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A GEOMETRIC TREATMENT OF IMPLICIT

DIFFERENTIAL-ALGEBRAIC EQUATIONS!

BY
PATRICK J. RABIER AND WERNER C. RHEINBOLDT
Department of Mathematics and Statistics
University of Pittsburgh
Pittsburgh, PA 15260

ABSTRACT. A differential-geometric approach for proving the existence and uniqueness of
solutions of implicit differential-algebraic equations is presented. It provides for a significant
improvement of an earlier theory developed by the authors as well as for a completely intrinsic
definition of the index of such problems. The differential-algebraic equation is transformed
into an explicit ordinary differential equation by a reduction process that can be abstractly
defined for specific submanifolds of tangent bundles here called reducible z-submanifolds.
Local existence and uniqueness results for differential-algebraic equations then follow directly
from the final stage of this reduction by means of an application of the standard theory of

ordinary differential equations.

1. Introduction.

An implicit differential equation

(1.1) F(t,z,i)=0, F:RxR"xR" - R".

with a sufficiently smooth mapping F is usually referred to as a differential-algebraic
equation (DAE) when the partial derivative D,F(¢,z,p) has constant rank p < n on the
(open) domain of F, or. more generally, when the constant rank condition holds in some

open neighborhood of F~1(0) in R x R™ x R".

!This work was supported in part by ONR-grant N-00014-90-J-1025, NSF-grant CCR-8907654, and
AFOSR-grant 90-0094




——— —— ——— ——— p—— ————— ——— ——

— A — —— ——— ——

In {11} we presented a general existence and uniqueness theory for such DAEs which
confirms the commonly accepted idea that, in some way, any reasonable DAE can be

reduced - at least locally - to an explicit ODE. Broadly speaking, a sequence of equations

(1.2) Fi(t,z,2)=0, b, =F. F:RxR"xR"-=>R" j=0,1,...,

is constructed provided each equation is a DAE: that is, DpF; has constant rank. The
sequence terminates with j = v when D,F), has full rank. Then the equation (1.2) with
j = v is reducible to an explicit ODE and v is called the index of the problem. The
solutions of (1.1) automatically satisfy all equations (1.2) of the sequence and, conversely,
every solution of a particular equation (1.2) with consistent initial data solves (1.1). Herc
the consistency condition reflects the well-known fact that, in contrast with ODEs, a DAE
(1.1) does not have locally defined solutions for arbitrary initial data in F~'(0). The
reduction process fails when one of the equations (1.2) is a singular differential equation,

for which the, as yet quite incomplete, existence theory is substantially different from that

for ODEs or DAEs (see [10]).

The concept of an index plays an important role in the study of DAEs. For linear DAEs

(1.3) F(t,z,p)= Az +Bp— f(t), f:R—-R"

with constant n x n matrices 4 and B such that rank B = p < n, the index has been
defined (see (3], [7]) as the index of the matrix pencil (4, B) in the sense of [5]. For
linear systems (1.3) the theory in [11] requires the same hypotheses and leads to the
same value of the index as the classical theory. For the general case (1.1) various authors
(see. e.g., the monographs [2], [9]. and [G], [S] for references) have introduced definitions
which generalize the linear index. These definitions serve well for classifying DAEs and

for characterizing properties of numerical procedures, but, by themselves, they do not

incorporate any existence results for solutions of the equations.

Although th= reduction process in [11] provides a general setting for a solvability theory

of DAESs, it turns out not to be intrinsic since the sequence {F}} is not uniquely determined
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by the mapping F. In fact. for the construction of the Fj, various equally reasonable
approaches are feasible and it is by not clear whether the resulting solvability criteria are
equivalent and, in particular, whether the index of the problem is independent of {F;}. A
principal aim of this paper is the development of a completely intrinsic geometric approach

for the existence and uniqueness of DAEs that extends the analytic treatment of [11].

By adding, as usual, the equation { = 1 we can transform (1.1) into an autonomous

problem. Thus without loss of generality we consider here equations of the form
(1.4) F(z,z)=0, F:R" xR" —=R".

Then, formally, and without any of the technicalities involved, our approach is based on
the following general idea: As in [11] suppose that the zero set M = F~1(0) is a smooth
submanifold of TR™ = R" x R®. In practice, this is guaranteed by assuming that F is a

submersion on its zero set. Now (1.4) may be written in the form

which in turn implies that any solution z = z(¢) of (1.4) has to satisfy z(t) € W = =(M)
where = : TR™ — R" is the canonical projection onto the first factor. If 1V is a submanifold
of R™ then (z(t),(t)) belongs to the tangent bundle TW of W here identified with a
submanifold of TR". In other words, any solution z = z(t) of (1.4) has to satisfy not
only (1.3) but also the more restricted inclusion (z(t),z(t)) € My = TW N M. The step
from (1.5) to this new restricted problem represents a reduction of (1.4) similar to that
involved in the construction of the equation (1.2) with ;j = 1. Hence it is appropriate
to call M the first reduction of A. If M} and 1V} = =(Al,) are submanifol s of TR"
and R". respectively, then the reduction can be continued a step further and the same
argument yields (z(t),z(t)) € M, = TT; N 1/;. Hence, under suitable conditions, we
obtain a decreasing sequence My = M. 1M, )M, ... of manifolds and find that for every

solution z = z(¢) of (1.4), (z(t),z(t)) has to belong to the ‘core’ .QOJ\IJ- of M.
i2

It is reasonable to expect the decreasing sequence of manifolds A to become stationary.

The first v such that M, = M, is then called the index of (1.4). This index definition
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was proposed by S. Reich (see [12], [13]) without further results about the existence of the
manifolds or their properties. Clearly the practical value of the approach depends largely

upon satisfactory answers to the following two questions:

1) Are there realistic conditions for ensuring that Af;;; and W;4, are submanifolds of

M; and W; or, equivalently of TR™ and R", respectively?

2) Does the reduction lead to a conclusion about the existence of solutions of (1.4)?

There are significant technical and conceptual difficulties in providing positive answers
to both these questions. As a typical example consider the problem of deciding whether
M;y; = TW; N M; is a submanifold which may appear to be resolvable by a standard
transversality argument. But one soon finds that dimensional considerations dictated by
the second question rule out at once transversality of M; and TW; in the natural ambient
manifold TW;_;. In fact, prior to anything else, it turns out that the global approach in
our expository sketch must be replaced by a local one. This also makes the ‘subimmersion

theorem’ available which turns out to play here a critical role.

After some preliminaries in Section 2, a framework for the local approach is established
in Section 3. Then, in Section 4 a reducibility concept is introduced and geometric condi-
tions for reducibility are given which then provide a positive answer to the first question
(or, rather, its analog in the local setting). Next, in Section 5, we settle (the analog of) the
second question by means of a concept of complete reducibility. The entire development
makes no reference to DAEs although occasionally we use a simple DAE to motivate some
of the general definitions. However, Section 6 does present the application of the general
theory to DAEs. In particular, the connection to Reich’s index and an existence theory
for (1.4) is obtained as an immediate corollary to the result that, locally, the analog of the
above indicated ‘core’ of A/ = F~!(0) is the image of a section of a suitable tangent bun-
dle, and therefore that, on this core the DAE (1.4) reduces locally to an explicit ODE. For
practical applications and. in particular, for numerical purposes it is desirable to express
the various geometric conditions in analytic terms. This is the topic of Section 7 and the
results given there allow. in Section 8. for a comparison between the geometric theory and

the results of [11].




Altogether, it appears that the new geometric treatment offers three important advan-
tages. First of all, unlike in [11], constant rank conditions are required only where they are
unquestionably needed; that is, on appropriate submanifolds and not on open subsets of
the ambient space. For instance, it becomes legitimate to call (1.4) a differential-algebraic
equation if the constant rank condition for D, F is satisfied only at points of M = F~1(0).
This was suspected to be true but could not be proved by the methods of [11]. Next, as
discussed in Section 8, a rather complicated condition in [11] involving second derivatives
can now be replaced by a much simpler one involving only first derivatives. In fact, it was
not noticed in [11], and could hardly have been expected there, that the second derivatives
play an entirely passive role. Finally, the geometric treatment achieves its original goal of
supplying an intrinsic definition for the index of DAEs which directly incorporates a local
existence theory for the equations. It appears to be fair to say that as long as singularities
are ruled out, the theory provides a nearly optimal answer to the existence and uniqueness

question for differential-algebraic equations.

2. Preliminaries.

Throughout this presentation we consider only finite dimensional, separable, Hausdorff
manifolds which, for simplicity of exposition, are assumed to be of class C*°. But it should
be evident that finite regularity will suffice in general. As usual. it is explicitly allowed
that different connected components of a manifold )/ may have different dimensions and
we denote the maximal dimension of the connected components of M by dim M. When
all connccted components of Al have the same dimension we follow [4] and say that M has

pure dimension dim A[.

For any n-dimensional manifold X' we denote the tangent bundle by T.X and the canon-
ical projection by = : T.X' — X. Points of T.X will be written in the form (z,p) withz € X
and p € T;.X. In particular. for simplicity, we always write TR" for R® x R". For any
submanifold Y of X and any point z € Y the tangent space T,Y is canonically identified
with a subspace of T; .\ and hence the tangent bundle TY is identified with a submanifold
of TX. Note that this is not a sub-bundle since the base manifolds X" and ¥ of T.X and

TY , respectively, are different.



As in the case of manifolds we assume for simplicity that all mappings under consider-
ation will be of class C° although, once again, this condition can be reduced easily. For
convenience, the notation f : R¥ — R™ will be used for any mapping f defined on some
open subset U of R¥ with values in R™, even if U # R*. This slight abuse of notation

should not lead to any confusion.

Recall that a mapping f : X' — Y between the manifolds X and Y is a subimmersion
if the rank of the linear map T f : T: X — Ty(,)Y is constant in some open neighborhood
of every point z € X. Then the rank r of T, f has a constant value on each connected
component = of X called the rank of f on =. For simplicity we call f : X — Y a local
subimmersion at z € X if there exists an open neighborhood U of z in X such that the

restriction of f to the submanifold U of X is a subimmersion on U.

The following subimmersion theorem plays a key role in several of our arguments; for a

proof see, for instance, [1], [4]:

Theorem 2.1. (subimmersion theorem): Let X be a connected manifold of dimension
m and suppose that the mapping f : X — Y from X into another manifold Y is a
subimmersion of rank r. Then, for any z € X andy = f(z) € Y, the following statements

hold:

(i) The subset f~'(y) is a closed. (m —r)-dimensional submanifold of X and the tangent
space T.(f~!(y)) coincides with kerT;, f.

