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ABSTRACT

Project 91260 "High-Frequency (HF) Antenna Element Modeling" is a MITRE sponsored
research project to develop computer programs and accurate models for predicting the element
pattern, radiation efficiency, and input impedance of HF monopole elements on ground planes of
various forms that rest on or are in close proximity to earth. A unique aspect of this project has
been the use of a technical advisor group composed of outside interested investiyators to assist
MITRE personnel in the development and evaluation of analytical models.

As a member of this group, Dr. Jame. R. Wait has assembled a collection of twenty-two
reprints, authored by himself and his colleagues, on antenna performance influenced by the finite
extent and conductivity of ground planes primarily in the presence of earth. The objective of this
collection is to provide a focus and filter of relevant papers from among the more than 750
refereed papers by Wait and his associates; this paper presents this collection. Also included are
Dr. Wait's discussions of U.S. Navy Electronics Laboratory reports related to reprint 1.11 (Wait and
Walters, 1963) and an annotated listing of selected related publications. A biography ot Wait and
a complete listing of his refereed papers through April 1390 are given in appendices.
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AUTHOR'S PREFACE

The performance of an antenna is dependent on the environment. In some cases the
effect is minor but very often we need to worry about the structure upon which the antenna is
mounted. it becomes part of the radiating structure! For example, if the system consists of a
vertical wire fed from a perfectly conducting plane sheet of infinite extent, simple image theory
would suffice to predict the radiation pattern and the input impedance. But the ground plane may
be imperfectly conducting and it would always be of limited extent. Over the years, | have had an
abiding interest in this problem, particularly in connection with the design of very low frequency
(VLF), low frequency (LF), medium frequency (MF), and HF antennas in situations where the
influence of the finitely conducting earth is significant. In such cases, radial-wire or mesh ground
systems are often employed to mitigate the adverse effect of poorly conducting earth in the low
angle radiation and to improve the overall power efficiency.

My publications, including those coauthored with my colleagues dealing with the topic, are
scattered over many journals, reports and symposia proceedings. Some of these are no longer
accessible. For this reason and because | have received numerous requests to supply copies, |
have felt it is desirable to assembie some of the relevant material in a reprint collection. | have
taken the opportunity to correct typographical errors in of the papers. Also | have added some
extracts from related reports, particularly those from the U.S. Navy"s Ocean System Center in San
Diego where | often visited in the 1960s. Finally, | have included a listing of related papers,
published in the open literature, along with specific comments.

| wish 1o thank Melvin M. Weiner of The MITRE Corporation in Bedford, MA for getting me to
assemble this collection. | am aiso gratetul for his initial support. By way of introduction to this
subject, the reader should consult Melvin Weiner's monograph, "Monopole Elements on Circular
Ground Planes,” (coauthored by S. Cruze, C-C Li, and W. Wiison) published by Artech House,
1987. Their analyses deal with the case where the monopole and circular disc are located in free
space.

James R. Wait

Consuttant in Electromagnetics
and Electrical Geophysics

2210 East Waverly

Tucson, Arizona 85719
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Reprints

Note: The reprint number in parentheses corresponds to that in the listing of refereed papers of
appendix B. The reprints in this section are assembled in the order of increasing reprint
number.
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Arbitrary Length Over a Circular Grounded Screen,” Journal of Applied Physics, Vol. 25,
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Reprinted from Joursat or Aretier Puysics, Vol. 25, No. 5, §53-555, May. 1954

Impedance of a Top-Loaded Antenna of Arbitrary Length
over a Circular Grounded Screen*

Jauzs R. Wait, Radio Physics Labovairey, Defence Research Boord,'Ottows, Conodo,

AND

Warres J. Surrees, Unirersity of Tovsnte, Toromts, Caneda
(Received September 22, 1953)

The problem of a vertical monopole situated aver a circular perfectly canducting screen Iving on a finitely

conducting gmund is considered. An ap methed mplo\cd originally by Ahbott to calculate the

self-impedance is discussed. Usmg this Iormul: explicit exprusums are derwcd for the seif-impedance cf 2

thin, top-loaded vertical pole. Si ! current di

INTRODUCTION w aH,
l ,SUA.LLY the most important factor contributing = —; P @
to the inefficiency of low-frequency antennas is

to be found in the ground system. The rules for ground 9_5_-_3_50_’. I o
system deslgn are usually empmcal and based on re- ¥ o paile.

sults of experiments on existing installations. Recently,
the general problem has been investigated analvllcally
by Abbott! who has developed a design procedure to
select the optimum number of radial conductors speci-
fied given the values of the electrical constants of the
ground.

An important related problem is the actual change of
input impedance of the antenna for different sizes of
ground systems. This analysis has been carried out for
a vertical antenna situated centrally over a perfectly
conducting disk by Leitner and Spence’ and more
recently by Storer? They, however, only considered the
case when the surrounding medium was free space. A
more appropriate situation is when the disk is lying on
the surface of a homogeneous conducting half-space
which corresponds to the ground. It is not surprising
that the solution of this problem is in general very
difficult.

FORMULATION OF PROBLEM

With reference to a cylindrical polar coordinate
system (p,,2) the antenna of height k is coincident with
the positive z axis. The circular screen of radius g lies
in the plane 2=0 which is also the surface of the ground.
The conductivity and dielectric constant of the ground
are denoted by o and ¢, respectively, and the diclectric
constant of the air by «. The permeability of the whole
space is u which is taken to be the same as free space.

Due to the obvious polar symmetry in this problem
Maxwell’s equations take the following form for time
dependence according to exp(iwf):

. " d
oE, =~ —(pH,) n
v dp
* Paper presented at Joint International Scientific Radio Union-~

lnsumte of Radin Engincers meeting io Ottawa, October 6th, 1933
1F. R. Abbott, Proc Inst. Radm Enm 40, 846 (1932).

where y and y are the intrinsic propagation constant
and characteristic impedance of the medium, respec-
tively, and defined by

v=[ipw(o+iwe) ]
and
1= [ina/ (e +iw) .
A subscript zero is affixed to these quantities in order
that they should pertain to the air. That is,
vo=iew)lo=i2n/A,
where ) is the free space wavelength in meters and
o™= (p/en)22377 ohms.
Following the method of Storer? the difference be-
tween the impedance Z of the antenna over a finite

screen and the impedance Z, for an infinite screen is
denoted by AZ and is given by

A7 mZ—2Z¢= ————f (- —plly* )I(z)d:. (4a)

In this equation H,* is the change of the magnetic field
11, for a finite screen from the magnetic field H,” for an
infinite screen. The current on the antenna is /(z) and
the base current is /,. It then follows that

1 -
aze-— f B GO, (p0)2xpds,  (4b)

where 1o [ =+ -)']
[ - >
Bopom——~— [ T ot (o)
2r dp e (24"

THE APPROXIMATE SOLUTION

The magnetic field in the ground outside the screen
is a solution of the wave equation

Y A. Leitner and R. ... Spence, J 1 Ph\s 21, 1001 (1950).
17 E. Storer, ] Appl Phys. 22, xo?ap (1951) (A—71)H,(p,2) =0, ()
553 '
Jheve O = ;??? %re
1-4




554 J. R. WAIT AND W, ). SURTEES

and therefore

Ho(pa)= f L) pOMA, <0, (6)
[
where u= (Z*+yY)! and the electric field is given by
Eym—2 f wORe PO, 20, ()
Y

The binomial expansion of # is of the form

Al
u-v(l+—+--- '
2¥

so that

£.-—3[ [ vonepona
Yivy

+ f (1/29) ], e p NN - - - ] @®

Now the differential equation for J is given by

dl1a
—-—p—’\’)ln(h)'o
dp p dp

and so it readily follows that, for z=0

=terms containing y=4. (9)

The second term is negligible if the propagation constant
in the ground is sufliciently large and if pll, is not
varying too rapidly with p. That is pf7, should not
change appreciably in a distance equal to [y™!] in the
radial direction for points outside the screen. This
spproximation is always well justified under practical
conditions at low radio-frequencies.

Employing this result for E, the equation for the
self-impedance is now given by

az=L f U eOH(p0xpdp.  (10)
I.' -

To apply this formula to an actual situation it can be
assumed that H,(p,0) is not ver different from 77,°(»,0)
in the region of the ground plane where the losses are
significant, and therefore

” -
a7 L GO T2 an

An equivalent statement of this approximation is that
the electrical radial current density at the surface of
the ground is not appreciably affected by the finite
conductivity of the soil. The approximate expression

1-5

for A7 in Fq. (11) was first given in this form by
Abbott! who quoted it without proof but pointed out
that it was a plausibie resuli. Later Monteath?® also
arrived at this same formula from an extension of the
compensation theorem well known in circuit theory.
A better approximation to Eq. (10) might be to set

Ho(pO)= A (pO)F(p), (12)

where F(p) is Sommerfeld's “surface wave attenuation
factor” which is a function of the numerical distance p
which for a good conducting ground (¢>>ew) is given by

= (vo/2) (ema/v).

When pK1 it can be shown or scen from tabulated
numerical values® that F(p) is very close to unity.
If p>1 the magnitude of F(p) drops appreciably below
unity. However, since H,™ varies essentially as ¢~/
and since F(p) is a slowly varying function the contri-
bution from the integrand in Eq. (11) for the cases
where p>1 are negligible. At low radio-frequencies
(<1000 kc) and for moderate ground conductivities
(¢>10~* mhos per meter) the approximate formula
given by Eq. (11) is sufficiently close to the formula in
Eq. (10) to justify its use.

Up to this point no restriction has been placed on the
current distribution on the antenna. For thin antennas
it can usually be assumed that

1(z)= I, sin(a—fz) (13)
for
02224,

where f=<v4/i=2r/\. The maximum current ampli-
tude is J... and the conditions at the upper end of the
antenna specify a. For unterminated ends I(k)=0 so
that a= gk and then

I(s)=Iq sinB(h—z)/sinBh.

In some instances at low freguencies it is customary to
load the antenna near the top so that effectively
I(k)»0. 1t is convenient then to set

a=Bk+k),

where &’ specifies the degree of top loading.

Employing the value of I{z) given by Eq. (13) and
inserting it into Eq. (4c) the integration with respect
to & can be carried out to give

ilafc® [ ahad
H4"(p,0)= — —] — cos(Bh—a)—— cosa
2ri p P

inew (=B
——-—sin(ﬂw—-o)q’ . (19)
p v

*F. R. Abbott, Standard Radial Ground Systems for I.f. and
m.f. Monopolc Transmitting Antennas, U. S. Navy Electronics
Laboratory (San Diego), Report Nn. 219, Oct. 1950.

8 G. I). Monteath, Proc. Inat. Flect. Engrs (Londun) 98, Pt IV,
23 (1951).

* K. A. Norton, Proc. Inst. Radio Engrs. 24, 1367 (1936)
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Fic. 1. The i 1 self-imped AZ for 3 quarter-wave
pole over & circular g ded scteen.

where r= (p?4-k%)). Using this value for },* the inte-
gration indicated in Eq. (I1) can now be carried out
to yield

AZ=—

{cos*(Bh—a)l4+cos’al
2x sin%a [~ /5’ A
-k sin?(Bh—a)l 1+ 2ih cosa sin (Bh=ea)];

—2 cos(Bh—a) cosal s~ 2ik sir(m
X cos(Bh—~a)lsj, (13)
where I,, I, I---1. are integrals which can be ex-
pressed in terms of the exponential integral
- ‘—-I‘
Eil—nm)= ~ —dx
. =
as follows:
- -llﬂ-
Ii= ——-dp=—£ i(—2ifry)

— TP
——(e‘"“l i{=2i8(re—k))
+ME[~28(ret M)

r!llr
I= f —«fp--z—wv[ 280+ W
e T
g — Ei = 2iB(re— k) J 2"}

- ri‘(..') l
L= | ———dp=-{eEi — iB(g+1)A]
poe TP h
—BE—iB(g— 1A}
- t-il(,or)
Io= | ———dp=Ei(—ighg)
r— P

~ Ei[— iB(g+ 1)h])c#* — Ei[ — i8 (g~ D)hJe—**

- asr
I= f T dom — ET~2iB(rrt )
alile + Eil ~ 2iB(re—h)Je~ ')

‘-h'h
I.-f — ~dp= — Ei(—2{Ba),

pme P

where
i
re= (*+ ) and g-[¢+(¢’+hﬁ)|];’,
The exponential integrals occurring in the above ex-
pressions are atl of imaginary argument so therefore they

can be expressed in terms of the sine and casine in-
tegrals, Si(x) and Ci(x), respectively, as follows

Ei(—ix) -Ci(x)+i[;-55(x)].

\When the antenna is not terminated such that
k'=0 or a=Bh the expression for AZ simplifies 10

-1 Ei( = 2i8(re4 h) Je2*
-hsma[ i{-2iBtes ¥

+ Eil = 2iB(re— W) Je"2# 4 2 cos’Bh i~ 2ida)
+4 cosBh{ Ei(~ i8hg)~ Ei — idh(g+ 1))

-mt-;a:.(,-n}--'»)]. (16)

It has been found that the results for AZ can be put

in a very convenient form by writing

AZ=AR+iAX
and then plotting AR as a function of AX for values
of the ratio a’h. The curves 1ake the form of spirais
which are somewhat similar to the “impedance spirals”
of Storer® for the antenna and disk situated in free
space.

As a specific example the impedance spiral for a
quarler wave vertical monopole (i.e. k=1/4) without
top Ioading is shown in Fig. 1. Since the displacement
currents in the ground can be neglected at low radio-
frequencies (i.e. w<e/¢) the curves can be conveniently
normalized by multiplying AR and AX by (¢/ ])' Itis
interesting to mote that AR appxoaches infinity as
a/h approaches zero. This is not surprising since the
ground loss would be infinite if the lower end of the
antenna were in direct contact with a homogeneous
semi-infinite conductor.

Further calculations from Eqs. (15) and (16) have
been carried out in this laboratery by Alr. D. A,
Trumpler. In addition the effect of the ground screen
on the radiation field has also been studied. These
results are the subject of subsequent papers.*?
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Appl. sci. Res. Section B, Vol 4

THE CHARACTERISTICSOF AVERTICALANTENNA
WITH A RADIAL CONDUCTOR GROUND SYSTEM *)

by JAMES R. WAIT and W. A. POPE

Radio Physics Laboratory, Defence Research Board, Ottawa, Ont. Canada

Summary
Employing an approximate method the input impedance of a ground

based vertical radiator is calculated. The ground system consists of a
number of radial conductors buried just below the surface of the soil. The
integrals involved in the solution are evaluated, in part, by graphical
methods. The final results are plotted in a convenient form to illustrate
the dependence of the impedance on number and length of radial conduc-
tors for a specificd frequency, antenna height. and ground conductivity.,
It is finally shown that under usual conditions the radiated fields are modi-
fied by only a few percent due to the presence of the ground system.

§ 1. Introduction. Antenna systems for low radio frequency are
designed, usually, to work in conjunction with a radial wire ground
system buried just below the surface of the earth. The purpose of
this wire grid is to provide a low-loss return path for the antenna
base current and consequently to improve the efficiency of the trans-
mission.

The rules for ground system design are usually empirical and based
on the results of experiments on existing installations. The first
systematic study of this problem was carried out by Brown) 2
and his associates who were mainly concerned with the operation of
half-wave antennas for the broadcast band. Sometime later A b-
bott3) developed a procedure to select the optimum number of
radial conductors, given the values of the electrical constants of the
ground. An important related problem is the actual change of input
impedance of the antenna for different sizes and types of ground
systems. This analvsis has been carried out by Leitner and

®) Work carned out under Project No. D 48-95-55-07. Paper presented at the .S A,
National Convention of the lustitute of Radio Engiucers in New York, March 1954,
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Spence?) and more recently by Storer? for a vertical an-
tenna situated over a perfectly conducting disc. However, they only
considered the case where the surrounding medium was free space.

The purpose of this paper is to consider, in some detail, the cha-
racteristics of a vertical antenna of any length situated over a cir-
cular ground screen composed of N radial wires of equal spacing
situated at the interface between the air and a semi-infinite homo-
geneous ground. An approximate method to calculate the input impe-
dance will be emploved similar to that describedby Monteath®)
who developed an extension to the compensation theorem of electric-
circuit theory. The current distribution on the antenna is considered
to be sinusoidal.

With reference to a cylindrical polar coordinate system (g, ¢, 2)
the antenna of height A is coincident with the positive z-axis as in-
dicated in fig. 1. The ground screen is of radius a and lies in the plane

RADIAL  CONOUCTOR

- EANTH SYSTEM
Qo jb (AI)
p
S0 (Grownd)
jptnmne § ¢ c——

Fig. 1. The schematic representation of a vertical antenna situated over a
radial conductor ground system.

= = 0 which is also the surface of the ground. The conductivity and
dielectric constant of the ground are denoted by o and ¢ respectively
and the dielectric constant of the air by ¢, The permeability of the
whole space is taken as z which is taken to be that of free space. The
intninsic propagation constant y and characteristic impedance 5 of
the carth medium are defined by

y = [iﬁw(d + iwe)].
and
) = lifwlo = iwe)).

where m is the angular frequency. The propagation constant 3, and




THE CHARACTERISTICS OF A VERTICAL ANTENNA 179

characteristic impedance 7, of the air are then defined by
Yo = ilegtt)! @ = i27/4 = ip
and
no = (ujeg)t = 377 Q,
where 4 is the wavelength in air.

The self-impedance at the terminals of the antenna is now denoted
by Z, and can be broken into two parts by setting, Z; = Z, + 42,
where Z, is the self-impedance of the same antenna if the ground
plane were perfectly conducting and infinite in extent. On the other
hand 4Z,is the difference between the self-impedance of the antenna
over the imperfect and the perfect ground plane. It is called the self-
impedance increment and can be written in terms of a real and
imaginary part as follows:

AZT = ART -+ id-\-r (l)

where 4Ry and AN'; represent the resistance and reactance incre-
ment. If the current at the terminals of the antenna is I, the power
required to maintain this current is J2R;. If the ground were per-
fectly conducting the input power would be I3 R, where R, is the
real part of Z,. The additional power required to maintain the same
current I, at the terminals is I3 AR, *).

It is seen, therefore, that the quantity 4R, represents an impor-
tant parameter of a radio frequency antenna.

§ 2. The impedance calculation. It is shown in appendix I that the
impedance increment is given by

L]
~

1

4z; = —— [ H7 (0. 0) E . o) 2 . @

Y
where H7(0, 0) is the magnetic field of the antenna tangential to a
perfectly conducting ground plane and E (o, 0) is the tangential
electric field on the imperfect ground. If the current on the antenna
is 1{z), it follows that
HY = — — —
* 27 ¢o
0

. 11
1 & /‘e-m-'w» ‘s

*} It 1s understood ‘hat /g s the root mecan square value of the current if the power 1~
to be expressed in watts.
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For thin antennas it can be usually assumed that the current distri-
bution is sinusoidal, that is
I(z) = I, sin (a — B2)/sin a (4)
if the antenna is fed at the base (i.e. a monopole). The quantity a is
determined by the height of the antenna and the top-loading, that
is
a = Blh + k).
The quantity &’ specifies the amount of top loading and is usually
obtained from experiment. For a thin antenna without top-loading
(i.e. unterminated case) a = ph. The integrals of the type indicated
in (3) can be expressed in closed form for a sinusoidal current distri-
bution. The result is given by
1,
2n sin a
~-ife . - 18
e ih ¢
—~—c0s 4~ — —sin{a@ -BH) |, (5
o . & -Fh)

e~
HP (0,0) = = [— cos (Bh — a) —
4

where 7 = (¢® 4+ A%)',

Since the electric field E (g, 0) is an unknown quantity, it is neces-
sary to make several simplifications at this stage. Since |y{ > g, an
approximate boundary condition (see appendix II) is emploved,
expressed by

E (0. 0) = —n, H (e, o), (6)

where H (o, o) is the tangential magnetic field for the imperfect
ground system and 7, is the surface impedance of the air-ground
interface. If  is greater than a, the radius of the ground screen, 5,
can be replaced by . If g is less than a, 7, is the intrinsic impedance
n, of the ground screen which is in parallel with the impedance 7 of
the ground. In a previous investigation ?) %) of this problem it was
assumed that #, was zero so the ground system was equivalent to a
perfectly conducting disc of radius a. The limits of the integration
in (2) are then from 9 = a to 0 = oo. A more general case is when 5,
is comparable in magnitude to #, in which it follows that

n,
n-+n

for 0<o0<a, (7)

Y =

-1
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where

e =7 Mo

and where 4 is the spacing between the radial conductors and cis the
radius of the wire. The expression for 5, has been derived ?) for a
wire grid in free space where it was necessary to assume that
iyod| < 1. Since the grid is lying on the ground plane, this restriction
must be replaced by |yd| << | where y, is the effective propagation
constant for propagation along a thin wire in the interface and is

given by 19) ‘
_ (73 + r’)"'
70 2 .

If there are N radial conductors, it can be seen that 4 can be replaced
by 29N since N is usually of the order of 100. It is assumed also
that H, (o, 0) is not very different from Hy’(¢, O) in the region of the
ground plane where the losses are significant. This approximation
has also been discussed previously 7) 3) and it certainly appears to
be valid if [y > #.

The impedance increment 4Z; is then written in the following
form:

1n,d In d

42, =42 + 42, @)
where o
AZ =0 [[H}(e. 0)F 270 do 9
and .
C NN e
24z, =~/ o . 0)]2 270 do. (10)

The first expression 4Z corresponds to the self-impedance of the
monopole over a perfectly conducting discoid, whereas the second
expression 4Z, accounts for the finite surface impedance of the radial
conductor system. .

It is instructive to consider 4Z, first in some detail, since the
integrations can be carried out and the result expressed in terms of
the exponential integral defined by
o Fem e
Ei (— iga) = — |

[]

- ~

do. (11
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The procedure was outlined previously 7) 8) where an expression for
AZ was given for any value of the height 4 and top loading 4’. The
special case where the antenna is unterminated (4’ = 0) is given by

AZ = ey B (= 20800+ H)] €%+
+ Ei [— 2if(r, — k)] e~ 2 4 2 cos? ph Ei (— 2ifa)
+ 4.cos ph [Ei (— iphg) — Ei [— iph(g + 1)] ™
—Ei[—ifhg—1]e™™]}, (12
where

g = ll fa + (@ + #)') and ry = (a® + K})'A.
3

This equation may be put in a suitable form for computation by
employing the relation

Ei (— ipa) = Ci (fa) + z[lz' —Si (ﬁa)] . (13)

whete Ci (fa) and Si (fa) are the cosine and sine integrals respectively
as defined and tabulated by Jahnke and Emde!t). The results
of the calculations are presented in a most general form by plotting
4nd7Z 'n as a function of a/h for various values of 4/A as shown in figs.
2 and 3. It can be seen that the magnitude of 4Z increases without
limit as a approaches zero.. This formulation is not actually valid in
this limiting case since one terminal of the generator would then be
connected directly to the earth medium (or to a disc of vanishing
radius) and would lead to an infinitely resistive path for the antenna
base current.

A slightly more convenient way to illustrate these calculations is
to plot (a/f)' * AR. where AR is the real part of 4Z, as a function of
a'h as shown in fig. 4 where f is the frequency in Hz. This is only
permissible if displacement currents in the ground are negligible
(note if ew <€ 0, 7 = (ijiw-0)". It is interesting to note that AR
actually assumes negative values under certain conditions. In this
case, the input power to obtain a given current /, at the antenna
terminals is actually less for an imperfect ground than for a perfect
ground. This fact can be reconciled by showing that the radiated
power is actually reduced if 4R < 0. A physical explanation for the
oscillating nature of the curve is that a wave is reflected from the
discontinuity in the surface impedance at o = a. As the radius «

1-13
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increases, the phase lag of the reflected wave will continually increase.
This viewpoint is substantiated when it is noted that the period of
the oscillations is nearly equal to twice the diameter of the ground

screen.

(K}

1.2 ‘
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oe 1'
1\ N.B. VALUES OF h/A ARE SHOWN
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Fig. 2. The incremental self-impedance for a vertical antenna situated over
an idealized perfectly conducting discoid lving on a homogencous ground.
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T 3. The phase of the incremental selnf-impcdance corresponding to the
conditions of fig. 2.
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When the ground screen of finite surface impedance is considered
the integrations indicated by (10) must be evaluated. This appears
to be a formidable task for the case when the antenna is of arbitrary
length. However, if the antenna is a quarter-wave monopole, without
top-loading, the integrations can be carried out fairly readily by
graphical means. In this case

¥ A
H:"(g, 0) — __;z_zemﬁ(oup/m-/- , (14)

which is a special case of (5) with A" = 0 and & = 4/4, and hence
the integral in (10) can then be expressed in the following form:

fﬁq cos [.-z(l —4R) + = _ tan™! w] dpP
. ? (15)

4R, = / -
: var [P+ (p + ¢ P
and, similarly, AX, with cos (—) replaced by sin (—). The real
dimensionless quantitics p, ¢, .. and R are defined by
p = 120 28/4/2 with § = (qw/0)",
2402°P_ P

q=———N—lnR with C=C/)..

4 =aji and R = VP + (})%

RELATIVE SCREEN RADIUS a/h

Fig. 4. The real part of the incremental self-impedance corresponding to
the conditions of fig. 2.

It has been assumed in writing (15) in this form that displacement
currents in the ground are negligible, that is (ew/o) < 1. Using the
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results of the numerical integration for 4R,, values of AR, (= 4R +
+ AR,) are plotted as a function of 4 in figs. 5, 6 and 7 for various
values of 4 and N with C = 0.1 x 1073, and in fig. 8 for various
values of C for N = 100 and é = 0.1. The value of é can be readily
obtained from fig. 9 when the ground conductivity ¢ and the fre-
quency in kHz are specified.

L
g-l \ ] — —
s | Nl T~
LN T
\ TN
/' N1

00 01 02 O34 05 06 O7 O8 09 0
‘.
RELATIVE RADUS OF SCREEN

Fig. 5. The incremental self-resistance of 2 vertical quarter-wave monopuolce
on a radial conductor ground system for a wire radius equal to 10~ of a
free-space wavelength.

It is immediately evident that the oscillations in the curves for
ARy have been damped if .V is finite. This can be expected since
there is a smaller change of the surface impedance at o = a if the
ground conductivity is reasonably high (6 < 0.1). The limiting case
where .V = oo corresponds to the perfectiv conducting disc discussed
previously. It is quite apparent from these curves that a ground
screen radius greater than about } of a wavelength is wasteful. On
the other hand it would be quite feasible to choose a large number of
radials to reduce the resistance increment to a low value. Although.
in practice, it is usual to employv No. 8 wire (C = 0.5 :< 1073 at |
MHz); some improvement could be obtained by using larger wire
diameters. From a theoretical standpoint, however, it would appear
that, for a given total weight of wire, it is preferable to use a con-

Applosci, Res. B 4
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ductor of smaller diameter, say No. 22 wire (C = 0.1 x 10~% at 1

MHz) and to employ 150 or more radial conductors.
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Fig. 6. The incremental seif-resistance of a vertical quarter-wave monopole
on a radial conductor ground system for a wirce radius equal to 10=% of a

free-space wavelength.
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Fig. 7. The incremental self-resistance of a vertical quarter-wave monopole
on a radial conductor ground system for a wire radius equal to 10~ of a
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§ 3. The earth currents. 1t is interesting to examine how the an-
tenna base current is shared by the radial conducters and the ground
itself. If the current flowing in the ground is denoted by I, and the
total current in the radial wires by I, then the ratio I,/I, is equal

\

VL
\ a0

g &

Co08e10"
crLoner®

/ [

RESISTANCE AR (OHMS)

\\ ram-m \

_ N T

@ @ 02 0 o4 03 08 O o 0 10
Loh
MOLATIVE RADNS OF SCREEN

Fig. 8. The incremental seli-resistance as a function of the wire radius with
a fixed number of radial conductors and ground conductivity.

to the ratio of the surface impedance of the grating of the wires com-
posing the earth system to the surface impedance of the ground.
Therefore it follows that

I, = i

L n=0+0p

where p and ¢ have been defined previously. Since the total current
is given by I, = I, + I, it follows that

IL-

(16)

_' ] v2p
U+ nin|] [°+ @ +97
It has been assumed here that displacement currents in the ground
are negligible (i.e. ew o < 1).

Equation (17) is not a function of the height of the antenna and
therefore it would apply also to top-loaded antennas as long as the

1, (17)
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circular symmetry is essentially retained. Employing this equation,
curves are plotted in figs. 10 and 11 to show the dependence of the
current in the radial wires on the various parameters. The abcissae
are the lengths of the radial wires in wavelengths measured from the
base of the antenna. It is noted that if the radial wires are increased
beyond a certain length, nearly all the current flows in the ground.
When the ratio j/,/],, is equal to }, the current in the ground is equal
to the total current carried by the radial wires.

20
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GROUND CONOUCTIVITY @ (mboe/m)

Fig. 9. Ground conductivity.

§ 4. The radiated power. While the main subject of this paper has
been to evaluate the input impedance of the antenna, it is also of
some interest to know if the presence of the ground screen appreciably
changes the radiated power. A simple and approximate analysis is
now carried out which indicates that this change is small.

The power dissipated in an elemental area of the ground is equal
to the rcal part of n;H2.. It is then evident that the change of power
lost 4P, in the ground due to the presence of the ground screen is
given by

-
AP, = Re [ AniH_'? 270 do, (18)
0
where dy is the difference between the surface impedance 5, of the
radial conductor earth system and the surface impedance n of the

ground. However, the change of input power at the antenna termi-
nals is given by

dP = Re [ AnH? 270 do. (19)
0

1-19
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Now, since there is conservation of power, the change of the total
radiated power AP, beyond the edge of the earth system is equal
to AP — AP, ot

AP, = Re [ 4y [H2 — |HZ) 2n0 do. (20)
[+]

Ce10si0 ¢

0.4 0.6 0.8 1.0

A
Fig. 10. The ratio of the current carried by the radial conductors to the
total earth current as a function of the distance from the base of the
antenna.

00
o
o
»

For a good ground screen, Ay =~ — 5 and, if the antenna is a quarter
wave monopole (h = i.4), the integration can be carried out in

1-20
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closed form to yield
"I’;' = Real part of %{[2 In % +0.5773
+1n %- Ci (\/,?-'-;-_('2}37)2 — ) + Ci (22)
—Ci (V2 + (2Ba) + :z)] +i| Si(V22 + (28a) — )
—Si (27) + Si (V2 + (2Pa) + .1)]}. (21)
1.0
0.9
08
0.7
_O.G
i 0.5
-.-.-O.l
0.3
0.2
0.1
030 0.2 0.4 0.6 0.8 1.0
- N

Fig. 11. The ratio of the current tu.tied by the radial conductors to the
total carth current as a function of the distance from the base of the
antenna.

If the ground screen radius a is small compared with a wavelength,
the change of power radiated is given approximately by

ap, . . 1
1_3 ~Reimpla* 2~ — g 502 (Ba)>. (22)
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This is usually a small quantity with the total radiated power so it is
of minor significance at low radio frequencies.

§ 5. The radiation pattern. The effect of the ground screen on the
radiation pattern is also of some interest. For convenience, it is
assumed here that the ground screen is equivalent to a thin, per-
fectly conducting, circular disc laid on a homogeneous ground. The
magnetic field H,(p, z) in the air can be written as the sum of the
field H (o, z) for an infinite screen and a secondary field H, (o, :).
In appendix I it is shown that ‘

Hy, =2 f J11Ge 1 Ge) e " Efer. )¢ dg Ak, (29
r'.o'-- A=0. C
where

' Mo = (A2 + )
The change of the magnetic field 4H, duc to the presence of the
screen is now given by

dH, = H, — |H, .00 =

= —-:2 f JE 0 de Ty ) ], O e u A0 (29
" ,
9 %0 Am( .

The integration with respect to 4 can be carried out by the saddle
point method of integration since fg > ! in the radiation zone. The
result is )

a
-

ﬂg-idl-i
/ E (0", 0) J, (Bo’ cos8) o’ do’ (25)

noRt

4H, =
;

where
R=+vVe+ 2 f=21A=—iy, and § = tan"' z,0.

The approximate boundary condition, E (¢’, 0) =~ — 5 H (o', 0), can
now be employed so that

4H, _ﬂ'le-_'d; /:HG(Q" 0)

H, 7 £ /Hfe3
0

L

J1 (B cos 0) o' do'. (26)

An approximate expression for JH_ is now obtained by replacing

1-22
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H (o, 2) on the right hand side of (26) by HJ (e, z). If the antenna is
a quarter wave monopole,

Bl 0= ;—‘;ie-m e, (27)
0
and for fig > 1
H®(o, = n.j:lf ~i8R T 0 23
w(‘.’--)-—znge cos 5 sin6). (28)
so that
xa:d
0 " ﬁ
‘.‘H&=___'~‘f__1 VR peos dp. ()
’ cos (3 sin 0) o

The right hand of this equation is of the order of |/, which is small
compared with unity. For small screens where @ <€ 1 the relation

simplifies to
4aH, o - (.-m cos 0)2 |
’ o 4 cos (% sin 0) (30)

H
which is of second order magnitude.

§ 6. Conclusion. The results of this analysis, while not exhaustive,
are sufficiently developed to be useful in the design of vertical an-
tennac with radial conductor ground systems. The work has shown
that the input impedance of the type of antenna discussed is depen-
dent mainly on the number and the length of the radial ground con-
ductors and on the conductivity of the ground in which the wires
are buried. The dependence of antenna impedance on ground wire
size is shown to be very slight. It may be concluded, from this dis-
cussion, that a sensible design criterion for an optimum ground
svstem is attained by a suitable choice of number and length of
ground wire radials so that thev will alwayvs carry an appreciable
fraction of the total earth current.

APPENEDIX ]

Formulation of the input impedance. An expression is here for-
mulated for the input impedance at the terminals of an antenna
situated over a circular screen. The total flux F of the vector E x H
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over a surface surrounding the antenna is given by
F=/E xH.nds (31
s

where n is the unit outward vector normal to S. As is customary in
other problems of this type, S is chosen to be a slender cylindrical
surface of vanishing radius g concentric with the antenna so that

]
F =—1lim2n (E H, dz. (32)
0 1]
It then follows that

= lim [——[E I(z) d.] (33)

It is now convenient to let E, = E}° 4 E;, where E" is the corre-
sponding value of the electric field for a perfectly conducting greund
planc and E! is the change of the field to account for the finite con-
ductivity in the soil and the ground system. The impedance incre-
ment 42, is then given by

42y = [--» / E: I() d.]

lim

-0
[ 012 ( a w4 ) ( ) “m (
Since H. is a solution of the wave equation, '
Hi (o, 3) ={]| (o) e™** {(A) Ada. (35)

for z > 0, where u, = (22 + »3)*2. From Maxwells equations it is
seen that

e
Efe.0) = | ], ) ) o} (36)
0~
and by applving the Fourier-Bessel theorem it follows that
/(l)——fll (42') E, (¢". 0) 2" do". (37)

This equation for f(Z) can then be substituted back into (35) to
obtain an expression for H}(v, z) in terms of E (o, 0). It is also noted
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that J,{4¢) can be replaced by Ag/2 as ¢ tends to zero so that
llm Heyfe.2) = — / / eJ, (g') e ug' 2 dAE(¢’, 0) ¢’ dg’, (38)

and introducing Sommerfeld s Integral
Je gt A Jo (o) di = (2 + g) M eTrietreh, (39)

the integration in (38) with respect to A can now be carried out to

give - ,

— 3 e-nur+en’ls

lim Hyfe, ) = =% f = o,

0 2n, J &' (2 + )"

Inserting this expression into (34) leads directly to (2) for the input
impedance .ac" _ment. .

Arppexpix II

The approximate boundary condition. The magnetic field in the
ground outside the screen is a solution of the wave equation

(d—9) Hyfp.2) =0

H (e, 3) =ffx (Ae) € p(4) 4dA (41)
for < 0 and where i = (A2 4 "1, The electric field is ngen by

and thercfore

E, ———[#L(M)e‘"f’(’) dA. (42)
s
The binomial expansion of u« is of the form

12
l‘=7(l+7—2—+"")

so that .
E ~—¥{ //],(Ao)e"‘P(/))dA+[—f|(M)€"P(2)A dz+-. } (43)
0 O
Now the differential equation for J, is given by
(ilin—ﬂ)](zo =0, (44)
cn o0 Cco
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so it readily follows that
- l a .
E,=—nH,——L 2 — L oH, + termsiny=*.  (45)

The second and remaining terms are negligible if the propagation
constant of the ground is sufficiently large and if H_ is not varying
too rapidly with g, That is, ¢/, should not change appreciably in a
distance equal to |p~'| in the radial direction.
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Nole added in prooj. Further calculations for short top-loaded
antennas have been carried out. The results are available in Radio
Physics Lab. Report No, 19-0-7 April, 1954 by J. R. Wait and
W. A. Pope. Good agreement has been obtained with experiment
for a 250 foot mast at 100 kHz.
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INPUT RESISTANCE OF L.F. UNIPOLE
AERIALS

. With Radial Wire Eurth Systems
By J. R. Wait, B.ASc., M.ASe., Ph.D. and W. A. Pope

({Radio Physics Labovatory, Defence Research Board, Otlews, Ontario, Canada)

SUMMARY.—The input resistance of a low-frequency unipole aerial is calculated. The earth
system consists of a number of radial conductors buried just below the surface of the soil. The integrals
involved in the solution are evaluated, in part, by graphical methods. The final results are plotted in
a convenient form to illustrate the dependence of the input resistance on number and length of radial
conductors for a specified frequency and earth conductivity. The curves should be useful in the
design of earth systems for low-frequency transmitting acerials. 1t is pointed out that increasing the
radius of the earth system beyond a certain limit gives only a slight improvement in radiation efficiency.

LIST OF SYMBOLS
(m.k.s. units are employed throughout)

(p. . 2) = cylindrical polar co-ordinates

h = height of an ideally top-loadsd acrial
or the equivalent height of an
uninaded acrial

a = length of radial wires

a = conductivity of ground

€ = permittivity of ground

A = permittivity of air (= 885 »x 10°'¥)

o = permeability of free space (= 4» v 10 7)

b4 = intrinsic propagation constant of ground

Ll = characteristic impcdance of ground

Yo = propagation constant of air

Mo = characteristic impedance of air (= 120m)

B = wave number in air (= — )y,)

w = angular frequency

A = wavelength in air

Z, = self-impedance at terminals of aerial

Ze = self-impedance ot the acrial for a

perfectly-conducting carth planc

a4z, = self-impedance increment (= £, — Z,)

4R, = real part of 427,

4X, = imaginary part of 47,

I, = current at terminals of acrial

© (= 4’2 ¥ r.m.s current)
Hg (p, 0) = the tangential magnetic fichl of the

acrial on a perfectly-conducting carti
plane of infinite extent

Ey {p,0) = the tangential clectric ficld of the acrial
on the imperfect ground

I(2) = current along the acrial

Hge (p.0) = the tangential magnetic ficld of the
acrial on the imperfect ground

Ne = the surface impedance of the air-ground
interface

LB = the surface impedance of the radial
wire grid

d = the spacing between the radial wires

[3 = radius of the wires of the grid

Ye = the effective propagation constant of a
wire in the air-ground interface

N = number of radial wires in the carth
system

4z = self-impcdance increment for an ideal
circular ground screen of radius a

4z, = correction to 4Z to account for the
losses within the ground screen

b = limit of integration for equations (12}
and (13)

MS accepted by the Editor. May 1954
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o
Ei(-1x) = — "(e"/z)d:
Jr
O(y) = a quantity whose order of magnitude is

equal to ¥

I"and 8 = magnitude and phasc of the complex
number I'ef8defined inequation (15(b)?

r = variable of integration (= p/A)

H, = height of acrial in wavelengths (= h/d)

F and ¢ = magnitude and phase of the complex

number Fed¢ defined in equation (15a)
pr.q. 8 A4, B, C, = dimensionless quantities defined
in the text following equation {15(a)}

R = the input resistance of the acrial for a
perfectiy-conducting carth plane
C = Euler's number (- 0053772 .. )
he = actual height of the unloaded aerial
x
.. sin (
Si (x) = i dt
0
~y
. os !
G = — |sf’:- s
!
-~
GQuw\§ o
& = ) = ground conductivity parameter
a
Introduction

ERIAL systems for low-frequencies are
designed, usually, to work in conjunction
with a radial-wire earth system buricd

just below the surface of the carth.  The purpose
of this wire grid is to provide a low-loss path for
the aerial base current and consequently to im-
prove the radiation efficiency.

The rules for earth-system design are usually
empirical and based on the results of experiments
on existing installations. The first systematic
study of this problem was carried out by Brown!?
and his associates who were mainlv concerned
with the operation of half-wave acrials for the
broadcast band. Sometime later Abbott? develop-
ed a procedure for selecting the optimum number
of radial conductors, given the values of the
clectrical constants of the ground.  An important
related problem is the actual change of input
impedance of the aerial with different sizes and

Vol.32, pages 131-138 !
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types of earth systems. This analvsis has been
carried out by Leitner and Spence' and more
recently by Storer®, for a vertical aerial situated
over a perfectly-conducting disc. However, they
only considered the case where the surrounding
medium was free space.

In a previous paper® the electrical charac-
teristics of a vertical aerial wich a radial conductor
system was studied. Employing an approximate
method the input impedance was calculated.
To illustrate the nature of the problem oniy a
quarter-wave unipole was considered in detail
since it was the case most easily computed.
Curves were plotted showing the dependence of
the input base resistance on number and length of
radial conductors for a specified frequency and
ground conductivity. It is the purpose of this
paper to extend the solution and calculations for
shorter aerials with top-loading.

With reference to a cylindrical polar co-
ordinate system (p, #, z) the aerial of height 4 is
coincident with the positive z axis as indicated in
Fig. 1. The earth screen is of radius @ and lies in
the plane z = 0 which is also the surface of the
ground. The conductivity and permittivity of
the ground are denoted by o and e respectively,
and the permittivity of the air is denoted by e,
The permeability of the whole space is taken as
uo which is taken to be that of free space. The
intrinsic propagation constant y and characteristic
impedance 7 of the earth medium are defined by

¥ = Upow (o + jwe)]'?
and 5 = [Jpow(o + jwe)]*?
where w is the angular frequency. The propaga-

tion constant y, and the characteristic impedance
1 of the air are then defined by

Yo =7 (oo ' = j2m A = jB |
and n, = (py/ €)'t & 377 ohins gH; {p. V) =
where A is the wavelength in air.

The self-impedance at the terminals of the
aerial is now denoted by Z; which can be broken
into two parts by setting, Z; = Zy < 47, where
Z, is the self-impedance of the same aerial if the
earth plane were perfectly conducting and infinite
in extent. Thus 47; is the difference between
the self-impedance of the aerial over the imperfect
anG the perfect earth plane. It is called the self-
impedance increment and can be written in terms
of a real and imaginary part as follows

AZ‘=AR{+]'A.\'( .. .. .. (1)
where 4R; and 4.X; represent the resistance and
reactance increments. If the current amplitude
at the terminals of the aerial is /,. the power
required to maintain this current is 1,2¢; 2 watt~
If the ground were perfectlv conducting, the
input power would be [42R,'2 where K, is the

2
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Fig. 1. The vertical aerial
with a radial-conductor earth
svstem.

A RADIAL CONDUCTOR
EARTH SYSTEM

€os (A1)

w7 P

707 L EOTTY

} 2a €u0 (GROUND)

real part of Z,. The additional power required
to maintain the same r.m.s. current I,/1/2 at the
terminals is 7 24K,;2.

General Theory

It was shown in the previous paper® that the
self-impedance increment 47, could be written
in the following form:

«

1 x
4z, = — . [H. (P.O)E, (p,U) 2mpdp .. (2)
d v O
where H{ (p.0) is the magnetic field of the acrial
tangential to a perfectly conducting earth plane
of infinite extent and E, (p, 0) is the tangential
electric field on the imperfect carth.®* This
formula also follows immediately from the work
of Monteath?. If the current on the aerial is
I(z) amps it follows that
&

Vs (Mexp [— B4 o, .
o 8p [ i 1 (z) d: (3)

The electric field E, (p, 0) is essentially an
unknown guantity. However, since y > y,°
an approximate boundary condition can be
emploved expressed by,

E,(p.0) > —mc Hy (p.0) .. . ()

where Hq (p. 0) is the tangential magnetic fiekl
for the imperfect earth and %, is the surface
impedance of the air-ground interface.

If p is greater than a (the radius of the earth
screen) nc can be replaced by 5. If p is less than
a, 3. i1s the intrinsic impedance 7¢ of the earth
screen in parallel with the impedance % of the
carth.  In a previous investigation®® of this
problem it was assumed that 5. was zero, so that
the earth syvstem was equivalent to a perfectly-

N (p0) = [1] (s x)],: 0

@
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conducting disc of radius a. The limits of the
integration in equation (2) are then [rom p = a
to p =00.

A more general case is when »¢ is comparable
in magnitude to 7, in which if follows that

forO0 p<a

Ne = —1

7+
. d d
where 75 = jq, 3 loge e

and where d is the spacing between the radial
conductors and ¢ is the radius of the wire. The
expression for 7s has been derived!® for a wire
grid in free space where it was necessary to
assume that ! yed ' <€ 1. Since the grid is lying
on the earth plane, this restriction must be
replaced by |y.d | <€ 1 where y. is the effective
propagation constant for propagation along a thin
wire in the interface and is given by"

e (227"

If there are N radial conductors it can be seen
that d can be replaced by 27p/N since N is usually
of the order of 100. It is assumed also that
Hg (p, 0) is not very different from Hg (p, 0) in the
region of the ground plane where the losses are
significant. This approximation has also been
discussed previously®® and it certainly appears
tobevalidif |y >y, -

The impedance increment 47; is then written
in the following form

A2y =482 + 482, .. .. .. (5
where 1,242 ~ n |[Hy (p, 0)) 2npdp ..  (6)

“and 124z, NJ —TE_[H7 (p, 0)] 2mp dp. (7)

N+ s

The first term 4Z corresponds to the self-
impedance of the unipole over a perfectly con-
ducting discoid, whereas the second term 4Z;
accounts for the finite surface impedance of the
radial-conductor earth system.

Assuming a sinusoidal current distribution for
I{z) the magnetic ficld HJ (p, 0) can be expressed
in closed form. The integration indicated by
cquation (6) can then be carricd out and the
result expressed in terms of sine and cosine
integrals®. Curves of the function 47 for un-
terminated aerials have been computed from this
formula®. The integrations indicated in equation
(7), however, cannot be carried out analytically.
It is necessary to resort to a numerical procedure
for this case.

