AD-A235 545
T

Capacity of the
Independent Increment Noise Channel

Michael R. Frey

Department of Statistics
University of North Carolina at Chapel Hill

LISS 44
DTIC
FILECTE
30 October 1990 MAY1 31991,

E

Abstract - A communications channel model with additive, independent increment, stochast-
ically continuous noise is presented. The information capacity of this channel is obtained
for a mean-square constraint imposed on the "generalized” intensity of the channel encoder.
The capacity is derived by exploiting the Lévy decomposition of the noise to decompose
the channel into a white Gaussian noise channel in parallel with a marked Poisson channel.
The information capacity is then obtained using results for these latter channels. In particu-
lar, recent results for the Poisson channel with mean-square-constrained encoder intcnsity
are exploited. Although only the channel without feedback is explicitly addressed, our
results are also seen to be applicable in the presence of delayed causal feedback.

Supported by ARO Contract DAAL03-86-G-0022, ONR Contract N00014-86-K-0039 and NSF Contract
NCR8713726.

DISTRIBUTION STATEMENT A

Appreved for public release;
Distribuiion Thnlimited




UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE

.
REPORT DOCUMENTATION PAGE '

1b. RESTRICTIVE MARKINGS

1s. REPORT SECURITY CLASSIFICATION
UNCLASSIFIED

20. SECURITY CLASSIFICATICN AUTHORITY

3. DISTRIBUTION/AVAILABILITY OF REPORT

Approved for Public Release:
2b. DECLASSIFICATION/DOWNGRADING SCHEDULE Distribution Unlimited

4, PERFORMING ORGANIZATION REPORT NUMBERIS) 5. MONITORING ORGANIZATION REPORT NUMBER(S)

6a. NAME OF PERFORMING ORGANIZATION b. OFFICE SYMBOL 7s. NAME OF MONITORING ORGANIZATION

(If applicadle)
Department of Statistics

6c. ADDRESS (City, State ond ZIP Code) 75. ADDRESS (City, State and ZIP Code/

University of North Carolina
Chapel Hill, North Carolina 27514

9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER

N00014-86-K-0039

10. SOURCE OF FUNDING NOS.

fetd : 3113 opgTram PROGRAM PROJECT TaSK WORK UNIT
Statistics § Probability Prog L . PROE ol o

Arlington, VA 22217

8a. NAME OF FUNDING/SPONSORING Bb. OFFICE SYMBOL
ORGANIZATION {If applicable)

Office of Naval Research
8c. ADORESS (City, State and ZIP Code)

11. TITLE (Include Secunty Classificotion)
Capacity of the Independent Increment Noise Channel

12. PERSONAL AUTHOR(S)

M.R. Frey
13a TYPE OF REPOART 13b. TIME COVERED 14. DATE OF REPORT (Yr., Mo., Day) 15 PAGE COUNT
TECHNICAL FAOM To 1990 October 26

16. SUPPLEMENTARY NOTATION

17. COSATI CODES 18. SUBJECT TERMS (Continue on reverse if neceassary and identity by block number)

FIELD GROUP SUB. GR. Independent-increment channels, Shannon theory,
channel capacity

18. ABSTRACT (Continue on reverse if necessary and identify by block number)

A communicztions channel model with adf8itive, independent increment, stochasticallv
continuous noise is presented. The ifformation capacity of this channel is obtained for
a mean-square constraint imposed.an the "generalized" intensity of the channel encoder.
The capacity is derived by exploiﬁihg the Levy decomposition of the noise to decompose
the channel into a white Gaussian noise channel in parallel with a marked Poisson channel.
The information capacity is then obtained using results for these latter channels. 1In
particular, recent results for the Poisson channel with meéan-square-constrained encoder
intensity are exploited. Although only the channel without feedback is explicitly
addressed, our results are also seen to be applicable in the presence of delayed causal

feedback.
® 20 DISTRIBUTION/AVAILABILITY OF ABSTRACT 21. ABSTRACT SECURITY CLASSIFICATION
; )
juncLassIFIED/UNLIMITED Y5l samE as meTXE0 oTic users [
{22e. NAME OF RESPONSIBLE INDIVIDUAL 22b. TELEPHONE NUMBER 22¢. OFEICE SYMBOL
: : tInctude A3 Code)
C.R. Baker (919) 962-2189
2D FORM 1473, 83 APR EDITION OF 1 JAN 73 1S OBSOLETE. UNCLASSIFIED

SECURITY CLASSIFICATION OF THIS PAGE

e




I. INTRODUCTION

The independent increment noise channel is an additive noise communications channel model
incorporating causal feedback in which the noise is a process with independent increments. A diagram

of the independent increment noise channel is given in Figure 1. In this model, a random message de-
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Figure 1. Independent increment noise channel model. ﬁ /
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scribed by a stochastic process 0,, ¢ € [0,T] is encoded, perhaps using channel feedback, and the
encoded message X, =X,(0,Y) is transmitted. The encoded message is corrupted in transmission by the
addition of an independent increment noisc process N,, t € [0,T] so that the signal observed by the

receiver is Y, =X, + N,. The channel model is presented in further detail in the next section.

