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Theory and Applications of Elliptically Contoured
and Related Distributions

T. W. Anderson and Kai-Tai Fang

1. Introduction.

The multivariate normal distribution has long served as the standard model for the
statistical analysis of multivariate observations. Statisticians have been interested in gen-
eralizing the model from the normal population to a wider class of distributions that retain
the most important properties of the multivariate normal distribution. In the past twenty
years it has been found that the class of elliptically contoured distributions (ECD) can be
regarded as a suitable extension of the multivariate normal distribution. The class of ECD
includes many multivariate distributions, such as the multivariate normal, the multivariate
t, the multivariate Cauchy, the multivariate Laplace, the multivariate uniform, mixtures
of normal distributions, and the multivariate stable distributions. Many authors have de-
veloped the theory and methods of statistical inference for the ECD. Survey papers have
been published by Muirhead [70], Chmielewski {19], and Fang [37].

The purpose of this paper is to introduce the contributions of theory and applications
of ECD and related distributions, mainly by Chinese statisticians. When the second author
visited Stanford University in the academic year 1981-82 to pursue research, the first
author suggested ECD as furnishing a fruitful area of ‘nvestigation; they cooperated in
this venture. Upon his return to China the second author directed his doctoral students
in conducting research on this subject. Most of the papers were originally published in
Chinese journals and collected in the volume [39] in English. Under the influence of this
work a number of Chinese authors entered this area and made valuable contributions
as listed in the references. We regret any omission of major contributions rae to the
limitations of our survey.

There are several ways to define ECD and its standard form, spherical distributions
(SD), by using different properties of the normal distribution. (Sec, for example, the
preface of [39] and Section 1.1 of [49).) One is the following. The random vector X has
the distribution N(u, X') if and only if

X<+ Ay,
where AA' = ¥ and Y has the standard normal N/0,I). Here 2 denotes that the two
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sides of the equality have the same distribution. For this kind of definition of ECD we
define the spherical distribution first.

Definition 1.1. An n x 1 random vector X is said to have a spherical distribution if
for each Q € O(n)

Qx 2 x, (1.1)

where O(n) denotes the set of n x n orthogonal matrices.
The following theorem gives some equivalent definitions of SD.

Theorem 1.1. Let X be an n x 1 random vector. Then the following statements are
equivalent:

1) QX £ for each Q € O(n);
2) The cf. of X, Ec‘t’x, is a function of t't, t € R";
3) X has a stochastic representation
x & rut™ (1.2)

for some R > 0, where R is independent of U(™ and the latter is uniformly distributed on
the unit sphere in R";

4) For any a € R" we have
a'X £ [la] X1, (1.3)

where ||a|| is the Euclidean norm and X is the first component of X.

From part 2) of the theorem the c.f. of a SD has the form ¢(¢'t), where ¢(-) is a scalar
function. Therefore, we write X ~ Sp(#). The set of all possible ¢’s is denoted by ®y,;
that is,

@, = {¢: ¢(t2 +--- +¢2) is an n-dimensional c.f.}. (1.4)

The probability method that treats models directly with random variates rather than
their distribution function or c.f. plays an important role in theory of ECD. In particular,
Anderson and Fang [2,3] gave a systematic discussion of the 2 operator. Many results
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mentioned in this paper were obtained by the probability method and show that the
2 operator is a powerful tool. The fact is true in [13], [14], and Zolotarev’s book [91].
Therefore, the stochastic representation (1.2) is one of the most important properties
of SD which shows the following properties: (a) The set of SD’s is equivalent to that of
the set of nonnegative random variables. (b) The SD is essentially a function of a random
variable R. (c) X/||X|| and || X|| are independent, and R & X[ and U™ £ X/Ixy.
(d) X has a density which is of the form g(z'z) if and only if R has the density

£0) = T o). (15)

(In this case we prefer to write X ~ Sh(g) instead of X ~ Sp(¢) and g is called the
density generating function [49].) (e) Let ¢(X) be a statistic satisfying t(aX) = (X)) for
any a > 0; if P(X = 0) = 0, then #(X) & ¢(Z) where Z ~ N(0,I), i.e., the distribution
of (X)) is invariant in the class; for instance, the t-statistic has the same distribution for
all members of the class. (f) The marginal distribution of Xj,...,Xm is a SD again which
has the stochastic representation (1.2) with m instead of n and RB instead of R, where
B >0, B~ B(m/2,(n —m)/2), and R, B, and U™ are independent.

Definition 1.2. An n x 1 random vector X is said to have an elliptically contoured
distribution (ECD) with parameters g and X (n x n) if

XLut+AY, Y ~Suo), (1.6)

where A:n x k and AA' = ¥ with rank(¥) = k. We write X ~ EC(u, X, ¢).

Many properties of ECD can be transferred from those of SD by means of (1.6). The
following properties are important and are needed in this paper.

1) A linear transformation of an ECD is again an ECD; in particular, all marginal
distributions of an ECD are ECD.

2) All conditional distributions of an ECD are ECD.
3) The cf. of ECp(p, X, ¢) is exp(it' u)d(t' Tt).
4) X ~ ECp(p, ¥, ¢) with rank(X) = k if and only if

X £ u+ RAUW, (1.7)

where R > 0 is independent of U®, A :n x k,and AA' = X.
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5) f Y has the density g(z'z) and A is square and nonsingular, then X = AY has
the density

1217 % [(2 — )27z — m)], (1.8)

where AA' = ¥, and is denoted by X ~ ECph(u, X, g). The contours of constant density
are ellipsoids

(z — p)' X" (z — pu) = const.

This fact leads to the name of ECD. There are various other terms used, such as round
distribution, isotropic distribution [24] for SD, and ellipsoidal symmetric distribution in
the Lterature.

More properties and detailed discussions are referred to [49].

This paper is organized as follows. Several types of spherical and elliptical matrix
distributions and their relationships are discussed in Section 2. The distributions of their
quadratic forms and associated Cochran’s theorem are presented there as well. Some results
of estimation of parameters of and testing hypotheses about ECD are given in Sections 3
and 4, respectively. The stochastic representation (1.2) and (1.6) gives the structure of SD
and ECD. The same idea can be applied to some other distributions and produces other
classes of symmetric multivariate distributions; a summary constitutes Section 6. Section
5 collects applications of ECD models in regression analysis, principal component analysis,
canonical correlation analysis, discriminant analysis, and econometrics. The last section
consists of miscellaneous results.

2. Classes of Distributions and Distributions of Quadratic Forms

A sample of n observations from a multivariate distribution Xy),..., X(n) can be
expressed by an n x p matrix
!
Xq)
X= : =(X1,..., Xp). (2.1)
!
X(n)

This matrix of observations is the basis of multivariate analysis and data analysis. There-
fore, we study its distribution first. If the observation vectors are drawn independently
from N(u,X'), then the matrix X has a matrix normal distribution Nypxp(M,I® X') with
the c.f.

¥(T) = E[exp(i tr(T' X))) (2.2)
= exp(i tr T'M ) exp (-—% tr ET'T) ,
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where M = 14/, and
T-= (t(l),...,t(n))' = (L1,...,tp). (2.3)

When u = 0, ¢(T) is a function of T'T and is invariant under n x n orthogonal transfor-
mations.

When the parent distribution is more generally ECp(p, X, ¢), the c.f. of X is

. '} . ! hid
E(eztrTX) =e’trTMHt/)(t2j)2t(j)), (2.4)
j=1

where M is the same matrix as in (2.2). Unfortunately, most results for this model are

based on asymptotic theory and numerical evaluation with the exception of X ~ N,(u, X).
(See [69] and [70].)

