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Translation Invariant Multiscale Analysis

W. R. Madych*

Abstract

The notion of multiscale analysis introduced by R. R. Coifinan and
Y. Meyer is considered and the translation invariant case is character-
ized.

1 Introduction

Recall that a dyadic mulliscale analysis of L?(R™) is an increasing sequence
V={V;:j=...,-1,0,12,...} of closed subspaces of L?(R") which has
the following properties:

(1). UsZ_, Vjis dense in L?(R") and N32_, V; = {0}.

j=—00
(2). f(z) isin V;if and only if f(2z) is in Vj4;.

(3). There is a lattice T in R™ such that for every fin 15 and every yin T
the function f, isin 15. Here and in what follows we use the notation

f(z) = f(z - 7).

(4). There are two positive constants C; > C; > 0 and a function g in 15
such that Vj is the closed linear span of g, ¥ € T, and

¥l < [ 3 laygy(e)fde < CF Y oo

~€r ~€r v€er

*Department of Mathematics, University of Connecticut, Storrs, CT 06268. Prelimi-
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An introduction to the subject may be found in [1,2]. A basic property
of a multiscale analysis V is the following:

(5). There is a function ¢ in 1, such that the collection {¢.} er is an or-
thonormal basis in 1%.

This fact may be regarded as a substitute for (4) and plays an important role
in what follows.

A dyadic multiscale analysis is translation invariant if all the translates
of f, {f, : y € R}, are in V; whenever f isin V5.

The canonical example of a translation invariant multiscale analysis of
L%*(R) is when Vj is the collection of those functions in L?(R) whose Fourier
transforms are supported in the interval [—=, 7]. A natural choice of ¢ in
this case is given by .

sinwz

¢(z) =

The point of this paper is to give a characterization of translation in-
variant multiscale analyses. For the sake of clarity in what follows we will
restrict our attention to the case n = 1 and I' = Z, the lattice of integers.
The statements and arguments in the general case are completely analogous
to this basic case.

We now briefly digress to list some of the conventions which are used
here: The Fourier transform f of a function f is defined by

T

- 1 o0 .

f© = 7= [ e f(a)ie

whenever it makes sense and distributionally otherwise. Basic facts con-
cerning Fourier transforms and distributions will be used without further
elaboration in what follows. To avoid the pedantic repetition of “almost
everywhere” and nothe - modifying phrases which are inevitably necessary
when dealing with functions defined almost everywhere, all equalities be-
tween functions and other related notions are interpreted in the distribu-
tional sense whenever possible. The term support is also used in the dis-
tributional sense; in particular the support of a function f in L?(R) is a
well defined closed set. If W is a collection of tempered distributions then
W is the collection of Fourier transforms of elements of W, in other words
= {f : f=g forsome gin W}. For a subset Q of R and a real number




r the sets 7Q and 1 + r are defined by 7Q = {z : z = rw for some w in Q}
and Q+r={z : z =w+r for some w in Q}; L%(Q) is the L? closure of the
subspace of those functions in L?(R) whose support is contained in Q. For
notational simplicity we use Q to denote the closed interval [, 7].

We can now conveniently state our main observation.

Theorem Suppose V is a translation invariant dyadic multiscale analysis
of L*(R). Then V, = L*(Q) where Q is a closed subset of R which has the
following properties:

(a). Q C 29.

(b). {Q+ 25} N{Y + 27k} is a set of Lebesgue measure O for any pair of
integers such that j # k.

(c). U {2+ 27k} = R.
(d). U, L%(2*Q) is dense in L*(R).

Conversely, if Vi, k € Z is defined by Uy = L?(2¥Q) where Q is a closed subset
of R which satisfies the properties above then the sequence of subspaces {V}}
is a translation invariant multiscale analysis of L*(R).

Remark 1 In view of the example given above it is very tempting to con-
jecture that the set  in the Theorem must be of the form Q = @ + o for
some real number o which satisfies # < o < 7. Certainly such @’s satisfy
the desired conditions. However the conditions of the Theorem are satisfied
by Q’s which need not be connected as the following example due to Rudi

Lorentz shows.
57 3r 37 LY
o= -1 -U[TFIU[RT]

Remark 2 Consider

Q. = [-1,1)U[27 + 1,47 — 1]
Q, =[-5,5]
Q. =[-1,1]
Qd = [0,27?]




It is not difficult to verify that each €, listed above is a closed set which
fails to satisfly condition (a) but satisfies the remaining conditions in the
Theorem. These examples show that conditions (a)-(d) are not redundant.

Remark 3 Note that condition (a) implies that 0 is contained in Q. In
addition to this it is clear that if Q contains a neighborhood of the origin
then it satisfies condition (d). In view of this it seems reasonable to suspect
that subsets € which satisfy the conditions of the Theorem must contain an
open neighborhood of the origin. That this is not the case can be seen by
considering the following example of §:

(U022, 2 U, AU U2 - 2= 2742 )m (2= 2749

Remark 4 In view of the examples listed above it may be of some interest
to obtain a significantly more lucid description of the set 2 than that given
in the Theorem. -

A corollary concerning wavelets generated by V is recorded at the end of
Section 2.

2 Details

We begin by establishing a basic lemma. First recall that the indicator
function of a set Q is usually denoted by xq and satisfies

1if€eq

0 otherwise.

xa(§) = {

Lemma Suppose V is a translation invariant dyadic multiscale analysis of
L%(R) and ¢ is a function whose ezistence is guaranteed by (5). Then

l¢| = Xa

where xq is the indicator function of a closed set Q which has properlies
(a)-(d) in the statement of the Theorem.

Let 2 be the support of ¢. To prove the lemma we will first show that Q
satisfies property (b).




Recall that (5) implies that for all f in 15 we may write

(6) F(€) = 9(8)o(¢)
where g is 27 periodic and square integrable over Q. In particular, since 1%
1s translation invariant, ¢, is in 1} so setting @ = —y we may write

e°t6(€) = 9(§)#(€)
for some such g. Hence
e mG(E — 2m) = g(€ — 2rm) (€ — 2m) = g(£)d(€ — 27m)

which implies that .
em(f—?wm) — g(g)

on Q + 27wm. For two different values of m the last equality implies that

eia(f—Z‘zrj) = eia(f—?ﬂk)

on {Q+ 275} N{Q + 27k}. Re-expressing the last relation as

eia(f-'zwk)(ei?na(k—j) _ 1) =0

it is clear that either a is an integer, j is equal to k, or {Q+277} N{Q+ 27k}
is a set of measure zero. Since a may be any real number we conclude that
{Q+ 275} N{Q + 27k} has measure zero whenever j # k.

Now, since ¢,(€) = e *¢(€), k € Z, are orthonormal, we may write

M [ o=@z = [ Id(e)de =

0 otherwise

/Q &€ 5 |3(€ — 2m)[2dz =

{ 1whenm =20
€2

where m = £ — k. The last equality implies that

S 16(6 ~2mi)f = =

j€z




on R and since {Q + 275} N{Q + 27k} has measure zero whenever j # &k we
may conclude that

. 1
#(O)] = Z=xn(6)

and

U{Q+2mk}=R.
k€Z

To see (a) observe that (2) and the facts demonstrated above imply that

xa(€) = h(&)xal€/2)

where h is 47 periodic and square integrable over 2Q. Since x2a(§) =
xa(€/2), the last equality involving A implies that xq vanishes whenever
x2a does so  C 29Q.

Finally, the fact that U2, L2(2*Q) is dense in L%(R) is an immediate
consequence of property (1). The proof of the Lemma is complete.

Now, suppose ¢ and Q are as in the Lemma and its proof. Since 1
consists of functions f which satisfy (6) it is clear that V} is contained in
L*(Q).

To see that 15 = L2(Q) let f be any element in L%(2) and let k be defined
by

0 otherwise,

h(E) = { $(9)/18(€)] i d(E) #0

By virtue of the properties of Q2 established above it is clear that

1 .
—Xn = h(€ — 275
o (&) (JGZZ (-2 J)) é(£)
and )
f(8) = 9(£)e(8)
where

9(§) = Var (Z fle- 2m‘)) (Z h(€ - 2wj)) :

j€z i€z
Thus f satisfies (6) and hence we may conclude that L?(Q) is contained in
Vo.




The Lemma together with the last observation imply the first assertion
of the Theorem.

To see the converse, let V be the sequence of subspaces {1%}, £ € Z,
defined by ¥, = L%(2%Q) where € is a closed set which satisfies properties
(a)-(d) of the Theorem.

The fact that V is translation invariant and, in particular, satisfies prop-
erty (3) with T = Z is an immediate consequence of the definition. Property
(2) is also immediate. That V is an increasing sequence of subspaces and
Ukez Vi is dense in L?(R) are consequences of properties (a) and (d).

That Nkez Vi = {0} follows from the fact that the measure of  is finite.
Indeed, its measure is 2% which can be seen from

A @t =% [, xa(ede = [ 3 xale - 2m)de = 2m

Q+427j i€z

by using properties (b) and (c).
Finally, to see property (5) take

b= —
—\/Q;Xﬂ

and use properties (b) and (c) to write (7) which shows that ¢,(z), k € Z,
are orthonormal and, for f in 1%,

f(&)=Ver ( 3 fe- 2wk>) ()

keZ

or
f(z) =3 f(5)¢(z ~ k)
k€Z
which shows that they are complete in V5.
This completes the proof of the Theorem.

Remark 5 Suppose V is a translation invariant multiscale analysis and Q is
a closed set such that V5 = L?(2). Then if W; is the orthogonal complement
of Vo in Vi, Wy = [3(Y) where T = 20\ Q2. Let 9 be such that the set
{¥x : k € Z} is an orthonormal basis for ;. Such a ¥ may be referred to




as a wavelet. Using reasoning analogous to the proof of the Theorem, it is
clear that v is a wavelet if and only if

1

I’»Ll = mXT .