Within the taxonomy of continuous-time channel models, the independent increment noise chan-
nel occupies a unique position. First, the independent increment noise channel is a natural point of
departure for the study of more general continuous-time channels such as those with conditionally
independent increment noise, Markov noise, or martingale noise. Independent increment noise is a spe-
cial case of all three of these classes of noise processes. Second, the independent increment noise chan-
nel is the continuous-time analogue of the discrete memoryless channel (9]. Thus one finds properties of
the discrete memoryless channel reflected in the independent increment noisc channel. For instance, the
capacity of the discrete memoryless channcl is not incrcased by the availability of feedback [2], [17].
The same result holds under cerntain conditions (or the independent increment noise channel [11].

Finally, both the white Gaussian woisc channel and the Poisson channel with nonrandom noise intensity




belong to the class of independent increment noise channels. Each of these two channel models is
rcievant to modem communication systems: for cxample, the Gaussian model for satellite systems and

the Poisson model for laser/optical communications.

In this initial treatment of the independent increment noise channel, we derive its information
capacity. We consider only indcpendent increment noisc channels with Lévy process noise; that is, sto-
chastically continuous, independent increment noice. The Lévy process can be decomposed into a
continuous-path Gaussian part and a purely discontinuous-path marked Poisson part [6). The existence
of this decomposition far Lévy noise processes allows us to split the independent increment noise chan-.
ncl into Gaussian and marked Poisson parts. Then the information capacity can be calculated using
results for the capacity of the Gaussian and marked Poisson channels. Heretofore, the information capa-
city of the marked Poisson channcl in any guise was unknown (although see Davis’ treatment [4] of
orthogonally polanzed optical channels.) Thercfore, 1o obtain the information capacity of the indcpen-

dent increment noise channel, some attention must be given to the marked Poisson channel.

A difficult part of formulating the capacity problem for the independent increment noise channel
is the imposition of a suitable constraint on the channel encoding process. A suitable constraint should
appeal to physical intuition, it should be capable of separation into two parts corresponding to the Lévy
decomposition of the channel noise, and its two parts should admit finite sclutions for ihe capacity of
the corresponding Gaussian and marked Poisson subchannels. A mean-square constraint on a "general-
1zed" channel intensity meets all these demands. While the capacity of the white Gaussian noise chan-
nel with mean-squarc constraint is well-known, such is not the case for the Poisson and marked Poisson
channels. Previous work on the Poisson channcl is limited to peak and average constraints {43, [2). Thus
we present here ccrwin results for the capacities of the mean-square-constrained Poisson and marked
Poisson channels. A fuller treatment of the mean-squarc-constrained Poisson and marked Poisson chan-

ncls is planned for a separate paper.

The remainder of this paper is organized into three sections. The first section describes the chan-
ncl model in detail. The second scction states the capacity of the channel and outlines the steps in its

derivation. Proofs of results used in this derivation are presented in the last section.




II. CHANNEL MODEL

The noise in the independent incrcment noise channel is modeled by a Lévy process. The proper-

ties of this process are given in (6], (7]. For convenience certain of these properties are restated here.

The Lévy Process

A stochastic process, &, 0<¢ <T, is an independent increment process if, for all 0<¢o<t, < ...
<t, <T, the quantities é,c,«‘,, ‘—é,o,....g,n—é,‘_l are mutually independent. We say a process £ is sto-

chastically continuous at time ¢ if

P{E & I>€) >0

as |t —tg) = 0. If & is stochastically continuous over the whole interval [0,T] (with the definition of sto-
chastic continuity at the endpoints of the intcrval suitably modified), then & is said to be stochastically
continuous. Stochastically continuous processes with independent increments have no discontinuities of
the second kind w.p. 1 [6, p.168]. Every such process has a unique version which is cadlag (right-
continuous with extant left limits). This version of a stochastically continuous, independent increment
process is called a Lévy process [7]. Every Lévy process can be represented in terms of independent

Gaussian and Poisson processes as follows [6, Theorem 1, p.271]:

Let &, 0<t<T, be a Lévy process. Let J be the space of jumps which occur at the discontinui-
ties in the paths of &. Zero is expressly excluded from belonging to J; jumps of size zero are disal-
lowed. For A € Z;, define y,(A) 1o be the number of points s € {0,/] for which & -&,_o,e A-{0).
Also define y, (A )=y, (A)~T1,(A) where T1,(A)=E [y, (A)]. Then

& =G, + J Xy (dx) + J xy, (dx) (n)
Ixl>1 Ixls1
where G, is an independent increment Gaussian process, W, (A) is an independent increment Poisson

process for each A € Z,, y,(A) and y,(8) arc independent for AnB =@, and G, is independent ot
y.(A) forevery A € I;.




It is primarily for convenience that the Lévy process is emphasized in this presentation over the
more general independent increment process which is not necessarily stochastically continuous. The
general independent increment process has a unique decomposition [7] in terms of a deterministic part,
a stochastically continuous (Lévy) part, and a stochastically discontinuous part. Nonrandom translations
of the noise have no effect on channel information or capacity so we can assume the deterministic part
is absent. The discontinuous part represents the process at the points at which it is not stochastically
continuous. These points are no more than countable in number [7] and, since the location of these
points are part of the specification of the process, can be avoided by channel users. Thus, we focus on
the stochastically continuous part of the independent increment noise process and define the inderan-ant

increment noise channel model with Lévy noise.