An alternative model for random X is that the columns of X are uncorrelated and eah
has mean p and the covariance matrix X'. This model generates various spherical/elliptical
matrix distributions.

Corresponding to the invariance of (1.1) Dawid [20-22] proposed two classes of spher-
ical matrix distributions (SMD).

Definition 2.1. Let X be an nxp random matrix. If QX 2 X for every Q € O(n) we
call X left-spherical and write X € LS. If X and X' are both LS we call X symmetrically
spherical and write X € SS.

In terms of the c.f. Anderson and Fang [3] suggested the following.

Definition 2.2. An n x p random matrix X is said to have a multivariate spherical
distribution if the c.f. of X has the form ¢(tit),¢5t2,...,t,t,) and is denoted X € MS
or X ~ MSnxp(®).

The most direct extension of spherical distribution to the matrix case is by means of
the vector operator vec(-), defined as

vee(X) = (2),...,2)) (2.5)

and considered by many authors, such as Kariya [64], Jensen and Good [62], Fraser and
Ng [59], and Anderson and Fang [3,4].




Definition 2.3. Let X be an n x p random matrix. If vec(X) is spherical, we call
X vector-spherical and write X € VS.

The above four classes of spherical matrix distributions have been studied individually
by the above authors. Fang and Chen [42,43] established relationships among them and
found more properties as follows. (They used Fy, F;, F3, and F, to denote the classes
LS, MS, VS, and S5, respectively).

Theorem 2.1. The c.f. of X has the form

(T'T), if XelLS,

¢[diag(T'T)], if X € MS, 26)
o[ te(T'T)], if XeVs, '

¢ [eig(T'T)], if Xe€SS,

where diag(A) = (a11,...,app) and eig(A) = the vector eigenvalues of A. As a sequel we
have

VSCMSCLS and VSCSScCLS. (2.7)
Furthermore, VS = MSNSS.

In the following exposition X ~ LS(¢) denotes that X € LS and the c.f. of X is
#(T'T), with similar notations for the other cases.

Theorem 2.2. If the n x p random matrix X has one of the spherical matrix distri-

butions, then it has one of the follewing stochastic representations:

LS: X 2 U A, where Uy :nxp, A:pxp, Uy € LS, UlU; =1I,, A'/A = X'X, and
A and U, are independent;

MS: X £ U,R, where U, has iid. columns, each distributed as U™, and R =
diag(R;,...,R,) > 0 is independent of Uy;

ss: x & U; AV is the singular value decomposition, where U;, A, and V are in-
dependent, U, is the same as in LS, V' € LS, V'V = I,,, and A is a diagonal

matrix with nonnegative elements,

vs: x4 RUj;, where R > 0 is independent of U; and vec(Uj) 4y,
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Each of the distributions of Uy, U,, and U} is called the uniform matrix distribution
with its respective specific meaning. Furthermore, they have the stochastic representations

U = Y(Y,Y)-l/i’? U; = (Y}/”Y}”,J =1,... ,P), U; = Y/(trY'Y)1/2, (28)

where Y = (Y,...,Y}) has the standard matrix normal distribution N(0, I, x I,,).

The c.f.’s of U; and U; can be found by the result of Schoenberg [75]. Zhang and
Fang [89] obtained an expression of the c.f. of U, in terms of the hypergeometric function.

With the stochastic representations given by Theorem 2.2 many results can be trans-
ferred from multivariate normal populations to these wider classes. A number of authors,
such as Dawid [20], Chmielewski [18], Fraser and Ng [59], Jensen and Good [62], and
Anderson and Fang [3], found invariant statistics in these classes. Fang and Chen [42)
obtained necessary and sufficient conditions for invariant statistics in the four classes. For
simplicity, we cite only the theorem in the LS case. Let

Ls*={X:X €LS and P(X'X >0)=1} (2.9)

Theorem 2.3. Let t(X) be a statistic. Then the distribution of ¢(X) is invariant
in LS* if and only if ¢((X A) 4 t(X) for each A € UT, the set of p X p upper triangular
matrices with positive diagonal elements.

As an application of Theorem 2.3, one can find many useful statistics (such as the
Wilks statistic and the Hotelling T2, and the statistic for testing equality of several covari-
ance matrices) that are invariant in LS. This fact shows some overwhelming advantages
of spherical matrix distributions and gives the possiblity of extending the multivariate
analysis techniques into these wider classes. For more details see Section 6.

A random matrix X with an elliptical matrix distribution (EMD) is the linear trans-
form
X=M+YA, (2.10)

where Y has a spherical matrix distribution in any of the above classes and M and A
are constant matrices. Thus we have four classes of elliptical matrix distributions; we
denote them by LE, SE, ME, and VE, respectively. Zhang, Fang, and Chen [90] gave a
comprehensive study of these classes. They found marginal and conditional distribut:ons,
stochastic decompositions, moments, and invariant statistics. It should be noted that the
matrix normal X with distribution N(0,I ® X') is a member of LS, but the rows are not

necessarily spherical.




The distributions of quadratic forms and Cochran’s theorem play an important role in
multivariate analysis. Let the n X p random matrix X in LS be partitioned into m parts
X1,..., X, with ny,...,n,, rows, respectively. When p =1 and X has a density, Kelker
[65] obtained the distribution of X]X;. Anderson and Fang [2] derived the distribution
of X;-X j» 3 =1,...,m, without the assumption of X having a density. As a sequel, they
[3] obtained the distributions of the sample covariance matrix, the correlation matrix, the
multiple correlation coefficient, the generalized variance, the eigenvalues of the sample
covariance matrix, etc. Fang and Wu [57] extended their results to the case of LE with
M =0in (2.10). When M # 0, Teng, Fang, and Deng [77] obtained the density of X; X,
under some regularity conditions, thus extending the result of Cacoullos and Koutr-3 [11]
for p = 1. Fan [25] obtained the noncentral t-, F—, and T?-distributions by using the
method of [11] and gave a detailed discussion of the distributions.

Let X ~ N(1p', I, ® I,). The basic features of Cochran’s theorem can be formulated
as follows:

1) X'AX ~ x%(u' Ap) (the noncentral chi-square distribution with k degrees freedom
and noncentrality parameter u' Ap) if and only if A? = A and rank(A) = k;

2) X'AX and X'BX are independent if and only if AB = 0. We shall call the result
the central Cochran’s theorem if 4 = 0; otherwise we shall call it the noncentral Cochran’s
theorem. Anderson and Styan [6] reviewed various extensions of Cochran’s theorem for
the normal case.

We would here like to mention several contributions to Cochran’s theorem for ECD
and LS. Kelker [65] extended the central Cochran’s theorem to ECD under the condition
that X has a density with finite fourth moments. Anderson and Fang [2,3], using the 4
operator, gave a new approach to various exte .sions of Cochran’s theorem in ECD without
the condition of helker. Fang and Wu [57] extended their results to more general quadratic
forms. Due to the need in the theory of multivariate analysis, Fang, Fan, and Xu [45]
extended the results in [4,5] to the case where the matrix A is random and gave some
applications to T?- and Wilks statistics and Tukey testing.

The noncentral case of Cochran’s theorem is much more difficuit to handle than the
central case. Thus the results for ECD are not as extensive in the noncentral case as in the
central case. Under the assumption of finite fourth moments Fan [26] proved the noncentral
Cochran’s theorem using c.f.’s. Zhang [85] extended the results of Fang and Wu [57] to
the noncentral situation, as well as the result of Fan [26], but under the condition of finite
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2nth moment.