Now, an analyzing wavelet in the sense of Meyer, [1], is globally integrable
and hence its Fourier Transform must be continuous. Clearly ¢ is not such
an analyzing wavelet.

Corollary A translation invariant multiscale analysis cannot give rise to
analyzing wavelels in the sense of Meyer.

References
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Polyharmonic Spiines, Multiscale Analysis,
and Entire Functions

W. R. Madych-

Abstract

Two applications of cardinal polyharmonic splines are considered.
First, the notion of multiscale analysis in the sense of R. Coifman
and Y. Meyer is defined and it is shown that certain subclasses of
polyharmonic splines generate such analyses. Next, it is shown that
polyharmonic splines can be used in a summability method for the
recovery of a large class of entire functions of exponential type from
samples taken on the integer lattice.

1 Introduction

If k is a positive integer an n-variate k-harmonic cardinal splineis a tempered
distribution f on R™ such that A*f is a measure supported on the integer
lattice Z™ in R®. Symbolically

(1) 28 f(z) = 32 ab(z - J)

jezr

where A is the n-variate Laplacian, A* = AA*! for £ > 1, and é(z) is the
unit Dirac measure supported at the origin. The class of k-harmonic cardinal
splines on R" is denoted by SHy(R"). A polyharmonic spline is one which is
k-harmonic for some k.

The basic properties of these splines are recorded in [12, 13]. Here we are
primarily concerned with certain applications. More specifically, in Section 2
we show that certain subclasses of the spaces SHx(R™) provide examples of
multiscale analyses whose general theory was developed recently by Y. Meyer
and his collaborators. In Section 3 we show that polyharmonicsplines provide
a summability method for the recovery of entire functions of exponential type
from samples on the lattice Z". The introductions to these sections contain
a more complete description of their contents. Various comments which are

*Department of Mathematics, University of Connecticut, Storrs, CT 06268, Partially
supported by a grant from the Air Force Office of Scientific Research, AFOSR-89-0524




not particularly germane to the developr.ent but are pertinent to the subject
matter are given in Section 4.

The notation used here is standerd, if necessary see [13] for a more de-
tailed explanation. Here we merely remind the reader that there are several
common normalizations for the Fourier transform. In this note we use

9O = n) [ pla)e ez
for the Fourier transform ¥ of a test function ¥. Also, for convenience, we use
the notation T(€)f(€) for the product of a distribution T and a function f

even when such an expression makes no sense pointwise; however, its meaning
in the distributional sense should be clear from the context.

2 Multiscale analysis

Recall that a dyadic multiscale analysis of L?(R") is an increasing sequence
V={V;:5=...,-1,0,1,2,...} of closed subspaces of L%(R") which has
the following properties:

(1). U2 _, V;isdensein L?*(R™) and N2 _. V; = {0}.

j=—o0 j=—o00
(ii). f{z)isin V;if and only if f(2z) is in Vj4,.

(iii). There is a lattice I' in R™ such that for every f in 15 and every v in T
the fuaction f, is in 15. Here and ir. what follows we use the notation

Hz) = f(z =)

(iv). There are two positive constants C; > C, > 0 and a function ¢ in V}
such that 14 is the closed linear span of g, v € T, and

012 Z Ia.,lz < /R" X Ia,,g.,(:c)|2d1: < Cg Z Ia'r|2 .

~€er ~y€r ~€er

An introduction to the subject may be found in {5, 6, 9]. A basic property
of a multiscale analysis V is the following:

(v). There is a function ¢ in 15 such that the collection {¢,}, er is an or-
thonormal basis in 4.

This fact may be regarded as a substitute for (iv) and plays an important
role in what follows.

Finally, we say that a dyadic multiscale analysis is composed of generalized
spline functions in the sense of Y. Meyer if all the elements of the subspace
Vo are continuous and the mapping which maps f into the sequence of values
{f(9)}+er is an isomorphism from 15 onto £2(T).

2




In what follows we will restrict our attention to the case I' = Z", the
lattice of integers. The statements and arguments in the general case are
completely analogous to this basic case. Note that, by virtue of item (ii) in
the above definition, a multiscale analysis is determined by the subspace 1%.

For any positive integer £ consider the subspace

Vo(k) = SHL(R™) (N L*(R™) .
For any integer m define
Va(k) = {f : f(2772) is in Vo(k)} .

In other words, f is in V4(k) if and only if f(2™z) is in V,,(k). The questions
we address in this section are the following: For what values of k, if any, is
th . increasing family

(2) V(E) = {Valk) m=...,-1,0,1,2,...}

a dyadic multiscale analysis of L?(R™) and when is it composed of spline
functions in the sense of Y. Meyer.

The answers to the above questions are not difficult. We begin by recalling
several facts concerning SH(R").

If fisin SH,(R") then for z in a sufficiently small neighborhood of j

(3) f(z) = a;Ex(z — J) + h(z)
where E, is the fundamental solution of A* namely,

o(n, k)|z|?*m if n is odd

c(n, k)|z|?* " log|z| if nis even,

(1) Eatx) - {

here the constant ¢(n, k) depends only on n and k and is chosen so that
AFEy(z) = §(z); h is infinitely differentiable and a; is the constant in rep-
resentation (1) of A¥f. Moreover if A¥f = 0 then f is a k-harmonic poly-
nomial. These observations together with the behavior of Ej at the origin
allow us to conclude the following:

Proposition 1 If 4k < n then 15(k) = {0}.

If 4 > n then the function @, defined by the formula for its Fourier
transform ok
€1~

(5) B4(6) = (2m)72 :
(Sjeze l€ - 2mji-+)""*

is well defined and is in V5(k). Note that, by virtue of the same reasoning
as used in [13], ®, can be extended to a function which is holomorphic in

3




a tube containing R™ in complex n-space. As a consequence P, enjovs the
k A

representation
Ou(z) = 3 ajEu(z — )
jezr

where the sequence {e;} decays exponentially, namely,
|aj| < Ce™d

and where C and ¢ are positive constants which depend only on k and n.
Observe that
eHm=3&)| |~k
R Yjezn |€ — 27|~

= (2#)‘”/ e'm=i8) d¢

_/Rn q)k(l' - j)mdr — (27‘_)—,1 df

where
an{sz(fly“'a&z) : '_WSEJ'SW) J= 17---;"}

and hence the collection

(6) {®(z —J) - je 2™}

is an orthonormal set in 13(k). Thus V5(k) certainly contains much more
than the 0 element in this case. As it turns out, the collection (6) is also
complete in V4 (k). )

To see this, let f be any element in 15(k). Viewing f as a distribution on

So(R™) = {¢ € S(R") : D"¢(0) = 0 for all multi-indices v},

it is clear that )
(7) f(&) = P(E)Ig|™*

where P is locally square integrable and periodic, that is, P(§ — 2xj) = P(§)
for all jin Z». Here S(R") is the Schwartz space of rapidly decreasing
functions on R™. 1t follows from (7), the periodicity of P, and the fact that
f is square integrable that

1/2
Q(€) = @v“PO(Xﬂezmﬁﬂ

jezn

is locally square integrable. Hence we may write

£(&) = Q()d4(€)




or
f(z) = 3 a;®i(z - )
jezn
where )
Q)= > a;e € and > gl < .
jezn jezn
As a result we may conclude that (6) is a complete orthonormal set in 1}
and the family V(k) satisfies property (v).

The fact that the family V(k) enjoys properties (z¢) and (i¢Z) is an imme-
diate consequence of the definition. Hence, to conclude that V(k) is a dyadic
multiscale analysis, it remains to show that it satisfies property (7).

First, to see that N._, Vim(k) = {0} observe that if f isin Nge=_o Vin(k)
then f must be a k-harmonic polynomialin L?(R™) and consequently f = 0.

To conclude that UZ___ Vin(k) is dense in L2(R™) we argue as follows:
Let f be any element in L2(R") such that f is bounded and has compact
support. Define s,, to be the k-harmonic spline whose Fourier transform is

$m(€) = Pm(€)l€I™™

where P, is the 2™*!7 periodization of |€|2* f(£), namely,

Pa(€) = Y 16— 2" xj*f(€ - 27 nj) .

jezr

Clearly s,, is in V,(k). Now for m sufficiently large we may write
1f = smlltacany = [ 1£(6) = sm(@)dg

= l3m(€)I?d6 < C |1+ dg

l¢1>2m [€|22m=
where C is a constant independent of m. Finally, since the last integral in
the above string clearly goes to 0 as m goes to infinity and the class of such
f’s is dense in L?(R™), we may conclude that the desired result holds.
We summarize these observations as follows:

Proposition 2 If 4k > n then the increasing sequence of subspaces V(k)
defined by (2) is a dyadic multiscale analysis of L*(R™). Furthermore, if @
is defined by (5) then the collection (6) is a complete orthonormal basis for
Vo(k).