Impedance Calculation
From equation (3) it follows that

o0y = P | [exp (=B + N L gexp. i~ jB (f,’f:hz_’)’_’l] IRd= .. . (@8
(2) (v)
2 Hi Fig. 2. The increment of the
\ 1 acrial basc resistance as a function
ve S _’ ———  of the vadinus of thr carth svstem
@) for various values of N for two
1 \ values of & and (h) for rarions
e \ j \ values of & for N = .
4 |
\ i A=002% \ \
~ 8_0_'
w
z \ || W Af) =g02s
& ,,8-|o-os 1 New=
i3 \ A \
<08 }—4 Ne= 30
\ =100 1 \
\ / =% \ \ N\
[ X ] -
AV NONAY
04 N S \ "N N
\ \ \\ % \
0'2 +-N= S0 \\\ A T} .0'0’\
S NS P e —
- o Y Sam—— ———
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a/) a/x
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For top-loaded aerials that are short compared with a wavelength a reasonable approximation is
I(2) s I, over the length of the aerial. Also, exp. [— jB (p* + 2})V?] is given to sufficient accuracy

by exp. (— jBp) so that
HS (p.0) n S F jup b e B e ]
P P

D). p (pt + hYia
) .. .. 9)
This can be expanded in a power series in (/ p) as follows:

12 .0~ gt (D 4i8e) - () Grdp)+..] - . o

and correspondmgly,

wwwmmwowmwa~m

(2)
4
s \ \ \ Fig. 3. The increment of the
aerial base vesistance as a function
Alraco of the radius of the earth system
s =003 (a) for various values of N for two

values of & and (b) for various
\ values of & for N = .

Smot “
~T
‘§: 2 ‘X \ I’:/_A.-o-os
¢
s, AANAN
Y\ \.,'_
. \\\ N
g NG '\\\ %2\\\\
] - :L‘ 008 o o°te 0"30 024 [} 0%!:%%
e/ a/x

The sclf-impedance 4Z is then given by a series of intcgrals as follows:

4z = -*~] [H3 (o, 0)]2 27p dp + - zj. 8 (1 + 2jBp — Bp?) p2dp

—-%’; Jb e (1 4 5i8p/3 — 2B*p33) p'3dp + . . . . . .. - .. o (12)

The integration of p has been broken convcniently into two ranges, from a to b and b tooo. The
distance b is chosen sufficiently large so that the scries of integrals converges rapidly.  The integral
with limits @ to b is integrated by graphical means. Using the exponential intcgral defined by,

«©

Bi (~ 280 = — [ e prdp
®
the impedance 47 is written

4z =7 f #3 G.0 2epdp + Tt | o (ogs+i) e — Ei(— 285 )]

(RS Is, RRe as EE

(13
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When A%/b® £ 1, the terms containing higher powers of 4% can be neglected
The increment of the input resistance 4R; for purposes of calculation is now written

4R, = Real part of (42 + 42)

g F* (H,P)
f GG pyip (20— 4P

3 _ -P_+_9>
+4 tan™? ? dpP

+\?/’;2j Ft(H, P) P cos (2:[:—417P+u/4) apP +V§,pylx V cos (0 + /d) .. . (14)
’ A

H,/P
T T+ H P
240mP

p= 120n8/\/2. g= T—

where F (H,, P) ei%

i vl

Summarizing, this formula for AR, should be
accurate to within a few per cent under the
restrictions that H, < 0-1 (electrically short
aerial), ew/o <€ 1 (negligible displacement current
in soil), and (B,/H,)* = (b/h)* = 25

Presentation of Results

It hardly needs to be mentioned that the major
part of this work has to do with the evaluation
of the integrals in equation (14). A graphical
procedure was adopted emploving a conventional
area planimeter. The resulting values of the
integrals, so obtained, are believed to be accurate
to within 19,.

(2)

loge
H, = hA, = p/l\ = a/A,

—swmti2Ptan? (HyP), .. .. .. .. .. (153

-K%l ' 8 = (eqwjo)'t,

B, = b/Aand C; = c/A,

e i2s _ &(-2,&)] O 10

The computed values of 4R, for fixed aerial
heights are plotted as a function of a/A for various
values of 8 and N in Figs. 2 to 4. The wire radius
to wavelength ratio, ¢/A, is taken to be 10°® which
corresponds to No. 8 B. & S. wire at 183 kc/s. The
curves in Figs. 2(a), 3(a) and 4(a) are for two fixed
values of the ground conductivity parameter 5,
whereas the curves in 2(b), 3(b) and 4(b), for a
perfect ground screen N =00, show a wider range of
8. With the results plotted in this form, values of
4R, for intermediate values of N and 8 can be
estimated quickly by interpolation. For purposes

(v) Fig. 4. Thke increment of

I

of the earth system (a) for

the acerial base resistance
as a function of the radius
various values of N for two

\6'°.l A \wo1
s

values of & and (b)
for various values of §
Jor N = .

‘\ \ \\ AlXao
\‘ o Neo

: " \ \ ,
\: N= 30 g
: 3 “ x‘ ;:22, % \“"'
Smo03 , / \ . \ \\
0.
\ \\ \‘ o_,‘ \
' < Y \\\\\\\
N: 30 \k e >0 "
7 T \[\ I
0 [ ) [} on 016 [ 2 {] 024 [ 004 008 [ J}] o6 020 024
a/x a/x
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of comparison, the values of 4R; for a quarter-
wave unipole (5 = A/4) are shown plotted in Fig.
5(a) and 5(b). The data for these curves are
taken from a previous paper®.

It is usually justified in these cases to assume
that the current distribution is constant from the
base of the aerial to its upper end. It has been
shown also by Brown!?, Smeby!?, and others!?

(v)
— Fig. 5. The increment

0 ()
\

\ \ of the basc resistance for

a quarter-wave unipole.

A/ -0°28

Noa
\
)
o,

4 R, (oxns)

—0t | ] : s
\
0 004 o008 o012 o0l 020 o02¢ O o0s o008 0N o't 020 024
2/ a/)
It is apparent immediately that 0°20—<
the increase of 4K; with diminishing \\\ \\ﬁ\\l l o
earth-screen radius ismuchmorerapid 010 - e » 2
for the short aerials than for the NN S X%
quarter-wave unipole. This behaviour oos \ \ \" =
is connected with the fact that the 3 \\ ""0\ ~
induction and static fields of short l..ib 003 \\\\ % T‘i\\\\
aerials are more significant than those 002 R A .
for a higher aerial, such as a quarter- ‘:, \’0 \\\' Y N
wave unipole. N
The appropriate value of 8 to use in oot ~ ~
connection with these curves is
obtained conveniently from Fig. 6, 0 003 _ 7 n : 2 n : : . .
when the ground conductivity and 0=* 103 0-1 o~

the frequency are specified.

The effect of changes in wire radius
is slight. This fact is illustrated in
Fig. 7 where 4R, is shown plotted as
a function of a/A for various values of the wirc
radius/wavelength ratio foraquarter-wave unipolec.

For earth screens which are small compared
with the wavelength 4R; varies in a linear
manner with 8. That is, it varies directly as the
square root of the frequency and inversely as the
square root of the ground conductivity. However,
for larger values of a/A as is illustrated in Fig. 8,
the values of 4R; become somewhat less sensitive
to changes in 8.

Up to this point, the discussion has been limited
mainly to vertical aerials with idcal top-loading.

6

GROUND COMDUCTIVITY o ( mhos/metre)

Fig. 6. The parameter § as a function of frequency in kejs and

ground conductivity.

that the radiation resistance K, can be computed
by considering only the current on the vertical
portion of the aerial. The conttibutions for the
currents flowing on the loading ‘umbrella’ or
‘cone’ are usually negligible if the top-loading
has been adjusted for maximum radiation
resistance. This radiation resistance is given by 1
Ry = 160 #® (h/A)?
It is possible now to apply the above results to
acrials without top-loading by defining an
‘equivalent’ or ‘effective’ height /. This value is
obtained by assuming that the loaded and
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unloaded unipoles are electrically equivalent if
their radiation resistances are equal. For thin
unloaded unipoles the current distribution is
approximately sinusoidal and if its actual height
is denoted by k,, the radiation resistance, K,,
is given by

above mentioned approximate procedure and
are also shown in Fig. 9. The encircled points on
the dotted curves are obtained from calculations
carried out from equation (16) of reference 6.
The points indicated by x for #'A = 0-25 can
be obtained either from equation (16) of reference

sin? Bhy Ry = 30 (C + log 2Bhy — Ci 28hy) + 15 (Si 4Bk, — 2S
"4 15 (C + log Bty — 2Ci 2By + Ci “""lm?zop he lm.)smwo e 19

where C = 0-5772. Si and Ci are the sine and cosine
integral functions. Ry is just one-half of the self-
resistance of a thin, centre-driven, aerial of
length 24, situated in free space!. \Vhen /Ay'A
is small compared with unity, Ry & 4072 (4,/A)

Using these formulae to calculate the equivalent
height 4 of the unloaded acrials it follows that
for IfA = 0025, 0-050 and 0-10 A4y/A = 0-050,
0-095, and 0-175 respectively. In other words,
it is probable that the curves in Figs. 2,3,and 4
for loaded acrials also apply to unloaded aerials
of heights 0-0501, 0-095X and 0-175A respectively.
The accuracy of this procedure can be checked by
comparing the results with more exact previous
calculations for an unloaded unipole situated
over a circular, perfectly conducting, disc laid on
the ground. Employing the data in Figs. 2, 3
and 4 the function 4K for the loaded unipole and
N =oo0 is plotted in Fig. 9 as a function of h'A for
selected values of a’A.  The corresponding curves,
for the unloaded unipole are obtained by the

8=(52) " een
’ Afr=o-2s
N=100.
7 \
s
Q“
< * g
¢/Awosxt0"*

3 p— -irio—® \\
-3x19”¢
-zo-w“/X\\

2 \Q

t

0 004 008 012 0 020 024

a/x

Fig. 7. The effect of changing wire radius on the increment
of input resistance 4R,
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6 or directly from Fig. 5(b). The good agreement
between the two methods of calculation for 4R,
is reassuring.

It is also instructive to plot 4R; as a function

/]

d R, (owms)

Fig. 10. The
curves for the
loaded  wunipole
and the estimated
curves for the
unloaded unipole
are shown by the
solid and dashed
linesrespectively.
The encivcled

L /. ; N=100

°'2, I; / 6-0‘l —

points vepresen! / /A =10~
values computed V 4
by Monteath. '

o002 003 003 o o2
RIX ano he/2

o1 kfX for both loaded and unloaded unipoles for
a finite value of N. The results are shown in
Fig. 10 for N =100, § =01, ¢jA = 10"® em-
ploying data from Figs. 2, 3, 4 and 5. The
encircled points correspond to results, communi-
cated to us privately by Mr. G. D. Monteath of the
B.B.C. for unloaded unipoles with heights of 0-10A
and 0-167A. Again the agreement is very satis-
factory.

Both the curves in Figs. 9 and 10 illustrate the
near linear log-log rclationship between 4K and
h/A. This behaviour is also prevalent for other
values of N and & and provides a convenient
means of interpolating and extrapolating for
values of A/A other than those shown in Figs.
2to0 6.

Conclusion

No attempt has been made in this paper to
consider the economic factors but rather the
emphasis has been on showing the manner in
which the impedance varies with the number and
length of radial wires, aerial height, and ground
conductivity. The curves should be useful in the
design of earth systems for low-frequency
transmitting aerials. It would appear that many
earth systems are probably more extensive than
necessary since the benefits gained by emploving
large radius screens are lost if there are not a

sufficient number of radial conductors. This is
particularly so if the ground conductivity is
relatively high.

The calculations for the base input-resistance
are derived on the assumption of uniform current
distribution along the vertical portion of the
aerial. It has been indicated, however, that the
results are also applicable to aerials with non-
uniform current distribution if the quantity 4 is
regarded as an eflective height.
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APPENDIX

Measurements on a 250-ft umbrella top-luaded unipole
show good agreement with the theory. The following
observed values were supplied to us by Mr. R. S. Thain
of this laboratory:

Length of Radials, @ = 800 {t.

Number of Radials, N = 120

Ground Conductivity, o = 2-:0 x 10°? mhos/metre

Frequency, 97 ks

Radiation Resistance as calculated from field strength

measurements, R, = 0-30 ohm

Input resistance measured on a bridge, I, = 0-75 ohm

Observed resistance increment, 4R, = 0-25 ohm

Theoretical value of resistance increment (for

hA = 0025, a/A = 0-08, § = 0-07), AR, = 0-23 ohm.
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Effect of the Ground Screen on the Field Radiated
from a Monopole*
J. R. WAIT}

radiation characteristics of an L.F. vertical an-

tenna with a radial wire ground system. The in-
vestigations!=? have been primarily concerned with the
input impedance at the terminals of the antenna. This
was shown to be mainly a function of the number and
length of radials and the ground conductivity. tt was
assumed in most of this work that the ground wave field
for a given current on the antenna was not appreciably
aflected by changes in size of the ground screen. Under
this assumption, the radiation cfliciency of the antenna
is determined mainly by the input resistance.

In an earlier paper,? an approximate method was
given which was suitable for estimating the dependence
of the ground wave field on the size of the ground
screen. It is the purpose of this note to show that quanti-
tative results can be obtained which support our earlier
contention that the ground screen has only a small effect
on the ground wave field intensity for a specified current
on the antenna.

The ground screen is assumed to be a perlectly con-
ducting disc of radius a lying on a homogencous flat
ground of conductivity e. Choosing a cylindrical courdi-

SOME INTEREST has been shown recently in the

* Manuscript received by the PGAP, December 1S, 1955,

t Nationa! Rurean of Standards, Roulder, Colo,

VF. R. Ahhott, “Design of buried R.F. ground systems,” F'roc.
IRE, vol. 40, pp. 836 851 July, 1952

t]. R. Wait and \W. A. Pope. “The characterictics of a vertical
antenna with a radial conductor ground system,” App. Sci. Research,
vol. B4, pp. 177-195; March, 1954.

d 'l R. Wait and \V. A. Pope, “Input resistance of 1.. F. unipole
aesials,” Wireless Eng., vol. 32, pp. 131-138; May, 1955

nate system (p, ¢, z) the antenna is considered to be
coincident with the positive z axis and the surface of the
ground is defined by 2=0. Denoting Hy(p, ) as the mag-
netic ficld of the antenna in the absence of any ground
screen and Al {p, £) as the change due to the presence
of the ground screen, it follows from an earlier paper.?
that

A2, 2) Bn e-@bteir

Hop. ) me |0+

f- ”.'(p', U}J (8o cos 8)p'dp’ 1)
. — 0!
vt Hxpon) 00

where g =2x/A, X ={rce space wavelength, n= (pw/0)'"*
e'r!t (surface impedance of the ground), p=4r X10-7,
«=angular frequency, no=120x (intrinsic impedance of
frec space), @=tan~! ¢/p, and where J; is the Bessel
function of the first type. In the above, I1,® refers to the
ficld of the antenna over a flat periectly conducting
ground. This expression for the fractional change of the
magnetic field is approximate and neglects terms of
higher order in (n/n4). It also assumes that the attenua-
tion of the ground wave has a dependence with distance
which is independent of the size of the ground screen.
Alf,/1, can be regarded as the fractional change of the
cffective height of the antenna due to the presence of the
ground screen.

As an example a quarter-wave monopole antenna is
considered with an assumed sinusoidal current distribu-
tions, o this case
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and since p>>\;

Ho(, 1) =~ i 011+t e (ert aln 00, (3)
2xp

It then follows that the fractional change of the field is
given by
AH,p,z) —Bn cos 8

— e .

II.(P. ‘) L[] LA )
cos (? siné

. f ,-w."uuu'l“'],(ﬁp'cosg)dp', )
[}

The integral, apparently, cannot be evaluated in closed
form. It is_not too difficult, however, to evaluate it by a
graphical method. This has been done for the case =0
which corresponds to the ground wave field. Letting
AH (p,0)

— = 5| X iX 3)
Haip, ) AR R 1] (

with § = In/n.I , the integrals to consider are
2vafd
X, =~ f cos [(¢ + x/4)72 = #/4]p)Ap (6)
[}
and
tveld
Xs = f sin [(2? + #2/4)V — 2/4] L(p)dp. (D)
[ ]

Some numerical values of X; and X, are given in the
following Table 1.

TABLE |
2ra/2 X Ay
0.0 0.000 0.000
0.5 -0.042 0.040
1.0 -0.130 0.181
1.5 =0.211 0.417
2.0 -0.209 0.700
2.5 -0.102 0.947
3.0 0.042 1.093
3.5 0.155 1.13t
4.0 0.171 1.133
4.5 0.113 1.178
5.0 0.050 1.300
5.5 0.050 1.408
6.0 0.119 1.612
6.5 0.205 1.674

The ratio of the ficld with the ground screen to the
field H,(p, 2) without the ground screen is then given by

)
- = Ae (8
I 4(p, 2)
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Fig. 1—The ratio of the ground wave ficld strengths of the antenna
with and without the ground screen for a specified antenna current.

where the amplitude ratio 4 is given by

A= [(1+8X) + (X0 (9
and the phase factor is ¢ given by
$X,
& = tan™! - (10)
1435,

Since & has already been considercd small, these are
given adequately by

A= + 45X,

and
¢ ~ §X, (radians).

‘The factor & can be obtained conveniently from the fol-
lowing relation

§ = 0.0075 (fue/o)!

where fme is the frequency in mc and ¢ is the ground con-
ductivity in mhos/meter. (Since displacement currents
in the ground have been neglected throughout, the for-
mulas are valid only when §:<«1.) Using (9), the ampli-
tude ratio A is shown plotted in Fig. 1 as a function of
2xa/\, the circumference of the ground screen in wave-
lengths, for typical valucs of 8.

1t is interesting to note that for small screens the
ground wave field strength is actually slightly less than
it would be in the absence of the screen. As the screen
becomes larger, the amplitude ratio increases somewhat,
but is still only a few per cont greater than unity for a
less than a wavelength. Thinking in terms of the recipro-
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cal situation where the monopole is regarded as a re-
ceiving antenna and the transmitter is located at some
distant point on the surface of the ground, the increase
of A above unity is characteristic of a “recovery” effect.
Such a phenomenon occurs in ground wave propagation
from land to sea.

Another interesting feature of the curves in Fig. 1 is
that the minimum values of A4 occur approximately
where the input resistance of the antenna is a minimum.
It can be generally concluded, however, that the de-
pendence of the I..F. ground wave field strength on the

snh.

size of the ground.screen is of minor significance com-
pared to the dependence of the input resistance on the
size of the screen. It should be mentioned that Page and
Monteath® have used a similar method to calculate the
radiation pattern of a vertical antenna over an irregular
ground plane.
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AN INVESTIGATION OF SLOT RADIATORS IN RECTANGULAR METAL PLATES

By D. G. FROOD, B.A, MA,,

and J. R. WAIT, M.Sc,, Ph.D.

(The paper was first received 16th May, and in revised form 2nd August, 1935.)

SUMMARY

The radiation from slots cut in conducting surfaces of limited extent
is discussed. Equatorial plane pattems of an axial half-wave slot in a
rectangular metal plate are measured in the X band.  The experimental
resuits compare favourably with the calculated patterns on the assump-
tion that the platc can be represenicd by a thin elliptic cylinder or
ribbon of infinite length. It is observed that, if the length of the plate
is equal to or greater than its width, the pattern is within a few per cent
of the corresponding theoretical pattern for a plate of infinite length.

The admittance of the slot in the plate was also measured and com-
pared with the computed conductance. The agreement is seen 1o be
quite good.

LIST OF PRINCIPAL SYMBOLS
(p, $, 2) = Radial, azimuthal and axial co-ordinates of a
cylindrical co-ordinate system.
V = Voltage across the centre of the slot.
1o = Intrinsic impedance of free space (=120 ohms).
k = 2njA.
r = Distance from observer to centre of slot.
r; = Distance from observer to lower end of slot.
ry = Distance from observer to upper end of slot.
w = Angular frequency.
8 = Polar angle = arc tan z/p.
S(8) = H-plane pattern of slot on infinite sheet.
Y = Sell-admittance at centre of slot.
Z = Self-impedance of siot (=1/Y).
(8, ¥, z) = Cylindrical co-ordinates centred at ope edge of sheet
for principal E-pfane.
(', ¥’, 2) = Cylindrical co-ordinates centred at second edge of
sheet for principal E-plane.
F(s) = Fresnel-type integral with upper limit s defined
in eqn. (6).
S}, 57 = Limits for the integral F(s).
Hg = Axial magnetic ficld of incident plane wave.
K = Factor of proportionality depending oo the geo-
metry of the slot.
v = Volitage induced at the centre of the siot by the
incident wave.
g(kd) = Shunt conductance of the slot in the waveguide
divided by the characteristic admittance of the
waveguide (= function of kd).
a, b = Inner dimensions of the broad and narrow faces of
the wavcguide.
A, = Effective wavelength in guide.

(1) INTRODUCTION

Slot antennae are becoming very extensively employed in
microwave radiating systems. Their history of development has
been rapid. It is difficult to say exactly when they were invented,
but certainly the contributions from Watson' and Booker? and
their collaborators were of major importance.

Written coniributions on papers published without being read st mextings are
invited for consideration with a view to publicanion.

Mr. Frood and Dr. Wait were formetiy at the Defence R h T "
Estadlishment, Ontario. Canada

My. Frood iy ia the Department of Theoreucal Physics, University of Liverpool.

Dt. Wait is at the Central Propagation Laboratory, Natwonal Bureau of Standards,
Colorado. US.A.

It is surprising that little attention has becn paid by previous
workers to the effect of cutting the slot in metal surfaces of finite
extent. While the developed design procedures assumed that the
exterior surface was infinite in exient, the nced for a practical
antenna system limits the physical sizc of the metal surface on
which the slots are cut. Stevenson,? who developed an elcgant
theory for the radiation of resonant slots in a rectangular wave-
guide, assumed for convenience that the exterior region was
equivalent to a half space. He admits that the assumed infinite
dimension of the face of the waveguide for the exterior problem
is a severe limitation to the validity of the expressions for the
conductance of the slot.

It is the purpose of the paper to investigate in some detail the
significance of the finite extent of the metal surface or sheet on
which the slot is cut.

(2) THEORETICAL DISCUSSION

The radiation pattern of a thin slot cut in an infinite plane
sheet of perfect conductivity and vanishing thickness can be
obtaincd by an application of an clectromagnetic Babinet's
principle.2 By using this technique, the well-known resuits¢ for
the thin-wire antenna can be translormed immediately to the
complementary problem. For a half-wave slot oriented in the
2-direction of a (p, ¢, 2) co-ordinate system and centre-fed by a
voltage V, the fields are given by

_jV g—ikny + g—Jkes ot
T e— &iw
21"),( [ 2 )

; - Jke ~Jhey
H, = ii'[(z + A/d)i.l__' 4z~ ,\/4)‘___.];/«-' . (1)
TP n r

E,= .._._—jy(c"li'l + g-ikr)giet
2np

where r,. r, and r are the distances of any point P to the upper,
centre and lower end, respectively, of the slot and where
7o = 120 ohms and k = 2n/(free-space wavelength). Egns. (i)
refer to the slot cut in an infinite shecet. When the point P is
sufficiently far away from the slot the equations simplify some-

what to
E, = j(2nr)"1S(0) exp (—jkr + jwt)

H,:(;;-D)E‘sinﬂ s
H =~ - (nlo)E.cosG

where 8 = arc tan (z/p) and where terms containing r—2, r-3,
etc., have been neglected. The factor S(8) can be defined as
the radiation pattern of the slot and is given by

m
=cosf
0267

Following the method of Carter® for the thin-wire antenna,

&)

PaoceenInGs [LE.E., VoL. 103, Part B, Nu. 7, Januanry 1956 {103 )
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the self-admittance Y at the centre of the slot can be obtained
from

2 ¥2] c~’
Y= A JJH,(O. 0,2)sinkzdz . . . @)
—Al4

The integrations can be carried out to yield the result
Y = 2:06 + j0-97 millimhos

which corresponds to the case when the slot is allowed to radiate
on both sides of the sheet. The centre impedance of the slot is
then

Z = 1/Y = 365 — j212 ohms

It should be noted that Begobich® recently gave the value
362-5 + j210-5 ohms, which indicates reasonable agreement
with the above, except for the sign of the reactance. Apparently
he made an error in his derivation. The result derived by the
authors can be checked by comparing it with Booker's statement
of Babinet’s principle, and connecting the impedance, Z, of the
slot w 'h the impedance, Z¥, of the complementary wire antenna,
such . 't

ZZ~ = n3f4 = 3600n2

Using Carter'sS value 73-2 + j42-5 for Z* leads back to the
authors’ expression for Z. Begovich erroneously employed the
complex conjugate of Z».

When the slot radiates only on one side of the sheet the con-
ductance G would be one-half the real part of Y given above,
and hence G = 1-03 millimhos. The corresponding susceptance
is one-half the imaginary part of Y plus the susceptance of the
feed system.

It should be noted that the pattern of the slot on the infinite
sheet is essentially omni-directional in the azimuthal plane. It
is of interest to consider the effect of truncating the sheet. For
example, the slot is cut in the centre of a rectangular metal plate
of width 24, and orien: =d parallel to the other sides of length L,

Fig. 1.—Thin half-wave siot cut in the centre of a rectangular metal
sheet and co-ordinate system.

as illustrated in Fig. 1. The slot is fed by a waveguide such that
radiation takes place only on one side of the piate.

The ideal E-plane pattern in the equatorial plane, correspond-
ing to a value of d very much greater than the wavelength, would
be as shown in Fig. 2, where the plane of the sheet corresponds
to ¢ = 0°. In other words, the sheet is assumed to be suffi-
ciently wide that diffraction around and by the edges is
negligible. Of course, if the slot were allowed to radiate on
both sides of the sheet the pattern would be a complete circle.
The corresponding H-plane pattern for the half-wave slot is
simply the function S(f) shown in Fig. 3, where 8 = 0° is in the
plane of the sheet.
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Fig. 2.—E-planc pattern of the slot for an i~f.itcly large sheet.

Fig. 3.—H-plane pattern of the slot for an infinitely large sheet.

1t would now be expected, in view of the shape of the H-plane
pattern shown in Fig. 3, that the effect of the finitc value of L
would not be pronounced. This is later borne out by experi-
ment.  However, the finite value of « can be expected to lead to
a considerable impairment in the patiern, since the ficld in the
broadside direction of the stot is very significant. 1t is possible
to treat the problem of the slot in the finite plate by an approxi-
mate theoretical procedure, il the edges separated by the distance
! are considered to diffract the primary field of the slot as if
thoy were semi-infinite half-planes.  The interaction between the
edges is neglected, and on physical grounds this would seem
justified if 2d is somewhat gceater than the free-space wavelength.
Again, this supposition is borne out by experiment and com-
parison with a more rigorous treatment, such as that which
represents the plate by a thin elliptic cylinder.?.8

To facilitate the discussion it is desirable to consider the slot
as a receiving element. The voltage induced in the thin slot
from the wave incident vn the plate is then proportional to the
tangential magnetic field along the slot. This statement follows
from Schelkunoff’s equivalence principle.! From Fig. 4 a plane

Fig. 4.—End view of the shect bscl:owing a plane wave incident from
ow.

wave is shown to be incident from below the thin conducting
plate of width 2d. The incident wave is polarized such that the
magnetic vector Hy is parallel to both the slot and the edges.
Choosing a polar co-ordinate system centred at the left-hand
edge of Fig. 4, the field H, at P of co-ordinates (p, ®, 2) due to
diffraction around this edge is given by the classical Sommer{eld
formula®

H, = ”olc;/n.em(o-o.)p(,l) + e Mo (@-0uF (5] . (5)

where B, is the angle the incident waves makes with the plane
of the sheet, where
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F(s) = eimin=1n2 f e-indx

°—°o) AR )

and a = @kpsia (=

53 = — (2kp)2sin (‘.D“;_'b'!)

Similarly the field H; at P due to diffraction around the other
or right-hand edge is identical in form to eqn. (5) if p, © and by
are replaced by 5°, ®’and ®g,and Hg is replaced by Hge —/2kdcos de,
The voltage v induced in the centrally located siot on the sheet
is then given by

v=K(H,+ H)forr' =r =dand® =¢’ =0

where X is a constant which depends on the dimensions of the
slot. It then follows that

lvl = K| F[—(2kd)2sin(4[2)] + F[—(2kd)"2 cos (Dg/2)]
N ¥/

which is applicable in the range &, = 0°-180".

When the incident wave is incident on the upper side of the
sheet, steps must be taken to combine the fields, as determined
by the two knifc-edge problems, in the proper manner. It is
convenient to choose a slightly different co-ordinate system as
shown in Fig. 5, where the angular co-ordinates @ and ®, are
now measured from the bottom of the sheet.

‘;![ov “

Fig. 5.—End view of the sheet showing a plane wave incident from

above.

The magnetic field H, at P, regarding the sheet as a semi-
infinite half-plane with the edge at (0, 0, 2), is given by eqn. (5),
and a similar expression is obtained for H;. The voltage v
induced in the slot is then given approximately by

v=K[H, + H, — Hoeikdcn®s] _ _ _ (8)

The term Hyeikdcos ®e s the primary ficld of the incident wave
at the slot and it must be subtracted from A, + H,, since the
primary field is included both in 4, and /i;.

The slot voltage for the wave incident on the upper side of the
sheet is then given by

Il = K|F[(2kd)t2sin (Do/2)] + F(2kd)V2cos (Dof2)] ~ 1

.9
for @, in the range 0°-180°.

As a numerical example, the E-plane pattern for a thin slot
cut in the axial direction on a metal sheet of width 24 is com-
puted using eqns. (7) and (9) for kd = 141. The pattern plotted
in Fig. 6 is normalized in the broadside direction to 0dB. It is
interesting to note that the ficid in the direction tangential to
the sheet is 6dB below the maximum value. This is a charac-
teristic which holds consistently for all sheet widths greater than
a few wavelengths. It is worth mentioning that Booker has given
2 value of 3dB rather than 6dB for the reduction of the field
along the sheet. His argument is based on physical grounds,
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Fig. 6.—Principal E-plane pattern of a slot in a shect of width 24
symmetrical about 90°. The planc of the sheet corresponds to 0°.
kd = 141

0=
Ve = 90°
N.B.—Curve bs calculated.
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Fig. 7.—Behaviour of the £-planc pattern for directions 15" above and
below the plane of the sheetl.

Vaiue of kd is indicated on the curves.
N.B.—Curves are calculated.

which apparently does not account properly for the energy
diffracted around the edges. The caleulations were also carried
out for kd = 94 and 234, and these are shown plotted in Fig. 7
in the interesting transition region for angles within 15° above
and below the plane of the sheet. 1t is noted that the field at the

Fig. 8.—Schematic of the waveguide-fed slot mounted on the turntable
for the pattern measurements.
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rear of the sheet diminishes very slowly with increasing values
of 2d. In fact, it is easy to show from the asymptotic behaviour
of the integral F(s), that the amplitudes of the envelopes of the
back lobes are approximately inversely proportional to /2.

The above approximate method for calculating patterns of slots
in metal sheets of finite width cannot be expected to yield reliable
results when 24 is of the order of a wavelength or less. A more
rigorous approach is to represent the sheet by a thin elliptic
cylinder of vanishing minor axis. Computations based on this
model have been carried out previously® for values of kd ranging
from2to 8. It was shown that the double knife-edge 2pproxima-
tion is accurate to within a few decibels if kd is greater than
about 6.

(3) EXPERIMENTAL PATTERNS
In this Section some experimental patterns will be compared
. with the patterns computed both from the double knife-edge
technique and from the ellipticcylinder method.

The experimental work was carried out on an antenna range
2t a wavelength of 3-:2cm. A narrow half-wave slot was cut in
the broad face of an X-band waveguide illustrated in Fig. 8,
with the centre of the slot approximately three-quarters of a

guide wavelength from the shortcircuited end. The slot was
parallel to the axis of the guide and was offset approximately
0-1in from the centre of the broad face of the guide. A number
of thin rectangular aluminium plates were prepared with kd
varying from 4 to 141 with length/width ratios from § to 20.
These plates were designed to be easily mounted on the broad
face of the guide. The waveguide assembly was then mounted
on a suitable turntable and illuminated by a transmitting dish
antenna which was located at a distance of 100ft. The radiation
was incident normally to the axis of the guide and was hori-
zontally polarized. The output from the waveguide was detected
and amplified and its varying values were plotted on an ink
recorder which had a logarithmic scale.

Measured patterns are shown in Figs. %(a)-%h) for kd = 4, 6,
8, 10, 12, 16, 28 and 141, for the case where the slot is centrally
located in the plate. Theoretical data are also shown for com-
parison in some of the curves. The theoretical curve for the
case kd = 141 is shown in Fig. 6. The vertical scale is arbitrary,
and for the sake of convenience the experimental and calculated
curves are matched in the direction of the maximum field. The
ellipticcylinder method of cakulation was employed for kd
values of up 1o 10 using eqn. (8) or Reference 8 with § = 90°,
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Fig. 9——continued

and vg, the angular co-ordinate of the slot, equal to 90°. For
larger values of kd the double knile-edge technique was used to
obtain the theoretical curves. It should be noted that the
azimuth scale of these figures are chosen so that the broadside
direction from the slot corresponds to 0°.

The agreement between experiment and theory improves for
the larger sheets. The probable reason for the discrepancy for
small sheets is that the diffraction by the waveguide behind the
sheet is becoming significant. For kd = 4 the plate is only
about 50% wider than the broad face of the guide, and it is
therefore not surprising that the pattern differs from that cal-
culated on the basis of a thin elliptic cylinder. It is also interest-
ing to observe that the experimental pattern for kd = 4 is
somewhat asymmetrical; this is due, no doubt, to the fact that
while the slot is centrally located in the plate, the guide is dis-
placed slightly. The asymmetry is also seen to occur for kd = 6,
but to a lesser extent.

To illustrate the effect of the length of the plate, patterns were
recorded for L = d, 4d and 20d, keeping kd constant at 6. The
similarity between these curves, shown in Fig. 10, is striking,
and substantiates the earlier supposition that the azimuthal
patterns are determined mainly by the lateral dimension (i.e. 2d)
of the plate for an axial slot. In fact, it can be seen from the
curves in Fig. 10 that the plate can be regarded as infinite in
length so long as L is greater than about 4d. The main effect

of finite length seems to be an increase in the level of the
back lobes.

In all the above-mentioned experiments the slot was situated
in the centre of the plate. If the slot was displaced toward
one edge by an amount df2, the angular elliptic co-ordinate

ATIMUTH, deg

ALLATIVE FIELD, €D

Fig. 10.—Principal E-plane pattern for the sheet of various lengths with
constant width.
Efectof length Ad = 6, 0 = 90°, ¥y = 90", L = & 4d, 201
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Fig. 11.—Principal E-plane patterns for the slot displaced toward the
right-hand edge by an amount d/2. (The values of T correspond
to the number of layers of tape covering the slot.)

kd = 4,0 = 90°, Vs = 60

becomnes vy = 60°. The pattern then became quite asymmetrical
as shown in Fig. 11. This type of asymmetry was also present
in the theoretical computations of the offset slot or the thin
elliptic cylinder.® The other curves in Fig. 1 correspond to the
patterns for the slot covered with layers of plastic electrical
tape of thickness 7-5mils. The number of layers is indicated
by the value 7. It is interesting that the azimuthal patterns are
essentially unchanged in shape, which is in accord with theory
for a thin slot. It is not possibic to draw any further conclusions
from this set of curves, since it was not feasible at the time to
measure the change of the voltage standing-wave ratio in the
guide for the different thicknesses of the dielectric covering.
Furthermore, the dielectric properties of the plastic tape are
not known.

(4) MEASUREMENT OF SLOT ADMITTANCE

Another important characteristic of a slot cut in a metal
surface is its admittance. ([n the earlier part of the paper it was
shown that the admittance at the centre of a thin half-wave slo’
cut in an infinitely thin conducting sheet of infinite extent, w.
2-06 + jO-97 millimhos. Il the slot is fed by a waveguide,
which is located on one side of the sheet so that it radiates only
into one of the half-spaces, the conductance at the centre of the
slot is 1-03 millimhos and the susceptance, as mentioncd earlier,
is dependent on the nature of the evanescent structure of the field
within the guide.

When the sheet is of finite size the conductance is no longer
1-03millimhos. The variation of G with the width of the sheet
was investigated thcoretically by using a model of a thin axia!
half-wave silot at the centre of the broad face of a thin elliptic
cylinder.? G was obtained explicitly by computing the power
radiated from the slot for a specified voltage at the centre of the
slot. It was shown that G was an oscillating function of the
width 24, and it approached 1-03 millimhos as 2d approached
infinity.

It is now worth while to examine the admittance using an
experimental procedure. The slot of width 1/16in and length
5/8in was cut parallel to the narrow (ace of the X-band wave-
guide. Means were then taken to mount a series of plates of
various widths flush with the narrow face of the waveguide in a
similar manner to that employed for the pattern measurements
of the slots. The slot was cut in the narrow face rather than
the broad face, so that the effect of plates of small width could
be examined aiso.

FROOD AND WAIT: AN INVESTIGATION OF SLOT RADIATORS IN RECTANGULAR METAL PLATES

As is customary in waveguide measurements, the longitudina!
slot is represented by an equivalent shunt admittance across the
equivalent transmission line of the waveguide. Employing a
siotted line in conjunction with an adjustable short-circuit
termination in the guide beyond the slot, the conductance and
susceptance are determined using a standard technique.'® These
values are normalized by dividing by the characteristic admittance
of the guide, which is real. The normalized conductance
denoted by g, and the normalized susceptance denoted by &,
are plotted in Fig. 12 as a function of kd.

nce of the

Fig. 12.—Measured normalized P
slot as a function of the width of the sheet.
ss:-im;‘ - pin
2~ aenns s e atem

Juctance and

By adapting Stevenson’s theory® for longitudinal slots near
fesonance, cut in the narrow face of the waveguide, it is easy to
show that the normalized conductance g(kd), as a function of kd,
in terms of the actual conductance G at the centre of the slot,
is given by A \

430 aAr ., 7\ 1-03

BE) = 5im 5 A SV 232 TG

Stevenson's formula corresponds to eqn. (10) when G is replaced
by 1-0); this corresponds to the case of an infinite plate
(i.c. k<’ —» c0). Employing the theoretical results for G, men-
tioned above, the value of g(kd) — g(co0) given by eqn. (10) is
plotted in Fig. 13 using @ = 0-90in, b = 0-40in, A = 3-2cm,
/\, = 4-48.cm, along with the corresponding experimental curve.
Therc is reasonable agreement betweenthe cxperimental and the

(10)
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1
f
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Fig. 1).—Comparison between the experimental and theoretical
normalized conductance.
N.D.—The theorstical value of g(®) i 1-20.]
e Eaperuncatal.
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computed curves. The disagreement for the smaller values of kd
can probably be accounted for by the fact that the theory does
pot account for the diffraction by the waveguide behind the plate.
It should also be mentioned that the theoretical value of g,
which is found using Stevenson’s proccdure, assumes that the
susceptance is much smaller than the conductance (i.c. the slot
is near resonance). It can be seen from the experimental results
that, although b, is smali, it is not negligible and would, no
doubt, also be a source of discrepancy.

(5) CONCLUSIONS

It has been demonstrated that the radiation characteristics of
an axial half-wave slot in a rectangular metal plate are mainly a
function of the width, rather than the length, of the plate. The
measured pattern and radiation conductance of the slot agreed
quite closely with theory over a wide range of plate widths.
The experimental phase of this project is continuing, and par-
ticular attention will be paid to the cffect of the finite width
and depth of the slot. It is also hoped to examine the effect
of curvature of the metal plate in which the slot is cut.
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Reprinted from the PROCEEDINGS OF THEIRE.

The Radiation Patterns and Con-
ductances of Slots Cut on Rectangu-
lar Metal Plates*®

RADIATION PATTERNS

1t is easy to predict the form of the prin-
cipal E-plane radiation pattern obtained
from a radiating slot cut on a long metal
plate. Consider, for example, the plate of
width W, shown in Fig. 1. Let S represent

Figt

the slot (whose axis is perpendicular to the
plane of the paper) aud let G represent the
waveguide feeding power to the slot. Very
far away from the waveguide and plate is
a receiving antenna P.

When the siot is pointing toward P,i .e.,
in the 0% direction, a large ficld strength
results, but if the slot points away from P
(in the "30° direction) the ficld strength is
small, its sctual value being determined by
the fraction of the total power radiated
which is diffracted behind the sheet to P.
In the intermediate directions 90° and 270°
the field strength at P would lic between
the values obtained for the 0° and 180°
directions. Thus, in the ahsence of further
complications, the radiation pattern of the
metal sheet antensa would resemble the
dashed line of Fig. 2(a). Actually ane im-
portant feature has been overlooked in this
development.

It will be appreciated that the edges
E; and E, of the metal sheet form a dis-
continuity to the held traveling outward
from the slot and along the sheet. Radiating
line sources will, therefore, be induced
near the edges E, and E, of the sheet and
these will come in and out of phase with
each other as the antenna is rotated. Thus,
instead of the radiation pattern looking like
the dashed line of Fig. 2(a). it will resemble
the (ull line of the same figure. The number
of interference fringes in a complete rotation
of the plate will be greater for wide sheets
than for narrow ones since a smaller incre-
mental rotation is required to form a given
path difference for a wide sheet. The ampli-
tude of the Iringes will be smaller for wide
sheets than for narrow ones, howes er, since
the strength of the induced line sources
decreases as the sheet width is incresed

From what has heen said. the radiation
pacterns for nareaow, morderately wide, wide,
and infinitely wide shects will be like the
full lines of Fige. 2(a), 2(h), 2(c), and 2(d).
respectively.

® Reveived hy the IRF, lune 1N 1934,
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Experimeatallv it was found that the
radiation patiern of a plate of given wilth
(117 was indepeudent of its length (L) if:
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Fur sufficiently long plates the calculated
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and sneasured radiation  patterns agroed
very closely, but for narrow plates there
was smne asymunetry in the patterns duce to
diffraction effects caused by the wavepuide
behind the plate. For widths greater than
two or three free space wavclengths, this
effect was negligible, however.

ConbucTaNcE

Applying simple physical arguments,
such as were used to predict the radistinn
patterns, it can be shown that the conduct-
ance (g) of a resonant slot in a flut metal
plate is a damped oscillating Tunction of
plate widith (317) with a peried of abwont one
free space wavelength, X, (Fig. 3.

~
VT

CONDUCTAMNGE (g}

BATL wioty tw)

—_——

Fig. §

It was found that the mcasured and
calculated slot conductances, as a function
of plate width, agreed very closely exorpn
that the measured eomductances were al-
wavs about 10 per cont lower than theoretical
ones. This discrepancy may have been due
to the fact that theory requires the shot
Teagth (D and slot wihth (2) to be such that

logre (i—) »>1-

Clearly, this condition is very hard to fullsll
in practice.

Alter the prepuration of this paper,
further rescarch was done on the methed of
sneasuring slut properties. It was found that
the technique used above (the quarterwave
method) i« nat, in general, as gosd as a new
methad which ic independent af the vewr
and any reflections from the probe in the
slotted line. The essentials of this work will
be published shortly. The full mathematical
and experimental details of the flat plate
antenna discusect! here have been given. ' ?

J. R. Warr,

Central Radio Propagation Lab..
Natioral Bureau of Standards,
Boulder, Colo.

D. G. Froon,

Physics Dept.,
University of Liverpoal,
Liverpoot, Eugland.
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Pattern of a Flush-Mounted Microwave Antenna

James R. Wait

The numerienl results for the far zone radiation from an axial slot on a eireular exlinder
of perfect conductivity and infinite length are diseus<ed. [t iz shown that the resultx for
lnrge diameter eylinders ean be expressed in a universal form that is suitable for pattern
calculations for nrrays of slots on a gently curved surface. The work ix compared with a
relnted diffraction problem considered by Fock.

1. Introduction

The radiation from flush-mounted microwave
antennas has aroused cousiderable interest in recent
years {1—6].! From a theoretical standpoint the
problem would seem to be simple enough; the surface
on which the antenna is mounted is considered to he
adequately represented by a sphere or eylinder
whose radius of curvature is matched to that of the
local curvature of the actual surface. Unfortunately,
the formal solution of the problem, in terms of the
classical harmonic series involving integral or half-
integral order Bessel functions, always converges
very poorly when the radius of eurvature is large
compared to the wavelength. There are two well-
known alternative representations [6, 7], however,
which can be used to advantage in certain cases.
In the illuminated region of the antenna, geowmetricel
optics is most satisfactory, while deep in the shadow
the rigorous harmonic series can he converted into
the rapidly converging residue series.

The caleulation of the radiation field of a flush-
mounted antenna in the tangent plane (the classical
light-shadow boundary) is not readily treated by
cither geometrieal optics or the residue series.  In the
former ease the fickl is indeterminant, and in the
latter case the convergence is extremely poor and
would actually diverge in the illuminated region.
Despite the fact that the harmonie series is cumber-
some, it is valid in this transition zone between the
illuminated and shadow regions of space. There-
fore, it is desirable to attempt to adapt the harmonic-
series representation to surfaces of large radius of
curvature. This is the purpese of the present paper.

2. Theoretical Basis

A thin axial slot, cut on a circular evlinder of
infinite length and perfect conduetivity is con-
sidered because it gives rise to a plane-polarized
radiation ficld. The cylinder is taken to be of radius
a and coaxial with a cylindrical coordinate system
(.9,2). The slot that extends from z; to z; at ¢=0,
has a voltage distribution V° (z) throughout its
length. The radiation patlern is best expressed in
terms of spherical coordinates (r,¢,0) where 6=0

1 Figures in bruckets irvliente the Hitemture refereneea at the endd of this jmpwr.
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correspouds to the axis of the evlinder. It has been
shown {9] that the electrie field, which has only s ¢
component, is given by

et
where
S@=250 [ Ve e, @
t 1
1 $henr™"" cos me ;
A!(z,¢)=;£ .Z-o——ll‘-:”‘:) 2 (")

r=kasin 0, k=2x/irec space wavelength, o=1,¢,=
2(m #0), and 2 (z) is the derivative of the Tankel
function approprinte for a time factor exp (iuf).
Equation (1) is valid for krsin 1.