(i1) There exists an open neighborhood V' of z in X such that f(V) is an r-dimensional
submanifold of Y. Moreover, if N is any r-dimensional submanifold of X such thatz € N
and T, N Nker T, f = {0} then the restriction f|y is a local diffeomorphism of some

neighborhood of z in N onto f(1).

For tlie application to DAEs the following characterization theorem for certain subim-

mersions will be needed:

Theorem 2.2. For the mapping G : TR™ — R7. m < q < 2m, suppose that DG(z.p) has
full rank q at a point (zy.pe) € G~'(0) and hence that for some open neighborhood U of

this point in TR™ the sct M = U N G~!(0) is a 2m — q dimensional submanifold of TR™,
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Then the restriction =z : M — R™ of the canonical projection is a local subimmersion
at (z9.po) if and only if rank D,G(z,p) = p < m is constant in a neighborhood of (z, py )

in M. In that case, locally near (zo,po), the rank of =)y equals m + p —q.

Proof. For (z,p) € M locally near (zq,po) we have

(2.1) T:p)M = ker DG(z,p) = {(h,k) € TR™ : D.G(z.p)h + D,G(z,p)k = 0}.

Since 7 : TR™ — R™ is linear the differential of 7),, at (z,p) is simply the restriction of

7 to Tz »)M; that is, the mapping

Vammn
®
o

g

(h, k) € T(:’p)ﬂf — h €R™.

Because dim T{; ,)M = dim ker DG(z,p) = 2m — ¢ is constant in a neighborhood of
(zo,po), the mappings (2.2) will have constant rank exactly if their null-spaces are of
constant dimension locally near (zo,po). From (2.1) we see that (0,%) € T, ;)M if and
only if D,G(z,p)k = 0; that is, exactly if k € ker D,G(z,p), and ker D,G(z,p) has
constant dimension for (z,p) € M near (zq,po) if and only if D,G(z,p) has constant rank
on .\ locally near (zo,po). Moreover, if this rank is equal to p then ker D,G(z,p) has
dimension m — p and hence the mapping (2.2), and equivalently 5y, has locally near

(zo,po) therank 2m —g~(m—p)=m+p—gq. O

As noted already, the development in the next four sections will be independent of
DAEs. But the following simple DAE shall occasionally be used to motivate some of the

concepts:

T, — COS I
(2.3) F(z.1) = I — I3 =0. F:TR?® - R3.

iy —1

Obviously, DF(z.p) has rank 3 everywhere and hence M = F~!(0) is a 3-dimensional

submanifold of TR3. If £ = z(t) is any C!-solution of (2.3) then by differentiating the

-
{




algebraic equation z,(t) — cosz3(t) = 0 and using the differential equations we see that
this solution must also satisfv the equation z3(t) +sinz2(t) = 0. In other words, any such

solution must be contained in the set
(2.4) Y =¢7'0)CcR® g(z)=(z; —coszy, z3 +sinzy)7, z € R?,

which, because of rank Dg(z) = 2, z € R3, is a one-dimensional submanifold of R3. Thus,
if z = z(¢) is a solution of (2.3), then (z(t), z(t)) € TY N F~1(0) and it is obvious that the

converse 1s true.

3. m-submanifolds.

For the DAE (1.4) suppose, as in the Introduction, that M = F~!(0) is an n-dimensional
submanifold of TR" and hence that (1.4) may be written in the form (1.5); that is,

(3.1) (z,%) € M.

In fact, a central feature of our approach is the use of (3.1) and the study of its geo-
metric implications. The reduction process sketched in the Introduction replaces (3.1) by
a sequence of problems of the same form but with different submanifolds M. Thus, for
the development of this process we need to characterize the submanifolds M that will be

allowed to arise in (3.1).

Clearly, for a given problem (3.1) with an arbitrarily given submanifold M of TR" there
may be no solution at all. For instance, in the case n = 2 this is certainly true for the
one-dimensional submanifold M = {(z,p) € TR?; z5 = z;, p; = 1, p» = z,}. Moreover,
when )/ has dimension larger than n then there are usually many solutions through a
given point.

In connection with (3.1) our guiding situation will be the choice M = @(Y) where
@ :Y = TY is a section of the tangent bundle TY of some connected submanifold ¥ of
R". Then the resulting problem (3.1) is locally equivalent to an explicit ODE and hence

is locally solvable. This occurred for the example (2.3) where on the tangent bundle of the
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submanifold ¥ of R? given by (2.4) the canonical projection = : TY N F~'(0) — Y has the
global inverse
(,DZY’—"TY, 99($)=(1:,p), p=(I3,1,—COSIg)T

L]

whence - in this case globally - A/ = TY N F~1(0) coincides with ¢o(Y") and the DAE (2.3)

is equivalent to the ODE £ = (z3,1, — cos )T with initial data on Y.

This guiding case suggests that, in general, we should require that Af is embedded in
the tangent bundle TY of some submanifold ¥ of R® of the same dimension as M. Of

course, as noted before, this dimensional restriction will have to be formulated locally.

As indicated in the Introduction, the class of equations of the general form (1.4) also
includes the singular differential equations for which the existence theory is substantially
different from that of ODEs and DAEs. This has to be reflected in the allowable choice of
the manifolds in the problem (3.1). In the existence theory of [11] these singular equations
where essentially excluded by the assumption that rank D,F(z,p) = p < n in some open
set in the domain of F. This condition certainly holds for our example (2.3). As men-
tioned before it will suffice to introduce such a constant rank condition for D, F only on
neighborhoods of points of Af. As Theorem 2.2 shows this is essentially equivalent with
the assumption that locally the restriction of the canonical projection 7 to the manifold is

a subimmersion.

In line with these introductory remarks we now introduce the following class of sub-

manifolds A that shall be allowed in problems of the form (3.1):

Definition 3.1. Let X' be an n-dimensional manifold. A submanifold M of TX is a
w-submanifold (of TX') if for each connected component = of A the following conditions

hold:

(i) For any (z,p) € = there exists an open neighborhood U in = of (z.p) and a submanifold

Y of X such that dim}Y} =dim= and U C TY .

(ii) The mapping 7| : = — .\ is a subimmersion in some neighborhood of any point
— Y
(r.p)e ="
2Since Z is connected this is equivalent to assuming that 7| is a subimmersion on Z.

9




If ¥ is a connected submanifold of X" and + : ¥ — TY a section of TY then M =
£(Y) turns out to be a w-submanifold of T.X. If X has pure dimension n, every nure n-
dimensional submanifold of T.X satisfies the condition (i) of the definition with ¥ = X but
not necessarily the condition (ii). However, in our simple example (2.3) the 3-dimensional
submanifold M = F~1(0) of R? is a =-submanifold of TR®. In fact, we have everywhere
rank D,F(z.p) = 2 which by Theorem 2.2 implies that 75 is a subimmersion on all of M.

This example shows that there exist 7-submanifolds that are not the image of a section.

One of our principal aims will be to prove that under certain assumptions a general 7-
submanifold contains another ‘maximal’ 7-submanifold which, at least locally, is the image
of a section ¢ : Y — TY for some submanifold ¥ of X. This maximal m-submanifold will
be obtained by the recursive reduction procedure to be described below. In preparation

we introduce some needed terminology derived from Definition 3.1.

Let = be any connected component of the m-submanifold M of TX and (z,p) € = any
given point. Then, by Definition 3.1 (ii), the rank of 7}, is constant on some neighborhood
of (z,p) and therefore on all of = due to the connectedness of =. Moreover, by the
subimmersion theorem (Theorem 2.1) there exists an open neighborhood V of (z,p) in
= (and therefore also in M) such that IV = =(V") is a submanifold of X of dimension equal

to the rank r of 7. on =. Obviously, the rank r cannot exceed the dimension of =.

Definition 3.2. Let = be any connected component of the n-submanifold M of TX. For
any (z,p) € = the rank of m_ at (z,p) is the order of that point in M and is denoted
by ordas(z,p). The order of all points of = is the same and we write ordy=. If V is an
open neighborhood in = of (z,p) € Z such that WV = 7m(V) is a submanifold of X with

dim W = dim = then 1V is called a local projection of = (or M) at (z,p).

The observations preceeding the definition show that local projections exist at each

point of AL. The following remark provides a useful technical tool for later use:

Remark 3.1. Let = be a connected component of a w-submanifold M of TX and at a
point (zg,po) € = choose - in accordance with Definition 3.1 (i) — an open neighborhood

U in = and a submanifold ¥ of X such that dimY =dmZand U c TY. ThenTY is a
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submanifold of TX and therefore U is a submanifold of TY. Now Definition 3.1 (ii) requires
that =z : = — X, and therefore also 7|y : U — X.is a subimmersion in some neighborhood
of (zg,pe). This holds if and only if =iy : U — Y is a subimmersion in a neighborhood
of (zo,po). In other words, it does not matter whether U is viewed as a submanifold of
TX or of TY since for (z,p) € U near (zo,po) we have T, ) (mu) = (T(,'p)ﬂ)mm,u and
Tz,5)U is contained in both T, ,)(T.X) and T{;,)(TY"). This argument also proves that

the order of (z¢,po) equals the rank of 7y : U — Y.

The next theorem provides a rather simple condition for a w-submanifold to be - locally

- the image of a section.

Theorem 3.1. Let M be a m-submanifold such that
(3.2) dim = = ordME,

for each connected component = of M. Then for any (zg,pg) € M there exists a local

projection W = w(V') of M at (z0,po) and a section ¢ : W — TW such that V = o(W).

Proof. Let = be a connected component of M and (z¢,po) € = a given point. By Remark
3.1 and the hypothesis (3.2) it follows that m; : U — Y has full rank m = dim Z at (z¢,po)
and hence that 7y is a diffeomorphism of some open neighborhood V' C U of (¢, po) onto
the open subset W = 7(V) of Y. Let ¢ : IV — V be the inverse diffeomorphism. then it
follows that (z,p) € V if and only if z = =(z,p) € WV and (z,p) = ¢(z).

Now note that V is a submanifold of T1V. Indeed, W is open in Y whence TW =
(m1y)"H (W) = =71 (W)NTY. Moreover V C TY and V C #~Y(W) = »~!(n(V)) together
imply that V' C TTV. Hence. since both V and T1V are submanifolds of TY, we see that
V is a submanifold of TTV. Thus, instead of viewing > as a mapping with values in 1", we
may consider it to be a mapping with values in T1V. Finally, v is a section of TV since

7o ¢(z) = z holds for all z € IV by definition of . O

Clearly, the assumption that M is a w-submanifold is crucial to the proof. Naturally, for

a general m-submanifold A/ the condition (3.2) may not hold for all connected components
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=. Our reduction process will ensure that under appropriate assumptions this condition

will hold for some submanifold of /.

