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Preface

The purpose of this study was to develop numerical approximations for the Green’s functions
of a theoretical model of an aperture fed stacked-patch microstrip antenna. Each complex valued
Green’s functions was approximated by three functional forms. One component of each Green’s
function- was well approximated by a single function. The other component required a piece-
wise approximation but with each approximating function valid over the same range, of radial
separation, for each function. All the approximations were determined using aleast squares curve
fitting method and excellent agreement with-the original data was obtained. These approximations
were given to Capt Leon Irvin for use in a separate -effort to determine the patch surface currents
using a-method-of moments analysis. Approximations of this type should provide for a much more

computationally efficient method of moments analysis.

I would like to-thank my advisor, Major Harry Barksdale, for his help, encouragement, and
patience throughout-the last year. I would-also like to-thank the members of my thesis-committee,

Capt Philip Joseph and Capt Byron Welsh-for their help as well.as patience and understanding.

The last year and a half have been some of the best and worst times of my life. The association
with the members of the LO track will stand as a highlight of my life. In what could have been a
-competitive race for position in our classes, the members of the LO track were always ready -and
willing to help and encourage each other. The entire Air Force could benefit from this cooperative
type-of relationship. On the downside, the last year and a half have been the worst in regards
to personal and family-life. I would like to give special thanks to my wife Carole, for her love,
_patience, and understanding over the last year and a half. She sacrificed her career that I might
obtain this degree and words will never be able to express my appreciation. I would also like to

-give thanks to my sons David and Jonathan for doing without “Daddy” much of the time.

In any undertaking, such as a thesis, hind site is always much clearer than foresight. At

the outset-of this effort an unwritten goal was to rewrite the code used by Nazar to eliminate the




od

use of commercial software packages. The primary goal was determining the Green’s functions
approximations. Over the summer a great deal of time was spent investigating different analysis
and integration techniques. During this time I seemed to lose sight of-the primary goal, obtlaining
the approximations. When the decision was made to press on, using the routines developed by
Nazar, much valuable time had been lost. A clearer plan of attack, with a sequence of important
events, might have kept me on track better. The fault rests with the author and not the advisor.

Sometimes the lessons hardest learned are the best remembered.

Ronald E. Erwert
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Abstract

The numerical approximations of the Green’s functions for a theoretical model of an aperture
fed stackedfpatch microstrip antenna are presented. The Green’s functions approximated are those
developed by Nazar (AFIT Thesis GE-89D-37), ’7G/reen’s Functions for a Theoretical Model of
an Aperture Fed Stacked-Patch Microstrip Antenna”.P-E;ch complex valued Green’s function was
written as a function of the source-observer separation. The behavior of each Green’s function was

analyzed, and it was found that they could all be approximated by three separate functions. The

approximating functions were either polynomials or rational functions composed of polynomials.

One component could be approximated by a single function over the entire range of radial
separations, while-the other required a piecewise approximation over the same intervals for each-

function approximated. The coefficients of the functions were determined by using a least squares

a T T
curve fitting method and were used in a separate eﬂ'ort%ﬁ‘f“ﬁhesis—-G—E&ﬂD;Zl) to perform

a moment method analysis of the antenna. Custom-written FORTRAN code was developed to
. t
s oo,

Example results for several of the Green’s functions approximated are presentedAThe agree-

S

determine the coefficients of the approximations.

ment between the approximations and the original functions was excellent.
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NUMERICAL APPROXIMATIONS OF THE GREEN’S FUNCTIONS
FOR A THEORETICAL MODEL OF AN APERTURE FED
STACKED-PATCH MICROSTRIP ANTENNA

I. Introduction

The microstrip antenna concept was first proposed by Deschamps in 1953 [1). The concept
lay dormant-until the early 1970’s when there was an immediate demand for low-profile antennas
on a new generation of missiles [2] and better theoretical .nodels and manufacturing techniques
were developed. Low cost, ease of construction, thin profile, and modular design are among the
numerous advantages offered by microstrip anténnas. Conformability makes them easy to integrate
into the skin of an aircraft or missile without degrading the vehicle acrodynamics. Extensive efforts
continue to improve the designs, integrate them into new applications, and develop better analysis

techniques to predict antenna performance

1.1 Microsirip Anlenna Background

1.1.1 Definition. The basic geometry of a microstrip antenna consists of a conducting strip
radiator or patch printed on a grounded dielectric substrate (see Figure 1). The antenna input or
feed can be either a coaxial cable or a microstrip. The antenna patch conductors can in principle be
‘any shape but are usually rectangular or circular to simplify analysis and performance prediction.
Generally the substrate dielectric constant should be low (¢ & 2.5) to enhance the fringe fields

which account for the radiation [1].




.

Antenna Patch Antenna Patch
€ €
Coaxid] Ground Microstrip Ground
Faed Plane Feed Plane
(a) (b)

Figure 1. Microstrip Antennas with (a) Coaxial Feed and (b) Microstrip Feed [3].

1.1.2 Advaniages. Compared to conventional antennas, microstrip antennas have numerous
advantages and can be used in a wide variety of applications over a frequency range of approximately

100 MHz to 50 GHz. Some of the major advantages are [1):

o light weight, low volume, low profile planar configurations which can be made conformal
o low fabrication cost, readily amenable to mass production
o can be made thin; hence they do not perturb the aerodynamics of the host aerospace vehicles

o the antennas may be easily mounted on missiles, rockets and satellites without major alter-
ations

e microstrip antennas are compatible with modular designs (Solid state devices such as oscil-
lators, amplifiers, variable attenuators, switches, modulators, mixers, phase shifters, etc. can
be added directly to the antenna substrate board)

o feed lines and matching networks may be fabricated simultaneously with the antenna

1.1.8 Disadvantages. Unfortunately microstrip antennas do have some disadvantages com-

pared to conventional antennas such as [1):

¢ narrow bandwidth

o loss, hence somewhat lower gain

e most microstrip antennas radiate into a half plane
o poor end-fire radiation performance

e poor isolation between the feed and radiating elements




1.2 Problem Background

As previously stated, narrow bandwidth is one of the disadvantages of microstrip antennas.
The bandwidth of the antennas shown in Figure 1 is typically 1-5% of the resonant frequency.
Increasing the substrate thickness can increase the bandwidth but any bandwidth gains are offset

by loss, radiation, and impedance mismatch problems [3].

Captain James Nazar developed an analytical model of a configuration combining two band-
width improving techniques, aperture feeding from a microstrip line and using stacked patch radi-
ating antenna elements. A picture of this aperture fed stacked-patch microstrip antenna is shown
in Figure 2. In his thesis he presented a theoretical model for this antenna using the mixed po-
tential integral equation (MPIE) approach. The Green’s functions associated with-the vector and
scalar potentials are evaluated in the spatial domain using stratified media theory. He outlines a
method of moments technique to solve for the currents but no actual solutions for the currents are

calculated.

The Green’s functions developed are expressed in the form of Sommerfeld integrals. The
moment method analysis requires surface integration of the Green’s functions over the source and
observer coordinates. The Green’s function integrands are dependent on the radial separation
between the source and observer. To numerically evaluate the integrals of each Green’s function
at every value of radial separation required in the surface integrations would be extremely time
consuming. Nazar proposed numerically evaluating the integral Green’s functions over a finite
number of radial separations and interpolating to find the intermediate values. He states polynomial

averaging may be an acceptable interpolation technique [3].

1.8 Problem Statement

In this thesis, a subset of the Green’s functions developed by Nazar will be numerically

evaluated at a finite number of observer-source radial separations and approximations for each
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Figure 2. Aperture Fed Stacked-Patch Microstrip Antenna [3].

Green’s function will be developed which can then be used in a tractable method of moments

analysis.

1.4 Research Objectives

The main goal of this research is to further develop a mathematical model suitable to analyze
an aperture fed stacked-patch microstrip antenna as displayed in Figure 2. The Green’s functions,
previously developed, are in the form of Sommerfeld integrals which will be solved numerically
and approximated by simpler functions. These Green’s function approximations will be used in
a concurrent thesis effort, by Captain Irvin [4], to perform a method of moments analysis to
determine the various currents of the antenna. Captain Terry [5] is building and measuring the

radiation characteristics of an aperture fed stacked-patch microstrip antenna. The culmination of

these thesis efforts should be a working and verified analytical model of the antenna.




1.5 Research Questions

Answers to the following questions will be found:

1. What are the form functions necessary to accurately model the Green’s functions?

2. How well do these functions approximate the original Green’s function?

1.6 Assumplions

Because this thesis effort is a continuation of Nazar’s work, the same simplifying assumptions
were made about the material parameters to make the- mathematical analysis tractable. Each
dielectric is considered isotropic, homogeneous, and lossless. The dielectric layers and ground plane
are considered infinite sheets. The ground plane and antenna patch conductors are infinitely thin,
perfect electrical conductors, while the dielectric layers have finite thickness. -Finally, the Green’s

functions derived by Nazar were assumed correct.

1.7 Scope and Limilations

Only the aperture fed stacked-patch microstrip antenna was analyzed. The unique Green’s
functions derived by Nazar were evaluated numerically and approximated.by appropriate polyno-
mials. Once these functions were determined, the coefficients were given {o Capt Irvin for use in a

method of moments analysis to determine the electric and magnetic currernts of the antenna.

1.8 Thesis Organization

The rest of this document is organized in the following manner. Chapter II is a review of
several current articles on aperture fed microstrip antennas, stacked-patch microstrip antennas,
aperture fed stacked-patch microstrip antennas, and the method of full wave analysis. Chapter
111 contains the theory necessary to develop the Green’s functions in the theoretical model used

to analyze this antenna. Chapter IV presents an explanation of what functions are approximated,




what the approximations ate and how well the functions approximate the Green’s functions. The
conclusions and recommendations are discussed in Chapter V. Finally the components of the vector
potential derived in Chapter III as well a complete list of the Green’s functions used in the model

are contained in appendices.




II. Literature Review

This literature review summarizes current work on microstrip antennas. Since this thesis
effort concentrates on further development of a theoretical model for an aperture fed stacked-patch
microstrip antenna, only current reports on aperture fed microstrip antennas, stacked patch mi-
crostrip antennas, aperture fed stacked-patch microstrip antennas, and full wave analysis techniques
will be summarized. The final work reviewed is Captain James-Nazar’s thesis, the departure point

for this thesis effort.

2.1 Aperture Coupled Antennas

In 1985 D. M. Pozar [6] presented a new technique for feeding microstrip antennas. He
proposed coupling a microstrip patch on a substrate to a microstrip line feed located on a parallel
substrate via an aperture in the ground plane separating the two substrates (see Figure 3). To
make the feedline location easier to visualize, the feed substrate in Figure.3 is shown transparent.

Pozar cited three advantages of an aperture coupled configuration:

1. The configuration is well suited for monolithic phased arrays, where active devices can be
integrated on, for example, a gallium arsenide substrate with the feed network, and the radi-
ating elements can be located on an adjacent (low-dielectric constant) substrate, and coupled
to the feed network through apertures in the ground plane separating the two substrates. The
use of two substrates thus avoids the deleterious effect-of a high-dielectric-constant substrate
on the bandwidth and scan performance of a printed antenna array.

2. No radiation from the feed network can interfere with the main radiation pattern, since-a
ground plane separates the two mechanisms.

3. No direct connection is made to the antenna elements, so problems such as large probe self
reactances or wide microstrip line (relative to patch size), which are critical at millimeter-wave
frequencies, are avoided.[6)

Pozar designed a prototype antenna using small hole coupling theory and a cavity model
for the patch. No specific bandwidth performance results were cited, but he did report that the

patterns in the principle radiation planes were basically the same as for a microstrip antenna-with

same geometry. Also radiation from the feed side of the antenna was negligible.
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Figure 3. Aperture Coupled Microstrip Antenna.