The Tunction S(8) is the space Inctor of the slot,
or an array of collinear slots if they were cut in an
infinite  plane  conducting  sheet.”  The  funetion
M(r,¢) is enlled the “exlinder space factor” as it
fully deseribes the effect of the finite diameter of
the exlinder on the radintion puttern in both the
0 and ¢ directions. For purposes of computation,
it is written

Mr,¢)=|M(s,8)|ptn0, (1)

The phase function a(r.¢) is a rapidly varving fune-
tion of ¢ for the larger 7 values.  For this reason, it
is desirable to express a in the illuminated region
I < x/2) as a geometrical-optical term plus o
correction factor A(r,9), as follows (9]

a(r,¢)=alr,0)—r() —cos ¢) +A(r,¢). (5n)

In the shadow region (x/2<[¢]< x). it is desirable to
express a as a physical-optical term plus a correction,
which is also designated A(s,¢), in the following
manner.

alr$)=""- «2)+(x/2—¢)r+A(s,8). (5b)

The amplitude 1M (r,¢)] and the phase correction
A(r.¢) of the evlinder space factor are shown plotted
in figures 1 and 2 for ¢ from 0 to 180° for =10, 12,
15,18, and 21, To prevent troublesome overlapping.
the ordinates are shifted for each curve by a constant
amount.
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For [4|<90° but uot near 90°, the value of the
space factor is quite well approximated by the

geometrical-optics approximation. That is
Alr,9) =0
and
[M(r,0)|=x1

Deep in the shadow, that is [¢|>90° but not near
90°, M(x,¢) has the fo.rm of a damped standing wave,
and can be characterized by a function of the form

Ap—sl2)etre=rmt Atef2—gpe ()

where

AB)srexp |—ir(za/N)¥ 8]

with r=0.808 exp(—i=/3). TLis exponential form
for .1(¢) is the first term of a rather compliented
residue series [7]. It is only valid for kax»1. The
higher order terms (higher modes) are also paremetric
in (xa/r)'$g, where B is some angular distance. 1t
is, therefore, logical to expect M (r,¢) to be parametric
in (2/2)¥(o—=x/2) and (2/2)%](3x/2)—¢). In fact, if
the rivples are ignored, the function A (r.4) should
be a function only of (r/2)(¢—=x/2). The dotted
curves in figures 1 amd 2 are believed to be the
appropriate form of (2.4} when the standing-wave
effect, due to the interfering traveling wave from the
other side of the evlinder, is removed.  These
“smoothed” curves are then replotted as a function
of X. where X=(r/2)%é¢—=/2). The results are
shown in figure 3a where both the values of amplitude
IM(X)| and the phase correction A(X) for r=10,
12, 15, 18 and 21 fall on the same set of curves for
the range of .\ indieated.  The amplitude is also
shown in figure 3b, being plotted on a log seale.

Having the space factor for the exvlinder plotted
in this universal form sugrests that one may ex-
trapolate the results to Inrger values of 2. Thas
coneept, embodied in presenting the results in terms
of a parameter X, is not unreinted to the notion of
angular distanee that has been suceessfully emploved
in the representation of field strengths of a trans.
mitter at Inrge ranges over a spherieal earth [10]
In the latter instance, the angular distance s de-
fined as the angle subtended at the center of the
enrth between the horizons of transmitting and
receiving antennas.  In the present situation, the
angular distunce is ¢—2/2 since the souree antennn
is on the evlinder and the observer is at infinity.

While the present problem is concerned direetly
with the radiation of an axial slot on a circular exlin-
der, there is a direet application of the results to the
reciproeal ease where a plane wave is meident on the
evlinder (the E vector 12 to be perpendicular to the
evlinder axis).  Then it is possible to regacd M (2, @)
as being proportional to the surfaee current excited
on the evhnder.  In other words, the axinl slot can
be regarded as a receiving autenna and the souree is
taken to be at infinity.

In view of the reciproeal nature of the problem. it
i< desiruble to compare the present vessdts with those
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of Fock [11] for the currents exeited on o curved sur-
face by anincident plane wave.  Foek first considers
the diffraction of plane wave by a paraboloid and, in
particular, focuses his attention on the tangential
magnetic field in the penumbral region (near the
houndary of light and shadow). Then, after postu-
Inting that the surface currents are only dependent
on the loeal radius of curvature, he obtains n repre-
sentation for the current distribution that is only de-
pendent on the parameter Iid where 1is the distance
from the light-shadow boundary and d is the wilth
of the penumbral region.  Fock then believes that
his results are reasonably valid for any shaped bodies
so long as the rudius of curvature is alwayvs very lnrge
compired to the wavelength,  As a crueinl test of
Fork’s approximate formuin, his resuits are plotted in
iigure 3a along with the exlinder computed data. The
agreement is very good.  There nppeers to be o slight
diserepaney for larger positive .\ values which is not
entirely unexpeeted beeause some of Foek'’s restrie-
tions are beecoming violated.  Nevertheless, consid-
erable justifieation is given to the validity of the
extrapolation of the exlinder curves to larger values
of r.

3. An Application

An interesting application of the foregoing theory
is the ealeulation of the pattern of an end-five array,
of slots on a gently curved surface. Far example
consider the array of 2V+1 parallel and axial slots
on a exlindrical surfuee of ridins ¢ indieated insigure
4. The angle @ dedines the direction of the observer

Il [IMI] )10 HHAH

N
Si0 glementy

{PLAN VIEW )

Frevxr 4. Schematic dingram of ewd-fice array of slots on a
eurrved conducting suriner,

257

1-54

b,




with respect to the normal at 0, the center of the
array. The array and the observer are taken to he
in the principal plane (i. ¢., the plane of the paper).
¢ is the distance from 0, measured along the evlinder
surface, to P, the location of any one of the elements.
The field due to the source at P is then proportional

to
™ IX(3)1(s)

where K(s) is the relative strength of the clement, y
is the projection of s on the ray Irom 0 to the observer
and A(s) 1s the correction factor to geometrical opties.
In terms of the function M, /A(s) is given by

A@)=M(Y) for X0, (Ga)

X3
= M(X)e™' 7 for X 20, (6h)

x={G] )"

The factor y is given by y=c sin [®—(s/2a)] when ¢
is the chord length OP and because

where

c=[2a"'(l—coss-)]l$:x(l—-—xi- ) (7a)
a 244°
it follows that
& . ) -
YaES (] —:'2—3(-"5) stn (¢—2a) (vh)
subject to s< < a.
Remembering  that there are 2N+41 elements

spaced at intervals As, it is scen that
28VXas=L

where L is the length of the array.  The souree is
now written

K(s)=e"1?

where T is the propagation constant of the exciting
wave along the array. For the present purpose

r=+imk,

where m is a constant real number.
The total field of the arruy is tiow proportional to

~
Z C“'C-“‘—'A(S)
aw=N
where s=n-48 with n=~N, —N+1, . .. —1,0,
1,2 ... N=1, N Introducing dimensionless pa-
rameters, defined by

AS=kas and S=naS

ibt. follows that the pattern T(®) of the array is given
Y
N
T(d)= 33 ' -m94(N),

LAt

(Sa)

where

)'(S)=S(l—§33-§6-,)siu(d»—é-(%'—)) sh)

[T

When ka tends to infinity such that the surfuce is
eflectively flat, the pattern becomes

and

(8e)

]‘(¢)=]'.(¢)= z’\: '(lu-(.!)--.ﬂ, (9")
where Y(S)=8sin ® and since S=n-AS,
—INK{) QN +DK
To(® =X ;::-,:—l—) (i)

where K=AS[sin &—m].

According to the analysis of Hansen and Wood-
vard [12]. the maximum gain in the end-fire direction -
(i. e, $=90° is obtained when ma (N+2)/\.
Then, taking the electrieal spacing between  the
clements as 45° or AS==x/4, the array has 65 cle-
ments, N=32 and the total length of the arry is 8
wavelengths.  The pattern To(#) in this ease is only
defined for the region —90°<dLM°  The main
lobe and the first side lobe are shown plotted in
fizure 5 normalized such that the maximum field is
0 dh.  Using the same values of N and AS, the cor-
responding  pattern 70b) is plotted for ko =200,
The main lobe is seen to be somewhat changed in
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form, particulatly in the directions near ¢=90°
which is the tangent plune of the center of the array.
The decibel level of the field in the diffraction zone
($>90°) is seen to deercase linearly with angle.
There are no lobes formed in this region. It is of
interest to know how the curvature of the array
itself would modify the pattern, Therefore, for
sake of comparison, the pattern T'(P) of the end-
fire array of isolated clements on a circular are
(ka=200) is also plotted in figure 5. The working
formula here is identical to equation (Sa) with
A(N) being replaced by 1 beenuse diffrnetion effeets
are no longer present.  The pattern is afmost identi-
cal to that for an end-fire array where elements are
on & straight line. Lobes, in this case, are formed
on both sudes of the main beam although they are
not quite symmetrical about it.

The pattern 7'(®) is also computed for ka= 100,
and is s‘nown plotted in figure 6 along with the curve
for ke= o and the curved arry of isolated elements.

It would seem that an end-fire array of slots on a
curved surface has some rather interesting properties.
The main cffects of the non-llntuess of the surface is
to tilt the maximum of the main beam up slightly,
and to extend the total width of the main beam into
the shadow region. There is no evidence of lobes
on this side of the heam, although at large angles
(P approaching 180°), there is the possibility that the
back lobe from the end-fire array could creep around
the surface in the other direction and form lobes.
This effect from a practical standpoint, however, is
completely insignificant for ka>100.
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¥icuRe 6. Pattern of end-fire array of slols on a curved s:rfoce.
kew 100, — w= — ke =100, A(X)=1; nrray lengthe &, ntim-

...... ttme;
tnr of clements=85.

4. Concluding Remarks

It is seen that the radintion pattern of a flush-
mounted antenna is influenced. to a considerable
extent, by the radius of curvature of the surface on
which it s mounted.  In most enses, the main beam
is tilted upward away from the surfuce, nlthough the
total width of the beam ean be brosdened into the
shadow. Similar phenomena had been observed in
the ealculated patterns of slots on a conducting half-
plane [13]. 1t would appenr that any attempt to
reduce the side lobes of an end-fire areny by using
dilfracting edge or surface will lend to a brondening
of the main beam. It is also qguite apparent that
the resultant pattern of a flush mounted antenna is
not simply obtained by multiplyving the free spuee
pattern by the pattern of a single slot on the curved
surface.  Such a process wonkl produce o pattern
with Jobes in the diffraction or shadow region which
do not exist in reality for a nonclosed surface.
Furthermore, this “multiplication” technique would
not predict the broadening of the beam in the tangent
plane.

The author thanks Willinm Briggs for his assistance
in the caleulation of the patterns in figures 5 and 6.
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A Study of Earth Currents Near
a VLF Monopole Antenna with a
Radial Wire Ground System®

‘The efticiency of antennas for very low
radio frequencies is determined to a large ex-
tent by the ohmic losses in the soil near the
base of the autenua, It is customary to in-
stall a radial wire ground system buried just
below the surface of the earth. The purpose
of this wire grid is to provide a tow-loss re-
turn path for the antenna base current in an
effort to improve the cfliciency of transmis-
sion.

The rules for ground system design in
the past have been usually empirical and
based on the results of experiments on exist-
ing installations. The first attempt to design
an optimum system was carried out by
Ablott.! Exteasive calculations of the input
resistance of a monopole with a radial wire
ground system have been carricd out by
Wait and Pope.?? It should be emphasized
that in this latter work no attemipt was
made to evaluate the losses associated with
high-voltage insulators, tuning coils, and
copper losses. The attention was devoted to
the ohmic losses in soil and their dependence
on number and lesgth of radial wires.
Furthermore, the radial wires were assumed
to be in intimate coutact with the soil being
located just below the air-carth interface.
The working formula for the component of
the input resistance, AR, due to ohmic losses
in the soil is given by

R
8R = real part of 7 f. (1, Z(p)2updp (1)

where I, is the base current of the antenna,
H.,® is the tangential magnetic field of the
antenna assuming a perfectly conducting
ground plane, p is the distance measured
along the ground planc from the base of the
antenna, and Z(p) is the effective surface
impedance of the actual ground plane. Z(p)
was taken to be equal to the intrinsic im-
pedance of the soil, . in parallel with the
surface impedance of the radial wire grid,
Z,. That is,

Z
26) = 22
) by

=y forp>0 2)

forp<a

where
; ) ]
S (™
pe [ ][]
o

and

7 el 8
2r 2v¢

* Received by the IRE, March 11, 1938
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105, February 10, 1949,

*J. R. Wait and \WW. A, Pope, *The characteristics
of a vertical antenna with a radial conductor ground
K;(:m.' Appl. Sci Res, B. vol. & pp. 177-195,

4 ]. R. Wait and \V. A. Pope, *Input resistance of
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where o is the length of the radial wires, u is
the permeability of the ground (=4 X10-7),
w is the angular frequency, e is the ground
conductivity in mhos/meter, ¢ is the dielec-
tric constant of the ground, ¢ is the radiug of
the radial wires, and d is the spacing be-
tween the wires. (If there are .V radial wires
equally spaced about the base of the an-
tenna, d=2vp/.N.)

The validity of {2) for the composite sur-
face impedance was not established in the
above mentioned work. The expression used
for Z., the equivalent shunt impedance for a
wire grid, was taken to be the same as that
for an infinite paraliel wire grid in free space.
A recent analysis indicates that the equiva-
lent shunt impedance for an infinite wire
grid in the plane interface of two homogene-
ous media is indeed almost identical to Z, for
the isolated grid if the interwire spacing, d,
is always much less than a wavelength in the
electrically denser medium.¢ In the present
situation, this restriction is equivalent to
stating that d should be somewhat less than
an electrical skin depth in the soil, that is
d<€(2/oum)2. In most practical cases this
condition is met. A question also rises as to
the applicability of the formula for surfe 2
impedance of a parallel wire grid to a radial
wire grid system where the wire spacing is
not constant. Furthermore, the wires are not
of infinite length being termiuated by rods
or some other means at a finite distance from
the base of the a The ption
that the radial wire behaves locally as a
parallel infinite wire grid would seem to be
very difficult to justily on purely theoretical
grounds. It could be expected. however,
that, if the length of the radial wires is large
compared to a skin depth in the soil, the
wave reflected from the end of the radial
wires would be highly attenuated.

As a check of the wire grid theory for
antenna ground loss calculations, an experi-
mental test was carried out in Cutler, Me.,
which is the proposed site of 2 high-power
(1-megw) vif transmitter for the U. S. Navy.
A small test antenna was erected on the site
and radial wires were installed in the same
manner as in a permanent installation. The
actual currents carried by the wires were
measured using a small loop pickup placed
in proximity to the wires. The average cur-
rents carried by the ground were also meas-
ured. Now the radio of the total current
carried by the wires, [o, to the current in
the soil, /., is equal to the ratio of the sur-
face impedance, 4, of the soil to the surface
impedance, Z,, of the grid.* Therefore, such
a test of the splitting of the current between
the radial wires and the ground is a good
check on the validity of the theory.

Belfore discussing the experimental re-
sults® calculations of /. are presented for
pertinent values of the parameters. Denot-
ing the effective antenna height by &, the
tangential magnetic field, /1,°, on the ground
plane at distance o from the base is given by

pealt 2

2r Vor+ A
for p<lwavelength. Actually, H.®, is the
radial current density in amperes per meter
emanating from the for an idealized
perfectly conducting ground plane. In the
case of the imperfect conducting ground
with the radis] wire ground system present,
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the total ground current, I,, is essentially
numerically equal to H,” and is composed of
two parts, J., the total earth current and,
I.. the total wire current. We can now write,
for purposes of computation,

hL

ol
1 ++9/2.
V2
[’: + 0+ q)i]ll!

where

P = 12058/3/2 b = (/o))

and
240x*P ) i
N "NC

Cme/), P=pf\. The amplitude of the cur-
rent in one radial wire, i, is then given by
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Fig. 2—Comparison of calculated and observed cur-
reots is radial wise, for N =48, 96, and 192 reading
from top to bottom.

In Fig. 1 the computed current, &, normal-
ized to unity at p=0, is shown plotted as a
function of p in feet for h=100 feet, A
=63,400 feet (15.5 kc), N=192, §=0.03
(¢e=1 milli-mho/meter), C=x10-" (no. 8




wire, awg at 15.5 kc). In Fig. 2, computed
values of X are shown plotied as a function
of p/ for N=48, 96, and 192, respectively.
Various values of C are indicated on the
curves,

In the experimental setup, the anteuna
was a monopole with a height of 100 feet
with a circular capacity hat with a radius of
about 200 feet. In view of the difficulty in
clearing land in the heavily wooded and
rocky terrain of Maine, it was not feasible to
employ many radials emanating in all di-
rections from the antenna. To effect a com-
promise three radials at aziinuth angles of
0°, 180°, and 270° were instalicd. The sector
between about 60° and 100° was then se-
lected as the region for further tests. in case
1, this sector was filled with radials at an
angular separation of 7.5° in case 2 it was
3.15° and in case 3 it was 1.88°. For these
three separations the equivalent value of ¥
would be 48, 96, and 192 respectively.

The indicated points in Fig. 1 are meas-
ured current values in two of the central
wires of the fan as a function of p. The ordi-
nates are normalized to unity at p=0. In
this case the base currenmt of the antenna
was kept constant at about 1.0 ampere.
There is a general agreement with the calcu-
lated curve. Discrepancies could be ascribed
to the varying nature of the soil conductivity
along the radial wires. Measurements of soil
conductivity by the four-probe method indi-

*\V. E. Gustafson, T. E. Devaney, and A. N.
Smith, “*Ground System Studies of ligh Pawer
V.L.F. Antennas.” paper no. 38, Record of the VLF
Symposium, Boulder, Colo.; January 23-18, 1937,

cated a random variation of S0 per cent
about 1.0 milli-mho/meter. The abnormally
large measured values of ¢y for the smaller
values of ¢ in Fig. | might be ascribed to the
asymmetrical variation of the total earth
current resulting from using a fan of radials
rather than a cumplete array equally spaced
for 360°.

A mare appealing experiment which
overcorncs 10 sume extent the asyminetry of
the experimental sctup is carried out as fol-
fows. The receiving cuil is moved in a direc-
tion transverse to the radial wires at a con-
stant height and constant distance p. The
measured magnetic field is then essentially
constant for the region between the wires
and rises to rather pronounced maxima over
the wires. The ratio of the maximum field
to that between the wires is denoted by B
which is given by the relation

V 1a| 1285
FPRLIELL
N AN}

where 5 is the height of the receiving or
pickup coil above the wire and d is their
scparation. Now, siance tke current in the wire
lags the current in the ground by 45°, it follows
that?

L: - 2-'{ Bt

or

x I Ile I [ 240 ]"'
- L.+ 1. 1424 + 241

with
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Values of X calculated from the experimen-
tal data are shown plotted in Fig. 2, for
N=48,96, and 192 respectively for s = 4 fcet
and d=2sp/N. The agreement between the
experimental points and the calculated
curve for C=10"7 (no. 8 wire at 15.5 kc) is
quite good for the two cases of N=48 and
96. The departure for the case N=192 can
be attributed to contribution from the cur-
rent in the wires to the measured field in the
minimai position.

In general, one may say that satisfactory
agreement between theory and experiment
has been reached. Therefore, further justifi-
cation is given to the validity of the pub-
lished calculations of the ground loss com-
ponent of the base resistance of a monopole
with a radial conductor ground system. It
should be mentioned, however, that the
present study has not considered losses
within the aperture or near the base of the
antenna. Recent studies by Gustafson,
Devaney, and Smith* indicate thut these
losses may be quite large in special antennas

"for high-power vlf installations.

The author wishes to thank A. D. Watt
and T. E. Devaney for helpful advice, C. E.
Smith and W. G. Hutton for permission to
quote their experimental results, and Ana-
beth Murphy for assistance with the calcu-
lations.

Jaues R, Warr
Nat. Bur. of Standards
Boulder, Colo.
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LES DIAGRAMMES DE RAYONNEMENT
D'UNE ANTENNE A FENTE: PLACEES SUR
UN PLAN HORIZONTAL LIMITE ET IMPARFAIT

THE PATTERNS OF A SLOT-ARRAY ANTENNA
ON A FINITE AND IMPERFECT CROUND PLANL

J.R. Warr & A. M. Coxoa
National Buresu of Standards. Bouldes, Colorado (U.S.A.)

‘The radiation from s slot aperture 0o s petfectly conducting half-plane is discussed in some dewil. The

extension to end-fire arrays of slots is also weated. Numerical u ate

d out for redistion par

tems. It is shown thet in genenl, the main beam is tilted up and --ny from the cd‘e of the hell-plane. The
situation where the half-plane is lying on the surface of & homogencous flat earth is also considered. The re-
sules have application in the design of flush mounted antennas of the end-lire type where, because of prace
tical limitations, the ground plane is of linite extent snd may be located on the surface of a olossys plane

earth.

latroduction

The concept that highly directive antennas can be mounted
flush to @ metllic sutface such as dthe l\uelage of » high speed
sircraft has been successhully utilized in many instances in re-
ceat years. At very short wavelengths, the surface on which the

s d or embedded cun often be considered fllat
and infinite in for es of design. In some cases,
hwever, the ellect of the finite extent of the .round plane must

idered. An ple is when the pattem is of the eend-

fires type such as a linear array of slots excited ty a uavelling
wave. The main lobe in this case is in the end-fire direction if
the tmvelling wave has s velocity equal to or slightly less than
the speed of light. The finite extent of the yround plane tends
to reduce she ditrectivity and produces a tilt of the main besa
away from the surface.

Another imporeant example is when a gavelling wave antenna
is mounted on & mcullic plane of finite extent which itself is
lying on the sutface of the earth. Antennas of this type are used
to obaain a low-angle beam for aircealt laading devices.

It is the purpose of this paper to srudy this problem from o
theoretics] saandpoint. The model chosen for the grouad plsne
is an infinitesimally thin perfectly :onductmg hall-plane. The
array is considered to be made up continuous and discrete dise
uilutions of parallel magnetic soucces or slots mounted on one
(the upper) side of the halkplane. The following effects will be

rsidered : the distance of the strray to the edge of the half-
plane, the len‘th of the armay, the velocity of the exciting ta-
velling wave, and the elecuaical consants of the half-space on
which che halfplane is lying.

Eerlier Investigations

There have been & number of priot inveuigldom which are
closely related to the subject of this paper. It is desirable if
these are mentioned and placed in theit proper perspective. Ra-
diation parterns of a magnetic line source adjacent to a perfectly
isolsted half-piane were computed by Wait? for a variecy of ca-

" ses. The generalization to arbitrary sources such as an aperoure

or¢ finite slots has been carried ouc by Tai? snd othersd, o. The
radistion from a patallel atray of line magnetic sources mounted
on a half-plane has been considered by Hurde. Hie acruslly pre-
sented computed pactems which illusuated the bLeam tilt of
end-lire amrays due to the finite distance of the amay from the

.edge of the hali-plane.

This peper was presented by P, Redisur of C.3.F. 19 ohon the suthers ore
doaply lndebeed,

The influence of a homogeneous lossy flar earth on the ra-
distion parter of a vertical antenns is included in the compre
heosive analysis by Nortone, The effect of a circulsr ground
screen on the narters of a ground based pole antenns has
been approsched by s number of investigacors7=¢. These me-
thods are usually based on the assumption that the influence of
the impetfect ground beyond the edge of the screen can be ea-
ted by a perturbation method in conjunction with an spprozimate
(1 vich) boundary dition. An exception is the work of
Bekefi 19 who provides a varistiona! formulation for e vertieaal
elecaic dipole at cthe center of 8 circular mew! disk laid on
phne earth. It appests, however, that due to an oversimplified

ice of wial function for the mngentisl elecuic field over the
ground, the derived tesules for the propagstion consmnt of the
surface wave is in serious conflict with reality. Acctually the
velocity of the surface wave should spproach the welocity, ¢,
of free space as the relractive indes n of the ground spproaches
inlinicy, whereas Bekefi's surfsce wave velocity is approaching
s value less then ¢/10. Shile this might not greacly impair the
impedance calculation, it would bave a prolound effect on the
detived mdistion pattern. It woold be worthwhile to improve
Bekefi's method by choosiog s more recondite tzial function.

In s very recent paper Carwell snd Flammer 3 have calcu-
lated the parrern of a vertical elecuic dipole located on & halt-
plane which is located on the sutface of a homogeneous flat
earth or hall-space. Ulm; an srgament based on Green's theo-
rern they derive an expr for the radiation field in tetms of
the (vokaown) electric nnmu-l field over the earth's suclace
outside the half-plaae. It is then assumed that this elecwic field
is wamodified by the presence of the half-plane. Such on a3
sumption violates the edge singularity at the edge of the balf-
plane. It can be shown, however, (see appendiz) that such an
spprosch is probably valid az low angles and for 2 highly condue
ting easth.

A mathematically tigorous approach to the problem of & pla-
ne wave incident on 8 conducting hall-plane which is lying on s
homogeneous flat enrth has been cartied in an elegant fashion
by Clemmow 12, The scattered field is expressed as an sngular
specaum of plene waves for the geneml case. ¥hen the incident
wave is due to a line magnetic source on the impetfectly conduc-
ting flat earth and the receiver is oo the halkplane, verious
tessonable approximations can be made and the final solution
{or the eground-to-grounds field can be expressed in terms of o
wodified Fresnel integral. Clemmow’s analysis is both extensive
and complicated, even though the solutions themselves reduce
to quite simple forms in many of the cases of practical interest.
In view of this fact, Senior 1> has suggested o method which is
s union of ray th. uy and rigorous diffraction theory. The pre
sence of the plane earth is accounted for by the introduction
of » suitable image field and the problem thereby reduced to one
in which two (ields are incident obliquely upon a petfectly con-
ducting half-plane in free space.Since Senior’s methed is closely
telaced to the one used in the present paper mote will be said
about it ia the following text and slso in the sppeadiz.

u
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Single Slet en ¢ Helbplene

With refetence o & conventional cylindrical coordinate sys-
n-(p. ®, 2), s slot of length 2/ is located 00 pelfeclly conduc-
ting lul#plnne sheet defined by D = 0,27. The alot is parallel
to and a distance [4 from the edge ol the half-plane sheer(t).
The slot is d w0 be and mdistes only on one side
of the sheet. The elecuic field in the far or radiation field in
the equatorial plane (i.c.z2= 0) has eniy ® component and is
given by

* +)
“P.[L V(x')dz] ep(-ikp, +ion)Q (1)

where V (2°) is the distribution of tranaverse voltage slong the
slot and where Q is o function of kp and ®_ the azimuthal angle.
Two slteroative representations sce availsble for 0; the fisst is

Q=';-Z ¢, %77 cos (m 0./2)!,,,, kp)

)

whete ¢, = 1, ¢, = 2 (m ¥ 0) and /., 3 (kp) is a Bessel hmc
tion of order n/'Z and stgument kp. i e second is

Q=" "’°°(‘;)5 ]' M a

3)

whete p = Qkp)! cos (9,/2). For preseat purposes the lacrer
fom is desirable and it can be written in tems of Fresael in-
tegrals as follows

hpees ®

Nze *Fw “

whete

Fay =3 31 +U4+9) [c Aul) - S(Iul)]( »

Cls) = j.m(gc’) "

e [ (i)

u = (@kp/ o7 cos (9,/2) = (8p/M) cos B /2,

and where the upper +) sign is to be employed when u is posi-
tive and the lower sign () when u is megative.

The function F('* characterizes the radistion pattem of s
single azisl slot radisting on one side of a half-plane conduc-
ting sheet in teems of p the distance of the slot to the edge and
the azimuthsl angle . F(u) is readily computed from wbles of
Fresnel integrals. To illusuate its peoperties [F(u)| is plored
in figs. 2A foru >0 and in fig. 2B for u < 0. The phuc', defi-
ned by ¥ = - arg F(u) is plorted in figs. 2C for & > o and fig.
2D for m < 0. It can be seen that for » sufficienty positive
|F(u)| is approsching unity indicating that the half-plane is be
having essentislly a3 sn inlinite plane conductor. At ¥ = o the
vajue of F(u) is identically 0.5. When u becomes latge in the
negative direction, F(u) ssymprotically approaches zero. The
limiting behavior of the tunction is summarized in the following

In
' -l:-’

Fa) S 1 +— € foru~ 4o (6a)
28

(2) See hig. 1.

n

0.3 foru=0 (6b)

s

Vine

(6c)

fors s~

Stet Arreys on o HelbPlene

The exteasion of the foregoing to an array of parallel N
nul slots at pye P ...p'. +=:Py from the edge of the halkplane

is sow camied out. tion is illustrated in fig. 3a where
d\c observer is aguin uuned te be in the equatorial plane
(z = 0) and ¥ is the 180° pl of the thal sngle ¥
used proviously. Each slot is sllowed w have an arbicary die-
wibution of voltage V (2) and further they may be of arbitrary

lenght 21 . The excitation coefficient for each slot is defined Ly

'.
4, =J V() ds
J

(&)}

where V_ (2) is the tmnsverse (complex) voluage along the nth
slot with che phase seference at 2 = 0 and p = p_. From the
prisciple of superposition it then follows chat dse pattemn of
the army in the equatorial or peincipal plane is

..
C(‘)ikz .lp.P. LN e ? A'F(u.)

(8)

where N
., = (4k P i 7 sia ¥/2

and whete 8 is phase factor which specifies the relative phase
of esch of the slots. For example, the phase difference berween
p,end p yisp B -p.,1B.. tadians. ln what follovs,
A, is slways resl and B is a constant which is replaced sim-
ply by B. Ia ether words, the slots ere excited by a tavelling
wave with a phase velocity /. Furthermore, the slots are
to be equally spaced with a separation A between centers. It
then follows that
=D +( - -)A

snd the leogth of che army is

L =AN
Coasequently

B-k mn’),_-(ﬁ-l#!k u'u"/!)p.

- (,n + X’) (ﬁ *.T.i)

Heg=B-bL/a X=kL) sin (9/2) and

a=D/(D +LX1).

The pattern can now be written conveniently in terms of the

di P g.Xanda:

» - .-t
s, %Z [i(,.m)(ﬁw,,—’)]a.r(n.)

(2) The saremoter X 1o plotted oo o tunetton of ¥ 1a Nig. 38,

1-63




(o o)

LSS LSS SIS LIS SSE e SIS Lo T LS SIS SL TS S S S77

The pactern of s continuous distribution of szial slots is
obtained by letting N become ndelumely large but keqnn' L
fized such that

L=N Jp

whete dp is the (infinitesimal) separation between the slot el
meots. This leads to

cm 2 up[l (" + X') ffl-aJ
L t("+x’)

¢Q[i ‘l+X)I._¢] (11)

F(”x) -

'Holl = Plone

l(,.#x‘) r(u') *

Fig1l

R (e Y

When the plane is infinite in extent, the pattern is identical
to the above if F(a) is replaced by unity.ln this case, diffraction
effects due to the ¢dp of the balf-plane are ignored. Further
more, if A, were wity correspondiog to a uaiform amplimde of
excitation, the series can be summed ® give

Pl 1l 2 o

XG-1) c(r.)-c (v,
e iR

cm-cmusm--r..,(al;-.')a

where

ex(Eh sy

w22 '-=(2-1—?a)’

A
1
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Fig 3a

5;3:-’-2 ..,[i (e» +x’)(l—f¢+§ ]%(::;——f-;)r%—] a2

which of course is well knowni4 having a magaitude equal to
2 2i0 0/6 whete 0 = (g7 + X?)/ 2.

Eaploying equatios (10), the pattem |G (¥)/kL] is plotted
as a fugctioo of the p X in fig. 4 for g = 1 and various
values of N. This is the siruation where the artay consists of
N discrete elements fed with a constant smplitude. The condi-
tion g w | is the criterion for optimum gain of such an amray as
found by Hansen snd Woodyardi®. It means that the elec‘mal
length k. of the atray is # mdisns less than B/, whete B is the
phase consmnt of the wave exciting the array. The patterns in
fig.' 4 are shown for both positive and negative values of X. In
the case of slots embedded in an infinite ground plane only po-
sitive values are physically realizable. Oa the other hand, the
segion of negative X is accessible if the elements are located
in free space. It is seen that as N becomes greater than sbout
8 the pattern does not depend on N at least for 1X{ less than 3.
I other words, the seray of discrete sources can be replaced by
contiouous array (VN = w) if N is not teo small.

Using equation (12) the influence of varying g is illustrated
in fig. 3 for the continuous uniform atray. For X > O this corres-
ponds to an army of length L embedded in an infinite ground
plane, or if negative wlues of X are to be included, dhe array
is locaced in free spuce. Here it can be seen that the effect of
incressing g beyond uaity is to reduce the majar (ead-fise) lobe
considerably.

The informstion in figs. 4 and 3 is, of course, well kpownt s

but it is desimble thac it be presented here for conparisen of -

what follows.

From che basic equation (9) for N discrete elements on o
half-plane, chz pattem |G (P)/kL| is plotced in 6ig. 6 for the
conditioas, An= ], N= g8 a=0, £ ™ 0. In the case of such an
end-fire sntenns on s half-plane, both positive and oe gative
values of X are accessible. The corresponding pattera for the
continuous errsy (N = =), with 4, = 1, a= 0, g™ 0isslse
shown. For purposes of comparison the pattern of the same con-
tiauous amey on a infinite sheet is slso illustrated in fig. 6

The effect of varying g, the exciation parameter, for the
wniform contioucus smay (A, = 1) on & halkplane is shows in
fig. 7 for a= 0. Contrary to the cuses of an infinite plene sheer
or for an isolated array, the main lobe sppears to be sarrowest
for g = 0 racher than g = 1.

When the artay is moved away fom the edge of the hall-
plane (@ > 9) the pattern is sgain modified. This is illuswaced
in fig. 8 for the case of the uniform coutinuous array on dhe
halfplane with g = 0 and @ varying from 0 t0 0.9. In esch case
the pattern of the erray on an infinite ground plane (@ = | .0) is
shown for comparison,

The foregoing has been resuicted to uniform excitation whe-

reis A, = |, the effect of wpering the illumination is shown in
fig. 9 for the case of a discrete arry (N = 8) o6 both sa inlinite

piane snd s half-plane for g = 0 and g= 0. The coe"icianl. ate
specified by the condition that the minor lobes for the infinite
plane case should be of equal amplimude. For this resson the
array is called & Tchebyschelf armmyis following the work of
Dolph and Riblet. Using their procedure, it is found that

A, = Aq = 0.632,
Ay = Ay = 0,673,
Ay Ag 0.881, end

= =
A, = A5 = 1.000.

It is isteresting to note that the minor lobes for the half
plase cuse are 80 longer of equal smplitude end dhe major lobe
is Lroadened as it weas in the vaiform end-fire array. A similar
effect bas been recently observed by Barnett and Tail? who cal-
culsted che partern of s Tchebyscheff srray of elecuwic current
el in the viciaity of o halfpl

In che preceding calculations attention has been confined
entirely to th. ituation where the half-plane sheet is in free
spsce. An intc.sating exerasion is when the half-plane is tes-
ting on the ..:face of a homogeneous ground. In this case the
pattern of ¢:=army of slots for an observer in dheuir is obtained
by introducing ae image soutce on the under edge of .the half-
plane, The strength of the image atray is modified by the Fresnel
treflection cocfficient appropriate for (vertically-polarized) plane
waves incident on the homogeneous ground ac & grazing angle

of ¥. The f la for the p loc & single el at disan-
ce p from the edge is given by
PP Y F @+ R F ) (13
where
3
. = (Bp/A)T sin (¥/2)
and

R(¥) - K sinV-(K - au"’)l:
K sin® + (K - cosr W)}

where K is the complex diel of the ground relstive
to {ree space. The above equation for P is & good approzimation
for values of ¥ from 0 to 180° and is agsin resgicted to the
principal or equatoria} planc. The pature of the approximstions
sre di d in the appendiz.

The pertern |P| for a single slot on & halfplane is shown
in fig. 10 for s lossless or diclecwic ground for K ranging from
1 to 100 snd three values of p/A. The case X = 1, of course,
corresponds to free space below as well as sbove the hali-plane,
As K increases the diftraction effects due to the edge of the
halk-plane ly ate de-emph d. When K is sllowed to
spproach infinity with ¥ > 0, ther |P| approaches unity. Phy-
sically, this corresponds to complete reflection kom the ground
plane (R (¥) = 1) and the partern has the usual omni-directional
characteristic of a single slot on sn inlinite ideally conductin
ground plane. It is interesting to note that, for } < K < o, if #
is teduced to zero the pattem |P| is always zeto. In other words,
st low angles the field of the image source tends to cancel the
field of the direct source. In the case of K = 1 the pattern |P|
is identically 0.5 at ¥ = 0 since these is no image source. On
the other hand for ¥ Jasge, the pautern |P| is escillating about
uniry. These ripples ssymptotically approach zero as p/A ap-
proaches infinity and they are due to the interference of the
direct radistion from the slot and the wave scettered from the
edge of the half-plane.

The picrure is not changed spprecishly if e ground is dis-
sipative, [ie. lossy],whence K has » negative imapinary pert. The
pattem [P| for a complex dielecuic consant of 10-ix with x =
4, 16, 64, 256(1) ste shown in fig. 11 for two values of p/A.
Apgsin as x becomes large the magnitude of R (¥) approaches
unity snd [’| epproaches uniry.

The presctiption for calculating the pateern of an smay on

(1) The comespending leastongent volves wosld be 0.4, 1.4 6.4 ond 25,4,
respoctively.
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-the half-plane lying on s homop: d is identicsl to

that sbove. For example if C (W) is the ;-uetn of the army on
the isolated half-plane then the desited pattem 7 (¥) is given
by

TH=@)+ ). 60 (14)

To illustrate this, the pattem |7 (¥)/kL| for the case of wi-
form coatinuous end-lire arrmy of length /, witha= Qand g = 0
is shown in fig. 12 for various real values of K and in fig. 13
for the comples value 10-ix.

Conclusion

The pattern of a flush mounted end-fire antenna is seen to
Le markedly influenced by the truncation of the ground place.
The geaern! tendency is for the main beam to be dlited upward
and also Lroadened. As the distance of che army from the edge
of the half-plane is increased the pattem approaches that for
an infinite ground plane. Such a Lehavior is in qualimtive sgree
ment with the expecimental results of Flliote3® for corrugated

surface and Si and Robieux 19 for dielecuic-sheet
antennss. It is not possible to make s dewsiled comparison with
their work since the experi f ditions do not cotrespond

to the model chosen in this papers. It is hoped in the furuze to
elalorate the model to include other forms of non-uniform exci-
tation %, 21 such as velocity modulation of the  exciting wave
end various forms of amplirude modulation.
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Appendix

The Hollplone on the Surfoce of o Haolkspace.

The diffraction of a plane wave by s half-plane sheer of
perfect conductivity locsted in free space was solved by Arnold
Sommerfeld in 1899, The corresponding solution for the situatioa
where the half-plane is located in the plane interface between
two homogeneous media is & much more complicated problem.
Clemmow 12 gave a formal solution to this problem in 1933 but,
except in specisl cases, it was not suitable for numerical com-
putstion. As mentioned, Senior has pecoposed a method based on
s combined use of ray theory and rigorous diffraction theory
yielding a simple solution. It is the putpose of this appendix to
discuss the limitations in Senior's solution snd its applicability
to the reciprocal radiation prohlem when the soutce is on the
half-plane.A comparison with Flammer'su method is also made.

A half-plane located in the interface between two homoge-
neous medis is indicated in fig. 14. A cylindrieal coordinate
system (p, ¥, z) is chosen such that the half-plane is defined
by & = 0 (or D = 21n). A plane with the magnetic vector psralilel
to the edge of the half-plane is incident at sn angle S with the
upper surface of the halkplane. The incident field for & dme
factor exp (i w¢) is thus given by

HysH P {r-2.) asn

where H | is the amplitude of the incident field.
1f dhe whole region (0 < P < 2w) is bee space, the Sommer
feld solution for the resulting field is

Y . -0 [
", ‘0.0)-”.;¢“P ¢ b o')F[(Bp/A)} cos@ 3 '] +

s hpeenfren) r[(sp/n% a."_‘z&]‘

r

whete
2

PR
Faoeas| e 1 &

is the same function previously defined. Now if ® = 0 the ob
server is on the half-plane sheet ac o distance p from the edge.
It then follows that

hp cos ®

H o, 00=2ll e *Fw (16)

where
sE (5p/o\¢ cos® /2

It is thus seen that the field /| (p, 0) hes the same azimuths)
dependence on ". as the sadiation field of a slot element a2
(0.,0). This is, of . 8 q of the reciprocity theo-
tem.

The sadial component of che elecuic field is oltained from

1 84 (%)
g -»— e B2 7
FP e icwp F.X ) a”n

and in the plane © = » it follows that

E’ e =k, [e, - sin 0.] as
whete
e=26n0, ¢ P £Laprat ino s2)-

in/4 npf 2 * & a9
-t e (—"‘P) cos =

This quantity varies as (kpr'i' as kp apptoaches zeto whetess
for large kp asymptoticylly L

®, epleitkp- /4 3
e s~ rekiad U (20)
V' (2k p)?/? sin? T. 4k p .n'n’—z'

The quantity e, is the teflected elecuric field fom the edge in
the plane of the hall-plane as normalized to the amplitude £,
of the incident elecuic field.

To illusuate the variation of the magnitude of the reflected
or scanered field from the edge, le | is plotted in fip. 13 as o
function of kp as a function of ¥ (= # - O,), When kp > 2¢
(ot p > 1), le ] is less than 1072 for angles ¥ less than about
10°. Furchermore, the field is decaying 83 p° ¥? indicating that
litde mdiation wkes place in this direction.

Then the lower hall-space (+ » < ® < 2w) is filled with
terial wh (complex) dielecuic consmnt is

k relative to free space, then the solution as proposed by Senior
for the ma gnetic lield # (p,®) in the upper half space is

Y

T .0)=H 0.0 +RMI G, 2x-% Q1)

It can readily be verilied that £ (p,0) = 0 which is the required
l-wndnr_y condition on the surface of the halfplane sheet. The
-l!genUll lields on the swiace of the ground are convenieatly
wtitten

Eppom=E, +e,l1-R(¥) (7))
whete

E,=-F_ sin®(1-R (")

g p.m¥=Hy=q E 11 + R M) (3]

It can be immediately seen that £ /1 has the value appropriate
for a vertically polatized planc wave at oblique incidence on »
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homog ground. C quently, the field e, {1 - R (7)) does
not satis{y che boundary condition but it has been shown that
¢, is small except close to the edge and furthermore for a highly
conducting ground, R (¥) is near unity. It may therefore be
concluded that the boundaty condition is only violated for a
small region of the ground surface near the edge of the grouad
plane.

Assuming that this procedure is walid, the tangeatial ma-
gnetic field on the ground plane becomes

3 24
A p, Y=l (p,0)+ R ()N (p,2m) 24)

=2l P P [F )+ RN F )

whete
u-= (sp/A)‘} sin (9/2)
o e
(Y, FIG. 7A
9:2
o .
0
2 FIG. 78
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The quantity ”. (¢, 0) has the same function dependence on P,
as the radiation field of o single axisl slot at a disunce p from
the edge of the halfplane.

It is of interest to compare the present technique with one
suggested recently by Flammer for o similer problem. With refe-
tence w lig. 14 and the cartesian coordinates (x, y, 2) the
incident field makes an angle of incidence ¥ with the negative
x axis following the derivation of Flammer, the integral equation
for the aangeatisl mugnetic ficld on the ground plane is

”.] _2”.¢-lh cos ¥ +
=0
25

;e &n

i .
! -8 [ ] '
+ 3 I 1 0k (x - 2] 3y dx

y=0

This can be weitten in terms of the (unknown) mngential elec-
aic field £_ (z°, 0) by using the result

S H
[———’] ztewF _(z°,0)
&y yeo *

The ncxe step ia Flammer's procedure is to set

E (', 00=E [1-R@}sinWett o' es ¥ (26)

which neglects completely the presence of the half-plane for
all negative values of . Furthermore, £ (x’, 0) does not have
the correct order of singulariry 17 as 2° < 0. After some algebraic
manipulation the resulting expression for the wmngential magne
tic field o the upper surface of the hell-plane is

”.(—'.0)-2"',-“-...7 T an

where

1= l-con-;-+(F @)+ RE@)F Cu)l c";

It can he seen that for ¥ nesr zero (glancing incidence)
TEF@+RMF (w) (28)

which {2 in agreement with equation (24) detived using Senior's
method.

The near coincidence of the two approzimate fotmules fot
small values of the grazing unple ¥ lends conlidence to the ap-
proach used in the body of the papet for calculating patterns of
end-fire aotennas on & half-plane which are lying on u half space.
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THE THEORY OF AN ANTENNA OVER AN
INHOMOGENEOUS GROUND PLANE

JaMEs R. Warrt
National Bureau of Standards, Boulder, Colorado, U.S.A.

ABSTRACT

We consider an antenna over a flat ground pilane which is characterized by a variable
surface impedance as in a radial-wire screen. The problem is formulated in terms of the
mutual impedance ustween two vertical dipoles, one which is raised, and the other is
located on the ground plane. The g-ound screen is taken to be in the combined form of
a circular disc and a concentric sector. An approximate soiution of the problem is
obtained and the results are compared with previous investigations of closely related
wnrk.

1. INTRODUCTION

The influence of the ground plane in antenna radiation is a subject which
has not received the attention it deserves. In many cases it is assumed that
the ground bchaves as a flat perfectly conducting surface. Unfortunately,
the principal characteristics of the antenna are influenced—in general, in an
adverse way—by the finitc ground conductivity. At broadcast frequencies,
it has been common practice for many years to improve the situation by the
use of a radial-wire ground system. Typically, the approach has been empirical.
Apparently the first systematic study was carried out by Brown and his
associates (Gihring and Brown, 1935; Brown er al., 1937). More recent
investigations have been focused mainly on the influence of the ground system
on the impedance of the antenna (Abbott, 1952; Monteath, 1951; Wait and
Surtees. 1954; Wait and Pope, 1954, 1955). It has been assumed usually that
the radiated field for a given current on the antenna was not appreciably
affected by the presence of the ground screen.

In an earlier paper (Wait and Pope, 1954) an approximate method was
given which is suitable for estimating the dependence of the ground wave
on the size of the screen. Calculations (Wait, 1956) based on this work
support the contention that the ground screen has only a small effect on the
radiated field for screens with a radius of the order of a wavelength or less.
Very similar conclusions have been arnved at by Monteath (Page and Mon-
teath, 1955; Monteath, 1958).

+ This work was carried out while the author was on a visit to the Technical University
of Denmark, Copenhagen. in the fall of 1960,
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In this paper the theory is extended to ground screens which may be
large in terms of wavelength. The problem now bears some similarity to
previous investigations of propagation across a land-sea boundary (Bremmer,
1958; Wait, 1956, 1957). While the literature on this subject is quite extensive,
the results are not sufficiently general to be applied without modification.
Thus it seems worthwhile to reformulate the problem in a fairly general way.

P

(RSP g Y

F10. 1. Side and plan views of the dipoles and the ground plane.
(Note that tan y = h/r and tan yo = h/d.)

2. FORMULATION
The problem to be considered is illustrated in Fig. 1. Two vertical electric
dipole antennas are located at P and Q which are located at height 4 and
height zero, respectively, over a flat earth. The effective lengths of these
dinoles are /y and /2, respectively. The surface of the ground is characterized
by a surface impedance Z everywhere except at a ground screen about Q.
This ground screen is made up of a circular disc of radius a which is lying
on the surface of the ground. Furthermore, a sector of radial wires emanates
from this circular disc in the manner shown in Fig. 1. The tangential fields
over the ground screen are also assumed to be related by an effective surface
impedance Z'. Over the disc (i.e. p < a) this is denoted Z, and over the sector
(ie. b > p>a, d2 > ¢ > —4))itis denoted Z,,.
The mutual impedance = between dipoles P and Q is written

2=z - 4z n
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where 2z, is the mutual impedance between dipole P and Q when no ground
plane was present. Thus 4z is the change of the impedance resulting from the
presence of the ground plane. Having the problem formulated in this way
allows the compensation theorem from network theory to be used to express
4z in terms of a surface integral over the area of the ground screen S. Thus
(Monteath, 1951)

Az=}°,J’ J.(Z'—Z)H,,;.H,',ds )
s
where Hp, is the tangential magnetic field on the ground plane, with no
ground screen, resulting from a current Jo impressed on terminals of dipole P
and where H,', is the tangential magnetic field on the ground plane, wirh
the ground screen present.