3. Estimation of Parameters of Elliptically Contoured Distributions.

Estimation theory for 1.. ~ormal distribution is highly developed. Let X;,..., X, be
a sample of independent observat:o:~ from Np(p, X). The maximum likelihood estimators

of u and ¥ are the sample mean and tu. -ample covariance matrix

X=-) X, E=iY i -X) (X=X, (3.1)

respectively. Estimation in elliptical populations can be estat.. ~hed in parallel fashion.

Let the matrix of observations X have an elliptical matrix dis. ‘bution (2.10) with
M = 1y’ and AA' = ¥. We want to estimate the parameters 4 and .~. If X has a
density and X € LFE, the density must have the form

| Z|7P29[(X - M) E7Y(X - M)]. (2.

When X is from ME, VE, or SE, the density of X has the same form (3.2) with g [ diag(-)] ,
g[tr(-)], and g[eig(-)], respectively. We shall write X ~ LE(, X, g), X ~ ME(1s, X, g),
and so on for these models. In this section some results on maximum likelihood estimates
(MLE), minimax estimates, shrinkage estimates, and inadmissibility of the sample mean
are mentioned.

For X ~ VE(u,X,g) Anderson and Fang [4] developed a new approach to the MLE’s
of p and ¥. The MLE’s are

p=X, and ¥ =y, =y,(X -1X)(X —1X), (3.3)

where the constant y, will be given in Lemma 3.1 below. Later Anderson, Fang, and Hsu
[5] established the relationship of the MLE’s in normal and elliptical models and therefore
gave a unified approach to MLE for EV. Their main result is the following:

Theorem 3.1. Let Q be a set in the space of (g, V'), V > 0, such that if (p, V') € Q
then (pu,cV) € Q for all ¢ > 0. Suppose g is such that g(z'z) is a density in RY and

y™/?g(y) has a finite positive maximum y,. Suppose that on the basis of an observation

X from |V|"?g[(z — )’V ~}(z — p)] the MLE’s une r normality (j, V') € Q exist and
are unique and that V > 0 with probability 1. Then the MLE's for g are

i=p, V=(N/y,)V,




and the maximum of the likelihood is |V|~/?¢(y,).
The existence of y, mentioned in the theorem may be based on the following lemma.

Lemma 3.1. Suppose that g(z'z) is a density in z € RY such that g(y) is continuous
and decreasing for y sufficiently large. Then the function

h(y) = vV ?9(y), y>0,

has a maximum at some finite y, > 0. An alternative condition is that g is continuous and

E(X'X) < oo.

Fang and Xu [51] and Fang, Xu, and Teng [54] extended the above results to the case
of ES, EM, and EL, respectively. Since the MLE of a function of p and X is that same
function of the MLE’s ji and ¥, we thus obtained the MLE’s for the most useful statistics
in multivariate analysis.

The usual estimator of g in the normal population, namely the sample mean, is
inadmissible under a quadratic loss if the dimension of the observations is greater than 2;
this result is due to Stein [76]. After improvement of the original proof, several concise
proofs have been proposed; see to Anderson [1], for example. Among the many papers on
this topic, Brandwein and Strawderman [10] established the inadmissibility of the sample
mean for spherical distributions when the dimension is greater than 3. Their proof is
very long in comparison to the concise proof for normal case given in [1]. Fan and Fang
[31] have given an improved proof which is murch shorter than the original one and the
conditions are weaker. Let X have an elliptical matrix distribution LE(u, ¥, g). It is easy
to see that (X, S) is a sufficient statistic for (¢, ¥) by the Fisher-Neyman factorization
theorem. Therefore, the inadmissibility of the mean can be expressed in the following
simple statement.

Theorem 3.2. Suppose that X ~ ECp(u, Ip,d); that is, X — pu is spherical. Then
the estimate
6.(X) = (1 -a/|X|*)X (3.4)

is better than the usual estimate X under quadratic loss, provided that p > 3 and

2(p—3)
Osas GBI (35)

10

]




where Eo||X||~2 is the expected value of || X || ™2 when g = 0.

This result can be extended to the case where the loss has the form W [(6 -p)(6 —p)]
and W(.) is a nonnegative convex function. Furthermore, the estimator

8a,4(X) = (1 - af(IX?)/1 X)) X, (3.6)

where 0 < f(z) < 1, f(z) is nondecreasing, f(z)/z is nonincreasing for z > 0, and
f"(z) £ 0 for ¢ > 0 [31] and a satisfies (3.5), also dominates X. Note that for the
inadmissibility of the sample mean under quadratic loss the condition of p > 2 in the
normal case becomes that of p > 3 in the spherical case.

We now consider minimax estimates of . Let X have a distribution VE(u,¥,g),
where g¢(-) is a nonnegative decreasing function. Let W(-) be a nonnegative increasing
function. Fan and Fang [29] pointed out that under the loss W[(d — p)' 27! (d — )], the
sample mean X is a minimax estimate for u. Furthermore, they found that if X;,..., X,
are independently drawn from EC,(u, I, g), then under loss function W(||d— u||) the mean
X is a minimax estimate in the class of {h(X) : h(-) a real function}. Some sequential
minimax properties for the sample mean and Stein’s two-stage estimate are also discussed
in [30]. In fact, we can find a wider class of minimax estimates of g, such as §,(X) in
(3.4) and 84,¢(X) in (3.6) in a certain sense. (See [30].) The estimates (3.4) and (3.6) are
shrinkage estimates.

The reader is referred to Section 4.4.2 of [58] for further discussion.

4. Testing Hypotheses about Elliptically Contoured Distributions.

Let the matrix of observations X have an elliptical matrix distribution LE(u, ¥, g),
where (u, X') € Q, the parameter space. We want to test

Ho:(u,X)ew vs. H: (1 X)€Y w. 1)

Statistics for testing (4.1) can be derived by different principles, among which is the like-
lihood ratio criteria (LRC). From (3.2) the likelihood function is

L(s, B) = |51~ g[(X — 10/ E(X - 10")]. (42)
Hence, the LRC of testing (4.1) is
T(X) = max L(, 5)/ mex L(p, ). (43)
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When X € EV, Anderson and Fang [4] obtained many statistics used in multivariate
analysis, such as the criterion for testing lack of correlation between sets of variates, testing
the hypothesis that a mean vector is equal to a given vector, testing equality of several
covariance matrices, testing equality of several means, etc., and found that these statistics
have the same form and the same null distribution in these distributions as in the normal
distribution. With Theorem 3.1 Anderson, Fang, and Hsu [5] gave a unified approach
to LRC’s and established the relationship of distributions of the LRC between normal
and other elliptical populaticns. Fang and Xu [51] and Fang, Xu and Teng [54] extended
systematically the results to the wider classes ME, SE, and LE. They found that there
are some statistics (but not all of those in VE) that have the same form and the same
distribution within the entire class. Chmielewski [18] studied invariant statistics for testing
equality of k covariance matrices. Chen [16] pointed out that the invariants obtained in
[18] are correct only for k = 2 and gave the correct invariant statistic for arbitrary k.

A necessary and sufficient condition for a statistic to be invariant in classes of elliptical
matrix distributions can be obtained as in Theorem 2.3. Kariya [64] gave an alternative
necessary and sufficient condition, but Bian, Wang, and Zhang [8] found that there is a
gap in the Kariya’s proof. They gave a counter-example to his result, but proved that if
the matrix of observations has a density, then Kariya’s theorem is true.

