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Research of M. G. Crandall

The papers listed below treat several distinct areas of research.

The paper [1] is an application of the nonlinear semigroup theory to an archetypal
nonlinear diffusion problem under nonlinear boundary conditions. The pde involved is a
general form containing, for example, models of flow in a porous medium and the Stefan
problem as special cases. The results establish existence and uniqueness of solutions of
an associated semilinear elliptic problem and apply them, via the semigroup theory, to
the diffusion problem. The study shows that necessary conditions for existence are also
sufficient and that the solution depends continuously on the nonlinearities in the equation
and the boundary conditions. A consequence of the study is that problems which are
at best awkward to formulate classically can be approximated by problems with classical
soiutions in a continuous way.

Papers [2] and [9)] are contributions to the abstract theory of evolution problems. Pa-
per [2] completes a program to subsume some quasilinear evolution problems, previously
studied by Kato, under the nonlinear semigroup framework, allowing time-dependence in
the equation and the norm in which the solution should be measured to depend on the
solution and the time, as is required to cover important symmetric hyperbolic systems.
The results provide, from some points of view, a more congenial avenue to the quasilinear
theory — which covers many important physical models — and show that the straightforward
difference approximations used in the proof not only converge, but provide a natural basis
to study existence, etc. The paper [9], although a proceedings papers, is largely original.
It provides an abstract functional analytic framework for the discussion of evolutions gen-
erated by operators like the Laplacian or, more generally, the p-Laplacian, which behave
well in almost all spaces. In the process, a simple outline of some interpolation theory is
given, with applications showing that classical results for linear mappings may be obtained
in a simple way even in the nonlinear case and new generation and perturbation theorems
are obtained.

Papers [6] and [8] are a continuation of the authors’ program to provide a theoretical
basis for Hamilton-Jacobi equations in infinite dimensions, with an eye to developing a
theoretical foundation for dynamic programming in infinite dimensional control and dif-
ferential games. These works were the first to establish existence, uniqueness, etc., under
conditions allowing the dynamics to include partial differential equations of evolution.
Other workers are now entering this rich arena; we mention in particular D. Tataru who
was stimulated by this series to make some dramatic recent contributions.

The paper [7] perfects a result [4] which allowed a significant simplification of the
presentation of the theory of viscosity solutions of fully nonlinear second order partial dif-
ferential equations. This theory is now an enormously active area, finding new applications
in asymptotics, geometry, control, etc. almost daily. Using the results as formulated in (7],
(11} is a primarily (but not completely) expository presentation of the theory. Indeed, we
expect [11] to have a very substantial impact as it simplifies many aspects of working with
viscosity solutions and presents the main ideas and results in a congenial and organized
way for the first time. Preliminary response indicates that it will be widely read. It will
appear in the Bulletin of the Americal Mathematical Society as a “research expository
article”. The paper [10] is a related short proceedings article intended to advertise these
developments to its audience.
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Research of P. H. Rabinowitz

Rabinowitz’s research during the period of this grant has resulted in 13 papers. Paper
[1] studies Hamiltonian systems of compound pendulum type, i.e. the nonlinear terms
are periodic in both the independent and dependent variables. It combines the resulting
Z" symmetry with variational arguments to prove the existence of multiple time periodic
solutions.

Aside from the last paper [13], the problems studied in the remaining papers fall into
two classes: (a) periodic solutions of singular Hamiltonian systems and (b) connecting
orbits of Hamiltonian systems, especially heteroclinic and homoclinic solutions. Papers
[2], [4-6], and [9] deal with (a). In [2] and [4], partly jointly with A. Bahri, Rabinowitz
found new minimax methods to prove the existence of infinitely many periodic solutions
of autonomous and forced singular Hamiltonian systems. The type of singularity treated
was a point singularity such as arises in the Kepler problem. E.g. a simple model case is

(1) G+ Vq(t,q) =0

where ¢ € R"”, V € C}(R",R), and V behaves like —|g|~# for q near 0 and 8 > 0. In
[5-6] and [9], joint with Bahri, Rabinowitz devised new indirect variational methods which
establish the existence of infinitely many periodic solutions of problems of 3-body type.
Here a model case is

. oV )
(2) mi(Ii+5;(q17(I21q3)=0, 1= 112’3

m; >0, g€ R¢, and

Via) = Z lg; —q,l""

$,i=1
3]

with a;;, Bi; > 0.

Papers [3], [7-8], [10-12] deal with connecting orbits of Hamiltonian systems. In [3],
[10], [11], the existence of heteroclinic orbits was studied for a subclass of the potentials
treated in [1]. Novel minimization arguments were used to find such orbits as well as
heteroclinic chains. In (7], joint with Tanaka, some of the ideas from [3] were extended
to study orbits emanating from local or global maxima of the potential energy. Paper
(8] uses the Mountain Pass Theorem and approximation arguments to establish the exis-
tence of a homoclinic orbit as a limit of subharmonic solutions for a class of Hamiltonian
systems having a superquadratic potential. As a followup to this paper, in [12], jointly
with Coti-Zelati, a rather novel variational approach was discovered which establishes the
existence of multiple homoclinic solutions for Hamiltonian systems in the setting of [§]. In
fact, infinitely many homoclinics were obtained near each level set of the corresponding
functional for each integer multiple of the mountain pass critical value.

Finally in [13], some of the ideas from [8] were used to get the existence of positive
solutions for a class of semilinear elliptic partial differential equations on R".
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Some recent results on heteroclinic and other connecting orbits of Hamiltonian sys-
tems, to appear, Proc. Int. Conf. on Nonlinear Analysis and Variational Methods,
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