The Independent Increment Noise Channel Model

The independent increment noise channel is an additive noise model Y, =X, +N,, 0<t <T incor-
porating causal feedback (Figure 1). The process Y is the channel output, X is the encoded message,
and N is the channel noise. F® and FY denote the natural histories of the processes 0 and Y, i.c.,
F2=0[0,,0<5<t] and FY=0[Y,,0ss5<¢] for te[0T]. We fix t>0 and define
FY*=0[Y,_.,0<5 <1], taking ¥, =0 for all ¢ <0. [F¥* is the history of Y delayed by 1. The encoded
message process X in the channel model is specified to be an F°-FY*-adapted functional of Y and the
message process 8. Thus the channel model includes noiseless delayed causal feedback from the chan-
nel output Y and nonanticipative encoding of the message 8. We do not consider the case t=0 of
instantaneous feedback. This case seems impractical and raises presently unresolved technical questions.
In the no-feedback version of the channel model, the encoded message is an F °-adapted functional
X, =X,(0) of only the message 6. The case T>T is equivalent to the no-feedback case. Also as part of
the channel model, X is requred to be cadlag with X (=0. The channel noise N is a Lévy process and

is independent of 8. Following (1), we write
N =W +P, @
with Wy=Py=0. In (2), W, is a zero-mean Wiener process {6], [12] with finite continuous variance

measure B. By this it is meant that W, has continuous paths and Gaussian independent increments

W, - W, such that, for all 0<¢;<¢,<T,
2 1




E[le- Wll] =0, E[(le_ ‘Vll)zl = B\i‘lv‘?])

where B is a finite continuous (w.r.l. Lebesgue measure) measure defined on ([0.,T}.Zor)- Also in (2),

P, is a purely discontinuous [15] (piecewise-constant) cadlag process

P, = [m P (dm) 3)
J

where, for each F e ZX;, the quantity P,(F) denotes the number of points s e [0¢] such that
P, —P,_ o€ F. P,(") is a marked Poisson point process with mark space J < R. To distinguish the nota-
tions P, and P,(*), we remark that P, is a jump process while, for instance, P,(/) is a counting process
which gives the number of jumps (irrespective of size) of P, in the interval [0,t]. It follows from the
Lévy nature of N that W and P are indcpendent processes. Also, for F;F,=@, the counting
processes P (F,) and P (F,) are independent. Because P,(F) is Poisson [6] for a given F € Z,, it has a

deterministic compensating measure B which here we assume takes the form
B([0,4]1xF) = Ab ([0 Du(F) “)

for some A20 and all F € Z, and 1 € [0,7). The set functions b and p in (4) are required to be finite
measures on ([0,T], &o ) and (J,Z,) respectively. The measure b is continuous w.r.t. Lebesgue meas-
ure. (Both b and § are continuous as a consequence of the stochastic continuity of N.) Finally, both p

and & are assumed to be standardized:

uJ)=1, b(0T)=T.

Looking back to (1), it is evident that deterministic terms have been arbitrarily added and sub-
tracted to produce the decomposition of N in (2). We maintain that this does no harm because the noisc
decomposition in (2) is used only for calculating channc! information and capacity - and those quanti-

tics are unaffected by nonrandom translations of the noise.

The paths of the Lévy noise process N in the channel model are cadlag. Thus, without the com-
parable restriction (cadlag paths) on the cncoded message process X, the encoder could communicate
without error at any desired rate by transmitting non-chdlag paths. Hence, for finite information capa-
city, X must be cadlag. Given that X is cadlag, its paths can only have discontinuities of the first kind

{1] and these are countable in number. Thus it is meaningful to define

xd,l = Z(X: -X —'J)- Xc.: =X, _Xd.l'
F 211




Both X and N are cadlag so Y =X +N must be cadlag as well and we define

Yd.l = Z(Y:"Y -0 Yc,l = Yl - Yd.l .
St

Analogous to (3), we can write X, as

Xgy = [m Xy, (dm)
J

where the marked Poisson-type point process X, (F) counts the number of jumps of X, with size in

F € Z; in the interval [0,¢]. Likewise, we have

Yo, = [m Ya,(dm).
J

Conversely, the marked point processes X,(*) and Y,(-) can be expressed in terms of their jump process

counterparts as follows:

Xaa(F)= 2 1rXas —Xa 5-0)

5 St
, FekX.
Ye.(F)= Y 1g(Yas—Yas-0) /

s <t
0,

for the message process 0 in the independent increment noise channel model, we have

Using the notation

Yor=X,00.,Y)+ W, (5)
Yo, =X4,04,Y)+ P, (6)
The jump process channel expressed by (6) can be just as well viewed as a marked Poisson channel;
that is, as a Poisson channel in the scnse of [4], {8] in which marks (the jump size) are associated with

each jump event in the channel. In terms of the marked point processes X4 ,(), P,(-), and Y4 (), we

write
Yg . (F)=Xyq,04,YXF)+P(F), Fek. @)