4. Reducible m-submanifolds.

As before we formulate the implicit DAE (1.4) as a problem of the form (3.1) where
now M is a given m-submanifold of TX. Let z = z(t) be a local solution of (3.1) through a
point (z(0),p(0)) = (zo,p0) € M. Because M is a w-submanifold there is a neighborhood
V of (z¢,po) in M such that W = =(V) is a local projection at that point. Hence, for all
sufficiently small ¢ we have (z(t),2(¢)) € V which implies that z(t) € W and, since W isa
submanifold of X, that (z(t),2(t)) € TW. In particular, we must have (z9,py) € TWNM
which, evidently, represents a necessary condition for the existence of a local solution

through that point. This situation is reflected in the following terminology:

Definition 4.1. For the manifold X let M be any w-submanifold of TX. A point (z,p) €
M is a point of reducibility of M if for some local projection W = n(V') of M at (z,p) we
have p € T, W and hence (z,p) € TW N M. The subset of all points of reducibility of M
is the reduction of M and is denoted by M’'.

Obviously, if the condition p € T )V holds for some local projection W of M at (z,p)
then it has do so for all others as well. Hence the concept of a point of reducibility is

independent of the particular choice of the local projection W = #n(V') of M at (z,p).

In the following we shall be concerned only with the reduction M' of M and the structure
of M away from M’ will be irrelevant. In particular, the hypothesis that the rank of =,
is locally constant will never be called upon at any point of M\A'. Nevertheless, local
constancy of the rank of 7|, near every point of M is a requirement that cannot be
weakened, for it is needed in the first place to check whether any given point of M is or is

not a point of A'!

As an example of a reduction consider the 3-dimensional #-submanifold M = F~(0)

of TR? for the simple DAE (2.3). Obviously, its projection

W=m(M)={zeR®: r; — coszy = 0}

12
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is a 2-dimensional submanifold of R? swith tangent bundle

TW = {(z,p) e TR®: z; —coszy =0, p; + p2sinz, = 0}.

Thus the global projection of M is here a manifold and the reduction M' of M coincides

with TTV N M and is globally characterized by the system of equations

ry —coszy =0, py +pysinzy =0, py =23, p» = L.

By substituting the third and fourth equation into the second equation it follows that

M' = F{'(0) where

I] — COSZTa

3 . I3 +sinz,
F1 :TR®* - R y Fl(I,p) =
P1— 23
p2—1

Obviously we have rank DF)(z,p) = 4 and rank D,Fi(z,p) = 2 everywhere. Thus M' is
a 2-dimensional submanifold of TR® and, since Definition 3.1 (i) holds with ¥ = W and

Theorem 2.2 applies, we see that A’ is again a =-submanifold.

In general, the situation is not so simple and some additional conditions are needed to
ensure that the reduction is again a w-submanifold. We begin with a basic topological

property of A’.
Theorem 4.1. The reduction A’ of a m-submanifold M is a closed subset of M.

Proof. \We prove that M\’ is open in M which is obvious if M’ = M. Let (zo,p0) €
M\AM!' and = the connected component of A containing that point. By assumption there
exists an open neighborhood V of (zg,po) in = such that IV = =(V) is a local projection
and hence 1V is a submanifold of X' of dimension p = ordp=. Upon shrinking, if needed.
V and hence also 1V we may assume that there is a chart (Q2,] of X with domain @ O W

for which ¥(Q) and #(1V’) are open subsets of R" and R, respectively. Hence, by means of
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the corresponding bundle chart, TQ can be viewed as 2 x R™ and TTV as IV x R?. Under
this transformation V" becomes a submanifold of 2 x R™ which is projected onto W and
the condition py ¢ T:1V corresponding to (zg,pe) € M' is now py ¢ R?. As a result we
have p ¢ R” and hence (z,p) ¢ TV for all (z,p) € V sufficiently close to (zo,po). This is
equivalent with (z,p) ¢ M’ and the result follows. O

The following result motivates a condition under which the reduction M’ of a =-

submanifold does retain a differentiable structure:

Proposition 4.1. Let M be a w-submanifold and (z,p) a point in the reduction M' of
M. Then for any local projection W of M at (z,p) we have

(4.1) dim[T(; ) TW N Tz p)M] > ordm(z, p).

Proof. Let = be the connected component of M containing a given point (zo,po) € M’
and V an open neighborhood of the point in = such that W = 7(V) is a local projection
of = at that point. By Definition 3.1 (i) there exists a neighborhood U of (zo,pe) in =
and a submanifold ¥ of X with dim ¥ = dim = such that U C TY. Without loss of
generality, we may assume that V' C U whence IV C 7#(U) C Y. Since W and Y are both
submanifolds of X we see that W is a submanifold of Y and hence that T,V is a subspace

of T.Y for any z € W. This shows that TTV is a subset of the bundle
2 =
(4.2) AN I‘EJW[{Q:} x T.Y].

In fact. T is just the pull-back bundle of TY under the canonical embedding W C Y.
Moreover T is a submanifold of 7.X. Indeed, let (y,q) € Z; that is, y € W and ¢ € T,Y.
Since IV and Y are submanifolds of .X it follows that, locally near y, we have W = ¢g~1(0)
and Y = h~1(0) for some submersions g : .\ — R""? and h : X — R"~™ where p = ordy=
and m = dim y = dim z. Using a chart [Q.¥] of X near y and the corresponding bundle

chart [TQ, TV} of TX near (y,q) we may assume X = R". Thus in some neighborhood of
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(¥,9), T coincides with the zero set of the mapping
(z,p) € TR™® = (g(z), Dh(z)p) € R2"~(p+m)

It is easily checked that this mapping is a submersion at (y,q) whence T is a (p + m)-
dimensional submanifold of TR™. Hence, TW is not only a subset but a submanifold of
E. Moreover, from V C U C TY and (z,p) € V it follows that z € W and p € T;Y. In
other words, we have V C T and thus V is also a submanifold of . Therefore, (4.1) is a

direct consequence of dimTW = 2p, dimV =dimZ, and dimE = p+dim=. O

Since generically two subspaces of dimensions 2p and m, respectively, of a (p + m)-
dimensional space intersect along a p-dimensional subspace, Proposition 4.1 indicates that
equality in (4.1) should be expected in most cases. This partly justifies the following

concept:

Definition 4.2. Let X be a given manifold. A w-submanifold M of TX is reducible if
for every point (z,p) of the reduction M' of M there exists a local projection W of M at
(z,p) such that

(4.3) dim T(’N,) = ordp(z,p), T('z'p) =Ty TWNT(; py M
and if on some neighborhood U of (z,p) in TW N M

(4.4) rank ™1y, ,, = constant, V(y,q) € U.

Obviously (4.3) is independent of the local projection 1V and this is essentially also true

of (4.4) if we confine attention to sufficiently small neighborhoods of the point.

The term reducible in the above definition is justified by the following result:

Theorem 4.2. Let M Dbe a reducible w-submanifold. Then. the reduction M' of M is

either empty or a closed submanifold of Al and a w-submanifold of TX. Moreover for any
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(z,p) € \' the dimension of the connected component of M' containing (z,p) equals the

order of (z,p) in M and for every local projection WV = =(V') of M at (z,p) we have

(4.5) TiepyM' = Tz p)(TW V) = T, ) TW A Ty ) M.

Proof. The closedness of Al' in M was shown in Theorem 4.1. If W = #(V) is a local
projection of M at the given point (z,p) € M' then the condition (4.3) expresses the fact
that the submanifolds TW and V of the bundle T in (4.2) intersect transversally at (z,p)
since T(: )M = T(; V. This implies that TW NV is a p-dimensional submanifold of
TW and M and also that the second equality in (4.5) holds. On the other hand, since
W = #(V) is a local projection of M not only at (z,p) but also at any other point of V
and since V' can be chosen so small that the rank of 7|, is constant on all of V, we see that
M' and TW NV must coincide . This implies that M’ is 2 submanifold of M and that the
first equality in (4.5) holds. Moreover, the dimension of the connected component of M’
containing (z,p) has to equal dim T{; , M’ which. by (4.3) and (4.5), is p = ordp(z, p).
Since M' and TW NV coincide there exists an open connected neighborhood U’ of (z, p)
in M' contained in TW. Hence we have U’ C =’ where =' is the connected component of
M' containing (z,p). Now for Y’ = W it follows from the relation dim=' = p = dimY”’
tha* the pair (U’,Y’) satisfies the conditions required of the pair (U,Y") in Definition 3.1
(i). Finally, because of (4.5), the relation (4.4) implies that 7|, , has constant rank near

(z,p) and hence that A’ is a #-submanifold. O

From Theorem 4.2 and its proof, condition (4.3) in Definition 4.2 represents a transver-
sality condition for the intersection TV N M in an appropriate local setting and the condi-
tion (4.4) ensures that )y has locally constant rank. As observed earlier, transversality

is not true, in general, in the '‘natural’ ambient manifold TX.
With this we can reformulate Theorem 3.1 as follows:
Theorem 4.3. Let M be a reducible m-submanifold of TX for which the reduction M' is

identical with M. Then for every point (z,p) € M there exists a local projection WV = n(V)
of M at this point and a section ¢ : 1V — TV such that V = o(W).
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Proof. The connected component = of ) containing (z.p) is also the connected component
of M’ containing (z,p) whence by Theorem 4.2 the dimension of = equals the order of (z. p)
in M and hence

dim = = ordp(z,p) = ordyr=.

Thus the dimension of every connected component = of M is equal to the order of = in M

and the result follows from Theorem 3.1. O

We end this section with a result characterizing reducible n-submanifolds that coincide

with their reduction.

Proposition 4.2. Let M be a submanifold of TX and suppose that for every (z,p) € M
there exists an open neighborhood U in the connected component = of M containing (z, p)
and a submanifold Y of X with dimTY = dimZ= such that U C TY. Then, M is a
reducible w-submanifold with M' = M if and only if T; py is a linear isomorphism from

T(z,p)M to T.Y irrespective of the choice of (x,p) € M.

Proof. The necessity is obvious and we prove only the sufficiency. If the isomorphism
condition holds then 7. : £ — Y has maximum rank at (z,p) and hence is a local
diffeomorphism on some neighborhood of that point. In particular, 7. has maximum
rank at all points of Af near (z,p) so that condition (ii) of Definition 3.1 holds. Moreover,
a local projection W = =(V) of M at (z,p) is an open neighborhood of z in Y whence
TW = n~1(1V) certainly contains (z,p). In other words, every point of M is a point of
reducibility of Af; that is, A/’ = Af. The conditions (4.3) and (4.4) require here that
dimT(; )M = dimY and that the rank of m7, ar is constant for all (y,q) in some
neighborhood of (z,p). But these relations have already been proved above and hence the

result follows. O

5. Completely reducible 7-submanifolds.

As before, let X be an n-dimensional manifold and M a reducible w-submanifold of

TX. Then by Theorem 4.2 the reduction M’ of .\ is either empty or a w-submanifold of
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TX. Of course, if M # 0 we do not know whether A’ is again reducible, but if that is the
case, then the reduction M; = M| of M; = M’ is again either empty or a 7-submanifold

of TX. This suggests the following recursive definition:

Definition 5.1. The reducible w-submanifold M = M, of TX is completely reducible if
for every index j > 0 such that M; # 0 the reduction Mj4, of M; is either empty or a

reducible w-submanifold. For M; = 0 we set M;,, = 0. Then the sequence {M;};>¢ is
well-defined and called the reduction chain of M.