Equation (2) is an exact formulation of the problem provided that the
tangential electric and magnetic fields may be related by a surface impedance.
Essentially it is a two-dimensional integral equation since the integrand
contains the unknown field H,,. It has been shown in a previous paper
(Wait, 1956) that such an equation can be reduced to a one-dimensional
integral equation by employing a stationary-phase principle. Such a method
is particularly appropriate for studying propagation over land-sea boundaries.
Here a somewhat different approach is used since the two-dimensional nature
of the problem must be preserved.

3. THE APPROXIMATE SOLUTION

The mutual impedance zo, in the absence of the screen is easily obtained
from the known solution (Norton, 1957; Wait, 1957) of a dipole over a flat
conducting plane of surface impedance Z. Thus

Z0 = “‘2"7“;;? e~k8« cos? o W (Ro, Z) 3
where
W(Ro, Z) = | — i(mpo)hi2 e~w erfc(iwo}/2), 4)
2
wo = (1 + ;”—o—;) por
po= — ikRo (E)', k = 2n/wavelength,
2 \no

7o = 120r and po = 4n x 10-7.

This result is valid subject to the approximation that kd > 1 and |Z/90|* < 1.
It should be noted that W (Ro, Z) can be written in the form (Norton, 1957;

Wait, 1957)
W(RO, Z) =W, + W, (5)
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where
W, = Lt R

is the radiation or space field and W, is the Norton surface wave, and R(yo)
is a Fresnel reflection coefficient. Provided o is not near zero, and if
| po | > 1, Wy is the principal part of W. By definition, the antenna pattern
of dipole Q in the absence of the ground screen is the function W,. Now at
near-grazing conditions where y approaches zero W, becomes the principal
part of W since W, tends to zero. This is an important point to keep in mind
when discussing the effects of the ground on the radiation from the antenna
at low angles.

Another quantity required is the tangential magnetic field Hy, resulting
from a current /o in dipole P. It is a vector with amplitude given by

iklol

= Kol _xr
Hy, TR e cosy W(r,2) (6)
where
W(r,Z) =1 — i(mp)V2 e~% erfe(int/2), )]
2
; 2
p=- 952_@ (1,—20) » and R = (r2 4 n2)12,

This result is valid subject to kr > 1 and | Z/no |2 < 1.
Now the tangential magnetic field H,, on the ground plane in the presence
of the screen may be written in the form

. ikloly L\ ot wre o
Hy= 52 (14 ) e Wi, 2, 2), ®

where W’ is an unknown function of the radial distance p and the surface
impedances Z and Z’ of the screen and of the ground Equation (8) is nor-
malized so that W’ would approach unity if 2’ = Z = 0,

In a similar manger the mutual impedance = in the presence of the screen
is written

2= B00hl g cost o W(RG, Z, Z)) ©®
2nRp

where W’ is an unknown function which is also normalized such that it
becomes unity for Z = 2’ = 0.

Using (3), (6), (8), and (9), it readily follows that (2) may be expressed
by the equivalent form
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W'(Ro,Z,Z") = W(Ro, Z) ]
ik Z -2\

+2"C°S¢o.[f( 70 )e ’ o

e~k R-Ra) (i . ig) (%) %  (10)

1 ’, ’
X (l + l-k—P) W(R,Z) W(p,Z',Z) d¢ dp,

where the variables of integration are p and ¢, the polar coordinates about Q.
Also, ip and iq are unit vectors in the direction of the fields Hpe and H,,.
In the case when h approaches zero, (10) reduces to

Wid2,2)=Wd2Z)

E[JEA g rd) o

W(r,Z) Wip.Z',Z) dé dp.

This is a two-dimensional integral cquation for the function . In principle
one could solve (11) for W’ and then using this, (10) becomes an explicit
integral formula for W'(Ro. Z. Z°) at any height h. Because of the complexity
of such an approach, it is customary to reduce (11) to a one-dimensional
intcgral equation by employing a stationary-phase principle (Bremmer, 1958,
Feinberg, 1946). Esscntially this makes use of the idea that the important
part of the surfacc integral is a narrow ellipse with foci at P and Q. In the
geometry of Fig. | we would then find that (11) could be reduced to

Wd2Z2Z)V~ W, Z)
[
_ ('E 12 f (Z' —Z) W(d — p,2Z) Wip. Z'.Z)d (12)
2n 70 [o(d =PI S

0
provided kb is somewhat greater than unity. An interesting special case of
(12) is when Z’ is allowed to be constant with respect to p. Then. to within
the stationary-phase approximation. W'(p, Z2°,Z) in the integrand can be
replaced by W(p, Z’). This leads to the following integral formula for the
mixed-path function W',

W(dZ2)= W 2Z)
[

-7 [ et o

All quantities on the right-hand side are known, since
W(p,Z') = 1 — i(=p2 e-P erfc(ipl’2) (14)
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. ne
where p = —%f(f—) .
0

The preceding results, borrowed from the previous work (Wait, 1956)
on ground-wave propagation over mixed paths, suggest that a plausible
approximation to (10) is obtained if W'(p, Z’, Z) is replaced by the function
W (p, Z°) appropriate for propagation over a plane of surface impedance Z’.
In the limiting case where Z’ was zero W (p, Z') would be unity. Furthermore,
even if Z’' were finite and slowly varying, but satisfied the inequality

K|z
2 |n

2
<l

it would be an excellent approximation to replace W (p, Z*) by unity. In most
ground screens, this condition would be met. '

In order to simplify the required integrations, it is now assumed that d is
somewhat greater than b. Thus, in the integrand of (10) we make the following
additional approximations

Ip.lgaz —~cosé,

l_t_o cos ¢
R cos Yo

for the whole range of integration. Thus

W'R.Z,2) = W(R.Z)[1 + 9] )
where

A = ik ~(kp a=1k{R~Rg) (Z' -Z)
2= 2rrcos~ﬁoj."° ¢ A
K]

X (l + lklp) cos ¢ dé dp, (16)

where

R = [p? + d% + h? —~ 2pd cos ¢]1/2
and

Ro = [d? + H3)i2,

The quantity £ is the fractional change of the mutual impedance between P
and @ resulting from the presence of the screen S. It is now convenient to
split 2 into two parts in the manner

2= Qo + -Qb (17)

where 2, is the contribution from the semi-circular screen of radius a, and
£, is the contribution from the sector.
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4. THE INTEGRAL 2, FOR THE CIRCULAR
GROUND SCREEN

Over the range 0 < p < g, it is permissible to retain only first-order phase
terms, thus R — Ro == — p cos ¢ cos ¢o. Therefore,

[} n
_-_.'k__ -urp( L) 1ko cos $ cos v,
bl J f g L b

p=0 ¢@=—=n , P
cos ¢ (z,, - ) dédp. (18)
The ¢ integration can be carried out in closed form to give
a
. _k —kp (l L) X (Z; - Z)
'O'=cos % f e + & Ji(kp cos o) de (19)
=0

where it has been assumed that Z, does not depend on ¢. Ji(x) is the Bessel
function of the first type of order. An alternate derivation of (19) is
given in the appendix.

In the absence of the sector portion, f24 represents the total effect of the
ground screen. If ka3> 1 the integrand in (19) can be approximated by
employing only the first term of the asymptotic expansion for the Bessel
function. Thus, for the major range of the integrand,

Jilkp cos o) e-tk? (l + —L)
tkp

1 )”z -€38/4 — jo—i2kp cos ¢ {kpicos yy=1)
g(21rkpcos¢«. €O (1 — iemBtecor bo) ethoem ol (20)

Thus
ek

e N

e—lx(l-eos ve!

e a2

When Z, is essentially a constant over the range of integration, £24 can be
expressed in terms of Fresnel incegrals. Thus

oz [(rzarg) (555)

[l J‘\/(‘é')“ﬂ‘i'e_“,,z,,. g i J‘\/(‘%')m'z'

sin %o., cos'%“o

e-ttm/2) 2 dl] . (22)
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As o tends to zero, the above equation reduces to

i2ka\}2 (Z — Z,  w\I2 J‘(%)m
N S A
Since ka> 1
oon (24" (553 - (&)

When the second term in the square bracket is neglected the result agrees
with a previous analysis (Wait, 1956) for the transmission across a land-sea
boundary. It is concluded that the second term in the square brackets of
(24) results from the circular shape of the screen. Usually in the land-sea
boundary problems both media are semi-infinite. Further support to this
contention is given below.

It is of interest to compare (22) with the solution obtained on the assump-
tion that the ground screen may be replaced by a perfectly conducting half-
plane. Assuming an incident plane wave, the voltage induced in antenna Q
is calculated by a modification of Sommerfeld's results (Sommerfeld, 1899)
for diffraction by a knifc edge. The method suggested by Senior (1956) is a
union of ray theory and rigorous diffraction theory. A direct application
leads to

|+ 9, = 2 F0 + R F(—u)

1 4+ R(o) (23)
where R (o) is the Fresnel reflection coefficient given by
_ sin o — (Z/n0)
Rigo) = sin Yo + (Z/70) 26)
and
Flu) =1 + v/(2) f e~ttern) 2 gy @n
[/

with u = (4ka/m)1/2sin $o/2. The function F(u) can be identified as the
response in the dipole at Q resulting from an incident plane wave (at grazing
angle o) on a semi-infinite conducting plane. The function R(yo) F(—u)
is then the response of an (image) plane wave incident from below the half-
plane. Such a solution is very plausible since the tangential magnetic field is
continuous across the air-ground interface and the fields have the proper
singularity at the edge of the half-plane and satisfy the boundary conditions
on the half-plane itself. However, the tangential electric field is not continuous
across the air-ground interface. For near-grazing angles this violation of the
boundary conditions takes place within a very small distance from the edge
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of the half-plane. ‘I'beb result given by (25) can be rewritten in the form

“ Q) g e

Ccos

which is almost identical to (22) when Z, = 0 and the second integral is dis-
regarded. It is also required that o is small. (It might also be mentioned
that a similar formula for this situation has been proposed by Carswell and
Flammer (1957). Their result is derived by an approximate evaluation of the
one-dimensional integral equation of the same type that occurs in mixed-path
theory for ground-wave propagation (Wzit, 1956).)

An exact correspondence between (22) and (28) is not expected because of
the differing approximations inherent in the two approaches. However, this
demonstration strongly suggests that the second integral in the square
bracket is the contribution from the back edge (i.e. ¢ ~ =) of the circular
disc. As mentioned, for ka > 1, this term can be neglected.

Another aspect of the circular ground screen also deserves mention. In the
formulation of the problem it was assumed that antennas P and Q werc
vertical ciectric dipoles of infinitesimal length. The modification of the
theory for antennas of finite length is not difficult although the complexity is
greatly increased. For near-grazing angles. it is not difficult to show that the
principal results are not changed cssentially. For example, if @ is a quarter-
wave monopole with an assumed sinusoidal current distribution, the changes

in (16), (17), and (18) arc:

——— is replaced by cos Yo
cos Yo cos (; sin qlao)

and

(l + 7:-—) e-te s replaced by e—#vio?+ el
ikp
For large ground screens (ka >> 1), the difference between the latter two
factors is negligible. For screens comparable in size to the wavelength, it
may be important to use the correct form of this factor. In the case of the
quarter-wave monopole, 25 can be written in the form
ka
2= Y0 f (Z" . Z) €=V i+ I Jy(x cos o) dx.  (29)
cos (5 sin cﬁo) 0 o

When Z, is a constant over the range of x and o tends to zero, it is con-
venient to write

2y = 8[Xn + iXy] (30)
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where )
= (Z - z.) e_"l‘,
o
ka 2\ 1/2
i=-— f cos[(xz + ’%) - 'z'] Ji(x) dx @an
[1]
and
ke 1/2
X; = f sin [(xz + -4"f) - ’z’] Ji(x) dx. 32)

0
If the screen is perfectly conducting
§= Ee-h/i = (_ fow )1/2 (l _ _lew )1/2
o o+ iew o+ jew

in terms of the electrical constants, o and ¢, of the ground. At low frequencies,
where w € ofe,

Qw

12
S (T) = 0-0075 (fage o2

which is essentially a real quantity. (In the above, fasc is the frequency in
megacycles and o is the ground conductivity in mhos per meter.)

Numerical values of X} and X; for ka in the range from 0 to 6-5 are given
in Table 1.

TasLe 1

ka X: X

0-0 0-00 0+000
0-5 -0-042 0-040
10 -0-130 0-181
1-5 -0-211 0-417
2:0 -0-209 0-700
2-5 —0-102 0-947
30 0-042 1-093
35 0-155 1-131
40 01N 1-133
4-5 0-113 1-178
$-0 0-050 1-300
5-5 0-050 1-468
60 0119 1-612
65 0-205 1-674

These values were obtained by graphical integration so the accuracy of the
last significant figures are doubtful. For large values of ka, X and X: can
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be represented by Fresnel integrals if (x2 4+ #2/4)1/2 is replaced by x and
Ji(x) is replaced by the first term of its asymptotic expansion. Thus

SEIRIEE

Xz = (2kajm)Vz — éi f sin (’-2' :2) dr (34)
0

and

where
u = (4kaf[m)/2 == (8a/A)2,

It can be seen from Table | and from (33) and (34) that X2 is generally
quite large compared with X;. Consequently, the imaginary part of £, is
somewhat larger than its real part which indicates that the presence of the
ground screen influences the phase to a greater extent than the amplitude.

S. THE INTEGRAL FOR THE SECTOR
GROUND SCREEN
Attention is now turncd to the sector portion of the screen. The antenna at

Q is again assumed to be a dipole. If b < d it is again permissible to retain
only first-order phase terms. Therefore, it follows from (10) and (14), that

[ ] '
-— "k 4!( __l_) & ] '}
2 = r—¢f f'-"‘*,-k,”‘““'*

rmg $=-4,

X cos ¢ (32.”_:2) déde. (35)

This result is analogous to (18) for the circular screen. To effect the ¢ integra-
tion we use the basic relation

elzcod = Zo eneint’2 Jo(x)cosn ¢
A=

which is a generating function for Bessel functions, Ja(x). Using this resuit,
it readily follows that

[

—_ k -1k ( Z 1 Z;—Z
Q"_cos% fe o {1 - ;_-k—p)A(kpcos%)( — )dp (36)
pr=gq
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where
4,
®
Alx) = i T en 18772 Jy(x) J- cosnpcosddé
27iga0
-4,
— __l_ % e 9772 Jo(x) [sin (n—1)4:+sin(n—1) 4, +
4ni nw0 n-—1
sin(n4+ 1) A2 +sin(n+1) 41
+ o ] 37
It is poted that if 4y = 4z =,
A(x) = Ji(x) (38)
which corresponds to a circular screen. Another special case is
4yy=4d:2= -;
which leads to
©
A =D L3 sl (39)

2 7 aoo (4n2 — 1)’

This particular formula was quoted by Monteath (1958).

Equation (36), which generally requires a numerical integration and a sum-
mation, becomes very complex if the screen is large in terms of wavelength.
This complication results from the poor convergence of the Bessel function
series when kp cos ¢o > 1. An alternate representation for 2, can be obtained
if a modified stationary-phase evaluation of the ¢ integration is used. This
approach is particularly suitable when the kb> 1. The phase factor
k(R — Ry) is now approximated in the following way

(R—R.,)=[R§+p=—2pd(l —?2-2+ ...)]m—-Ro

~ Ry — Ro+ P&
=R - Ro+ 51 (40)

where R, = [R} + p? — 2pd]}/2. Thus we have retained second-order phase
variations. Consequently,

[ ]
Qo — f (_Z_,,__—Z) e~$kp p—tkIR1-Ro] X
2 oS Yo M0
p=a 4,
X j e-tkoa#¥ 2Ry d dp. (41)

-4,
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This can be written in the form
3
il \1/2 C . etk o—{k(R1~Rq)
Qo2 = (xﬁ) % f (Zb'lo Z) e Flke) dp (42)

2m/  cos¥2 o ; P
where . ‘/(bd)
F(kp) = l——l_— -;’; \/(;; e 8 gy
= (el R+ clad R
IR A N
-
and

“
C(u) — iS(u) = J’ et 18 gy, (44)
1
It can be seen that if

1) w0

are greater than about 5, F(kp) may be replaced by unity and thus the sector
is behaving as a circular screen of radius b. Equation (42) is in a suitable
form for numerical integration in the general case when F(kp) cannot be
replaced by unity.

In the far zone, where only first-order phase variations are employed,
(42) has the form

"k 1/2 Z° ZC-‘tPﬂ <o Yp)
20— ()" J' S Flka)da (4)

and
Y
F(kp) = =i f e-itm/2) 3 gy, (46)
“a V()
This is also in suitable form for numerical integration with respect to p

(or kp).
An interesting special case of (45) is when o — 0 and Z, can be regarded

as a constant. Then

kuzz_.
Qog—(' L2 F:l'jf) . %)
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After an integration by parts, it readily follows that

_ _ (2ikb\2 (Z, - Z A Y Gl e-u:o.mz]
2= (T) ( ™0 ){[F("b) &/(,Tkz)( 24, T 24 )

- o= () (5575 o

where F(kb) and F(ka) are defined by (46). If (kb)!/2 43 and (k)12 4, > 1,
the first term in square brackets can be replaced by unity. Furthermore, if
(bja)2> 1, the second square brartst term is negligible compared with
unity. To within this approximation, the sector screen is behaving as a
circular screen of radius & (e.g. compare (24) and (48)).

When sy is finite but small, it is possible to extend the preceding result by
replacing the factor exp[— ikp(l — cos )] in (45) by its power series
expansion. Then, again assuming Z, is a constant, it is found that

Q= — (Ziﬂ)”2 (Z; - Z) E [— ikb'(l — cos fo)]™
” no me0 m!(2m <+ 1)

x ([ R0k0) - o (406 - % 18) + 21Gn( - 4, )]
= (5" (e -
(4G (- 2. ka) + 416 (- 21, ka))]} @

2
where

Gma, x) = — =—— —. (50)

When ¢ = 0 only the m = 0 term of the series is finite and the result is
identical to (48). When o is finite but small enough that (kb)1/2 y9 < 1,
the series converges very rapidly and only a few terms are needed.

6. CONCLUDING REMARKS

The collected results presented here should be useful in making estimates
of the influence of an inhomogeneous ground plane on antenna radiation.
As we have seen, the subject is closely related to the question of ground-wave
propagation over mixed paths such as occur at land-sea boundaries.

In the present study, the electrical characteristics of the ground are assumed
to be characterized by a surface impedance which is a (complex) constant Z
outside a surface S. Within S the impedance Z’ is allowed to be variable. In
the case of a radial-wire system emanating from Q, it is appropriate to use
formulas which have been developed for the surface of a wire grid in the
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interface of a conductin, half-space (Wait, 1958). In general these are com-
plicated, but recently some numerical results have been obtained which should
be useful in this problem. At low radio frequencies for moderately or well-
conducting soils it is a satisfactory approximation to regard the surface Z’
as the parallel combination of the surface impedance Z, of the equivalent
grid and the ground beneath. Thus

. yAY4
=717, Gh
where
Z, = N log, I’ (52)
Z = (ipow/a)i/2,

and d is the spacing between the radial conductors and ¢ is the radius of the
wires. Such a formula is strictly valid only if (ouew)'/?2d <1 everywhere
within the ground system. If there are N radial conductors, it can be seen
that d can be replaced by 2mp/N where N is usually of the order of 100.

It is admitted that the theory in this paper is rather involved. In order to
obtain numerical results it is necessary to evaluate the integrals 25 and Qs by
numerical or analytical means. The quantity (= 2, + £u) is then regarded
as the fractional increase of the field as a result of the presence of the sector
ground screen (as indicated by equation (15)). The final results should be
valid when the surface impedances Z and Z’ are reasonably small compared
with ng or 120 = ohms. However, this is a condition which is also required
in Sommerfeld's theory for a dipole over a conducting half-space, and is not
overly restrictive.

Extensive numerical results based on the theory given in this paper have
now been obtained. They will be included in a forthcoming paper co-authored
with Mrs. L. C. Wailters [N. B. S. Monograph No. 60, 1963].

7. APPENDIX

The various approximate formulas used in this present work start from the
mutual impedance formula given by (2). As Monteath (1951) shows, this is
based upon Ballentine's (1929) formulation of the electromagnetic reciprocity
theorem. The author (1954) has obtained similar results directly from solu-
tions of the wave equation. The latter method has the advantage that a
perturbation procedure can readily be applied to obtain higher order cor-
rections. It has the disadvantage that only relatively simple geometries are
easily treated. A brief presentation of the alternate methcd is given here
since it sheds some light on the nature of the approximations used in the
body of the text.
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We consider a vertical antenna erected over a flat ground plane. Choosing
a cylindrical coordinate system (p, ¢, z) the antenna extends from 2; to z;
on the z axis and the ground plane is 2 = 0. On the assumption that the
fields do not vary in the ¢ direction it is evident that the resultant magnetic
field has only a ¢ component, H,. Furthermore, in the homogeneous space
z > 0, H, may be derived from a scalar function which satisfies

1o 4 22
-2 24 =
(Pappap+k +az2)'l' 0 (53)
from the relation
_%
Hy=5 (54)

Thus, in general,
Hy = H3 + Hp,

Hy(p.2) = [ Jidg) 7w f0) A A (53)
0

where H7 is the field of the antenna over a perfectly conducting ground planc
for = 2 0, where ug = (A2 — k2)1/2, Then from Maxwell's equations

(269 ] =6e0=7 [ on/mumra o9
[}

=0

On an application of the Fourier-Bessel theorem, it follows that
-
ik
10y = % f i) E,(p, 0) p dp. 57
N0}0 :
Equation (55) may then be written in the form

[ ] L
Hi(p,2) = % f I J1(Ap) J1(Ap") e~%o= ug! E (o7, 0) p"dp” AdA.  (58)
K p=0 Aud
We consider that the ground is modified in some way so that the new tan-
gential field becomes E (p, 0). This in turn leads to a new secondary ficld
H;. Therefore, the change of the field 4H, resulting from the modification
of the ground plane is

2t =2 [ 100 108 e
=0 A=

43" [ELp", 0) = E(¢, 0)) 5" dp’ XA, (59)
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appropriate for a perfectly conducting ground plane. When the antenna is a
quarter-wave monopole with a sinsuoidal current distribution

il

H3(p', 0) = — —; e~ tkvie)'+a/n (63)
2np’ .
and, forkp > 1,
o -~_LI (kR (I- )
H(p, ) = 5ap &R cos (3 sin ). (64)
Thus
kpe ,
22—t j (Z . z) etvatentih Jxcosg) dx  (65)

cos (121 sin nla) o o

This is in agreement with (29).
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U.S. National Bureau of Standards, Monograph €0 , April 1963

Influence of a Sector Ground Screen on the Field of a Vertical
Antenna'

Jzmes R. Wait and Lillie C. Walters

The field of a short vertical antenna on a homogencous ground is shown to be modified
by the presence of o metallic screen.  The serevn is taken in the form of a circular disk and a
concentric seetor.  The modification of the ficld ix exprecsed in the form of surface integrals
over the disk and the seetor.  Extensive numerieal resulta for these basic integrals are given

and a number of applications are illustrated.

1. Introduction

The influence of the ground on the fields of
antennas has been discussed sporadically in the
literature for many venrs. In most propegation
celculations it is nssumed that the transmitting
antenna has n fixed dipole moment and the ground
is taken to be n perfect conductor or possibly a
homogeneous imperfectly conducting half spuce.
In practice, however, some kind of ground system
is used. Usually this tukes the form of a metal
screen or radinl wire system which is on the
surface of the ground or may be buried slight]y
beneath the surfnce.  The Gesign of such svstemns
has been tvpieally empirienl.  Apparently, the
first analytical appronch was earried out by Brown
et al. (1.2 ILmter works (2, 3] have dealt mainly
with the influence of the ground svstem on the
impedance. In most cnses it has been assumed
that the radinted field for a given current on the

antenna was not apprecinbly affected by the pres-
ence of the ground screen. In fact, an approxi-
mate analvtical method was given previously by
Wait and Pope [4] which is suitable for estimating
the dependence of the ground wave on the size of »
cireular ground sereen.  Culeulntions {5) based on
this work supported the contention that n sereen
has only a smnll effect on the radinted field pro-
vided the radius of the sereen is of the order of o
wavelength orless.  Very similar conclusions have
been arrived at by British workers [6, 71.

In this paper considerstion is given to ground
seroens which mny be lnrge in terma of o wave-
length.  Sinee the theory hus been treated quite
generally in a previous paper 8], attention will he
focused here on the numerical ealeulations and the
predicted performance.

2. Formulation and Description of Problem

The situation is described as follows. A vertieal
electric dipole is locuted on » flnt homogeneous
ﬁround of conduetivity o and diclectric constant ¢,

he vertical electric field £ at n distance #, aund
elevation angle ¢, is given as follows

E.=l';:w[f"" e~ "R cos Y (Ko, Z) M
]
" where

M= 4? X ] 0-’

w=angular frequency

I=effective height of transmitting dipole
I=current at terminals of transmitting dipole
k=2x/wuvelength.

In the nbove, W(R,, Z) is u complex quantity
which is a function of the surfuce impedance Z of
the ground. Qver u perfectly conducting ground,
i would nppronch unity. In the case of finite

' This work wos sponsorcd by the Electronies Rescarch irectorite of the
Air_Foree Cambrider Reseazcl Lavoratories, $fice of Aero-Space Research
(UBAF). Jiedford. Maess., under contract I'RO-61-504.

? ¥igures in brackets indicste the Mireature referrnces on page 8

ground conductivity [9)

W(Re. Z)=1— i) 2 " erfe (1mel7) (2)

where
wo=[1+(ne/Z) sin Yol o, (3n)
HIYTAY )
n==7"(3) ()
and
No= 12071'.

’ll'[his result is valid for k 2o >> 1 and |Z/no*<< < 1.

2=(e ) [1- 0 v @

o+ tew o+ lew

the expression for W coincides exnetly with the
result given by Norton [10] for the sume situation.
It mny be noted that this value of Z is exnetly
equnl to the ratio of the tangentinl electric and
magnetic fields for a vertically polarized plane
wave incident at an angle 90°—y, on the homo-
gencous flat ground.
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In applications to practicnl communication
problems it is very convenient to split off the
surface wave portion 11°, by writing

W=, +1, (3)
where, by definition,
W,=1+R.($a)l/2
is the rudintion or space wave field, and

_Si" Yo—2Z/ne

k=g Yo+ Z/ne

(6)
18 the Fresnel reflection coeflicient.  This decom-
position of the total field into space and surface
wave was first made by Norton [10) and it is a con-
venient procedure in radio engineering since hy
definition, W', is the radiation pattern of the an-
tenna in the prescnee of the ground plane. It
may be the dominant term in many cases of prac-
tical interest although as ¢, approaches zero II',
actually vanishes. Methods for estimating the
relative impertance of I, are given in the papers
by Norton [10].

The central tusk in the present paper is to in-
dicate how a wire mesh or a similur metal sereen
lying on the ground will modify the fiekd at the
recetving antennn.  The surface impedance is as-
sumed to be modificd to 7’ over the area of the
screen, but remains the snme outside the sereen.
The field E; in the presence of the sereen is then
written

Wl wng oct y W 7.2, (T)
2"1{0

where ™ is an_unknown complex quantity which
is now a function of Z’ in addition to I and 7.
The quantity W reduces to W if Z'=4:

In a previous paper [R] an integral equation for
W’ was obtainedpby an application of the Lorentz
reciprocity theorem. Although it would be pos-
sible to solve this equation directly using a digital
computer it was indieated that a first order itera-
t;on was satisfactory. In this case it was found
that

W'R,Z,ZY=W (R, Z) 1 +1] *)

where 12 is the {ractional change of the field due to
the presence of the sereen.  Within the approxi-
mations stated, the factor @ enn be regarded as
the modification of the effective height of the
transmitting antenna, since it influences W', and
W, to the same extent. '

Before proceeding further it is convenient to
introduce n polar coordinate svstem (p, ¢) cen-
tered at the source dipole ns indicated in figure 1.
Thus an element of aren of the ground plane is
) de v’p.

From the annlyvsis in the previous paper by
Whait [R]. it was shown that

O ik [[ 1Ry, — k(R = Ry Z'_-_Z‘
= 21r('05¢n.e ere °( Nn )

X( 1 +;2—;) (cos ¢ Mgl p. (")

where
R =|p°+d*4-h2=2p1 vos ¢]'?

Ro=(d*-+h2)2 h=R, sin ¢,
and
d=1R_cosy,.

The integral may he evalunted when the shape
of the ground sereen is specified.  In the following,
attention will be confined to sereens which wre in
the form of n sector. A special ense is o circular
sereen and this is considered first.

3. The Circular Screen -3¢

Over the range 0<p<a it is nssumed that the
surface impedence is Z'=7,. Bevond the screen
(i.e., p>a), Z’=7. Furthermore, it is assumed
t:mt the receiving antenna is in the far field such
that

R—Ry=—p cos ¢ cos ¢,
Thus

otk
9.= 27005%]:-0\[‘--.’

Z.

x(1+i,’{—p)e"- o et tocas o ( —oz) deds. (1)

n
Il Z, does not depend on ¢ the integration with
respect to ¢ may be readily enrried out to give

2]

-

Y
[ o'tr (l +"I_‘;) Ji(kp cos ¥p)

s=0
()on v

where J, is the Bessel function of the first ty pe of
order one. When denling with lurge screens the
argument kp cos ¥, can be regarded ns a large
quantity over the major portions of the integrand.
Thus, J, may be replaced by the first term of its
asymptotic expansion. Thereflore,

N 12 2a Z:_Z
tx—(esy.) [ (555

~-frt) - 3
e ril—con §q

WX (1 —1g=217 €0 4p) ——i dr.  (12)

Qo= o8 Yo.
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When Z, is essentially constant over the range of
integration. 9, can be expressed in terms of
Fresnel integrals. After n change of varinble it
readily follow thnt
!l.?_!z e e G
L]
where

N i stqnar o' /2 oin t4yr2)
G=(2 (“685 W—ojid [Sin (¥0/2) Jﬂ

. 1 e/ o112 cos (49/D)
exp [—i(x/2) Wt — — s, L .

exp [— i(r/2)l’l:ll]- (13a)

As y, approaches zero the ubove equation reduces
to

. f 2ka\¥? . 12 (et
o=i (%) "[-1() ",
vxpl—i(r/zwwl] (13h)

and, if ke>>1, this may be approximated by

o= ()" [1=() J=1 () aw

1t is interesting to note that, if the integral in
(12) is evaluated by a stationary phase method.
the second Fresnel integral in the square bracket
termm of (13a) is not present. ‘This would corre-
spond to the approximation usually employed in
the pructical theories of mixed-path ground wave
propagation. The value of @ corresponding to
this situation is denoted G(1).

Numerical values of the integrals 6 and Gl
ure given in table 1. The values of ka (denoted
KA) take the values 5, 10, 20, 30, and 100, while
Vo (denoted PSI) runs from 0° to 453°. It is im-
medintely evident that, for small values of ¢,
(i.e., near grazing), the integrals G and G(1) are
not significantly different. As will be clear from
the following section the integral G(1) would
correspond physically to the situation where the
-screen is semicireular in shape (i.c., ¢ extends from
/2 to — /2 only).

To illustrate the application of the results in
table 1, values of the complex quantity 149,
huve been computed for several values of the

surface impedances of the ground plane. For
this purpose it is convenient to write

where N and 8 are real. Il the ground sereen is n
metnl sheet Z,<<7Z and, consequently, ANe-t
could be regarded as the complex refrnetive index
of the ground itself. However, in general, A nnd
8 have a more general menning as defined by (15).
Taking N=3 and §=0°, the amplitude and phase
of 1+9, are shown plotted in figures 2a und 2b,
respectively, as a function of ¢, for various values
of ka. 1t is emphasized that such curves should
not be regarded as radintion patterns but rather
as modifieations of the effective height of the
transmitting antenna duce to the ground screen.
It is apparent that for the low angles involved in
HF communiention the ground sereen will inerense
the effective height of the trunsmitting antenna
by a significant amount.  The value of N given
in this example corresponds to a dielectrie con-
stant of 37 or 9 which is typieal of very d- v ground.
The effcct of choosing n large value of N is shown
in figures 3a and 3b where N=10 and §=0°.  The
curves are very similar in shape but the overall
effectiveness of the ground sereen is reduced
somewhat,

The value of 8, ns defined by (15), determines
the phinse of the comples refeactive index of the
growl.  For a very dry or nonconducting ground
gis zero as indiented in figures 2u to 3h. However,
when the conduetivity becomes important 8 may
he greater than zero.  In fact, for a highly con-
ducting ground where displueement currents are
negligible, 8 may appronch 45°. Foillustrate the
influenee of finite 8. the amplitude and phase of
1+, nre shown in figures 4a and 4b for ko =20,
N=10, and various values of g between 0° nnd
45° 1t s evident from these curves that the
presence ol the conduction currents tends to
diminish the amplitude but it does inercase the
phase.

It is becoming apparent that at the lower fre-
quencies and highly conducting ground the pres-
ence of the ground screen has n small effeet on the
total field (for n given strength Il of the source
dipole).  To illustrate this point. the amplitude
and phase of 14, are shown in figures Sa and 5b
for ka=20 and B=45° for N=10 and 30. The
modification of the effective height of the antenna
is less than 2 db and here the radius of the sereen
is almost 3 wavelengths.

4. The Sector Screen

1t is clear from the previous results that a lnrge
circular ground sereen will, indeed, improve the
low angle radiation from a ground-based verticnl
antennn. However, one might ask if any portions
of the circular ground sereen could be removed
without materially affecting the perforinance of
the system. This is certainly s valid question.

In the first place it is known 5] thut the impedance
of the antennn is not affected by anything bevond
ubout one-hnlf wavelength from the antenna.
Therefore, to throw some light on the question
posed above, the ground screen is taken to be in
the form of a sector rxt(-mling from p=a to p=b
from the base of the transmitting antennn. From
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p=0 out to p=a the screen is circular in shape.
The situation is illustrated in figure 6. The
surface impedance over the area of the sector is
Zs. In terms of the polar coordinate system
(p, ¢), the area of the sector is defined by —3,<
o<, nnd a<p<h.

1t is convenient to express the factor 1 us the
sum of two parts in the manner

=02+ (16)

where ©Q, is the contribution from the ecircular
screen of radius a and @, is the contribution from
the sector which extends from a to & The
portion , can be written

_ ik . 32 -
=G cos Vo f... .--A'e

(l+%) €2 € 9 €% 0% ros ¢ (%—:Z) dedp (17)

where the recciving antenna is assumed to be in
the plane ¢=0. The integral for @, given above
is sufficiently general to determine the effect of
the sector us a function of elevation and azimuth
angle. Actually, the integral is analogous to (10)
for the circular screen where the limits of ¢ extend
from —x to ». As before, only first-order phaso
terms are retained so that the receiving antenna
must be in the far field?® The extension to the
near-field case has been considered previously by
Wait (8. In actual communication circuits the
receiving antenna would always be in the far ficld.

To evaluate the integral in (17) it is convenient

to use the approximation
08 p=1—2
cos ¢=1 2

for the exponent in the integrand while, in the
integrand, cos ¢ is replaced by unity. This is
valid since the principal contributions correspond
to small values of ¢. An interesting check on
this statement is given below,

Following the procedure used in the previous
section, a dimensionless function G, is introduced
by setting

Q=22 p-teng, (%)
No

The integral for G, may now be written in the
form

i PR T
G [ Fade q9)

=(2"')m cos* %Yy Jire

where
. 1 3ql2/2) con gl t/2 -
1’(2)=: exp [-—15 f’] dt.

—3yliz/v) cos 1t/2

? This far-fleld condition can be written

IR.[(l-d-,—':-:-!’:gmo)”—l]-‘i;-:mo(;'-

The Fresnel integral F(z) is normalized so that
lim F(r)=1, provided 4, and 4, are both posi-

I—rw

tive. In this limiting ease the sector is behaving
essentially as a cireular sereen.  For example, one
may note that

G.l =Gy (kb)—~G,(ka)

where G, is the integral described by omitting the
second term of (13a).

An interesting specinl ease of (19) is when
¥o—0 and Z, can be regarded as a constant.

Then
112 £k T
Gy=1 ('2';) R Fia) dr. (20)

zIll

.-}flcr an integration by parts it readily follows
that

Gr=i (2—?)”{ F(kb)

(.2 72 e oxp (—ikba32)  exp (—1kba}/2)
(,rkb) P u[ oIy + 23 i ]

a\'"? PR _g_ te e OXP (—fku.\g,’?
_(5) [l. (ko) (rka) e ‘( 23, B
3 —_—la A2/
+‘_\_p ( 21{051/-))]}_ (21)

The integral G, has heen evalunted for a range
of values of kb. To simplify the situntion, the
lower limit ka is fixed at 5 and 3,==3.=4a. The
numerical results for G, ldenoted (B3] nre given
in tables 2 to 8 for A [DELTA] ranging from 5° to
60°.  Within ench table kb [K B} varies from 10 to
100 and ¥, [PS1] varies from 0° to 45°.

As n cheek on the numerienl work, @, for ¢o=10
was calculnted using both (19) and (21).  Also, it
mny be noted that

G.(kb)l =Gy(kb)—G\(5)

where the values of G, (7) are listed in table 1 and
where r is to be identified with KA.

To illustrate the effect of n finite value of 4,
some typical enses are shown in fizures 7a and 7h
where the amplitude and phase of G, nre plotted
as a function of ¢, for ka=35, kb=40, and various
values of A. It appears that for these conditions
the total sector nngle 23 need not be greater than
about 50° in order to be fully effective.

In order to demonstrate the effect of the sector
on the total field it is convenient to consider both
Z'y and Z’, small compared with Z. Thus

z-Z, 2-2, Z_ 1)

o No No

e?

where .Ne~ ? is the complex refractive index of the
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ground. Consequently, it follows from (16), that

[T Ty

1+ Q=1+4 0+ =t 4+~ A~ (Gt G,

The amplitude of this quantity (expressed in db)
and the phase are shown in figures 8a and 8b for
ka=5, kf=40, =0, eand N=3. This would cor-
respond to a relatively dry soil. It is certainly
evident here that considerable improvement re-
sults from the presence of the sector. The cor-
responding set of curves shown in figures 9a and
9b are for a highly condurting soil characterized
by N=10 and #=45°. The sector screen here has
a negligible effect on the perforinance of the sys-
tem. In fact, there is even a slight degradation
for the very low grazing angles.

The marked mnprovement by using a lurge
sector screen on a dry ground is indicated in
figure 10. Here ka=35, kb=200, N=3, and 8=0.
At low angles the gain is greater than 12 db even
with = total sector angle, 24, of 20°.

In the preceding discussion it has been tacitly
assumed that the receiving antenna is located in
the vertical plane which bisects the sector. Nor-
mally, this would be the optimum location and
for & fixed communication link it would be con-
sidered good practice to oricent the sector toward
the receiving entenna. However, there may be
certain applications where the receiving antenna
is located off the center line. The formulas given
above are actually valid for this case since A, and
4; may take any positive or negative value. How-
ever, rather than computing directiy from the
general formulas, it is desirable to estublish some
simple identities which enable the results in tables
2 to 8 to be used.

It may be readily verified that Gy(a,, ;). as
defined by (18), has the following property

G4, 8)=

Go(By, 81)+Gr(dy, 83) _ Gul8))+Gof8y)
2 2

Numerical values of G,(4, 4) or (/»(A) for various

ositive values of A are given in tables 2 to K
mclusive. 1f negative values of 4 are encountered
it is useful to note that

Gi(8)=—Gi(—A4).
With this information it is a simple matter to

compute (149) as a function of the azimuth
angle 8 which is defined by

§=(4,—4,)/2.
Thus
14+ 0.+ n.=;1+z'ﬂ'—z' Gee™ '
0
+?§4—‘ - UNG(A, By (22)

which is an obvious generalization of (1R).
To illustrate the azimuthal variation of the
field when using 8 sector it is again desirable to

write
2 M m N

€.

Then agnin denoting the total width of the sector
by 23, the amplitudes of 1+ 92,4+, are shown in
fipures 11 and 12 for N =3, 8=0, ka=5, 4=20°,
and various values of ¢, from 0° to 25° In
figure 11, kb=40 whereas in figure 12, kb=200,
As expected, the maximum response corresponds
to small values of 5. In fact, as & increases the
response decreases quite signifienntly for the
larger sector.

5. Final Remarks

In the present study, the electrical properties
of the ground are assumed to be characterized
by a surface impedance which is a (complex)
constant Z outside a surface S. Within S, the
impedance Z’ is allowed to be variable. In the
case of a radial wire system emanating from @, it
is appropriate to use formulas which have been
developed for the surface of a wire grid in the
interface of a conducting hall space [11]. In
general these are complicated. but recently some
numerical results have been abtained which should
be useful in this problem.* At low radiofrequen-
cies for moderately or well-conducting sotls it
18 n sutisfactory approximation to regard the
surface Z’ as the parallel combination of the

¢ Avatiabie from Mrs, T. Larsen Lalworatory of Electromagnetic Theory
Teehnieal University of Denmack, Copwnharen

surface impedance Z, of the equivaient grid and
the ground beneath. Thus

Z':ZZZ—;-% (23)
where
Z.zt—"g log. %" (24)
Z=(tug/e)'?,

and d is the spacing between the radial conductors
and c is the radius of the wires. Such a formula
is strictly valid only if (ouwld<<1 everywhere
within the ground system. If there are N radial
conductors, it can be seen that d can be replaced
by 2xp/N where N is usually of the order of 100.
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6. Appendix

6.1. Evaluation of the Fresnel Integral

The integruls occurring in G (13a), (13b), and
F(z), (19) are of the type

f',-um-l’dp=('(u)—i8(u). (25)
[}

These Fresnel integruls were evalunted by the
method proposed by Boersma [12). This method
is based on the r method of Lanczos (13). The
Fresnel integrnl defined by Boersma is

j(z)=J;' L de (26)

The definition in (25) conforius to the one used by
Boersma [14] in eq (26) if

For values of the argument 0S54 in (26), /(1)
is computed by a finite power series in r; for vulues
of the argument z24, f(z) is upproximated by a
polynomial in 1/r. For n=12, the power series
in z valid for0sz54 is

Ja)ze* \/;; > @tie) (3)- @)

. N | . .
The nower series in ey valid for 224 is

Sz iemw ‘/g 2 (etid) (3)" @)

The numerical values of the coefficients a,, b.. .,
and d, as developed by Boersma (14, 12] are given
in table 9. With these coeflicients the Fresncl
integrals can be computed over therunge 0 Sz 8 o,
in general, to eight decimal points. The sub-
routine used in evalunting the Fresnel integral
was checked with the tables of Pearcy [15] and
those of Wijngaarden and Scheen [16]. The
former tables, using defiuition (26), nre accurate
to six or seven digits depending on the size of the
argument while the Iatter, using definition (23),
are accurate to five digits.

6.2. Evaluation of G, by Gaussian
Quadrature

With a procedure for evaluating the Fresnel
integral, the remuining problem was to compute
the mtegral in (19). The method used, Grussian
quadrature, is described briefly below [17].

In quadrature methods a definite integral is
aprroximalod by a weighted sum of particular
values of the ordinate with the abscissas properly

distributed in the limits of integration.  Thus,
1 n
[s@tr=2nsa)+e. @

The abscissas @, are roots of the Legendre poly-
nomials, the weights 7/, are functions of these
roots, and E, is the error term which can, in
general, be made arbitrarily small with inereasing
n.  The Guussian roots and weights are tabulated
for various n for limits between —1 and 1 by
Davis and Rabinowitz [18], but other limits ean
be used by a change of vanable as follows:

r_f(:r)d:r=§-:—a r‘ atndy.
Ja e Jo

where
pbzry b an

Furthermore, in the (inussinn quadrature pro-
cedure, the integrand is approximated by a
polvnomial of (2n—1) degree which has the same
ordinates s the function for n discrete abscissus.

To obtain accuracy for G, eq (19) was writ ten

y 10 4, —t2(l-co8 u\i‘
1 e r
=-— [f = (r) dr
v2xcos'iyo LJs T

1

0 ¥

(—11”—00' ‘oll.'(r)

"
+ f LA A2 TR
K-8 AT

and Guussian quadrature was used with n=16 in
eq (29) for each interval of 5 for kb. This work
was checked against (21) for $o=0 and various
values of 4, and A;. The answers agreed to the
five digits asked for in the results.
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Fiaunre 6. Vertical electric dipole located over a combination
circular-sector screen which, itself, is lying on a homoge-
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PATTERN OF A LINEAR ANTENNA ERECTED OVER A
TAPERED GROUND SCREEN:!

James R. Warr
Institute for Telecommunication Sciences and Acronomy, ESSA, Boulder, Colorado
Received June 9, 1967

A theory is presented for the radiation from a thin vertical antenna located
above and at the center of a sector ground system. The formulation is carried
out for a general variation of the surface impedance of the system. To facilitate
discussion, certain limiting cases are considered in some detail. Of special interest
is the possibility that the low-angle radiation pattern of an h.f. antenna over a
dielectric-type ground will be vastly improved by using a ground screen whose
2]!‘::& impedance varies exponentially, in the radial direction, from the base

e antenna.

1. INTRODUCTION

On a number of occasions it has been suggested that low-angle radiation
from ground-based h.[. antennas can be enhanced by the use of large ground
planes (Wait 1956, 1963; Wilson 1961; Andersen 1963). To be effective, these
must reduce significantly the surface impedance of the foreground out to
distances from the antenna comparable with or greater than a Fresnel zone.
Usually, in the analytical formulations of this problem, it has been assumed that
the transmitting antenna is equivalent to a vertical electric dipole located on
the screen. In this paper, we wish to indicate the generalizations of the theory
required to account for an antenna which may be of both arbitrary length and
arbitrary height above ground. At the same time, we shall also consider the
ground screen or earth mat to be tapered in the sense that, in general, its
surface impedance is not constant.

The geometry of the situation is indicated in Fig. 1 where we have used
cylindrical coordinates (p, ¢, 2), with the surface of the ground being z = 0
and the linear antenna extending from z = k, to £ = A, on the 2 axis. Without

4 -
To Receiving

hy Antenng

$e-4,

Fic. 1. A linear antenna erected over a sector ground system whose surface impedance
difiers from the surrounding ground plane.

1This work was carried out while the author was a visiting professor at Harvard University
Cambridge, Massachusetts.