Feed substrate

Sullivan and Schaubert [7] took Pozar’s concept and developed an exact mathematical model
for an aperture fed microstrip antenna with one radiating antenna patch. They formulated coupled
integral equations by using the Green’s functions for grounded- dielectric slabs. Their analysis
included all the coupling, radiation and surface wave effects for both substrates. In their analysis
they invoked the equivalence principle, closed off the aperture and replaced it with magnetic surface
currents Mg located just above and below the ground plane (see Figure 4). To ensure continuity of
the tangential electric field across the aperture, the magnetic currents are of equal magnitude but
oppositely directed. The space below the ground plane (z < 0) is designated as region a and the
region above (z > 0) as region b. The known incident current distribution on the feedline is J;,,,
the scattered current distribution on the feedline is J¢ and the current distribution on the patch is
Jp. The electric and magnetic fields in each region can then be written as the summation of the

contributions from each source:

Egot = Ba(J;c) + Ea(JIg) + Ea(Ms)
HECE = Ha(3;,,0) + Ha(Jg) + Ha(Ms)
Egot = Eb(Jp) - Ep,(Ms)

H{O = H,(Ip) - Hp(Ms)
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By enforcing the boundary conditions they obtained three coupled integral equations for the un-
known currex;ts J¢, Mg and Jp. The equations were then solved using a Galerkin moment method
procedure. The analysis was simplified by assuming the electric currents on th.e antenna patch and
stripline were only in the y-direction and the aperture was electrically shorted and replaced by
magnetic currents confined to the x-direction. The expression obtained for Mg was not quite exact
because one material parameter must be determined from empirical data. The authors verified
their results by comparing calculated to measured input-impedance for several different combina-
tions of dielectric constant, dielectric thickness and aperture position and obtained good agreement

between predicted and measured performance.

Tsao et al. [8] reported the results from the design and testing of several aperture fed stacked-
patch microstrip antennas. A test model with a single input-feed network achieved a 19.2 percent

bandwidth at 3.9 GHz with an input voltage standing wave-ratio less than two. A two-input-port

-model designed_for dual polarization achieved a 23 percent bandwidth at 3.74-GHz with-an input

VSWR. less than two. No exact analysis was presented but the authors-did demonstrate that
an aperture fed stacked-patch microstrip antenna can yield higher bandwidth than a single patch

microstrip antenna.

Das [9] studied the general configuration of printed antennas fed by planar transmission
lines in a multilayered substrate geometry by analysis using a full -wave spectral domain moment
method. In his model he developed a complete-set of full wave spectral domain Green’s functions
for a multilayered geometry. One particular configuration he studied was an_aperture fed stacked-
patch antenna. He verified his analysis by using a waveguide simulator and reported a bandwidth

of 11 to almost 17 percent depending-upon the primary patch size.

In a recent article Pozar [10] modeled an infinite phased array of aperture coupled microstrip
patches. His solution used the exact Green’s functions for the dielectric substrates in a spectral

domain moment method approach. The coupling of one aperture in the infinite array to its as-

10




sociated feedline is found, and an equivalent series impedance is determined. The model assumes
no coupling between the feed lines themselves as long as they do not come within a few substrate
thicknesses of each other. A waveguide simulator was used to verify the theory. The agreement

between measured and calculated impedance results was good.

2.2 Analysis of Microsirip Anlennas

The electromagnetic fields radiated by a microstrip antenr.a are found by solving the integral
equations for the currents on the feed elements and the antenna patch(s). Mosig [11] describes a
mixed potential integral equation (MPIE) technique applied to microstrip structures which can be
used to solve for the currents. In this method he uses Green’s functions associated with the scaler
and vector potentials which are calculated by using stratified media theory and are expressed: as
Sommerfeld integrals. The author solves the MPIE in the space domain to keep a good: physical
insight to the problem. The MPIE is numerically stable and can be solved with efficient algorithms,
The formulation of these equations provides a powerful and flexible technique because contributions
from coupling, dispersion, radiation losses and surface waves are included. The technique can be
extended to multilayered substrates and multiple conductors at different levels (stacked patches)

by making suitable modifications to the Green’s functions and increasing the number of unknowns.

Additional insight into using the MPIE is provided by an earlier paper by Mosig and Gar-
diol {12]. The authors develop in detail the spatial Green’s functions associated with microstrip
structures. These Green’s functions correspond to the fields and potentials created by a horizontal
electric dipole placed on the air/dielectric interface and are expressed as Sommerfeld integrals. The
situation where both the source and observer are located on the same plane is studied extensively.
Numerical methods to evaluate the Sommerfeld integrals in this situation are reviewed, and several

-techniques introduced and discussed in detail.

Analytical techniques applicable to stratified media were needed to develop the model for the

11




antenna studied in this thesis. Mosig indicated the MPIE can be used for stratified media but he
derived the Green’s functions using only the horizontal electric dipole (HED) and a point charge
and did not derive the Green’s functions for stratified media [11]. Kong developed the integral
expressions for the electric and magnetic fields for both the HED and the horizontal magnetic
dipole (HMD) in both infinite and semi-infinite stratified media [13]. As discussed later, Nazar
extracted the HED and HMD Green’s functions for stratified media from Kong’s integral field
expressions [3]. The Green’s functions for the HMD were needed to determine the fields radiated

by the magnetic currents used-to close off the aperture in the ground plane.

Das and Pozar derived a generalized, two dimensional, spectral-domain Green’s function

completely defining the field inside a multilayered dielectric structure due to a current element

located between any two layers. They derive their solution by solving a “standard” form containing
the current element Jocated on the interface between any two layers and using an iterative algorithm
to take care of additional layers. Another iterative algorithm is then used to find thefield in any
layer in terms of the field expressions in the two layers of the “standard” form. The locations of
the poles of the Green’s function are predicted, and an asymptotic form is derived along with the

asymptotic limit. From their analysis they draw the-following conclusions:

1. The convergence of the numerical solution of the Green’s functions is much faster when the
source and observer are-on different planes than when they are coplanar.

2. The numerical convergence to the asymptotic limit is much faster for thicker dielectric layers.

3. The convergence of the numerical solution is much-faster for structures with a ground layer
than for structures without a ground plane [14].

Most of the exact analysis of microstrip antennas has concentrated on deriving the Green’s
functions using only horizontal dipole sources such as the HED and HMD. Hall and Mosig [10]
applied the MPIE approach to vertical monopoles embedded in a dielectric substrate media. The
vector-and scalar potentials were written in terms Sommerfeld integrals and evaluated using tech-

niques similar to those developed for horizontal dipoles in microstrip antennas, The analysis was

12




verified by comparing measured and calculate impedance data for a monopole embedded in Teflon.
Good results were obtained indicating this method may be useful for modeling the coaxial feed for

a microstrip patch antenna.

Barlatey et al. analyzed a stacked patch microstrip antenna using the MPIE approach. They
provided a complete and rigorous treatment of the Green’s functions for the potentials in the space
domain, created by a HED located at any of the dielectric interfaces of a multilayered structure. The
surface waves which can arise in such a structure were characterized numerically. An approximate
formula for the value of the propagation constant of the dominant TM¢o mode was given, and
conditions necessary to ensure the absence of higher order modes were specified. The MPIE was
solved with a Galerkin method of moments procedure. They show that the introduction of auxiliary
variables greatly reduces computation time, Theoretical results for the input impedance of a two-
layer patch agreed well with measurements. The authors estimate one configuration would have a

bandwidth greater than 15 percent for a VSWR of two or less.

2.8 Nazar’s Thesis(3]

Nazar developed a theoretical model for the analysis of an aperture fed stacked-patch mi-
crostrip antenna. The mixed potential integral equation (MPIE) approach was used. The aperture

was closed by using opposing magnetic currents on each side of the ground plane. As noted before,

Nazar derived the stratified media Green’s functions using both the HED and HMD. The necessary-

Green’s functions associated wjth the vector and scalar potentials were evaluated in the spacial
domain to keep a goed phy sicar insight to the problem. The Green’s functions are expressed as
Sommerfeld integrals. A nizthoc of moments technique to solve for the currents of the antenna
is outlined but no actual solutions are calculated. The Sommerfeld integral in the Green’s func-
tions were analyzed and found to have the following characteristics: complex,oscillatory integrands;

singularities; surface waves; and semi-infinite integration intervals. He also developed several inte-
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gration techniques to deal with these characteristics. Example calculations for several of the Green’s
functions were performed. The cut-off frequencies for the surface waves were determined and he
found that for the proper choice of material parameters only one surface wave mode propagates.

Example Green’s functions were evaluated with sample results reported.

2.4 Summary

Microstrip antenna research continually produces innovative designs and more elaborate anal-
ysis techniques. Work by. Pozar, Sullivan and Schaubert, Tsao et al., Das, and Barlatey et al. have
shown the feasibility of using aperture coupling and stacked patches to increase the bandwidth of
microstrip antennas. Sullivan and Schaubert, Mosig and Gardiol, Kong, and Das and Pozar devel-
oped analytical techniques to rigorously calcufate the solutions for microstrip antennas in stratified
media. Hall and Mosig applied the MPIE approach to vertical monopoles embedded in a dielectric
substrate. Nazar developed the Green’s functions for an aperture fed stacked-patch microsprip
antenna. Solving these Green’s functions numerically in an efficient manner will allow their use in
a method of moments analysis to determine the antenna currents. The complete analytical model

for this antenna can then be used to define frequency, bandwidth, and radiation characteristics and

thus develop criteria for the efficient design of this antenna.
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III. Theory

8.1 Analysis Overview

The goal of this analysis is to find the induced electric currents on the two antenna patches
given an assumed magnetic surface curtent over the aperture. These currents can be used to de-
termine the antenna operating characteristics such as resonant frequency, input impedance, band-
width, and radiation pattern. The various antenna currents are illustrated in Figure 5. The electric
currents are labeled as J;,, . for the feedline current; J¢ is the feedline scattered current; 3o is the
primary patch current; and J3 is the parasitic patch current. The equivalence principle [15] can be
used to close off the aperture and replace it with opposing magnetic surface currents My located
just above and below the ground plane. The opposing magnetic currents ensure continuity of the
tangential electric field through the aperture [7]. Though only x-directed electric and y-directed
magnetic currents are shown in Figure 5, the analysis includes all currents in the xy-plane. The total
electric and magnetic fields in regions a and b can be written as the summation of the contributions

from each source:

EPY = Ea(djnc)+Ea(35) +Ea(My) (1)
HE = Ha(3jnc)+Ha(Ig)+Ha(My) 2
E** = Eu(J2)+Ep(I3) - Ep(My) 3)
Hi?* = Hy(J3)+Hp(33) - Hp(Ms) (4)

In this analysis a somewhat simplified model is used. Rather than using J;, . as the known
input, the magnetic surface current across the aperture is assumed known. Thus only the two
patch currents Jo and J3 need be solved for. To determine these currents, only expressions for the

electric field need to be derived.
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Figure 5. Stacked Patch Antenna and Feed with Incident and Induced Currents [3).
(a) Original Problem. (b) Equivalent Problem.




The electric fields in the problem can be expressed using the mixed potential integral equation
(MPIE) and solved in the space domain. Harrington discussed using both vector and scalar poten-
tials (mixed potentials) to solve scattering and antenna problems [16]. Mosig applied the MPIE to

microstrip antennas [11] and Nazar applied them to the aperture fed stacked patch structure [3).

The electric fields due to the electric and magnetic sources, respectively, are derived from the

scalar and vector potentials

E = -jwA-VV (5)

t
I

1
_EV xF (6)

where A is the magnetic vector potential, V is the electric-scalar potential, Fis the electric vector

potential, and j=+/-1.

Equation-(5) assumes only electric sources are present. and ‘Eq-(6) assumes only magnetic
sources. The vector and scaler potentials can be expressed using the corresponding Green’s function

as superposition-integrals of the current and .charge densities.

A@) = [ Balole)- 303 (7y
o) = [ Gololale)as ®)
F(p) = [ Grlole)- () ©)

with the dot in Eqgs (7) and (9) indicating a dot product of the dyadic Green’s function with the
-vector surface current. The radial positions of the observer and source respectively, from the z-axis

arc represented by p and p'. The continuity equation relates the electric current and charge density.

V.-J+jwg=0 (10)
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The electric field in region b (the half space into which the antenna radiates) is described by
substituting Eq (7) through (10) into Egs (5) and (6). Two coupled integral equations are then
obtained for the two unknown currents Jo and Jg by enforcing the boundary conditions of Table 1.
The remaining boundary conditions such as conditions on the normal and tangential fields at the

dielectric interfaces, are incorporated in the construction of the Green’s functions.

Table 1. MPIE Boundary Conditions [3]

1) E'*® = 0 on antenna patch 1

2) E'%" = 0 on antenna patch 2

1

In developing a mathematical model the first step is to determine the expressions for the vector
and scalar potentials from which the Green’s functions are constructed. The MPIEs satisfying the
boundary conditions in Table 1 are then formulated and can be solved for the current and charge
distribution by a moment method solution. Throughout the analysis a time dependance of e7*! is

assumed.