Let M be a completely reducible 7-submanifold of TX with reduction chain {M;};>.
If My41 = M for some index k > 0 then it is obvious that M; = M for j > k;
that is, the reduction chain becomes stationary. Since reduction never increases the local
dimension near any point (z,p) it is intuitively evident that every reduction chain should
become stationary. The following result proves this fact and introduces rigorously the

index concept given by S. Reich in [12], [13].

Theorem 5.1. Let M be a completely reducible w-submanifold of TX with dimM =m
and reduction chain {M;};>o. For any non-empty, connected component =, 41 of My 41
define =;, j = m,m —1,... ,0, recursively as the connected component of M; containing

Zj+1. Then there exists a smallest integer v, 0 < v < dim=y < m, the index of Z,,4; in

M, such that

(1]

(5.1) Zi=Z5,i=vv+l,...,m+1

In particular, the reduction chain of M always satisfies

(52) A[m+2 = Afm.g,].

Proof. For My41 = 0 the first part of the theorem is vacuous and (5.2) is obvious. Suppose
therefore that there exists a non-empty connected component =,,4; of M,,4,. Then the

connected components =; € M; constructed in the theorem satisfy § # ZSn41 C Zj41 C Zj
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for j = 0,... .m. Evidently, the reduction =} of Z; equals =} = AM;+1NZ; and, since =4,
is a connected ccmponent of M., it is also a connected component of .—:.'; =M1 NZ;.

Thus we have
(5.3) Zi+1CZy =M NE;CEj, j=0....,m.

and, because connected components of closed sets are closed, it follows by Theorem 4.2
that Z; is closed in M for all j. In particular, Z;4; is closed in Z;. Now =; # 0 ensures

that u; = dimZ; is defined for j = 0,... ,m + 1 and (5.3) implies that
(5.4) 0< tms1 S ptm < ... Spo < m.

The last inequality follows from the fact that = is a connected component of M and hence
has dimension at most m. Hence, by necessity, two of the integers in (5.4) must be equal
and there exists a smallest index v among 0 < v < m for which g,4, = g,. This implies
that =,4; is an open submanifold of =, and, since it is also a nonempty and closed subset

—
- .
—

of Z, and =, is connected. that =, = =,4;. But then (5.3) shows that =,4; = =/, v

that is, reduction does not affect =, and, of course, neither will repeated reduction. In
other words, we must have Z; = =} for j = v,v+1,... ,m+1 which is (5.1). Forj = m+1
it follows that for any nonempty connected component =41 of Mpm4) the reduction =), ,

is equal to =41 which proves (5.2). O

Definition 5.2. For the completely reducible w-submanifold M with reduction chain

{M,}j>o the core C(M) of M is the intersection ,Qollj.
- j

Hence. for any completely reducible #-submanifold M/ of TX Theorem 5.1 implies that
C(M) = Mm41 with m = dim M and that C(J) is either empty or a (completely)
reducible 7-submanifold with C(M)' = C'(M). Thus Theorems 4.2 and 4.3 at once provide

the following result:

Theorem 5.2. Let M be a completely reducible =-submanifold. Then, the core C(M)

of M is either empty or a closed submanifold of M and. moreover, C(M) is a reducible
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w-submanifold equal to its reduction. In particular, for every (z,p) € C(M) there exists
a local projection W = =(V") of C(M) at (z,p) and a section ¢ : W — TW such that
V = (V).

Theorem 5.1 defines the index of any nonempty connected component = of C(M) and
shows that this index is at most equal to the dimension dim =y of the connected component
of M containing =. Hence, for any point (z,p) € C(M) the index may be defined as the
index of the connected component of C(M) containing (z,p). Then, again, the index of

(z,p) never exceeds the dimension of the connected component of M containing the point.

At a first sight, Theorem 3.1 may appear to imply that the relation (5.2) could be
improved to Mym4+1 = Mm. This is not the case, for it may happen that the reduction =/,
of some connected component =,, of M,, is empty. All we can say is that when =/, # 0
then =], = =, which is weaker.

More generally, note that any open subset of a 7-submanifold A obviously is a =-
submanifold with the same dimension as M.This fact was used implicitly in the proof of
Theorem 5.1. Thus, if a point (z,p) € M has an open neighborhood U that is a completely
reducible 7r-submanifold and for which (z,p) belongs to the core C(U) of U, then we may
define a local index of (z,p) as the index of (z,p) in C(U). It is easily checked that
shrinking U has no effect on this definition and that when (z,p) has a local index and iJ
is completely reducible, then (z,p) € C(M) and the index and local index of the point
coincide. Thus, the concept of a local index is useful only when not all of M is completely
reducible. It is equally straightforward to verify that if each point of M is contained in a

completely reducible neighborhood, then M is completely reducible.

6. Application to Differential-Algebraic Equations.

As an application of our theory we consider now an implicit differential equation
(6.1) F(z(t),2(t)) = 0,

where i again stands for dz/dt. Here F : R x R®™ — R™ is assumed to be a C°°-mapping

and we recall our agreement that F' may only be defined on an open subset of R" x R™.
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A C!'-solution of (6.1) is a C* function
(6.2) z:J—=R" JCRopen interval,

such that (6.1) holds for all t € J.

As indicated at the end of the Introduction the geometrical theory allows us to weaken

the definition of an implicit differential-algebraic equation:

Definition 6.1. The implicit differential equation (6.1) is a nonsingular differential -
algebraic equation (DAE) if M = F~'(0) is a completely reducible r-submanifold of
R™ x R" = TR".

Then we obtain the following basic existence and uniqueness result:

Theorem 6.1. Let (6.1) be a nonsingular DAE and denote the core of M = F~1(0) by
C(M).

(i) Any C'-solution (6.2) of (6.1) satisfies (z(t),2(t)) € C(M) for all t € J.

(ii) Conversely, for any (zo,po) € C(M) there exists a local projection W = @(V) of C(M)
at (z9,po) and a section ¢ : W — TV such that for any C? function (6.2) we have

(6.3) (z(t),2(t)) € V & {z(t) € Wand (z(t), #(t)) = ¢(z(t))}.

Hence, locally near any (z¢,pg) € C(M), (6.1) is equivalent to an explicit ODE on W.
In particular, for any to € R there exists an open interval J containing to and a unique

C'-solution (6.2) of (6.1) such that (z(to), £(to)) = (zo,pe). Moreover, z is of class C.

Proof. For the proof of (i) let z be any C!-solution (6.2) of (6.1) and for any fixed t, € J set
(z(to), (o)) = (zo,po). Then there exists a local projection W = (V) of M at (z9,po)
and obviously, for all t € J near to we have z(t) € 1V and therefore (z(t), £(t)) € TW;
that is. (z(t),z(t)) € TW N M. But TTV N M coincides with the reduction M, of M near
(Zo,po) so that (z(t), z(t)) € M for ¢ near ty and hence for all t € J since t, was arbitrary.
Let Afj, j = 0.1,... denote the reduction chain of M = M,. By proceeding inductively,
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we then find that (z(t),z(t)) € Mj for ;j = 0,1,... and all t € J. Thus, in particular,
(z(t),z(t)) € C(M) since, by definition C(M) = J_QOAIJ-. This proves (i).

For the proof of the first part of (ii), recall th;t by Theorem 5.2 there exists a local
projection W = #n(V') of C(M) at (z¢,po) and a section ¢ : W — TW such that

(z,p) €V & {z € W and (z,p) = ¢(z)}-

This proves (6.3). Moreover, since ¢ is a section of T'W there exists an open interval J and a
unique C?! function z : J — W, of class C*, for which z(ty) = 7o and (z(t), 2(t)) = ¢(z(t))
for all t € J. Here z(t) denotes Tyz - 1, but, because W is a submanifold of R"®, this is
just the usual derivative (dz/dt)(t). Hence we have (z(t),2(t)) € V C C(M) C M, so that
F(z(t),z(t)) = 0for all t € J. In other words, z is a C!-solution of (6.1) of class C*. The
uniqueness follows from part (i) and (6.3), and the uniqueness of the constructed solution
T as an integral curve of ¢ since, necessarily, (6.3) must hold for ¢ in some open subinterval

of J around ¢3. O

By using arguments closely related to those in the proof of Theorem 3.1 of [11], we can

formulate also global results for the solutions of (6.1):

Theorem 6.2. Let (6.1) be a nonsingular DAE. Then any C*-solution®(6.2) of (6.1) can
be extended to a C*-solution of (6.1) on an interval (a,b) that is maximal under set
inclusion. Moreover at the endpoints this solution has the properties:

(i) Ifb < oo (ora > —o0) and &(t) is bounded fort € (a,b) nearb (ora), then tl_i.rlx’i.z(t) =z
(or tl_i.z:1+z(t) = ¢ ) exists.

(ii) If b < 00 (or a > —o0) and tl_i’rgl-:c(t) =z (or tl_i’r‘111+x(t) = zq) exists, then tl_x.le_ lz(¢)] =
oo (or tl_inga’:(t)l = 00).

As a result, if b < 0o (or a > —o0), then z(t) is unbounded for t € (a,b) near b (or a).

Since the proof follows very closely that of Theorem 3.1 in {11} we give here only a brief

sketch. By Theorem 6.1 (ii) any two solutions of (6.1) defined in open intervals J; and

3Note that by Theorem 6.1 any C!-solution (6.2) of (6.1) is necessarily of class C*.
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J2, respectively, with (z,(%o),L1(t0)) = (22(to), Z2(t0)) for some tg € J, N J, must coincide
in J; N J;. Hence they continue each other in J; U J; as a solution of (6.1). In turn,
this argument yields, for instance by Zorn's lemma, the existence of a maximal interval of
definition (a, b) for any C*-solution z of (6.1).