Casadian Journa} of Pbysics. Volume 435 (1967)
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loss of generality, the receiving antenna is located in the plane ¢ = 0 at a
radial distance R, measured from the origin. The angle of radiation is denoted
¥ and is measured from the ground as indicated in Fig. 1. Within the circular
portion of the ground screen (i.e., p < a), the surface impedance is denoted
Z/ (p), which we regard to be a function of p. The outer portion of the ground
screen (i.e.,e < p < band — 4, < ¢ < Ay), the surface impedance is denoted
Z\' (p, ¢), which may be a function of both p and ¢. To facilitate subsequent
discussion, we shall refer to the latter as the sector contribution. (In previous
studies, both Z,’ and Z,’ were regarded as constants, in which case, the outer
portion of the ground screen was truly a sector.)

The formulation of the present probiem is really a straightforward applica-
tion of the Lorentz reciprocity theorem to the free-space region £ > 0, which
is bounded by an inhomogeneous surface where the tangential fields satisfy
impedance boundary conditions. Using some of the formalism developed for
solving problems in network theory, such as Monteath's (1951) extension of the
compensation theorem, we find an expression for the radiated field in terms of
the specified antenna current and the tangential magnetic field on the surface
s=0 2. THE AZIMUTHALLY SYMMETRIC PROBLEM

To illustrate the purely theoretical aspect of the problem, we consider first
the azimuthally symmetric situation where the surface impedance at the plane
g = 0 is Z'(p). The resulting magnetic field then has only a ¢ component which
we denote H,'. On the other hand, if, instead, the plane £ = 0 can be character-
ized by a constant surface impedance Z, the corresponding field, of the same
antenna with the same current distribution, is readily computed and we
designate this H,. Now, under the rather nonrestrictive assumption that the
receiving antenna is in the far field, we find the following:

(1) He=H, o+ 2SRERR) (g

(] Z' L -
x f. -—"—:o——ﬁﬁ.'o'.ou.up' cos ¥o)p'dp’,
where

R - sin Wo - (Z/!o)
' sin e+ (Z/n)

is a Fresnel reflection coefficient. Here, & = (eauo)lw = w/c, no = (uo/eo)) =
120x ohms, and w is the angular frequency which enters into the implied time
factor exp(iwt). Then, of course, J, is the Bessel function of order 1. The
derivation of (1) follows directly from the material in the Appendix of the
paper referenced above. It is rather important to note that H,' (o', 0) is the
tangential magnetic field over the ground plane whose surface impedance is
Z'(p").

The usefulness of (1) lies in the fact that the integrand may be approxi-
mated by assuming a value for /,’(p’, 0) which need only be valid when
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2'(p’) differs appreciably from Z. Thus, for example, if the ground screen is a
perfectly conducting circular plate of radius a, we replace the upper limit of
the integral by a and Z’(p’) is zero. In this case, we may assume that H,'(o’, 0)
over the range of ' = 0 to a is the same as H,"(p’, 0), which is the tangential
magnetic field over a perfectly conducting ground plane of infinite extent.
It is clear that this assumption involves the neglect of waves reflected from
the edge of the screen, but otherwise it seems perfectly reasonable.

First of all, we have the following exact expression for the radiated field in

the absence of any ground system:

| Car
@  Hy,z) = Loz Yeexp(= R

[ 1]
pd j: I(h)[exp(ikh sin ¢o) + R,exp(~ikh sin y,)}dh.

This may be interpreted as the direct radiation of the linear antenna with a
specified current I (k) and its image-carrying current I(k)R,. For convenience
in what follows, we rewrite (2) in the form:

®) Ha(p.5) = 52588 (1 4 Ro)exp(=ikRo) InF (W),
where

@ Fod =g J " fW)lexp ik sin wa) + Ro exp(—ibh sin Yo)ldh
I(h) = If(h).

Here F(yo) is a dimensionless pattern function and f(k) is a dimensionless
current distribution function, while I, is some suitably defined reference

current on the antenna.
The tangential magnetic field, under the perfect conductivity assumption,

is
oy ¢ (2] b exp(—skr,)
(5) B 0) = = 5 [T o 2Rz g,
where r, = [(s')? + h*}!. An equivalent form of (5) is
R 3 A ey ( 1 ) .
@  Hee0 =22 [ 2 (14 g )ew(—ibran.
We now use (1), in combination with (3) and (6), and restrict attention to

the perfectly conducting circular ground screen or plate of radius 6. Thus, we
find the following expr. ssion for the total radiation field:

@ H) = 2B ep (kR (1 + RIIF() + )
where
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¥ 2
8 Q= - -
€os Yo 1o

L] 11] (2%
X f [ f 1) &L (1 + .i)exp(-ikr,)dh].r,(kp' cos Yo)ds'.
° N 7, kr,
As an interesting check on this result, we may let ¢ — o, whence

®) Rpe = 41 T ﬁ: ..' J)exp(—ikh sin ya)dh,

which follows from the Appendix of a previous paper (\Wait 1967). Then,
(7) reduces to

(10)  Hy(p, )]oms = Kim cOS "2"'2‘."(""’"“’ J: :’ cos(kh sin Yo)f(h) dh,

which is the exact expression for the radiation field of the linear antenna over a
perfectly conducting ground plane of infinite extent. In passing, we mention
that the recovery of this exact result is a consequence of using the integral
relation (1) with the identity H/ (o', 0) = H,"(p’, 0). It is important to note
that the latter is only an approximation when the screen is of finite size.

3. GENERAL FORMULATION

We now return to the general configuration indicated in Fig. 1. In this case,
we no longer have azimuthal symmetry. This means that, in place of (1), we
use

an  H = H+22RERR) 4 g

X f f z'(p'- ¢) - ZH.'(p', 0) Cxp(ikP' cos'd’ﬂ Cos ¢) P' cos ¢dp'd é,
s o 27
where the integration extends over the surface S of the ground screen, whose
surface impedance is Z2’(p’, ¢), being a function of both p’ and ¢. \We note here
that the observer is located at (p, 0, 2).

Actually, (11) is an approximation in that the depolarization of the scattered
field is neglected. In other words, it is assumed that the magnetic field has only
a ¢ component even when the ground screen is not perfectly symmetrical.
Furthermore, in order to bring (11) into a tractable form, the tangential field
H,' (¢, 0) over the ground screen is assumed to be the same as H,"(p’, 0) over
the range of integration indicated in (11). With these simplifications, we use
(11) to show that

(12) H/(,0,5) oo VoeD(=bRY) (4 pyiF(ye) + 0, + ),

where
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2 L] oy Ay 2%
@) o= iy [[EO=E [T S (1 3)

X exp(—ikr,)dh]],(kp' cos yo)dp’

and
ap o=t [l [M2E.0-2
* " cos v 2%t J_a, %o

[ "j(h) “’ N (1+ )exp(—tkr,)dh]

X exp(ikp’ cos Yo cos ¢) cos ¢d¢dp’.
It is evident that Q, represents the contribution from the circular portion of the
ground screen, whereas 1, represents the contribution from the sector portion

of the screen.
The results given by (12), (13), and (14), while formidable in appearance,

are in a form suitable for specific applications. For example, if the ground
screen consists of a radial wire system, the surface impedances Z,’ and Z,’ are
expressible in terms of the physical parameters, such as the number of wires,
their spacing, and their radii. \We shall not enter into this aspect of the problem
here since it has been discussed previously (\Vait 1959). Another factor is the
current distribution on the antenna. Obviously, this plays a role and cannot
be normalized out of the problem. However, for sufficiently thin lincar antennas,
the sinusoidal current assumption may be made.

4. SOME SIMPLIFICATIONS

Considerable simplification results if the length of the antenna is small
compared with a wavelength. Then the quantity r, may be replaced by a
constant ro which is given by

ro = [(0) + ho'lt  where ko = (A + hy)/2.

Then (12) is written in the simpler {orm:

(15)  Hy s inco Ve (4 gy [ f0)dbiGuGhe) + i + B,

where
exp(ikhe sin ¥o) 4 R, exp(—1ikh, sin %)
Go(ho) = 14 R,
(16) ) = co”' f exp(—skre) ~ (’) (l + 3, )Jx(kp cosvh) Z 4,
and
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an f,= -2 J,_ J. i “P<"*'°’Lr( +m)

X exp(ikp’ cos ¢ cos yo) cos ¢ (z. ﬂ_ ) dedy’.
It is also worthwhile to note that (15) can be expressed in the familiar form
v ikpm :

(18) H‘ 2‘!’Ro C"P( ’kRO) cos WOW ]
where

*Ag L] ]

pa=In | sUrdh= | 1),
[ 1) T}

and
(19) W = (1 + R,)Gothe) + 2, + ,)/2.

If now khy << 1, the expression for the pattern factor W’ reduces to that given
previously (Wait 1963) where it was assumed, at the outset, that the trans-
mitting antenna was a source dipole located at the center of the circular screen.
In (16) and (17), this amounts to replacing ro by p’ which is a valid approxi-
mation for finite values of ho provided kp’ >> kh,.

5. SOME APPLICATIONS AND> CONCLUSIONS

In order to illustrate the general applicability of the preceding results,
several simple situations will be considered where the relevant formulas for
the pattern functions are expressible in closed form. First of all, we consider
the pattern function ¥’ for a dipole located on and at the center of a circular
screen of radius a. From (19) and making use of (16), the appropriate form is

(20) W= (14 R+ /2,

where

(1) & =~ 'c—— J F(kp')exp(—iko' )(l + '—-r)-fx(kn cos yo)dp',

and
F(ko') = [Z = Z)(0")) /10

As indicated before, &, is the fractional correction to the pattern factor which
accounts for the presence of the ground screen whose surface impedance
Z,'(p') differs from the surface impedance Z of the otherwise homogeneous
half-space. When this impedance contrast F(kp’) is zero, then, of course, {i,
vanishes. In an earlier paper (\Vait 1963) some consideration was given to the
evaluation of the integral in (21) for F(kp’) = const. and a finite. Even in this
relatively simple situation numerical integration was required, although, for
sufficiently large values of ka, useful approximations could be made to yield
results in terms of Fresnel integrals.
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It is rather interesting to note that (21) may be evaluated in closed forin
if F(kp') is allowed to vary exponentially such that F(x) = F,exp(—0bx),
where x = kp’. This can be regarded as a special case of a circular screen
whose effectiveness is maximum very near the antenna. Then, we find without
difficulty that

Fo

(22) &, = -

e /T ————

-1 . expl— (b + )z, — 1]/3(x cos %)dx]

When exp{—b(ka)] < 1, it is evident that the upper limit of these two integrals
is effectively . The integrals are then of the standard types (Gradshteyn and
Ryzhik 1965):

- —agz (a’ -+ ﬂ,)i - a
@ R e e
and
® _ar 1 . - (a'+ﬂz)‘—°
(24) J; e 7 Ji(fx)dx = ——_ﬂ .

which are valid for Rea > 0 when 8 is real. Using (23) and (24), we find that,
for ka = =, equation (22) is given by

Fo (14 S)[Se — (1 — )]

(25) fu= - =t 3

where

Sa = [(1 — ib)? — costo}h.
1f b now lzecomes much less than sin? y,, it is seen that (25) reduces to
(26) 0y = Fo/ (sin ¥a),

which is the expected value for radiation over an infinite ground plane of
constant surface impedance Z,’.

On the other hand, if b becomes sufficiently large, {, vanishes and the
resultant pattern corresponds to that for a dipole located on a ground plane
of surface impedance Z. To illustrate the behavior of the fields for this case, the
pattern function |{cos yo) W’| is plotted (in Fig. 2(a), (b)) as a function of ¥,
for the case where Z,’(0) = 0 and a pure dielectric ground is chosen such that

Z/no = [(<p/es) = cos¥ol (es/ ;)

and ¢/¢ = 3 and 10. The latter are two typical values of the relative dielectric
constant of dry ground. The values of b on the curves are a measure of the
extent of the circular screen. For example, the radian distance 1/b is the
electrical length from the dipole to a point where {Z — Z,(p")]/n¢ is 1/¢ times
its value at o’ = 0.

Note : (26) s Eﬁt(_*\B tyue for
2,50 then
F = (2/‘?°>M +a

°
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1 fr T

J(cos w) Wi
[(co8 wo) W
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¥, (Degrees) ¥, (Degrees)
(a) (b)

Fi1G. 2. The pattern of a ground-based dipole antenna with a symmetrical ground system
with a radially tapered surface impedance.

It is not surprising that the curves in Fig. 2(n), (b) show that the low.angle
radiation is much enhanced when b is chosen to be sufficiently small. Also it is
significant that the pattern does not have any lobe structure. This feature is
to be contrasted with the case for the abruptly truncated ground screen
(Wait 1963).

To give some insight into the sector contribution &,, we note first that (17)
may be written in the form:

» 2%
f exp(—ikro) &L 1+¢)

(27) 1y = —

€os Yo Ve re tkry,
X A(kp' cos ¥o, Ay, 1) M (p')dp’,
where
| 3 .
(28) A(y, 8y, 8y) = omi exp(ty cos ¢)(cos ¢)N(¢)d ¢,
T J.ar

and we have assumed that
(29) (Z2) — 2Z)/no = —M (' )N(¢),

being a product of two functions A (p') and N(¢). Clearly, if N(¢) = const.
and 4, = A; = x, then A(y, Ay, 8:) = Jy(y) X const. and the expression for
{1, has the required form for a circular ground system whose surface impedance
varies only with p'.

To illustrate in a qualitative manner the influence of a ¢ dependence in
Z,', we choose
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(30) N@) = exp(—p(¢ — ¢)?),

where p is a scale factor and ¢ = ¢q is the direction where the sector has a
maximum value of N(¢). Then, because we restrict attention to values of a and
b which are large compared with a wavelength, it is permissible to replace
cos ¢ by 1 — (¢?/2) in the exponentia! in the integrand of (28) but replace
it by unity elsewhere. At the same time, we permit 4, and 4 to be sufficiently
large that exp(—pA,) and exp(—pA:) are both K1. Then, it is clear that

A(yn 4, Al) = A,

where
l il 2 . 2
@) Amge [ epl=p(s ~ e)lexplivQl - 16Hds,
and where y = ko’ cos ¥,. The integral may be written in the equivalent form
I [_( __t ]
(32) A= 2rie €xp 4 P + ;'y (™

X J:jexp[—(VP + diye — %Pimiiy)):]dd’

and thus
(33) Ay = ~— e e'ex (— i¢,,.’py) L -
1S T @y FP\T gy [T=i@e/T

If p is now sufficiently small,
(171 .
= — y
(34) A We ,

which is to be compared with the asymptotic approximation

(171

35) 1)~ = G e — i,

which is valid for y 3 1. Thus, we recover the expected value for a circular
screen except for the factor te~** which leads to a rapidly varying factor in the
integrand for Q,’ and is of no significance for low-angle radiation over large
screens (Wait 1963).

To illustrate the influence of the azimuthal tapering of the ground screen,
we show, in Fig. 3, a plot of the function A,($)/A:1(0) which is the ratio of the
right-hand side of (33) and (34). For this example, y = 10 and ¢, takes the
values 0, 5, 10, and 20°. These results indicate that the sector width parameter
¢ plays an important role. Also any asymmetry of the propagation path,
relative to the direction of the sector, will degrade the radiated field.

It should be stressed that the curves in Fig. 3 apply only to the relative
contribution from a small annular ring of the ground system. Without detailed,
numerical evaluations, it is not possible to draw further conclusions about the
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F1G.3. The influence of azimuthal tapering of the surface impedance of the sector portion
of the ground system.

relative merit of azimuthal versus radial tapering of the ground system. It is
evident that the whole subject warrants further study.

Finally, we should like to indicate that a formal extension of the theory
can be made to account for the departure of the field H, (o', 0) from its
assumed value H,®(p’,0). First of all, we observe that the suriace-wave
attenuation over the screen can be considered if the function F(kp') in (21) is
defined by

F(ko') = .Z_"_Z_'M W),
7
where
W(e') = Hy' (o', 0)/H,~ (', 0)

is the attenuation function (Wait 1963). Formally, (20) and (22) still hold if
Fo and b are defined in accordance with the substitution F(x) = Fyexp(—bx),
where x = kp'. However, more work is needed to fully develop this approach.
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Dipole Over an Inhomogeneous Ground Plane
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The influence of a finite ground plane on the field of & raised electric dipole is cunsidered from an
analytical standpoint. The method for evaluating the integrals is discussed briefly and some asymp-
totic results are given which illustrate the !im:iting behavior for ground screens of Jarge diameter. It
is shown that the resulting pattern may be crudely interpreted in terms of the direct radistion of the
source dipole, its image in an infinite gruund plane. snd contributions from the edges of the ground
screen.

1. Introduction

The possibility that low-angle radiation from vertical antennas can be improved by the use of
extended ground systems has been discussed occasionally in the past. While the improvement is
very modest for ground screens of wavelength dimensions (Wait and Pope. 1954; Page and Mon-
teath, 1955), the increase in low-angle radiation is substantial when the radial wires or mesh are
extended to many wavelengths (Wait, 1963). The use of sector-shaped screens has also been con-
sidered, both from the theoretical and the experimental standpoints (Wait and Walters. 1963;
Gustafson et al., 1966; Bernard et al., 1966). In fact. the agrecement between the observed radia-
tion patterns and those based on the surface impedance model is sufficiently encouraging to pursue
further this approach.

In this paper, we wish to generalize the theory to account for the finite height of the antenna
located over the ground system. In the previous forn:ulation. the dipole was located on and at the
geometrical center of the sector. This extension of the analysis is considered worthwhile in view
of the need to choose the optimum relation between ground-sysiem size and antenna height. How-
ever, here we will not dwell on the engineering economics of the situation, but will direct our
sttention to the method of calculation. At the same time, some aspects of the asymptotic behavior
of very large screens will be pointed out. The resulting formulas lead 10 some interesting limiting
cases which provide physical insight.

In what follows, we will deal only with the far-field radiation pattern which is assumed to be
vertically polarized. This is clearly a special case of the general mutual impedance formulation
(Wait, 1963). The situation is illustrated in figure 1.

2. Formulation

With respect to a cylindrical coordinate system (p, &. 2), the earth's surface is z=0 and the
dipole Q is located at z= A on the axis. As indicated in figure 1, the circular portion of the ground
screen of surface impedance Z, is bounded byp = a. while the sector of surface impedance Z,is
bounded by p=b and ¢ =+ 4, and — A;. In the sbsence of any ground system. the surface imped-
ance of the earth is Z and is assumed constant. Apart from the finite value of A, the geometry is
identical to that used in the quoted references (Wait. 1963: Wait and Walters, 1963; Bernard et al.,
1966: Gustafon et al.. 1966). However, in the general mutual impedance formulation. there is one im-
portant modification. This is easily seen by noting that the expression for the tangential magnetic

997
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FiCURE ). Vertical eleciric dipole located over a combinntion
circular-sector screen which, itself, is lying on a homo
&enmeous ground.

field at T of a source dipole at Q is of the form

_iklo(p( 1 .
_2’"% l+ikr exp ( —ikry M

He

where rg=(p*+ h*)'2, k= w/c = 2n/(wavelength), and where /, is the current and ¢ is the length of
the dipole. As usual, the time factor is exp (iwt). The form of (1) indicates that, whenever the factor
{1 +(ikpi~'] exp (— ikp) appears in the previous formulations, we should insert, in its place, the
factor (p/reP(l + (ikrg)~*) exp (— ikry).

Keeping in mind the necessary modifications for a finite value of A, we find the expression for
the radiation field to be

E.= M"e-un, cos? Yo ' @
21I’Ro
where F'=(1+R)(Gdh)+Q)2, 3)
_sin Yo—(ZIno) @
" sin g+ (Z/ne)’
etikhsing, | R’e-ln sind,
Gdh)= T+R. . (S)
N=10,+ 10, 6)
. P 1 Z2.-2
- -ikrg — 3 - _Z
where Q, cos Ve ’-.e 'r: (l+“r .I.(lpeol&.)( - )dp )
ik b r& Pt 1 2,2
and 0O =————f f ~tar —(1+_— s cmocms, (——)d .
' 27 cos Yo Jpee ‘“"e 'rz ikr, cos Mo de (8)

where 0™ (pte/€e)T= 120n. The results given by (2)8) reduce to the corresponding forms given
previously (Wait, 1963: Wait and Walters, 1963) when A is set equal to zero. For {)=0, the pattern
function reduces to the familiar form

2 = (] + R)Gdh)= ¢'** 87 9o+ R -t un 9,
where R, is the appropriate Fresnel coefficient to account for reflection from the homogeneous flat
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earth of surface impedance Z. Thus. the dimensionless parameter () = (1, + Q) may be identified
as the contribution from the combined ground system. Just as in the earlier work. the crux of the
problem is the evaluation of the integral expressions for {1, and {),.

3. The Contribution From the Circvlar Screen

First of all, we shall consider the integral fl. which is the contribution from the circular portion
of the ground system. To simplify the discussion, it is assumed that the surface impedance Z_ is
constant over the area of the screen. Then, after a trivial change of variable, (7) may be rewritten
in the form

N,= z-2, e~"14G(ka) 9)
Neo
where
- el'l‘ ko z’ l s 2112
Cka) cos%[o x’+ll’(l+i(x’+ll')"’) Ji(xcon o) exp [~ i+ H)hds (10)

and where H = kh. When the radius of the screen becomes infinite, (10) may be evaluated in closed
form (as indicated in the appendix) to give

G () = et™/4(sin o) ~te-W RS, (n
This means that, in this limiting case,

22, enume,

Ne  sin Yo

l,= a2

Then, at the same time, if the ground screen is sufficiently well conducting such that |Z_/Z|< 1,

"—Rr

1, =

e-nung,

13)
This combines with (3) to give
W |reen=—cos (kk sin W) (14)

which is the required pattern factor for a vertical electric dipole at height A over a perfectly con-
ducting plane. This merely demonstrates that the general surface impedance formulation leads
to consistent results when the extent of the screen is unlimited.

In order to develop s suitable asympiotic formula for large values of ka, we combine (9), (10),
and (11) to get

Z2-2Z [ens ] (= 1
Pepeiited 3 hEEN.
0.== [s + (|

C Jia 2+ H +i(x'+l‘l’)"’) J1xC) exp [-“”'*H')ml'h} (1s)

where S = sin ¢ and C=cos ¥o. If ka > 1, and since x > ka over the range of integration, we may
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replace the Bessel function by the first term of its asymptotic expansion.! Thus, (15) is expressible
in the form

Z—Z; e—INS e~i3nie = - . . L
N, = ~ 3 + )" I“ exp [~ i(x?+ H)V2 4+ ixC)x-V? [1—i exp (—2:.:(,)]111]-
(16)

For further analysis, (16) is written

-0 = K [ f " e -OF (x)dx—i [ etrtrecF """]‘ (a7
ke ke
Z-2' e Z—Z, e s
=lle g=—"=s
where K e (20O 1 s’

and F(x)=x-" exp [—i(x2+ H?*) 2+ ix].
It is clear that the right-hand side of (17) vanishes when the ground system is of infinite extent.
Thus, when ka is not infinite, the two integrals may be interpreted as the influence of the finite

size of the circular ground system.
Further insight into the problem is achieved by integrating the right-hand side of (17) succes-

sively by parts. This leads easily to an expansion of the type
e~Ni-Cka N f‘lu)(ka) e-N1+Cika N Fnl(‘.a)

-— )} —'K[ —cle—
Q- Q' —i =0 ._.(I—C)'( iye—i (+C) = (1+C)»

(—i)"]-i-lh'. (18)

where Fi*)(ka) = d*F(x)/dx*|rese for n=1. 2, 3. . . . N and F¥ka) = F(ka). For sufficiently
large ka, the remainder Ry can be made arbitratily small if N is chosen judiciously.
When the leading two terms of (18) are retained and the remainder Ry is neglected we easily

find that

e-H1-Che (1+ i) +ip) )]

.-z "(z‘:&) e (21:;)"' [[u —C)(ka)» \" ' 2ka(1-C)

No

e-NisCha (1+ i(1+ip) )]} 19)

~i | TT0O 0™ ! * Ze(1+ 0O
where &= [(ka)*+ H*} R —ka

ka
and p=2ka (_——__[(lw)'+l-l']m—l)°

If H is sufficiently small, ® and p can be replaced by zero, and the asymprotic development in (19)
is equivalent to the previous formulation (Wait, 1963; Wait and Walters, 1963) where H =0 at the

outset.

 For example. J,15C) -(;%t)"m $2C = Juid) obeve avglected tormn vary as (7€)%, (2C) ", e,
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Unfortunately, in most cases of practical interest, the asymptotic series of the type given by
(18) does not converge well. The difficulty is that (1 —C){(ka)'”* is not a large parameter for near
grazing angles (i.e., C & 1) even when ka is large. This suggests that we return to (16) and express
it approximately in terms of Fresnel integrals which are well 1abulated. Taking a clue from the
nature of the asymptotic form given by (19), we simplify the integrand of (16) by employing the
approximation

exp [—i(x*+ H?)n 2 ixC] = exp (—i®) exp [—ix(1FC)]

which, of course, is exact if either x=ka or if H =0. Without difficulty, it is then found that

—Yn) gy — Z__'-Z' - 1 1 ¥ -t
-0 = ( Mo ) eimite=t (2 cos® o))" [Si" (¥e/2) anem“ m‘(i:.m

e b [ e-awmng, ]
cos (¥/2) n:m"‘ cos ($o/2} (20)

where ® = [ (ka)*+ H*}'2 — ka = H*/(2ka) = (kh)*/(2ka).

Equation (20) is in a form suitable for numerical evaluation since tables of Fresnel integrals
are available for all values of the argument which, in this case, is the parameter 2(ka/m)"'2 sin (\0/2)
or 2(ka/m)'* cos (¥u/2).2 When the argument is sufficiently large, we may use the asymptotic ap-
proximation

]' e Ty =i LI
] nu

where neglected terms contain higher inverse powers of u.
Employing this form, (20) simplifies considerably to

zZ—-2 e-tnitg-1® 1 e-fhasint(e, /1) o-fakacost(es2)
- =) - e . : 21
-0y = ( 200 ) (27 cos? yu)"? (ka)' [ sin? (¥o/2) ! cos? (Y/2) ] @n
Z—2Z e-taune,
where L '-T sin Yo and & = (kh)%(2ka).

To give further insight into this result, we assume that |Z;/Z| < 1, corresponding to a highly con-
ducting screen. Then from (3), we find that the corresponding pattern function W’ (with no sector
screen present) is .

(1-R.) e-aoogp ) -
T (Zmka cos® ge) i UM e [ sin® (Vo/2)

e 12kasini(dy/2) . e-l’hﬂl'(ﬁnl}

W' & cos (kh sin ¥o) — ' cost (¥el2)

22)

Here, the first term cos (kh sin ¢%) is the pattern for an infinite ground plane, while the second

term is the correction for the finite size of the actual circular screen. The result as given is only
valid when ka sin® (y/2) » 1, (ka)®* > (kAk)?, and, as indicated above, |Z,/Z| < 1.

The first term in the curly bracket in (22) represents the contribution from the front edge of

*One mey sute thet L‘r"""t-“ = Cial) ~i[} =Siu)} where Cia) and Sin) are sobulsted by Peorey (19381,
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the scree.n whereas the second term may be identified with a reflection from the back edge. Actu-
ally, for angles near grazing. the latter is relatively insignificant. Thus, if ¢2 < 1, in addition to
kayg > 1, eq (22) may be further approximated by

, e 1D ey

W' = cos (Ichw.)—(l-R.-)w' 23)
While this is a greatly oversimplified formul:. it does indicate that the finite ground plane will
only appear “infinite” if (ka)'2yy is sufficiently large. Any further quantitative discussions neces-
sitate the evaluation of the Fresnel integral form given by (20).

4. The Contribution From the Sector

A few remarks will now be made about the method of handling the contribution (), of the
sector screen. The double integral to contend with is given by (8). The approximate method for
carrying out the ¢ integration is identical to that used before (Wait, 1963; Wait and Walters, 1963).
In the case where both ka and kb 3> 1 and when Z; is a constant, the result may be written

Q= Le-imiG,, 24)
TNe
i KD o~ (1 - cos ¢,) -
= - 4 o R
where G @) iices® Gan j . T e {x)dx (25)
where ®(x)=(x2 + H2)12 — x 3= H*(2x),
Aelts/n) con BV
and F{x)= - I exp |- i(w/2)e2kde. (26)
1 =i J -aduiv)cos i

The Fresnel integral F,(x). appearing here, approaches one if A; and A, are sufficiently large.

The method for evaluating the integral in (25) is identical to that used before (Wait and Walters,
1963). The only difference is the additional factor exp [— i®(x)]in the integrand. In fact, if ka 3 (kh)?,
this exponential factor may be replaced by one over the range of integration in (25). In this case,
the previous results (Wait and Walters, 1963) for the contribution €1, and the resulting tabulated
integrals may be taken over without change. The psttern function including the effect of the circular
screen may then be obtained without difficulty from (3) and (6).

5. Final Remarks

In this paper, we have indicated the necessary extensions of the theory of the “finite ground
plane effect” to account for a raised antenna. While we have considered a vertical electric dipole
with its free-space patiern described by cos ¥, it is clear that a vertical antenna of finite length
may, in most cases, be treated by simply replacing cos ¥, by the appropriate free-space pattern
function. Also, it should be stressed that the discussion given above refers to the far-field pattern
of the composite radiating system. From the receiving standpoint, this means that the patterns so
calculated are only valid for a downcoming plane-wave incident at a grazing angle $. Some of the
complications which arise when the incident wave emanates from a test transmitter in the “'near
field” is discussed in the references quoted (Wait, 1963; Wait and Walters, 1963).
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The work reported in this paper was carried out under the sponsorship of the Advanced Re-
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theory discussed here was propused by Abraham Waldman of the Mitre Corporation. Bedford,
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6. Appendix. Evaluation of the Infinite Integral G(x)

The integral given by (10) for Jka| = © may be written in the equivalent form

e~

(AD)

Ger=E exp|=ita? + Hy") ] 5

fo-(xcosw)—- o + fpn

where e-®=k/|k|. If the air is allowed to have a vanishingly small conductivity, 8 is an arbitrarily
small positive constant. Following an integration by parts, (Al) is transformed to

—_e " [=exp |-ilx2+ HY1n) 6
G(x) c J. i+ [:J.(Cx)]dx (A2)
where C=cos y». We now observe that
o |1J iCx))= JQ(CX) 6C {CJ(Cx)).

which permits (A2) to be expressed by

~tw/e - )11
e 3 2 expl z(x’+H ) ]J.(xC)d.z

G(=)=— C o +Hyw: (A3)
™2 1-5§ h

< 3 ”Csm [2 ( )] exp[ ‘?‘HS)]] (A4)

= et*/4§ -1 exp (—iHS). (AS)

The infinite integral occurring in (A3) is well known.?
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Impedance characteristics of electric dipoles

over a conducting half-space

James R. Wait
ESSA Research Laboratories, Boulder, Colorado 80302

(Received June 13, 1969.)

The input resistance of a Hertzian electric dipole located over a homogeneous conducting
half-space is considered. It is shown that the functional dependence of the input resistance on
the ‘loss tangent’ of the half-space is consistent with electrostatic concepts, provided the fre-
quency is sufficiently low. On the cther hand, at the higher frequencies, the results are com-
patible with the surface impedance formulations based on the compensation theorem. The re-
sults have possible application to remote sensing of planetary surfaces from an elevated source.

INTRODUCTION

When an antenna is located near or on the earth’s
surface, a substantial fraction of the input power is
‘wasted’ in the ground. A measure of the perform-
ance is the ratio of the radiation resistance to the loss
resistance. The loss resistance is proportional to the
energy dissipated in the ground. To improve the per-
formance, the antenna may be raised to a sufficient
height above the earth to ensure that the reaction of
the ground is negligible. For low-frequency opera-
tion, this is not very practical because the height
must be comparable or somewhat greater than the
operating wavelength. Another approach is to em-
ploy a metallic ground screen at the base of the an-
tenna {Wait and Pope, 1955). For VLF transmitting
antennas, this takes the form of an extensive radial
wire configuration, which may extend over several
square kilometers. Nevertheless, the radiation effi-
ciencies may still be less than 50%.

Another important aspect of the situation is the
" inverse problem where the data on the measured in-
put impedance are used to estimate the electrical
characteristics of the ground [Keller and Frisch-
knecht, 1965}. Such an approach has promise in re-
mote-sensing applications for lunar exploration.

In this paper, we wish to review briefly the rele-
vant electromagnetic theory of the dipole impedance
problem. Various approximations and interrelations
in available formulations are discussed. We hope as
a result to have provided a clearer understanding of
the physical bases for remote sensing of the environ-

Copyright © 1969 by the American Geophysical Unioa.

ment for dipole antennas located in the vicinity of
conducting surfaces.

We consider an clementary Hertzian electric di-
pole located at a height 2, over 2 homogeneous dis-
sipative half-space whose conductivity is ¢ ard di-
electric constant is e. If we superimpose the solutions
for vertical and horizontal dipoles in an appropriate
manner, the results for an arbitrary inclination of the
dipole are obtained without further anatysis. There-
fore, in what follows we consider only the purely
vertical or purely horizontal orientations. The for-
mulation of the problem is very similar to the one
used previously [Wait, 1962] in a different context.

VERTICAL DIPOLE FORMAL SOLUTION

With regard to a cylindrical coordinate system
(p, ¢, 2), the vertical dipole of length ds, carrying
a current 7, is located at z = 2, on the z axis over a
dissipative half-space which occupies the region
z < 0. The situation is illustrated in Figure 1.
Sommerfeld [1949] gave the exact formal solution
many years ago. For this problem, the fields in the
insulating upper half-space can be obtained from an
electric Hertz vector which has only a z component
given by

I - I ds {exp(-—voR)
4xiecqw R

+ f RO exp (= uolz + 2001 JolAp) dx} )
0 Uo
where

Uy = 0’ + ‘70’)”’. Yo = '(‘o#o)ln‘l’ = ik,

971
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Fig. 1a. Vertical electric dipole (VED)
over a homogeneous conducting half-space.

q, €40

RQ) = (N'uy — u,}(N'uo + w) ™)
u = Q'+ nhH7,
7 = [ipgwi(a, + “l@)lln' N = ‘Yl/’Yo-

R = [pi + (Z — Zo)’]ln

Here we have designated the dielectric constant and
the magnetic permeability of the upper half-space to
be ¢ and uo, respectively. To satisfy radiation condi-
tions at infinity, the real parts of ¥, and u, are de-
fined to be positive for A ranging from O to e on the
real axis. The harmonic time dependence, according
to the factor exp (iwt), is understood.

To perform a complete calculation of the self-im-
pedance of the source dipole, the current distribution
on the dipole must be determined. This aspect of the
problem may, however, be deferred if we confine our
attention to the change of the impedance resulting
from the presence of the lower dissipative half-
space. Thus for electrically short antennas it is per-
missible to retain the dipole approximation. By defi-
nition, the change 8Z is given by 8Z = Z ~ 2,
where Z is the self-impedance of the dipole
in the presence of the half-space and Z, is the
impedance of the same dipole located in free space.
Thus, Z, = lim (zo—> «) Z.

According to the ‘emf’ method, we can calculate
the impedance increment 8Z from the formula

T wm
’W’?”memm

@, & 4o

Fig. 1b. Horizontal electric dipole
(HED) over a homogeneous half-space.

After performing the derivative operations and pro-
ceeding to the indicated limits, we obtain

@y [ -
§Z = —m/; R(X):oe d\ “4)
where a = 22,. It is convenient to normalize this by
writing 8 = R,T, where R, = 20k2(ds)?, the real
part of Z,, is the free-space radiation resistance of
the dipole. (Here we assume that (po/e)'/? =
120x.) Thus we may write

ﬁg’lgl 'N’u,—u..g_
Ro 2 P 0 Nzllo + Uy Uy
A simple yet revealing limiting case is to coamsider

the static or dc limit. Then « = O and, as a conse-
quence, ¥o = u; = A. Thus

exp (—au,) dA (5)

|07 Y T T T y Y
VED

B K=l0 ]

T R
where
s, = w + a0 Il-ID @ ' T T
and p=60 20
I1 = lim ID 1 (VED) in the presenc of » conducting baltpace,
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If we write N2 = K — ip where K = ¢ /¢ is the
relative dielectric constant and p/K = 01/¢; w is the
‘loss tangent’ of the lower half-space, we obtain for
the real part 3R of the impedance increment

R __3 2p
R, (2kz) (K+ 1)+ )p

For a fixed value of kz, and KX, it is evident that 3R
has a maximum value whenp = K + 1.

To illustrate the quasi-static behavior, the function
R/R,, based on (5), is shown plotted in Figure 2
as a function of p for K = 10. This is mainly 2 meas-
ure of the power absorbed in the half-space for a
vertical electric dipole (VED) placed immediately
above the surface. As indicated, for small values of
the dipole height (i.e., 4x20/A < 1), the input resist-
ance change R (= R — R,) greatly exceeds the
free-space radiation resistance R, of the dipole. Also,
in accordance with the simple static limit, the maxi-
mum value of R occurs, foravalueof p=K + 1 =
11, for the example shown. However, as the param-
eter 4rz,/A becomes comparable with unity, the
curves lose their characteristic shape and a clear-cut
maximum is no Jonger evident. The behavior of the
impedance increment in this range is discussed below.

Q)

HED

p =600,

Fig. 3. The input resistance of a horizontal electric dipole
(HED) in the presence of a conducting half-space.
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THE HORIZONTAL ELECTRIC DIPOLE

The formulation for the horizontal electric dipole
(HED) is very similar to the case of the VED dis-
cussed above. The only slight additional complica-
tion is that the Hertz vector for the problem is
required to have both a vertical and a horizontal com-
ponent. Then following a straightforward application
of the emf method, we find that the impedance incre-
ment 8Z, resulting from the presence of the conduct-
ing half-space, is

z_ 3
Ro Ek-s

_f. [(k’ - Ho’) Mo = Uy + A’"o’("o - u.)]
° 2 U+ u | K(N'uo + uy)

exp (—au,) f‘; dx ®

In proceeding to the static limit (i.e., » = 0), we
note that (uy — ;) /(o + 1) = 0, but (u — 1)/
k2> (N2 — 1)/(2 A). Thus, in this limit

3z _ 3N’-1f)\.-.;
Ro 4kN’+1

(1_3 N — 1
2 (kzo) N*+ 1

€))

which is identical to (6) except for the factor 1/2.

Using numerical integration data from Volger and
Noble [1963], the function R/R,, for the HED, is
plotted in Figure 3 as a function of p for K = 10 and
for various values of the parameter ka or 4=zo/Ao.
(The approach of these authors is similar to that of
Wait {1962].) The similarity of these curves and
those for the VED in Figure 2 is striking. In both
cases, there is a maximum in the energy absorption
where p = K + 1, as predicted by the simple static
approximation.

To illustrate the dependence on the relative dielec-
tric constant K, the normalized input resistance R/R,
is plotted in Figure 4 as a function of p, for a range
of K values for two fixed values of the dipole height.
Although the curves have the same general shape,
the maxima in R are shifted 1o the left as K is re-
duced. In all cases, the general behavior is in accord-
ance with the static approximation given by (9).
A significant point is that, for a fixed value of 2o/A., 2
single measured value of R/R, will, in general, lead
to two possible sets of values of K and p.
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R/R
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162 4 102 10*
p=600 A,

Fig. 4. The input resistance of HED showing the influence

of the relative diclectric constant (K = ¢/&) of the half-
space.

ASYMPTOTIC APPROXIMATIONS

The results we have just discussed are dominated
by the electrostatic coupling of the dipoles to the dis-
sipative or lossy dielectric balf-space. Certainly, there
will always be a sufficiently low frequency where the
change of the input impedance due to the half-space
can be computed on the basis of a static theory. The
question then arises as to how this approach to the
problem can be reconciled with the usual methods
that involve the surface impedance description of the
half-space. To shed some light on this question, we
return to the integral formula given by (4) above.

First of all, we consider the limit where the half-
space is perfectly conducting. Thus, if N2 — o, we
have

2 -
3Z = 3Z'V = —g’ﬁ f Auo™! exp (—auo) dA
0

2
- —(z—fr’%kz% (1 + ika) exp (—ika)  (10)

Normalizing by R, and considering the real part Re
8Z™ or $R'*, we find that

(=)
1% - (7:? fsin (k) — (ka) cos ka)

where, as usual « = 2z,. Here we confirm that $R*'='’
Ro —» 1 as /A0 —> O corresponding to the expected
doubling of the input resistance (i.c., R = 2R,), for
a vertical electric dipole located on a perfectly con-
ducting surface.

Having dispensed with the perfectly conducting
case, we now define the impedance increment AZ
resulting from the finite conductivity of the half-space
as follows:

AZ = Z — 2 = §2 — §2'™ an
or

Az 3 [ N exp(—au)

R, i;"sj; Nuo + 4, [ a (2
Now, for sufficiently high conductivity and/or high
frequency, «; = (A® — N2k?)1/2 cap be replaced by
iNk over the significant range of the integrand. Then,
(12) reduces to

AZ 3 [ N exp(—aup)

Ry — N& Jo Tuo + i/ N)luo
Noting that N = [(o1 + i ¢ @) /i ¢ #]*/2 has an argu-
ment between O and »/4 (for nonvanishing o, and
«), we can express (13) in the form

d\ (13)

AZ 311 —ike
¥ qlfa+

- L—’;e"‘“ + k’(l - -,'?)o] 4)
where
= [* A _exp (—au)
0= wit /My ®
- —e""’”’Ei[—ik(l + N 9a)
where
Ei[—ix] = —f ’—y-dy as)

is the exponential integral as conventionally defined.
Now, if |N] is sufficiently large, (14) can be further
approximated by

AZ/R, = (1/ N)f(ka) (16)
where

f(x) = 30x7'(1 + ix)e™** = Ei(—ix))
This result shows that Re AZ or AR varies inversely
with N or p'/2. This is in accordance with the curves
in Figure 2 if p is sufficiently large. On the basis of
(16), we might be led to the (erroneous) conclusion
that AR or éR increase indefinitely with decreasing
loss tangent p/K. As indicated by the curves in Fig-
ure 2, this does not happen. It is important that (16)
not be used outside its range of validity; namely, |N|
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should be large compared with unity. This is a
rather important point since the compensation theo-
rem approach, if improperly applied, may also lead
to an incorrect conclusion. For example, on the basis
of the compensation theorem, in its general form, the
result for the change of the input impedance AZ of
the VED resulting from the finite conductivity of the
half-space is [Wait and Pope, 1955]

AZ = ,—’, f E,H,'""2xp dp an
(] ]

Here, 1,2 is the current at the terminals of the electric
dipole, E, is the resulting tangential electric field in
the radial direction p, whereas Hy'*) is the tangential
magnetic field in the azimuthal direction ¢, for an
assumed perfectly conducting balf-space. If (17)
were applied with the proper value for E,, it would
lead to an exact formula for AZ. However, to facili-
tate its application, E, is usually first approximated
by assuming that E, is proportional to Hy, which in
turn is replaced by Hy'=). In fact, it is an extremely
interesting exercise to show that, on using the ap-
proximation

E, = n(1/ N)H,'™ (18)
(17) reduces precisely to (16). Furthermore, the de-
tailed analysis of Sommerfeld and Renner [1942]
gives an identical result for Re AZ or AR if their
complicated ‘second order’ correction is ignored.
A similar argument applies to the horizontal elec-
tric dipole (HED), where the integral formula (8)
and the assumption |N| > 1 reduces to the simple

result
_AZ ~ ...3_ ( - _‘.. —ikea
R, & i N 1 ; )z (19)

This again illustrates the inverse dependence on |N|,
which is in accord with the curves in Figures 3 and
4, for sufficiently large values of p.

CONCLUDING REMARKS

The results given in this paper should clarify the
various mechanisms responsible for energy loss from
an electric dipole source located above a conducting
ground. As indicated, at sufficiently lJow frequencies
the coupling between the antenna and the environ-
ment (i.e., the half-space) is electrostatic in nature.
This is related to the so-called E-field loss discussed
in the context of high-power VLF transmitting an-
tennas [Waitt, 1967; Wait, 1963] operating over
poorly conducting soils. On the other hand, the

DIPOLE IMPEDANCE 975

higher frequency approximation to the exact integral
formulas leads to results that are normally associated
with the compensation theorem approach. In this
method, the Poynting vector or some variant of it is
integrated over the whole ground plane, and in this
way the ground reaction on the antepna is estimated.
Actually, there is no contradiction between these
seemingly different approaches if we keep in mind
the nature of the approximations and the ranges of
their validity. Of course, in the case of the half-space
problem, it is possible to work with the exact integral
formula, and the numerical data so obtained are valid
for the whole range of the parameters. However, in
many cases of practical interest, the environmental
configuration is more complicated than a homoge-
neous half-space. Then, a quasi-static assumption or a
surface-impedance description is useful. We have at-
tempted to give some indication of the meaning of
these limiting situations and to remove some apparent
contradictions that have been alluded to from time
to time.

Finally, we stress that the dipole formulations con-
sidered here are only valid for wire antennas that are
small compared with both the wavelength and the
height above the half-space. Relaxing either or both
of these restrictions leads to a different class of
problems.
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SURFACE-WAVE EFFECTS WITH LARGE
ANTENNA EARTH SCREENS

It is pointed outl that a perfectly conducuing earth screen
may not be the optimum il low-angle radiation 1 10 be mati-
mused for a given antenna current. This 13 & consequence of
the surface wave excited for sn earth screen with Faite induc-
Uve .

Extended carth screens are sometimes used for improving
low-angle radiation from h.f. antennas. They usually take the
form of a radial wire or a metallic mesh which is placed on
the earth’s surface in the immediate vicinity of the antenna.!
In the theoretical treatment for these systems, it is convenient
to describe the surface of the carth screen by an effective
surface impedance Z', which, in general, is different from the
surface impedance Z of the ground beyond the screen. At
first glance, one would think that the ideal system would be to
have Z° = 0 corresponding 10 a screen of effectively perfect
conductivity. It is the purpose of this letter to show that this
is not the case.

The situation is illustrated in Fig. 1. A veniical electric
dipole is located on a flat ground. The effective surface im-
pedance of the ground system is a constant Z° out to a radius b
from the base of the antenna. The ground beyond radius b
is taken to have 2 constant surface impedance Z, and we
sssume that the system is rotationally symmetric. As indicated,
p is the radial distance to sn arbitrary point on the earth’s
surface from the dipole.

Yo

N

P
Fig. 1 Ekectric dipole located on s ciecular senth screen

The radiation field E, for 8 time factor exp(jwl), at an
infinite distance R and clevation angle ¢o. is expressible in
the form?

owlds , ¢~ R*
E'Wz_- ~5~ 5o B (1]

where po = 4w x 1077, k = 2n/(wavelength) and /ds is the
current moment of the dipole. Here # is a pattern function
normalised so that it is unity over a perfectly conducting
ground plane of infinite extent (ie. 2°' = 2Z = 0). Now,
following an early derivation.?