8.2 Veclor and Scalar Potlentials

By definition the Green’s functions are potentials created by a unit source which is an electric
or Hertz dipole located on of the patches or an equivalent magnetic source located across the
aperture in the ground plane. The superposition principle applies in a linear system and the
potentials of any finite source can be determined by representing the source as a continuum of
elementary dipoles and integrating the contributions of all the elementary sources [17). The method
of Green’s functions for arbitrary microstrip sources was developed by Mosig and Gardiol [12, 17].
However, they only constructed Green’s functions for a single dielectric layer antenna, with only
electric sources on the dielectric-air interface and the dielectric permeability fixed at the free space

value. Nazar [3] extended these results to model an aperture fed stacked-patch structure with
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two dielectric layers with different permittivities and permeabilities; with electric sources at the
dielectric-dielectric and dielectric-air interfaces; and with equivalent magnetic sources at the ground

plane-dielectric interfaces.

8.2.1 HED ai Interface 2b [8]. The first step in analyzing this structure is to determine the
magnetic vector potential created by a HED having a unit moment (/dz =1 A m) along the x-axis
at the interface of dielectrics 1b and 2b (see Figure 6) [3]. The resulting Green’s functions can be
used in Eqs (7) and (8) along with Eq (5) to obtain the E fields of the structure for an arbitrary
distribution of sources on interface 2b. The z and z components of the magnetic vector potential

4

]
€3p H3b

Eaby H2p

Eqpo B
1b'F1b
ldx

bap, , P

7
/

2

Figure 6. HED at Interface 2b (dielectric 2b is transparent for clarity) [3].

in each dielectric and free space can be expressed in the form of Sommerfeld integrals [17)

Aba(p)

/ H (Ap)a, sinh(uzpz)dA (11)
[

AbL(p) = cosdz/H@(Ap)aEz cosh(uyp2z)dA (12)
[+




M) = [HE(00) (b sinh(uase) + ey sinh(uz)] 4 (15)
Al(p) = cos¢ /; HP(\p) [bE, sinh(uzbz) + c2, sinh(ugpz)] dA (14)
Ma() = [HPO)Eerp(-vama)d) (15)
Mu(e) = cond [BOO)exp(-unz)i) (16)

where a2, ab, bt, etc. are unknown coefficients to be solved for, p is the radial distance || between

the source HED and the observer point and

uip = 4/A% - ki, uob= VA -k, v = VA2 - k3

with ki, k2p, and kap being the wave numbers in dielectrics 1b, 2b , and 3b, respectively. Although
k3 is assumed to be the free space value, ko, it is referred to as ks for notation consistency. The

wave numbers are defined as

kib =wvEnps, koo =wiEnpo,  kab = wy/Farpap

with €15,25,35 and pt13 26,35 being the permittivities and permeabilities of the corresponding medium.
As an example of the notation, AY,, is defined as the x-directed magnetic vector potential in region
b, dielectric 1b (0 < z < byp) for a HED at interface 2b. The remaining vector potentials, A)‘:.z,nm

are defined similarly. A definition of the integration path C along with some background of the

development of Eqs (11) - (16) can be found in the works by Nazar {3}, and Mosig and Gardiol [17).

Nazar developed the necessary boundary condition to solve for the coefficients of Eqs (11) -

(16). The relevant results applicable to this work are summarized as follows:
Q@z= b1b

A2i2 = Adp (17)
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1 8AY, 1 AR, _ 6(p)
By Oz . pw Oz 27p
ASIZ A222

B1b (51
1 0Ay, 1 aA‘;,z:cos ( 1 1 )aA‘,:12
enspiy 0z enpyn Oz ey Ewnprs) 9p
@Z:bzb
A322=A§32
1 8A%, _ 1 9A%,
p2p Oz pay Oz
Al - Absy
U2 Hay
1 0Ab, 1 8Ab, ( 1 1 >aA§y
- 22 = cosP | — - + =
enpay 0z emppzy Oz eappar  Ewpar) Op

along with the Sommerfeld radiation condition

limr= <-aa—? +jkA>= 0

=00

where A satisfies the homogenous Helmholtz equation

(V2+k)A =0

(18)
(19)
(20)

(21)
(22)
(23)
(24)

(25)

(26)

The branch interpretation [18] of us, = /A2 — k3, is determined by the Sommerfeld radiation

condition as

uap = |\/A71T;§Z|, [Al > kab
uao =3 |VAT= K|, I\ < kab
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The term 6(p)/(27p) in equation (18) represents a unit current source (Idz = 1 A m) on interface

1b, where 6(p) is the Dirac delta function which can be expressed as [17]

i) = 5 [HP AN (27)

Using the boundary conditions defined and Eqs (11) - (16), eight equations are formed and solved

for the unknown coefficients {3] yielding

Al = = / 1D () 5;2(5\)) sinh(ugbz)d) (28)
aal) = 22 [ H&”(»)-ﬁ-s(—;;%%cosh(mz)dx (29)
M) = g [P0p [Rullmba e Bimtat] g
Ab(p) = E°_'°‘.2 / O () [szz(A)Slnh(lg:(Z}\;) N(Aﬂ)(’\)s’"h(“zbz)]dx 31)
M) = 3 [HO00 g;g))exp(-uabzw (32)
Atulp) = °°S¢ 2ot [5000) 2] exp(-umn) (33

with the N’s representing the numerators of al,, ab, b2, b, etc. and D’s represent the denomina-

tors. The zeros of

Db ) [#b12uab + ugp coth(bipugp )] uze cosh(uab(bab — bib))

(34)

+ {11203y, + pe2aupusy cot(bybusp)] sinh(uzn(bzb — bav))

DE () [es13u3b + s tanh(bipusb)] uay cosh(uzb(bap — bib))

(35)
+ [e12u,, + €b23u1bu3b tan(bybup)) sinh(uzs(bab — b1b))

define the surface wave poles in the dielectrics where

o= 2, epp= 2, eyz=
= — 3 = — — —
e’ €3’ €3b
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and

1) H2b H1b
o = — pog = —— =0
Hb12 hay' Bb23 oy’ He13 5

The frequencies at which the TE and TM surface waves propagate are determined by the roots
of DE(A) and D,(}) [3]. The surface waves represent power propagating along the surface of the
dielectric layers, instead of radiating into space. DP()) and DZ()) are related to the reflection
factors on a microstrip structure for an incident perpendicular polarized wave (TE) and parallel

polarized wave (TM), respectively [17]. The N terms are given in Appendix A.

3.2.2 HED at Interface 8b [8]. The case for a HED located on the dielectric 2b and dielectric

3b (free space) is shown in Figure 7.

et 2 |

X

Figure 7. HED at Interface 3b [3].
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The z and z components of the magnetic vector potential in each dielectric and free space (3]

can be expressed as

Mual) = [BP o)k sinh(urez)dh (36)
Aba(p) = cos¢ /; ng)(z\p)a;’:,cosh(uwz)dz\ 37)
Aby(p) = /c H{P(Ap) [bBs sinh(uzpz) + B3 sinh(uzyz)] dA (38)
Abi(p) = cos¢ /c B (Ap) [bLs sinh(uzpz) + s sinh(uzsz)) dA (39)
M) = [EP O Esexp(-un)da (40)
Abi(p) = cos¢ /c ng)()\p)dgaexp(—u;;bz)d,\ (41)

The boundary conditions needed to solve for the coefficients of equations (36) - (41) are:

Q@z= b1b
Abjz = Al (42)
1 0A%s _ 1 0A%s (43)
py Oz b2y Oz
Abs - Aby (44)
Hid B2y
1 0Ans 1 0AD; — cos ( 11 ) OAL,, (45)
ewpy 0z exppa 0z expas i) Op
@z=by
A?za = Agsa (46)
i.__.aAsm - L__._aAs” = .5_(5'_). (47)
py Oz  pay Oz 27p
A§?3 - A$33 (48)
1377 H3b
1 A% 1 0A%m _ . ( 1 ) 0A%s3 (49)
exppiay 0z  eappzy Oz easias  Exppas) Op
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along with the Sommerfeld radiation condition of Eq (25). As before, the term 6(p)/27p in Eq (47)

represents a unit current source, but this time on interface 2b. Solving for the unknown coefficients

results in the following

Abia(p)

A%ia(p)

Aba(p) =

Ul

Al(p)

Alss(p)

Aba(p) =

In f HY(00) 53?(») sinh(u3b2)d)

c08¢ / HP (2 )Db (;;";;b)(/\) cosh(ugpz)dA
_/H(z) Ap) [Nbe(A) smh(um)g:(';\;cx!i(x) Sinh(llgbZ)] dA

cos¢ @ NE,2()) sinh(ugyz) + N2,3()) sinh(uay2)
] e e Jo

z;/ 1P ) N2 epCugpz)ar

D2(%)

Nb (A
T [HPon s e

"The N tetms of equations (50) - (55) are included in Appendix A.

(50)
(51)
(52)
(53)
(54)
(55)

3.2.8 HMD at Inierface 1b [3]. The electric fields in region b due to the equivalent magnetic

current on the ground plane (see Figure 8) are found with Eq (9) along with Eq (6). The first step

in the analysis is to find the fields created by a HMD along the z-axis at the ground plane with

a unit moment Vdz = 1 V m. Using the same procedure as for the electric sources, the z-and z

components of the electric vector potential in each dielecttic and free space of region b are expressed

as

Fa(p)
F2u(p)
F521(p)
Fou(p)

F?:u (P)

/ Hg’)(,\p) [a%; sinh(u;pz) + €2y cosh(uypz)] dA
c

cos ¢ / ng)(,\p)aﬁzlsinh(uwz)d)‘

/ HE(1p) [bR, sinh(iizez) + cky cosh(uzp2)] dA

cos b / B (Ap) [bL, sinh(uzpz) + c&; cosh(uzpz)] dA

BP0 exp(-uasar
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Figure 8. HMD at Interface 1b (dielectrics 1b & 2b are transparent for clarity) [3).

Fgm(p) = cos¢ / ng)(,\p)dglexp(—uabz)dz\ (61)
[

The boundary conditions needed to solve for the unknown coefficients are:

@z=0
1 8Fy, 6(p)
—_—xl . A 2
ey Oz 27p (62)
Q@z= b]b
Fyy = Fhy (63)
L OFy _ 1 Oy (64)
€1y Oz €y Oz
€1b €2
1 0Fh, 1 8Fby, = cos ( 11 ) 9F%,, (66)
Enpry 9z enppun Oz e2bliap  Ewvfis/ Op




@z="byp

Fin = Fiyy (67)
1 <9I~‘,,,1 1 9F%y, (68)
e;; ' " e3y 8z
Fn_Fin (69)
€2 €3b

1 0Fpy 1 OFpy _ ¢ ( 1 1 )OFEM (10)
enun 9z exnppsy Oz eappar  empa/ Op

along with the Sommerfeld radiation condition, Eq (25), with A replaced with F, As before, the
term —8(p)/(27p) in Eq (62) represents the unit magnetic current source on the ground plane

(interface 1b). The solutions of Eqs (56)-(61) are as follows

Bl = = [H000) [—%}sinh(mz>+—°*ﬁ3§,’,:%ﬂ] ax ()
Bu) = S22 [HP00) 5] b ()
o) = & [ a0 en) £ O ebena -
Ba) = 22 (1) [MuQinhlng i cotling)] gy ()
Bal) = o 1000 e erp(- vt (1)
B = 222 [HO00) 5 sexp(-uana)id (7

The numerator terms are listed in Appendix A.

3.2.4 The Electric Scalar Potential [$]. To determine the electric field of Eq (5) the electric
scalar potentials are needed. The-potentials can be found using the Lorentz gauge condition for

electric sources:

V- -A+jweuV=0 (77)

27




When applied to the magnetic vector potentials previously calculated, Eq (77) will yield the po-
‘tentials for two opposite electric point charges. To determine the Green’s functions of Eq (8), the
potentials of a single point charge are needed. The electric potential, V;, of ; single point charge
can be found using the electrostatic relationship linking an electric point charge and a dipole po-
tential [17):

V= —%V;‘l (78)

V; can be found within an arbitrary constant by integrating V over z. The value of the constant is

unimportant since the gradient of Vj is taken to calculate the electric field.