Now part (i) of the statement follows readily with the help of the integral mean value
theorem z(t) — z(s) = f:i‘(r)clr. For part (ii) we argue by contradiction. Suppose
that b < oo and that there is a sequence t; € (a,b),kl_i‘rr;otk = b such that z(tx) is
bounded. By extracting a subsequence we find a ps € R" such that klir{.lo z(tx) = po
whence kli.rgo(x(tk),i(tk)) = (z9,po). Note that (zg,pg) € C(M) since, by Theorem 5.2,
C(M) is closed in M = F~!(0) and M is closed in R®. Moreover, the same theorem
ensures that C(M) coincides with the graph of a section ¢ : W — TW in a neighborhood
of (zg,po) where W = 7(V') is a local projection of C(M) at (xq,po). Thus it follows that

for p € R", sufficiently close to pg, we have
(6.4) (zo,p) € C(M) = p = po.

Consider now any other sequence s; € (a,b) such that 1_15.10 sk = b. By extracting a
subsequence we may assume either that kli.rgol:c(sk)l = oo or that kli‘noloi‘(sk) = po € R™.
In the first case, as well as in the second case for pg # po, the same arguments as in the
proof of Theorem 3.1 of [11] can be used, together with the closedness of C(M) to show
that for every sufficiently small § > 0 there exists a p; € R" such that (zq,ps5) € C(M)

and |pg — ps| = 6. But this contradicts (6.4) and thus we necessarily have tlirgl z(t) = po.

Altogether we find that hrn z(t),z(t)) = (z¢,po). Moreover, using once again the fact
that C(M) is the graph of the section ¢ : W — T near (z0,po), we see that (z(t),z())
belongs to V" for all t € (a.b) sufficiently close to b. Hence z coincides with the unique

solution £ of the initial value problem
(E(1).3(1) = (&), (F(b)E(b) = (z0,p0).

But then £ extends z beyond b as a solution of (G.1), in contradiction with the maximality
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of (a,b). The case when t — a4 in (i1) of the theorem can be handled in the exact same

way. 0O

Let z denote a C!-solution (6.2) of a nonsingular DAE (6.1). By Theorem 6.1 (i) we
then have (z(t),z(t)) € C(M) for all t € J where M = F~1(0) and all points (z(t), z(¢))
for t € J must belong to the same connected component = of C(AM). Theorem 5.1 defines
the index of any such component = and it is natural to call it the indez of the solution
z. Thus, for the DAE (6.1) the index of a solution z is simply the number of successive
reductions of M = F~!(0) needed to obtain z (locally) as a solution of an explicit ODE.
Note that this index is of a solution is not a local concept at a point of z but, in fact, is

independent of the point on the trajectory.

Nonautonomous problems of the form F(¢,z(t),z(t)) = 0 can easily be included in this
theory. In fact, after using again the trick of adding the scalar equation ¢ = 1, we may

apply the results to the autonomous equation F(X(7), X(7)) = 0 with

FiR™ xR S R F(5,5) = (s - 1F(t,2,p)), &= (t.2), p=(5,P)-

We conclude this section with the simple example of a planar pendulum. Of course,
our interest does not center on the particular application but, instead, on illuminating the
details of the reduction process. This example was chosen for its simple form which permits
an explicit manipulation of all equations arising in the reduction process and allows for a
direct identification of the entire chain. Moreover, the reduction chain turns out to end a
forteriori with a system equivalent to the clas:::al ‘pendulum equation’ which therefore is

recovered here without any guess of the proper variables.

Suppose a mass m is attached at the end of a rigid massless wire of length ¢ hanging
from the origin.If A is the tension of the wire and ¢ the gravity constant then the problem

may be modelled by the second order DAE
7 + 2k =0,

(6.5) Iy = —(A/m)zxy,

Ta = —(A/m)zy — g,



which with z3 = #,, 4 = 22, and 5 = A/m transforms into the form (6.1) where

\

T
j:l — I3
(6.6) F:TR® - R®, F(z,%)=| &2 — z4

I3+ 125

T4+ T2z5+¢
Clearly rank DF(z,p) = 5 and rank D,F(z,p) = 4 on M = F~1(0) and hence M is a
pure 5-dimensional submanifold and, by Theorem 2.2, also a w-submanifold of TRS.
The projection of M is W = n(M) = {z € R® : 22 + 2% — ¢ = 0} and hence is a
4-dimensional submanifold of R® with tangent bundle

TW = {(z,p) € TR® : 2} + 23— £ =0, z1p1 + z2p2 = 0}.

Since the global projection of M is a manifold all local arguments are here of a global
nature and the reduction M, of M coincides with TW N M and is characterized by the

equations :z:f + x% ~ 02 =0, z1p1 + z2p2 = 0 coupled with the system

p1 —z3 =0,

D2 — T4 = 0’
(6.7)

p3 + 125 =0,

Ps+T225 +g=0.

With the first and second equations of (6.7), £1p; + z2p2 = 0 becomes z,z3 + 2274 =0

and hence we find that Af; = F!(0) where

o
i+ 25 — 6

)

Z1T3 + Ty

P =3 5 6
K(z,p)= , F1:TR’> = R°.
P2 — T4

\Ps + 2,1T5

/

Pa +Trzs+ g

o
[4]1)
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Here DFy(z,p) has full rank G at every point of F 7 1(0) and hence M, is a pure 4-
dimensional submanifold of TR®. \loreover, Definition 3.1 (i) holds with ¥ = W and
by Theorem 2.2 it follows that )/, is a m-submanifold of TRS. The projection of M is the

pure 3-dimensional submanifold
Wi=n(M)={zeR°: 2} +22 - =0, 125 + 2224 = 0}

of R® which has the tangent bundle

TW; = {(z,p) € TR® : xf +z2 — =0, 2,23 + 2274 = 0,
T1p1 + Z2p2 =0, z3p1 + T4p2 + T1p3 + z2ps = 0}.

Hence we see that (z,p) € M, = TW; N M; exactly if (z,p) satisfies the system of

differential equations (6.7) now coupled with the equations

z3 + .’L’% -2 =0,

123 + IoTy = 0,
(6.8)

z1p1 + z2p2 =0,

T3py + T4p2 + T1p3 + T2ps = 0,

and again M, turns out to be the reduction of M.

By using (6.7) we can express p1,p2, ps3, ps in all four equations (6.8) in terms of z. Then

the third equation is the same as the second one and can be dropped. Thus we see that
M, = F;1(0) with

z3 4+ 23 - ¢2

T1Z3 + Toxy \
gTy — T3 — xi + 6z
Fy(z,p)=| p1— 23 , F2:TR® - R7,

P2 — X4

Pz + 125

Ps+ ZT2T5+ ¢
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and a trivial verification shows that DF3(z,p) has full rank 7 on F, '(0) while D,F3(z,p)
has constant rank 4 everywhere. Therefore, in the same manner as before we conclude

that M, is a pure 3-dimensional 7-submanifold of TRS.

A further step uses the projection W, = #(1£;) of Ay; that is,

W2={$€R5: xf+x§—€2=0, Ty1T3 + T224 = 0, gzg—zg—xf+€21:5=0},

which is a pure 2-dimensional submanifold of R® with the tangent bundle

TW, ={(z,p) € TR : 22 + 22 — 0% =0, 1,25 + 2924 =0,
gzy — T35 — :z:i + 0225 =0, z1p; + T2p2 =0,

T3p1 + Tap2 + T1p3 + T2ps = 0, gha — 2z3p3 — 2z4p4 + s = 0}.

Hence it follows that (z,p) € M; = TW3; = TW, N M, if and only if (z,p) satisfies the

system (6.7) coupled with the equations

g} + 3 -6 =0,
T1Z3 + Toz4 =0,
gTy — I3 — zi 4 0%z5 =0,
(6.9)
z1p1 +22p2 =0,
T3p1 + T4p2 + T1p3 + T2py =0,

gp2 — 2z3p3 — 2z4py + €2ps = 0,

and that /3 is the reduction of 1/,.

Once again, we use (6.7) to express p;,pa2,p3,ps in all equations (6.9) in terms of z.
Then the fourth equation is the same as the second one and can be eliminated. Moreover,
with the help of the first equation the fifth equation turns out to be identical with the

third one and can also be dropped. Finally, by means of the second equation the sixth
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equation reduces to 3g9z4 + £%ps = 0. Hence. altogether, it follows that M3 = F;!(0) with
3

z] + 23 - ¢

I1T3 + TaZy

gTy — 3 — I3+ Oz
P1—1I3

(6.10) F3(z,p) = , F:TR’ — R®.

D2 — 4

pP3+ 125

P4+ T225+¢
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The derivative DF3(z,p) has rank 8 on M3 = F~'(0) and D,F;(z,p) has rank 5 every-

ps +

where. Thus by the same reasoning as before M; turns out to be a pure 2-dimensional

w-submanifold of TRS.

Finally we note that the projection of Mj is

Ws=n(Ms)={z€R%: 22 4+ 22 - ¢? =0,

123 + 2214 = 0,922 — zg - :1:3 + 0%zg = 0}.

and hence that W3 = IW,. As a result we have

M3snNTW3 = M3 NTW, = (Mo NTWa)NTW, = Mo NTW, = My,

that is, M3 equals its reduction M and, from this point on, the process becomes stationary.
Altogether we see here that C(M) = M.

It follows that C(Af) = M; and that each point of C(M) has index 3. By Theorem 6.1,
the DAE reduces locally to a first order ODE on =(C(M)) = n(M3) = W3 = W,. In this
simple case, this ODE can be found explicitly. In fact, for instance, in the neighborhood
of the equilibrium position z; = 0. z, = —¢, we can solve F3(z,p) = 0 by expressing

p1,-..,ps and T2,z4,7s in terms of z; and z3. This shows that (z,p) € C(M) = M3 if
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and only if

(6.11)

and

(6.12)

22 = —(€% — )2,
z4 = z123(0% - xf)_l/z

zs = (g/C) & ~ 21)'/? + 23(€* — 2})7,

p1 = z3,

p2 = T1z3(€% — 23)71/%,

ps = —(9/€)z: (€ — 2})'/? — 212}(8* - 2}) 7,
ps = —(g/€N €& - z7) — 23(€ - 2})71/,

ps = —(3g/0)z125(¢% — z2)71/2,

Now note that for £ € W> the right-hand side of (6.12) automatically belongs to T, W,.

Hence by replacing p by £ we obtain explicitly the following ODE on W5:

(6.13)

T, = z3,

Ey = z123(8% — zf)—llza

&3 = —(g/€)z1(& - 21)'/? = 2123(€* — 2}) 7,
£y = —(g/O)E - 2}) — 2} - )72,

ts = —(3¢/0)z z3(¢% — 23)7V/2,

Interestingly, (6.13) reduces to a system consisting only of the first and third equations.

In fact, for given initial data z¢ and z32, z, and z3 are uniquely determined by these two
g 1 3

equations and then z;, z4,z5 are explicitly derived from (6.11). In turn, this 2 x 2 system

is equivalent to the single scalar second order equation

£1 = —(g/€)e1(€ - 2]/ — 21a3(E - o3)7,

which, with z;, = €sin §, becomes

g = —(g/€)sin ¥,

that is, the classical ‘pendulum equation’.
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7. Analytic Characterizations.

