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Abstract

- This paper considers subspace based adaptive detection
in the context of the likelihood ratio test studied by Kelly,
{1}.- The probability of false alarm for this test depends only
on the subspace dimension while the probability of
detection is a function of the subspace. Thus, we propose
choosing the transformation onto the subspace (0 maximize
the probability of detection over a likely class of noise and
interference scenarios. An approximate solution to this
optimization problem is described. This approach can lead
to dramatic increases in the probability of detection given a
fixed number of data observations due to a large gain in the
statisucal stability associated with the reduced dimension
subspace. The relationship between subspace design for
adaptive detection and partially adaptive beamformer design
is explored. Simulations verify the analysis. . -

1. Introduction

Processing of sensor array data in subspaces,
sometimes termed the beamspace domain, has been
proposed for adaptive beamforming and source location
estimation (e.g. [2-4]). Benefits of mapping the data into a
subspace prior o processing include reduced real time
computational burden, improved adaptive convergence
behavior, increased resolution and robustness. In this paper
we consider subspace based adaptive detection for sensor
array data in the context of the likelihood ratio test studied
by Kelly [1]. The signal to be detected is modeled at the
sensor outputs as a known vector with unknown amplitude.
The noise and interference are modeled as zero mean
Gaussian random vectors with unknown covariance matrix.
The likelihood ratio test is dependent on the unknown signal
amplitude and noise/interference covariance, so the detection
statistic is obtained by maximizing the likelihood ratio over
these unknown parameters given the data. Kelly [1] shows
that the false alarm raie for this statistic is independent of
the noise/interference covariance matrix and derives an
expression for the probability of detection.

Kelly's [1] results are generalized here for detection in
arbitrary reduced dimension subspaces. Expressions for the
probabilities of detection and faise alarm as a function of the
subspace are given. The probability of false alarm is
dependent only on the subspace dimension s0 we propose
choosing the subspace to maximize the probability of
detection over a likely class of interference scenarios. An
approximate solution to this optimization problem is
obtained by choosing the components of the subspace one al
a time, with each additional component chosen to maximize
the probability of detection. In spite of the loss in SNR
which results from subspace processing, dramatic
improvements in detection performance can be obtained
because of the increased statistical stability associated with
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estimation of the covariance matrix in the reduced
dimensioned subspace.

The outine of this paper is as follows. Sciiion 2
intraduces the detection problem and modifies Kelly's results
for subspace processing. The relationship between paruially
adaptive beamforming and the parameters of the subspace
detection problem is also illustrated. A technique for
choosing the subspace to approximately maximize the
probability of detection over a set of likely interference
scenarios is described and analyzed in secuon 3. Several
simulation examples are given in section 4 10 illustrate the
effectiveness of this approach. A summary is provided in
Section 5.

2. Adaptive Detection

Let the N dimensional vector x; be the dawa vector
observed at the N sensor outputs at time i. The x; are
assumed 10 be independent and Gaussian distributed with
means under the two hypotheses

H; E{x}=0, i=01..K

H: E{x,)=bs, E{x,}=0, i=12..K
The covariance is the same under both hypo}t{heses

H,H: E{(xi-E{xi’Xxi-E{xi}) >=M. 94
The signal vector s is assumed known, but the signal
amplitude parameter b and the noise covariance M are
unknown. Given K signal free data vectors x;, i = 1,2,.. K,
we wish to determine whether or not a signal is present in
the data vector xg.

Kelly [1] uses a likelihood ratio approach wherein the
unknown parameiers M and b are replaced by their
maximum likelihood estimates. This leads to a threshold
based decision statistic whose probability of false alarm
(PFA) is dependent only on K, N and the threshold. An
expression for the probability of detection is also derived in
[1]. This approach is repeated below assuming the data is
transformed into a subspace prior to performing detection.

Define an N by P (P< N) dnmensnoned full rank mamx
T and transformed data vectors z; = THx;, i = 0,1,...K
'I‘hcsubspaccdamremainszemmeanexceplfonomda)h
which has mean E{zg) = bTHs = bsT. The transformed
covariance matrix is MT = THMT. The joint probability
density functions fo and f) under Hp and H; are given by

fo(2g-nzy) = ——J—exp[-c(M“T)]
w-{—l—m{«r(m )

where the sample covariance matrices To and T are

(¢

Kel
L

| &

(3b)
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The likelihood ratio test is based on sepamc maximizations
of fg and f] over the unknown parameters M1 and b. The
detection statistic is then taken as the ratio of the maxima.
The estimates of MT and b which maximize fg and f) are by
definiton the maximum likelihood estimates.

