in the process of shed- teresting contrast between the motion characteristics of a

ding a ring. They provide special insight into Loop Current northern extension of the Loop Current before and after it

kinemailcs as this system extends northward, as well as the pinches off to become a ring.
kinematics of a Loop Current ring. Finally, we comment on
the existence of a third anticyclone in the GOM. The eddy 2. PATH DATA
was discovered serendipilously as a third drifter became ea-
trained in its flow field and circled around the eddy all tie The path data used in this study are the position data of the

way to the Mexic.,r, coast (G. Forristall. personal comnmuni- drifters with Argos identification numbers 3354 and 3378. The

catioi. 1986). This eddy has been referred to as Ghost Eddy (.OM ring that was seeded by drifter 3378 will be referred to

because there had been no previous indication of its existence as ring 3378. References to drifter 3354 will indicate a refer-

prior to the first of August 1985. Its general motion and extent onc to the Lbop Current proper. Drifter 3378 was drogued by

during August and September 1985 is shown in Figure I. a weighted 200-m line. while drifter 3354 was drogued by a
window shade drogue at 100 m.

Drifter 3354 was seeded at 25.9"N. 87.90W on June 18, 1985.
The drifter immediately moved southeastward - 525 km and
reached 23.2^N. 83.7W by June 29, 1985. At this point the

N at the Department of (Ocanography. Old Dominion Uni- drifter became entrained in a westward, anticyclonic flow field
,rsity, Norfolk. Virg.inia, with a center of rotation at about 24"N, 85.5 0W. After two
Copyright 1987 by the American Geophysical Union rotations (into mid-Aueust) the drifter suddeny movz, north-

Paper number 7(1CW6 westward and made three additional rotations centered at

Ot4t.-227187/007C-066$05.00 about 25.5N. 86.5'W. The drifter then left this flow pattern in

11.727
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Fig. 1. Trajectories of drifter 3.;54 from mid-June through mid-September 1985 and of drifter 3378 from mid-July
through September 1985. Also shown is the location of Ghost Eddy duting August and September 1985. Squares denote
the beginning po,,tion% of the Urifter trajectories. and trianglec denote the end po itions.

mid-September 1985 and exited the GOM through the Hod- westward and remained there until at least mid-September.
da Straits. During that same 30-day period, ring 3378 continued moving

Drifter 3378 was seedcd in ring 3378 at 26.4 N. 89.3 W on westward, reaching to the 92.5'W meridian.
July 18. 1985 13, that time. the ring had totally separated ritc ollshore industry launched a drifter in June 1985 which
front the L.oop Current As shown in Figure I. ring 3378 eventually became entrained in the flow field of Ghost Eddy.
slowly moved westward, reaching approximately the 91 W At the beLinning of August 1985, this ring was centered at
meridian by mid-Auguit Recall that after mid-Augut. the 23.5 N. 93 W (Figure I). The ring gradually moved southwest-
Loop Current (as determined by drifter 3354) mo%ed north- ward across the deepest portion of the GOM. By the end of

September 1985. Ghost Eddy was still strongly rotating at
23 N. 94.5 W.

rARI. I Listing of Criuieq )uring Which XHIT i)tl:i Were
Collected in the Central and E.istern Gulf of 1exM.Io 3. ThMP RATUR. DATA

Vessel )ate tQ1985 A number of XBT data sets were collected in the eastern
GOM during May-Seplember 1985 (Table 1). These data pro-

E. M. Qu'enr May , F Nide indications of the location and the structure of the Loop
M,'V Ne, tor I Nla It) It Current and ring 3378. In addition, weekly SST contour

M V Sitena Ihi1pmii1 May 17 IR
E. M. Que'n,' May 26 27 charts arc available for the entire gulf. Some of these SST data
P61'V Stena lipa al May 27 28 are presented here. hut unfortunately little in the way of ther-
MV Stea IhSIpi1nu, May 30-31 mal structure can be picked out since the SST gradients are
E M. Qiu'oi' June 7 8 small in tfe GOM during the study period (summer and earlyL. M. Qu'epn.i. June 13- 14
MV Sieni Ih1spamn June 26-29 fall).
M/V Stla IHISponfa June 29-30 Cruise tracks for the period May 26-31. 1985. are shown in
E. t. Ql 'ny July 1-2 Figure 2a. The resulting XBT data are shown in Figures
R'V Snc,,,,er July 9 22 2!1 -2d. rhese data were collected before ring 3378 was shed.Ni V Nat Co 6 July 16-19M'V Stlum iliCol6a July 16-17 and the edges of the Loop Current (maximum horizontal tem-
E. 1l. Quienr July 31 to Aug. I perature gradients) indicated by the XBT data are shown in
NM'V Sten,,a Ihtptnlm Aug. 16-18 I-igure 2a. (Smaller slopes of the isotherms were taken as an
M V Alnhaimhor Sept. 4 5 indication that the transects were crossing the Loop Current
M, V Anhwiadntr Sept. 13 14 edge at an angle. and some of the edges were thus drawn at a

Scot 24-25 4, an.gl to the cruise track.) It appears that the Loop Cur-
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Fig. 2. (a) Cruise tracks for XBT data collected during May 26-31. 19815. The arro%%s denote the flow at the edges of
the Loop Current based on the vertical temperature structure lilown in (h) temperature data from the E. U. Queny cruise,
Miy 26-27. 19815. Ic) temperature data froam the Sri-it.? 11ispania cruiqe. May 27-28, 1985. and (d) temperature data from the
Stella Ilispaila cruise. May 30) 31. 1985.

rent was flowing northward on the east side of (he Yucatan indicated by the trajectory (and to some degree by the SST
Stratits. swirled westward and around the region where ring data), ring 3378 had obviously not separated from the Loop
3378 would be spawned. and then turned northeastward Current during this period. The return flow frc,m the area of
before exiling the GOM. the northward extension appears to be mostly southeastward,

As previously mentioned. drifter 3354 was deployed in the toward thc northern coast of Cuba.
northward extension of the Loop Current during rnid-iJine Thrcc XBT data sets were collected during June 26 to July

1985. The trajectory of 3354 du, ing June 18-24, 1985. is plot. 2. 1985 (Figure 4), and the temperature profiles are shown in

ted on the corresponding GOM SST chart in Figure 3. As Figures 4h-4d. The outline of ring 3378 is quite distinct in
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During July 16 19, 1985. (%%o XBT data sets were collected extension of the Loop Current is readily defined (Figure 10).
(Figure 6) which distinctly show that ring 3378 had separated The trajectories for this period or time show ring 3378
front the Loop Current. The ssTr contours for the s.ame period strongly rotating but drifter 3354 leaving the rotational fea-
are shown in Figure 7. There is no surface signature of ring ture of the Loop Current along the eastern side of a 2MC
3378. although its rotation is well delineated by the trajectory tongue of water. The following week's SST chart (Figure 11)
of drifter 3378. As for the Loop Current. Figure 7 shows (lhnt 4hows the 28 'C tongue reaching up to 27.5*N, while drifter
the rotational feature %kithin the current had reached the 3354 moved toward the Florida Straits along the northern
northern edp! of the current. about 25'N. coait or Cuba. Ring 3378 was still rotating with a center at

Roth the Loop Current and ring 3378 conin 41tied to r(otate abtout 25.5 N. 92 W.
anticiclonically through August 1985. An XBT data set col-
lected oin August 16-18. 1985 (Figure 8) inidicates that the 4. KINEMATIc ANALYSS

Loop Current had extesidcd northward to 26.6 N. Looking at rhe trajectory data were used to calculate various kin-
the SST map fr August 12 -19. 1985 (Figure 9). wc sec that *cinatie parametecrs of the flow ficld. The methodology outlined
ring 1378 and the Loop Current %%ere rotating at ahout the by Kirwvan et a/. [1984. 1987 for geophysical fluids was used
%ail latitude. 25.5 N Bly niid-Sepiertitcr. the sca surface had in these ':alculations. tI-or more details, see Kirwant et at.

cooled suflicientlv in the eastern (0N1 -o that thc northern (1987]) Although Kiriwit et al. (1984] used a 100-hour low-

901W 85,W

.34~~i0 . .N

Fig 5.Traecoryof rifer335 (lrgearowtandSSTdaa (C) or un 29to uly5.191. Sone arow2deot
th lw tie de o h Lo uretwhl otc insidiseth oatosofLo Cnt wtr (ae o B

danto
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pass liltcr in making thcir calculation-, for a ring in thc west- beginning of tihe record and during Julian days 210-225. It

cmn (OM. it was found in this study that such a filter was not was during days 220-230 that drifter 3354 moved northwest-

sufficient to remocve higher-frequency fluctuations recorded by watrd. t atpparent rapid northward extension of the Loop

drifter 3354. As a result. we used a 164-hour (half power point) Current. The swirl velocity associated with the rotation of the

los%-pass filter on the telocity data of the drifters. We then Loop Current is shown in Figure 13. These magnitudes also

calculated the period of rotation. the ellipticity, the orienta- vary from 15 to 80 cm/s.