Note that if 2k < n then the non-zero elements of Vy(k) are not locally
bounded. On the other hand if 2k > n then the elements f of V;(k) are
continuous and enjoy the representation

(8) flz)= 3" f()Li(z - J)

jezn




where Ly is defined by the formula for its Fourier transform

€|~
Yjezn |€ — 1mj|=2k

(9) L) = (2m)™?

and the series converges uniformly for £ on compact subsets of R™. For each
such f we may write

U ilcamy = [, 127 20f (©)Ln(E)de

Tiezn |€ — 2mj|
2
(Tjezn l€ - 2mj-2)

= J,. [/ d¢

where

@r)"Ppf(6) = Y f(§e~GO .

jezn
Since there are constants 0 < C, < Cs, independent of £ such that

« on _ 2 =4k
(Sjezn I€ — 2mi-%)

we may conclude from the last formula for || f]|7:(gn) that

G YOI < ||f||i?(m) <Gy IfQ)P

jezn jezn
whenever § is in V5{&) and 2k > .
In other words we have the following:
Proposition 3 If 2k > n then the increasing sequence of subspaces V(k)
defined by (2) is a dyadic multiscale analysis of L?(R™) which is composed
of spline functions in the sense of Y. Meyer. Furthermore, in this case the
complete orthonormal basis for V(k) defined by (5) and (6) enjoys exponential

decay, namely,
|Bi(z)| < Ceel

and where C and ¢ are posilive constants whict depend only on k and n.
3 Entire functions of exponential type

Suppose f is a tempered distribution on R™ whose Fourier transform f is
supported in

Qn={£=(flv'°'afn) : —ﬂ'Sijﬂ’a ]= 1,...,7!} .




It is a consequence of a well known generalization of a Paley-\Wiener theorem
that such an f is analytic, is of polynomial growth on R™, and its holomorphic
extension to complex n-space is an entire function of exponential type. The

class of all such f’s will be denoted by E,.(R").

In particular, given such an f the sequence of values

(10) {f(h) : je 2"}

is well defined. If , in addition, f is in L?(R") then it is well known that f
can be recovered from these values via the formula

(11) fz)= 3 f(j)sinc(z ~ j)
jezn
where » gin(rz;)
. . sin(7z;
sinc(z) = sinc(zy,...,z,) = ,I;Il —F—IT- .

Here the series converges uniformly and absolutely on compact subsets of
R™; it also converges in L?(R™). Similar results hold if the sequence of values
(10) is in ¢P(Z™) for some p, 1 < p < oco. Unfortunately, if the sequence of
values (10) fails to be in £7(Z") for some p, 1 < p < oo, the series (11) may
not make sense. On the other hand, since the sequence (10) is of polynomial
growth the k-harmonic spline interpolant

(12) Suf(z) = 32 f()Li(z ~j)

jezn

is well defined for all f in E,(R") and all k such that 2k > n. In view of the
fact that
klim Li(z) = sinc(z)

it is natural to use (12) to approximate f with the expectation that
(13) lim S f(z) = 1(2) .

Such a development is reminiscent of classical summability theory for Fourier
series. In what follows we will show that (13) holds for a relatively wide class
of f’s in E.(R").

To set up our result we will need several technical definitions. First, recall
hat if T is a distribution with compact support then the periodization of T,
9T, can be defined by

(T’ ¢) = (T’ p4)

where ¢ is any test function in the Schwartz class S(R"),

pd(&) = Y ¢(€ - 27j),

jezn
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and (T, ¢) denotes the distribution T acting on the test function ¢. Note
that pT is a well defined periodic tempered distribution.

Observe that if f is in E,(R") then

(14) 5:J(8) = @m) 2 pf(€)L(6)

where the multiplication on the right hand side makes sense because Ly is
smooth.
Define the functions A and x by the formulas

(15) (2m) ™" 2x(€) = M) = lim Li(€) .

k— oo

Note that x(£) is 1 if £ is in the interior of @™ and 0if £isin R*\ Q™. If £ is
in the boundary of @™ then x(§) = 27™ if exactly m components of £ have
modulus 7.
Finally, recall that T is said to be a distribution of order 0 in an open set
Qif
KT, é)] < Cllélzs

for all ¢ in C(Q) where C is a constant independent of ¢. We remind
the reader that given such a T, by virtue of Riesz representation, there is a
bounded Borel measure g such that

(T.¢) = [ #(€)du(s).

Furthermore, if ©; is an open set whose closure is in Q and g is any bounded
function which is infinitely differentiable on R\, then the product g(§)7T(£)
is well defined as a distribution on R™. Namely, for any test function ¢ this
product is defined by

(9T, %) = (9T, v¢) + (¢T, ¢(1 — ¢))

= [ 5(©)w(€)()du(&) + (T, gu(1 - 9)

where ¢ is a function in C3°(Q2) such that ¢(£) = 1 for £in ;. Note that this
definition is independent of the particular choice of ¢ and that the resulting
product is tempered whenever T is tempered.

Proposition 4 Suppose f is in E.(R"), fisa distribution of order 0 in
some neighborhood of the boundary of Q™, and x(§)pf(&) = f(€). Then

Jim S.f(z) = (z)

uniformly on compact subsets of R™.




Proof  Choose ¢, 0 < ¢ < 7, such that f is a distribution of order zero in
Q = {€ : distance from £ to the boundary of Q" is < €} .
Set
Q, = {£ : distance from £ to the boundary of Q" is < €/2} .

Let ¢, be a function in C$°(Q) such that ¢,(£) = 1 for £ in Q, and let ¢y and
¢- be infinitely differentiable functions such that ¢¢(&) + é,(€) +¢2(€) = 1 for
all £in R, ¢, has support in Q" \ ©,, and ¢, has support in R*\ (@* U, ).

Now, if e, denotes the exponential e, (€) = "¢} we may write
(16) Sif(z) = f(z) = (ikpf, €z) = (277)—"/2(f, ez)
= (L= Nefre) = 3 (L~ VoS e=65)

1=0,1,2

Consider each term which comprises the sum in the last expression.
First

H(Lx ~ Npf, expo)| = [(f, (Lk ~ X)edo)|
<C'Y sup |D*((Li(€) — A(€))e=(€)do(€)|

[u|<N E€EQ™MT,

since f is a distribution of order no greater than N. Because for each v
|D¥(Li(€) = A(€))] goes to zero as k ~— oo uniformly for £ in @" \ ©; and
|D%e.(£)| < C,|z|"! it follows from the last equality/inequality string that

(1) Jim [((Lx = oS, eco)l =0

uniformly for z in bounded subsets of R".
Next, there is a bounded Borel measure g such that

(Ln = Npf,eatr) = [[(Lu(€) = MENeo&)r ()du(E)
and, by virtue of the bounded convergence theorem, we may conclude that
(18) lim (L = N, es4)] = 0

uniformly in z.
Finally,

(s — Nef, e2d2)| = [(f, pl(Lx — N)ez62))]
<CY Y sup [D*((La(€) = M(E))e=(£)¢2(€)]

jezn <N E€Q7
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where Q7 = {€ : £€-2=jisin @"}. Note that the term corresponding to
J = 0is 0 because of the factor ¢, and that the series converges whenever
2k > n. Estimating the size of each term in the last sum following essentially
the same reasoning as used in the case of the term involving ¢, allows us to
conclude that

(19) lim (L~ A)of, exda)l = 0
uniformly for z in bounded subsets of R™,
Formulas (17), (18), (19), and (16) imply the desired result. [

Corollary 1 Suppose f is in E.(R"), f is a distribution of order 0 in some
neighborhood of the boundary of Q™. Then

lim 5./(z) = f(z) + 9(2)
uniformly on compact subsets of R™ where

§(&) = x(&)pf(€) - f(€)

13 a distribution with support in the boundary of Q™

Examples show that the condition that f be a measure in a neighborhood
of the boundary of Q" is not necessary. However other examples show that
without some restriction on the behavior of f near the boundary of @™ the
sequence Sj f may fail to converge.

Many subclasses of distributions in E,(R"™) satisfy the hypothesis of
Proposition 4. Consider the foliowing transparent examples:

e fisin L?(R") forsome p, 1 < p< 2.

e A*fisin LP(R") for some p, 1 < p < 2 and some positive number a.
Here A2 f(&) = |€]*f(€). This includes various classes of distributions
which themselves may not be in LP(R") but whose derivatives are.

Such examples include many of the classes considered by Schoenberg in the
univariate case.

4 Remarks

Various forms and features of multiscale analysis have been known and used
in harmonic analysis for some time. We cannot go into details here. The
formal definitions used here werc adopted from [9]. The current popularity
of multiscale analysis is due to primarily to the efforts of R. R. Coifman and
Y. Meyer and their collaborators. An introduction to the subject together
with further developments and more references may be found in [5, 6, 9].
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Orthogonal bases composed of spline functions (piecewise polynomials)
in the univariate case have been considered quite early, for example see [4, 7].
However the introduction of such bases which are translates and dilates of
one function (wavelet) is more recent; it can be found in [21].

In the case n = 2 the wavelets corresponding to V(k) can be easily con-
structed using the recipe given in [9]. Their construction in the general case
is not so clear.

The distributional variant of the Paley-Wiener Theorem alluded to in the
introduction to Section 3 can be found in [8]. For basic facts concerning
sampling and the n-variate sinc series see [16].

At this workshop Sherman Riemenschneider pointed out that certain vari-
ants of Proposition 4 were known in the univariate case, see [17]. When f is
in E.(R")N L?(R") then (12) also holds in the L?(R") sense. Similar results
hold for other subclasses of E,(R"). For examples in the univariate case see
[15, 19]; we are currently preparing various analogues in the n-variate case.

The material in (1, 2, 3, 9, 10, 11, 18] indicates that box splines also
generate interesting examples of multiscale analyses. However, summability
theory for regularly sampled functions in E.(R") using box spiines instead
of k-harmonic splines seems to be more difficult, see [1, 18] and the pertinent
references cited there.

References -

[1] C. deBoor, K. Hollig, and S. D. Riemenscheider, Bivariate cardinal in-
terpolation by splines on a three-direction mesh, Ill. J. Math., 29 (1985),
533-566.

[2] C. K. Chui, Multivariate Splines, CBMS Vol. 54, SIAM, Philadelphia,
1988.