Although the null distribution of an invariant statistic is the same for all elements of
the class, the nonnull distribution depends on the specific element of the class. That
consideration leads to derivations of noncentral distributions. (See [25], [36], [77].) Let
X ~ EC,(p,I,,9). Define the sample mean and standard deviation by

X' (I,. - %11') X.

Fang and Yuan [56] studied the power of the t-test in the class of ECn(s, I, ¢) and found
that the power can be very different for the different elements of class. They furthermore
pointed out the following.

I = lll.X, 82 =
n

=

Theorem 4.1. Let x RU®™
1414 1
Let t;, = /n 7.-/3.-, where X; and s; are the sample mean and standard deviation of X,
and let d(z,y) = |z — y| be the L;-norm distance. Then

Ed(tl,tg) = CEd(l/R], l/Rz), (45)
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where c is a known constant.

Then Ed(t1,t2) can be very large if Ed(1/R;,1/R;) is very large. With this theorem
Fang and Yuan [56] obtained the limiting distribution of the ¢-statistic in some subclasses
of ECpn(st,I,g9). The convergence of the statistic is not only in distribution, but also in
density. The same approach can be applied to the F-statistic, T2-statistic, and so on.

The invariance of a statistic in the class of elliptical distributions can be employed for
enlarging the class. For example, let

F = {X : X is exchangeable and t; ~ t,,..l} (4.6)

be a set of n-dimensional random vectors such that the corresponding ¢-statistic has the
same distribution as in the normal case. (X is exchangeable if X L2 PX for every
permutation matrix P.) Obviously, the set SD belongs to F;. In fact, the class F; is
much larger than SD. More precisely, let VT denote the class of X that has the stochastic
decomposition (1.2) without necessarily independence of R and U(™. Then SDC VT C F..
This class can serve for deriving Baysian statistics, but its structure has not yet been
sufficiently investigated.

Many LRC’s in normal populations yield uniformly most powerful (UMP) and unbi-
ased tests. Do those tests retain their optimal properties in elliptical populations. Quan
[72] and Quan and Fang [73] investigated this subject for VE and found that many LRC’s
keep these properties as follows: Let X ~ VE(u, X, g).

1) Partition p into two subvectors p; and p2. Consider testing
Ho:p1 =0, pup=0 vs. Hy:py #0, uz =0. (4.7)

If the density generating function g(-) is monotonically decreasing and differentiable and
g'(*) is increasing, then the LRC test for (4.7) is UMP in the class of tests based on the
likelihood ratio statistic.

2) Let R be the population multiple correlation in V E(u, ¥, g) and let R be the sample

multiple correlation. If g satisfies the conditions in 1), then the LRC for Hy : R = 0 is
UMP invariant.

3) The Wilks statistic and the statistics for testing lack of correlation between sets of
variates, testing equality of several covariance matrices, testing equality of several mean
vectors and covariance matrices simultaneously, and the sphericity test are unbiased if g

is decreasing.
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The goodness of fit test for elliptical symmetry is a difficult problem. Deng [23]
proposed a significance test for elliptical symmetry by use of moment sequence. It is
evident that his method requires all moments to be finite.

5. Applications.

Application of the established theory of ECD and EMD shows that many well-known
techniques of multivariate analysis, such as regression analysis, multivariate analysis of
variance, principal component analysis, canonical correlation analysis, discriminant anal-
ysis and econometric methods are valid in these wider classes.

Consider the general regression model
Y = f(X,B) + E, (5.1)

whereY :nxp, X :nxgq, E:nXxp, B:pxgq, E has a spherical matrix distribution and
B is the matrix of undetermined regression coefficients. When

f(X,B)=XB, (52)

(5.1) is the linear model. The least squares estimate (LSE) of B has the same form in
general

B=(X'X)"X'Y (5.3)

as in the case of F having a normal distribution. Here (X'X)~ denotes a generalized
inverse of X'X. When E ~ VS(0,X,g) and g is a decreasing function, Anderson and
Fang (3] obtained the maximum likelihood estimates of B and X, and their distribution.
These results extended some pioneer work of Box, Thomas, and Zellner mentioned in [19).
Bian and Zhang [9] and Fang, Xu and Teng [54] obtained similar results in the classes M S,
SS, and LS and gave invariant statistics of testing some hypotheses about B. Combining
the above results with distributions of quadratic forms and Cochran’s theorem for ECD
and EMS, we have systematically established the theory and methods of linear models for
ECD and EMS.

Fan [27] and Fan and Fang [29] discussed shrinkage estimates, ridge regression, and
inadmissibility of estimators of regression coefficients for ECD and EMS. Lin and Gong [68]
considered two seemingly unrelated regression models under some regularity conditions.
They gave the small sample properties of Zellner’s estimator when the disturbances have
ECD’s. Pan [71] obtained the LSE for the growth curve model and some related invariant
statistics for ECD.
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Whea f(X, B) is a nonlinear function of B the model (5.1) is a nonlinear regression
model. Wei [81] and Cao, Wei and Qian [15] discussed the nonlinear regression model with
errors in ECD and gave an asymptotic expansion and the bias, variance, and skewness of
the LSE by a differential geometry approach.

Principal component analysis and the canonical correlation analysis are important
techniques of multivariate analysis. When the matrix of observations X is from LS,
the algebraic derivations of these two analyses are the same as before. However, the
corresponding distribution theory and test of hypotheses may be different. Here we need
to find the distributions of eigenvalues and eigenvectors of X'PX or of X'P, X with
respect to X'P; X, where P, P,, and P; are positive definite matrices. The distribution
of the eigenvalues and eigenvectors of X' PX for X € SS were derived by Fang and Zhang
in Section 3.5.6 of [58] and [17] which extended the results for X € VS of Anderson
and Fang [2]. From the point of view of spectral decomposition, Fang and Chen [43]
studied the spherical matrix distribution and obtained some new subclasses of LS. Their
results can be applied to principal component analysis in LS. As the distributions of the
eigenvalues and the eigenvectors of X'P; X with respect to X'P; X are invariant in the
class of V'S, canonical correlation analysis can be used in the class.

Since the distribution of the discriminant function is not invariant in the class of SMD,
it is more difficult to establish the theory of discriminant analysis for SMD. Cacoullos and
Koutras [11] considered the minimum-distance discrimination for SD. Quand, Fang and
Teng (74] employed the information function I(f,g) of f and g defined by

I(f,9) = / £(z)log [f(z)/ ()] dz

to discriminant analysis. They proved that under some conditions the information function
is a monotonic function of the Mahalanobis distance.

There are some studies of the application of the theory of ECD to econometrics. Teng
and Chen [78] and Teng, Fang, and Deng [77] derived the distribution of the instrumental
variable (IV) estimator of the coefficients of the endogenous variables in the simultaneous
equations with spherical disturbance and some related distributions. The reader is referred
to Kunitomo [66] for further results in econometrics.

6. Symmetric Multivariate Distributions.

Why does the class of spherical distributions have so many nice properties? One of

the reasons is its special structure (1.2), where U(™ is common to all members of the
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class. Therefore, a spherical distribution is uniquely determined by the distribution of a
scalar variable R, but many properties of SD are independent of R as mentioned before.
That fact suggests finding other classes of symmetric multivariate distributions having a
structure similar to (1.2) with beautiful properties.