tion. and the velocity about the translation ring center (swirl The extent of water involved with the northward movement

ticlocity) as seen by drifters 3354 and 3378. of the Loop Current is indicated by Figure 14. which shows
the time history of the distances from the drifter to the center

Ilawp Currenti Kianimatics of rotation. Prior to the northwest movement, the maximum

The observed (filtered) Loop Current velocities as seen by radius of the rotation as seen by the drifter was 85 km. After

drifter 3354 arc shown in Figure 12. The speed fluctuate-, in the northwest movement the radius increased up to 100 kmn.

magnitude fromi 15 to (0 cm/s. and there are minimums at the The rotational frequency of the Loop Current is shown in
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1-igurt 15. NI-or the calculation of this term. sec Kirwan et c'i . nio~ed iorth~est. the mean period of rotation decreased from
f 19841I Figure 15 shows% ; generatl decreotse and then inc~rease about 1 3 clays to approximately 103 days. It we compare
in~ fre~quency. %%ith a mitnimum occurriag right before the Figures 14 and I5. we see that longer periods tend to be

Ii~l~~??t~tdc~teitor~ of thc wa.ttr maqs. As the water associated with larger radii.
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increase to about 0. 14 -'. From about day 220 and on. the This orientation did not seem to change significantly as the
rotational frequency of' ring 3378 gradually deceased. with the ring became more circular.
period of rotation increasing from about 8 days to about 9
da Ys- 5. DISCUSSION

rlic classical conept or Loop Current processes is one in
which part of the Gulf Stream at first flows directly from the

Loop Csirrent (3354) Yucatan Straits to the Florida Straits. Within this flow field,

.5 t

75 Loop Current (3354)

C . 2

U F
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Fig. 12. Tinic hi~toriL% of the filtered oh%erved '.peecl ompontents u'il. o3 Time histories or the swirl speed components about the
for drifter M34. The light curve is the east/'west speed, and the darker center of rotation for the Loop Current. The light curve is the east/
curie is the ritrth/miuih %peL'd. %c~t %icet. und the darker curm is the north/south speed.



II Li%% V; A m) KIM% Ali Cii NISiS Of A Gii~r or Nixico Risc,

~ ~o Loop Current (3354) 3

C
~'60

40 2

20 2

-20 ---~ 4

C.r N ~

ins~biitcs xit wichreultinmeaderngof heLoop Curret (34
rcn [1-'in n hmpo.18] s h ie "tema- ae fe ig37 a ice of lo h rjcoyo

dcr nricadrahnrh aditigeeal eicdta drfe334rvastathsrttoafetrintalexse

-h flw80 dwisbc it tefin sot"iri h fftecat(fC b.I a enso ni u eia tde

igr. 14 ime% hstores ofrvthe ofu/s (light uowrvacest andii u northw .16ire strisof Suh Lon atcrrn eccenricit

linit ini t fhe h LoLoopen lt~ Curren .h %'ieldl rien tto nmenth is inuther osiif hdioret i c and eys in the

rcutean (Iuitlr wiil rlin si 90) e nt a s tinheds~ of th man ttl a ing 3378 wlas pin. chao. Also, . Ushe traectrof
dcrs inrestin an n dctd reac nrh rdith is t ge resentei~d hat dristera 33ic reveals that thisarotazrony lfeaturetinitiallyeexiste

treclmof nicc i flow art of the Low o p sti go l nrtwad ta h lwo heLo urn a tsl raea ni

arondth LopCuret xtnsinwhleth rmandr f cclni fowfildof te nrtweten oat f7ub
th 10 flow w3l3aet78r iet sttel ot ote (~ussn 96.Tenrhar lwws ftetpo

Flria trit Tisis.talgos o thr coh~icl he Cbaalngwih hesothasery lo aon te orh5en

the ~ ~ ~ oo Cuoren (3354) cln25o sihnte opCretiiei

50

05

ri (1 Ju i n D y s ( 9 5

Juia Day (1P)Fg 7 siehsoiso heflee bevdsedcmoet

C pCurrent (3354e -25e ot~wt ie



Li %V V %I) Kn~i (;i 0 iS1 Ml A GUi I I Mh M si( o RING 11.737

Pin-i 337"t
p7

10

02 Rin 3 ,9

Il I C

(4 C

Ti~l -inrln- (IP',)Julan Dys (985

I t!isrii lmoie i he q~ed .npeens botth rg 0Tie isor f heroatoalfrqunc f in 37

,4ilwn in,..' I-igur) 22 ia Days (3[fo 1985)l 96] n a

of tis Cutban cdd% to he -800 in %% ith at current magnitude (i 63 ( Figure 22) the model shows a configuration similar to that
10-25 Cni s,. In good agreetment %%Ith) the data from this study M iein dIrifter 3354 was sceded. The ring is well defined as the

itI iL'Lre 12) Also. datta sh% that thie tenmperattire and salinity northern extens:oii of the Loop Current. but it has not com-
chaiatertsttcs of CION ring)s andl the Cuban eddy are practi- pictely piniched oil' Note that there does exist a hint of anti-
calli jentical [rI'Illeo. 1960. Iivi. 19821 ecoi itoioftcnrhetr os fCb.B a

I he (Cubaii cd(I appear's to he thie flow fieldl in %%hich (trif- Ccoi oinoftenrhetr os fCb.B a
ler~ ~ ~ ~ ~ ~ ~ ~~ ~ ~~~~~~5 ; 53lalbcli etand h rfe raetr ni month,; ltter) (the model shows the ring free of the Loop

ter 154 ii iil b c i c t in d. r e drfe tr e t ry d- C trrcnt. tMv oreover. thc anticyclone off C uba is larger and
l.Iies ilt this flow~ hield mioved slighitly northimest while ring much better defined. Hlowever, the model shows the northern
1178 -lsill coninected to lte Loop Current. B~ut it was onily edge of the Loop Current extending to only 26'N, whereas
'honkhi after riiig 1178 pinched off that this antic~clone pushed miIT and drifter data presented here show an extension to
ilore niti lheserly. to abot 26 5 N I- igtire 10 anid I I indi- 27 N in a. similar time period 13 months).
L.Ite thiat A~ter isv lilal puish (late Aticzust 1985), the rotatioinal It is lnlt unlt after 9 months before the Loop Current in
hldt b'camte ;iii iniegi il comnponenit (If the Loop Cutrrent. this simul~lation pushes northward again in the process of
I liii' i le data iii I li cas;e imply that the kernels of Loop

('iii cot rink's nat' come ft oin waters off the nortliwest coast
(if Cutba.3

Ring 3378
5 80

S60 2

- 40 0

C4 C4'r

Q.
Julin Das (195)Julin Dys (985

Pig 210m rsoiso h ~cnrc atrss n ao
I 1 Tnch ore ittecstc1 gtcriI ndnrh axsolIllin tihe ie) o in 38 Fo h fo ild-in
V Ill cr uvid~ace i rfe 17 rn lc eiro oa- i in ot i ntepstieedrcin.ades si1tepstv

tio of f rigW nnitrcin



LAYER I CURRENTS DATE a 063'1989
'SWG OF MEXICO 201t32 2 13 0

- t

31N I I TV

TAX PLOTE SPTV .9 MSC

LAYE I CRRETS DTE 1531TV

@S ws COF MXIC 20122:13.
31N~~~~ I I I I 6

361 AX POTTE SPED - 98 (q..C

1-i 22 Uppr I~r ~Iir 'lo~t~c fl'I ~IIlldd r te Glf f Ncoc fr dl~s63 lop an 15 (btto) [ro

#t Il/ uI 116.Ih tpIvr4210i I



LAYER I CURRENTS DATE * 243/1969
I I all, C OF MEXICO 20132 2 13 0

'Off
lk

Ad% : 6.4
Q**Wk 4b

t

ad

are

'Alove*4 I 
V

too

9 -amp
to

a&

vv

ftfh.t, -*a aq

a V Ada

"a

sod;

000

.44V

Ism
MAJI PLOTTED SPEED 0.94 (M/SEQ sow

LAYER I CURRENTS DATt 333/1"9
0 9 61/3 G or MEXICO 20132.2- 13.0

a 6
6. wee., 11111,111
4go

NO g:9,bb &a"

4 40 004P V 40, 0

Ve

4. vV 0: or
a..

#&Roo

vdalk"ll: v 4 q q 4
a V1. &6066

1 -666i k to
ba 

, 4 b

& a & goo :a. 9

& "V A v al 6,

bab

opvwv

top* ow a
0,60 

It

Ism 1.10 (M/SEC) sow

HS. 23. 1 IpNr Imer waler vckpcitic% froin a m(wJcl (if the Coulf of Mexico ror days 243 (top) and 333 (bottom) [from
11'allciwit. 1986 1. The lop Iaycr is )W m dccp.