[3] C. K. Chui, K. Jetter, and J. D. Ward, Cardinal interpolation by mul-
tivariate splines, Math Comp, 48 (1987), 711-724.

[4] Z. Ciesielski, P. Simon, and P. Sjolin, Equivalence of Haar and Franklin
bases in L? spaces, Studia Math., 60 (1976), 195-211.

[5] J. M. Combs, A. Grossman, and Ph. Tchamitchian, eds., Wavelets, Pro-
ceedings of the International Conference in Marseille, 1987, Springer-
Verlag, Berlin, 1989.

[6] I. Daubechies, Orthonormal bases of compactly supported wavelets,
Comm. Pure Appl. Math., 41 (1988), 909-996.

[7] P. Franklin, A set of continuous orthogonal functions, Math. Ann., 100
(1928), 522-529.

11




[8] L. Hormander, Lincar Partial Differential Operalors, Springer-Verlag,
New York, 1969.

[9] S. Jaffard, P. G. Lemarier, S. Mallat, and Y. Meyer, Multiscale Analysis,
manuscript, 24pp.

[10] K. Jetter, A short survey on cardinal interpolation by box splines, in
Topics in Multivariate Approzimation, C. K. Chui, L. L. Schumaker,
and F. I. Utreras, eds., Academic Press, New York, 1987, 125-139.

[11] K. Jetter, Cardinal interpolation, submodules, and the 4-direction mesh,
Constr. Approz., 3 (1987), 169-188.

[12] W. R. Madych, Cardinal interpolation with polyharmonic splines, to
appear in Multivariate Approzimation IV, W. Schempp and K. Zeller,
eds., 1989.

[13] W. R. Madych and S. A. Nelson, Polyharmonic cardinal splines, to ap-
pear in J. Approz. Theory.

[14] W. R. Madych and S. A. Nelson, Polyharmonic rardinal splines: a min-
ii.ization property, technical report, BRC/MATH-TR-89-1.

[15] M. J. Marsden, F. B. Richards, and S. D. Riemenscheider, Cardinal
spline interpolation operators on [P data, Indiana Univ. Math Journal,
24 (1975), 677-689.

[16] F. Natterer, The Mathematics of Computerized Tomography, John Wiley
& Sons, Stuttgart, 1986.

17] S. D. Riemenschneider, Convergence of interpolating cardinal splines:
g 8
power growth, Isreal J. Math., 23 (1976), 339-346.

[18] S. D. Riemenschneider, Multivariate cardinal interpolation, in Approzi-
mation Theory VI, C. K. Chui, L. L. Schumaker, and J.D. Ward, eds.,
to appear.

[19] I. J. Schoenberg, Cardinal Spline Interpolation, CBMS Vol. 12, SIAM,
Philadelphia, 1973.

[20] L. J. Schoenberg, On the remainders and convergence of cardinal spline
interpolation for almost periodic functions, Studies in Spline Functions
and Approzimation Theory, S. Karlin et al. eds., Academic, New York,
1976.




[21] J-O. Strédmberg, A modified Franklin system and higher order spline
systems on R" as unconditional bases for Hardy spaces, in Conference
on Harmonic Analysis in Honor of Antoni Zygmund, \W. Beckner, A.

P. Calderon, R. Feflerrnan, and P. W. Jones, eds., Wadsworth, 1983,
475-494.

13




Summability and Approximate
Reconstruction from Radon Transform
Data

W. R. Madych*

Abstract

We derive various reconstruction formulas using complete 2nd in-
complete Radon transform data. In particular, the limited angle prob-
lem is trcated. These formulas are of convolution type and are remi-
niscent of summability thcory for Fourier series. In cases where exact
reconstruction is not possible, formulas for approximate reconstruction
are given together with bounds on the error which are asymptotically
optimal.

1 Introduction

Recall that the Radon transform of a scalar valued function f on R"™ is defined
by

(1) Rf(ut) = [

" f(tu+ y)dy
where u is an clement of the unit sphere S™! in R™, t is a real number, and
ut = {y € R* : (y,u) = 0} is the hyperplane through the origin which is
perpendicular to u. Thus R f(u,t) is the integral of f over the hyperplane
{y € R* : (y,u) =t} which is perpendicular to u and intersects {u. The
mapping f — R f maps functions f defined on R" to functions R f defined
on S™7! x R.

In what follows we will often consider R f(u, ) as a family of functions of
the variable ¢ parametrized by u. In such cases we will use the notation

(2) fult) = Rf(u,1) .

Thus f, is the function of the real variable t defined by (2).
A problem associated with R which has attracted wide attention concerns
the recovery of the phantom f from full or partial knowledge of Rf. In

*Department of Mathematics, University of Connecticut, Storrs, CT 06269. Partially
supported by a grant from the Air Force Office of Scientific Rescarch, AFOSR-89-0524




this report we address certain aspects of this problem. Our approach is
motivated by the classical theory of Fourier series and the constructive theory
of functions. The main ideas may be described as follows:

For certain classes of convolution kernels K, the convolution K * f can
be conveniently expressed in terms of Rf. Such K can be chosen to be
approximates of the identity. Doing so results in approximations of f and,
in the limit, leads to various reconstruction formulas and algorithms. This
is reminiscent of summability theory for Fourier series.

In the case of incomplete data the class of kernels K for which K = f
may be conveniently expressed is considerably more narrow than in the case
of full data Rf. Here we consider data of the form {Rf(u,t) : ~o0 <
t < oo, u € A} where A is a proper subset of S"!'. For certain subsets
A the problem of reconstruction from such data is sometimes referred to as
the limited angle problem. We show that it is possible to express K x f in
terms of this data for a sufficiently wide class of kernels K to obtain various
summability theorems and approximate reconstruction formulas which result
in the “correct” degree of approximation.

1.1 Contents

This paper is organized as follows:

Section 2 contains a description of the basic results in the case of full
data. Various examples are contained in Section 3. Certain technical results
needed for the development of the partial data case are also contained in
Section 3.

Section 4 i1s perhaps the most interesting; it contains a description of
a class of reconstruction and approximate reconstruction formulas for f in
terms of {f, : u € A} where A is a proper subset of S"~!. Error bounds are
also included.

Various comments which are not particularly germane to the development
but are pertinent to the subject matter are given in Section 5.

The introduction to each section contains a rough indication of its con-
tents.

1.2 Notation

We now briefly digress to list some of the conventions which are used here:
The Fourier transform f of a function f on R" is defined by

fl©) = (2my™ [ e (@)

whenever it makes sense and distributionally otherwise. Ba-ic facts con-
cerning Fourier transforms and distributions will be used without further
elaboration in what follows; for example, see [10]. The term support is zlso
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used in the distributional sense; in particular the support of a measurable
function f is a well defined closed set. LP(R") is the usual Lebesgue class of
measurable functions on R”, see [10]. If Q is a subset of R™ then L?(Q) is
the L” closure of the subspace of those functions in L?(R™) whose support is
contained in €.

The symbol ¢ is used to denote generic constants. Its value depends on
the context.

2 Full data

As mentioned in the introduction, in this section we indicate how to obtain
general formulas for approximations of f in terms of R f which are analogous
to the classical summability formulas associated with, for example, the Fejer
or Abel kernels in the theory of Fourier series. These formulas are based on
certain elementary observations.

2.1 Summability Formulas

A function H on R" is said to be a ridge function if H(z) = h((z, u))
for some unit vector u and some univariate function h. If H is such a ridge
function then convolving it with another function f on R"™ and expressing
the integral in the {u, u'} coordinate system results in

/nH(r —y)f(y)dy = /w

-0

»

(ALh«Lu)—ﬂfUu+zyh)ﬂ
= [ iz, w01 (0)de

or, in more compact and suggestive notation,

(3) H = f(z) = h* fu((z, ) .

In other words, the multivariate convolution of H and f evaluated at z is
equal to the univariate convolution of h and f, evaluated at (z,u). We are
assuming of course that all the functions involved are sufficiently well behaved
so that the integrals make sense.

Formula (3) is elementary and, as we have seen, easily verifiable. Never-
theless it is very useful; indeed, it is the basis of the summability formulas
given below. For instance it should be quite easy to see that if a convolution
kernel K is a sum of ridge functions then K * f can be readily computed
from knowledge of Rf. The definitions and formulas below are simply more
precise versions of this observation.

A locally integrable function K on R" is a uniform sum of ridge functions
if there is an even locally integrable univariate function h such that

(4) KM=%AMM@MMM
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for almost all z in R*. Here do(u) denotes the usual rotation invariant
Lebesgue measure on the unit sphere S™! in R" and ¢, denotes its total
measure.

Observe that, as a consequence of the definition, if K is a uniform sum
of ridge functions then it must be a radial function. In other words, K(z) =
k(|z|) where k is a univariate function.

The proposition below gives a formula for K = f in terms of Rf. It is a
transparent consequence of (3), (1), and an appropriate change in the order
of integration which can be justified via Fubini’s Theorem.

Proposition 1 If a locally bounded function K is a uniform sum of ridge
functions and f ts an inlegrable function with compact support then

Q K=f@) = [ b= fullz,w) dofu

On
where h and K are related by ().

The hypothesis on f and K in the above proposition can be relaxed in
various ways. For example, if both K and h are integrable over R™ and R re-
spectively then f need not have compact support. We will not go into further
details here since the proposition is sufficiently general for our applications.

Formula (5) is very suggestive; it should allow us to obtain summability
results analogous to the classical summability results alluded to in the be-
ginning of this section. In view of this, the question concerning what radial
functions are uniform sums of ridge functions is of some interest.