The two formulations (6) and (7) arc equivalent; however, (7) has the advantage of being applicable in

other contexts so it is the formulation we usec,




The continuous-path part X, of the encoded message is assumed to take the form
t
Xeu = [0,b(ds) ®)
0

where ¢, =¢,(0.,Y) is an F* « IFY-predictable functional. Also, the measurability, intcgrability, and
identifiability conditions laid out in [10] for (5) and (8) arc assumed to be satisfied. If the variance
measure B of W in (2) is absolutely continuous w.r.l. b and if a mean-square constraint

T

1
—T—E[ ! 025 (d! )} <p? 9

is imposed on the encoding kemel ¢, then (5) and (8) describc a form of the additive white Gaussian
noise channel treated by Kadota, Zakai, and Ziv [10]. Thercfore, to use their results for information
capacity, we assume (9) to be in force and take B<«<b. In fact, it is assumed that B and & are scaled
versions of one another B=1b. The scalar n20 is termed the Wiener noise intensity of N,. 1 is the

counterpart to the Poisson aoise intensity A introduced in (4).

The compensator A of the discontinuous part X, in (6) is assumed to have the form

!

A(04]1xF) = Hxs(m)u(a’m)b(ds) (10)
F

where the (nonnegative) jump intensity x,(m) is a IFe"vIFY"-predicmble functional, 1 is the finite
measure on (J,Z,) introduced in (4), and b is the measure alrcady appearing in (4) and (8). The meas-
ares b in (4), (8) and (10) need not have b2en chesen to be identical; however this is a patural choice.
b is called the base measure of the independent increment noise channcl. In usual applications, b is
Lebesgue and the reader uninterested in more abstract situations is invited to view b as Lebesgue for

the remainder of this paper.

Suppose a mean-square constraint similar to (9) is imposed on the jump intensity y, (m):
| T
;E[I [ XA mdu(dm)b (i )} Q. (n
07

With x in (10) satisfying (11), the subchannel model in (7) is rccognized to be a straightforward gen-
eralization of the Kabanov Poisson-type point process channel model (8] with a mean-square constraint

in place of the peak constraint considercd there




The mean-squarc constraints (9) and (11) suggest a way 1o impose a single mean-square con-
straint on the encoder output X by a formal unification of & and . For all ¢ 20, define

{x,(m), meld
¥ (m) =
o, , m=0

to be the formal intensity of the cadlag process X =X, + X, with the parts X, and X, as in (8) and (10).
We introduce the formal mark measure v=p+ 8, defincd in the obvious way on the whole of the space
M =J u{0}. Here, §, denotes the atomic measure which assigns all of its unit mass to the point 0.
Since p(/)=1, v gives cqual weight to the continuous and discontinuous parts of the channel. Now the

two constraints (9) and (11) are combined in the single mean-square constraint
. T
E —j j Y m)v(dm)b(dr)| < T1? (12)
Tou

on the formal intensity W of the encoded message process X . In this context, we call the LHS of (12)

the formal power of the encoder output and I1? the formal power available to tie cncoder.

To summarize, the independent increment noise channel model is given by (5) and (7) with Lévy
noise N in (2). The noise variance [ measure is related to the channel base measure by B=nb for some
1n20. The noisec compensating measure B is correspondingly assumed to wake the form Abp for some
A20. The encoded message X is assumed to be cadlag with /7%~ [F ¥ *.predictable (1>0) formal inten-
sity ¥ saus{ying the mean-squarc constraint (12). The channel base measure b is assumed to be con-
tinuous with 6([0,T])=T while the formal mark mcasure v has an atom of unit mass at zero and unit

mass (without atoms) clsewhere:

vi{iOh =1, vJ)=1.




[1. CHANNE'. CAPACITY

In this section the information capacity of the independent increment noise channel is given and
its derivation is outlined. Proofs of results used in the derivation are given in the next section. We begin

by recalling the definitdons of channel information and channel capacity.

Channel information is defined to be the average mutual information [14) in the message 6 and

the channel output Y over the interval {0,T]:

oY) = E{ln dier |

dHA)xYJ

provided ey <<llaxr; Otherwise /7[0,Y]=oo. Here, Hor, o, and Wy are the joint and marginal measures
induced by the message and output processes, 8 and Y, on the spaces So, Sy, and Sex Sy where S, and
Sy are the spaces of trajectories of 6 and Y over the interval [0,7]. Also, Hexr 1s the product mcasure
induced by pe and py. The information capacity of the independent increment noise channel 1s the

supremum ot the channel information

1
= Sup sup _ ;7
€ = Sup sup TI (6.Y]

where 6 is any jointly measurable process defined over the interval [0,7°] and X =X (6,Y) is any cadlag
F®[F"*.adapted message cncoding satisfying the mean-square constraint (12 on its formal intensity.
The independent increment noise channel with delayed (eedback considered here is memoryless in
the sense of Kadota in [9] and Kadota, Zakai, and Ziv in [11]. In [11] it is shown that the informatuon
capacity of a continuous-ime memoryless channel can not he increased by feedback. Thus, for the
present purpose of obtaining the information capacity of the independent increment noise channel with
©>0, we can and do restrict our attention to the no-fecdback case. Tius significantdy simplifics the
problem. In particular, we exploit the facts that in the abscnce of feedback the processes X and N are
independent and that Y, and Y, arc independent if and only tf the compenents 8, and 6, of the mes-

sage are independent.