11. 74C Li s %%is so K I It% A N G I Ni 5iS 01 A G LIt (if MI x ici RI w

pi l '-Ilio i anot her linig (Figuirc 23?. 11%, Ili ittle m. fil in 't i- The implication of such a mechanism is that of tinie scale%
Wn ti~hat hod hectn spon i n hy tilc L001p Cut rciit has lost Onte is not required to vs ait until i nstabilit ies ill t hc flow licid

it. ien i~ ~' 1~3I oi'ir. '3) 'littl thc proccss ats dete-r- gro%% Iarac enough to produce I closed rotational featiire. The
'IA~~~ (;-0.' j'r 1314 is dslfriciit fromt 'his data heic show tha~t a iwi,. Loop; ('ii t rotational leaturc

* I010 *0 1%, 1111jc %-oi; avvs. I irst. the Loop Cur- can bc well established evcn heroic thie previous ring has to-
I11 "(,1iw d ito 27 N in 2 5 months tally pinched oIL. It was cstab::iied that titiie 3378 was de.

I j 0 (I moot hs fo li ii '11oddl tachcd front the L.oop Curr-en: b lid-joily I ;.45. Yet it waq
a p '.~ ~~ ~'~ iJ.icoi pami id by seen that thie ne .v ro tat ioinal struct u re had moved to it it ile

.... ... %ile% o~iial1Y Vntcraitcd off the coast 26.5-N by thc beginning of' Septeinher 1985 Thus thce Loop
i I., ktliei slinuilafiois %%ith no deep in-tiow Current was rccontigored for another ring separationl only 1.5

tla ougIi thc 'i lan Straits. signiticant Loop Current pcnc- months after the previous ring sep~aration. Elliot (1982] doco-
tli;0ti1n CAJi 0CLur in 40) days Clearly. this is a phenomena melited thrcc ring separatiotns in a 12-month period using
that requires further study hydrographic data. Thc presence of Ghost Eddy along with

ring 3378 implies a similar separation rate. Model studies
o., , C i n! I'cis R ii:y Kinvoioatic [e.g.. Hirlhirt iand Thrompson, 1980; Thomipson. 1986; W4all-

Drifters 31354 and 3378 were both in thle 00M during craft. 1986) report separation rates ranging from 4 to 18
Jujljin dlivs 199 2(.4. 1985, Ilossever. the initial variations of months, depending upon thie type of instability involved.
thle kinematic parameter,; of ring 3378 (Figures 17-211 all mndi-
WI1C .111. AdI t met pei ii d fromt da~ s 1991 22t0 duiring which .4~ouIi~wi.This work was supported by ihe Miiieral Man-

litei the~ di titter ivvith wt, 2(m)-ni vvcuglutcd line) found an ,uppro- agement Service. Gulf of Mexico Physical Oceanography Study.
tiate orbit %%ti iering Thsw opr the rin an ihrough a contract with Science Applictilons Internationat Corpora.

vvitin he huswe ~inpir~ riij. (ion andi by the Office of Naval Research through contract NtXX)t4-
I oop Cirent kinematics fromt day 225 it) day 264. At thie 83-K-0256 with tile University of South rlorida. WVe thank M Giuf-
;wgininltg of thii-- time period the Loop Ciurrent was rotating frida for her carefut preparation of the figures. We also wish. ;o es-

\%iih -i pent-d or ,i~lt 10(1 5 daI\.,vs hile ring 3378 had at period n-cially thank P Rcincrsman and W. Indest for their many hours in

rotation t 1- ig- performing [lie kineniatic calculations A. D Kirwan wishes to ac-
-,' 2 t: 'ime olrieintations of the ellipses of Ikiivvtctge the sujpport of tile Sloier Ocecinography FEndmkiiient to

t *' h 'd 21? vs crc (lite simil.ir igencratly east west). bitt the old Dominion University.
I .1., ' Cu rren t vs as N ghi I% more elliptical it I 1.51 thant ring R t:1-tattNCtS

It,-vo-1l.cel ant' the radii of revolotion for tl. drifter's Cochraine. J 1). Sepairatioo of an anticyclone and subsequent deivet-

i~iI~''~m iiw~cliws'kete quite %mmitlir for days 22S -26~4 80) olttieniii Ii. Loo Cuiriciii W 1.6'i. in Cmintgriimti ani the 1'ht~-
,I t 0 ('(111011,1111 ;~/i 114 (hdl am'l Ini ~w su. edited by I . R. A Capurmo

ciii '. I.,j tile aniI.11,d.'d - 91, kii for thec untii relative to .unt j. I.. Roit lip ()Itort. Guif publtshing. flouton. Tex.. 1972
ihr , . kvtor h!m ilerluIy. 110th M16tilLIMIuS 1xneiflKNIeu I Itiot. It A . Anlic\Ltonic rings in the Goutf of Mexico. J /'/it% VLL'm-

oii.,er ic (; of rotaiton to., sinallei disltances froni thle center oari~. /2. t12 t1109. t482
I lofinann. E E:.. and S J. Worlev. An invetization of the ciicultion

SI'I.of ie ottif of \iLmo i (;ePln .j i. . 9l(Ch 2). 14,21-14 '16,

Millo ;/1-1 ai fir uli ef ctiI1,1icut i urtbu ri. It. E.. and J. D. rlitonips. i.\ A uuniicaut stud% of Loop
no. tlu i to t0l0 kliucitiatic oIC th le I oopl Ciii rent aut it, C urrentI iniurusons anti cdd3 %tuettdmiig. .1 Ph us. Occlliflu' 1 0,

it~ : e'ttetoil (Julian davys 210-264) and the kin- 1611-41651. 19R0.
Kurwkan. A. 1). Jr.. W. J. Meriell. Jr.. J K. Lek. , R H. Wlitakcr. aini

(if tinf 33178 -soon after it broke free front the 1.-p It. Lcgeckus. A model for [ie analiysis of drifter data with an appli-
irem (Julian days 225-235) Keccoing in mind that thesc cation to a warmn core rinig it the Goulf of Me (ico, J Ch'opur-., R05,.

mlamu letlicsiit two ditkerent anticyclonic phenomena. how 8"0C3. 3425-3439. 1984.

typical -arc the GOM rings before and after they break olr Kirwan. A. D.. Jr.. J. K Lewis. A. W. Indei. P Reinerstran. and I
Quintero. Observed and simulated kinematic properties of Loop

from thc Loop Current? Current rings. J. Gcmuphl-s. Res.. in presss. 1987.
*Thle similarities between the two sets of kinematics are con- Lewis. J. K. and A. D. Kirwan. Some observations of ring topwgra-

suidcrjible. First, the magnitudes of the swirl speeds and of the phy and ring-ring interactions in the Gulf of Mexico. J Geoplivi
radii arc practically idenitical. Moreover, their clliptical orien- Rev.. VfCS?. 9017- 9028. 1985.

tano; ac bth nrthest'sothcat. he oopCurrent was McLel'-in. H. J.. The waters of tile Gulf of Mexico as obsecrved in 1958
t~utonsarc othnortwes,'sothcst. he oopand 1959. Tech. Rep. 60-14UT, 17 pp.. Defp. of Occanogr. Collugi:

slirzlmtv more elliptical than ring 3378. bitt one might expect Station. Tex. 1900.
'I dil ulercrice iii ellipticity seeing that an anticyclone still No-llii. W. D)., Jr.. aiid Hf J. McLellan. A characterization of the Gulf

.tiokdhcd to Idie Loop Current is at "cal-wtuted" phecnomnain or Mexico waters in iiinter. J. Mlar. Re%.. 1.5. 24 59. 1967.
vhile .I detachcd i tng is an isolated vortex. Tile similatrities of Thoimpson. J. D.. Altimeter datai and geoid error in niesoscale ocean

thic iciclomcs pilu% their close periods of rotation Imply that predictiyn: Soime results fruint a primitive equation model. J Geo-
phu's. Res.. 9/tC2I. 2401 2417. 1986.

the basic kitnematic characristics of GOM rings can be cs- Wallcrafi. A. J.. Gulf of Mexico circulation modeling study, annual
tailied .ts tile Loop Current pushesc northwestward olr the progress rcporl- Year 2. report to Miner Manage Serv.. 94 pp.
shore of Cuiba. JAYCOR. Vienna. Va.. 1986.

S111111111fO. u A. D. Kirwaun. Jr.. Department of Oceanography, Old Dominion
Hih cetiarlo iimplicd here is one ini which, thle essenice of tile LUiversity. Norfolk. VA 23508.

itieus stalised ~l he ortwestcoat o Cua. eveopsin . K Lcwis. Science Applications lIternational Corp.. 1304

deeper %%,itcrs o11l die coastlinec. and then takes; onl its final feci.CleeSain X780
characteristics ilhortly after thie previotis ring co.upletely lie- tftcecivcd tFebruary 26. 1987:
taclies from the I oop Ctirrent. arceptcd May I5. 1987.)



JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 93, NO. C2, PAGES 1189-1198, FEBRUARY 15. 1988

Observed and Simulated Kinematic Properties of Loop Current Rings

A. D. KIRWAN, JR..' 2 J. K. LEWIS,3 A. W. INDEST,4 P. REINERSMAN,' AND I. QUINTERO'

Two rings, shed by the Loop Current in 1980 and 1982, were observed for several months by
satelite-tracked drifters to migrate across the Gulf of Mexico. The drifter path data have been inverted
to obtain estimates of the paths of the centers of the two rings, ring shape, and the swirl velocities. Three
drifters were deployed in the 1980 ring, and the analysis of that data set establishes the variability of the
above kinematic estimates for one nng. A comparison of the analysis of data from both rings provides
some idea on inter-ring variability. Both rings impacted the Mexican continental slope at about 22.8°N,
95 5-W After a brief adjustment period, both rings reestablished and maintained a vortex character for
several months in the slope region while migrating slowly to the north. The paths of the centers of the
two rings along the slope are virtually identical. The same analysis routine was applied to some simulat-
ed drifter data obtained from the Hurlburt and Thompson (1980) Gulf of Mexico primitive equation
model. In the midgulf, the agreement between the observed rings and the simulated ring is good,
although the former showed stronger interaction with the continental slope topography and/or circu-
lation than was seen in the latter. Along the slope, the model ring kinematic characteristics were in
extraordinary agreement with the observations.

1. INTRODUCTION merical simulations from the general circulation model (GCM)
of Huriburt and Thompson [1980], hereinafter referred to as

The circulation of the Gulf of Mexico has been the subject HT.

of a surprising amount of theoretical and observational stud-

ies. From the turn of the century [Sweitzer, 1898] until 1973 Is the qualitative agreement between GCM calculations and
[Austin, 1955; Nowlin and McClellan, 1967. Nowlin, 19721, the one particular ring fortuitous or the result of deterministic
[mhasi, 19s on anysesoydrea. 1967 .No ese n s197thies dynamics? We examine this question with observations from
emphasis was on analyses of hydrographic data. These studies two different rings along with simulated data from the HT
established the presence of poorly defined, but quasi- model. Specifically, we compare in detail kinematic properties

permanent, anticyclonic signatures in the central part of the such Stecmoveme of in cetrs ring aationeand
gulf.such as the movement of ring centers, ring translation and

gulf. swirl velocities, and ring shapes from 1980-1981, 1982-1983,
Since 1973, the emphasis has shifted from qualitative de- and simulations from the HT GCM.

sc alptons of the hydrography to attempts at quantifying dy- The analysis routine used to determine these kinematic
namical mechanisms associated with the anticyclonic struc- properties is an improved version of that reported by Kirwan
tures. Sturges and Blaha [1976) and Blaha and St'trges [1978) et al. [1984b]. The routine inverts Lagrangian path data to
proposed that the western gulf circulation was the result of the obtain the desired kinematic properties. Unlike the earlier

balance of wind stress curl and planetary vorticity, i.e., a mini- study, the present routine emphasizes ring shape and trans-
western boundary current effect in the Gulf of Mexico. Elliot lation. Also, considerably better time resolution on parameter
[1979, 1982] disputed this, noting that this balance was not estimates can be made with the new routine. Some details are
generally achieved if synoptic wind data on a fine scale were given below and in the appendix. The internal consistency of
used His work also gave more credence to the earlier idea of the analysis routine is being assessed separately with sirnulat-
lchiye [1962] that the anticyclonic features were in fact rings ed data from the HT GCM.
that had been shed by the Loop Current in the eastern gulf. The following observed data were utilized in this study.
Kirwan et al. [1984a] substantiated this hypothesis by track- These come from two rings which occurred in 1980-1981 and
ing the migration of a ring shed by the Loop Current across 1982-1983. We have reported previously on the former [see
the gulf to the continental shelf off of Mexico. Kirwan et al., 1984a, b] using the more primitive analysis

In a companion paper, Kirwan et a!. [1984b] assessed theIn acomanio paerKirwn e al.(194b]assesedthe routine. That ring had three drifters in it simultaneously, and
translation velocities, local vorticity, deformation rates, and roune Ta rnghdee drfe init i tan and
shape of the ring as it propagated across the gu!f. The analyses bility along with some indication of the consistency of the
of the three drifters that were in the ring simultaneously analysis routine. Only a descriptive analysis of the latter ring,
showed generally good agreement of these properties. The re- which had only one drifter, has been reported before [Lewis
sults also are in general qualitative agreement with the nu- and Kirwan, 1985). Comparison of thes two rings provides

some measure of inter-ring variability.
These observed data are compared with simulated La-

'Department of Marinn Scienes. University of South Florida, grangian data from the HT GCM. This model was a two-layer
Saoat Petersburg. (lower layer active) nonlinear primitive equation model of the

'Now at Department of Oceanography, Old Dominion University, Gulf of Mexico with realistic bottom topography. The grid
Norfolk, Virginia. spacing for the calclations usod here was 10 km. The simulat-

'Science Applications International Corporation, College Station, ed path was obtained by advecting a parcel at each model
Texas.

'Department of Oceanography, Old Dominion University, Nor- time step (4 hours) to a new position given by the product of
folk, Virginia. the velocity vector at the current position of the parcel and the

time step. Since the position of the parcel was rarely at a grid
Copyright 1988 by the American Geophysical Union. point, it was usually necessary to interpolate t'ie velocity

Paper number 7C051 1. vector from surrounding grid points. These calculations were
0148-0227/88/007C051 S05.00 kindly performed by A. Wallcraft.
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Both the observations and the simulations track appropri- Fherl [1981] has pointed out that this center may not coincide
ate rings for many months. During this time, the real and with an "Eulerian" center. (We interpret this as a center of
gimulated rings move from the midguif region with fairly fiat mass.) Smith and Reid [1982] have developed a general for-
topography in excess of 3000 m to the continental slope off of malism for studying the centers of the distribution on any
Mexico This area of interest Is depicted in Figure 1. In the property, for example, mass, potential energy, kinetic energy
midgulf region, ring translations are governed essentially by or enstrophy. in general, these centers do not coincide, nor do
Rossby wave dynamics, and so one expects them to move their propagation velocities. Establishing the relations L-..
west-southwest But along the slope, interactions of the ring tween these various centers for Gulf of Mexico rings requires
with bottom topography become !mportant. Since the dynam- much more dat'i than is now available.
ics in these two geographic regions are so different, we have For the present model the total velocity (u, v) of a drifter is
performed separate analyses for the rings in the two regions. composed of the translation velocity (Ut, Vr) of the ring

center and the swirl velocity (us, vs):

3U0= UUr + us

V = VT + Vs

us = (d + a)x/2 + (b - c)y/2
(2)

vs = (b + c)x/2 + (d - a)y/2

Here x and y are the instantaneous coordinates, relative to the
250 ring center of a particular parcel (drifter). If (2) is regarded as a

Taylor expansion for the velocity field, then the parameters a
.- &A ~and b can be interpreted as deformation rates and c and d as

the vertical vorticity and horizontal divergence. It is stressed
that these parameters are evaluated along individual paths.
Eulerian estimates of deforniaion rates, vorticity, and diver-

200 gence likely would differ from these estimates. Consequently, it
is better to interpret a, b, and c as shape functions which

"-" 0determine the orientation and ellipticity of a particular orbit
980 950 900 850 80o in a ring. See Kirwan et at. [1984b] for details.

The general solution to (1) and (2) is easily obtained
Fig I Depiction of ihe area in which the observed and simulated [Okubo, 1970]. The procedure here is to apply this solution to

Loop Current rings are studied every time interval between fixes (in practice, interpolated
positions). Thus for the interval t, _e t _5 t, . I, one obtains

uA = UTk + (dk + a,)xk/2 + (bk - c,)yd2 (3)

2. ANALYSIS PROCEDURE v, = VT,, + (bk + ck)xd2 + (dk - a,)y, 2  (4)

The observations used in this study are the positions of the
Polar Research Laboratory drifters with Argos identifications where
1598, 1599, 1600, and 3374. Kirwan et al. [1984a, b] reported x.={exp [rl,(t-t,)][X,,( az +b,1-c,,2 +a) .y(b- , )]
on the analysis of 1598, 1599, and 1600, which were deployed
simultaneously in November 1980. Position data from these -exp [r 2,(t-t)][X,(a - Ia. I+b,-c, 2 )+ Y,(b, -c)]}
three drifters are analyzed to establish the variability within a - 2./hZ +b,2 - c,, (5)
ring. Intraring variability is assessed by comparing the analy-

sis performed on the three drifters in the 1980-1981 ring with Y, = (exp[r,,(t--t)][X,,(b,,+c,)+ Yk(,Ia 2+b,:-c '-ak)]
that of drifter 3374, which was deployed in the 1982-1983
ring. Each drifter was the standard Polar Research Labora- +exp 1rr2,t(t-tk)][-Xk(bk+Ck)+ Y,a,,2+b,,-c,,2+aJ)

tory buoy drogued by a 200-m thermistor line. No thermistor - 2,lal + bkl - c,2 (6)
data are available from any of these units.