2.2 Uniform Sums of Ridge Functions

To obtain an answer to the question concerning what radial functions are
uniform sums of ridge functions we begin by writing

(6) K(z) = k(|z])

to express the relationship between the radial function K and the correspond-
ing univariate function k. Using this notation and the Funk-Hecke theorem,
we may rewrite formvla (4) as

On-1

(7) K== [ 11 h(rt)(1 — £2)"-92gy

On

where r = |z|. This can also be derived more directly by using polar coordi-
nates to express the integral on the right hand side of (1) as

On-1 /01r h(r cos §)(sin 8)"2d8




followed by the change of variables { = cos 8. Another useful variant of (1)

20, [T -
(8) K(r) = =2 /0 h(s)(r? — §?)m=9)2 4
follows from using the change of variables s = rt and the fact that h is an
even function.

It is clear from formula (8) that for given k the function k is unique. A
representation of h in terms of k [ollows from (8) and the identities on pages
14 and 15 in [13]). An alternate approach results from the observation that
the change of variables ¢ = s and p = r? reduces (8) to a standard half line
convolution equation which can be solved by routine methods, for example,
Laplace transforms. In any case a representation of h in terms of k is given

by
1d\"7' fty, -3z
(9) h(t) = cnt (;)—t—a—t—) /(; (i —-s) s" " k(s)ds

which may also be expressed as

(10)  A(t) = cut (%%) g /0 1 (1= 2) "7 1k (s)ds
where 2
T({n—-1)/2)0(n/2)

These observations can be summarized as follows:

Cph =

Proposition 2 (i) If K is a uniform sum of ridge functions then K is radial
and the h in representation () is unique. (ii) Conversely, if K is a radial
function, K(z) = k(|z]), and k is n—1 times continuously differentiable then
K is a uniform sum of ridge funclions. Furthermore, the h in representation
(4) is unique and can be oblaincd from formula (9) or (10).

The conditions on k in the second half of the statement of the proposition
can be somewhat relaxed. In the cases n = 2 and n = 3 the details are given
below.

2.2.1 The Casesn=2and n=3

In the case n = 2 equation (9) may be written more explicitly as
d e, 2\ —1/2
ht) = | (2= s2)" " sk(s)ds .

Integration by parts followed by the indicated differentiation results in
t -

(11) W) = k() +t [ (- ) 2 gk (s)
0

5




where the integral is a standard Sticlt jes integral.

The above calculations are valid whenever k£ is a function of bounded
variation on every finite interval [0,7], 0 < T < oc. Furthermore, if k
satisfies this hypothesis, it follows from Fubini’s theorem that

/OT /ot’ (12— )" dk(s)dt = /OT (77 - 52)'" di(s) .

By inserting absolute values and replacing = with < in the appropriate places
in the last formula one can readily see that h is a locally integrable function
and T |h(t)|dt is bounded by T times the sum of |k(0)| and the total variation
of k over the interval [0, T).

These observations can be summarized by the following addendum to
part (ii) of Proposition 2.

Proposition 3 Suppose K is a radial function on R?, K(z) = k(|z|), and k
is a function of bounded variation on the intervals [0,T], 0 < T < oco. Then
K is a uniform sum of ridge functions and the h in representation ({) can
be obtained from formula (11).

In the case n = 3 equation (9) reduces to
(12) h(t) = k(1) + tk'(t)

where k' denotes the derivative of k. From this we may easily conclude the
following:

Proposition 4 Suppose K is a radial function on R® such that K(z) =
k(|z]|) and k is absolutely continuous. Then K is a uniform sum of ridge
functions and the h in representation (4) can be oblained from formula (12).

2.3 Summability and reconstruction

The above results allow for a very large class of summability and reconstruc-
tion formulas.
To see this, suppose K is an integrable function on R", that is it satisfies

(13) /n|K(x)|dz <.

Normalize K so that

(14) /" K(z)dr =1

and for positive € write

(15) K.(z) = " K(z/e) .




Recall that if f is in LP(R*) for some p which satisfies 1 < p < oc, then
K. = f converges to f in LP(R") as € goes to zero. Furthermore if K also
satisfies

(16) |K(z)| < ®(|z]) where ® is a nonincreasing function
on the interval 0 <t < oo and [° ¢(r)r"ldr < oo

then K, * f(z) converges to f(z) almost everywhere. Detailed proofs of these
facts can be found in [52]. Estimates on the rates of convergence of K¢ = f
to f can be had in term of various smoothness conditions on f and certain
moment conditions on K. If such a K is a uniform sum of ridge functions
then by virtue of Proposition 1 we can easily obtain the type of results alluded
to above.

To state some of this more precisely, suppose K is a uniform sum of ridge
functions. Then 1

(17) K(z)=—- /5 _he((z, u))do (u)
where h(t) = e ™h(1/¢) and h is the function in representation (4) of K.

Proposition 5 Suppose K is an integrable kernel which is a uniform sum of
ridge functions and which satisfies (13), (14), and (16). Define the functions
K. and h, via (15) and (17) and assume that h, is integrable. Suppose f is
an inlegrable funclion. Then

1 s
(18) lim —= [ _, he= ful(z, u))do(u) = [(2)
for almost all z in R™. If, in addition, f is in LP(R") for some p salisfying
1< p< oo then

lim [ 1f(z) - — [y b Fuliz, o (w)lPde = 0.

€—o0 Jpn On
Furthermore, if f is uniformly continuous, (18) holds uniformly in = for
r € R".
As a specific example of K, satisfying the conditions of the above propo-

sition consider the Poisson kernel

KC(II) - Cn€

(52 + |I|2)("+1)/2

where ¢, is constant. That this kernel is a uniform sum of ridge functions
follows from Proposition 2. The formula for the corresponding ridge function

1s _, T,,(c/ /c2+i2)

(19) hll) = ey

where T, is the classical Tchebichef polynomial of the first kind of degree n,
see Subsection 3.2.1.




Corollary 1 Suppose h. is defined by (19) and suppose f is an integrable
function. Then

(20) f(z) = lim — he x fu((z, u))do(u)

for almost all z in R™. If, in addilion, f is in LP(R™) for some p satisfying
1< p< oo then

1
li - _/ hc u ’ | Pde = 0.
lim [ 17G@) = - [ s Sz o s
Furthermore, if f is bounded and uniformly continuous, (20) holds uniformly
.

These results can be used to obtain elementary derivation of various vari-
ants of the usual type of “inversion formulas”. For example, in the case n = 2
formula (19) gives

1 2142
(21) he(t) = S EEwTR
Since [%_ h(t)dt = 0 we may write
1
(22) 7= /o he x fo((z,u))do(u) =

./51./ (O fullz, u) = 1) = fu((z, u)) }dido ()

or, using the fact tha.t h. is even,
1
@) 5 [ hox Az w)do(w) =

- iw/s f_: he(O){ ful{z, v} +1) = 2£u((z, w)) + fu((z, w) —1) }dtdo(u) .

Now, assuming that f, is sufficiently smooth, the right hand side of (22)
may be expressed as

/s | / / 1z, u) - t)didsdo (u)

where f! denotes the derivative of f,. Since limoth,(t) = —1/(2n1), it
can be anticipated that if € goes to 0 then the innermost integral in the last
expression will converge to the Hilbert transform of f); for examples of such
arguments see [53]. This will result in an integrand which is independent of
the s and so this variable can be integrated out.

Letting € go to zero in (23) also results in an expression which is inde-
pendent of e. We summarize these elementary calculations as follows:
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Corollary 2 If f is a function on R? which is twice conlinuously differcn-
tiable and has compact supporl then

(21) f@) =5 [ [ e =g

and
fullz, v} +1) = 2f.((z. ) + fu((z,u) — 1)
f(z =52 /;l/ n dtdo(u)
for all z. The integral in the t variable in (2}) is to be inlerpreted in the
principal value sense and f! denotes the derivative of f,.

Formula (24) is one of the standard variants of the Radon inversion formula
and may be found, for instance, in [41]. We have not attempted to give
the most general hypothesis on f in the last corollary; by going through
the above calculations the reader should have no difficulty in relaxing the
conditions on f somewhat. It may be of some interest to obtain the weakest
possible conditions on f for which the formulas in the above corollary are
valid almost everywhere.

3 Examples and miscellaneous results

The first three subsections below contain examples of ridge function repre-
sentations and alternate ways of computing such representations. The final
three subsections contain material which will be used in our treatment of
partial data.

3.1 Ridge function representations for certain bivariate kernels

Because it models certain non-destructive imaging schemes, the bivariate
case is particularly important in practical applications. For example see
(8, 16, 41]. In this subsection we give several examples in the case n = 2 of
radial approximations of the identity and their ridge function representations.

3.1.1 Averaging kernels

If K is 1/7 times the indicator function of the unit disk centered at the
origin then K, * f(z) is the average of f over the disk centered at z. The
corresponding ridge function A, can be easily derived from (11). Thus if

[ 1) il <
K(z) = { 0 otherwise

then the corresponding ridge function in representation () is given by

ho(t) = { 1/(me?) if|t <e
{1/(me>)}{1 = |t]/V1? — €2} otherwise.




3.1.2 Multiples of (1 + |z|?)=.

If K(z) = (1+ |z|?)* then its corresponding ridge function A(f) can obtained
from (11) quite conveniently. Indeed,

¢
k(1) = 1+ 2at / (14 822 (&2 = 62)"2sds
0

which, after appropriate change of variables, can be expressed as

t/V1+t2
/ (1—-s%)°""ds .