Given an n-dimensional random vector Y, we may define a corresponding family of
distributions by

FY)={X:X S RY,R>0is independent of Y'}, (6.1)

and call Y the generating vector of the family F(Y). For simplicity, in this section we
always assume P(Y = 0) = 0 for each generating vector. By choosing different Y we
obtain different classes of distributions. The following approach seems to yield useful
generating vectors:

1) Take a sample Z,,...,Z, from a population with cdf F(z).
2) Let Z=(2,,...,2,) andset Y =(1,...,Y,) with

Y; =Z.'/”Z“, 1=1,...,n.

For example, if Z;,...,Zy is from N(0,0?) and the norm is defined as the Euclidean
norm, then Y is simply U™ and F(Y) is the family of SD’s. If Z,,..., Z, are sampled
from an exponential distribution and the norm is defined as the L;-norm, then Y is uni-
formly distributed on the simplex B, = {z:2; >0, i =1,...,n, >, z; =1} and F(Y)
is the so-called class of multivariate L;-norm symmetric distributions that was defined and
studied by Fang and Fang [46], [48], [33], [34], [35]). The family F(Y) retains most of the
important properties of Z. Hence, the family of SD’s can be regarded as a multivariate
extension of N(0,0?) and the family of multivariate L;-norm symmetric distributions as
a multivariate extension of the exponential distribution. We can use the same technique
in studying these families. The following table gives a brief introduction to this kind of
multivariate extensions.
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Table 1.

Univariate distribution Its multivariate extension
normal spherical

lognormal logspherical

additive logistic normal additive logistic spherical
exponential multivariate L;-norm symmetric
gamma & beta multivariate Liouville

Cauchy & stable law a-symmetric multivariate
Cauchy & stable law spherical stable law

symmetric gamma generalized symmetric Dirichlet
Scheidegger-Watson rotationally invariant

Let W = (W,...,W,) be a positive random vector. Iflog W = (log W},...,logW,)’
has an ECD we say that W has a logelliptical distribution. Let X be a random vector on
the simplex Bn_1, and let Y = [log(X1/Xn),-..,108(Xn-1/Xn)]’. I Y has an ECD we
say X has an additive logistic elliptical distribution. These two families were defined and
studied by Bentler, Fang, and Wu [7] and Fang, Bentler, and Chou [41]. The reader can
refer to Section 2.8 of [49].

Taking Y ~ D(ai,...,an), a Dirichlet distribution, with the norm defined as the
Li-norm, the corresponding family F(Y') is called the family of multivariate Liouville
distributions, which can be regarded as an extension of both the gamma and the beta
distributions as well as one of the multivariate L,-norm symmetric distributions. The
multivariate Liouville distributions have been discussed by many authors. Gupta and
Richards [60] gave a comprehensive study of this family under the assumption of a density.
Without this assumption Anderson and Fang [2,3], and Fang, Kotz and Ng [49] gave a
parallel discussion with more results. It is worth noting that the structure (1.2) can be
applied to a nonsymmetric generating vector Y by the same approach as for symmetric
generating vectors.

There is more than one natural way to generalize a univariate distribution to its
multivariate extension with structure (1.2). The c.f. of a stable law is

exp (- Alt|*), O0<a<2 (6.2)
One may rewrite (6.2) as exp(~A||t]|”), a function of the Ly-norm of t, yielding what is
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called a spherically symmetric stable law. A detailed discussion of this family is given by
Zolotarev [91]. Alternatively, one may consider (6.2) as a function of an L,-norm of ¢
with dimension n = 1. This way leads to the a-symmetric multivariate distribution that
was defined and thoroughly studied by Cambanis, Keener, and Simons [14]. Zhang [86]
obtained the distribution of the sum of squares of independent Cauchy variables and the
asymptotic distribution. Zhang [87] generalized a-symmetric multivariate distributions to

the matrix case and found its stochastic decomposition for the case of the matrix having
infinite rows.

Symmetrizing the Dirichlet distribution about the origin leads to the symmetrized
Dirichlet distribution (SDD). Take Y having a SDD; then the corresponding family F(Y')
is called one of generalized Symmetrized Dirichlet distributions which contains the family
of SD as a special case and retains many properties of Z. When the parameters of Y are
equal, where Z is sampled from a symmetrized gamma distribution with the degrees of
freeedom being the same value as the parameter of Y. Fang and Fang [47] made a thorough
research of this family.

Let V be a linear subspace of R" and let P, and P,. be projection matrices into the
subspaces V and V1, respectively. In the statistics of directional data the Scheidegger-
Watson distribution serves as the standard model and is defined by its density

(6.3) g(='Pyz), |[=ll =1,

where g is a scalar function. Fan [28] suggested a family of distributions whose densities
have the form g(z'P,z,z'P,.z); the family includes both the family of ECD and the
family of S — W distributions. Fan called it the family of rotationally symmetric dis-
tributions. Later Fang and Fan [44] discussed asymptotic properties of estimation and
hypothesis testing for the class. Let X;,...,X, be ii.d. from a rotaitonally symmetric
distribution. They [32] found the MLE of P, and its maximum likelihood characteriza-
tion which is defined as follows. Given an intuitive estimator for some parameters, we may
be interested in finding the parent distributions such that the estimator is the MLE. This
kind of problem is usually called the maximum likelihood characterization of the distribu-
tion.

Take Y having i.i.d. components with cdf F(z); then the class F(Y') consists of
mixtures of F(z). In the early stage of the study of SD researchers found may properties
of mixtures of normal distribution. Later they found that most of those properties can be
extended to the class of SD. A natural question is can we extend those properties to some
wider class than that of SD?
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A largest characterization of SD is a demonstration that there is no generating vector
Y such that the family of SD is a proper subfamily of #(Y). This was proved by Fang
and Bentler [40]. They pointed out that this largest characterization can be extended to
the family of multivariate Liouville distributions.

With the Dirichlet distribution Fang and Xu [55] defined a class of multivariate dis-
tributions including the multivariate logistic and Gumbel Type I distributions.

7. Miscellaneous

In this section we include some work not cited above. First of all, we shall introduce

some characterizations of multivariate symmetric and related distributions.

Let X be an n x p random matrix. In general, the (marginal) normality of elements,
rows, and/or columns does not imply the multinormality of X. Zhang and Fang [88]
pointed out that the normality of X can be determined by the normality of 1) any element
of X if X € VS; 2) any rowof X if X € MS; 3) X1;1,...,Xpp if X € SS; and 4) the upper
triangular elements of X if X € LS. They furthermore discussed relationships between
the normality of X and the normality of linear transformations of X.

Since the order statistics of the exponential distribution have many nice properties,
Fang and Fang [34] derived various distributions and moments of the order statistics of a
multivariate L;-norm symmetric distribution. Let Z be an n-dimensional interchangeable
random vector; let Z(;) < --- < Z(,) be its order statistics; and define the normalized
spacings of Z as U; = (n — 1 — 1)(Z;) — Z(i—1), ¢ = 1,...,n, with Z() = 0. It is known
that Z £ U if Zy,...,2Z, areii.d. and Z; has an exponential distribution. Fang and Fang
[35] extended this property to the class of multivariate L;-norm symmetric distributions
and gave the characterization that if Z is an interchangeable random vector, then Z fu

if and only if Z is a multivariate L;-norm symmetric distribution.

Let S be a connected set on the unit sphere in R" and let C be a cone associated with
S defined by

C={z:z€R", z/|z| € S}u{0}.