8.2.4.1 Scaler Polential for HED ai Interface 2b [3]. Applying Eq (77) to Eqs (28)

and (29) yields

' 8A, . OAD
Jwelwv?ﬁ—[_«?:{g‘* a:,n] (19)
resulting in
Naea(d) NeL() 1.
Vb = _&(_)f_?__ (2) [ ax2 _ 222 4 0
12(P) 4mwerp 1y CH1 A D}_.’(«\) ulbDE(z\)D,‘;, ) sinh(u3p2) (80)

As previously stated, this potential is for two point charges. Applying Eq (78) to Eq (80) results

in

b ()= — / (2) [N:’xz(z\)_gﬁ Nb,(3) ]
un(p)—-47rjw€1w“ CHO DE()) X DE(A)DE(}) sinh(uypz)d) (81)

The potentials in the other mediums can be found similarly:

' _n,gzK_ZNb A _u NE(A .
V};u(p) = Z_.L__.. / ng)(,\ p) [ D;(,\) - ’fkﬁ;r(l\g!‘)’%] sinh(ugp2)
Tjweppab Je 1 + [NDEEZ(%) — v DTLZAFLQZEJ\)D:\( /\)] cosh(ugs2)

1 'NBo(A)  uss  N§,.() ]
b - (2) dx2\2) _ 18b  dza\A) -
Vaale) = 47rjw53w35/cH° () | DB(A) A DB(A)DE()) exp(~uap2)d) (83)

dX(82)

28




3.2.4.2 Scalar Potentials for HED at Interface 8.

1 [NE,a(X) um NLLO) 1.,
Vb ___,____f (2) —aant) | Iob_leadid) ,
a13(¢) 47 jwesnis ¢H° () | DY) A DB(A)D}’“‘(/\)Jsmh(ulb?)dA 64

[ (M) _wa BB T
(B}~ et e
b b
|+ [} - el ] o)

1 Ns(d)  usp  NBi(R)
vb _ H(2) dx3 2b dz3
a3s(P) 47rjweawab/c 0 (/\p)[ DE()) A DB(A)DE(A) exp( uabz)d'\‘ (86)

1
b = (2) 5
Vaas(p) = Anjwtanrin /c Hg™ (M) 4 dX(85)

8.8 Green’s Funclions Consiruction

The electric fields in any medium may be found using Eqs (5) and (6) along with the vector
potentials and the electric scalar potentials. However, only the tangential eclectic fields listed in

Table 2 are needed for this analysis.

Table 2. Necessary Tangential Fields [3]

HED ~t interface 2b (Patch 1): HMD at interface 1b (Aperture):
1) E'" at interface 2 1) E-*" at interface 2
2) E'a" at interface 3 2) Et2" at interface 3

HED at interface 3b (Patch 2):
1) E'a" at interface 2

2) E'®" at interface 3

3.8.1 E Fields Due to Electric Sources [3]. Equation (5) is used to calculate the E fields
due to electric sources. The Green’s functions for the case of an electric source on interface 3b and

an observer on interface 2b are used to demonstrate the form of the equations.
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The tangential E field at interface 2b is found by putting equations (52) and (85) into equation
(5), yielding

Ebtdﬂ — [._Jw (szax + Ayzay) -V vq32] (z=bsp) (87)

where A?za is the magnetic vector potential for a y-directed current source and is equal to Eq (52).
Since only a unit point source located a p = 0 is assumed initially, the integrals of Eqs (7) and (8)

over the_point source results in

GR%(0) = Aby() (88)
G0 = Aby(p) (89)
ngs(P) = ngs(P) (90)

where G8%%(p) is defined as the magnetic vector potential in the 2-direction (first z in the super-
script) on interface 2b for an infinitesimal z-directed current source (second z in the superscript)
on interface 3b, with an observer at radial position p. The Green’s functions in Eqs (89) and (90)
are similarly defined. By taking the transverse gradient in cylindrical coordinates and using the

identity p = X cos ¢ + ¥sin ¢, Eq (87) becomes
Ei(p) = |-iwGE%(p) — qza(P) —3=""" cos qS] X+ [-—ijg’;’é(p) q23(p) —L_tsing|y  (91)

The Green’s functions only depend on the radial separation p = |p| between the source and observer
and not the relative angular position. Equation (91) gives the expression for the tangential E field
anywhere on interface 2b for a point source at p = 0 on interface 3b. For generalized source and

observer points {p # 0), p and ¢ become R and { (see Figure 9)

R=|p-p|

(92)
(= sin~1 [gsiné;{g’sin Q]
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Then for the generalized case for a distribution of sources over interface 3b, Eq (91) becomes

A

-

Figure 9. Geometrical Relationships for z-Directed HED at Arbitrary o’ [3, 17).

B} (p) =

[~ fy GRR(RIa(p)ds’ = cos [ Glg(R)az()ds'] X

(93)

+ [0 f GRERI2(o)a6' = sing f Gas(R)aalp)ds'| 7

where
8GE,3(R)

Gg'za(R) = R

By properly interchanging the Green’s functions and source terms in Eq (93), all the tangential E

fields produced by the HEDs listed in Table 2 can be found. It appears that Nazar inadvertently

left out a factor of jw from the denominator terms of G5(R), G5;3(R), GB33(R), and G23»(R). A

complete list of all Green’s functions can be found in Appendix B.

3.3.2 E Fields Due 1o Magnetic Sources [3]. The tangential E fields at the dielectric in-

terfaces due to the magnetic source on the ground plane are found with Eq (6). An example of

calculating one of those fields will be presented.




The tangential E field at interface 3b due to an infinitesimal, z-directed magnetic current

source on interface 1b (ground plane) can be found by expressing F, in cylindrical coordinates

Bal) = 52 [5P0n 220 gg‘(&))exp(—uabz)dx (o)
(o) = S“““ / 2P (2p) gg“(('\))exp(—uabz)dk (95)
Ful) = °°s¢ 208 [0 00) 5l sexp(-umajar (9%

and then applying Eq (6) in cylindrical coordinates results in

1 |{16F oFY OF. oFb. \ -
Etan 20%231 7 ¢31 - p31 91231 97
(p) 535 [(p a¢ az P + az ap ¢ (z_blb) ( )

The z and y components of the E field can be determined by using 7 = Xcos¢ + yFsing and

¢ = —Xsin ¢ + ¥ cos ¢, resulting in:

bxx( ) _ sin 2¢ ) + f H(Z)(AP)AB‘T’C\‘?DLE)(_A—) exp(—uabbzb)dA (98)
4mey ‘ "":;fc H§2)(Ap B%%g)(_x)_exp(—u%b”)dA
+22¢ [ HE(40) sl exp(-uasba)
BYC) = g | H"’(Ap)uab—dgl(%exp(-uabbﬂ,)dx b (99)
—cos?¢ [, H(z)()\p)/\-ﬁb—(i%exl)(-uabbzb)d/\ J

where EJ* designates a y-directed electric field for an z-directed magnetic current element. As
before, the integrals of Eqs (98) and (99) only depend on the radial distance between the source
and observer points. For an arbitrary distribution of z-directed magnetic current elements let p

and ¢ become R and ¢ as related by Eq (92). Then Egs (98) and (99) become

Br() = - [ oEmm oM (100)

32




B = - [ GEAROME () (101)

where -GB% (R, ¢) equals the right-hand-side of Eq (98) and -G2%% (R, ¢) equals the right-hand-side

of Eq (99) for arbitrary source and observer locations.

To determine the E fields for y-directed magnetic current sources replace ¢ by ¢ — 7/2 in
Eqgs (94) to (96) [3) and repeat the same procedure used to derive Eqs (98) and (99). The z and
y components of the E fields at interface 3b due to an infinitesimal, y-directed magnetic current
source on interface 1b are then
BT NB, ()
sin2¢ | "2 JoHg (Ap)/\De(/\)Dm()\) exp(~uapbzp)dA

B () = - e § " N
4 -1- 2 _
L + ? fc Hj ()\P) Des(’\)Dms ™ exP( u36b2b)d/\

( 3

+se.=.lé f H(z)(z\l’ ﬁ%?éé%\—)-exp(—usbbzb)d,\
BYO) = gy +LEPOw R enumbna 1 00
+sm ¢ [, Hoz)(/\p))\ﬁqj\”)-‘éé%ﬁexp(—uabbzb)d)\

(102)

/

which are similar to Egs (98) and (99). For an arbitrary distribution of y-directed magnetic current

elements, the E fields of Egs (102) and (103) are represented as

E5Y ()

E5Y ()

- / G (R, )My (p')ds’ (104)

- [ kiR, pas (105)

The tangential E fields can be written more compactly as

==b
Egp" = — / Graa(R, ) - ME(0')ds’ (106)
s’
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where
GRSI(R,()XX  GRY/ (R, ()XY

GE(R,OFE GRY(R.C)FY

Gen(R,) = (107)

The tangential E fields at interface 2b due to the magnetic surface currents on interface 1b
can be found by expressing F3, in cylindrical coordinates and repeating the procedure for z = by,

[3] resulting in

E5™ = /GEn(R ¢) - M}(p')ds’ © o (108)

The complete set of Green’s functions for this analysis are in Appendix B.

3.4 Integral Equations

The expressions for the E fields are integral equations involving the derived Green’s functions
and the unknown current and charge distributions. The unknown d.istributions on the patches are
found by enforcing the boundary conditions of Table 1. To comply with the boundary condition
E'®" = 0 on patch 1, the sum of the tangential electric fields due to the sources on patch 1, patch
2 and the equivalent sources on the aperture must equal zero. Using the derived Green’s functions

and Eq (5), this can be expressed as

v [ Shaalele)- 1oe)es — v [ Gl

~jw /P \ GAza(PIP)‘Js(P')dS -V / Goa3(ple')ga(p')ds’

=b
+ [ Coulel) - M’ =0 (109)
P
with
bxx
=b GR5a(plp")xx 0
Gaza(plP') = . (110)
0 Gl )3y
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=b
G paa(ple’) is similarly defined and Mj(p') is the assumed magnetic current across the aperture.

On patch 2

=b
v [ Chaalele) - 308 = 9* [ Glaloli)aalsa
. =b
i /p Bhalole) - 3o = 9 /P Gllole)aals s

=b
+ /A Gt (pl) - Ma(o)ds' = 0 (1)
p

The unknown current and charge distributions in Eqs (109) and (111) can be solved using a method

of moments approach which converts the integral equations to matrix equations.

3.5 Approzimalion Theory

Given a set of discrete values for a function, approximations for intermediate values can be
determined by two separate but related processes [19]). If the values are assumed accurate then
an interpolation scheme can be used. This involves determining a function whose curve will pass
through each data point or a chosen subset of those points. If the discrete data are thought to

contain errors then a curve fitting process can be used to try and average out these errors.

The Green’s function data to be approximated was assumed accurate, so the first thought
might be to use an interpolation technique. The numerical data for each Green’s function consisted
of 50 data sets which would require an interpolation polynomial of order 49 if all the data sets were
used. The process of determining the coefficients of this size polynomial would only be trading one
computationally intense process for another. Using only a subset of the data would be possible
if one knew a priori which data sets should be used. No previous knowledge of the data to be
approximated was assumed, so all the data was used in determining the approximations. Thus
to use all the data, a curve fitting method was chosen to determine a polynomial or functional

approximation of hopefully much lower order. A linear least squares method was chosen for use in
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determining the coefficients of the approximation functions.

In the least squares method a form of function or a polynomial is assumed and the coefficients
are solved for based upon the goal of minimizing the square of the error between the original function

and the approximation. An outline of the method as presented by Stark [19] follows.

Given a table of n 4 1 points, an approximating function of the form

Pm(2) = amgm(2) + Gm-19m-1(2) + * - - + 0191() + a0go(x) (112)

is assumed, where the functions g (z), . . ., go(z) are some known functions of z. The approximating
function is sought to match the n 4 1 given points in such a way that if a set of deviations were

formed, one for each tabulated z;,

b0 = pm(zo0) — f(zo)
b1 = pm(z)~ f(z1)

b = pm(z2) — f(z2)

bn = pm(zn) = f(zn)

or, in general terms, the set of deviations

8 = pm(zi) = f(zi) fori=0,1,2,...,n (113)

then the sum of the squares of these n + 1 deviations should be a minimum:

i(&)Z = a minimum. (114)

1=0
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The summation in Eq. (114) can also be written as

Y62 = ) lpmles) - fla)? (115)
=0 i=0
Y@E)? = zn:[amym(-'ﬁi)+"'-*-aoyo(-‘ﬂi)"f(:v.')]2 (116)
i=0 =0

The object is to minimize the right-hand side of Eq. (116). Since the z; and f(z;) are given in the
original table, and the g;(z) are known functions which can be evaluated at the given z;, the only
unknowns in Eq. (116) are the coefficients a;. Thus Eq. (116) can be looked on as a function of

the m + 1 coefficients a; with all the other terms being known constants.