(25) h(1) = 14 2at(1 + 12)2~1/2
0

In the cases when « is an integer multiple of 1/2 the integral in (25) can
be easily evaluated and expressed in terms of elementary functions. For

example, in the case @ = —3/2 formula (25) reduces to
1—¢2
h(l) =
) (1+12)?
Thus if K is the so-called Poisson kernel
1
K (z)= T

2% (62 -+ I.Ll")”/z
then the corresponding ridge function in representation (4) is given by

1 -1

’Lc(l) = g(—fz—+t2—)2 .

3.2 Fourier transforms

The notion of uniform sum of ridge functions expressed by (4) can be ex-
tended to tempered distributions as follows: Recall that the usual way of
defining linear transformations on distributions is via duality and observe
that the formal dual of the mapping

8(0) — |

Sn-1

¢((z, u))do(u)

which maps sufficiently well behaved univariate functions into n-variate func-
tions is the mapping

é(z) — /5  Re(u,)do(u) .

Hence it is quite natural to define a distribution K in S’(R") to be a uniform
sum of ridge distributions if there is an even distribution A in S'(R) such
that

(26) (K,8) = [ (o)
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for all ¢ in S(R"). Here {a, 3) denotes the action of the distribution o on
the test function 4. We also remind the reader that ¢,(1) = Ré(u,t).

Note that for fixed u in S™! the mapping ¢ — ¢, maps S(R") contin-
uously into S(R). Thus the tempered distribution K is well defined by (26)
for every even distribution h in S'(R).

Having defined (1) distributionally, its Fourier transform is also well de-
fined as follows: If K satisfies (26) then its Fourier transform K satisfies

(27) (K,8) = — [ (h,¢")do(a)

On

for all ¢ in S(R"). Here ¢*({) = ¢(tu). Of course K and h are the Fourier
transforms of K and h as distributions on R™ and R respectively. In the case
when h is sufficiently smooth, (27) may be expressed as

28) k() = M)

- o-nlgln—l )

3.2.1 The Poisson kernel

Formula (28) is useful in determining the ridge function representation of
certain radial K’s. For example consider the Poisson kernel which is defined
for positive € by

i €
(29) K(z) = (e + |z2)(n*Dr2

and whose Fourier transform is given by

(30) K.(€) = (2m) "2 el

Here ¢, is a constant whose exact expression is
cn = 7O ((n +1)/2) .

The formula for the Fourier transform of the corresponding h, is easily ob-
tained from (28) and(30); it is

(31) h () = (27) 20, |7|* el
To obtain a formula for h, observe that (31) may be expressed as

X d n—1
hc(T) = (27!')_"/20',1 (_d—c) e‘“"

and recall that exp(—¢|7]) is the Fourier transform of a constant multiple of
¢/(€? + t?). Thus h, is a constant multiple of

( d)““( € _CT,,(e/\/m)

" de 2 +12) (€2 + 122

11




where the equality follows from an induction argument, c is a constant, and
T, is the classical Tchebichef polynomial of the first kind of degree n, namely,
T.(cos8) = cosnf. This constant can be determined by evaluating both K,
and h, at the origin which results in

_ Ta(e/VeEE+12)

= Cn (€2 + 12)n/2

(32) he(t)
where ¢, is the same constant as in (29).

3.3 Polynomials and ridge functions

Since it is quite transparent that
(33) [ (@0 do(u) = a(n, m)af*"

where a(n, m) is a positive constant, ridge function representations of radial
polynomials is rather appealing. Thus if P is any radial polynomial

M _
P(e) = X bylel

then

Pz)= [ bz, w)do(u)

where
i bj 2j
h(t) = —147
I=1 a(n7.])
The above formulas lead to several interesting relations between various
classes of classical orthogonal polynomials. This can be realized by observing

that

1
a(n,m) = cr,,_l/ 12m(1 — 1232y
-1

and, as in [30], using the representation of these polynomialsin terms of the
hypergeometric function. However a more intuitive approach can be outlined
as follows:

Let L?(B™, A) be the Hilbert space consisting of those measurable func-
tions f on the unit ball B™ for which

L @R = |2l ds

is finite. This Hilbert space is equipped with the inner product
(fooh = [ T)a@)(1 = [of)de

12




If P,. denotes the set of n-variate polynomials of degree < m then we define

L%*(B",A,0) = P and for m > 1
L}(B", A, m)={P€P, : (P,Q)=0forall Q € P,_,}.

Finally, recall the classical Jacoby polynomials P{>#)(t), m = 0,1,2,..., and
the classical Gegenbauer or ultraspherical polynomials C2(t), m = 0,1,2, .. ;
these are families of univariate polynomials which are orthogonal on the
interval —1 < ¢ < 1 with respect to the weights (14+£)2(1—1)? and (1~12)*~!/2
respectively; m denotes the degree of the polynomials, a, 4, and A are real
parameters. The notation for these polynomials is standard, see [11].

Proposition 6 (i) A radial polynomial is in L?*(B", A, 2m) if and only if it
is a constant multiple of PXM=2/2)(2|2)? — 1). (ii) A ridge function is in
L*(B™, A\, m) if and only if it is a constant mulliple of CX*"/%((z, u)) for some
unit vector u.

Proof If Pis aradial polynomial in P,,, then P(z) = p(|z|?) where p is
a univariate polynomial of degree m and if @ is in P,,,_; then

(P, = [ o)) (1 = )

where
o)) = [ QGu)do(w) :

and ¢ is a univariate polynomials of degree < m — 1. Hence

(P@h =5 [ pl0a0)(1 - (Pe=DPay

and, since ¢ may range over all polynomials of degree < m — 1, (i) follows by
virtue of the fact that constant multiples of P{"=2)/2)(2¢ — 1) are the only
polynomials of degree m which are orthogonal in this sense to all polynomials
g of degree < m — 1.

If P is a ridge polynomialin P,, then P(z) = p({z, u)) for some univariate
polynomials of degree m and if @ is in P,,—; then

(P = [

1

PO

where

o) = [, Qw91 -~y dy

and A({) = {y € ut : |y < 1 —12}. The the change of variable y =
(1 —t?)Y/2z allows us to express g as

o) = (1 - t?)*+<"-1>/2/ QUiu + (1 — 2)1725)(1 — |2[2)d= .

A(1)

13




Since Q(tu + (1 — 12)1/2z) = ¥ t7(1 — ¢2)#/22¥ where the sum is taken over
all integers j and multi-indices v = (vy,...,vn—1) such that [v|+j = v, +
ceod vy + 7 <m—1, the terms with odd |v| integrate out to 0 and as a
result g(1) = q(t)(1 — t)**("=1/2 \where g is a polynomial of degree < m — 1.
Hence

(P,Q)h = /_11 p(1)g()(1 — 12112y

and, since ¢ may range over all polynomials of degree < m — 1, (i7) follows
by virtue of the fact that constant multiples of C{2+%/2)(t) are the only poly-
nomials of degree m which are orthogonal in this sense to all polynomials ¢
of degree < m — 1. |

Now, by virtue of (i¢) of the above proposition fga-, AJr“/"’((:z:, u))do(u) is

2m
in L?(B™, A, 2m) and, since it is clearly radial, it must be a constant multiple

of PM=2[2)(2|z|? — 1) view of (2) of this proposition. The constant can be
easily evaluated by setting z = 0 in both expressions. As a result we may
conclude the following:

Corollary 3 For A > —1

(G AREIEEP -1 = [ (e, w)do(w)

2m

3.4 Moduli of smoothness, moment conditions, and degree of ap-
proximation

If fisin LP(R") for some value of p, 1 < p < o0, its L? modulus of continuity
wy(f;6), 6 > 0, is defined by

wt501= ([, e~ 1)

Observe that this modulus is well defined and
(35) limw,(f;6) =0

for all f in LP(R"™).
In the case p = oo this modulus reduces to the usual modulus of conti-
nuity, namely,

weo(f;6) = sup |f(z) = f(¥)l.

Jz—yl<é

Furthermore
tlgirraw,,(f;&) =0

if and only if f is uniformly continuous.

14




We brieflv summarize some of the elementary properties of these moduli.
In what follows we take the paramecter p and function f to be fixed and
consider w as a function of the parameter é, § > 0; thus for simplicity we

write wy(f; 6) = w(é).
e The function w(é) increases monotonically.
e For non-negative parameters 8, and &, w(b; + 8) < w(é;) + w(,).

e For any positive integer n, w(né) < nw(é).
This is an immediate consequence of the previous item.

o If A >0, then w(A8) < (A + 1w(6).

To see this choose an integer n such that n < A < n + 1 and write
w(A) < w((n+ 1)) < (n+ Dw(b) < (A + Nw(8).

o If 6, < b, then

w(ba) _ w(b)
<2
b — &
To see this simply write
w(be) = w 5—2'51 < i +1)w(8) < 26-2“’(51)-
6, 8 8

These moduli providz a natural and useful measure of the degree of ap-
proximation of various processes. For example, suppose K. (z), ¢ > 0, is a
family of integrable convolution kernels which satisfy

(36) /m K(z)dz = 1

(37) | K@)z <
and
(38) /R 2|l Ko (2)|dz < co¢

where ¢; and c¢; are constants independent of €. Then it is not difficult to
show the following:

Proposition 7 If K.(z), ¢ > 0, is a family of integrable convolution kernels
which salisfy (36), (37), and (38) then for any f in LP(R"), 1 < p < oo,

HKe* f— fllorrn) < cwp(fi€)

where ¢ 13 a constant independent of f and e.
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Proof By virtue of (36) we may write

Kox f(2) = () = [ K()f(z =) - [(=)}ay

Direct estimation in the cases p = 1 and oo or, in the cases 1 < p < oc, an
application of the integral variant of Minkowski’s incquality results in

IKox £ = Tlriany < [ (S5 WDIK(w)ldy

Finally, the estimate

wy(f3 |y]) = wp (f; @6) < (I%I + 1) wy(f;€)

together with (37) and (38) imply the desired result. |

Using the notation A, f(z) to denote the difference f(z — y) — f(z) and,
if k is an integer > 2, A¥f(z) = &, (A:_lf) (z), we define the k-th order L?
modulus of smoothness wk(f;6), § > 0, via

wh(f;6) = sup [|A5 | oany -
jv|<s

Note that w] = w,. In the case k¥ > 2 the properties of wh are also well
known; they are completely analogous to the case £ = 1 with the obvious
modifications, see [536]. Here we only point out the transparent facts that
wi(f;8) < 2mkwk(f;6) if k < m and that wk(f;8) can go to zero as fast as
O(8*) without being identically zero.