The analysis procedure utilizes a parametric kinematic In (5) and (6). (X,. Y) are the coordinates of the parcel in

model discussed by Kirwan et al. [1984b] for inferring the question at time t q t relative to the ring center. Also,

translation and swirl velocities as well as the vorticity, hori- r k..
zontal divcrgence, and deformation rates. This model was first rV = (d + v/a .b0 - c 2)/2 (7)
proposed by Okubo [1970) to describe small-scale motion r2 . = (d - /a, 2 + bk-c c)!2 (8)
about flow singularities. Kirwan [1984] showed that same
model can be applied to larger scales if the model parameters are the eigenvalues of the matrix
are constant along a parcel path.

The model assumes that the swirl velocity is given as a 2M = (d, + a) (b, - c)1
linear function of the distance from a local flow center. Here L(b, + c,,) (dk - a jJ
the local parcel flow center will be referred to as the "ring
center" or some times "orbit-determined center". This termin- Note that these ¢igenvalues are complex conjugates when
ology is dictated only by the nature of the available data. c, 2 > a,' + b,. This, naturally, produces real periodic solu-
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tions which are a characteristic of swirl velocities of drifters R, v/Jc h,) (It)
trapped in a ring.

To apply this model to drifter data, differentiate (3) and (4) where
three times with respect to time. One side of these equations h,2 = a, 2 + b,'
contains the unknown variable set Z, = (al, b , ck, d, Xk, Yk).
The other side of these equations can be estimated from path The paradigm just outlined for analysis of Lagrangian data
date. These six equations do not contain the translation veloc- puts critical emphasis on time derivatives of path data. Incon-
ity, since it is assumed a priori to be constant for a time sequential errors in the path data can become consequential in
interval. (But, of course, its value may change from one time the derivative estimates. Moreover, the nonlinear algebraic
interval to the next.) These six equations are inverted analyti- combinations of these derivatives in the paradigm may mag-
cally for the six elements of Z. The translation velocities can nify further the impact of these errors on the inversion. The
be recovered from (3) and (4), since all other quantities are concern is that two paths which contain the same kinematic
now known. Alternatively, the translation velocities can be information but differ by small random and/or round off
obtained by differentiating the path of the ring center. Both errors, will produce vastly different kinematic estimates when
procedures provide comparable estimates. Here we use the run through the paradigm. The internal consistency of esti-
latter procedure. With all elements of Z, now determined, one mates of ring kinematics is presently being examined w:th
then moves to the next time interval and repeats the calcula- simulated data from the HT GCM.
tions, thus obtaining a time series of Z,. Details are given in
the appendix. 3. MIDGULF

We have expended a great deal of effort in learning how to
make reliable time derivative estimates of the path data. For 3.1. Observations
the data analyzed here, the raw position files have been edited, Here the results of the intraring and inter-ring comparisons
interpolated to equally spaced time intervals, and low-pass are presented for the midgulf region. This includes ring kin-
filtered (half power point of 100 hours). All derivative esti- ematics as inferred from the three drifters in the 1980-1981
mates were obtained by fourth-order accurate, centered differ- ring and the single drifter in the 1982-1983 ring. While in the
ence schemes. Each derivative file was edited and low-pass midgulf region, both rings began to interact with the conti-
filtered. The calculations, as described in the appendix for Zk, nental slope topography and/or circulation. This period is iso-
were performed with the latter derivative files. The calculated lated in the analysis. The same analysis routine is then applied
Z, in turn, were edited and low-pass filtered. to simulated midgulf ring data from the HT GCM.

The analysis procedure just outlined is an improvement The 1980-1981 ring. The data for this portion of the study
over that used by Kirwan et al. [1984b]. Their method re- come from three drifters (1598, 1599, and 1600) which were
quired an a priori assignment of a solution form to (4) and (5); seeded in the 1980-1981 ring. Kirwan et al. [1984a, b] have
i.e., (7) and (8) were assumed to be complex conjugates, and already reported on this. The data have been reanalyzed using
values of Z. were assumed to be constant over one ring revo- the general algorithm discussed in the preceding section and
lution (approximately 15 days). The procedure used here does in the appendix.
not require an a priori assignment of the solution form; it lets Figure 2 shows the paths of these three drifters in the
the data determine this. Thus it should have wider utility. In midgulf region along with the positions of the centers and the
addition, the Zk are now required to be constant over sever orbit ellipses. Arrows on the drifter and center paths mark
time intervals (42 hours in the present case) rather than 2 10-day intervals, while the ellipses are presented at 15-day
weeks. intervals. The paths for each drifter are for a common time

As was indicated above, a, b, and c are not especially useful interval (day 340, 1980, to day 118, 1981). This figure es-
for comparison with Eulerian data. For rings a more appro- tablishes three points. First, all three make the same swath
priate description would be the elliptical structure of the orbit through this portion of the gulf, suggesting that they generally
traversed by a particular drifter. As was shown by Kirwan et followed the ring. The overall path characteristics of drifters
al. [1984b], the characteristic equation is 1598 and 1600 (Figures 2a and 2c) are remarkably similar,

suggesting that they were in very similar orbits. Second, the
(c, + bk)xk2 + (cl, - ,.)yk' - 2a,xt, paths for the center of the ring, as determined independently

= L, exp --dk(t - tt)] (9) from the three drifters, is in good agreement as far as about
94'W (the first 2 months of the record). Discounting the very

Here Li is the angular momentum per unit mass relative to beginning where there are numerical problems, the typical dif-
the ring center. This can b. calculated directly (sec equation ference in the location of the center at any one time is 30 Irm,
(A18)). In (9) thr. argument in the exponential terra can be about 20% of the diameter of the ring as determined from
made zero by making the t.v uation at the beginning of the satellite imagery [Kirwan et al., 1984b]. This is about 10 km
time interval t = t,. Note that a requirement for (9) to describe larger than the rms dis"' scement between the maximurr sur-
an ellipse is that c, > a,2 + b,". face and interface displacement anomalies of the HT GCM.

From analytic geometry it is known that for anticyc'onic The 30-km variability is considerably larger than that report-
motion, c, < 0, the major axis of the ellipse makes an angle ed by Hooker and Olson [1984] using a variant of the tech-
with east of nique employed here under ideal conditions. In view of our

results along the continental slope, described below, it is not
,= tan- ' (-alb,) (10) clear whether the large variability is due to data, technique, or

rapid evolution of the ring.
In evaluating (10), care must be exercised in the quadrant Finally, the ellipses also show generally good agreement
assignment. Also, the semilength of the major axis is east of 94°W. Note the tendency to develop a northwest elon-
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gation as the ring approaches 94'W West of 94°W, all three Figure 3 shows the time series for the swirl and translation
orbits suggest that the ring begins to interact with the conti- velocities. All three records indicate swirl velocities in excess of
nental slope circulation and/or topography. This is discussed 50 cm s throughout most of the record. The dominant peri d
later. is about 14 days with a variation of about 2 days between the

records. This is recognized as the ring's rotation period. How-

27' ever, from about day 30 to 60. 1981. all thref drifters show a
POSITION- smallkr-period component (about 5 days) in the time series
ELLIPSE - and a decrease in swirl amplitude. As will be discussed below,
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Fig. 2. Drifter paths, iin,crred center path (red) and orbit ellipse
(blue) for the three drifters in the 1980-1981 ring: (a) 1598, (b) 1599, Fig. 3. Swirl (left scale) and translation velocitis (nght scale) in-
and (c) 1600. Arrows on the paths are at 10-day intervals, while the ferred from ihe three dnfters in the (98C-1981 nng. (a) 1598, (b) 1599,
ellipses are shown at I5-day intervals. Here S and F refer to start and and (c) 1600. The east and north components of the translation veloc-
finish, ity are depicted in red and blue, respectively.
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it is speculated that during this period the drifters were re- swirl velocities decrease significantly and show some evidence
sponding to effects produced by the continental slope and, or of higher-frequency components. This is the period when the
circulation further to the west. All the translation velocities drifter moves west of 941W and executes the deformed.
show a consistent westward component of about 4 cm, s up northwest-oriented loop. As with the earlier ring, this is inter-
until about day 30. 1981. For the reason just given, it is not 'reted as evidence for topographic and/or slope circulation
clear that the analysis applies to this ring for the period from interactions.
day 30. 1981. to day 60. 1981 After day 60, 1981, the ring Figure 2 indicates that west of 940W, the three drifters in
centers appear to be stationary, the 1980-1981 ring show significant divergence in the calcula-

The 1982 1983 rinq and comparison with the 1980-1981 tion of the inferred center Furthermore, drifters from both
rinq. The same characteristics are seen in the analysis for the rings showed anomalous path characteristics in this region, In
1982-1983 ring. Figure 4 shows the drifter path, inferred particular, 1598 and 1600 appeared to become entrained in
center path. and the orbit ellipses for drifter 3374. As in Figure smaller, anticyclonic eddies, while 1599 and 3374 exhibited
2. there is significant distortion of the orbits west of 94'W. warped and elongated ellipses. This has been attributed to
Unlike the earlier ring, no significant northwest ellipticity is interaction between the ring and the continental slope and/or
developed as the ring approaches 941W. Comparison with slope circulation further to the west.
Figure 2 indicates that the 1982-1983 ring center followed Figure 6 focuses on this time interval. Figure 6a shows the
nearly the same path as that of the 1980-1981 ring. paths of all four drifters during the period in question. It is

clear from this that all four drifters were under the influence of
different dynamical processes here than those they experienced
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Fig. 5. Swirl (left scale) ana translation velocities (right scale) in- Fig. 6. Paths of drifters 1598, 1599 and 1600 in the 1980-1981
ferred from the three drifters in the 1982-1983 ring. The east and ring and 3374 in the 1982-1983 ring for the penod when they were
north components of the translation velocity are depicted in red and interacting with the slope topography and/or circulation. The arrows
blue, res.ctively. are at I0-day intervals. (a) Drifter paths. (b) Inferred centers of flow.