To minimize a function its first derivative is set equal to zero and the equation is solved for
the unknown variable. In this case the function to be minimized, Eq (116), is actually a function of
the m + 1 unknowns a;. The first step in solving for the unknowns is to find the partial derivative
of the summation with respect to each of the m + 1 variables a;, and set each of these derivatives

equal to zero:

< 32 =
dao i=o(6‘) ’
5;}%(55) =0
Ea—m-g(él) = 0,
or, in general terms
n
6—872(5.-)%0 forj=0,1,2,...,m. (117)
ai i=0
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The series has a finite number of terms, and so the derivative of a sum is equal to the sum of the

derivatives of the terms. Thus Eq (117) can be written as

5%2(6.-)’ = 2;9%(6:)2

J =0 §=0
n
= 226;?3;6—'_ =0
1=0 g
or,
= . 96 .
;::06,--375—0 forj=0,1,2,...,m. (118)

The differentiation of any §; with respect to aj is simple when noting that

& = pm(z:s)— f(z:)

amgm (i) + am—19m—1(zs) + -+ - + aj9i(zs) + -

+a191(z:) + aogo(z:) — f(&s). (119)

When differentiating with respect to aj, every other term in Eq (119) is assumed constant except

the term containing aj, so that all the other terms drop out upon differentiating, and

66’. — a .

Jo = OHOF o gaigi(@) 04 k0

o _ .

3a; 95 (). (120)

Now substituting Eq (120) into Eq (118), m + 1 equations are obtained:

n
Y Gigi(z) =0 forj=0,1,2,...,m (121)
s
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Substituting Eq (113) into Eq (121, results in

E”:[Pm(xi)"f(xi)]gj(zi) =0 forj =0,1,2,...,m, (122)

=0

and then substituting Eq (112) into (122) leaves

> [amgm (@) + -+ -+ 6191 (%) + aogo(z:) — f(2:)] 95(2i) = 0

izo

forj=0,1,2,...,m (123)

Multiplying through on the left-hand side

n

Y amgm(2:)g5 (x:) + -+ + 0191 (2:)g5(zs)

i=0

+aogo(x.-)g,- (2,‘) - f(:c,-)gj(:c,-)] =0 forj=0,1,2,...,m

Breaking up the left-hand side into separate sums results in:

> amgm(zi)gs (i) + oot > arga(zi)gy (i)

i=0 i=0
n n
+ Y aogo(zi)gi(zi) — Y f(zi)gj(zi) =0
i=0 i=0
forj=0,1,2,:--,m

Next factor the a’s out of each term:

am Y gm(@)gj(zi) + -ootary oa(zi)gjzi)
{=0

i=0
+ a0y go(wi)gs(z:) = ) flzi)gs(z:) (124)

i=0 i=0

forj=0,1,2,---,m
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Eq (124) provides a useful result because each of the summations can be evaluated since the g;'s
are known functions and the z;’s are tabulated values. Eq (124) is actually a system of m+ 1 linear
equations with the a;’s the only unknowns. These linear equations can then be solved by using any

of a number of standard methods for the solution of a system of simultaneous linear equations.

To simplify the process a bit and make it more suitable for computer solution it should be

noted that the coefficient of a; in the jth equation is

n fork=10,1,2,...,m
arj =) gr(xi)gi(=i) (125)
i=0 5=0,1,2,...,m

Since j and k in Eq (125) can be interchanged, ak; = aji, which reduces the work required to

compute these coefficients by half.

The method presented provides a workable scheme for finding the least-squares fit. Using
Eq (124) the m + 1 equations are solved for the unknown a’s, which exist and are unique if the
9(z) functions are chosen properly. The resulting a’s are then substituted into Eq (112) to give the

desired expression for p,,(z).

40




IV. Results

To determine the surface current and charge distribution of the antenna by using the method
of moments, an efficient method is needed to numerically evaluate the Green’s functions. The
Green’s functions as developed by Nazar are complex valued integral functions. In his thesis he
examined the Green’s functions expressions, developed techniques to numerically integrate them,
and coded representative examples to show their behavior as a function of the radial separation
between the source and observer. This thesis effort concentrated on coding the remaining Green'’s
functions needed and developing approximations that could be used in an efficient moment method
analysis of the antenna. All the needed Green’s functions were calculated numerically and then
various curve fitting schemes were tried until suitable approximations were found for each. The
curve fitting was done using a least squares method to test the fit of the various approximations.

All the custom written code developed in this thesis was written in FORTRAN.

4.1 Numerical Evaluation of the Green’s Funclions

Before approximations could be made for the Green’s functions, the remaining Green’s func-
tions needed to be coded and numerical results obtained. The examples coded by Nazar represented
all the unique forms of the Green’s functions so his results were extended by coding the remaining
Green’s function integrands and using the integration routines he developed [3]. A complete list of
the Green’s functions needed for this model is listed in Table 3. The redundant forms are indicated
by their equivalent forms. The Green’s functions used to calculate the contribution to the E field
from the equivalent magnetic sources have an angular as well as a radial dependence. Each of these
functions is composed of two or three integral functions which each have only a radial dependence.
Table 4 shows which integral equations are the components of these Green’s functions. All the

approximations in this thesis have only a radial dependence.
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Table 3. Green’s Functions for Various Source Contributions

HED on Interface 2b

HED on Interface 3b

GR(R)

GRA(R)=GR%(R)
Gb,2(R)
GRS(R)

GRL(R)=GR%5(R)

Gas(R)

X5(R)

G (R)=GRE(R)

GR%5(R)=GR%(R)

G (R)=GR%(R)

G (R, C)
G (R, C)

GRA(R,¢)

Gia(R) Ghas(R)
HMD on Interface 1b
GRS (R, () GRXi(R,¢)

GRS (R,C)

G (R,C)

GEi(R,C)

Table 4. Green’s Functions Integral Components

HMD on Interface 1b

GRS (1521 (R), 1y (R))
GRi (21 (R), 1850 (R), 154 (R))
Gt (I (R), 5y (R), 1t (R))

GRS (1551 (R), By (R))

GRY (51 (R), sy (R))
GRE: (1551 (R), sy (R), Iy (R))
GRS (1551 (R), By (R), Iy (R))

GR% (153 (R), 121 (R))
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4.1.1 Behavior as R — 0. To determine the currents using the method of moments, it is
necessary to perform a surface integration over the source and observer areas [3]. When the source
and observer are on separate planes, the Green'’s functions integrands decay exponentially and the
Green’s functions can be solved and evaluated for a discrete series of R values between R = 0 and
the maximum radial separation expected in the antenna design. Once the Green s functions have
been evaluated for a discrete number of R values, then a suitable approximation can be made to
fit to the data. This approximation would be much more computationally efficient than trying to
evaluate the Green’s function each time a value is needed. Unfortunately this method fails when

the source and observer are on the same plane.

When the source and observer are on the same plane the integrands of the Green’s functions
do not decay. Nazar developed asymptotic approximations for all the Green’s functions where

the source and observer are coplanar. For example, the asymptotic approximation for G822 (r) as

R — 0 becomes

Ghe(r) ~ A / Ae Jo(AR)AZ cosh(uzp(bap, — b1b)) +b#b23u3b sinh(uzu(bap = biv)) |
2% 0 De ('\)

_ 1+ ppo3 /m‘ Jo(x) dx + 1 1+ po2s
14 po12 + pza 4 us13 Jo R R4 pyi2+ o3 + o

(126)

The first and second integrals in Eq (126) are now over finite intervals of integration and the
solutions finite for any values of R. If the Bessel function in the second integration is expanded into
its series expansion and integrated term by term, the value of the integral goes to A, as R — 0.
The surface integration of the last term in Eq (126) needs to be done analytically for the method of
moments analysis. This asymptotic approach is only needed for small R for the Green’s functions
where the source and observer are on the same plane. The asymptotic approximations are given

along with the general form of the Green’s functions in Appendix B.

Depending upon the Green’s function, the contribution from the last term, which is integrated
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analytically, will be entirely real or imaginary. Therefore at least one component of the Green’s
functions where the source and observer are on the same plane can be approximated for all values

of R of interest.

4.1.2 Evaluation Iniervals and Anlenna Parameters. All the unique Green’s functions listed
in Table 3 were numerically evaluated using the techniques developed by Nazar. These functions
were the ones necessary to describe the tangential electric fields on both antenna patches. All the
Green’s functions where the source and observer are on the same plane were solved for 50 values of
R between 0.001 and O.I.meters. The asymptotic forms of these functions were solved for 25 values
of R between 0 and 0.003 meters. The functions where the source and observer were on different
planes were solved for 50 values of R between 0 and 0.1 meters. A quadratic distribution [17, 3] of
points was used so that a higher concentration of data points would be taken near Rpyin, where the

function changes more rapidly. This quadratic distribution can be described by

- (Rmax - Rmin)

R = EY (i* = 1) + Rpin (127)

where N is the total number of points to evaluate. The functions were evaluated for the following
antenna parameters, which were the same as used by Terry in his work [5].
Frequency = 3.7Ghz

b1y = 0.00158m
bay = 0.00316m

€15 = 2.2¢9
Eop = 2.260
€3y = €p

B1y = Pab = U3b = Mo

The data from the numerical evaluation of the Green’s functions was then approximated using the

functions described in the next section.
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4.2  Green’s Funclion Approzimations

The Green’s functions are complex valued integral .functions. The purpose of this thesis was
to determine approximations for the real and imaginary components which could be used in a
method of moments analysis. Most functions can not be evaluated exactly even though we may
handle them as if they were known exactly. All functions can be approximated by a polynomial
or a rational function, which is a polynomial divided by another polynomial [20]. At the outset of
this effort it was hoped that polynomial approximations could be used for all the components of

the Green’s functions, but this was not the case.

All of the Green’s functions analyzed had the same general form. They are complex valued
functions involving the integration of a Hankel function over an infinite interval. Nazar used a
Hankel transform to transform all the Green’s functions to integrals of a Bessel function over a
semi-infinite interval. The only real difference in the functions is caused by the multiplicative
factor in front of the integrand. Some were real and some were imaginary. The Green’s functions
accounting for the contribution to the E field from electric and magnetic surface currents had a
real factor out front, while those accounting for the contribution to the E field from electric surface
charge had an imaginary factor. This can be seen from derivation of the electric scalar potential
from magnetic vector potential by using the Lorentz gauge condition (see Eq (77)). As an example

GR%(R) and G8yy(R) are shown

b (R) = _1;_;:_ /Hgg)(’\R)’\uzbcosh(uzb(bzb - blb))gb[zf\z)auabsmh(u'zb(bzb - b’b))d,\ (125)
[4 e
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E323u3, Uabcosh?(uap(bab — biv))

N Pb23u3,Uab + (Bs12u3, + Mp13€s23u3,)
sujptanh(bipusp)
G (R) = ] HO(R)) | *sinh?(uzb(bay — bav)) L or (120
w®) = fiem L DXODED | [, : '
. ujy, -+ pe23cs23udy, + (Up13 + po12€b23)
*ujpuzptanh(bipuyp)

*12:sinh(2uzb (bay — bib))

{ +Hp13€523u1pu3 tanh(bypuyp) )

Notice G2,2(R) has a 1/j dependence that GY3%(R) does not. The net effect of the 1/j factor is to
interchange the real and imaginary components and change the sign of the real component. With

these differences addressed we can now move to the approximations.

4.2.1 Single Polynomial Approzimation. At the outsct of this thesis it was hoped to find a
polynomial approximation for each componeat of the Green’s functions that would be valid over the
entire range of radial separations of interest. This was only possible with half of the components.
The graph of the imaginary part of G8%5(R) shown in Figure 10 illustrates the behavior where a
single polynomial approximation is valid over the entire range of radial separations. The behavior
is that of a slowly decaying oscillatory function which can be approximated by a single, sixth order

polynomial of the form
f(R) = ap + a1 R + a2R? + a3R3 + a4R* + asR® + agR® (130)

The sixth order was used to ensure a good fit for all the components of the Green’s functions

examined.

The approximations were chosen basically by a trial and error method. Several trial form

polynomials were chosen and a least squares curve fitting method was used to determine the co-
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Figure 10. Plot of G§%%(R), Imaginary Part.

efficients. The trial polynomials were then evaluated at the same values of radial separation as
the original data. Then the original and approximated data were plotted on the same graph and
analyzed to see how well they agreed. Several iterations were enough to determine the order of the

approximations necessary to match the behavior exhibited in Figure 10.

4.2.2 Piecewise Approzimation. The behavior of the other half of the components to be
approximated is illustrated by the graph of the real portion of G8%%(R) shown in Figure 11. This
behavior is that of a sharply decaying oscillatory function. At full scale the oscillatory nature
is not evident (see Figure 11a), but if the scale is expanded as in Figure 11b it can be seen.
Numerous attempts were made to approximate curves with this behavior by using a single function.
Polynomials up to and including tenth order were tried. Good agreement was attained over the

sharply declining portion but the oscillatory portion had too much variation.