As in the case k = 1, these moduli provide a natural and useful measure
of the degree of approximation for various processes. In the example where
K (z), € > 0, is a family of integrable convolution kernels, condition (38)
ought to be replaced with

(39) /R 2| K (z)|dz < cae*

where ¢, is a constant independent of ¢, in order to take advantage of the po-
tentially faster decay as ¢ — 0. Then it is not difficult to show the following:

Proposition 8 Suppose K. (z), ¢ > 0, is a family of integrable convolution
kernels whirh satisfy (36), (37) and (39). Define

§ k=1 K N .
1\5(1)=J§(—1)k m(’f—ﬂ K(z/(k-1J)).
Then for any f in LP(R™), 1 < p < oo,

NEE = f— flleeqrny < cwl(fie)

where ¢ 1s a constant independent of f and e.
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Proof By virtue of (36) and the nature of K* we may write

RExf@) = f(z) = [ Kly)shf(a)dy .

The rest of the proof follows along the same lines as that of the previous
proposition. [

Before leaving this section, we remark that if A'(z) is an integrable func-
tion which satisfies (13), (14), and

(40) /R 2| K (z)|dz < oo

then the family of convolution kernels K.(z) = ¢ 7" K'(z/¢) satisfies (36), (37),
and (39).

3.5 Polynomial convolution kernels

In many problems of practical and theoretical interest the phantom f is taken
to have support in a fixed disk or ball of finite radius, say 1/2, about the
origin. In this case consideration of K = f(z) for z in B}), = {z € R* :
{z| < 1/2} does not involve the behavior of K outside the ball of radius one
about the origin. Similarly for such f and z the calculation of the quantities
on the right hand side of formulas (5) does not involve the behavior of h
outside the interval —1 < ¢ < 1. In this case the criteria that K be a good
approximation of the identity can be modified to

(41) / K(z)dz = 1

and
K(z)|d
(42) [5 e (@)l <

for sufficiently small § and €. A wide class of such kernels are given by certain
radial polynomials. In view of the fact that ridge function representation of
such polynomials is very appealing, the corresponding kernels should have
significant applications in tomography.

There are many ways of producing radial polynomial kernels which behaie
like good approximatinns of the identity. A possible method of producing
good kernels suitable for numerical work can be based on the Christoffel-
Darboux formula for orthogonal polynomials.

For our purposes, summability and degree of approximation, we need
polynomial kernels which, in addition to (41), enjoy appropriate analogues
of (16), (37), and/or (39). These properties are easily verified for the families
given below.

17




3.5.1 Kernels for summability

A family of radial polynomials which can be easily shown to possess an
analogue of (16) is the following:

Consider the sequence of polynomials P,,, m = 0,1,2,..., defined by
(43) Pn(z) = c(n, m)(1 — [z]*)™
where
] 2\m —_
(1) oy = L0 e =
1
2 Jo 2T (m+n/2+1)

is a constant chosen so that
(45) / Pa(z)dz =1
for all m. Observe that
(1= ]z]*)™ < e~ whenever |z| < 1

and

c(n, m) < cm™?

where ¢ is a constant independent of m; the last inequality follows easily
from the definition of the gamma function I' in the case of even n and by
virtue of Stirling’s formula in the case of odd n. These inequalities allow us
to conclude that

(46) Po(z) < cm™?e™™ \whenever |z] < 1

where ¢ is a constant independent of m.
Observe that (46) is a special example of (16) in the case € = m~1/2 with
the restriction that |z| < 1. Hence we may conclude the following:

Proposition 9 Suppose f is an integrable function with support in By,
in other words f € L'(B}),), and P,, m = 0,1,2,..., is the sequence of
polynomuals defined by (43). Then

(47) Jim Po = f(2) = f(z)

for almost all z in B, If, in addilion, f is in L”(B;‘/Z) for some p satisfying
1 < p< o then

Jim [ 1f(2) = Pux f(a)Pdz = 0.
1/2

Furthermore, if f is continuous, ({7) holds uniformly in z for z € Bl
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3.5.2 Degree of approximation

Unfortunately, the simple family of polynomial kernels defined by (43) is not
sufficient to obtain the “correct” degree of approximation results. \What is
needed is a family which in addition to satisfying (45) also satisfies moment
conditions of the form

[ N2l Pala)lde < =
B» m

where ¢ is a constant independent of m. I know of no elementary formulas
for such polynomials. Theoretically the most convenient and least technical
construction seems to be the following:

The idea is, for each positive integer k, to construct a sequence of positive
radial polynomials, £,, m = 1,2,..., where P, is of degree no greater than
2m, which satisfy
(48) / |2 Pr(2)ds < — [ Pa(z)dz

Bn m?* Jgn
where ¢ is a constant independent of m.

Using polar coordinates and the change of variable ¢ = r2 it is clear that
it suffices to construct a sequence of positive univariate polynomials p,, such
that

1 c 1
(19) A pm(t)tk+(n_2)/2d1=7_nﬂ/0 pm(i)l(n-ﬂ/?dt

where p,, is of degree no greater than m and c is a constant independent of
m.
The construction of such a sequence p,, is outlined as follows:

e Let N be the integer defined by

N = (n—2)/2 ifniseven
"l (n=1)/2 ifnisodd

and let = (n—2)/2— N. Note that 3 =0o0r —1/2.
o Let £ be the integer defined by

£=k+N.

e Let Al be the integer defined by

M= ({+m+2)/2 if£+ miseven
Tl (L+m+1)/2 if £+ mis odd.
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o Let 0 < z3/(1) < za(2) < ... < zar(M) < 1 be the zeros of P( B (21— 1)
where P,(\(,)’ﬂ) is the classncal Jacoby polynomial of degree A and recall
that for fixed j

c

(50) MORESy

where ¢ is a constant independent of Al. See [55].

e Define .
(51) palt) = II (4= 2uG))

and observe that p,(t){"N and pn,(1)t**" are polynomials of degree
no greater than 2A/ — 1 so that Gaussian quadrature with knots at
za1(1), 2a1(2), .. ., 2as(AI) can be used to evaluate the integrals in (49).

e Finally, inequality (19) follows from the following strings of equali-
ties/inequalities and (50):

1
./o P ()22 4y =/ N dt = Z/\M )Pm (201 () 20 ()Y
and

1 1
/0 pm(t)tk+(n—2)/2dl=/0 Pa(D)FHN*BGy = Z’\M (2:)2a1(j jYe+N

< 2 ()" {Z /\Al(j)Pm(zj)ZAI(j)N} .

i=1
The properties of the sequence of polynomials just constructed together
with the methods of Subsecction 3.4 allow us to conclude the following:
Proposition 10 Supposc P.(z), m = 1,2,..., is the family of positive ra-
dial polynomials defined by Pn.(z) = pm(|z|?) where pn is the univariate
polynomial given by (51). Dcfine

PA(s) = (-1 G k= ) Pua/(k = 1)

Then P" is a polynomial of dcgree no greater than 2m and for any f in

| Pk < f - f||1,v(n;'/2) < cw;(f; 1/m)

where ¢ is a constant independcnt of f and m. In other words, for fized k
the sequence of polynomials PX = f, m = 1,2,..., converges to f in LP(31/2)
at a rate which is O(w!(f;1/m)) as m — oo.
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4 Incomplete data

In this section we consider summability and approximate reconstruction
when the data f, are known only for u’s in a proper subset A of S*~!. Ap-
plying the same philosophy used in the previous section immediately leads
to the question concerning what summability kernels K can be expressed as
sums of ridge functions in directions u which lie in A. It is to be expected
that the class of kernels which enjoy such a representation is somewhat more
restricted than in the case of full data.

In the case when A is a finite set the results of [37] show that the only
radial kernels which can be expressed in terms of the corresponding ridge
functions are polynomials. To be more specific, let 4 = {u;,...,un} and
suppose K is a radial function such that

K(z) = Z_: hi((z, w))

for appropriate univariate functions h,,...,hxy. Then K must be a polyno-
mial of degree no greater than a certain bound determined by .A. Further-
more, this will be significant in our considerations below, the h;’s can be cho-
sen to be scalar multiples of one univariate function h, namely, h;(f) = w;h(t),
t=1,...,N.

Motivated by these and related considerations we restrict our attention
to radial polynomial kernels in what follows.

4.1 Quadrature on the sphere and ridge function representations

Our summability formulas are based on the following:

Proposition 11 Suppose A is a measurable subset of S~ and p is a bounded
Borel measure on A. The following are equivalent:

(i). There is a constant ¢ so that the formula

(52) [ pwdutn) =c [ plu)do(u)

sn~1

holds for all even polynomials of degree < 2m.
(i1). Formula (52) holds for all homogeneous polynomials of degree = 2m.