It is well known that the maximum likelihood estimate
of the covariance matrix is given by the sample covariance
matrix [7). Hence, To maximizes fo over MT and T
maximizes f1 over MT. We now have

e (= [(en)deet ]

K+l

K+1
max { =[(c1t)Ndch]
M, ©)
b appears only in T so for convenience we form the K+1°
root of the ratio of f] w fo, termed L(b), and maximize it
over b (o obtain the likelihood ratio test

L) = =T
Hl
max L(b) = __S“_’rg__ > L
b min detT , <
b Hy (6b)

where L, is the threshold parameter.
Using a derivation analogous to Kelly's {1], b is given

by
Hg!
b= u
H.-1
STS Sr (7)
where
S f: H
=) 212
m] bt (8)
Substitute for b in (6b) to obtain lhe likelihood ratio test
-1 H
L= 1+ l;ls % >l L
—ll‘r <
1+ z:S-lzo— :S_l H,
$tS & . )

Note that this test is of the same form as Kelly's, as it
should be since the transformation T is linear. Thus, the
analysis given by Kelly applies directly to (9) with minor
modifications due 1o T. A summary of the properties of
this test is given here; the reader is referred to 1] for details.
The probability of false alan: (_P;FA) is given by
*l
PFA = (.'

. (10)
This test has the constant faise alarm rate (CFAR) property
since the PFA depends only on K and P; it is independent of
M and T. The probability of detection (PD) is

oS ety

where L = K+1-P and

1
H,() = J G, (y)i(r) &

(12a)
G, (x)=exp(-x) ), —
) a;o n! (12b)
P+L-1 2L
= (o
LY{P- 2)' (12¢)

The parameter a which appears in the expression forPDisa
function of the transformation matrix T

=M sy

2 -1
=|u SHT(THMT) THS. (13)

Transforming T by any nonsingular matrix on the right
does not change a. The untransformed detection problem
considered in [1] is represented by setting P = N,

The above expressions allow evaluation of the effect of
T on detection performance. Mapping onto a subspace
redv~es the number of data vectors required for existence of
the te.: The original test required K > N; the transformed
test requires K > P. If PFA is held constant, then reducing
from N to P leads to a smaller threshold Lo which tends 10
increase PD. r represents a Beta distributed (12¢) loss factor
which arises due to the estimation of the covariance matnix
[1]. The loss factor reduces the effective value of a (see
(12a)). Note that E{r} = (K+2-P)/(K+1). As P decreases,
the distribuiion of the ioss factor becomes concentrated
closer to the maximum value of unity, which tends to
increase PD. This increase corresponds to the gain in
statistical stablity associated with estimation of the
covariance matrix in the subspace. Much fewer parameters
(P2 vs. Nz) must be estimated given the same number of
data vectors.

PD also increases as a increases. The dependence of a
on T is illustrated by reexpressing (13) in the form

-1
a= b MM ) TMIM
where M172ZMH/2 is the Cholesky factorization of M. The
term in brackets is a projection matrix. Thus, a is
proportional to the norm of the projecuon of M=1/2s onto
the P dimensional space spanned by MH/2T. This norm is
upper bounded by T nonsingular (P = N). If M were
known, we could attain the upper bound with P = 1 by
choosing T = M~ls. However, M is not known and we
will not in general attain the upper bound. This results in a
loss in performance associated with subspace processing.
The parameter a is related to the signal to noise ratio at
the output of a linearly constrained minimum variance
beamformer. Using the freedom to ransform T on the right
by a nonsingular matrix, we assume without loss of
generality that T is of the form
T=[sTs] (15)
where the N by P-1 matrix T, satisfies sHT; = 0. The
partitioning in (15) is always possible provided sHT 20, 2
condition which is satisfied by all T of interest since a = 0
if sSHT = 0. Substituting this T inw (13) yields

a=[t¥sHs

sHMs sHMT,T
THMs TIMT, ] /11 (46 oden




where (A)].1 denotes the element in the first row and first
column of A. Apply the formula for the inverse of a
partitioned matrix to obtain