The parallel Gaussian and marked Poisson subchannels of the independent increment noise chan-
nel dominate its structure. In the absence of fcedback, these two subchannels have two points of

interaction: the transmitted message components 8. and 04 may be dependent and the encoders of the
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two subchannels compete for the available formal power 12 Thus, the independent increment noise
channel is distinguished by the possibility of redundantly encoding some or ull of the message to be
transmitted into both X; and X, . It is not immecdiately clear what effect such redundancy has on the
combined capacity of the two subchannels, This question is scttled with the aid of some definitions.

Let the combined message and output of n  additive noisc channels be cxpressed by
6=(6,,6,,...6,) and Y=(Y,,Y¥,....Y,). respectively. Also, define N=(N,N-. ., N,) and
X =(X,.X4,...X.). The parallel combination channel (6,X ,N,Y) with n subchannels 15 defincd to have

the following properties:

1. Yo, =X, +N,. 1€l0T],i=12 ..n,
2. X, =X, ,(6;)is IF-adapted, i=1.2,..n.
3. 0, N arc indcpendent,

4. Ny, Ny, .., N, arc mutually independent.

Disregarding the mean-square constraint on the formal intensity, we observe that the independent incre-

ment noise channel without feedback is a parallel combination channel with two subchannels.

The capacity of the parallel combination channel is

sup 1
€= xea —17[0,Y
gen, U T (6.Y]

where B, is the class of n-tuples (84,...,6,) of jointy mcasurable processes and A,, i =1,2,..,n is the
class of H’S‘-adaptcd encodings. Also, C is a class of encodings satisfyving 4 fixed collection of con-
straints; for the independent increment noise channel, C is the class of cadiiag processes with formal
intensity satisfying (12). It is clear that the capacity of the parallel combination channel is at least as
great as the sum of the capacities of th2 individual subchannels. The following theorem states that noth-
ing is gained by redundanty encoding some part of the message; allowing components of € to be

dependent does not increasc capacity. The thcorem's proof is given in the next section.

Theorem I: Let (8,X,N,Y) be a parallel combination channel with 2 subchannels (8,,X,,N,Y})

and (8,,X,,N,,Y,). The capacities of the two subchanncls arc

$ 1
CI(CXZ) = gs‘l;% Xlé(s.‘l;r:ﬁAl FIT[el,Yl]‘




€ACx,) = o xfz‘;"mz 7!7162.Y2)

where B is the class of jointy measurable processes, A;, i=1,2 is the class of [F % -adapted encodings,

Cx, is the set of all encodings X € C' with first component X, fixed, and Cy, is the set of all encodings

X € C with second component X, fixed. Then

€= X,. x )GC{C (sz) + CZ(CX )}

Similar statements can be made for parallel combination channels with more than 2 subchannels.
In terms of our channel model, Theorem 1 states that the information capacity of the independent incre-

ment noise channel is
C= R2+S;; o2 {CW(R) + Cp(Q )} (13)

where Cw (R) is the capacity of the Gaussian channcl (5), (8) with Wicner noise W and mean-square
constraint parameter R in (9) and where €p(Q) is the capacity of the marked Poisson channel (7), (10)
with marked Poisson noise P and mean-square constraint paramcter Q in (11). The capacity Cw(R) is

known [10]; with or without feedback it is

2
Cw(R) = g—n (14)

Therefore, to obtain the capacity of the independent increment noise channel, it only remains to deter-
mine the capacity of the marked Poisson channel with mean-squarc constraint (11) and to then find the
supremum in (13).

The following thearem gives the capacity of the marked Poisson channel. The proof is given in

the next section.

Theorem 2: Consider the marked Poisson channcl model (7) with signal compensator (10) and
noise compensator (4). Supposc that the channel basc and mark measures b and p are both finite and
continuous and lct the encoder intensity x,(m) be IF¥ vll’e“-prcdicmble and mean-square-constrained as

in (11) for some Q 20. Then Cp(Q)=D (A, Q) where D(0,Q)=2Q/e and, for A>0,




12

2 2

D(X,Q)=%{l+a]ln(l+a)—l[&+l]ln[%+l} (15)

where « is the unique solution of the equation
2
In P—+1 +2= l+l In(1+a).
on? a

The information capacity given in Theorcm 2 is the instantaneous feedback capacity. When the
proof of this result is examined, however, it is scen that feedback is not used in its derivation. Thus
(15) is also the capacity for delayed feedback (t>0) and, in particular, for the case in which the
encoder intensity x,(m) is restricted to be F e"-predictablc - the no-feedback case. Causal feedback with

or without delay cannot increase capacity in the marked Poisson channel considered here.