If X € SD and P(X = 0) = 0, then P(X € C) has the same value for all distributions
in the SD. This fact can be used for a characterization of the uniform distribution on a
sphere and for spherical distributions if X and X /|| X|| are independent. The result is
due to Wang [80] and referred to in [49], pp. 163-165.

Let X),...,Xn be exchangeable normal variables with a common correlation p, and
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let X(1),...,X(n) be their order statistics. The random variable G = X;) + -+ + X(n)
is called the selection differential by geneticists and is of particular interest in genetic
selection. Fang and Liang [50] gave results concerning a conjecture of Tong [79] on the
distribution of this random variable as a function of p. The same technique can be applied
to yield general results for linear combinations of order statistics of ECD.

Let ¢(z) and ®(z) be the p.d.f. and the c.d.f. of N(0,1), respectively. Mills’ ratio,
defined by

M(z) = [1 - ¥(2)) /#(=),

has been studied thoroughly. One can define similarly the Mills’ ratio M(z,¥) for
N,{0,%) and EC,(0,X,g). Fang and Xu [53] gave a detailed discussion of these Mills’

ratios. They [84] obtained results on the expected values of zonal polynomials of EMD
also.

The inverted Wishart distribution has been used in Bayesian statistics. Many inverted
matrix distributions related to SMD can be similarly defined. Xu [83] studied the inverted
beta/Dirichlet distributions and gave some applications to Bayesian statistics.

There are several studies of the moments of a multivariate distribution. Li [67] had a

new approach on this subject. Let X be an n x 1 random vector. The k-th moment of X

is defined as
EX®X'® - -@X®X'), if kiseven

EX®X'® - -®X'®X), ifkisodd

Li gave the relationship between I'x(X) and all the k-th mixed moments of X and a
simple formula for the moments of a quadratic form of X as a function of I'x(X). As an
application, he gave moments of ECD and its quadratic forms.

T'x(X) = {

Acknowledgements. We are indebted to the U.S. Army Research Office and the
Chinese National Science Foundation for their support. The second author is grateful to
Professor Ching-Fai Ng, Dean of Science of Hong Kong Baptist College, for his hospitality
in providing a visit to the College.

20




References*

[1) Anderson, T.W. (1984). An Introduction to Multivariate Statistical Analysis, 2nd

*(2]

*(3]

*[4]

*[8]

[6]

[7]

8]

[9]

[10)

Edition, John Wiley & Sons, Inc., New York.

Anderson, T.W., and Fang, K.T. (1987). Cochran’s theorem for elliptically contoured
distributions, Sankhya, Series A, 49, 305-315.

Anderson, T.W., and Fang, K.T. (1990). On the theory of multivariate elliptically
contoured distributions and their applications, Statistical Inference in Elliptically Con-
toured and Related Distributions, Allerton Press Inc., New York, 1-23.

Anderson, T.W., and Fang, K.T. (1990). Inference in multivariate elliptically con-
toured distributions based on maximum likelihood, Statistical Inference in Elliptically
Contoured and Related Distributions, Allerton Press Inc., New York, 201-216.

Anderson, T.W., Fang, K.T., and Hsu, H. (1986). Maximum likelihood estimates
and likelihood-ratio criteria for multivariate elliptically contoured distributions, The
Canadian Journal of Statistics, 14, 55-59.

Anderson, T.W., and Styan, G.P.H. (1982). Cochran’s theorem, rank additivity,
and tripotent matrices, Statistics and Probability: Essays in Honor of C.R. Rao (G.
Kallianpur, P.R. Krishnaiah, and J.K. Ghosh, eds.), North-Holland, Amsterdam, 1-
23.

Bentler, P.M., Fang, K.T., and Wu, S.T. (1990). Logelliptically contoured distribu-
tions, to be submitted.

Bian, G.R., Wang, J.G., and Zhang, Y.T. (1981). The uniqueness conditions for the
distribution of a statistic in the class of left o(n)-invariant distributions, Contributed

Papers, China-Japan Symposium on Statistics, 17-19.

Bian, G.R., and Zhang, Y.T. (1981). Estimators and tests of the functional relation-
ship with the left o(n)-invariant errors, Contributed Papers, China-Japan Symposium
on Statistics, 20-22.

Brandwein, A.R.C., and Strawderman, W.E. (1978). Minimax estimation of location
parameter for spherically symmetric unimodel distributions under quadratic loss, An-
nals of Statistics, 6, 377-416.

* Papers marked with * appear in [39).

21




[11] Cacoullos, T., and Koutras, M. (1984). Quadratic forms in spherical random variables:

generalized x? noncentral distribution, Naval Research Logistics Quarterly, 31, 447-
461.

[12] Cacoullos, T., and Koutras, M. (1985). Minimum-distance discrimination for spherical
distributions, Statistical Theory and Data Analysis (K. Matusita, ed.), Elsevier Science
Publishers, North-Holland, Amsterdam, 91-102.

[13] Cambanis, S., Huang, S., and Simons, G. (1981). On the theory of elliptically con-
toured distributions, Journal of Multivariate Analysis 11, 368-85.

(14] Cambanis, S., Keener, R., and Simons, G. (1983). On a-symmetric distributions,
Journal of Multivariate Analysis, 13, 213-233.

[15] Cao, G.L., Wei, B.C., and Qian, J. (1989). Nonlinear regression with errois elliptically
contoured distributions, Applied Mathematics, Journal of the Chinese Universities, 4,
428-437.

(16] Chen, H.F. (1986). Invariants in testing the equality of k¥ covariance matrices, Acta
Mathematica Sinica, 29, 600-605.

[17] Chen, L.S. (1987). Distribution of the characteristic roots and vectors of the general-
ized Wishart matrix and their maximum likelihood estimator, to appear.

(18] Chmielewski, M.A. (1980). Invariant scale matrix hypothesis tests under elliptical
symmetry, Journal of Multivariate Analysis, 10, 343-350.

[19] Chmielewski, M.A. (1981). Elliptically symmetric distributions: A review and bibli-
ography, International Statistical Review, 49, 67-74.

[20] Dawid, A.P. (1977). Spherical matrix distributions and a multivariate model, Journal
of the Royal Statistical Society, B, 39, 254-261.

[21] Dawid, A.P. (1978). Extendability of spherical matrix distributions. Journal of Mul-
tivariate Analysis, 3, 559-566.

[22] Dawid, A.P. (1985). Invariance and independence in multivariate distribution theory,
Journal of Multivariate Analysss, 17, 304-315.

[23] Deng, W.C. (1984). Testing for ellipsoidal symmetry, Contributed Papers, China-
Japan Symposium on Statistics, 55-58.

[24] Eaton, M.L. (1981). On the projections of isotropic distributions, Annals of Statistics,
9, 391400.

22




*(25] Fan, J. (1984). Generalized non-central t-, F-, and T2-distributions, Journal of Grad-
uate School, 1, 134-148.

*[26] Fan, J. (1986). Distributions of quadratic forms and non-central Cochran’s theorem,
Acta Mathematscae Sinica, 2, 185-198.

*(27] Fan, J. (1986). Shrinkage estimators and ridge regression estimators for elliptically
contoured distributions, Acta Mathematicae Applicatae Sinica, 9, 237-250.

*[28] Fan, J. (1988). On rotationally invariant distributions, Northeastern Mathematical
Journal, 4, 29-42.

*[29] Fan, J., and Fang, K.T. (1985). Inadmissibility of sample mean and sample regression
coefficients for elliptically contoured distributions, Northeastern Mathematical Jour-
nal, 1, 68-81.