Wea(l+ R+ D)2 P P

where R, = {singo — (Z/no)}/isin o + (Z/me)}, Mo = 120m,
and £2 is & ‘modification’ which vanishes if the earth screen is
absent (i.e. Z° = Z or if b~ 0). In the limiting case of no
earth screen,

W o= Wa=(l+ R)2=sindg/isingg + (Z/ne)} (3)

Here Zing is the normalised surface impedance of the ‘un-
modified’ ground. If the latter is homogeneous and lossless,
we have

Zing = (LK)M1 — (cost o) K} R U]

where X is the relative permittivity of the dielectric ground.
The corresponding result for W is exact.

The modification of the surface impedance in a circular
region of radws b, from Z to Z', results in improving the
‘cut back’ by a factor | + . Also, it can be shown? that
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the ground-wave field of the dipole is also modified by the
factor 1 + £2, where this is 10 be evaluated as ¢o = 0. In
fact, as we will see below, 1 + £ is essentially independent of
oo for small angles. Here 22 is 10 be obtained from?

»
kF 1
. - -nepy — ’
2 ey 3 kp) (l ‘;&p) Jitkpcosyo)dp  (5)
°
where
Wotkp) = 1 = jimp)le-Perfcyphy . . . . . (6)

, A\ 2
p-—T("—'). F=(Z - Z)ine. and where J, is the

Bessel function of order one while W, is an ‘attenuation
function’ which sccounts for the modification of the tangen-
tial magnetic ficld by the finite surface impedance 2 of the
earth screen. In oblaining eqn. 5, we have neglected the effects
of back reflections from the edge of the earth system (i.e.
at p = b). Other investigations have shown this is s well
Jjustifiod assumption. )4

Now the modified surface impedance Z° will be imagined
to be composed of the parallel combination of the ground
impedance Z (evaluated at grazing incidence) and the effective
impedance Z, of the wire grid.!.? Thus

Z=ZZAZ+42Z) . . e e ..

where Z = noK-H1 — X~ is the surface impedance of
the ground for grazing incidence. }f the wire-grid spacing is
much less than a wavelength and if ohmic losses in the wires
are negligible, we know that Z, is purely inductive. Thus we
set

2, = jnob,

where §, is a dimensionles< reactance parameter. A good
approximation is B, = (diAo) In {d-{2%c)} + S.. where d is the
spacing between the wires in the mesh, Ao is the free-space
wavelength, ¢ is the wire radis, and S, is a correction factor
which is negligible if diAo is sufficiently small.!

As indicated by eqn. $, the integrand, apart from the factor
Ji. is proportional to the tangen:ial magnetic field at a
distance p from the dipole. If here I (kp) is replaced by unity,
we have the assumption that the tangential magnetic field
is the same as if the surface were perfectly conducting through-
out. Clearly, if the reactance parameter &, were effectively
zero, this would be a good approximation even for a screen

S8 63888848 °
phose of Wy, deg

Fig. 2 “Amenvation function’ Wy for 8 partially inductive

surface
amplunde
. == phase
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of finite extent. However, if the reactance of the screen is an

iavle fraction of the impedance of the ground, it is
not justified to set W, = 1 in the integrand of eqn. 5. This
fact is clearly illustrated in ' 2, where the smplitude and
phase of W, are shown ploitea as a function kg for a lossless
homogensous carth with a relative permittivity K = 10. For

0O

K10 ..10-2

k3100
’—
:1:1]1::1!1114|||||l
% 3 0 % 2

'o Jdeg
»

Pig. 3 Moddlication of the rmdistion fleld dus to the presence

the value of §, = 1, it is apparent that the inductive portion
of Z' is suflicient 10 aliow & partially trapped surface wave to
:wu along the surface. This surfsce-wave sffect for

m.nmmmuwm.nm

1 +4 ford, = 01 and 0-2, is shown
"3 Js 5, respactively, for kb = 100 and X = 10
The broken cwrve shows ths correspondiog qQuastity with

b I | varies with

the screus reactance parsseter §, for K = 3and 10, kb = 100,
and when the grazing angie ¢y tends (o zero. In this case,
is & measure of how effective the earth screen is

curves indicate that
as optimamn valus of §, suists, which is of the order of 0-1.
i W, = 1 assumption, the exhancement due

SLECTRONICS LETTERS I0uh Octeder 196 Vel S No 22

|
|

10 the surface effect would not be predicied. This fact could
be kept in mind in the design of practical earth screens for
h.[. antennas over poorly conducting ground.

Fig. 4 Dependence on the esrth-screen redctance

1 wish to thank K. P. Spies for his assistance in the sumeri-
cal calculations.
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FIELDS OF ELECTRIC DIPOLE
ON RADIALLY INHOMOGENEOUS
GROUND SURFACE

U hod is loyed to calculaie the
helds for Iomangk radiation over 3 plane boundary with an
:apovmmlly varying surface impedance. bt is shown that the

ective dipolc moment of the source is increased by a
factor which o ds on both the taper and the extent
of the inhomogeneous region.

There is an intriguing possibility that the low-angie radiation
from h.f. antennas may be enhanced by modifying the fore-
ground.’-? Physicslly, this can be achieved by using an
extended radial-wire or a mesh ground system. In the previous
theoretical treatments of the subject, it has been assumed
usually that the ground system is eflectively a perfect con-
ductor over its total extent whether it is disc or sector shaped.*
In this letter, we wish to consider some implications of taper-
m lhe mund system. In this case, the effective surface
isa h fi ion of the radial distance from the
bue of the antenna. Analytically, this is a considerably more
involved problem than for a constant or zero surface im-
pedance.
For simplicity, we assume azimuthal symmetry, and we
also represent the source as a ground-based Hertzian electric
dipole. The situation is illustrated in Fig. la, where the

Yo

Fig. 1A  Basic geometry

i oo to exp(-kbe)
&
bl p
(o] ]
14
Fig. 18 A d surface-imped vaviation

surface impedance of the ground beyond a specified radius a
is a constant Z. Within the ground system (i.c. 0 < p <Z a),
the surface impedance Z°(p) is taken to be a tuncuon of p.
the radial distance from the dipole. As indi d. ¥q

pedance contrast function, which, by dclinition, vanishes if
p > a. In this integral representation for the perturbed radia-
tion field, W (p) is the unknown attenuation function for the
tangential magnetic field of the source dipole in the region
0 < p ~ a. This function was shown 1o salisly a Volterra-
integral equation of the form,

. je\2e? ir = ()
— W — - ——— .
Win) )+ (Zn) -[,F(” Iy wyin s
.. (L1]
where W(x) = 1 — j(mp)3e Terfc (jp'!?) R (1]

X =kp, and p = ~(jx[2NZIng):. Here B'(x) is the welt
known attenuation function for propagation to a “numerical
distance® p over an homogencous flat surface. In egn. 6, erfc
is the complement of the error function. Methods of the
solution of eqn. S for the attenuation function W'(x) are
described elsewhere ¢

As mentioned above, the specification of the fi iona)
form of the surface-impedance contrast function F(x), where
x = kp, will determine the form of the resulting attenuation
function W'(x). For present purposes, we will consider

Z-2(x)m2e ™ . . . . . . ..M

where Z corresponds to the appropriate value for a homo-
geneous  lossiess  ground of relative permittivity /¢
The situation is illustrated in Fig. 18. In this case, we choose

Zing = (el ) —gole)'? . . . . . (8
which is the exact form for a vemully polmsed plane mve
at grazing incidence. The exp ial variation indicated by

cqn. 7 is an idealisation for a ground screen which is tapered
smoothly from the base of the antenna. Here we do not dwell
on the physical realisability of such a ground system. although
we could point out that & radial-wire system will have a
smoothly decreasing effective impedance as one recedes from
the base of \he anienna along the ground surface. For our
example, the dimensionless parameter b is a measure of the
rapidity of the impedance taper. For exampie, b — 0 would
correspond 10 a perfectly conducting ground plane, while
b — o corresponds to & homogencous earth of surface

ped 2Z through

Once we have the numerical values for the attenuation
function I¥" (kp), the pattern function P(y:,) can be obtained
directly from eqn. 3, following the numerical integration of
eqn 4. In this case, the upper limit a of the integration

Table 1

is the angle subtended by the ouerms direction and the

plane

In the llnenee of the ground system [ie. a = 0 or

Z'(p) = Z].the far-field radiation pattern P(yy) of the ground-
based dipole on the homogeneous flat earth is

P =14+ RJcosge)2 . . . . . . (O
_ sin by — (2/n)
R = n 9 T @0 @

and no = 120w, Here, of course, R, is the appropnate
Fresnel-reflection coefficient for a normalised surface m-
pedance Z/mg. It was shown before’ that the corresponding
pattern function is

Pio) = (1 + RX1 + ) cos )2 . . . (D

where {2, is the all important correction factor which accounts
for the presence of the ground system. The latter is

k . -
0=- ——-;fw (kp) Fkp)e o
1
x (l +m)l,(kpcm Yo)dp (4)

where k = 2nj(wavelength), J = Bessel function of the
first kind, and F(kp) = {Z — Z'(p)}/no is the surface.im-

o, G2 11 - 1. 60 Phawe of 1) L2 deg
] 492 20-5
2 4-93 20-4
3 4-94 20-3
4 495 201
s 496 19-8
6 4-98 195
7 5-00 191
8 501 18-7
9 5-03 18-1

10 5-05 17-¢

A 00t spep- 10, 8 - 30

corresponds physically to the outer extrenmity of the ground
system

As indicated by eqns. 1 and 3, the complex factor (1 + £2,)
15 the ratio of the field with and without the tapered
ground system. As it turns out, this factor is a stowly varying
funcuion of the angle yi,. at least for the low angles of interest
to long-d h.{. propag To illusirate this point, we
show the amplitude and phase of (1 : £),) i Tabie 1, for a
typical selection of the relevant parameters.

The near constancy of | + {1, as a function of i justifies the
usc of this factor as a quantitative measure of the effectiveness
of the ground system. In fact. we can assert that the effective
moment of the source dipole 1s modified by the factor 1 + {1,
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This useful concept was also borne out in an earlier study (or
constant-impedance ground screcns.*

For the tapered exponential model considered here, some
concrete numerical values are illustrated in Figs. 2a and
for relative permittivities of 10 and 3, respectively. In
each case, the abscissa is the taper paramcter b, while the
ordinates are the amplitude and the phasc of 1 + £),,. In cach
case, three values of the ground-system radius @ are indicated.
[Here, ka = 2maf(wavelength)].

From the curves in Figs. 2a and b, it is evident that, if the
taper parameter is sufficiently small (i.c. almost constant
surface impedance), the results are equivalent to a perfectly
conducting circular screen of radius a lying on a dielectric
half-space. This fact is confirmed by comparing the results
here with those obtained previously* for such a situation. As
the taper parameter b is increased, it is evident that the ground
system is less effective in the sense that 1 + {), is approaching
1. Also, we see that the dependence on the finite value of ka
is less as b increases. In fact, if b > 0-1 the discontinuity in
the surface impedance at p = a is not significant.

The method employed here can be applied to more realistic
situations which involve elevated antennas of finite length
erected over inductive wire-grid systems. The incorporation
of ohmic losses in the ground is also straightforward. Work
on the subject continues.

1. R. WAIT 25th August 1969
K. P. SPIES

ESSA Research Laboratories
Boulder, Colo. 80302, USA
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Transient Response of a Dipole over a Circular Ground
Screen

Abstract—The time-domain response of & vertical electric dipote
iocated over a circulsr ground screep is considered. The relevant
time-harmonic solution is used as a starting point. By making a
number of approximations & very simple formula is obtained for
the transient response of the far fieid when the dipole current
moment is a ramp function of time. It is shown that for early times,
the pattern response appears as if the ground screen were of infinite
extent, while at very long times, the response approaches that
sxpected for a homogeneous fiat ground.

InTRODUCTION

Low-angle radiation from a dipole antenna over a finitely con-
ducting ground may be improved by the wse of & metallic ground
screen. The limited size of any practical system does not permit
one to realize fully the ideal pattern for a perfectly conducting
ground plane. Quantitative studies of this important effect have
heen the nubject of various theoretical and experimental inventign-
tions [13}-[3] Without exception the analyses have been carried
out for time-harmonic fields. In this communieation we wish to
develop a transient solution. To simplify the discussion,  relatively

simple model is adopted, and the source dipole moment is assumed '

to be a step function of time.

Formutation or THE Tive-Hanmonic Prosreu

With respect to a cylindrical coordinate system (s,4,2) the
earth’s surface is at 2 = 0, and the source electric dipole is located
at 2 = A on the axis. As indicated in Fig. 1, the circular ground
screen is located on the surface ¢ = 0 and is Lounded by » = a.
In the absence of the ground system the surface impedance i« 2,
which does not vary with p. On the other hand, the surface im-
pedance of the ground screen, in paraliel with the homogeneous

earth, is Z,'. This, in effect, is saying that the effective surface
impedance for the entire ground plane is Z,’ for 0 < p < g, and
Zfor e >a.

For convenience, we will discuss the problem initially for a time
factor exp (1uf). The current moment of the dipole is designated
Po(w), and the magnetic field in the Jar zone bas the form

exp (—tuwR/c) cox goll”’(w) )

iwP,
Ho(u) = 2282 :;z“)

2 (]
where R, is the distance to the olxerver, ¢4 the angle subtended
by Reand the earth's surface, and ¢ the velocity of light in a vacuum.
11’ is a pattern function which is normalized to be umity if the
dipole height A were zero, and if the entire ground plane wete
perfectly conducting.

An spproximate formula for W is given as follows [4]:

W 2> (1 4+ RI[Ge(A) +0)/2 )
where
- sin ¥y = (Z/w0) 3
7 ainge + (Z/n0) ’
Gu(h) = exp [iw(h/c) sin ) Tf.Rexp [ —vath/elsin ¢,] )
and

) . o 4
Cﬂlio[;exp (=durefe) '—o' (l + "“"o)

n(Z o) (5550

Manuscript reveived February 27, 1969, reviasd June 9, 1069 This
work wa< gupporied by Advanced Rescarch Projecis Ageney under
ARPA Order 932,
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Fig. 1. Vertical electric dipole over circular ground screen.

where w0 = (ue/e)' = 120x and r, = (o' + A?)1S. The results
given by (2)-(5) reduce to the forms given previously {1). [2],
where A is set equal to sero. While (2) is spproximate it doer reduce
to various correct limiting forms. For example, if a =0, then
vanishes, and

2W’ = (1 + R,)Go(h)
= oxp [iu(h/c) sin ¥y] + R, exp [ —iu(h/c) sin ¢4] (Ga)

where R, is the appropriate Fresnel reflection coefficient for oblique
reflection from s flat earth whose surface impedance is Z. The
other limiting case s when the ground screen radius becomes
infinitely large. For example, if |Z.'| & Z, we find that [4], in the
limite — =,

R = (Z/w) exp [ ~iuw(A/c) sin $o)/2in ¢¢. (6b)
This combines with (2) and (3) to give
W' = cos [w(A/c) sin ¥e] @

which is the expected pattern for a vertical electric dipole over a
fiat perfectly conducting ground plane.

TrANsIENT ANaLysis

In order to approach the transient problem, it is imagined that
at time ! = O the dipole is suddenly turned on. Then the cusrent
moment is

exp (—at) = exp (—4t) ()

f—a (88)
where @ and # are constants, and where u(¢) = 1 for ¢ > 0 and
u(t) =0 for t <0. As will be shown, this double exponential

form has certain mathematical advantages. The Fourier transform
of the current moment is given by

pl) =

1 1 1
Py(w) -f‘ P(l) exp (~iul) dt = ;_—.(“—w - ;+—w) (8b)

By superposition the transient response A,(f) of the radiation
field is then obtained by inverting the transform

Ho(w) = /- Ao(t) exp (—iut) di 9)
or, more explicitly, from
Ao(t) = %' / N Ho(w) exp (iul) du, (10)
By utilizsing the shift rule, it is sasy to obtain
Ro Asin ‘v.
Ao() ch eo-i.d( - ) an
where
l aad
Af) = 2—'/ W’ (w) axp [ —iw(h/c) sin ¢4)
fw exp (ful) a

et B Fin

The function A({) is designated as the pattern response. In order
o see the meaning of this quantity, the whole ground plane is

807

considered to be perfectly conducting. Thus W’ in the integrand
of (12) is to be replaced by (7), giving

1 [**1 . .
A() = Ao(t) = —f = 11 + exp [ —iw(2h/¢c) sin ¢o])
2v).a 2

.. twexp (iw)
(a + 1w) (8 + iw)
This integration is readily carried out with the following result:

dw. (13)

1
Adl) = - ({exp (=81) — aexp (—at)Ju(t)

+ [Bexp (—8) ~ aexp (—af')Ju(l)) (14)

where ' = { — (2h/c) sin ¢s. The terms multiplied by u(t) and
u(f’) are proportional to the direct signal and the signal reflected
from the ground plane, respectively. If 8 and a are allowed to ap-
proach zero, it ean be seen that

A = [T 110+ exp [—ivi2h/e) sindl L exp ot d
o) 22).2 exp [—iw ¢) sin ¥y ‘.uexp -

= §lu(t) + u(r)] (13)

From the nature of this limiting process it is clear that the contour
in (15) is to be indented below any singularities which oceur on
the real axis. In the following, it is understood that this convention
holds.
In the limiting case of a perfectly conducting ground piance the
radiated field in seen to be two superimposed step functions. The
ding source dipole moment is a ramp function, i.c.,
P() = tu(t). This is & convenient iype of source for an initinl
study of the transient response of & ground screen excited by a
dipole.
Sour SimrLiFicaTions
In order to proceed with the general eaxe, a number of kimpliien-
tions are now made. First, it is accumed that the ground sereen is
perfectly conducting (i.e., Z,’ = 0). Thus (2) is expressible in the
simpler form.
W’ = e (WhSic) 4 W (3
where

TSI SRR it + <
S+acC) o+ M iw(p? + A3
cexp [—tw(e? + 21)1/c Wi (wpC/c) dp  (17)

With & = Z/us, S = sinye, and ¢ = conyy. For the ramp source
function p(f) = {u(t), the respunne patiern is then

Al = 44(0) +G(1) (18)
®here

1 [ X )
G() = —/ — exp (—iwhS/c) exp Giwl) du. (§10)}
2r - e

To facilitate the integrationn in (17), the following axymptatic
forma for the Bessel function are employed:

v2
(w/c)J (wp C/c) o= — [2'c C]

* [exp (iws C/c) ~ iexp (=iwp C/c)]). (20)

The conrequences of using this high-frequeney approximation are
dizcussed in the Appendix. Thus (17) reduces to

Wexp(-ichS/e) 83 1 1 f-_n_ e
™ 532 2Zennen ), paiyh
1+ ———— | L exp [ivto/er(1 =€)

fulpt + AN (10)"’ expL-ivle/a)(l - O))

—dexp[=1w(a'r) (1 + C)Jlexp [ =it (p)]dp (21)
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where

®(p)

(4 €

I Ol & Min o, AS

. .
Iu view of the approximations in the original derivation [4], the
factur C¥3 can be replaced by unity. Also, since we sre dealing with
large screens where (wa/c)>® 1, the first square bracket term in
the integrand of (21) may be replaced by unity. On the other
hand, in the second square bracket, the term multiplied by —i can
be ignored since the phase is varying rapidly. As indicsted helore
[4], this neglected term is related to the wave reflected from the
back edge of the screen. With thess simplifications, it is found that
(21) reduces to

Wesp(—iuhSfe)  Sa 1 (1 _1
™ T S+ A(2we)n ], M (i0)I0
« exp [~iwl(p/c)(} ~ C)]exp [—iu®(p))ds. (22)

Uxing this form for the integrand in (19), the integration over

can now be readily effected. Thus

_ 8a ___l_/' 1 uft—(p/0)(1=C) —-¢(p)]
S+4 (2004 J, 91— (p/c) (1 ~C) =@ (p) "

where it it implicitly assumed that the normalized surface im-

predance A is independent of the frequency.t It ean be seen that the
integrand in (23) is zero for values of p > gy, where

Gl = dp  (23)

1 AS
-("a.',.p)m_’f.’.__‘-o (24)
¢ 4 ¢

which is equivalent to

#2el(1 = C%) = 2p4(ct — AS)C ~ [(cl — AS) = A] = 0. 25

The relevant root is
o= |(ct — AS)C 4+ [(el — AS)? = MSTRAS-2 (26)

An allernative form of (23) whirh is suitable for numerienl
work ix

Gy = - 8 ._‘_/”.'_
s+A(2¢)"" A ’III

1
"t = (170) (" + NP & oClc — AS/cTn

For the raised dipole (i.e., A > 0), further reduction of thix integral
doe~ not seem pamible.

The time-ray interpretation of the results ix indicsted in Fig. 2.
The dipole at T i excited at ¢ = Q. If the puints Af and N are on
the common wavefront, then, nbviously, the ground reflected signal
at A’ will arrive at the obeerver at time ¢ seconds later, such that

= TN — TAM = (p 4+ ANV — 5C + AS. (28)

The sum total of these rays, integrated from the edge of the screen
out to infinity, gives the contribution G (1) to the transicnt recpouse
of the dipole.

dpu(pe —a). (27)

'V Heto 8 = Z/we is defined to he offectively a conttant which is In-
ﬂ:mmm”td °|'|'|mw" This In strictly valid only for a lossiess dicicctric-
L] '] .
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Fig. 3. Transicnt rosponso of ground-based dipole with circular screen.

A considerable analytiral simplification is obtained when the
dipole is located on thie screen. Then (27) reduces to

[ sa 1 e
“S+a (2c)"=-/. on

1
‘G- /aa -0

__a S 1 iy - 201 =Cle
§+af2(1 -C) 2 x o

- e
+§}u[l-;(l—0)]. (30)

dﬁu[l -Za- C)] (29)

G(t) = <

\

The factor S/[2(1 — C)P? in (30) may be replaced by unity
since it is alremdy assumed that 1 — C < 1. The resultant pattern
respouse for this limiting situation is then given by the following
remarkably simple result:

A(t) = u(t) = [a/(S + )Y (Tu(T - 1) (31)
where
(T = (1/x)[ arcsin (1 = 2/T) + »/2) (32)
and

T = (et/a)/(1 = C) == (t/a)/(5/2) == (ct/a)/($4'/2).

Thus it ean be seen at the initial instant ¢ = 0 the rexponse is &
unit pusitive step. This is {ullowed by a linearly decreasing signal
which begins at 7 = 1. It then fiattens off to a constant value in
accordance with the limit:

A0) e =1 - [a/(5S+48)]) = S/(S + a)

which is the expected value for the pattern factor for & dipole on
the surface of a fiat impedance surface of iufinite extent. The situs-
tion is jllusteated in Fig. 3 where A (1) is sketched as a function of
the time parameter.

ConcLusioN

While the present analysis is based on a highly idealized model,
the results do indicate that the finite extent of a ground screen will
mudily significantly the pulse shape of the radiated field. This may
e an important factor in timing systema where some feature of
the radisted pulse shape in tagged as a point to mensire the travel
time. Further work on this subject should ider the freq v
dependence of the ground-surface impedance snd Lhe equivalent
impedance of the wire mesh which makes up the ground sereen.
Alco, raised antennas of finite length will lead to more complicated
integral evaluation but, in principle, the present results can be
adapted if superposition is wed.

APPENIIX

In performing the integration over w in (19), the Bessel function
was replaced by the first term in its asvmplotic expansion. The
significance of thi« step will he diveussed briefly.

We are conecerned with the evaluation of the following Fowrier
integrnl:

- —sun’
10 --'/ '—“—"—""—""(Hé i/ 1 (wpC/e) exp (inl) dw. (3
2¢) Ce ‘wp
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Noting that i/,(Z) = I,(iZ), the Fourier integral tables [5] can
be used to show that
t

-5 H(E- (9T (209
-]+ o

€
For the times such that § — (s/€) (1 — C)| K (sfc) (1-C),it
oan be ssen that

ult - (/)1 - O))
*C*(26)' 18 — (s/e) (1 — C) P

While this is an admittedly erude approximation, it is qualitatively
satisfactory, for this resson, and because it acilitates the subsequent
integration over ». In fact, the result given by (35) corresponds to
the form used in the main text which is based on the limiting ss-
ymptotic form for the Bessel functivn Ji(wpC/¢) in the frequency
plane.

9(6) == 33

Jamzs R. Warr

ESSA Research Labs.
US. Dept. of Commerce
Boulder, Colo. 80302
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Integral equation approach to the radiation from a vertical
antenna over an inhomogeneous ground plane

James R. Wait and Kenneth P. Spies
ESSA Research Laboratories, Boulder, Colorado 80302

{Received July 31, 1969.)

The fields of a dipole source located over a variable impedance surface are considered. A
method of obtaining solutions of the integral equation for the tangential field is outlined.
Numerical results are given for the resulting radiation patterns for an exponentially tapered
variation of the surface impedance. It is shown that the tapering has the advantage of reducing

the lobe structure of the low-angle radiation.

INTRODUCTION

The use of extended ground screens to enhance
low-angle radiation from HF antennas is now com-
mon. To be effective the ground screen should re-
duce the effective surface impedance of the fore-
ground ¢t to distances comparable with a Fresnel
zone. The utility of the general analytical formula-
tion [Wait, 1963)] has been demonstrated on a num-
ber of recent occasions [Bernard et al., 1966; Gus-
tafson et al., 1966; Collin and Zucker, 1969).

In this note, we wish to discuss the evaluation of
the radiated fields for a situation where the surface
impedance of the ground is tapered as a function of
distance from the base of the antenna. For simplicity
here, we assume azimuthal symmetry, and also we
represent the source as a ground-based Hertzian
electric dipole. This situation is illustrated in Figure
1, where the surface impedance of the ground be-
yond a specified radius p, is a constant Z. Within the
ground system (i.e.,, 0 < p < po), the surface im-
pedance Z’(p) is taken to be a function of p that is
the radial distance from the source dipole. As indi-
cated, yo is the angle subtended by the obscrver's
direction and the ground piane.

Now, in the absence of the ground system (i.c.. pn
= 0 or Z'(p) = Z), the far-field radiation pattern
P(yo) of the ground-based dipole on the homogene-
ous flat esrth is given by

P(¥e) = {1 + R,| (cos ¥o)/2 m

sin ¥y — (Z/na)

sin Yo + (Z/%0) @

R, =

Copyright © 1970 by the American Geophysical Uaion.

and n. = 120x. Here, of course, R, is the appro-
priate Fresnel reflection coefficient for a normalized
surface impedance Z/v.. It was shown earlier that
the corresponding pattern function is given by

P(¥o) = [(1 + R)X1 + Q)] (cos ¥o)/2  (3)

where €, is the all-important correction factor that
accounts for the presence of the ground system. The
ground system factor is given by

k o ’ -iky
o - - j: W'(kp) Flkp)e

.(1 + TI:_p) Jikp cosyyo) dp  (4)

where k = 2»/(wavelength), where J, is the Bessel
function of the first kind, and where F(kp) = [Z —
Z’(p))/m is the surface impedance contrast function
which by definition vanishes if p > p.. In this integral
representation for the perturbed radiation field,
W(p) is the unknown attenuation function for the
tangential magnetic field of the source dipole in the
region 0 < p < p,. This function was shown to satisfy

Fig. 1. Vertical dipole located centrally over a radially varying
impedance surface.
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a Volterra integral equation of the form
"x) = 1’-‘)"’ " fpy B = WG
W) = W)+ (2 [ o BRI 4,
(&)
where

W(x) = 1 — i(xp)/%e" erfc (1p''?) 6)

and p = —(ix/2) (Z/m)*. Here, W(x) is the well-
known attenvation function for propagation to a
‘numerical distance’ p over an homogencous flat
surface. In (6), erfc is the complement of the error
function.

SOLVING THE INTEGRAL EQUATION
‘We now outline a series method of solving (5)
for W’(x) for small values of the argument x. Since
W(x) has an expansion of the form

W) = 3 ax™’ M
aal
it seems plausible to assume that W’(x) has a similar
expansion

Wx) = 3 alx™* (®)
nel
where the coefficicnts o’s are to be determined. In
addition, we assume the known impedance function
(Z'(x) — Z)/9o can be expanded as

F(x) = _ﬂ‘l:_o._z - _Z ;.x-n )
Upon substituting the appropriate expansions into the
integral equation we obtain, on interchanging the
order of summation and integration,

'ia:x“’- i”v:

"R L £ reten

' g "ed p=d =0

.f' OOyt (10)
°

Noting the integral in (10) is x */2 times the beta
function B{(p + 1)/2, (n — p + 1)/2] and using
the standard relation

()T ()

B2 = T+ v) an

(10) becomes

i B £ o (e
° = ° " 2x -1

- L2}

(12)
where
p+1 (n - p+ 1)
e 3 F ra "( 3 )r 2
. = et bt ;va'-I + 2 Cg-y
» ’ r(’l )
2
a3

Finally, we equate coefficients of like powers of x'*
on the two sides of (12) to get

a; = a,
and
i 172
al = a, — (;) $acs (n=1,2,3,---) (14)

which is effectively a recurrence formula for the
evaluation of o, in terms of a’n. a’y. * * ¢, a's 1.
When these results are applicd to the case where

-z _Z Jere
L ] ]
(where b is a nonnegative constant}, the series for
W’ (x) is given by
{‘.,(“) =1 — ;\/; bE.\"n + ,:. \/; b?fx‘n
- + TR — o \/; bex? — 1%
+ !*‘I’\/; ("l'_!b.f _ 566’{1).\'”,
+ HIES + - e6)
where £ = (i/2)/2 Z/vs.

When x is not sufficiently small, series 15 is not
useful for evaluating W’(x), and we must resort to
numerical methods of solving integral equation S.
The technique outlined below is an adaptation of one
described by Wagner [1953) and yiclds W’(x) for a
prescribed set of x values, x,. X3, X3, * + - . The first
step is to compute W’(x,) and W'(xa) using series
16; the solution then proceeds inductively, W’(x,)
being computed when B’ (x,), W/ (x2),°++, W (xay)
are known. From integral equation 5, we write

(15)

ix "2
B (x.) = H(x)) 4+ (—:)
2x
{f Kt W'Y dy + [ Kisa W30 dy

+ 4 /' K(x., )W) d'\‘} a7
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where

FOO)W(x — »)
. bx — M7
Now assume that #’(y) may be approximated in the

interval (x,,, x;) (j = 3, 4, - - -, n) by a quadratic
polynomia) fitted at x5, x,,, and x;; thus

y — x;. Ny — x,)

(X3 ~ X Xxioq — x;)

K(x,y) = (18)

W) = Wi(x;-1)

= x)y — x/) ,
(Xj-1 = X4-a)x;-y — X4) Wi(x,.1)

O =200 —x.4) .,

+ (=g = x4ea)xy — x423) Wiex:) (9
which is just the well-known Lagrange interpolation
polynomial of degree 2. When the appropriate poly-
nomials are substituted into (17), one may solve the
resulting equation for W’(x,) and write

'-x- /7 =
w(x,) + (?;) E 1i(x.)

W'(x.) = — (20)
ixX.
= () e
where
hix,) = [ K(x., y)W'(5) dy (21)
Iy(x,) = f K(x., )W'(y) dy (22)

"(X.) = j k(x-' y)[A,(y)W'(x,-,)

+ B,O0YW'(x;.,) + C,O)W'(x,)) dy
(U=3,4,--- ., n—1) (23)

I(x) = f T Kk, ) AW (xar)

+ B.O)W'(x..,)) dy (24)

Ix,) = f K(x., y)C.(y) dy (25)
(y = x,_ My — x;)

40 = T -1y @6
(y — x;.:¥y — x,)

B,0) = (xi-y — x,23)(x,0y — X;) (266)
(y = x;_ )y — x,_4)

¢o) = (x; — x,9)(x; — x,_4) (26)

and K(x,, y) is obtained from (18). The intcgrals

(21)-(25) were approximated by a 12-point Gauss-
ian quadrature formula. To remove infinite singulari-
tics in the integrand, the integration variable was
first changed to 6 by the relation ¥ = x, sin® 0 in
Ii(x.) and by x. — y = (x. — xa¢) sin? 8in [ (x.)
and i(x..). In I,(x.) and /.(x,), W'(y) was eval-
uated at the Gaussian abscissas by means of series
16.

Computing time is a rapidly increasing function of
the number of points at which W’'(x) is evaluated
(about 5 minutes was required for 60 points on a
CDC 3800 computer); thus it is desirable to space
the points x,, x;, X3, * - * as widely as the demands of
accuracy will permit. One must, of coursc, take x,
and x» to be small enough so that W’ (x,) and W’ (x2)
may be computed from (16); some numerical experi-
ments then indicated that adequate accuracy was ob-
tained by taking the interval x; — x; , to be roughly
x,/10. Further confidence in the results was gained
by applying the numecrical technique outlincd above
to the integral equation for W(x):

ix\'*z [ W)
v =1 (B)TE[ e
) =1 2/ medo Dtx — 7P a@n
i <
1. 8
80 =
=
] %6
0 o
S5
3
[=]
&
o—
(=4
a
80\./
E=
‘S
0 g
2
@
(7]
(=]
0 &

Fig. 2a, b. The attenuntion function for an exponential
variation of the surface impedancs. The abscissa is the normal-
ized distance x{ = 2-p/warvclength) for the dipolc.
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To start the calculation, W(0.10) and W(0.11) were
computed from (6); then a formula analogous to
(20) was used to evaluate W(x) at a scquence of
points ending at x = 30. These results were com-
pared with values obtained from (6); at no point did
the magnitude of the relative error exceed 3 x 102,

THE ATTENUATION FUNCTION

As mentioned above, the specification of the func-
tional form of the surface impedance contrast func-
tion F(x) will determine the form of the resulting
attenuation function W’(x). Using the numerical
methods outlined above, some representative results
are obtained for the case where

Z—-2Z'(x) = Ze" (28)

and where Z corresponds to the appropriate value for
a homogeneous lossless ground of relative dielectric
constant ¢,/¢. In this case, we choose

Z/m0 = (/€)1 — e/e,)'”’ (29

llll"lll]ll]lrﬁvv,!vrllvl‘rf
0
081
3 [
o 06
c |
E, -
‘o‘ -
¢ M-

€g/€o'|°

02 Xo* 100 _

0 LllAllllllllllIIlllllllllllll-

0 0 20 30

Vo (Degrees)

which is the exact form for a vertically polarized
planc wave at grazing incidence. The cxponential
variation indicated by (28) is an idcalization for a
ground screen that is tapercd smoothly from the base
of the antenna. Here, we do not dwell on the physical
realizability of such a ground system, although we
could point out that a radial wire system will have a
smoothly decreasing effective impedance as one re-
cedes from the base of the antenna along the ground
surface. For our example, the dimensionless parame-
ter b is a measure of the rapidity of the impedance
taper. For example, b = 0 would correspond to a
perfectly conducting ground plane, whereas b = «
corresponds to a homogeneous earth of surface im-
pedance Z throughout.

Specific values of the amplitude and phase lag of
W’(x) are shown plotted in Figure 2 for ¢,/¢, = 10
and for ¢,/¢oc = 3. The abscissa here is the electrical
distance x measured from the basc of the antenna
along the ground {i.e., x = 2#p/(wavelength)]. Vari-
ous values of b are indicated on the curves. As ex-

1']I]'l'llllll|]1‘Ill'lll'l|"

P (yo)

Pattern

02l €q /€4=3 .
5 X, 100 .

:
0 sdaal e sl eag ey by e s lea g

0 10 20 30
Vo (Degrees)

Fig. 3a,b. The far-field radiation pattern of the dipole as a function of the elevation angle ¢, for an exponentially tapered ground
system that is truncated at x, = 100 (i.c., 2rp, = 100 wavelengths). Various values of b are shown.
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pected, the magnitude of the attenuation function
W’(x) is considerably less than unity for the lower
dielectric constant of the ground. We stress here that
the curves shown in Figurc 2 apply only to a purc
dielectric ground. This would be a rcasonable repre-
sentation for a real physical situation of operation at
HF over relatively dry ground or thick ice layers

RADIATION PATTERNS

Once we have the numerical values for the atten-
uation function W’(kp), the pattern function P(yo)
can be obtained directly from (3) following the
oumerical integration of (4). In this case, the upper
limit po of the integration corresponds physically to
the outer extremity of the ground system.

By use of the numerical results for W’(x) shown
in Figure 2, the pattern function P(y,) is shown in
Figure 3a and 3b for ¢,/¢«; = 10 and 3, respectively,
for xo = kpo = 100. It is not surprising that the low-
angle portion of the pattern is greatly enhanced when

'l'r‘TVll‘l_rT'Ill],l'l'[]’lll
10
08»—
:)? X
a o5l
c L
2 -
°© €q/€5210
9
[+%
04 b=0.01
a2 -
0 i b ool e g g g beas ol s
0 10 20 30

Vo (Degrees)

b is decreascd to small values. In fact, for the case
b = 0.003, the ground system is very similar in cf-
fectiveness to a perfectly conducting circular disk of
radius pa. This fact is confirmed by comparing the
results for b = 0.003 in Figures 3a and 3b with the
curves given previously for a pcricctly conducting
circular disk of the same radius [Wair and Walters,
1963] and for the same values of the relative dielec-
tric constant of the ground.

For(smaller)values of b, the curves in Figures 3a
and 3b are smooth and monotonically increasing
functions of the grazing angle y,. This can be attrib-
uted to the fact that, for the value of xo (or kpo)
chosen, the surface impedance contrast function
F(x) becomes negligible before x reaches xq. Thus,
there is no appreciable scattering from the edge of
the ground system at p = p,. For some practical ap-
plications, this may be a desirable characteristic for
the radiated fields.

The influence of varying the extent of the ground

TTITT1 Trr LI B B S (S B R TrrT LERELA
I tl 1 T L

Plyo)

Pattern

0 RS EUUN ST EEE SRR FEWHNE SN

0 10 20 30
Vo {Degrees)

Fig. 4a, b. The far-ficld pattern for an exponentially tapered ground system showing the effect of different truncation distances
for b = 0.01.

1-150




78 WAIT AND SPIES
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Fig. 50, b. The far-field pattern for an exponentially tapered ground system showing the effect of different truncation distances
for b = 0.1.

system is illustrated in Figures 4a and 45 for ¢,/ c.
= 10 and 3, respectively, for a fixed value of b
( = 0.01). It is not surprising that for these cases the
low-angle patiern is again improved as x. is in-
creased. Also, there is some evidence that the scat-
tered wave from the edge of the ground system is
producing some minor wobbles in the patterns. Simi-
lar results are shown in Figures Sa and 5b, where the
value of b is increased by a factor of 10. Here. the
influence on the finite value of x, is much smaller
because the surface impedance contrast has de-
creased to a negligible value before the ‘edge’ of the
ground system is reached.

In a previous study [Wait, 1967] of tapered ground
systems, the attenuation function W’(kp) was ap-
proximated by unity in the field integral given by (4)
in the present paper. In effect, this is a physical optics
or Kirchhoff type of approximation. It has the merit
of leading to a relatively simple closed-form expres-
sion for the resulting pattern functions. Certainly, for
a truncated ground system of low surtace impedance,
the approximation is very good (i.e., where b &
po X 1 in the present context). Also, if the ground
system taper is sufficiently rapid, the contribution
from the integral in (4), where W*(p) diffcrs appre-

7‘1—1_""l‘71l111l11|r71l1l111
08} JUSREN
- ,’, -4
,/
L. ’ -
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. /s
’ -]
— 05 - ,/ .3,/'
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'5? o / -7 -
bt / -7
Q - /7 //' —
/ ry
i ’ /4 b=10 )
c / ’ H
- - / -4
& 04 p; ’/
- 3
o v/
a n ,/I P -
i , €g/€5=3 )
/,
0‘2 - ’I, XO 2 30 _]
i ——— Integral Equation
- ===-== Kirchhoff Approximation ~
0lng]lLlJ_L'llllllllllllljlll
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Fig. 6. The far-field patiern using the integral solution for
W (x) compared with the Kirchhoff-type approximation which
sets W'(x) = 1 in the ficld integral.
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ciably from unity, would be expected to be negligible,
even when the upper limit p, is effectively infinite.
This fact is confirmed by comparing the computed
pattern function P(y,) for the case (1) where the
integral equation is used to obtain W'(p) and (2)
where B”(p) is replaced by unity. The comparative
results are shown in Figure 6 for ¢,/ci, Where the
value of x, is effectively infinite. As we see from the
plotted curves, the Kirchhofi-type approximation is
overly optimistic for small values of b when the
tapered ground system is effectively infinite in extent.

CONCLUDING REMARKS

The results given in this paper apply to a rather
idealized radiating system. For example, the source
is a Herzzian ground-based dipole and the ground
system is represented by a surface impedance bound-
ary that is allowed to taper smoothly from the source
to the extremity of the system. To consider a more
realistic system, we should take into account the
ohmic losses in the ground, the inductive reactance
of the radial wire ground system, and the finite
height and length of the source antenna. The inclu-
sion of such factors constitutes a straightforward ex-
tension of the present formulation.

In general, we feel that the intentional tapering of

the ground system can lead to major improvements
in the low-angle radiation characteristics of HF
antennas,
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On the Radiation from a Vertical Dipole with an Inductive
Wire-Grid Ground System

Abstract==The far field of a vertical electric dipole on a sectionally
bhomogeneous ground plane is considered. The specific mode!l nsed
is a dielectric-like gr.und which is modified by using an inductive
wire grid or mesh screes in & region swrounding the dipole. Atten-
tion is focused on the modification of the radiation pattern resulting
from the presence of the inductive ground screen. It is demon-
strated that the low-angie radiation msy be greatly enhanced by a
ground screen which extends out to 1S or more wavelengths.

InraopucTioN

The performance of HF antennas is adversely influenced by the
presence of s poorly conducting ground. Unfortunately, for one
reason or another, it is sometimes required to operate a commusics-
tion system with at least one termina! over ice, frozen ground, or
other dielectric-like material. In such cases the low-angle radiation
is greatly reduced. One remedy is to reise the antenna to s height
of several wavelengths. While this may suffice for certain applica-
tions, it usually is sccompanied by deep nulls in the vertical radiation
pattern, not to mention the increased cost of the support structure.
The other remedy is to employ a wire grid or mesh ground mat
beneath the antenna. Not only does this stabilize the imped

Manuscript received Seplember 20, 1969 revised February 4, 1970.
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COMMUNICATIONS

of the antenna but, if it is sufficiently extended, the vertica! radiation
pattern will approach the ideal expected for a perfectly conducting
ground plane. There is now a substantial literature [13-[5] on
the subject of extended ground screens covering both theoretics!
and experimental investigations.

The general theory of the radiation field has been discussed rather
extensively. The method used is based on the compensation theorem
which is closely related to the Lorentz reciprocity reiations for
vector electromaguetic fields. In the actual calculations, it is usually
assumed that the current distribution over the groumd sereen
is identical to that for the same sntenns Jocated over s perfectly
conducting ground screen. If the wire spacing in the ground screen
or mesh is aufficiently amall this may be an excellent approximation.
However, in the general case, the currents excited on the ground
screen will be attenuated or modified due to the nonzero value of
the effective surface impedsnce. In the present communication,
we examine this question. To facilitate the discussion, an idealized
model is employed.

AnavLyricaL MopzL

The situation is illustrated in Fig. 1. A vertical electric dipole
is located on flat ground. The effective surface impedance of the
ground aystem is a constant Z° out to a radius b from the hase of
the antenna. The ground beyond radius b is taken to have a coustant
surface impedance Z. In the present formulation, we assume that
the system is rotationally symmetric. The consequences of this
assumption are discussed later on.

The radiation field E, for a time factor exp (iwt), at a distance
and elevation angle ¢e, is expressibie in the form

Suswolds . exp { —ikR)
- =p Tnr
E 2 W’ (cos ¢o) r

where ue = 4x X 10-7, k = 25/ (wnavelength), and Ids i« the cureent
moment of the dipole. Here, I is a pattern function normalized
such that it is unity over s perfectly conducting ground plane of
infinite extent (i.e.. 2" = Z = 0). Now, followinug an early derivation
[2], the first-order iteration of an integral equation yields

W= (14R)Q+0)/2 (+3

where K, = [sinyge — (Z/n) J/[sitt¢o + (Z/ne)]. ne = 1202, aAnd
Qs a " modification™ which vanishes if the ground sereen is ab-ent
(i.e., Z' = Z or if b —0). In the limiting caze of no ground screen,

a)

B = = (1 +R,)/2 =sinds/[singe + (Z/n) ] (k3

Here, Z/m is the normalized surface impedance of the * unmodified”
ground. If the latter is homogeneous and lossless, we have

Z/ne = (1/K)"1[1 ~ (cos¥e) /KT )

where K is the relative dielectric constant of the dielectric grouucd
The corresponding result for I is exact. If now we focus our attention
on low grazing angles, we see that

W 2= ye/(Z/m) (5)

where (Z/m) == (1/K)'3(1 — (1/K) ], and yo is the grazing angle
in radians. If, for example, K = 3, we have

W 2 43 (3/2'7) = ¢y X 2.12
while if K = 10,

W 2x ¢4(10/3) = ¥ X 3.16.
At s typical angle of 3° we have 3" = 0.111 and 0.163, for K = 3
and 10, respectively. This *cuthack™ effert, where Il varie< lmeariy
with ¢e 8t low angles, is a juence of locsting the antenan vver
a dielectric-type ground.

The modification of the surface impedance in 8 circular region
of radius b, from Z to Z°, results in improving the cutback by a

4

Ik

Fig. t. Esscntial geometry lhowl‘n: fide view of dipole on flat ground
plane.

factor of 1 4+ 0. Also, it can be shown [2] that the ground wave
field of the dipole in alto modified by the factor 1 4+ 0, where this
is to be evaluated as y¢ — 0. In fact, ax we will see below, 1 4+ 0
is essentially independent of ¢, for small angles while, of course,
the pattern factor 1 itself varies linearly with y,.

The working formuls for @ which forms the basis of the present
paper is given by (2]

o - e:rhj:elp (—ikp) Wy (kp) (1 + 1/1kp)d: (ko co8 ¢4) dp
(6)
where
Wotks) = 1 — i(sp)2exp (~p) erlc (1p') 7)

where p = —(ikp/2)(Z /ny)? and F = (Z — Z°)/ne. Here, J, ir
the Brssel function of order ane while I, is a *‘ ground wave stienua-
tion funetion™ which accounts for the modification of the 1angential
magnetic field by the finite surface impedance Z' of the ground
sereen. Often, W, ix replaced by unity which is juxtified, of course,
i Z° = 0 and if back reflections from the edge of the ground rereen
are ignored [5]. One may olwerve that W, is closely related to the
plasma dispersion function [6].