BsHs)

sHMs - sHMT(THMT,) 'THMs . 1)
a represents the signal 1o noise ratio at the output of a
partially adaptive linearly constrained minimum variance
beamformer with weight vector w expressed in generalized
sidelobe canceller (GSC) [2] form as w =s - Tgwy,. In
GSC werminology, s is a fixed beamformer designed 0 pass
the signal, T is the signal blocking matrix which is
orthogonal to the signal, and wy, is a set of unconstrained
adaptive weights. wp is chosen to minimize the output
power

a=

min(s - Tswq'E {xxH ’(s - Tswp)
Wn
which has soluton
wn=(THMT,) 'THMS 19)
This solution is obtained independently of whether x is
distributed according to H; or H, because of the

orthogonality of T and s. The output power due to the
nierference, Py, is given by

(18)

-1
_.H H H H
Pl =s Ms-5s MTS('I”s MT‘) Ts Ms (20)
and, assuming the signal is present in x, the output power
due to the signal, Pg, is

p, =isHs)

Thus, (17) is rewritten

2n

I (22)

3. Design of T

The discussion in the previous section suggests a
general philosophy for designing T to optimize the
subspace based detector's performance. P should be chosen
as small as possible and T should lead to values of a which
are close to the upper bound. Below we propose two
similar methcds for designing T.

Let 8 be a vector which parameterizes the
interference/noise environment and denote the corresponding
covariance matrix as M(6). 6 can represent interferer
locations, power levels, isotropic background noise
characteristics, etc. For example, if we assume the
interference environment consists of two interferers in white
noise, then ® would represent the interferer locations.
Denote a as a function of 0 as a(8)

-1
a0 = T(T'™MET) T, @)
For convenience we assume Ibl = 1. The goal is to optimize
T over a set of likely interference scenarios denoted by Q.
For example, maximize a weighted average of a(6) over Q

max b(6) a(6) d6
[ 1 1]
where b(0) is a nonnegative weighting function.
The correspondence between a and the SNR at the
output of a partially adaptive beamformer can be used o

4
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pose an aliernative optimization problem. a(8) is inversely
proportional to P1(9) (22) so maximizing a(@) over T is
equivalent o minimizing Py(0) over T; where T, is
constrained to be orthogonal to the signal vector s. Here
the constraint that T contain a component in the space
spanned by s is explicily enforced; this constraint is
implicit in maximization of a(0) over T although it can be
made explicit by constraining T to be of the form given in
(15). Minimizing a weighted average of the interference
power over £ gives the lem

min b(8) P,(6) dé
s Jeen "

This problem is identical to the parially adaptive
beamformer design problem posed in 2] This, the
methods developed in {2,5,6] can be employed to soive (25).
Note that (24) and (25) are not equivalent. At a single
value of 6, maximizing a(8) over T is equivalent to
minimizing Py(0) over T;,. However, the optimization
problems (24) and (25) perform the maximization and
minimization over a range of 6. Using the relationship
between a(6) and Py(8) we see that (25) is equivalent to

min|{ b©6)-1-de
T - X3e] de)
. (26)
Thus, while (24) maximizes the average SNR, (25)

minimizes the average of the ‘nverse SNR. The inverse
SNR criterion more heavily weights small SNRs and
deemphasizes large SNRs in choosing T.

The remainder of this paper considers the optimizatuon
problem of (24). A closed form solution to (24} is not
apparent so we follow a strategy similar to that posed for
partially adaptive beamformer design [2]. Approximate
solutions are obtained by designing T one column at a time.
Partition TasT=[t T, ] where t is an N dimensional
vector and T, is assumed known. The P columns of T are
designed one at a time, with each new column being a
function of previously designed columns. a(9) is expressed
as a function of t and T, using the relationship for the
inverse of partitioned matrices as

H H H
2(8) = "M (@)s- c(B)e(p) + LA OO OIAOK
t A (B)A(O)t

@7
where

-
PO)=1- M @OT(T'MOT,) TM70®) g,

A®) =POM0); c(®)=POM "5 ()
The first two terms in (27) do not depend on t. Thus, the
optimization problem is expressed as
H H H
b(e)t A (B)c(B)c (B)A(O) 4o

H_H
seq, t A (B)A(O)

where Q, represents a subset of .
Development of an approximate solution 10 an
optimization problem of the same form as (29) is given in
{2] and [S5). Application of these results leads 10 a t which
satisfies the set of linear eqn:atioas
At=¢

max
t

(29)