Figure 5 shows the translation and swirl velocities for the Figure 6b compares the movement of the inferred ceners.
1982-1983 ring. The swirls are slightly less than 50 cm/s. In interpreting this figure, it should be emphasized that the
which could reflect a smaller orbit of the drifter. The dominant center calculation is greatly complicated by the changes in
period is still about 14 days. Note that around day 1, 1983 the curvature of the paths. The paradigm interprets this as a
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change from an anticyclonic to cyclonic structure with a Figure 7 shows the path of one of several simulated drifters
consequent change in the location of the center. No doubt the from the HT GCM along with the orbit ellipses. Figure 7a
real dynamics during this period are much more complicated depicts the results using the ring center as inferred from the
than the rather simple scenario available from the kinematic drifter orbit, while Figure 7b repeats the ellipse calculation
model. The geographic variation in the paths clearly is much using the position of the maximum displacement anomaly of
larger than that seen east of 94°W or, as will be seen shortly, the interface. The choice of the interface displacement as rep-
than that found along the slope. This suggests that each of resentative of the ring center is arbitrary. Presently, we are
these drifters was either briefly pulled out of the parent ring or comparing the maximum interface displacement, the maxi-
its orbits deformed through interaction with the continental mum surface elevation displacement and orbit-determined
slope topography or circulation. This hypothesis accounts for centers. In general, all are within 30 km of each ether.
the deformed orbits and the brief occurrence of high fre- The most significant difference between the orbit-
quencies in the swirl velocities, determined centers and interface displacement anomaly occurs

in the interval between 91'W and 93°W where the orbit-3.2. Simulations inferred ring center shows a significant southern loop. This is
Attention is now turned to the simulated data. There are not seen in the path of the maximum interface displacement

two issues involved in the utilization and interpretation of this anomaly. At 93'W the orbit-inferred center executes an anti-
data. First, how consistent is the paradigm in recovering ring cyclonic loop that, again, is not seen in the displacement
kinematics which should be independent of the orbit? This anomaly path. Elsewhere, the orbit-determined path is consis-
issue is presently being addressed. Addressed here is the issue tently 5 to 25 km south of the displacement anomaly path.
of establishing how well the GCM agrees with the observa- A comparison of Figures 2, 4, and 7 shows that the simulat-
tions. Specifically, the center path, orbit ellipses, and trans- ed and observed centers follow the same general path through
lation velocity as inferred from the simulated data are com- this part of the midgulf. In general, the simulated center pathpared with the same properties as determined from the obsr- is 10 to 35 km south of the observed path, depending upon
pations which of the two simulated center paths is used. There is

virtually no evidence of the interaction with the continental
slope topography and circulation in the model ;asults as was

POSITION - seen in the observations. None of the simulated orbits were
ATELLHS - deformed or appeared to be pulled out temporarily from the

CENTER -ig ring. Somewhat surprisingly, we have found less consistency in
25* - the ellipse calculations for the simulations than in the observa-

,., % tions. A number of the ellipses from the simulated data areaquite deformed. They also show frequent reversals of the
240 major and minor axes. Overall, however, as the ring nears the

_ J %slope region, a northeast orientation appears to develop in the
r orbit ellipses.23. I Figure 8 shows the translation and swirl velocities for the

,, simulation. Figure 8a gives the results using the orbit center,
22" and Figure 8b uses the maximum displacement anomaly as

a , the ring center. The dominant period in the swirl velocities is
970 960 950 94. 93" 92* 910 900 890 about 24 days, or 10 days more than was found in the obser-

LONGITUDE vations. Note that the swirl velocities, as calculated from
Fig. 7a either center, are of comparable magnitude, about 30 cm/s.
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Fig. 7. Path and orbit ellipses (blue) of a simuiated drifter from Fig. 8. Translation and swirl velocities as inferred from the HTthe HT GCM. Arrows on the path are at 10-day intervals, while GCM. The east and north components of the translation velocity areellipses are shown at 15-day intervals. Figure 7a shows the ellipses depicted in red and blue, respectively. The scale for the translationusing the orbit-inferred center as the flow center, and Figure 7b uses velocity is on the nght. Figure 8a shows results using the orbit-the maximum interface displacement anomaly. Both centers are inferred center, while Figure 8b (next page) shows results using theshown in red. maximum displacement anomaly as the flow center.



KIRWAN ET AL.: KINEMATIC PROPERTIES OF Loop CURRENT RiNGS 1195

100 50 100 km. which is only two-thirds the diameter of a typical
ring. For most of the paths, the orbit-determined centers are

W. somewhat south of the displacement anomaly path. However.
C as the paths near 94'W, the observed centers move north of
_j the displacement anomaly. All the orbit-determined center

. r> paths show considerably more structure than does that of the
6 00 0 displacement anomaly.

4. CONTINENTAL SLOPE
z4 It is remarkable that both observed rings and the simulated

SSWRL... ring impacted the continental slope in the same area. This is
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TRANS- seen in Figure 10, which shows the drifter paths, inferredUJ TRANS
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Fig. 9. The centers for the 1980-1981 ring, the 1982-1983 ring, Fig. 10. Drifter paths, inferred centers and orbit ellipses for (a) the
and the HT GCM simulation. Orbit 1 (red) refers to the orbit- 1981-1982 ring, (b) the 1982-1983 ring (above); (c) the simulated ring,
determined center, and pressure (blue) refers to the maximum dis- and (d) center paths along the continental slope (next page). Arrows
placement anomaly path. Arrows depict 10-day intervals, on the paths depict 10-day intervals, while the ellipses are at 15-day

intervals.

Figure 9 compares the inferred center movement for all four of the simulated data (Figure 10c), the orbit-inferred center
drifter. along with the inferred center of the simulated drifter path and the displacement anomaly path are virtually identi-
and the displacement anomaly path east of 94°W. This is the cal. Consequently, it is only necessary to display one set of
region where there is no apparent effect of slope topography calculations. The orbit-determined centers were used here.
or circulation in the observations. Of course, details in the Figure 10d illustrates how close the movements of the two
paths vary, but overall the agreement is quite good. The maxi- observed and simulated rings are. There the paths of the in-
mum deviation at any one time between any of the paths is ferred centers along with the displacement anomaly path have
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been superimposed. Except for the beginning and end of the a decrease in the dominant period to about 15 days. The
paths, the maximum deviation is 70 km with a rms deviation magnitudes of the observed ring's swirl velocities are about 40
of 12 km. Moreover, all paths show the same general charac- to 50 cm/s, which is close to that found in the midgulf. The

teristics. Both the observations and simulation show a north- swirl velocity for the simulated ring is about 80 cm/s, substan-
ward migration along the isobaths but with some eastward or tially more than what was obtained for the midgulf. All trans-
looping component. lation velocities indicate a fairly steady northward movement

of about 4 cm/s.
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The northward migration along the slope is puzzling, as 5 0 0 00
conventional theory [Smith and O'Brien, 1983) would have c'-j

topographic beta drive the rings to the south. Recently, Smith > z
[1986] has suggested that the northward migration may be _ jdue to boundary effects. An alternate explanation was offered t '
by Nakamoto 1986", who found northward propagating soli-

ton solutions in a' two-layer, nonlinear, quasi-geostrophic -1OO - . 50
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The swirl and translation velocity iiii.. series are shown in TIME (JULIAN DAYS)

Figure 11. In the 1980-1981 ring the dominant period is 15 Fig. lIe
days, almost exactly that found in the midgulf. For the 1982- Fig. 11. Swirl (left scale) and translation velocities (right scale) for
1983 ring the dominant period is about 11 days, slightly less the (a) 1980-1981. (b) 1982-1983, and (c) simulated rings along the
than that found in the midgulf. The simulated ring also shows continental slope.
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5. CONCLUSIONS along the satellite path but give no information on the actual