For the pendulum example all considerations were of a global nature and all equations
characterizing the manifolds of the reduction chain could be manipulated explicitly. But
this is hardly a typical situation. For most practical applications it will be important to
obtain analytic criteria corresponding to the various geometric conditions contained in the

Definitions 3.1, 4.1, and 4.2.

The first condition of Definition 3.1 requires that locally near the point (zg,po) under
consideration the manifold M is embedded in TY where Y is a submanifold of X with the
same dimension m as M. Clearly, this condition can hardly be translated into analytic
terms and must be assumed. This is not a major inconvenience because the reduction
procedure of Sections 4 and 5 automatically preserves this property and provides explicit
information about the choice of Y. Moreover, as we saw in the previous section, at the
beginning of the process Y is typically given by ¥ = X = R".

All the geometric conditions are local in nature at a point (z9,po) € Y and are unaltered
by natural tangent bundle isomorphisms; that is, those occuring as tangent maps of local
diffeomorphisms defined in the neighborhood of z¢ in X. Hence, there will be no loss of

generality in assuming that the problem has been represented in the following form:

Local Assumption. The space Y is given by Y = R™ (or some open subset of R™) and
there exists an open neighborhood U in TY of (z9,po) € TY such that M = U N G~1(0)
where G : TY — Y is a (smooth) submersion on U; that is, DG has full rank m on U.

This assumption simply means that, locally at the given point (z¢, pg), we have replaced
the manifold M by its connected component (of dimension m) containing the point and
that we used a natural tangent bundle chart for TY at (z¢,po) (in the terminology of [1]).
Note that with ¥ = R™ we have TY = TR™ = R™ xR™ and that the canonical projection

7 :TY — Y is the projection onto the first factor.

From Theorem 2.2 and Remark 3.1 we obtain immediately the following result:

Proposition 7.1. Under the Local Assumption. condition (ii) of Definition 3.1 holds if
and only if DpG(z,p) has constant rank p < m for all (z,p) € M in some neighborhood
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of (z9,po)and in that case we have ordps(zo,po) = p.

Before turning to a characterization of reducibility in Definition 4.2, we need analytic
representations of local projections in the setting of our Local Assumption. For this suppose
that M is a r-submanifold and hence, in accordance with Proposition 7.1, that D,G(z, p)

has constant rank p locally near (z9,po).

By Definition 3.2 a local projection W of M near (zo,po) is the projection (V') of a
sufficiently small open neighborhood V' of (z¢,po) in M such that W is a submanifold of
Y = R™ of the same dimension p as the order of (z¢,po) in M. Thus, locally near z,,
the manifold W can be represented in the form M = ¢g~!(0) where g : R™ — R™7? is
a submersion on some neighborhood of zg; that is Dg has full rank m — p. The tangent

bundle TW C TR™ is then characterized by
(7.1) TW = {(z,u) € TR™ : g(z) =0, Dg(z)u = 0}.

Hence any point (z,p) € TW NV satisfies g(z) = 0, Dg(z)p = 0, and G(z,p) = 0. But
the latter equation states that (z,p) € V and hence implies that £ € W which is g(z) = 0.

Therefore we have
(7.2) TW NV = {(z,p) € TR™: Dg(z)p =0, G(z,p) =0}.

Now the question arises how g can be obtained from G. Clearly dimker D,G(zo,po) =

m — p and hence there exists a linear map

(7.3) A€ LR™,R™ ), ker A Nker D,G(z9,po) = {0}
with full rank m — p. Using A4 we construct the mapping

(7.4) G:TR™ = R™ x R™*?, G(z.p) =(G(z.p), Alp — po)),

for which evidently G(Ig,po) =0 and

. \ (DIG(Io,po) D,G(zo.po)
N =

(7.5) DG(zo,po) = 0 N ) € L(TR™ . R™ x R™™°),
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has full rank 2m — p. Hence, G‘I(O) (restricted to some neighborhood of (zg,pg)) is a
p-dimensional submanifold V of M which at that point has the tangent space T}, p,)N =
ker Ag. As in the proof of Theorem 2.2 note that the differential of 7|as at (g, po) is simply

the restriction of 7 to T(z,,p,)M. Hence we have
T(:o,Po)N N ker T2 p0) M = ker Ao N [{0} x ker DPG(Io,po)].

In other words, any element (k,k) of the space on the left has to satisfy the relations
Ao(h,k) = 0, h = 0, and D,G(zq,po)k = 0 which by (7.3) imply that ¥ = 0. Thus by
the second part of Theorem 2.1 it follows that 7|y is a local diffeomorphism of some open
neighborhood of (z¢,po) in M to W.

For the construction of a local coordinate system on N let Qo € L(R™) be a projection

onto some complement Zj of the range of D,G(xo,po) so that dim Zo = m — p and
(7.6) Z' =kerQoD.G(zo,po).

has at least dimension p. From Q¢DG(zo,po) = QoD:G(z0,po) it follows that (h,k) €
ker Ao implies h € Z'. Conversely, for h € Z' we have D,G(zo,po)h € rge D,G(zq,po)
so that DG(zq,po)(h,k) = 0 for some £k € R™ and, since A is an isomorphism of
ker DpG(zo,po) onto R™™* there exists a k' € ker DpG(zo,po) for which Ak’ = —A4k.
But then we have Ag(h,k + &) = 0 which shows that the projection = maps ker Ag onto
Z' and hence that dim Z’ < p. It follows that dim Z' = p.

For any complement Z” of Z' in R™ we now have dimZ" =m — p and
(77) QODzG(xOyPO)IZ" € Isom (Z",Z()).

In accordance with the decomposition R™ = Z' © Z" we shall henceforth write z = 2z’ + 2"
for any r € R™ and, in particular. set ro = z{ + z{.
It is easily checked that \g is an isomorphism of Z"” x R™ to R™ x R™~?. Hence the

implicit function theorem applies to the equation G(z' + z",p) = 0, and we obtain for N

32




the local coordinate representation
(7.8) (z,p) EN & M =¢(2'), p=9(z'),

where » and ¥ are smooth functions in some neighborhood of z{ such that 2y = @(zp),

po = ¥(2;). Evidently
(79) g: Rm — ZI @ ZH —_ ZH ~ Rm—p, g(I) = 2,H - (?o(zl).

satisfies D,ng(zo) = Iz+ and therefore is a submersion at z,. From (7.8), and after

shrinking W if necessary, it follows that

!

zeW & ' =p(2)

which implies that W = ¢~1(0).

For later purposes, we require the derivatives Dg(zo) and D?g(z)(po,-) when (zo,po) €
TW N M. Because of (7.9) it suffices to calculate Dp(z§) and D?¢(z})) which can be done
by implicit differentiation of G(z' + ¢(2'),¥(z')) = 0. By a straightforward calculation

using (7.6) we obtain

(7.10) Dp(z5) =0, Dy(z) =0,

and therefore

(7.11) Dg(zo)h=h", h=h"+1" € Z' 2" =R™.

From this, in turn. an equally simple calculation provides

D?g(zo)(h.k) = [QoD:G(z0,po)iz#) "' QoDiG(zo,po)(h' k'),
h=h+h", k=k+k'eZ'®2"=R™.
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Now for (z9,po) € TTVN A it follows from (7.1) that Dg(zo)po = 0 which by (7.11) implies

that py = pp and thus with & = py above

ng(l‘o)(Po» h) = [QoDzG(Io»Po)lz"]“lQoDzG'(l‘o,Po )(po, k'),

(7.12)
h=h,+h”€Z'®Z”=Rm-

With these results we obtain now the following characterization of the conditions in

Definition 4.2.

Proposition 7.2. Suppose that at (z9,po) € TW N M with W = =n(V), the Local As-
sumption holds. For any (z,p) in V let Q(z,p) be the projection of R™ onto an arbitrary
complement Z, ,) of the range of D,G(z,p) and write Zg = Z(z,,p,) and Qo = Q(zo,p0)-
Then the conditions (4.3) and (4.4) of Definition 4.2 hold if and only if the mapping

(713) (QODEG(‘TmpO)(pOs') QODzG(Io)

) € L(TR™,Zy x R™)
D.G(zo,po) D,G(zo,po)

has full rank 2m — p and, after shrinking V if necessary, for all (z,p) € TW N M the

relation
dim [kerQ(z,p)D.G(z,p) Nker D,G(z,p)] =
(7.14)
dim [ker Qo D:G(z0o,po) N ker D,G(x0,po0)),
holds.*

Proof. Since g is a submersion at z, it follows that the mapping
(z,u) € TR™ = (g(z), Dg(z)u) € R™P x R™

is a submersion at (o, u) irrespective of u. Hence. because of (7.1) and (zo,po) € TV, we

find that

Tizope) TIV = {(1, k) € TR™ : Dg(z0)h = 0. D?g(z0)(po, h) + Dg(zo)k = 0},

4Obviously (7.14) is independent of the specific choice of the projections Q(z, p).
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and therefore (h, k) € T(;0.50)T W N Tz, .0,) M exactly if

Dg(Io)h = 01
ng(:ro)(p07h) + Dg(IO)k = 09
D:G(-‘COaPO)h + DPG(xO’pO)k =0.

By (7.11) the first relation states that h € Z' = ker Q9.D.G(zo,po) which is also a conse-
quence of the third relation. In other words, the first relation is redundant and the above

set of conditions reduces to (h, k) € ker L(z¢,pg) where

D%(z)(p,")  Dg() )
7.15 L(z,p) = '
( ) (z p) ( DzG(xap) DPG(I’p)

Thus the condition (4.3) is equivalent with dimker L(z¢,po) = p. From (7.11) and
(7.12) together with (7.7) we find that (h,k) € ker L(zo,po) exactly if

QoD2G(z0,p0)(pos k') + QoD:G(z0, po)k" = 0,
D‘.’:G(anpO)h + DPG(.’EO’po)k = 0.

By multiplying the second equation with Qo we see that Qo D;G(zo,po)h = 0 and hence
that h = A’ € Z'. Thus, in the first equation A’ may be replaced by h. Since k" may,
of course, be replaced by k it follows that ker L(z¢,po) is the null-space of the mapping
(7.13) and that dim ker L(zo,po) = p if and only if the rank of (7.13) (and also of L(zo,po))
equals 2m — p and hence is full.