(30)
where




»)
"

j B(6) A (B)A(B) d@
Se (la)

= [ () A"(8)c(8) do
LY} Ql

(31b)

Consider the case where the design region is
approximated by a single point of the parameter space, {; =
8, such that the integrals in (31a,b) are well approximated
by the integrands evaluated ai 8,. Now £ =

A

b(80)A H(80)A(85) and ¢ = b(8)AH(B,)e(8o). The presence
of the projection matrix P(= ) in the definitions of A(6,)
and ¢(8,) implies that ¢(8,) .tes in the space spanned by the
columns of A(8,) and that A is not full rank. Let A =

UZVH be the singular value decomposition of A. The
minimum norm solution to (30) is

-1 H
t=VI U C(eo) 32)
where here superscript -1 denotes pseudo inverse.

Compose U of the columns of U corresponding to
nonzero singular values. Using (32) in (27) we have

%0 )a(8 = "6 )UT «(0,)

H H H,. . —H
tA (eo)c(6°)=c (OD)UU c(Oo) (33)
so that

_ —H
a(0) =M (0)s- O - TU k@), 4

Now U is a basis for the space spanned by the columns of
A(8,). c(B,) lies in this space so the projection of ¢(6,)

onto the space orthogonal io U is zero and (34) simplifies
to

-1
a®)=sM (8)s 35)
which is the maximum value for a(8,).

Thus, as the design region shrinks to a point, the
design procedure suggested here leads to a value for a(8,)
which is equal to the value obtained in the absence of
subspace processing. This suggests that the best overall
performance is obtained by designing each column of T over
separate subregions of 2 which are are made as small as
possible. If these subregions are sufficiently small, then the
subspace based detector should show very little degradation
in a(@).

The correspondence between a and the SNR at the
output of a partially adaptive beamformer facilitates analysis
of the sensitivity of the design procedure to differences
between the actual interference environment and the class of
environments assumed during design. This allows
determination of which parameters are most important to
include in 6. If the design results in a(8) being large for 6
in the set £2, then P(8) will be small for 0 in the set Q.
We address the sensitivity of a(@) to environments 0 not in
Q by examining the sensitivity of Pj(6) to environments 0
is not in €.

Suppose the interference environment consists of J
point interferers in white noise so that

L
M@©)= ¥ old@) @)+ o2l
i=1 (36)

where d(a) is the array response or direction vector
corresponding to direction a. In general, 8 for this
environment would include L, 042,0;2,and @;, i = 1, 2,
s L. PI(0) is expressed as

P(®) =(s - T w_)"M(@)s - T w )
L 2
- § Ay~ o1

i=1
@37
Note that wHd(a) is the response in direction a associated
with w,

There are two factors in Py: the interference term depend
on how well the response of s matches the response of
Tswy, at the interferer directions aj, and the white noise
term depends on the norm of s - Tgwy,. In general these
two terms are inversely related; as response matching
improves the norm gets larger. The relative sizes of oiz and
Ow?2 determine the relative importance of response matching
versus weight vector norm.

If the 0;2 are much larger than g2, then response
matching dominates. Given a T which provides good
response matching, Py will be insensitive 1o variations in
0;2. P will be sensitive to variations in the interferer
directions. If T is chosen to provide good response
matching over one range of a, it is unlikely that good
response matching will be obtained over a different range of
a. Py should not be sensitive to changes in the number of
interferers L provided L € P-1. Assuming the d(a;), 1 =
1.2,....L are linearly independent, the response maiching
term represents L equations in P-1 unknowns (wy). If L <
P-1, then the response matching term can always be made
equal to zero independent of Ty, although this may result in
a large norm for s - Tgwp,. A good T will achieve
response matching close to zero while keeping the norm
smail.

If 6,2 is much larger than the 0;2, then the norm
dominates and the design will not be sensitive 10 variations
in 0;2, 10 L, or the interferer locations. A Ty designed for
;2 much larger than 6,2 should perform well when 62 is
much larger than the oiz because a T which results in good
response matching can yield a small norm by setting wq =
0. In contrast, a T designed for oy much larger than the
a;2 is not necessarily capable of good response matching.