*[30] Fan, J., and Fang, K.T. (1985). Minimax estimators and Stein two-stage estimators of
location parameters, Chinese Journal of Applied Probability and Statistics, 2, 103-114.

*[31] Fan, J., and Fang, K.T. (1987). Inadmissibility of the usual estimator for the location
parameters of spherically symmetric distributions, Kezue Tongbao, 32, 1361-1364.

*[32] Fan, J., and Fang, K.T. (1987). Maximum likelihood characterizations of distribu-
tions, Acta Mathematicae Applicatae Sinica (English Series), 3, 358-363.

*[33] Fang, B. Q., and Fang, K.T. (1988). Maximum likelihood estimate and likelihood
ratio crieria for location and scale parameters of the multivariate £;-norm symmetric
distributions, Acta Mathematicae Applicatae Sinica (English Series), 4, 13-22.

*[34] Fang, B.Q., and Fang, K.T. (1988). Distributions of order statistics of the #;-norm
symmetric multivariate distributions and applications, Chinese Journal of Applied
Probability and Statistics, 4, 46-52.

*[35) Fang, B.Q., and Fang, K.T. (1989). A characterization of multivariate ¢;-norm sym-
metric distributions, Statistics and Probability Letters, 7, 297-299.

[36] Fang, H.B., and Teng, C.Y. (1989). The generalized noncentral F' and beta distribu-
tions, Journal of Statistics and Applied Probability, 4, 70-79.

[37) Fang, K.T. (1987). Introduction to generalized multivariate analysis on the theory of
elliptically contoured distributions, Advances in Mathematics, 16, 1-15.

23




[38] Fang, K.T. (1988). Construction and applications of symmetric multivariate and

related distributions, Annal Meeting of the Psychometric Society, UCLA, USA.

[39] Fang, K.T., and Anderson, T.W. (1980), eds. Statistical Inference in Elliptically

Contoured and Related Distributions, Allerton Press Inc., New York.

[40] Fang, K.T., and Bentler, P.M. (1990). A largest characterization of spherical and

related distributions, Statistics and Probability Letters, to appear.

[41] Fang, K.T., Bentler, P.M., and Chou, C.P. (1990). Additive logistic elliptical distri-

*42]

butions, UCLA Statistics Series # 58, USA.

Fang, K.T., and Chen, H.F. (1984). Relationships among classes of spherical matrix
distributions, Acta Mathematicae Sinica (English Series), 1, 139-147.

*[43] Fang, K.T., and Chen, H.F. (1986). On the spectral decompositions of spherical

*[44]

*[45]

*[46]

*[47]

*[48]

[49]

[50]

ratrix distributions and some of their subclasses, Journal of Mathematical Research
and Ezposition, 1, 147-156.

Fang, K.T., and Fan, J. (1988). Asymptotic properties of estimation and hypothe-
sis testing for distributions with rotational symmetries, Northeastern Mathematical
Journal, 4, 379-388.

Fang, K.T., Fan, J., and Xu, J.L. (1987). The distributions of quadratic forms of ran-
dom idempotent matrices with their applicatons, Chinese Journal of Applied Proba-
bility and Statistics, 3, 289-297.

Fang, K.T., and Fang, B.Q. (1988). Some families of multivariate symmetric dis-
tributions related to exponential distribution, Journal of Multivariate Analysis, 24,
109-122.

Fang, K.T., and Fang, B.Q. (1988). Generalized symmetrized Dirichlet distributions,
Acta Mathematicae Applicatae Sinica (English Series), 4, 316-322.

Fang, K.T., and Fang, B.Q. (1988). The ¢;-norm symmetric matrix variate distribu-
tions, Northeastern Mathematical Journal, 4, 16-28.

Fang, K.T., Kotz, S., and Ng, K.W. (1990). Symmetric Multivariate and Related
Distributions, Chapman and Hall Ltd., London and New York.

Fang, K.T., and Liang, J.J. (1989). Inequalities for the partial sums of elliptical order
statistic related to genetic selection, The Canadian Journal of Statistics, 17, 439-446.

24




*[51] Fang, K.T., and Xu, J.L. (1985). Likelihood ratio criteria testing hypotheses about
parameters of elliptically contoured distributions, Mathematics in Economics, 2, 1-19.

*[52] Fang, K.T., and Xu, J.L. (1586). The direct operations of symmetric and lower
triangular matrices with their applications, Northeastern Mathematical Journal, 2,
4-16.

*[53] Fang, K.T., and Xu, J.L. (1987). The Mills’ ratio of multivariate normal distributions
and spherical distributions, Acta Mathematicae Sinica, 30, 211-220.

*[54] Fang, K.T., Xu, J.L., and Teng, C.Y. (1988). Likelihod ratio criteria testing about
parameters of a class of matrix elliptically contoured distributions, Northeastern Math-
ematical Journal, 4, 241-252.

[55] Fang, K.T., and Xu, J.L. (1989). A class of multivariate distributions including the
multivariate logistic, Journal of Mathematical Research and Ezposition, 9, 91-100.

[56] Fang, K.T., and Yuan, K.H. (1989). The limiting distribution of some subclasses of the
generalized non-central t-distribution, Contributed Papers, The Third Japan-China
Symposium on Statistics, Tokyo, 46—49.

*[57] Fang, K.T., and Wu, Y.H. (1984). Distribution of quadratic forms and Cochran’s
theorem, Mathematics in Economics, 1, 29-48.

[58] Fang, K.T., and Zhang, Y.T. (1990). Generalized Multivariate Analysis, Science Press
and Springer-Verlang, Beijing and Berlin.

[59] Fraser, D.A., and Ng, K.W. (1980). Multivariate regression analysis with spherical
error, Multivariate Analysis V (P.R. Krishnaiah, ed.), North-Holland, Amsterdam,
369-386.

[60] Gupta, R.D., and Richards, D.St.P. (1987). Multivariate Liouville distributions, Jour-
nal of Multivariate Analysis, 23, 233-256.

[61) Hsu, P.L. (1940). An algebraic derivation of the distribution of rectangular coordi-
nates, Proceedings of the Edinburgh Mathematical Society, 2, 185-189.

[62] Jensen, D.R., and Good, 1.J. (1981). Invariant distributions associated with matrix
laws under structural symmetry, Journal of the Royal Statistical Society, B, 43, 327-
332.

[63] Johnson, N.L., and Kotz, S. (1972). Distributions sn Statistics: Continuous Mults-
variate Distributions, John Wiley & Sons, Inc., New York.

25




[64] Kariya, T. (1981). Robustness of multivariate tests, Annals of Statistics, 8, 1267-1275.

[65] Kelker, D. (1970). Distribution theory of spherical distributions and a location-scale
parameter, Senkhya, A, 32, 419-430.

[66] Kunitomo, N. (1988). Approximate distributions and power of test statistics for overi-

dentifying restrictions in a system of simultaneous equations, Econometric Theory, 4,
248-274.

*[67] Li, G. (1987). Moments of a random vector and its quadratic forms, Journal of
Statistics and Applied Probability, 2, 219-229.

[68] Lin, C.T., and Gong, J.J. (1986). The efficiency of estimating seemingly unrelated
regression equations with elliptical symmetrical disturbances, Journal of Sys. Science
and Mathematical Sciences, 6, 50-64.

[69] Muirhead, R.J. (1982). Aspects of Multivariate Statistical Theory, John Wiley & Sons,
Inc., New York.

[70] Muirhead, R.J. (1980). The effects of elliptical distributions on some standard pro-
cedure involving correlation coefficients: a review, Multivariate Statistical Analysis
(R.P. Gupta, ed.), North-Holland, Amsterdam, 143-159.