The interval of interest was broken into two parts. The first was 0.001-0.010 meters. On

this interval the function changed the most rapidly and an eighth order polynomial, as shown in
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Eq (131), was used to approximate all the Green’s functions over this interval. As before the least
squares curve fitting method was used to test the different curves and determine the polynomial
coefficients. The generality of using a single function for the approximation was lost but it was

possible to use the same interval breakpoint for all the Green’s functions approximated.
g(x) = bo + byR + byR? + b3R® 4 byR* + bsR® 4 bgR® + b7R” + bgR® (131)

Over the interval from 0.01 to 0.1 meters the approximating function needed to match the oscillatory
nature as well as the remaining portion of the sharply decaying Green’s functions. For an arbitrary
breakpoint, a simple polynomial would not match the curve. Including several terms with negative
powers of R was tried in order to match the sharply decaying portion. These curves were found
to be well approximated by an eighth order polynomial plus two terms with negative powers of R.
This is actually equivalent to a rational function of two polynomials. The numerator would be a
tenth order polynomial and the denominator would be a quadratic polynomial with the constant
and first order term equal to zero. Rational functions of polynomials generally give slightly more
efficient approximations but are harder to obtain [20]. The coefficients for this approximation were

also obtained by using the least squares method with two of the terms having negative powers.
h(x) = (:_1R"'1 + 0_2R_2 +c+aR+ 62R2 + C3R3 + C4R4 + C5R5 + CsRG + C7R7 + cth8 (132)

A listing of all the Green’s functions/components with the form of the applicable approximation

for each range is given in Appendix C.

4.8 Sample Results of the Approzimations

To show how well the approximations matched the Green’s functions, sample plots of the

original numerical data with the approximations superimposed are displayed in the next several
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seclions.

4.3.1 Resulis for G822 (R) and GByy(R). Plots of G522 (R) and Ggyy(R) were chosen to
illustrate the behavior of the Green’s functions when the source and observer are on the same
plane. The Green'’s functions are plotted from 0.001 - 0.100 meters. The asymptotic expressions
wera not plotted along with the full expressions. As stated in Section 4.1.1, one component of the

asymptotic form is defined at R = 0 while the other goes to infinity because of the 1/R dependence

in the third term of the asymptotic form illustrated in Eq (126).

Figure 12 is a plo-t of the real portion of G522(R), both the original and approximated
data. Figure 12a is the full scale data and Figure 12b is the expanded data showing the decaying
oscillatory nature of the Green’s functions. The eighth order and rational polynomials are excellent
approximations for the real portion of the function. The imaginary part of G52%(R) is shown in
Figure 13. The much more slowly decaying oscillatory nature is well approximated by a sixth order
polynomial. The asymptotic form of the imaginary component of G{22(R) is finite at R = 0. In

fact the value is approximately constant over the range from 0-0.001 meters.

The real portion of G8,(R) plotted in Figure 14 shows the function is well approximated
by a sixth order polyncmial. The value of the asymptotic form is almost constant over the range
0-0.001 meters. This behavior can be seen in Figure 14 for values of radial separation close to zero.
The plot is of the same shape as the imaginary portion of G822(R). The switch in the behavior
of the real and imaginary components, as compared to G522 (R), is due to the 1/j factor in the

Green’s function.

The imaginary portion of ng(R) is plotted in Figure 15 and is of similar shape to the real
part of G522 (R) except for the sign of the values. Here again the eighth order polynomial and the

rational polynomial provided excellent approximations for the original function.
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4.8.2 Results for GY23(R) and GBy5(R). Plots of GR23(R) and Ggy(R) were chosen to
illustrate the behavior of the Green’s functions when the source and observer are on different

planes. These functions are plotted from 0 - 0.100 meters and no asymptotic forms were needed.

Figure 16 is a plot of the real portion of G823 (R), both the original and approximated
data. Figure 16a is the full scale data and Figure 16b is the expanded data showing the decaying
oscillatory nature of the Green’s functions. The eighth order and rational polynomials are again

excellent approximations for the real portion function.

The imaginary part of G823 (R) shown in Figure 17 is of similar shape as the imaginary part
of GR22(R). The much more slowly decaying oscillatory nature is again well approximated by a

sixth order polynomial.

The real portion of GE,3(R) is plotted in Figure 18. This function is well approximated by
the sixth order polynomial. The plot is of the same shape as the real portion of ng(R). Again

the switch is due to the 1/j factor in the Green’s function.

The imaginary portion of nga(R) is plotted in Figure 19 and is of similar shape to the
imaginary part of G5(R). Here again the eighth order polynomial and the rational polynomial

provided excellent approximations for the original.

4.8.3 How Well the Approzimations Matched. The initial tests as to how well the approxi-
mations matched the Green’s functions were done by “eye”. The approximations for all the Green’s
functions basically overlaid the graph of the functions they were to approximate. As a further test
of the “goodness” of fit, each function and its approximation was integrated over the entire range of
values of R of interest using a simple trapezoidal integration routine. The results of these integra-
tions for the functions displayed in Sections (4.3.1) and (4.3.2) are given in Table 5. The agreement
between the actual values and the approximations was excellent. Comparing the actual and ap-

proximated results show agreement out to the third or fourth decimal place, indicating agreement

to within a fraction of a percentage.
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Table 5. Integration of the Green’s Functions and their Approximations

Component
Function Real Imaginary
Actual Approx Actual Approx
GR’;’;(R) 8.2416e-8 | 8.2426e-8 | -2.3774e-9 | -2.3774¢-9
ng(R) 3.5832¢-8 | 3.5817e-8 | -1.5358¢-1 | -1.535%-1
GZ’;’;(R) 1.1871e-7 | 1.1871e-7 | -4.8477¢-9 | -4.8477¢-9
G823(R) 7.5807e-3 | 7.5776e-3 | -2.5025¢-1 | -2.5025¢-1

4.4 Data Supplied 1o Capt Irvin

The coefficients for the approximations of the full expression Green’s functions were given to
Capt Irvin for use in his moment method analysis of the antenna. A complete set of the coefficients
is given in Appendix C. The data for the asymptotic forms was given to him in tabular form and
he interpolated to find any desired value. The handling of the asymptotic data was dictated by
time constraints and by some uncertainty at the time about evaluating the asymptotic forms of the
Green’s functions at R = 0. As stated in Section (4.1.1), one component of the approximation could
be incorporated into the full expression because it it finite at R = 0. The term in the asymptotic
approximation with the 1/R dependence dominates the behavior of the component which is not
finite at R = 0. Perhaps the asymptotic data for small values of R # 0 could be incorporated into
the full expression approximation. This would only leave the analytical surface integration of the

last term at R= 0.

58




V. Conclusions

Numerical approximations for a theoretical model of an aperture fed stacked-patch microstrip
antenna have been developed. The behavior of the Green’s functions were examined and three
different approximation forms were found applicable to each. The approximations were then used
in a separate thesis effort to determine the patch surface currents and charge distributions. The rest
of this chapter discusses the answers to the research questions posed in the introduction, suggestions

for further work, and some general observations made during the study.

5.1 Answers o Research Questions

5.1.1 What is the form of the funclions necessary to accurately model the Green’s funclion?
Each Green’s function can be modeled by three separate approximations. One component of each
Green's function can be modeled with a sixth order polynomial over the entire range of radial
separations. The other component required a piece-wise approximation over two separate intervals
which were the same for each function. Over the interval from Ry,;n out to 0.01 meters, the rapidly
changing functions can be modeled by an eighth order polynomial. From 0.01 - 0.10 meters an
eighth order polynomial plus two terms with negative powers were used to model the functions.
This expression is actually equivalent to a ratio of polynomials with a tenth order polynomial in

the numerator and a quadratic polynomial in the denominator.

5.1.2 How well do these functions approzimate the original Green’s functions? The approx-
imations were found to be excellent approximations for the original Green’s functions. When
initially developed the “goodness” of fit was determined by “eye” and found that the approxima-
tions overlaid the original functions over the entire range of radial separations values of interest.
As a further test of the agreement the original functions and the approximations were integrated

using a trapezoidal integration routine and the results were found to agree to within at least two
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and sometimes and possibly four decimal places. This indicates an error on the order of a fraction

of a percent.

5.1.8 Can the approzimations be simplified while still retaining the accuracy required for the

model? This question was not answered due to lack of time for an iterative process. The actual

approximations were determined late in the thesis process and needed by Captain Irvin to complete

his thesis effort. Continued work on this question is needed and discussed in the next section.

5.2 Recommended Follow on Work

As mentioned in the previous section, work is needed on determining if simpler approximations
would be acceptable in the model. Further work on these approximationsneeds to be done in concert
with the moment method work done by Capt Irvin. Using the approximations developed in this
thesis and the surface currents determined by Capt Irvin as a baseline, the effect of simplifying
the approximations can be studied. As the radial separation between the source and observer
increases, the values of the Green’s functions decrease by several orders of magnitude. The effect
of determining a lower threshold value of the Green’s functions, below which they may be assumed

to be zero should be investigated.

Another area of interest would be to take the integration routines written by Nazar and try
to simplify them. The IMSL routines used in his code are extremely elaborate. Simpler routines
may speed up the numerical evaluations of the Green’s functions required for each set of antenna
parameters. For example the execution time of the modified Nazar code used in this thesis was one

hour on an ELXSI System 6400 Computer, running under its native EMBOS operating system.

The code developed in this thesis needs to be combined into one routine to determine the
Green’s functions approximations. Separate routines were written for each approximation procedure

but the date input was modified to include only the applicable portions. It should be a simple
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matter to incorporate the routines into one program with conditionals to determine the appropriate

approximations to use.
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Appendix A. Vector Potential Parameters

A.1 HMD on Interface 1b.

Ngxl (A) = -—ewnA[eszsuspeosh(bapuas) + uzpsinh(bapuap )] sech(bypugp)
N2, (D) = e15)[uspcosh(bapusy) + ep23uapsinh(bapusy))sech(bibusn)
Ngxl (A) = epdugsexp(bapuap)sech(bipusp)
[uib + ep13usptanh(bpuyp)} uapcosh(ug(bay — bib))
Nle?xl (’\) = e
+ [es23urbuap + e312ud, tanh(bipugp)] sinh(uzn(bay — biy))
{—pb13€813 + cosh?(uzs (bab — byb))] 2ud,esch(Zbypusy)
+ [—I—tbxzsbzzu%b - lluasmugb + #bzaebzaugb]
Ngzl(’\) = e *2csch(2b1bu1b)sinhz(u-zb(bzb - b)) ’

+ [1323 — Hp13€b12 — Pb12€813 + Ep23)

*ppugpesch(2bipuyp)sinh(2ugp(bay, — byb))

\
( 3

[1 — pp23esea) epuspuspesch(bypuip)cosh(bypuzn)
[—Hs12 + 13€023] €15u sech(bipuyp)sinh(bypuss)
(eb13€15 — Hp23eas)uabcosh(bapuap)

4

+(pp12€18 — €28)uzpsinh(bapuzy)
Npa(h) = ¢ )

*ugbsech(blbulb)cosh(u2b(bgb - blb))

N (#b13€813 — Mb23€423)uabcosh(bapusp)

+(ib12€813 — Eb23)u2bsinh(bapuzp)

\ *eqpugpsech(bypuyp )sinh(uzp(bap —~ bip))
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( 3
(1 = ppaseras} €rpurpuonesch(bypugy)cosh(bipuzy)

[1s12 + pp13€823] €10uZ sech(bybuyp)cosh(bypuas)

N (—pp13€15 + po23e2s)uspsinh(bapuay)

+(—pp12€18 + €23 )uzpcosh(bapugy)
N,y = a0 L ( ) ( (

*ugpsech(bipuyp)cosh(uzp(bab — byb))

N (—p13€813 + py23€p23)usbsinh(bapuay) ]

] +(—us126813 + €323)uzbcosh(bapuzn) J

{ *€gpugbsech(bypuyp )sinh(uzy(bay — bip)) ]

[~us13615 + £3p) vabsech(bipuyp)cosh(uzp(bab — byv))

(—ms23e1s + €33€p12)urbesch(bypuyy)

~~

NS;;(/\) = exp(bgbugb)ugb,\zﬁ +
+(—pp12€13 + €23 )uspsech(bipusp)

k *sinh(ugp(bob — b1b))

A.2 HED on Inierface 2b.

N22(X) = s [uzpcosh(ugn(bap — bib)) + ps2suspsinh(uan(bap — bav))] esch(bypusp)
Nng(’\)

N?x2(A)

—p1pA[pp23uabeosh(bapugy) + uapsinh(bapuay))

]

s A[uzbeosh(babuzy) + pyzausssinh(bayuzn))

N8.,(2) = pudexp(bapusp)uzp
( )
[1 — usrzenia]ud,sech(bryugp)

+ [(1 = por2es12)udy + (—ps13€813 + pp2scr2s)udy)

Nla’zz(’\) I‘lb’\z { *sech(blbulb)sinhz(u2b(b2b — b)) ?