Actually, (G) was derived on the basis that ¢4 ix a small parameter,
hut thic assumption is not averly restrictive and in fact ¢y can be
used up 10 30° or ro with negligible error. Alsu, it shoulil be mentioned
that the attenustion function W, is usually derived on the basix
that 1 Z°/me] <« 1 but, in fact, this is overly restrictive. If, in fact,
the value of Z° ix emploved which is appropriate for grazing in-
cidenre, W, i< valid even when Z' 79y i not smatl [5]. In any cave,
for present pumioses, we will as<ume that the formuins are valid.
Furthermore. the modified surface impedance Z° will be imagined to
be composed of the parallel combination of the ground impedance
Z (evalunted st grazing incidence) and the eflective impedance
Z, of the wire grid. Thus

Z =22,\Z+2) (R)

where 7 = wK-% (1 — K1), i< the surface impedance of the
ground for grazing incidence. If the wire grid spacing is much less
than a wavelength and if ohmic loxses in the wires are negligible,
we know that Z, is purely inductive. Thus we set

Z, = 1nd

where § is a dimensionle<: reactance parameter. A good approxi-
mation is § = (d/\) log, [d/(2%c)] 4+ S,, where d is the spacing
between the wires in the mexh, A, it the frec-space wavelengih. ¢
is the wire radius, and S¢ ic & correction factor which is negligible
il d/ s i= sufficiently small [1], [5]). For present purposes, we will
not dwell on the geometrical parameters of the wire grid, but ximply
specify the effective value of 3.

We strese that, in the present note, the ground ix accumed 1o
he a Joxdese dicleetric. While the theory has been developed for a
general dissipative ground, it simplifics the disenscion if the selntive
diclectric con<tant ix taken to be real. This negleet of condurtion
currente i< valid when ¢/Rew << 1, where ¢ i the conductivity of
the ground.
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Fig-3. Dependence on wire-mesh screen diameter for various reactaoces
of witc mesh for K = 3.

Discussion of NusericaL Resuirs

A numerical evaluation of (6) was carried out for a wide range
of the parameters ¥y, kb, K. and &. The range of integration was
suitably subdivided, and a Gaussian quadrature was spplied to
each subinterval. The detailed tabulations of the pattern factor
W’ and the all-important parameter 1 + 12 are available el~en here
[7]. Here, we will present some of the results in graphical form and
discuss the physical significance of the radiation patterns

In Fig. 2 we illustrate the magnitude of 1 + 0 ar & function of
the grazing angle ¢o. The ordinate which is 20loge | | + 01 v
the decibel ratio of the radistion field with and without the ground
system. The radius b of the ground screen is (100/2x)As or about
16 wavelengths and the relative dielectric constant of the (Inxelexst
ground is 3. Various values of §, the normalized screen reactance,
are shown. Note the dependence on the grazing angle ¢, and the
normalized reactance § of the wire mesh. Actualiy, $ = 0 corresponds
to a perfectly conducting screen of radius b (i.e., the wire spacing d
is effectively zero). The other two curves (i.e., ford = 0.1 and 0.2)
correspond to typical values of the normalized reactance All the
curves in Fig. 2 illustrate that 1 + 52 is approaching a well-defined
limit as ¢y tends 10 zero. The magnitude of the ordmate for thee
small values of ¢y is & measure of .ne ability of the ground screen
to enhance both the iow-angle sky wave radiation and the ground
wave from the dipole. Immediately, we see that the hest groumndl
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screen is not necessarily the one which is perfectly conducting.
More will be raid about this later.

A particularly interesting feature of Fig. 2 in the manner in
which | 1 4 2] varies with ¢4 for the different values of the reactance
parameter 3. In general, we see that as ¢, is increased from zero,
| 1 + 1] decresses to a minimum, then rises again to subsidiary
maximum, and then oscillatex with a sinusoidal-like ripple. As
indicated before [5], for the case 3 = O the pattern can be interpreted
as an interference between the direct radintion of the dipole and
the difflraction from the edge of the ground xereen. The rituntion is
similar for nonzero values of 4, but now the first null in the pattern
occurs st lower angles. This is a consequence of the reduced phase
velocity of the* ground wave™ excited by the dipole along the ground
sereen.

The dependence of the ground screen modification factor | 1 + 0|
on the extent of the ground screen is shown in Fig. 3 for K = 3
and for the vanishingly small grazing angles. Various values of the
reactance parameler  are shown. The dependence on kb for the
$ = O cave is {ully consirtent with the expected proportionality: of
1o (kb)**. A similar trend in observed for other values of § up
to about 0.1. For larger values of 4, there is & marked degradation,
particularly for the larger kb values.

Other calculations [7] show that for 5 values of order of 0.1
the low-angle radiation is maximized. This enhancement can be
attributed 1o the trapped nurface wave character of the ground
wave excited over an impedance boundary that has au appreciable
induetive component. In fact, the magnitude of the ground wave
“attenuntion function” W, may exeeed unity if the numerieal
distance parameter | p | is in the range from 1 1o 10 while at the
<ame time argp > 0. These conditions are met over a portion of
the dictance range in the present cslculations.

ConcLusions

The results given in this note illustrate the rather significant
modifieation, for an inductive-1xpe ground sereen, of the radintion
from HF antennas. It ix believed the present ealeulations are the
firct 1o show the effect of a quasi-trapped surface wave excited on
the ground ccreen. While the model consists of an azimuthal sym-
metric <vetem, the rexulis ean he applied with rome confidence to
sector-shaped ground xereen< if the sector is directed toward the
receiving point. Of course, the angular width of the sector should
be sufficiently Iarge 1o encompass at Jeast one Fresnel zone, as
indicated in some detail elxewhere [5].

The mnjor conclusion from the present wark is that a perfectly
conducting ground screen may not be the hest ground sereen if
low-angle radiation ix to be maximized. We emphasize, however,
that this eonclusion must be tempered by the realization that the
vertical radiation patterus are lexs desirable if the low-angle radintion
18 maximized.

J. R. Warr
K. P. Sries
ESSA Research Labs.
RBoulder, Colo. RIi02
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RADIATION FROM A VERTICAL DIPOLE WITH AN INDUCTIVE
WIRE-GRID GROUND SYSTEM

James R. Wait and Kenneth P. Spies
ESSA Research Laboratories, Boulder, Colo. 80302

Abstract

The far field of a vertical electric dipole on a sectionally homo-
geneous ground plane is considered. The specific model used is a
dielectric-like ground which is modified by using an in.':ctive wire
grid or mesh screen in a region surrounding the dipole. Attention is
focussed on the modification of the radiation pattern resulting {rom
the presence of the inductive ground screen. It is demonstrated that
the low -angle radiation may be greatly enhanced by a ground screen
which extends out to 15 or more wavelengths. However, some rather
curious effects are no*ed, such as pronounced lobes in the verticai
radiation pattern when the reactance of the mesh screen is of the

order of 0,1 times the characteristic impedance of {ree space.
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INTRODUCTION
The performance of HF antennas is adversely influenced by the
presence of a poorly conducting ground. Unfortunately, for one

reason or another, it is times required to operate a communi-

cation systemn with at least one terminal over ice, frozen ground, or
other dielectric-like material. In such cases, the low-angle radiation
is greatly reduced. One remedy is to raise the antenna to a height
of several wavelengths. While this may suffice for certain appli-
cations, it usually is accompanied by deep nulls in the vertical
radiation pattern, not to mention the increased cost of the support
structure. The other remedy is to employ a wire grid or mesh
ground mat beneath the antenna. Not only does this stabilize the
impedance of the antenna but, if it is sufficiently extended, the
vertical radiation pattern will approach the ideal expected for a per-
{ectly conducting ground plane. There ie now a substantial literature
[1-5]) on the subject of extended ground screens covering both theo-
retical and experimental investigations.

The general theory of the radiation field has been discussed
rather extensively. The method used is based on the compensation
theorem which is closely related to the Lorentz reciprocity relations
for vector slectromagnetic fields. In the actual calculations, it is
usually assumed that the current distribution over the ground screen
is identical to that for the same antenna located over a perfectly con-
ducting ground screen. If the wire spacing in the ground screen or
mesh is sufficiently small this may be an excellent approximation,
However, in the general case, the currents excited on the ground
screen will be attenuated or modified due to tiie non-zero value of the
effective surface impedance. In the present paper, we plan to ex-
amine this question, To facilitate the discussion, an idealized

model is employed.
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THE ANALYTICAL MODEL

The situation is illustrated in Fig. 1. A vertical electric dipole
is located on a flat ground. The effective surface impedance of the
ground system is a constant Z' out to a radius b from the base of
the antenna. The ground beyond radius b is taken to have a constant
surface impedance Z . In the present formulation, we assume that
the system is rotationally symmetric. The consequences of this
assumption are discussed later on.

The radiation field E .' for a time factor exp{iwt), ata

distance R and elevation angle Uyt is expressible in the form

iuo wlds e-ik R
- e ————— L]
E = T w (colto) R {1)
where M, = 4T 10'7 . k = 2u/(wavelength), and Ids is the

normalized such that it is unity over a perfectly conducting ground
plane of infinite extent (i.e., Z' = Z = 0), Now, following an early

derivation [2],

W' e (14 nv) +q)/2 (2)

= i - i = L4
where R [sin "o z/ no)]/ [ein "o + (Z/no)]. ", 1207, and
) is a "modification’ which vanishes if the ground screen is absent

(i,e.. Z' = Z orif b= 0). Inthe limiting case of no ground screen,

W' oW o= (le nv)/z = mwo/( sing + (Z/no)] . (3)

Here, Z/v1o is the normalized surface impedance of the "unmodified"

ground. If the latter is homogeneous and lossless. we have

2/, = (vx)*[x-(co.*%)/m* . 4
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where K is the relative dielectric constant of the dielectric ground,
The corresponding result for W is exact. If no- w~e focus our

attention on low grazing angles, we see that

w - Uao/(Z/nc) (%)

where (Z/no) ~ (l/K)é[l -(l/K)]}. and ¥ is the grazing angle

in radians. U, for examp,e. K= 3, wehave

w o~ (3/22") = % v 22

while, if K= 10,

W= ¥ (10/3) b ox3.16 .
At a typical angle of 3°we have W = 0.111 and 0.165 for K 2 3

and 10, respectively. This "cut-back' effect, where W varies linearly

with tvo at low angles,is a consequence of locating the antenna over a
dielectric-type ground.

The modification of the surface impedance in a circular region
of radius b, from Z to Z', results in improving the "cut-back"
by a factor of 1+ (). Also, it can be shown [2] that the ground wave
field of the dipole is also modified by the factor 1+ 2, where this
is to be evaluated as &'o = 0. Infact, as we will see below, 1+ Q
is essentially independent of wo for small angles while, of course,
the pattern factor W' itself varies linearly with wo .

The working formula for 2 which forms the basis of the present
paper is given by

b

k F -i kp {
Q= “Cerw, Se W‘(ko)(l* '\kp)J‘ (kp cos 4 ) dp . (6)

]
where

s .
W‘(kp) z 1 «ai{mp) e Poertc (i pi) . (7)
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p = - ‘-’Z‘—E(f—'j and F = (2-2')/r_ . Here. J, isthe
Bessel function © of order one while W isa "'ground wave attenu-
ation function" which accounts for the modification of the tangential
magnetic field by the finite surface impedance Z' of the ground
screen. Often, W is replaced by unity which is justified, of course,
if 2' = 0 and if back reflections from the edge of the ground screen
are ignored [5]. Some simplifications and limiting cases of (6) are
discussed in the A ppendix.

Actually, (6) was derived on the basis that 00 is a small
parameter, but this assumption is not overly restrictive and, in
fact, to can be used up to 30° or so with negligible error. Also,

it should be mentioned that the attenuation function W_ is usually

derived on the basis that IZ‘/ﬂol << 1 but, in fact, t:il is overly
restrictive. If, in fact, the value of Z' is employed which is
appropriate for grazing incidence, Wg is valid even when Z'/ﬂo is
not small {5-7). In any case, for present purposes, we will assume
that the formulas are valid. Furthermore, the modified surface im-
pedance 2' will be imagined to be composed of the parallel combina-
tion of the ground impedance Z (evaluated at grazing incidence) and

the effective impedance Z' of the wire grid. Thus,

Z' = ZZ /(2 R ’ 8|
ll/( +z') (8)

where Z = MR K-* 1- K-l)i. is the surface impedance of the
ground for grazing incidence. If the wire grid spacing is much less
than a wavelength and if ochmic losses in the wires are negligible, we
know that Z‘ is purely inductive, Thus, we set

Z‘ = ino [
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where & is a dimensionless reactance parameter. A good approxi-
mation is & = (d/xo) loge [d/(2nc)] + Sc where d is the spacing
between the wires in the mesh, xo is the free-space wavelength,
c is the wire radius, and Sc is a correction factor which is
negligible if d/)\o is sufficiently small {1, 5]. For present purposes,
we will not dwell on the geometrical parameters of th: wire grid. but
simply specify the effective value of 8.

We stress that, in the present paper, the ground is assumed to
be a lossless dielectric. While the theory has been developed for
a general dissipative ground, it simplifies the discussion if the
reiative dielectric constant is taken to be real. This neglect of
conduction currents is valid when /K cow << 1, where 0 is the

conductivity of the ground.
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DISCUSSION OF NUMERICAL RESULTS

A numerical evaluation of (6) was carried out for a wide range

of the parameters ¢ , kb, K, and §. The range of inteyration
o

was suitably subdivided and a Gaussian quadiature was applied to each
subinterval. The detailed tabulations of the pattern factor W' and

the all-important parameter ) + () are available from the authors.
Here, we will present some of the results in graphical form and

discuss the physical significance of the radiation patterns.

In Fig. 2, we illustrate the magnitude of 1 + £ as a function of
the grazing angle 00 . The ordinate which is 20 loglo [1+Q] e
the decibel ratio of the radiation field with and without the ground
system. For this figure, the radius b of the ground screen is
(100/2')).0 or about 16 wavelengths, and the relative dielectric
constant of the {lossless) ground is 3. Various values of &8, the
normalized screen reactance, are shown. Actually, & = 0 corres-
ponds to a perfectly conducting screen of radius b {i.e., the wire
spacing d is effectively zero). The other two curves (i.e., for
8= 0.1 and 0.2) correspond to typical values of the normalized
reactance. All the curves in Fig, 2 illustrate that 1+ is approach-
ing a well-defined limit as wo tends to zero. The magnitude of the
ordinate for these small values of "o is a measure of the ability of
the ground screen to enbance both the low-angle sky wave radiation
and the ground wave from the dipole. Immediately, we see that the
'best’" ground screen is not necessarily the one which is perfectly
conducting. More will be said about this below.

A particularly interesting feature of Fig. 2 is the manner in
which ll +Q | varies with wo for the different values of the reactance
parameter 6 . In general, we see that as wo is increased from zero,
l1+Q | decreases to a minimum then rises again to subsidiary

maximum and then oscillates with a sinusoidai-like rippie. As
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indicated before [5], for the case % = 0. the pattern can be inter-
preted as an interference between the direct radiation of the dipole and
the diffraction from the edge of the ground screen. The situation is
similar for non-zero values of &, but now the first null in the pattern
occurs at lower angles, This is a consequence of the reduced phase
velocity of the'ground wave' excited by the dipole along the ground
screen,

The influence of the extent of the ground screen is illustrated in
Fig. 3for 8=0 andin Fig. 4 for 6 = 0.10., As expected, at low
angles, the pattern modification factor |1 + | is proportional to
(kb)* for & = 0, but this is only approximately true for 5= 0.1 .
Also, we see from Fig. 3 that, for & = 0, the factor |1+ Q] has
a relatively weak dependence on lbo . at least for low angles. Again,
as expected,for § 2 0 the first null occurs at the lowest angles for
the largest value of kb . A similar but more marked trend is seen
in Fig. 4, Here, again the relative slowness of the ground wave on
the screen is producing a more drastic mutilation of the pattern,

The dependence on the relative dielectric constant K of the
ground is illustrated in Fig. 5 for kb = 100 and & = 0.10 . While
only two values of K are shown (i.¢., 3and10), the results are sufficient
to demonstrate that |l + ﬂl . at low angles, is greater for the lower
value of K {i.e., ground screens are most effective for the poorer
ground conditions]. Also, we note from Fig. 5 that the general form
of vertical radiation pattern {(i.e., the variation with "o) is not
critically dependent on K.

The dependence of the ground screen modification factor Il + Q‘
on the extent of the ground screen 18 shown in Fig. 6 for K= 3 and
for the vanishingly small grazing angles. Various values of the re-
actance parameter & are shown. The dependence on kb, for the
8 = 0 case, is fully consistent with the proportionality of 2 to (kb)i_ as

discussed in the A ppendix. A similar trend is observed for other
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values of & uptoabout 0.1 . For larger values of 5, thereisa
marked degradation, particularly for the larger kb values. The
same effect is observed in Fig, 7 when K = 10.

The actual dependence of l1+ 2| om & is illustrated in Fig. 8.
Here, we see that, for & values of the order »>f 0.1, the low-angle
radiation is maximized. This enhancement can be attributed to the
trapped surface wave character of the ground wave excited over an
impedance boundary that has an appreciable inductive component. In
fact, the magnitude of the ground wave "attenuation function" wg
may exceed unity if the numerical distance parameter lpl is in the
range from about 1 to 10, while at the same time, argp> 0.
These conditions are met over & portion of the distance range in the
present calculations,

The departures of the attenuation function W‘ from unity over

the range of the distance p are illustrated in Tables la and Ib for a

selected set of parameters. The values of W8 based on (7) are shown

in the tables in complex polar form, It is evident, for the distance
ranges involved, [¥ l exceeds unity by a substantial amount. How-
ever, if the reactance 8 is increased beyond about 0.1, it is evident
that IWBI decreases significantly below unity. Thus, the behavior
of W

8
of the radiation patterns discussed above.

indicated in Tables Ia and Ib is consistent with the features
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20
50
100
200
300

«10-

Table la

Amplitude and Phase of W for K =3
g

0.02
1.055(-3. 4%
1.078(-4. 8%
1.127(-7. 7%
1.183(-11,1%
1.268(-15,9°)
1.337(-19. 8%

0.1
1.224(-19.79
1.323(-28. 59
1.523(-47.19%
1. 744 (-69. 8%
2.004(-105. 3%
2.120(-135.2%

0.2
1.241(-41.5°)
1.306(-60.2°)
1.335(-99.13°
1.179 (-146, 0%
0.696(-146. 8%
0.310(-99. 8°)

kp =10
20
50
100
200
300

Table Ib

Amplitude and Phase of Wg for K =10

0.02
1.053(-3.5°)
1.076( 4.9%)
1.123(-7.9%)
1.178(-11.3%
1.259(-16.2%)
L 324(-20.2%)

0.1
1.169(-20.1°%)
1.237(-29.0°)
1.362(-47.4%
1. 477(-69. 4%
1. 563 (-102. 8%
1. 546(-130.1°)

0.2
1.075(-38.1%
1.069 (-54. 4°)
0.990(-86.9°%)
0.812(-123.0%)
0.495(-169.4°%)
0.286(-162.7%)
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CONCLUDING REMARKS

The results given in this paper illustrate the rather significant
modification, for an inductive-type ground screen, of the radiation
from HF antennas. It is believed the present calculations are the
{first to show the effect of a quasi-trapped surface wave excited on
the ground screen. While the model consists of an azimuthal symmetric
system, the results can be applied with some confidence to sector-
shaped ground s..-«ns if the sector is directed toward the receiving
point. Of course, the angular w.ith of the sector should be sufficiently
large to encompass at least one Fresnel zone, as indicated in some
deta:l elsewhere [5]. '

The major conclusion, from the present work, is that a perfectly
conducting ground screen may not be the best ground screen if low-
angle radiation is to be maximized. We emphasize, however, that
this conclusion must be tempered by the realization that the vertical
radiation patterns are less desirable if the low-angle radiation is

maximized.
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APPENDIX . Analytical Simplifications

While the general equation (6) can be employed for numerical
work, it is desirable to investigate the analytical structure of the
integral form and examine certain limiting cases,

First of all, we decompose {6) in the following manner:

Q = 9.4' Qb

where ka
F -ix 1
a - -Wge \\é(x)(li'-i;)J,(xconwo)dx (9a)
o
and b
kF -ikp L
nb = -¢°'w° e Wg(kp)(li'ikp)l‘(kpCOlwo)dp

s {9b)

Now we usually choose the parameter ka so that, for 0<x < ka,
W(x) can be approximated by | in the integral for ﬂa while, at the
same time, ka is sufficiently large that J; (kp cos lbc) can be ade-
quately represented by its asymptotic approximation in the integral

for ﬂb .

With the judicious choice of ka indicated, we find that

a, - LA T R (10
w here
ka
G(ka) = e”’/‘g e"x<l + il’;‘.!,(x cos ¢’°) dx (11)
o

is an integral which has been tabulated and discussed rather

thorougnly [8]. Thus, we can dispense with it.
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In the integral for Qb , we now utilize the fact that kp >> 1.

Then, in the integrand,
1

It T
and
~ik e-i /4 -ikp(l-cosi,) -ikp(lt+cos¥,)
J,(kpcoswo)e P o [e o - e °J .

(Zakp cos bo)

Then, (9b) is approximated by

. b
Q = RL7L I 1 [5‘ Wikp) -ik(l - cos ¥glp
® 2ot v )t wwil] o7

b _ .
. iS‘ wu;g) o-ik(ltcos¥)p a]. a2
a °

Now, for small angles of wo' we see that the {irst integral in square
brackets above is dominant because of the highly oscillating term
exp [-i k (1 + cos wo)p] in the second integral. In fact, this second
integral can be interpreted as the contribution from the back edge of
the ground screen. While this contribution could be retained without
difficulty, we will discard it here,

Using the definitions of W(kp) given by (7), we now find that (6)
is given by
Qb _F e'\11/4 [(%é b e.ik(l ;colbo)pdp

( ¥ o)i 4

2cos?
a

iké aigc-cp e-ik(l-ctuuo)P x erfc [i(ﬂp)i]dp] ,

a
(13)

where a = =ik (Z'/no)‘/?. . Now, the first integral in the square

bracket above can be converted to a Fresnel integral and the second
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can be evaluated by integration by parts. Thus, after some manipu-
lation, we find that by
in/4 ik{l-cos wo) (41b/m) " ain w /2)

f[lm(w72) etik(l-cosy ) exp[é-:(ﬂ/l) =) dz
° (axa/m sin(y /2)

F e
{2 con‘& )

ﬂb'-

Coea?
(ka) - . 2
;T-i-iﬁ-_?mo—)-(.exp (-cb-lk(l-cOl&o)b] erfec [if{ab}®]

- exp(-aa - ik(l-col&o);] erfc [i(aa)i))]

(14)
U now w ~ 0, weobtain the limiting form
idn/4¢
.——;——-C‘) [ P ere [i(cb)*] - ™" erte [i(ca)i]]
(15)
Y, in addition, since Iaal has already been assumed small,
131!/4
e, ~ ("\ [ ® artc (i (eni?] - x] . (16)

In the extreme limiting case where ) [ b) << 1, we obtain the simpie
form

e - Feke/m? ™t an
which is well known [S]. It corresponds to the case where the ground
wave attenuation function Wl is effectively unity over the whole ex-~
tent of the ground scteen. This can be seen by returning to (13) or

(14) and setting ¢ = 0, whence
(4 kb/') sin (¥ /2)
F ci v/ 1

Q =~ exp [-i(n/2) z‘ ] dz (18)
b * s (p /2) S
(2cos?¥ ) °  taxam? ein %./2)

-1




(1)

{21

(3]

{4

(sl

(6]

(7

(8

15

which is also well known [5]. Then, if now we let § -~ 0,
o

a - Flzwm? p? - a%) /4

~ Faxe/mt it (19)

which is consistent with (17) above.
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Calculated pattern of a vertical antenna witha
finite radial-wire ground system

David A. Hill and James R. Wait
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(Received August 7, 1972.)

The appropriste form for the surface impedance of a radial-wire ground screen is utilized
to obtain quantitative effects of the important parameters (number of radials, length of
radials, wire radius, and ground constants) on the low-angle radiation of a vertical antenna.
An spproximate correction term is derived to account for currents reflected from the edge

of the screen. The effect is small for large screens, but it may be important for smaller screeas.

INTRODUCTION

Wire ground screens are commonly used to en-
hance low-angle radiation from HF antennas. The
theory of impedance ground screens has been treated
quite generally [Wait, 1963, 1967a; Collin and
Zucker, 1969), and extensive numcrical work has
been done [Wait and Walters, 1963; Horn, 1967,
1968]. The complication of an exponentially varying
impedance ground screen has also been examined
[Wait, 1967b), and an integral-equation approach
has been used to determine the attenuation of the
ground wave over the screen [Wait and Spies, 1969,
1970].

Here we consider a radial-wire ground screen
which bas a varisble impedance as a result of its
variable wire spacing. Through the use of such a
ground screen, the dependence of the low-angle radi-
ation on the important parameters (number, length,
and radius of radials) can be directly examined.
‘Also, the importance of the wave reflected from the
edge of the screen is evaluated by an approxmiate
method. Such an evaluation is important since the
possibility of such waves is ignored when using the
usual impedance representation of the ground screen.

VARIABLE IMPEDANCE FORMULATION

The geometry of the transmitting antenna and cir-
cular screen is shown in Figure 1. The screen is of
- radius a while the source is a Hertzian dipole of cur-
rent moment I/ located at the origin. As indicated,
the clevation angle y equals 8 — »/2. In addition, Z

Copreaht @ 1973 by the American Geophysieal Ut

is the impedance of the ground, while Z’(p) is the
parallel impedance combination of the screen and the
ground.

The far-zone radiated magnetic field with no
screen present, H,°(y), is given by the geometrical-
optical formula

H,(¢) = kil exp (—W))/«r}n + R,)cos ¢ (1)
where

R, = [sin ¥ — (Z/%))/[sin ¥ + (Z/n0))
Z/ne = ¢,"'’1 — (cos’ ¥)/e,)'”?

where ¢, is the relative complex dielectric constant of
the ground, & is the wave number, and v is the in-
trinsic impedance of free space. In writing (1), and
in what follows, exp(isf) time dependence is as-
sumed.

With the screen present, the far-zone magnetic
field Hy(y) is given by

Hy¥) = B (¥X1 + @ + Q,) 2)
where 0. is a correction for the wave reflected from
the edge of the screen and where

2 = (=k/cos ¥} | WUp)IZ — Z'(o))/m)

-exp (—tkpX1 + 1/ikp)J\(kp cos ¥) dp
where J, is the first-order Bessel function and W’ (kp)
is the unknown attenuation function.

The determination of W’'(kp) is a considerable
task in itself, and conscquently, we choose to make
the simplifying assumption W’(kp) = 1. The validity
of this assumption for an exponentially tapercd im-
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z (Z'(p) >p

Fig. 1. Vertical electric dipole located at the center of a
radial-wire ground screen.

pedance has been studied by Wait and Spies [1970),
and they point out that the assumption is essentially
a physical-optics or Kirchhoft approximation. Their
oumerical results indicate that this approximation
yields a slightly larger value for 1 + 0, than the
more rigorous calculation in some cases, but almost
no difference in others.

The paralicl impedance of the screen and ground
for grazing incidence is given by [Wait, 1959]:

Z'(p) = 22,/(Z + 2,) 3
where
Z = [5/(e,"" )1 — ¢,7')"? aty =0
Z, = (iwpop/ N) In (p/ Nb)

where b is the radius of the wire (assumed perfectly
conducting) aud N is the number of radials. By sub-
stituting (3) into (2) and making a change of vari-
able, we obtain a form suitable for computation:

- — (ZZ 10)
i v

: j"'!sm—:xm: + imhceos )
o 1+ {x/UZ/n)N]] Tin (x/ Nkebd)]

Evaluation of (4) and numerical resulls are dis-
cussed later,

CORRECTION FOR REFLECTED CURRENTS

Since the edge of the ground screen rewults in a
discontinuity in the surface impedance, a reflected
wave is to be expected. Equivalently, since the cur-
rent of the ends of the radial wires must be zero to
satisfy the continuity equation, a reflected current is
necessary to produce zero wire current at the end.
Since this current is normally neglected, it is desirabie
to determine whether it has a significant eflect on the

far-zone pattern. Since a rigorous computation of the
reflected current would necessitate the solution of an
extremely complicated boundary-value problem, we
choose to make the following simplifying assump-
tions: (1) the reflected current at the cdge is the
negative of the primary screcn current (equivalent
to —1 reflection coeflicient), and (2) the reficcted
current propagates inward with the known propaga-
tion constant for a wire located at the interface. If
anything, assumption (1) above will be an overesti-
mate of the magnitude of the reflccied wave,

Now, the primary surface-current density carried
by the screen at p = a is given by

J,’(a) = [E,(a))/Z.(a)) (5)
Furthermore, the radial clectric ficld can be approxi-
mated by

En(a) = -Z,'(O)H.. (a) (6)

where Hg™ is the magnetic ficld which would exist if
the ground were perfectly conducting.

Using (3), (5), and (6), the reflected current,
J,’(a), at the edge can be writicn

(@) = [Z/(Z + Z.))H, (a)

~ ik 11 4+ 1/ika) exp (— ika)

= 2xall + ika/[N(Z/na)] [In (ka/ Nkb))}
Then the inward traveling current J,7(p) is approxi-
mated by

m

1 (p) = J, (aXa/p) exp [—iku(a — p)]  (B)
where k.. = k[(¢, + 1)/2)*/* is the propagation con-
stant for the wire in the interface (Wait, 1972). The
factor (a/p) results, of course, from the convergence
of the ingoing wave.

Now that the current density is known, the far-
zone reradiated magnetic ficld Hq'(¢) can be calcu-
lated from a straightforward surface integration.
Thus

HS () = [[—ik(l — R,)sin ¢ exp (— ikr)}/4xr}
e
/: pl.'(p)[j: cos ¢ exp (ikp cos ¥ cos ¢) dé] dp

%

where the factor (1 — R,) sin y can be derived by
reciprocity. The ¢ intcgration can be done cxactly by
using the integral representation of the first order
Bessel function. Also, we note that

(1 = R)siné = () + RXZ/n.) (10)
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where Z is the y-dependent form as given by (1).
Consequently, Hyf(y) is given by

HS' () = k(1 4+ R.XZ/no) exp (—ikr))/2r

j: pJ,(p) Jikp cos ¥)dp (1)

The change in the far-zone pattern due to reflected
current 0, that was introduced in (2) can now be de-
fined by:

Q, 2 HS(W)/H'(¥)

o (1 + 1/ka)lZ($)/n0] exp [— itk + k,)a]
= cos ¥ |1 + ika/{N(Z/%)] In (ka/ Nkb))

- f " J(x cos ¥) exp litkoSiMxl dx (12)
o

where Z(y) indicates the y-dependent form rather
than the grazing incidence form that appears in the
denominator.

In general, the integral appearing in (12) requires
numerical evaluation. However, for large screens
(i.e., ka *» 1) and if k, has a significant imaginary
part (—Im (k.a) > 1], the main contribution to
the integral occurs for large x. Consequently, the
Bessel function is approximated asymptotically as
follows

5@ ~ [1/(2x2)"’}
{exy iz — 3x/4)] + exp [—i(z — x/4))] (13)
Coasequently, 02, can be expressed in the form

1. ~ {l—itk/a)"*V/(k, % k cos ¥)]
-exp lilatk, & k cos ) F (3x/4))] (16)

Finally, on substituting (16) into (14) and replac-
ing k, by its definition in (8), we obtain

=12}/ na] exp (— ika)

Q,~
(2xka)'*(cos¥)/*((1 + | ika/IN(Z/ no))i [intka/ Nkb)]))

'{exp litka cos ¢ — 3x/4)]
(. + 1)/2)'* + cos ¥

4 & (—~i(ka cos ¥ — 3'/4)1} an

le. + 1)/2)” — cos ¥

We note that for large ka, 01, becomes quite small.
This is to be expected, since the individual wire cur-
rents decrease, and the increased spacing results in
an effectively small surface-current density. Equiva-
lently, this can be thought of as the result of a large
surface impedance at the edge of the screen.

NUMERICAL RESULTS

In order to estimate the importance of reflected
currents, the quantities |1 + 0,] and |1 + 0, + 0,
were evaluated for various screen sizes, numbers of
radials, and complex dielectric constants. 0, was
evaluated by a numerical integration of (4), and 0,
was evaluated from the asymptotic form in (17). A
comparison of the two quantities is given in Figure 2
for a moderate-size screen (ka = 30). The value for

(Z(¥)/70) exp [— ik + k.)a]

Q.

where
1, = exp (F i3x/4)
. [ " lexp litko/k £ cos ¥xll/x"") ax
By a change of variable, we find that
1, = {lexp (Fi3e/4))/[(ko/k % cos ¥)'}|

tdothose ¥le
. [ lexp (2))/2'*} &2 (19)
[ ]

The leading term in the asymptotic -=presentation of
1. can be obtained either from the asymptotic expan-
sion of the Fresnel integral for complex argument or
from an integration by parts. Thus, in either case.

= (20) 7 (cos )71 + {&ka/IN(Z/ %)) (ln ka/ NkB)I))

{1, + 1] (14)

kb correspoads vo $#14 wire at a frequency of 30
MHz. The effect of reflected currents is less than .1
db for all angles, and, for larger screens, the effect is
even smaller. For small screens in which the effect
may be of some importance, the asymptotic form
in (17) will probably not be valid, and a numerical
integration of (12) is required. However, tais should
pose no problem since the integration interval (G —
ka) will not be large.

The effect of the number of radials for a larger
ground screen (i.c., ka = 60) is shown in Figures
3 and 4 for two representative values of ¢,. It is seen
that significant improvement is obtained by increas-
ing the number of radials. For both cases, the eflect
of . is insignificant.
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Fig. 2. The effect of edge-reflected currents: ka = 30;
kb=0512 X 10°%, ¢, =3 —i{.3,and N = 150.

The effect of screen size is shown in Figures 5 and
6. 1t is scen that little is to be gained by increasing
ka and that the pattern becomes more osciliatory at
larger angles for increased ka. Again, the effect of

Q, is insignificant.

-4

9 T ] T
Nz150

l14aq]| tdm)

4 I 1 ]
0 5 0 15 20 25 30
v (degrees)

Fig. 3. Tbhe effect of the number of radials for s small
dislectric constant: ¢ = 3 — { 3, ka = 60, and kb =
0.512 x 10,

liegg] (am)

0 L 10 15 20 25 30
Y {degrees)
Fig. 4. The effect of the number of radiais for a larger
dielectric constant: ¢ = 10 — i 2, ka = 60, and kb =
0.512 X 10,

CONCLUDING REMARKS

It was found that the effect of currents reflected
from the edge of the screen is quite small when the
screen is reasonably large (i.e., ka > 30). However,
the situation is not quite so clcar-cut for smaller
screens, and a numerical integration is required to
yield quantitative results.

For radial-wire screens, greater improvement can
be obtained by increasing the number of radials
than by increasing the lengths of radials.

Since these calculations are based on a simplified
model in which the unknown sttenuation function of
the ground wave is set equal to one, a worthwhile ex-
tension would be to solve the integral equal for the

0 5 0 15 20 25 30
Y (degrees)

Fig. 5. The effect of screen size for s small dielectric con-
stant: o, = 3 = 1.3, N = 100, and kb = 0.512 x 10°%.
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2 i 1 { { 1
0 1) (1] 15 20 25 30

Y (degrees)

Fig. 6. The effect of screen size for a larger dielectric con-
stant: ¢ = 10 — {1 2, N = 100, kb = 0.512 x 103,

attenuation function. Such a procedure would im-
prove the accuracy of both n, and ,. However, we
do not feel that the conclusions would be appreci-
ably modified.
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Editor's Note. Readers are reminded that in shilling-

fraction notalion, a/bc is to be interpreted to mean
a/(bc).
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Effect of Edge Reflections on the Performance of
Antenna Ground Screens

DAVID A. HILL axp JAMES R. WAIT

Abstract—A method for computing the effect of the wave reflected
inward from the edge of circular ground screens is developed.
Numerical results show that the refiected wave is unimportant to
the performance of very large screens and only of small importance
for moderate size screens. However, as the screen size is further
decreased, the relative importance of the reflected wave increases.

1. INnTRODUCTION

Wire ground are Iy used to improve the per-
formance of HF antennas operating in the presence of s poorly
conducting ground. The improvement in the radistion field has
been discussed extensively [1]-[4], and the methnd of analvsis
was based on the compensation theorem. In such treatments, the
effect of & wave reflected inward from the edge of the screen has
been considered negligible. In this communication we develop s
method for evaluating the importance of the inward reflected wave
for circular ground screens of constant surface impedance.

I1. FormvLaTioN

The geometry is illustrated in Fig. 1. A vertical Hertzian dipole
of current moment 1! is located at the center of a circulsr ground
screen of radius a. The effective surface impedance of the ground
system in & constant Z’, and the ground beyond radius a has a
constant surfsce impedance Z.

The far-sone magnetic field H,(¢¢) can be written in the foliowing
form (1]:

Holge) = tkIl(1 + R.) cos yeexp (—~ikr) (1 +0) m

4xr

where R, = (sinve — (Z/n0))/[sinde + (Z/50)], k is the wave
number, # is the impedance of free apace, snd sn exp (iwf) de
pendence is amumed. If the ground is homogeneous, the normalized
surface impedance Z /w, is given by (4]

1/8 ') L]
z, (_l) [1 _ feos m]* @
L L L

where ¢, is the relative complex dielectric constant. The term 0
accounts for the presence of the screen and vanishes if the screen
i abeent.

As indicated by (1) the far-zone pattern is modified by a factor
1 + 61 It ean also be shown that the ground wave is modified by
1 + 82, where 0 in evaluated ax ¢4 approaches sero [1].

For convenience, 1 is now split into two parts:

Q= 0 (&)}
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Fig 1. Vertical electric dipole at center of circular ground screen.

where 1l it the usual form whick neglecis reflections from the edge
of the eereen and 0, is & correction term which accounts for the
reflection. First of all we koow from previous work [1] that
is given by
-F - ( 1 )
Qe = —— exp (—ikp)W, (ko) [ 1 + Jitkpeos go)kdp (4)
cos ¥y ° ik,

where F = (Z — 2')/m, J, is the first-order Bessel function and
Wolkp) = } — i(xp)"2exp (~p) erfe (1p'?) where p = — (ikp/2)-
(Z',/%). In the preceding, I1', ix a ground wave attenuation function
which accounta for the modifieation of the magnetic field by the
finite surface impedance Z°. In general, a numerical evaluation of
(4) i= required, and the rubsatitution z = kp ix useful.

The modified surface impedance Z’ is arsumed to be the parallel
combination of the ground impedance 7 (at ¢y = 0) and the effective
impedance Z, of the wire grid [4]). Thus

. zz,
Pt eprmseerrrmsaete .
=T z)’ ®)
If the wire grid =pacing is murh Jees than a wavelength and the
wirex are highly conducting, then Z, i< purely induetive [3], [4]
and we may set Z, = ind, where § is dimensionless and independent
of P.

An estimate of fI, can be derived by madifving the magnetic
field over the screen to include a reflected wave. Mathematieally,
this is equivalent to rewriting (4) with the following transformation:

exp (~ikp) Wy (ke) (1 + .l)
tkp,

. . 1
s exp ( —tka}W,(ka) (l + m) R(p) (6}

where
Fexp (—iv/4) exp [=ik(a — )]
2(2«)'{k(a — p) "

The factor R(p) is & reflection function which was derived from an
earlier analyris involving reflection of a ground wave from a land-sea
boundary (8], and we assume here that R(p) is nut affected by the
curvature of the boundary. The singular nature of R(o) st p = g
suggests that the integral be rplit into an integrable term involving
the singularity and a remainder. Thus

—Flexp[—itka + «/4)]

1
w — 1.
Qe => 2025 con g™ o(ka) (l +|'h|)’ ()]

R(s) = w,lkia -3

where

b
1. = 2(ka)""J, (ks cos o) + f (ka = 2)-10|  J, (ka cos va)
]
4W,(ka — 1) exp [—1(ka — 2)]Ji (2 cos ¢u) | dz.

The integrand now is well behaved, and (7) is a suitable form for
sumerical evaluation.

113. Nuvmerical Resvirs

A numerical evaluation of (4) and (7) was carried out for rangrs
of intere<t of ¢, ka, . and §. It war found that, for large screens
(ka 2> 100), 0, had an insignificant effect ( <0.1 dB) on the quantity
1+ 0. In Fig. 2 we illustrate results, at grazing incidence for a
poorly conducting ground, for two somewhat smaller screens.
Even here, the maximum difference in the curves with and without
the reflecied wave is only about 0.2 dB and the value of § which
vields the maximum value of |1 + 02| st ¢y = 0 ix essentially
unchanged. As ka decreases, the ratio |9, 1/} 6k | increases. How-
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ever, small screens are usually of minor interest here because they
do not enhance the radistion field sufficiently. Resulta for Jarger
screens are shown in Fige. 3 and 4, with 12, being innignificant to
graphical accuraey in each ease. The optimum value of § decreases
slightly with increasing ke and with increasing i¢, | .

‘The optimum value of 3 for ¢y = 0 yields a less desirable pattern
for higher angles [4). This is showr: well in Fig. 5 where the pattern
for the optimum value of 8 for ¥ ~ 0 (ax determined from Fig. 3)
is compared to the pattern of the perfectly econducting disk. For
increasing §, the nulls are seen to orcur for smaller values of ¢,

1V. CoxcrLuvaiona

The results confirm the validity of earlier eslculations for large
ground screens where waves reflected from the edge of the screen
have been negiected. In fact, even for moderate sizes (ka =~ 25),
the reflections are relatively unimportant and do not change the
general trends. However ax ka decreaxes, the relative importance
of the reflected field increases.
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RIASSUNTO. - Usando o della Comp one, 51 oltengono le cspressions

ul primo ordine der compr Jdi rad) di unm’ o lo posta sopra una

superficie rregulure con comdutivita fimte. Si comsuiera il caso 4 stmmeiria Ji rotu-
zune. © 30 upplicano ¢ resultate ol case 1w cup Fantenng ¢ posta sopra uma pattaformg
circolare con parets inclingte. Si mosira che | guadagno J'amienna ¢ Peccrtazione delle
onde di terra somo maggtors che nel caso di uns superficic umilormemente putia.

SUMMARY . . Using the Compensation Thearem, prstorder expresstons are obtained
Jor the sadigtson pelds o] u monopole antenna located over an trregular cround sur.
face with fimte conductierny The aztmuthdlls symmetric case 15 considered und the
results are applicd 1o the suuation where the manopoic 15 lovated on un clevated
arculur  platcan with sloping stdes. It a5 mdicated that the ontenmna guin und the
ground waeve cxcitation are embanced over thur ior & unmiformiv fur surisce

Introduction.

There are a number of important applications where the irregular
ground surface influences the desited performance of antennas. For exam.-
ple. in many H. F. communication svstems. the total transmission loss is
criticallv dependent on the nature of the radiation at low angles from the
transmitting antenna.

In this note. we present a general first-order theory for calculating
the radiation field of 4 monopole antenna located on or over an irrepular
boundary. The development is based on the electromagnetic Compensa-
tion Theorem in the form developed by Monteath (1) over twenty vears
agc. The full scope of the Compensation Theorem has not alwavs been

{*) Dept. of Electrical Engineering, Bldg. 20. University of Arizona. Tucson.
AZ. 85721,
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appreciated, since Monteath only illustrated its application to relatively
simple problems. Also, it has only been realized quire recemly that the
formulation is sufficiently general to facilitate integral equation solution
of rather complicated problems (2). For the present, however, we shall
invoke physical approximations with a view to obtaining relatively con-
cise first-order expressions for the radiation pattern of a vertical monopole.

Formulstion.

As illustrated in Fig. 1, we located a vertical electric dipole of effec-
tive length 4 at point A over a deterministic surface z = f{x, y), where
7z = 0 is the reference surface. At some point B located in the (x, 2) plane,
we have a similar electric dipole of eHective length /. The distance or
range between A and B is R, and this straight line subtends an angle ©
with the positive T-axis. The general problem is to calculate the murual
impedance between the two dipoles for a prescribed surface profile f(x, y)
and its elecerical propertics.

First of all, we assume that the mutual impedance Zay between the
dipoles is known for the simpler auxiliare problem of having flx. 31 =0
everywhere, and taking the region & < 0 10 be a homogencous half-space.
The corresponding mutual impedance for the actual protile fix. v) is deno-
ted as Z'an. where the prime sigmilics the unknown or sought quantity.
Monteath’s formulation (1) of the Compensatton Theorem tells us imme-
diately that:

. 1 Y T N
11} an—Zn‘—-I:—Ih-.[.[(l:. M= Ey ~ ). ndS
3

In (1], the terminal currents in dipoles A and B are [, and [\, respecti-
vely, and Es and Hs are the known fields of dipole B for the auxiliarv
situation, whereas E°, and I{", are the unknown fields for the actusl pro-
file where z = fix.v). Here. the intcgranon of these quantities is over
the surtace that cotncides with 2= itx. v} and is closed by anv surface
at some large nepative value of z. We assumce here that it 15 always pos-
sible to select this lower surtace so that s contribution to the surtace
intepral in [1] is nepligible. The umit vector # is thus the outward normal
to surface 2 = f(x.y), as indicated 1a Fig. 1. For relatively gentle slopes.
we can see that the Cartesian components ot » are piven by:

A~ a0 =) 1. 1)

The electrical charactenisuics of the actual surface are to be descri-
bed by the Leontovich or surtace smpedance boundary condition. This
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surface impedance 7' (x,y) may be a slowly varying function of the hori-
zontal coordinates x and y. Strictly speaking, it should not vary signifi-
cantly in a distance equal to : y~'!, where y is the propagation constant
of the medium for = < f{x,y). Then, for convenience, we characterize
the homogeneous half-space in the auxiliary problem by a constant surface
impedance 1.
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An spproximste solution.

Adopting the various simplifications and physical approximations de-
scribed above, we now can write down the required field expressions that
are to be inserted in [1). Here. we assume that the dipole B is effectively
located at an infinite distance from the surface. Thus. the relevant unpri-
med field components over § are:

— kN lyly sinfhe kR 'ih cos® sin0 ('rlf cosl i 1hf cos@

[2] Eay = ———

).

43K
03] Evy = :l.‘n., I: In cosle™ iR ‘:lo €039 sind (‘:l/ cosd - s f cosl ),
—n Hyy
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and:

—ishhls P R 'il'.‘ ccs@ sinfl ('it/coso e ihf cos0

W He=—rg

)

These formulas correspond to the radiation field of a Hertzian dipoic orien-
ted at right angles to the radius vector R and carrving a current equal to
the real part of I.exp(iwt), where w is the angular frequency. Here,
k = w/c is the free-space wavenumber, and n. = 120= ohms. Also, as
indicated in Fig. 1, @ is the azimuthal angle with reterence 10 a cylin-
drical coordinate system (¢, ¢, z). In addition, we should observe that in
writing [2), [3), and [4], we are, in edect, assuming that the reference
surface at z = 0 is a relotively good conductor.