Suppose now that the condition (4.3) holds and therefore, as we just saw, that L(z, p)
has rank 2m —p for all (z,p) € TR™ near (z¢,po). In order to show that (7.14) is equivalent
to (4.4), note that L(z, p) is the derivative of the mapping (z,p) — (Dg(z)p, G(z,p)) whose
local zero set near (zq, pg ) is precisely TWNV. This means that, locally near (zo,p0), TWN
V is a p-dimensional submanifold of TR™ whose tangent space at (z,p) is ker L(z.p). The
condition (4.4) now states that the rank of the linear mapping T|Tie.p)(TWAV) is constant

for all (z.p) € TW NV near (z9,po). Equivalently, this means that the mapping

(7.16) (h,k) € ker L(z.p)— h
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has constant rank for (z.p) € TW NV near (z9,po). Since ker L(z.p) has dimension p it
follows that (4.4) holds exactly if the dimension of the null-space of (7.16) is constant for
all (z,p) € TW NV near (zq,pg)- This null-space consists of those pairs (0, k) € TR™ for
which

Dg(z)k =0, D,G(z,p)k=0.

But Dg(z)k = 0 means that k¥ € T;W = 7n(T(;,M). Then there exists some £ € R™
such that D.G(z,p)k + D,G(z,p)¢ = 0 and by multiplying with Q(z,p) we see that
Q(z,p)D.G(z,p)k = 0. Thus, ker Dg(z) = ker Q(z,p)D.G(z,p) and, since the null-space
of (7.16) is {0} x [ker Dg(z)Nker D,G(z,p)], its dimension will be constant exactly if (7.14)
holds. 0O

Propositions 7.1 and 7.2 show how reducibility of a w-submanifold M can be checked
in the neighborhood of a given point (z¢,pe) after a natural tangent bundle chart has
been chosen to reduce the problem to that characterized by the Local Assumption. When
(zo0,po) belongs to the reduction M’ of M and has order p in M, then an analytic charac-

terization of M’ near (zo,po) is given by

Dg(z)p=0 (€R™7"),

(7.17)
G(z,p) =0 (e R™),

where we constructed g : R™ — R™~” as a submersion at z for which the zero set g~1(0)
coincides locally near z, with a local projection W of M at (z¢,po). Then dimW = p
and M’ is localy near (z¢,po) a p-dimensional submanifold of TW which therefore can be

represented as H~!(0) with some submersion H : TW — R” at (zg,po)-

Once H is known we can use a natural tangent bundle chart on TW to introduce the
representations W = R?, TTV = TR” which means that, once again the Local Assumption
holds but with M replaced by M; = M' and G replaced by the representation G; of H in
the bundle chart. Thus Propositions 7.1 and 7.2 can be applied again. A natural tangent
bundle chart for TW is easily constructed once g has been determined from G as discussed

above. This leaves us with the question of finding H in terms of the data available from
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the Local Assumption: that is. in terms of the mapping G characterizing M near (zo,po).
For this it may be noted that although the system (7.17) characterizes M) near (z¢,po)
and Dg(z)p = 0 holds whenever (z,p) € T1V, we cannot choose H = G for then H maps

into R™ and not into R”.

We begin by representing the manifold M locally near (z4,po) as the zero set of another
submersion G from which H can then be obtained. Let B € L(R™~?,R™) be chosen such
that

(7.18) rge B N rge Dp,G(z0,po) = {0}.

Such a mapping B is necessarily one-to-one. Moreover, set

(7.19) V' = ker D,G(z0,p0), dimV'=m —p,

and let V" be any complement of V' in R™. We shall henceforth write p € R™ in the
form p = p’ + p" in accordance with the decomposition R™ = V' @ V". There should be

no confusion with the corresponding notation used earlier relative to the decomposition

R™ = Z' ® Z" since the two decompositions will not appear at the same time.

By the choice of V" the mapping
(A", 0) e V' x R™™? +— D,G(z9,po)k" + BL € R™,

is one-to-one and hence a linear isomorphism. It thus follows from the implicit function

theorem that near (zg,pg,0) the zero set of the mapping
(z,p,q) € TR™ x R™"™? s G(z,p) + Bg € R™,
is a (2m — p)-dimensional submanifold Af of TR™ x R™~# characterized by

(7.20) (z,p,q) € M & {p" = Mz.p'), ¢ = p(z.p")},
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where A and ¢ are smooth functions near (zo,py) such that A(zo,pp) = pjy, #(zo,pp) = 0.

For (z,p) € TR™ near (z¢,po) let

(7.21) H(z,p)=p" — Mz,p') € V" ~ R®,
and
(7.22) G(z,p) = (9(z), H(z,p)) ER™* x V" = R™.

Since Dpuff (zo,po) = Iv+ we see that D,,fi (z0,po) is surjective and hence, because g is
a submersion at zg, that G is a submersion at (z0,po). Now, observe that for (z,p) € M
near (zo,po) we have G(z,p) = 0 whence (z,p,0) € M. In particular, (7.20) implies
p" = Mz, p); that is, H(z,p) = 0. On the other hand, from G(z,p) = 0 we also obtain
g(z) = 0 and therefore G(x,p) = 0. Thus, locally near (z,,py), we have

(z,p) € M = (z,p) € G™}(0).

But since G is a submersion at (zo,po) its zero set near (zo,po) is a submanifold of
TR™ with the same dimension m as M so that M and G~!(0) coincide in the vicinity of
(z0,pPo). This means that, in all previous considerations we may use G instead of G when
desirable. More specifically, the conditions expressed in Propositions 7.1 and 7.2 in terms
of G are equivalent to the corresponding conditions expressed in terms of G (beczuse with
both choices these conditions translate geometric, hence intrinsic, properties). Therefore
if (zo,po) € TW N M and the mapping (7.13) has full rank 2m — p (as it must if M is
reducible), then the mapping obtained by replacing G by G in (7.13) has full rank 2m — p
as well. As was seen in the proof of Proposition 7.2, the full rank condition for the mapping

(7.13) is equivalent to

(Dgg(ro)(po,-) Dy(z) )
rank =2m — p,
D.G(zo,po) DpG(IOaPO)
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and hence to

D? y Dg(z
(7.23) . ( g(ﬁzo)(po ) -g( ) )=2m_p_
D:G(zo,p0) DpG(z0,p0)

Hence for v” € V" and with (7.22) and (7.23) we see that there exists some (h,k) €

R™ x R™ such that
D*g(z0)(po, k) + Dg(z0)k = 0,

Dg(.’to)h = 0’

D, H(zo,po)h + DpH(ze,po)k = v".
Here the first two conditions mean that (h, k) € T(;, p,)(TW), and, since v" is arbitrary, it
follows that DH (zo, po)|T(=M°)TW maps onto V"; that is, that H iTw is a local submersion
at (z9,po) in TWNM. This shows that H = H |Tw can be chosen to characterize TWNM
and hence M’ as H~!(0) in a neighborhood of (z¢,po) and, as desired, by (7.21) H maps

into R”.

8. Relationship with the Earlier Theory.

We use again the setting of the previous section and discuss now the special case when
the point (z9,po) has local index 1 and relate the results to our earlier theory developed
in [11]. This will show that in this case the two approaches essentially coincide and that

some apparent discrepancies can be fully explained.

As defined in Section 5, the point (zg,po) € M has local index 1 if there exists an open
neighborhood U of (z¢,po) in M such that (i) U is a completely reducible 7-submanifold,
(ii) (zo,po) belongs to the core C(U) of U, and (iii) the connected component of C(U)
containing (zg,po) is a connected component of the reduction U; = U’ of U but not of U
itself (for otherwise the index would be 0). In particular, this means that U, is reducible

and the reduction U] of U; equals U,.

Under the conditions of Propositions 7.1 and 7.2 and, in particular, if (zo,po) € TW N
M, then there exists an open neighborhood U of (z¢,po) in M which is a reducible =-
submanifold and (z¢,po) € U,. By shrinking U and therefore also U/; we may assume

that Uy C T where 1V is the local projection of M near (zy,po) used before. Hence,
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a necessarvy and sufficient condition for U’y to be reducible with U'{ = U is given by
Proposition 4.2 with [ replaced by U and ¥ by 1V. Mlore specifically, since 7 is here
linear, Proposition 4.2 requires that = be a linear isomorphism from T{, ,,)U; to T, TV.
Note that it is actually required that the condition holds for every (z.p) € U;. But because
U, can be shrunk to arbitrarily small size, it suffices indeed to require the condition only
at (o, po) since it then holds automatically at all nearby points. In summary, under the

conditions of Propositions 7.1 and 7.2 we have
(8.1) (z0,p0) ETWNM haslocalindex1 & kermq, . (rwaa) = {0}.

This provides us with the following characterization:

Theorem 8.1. Under the Local Assumption the point (z¢,po) € M has local index 1 if
and only if

(i) rank D,G(z,p) = p is constant for all (z,p) near (zo,po) in M.

(ii) D, G(zq,po)po € rge DpG(Io,Po)-

(iii) For any k € R™ the implication

D.G(zq,po)k € rge DpyF(z0.po)
(8.2) } = kL =0.
DpG(IO’pO)k = O

holds.

Proof. The necessity of (1) and (ii) is obvious since (i) is required by Proposition 7.1 and
(1) merely expresses the assumption that (zg,py) € TV N AL. Now note that (8.2) is an
equivalent formulation of the condition on the right of (§8.1) since in the proof of Proposition

7.2 the null-space of T|T(zg.p0,(TWNAI) Was S€€N tO be equal to
{0} x [ker Qo D;G(z0.po) Nker D,G(zq,po)]

where Qg is a projection onto a complement of rge D,G(z9,po). Hence the necessity of

(1i1) follows from the equivalence (8.1).
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For the proof of the surficiency we have to show that all the conditions of Propositions
7.1 and 7.2 are satisfled. Then (8.2) will ensure that the condition on the right side of

(8.1) holds.

Clearly the conditions of Proposition 7.1 hold and so does the condition (zg,pg) €
TTV N M of Proposition 7.2 which is our condition (ii). e now show that the mapping
(7.13) has the full rank 2m — p. For this let Zy and @y be as given in Proposition 7.2
and (u,v) € Zg x R™. Since G is a submersion at (zg,pg) there exists some (h, k) € TR™
such that D,.G(z¢,po)h + DpG(z0,p0)k = v and k may be replaced by k + ¢ with any
¢ € ker D, F(z,po) without affecting this relation. By (8.2) we have ker QgD G(zg,po) N
ker DpG{z0,po) = {0}; that is, QoD G(zn,po) is one-to-one on ker D,G(z¢,po) and hence
a linear isomorphism of ker D,G(z0,po) onto Zo. Thus, ¢ € ker D,G(z¢,po) can be found
so that

QoD:G(zg,p0){ = u — QoD2G(z9,p0)(pa, h) — QoD G(z0,po)k.

which proves the claim.

Finally, we show that (7.14) holds. As noted above the right-hand side of (7.14) is zero
and it suffices to prove that for (z.p) € TTV N [ near (zg,po) we have. with the same

notation as in Proposition 7.2,
(8.3) ker Q(z.p)D.G(x,p) Nker D,G(z.p) = {0}.