With regard to Theorem 2, we note that although the theorem is presented for a mark space
J <R of jumps, one obtains the same result for more general mark spaces - provided the associated

mark measure is finite.

The following theorem follows from (13) using Theorem 2 and (14).

Theorem 3: Fix t>0. The information capacity of the independent increment noise channel is

C=Ir(\,n,IT) where

2_pn2
r(x.n.n)=o§3‘;n{”,n‘~’ +D(l.Q)}. (16)

o

The supremum in (16) does not in gencral admit analytic evaluation for A >0. However, for A=0,

[ can be more simply expressed. Using D (0,(Q)=20 /e, the suprcmum in (16) is found to be

2
L
ro.nm=9y ° ¢ ) amn
2y, nszT“
e

I'(0,n,IT) is presented as a function of [T in Figure 2. For comparison, the corresponding Gaussian and

Poisson subchannel capacities TT%(2n) and 2[/e arc also shown.
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Figure 2. Information capacity € of the independent
increment noise channel with A=0.
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The expression for (0,1, 1) in (17) exhibits a transition point at 2n/e. This point is obtained by
solving for the zero of the derivative of
2_p2
-’ 2,
pail e
with respect 1o Q. For [T<2n/e, to maximize channcl capacity, one does best to allocate all available
formal power to the marked Poisson subchannel. For IT>21n/e, the formal power should be apportioned
between the two subchannels with formal power equal to (2n/e)? assigned to the marked Poisson sub-
channel and the remainder to the Gaussian subchanncl. For maximum information rate in the channel,

at least some formal power must be assigned to the Poisson subchannel in all cases where A=0.

The optimal distribution of the formal power [12 among the two subchannels of the independent
increment noise channel for the case A >0 can be addressed numerically, affording further insight to the
nature of the channel. Numerical calculations involving T arc somewhat simplified by the fact that I" is
first-order homogeneous; i.e. T'(wx,wy,wz)=wT(x,v.z) for all w>0. The results of calculations made
for the optimal distribution of formal power arc displayed in Figure 3 for a range of AIT and n/Il.
There are three possible forms the optimal distribution might take: assignment of all of I1? to the Pois-
son subchannel, assignment of all of T2 to the Gaussian subchannel, or a nontrivial apportionment of
12 10 both subchannels. According to Figure 3, all three possibilities do occur for the independent

increment noise channel.

Figure 3 shows, in particular that for A 27, the optimal distribution of formal power is to assign
all of IT? to the Gaussian subchannel. Thus, in this case, the capacity of the independent increment

noise channel is simply

C=—, A2T. (18)

A proof of (18) is given in outline as follows: Hold A and n fixed with A2n>0. Let g(Q) and 4(Q)
denote the first partial derivatives with respect 1o Q of Q%(2n) and D (A,Q), respectively. The second
derivative of D(1,Q) is found, upon cvaluation at (0 =0, to bec equal to 1. Because DA, Q) is first-
order homogencous, it then follows that d’(0)=1/A. Also, d’(Q) is a decreasing function of Q.
g’(@)=1/m so, for A2m and all @ 20, g"(Q)2d'(Q). We have g(0)=d(0)=0 so g(Q)=d(Q) for all
Q 20. Then the supand in (16) is nonincreasing in Q and the optimal choice of 0 is ¢ =0. (18) fol-

lows.
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For Mm <1, Figure 3 shows that the optimai distribution of IT* follows the general scheme
observed for the special case A=0; for [/ below some transition point (which varies as a function of
A/m) one optimally uses only the Poisson subchannel and above this transition point one optimally uses
both subchannels. This point is illustrated in Figure 4 where the channel capacity €=T(A,n,I1) is plot-
ted for the representative case A/n=0.1. The similarity with the plot of I'(0,1,I1) in Figure 2 is evi-

dent.

The capacity formula (17) is given for the independent increment noise channel with delayed
causal feedback even though (17) was only derived for the case of message encoding without feedback.
As has already been observed, it follows from the result of Kadota, Zakai, and Ziv in [11] that the

information capacity is the same in the two cases of delayed feedback and no feedback.

A quantity of significant practical interest for a channel is the coding capacity [2], [17]). Briefly, it
is the supremum of information rates - the logarithm of the number of messages of length T divided by
T - for which the error probability can be made arbitrarily small for sufficiently large T. The coding
capacity €eopms Of the independent increment noise channel follows in straightforward fashion from
Theorem 3. For the present channel model with 1>0, €Coopme=I(A, 1, IT) also. Skipping the details, this
is proved first by showing that the coding capacity of the marked Poisson channel in Theorem 2 has the
same expression as that given for the information capacity. An argument similar to Wyner’s {18] for the
peak-constrained Poisson channel proves this. Combined with the known coding capacity [2] of the
additive Gaussian white noise channel, this gives that €copme2T(A, 1, IT). Fano’s inequality completes

the proof.
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€ =T'Mm/10,71,11)

D (m/10,11)

Figure 4. Information caRacity C of the independent increment
noise channel with A=1/10. Compare with Figure 2.