[71) Pan, J.X. (1987). Likelihood ratio criteria of parameters in growth curve model for
multivariate elliptical contoured distributions, Acta Mathematicae Applicatae Sinica,

to appear.

*[72] Quan, H. (1987). Some optimal properties of testing hypotheses of elliptically con-
toured distribution, Acta Mathematicae Applicatae Sinica (English Series), 3, 1-14.

*[73] Quan, H., and Fang, K.T. (1987). Unbiasedness of the parameter tests for generalized
multivariate distributions, Acta Mathematicae Applicatae Sinica (English Series), 10,
215-234.

*(74] Quan, H., Fang, K.T., and Teng, C.Y. (1989). The application of information function
for spherical distribution, Northeastern Mathematical Journal, 5, 27-32.

[75] Schoenberg, I.J. (1938). Metric spaces and completely monotone functions, Annals of
Mathematics, 39, 411481.

26




[76] Stein, C. (1956). Inadmissibility of the usual estimator of the mean of a multivariate
normal distribution, Proceedings of the Third Berkeley Symposium on Mathematical
Statistics and Probability (Jerzy Neyman, ed.), 1, 197-206.

(77] Teng, C.Y., Fang, H.B., and Deng, W.C. (1989). The generalized noncentral Wishart
distribution, Journal of Mathematical Research and Ezposition, 9, 479-488.

[78] Teng, C.Y., and Chen, J.W. (1988). The exact distribution of instrumental variable
(IV) estimators of endogenous variable parameter with a certain kind of non-normal

disturbance in the simultaneous equations, Acta, Sci. Naturalium Univ. Sunyatsens,
3, 23-31.

79] Tong, Y.L. (1982). Some applications of inequalities for extreme order statistics to a
g q
genetic selection problem, Biometrics, 38, 333—339.

[80] Wang, L.Y. (1987). Characterization of elliptically symmetric distribution, Journal
of Statistics and Applied Probability, to appear.

[81] Wei, B.C. (1989). The error analysis of the prediction in nonlinear regression model,
Statistics and Applied Probability, 4, 50-57.

[82] Xu, J.L. (1986). A class of spherical matrix distributions, Journal of Suzhou Univer-
sity, 2, 143-149.

*[83] Xu, J.L. (1987). Inverse Dirichlet distribution and its applications, Acta Mathematicae
Applicatae Sinca, 10, 91-100.

*(84] Xu, J.L., and Fang, K.T. (1989). The expected values of zonal polynomials of ellipti-
cally contoured distributions, Acte Mathematicae Applicatae Sinca (English Series),
5, 6-14.

[85] Zhang, G.F. (1989). Noncentral Cochran’s theorem in elliptically contoured distribu-
tions, Chinese Jouranl of Applied Probability and Statistics, 5, 234-242.

*[86] Zhang, H.C. (1986). The distribution of the squared sum of the independent Cauchy
variables, Journal of Graduate School, 3, 10-19.

*[87) Zhang, H.C. (1988). The stochastic decomposition of a kind of infinite random matrix,
Chinese Northeastern Mathematical Journal, 5, 33—40.

*[88] Zhang, H.C., and Fang, K.T. (1987). Some characteristics of normal matrix variate
distribution, Journal of Graduate School, 4, 22-30.

27




*[89] Zhang, H.C., and Fang, K.T. (1987). Some properties of left-spherical and right-
spherical matrix distributions, Chinese Journal of Applied Probability and Statistics,
3, 97-105.

*[90] Zhang, Y.T., Fang, K.T., and Chen, H.F. (1985). Matrix elliptically contoured distri-
butions, Acta Mathematicae Scientia, 5, 341-353.

[91] Zolotarev, V. M. (1985). One-dimensional Stable Distributions, American Mathemat-
ical Society, Providence, Rhode Island.

T. W. Anderson Kai-Tai Fang

Department of Statistics Institute of Applied Mathematics
Stanford University Academia Sinica

Stanford, CA 94305 PO Box 2734, Beijing 100080
USA China

28




Technical Reports
U.S. Army Research Office
Contracts DAAG29-82-K-0156, DA AG29-85-K-0239, and DA AL03-89-K-0033

. “Maximum Likelihood Estimators and Likelihood Ratio Criteria for Multivariate Elliptically

Contoured Distributions,” T. W. Anderson and Kai-Tai Fang, September 1982.

. “A Review and Some Extensions of Takemura’s Generalizations of Cochran’s Theorem,” George

P.H. Styan, September 1982.

. “Some Further Applications of Finite Difference Operators,” Kai-Tai Fang, September 1982.
. “Rank Additivity and Matrix Polynomials,” George P.H. Styan and Akimichi Takemura,

September 1982.

. “The Problem of Selecting a Given Number of Representative Points in a Normal Population

and a Generalized Mills’ Ratio,” Kai-Tai Fang and Shu-Dong He, October 1982.

6. “Tensor Analysis of ANOVA Decomposition,” Akimichi Takemura, November 1982.

“A Statistical Approach to Zonal Polynomials,” Akimichi Takemura, January 1983.

8. “Orthogonal Expansion of Quantile Function and Components of the Shapiro-Francia Statis-

10.

11.

12.

13.

14.

15.
16.
17.
18.

19.

20.

21.
22,

23.

24.

tic,” Akimichi Takemura, January 1983.

. “An Orthogonally Invariant Minimax Estimator of the Covariance Matrix of a Multivariate

Normal Population,” Akimichi Takemura, April 1983.

“Relationships Among Classes of Spherical Matrix Distributions,” Kai-Tai Fang and Han-Feng
Chen, April 1984.

“A Generalization of Autocorrelation and Partial Autocorrelation Functions Useful for Identi-
fication of ARMA(p,q) Processes,” Akimichi Takemura, May 1984.

“Methods and Applications of Time Series Analysis Part II: Linear Stochastic Models,” T. W.
Anderson and N. D. Singpurwalla, October 1984.

“Why Do Noninvertible Estimated Moving Averages Occur?” T. W. Anderson and Akimichi
Takemura, November 1984.

“Invariant Tests and Likelihood Ratio Tests for Multivariate Elliptically Contoured Distribu-
tions,” Huang Hsu, May 1985.

“Statistical Inferences in Cross-lagged Panel Studies,” Lawrence S. Mayer, November 1985.
“Notes on the Extended Class of Stein Estimators,” Suk-ki Hahn, July 1986.
“The Stationary Autoregressive Model,” T. W. Anderson, July 1986.

“Bayesian Analyses of Nonhomogeneous Autoregressive Processes,” T. W. Anderson, Nozer
D. Singpurwalla, and Refik Soyer, September 1986.

“Estimation of a Multivariate Continuous Variable Panel Model,” Lawrence S. Mayer and Kun
Mao Chen, June 1987.

“Consistency of Invariant Tests for the Multivariate Analysis of Variance,” T. W. Anderson
and Michael D. Perlman, October 1987.

“Likelihood Inference for Linear Regression Models,” T. J. DiCiccio, November 1987.

“Second-order Moments of a Stationary Markov Chain and Some Applications,” T. W. An-
derson, February 1989.

“Asymptotic Robustness in Regression and Autoregression Based on Lindeberg Conditions,”
T. W. Anderson and Naoto Kunitomo, June 1989.

“Theory and Applications of Elliptically Contoured and Related Distributions,” T. W. Ander-
son and Kai-Tai Fang, September 1990.