+{ps23 — ps13€r12 — My12€813 + Ep23)

*Ezhz“—&sech(blbulb)sinh(%%(bgb - blb))




4 3

[—eb12 + Hp2aenra)ursudysinh(bipuzy)
[1 — peasesas]rsurbuzpcosh(bipuzy)tanh(bipusn)
(16€813 — Haserza)uancosh(babuzy)
+(—Il2b + y1beb12)U2bSinh(b2bu2b)
Nbo(h) = X4 |
*uzpcosh(uzy(bop — byp))

(1b13€313 — pr2acr23uspeosh(bapusy)

+(—pp23 + tp13es12)uzbsinh(bapuzp)

{ *papuapsinh(uzp(bay — biv))
'4 h
[eb12 — py23enra)mapud,cosh(bspuan)

(-1 + praseres)urpuipuspsinh(bypusy)tanh(bypuin)
(—p1b€s13 + B2vep2a)uabsinh(bapuay)

+(p2s — pasesr2)uzpcosh(bapuay) L

I
D>
[S)

NgzZ(’\)
*uopcosh(ugp (b2 — bip))

(—Hs13€p13 + py23€s23)uabsinh(bapuzy)

+(pp23 — pp13esr2)uzpcosh(bapuay)

k *papuzpsinh(uap(bap — bip))

¢

[uas — prsesra]uspcosh(uzn(bap — bb))

(#2b - #1b€b12)u3b

Ng2(Y) exp(babuab)uzpA? ¢

+(pasps12 — preesaa)urptanh(bipusp)

k *sinh(uzp(bay — bp))

A.8 HED on Interface 8b.

Ngxa (/\) = uMuzbcsch(bmu;b)
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Nixa (M)

N}:’xa(’\)

2sA[urpcosh(bypuzp)coth(bypusp) ~ y12uzbsinh(bipusy))

B2sA[—ubsinh(bybuzp)coth(bibub) + pp12uzncosh(bibuss)]
Hp12uzbcosh(ugp(ban — bip))

N8,3(A) = masdexp(bzpuap)
+u1bcoth(b1bulb)sinh(uzb(bzb - bn,))

[1 — pp1aessajuabeosh(uay (ba — bab))sech(bibusn)

N§23(’\)

p1puz)? (es12 — pp23esr3)upesch(bipury)
+ sinh(uzb(b2b — bab))

+(—Hp12€813 + €p23)u3psech(bypury)

(B1sesta — pavesas)pascosh(bapuan)
Uzp

+(—p2p + p1vesra)uaesinh(bapuay)

(—eb12 + ps23erra)uzpsinh(bypuas)
+(1 ~ pp2aes2a)urpcosh(bypuzs )tanh(bipub)

Nps(h) = A2 b L

* g3 pugpcosh(uzp (bap — biy))

N (1 — ps2sep23)uipcosh(bypuay)

+(—€p12 + Mp2aenrz)uspeoth(bypugp)sinh(bypuay)

{ *2pu3b8inh(uap(bap — byv))
( \
(—p1v€813 + pavesas)passinh(bapuap)

uzb

+(4p2p — p1v€s12)Havcosh(bapusp)

(€12 — pp23esrz)ugpeosh(bipuzn)

+(~1+ pp23esaz)ugpsinh(bypuzy)tanh(bipusp)

s

NE.a(2) 224

41 puzpcosh (uzp (bab — byb))

. (—1 + py23ep23)urpsinh(bpuay)

+(eb12 — ppa3essa)uzbeoth(bypuyp)cosh(bipuan)

‘ *pasupsinh(uzp(boy — biv))
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N&:s(A) = exp(bzpusn)A’ <

,

[—udy + udpluss

+ [pasu?y, — H1senisud,) cosh?(ugn(bzb — bab))

[—p2sesoaudy, + pavusraerizudy) sinh?(uzn(bzb — b))
(#3sepr2 = pasenra)coth(brpusy)

+(papd12 — psepaa)tanh(bipusp)

| +297225inh(2u2b(bz — b))
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Appendix B. Complete G:een’s Functions

Db = [us12usb -+ usbcoth(bypusp)] uabeosh(uzy (bap — byb))

+ [mp12ud, + Pb23ut1bu3bcot(bipugp)] sinh(ugs (bay, — byp))

Db (3) [es13uab + usptanh(bybusy)] uzscosh(ugy (bay — byb))

i

+ [es12u3, + €b23u1buabtan(bipun)) sinh(uzb(bzy — byp))
up =4/A2 -k}, up= VA2 =k%, uz=4/A2- k3,

B.1  Green’s Functions for Electric Fields From Eleciric Sources

B.1.1 HED at Interface 25.

GY%(R) = I;_:: /c ED(R) 3 Uzbcosh(ugy (boy — bip)) ggl(l;z)ausbsmh(uzb(bzb = b)) 4
GHH(R) = GRH(R)
\
( €b23u3y, uapcosh?(uy (bab — byp))
N Hb23u3puss + (#s12u), + Horacsosuly)
| *ujptanh(bipusp) ]
) = gy [y e e
+ U2y + Mb23€23u3p, + (Kp13 + pb126823)
i *ujpugptanh(bypugp) ]
*22sinh(2uzp(bob — byp))
‘ +Hb13€s23u1pu3, tanh(bypugp) J
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For large ), these integrands decay as A=/2,

Ghgy(R) = E2 / H‘”(,\R)I;\;‘(”;)dx
GiEi(R) = GRY(R) ' \
[usb + pp13urbtanh(bibusb)]
" *ugpcosh(uzp (bay — byb))
Ggaz(R) = 47rji)sab / I:)E((,\,\)g)l\(u:; + #bzaeblzu§b+(ubzs—#blsebxz)ugb : Ld’\

+pp12usbusptanh(bpu;p)

k #sinh(ugp(bap — biv))

For large ), these integrands decay as exp[—A(bap — byp)}.

B.1.1.1 Asymplotic Forms for Small R.

RAc
Ghxr(R) = L / 13,5(R, \)dA = Lt s / o),
GR%(R) { a22(R, A) 14 por2 -+ ppas + poi3 Jo R
1+ py23 }
R 14 ppy2 + pp2s + paa3
14 €303 RAe Jo(x)
b - b (R, \)d\ — / d
Ggza(R) 270%2& {/ To2a(R,A) 1+en2+e23 +€n3 Jo R
1 1+ €epa3 }
R 14 epo+ezs+ens

where 1%,,(R, A) and Igzz(R, )) are the integrands of the original functions with Hg”(/\R) replaced

by Jo(AR).

B.1.2 HED at Interface $b.

GRE(R) dA

b2 / HP(AR)A Hp12uzbc0sh(uzp (b2 — bib))
De(%) :
+ujpcot(bypup)sinh(uzs(bas — bb))

GUA(R) = GEE(R)
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ugp + ps1ausptanh(bypugy) .
uzp

*cosh?(uzp(bap — b))
(udy + Hpr2612u3y) s

+pp23esr2ubud, coth(bypup)

1 HP(OR)A
o (X%) nh?(ugp(bay, — byb))  dA

b -
Gans(R) = Amjwesy CDE(A)D:‘(A)ﬁ *8

=
1

My23udy, + Hrr3€p12udy

+ N esrzcoth(bipuss)

U1bUsb
I +ppyatanh(bypulb)
{ *Eghsinh@llzb(bzb - b1b))
7
For large ), these integrands decay as A~1/2
GRB(R) = GRA(R) = GRH(R)
¢ 3

[(usb + pp1susptanh(bipusp))

*€p23uzbcosh(ugp (bap ~ bip))

HP(AR)Mu
b _ 2b
Gas(R) = 4w52b / DE(\)DE( ,\) N (=1 + pposesas)udy, +udy, p da
+Hp12€523U b Uab tanh(bipugp)
{ *Sinh(\lzb(bzb - blb)) )
For large ), these integrands decay as exp[—A(bzp — bip)}.
B.1.2.1 Asymptolic Forms for Small R.
Ac R
bxx R _lﬂ’_ / Ib R. A\ — 14+ Kb12 / JO(X)
GRB(R) = 57 { 0 Aaa(Rs A) 1+ ppa+mes+pnslo R &
1 14 a1 }
R1+ ppr2 + pvoz + pna3
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1412 /R'\‘ JO(x)

b

Gqas(R) 21r3wea {/ ]q33(R A)dA - 1+en2+epa+ena Jo R &
1 14640 }
R1+4ena+eppa+ens

where I3.,(R, A) and I223(R, A) are the integrands of the original functions with ng)(AR) replaced

by Jo(AR).

B.2  Green’s Functions for Electric Fields From Magnetic Sources

B.2.1 HMD at Interface 1b.

CEARO) = =sin20) [} (R) = s (R)
?;;(R O = - [_IbZI(R) = °°52(C )2y (R) + °°S(2C)I§21(R)]
%’;{(R ) = ~[La(R)+sin?()Ify (R) + cos(2() N2 (R)]

SEARQ) = =sin(20) [~ + (R

where

HP (AR)A3sech(bypu
@) = [RGB sehbuny

D2(M)Dp,(3)
1 )
[1 - ps13en13Jud,
+ [(1 — By126812)udy + (—pp13enra + #bzsebza)ugb]

* J *sinh?(uzp(bsp, — b)) (A

{123 ~ po13ciz — 12613 + £523)

#2220k sinh(2up (bap — byb))
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La(R)

/H‘”(,\R),\ﬂsech biblsp)
RD2(A)D7(A)
( 3\
{1 ~ msenaajul,
+ [(1 = porzesr2)udy, + (~p13€s13 + Ho2sesaz)udy)

* 4 *sinh®(ugp (bay — bib)) L dA

+{tp23 ~ pe13€812 — Ha12€813 + €523)

‘ *x22ak sinh(2ugp (bay — bib)) J

HY(AR)Muzpsech(bypuyp) | €313u8bcosh(uzb(bab — biv))

Iﬁzx(R) = ./; Dg()\) dA

+eprzuzpeinh(uzp(bab — biy))

For large A, these integrands decay as exp(—Abyyp).

GEH(R.) = —sin(20) 115, (R) = Ty )|

GRAR,Q) = = [-Ta(R) - cos?(¢)IE5 (R) + cos(2() 135, (R)]

GEI(R,Q) =~ [Iiay(R) + sin®(¢)IEgy (R) + cos(2¢) By (R))]

GBI = —sin(2) [~ iR + 1t

where

[1 = usiaepia)udysech(bibugy )eosh(ugb (bap — bip))

HP(AR)A3 N (es12 — pp23€n13)mipuzbesch(bybury)

. (R —_ y d)
® = SemoE oy

+(— 126813 + €p23)uabuzpsech(bypurp)

l *sinh{uzp (bap — bip))
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[1 — pp13epraJugysech(bypusp)cosh(uzs (bay — biv))

HP(OR)A2 N (€312 — po23erra)uspuzpesch(bypun)

ba(®) = | RpEyDE(Y)

+(—pp126013 + €p23)u2bu3bsEch(bibu1b)

; *sinh(ugp(bab — b1b))

HP(AR)A
La(R) = / 1§b (/)\)uzb[eblauabseCh(blbulb)]d/\

For large A, these integrands decay as exp(—Abjp).
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Appendix C. Summary of Results

Green’s Function Approximation Forms

g(R) = bo+biR+byR%+b3R3+ bsR* + bsR® + bgR® + byR7 + bgR8

h(R) coiR7 V4 ceaR™ 2+ co+ ey R+ coR% 4+ ¢aR® + 4R + ¢sR® + ¢gR® + c7R7 + cgR®

f(R) ag + a1R + agR? + a3R3 + a4R* + asR® + agR®

Table 6. Coefficient Order for the Piecewise Approximation

Eighth Order
bo | b1 | b | b3 ] by
bs o | b7 | b3

C-2|c1|cCh}cCy|c
C3 C4 | C5 | Cs | C7

Table 7. Coefficient Order of the Single Function Approximation

Sixth Order
Qp 1@y | az [ a3z | a4
as | as
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GRA(R)

X

Real Component

Coeflicients for Each Green’s Function Approximation

8th Oxder 0.001-0.010

2.8271357E~04
-4,2391776E+LCH
Ratio
1.1336337E-10
1.2917902E-10
1.7830531E+03

-3.9846656E-01
3.9943857E+11

0.010-0.100

-7.7506745E~09
3.4524106E-01

Imaginary Component

6th Order 0.001-0.100

~8.2697879E-08
2.3993749E-01

GRX(R)

Real Component

3.0039534E-08
-7.4304513E-01

8th Order 0.001-0.010

2.9895392E-04
-4.2349631E+09
Ratio
2.6798747E-10
~3.1416726E-11
9.7745550E+02

-3.9713808E-01
3.9979300E+11

0.010-0.100

-7.5940224E~09
3.4534456E-01

Imaginary Component

6th Order 0.001-0.100

~3.2193755E-07
9.38413b4E-01

GR(R)

Real Component

1.1728108E-07
-2.9073252E+00

8th Order 0.000-0.010

4.3605698E~-05
4.9365870E+08
Ratio

1.7020449E-10
6.3114878E-11
1.4970486E+03

1.6428591E-03
-4.6983776E+10

0.010-0.100

-8.1399245E-09
3.4697986E-01

2.
-2.