IV. PROOFS

This section is divided into two subsections. In the first, a result for the information in the parallel
combination channel is obtained, leading to a proof of Theorem 1. The second subsection contains a

proof of Theorem 2.

Capacity of the Parallel Combination Channel

In this subsection we show that the capacity of the parallel combination channel is the sum of the
capacities of its n subchannels. Repeated use is made of Kolmogorov’s formula [13]. Let Z,, Z,, Z,,

and Z, be four random elements defined on a common probability space. Kolmogorov’s formula is

T(Z1,.Z1),Z3) =1{Z,,Z3} + EI(Z,,Z5]Z,]]. (19)

When generalized to average conditional informations, Kolmogorov’s formula takes the form [13]

Ell((Z1,22),Z51Z4]] = EII[Z,Z31Z4])) + EU (22,2521, Z2)]].- (20)

Multiinformation [15] appears naturally in the following discussion. The multiinformation
M(Z,,...Z,] in n random elements Z,,....Z, is defined as a relative entropy in [15]. An equivalent

definition is

M[Zl,.,.,Z,.] = Z I[(Zl,...,Zk_l).Z,,] . (21)
k=2

Multinformation is an extension of average mutual information; for two random elements
M(Z,,Z,]=1[Z,,Z,]. Like average mutual information, multiinformation is nonnegative and zero if and

only if the corresponding random elements are mutually independent.

Lemma I: Let (6,X,N,Y) be a parallel combination channel with n subchannels. Then, for ail
i#j,
I7((8:,6,).Y;) = 17(8;.Y;1,

HCRANAEIUCB AR
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1T (Y, Y = 17(6;, Y],

Proof: We prove the first equality; the others are proved similarly. 6; and N; are independent so
IT(8;,Y;18,1=17(6;,X;(8,)+N;16,1 = 0.
Then, by Kolmogérov’s formula (19),
17((8;,0,).Y;,1=17(6,Y;1+ EUT[6;,Y;10;1]

=17(6;,Y;].

Proposition 1: Let (0,X ,N,Y) be a parallel combination channel with n subchannels. Then,

IT®,Y}= iIT[Q;,Y;] -MT{Y,,Y,,..Y,]

i=l

where MT(Y,,Y,,...,Y,] is the multiinformation in the n subchannel outputs over the interval [0,T].

Proof: Consider n =2. From (19),
IT((8;,0,(Y 1. YD) =17 (0,,(Y1, Y] + EUT [6,(Y 1, Y)16,]1.
By Lemma 1 above, /7(8,,(Y,,Y)]=176,,Y,]. Then, using (20),
IT((81,82),(Y1.Y )] = I7[6,, Y]

+ E[IT[8,,Y,16,]]

+EQ7 182, Y2l(8,,Y )1}
Also

IT[85,Y,1(8,,Y )] = IT[0,,Y,1(8,,N )] = IT[6,,Y,16,)
since Y, is conditionally independent of N, given (8,,6,). So
IT((81,X9),(01, Y] = IT16;, Y]
+E[IT(6,,Y,1Y]]

+E[I7T(6,,Y,10,1].
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Kolmogorov’s formula is used twice more to obtain
EUT[6,,Y,16))) = 17((8,,07).Y,] - I7(6,,Y],

EUTI8,Y,lY 1 =1T[(01, Y1), Y] - IT [y, Y.

Then, using the preceding lemma, we get
[T[(eh e?)v(Ylt YZ)] = IT [911 Yl]
+17(0,,Y,0 - 17(6,,7Y3]

+17(0,,Y,) - IT[Y,,Y,]

which is the desircd resul for n =2. Similarly, for n =k one can show that
IT[(eli ceey ek )'(er seey Yk)] = IT [(el’ “ony ek—l)v(Yl’ ceey Yk—l)]

+ 170, Y, ] = IT((¥y, .. Yiy). Vi ]

Then, by recursion and the relation (21) the result is obtained for all n. Therefore, the proof is com-

plete.

Since multiinformation is always nonnegative, Proposition 1 implies that for parallel channels
without feedback, the channel information in the composite channel is dominated by the sum of the
informations in the component subchannels. Proposition 1 quantifies the degree to which the composite
mutual information is dominated by the sum of its component informations - according to Proposition 1,
the sum of the component informations exceeds the composite information by exactly the multiinforma-
tion M7[Y,,...,Y,] in the channe: output. Since the outputs Y,....Y, of the parallel combination chan-
nel are mutually independent iff 8,,...,0, are mutually independent, the proposition further implies that
the composite information equals the sum of the component informations if and only if the components
of the input are mutually independent. We state this formally as a corollary from which Theorem 1 fol-

lows directly.

Corollary: Let (6,X,N,Y) be a parallel combination channel with n subchannels. Then,

17(8,Y] < iﬂ[ei.Y.-]

i=]
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with equaliiy iff 0y,...,0, are mutually independent. Also,

where € is the capacity of the parallel combination channel and €; is the capacity of its i th subchan-

nel.

The corollary implies that, in secking the capacity of the parallel combination channel, one need

only consider messages 0 such that 6,,0,,...,0, are mutually independent.