The preceding discussion suggests that the most
important parameters to include in 9 are the interforer
directions. The best all around performance is obtained by
designing T assuming the 0;2 is much larger than 6y,2.
The exact number of interferers does not appear to be
significant as long as L < P-1.

4. Simulations
A linear equal spaced array of 50 sensors is used to
illustrate the potential performance improvements which are
possible by performing detection in subspaces. The sensors
are spaced at one half wavelength. The signal 10 be detected
amrives from the direction perpendicular to the array so
s=50-172(111.. 1]H




‘The magnitude of b is set to unity. The noise consists of
two interferers in white noise, where the ratio of interferer
power to white noise power is 20 dB. This implies

M = 1000d(a, )" (ax,) + 1000, )" (@3 + 50771 o
where d(a) is assumed to have unit norm and ), a3
represent the interferer directions.

The subspace based detector is designed for P = 4 by
solving (30) for each of the columns of T. ©(8) is equal to
unity and the integrals in (31a,b) are approximated by sums.
The elements of 6 are a; and ay and T is designed to
optimize performance over the range .1 < sinaj <1,.1 <
sinay < 1. The subregion over which each column of T is
designed is given in Table 1. These regions were not
customized to optimize performance, but were selected in a
somewhat arbitrary manner.

The values of a for the subspace and non-subspace
detectors are computed at 182 different combinations of a
and o7 on the region .1 € sinay £ 1, .1 < sinap < 1.
Table 2 prescnts a histogram of the ratio of non-subspace a
1o subspace a measured in dB. This number is a measure of
the loss in a resulting from subspace processing. The
design procedure is clearly effective since 177 of the 182
cases show less than 1 dB loss due to the mapping from a
S0 dimensional space to a 4 dimensional space. The worst
case loss is 3.51 dB.

The PD's of both detectors are computed for the same
182 cases assuming K = 75 signal free data vectors and a
constant PFA = 10-%. The PD's for the non-subspace
detector ranged from a minimum of .4855 to a maximum of
.5066. Table 2 presents a histogram of the PD's for the
subspace detector. Subspace processing results in a
tremendous improvement in the PD; the PD is greater than
.999 for 177 of the 182 cases. The worst case PD of .8539
is significantly greater than the best case non-subspace PD
of .5066. The two cases where the PD is less than .9
correspond o the two cases where the loss in a is greater
than 1.5 dB. Customization of the regions used to design
each column of T could be used 10 improve a and the PD at
these points.

A histogram of the PD's over the same set of
interference scenanos is given in Table 4 assuming PFA =
106 and K = 30. The non-subspace detector does not exist
in this case because K < N. The worst case PD is .6472;
175 of the cases have PD's better than .99. The subspace
detector performs significantly better than the non-subspace
detector even though it has less than one half the number of
signal free data vectors available.

5. Summary

The detection problem posed by Kelly {1] is modified to
perform detection on data which is mapped into a subspace
prior (0 processing. The detection performance tends to
increase due to the reduction in data dimension, but tends to
decrease due to a loss in SNR associated with the mapping
into the subspace. A procedure is proposed for designing
the subspace transformation to minimize the SNR loss.
The subspace design problem for oplimizing detection is
shown to be closely relaied 10 the partially adaptive
beamformer design problem. Simulations illustrate the
effectiveness of subspace detection. The gain in detection
performance associated with reducing dimension far exceeds

the detecticn loss associated with the loss of SNR in the
subspace for tbe cases studied here.
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Table 1. Design regions for the columns of T.

_subspace detector and 10log(a) for the subspace detector.

Column sinQy sinay
1 .6-1.0 6-10
2 .6-1.0 .1-.58
3 .3 -.58 .1-.58
4 .1- .28 .1-.28
Table 2. Difference between 10log(a) for the non-

|__Range for Difference Number of Cases
0<dif <.5 174
S<dif<1.0 3
1.0<dif < 1.5 3
1.5 < dif < 3.6 2

Table 3. PD’s for subspace detector with K = 75. The
non-subspace detector PD's range from 4855 to .5066.

Range for PD Number of Cases
85<PD< .9 2
9<PD< .99 0
.99 < PD < .999 3
999 < PD < .9999 4
.9999 < PD < .99999 173
Table 4. PD's for subspace detector with K = 30.
Range for PD Number of Cases
64 <PD< 9 2
9 <PD< 99 4
.99 < PD < .999 175