The paths, translation and swirl velocities, and orbit ellipses motion Supplementing the latter data with the former data in
have been calculated from Lagrangian observations for two eddy-resolving general circulation models could significantly
large anticyclonic, Gulf of Mexico rings and one simulated upgrade their predictive capabilities.
ring. Within the capabilities of the data base and the analysis
routine, the following are now established. APPENDIX

I. The paths of the three rings across the central Gulf of The purpose here is to provide some details on the inver-
Mexico to the continental slope off of Mexico are virtually sion of (3) and (4) to obtain the time series for the elements of
identical. However. not all Loop Current rings will follow this Z,. The basis for this inversion is a Taylor expansion in time
path. See Lewis and Kirwan (1987]. about the instant t , of the velocity vector. From the left-hand

2. The intraring variability of translation and swirl veloci- side of(3) and (4) one obtains
ties and the inferred center paths for the 1980-1981 ring are
essentially the same as the inter-ring variability between the u(t) = u(th) + u'(tXt - t) + u"(tkXt - tJ)/i

1980-1981 and 1982-1983 rings. + u "(zXt - tk)316 (Al)
3. For the observed rings, there was evidence of strong

ellipticity developing as these rings approached the conti- Igt) = v(t&) - v'(tXt - th) + v"(tkXt - tk)2/2

nental slope. The axis of orientation was approximately v .'(tktt - t4) 3/6 (A2)
NE-SW. No independent data on ellipticity were available for
the 1982-1983 ring, so it cannot be ruled out that this ring for the interval t, _ t t, . The primes represent time de-
was so orientated. Similar but less pronounced ellipticity was rivatives. Now each of the terms on the right-hand side of (Al)
seen in the simulated ring. and (A2) can be estimated from the velocity record. For exam-

4. Both observed rings showed significant distortion of the pie U(tk) and Lit,) are merely the velocities at time t,. The
drifter orbits west of 94°W. This is attributed to interaction of derivatives can be estimated by a variety of techniques, here
these rings with the continental slope topography and/or slope we have employed centered finite differences.
circulation features. Such interaction was not observed in the Now the analytic solution, (5) and (6), can be expanded in a
simulated ring. Taylor series as well. When this is done and coefficients of the

5. After encountering the continental slope off of Mexico, appropriate powers in this expansion and (Al) and (A2) are
both observed and simulated rings retained their integrity for equated, a system of simultaneous nonlinear equations is ob-
at least several months while they migrated to the north. The tained for each time interval. With the subscript k suppressed,
track of the center of both was very close to the 1200-m these are
isobath. The observed swirl speeds were .ightly changed from X(a + d) + Y(b - c) + 2U = 2u (A3)
the values obtained from the midgulf. The simulated ring ex-
hibited a substantiat increase in swirl velocity. For both the X(b + c) + Y(d - a) + V = 2v (A4)
observed and simulated data, the translation speeds were com- XC(d + a)2 + b1 - 01 + 2Yd(b - c) = 4u' (A)
parable to those obtained for the midgulf.

There are a couple of broader implications of this study 2Xd(b + c) + Y[(d - a)2 + b2 - c2" = 4v' (A6)
pertinent to eddy-resolving GCM's. Both the volume of data
as well as the time and space scale resolution of simulated X[(d + a)+ (b -c

2X3d + a))
data available from these models far surpasses the typical ob- + Y(b - cX3d2 + a2 + bl - c') = 8u" (A7)
servational data bases used for verification. Because of the
different time and space scales of resolution in the simulated X(b + cX3d2 + a2 + b2 - c2)
and observed data bases, it is not clear how to establish reli- + Y[(d - a)' + (b2 

- c2 X3d - a)) = 8V" (A8)
able criteria for statistical comparisons. This study suggests
that a potent alternative is to compare model and observed X((a2 + b - c2 + d2 )2 + 4d2(a2 + bl - c2)
Lagrangian kinematics. Both simulated and observed La- + 4ad(al + bl - c2 + d2)]
grangian data sets provide comparable space-time resolution
on the evolution of specific circulation features. Moreover, the + 4Yd(b - cXa" + b2 - C2 + d2 )] = 16u'. (A9)
assessment of the prediction of such features is a more strin- 4Xd(b + cXa 2 + b2 

- C2 + d2) + YE(a2 + b- -C+ d')2
gent test of a model's predictive capability than are general
statistics. The Lagrangian data also provide a means of fine- +4d(a1+b 2 -c')-4ad(a2 +b2 -c 2 +d2 )] = 16v'. (A10)
tuning model parameters such as layer depth, density differ- These eight equations are inverted at each time step for X, Y,
ences, etc., so that observed and simtlated swirl velocities can Ur, V. a, b, c, and d. To our surprise it seems that this can be
be matched. As to the HT model, this study has documented done analytically. The key to this is the observation that thethe interesting situation that the prediction improves in time, geometric invariants of the matrix M,, i.e., Tr (M) and det (M),
at least as far as the movement of the ring is concerned.

The second and related issue is the use of Lagrangian obser-
vations for updating prognostic models. In character, such c, a priori. After 3 years of inspection it was seen that

data are similar to sea surface topographic data derived from det (M) = 2(u"v" - u"' v")/(u'v" - v'u") = M2 (A 1)
satellites [see Hurlburt, 1986; Thompson, 1986; Kindle, 1986].
The Lagrangian data contain information on the motion of Tr (M)= (u'v'"-v'u")/(u'v"- v'u")= d (A12)
representative parcels but no information on what is happen- Insertion of M" and d, calculated from (All) and (A12),
ing nearby. Satellite topographic data return information just respectively, into (A5HA10) significantly simolifies the latter
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expressions. Considerable routine algebra then yields Hurlburt. H. E.. Dynamic transfer of simulated altimeter data into
subsurface information by a numerical ocean model. J. Geophys.

X = 8(u'(M ' + 2d2 ) - 2u"']/M (A 13) Res.. 91(C2). 2372-2400, 1986. '
Hurlburt, H. E.. and J. D. Thompson, A numerical study of Loop

Y = 8[v'(M' + 2d2 ) - 2v"']/M (A 14) Current intrusions and eddy shedding. J. Phys. Oceanogr., 10,
1611-1651, 1980.

a = -{K 1 M2 + K~ + K3 (d/2)}/N (AIS) Ichiye, T., Circulation and water mass distribution in the Gulf of
N'.exico. Geofis. Int.. 2.47-76, 1962.

b = {HM 2 + H 2 + H3(d/2)}/N (A 16) K:ndle. J. C., Sampling strategies and model assimilation of altimetric
data for ocean modeling and prediction. J. Geophys. Res., 91(C2),

c -(GM2 
- G2 + G3(d/2)}/N (A17) 2418-2432, 1986.

where Kirwan, A. D., Jr.. A note on a geophysical fluid dynamics variational
principle, Tellus, Ser. A, 36, 211-215, 1984.
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Lewis, J. K., and A. D Kirwan, Jr., Some observations of nng-
H1 = 2(u '2 

- v'2); topography and ring-ring interactions in the Gulf of Mexico, J.

H2 = 8(u" - v 2); Geophys. Res., 90(C5), 9017-9028, 1985.Lewis, J. K., and A. D. Kirwan, Jr., Genesis of a Gulf of Mexico ring
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Notes on the Cluster Method for Interpreting Relative Motions

A. D. KIRWAN, JR.

Department of Oceanography, Old Dominion University. Norfolk. Virginia

It is shown that the so-called cluster method for determining the horizontal gradients of the horizontal
velocity has some basic limitations caused by restrictive physical assumptions. For large-area clusters
there is ahasing of these estimates by large-scale shear, while for small-area clusters, the displacement of
the statistical cluster center from a physically significant flow center can produce seriously ahased cluster
model parameter estimates. These effects are independent of typical experimental problems such as
measurement error and statistical reliability. An alternative to the cluster paradigm is proposed. This.
however, requires solving a nonlinear inverse problem to recover estimates of the horizontal velocity
gradients.