The foregoing calculations are similar to some performed by Kadota (8] for time segments of the

continuous-time memoryless channel.

Capacity of the Marked Poisson Channel

The proof of Theorem 2 relies on results given in [5] for the capacity of the Poisson channel

(unmarked) with a mean-square constraint. These results are repeated here as Lemmas 2 and 3.

Lemma 2: Fix Q 20, A20 and let Ag denote the set of all nonnegative random variables X with

constrained second moment E [X2)<Q?2. Also, I (X1=E [XInX]-E [X )InE [X ). Then

Xen, [X+M=DRA,0).

Lemma 3: Consider the Poisson channel with Poisson-type point process channel output Y,,

t € [0,T] with compensator
[a +Mbds)
0

where A20 is the noise intensity, b is the channel base measure (b[0,7)=T), and %, =%,(0,Y) is a
predictable encoding of the message process 6,, ¢ € [0,T]. Let the encoder intensity %, be mean-

square-constrained, E [x2]<Q? for all ¢ € [0,T]. The information capacity of this channel is D (A, Q).
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Lemma 4: Let D be a Borel subset of R and define Ap to be the class of random variables with

range in D. Let f be a real function and suppose f !, the inverse of f, exists on D. For P € D, define

A=(XeAp: E[f(X)ISf(P)). Let g be a real function such that gof ™! is concave and nondecreasing.

Then

T ERX)] =g(P).

Proof: Define h =geof ~!. Then
EgX)=EL(FENSAEFXIShFP) =¢(P).

Let X =P. Then X € A and £{g(X)]=g (P). The result follows.

Lemma 5: Consider the Poisson channel of Lemma 3 except, instead of the mean-square con-

straint imposed there on the encoder intensity, let the encoder constraint be
1 T
RS 2 2
TlE[x,]b(dt) s Q%

The capacity is still C=D (A, Q).

Proof: The channel information is [12)

T
T, Y] = z[.E(n,lnn, ~ N, InR, )b (dr).

Here 1, =%, +A and 7, is the predictable version of E [1), IF}]. By Jensen's inequality,

T
1716,Y] < 2[l[x,wqb(dr).

By Lemma 2, /(X +A] has the upper bound D (A, E '2[X 2]). Therefore

T

1710,Y] < !D(X,T—M(t))b(dt)

where M (t)=E [¢?2]. Thus

T

Cs %Mz‘;goloa, VHT@))b (dr)

(22)

(23)
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where @ is the class of nonnegative functions
T
= (M@):M()=0, —T-jM(:)b(dx)sQZJ .
0

The function D (A,VX ') is nonnegative, increasing, and concave as a function of x. Also, b is finite so,

by Lemma 4, the supremum in (23) is realized for M (¢) equal to a constant. Thus we have

C<—[DaNoYp ) =D, Q).

St~

1
T

The constraint E [x?2] =072 for all r € (0,T] is stronger than the constraint (22) so €2D(A,Q), also.

This completes the proof.

Proof of Theorem 2: We begin just as in the proof of Lemma 5. The channel information in the

marked Poisson channel is
T
| iEm,(m)mmm) = N {m)lnfy, (m)]b (de ja(dm) ;
7

this expression is easily inferred from that given in [12] for the Poisson channel. Here
N.(m)=x,(m)+A and N, (m) is the predictable version of E [n,(m)IF /). By Jensen’s inequality,
T
1716,Y] sj{/[x.(m)ﬂ]b(d:)u(dm).

7
By Lemma 2, /[X + ] has the upper bound D (A, E 3(X 2}). Therefore

T

17(8,Y]) < [ [D (A NM (T, m))b (dt)p(dm)
70

where M (¢t ,m)=E {x3(m)]. Thus

€< _11—'« -n):q:aHDO‘ Mrm 23 (i d(dm) @9

where @ is the class of nonnegative functions

T
= (Mlmy: M@ .m)20, [ [ME.mbduidm)<Q?).
/0
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The function D (A,Vx ) is nonnegative, increasing, and concave as a function of x. Also, b and p are

finite so, by Lemma 4, the supremum in (24) is realized for M (t,m) equal to a constant. Thus we have

DA NQ?)b (di)(dm) = D (A, Q). (25)

(=i |

1
CST:[

We now show that the RHS of (25) is also a lower bound on €. Let the marks on the channel
output be ignored; i.e., process the output Y of the marked Poisson channel being considered here as

follows:

(Yi(F).F e ;) > I(J).

In other words, only the path Y({J/) of the channel output is retained. In such cases
IT[6,Y1217(8,Y (/)] so € is lower-bounded by the capacity of the Poisson channel (unmarked) with

channel output Y (J)). This second channel has noise and encoder intensities

:[lp.(dm)=l, )[x:(m)u(dm).

Suppose the encoder intensity y,(m) is chosen to be a function ¥, =7y,(m) of only ¢ - not of m. Then

we have a Poisson channel with noise intensity A and encoder intensity %, with constraint
1 T
T {E XA @) < Q2.

Therefore, by Lemma 5, € 2D (A, Q) and the theorem is proved.
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