Now the primed or unknown licld components aver § are postulated
to have the form:

is§ Hag= :11(' A=dede e Flo.@rai. )
, Il —~ the
fel Hoy= S5 (o) ™ cow. F2.9) Glau9)
kY
| ’"=—¢Hy—%£€"
and:
[4] E'ae =W Hay—~ LIS [

ox

where F(p, @) is an « attenuation function » that to a first approximation
is replaced by unity. In writing [5], [6], [7]. and (8], we assume that
the field components ace the same as those of a vertical Hertzian dipole
located at : = 0, but modified by a suitable height-gain function Gz, )
that depends onlv on the heights of the dipole A and the observer over
the surface z = 0. [t is important to note that these primed expressions
include near field effects.
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To proceed further, we observe that:

(Fo » HamEa ~ Hpd.n= En H‘..—g—i-—- f.;H‘.,-%)—

19l
. . by ’
+E);Hn~"‘£-l“bv?"£-t”lv
Here. we note that the sum of the later two terms can be replaced by

1 H’u Hio by virtue of (7):

Using all the previcus equations, we find without dJifficulty that:

20 =
*ao = Zas : ke (]
Zuo=Zw [.Iv / e ¢ cosP [:(osﬂ sin {4/ cost) cos®
. .

{10 S -
— sin0 cos (&f cos") %{T - —“-—;l- cos @ cos [<o,.\)].;%; O e pes
where:
(1R] ‘%’i“=—z'—{-<o(9———%}f—,m,.
amd:
{12l P 'h; :11,;‘1. R

of the two dipoles if they
and separated by a di-
}othat Giz.n= 1.

We note here that Z. is the mutual impedance
were located on a flar pertectly conducting planc
stance R. Abo, in woting (10], we have' assumee

Azimathally symmetric case.

iate simplification of {101 occuts when 7', f and 9f/8e are

An immed
n. we can use the following

independent of the azimuth angle m. The
known tormuias trom DBessel tuncnon theorv:

23
hl L s

and:

e
“:,’1’" ':Zcowmw“___h(z)

t14]
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Then, [10] becomes:

= .
[15] % -— 5/{[: cas0 sin (4/ cos8) — 1" cos (6/:0;0)] Jilkosing)

a[ ‘ _l‘o < J J
<+ 13in0 cos (l/co:O)Y]. (4o tmﬂ)} (l + -’—‘E—) ) ~ F(o)de
where F(p) is azimuthally symmetric attenuation function.
In the case of a uniformly flat surface f = 3f/dp = O everywhere;
thus [15] reduces to0:

o
I Zn;: Zeo ‘f ( " "—. n ) (l +-I‘IT) - :l\»JI (s saa)) Fle) o
L]

This expression or closely related forms have been used to predict the
form of the radiation pattern and the enhancement of the surface wave
field of antennas with large ground menallic ground screens [3], [4].
In such cases, i’ is reduced to be much less than m and/or the impedance
7’ is made 10 be cffectively inductive so that F(p) may be enhanced over
the ground system.

Another special case is to allow the surface to be cverywhere per-
fecuy conducting. Then, 1" =1 = U for all values of p. Consequendy,
[15} reduces to:

o
(1% _?_--%ﬁ; = - -lf lsmU cos (4f cos0) J. (kv sind) . g—{‘
+ cos0 510 (£/ cos0) J, (w0 san), ( 14 -#) o ke Fe)de

On setting F(p) = 1, which is a reasonable approximation. this result
teduces to an equivalent form derived by Page and Monteath (5).

An aspplication.

One rather revealing example is to let 1 = 0. corresponding to an
assumed pertectly conducting sea that occupies the region p > 6. Within
this circular 1sland. we have a circular plarcau of radius 2 with a flar top.
At the same ume. we allow 8 — 90°, corresponding to grazing incidence.
For this case. we can write:

18] Z'er = Zaft - 2y + 0]
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where:
» .
(19} Q=i [ L(1+50) T FauoF@de
and:
o 1\ —iko
f20} Qom—it [ (L) (1+) T purF@de

Thus €, is the modification of the held resulting from the electrical pro-
perty contrast of the «island», while Q. is the corresponding modifi-
cation due to the non-Hainess. As mentioned above, f), has been discus-
sed on numerous earlier occasions. The topographical effect represented
by £ is usually ignored. although, in many applications, the transmitting
monopole is located on a blutl or some other elevated terrain feature. To
illustrate its effect, we assume that the beach of the island has a uniform
downward slope, so that — 9df/dp is a positive constant that we designate
by K. Also, 10 simplifv the discussion, we assume that the radius of the
plateau is much greater than a wavelength. Thus, ke and k6> > 1, and,
consequently, ], (kp1, can be replaced by the first term of its asymptotic
cxpansion over the integration range in [20]. Thus, we find that:

[
4 — 24k

¢ . 1
i Qafmik [ Q™ G For e

@t

With suitable assumptions about the form of F(p). this intepral can be
evaluated in terms of crror integrals of complex argument {4). The essen-
tial nature of the problem. however. appears if we recognize that the
contribution from the rapidly varyving term iexp(— 2ikp) can be neglec
ted. Also. over the region a < p < b, the slowly varving function F(p)
can be replaced by Fia). Thus, [21] reduces to the rematkably simple
form: .

{220 Qo= QKT [0y — (hal) Fa = 2K "4 [ ) — (0231 Ra)
where M is the freespace wavelength. For example. if b/h = 100,
a/h = 64, K= 0.1, and assuming F(a) = 1, we see that:

Q, ~ 04 < ',.1«
This cotresponds approximately to a 4 dB gain. For this case. the heigth
of the plateau above the sea is 3.6)., and the sloping beach extends over
a radial distance equal to approximately 36A.
Actually. the improvement of locating the monopole on an elevated
plateau applies also to the eflective ground wave radiated for a given
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current moment (3). Thus, the main conclusion from this analysis is that
the elevation of the ground plane should be considered in any design of
surface wave launchers for high-frequency radio waves over the sea.
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SECTION 2

DISCUSSION OF U.S. NAVY ELECTRONICS LABORATORY REPORTS BASED ON
REPRINT 1.11

by

J. R. Wait
5 March 1980
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Following the publication of the Monograph by Wait and
Walters(1963), a series of unclassified reports were issued by
investigators at the U.S. Navy Electronics Laboratory (now known
as the Naval Ocean System center) in San Diego. We will identify
these as NEL 1346, 1359, 1567 and 1430 in the order we discuss
them below.

I I A A I I I B B NP B S R S ¢ 9 06 e 00 D I I I I I I R N R

W.E. Gustafson, W.M. Chase, and N.H. Balli, Ground system effect
on high frequency antenna propagation, NEL Report 1346, 29 pgs.,
4 Jan 1966

G.D. Bernard, W.E. Gustafson, and W.M. Chase, HF extended ground
systems : results of a numerical analysis, NEL Report, 52 pgs.,
24 Feb 1966 , NEL report 1359

J.M. Horn, HF vertical-plane patterns of monopoles and elevated
vertical dipoles with and without extended ground systems,142 pgs.
25 Jun 1968 , NEL Report 1567

J.M. Horn, A numerical analysis of H.F. extended-sector ground
systems, 52 pgs., 14 Jan 1967, NEL Report 1430

These four NEL reports were distributed widely including
libraries and they were released to the Federal Clearinghouse now
known as NTIS (Napional Technical Information Service) . Now such
results are in the public domain. Thus we need not describe their
content in great detail. But it does seem appropriate to identify
some of the significant results and conclusions reached by the
authors. In some cases , an alternative interpretation of the data
is offered without meaning to detract from the noble efforts of the
NEL "investigators .

In NEL 1346 it is pointed out that the ground based monopole
with extended ground screens may have a major advantage over elev-
ated vertical antennas (with or without ground screens) if pattern
Jobing is to be minimized. With this motivation, the authors under-
took physical. model runs for circular ground sreens employing both
square meshes of various sizes( § to 4 inches) and radial wires
with various angular separations ( 1% , 24 and 5 degrees). This exp-
erimental program became manageable by using frequencies in the
VHF range (130, 250 and 360 MHz ) which were appropriate to model
frequencies lower by a factor of 12 when a relatively well conduct-
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ing ground site was selected ( e.g. 0.1 mhos/m). Some useful and
meaningful pattern plots were illustrated by the authors to confirm
the expectation of enhanced radiated fields at low take-off angles.

Dr. Gary Bernard, who was a consultant to NEL,presented a con-
cise tabulation of the experimental data along with results gener-
ated by computer calculations using the formulation in Wait(1963)
and Wait and Walters(1963). This comparison of experiment and theory
is reproduced here from NEL Report 1346. The calculated quantity
tabulated is equivalent to 201ln| 1+5 | in dB . The source adopted
is a vertical (ground based) electric dipole at the center of the
circular screen. Actually the experimental data were obtained using
a quarter wave monopole with a small radius (impedance stabilizing)
ground plane . The general agreement between experiment and theory
is reasonably good. It is also worth noting that,for low take-off
angles,the angular dependence of the field is small. This is part-
icularly the case for 130 MHz (i.e ka = 16 ) which is the lowest
test frequency.

Further radiation pattern calculations are reported in NEL
1359 which again are based on Wait and Walters(1963). The frequen-
cles chosen were 4, 8, 16 and 32 MHz. The full circular ground
screen radius varied in octave steps from 2 to 128 wavelengths and
the grid spacings were 6, 12, 24 and 48 inches, The ground conduct-
ivities chosen were 3,10, 30 and 100 milli-mhos/m with correspond-
ing dielectric constants of 4, 10, 20 and 30, respectively. In each
case, computations were carried out for vertical (take-off) angles
of 2,5, 10, 15, 20 and 25 degrees. For all computations, the ground
system was circular (i.e. full azimuthal symmetry). The copper wire
size was No.10 (American Wire Guage) . The source in all cases was
assumed to be a short vertical current element or (infinitesimal)
electric dipole.

Some examples of the extensive calculations, from NeL 1359
are shown in Table 2 where the quantity € in o8 is again the quant-
ity 201n}| 1 + Jlél . Here G represents the improvement for the
antenna with extended ground screen compared with the same element
over the imperfect ground when the dipole moment is fixed .In this
example,the ground conductivity is 10 milli-mhos/m and the dielec-
tric constant is 10. In the case, where the radius is a = 16 wave-
lengths or ka = 100, the results.for 32 MHz, for the smallest mesh-
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spacing, are compatible with Fig.2a, in Wait and Walters(1963) car-
ried out for a dielectric constant of 9, zero ground conductivity,
and an assumed perfectly conducting ground screen.

In NEL 1567, many additional calculations are reported again
for the fully circular ground screen.. For the most part, the res-
ults are based on Wait(1967)'s paper for vertical electric dipole of
finite length erected over the center of the ground screen. Many
graphical plots are presented in a format which allows the reader
to see the relative enhancement of the low angle radiation when an
extended ground screen is employed . As J.M. Horn, the diligent
author,points out the advantages of such a ground screen are re-
duced somewhat for elevated antennas. Also, as indicated before,
the economic benefit,of large ground screens over well conducting
ground, is small.

In 1430, Horn deals with the sector ground screen geometry,
using essentially the formulation of Wait(1963) and following the
methods outlined in Wait and Walters(1963). He adopts the ground
based quarter-wave monopole which would not be very different than
for the infinitesimal dipole model unless the ground screen was
less than several wavelengths in size. Horn includes a listing of
two computer programs. One is based on the mesh ground screen
where the effective surface impedance Z' is essentially a constant
and the other is for various radial wire configurations where Z'
varies with radius.

In the four above mentioned NEL reports, it is stated that
the ground wave is neglected.Indeed ,it is true that the results
are presented in the context of the modification of the radiation
fields - due to the presence of the ground screen. But the quantity
| 1 +_ﬂh | tabulated , for low angles (e.g. ¢0 = 29), is applic-
able to the modification of the ground wave field as compared to
the case of no (or small) ground screen for a fixed current at
the terminals of the transmitting dipole. It is a pity that the
NEL investigators did not carry out their calculations for the
grazing condition where wo - 0° as done in Wait and Walters
(1963).

While there is no reason to doubt the accuracy of the cal-
culations in the four NEL reports, one might question the validity
of the results in cases of very low Qréund conductivity where sparse
ground screens are employed. In such cases some of the initial as-
sumptions 3PPear to be violated.
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TABLE 1. GAIN, IN DB, OF EXTENDED GROUND SYSTEM (20-FOOT-
RADIUS) OVER IMPEDANCE GROUND (2-FOOT-RADIUS)

Elev. Angle

(reproduced from NEL Report 1346)

(20 FEET = 2.5 WAVELENGTHS AT 130.5 MC/S.)

Square Mesh Size

Radial Wire Separation

(degrees) (inches) (degrees)
1/2 |1 2 4 1.25 2.5 5
130.5 Mc/s
5 4.9 4.9 [5.1 |5.1 4.7 4.3 3.8
10 5.2 | 5.2 5.5| 5.4 4.9 4.4 3.9
15 4.9 | 4.9 5.1] 4.9 4.9 4.3 3.6
20 5.0 | 5.0 5.2} 4.8 4.8 4.1 3.4
25 4.8 | 4.8 4.9] 4.2 4.5 3.9 2.8
250 Mc/s
5 4.6 | 4.9] 4.9 3.6 4.9 3.7 2.3
10 5.0 ; 5.0} 5.0] 3.2 4.9 3.4 2.0
15 4.8 | 4.9 4.6 2.2 4.2 2.6 1.6
20 4.6 | 4.5 3.9] 0.5 3.8 1.9 1.1
25 2.8 | 2.3} 1.4|-2.8 1.4 -0.4 -0.3
360 Mc/s
5 6.7 | 6.8 6.7| 3.5 6.4 4.5 2.5
10 6.9 | 6.9]|6.4] 3.0 6.1 3.9 2.0
15 6.9 | 6.9 5.7 1.3 5.5 3.2 1.6
20 5.6 | 5.1 3.3}-1.2 3.4 1.7 1.0
25 2.4 | 1.6 |-1.1}-1.5 1.3 1.1 0.6
18
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TABLE 2. GAIN, IN DB, OF EXTENDED GROUND SYSTEM
(20- FOOT-RADIUS) OVER NO GROUND SYSTEM FOR QUARTER-
WAVELENGTH ANTENNA, EXPERIMENTAL RESULTS, AND
SHORT DIPOLE, COMPUTED RESULTS.

(20 FEET = 2.5 WAVELENGTHS AT 130.5 MC/S.)

(reproduced from NEL Report 1346)

Quarter Wavelength
Measured and Modified* Short Dipole -~ Computed
Elev. Angle Square Mesh Size
(degrees) (inches)
1/2 1 2 1/4 1/2 1 2 4
130.5 Mc/s
5 4.9 4.9 5.1 4.2 4.2 4.2 4.2 3.9
10 5.1 5.1 5.1 4.4 4.4 4.4 4.4 4.1
15 5.5 5.4 5.4 4.9 4.9 4.9 4.8 4.4
20 5.0 5.1 5.1 5.3 5.3 5.3 5.2 4.8
25 5.0 5.0 5.0 5.7 5.7 5.6 5.5 5.0
250 Mcfs
5 6.4 6.8 6.6 5.7 5.7 5.7 5.5 4.6
10 6.2 6.4 6.3 6.2 6.1 6.1 5.8 4.9
15 6.7 6.9 6.4 6.6 6.6 6.5 6.1 5.1
20 6.2 6.3 5.7 6.7 6.7 6.6 6.1 5.0
25 5.2 4.9 4.1 6.2 6.2 6.0 5.5 4.3
360 Mc/s
5 7.3 7.7 7.1 6.7 6.7 6.6 6.1 4.8
10 7.1 6.5 6.7 7.2 7.2 7.0 6.4 5.0-
15 7.3 7.6 6.3 7.5 7.5 7.7 6.6 5.0
20 6.2 6.1 4.3 7.1 7.1 6.8 6.0 2.9
25 3.6 3.2 1.1 5.3 5.3 5.0 4,2 2.8

* Extrapolated from results with 2-foot-radius impedance ground.

20
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Gain
screen

relative dielectric constant of 10

¢ in dB

Table 2

for large screen relative to small or no
for ground conductivity of 10 milli-mhos/m and

(reproduced from

NEL Report 1359 by Gary Bernard et al.)

A. 4 Mc/s
o=2A=4918H o= dA=98351#
Elev. Mesh Spacing (inches) Elev. Mesh Spacing (inches)
Angle (deg ) [ 12 24 48 Angle (deg.) [ 12 24 48
2 1.3 1.3 1.4 1.3 2 1.9 1.9 2.0 1.9
5 1.3 1.4 1.4 1.4 H 2.0 20 2.0 1.9
10 1.5 1.5 ts 1.5 10 2.3 2.3 2.3 2.2
15 1.7 1.7 1.7 16 15 2.7 2.7 2.7 2.4
20 2.0 290 2.0 1.8 20 kR | n 3.0 2.7
25 2.3 23 2.2 20 25 33 33 31 2.7
a:8A=1967.0% o= 16 A=3934.1 ¢
2 29 29 29 2.7 2 4.3 4.3 4.2 3.8
5 31 3l 3.0 2.8 5 4.7 4.6 4.5 4.1
10 3.7 3.6 35 3.2 10 5.4 5.3 5.1 4.5
15 41 4.1 39 35 15 4.5 44 4.2 3.6
20 39 38 3.6 31 20 2.5 2.4 2.3 2.0
25 27 | 26 24 20 25 3 31 2.9 2.5
c=32A=7888 I o=b4A=15736h
2 6.2 6.1 59 5.3 2 86 - 8.4 8.1 7.3
5 6.8 6.7 6.4 58 5 8.9 8.8 8.4 7.5
10 6.2 6.0 5.7 50 10 4.0 4.0 ls 3.3
15 33 3.2 31 27 15 3.7 3.6 3.4 3.0
20 2.6 2.4 25 2.1 20 28 2.8 2.6 23
25 24 2.4 2.2 1.9 25 2.5 2.5 2.3 2.0
o=128A= 21,4720
Elev. Mesh Spacing (inches)
Angle (deg.) é 12 214 48
2 1.2 11.0 10.5 9.5
H 9.4 9.5 9.0 8.0
10 4.3 4.2 40 35
15 40 39 37 33
20 3 30 2.8 2.4
25 2.6 2.5 2.4 2.1
19
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Taoble 2 cont.
B 8 Mcs
o=2A=22459Hh o=4A=4918 0
Elev. Mesh Spacing (inches) Elev. Mesh Spacing (inches)

. Angle (deg.) é 12 24 48 Angle {(deg.) [ 12 24 48
2 22 2.2 22 20 2 3 1 kR 27
s 2.2 2.2 2.2 20 s 0 3.2 32 28

10 2.4 2.4 2.4 21 10 s 35 34 3.0
15 2.4 2.4 2.6 22 15 4.0 3.9 37 3.2
20 3.0 29 2.8 24 20 43 4.2 40 33
25 3.3 33 31 2.6 25 4.4 4.3 40 32
o= 8A=9835Hh o= 16Ax1967.0 v
2 4.5 4.4 4.3 38 2 6.3 6.2 59 51
5 4.7 4.6 44 39 5 8.6 6.5 6.2 53
10 5.2 s.1 49 42 10 7.0 6.9 [ 3] $.5
15 5.5 5.4 51 4.2 15 5.8 5.6 5.2 4.2
20 5.0 4.9 4.5 3.6 20 33 3.2 3.0 2.4
25 3.5 3.3 3.0 2.3 25 4. 4.0 34 2.9
o= 32A=13934.1 ow b4 A= 7868 It
2 8.4 8.3 7.9 68 2 n.o 10.7 10.2 8.8
S 8.8 8.7 8.2 71 5 1.0 10.8 10.2 8.8
10 7.7 7.5 7.0 5.8 10 5.3 $.2 4.9 4.0
15 4.4 43 4.0 3.4 15 49 4.8 44 37
20 35 3.4 3.2 2.6 20 38 3.8 33 27
25 33 3.2 2.9 2.3 25 3.4 33 30 24
o= 128A= 157360
Elev. Mesh Spacing (inches)

Angle (deg.) 8 12 24 48

2 13.6 13.4 12.7 1.1

5 1.6 1.3 10.6 9.1

10 $.6 5.5 S.1 4.2

15 5.2 LA ] 47 39

20 40 39 36 29

25 34 33 n 2.5

20
2-8




Toble 2 cont.

C. 16 Mc/s
o=2A=1229h awd)l=2458 &
Elev. Mesh Spacing (inches) Elev. Mesh Spacing (inches) .
Angle (deg.) é 12 24 48 Angle (deg.) 3 12 24 48
2 3.2 3.2 3 2.4 2 4.4 4.4 4.2 3.3
5 3.3 33 i 2.4 5 4.5 4.5 4.2 3.3
10 3.4 34 3.2 2.5 10 4.8 4.8 4.4 34
15 3.7 3.7 3.4 2.6 15 5.2 5.1 4.6 3.8
20 4.0 39 3.6 2.7 20 5.4 53 4.7 35
25 43 4.2 s 1.5 25 5.4 51 4.5 3.2
a=8A= 4916 b o=16A=983.2H8
2 6.1 6.0 56 4.4 2 8.1 7.9 7.3 59
L} 6.2 6.1 8.7 4.5 H 8.3 8.1 7.5 6.0
10 6.6 6.5 59 4.6 10 8.5 8.3 7.5 5.8
15 6.8 6.6 59 4.4 15 6.9 6.5 5.7 4.0
20 6.0 57 50 3s 20 4.1 4.0 3.5 2.4
25 4.1 39 3.2 2.1 25 5.0 4.7 4.0 27
a=32 A= 19664 ft o= 64 A= 3932.8 fr
2 10.4 10.} 9.4 7.5 2 12.9 12.6 "7 9.6
s 10.6 10.4 9.5 7.7 H 12.8 12.4 11.4 9.2
10 9.0 8.7 1.7 57 10 6.5 6.3 5.6 4.2
15 5.5 5.3 4.7 35 15 6.6 5.8 §.1 . 3.8
20 4.4 4.2 3.6 2.5 20 4.6 44 3.8 2.6
25 4.0 kX | 33 2.3 25 4.1 4.0 34 2.3
o= 128 A= 78656 h
Elov. Mesh Spacing (inches)
Angle (deg.) é 12 24 48
2 15.6 18.2 4.3 1.8
5 13.2 128 1.6 9.2
1] a8 66 5.8 4.3
15 6.3 6.1 5.4 39
20 4.9 4.7 4.0 2.7
25 4.2 4.0 as 2.4
21
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Toble 2 cont.

o=2A=615Hh e=x4A=1229
Elav. Mesh Spacing (inches) Elev. Mesh Spacing (inches)
Angle (deg.) 6 12 4 48 Angle (deg.) 6 12 24
2 4.0 3.9 3.3 2.1 2 54 5.2 4.4 29
5 4.0 4.0 33 21 5 5.5 53 4.4 29
10 4.2 4.1 3.4 2 10 57 55 4.6 2.9
s 4.4 4.3 s 2.1 15 6.0 5.7 4.6 2.8
20 4.7 4.4 36 2.1 20 6.1 5.7 4.5 2.6
25 49 4.6 3.6 2.1 25 5.9 5.4 4.0 2.
o= B8 A= 2459 1 o= 16 A= 4918 #t
2 7.1 6.9 5.8 3.2 2 9.1 8.8 7.5 51
5 7.2 7.0 59 39 5 9.3 8.9 7.6 51
10 7.5 7.2 6.0 3.9 10 9.3 8.8 7.2 4.6
15 1.5 7.0 5.6 3.8 s 7.3 6.7 5.0 2.5
20 6.5 59 4.3 34 20 4.6 4.2 3 1.6
25 4.4 3.8 2.5 2.2 25 5.3 4.8 34 1.6
a=32A=9835h o=64A=1967.0 fr
2 1.5 1.0 9.5 6.7 2 14.0 13.4 1"z 84
5 11.6 1.1 9.5 6.5 S 137 13.0 1.1 77
10 9.6 8.9 7.1 4 10 7.1 6.7 5.2 3.0
15 6.1 5.7 44 28 15 6.6 6.1 4.8 27
20 48 4.3 3.2 16 20 5.0 4.5 3.2 16
25 4.4 40 2.9 1.4 25 4.5 4.1 3.0 1.5
o=128A=3934.1 I
Elev. Mesh Spacing (inches)
Angle (deg.) é 12 24 48
2 16.6 16.0 14.0 104
H 13.9 13.2 1.0 7.2
10 7.4 69 5.4 3
15 69 63 49 27
20 53 43 34 1.7
25 46 42 30 1.5
22
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3.1

3.2

3.3

3.4

3.5

3.6

Krause, L. O., November 1967, "Enhancing H. F. received fields with large planar and
cylindrical ground screens,” IEEE Trans. on Antennas and Propagation, No. 6, pp. 785-795

The author presents a series of interesting pattem calculations (using image theory)
for tilted ground screens located over a conducting half-space. For such geometries, the low
angle radiation may be enhanced. Cylindrical shaped screens are also considered. The
author cautions on the use of the method for angles at grazing angles below 3°,

Collin, R. E. and F. J. Zucker, 1969, Antenna Theory, Pi. ll, McGraw Hill, N.Y.

In Chap. 23 authored by J. R. Wait, eq.. 123 has a misprint; el should be e"X. Egs..
23.122is OK. Also the Fressel function J4 here was approximated by the first term of its
asymptotic expansion which can lead to 1 dB discrepancies in computed patterns but general
features are correct. This point was confirmed by Lt. Joe Fortney, of RADC, Hanscom AFB,
Bedford, Mass.., who recomputed the integral given by 23.123 (private communication Jan
1990).

Waldman, A., January 1970, "Elevation steering of the pattern of vertically polarized elements
over a ground screen,” IEEE Trans. on Antennas and Propagation, Vol. AP-18,
pp. 105-107

Author presents calculation based on reprint 1.13 (Wait, 1967) for an elevated vertical
antenna over the sector ground screen system. An approximation pattern multiplication
scheme is adopted. The objective is to develop a method to steer the principal maximum in
the low angle elevation pattern.

Balanis, C. A., July 1970, "Pattern distortion due to edge diffractions," IEEE Trans. on Antennas
and Propagation, Vol. AP-18, pp. 561-563

This is a systematic treatment for an arbitrary aperture source in a finite size ground plane
of perfect conductivity. The ambient medium is free space. Excellent correlation with
experiment is shown.

Yu, J. S, K. J. Scott, and A. R. Spatuzzi, November 1970, "A modified elevation angle of
radiation from a monopole on ground screens,” IEEE Trans. on Antennas and Propagation, Vol.
AP-18, pp. 795-799

The authors employ an approximate diffraction technique to estimate the pattern of a
vertical monopole on a square wire mesh screen of finite extent. The experimental data
appears to justify the procedure for the pattern calculation for the pattern calculation for the
particular examples given.

Rafuse R. P., and J. Ruze, December 1975, "Low angle radiation from vertically polarized
antennas over radially heterogeneous fiat ground,” Radio Science, Vol. 10,
pp. 1011-1018

The authors construct an admittedly approximate analytical solution based on an assumed
current distribution on both the ground screen and the external ground surface. The resuits
seem to be compatible with the more rigorous formulations based on the compensation
theorem. The latter can be used to form an integral equation to deduce the surface current

S~




w = 2

3.7

3.8

3.9

3.10

distribution over the ground screen rather than assuming it [e.g. see reprint 1.18 (Wait and
Spies, 1970) and Hill and Wait, 1973)]. Rafuse and Ruze introduce an “empirical
normalization” of the near field surface impedance to bring their results into conformity with
physical expectations. The comment in the paper that the surtace current at the edge of the
ground screen is discontinuous is a bit surprising. Of course, the radial electric field, indeed,
is discontinuous. In an important observation, the authors confirm that the classical Fresnel
zone description of the "active” area in front of the antenna does not hold. Indeed, it is much
smaller as has been shown by J. Bach Anderson (1963).

Teng, C. J., and R. J. P. King, January-March 1981, "Surface Fields and Radiation Patterns of
a Vertical Electric Dipole Over a Radial-Wire Ground System," Electromagnetics, Vol. 2,
pp. 129-146

The authors use the compensation theorem to deal with a vertical electric dipole located
over a radial wire ground system at the interface of the fiat earth and air. The radiation pattems
were found to be independent of the length of the radials beyond the point where the
effective impedance of the composite impedance was within 90 percent of the underlying
ground.

Park, K. S., R. J. P. King, and C. J. Teng, April-June 1982, "Radiation Pattemns of an HF
Vertical Dipole Near a Sloping Beach," Electromagentics, Vol. 2, pp. 129-146

The effective surface impedance of the beach is calculated from a two-layer stratified earth
mode! so the formulation proceeds as if the equivalent ground plane has a constant elevation.
Itis found that the low angle radiation is reduced somewhat from that of no beach. The usual
lobing occurs in the elevation pattern when the dipole is raised above 0.3 wavelengths.

Burke, G. J., R. J. P. King, and E. K. Miller,, September 1984, Surface Wave Excitation Study,
Lawrence Livermore National Laboratory, Report 20214

in this report, results are shown for the terminal impedance of a vertical antenna with a
radial wire ground system for up to sixteen radials. The “Numerical Electromagnetics Code",
known as NEC, is employed. An interesting comparison is made with corresponding results
based on the approximated compensation theorem approach. The agreement is good when
the restrictions ir, the laiter method are adhered to. But, for a dielectric-like earth, agreement
is poor because of reflections frorii the end of the radials. As Burke et al point out, resonance
effects are most noticeable when the earth system is elevated and not grounded at the end
points by stakes.

Weiner, M. M., S. P. Cruze, C. C. Li, and W. J. Wilson, 1987, Monopole Elements on Circular
Ground Planes, Artech House, Norwood, MA.

The analyses deal with the case where the monopole element and circular disk are
located in free space. The models which are used and compared are the induced
electromotive force (EMF) method, integral equation, method of moments, oblate spheroidal
wave functions, scalar ditfraction theory, geometric theory of diffraction, method of moments
combined with the geometric theory of diffraction, and the method of images.
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3.12

3.13

Burke, G. J., January 1988, A Model for Insuluted Wires in the Method of Moments Code (NEC),
Lawrence Livermore National Laboratory, Report 21301

Among other things, Burke shows how the propagation constant of a buried insulated
wire depends on the depth of burial. Excellent agreement is obtained with Wait's paper
(Canadian Journal of Physics, Vol. 50, pp. 2402-2409, 1372) who employed an analytical
method. The results are relevant to the radial wire ground system.

Nagy, L., 1989, Input Impedance and Radiation Pattern of a Top-Loaded Monopole Having a Radial
Wire Ground System, (Summary only), Proceedings of the international Radio Scientific Union
(URSI) Symposium on Electromagnetic Theory, The Royal Institute of Technoiogy,
Stockholm

The author deals mainly with the input impedance calculation using the compensation
theorem along with first order perturbation. The radiation patterns, as presented, ignore the
presence of the ground system which is partly justified because of the short length of the
radials.

James, G. L. and G. T. Poulton, August 14-17, 1989, Effects of Ground Screen on HF Antennas
(Summary only), Proceedings of the URSI Symposium on Electromagnetic Theory, The Royal
Institute of Technology, Stockhoim

Authors employ a GTD (geometrical theory of diffraction) technique to reduce radiation
patterns for a vertical antenna over a circular ground screen for both radial wire and square
mesh (bonded and unbonded) geometries. Approximate boundary conditions due to
Kontorovich et al are exploited.
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APPENDIX A
BIOGRAPHY OF JAMES R. WAIT

Dr. James R. Wait was bom in Ottawa, Canada, on January 23, 1924. From 1942 to 1945 he
was a radar technician in the Canadian Army. He received his B.A.Sc. and M.A.Sc. degrees in
engineering physics in 1948 and 1949, respectively, and his Ph.D degree in electromagnetic theory
in 1951, all from the University of Toronto, Toronto, Canada.

From 1948 to 1951, he was associated with Newmont Exploration Ltd. of New York, N.Y., and
Jerome, Arizona, where his research led to several patents for electromagnetic and induced-
polarization methods of geophysical prospecting. From 1952 to 1955, he was a section leader at the
Detense Research Telecommunications Establishment, Ottawa, where he was primarily concerned
with electromagnetic problems. Since joining the National Bureau of Standards (NBS), Boulder,
Colorado, in 1955, he was appointed adjunct professor of electrical engineering at the University of
Colorado, Boulder. During 1960, he was a visiting research fellow at the Laboratory of
Electromagnetic Theory in the Technical University of Denmark, Copenhagen. For the academic year
1966-1967, he was a visiting professor at Harvard University, Cambridge, Massachusetts. From 1963
to 1967, he was a senior research fellow at Boulder, where he was aiso a consultant to the director of
the Institute for Telecommunication Sciences and Aeronomy. From 1967 to 1970, he was senior
scientist in the Office of the Director of the Environmental Sciences Services Administration (ESSA)
Research Laboratories, Boulder. In September of 1970, he became the senior scientist in the Office
of the Director of the Institute for Telecommunications Sciences (ITS) of the Office of
Telecommunications. In October, 1971, he retumed to his position in the Office of the Director of the
Environmental Research Laboratories of the National Oceanic and Atmospheric Administration
(NOAA ), formerly ESSA, but remained as a consultant to the director of ITS. In addition, he was a
fellow of the Cooperative Institute for Research in Environmental Sciences. In May, 1971, Dr. Wait
was a visiting professor at the Catholic University of Rio de Janeiro, Brazil, and in September, 1971, he
was a guest of the U.S.S.R Academy of Sciences in Moscow and Tbilisi.

Dr. Wait was awarded the Department of Commerce Gold Medal in 1959 for "highly
distinguished authorship in the field of radio propagation”; the Boulder Scientist Award sponsored by
the Scientific Research Society of America in 1960; the NBS Samuel Wesley Stratton Award in 1962;
and the Arthur S. Flemming Award, Washington, D.C. Chamber of Commerce, and the Harry Diamond
Award from the IEEE, both in 1964. He is also a fellow of the Institute of Electrical and Electronic
Engineers (IEEE) and the American Association for the Advancement of Science (AAAS). In
September 1972, Dr. Wait received an Outstanding Publication Award from the Office of
Telecommunications in Washington, D.C. Dr. Wait received NOAA's 1973 Scientific Research and
Achievement Award "in recognition of his outstanding achievement as a scientist and research leader
in theoretical studies of electromagnetic wave propagation in the earth and its atmosphere”. In 1975
he received a Special Achievement Award from the Office of Telecommunications *in recognition of
outstanding authorship of a great variety of publications and journal articles".

He was mainly responsibie for the establishment of the journal Radio Science, which started in
1959 as Section D of the NBS Journal of Research; he served three terms as editor. He has also served
three terms as an associate editor of the Journal of Geophysical Research. For four years, he was U.S.
regional editor of Electronics Letters. Currently, he is a member of the Editorial Board of
GeoExploration (Sweden) and he is co-editor of the Institution of Electrical Engineers (IEE) series,
Monographs on Electromagnetic (EM) Waves (England).




Dr. Wait has published eight books and numerous papers on subjects ranging from
electromagnetics to geophysics. He was secretary (1974 to 1978) of the U.S. National Committee of
the International Scientific Radio Union(URSI). He has been a U.S. delegate to URS! General
Assemblies in Boulder (1957), London (1960), Tokyo (1963), Ottawa (1969), Warsaw (1972), Lima
(1975) and Helsinki (1978). In 1977, Dr. Wait was elected to the U.S. National Academy of
Engineering. Also, in June 1977, he was elected to be a feliow of the IEE. On July 31, 1978, Dr. Wait
received the Balth van der Pol Gold Medal at the General Assembly of URSI held in Helsinki, Finland.

In August, 1980, Dr. Wait became professor of electrical engineering and geosciences at the
University of Arizona in Tucson. Since then he received the IEEE Centennial Medal in 1984 and the
IEEE Geoscience and Remotc Sensing Society's Distinguished Achievement Award in 1985. He was
appointed regents professor in the University of Arizona in 1988. Jim Wait retired from the University
in September 1989 to become a private consultant in his home office, 2210 East Waverly, Tucson AZ
85719. He keeps in close touch with the campus (being a 10 minute bike ride away).
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Note:

APPENDIX B

COMPLETE LISTING (TO APRIL 1990) OF REFEREED PAPERS
OF JAMES R. WAIT

by

J. R. Wait
August 1990

Reprints included in section 1 are denoted by an asterisk in front of the reprint
number.
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Reprint
Number

10
11
12
13
14
15

16

17
18

19

J.R. Leslie and J.R. Wait, Detection of overheated transmission line joints
by means of a bolometer, Trans. AIEE, Vol. 68, 1-5, May 1949; also Elect.
Eng., Vol. 68, November 1949.

Electromagnetic radiation in the earth (A theoretical itmvestigation), Dept.
of Electrical Engineering, University of Toronto, April 1950.

Transient electromagnetic propagation in a conducting mediwm, Geophys.,
Vol. XVI, 213~-221, April 1951.

The magnetic dipole over the horizontally stratified earth, Can. J. Phys.,
Vol. 29, 577-592, November 1951.

A conducting sphere in a time varying magnetic field, Geophys., Vol. XVI,
666-672, October 1951.

The eylindrical ore body in the presence of a cable carrying an oscillating
ocurrent, Geophys., Vol. XVII, 378-386, April 1952.

Current-carrying wire loops in a simple inhomogeneous region, J. Appl. Phys.,
Vol. 23, 497-498, April 1952.

The basis of a method for measuring the complex dielectric constant at milli-
metre wavelengths, Radio Physics Laboratory, Project Report, 15 Sept. 1952.

Mutual inductance of circuits on a two~layer earth, Can. J. Phys., Vol. 30,
450~452, September 1952.

Electromagnetic fields of current-carrying wires in a conducting mediwm,
Can. J. Phys., Vol. 30, 512-523, September 1952.

The magnetic dipole antemna immersed in a conducting mediwm, Proc. IRE,
Vol. 40, 1244-1245, October 1952.

A note of dipole radiation in a conducting medium, Geophys., Vol. XVII,
978-979, October 1952.

Reflection of electromagnetic waves obliquely from an inhomogeneous medium,
J. Appl. Phys., Vol. 23, 1403-1404, December 1952.

The electric fields of a long current-carrying wire on a stratified earth,
J. Geophys. Res., Vol. 47, 481-485, December 1952.

Receiving properties of a wire loop with a spheroidal core, Can. J. Tech.,
Vol. 31, 9-14, January 1953.

with J.E.T. Mousseau, Calculated field patterns for horizontal travelling
wave antermas, Radio Physics Laboratory, Project Report No. 19-0-2,

15 January 1933.

Transient coupling in grounded eircuits, Geophys., Vol. 18, 138-141,
January 1953.

A transient magnetic dipole source in a dissipative mediuwm, J. Appl. Phys.,
Vol. 24, 341-343, March 1953.

with L.L. Campbell, Effect of a large dielectric constant on ground-wave
propagation, Can. J. Phys., Vol. 31, 456-457, March 1953.
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Reprint
Number

20

21
22
23
24
25

26

27
28

29

30
31
32
33
34
35
36
37

38
39

On the feasibility of measuring ground conductivity from an aireraft,
Defence Research Telecommunications Establishment, Ottawa, Canada
(March 9, 1953).

with L.L. Campbell, The fields of an electric dipole in a semi-infinite
econducting medium, J. Geophys. Res., Vol. 58, 21-28, March 1953.

Induction by a horizontally oscillating magnetic dipole over a conducting
homogeneous earth, Trans. Amer. Geophys. Uniom, Vol. 34, 185-188, April 1953.

The potential of two curremt point sources in a homogeneous conducting
prolate spheroid, J. Appl. Phys., Vol. 24, 496-497, April 1953.

Propagation of radio waves over a stratified ground, Geophys., Vol. 18,
416-422, April 1953.

A conducting permeable sphere in the presence of a coil carrying an
oscillating current, Can. J. Phys., Vol. 31, 670-678, May 1953.

with L.L. Campbell, Transmission curves for grourd wave propagation at low
radio frequencies, Report R-1, Def. Res. Tele. Est., Radio Physics Lab.,
April 1953.

The receiving loop with a hollow prolate spheroidal core, Can. J. Tech.,
Vol. 31, 132-139, June 1953.

An approximate method of cbtaining the transient response from the frequency
response, Can. J. Tech., Vol. 31, 127-131, June 1953.

with L.L. Campbell, The fields of an osecillating magnetic dipole immersed
in a semi-infinite conducting medium, J. Geophys. Res., Vol. 58, 167-178,
June 1953.

Radiation from a vertical electric dipole over a stratified ground, Trans.
IRE, Vol. AP-1, 9-12, Part I, July 1953.

Radiation resistance of a small eircular loop in the presemce of a conducting
ground, J. Appl. Phys., Vol. 24, No. 5, 646-649, May 1953.

The radiation fields of a horizontul dipole in a semi-infinite dissipative
mediwm, J. Appl. Phys., Vol. 24, 958-959, July 1953.

Electromagnetic coupling between a circular loop and a conducting sphere,
Geophys., Vol. 18, 970~-971, October 1953.

Radiation from a line source adjacent to a conducting half plane, J. Appl.
Phys., Vol. 24, No. 12, 1528-1529, December 1953.

Induction in a conducting sheet by a small current-carrying loop, Appl.
Sci. Res., Sec. B, Vol. 3, 230-235, May 1953.

Complex magnetic permeability of spherieal particles, Proc. IRE, Vol. 41,
No. 11, 1665-1667, November 1953.

The fields of a line source of current over a stratified conductor, Appl.
Sci. Res., Sec. B, Vol. 3, 279-292, 1953.

Radiation from a ground antenna, Can. J. Tech., Vol. 32, 1-9, January 1954.
with W.C.G. Fraser, Radiation from a vertical dipole over a stratified
ground, Part II, Trans. IRE, Vol. AP-3, No. 4, October 1954.
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Reprint
Number

40 Note on the theory of radio propagation over anm ice-covered sea, Def. Res.
Tele. Est., Radio Physics Lab., Project Report 18-0-7, March 31, 1954.

* 41 with W.J. Surtees, Impedance of a top-loaded antemna of arbitrary length
over a circular grounded screen, J. Appl. Phys., Vol. 25, No. 5, 553-555,

May 1954.
42 On anomalous propagation of radio waves in earth strata, Geophys., Vol. 19,
342-343, April 1954.
*43 with W.A. Pope, The characteristics of a vertical antemna with a radial
conductor ground system, Appl. Sci. Res., Sec. B, Vol. 4, 177-195, 1954.
44 with K.F. Hill and W.A. Pope, Reflection from a mirror surface with an

absorbent coating, J. Opt. Soc. Amer., Vol. 44, No. 6, 438-441, June 1954.

45 On the relation between telluric currents and the earth's magnetic field,
Geophys., Vol. 19, 281-289, April 1954.

46 Mutual coupling of loope lying on the ground, Geophys., Vol. 19, No. 2,
290-296, April 1954.

47 On the theory of an antemna with an infinite cormer reflector, Can. J.
Phys., Vol. 32, 365-371, May 1954.

48 Reflection from a wire grid parallel to a conducting plane, Can. J. Phys.,
Vol. 32, 571-579, September 1954.

49 with S. Kahana, Radiation from a slot on a eylindrically tipped wedge, Can.
J. Phys., Vol. 32, 714-721, November 1954.

50 C. Froese and J.R. Wait, Caleulated diffraction patterns of dielectric rods
at centimetric wavelerngths, Can. J. Phys., Vol. 32, 775-781, December 1954.

51 with L.L. Campbell, Fields of dipoles in a semi-infinite conducting medium,
J. Geophys. Res., Vol. 58, 21-28, March 1953; 167-168, June 1953; Def. Res.
Tele. Est., Project Report 19-0-9, September 1954.

52 with W.A. Pope, Evaluation of errors i= an eight-element adeock antenna,
Trans. IRE, Vol. AP-3, No. 4, 159-162, October 1954.

53 Theory of electromagnetic surface waves over geological conductors,
Geofisica pura e Appl., Vol. 28, 47-56, 1954.

- 54 Reflection at arbitrary ineidence from a parallel wire grid, Appl. Sci.
Res., Vol. B4, No. 6, 393-400, 1954.

55 On the scattering of spherical waves by a cylindrical object, Appl. Sci.
Res., Vol. 4, Sec. B, 464-468, 1955.

56 with C. Froese, Reflection of a transiemt electromagnetic wave at a conducting
_ surface, J. Geophys. Res., Vol. 60, No. 1, 97-103, March 1955.
57 On the theory of the noteh aerial, Def. Res. Tele. Est., Radio Physics Lab.,
Project Report 19-0-14, May 17, 1955.
58 Mutual electromagnetic coupling of loope over a homogeneous ground, Geophys.,
Vol. 20, No. 3, 630-637, July 1955.
* 59 with W.A. Pope, Imput resistance of LF unipole aerials, Wireless Engr.,

Vol. 32, 131-138, May 1955.
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Reprint

Number

60

61

62

63

64

65

66

67

68

69

*70

71

%72

73

74

75

76

77

78

79

Radiation characteristics of axial slots on a conducting eylinder, Wireless
Engr., Vol. 32, 316-332, December 1955.

Field produced by an arbitrary slot on an elliptic cjlinder, J. Appl. Phys.,
Vol. 26, No. 4, 458-463, April 1955.

Radiation from an eleetric dipole in the presence of a corrugated eylinder,
Appl. Sci. Res., Sec. B, Vol. 6, 117-123, 1955,

Scattering of a plane wave from a circular dielectric cylinder at oblique
incidence, Can. J. Phys., Vol. 33, 189-195, February 1955.

Scattering of electromagnetic waves from a "lossy” strip on a conducting
plane, Can. J. Phys., Vol. 33, 383-390, April 1955.

with J. Kates, Radiation patterns of cireunferential slots on moderately
large conducting cylinders, Proc. IEE (London), Pt. C, Vol. 103, 289-296,
March 1956.

with H.H. Howe, Ampl:tude and phase curveg for ground-wave propagation in
the band 200 cvcl s per second to 500 kilocycles, NBS Circular No. 574,
May 1956. (available from NTIS No. PR272292/AS).

Mixzed path ground wave propagation: 1. Short distances, J. Res., NBS, Vol.
57, No. 1, 1-15, July 1956.

Radiation from a vertical antenmna over a curved stratified ground, J. Res.,
NBS, Vol. 56, No. 4, 237-244, April 1956.

Currents excited on a conducting surface of large radius of curvature, IRE
Trans., Vol. MTT~4, No. 3, 144-145, July 1956.

Effect of the ground screen on the field radiated from a momopole, IRE
Trans., Vol. AP-4, No. 2, 179-181, April 1956.

with M. 0'Grady, Surface currents excited by an infinite slot on half-
planes and ribbons, IRE Trams., Vol. AP~4, No. 1, 47-50, January 1956.

D.G. Trood and J.R. Wait, An imvestigation of slot radiatore in rectangular
metal plates, Proc. IEE (London), Vol. 103, Part B, No. 7, 103-109, Jan. 1956.

Radiation pattern of an antenna mounted on a surface of large radius of
curvature, Proc. IRE, Vol. 44, No. 5, 1 pg., May 1956.

On the conductance of slots, IRE Trams., Vol. AP-4, No. 2, 124-127, April
1956.

Radiation resistance of dipoles in an interface between two dielectrics,
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