INTRODUCTION duce the cluster average of property hp

Estimates of the horizontal spatial derivatives of the near- (hp> = : hP/N (2)
surface, horizontal velocity are of obvious importance in a
wide range of scales in ocean dynamics. They are notoriously where N is the statistical degrees of freedom in the cluster

difficult to obtain. Most estimates have come from relative average and the sum is over all drifters in the cluster [see

motion analysis of drifter clusters. For an older summary of Sanderson et al.. 1988]. Note that by definition
results, see Kirwan [1975]. Fahrbach et al. [1986) have recent-
ly applied this technique to drifter data from the equatorial (r4 P> = 0 (3)

Atlantic. This is the second part of the cluster paradigm. It is stressed

Sanderson et al [1988] have pointed out a statistical bias in that (3) significantly constrains the basic assumption and va-
using this technique if the number of drifters in the cluster is lidity of a two-term Taylor expansion.
small Of course, the statistical significance of model parame- By standard minimization augmented with (3), the least
ter estimates, as well as the effect of measurement errors in squares estimates of U. ° and Hob arc
estimating the velocity gradient tensor, is important. There is,
however, another problem with this technique. This is the tacit U. 0 = <uoP

) (4)

assumption that the center of mass of the cluster corresponds Hab Rb,(uoPrP> (5)

to the center of the flow field about which a Taylor's ex-
pansion of the velocity field can be made. where

The purpose here is twofold. The first is to show that with
the ciuster paradigm, a deviation of the cluster center from a R,- ((rPrP)> - i (6)

flow center can result in serious biases in gradient estimates. is the inverse of the statistical moment of inertia matrix of the
The othei is to propose an alternative to the cluster model cluster. Details and variations of(4) and (5) are given by Molin-

that avoids the center bias problem. The new approach pro- ari and Kirwan [1975], Okubo and Ebbesmeyer [1976], and
vides independent estimates of the velocity gradient estimates; Okubo et al. (1976).
however, it requires solving a nonlinear inverse problem. This model is critically dependent upon (1) a translation

velocity U. 0 common to all drifters, (2) a velocity gradient

THEORY tenscr H.b common to all drifters, i.e., a homogeneous defor-

The first part of the cluster paradigm is given by mation field, and (3) equation (3).
In order to assess the role these assumptions play, consider

(roP - rooP)/A = uap = U.' + F H., roP + ro"P/A (I) a more general kinematic flow model:
b u.p = V.P + Ga pxCbp + r."p/A(7

Here A is the time difference between fixes, rap is the a compo- b(7)

nent of the position vector from the cluster center of mass to Here X is the position vector to the drifter path from a
the drifter path, rtoo is its original or previous position vector, hysibcally t p o igin Tr is ched th fo a
H., is the velocity gradient, and U.* is a steady mean flow. phystcally relevant local origin. This is called the flow center
Figure la is a cartoon of the general geometry. As has been to distinguish it from the cluter center. See Figure Ia for the
noted by many previous investigators, (1) can be obtained by a geometric relation beteen Xb

p and tb
. The latter depends

Taylor's expansion of the velocity field, upon the geometric characteristics of the drifter array; the

The first term on the right-hand side of (1) is a uniform former depends on true flow field characteristics. This model

translation of the center, and the second term is a local swirl differs from (1) in that it allows for a separate Taylor's ex-

induced by a homogeneous deformation field. The last term in pansion for each drifter. Thus there are distinct translation

(1) is a residual, the minimization of which yields estimates of velocites V4P, as well as distinct velocity gradients G, p, for

Uo ° and Hb. For the latter operation it is necessary to intro- each drifter. Also in contrast to (3)

(xb > 0 0 (8)

Copyright 1988 by the American Geophysical Union. It should be clear, however, that if the three assumptions listed

Paper number 8C0347. in the preceding paragraph are imposed on (7), it will reduce

0148-0227 88/008C-0347S05.00 to (1).
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A. velocity and is of the order of the true velocity gradient times
0 the distance between the two centers. For small area clusters,

this displacement could well be of the cluster horizontal scale,

and so the cluster determined translation velocity could be of
0 the order of the swirl velocity. In the case of the velocity

gradient estimate, there is no a-priori reason to expect

0 ozPrY P> to be small; hence the "correction" term in (13) could
be of the order of the correct value. As an aside. (13) is recog-

a'B B A A nized as an extension of Pappas' theorem from mechanics.
3-- . riller Case 11. The translation velocity varies from drifter to

x x' Position drifter; however, assumptions 2 and 3 hold (see Figure Ic).

0 0 Flow This case would include the situation where the drifters are
Center deployed in a jet such as the Gulf Stream. Perhaps, fortu-

itously, the cluster center initially coincides with the flow
x Center center, say, the axis of the jet. The cluster parameter estimates

now are

8 B, A A' U, = < .P> (14)

H~b = G~bp + Y R6,VVPr,'> (

If the flow center is indeed the jet axis, then the cluster
model will yield a translation velocity for the center somewhat
less than the maximum velocity of the jet as indicated by (14).
Moreover, if the jet velocity is symmetric about the flow axis,

Fig. I Cartoon showing the essential geometry. (a) Basic vectors then the cluster gradient estimates of the cluster scale velocity
z. r. and x for the present configuration. (b) Displacements for case I. gradients will include an alias from the larger-scale shear
This could result from equal shear and normal deformation and anti- across the jet as exemplified in the inhomogeneous nature of
cyclonic rotation. The solid ine indicates the present configuration.
cnd the dashed line indicates the previous configuration. (c) Displace- V' (the second ight-hand side term in (1S)). In general, ,he
ments for case II Initially, ,he cluster and flow centers coincide, but cluster model may not be able to distinguish between small-
in the present (solid line) configuration the flow center has mcved scale and large-scale shears.
away from the cluster center. All panels depict the movement and These two cases highlight a basic difficulty of the cluster
deformation of the material lines connecting the drifters as well as a method. If the area covered by the cluster is small, there is a
hypothetical array initially symmetric about the flow center. high likelihood that there will be a significant displacement

between the cluster and flow centers. This is where case I
Given only cluster data, the observables are U." and r4,

.  applies. This can be alleviated by increasing the area extent of
We now examine the effect of naively applying the cluster the cluster (with or without additional drifters), but then the
paradigm to this more general situation. Taking the cluster large-scale shear may defeat the cluster model, as is indicated
center as the local origin and letting by the analysis in case II.

Case III. Only assumption 2 holds. In this case, the clus-
ter parameter estimates will superpose (12) and (14) for Uo°

be the displacement vector from the cluster center to flow and (13) and (15) for Hb.
center, it is deduced from (4), (5), (7), and (9) that It is emphasized that the problems indicated above cannot

be rectified by increasing the number of drifters and/or the
Ua° -i < + .(Ga,'(r4 ' - zb)) (10) cluster area and/or the position fix accuracy and frequency.

b

The basic issue here is the weakness of the physics implied by
Hob - Rb7 (( VPrV> + 6 (GaPfr - z6 r)) (11) the approach, not the accuracy or statistical significance of the

These last two equations show that in general, the cluster measurements.

model parameters are weighted averages of the flow model. In
order for (10) and (11) to reduce to (4) and (5), all three as- DiscussioN

sumptions given above must be made. The preceding analysis suggests that the cluster method for
The following special cases illustrate the tenuous character estimating velocity gradients sho-ld be ustd with extreme cau-

of'he cluster model, tion. Other observations should be used to establish its appli-
Case I. TL.re is no translation (VP- 0), and the defor- cability in specific experiments.

mation field is homogeneous: i.e.. GP is the same for all There is an alternative to the cluster paradigm for extract-

drifters (Gbg' = Ga). An example of this situation would be ing velocity gradient information from path data. The alter-

when the drifters are embedded in a flow field characterized by native makes use of a kinematic model first proposed by

no translation and homogeneous vorticity and deformation Okubo [1970] and recently discussed by Perry and Chong

fields (see Figure lb). It is seen immediately from (10) and (11) [1987]. This approach makes use of the fact that (7) (and

that the cluster model will yield bogus parameter estimates of hence (1)) can be readily integrated to obtain particle paths. If
the deformation field is homogeneous and stationary, then a

U.0= - G<z> (12) single particle path contains the same information on the de-
b formation as does a hypothetical cluster of nearby particles.

Hdb = G bb - Rb, X G Y(z6 'r7 '> (13) The only characteristic difference in the paths is their starting

Y apositions.

The bogus translation velocity has the structure of a swirl To illustrate how the deformation information is contained
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in the path data, it is necessary to calculate the path. Neglect- are truly Lagrangian, and so there may be some difficulty
ing the last term in (7) and assuming that VP is steady in time, relating them to Eulerian estimates. Second, there are certain
standard techniques yield pathological situations where the deformation field will pro-

duce variability in only one ot the velocity components. In
WP) - W"0(t.) = V, (t - to) + xI (t) (16) these cases it may not be possible to recover all the gradient

w2 P(t) - W2"(t.) = V2 P(t - t0 ) + x 2P(t) (17) information. See Okubo [1970] and Perry and Chong [19871
for a complete discussion of pathological situations in critical

Here w0P(t) is the absolute position at time t, and W.7(to) is points in flow fields.
the initial position of the flow origin at time to of drifter p.

The other quantities in (16) and (17) are Acknowledgments. This research was supported by the Office of
Naval Research under contract N00014-88-K-0101 to Old Dominion

xP(t) = (exp [m.P(t - to)][X IP(1P + GP) -r X 2PG12 p]} University. The author also acknowledges the support of the Slover
endowment to Old Dominion University.

- {exp [m_"(t -t)][XtP(G'-P)+X 2 PG 2
0 ]}/21'
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