2.
-9.

7285907E+02
0833405E+13

8775042E-07
6808168E+00

.4481533E-05

.7003667E+02
.0878692E+13

.8608318E-07
.3578282E+00

.7359691E-04

.9408605L+-01
.4369181E+12

.6622157E-07
.2439316E+00

74

~1.0962870E+05
4.6074276E+14

~7.9761966E-14
1.2043431E+02

3.7821366E-04

~1.0882422E+05
4.6215527E+14

1.65038343E-14
8.8668636E+01

1.4780323E-03

1.0921613E+04
-5.3137854E+13

-4.1338561E~14
1.0942193E+02

2.7278577E+07

~2.8113896E-04
~7.3386638E+02

~-2.3998044E~-02

2.7177121E+07

~3.2242885E-04
-4 ,6285555E+02

-9.3812439E-02

-3.0476872E+06

-2.9963275E~04
-6.3847649E+02



Imaginary Component

6th Order 0.001-0.100

-1.6312406E-07
4.6971581E-01

Ea(R)

Real Component

4.7418351E-08
-1.4547107E+00

8th Order 0.000-0.010

~2.3690010E+04
6.0581647E+16
Ratio
~2.7567323E-01
-1.0559782E+00
-1.8720567E+13

-5.1497773E+03
~-6.9634200E+18

0.010-0.100

4.1969248E+01
-3.8054523E+09

Imaginary Component

6th Order 0.000-0.100

7.3622798E+02
-8.2057805E+09

Ea(R)

Real Component

1.6413327E+02
2.9878758E+10

8th Order 0.000-0.010

~-7.1631702E+04
1.1322934E+17
Ratio
~-3.9145822E-01
~1.6926680E+00
-3.1213003E+13

-1.6126649E+06
-2.2354787E+19

0.010-0.100

6.0771449E+01
-6.65280178E+09

Imaginary Component

6th Order
1.4578382E+03
-1.6258111E+10

I:ﬂl(R')

Real Component

0.000-0.100

3.2605113E402
5.9202168E+10

8th Order 0.000-0.010
6.1244112E+03
-9.8801478E+17

-1.1845706E+04
9.6364022E+15

8.8848203E-05

2.0098000E+08
4.0033536E+20

-1.7263071E+03
1.0860188E+11

~8.4660002E+05

1.6138582E+10
1.6596165E+21

-2.4640424E+03
1.8569636E+11

~1.8752160E+06

4.8720618E+08
5.1860820E+19

7.

i.
9.

H
-

5

]
o

4
-

3
-1

4,

2.

1341936E-04

1664064E+11
2918335E+21

.7013484E-04
.3359528E+12

.5624401E+06

6090776E+12
.5322535E+22

.0734826E-03
2676061E+12

.1014941E+07

.E107918E+10
.1172704E+21

-4,6862616E-02

-2.4628222E+14

2.65393666E+06
7.9367587E+12

6.6599743E+08

2.0514026E+14

4.2372332E406
1.3351982E+13

1.3194275E+09

-4.5628645E+13




Ratio 0.010-0.100
~1.4338001E-01 -8.8320753E+C0
3.2111913E-01  2.6480174E+08
2.7871008E+12

Imaginary Component

6th Order 0.000-0.100
3.6839408E+02 -1.0565021E+02
-1.2791397E+09  4.0846293E+09

Ia1(R)
Real Component

8th Order 0.000-0.010
-3.5845677E+04 -1.8303401E+05
5.8048203E+16 -7.7186016E+18
Ratio 0.010-0.100
-3.2220387E-01 -1.1195931E+01
4.4877070E-01  1.6953818E+08
3.3469197E+12

Imaginary Component

6th Order 0.000-0.100
7.294T448E+02 -2.0927389E+02
-2.5345126E+09 8.0937999E+09

Lai(R)
Real Component

8th Order 0.000-0.010
8.3730489E+05 1.8548911E+07
3.0643030E+19 -3.2457653E+21

Ratio 0.010-0.100
1.0488087E+00 -9.7803738E+01
1.8826109E+00 6.2316114E+09
3.1297587E+13

Imaginary Component
6th Order 0.000-0.100

-1,2618585E+03 -1,1645510E+01
9.7146319E+09 -3.4550352E+10

4.
-9,

-2.

8974870E+02
6649951E+09

1992704E+05

.3506986E+09
.B74867TE+20

.7963919E+02
.6162929E+09

.3564658E+05

.9596640E+11
.8334913E+23

.8139458E+03
.T672322E+11

.232417TE+06
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-1.9777346E-04
1.4729755E+11

-1.7804531E+06

-4.0133292E+11
-1.2131994E+22

-2.7539833E-04
1.5436197E+11

-3.5273908E+06

4.9585244E+14
-4,2836938E+24

-1.1916493E-03
2.184477TE+12

7.8552878E+06

-1.6920208E+05
.0371150E+12

1.2335704E+08

.6475295E+14

.0817217E+04
.1848456E+12

2.4440619E+08

.65090¢

.5203222E+0
.3123428E+43

~8.1658149E+08




Lo (R)
Real Component

8th Order 0.000-0.010

2.8114574E+05 5.9078765E+06
-4.0848676E+17 8.1118069E+19
Ratio 0.010-0.100
1.5638455E+00 -1.2252199E+02
2.2647814E+00 9.1346038E+09

4.3053899E+13
Imaginary Component

6th Oxrdexr 0.000-0.100
~-2.4949310E+03 -2.4719206E+01
1.9242115E+10 -6.8442981E+10

Ggx(R)
Real Component

6th Order 0.001-0.100
2.4690866E-01 8.1564715E-02
~2.6605711E+06 9.6760956E+06

Imaginary Component

8th Order 0.001-0.010
-5.0296804E+02 6.9944277E+05
7.4454262E+15 -7.0206947E+17

Ratio 0.010-0.100
-3.0506451E-04 3.7573808E-02
-5.0947594E-04 -7.9604T99E+05
~5.6293092E+09

Gas(R)

Real Component

€6th Order 0.001-0.100
9.6785892E-01  3.2169259E-01
-1.0443582E+07 3.7986523E+07

Imaginary Component

8th Order 0.001-0.010
-7.1240104E+02
1.0231241E+16

9.5940154E+05
-9.65688315E+17

~5.9241731E+10
~6.0339466E+21

4.5582187E+03
-2.5611943E+11

2.4398514E+06

-3.1310965E+02

~4,7773874E+08
3.6635682E+19

~-1.5014618E+00
2.3725931E+07

~1.2286658E+03

-6,5262043E+08
5.0443342E+19

1.6899417E+13

1.6495873E+23

-1.4436500E-03

3.1131480E+12

.5547730E+07

.7501311E+03

.9210580E+11
.1050716E+20

.1625211E-07
.2364262E+08

.8608196E+03

.6293123E+11
.1166002E+21

-7.7355313E+14

-6.4603264E+06
-1.8348861E+13

-1.6171597E+09

2,1602490E+05

-4.7861591E+13

7.9630909E+02
2.15457T1E+09

8.4780207E+05

-6.5657068E+13

PRI TN AP

PR



Ratio 0.010-0.100
~-7.3279954E-04 8.4236082E-02
~65.4107T447E~04 -2,6362783E+05
~6.0799782E+09

Gexa(R)
Real Component

6th Order 0.000-0.100
4.8908078E-01  9.7940015E-02
~5.2961144E+06 1.9249510E+07

Imaginary Component

8th Order 0.000-0.010
~1.0079854E+02 -3,9690570E+03

" -1.1930563E+15  1.1354126E+17

Ratio 0.010-0.100
-4.6056133E-04 5.4394079E-02
-4.4687389E-04 -6.1246793E+05
~5.3084692E+09

(3232(11)
Real Component

6th Order 0.000-0.100
4.8908078E-01  9.7940015E-02
-5.2961144E+06 1,.9249510E+07

Imaginary Component

8th Order 0.000-0.010
-1.0079854E+02 -3,9690570E+03
-1.1930663E+15 1.1354126E+17

Ratio 0.010-0.100
-4.6056133E-04 5.4394079E-02
-4.4687389E-04 -6.1246793E+05
-5.3094692E+09

-3.2371602E+00
9.1863973E+06

~6.1506941E+02

4.6810550E+07
~-5.8887562E+18

=2.1168582E+00
1.8533381E+07

-6.1506941E+02

4.6810550E+07
-5.8887562E+18

-2.11638582E+00
1.8533381E+07

78

3.4357684E-07
~1.8340614E+08

-3.6456986E+03

-2.6387382E+10
1.2840182E+20

2.8577567E-07
~2.7071295E+08

-3.6456986E+03

~2.6387382E+10
1.2840182E+20

2.8577567E~07
-2.7071295E+08

9.1330452E+02
1.6197594E+09

4.3101735E+05

7.3656913E+12

8.4397927E+02
1.9286742E+09

4.3101735E+05

7.3656913E+12

8.4397927E+02
1.9286742E+09




AN

Table 8. Green’s Function Approximations Summary

Real Component Imaginary Component

Function Approximation Range (m) Approximation Range (m)

G2 (R) 8th Order 0.001-0.010 6th Order 0.001-0.100
Ratio of Polynomials | 0.010-0.100

G2(R) 6th Order 0.001-0.100 8th Order 0.001-0.010

Ratio of Polynomials | 0.010-0.100

Gb32(R) 6th Order 0.000-0.100 8th Order 0.000-0.010

Ratio of Polynomials | 0.010-0.100

G4 (R) 8th Order 0.001-0.010 6th Order 0.001-0.100
Ratio of Polynomials { 0.010-0.100

G2 (R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

GE3(R) 6th Order 0.001-0.100 8th Order 0.001-0.010

Ratio of Polynomials | 0.010-0.100

GEys(R) 6th Order 0.000-0.100 8th Order 0.000-0.010

Ratio of Polynomials | 0.010-0.100

I, (R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

£ (R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

Ifm(R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

1§ (R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

s (R) 8th Order 0.000-0.010 6th Order 0.000-0.100
Ratio of Polynomials | 0.010-0.100

I§D31(R) 8th Order 0.000-0.010 6th Oruer 0.0006-0.160
Ratio of Polynomials | 0.010-0.100
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Appendix D. Computer Programs

A description of the programs and subroutines written, modified, and used during this research
is presented in this appendix. The programs written by Nazar and modified by the author were
run an ELXSI System 6400 computer operating under the ENBOS 13 operating system. The
programs written by the author were run on a 20 Mhz PC/AT Clone, Using a Microsoft Version

4.0 FORTRAN compiler. Copies of the actual code may be obtained by contacting

Major Harry Barksdale
AFIT/ENG
Wright-Patterson AFB, OH
45433

D.1  Programs to Numerically Evaluate the Green’s Funclions

GREENM is the main program used to numerically solve the integrals of all the Green’s
functions listed in Appendix C. All the material parameters of the antenna are set in GREENM.
The original code was written by Nazar 3] and only evaluated representative examples of Green’s
functions. The author added the code necessary to evaluate remaining Green'’s functions examined
in this thesis. SUBROUT contains all the custom written subroutines called by GREENM. It was
also written by Nazar [3] and used with only minor modification. EXTFUN is a file containing
all the FORTRAN implementation of the integrands for the various Green’s functions and all non-
IMSL functions used in GREENM. It also was originally written by Nazar and modified by the

author.

D.2 Programs Used 1o Approzimate the Green’s Funclions

LTSQRS and LTSQRS are custom written code which perform a least squares curve fitting

using a sixth or and eighth order polynomial. LTSQR82 performs a least squares curve fit using
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an eighth order polynomial plus two terms with negative powers. The result is a curve fit using a
rational function composed of a tenth order polynomial divided by a quadratic polynomial. All three
programs call two subroutines contained in SIMEQ which solve a system of simultaneous linear
equations. The routines were extracted from the book Numerical Recipes [21). LTSQRS, LTSQRS,
and LTSQRS82 were written to only operate on the data from one component of a Green’s function at

a time. Lack of time prevented consolidation of all the routines. Several file manipulation routines

were needed to break out the input file components and combine the results of the approximations.
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