We observed that (7.14) is independent of the specific choice of the projections Q(z.p).

In particular. we may choose Q(z.p) to depend continuously on (z.p) € M. In fact. let

{e},... .€%} be an orthonormal basis of rge D,G(zq,po), relative. say. to the canonical
inner product of R™, and choose w;.... .w, € R™ such that e? = DpG(zo,po)w; for
t = 1.... .p. By continuity. the vectors ¢;(z.p) = D,G(r.p)w;, ¢ = l.... .premain linearly

independent for (z.p) € A near (zg,po) and hence by (i) they span a space of dimension
p = dim rge D,G(z.p). Therefore. we have rge D,G{z.p) = span {ei(r.p).... .ep(z.p)}
and by applying the Gram-Schmidt process to the vectors e;(.r.p) we obtain an orthonormal

basis of rge D,G(r.p).> As a sum of dyadic products of the vectors of this basis. the

5Recall that the Gram-Schmidt process involves only continuous operations.
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orthogonal projection P(z.p) of rge D,G(z.p) depends continuously on (z.p) € M near

(Z0,P0), and hence the same is true of Q(z.p) = I — P(z.p).

It only remains to show that (8.3) holds for all (z.p) € TTV N W near (zq, po). Suppose
in the contrary that there exist sequences (z;.p;) € TW N M and k; € R™ such that.
for all j > 0, (z;,p;) — (z0,po) and k; is a unit vector under some norm, for which
Q(z;,p;)D:G(x;,p;j)k; = D,G(z;,p;)k; = 0. By extracting a subsequence we may assume
that k; — k where k¥ € R™ again is a unit vector. By continuity it then follows that

k € ker Q(z9,po)D:G(z0,po) N ker D,G(z¢,pg) which is a contradiction. O

Theorem 8.1 can be compared with a related result in [11} where a different approach
is taken and a different definition for the index is given. It turns out that the result in

[11] corresponding to Theorem 8.1 — when phrased in our present notation — requires the

conditions:
Condition (i)’. rank D,G(z.p) = p is constant for all (z,p) near (zq,po) in TR™.
Condition (ii)’. D:G(zo,po)po € rge D,G{z0,po)-

Condition (iii)’. If for any vectors k € R™ and qo € R™ such that D.F(zg,po)po +
DpF(zo,po)q0 = 0 the relations

Di,pG(l‘o,Po)(Poa k) + D;G(l'o,Po)(qO, k) + D:G(zo,po)k € rge D,G(z¢,pq)
D,G(zo,po)k =0

hold, then k = 0.

In condition (iii)" it may be noted here that the requirement for the vector gq is consistent
with (ii)" and that D? ,G(ro.po)(po, k) stands for D?*G(zg, po)((po,0), (0. k)).

It immediately appears that condition (i) of Theorem 8.1 is weaker than (i)’ since con-
stancy of the rank of D,G(x.p) is required only in a neighborhood of (zg,po) in M. The
approach taken in {11] does not go through under this weaker assumption. Conditions (ii)
and (ii)" are the same for both results but an obvious discrepancy exists among the condi-

tions (iii) and (iii)’ since the second derivative of G plays no role in Theorem 8.1. However,
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the discrepancy is removable. In fact. suppose that tor (rg.pojs € M the conditions (i)'

(i)'. and (i11)" hold. Then for any & € ker D, F (x4, po) we have
Dﬁ‘pG(xo.po)(po, k) + D;:G(ro,l)o)(qo, k) € rge D,G(rg.po),

and hence the condition (iii)' coincides with condition (ii1) of Theorem 8.1.

In order to see this observe that

Di,pG(Io‘Po)(Po. k) + D?,G(.ro,Po)(QO, k)

(8.4) =D*G(zg,po)((po,0),(0,k)) + D*G(z0.p0){(0.40),(0. %))
=D2G(I0,P0)((p0, (10)7(0- l")) = D[DPG(IP)k](va qO)I(I.p)=(J:o.Po)
d

=%{DpG($o + tpo, Po + tqo)k]j,_, -

By a method identical to the one used in the proof of Theorem 8.1 it was shown in [11]
that the condition (i)’ implies that for all (z.p) € TR™ sufficiently close to (zq.pg) a
projection Q(z.p) onto a complement of rge D,G(z,p) can be chosen which depends not

only continuously but smoothly upon (z.p). Thus. with
(8.3) q(t) = Q(zo +tpo.po +tq), £(t) = D,G(zo + tpo.po + tqo)k.

it follows that ¢(t)s(t) = 0 for all sufficiently small |¢| and by differentiating this identity

at t = 0 we obtain

dq )
Z{(O)s—‘(o) + ’J(O)E\O) =0.

Since for k € ker D,G{rg.po). +(0) = 0. this relation reduces to ¢(0)(dy/dt)(0) = 0 and

because q(0) = Q(zg.po) projects onto a complement of rge D,G(zg.po) this reads

(s
i,—(()) = roe DGy po)s

«t

and the conclusion follows from (S.4) and (8.3).
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For problems with arbitrary index. there is also some similarity between the methods
of this paper and those of 11]. Indeed. for (zg,pg) in the core C(JM) of M it follows
from the analytic results of Section G that the structure of C(M) near (zg,pg) can be
determined from a sequence of mappings Gy,... .G, where v is the index of (z¢, po) and
G;1(0) represents C(\I) near (rg,py) in a local chart. This is reminiscent of what was
done in [11] where also a sequence of mappings Fy,... . F, is defined inductively. But an

important difference is that the G; are defined over, and map into. spaces with smaller

and smaller dimension while no reduction of dimension occurs with the Fj in [11].

REFERENCES

{1]. R. Abraham, J.E. Marsden. and T. Ratiu, AManifolds, Tensor Analysis and Applications, Second Edi-
tion. Springer Verlag, 1988.

[2]. K.E. Brenan. S.L.Campbell. and L.R.Petzold, Numerical Solution of Initial- Value Problems in Differ-
ential-Algebraic Equations. North Iolland. 1989.

{3]- S.L.Campbeill. Singular Systems of Differential Equations, Res. Notes in Mathem., 40, Pitman Adv.
Publ. Prog., 1980.

. J. Dieudonné. Elements d'Analyse. Vol. 3, Gauthier-Villars, 1970.

=
&

. F.R.Gantmacher, The Theory of Matrices, Volumes I and II, English translation from the Russian,
Chelsea Publ. Co., 1939.

—
[<1)
=

[6]. C.\W.Gear. Differential-algebraic equation indez transformations, SIAM J. Sci. Stat. Comp. 9 (1988),
39-48.
[7]. C.\WW.Gear and L.R.Petzold. Differential/algebraic systems ar4 matriz pencils, in ‘Matrix Pencils’ (B.
Kagstrom and A. Ruhe, eds.i. Lecture Notes in Mathematics, 973, Springer Verlag, 1983, pp. 75-89.
[8]. C.\WW.Gear and L.R.Petzold. ODE methods for the solution of differential/algebraic systems, SIAM J.
Num. Anal. 21 (1984), 716-723.
[9]. E.Griepentrog and R. Marz. Differential- Algebraic Equations and Thetr Numerical Treatment, Teubner
Texte zur Mathematik. 83. B.G. Tcubner Verlag, 1986.
(10]. P.J.Rabier. Implicit differential equations near a singular pownt, J. Math. Anal. Appl. 144 (1989),
4235-449.
[11]. P.J.Rabier and W.C.Rheinboldt. A general cristence and uniqueness theory for implicit differen-
tial-algebraic equations. Diff. and Integr. Equ. 4 (1991), 563-582.
(12). S.Reich. Differential-algebraic equations and veclor fields on manifolds. Preprint Nr 09-02-88. Sekt.
Informationstechnik, T.U. Dresden. 1938,
(13]). S.Reich. Beitrag zur Theorie der Alacbrodifferentialgleichungen, Ph.D. Dissertation in Engineering,

T.U. Dresden. 1989.




Form Approved
REPORT DOCUMENTATION PAGE OME e a0188
reporting burden for thiy catiection of (A{OrMALON 15 estiMated 10 average | hour PET resPonse, INCIUAING the Lime fOr reviewing INSLIUCLIONS. searching existing data sources,
;:xuhl:nnq ond"q g the data d. and compieting and reviewing m:qcollemon of information. Send comments regarding this burden estimate or any other aspect of thiy

tterson
collection ot information, 1NCIuAING SUGGESTIONS af reQuUUINg this Durden. 10 Washington Heasgquarters Services, Directorate for Information Operations and Reports, 1215 Je
Davis Highway, Suite 1204, Arhington, VA 222024302, ana to the Otfice of Management and Budget, Paperwork Reduction Project (0704-0188), wastungton, DC 20503,

1. AGENCY USE ONLY (Leave blank) | 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
May 29, 1991 Technical Report
4. TITLE AND SUBTITLE : S. FUNDING NUMBERS
» GEOMETRIC TREATMENT OF IMPLICIT ONR-N-00012-90-J-1025
DIFFERENTIAL -ALGEBRAIC EQUATIONS1

6. AUTHOR(S) NSF-CCR-8507654
' \FOSR-90-0094

Patrick J. Rabier

and Werner C. Rheinboldt

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
REPORT NUMBER

Department of Mathematics and Statistics
University of Pittsburgh

9. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSORING / MONITORING
AGENCY REPORT NUMBER
GNR
HSF
AFOSR

11. SUPPLEMENTARY NOTES

12a3. DISTRIBUTION / AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release: distribution unlimited

13. ABSTRACT (Maximum 200 words)

A differential-geometric approach for proving the existence and uniqueness of
solutions of implicit differential-algebraic equations is presented. It provides for
a significant improvement of an earlier theory developed by the authors as well as
for a completely intrinsic definition of the index of such problems. The differential
algebraic equation is transformed into an explicit ordinary differential equation
by a reduction process that can be abstractly defined for specific submanifolds of
tangent bundles here called reducible “n-submanifolds. Local existence and unique-
ness results for differential-algebraic equations then follow directly from the final
stage of this reduction by means of an application of the standard theory of
ordinary differential equations.

14. SUBJECT TERMS 15. NUMBER OF PAGES

implicit differential-algebraic equations
existence theory, index definition

differential-qeometric approv e —————————— ——————————————
17. SECURITY CLASSIFICATION | 18. SECURITY CLASSIFICATION ] 19. SECURITY CLASSIFICATION | 20. LIMITATION OF ABSTRACT
OF REPORT OF THIS PAGE OF ABSTRACT

16. PRICE CODE

unclassified unclassified unclassified

Standard Form 298 (Rev 2-89)

NSN 7540-01-280-5500 oy ey 18 2139