(iii). There is a constant ¢ so that the formula
(53) /(z, w)*dp(u) = c/ (z, u)?*do(u)
A sn-1
holds for all z when k = m.
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(iv). Formula (53) holds for all z and all integers k which salisfy 0 < k < m.
In other words

(54) [ e )dntw) = [ pl(z, u)do(w)

-1

for every even univariate polynomial p of degree < 2m.

(v). There is a nonzero constant ¢ such that

d =
/A w(u) = co,
and
/A}"(u)d,u(u) =0
for every spherical harmonic Y of degree 2k, k = 1,...,m.

(vi). For every radial polynomial P of degree < 2m there is a univariate
polynomial p with the same degree as P such that

(55) P(z) = [ pl(z, u)du(w)

holds for all . Furthermore, the formula for p in terms of P may be
derived from

(56) P(e) = ot | 11 p(lz|t)(1 — £2)m=92gy

The proof of this proposition is contained in subsection 4.1.2. Here we
merely give a related definition which will be useful later.

Motivated by the above proposition we say that a subset A of S™! is
in Q(m) if there is a bounded measure g on A, which depends on A of
course, such that (52) holds for all polynomials homogeneous of degree 2m,
m = 0,1,2,... . In other words, Q(m) is the collection of all measurable
subsets A of S™~! which admit a measure g for which (ii) of Proposition 11
holds. For convenience we set Q(o0) = NX_, Q(m).

The significance of Q(m) in our application is the fact that property (vi)
of Proposition 11 holds for each of its members.

We bring to the reader’s attention the following list of transparent obser-
vations concerning Q(m):

e S*!is contained in Q(m) for each m, m = 0,1,2,...; namely, S*~! ¢
Q(ox).
e Q(0) contains every non-empty subset of S™~!.

Q(m+ 1) C Q(m) for all m.
If A € Q(m) and B D A then B € Q(m).

If Aisin Q(m) then the measure y associated with A whose existence
is guaranteed by the definition need not be unique.
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4.1.1 Examples

Suppose A is an open subset of S*~!. Tt is not very difficult to see that
A € Q(oc).

Indeed, to see this, let P(m) be the space of polynomials homogeneous
of degree 2m and let {p, ¢)4 be the bilinear form defined on P(m) via the
formula

(p.9)a = [ pw(w)do(u).

Clearly (p,q)4 is a positive definite bilinear form and thus, equipped with
this form as an inner product, P(m) is a Hilbert space. Now consider the

linear form
J... Plu)deo(w)

which is well defined on P(m). Elementary Hilbert space theory now implies
that there is a homogeneous polynomial of degree 2m, call it ¢,,, such that

(pyam)a = [ Pu)do(u).
We summarize these observations as follows:

Proposition 12 If A is an open subset of S*~! then A € Q(m) for every
m, m = 0,1,2,... ; in other words A € Q(o0). Furthermore the measure
p which does the job for a given m can be taken to be dp(u) = g,,(u)do(u)
where q,, is a homogeneous polynomial of degree 2m.

In the case when F is a finite subset of S*~! (v) of Proposition 11 can be
useful in determining whether F is in Q(m).

To wit, let F = {u;,...,uas} then any measure p on F is determined by
weights, or scalars, wy, ..., war and
Af
[ plw)dntw) = 3 plus)w; .
F =
Now, if Yi, k = 1,...,N(n,£), is an orthonormal basis for the space of

spherical harmonics on $*~! which are homogeneous of degree £ then by
virtue of (v) of Proposition 11 we may conclude that F is Q(m) if and only
if the system of equations

M A
(57) Z w; = 1 and Z Yk,(uj)w,- =0
)=t i=1

where

k=1,...,N(n,€) and £ =2,4,...,2m

has a solution wy, ..., way.
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We remind the reader that this system has

2m+n- 1)

£ 2= Gt =1t

equations. However the number of elements Af in F need not necessarily be
> L(n,2m) in order for a solution wy, ..., was of (57) to exist. For example,
inthecasen = 2, L(2,2m) = 2m+1; but if u; = (cosb;,sinb;), j = 1,..., M,
are uniformly spaced, e.g. 8; = (j — 1)x/A, then it suflices to have Af >
m + 1 to guarantee the existence of a solution for (57). This, of course, is
reminiscent of classical Gaussian quadrature.

We also remark that in the case n = 2 any collection F = {u, ..., up} of
distinct directions is in Q(m) whenever Al > 2m+ 1. (By distinct directions
here we mean u; # tu; whenever ¢ # j.) In the general case it is also
true that most finite subsets consisting of > L(n,m) directions are in Q(m).
However, determining them is not so simple; one needs to verify (57) or some
other equivalent system.

To conclude this paragraph we summarize the main result concerning
finite subsets of S*~! as follows:

Proposition 13 Suppose F = {u,,...,ups} is a finite subset of S*"t. Then
F is in Q(m) if and only if the system of equations (57) has a solution
Wyy...,Whyt. k

4.1.2 Proof of Proposition 11

The proposition is an easy consequence of the following strings of implica-
tions: (i) = (¢1) = (4it) = (v) = (v) = (¢) and (iv) = (vi) = (::1).

To wit, (1) = (i7) = (7it) is clear since each condition is apparently
weaker than its predecessor. Applying the Laplacian in z to (53) in the case
k = m results in (53) in the case k = m — 2 and successive applications of
the Laplacian show that (1iz) = (iv).

To see that (iv) = (v), recall that any spherical harmonic of degree £ can
be expressed as

(u) = ¢(n, E)/

sn—l

Yo(0)C P (v, u))do (v)

where C} is the Gegenbauer polynomial of degree £ with respect to the weight
(14 1?)*~1/2 and ¢(n, £) is a constant which depends only on n and £. Hence
we may write

(58) [ Ye(wdu(w) = cln, &) [ ve(w) ([ 67 (o, w)du(a)) doo)
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Now, if £ =2k, k = 1,...,m, by virtue of hypothesis (iv) the inner integral
on the right hand side of (58) can be replaced with

/Sn_l Céz-ﬂ/?(('u, u))do (u) ,

which is equal to 0if k = 1,...,m, and o, if £ = 0. This, of course, implies
the desired result.

To see that (v) = (1), recall that any homogeneous polynomial p of degree
2k can be expressed as

k
p(z) = [z|* (ao +2 )":’j(x/lrl))
i=1
where ag is a constant and Y5; is a spherical harmonic of degree 2;5. Hence

(59) /s _ pw)do(u) = ao,

and, by virtue of (v), there is a constant ¢ such that

(60) /Ap(u)dy(u) = @pCo, .

A comparison of (59) with (60) and a linearity argument imply the desired
result.

Finally, to see the second string of implications, observe that (iv) implies
that there are positive constants aq, ..., @, such that

[ {0 duw) = arlz

for k = 0,...,m. Hence if P is any radial polynomial of degree < 2m, say
P(z) = X7, b;]z|%, then (55) must hold with p(t) = £7,(b;/a;)t*. Thus
(iv) = (v2).

Now, if (vi) holds, equating the highest degree terms in (55) immediately
implies (1if).

4.2 Summability, reconstruction, and degree of approximation

Proposition 11 together with the large variety of available polynomial summa-
bility kernels, some of which were described in Section 3.5, allow us to easily
derive summability and reconstruction methods for Radon transform data of
the form {R f(u,t) : —0o <t < 00, u € A}, where A is a proper subset of
S™~! and the phantom f is assumed to have compact support.

The following are examples of the type of reconstruction methods which
are consequences of the developments outlined above:
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Proposition 14 Suppose A is a subsct of S*! which is in Q(oc) and f is
an integrable function with support in Bp),. Lel pn, m = 1,2,..., be the
sequence of univariaie polynomials defined oy

1d -l 1 (n—3)/2
t 2n—3/ 1 2 n-1 2\m .
Pm(t) = cnl \—Qt _dt) t A ( -8 ) s"H1 = (ts)*)™ds

Let yt,, be a measure such that

/AP(u)dpm(u) = /;n_l P(u)do(u)

holds for all polynomials homogeneous of degree 2m. Then

(61) §(2) = Jim = [ pn ful(e, 1)din (u)

m—0oc o'
Jor almost all z in BY,. If, in addition, f is in L”(Bflz) for some p salisfying
1< p< oo then
lim |f(z) — —/ P * fu({z, u))dpm(u)|Pdz =0 .

m=e Jy,

Furthermore, if f is uniformly continuous, (61) holds uniformly in z for

Note that the summability formula (61) is a reconstruction formula for f in
terms of the data {R f(u,t) : —oo <t < oo, u € A}.

Recall that if A is an open subset of S®~! then the measure in the last
proposition can be taken to be du,,(u) = gn(u)do(u) where ¢,, is a poly-
nomial homogeneous of degree 2m. Now, if Y4, £ = 1,...,N(n,{), is an
orthonormal basis for the space of spherical harmonics on S*~! which are
homogeneous of degree £ then the polynomial ¢,, may be expressed as

N(n)

(62) gm(u) =a0+ Y. Y. anYi(u)

4=2,4,...2m k=1

as a function on the unit sphere where, by virtue of (iii) of Proposition 11
and the construction of ¢,,, the constants ax, may be calculated by solving
the system of equations

N(n, )

(63) aO/ do(u) + Z Z aH/ Yie(u)do (u) = 1
and
d 3k Y d
64 ap [ Yij(u)do(u Qpy ij(u)Y g (u)do(u) =0
©) o [Tilde + T 5 o [ FlVie(u)do(u)

where i = 1,..., N(n,j) and j = 2,4,...,2m.
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Proposition 15 If A is an open subsel of S™~! then the conclusions of
Proposition 14 hold with dp,,(u) = gm(u)do(u) where g, is a polynomial
defined by (62), (63), cnd [64).

Typical results concerning degree of approximation are the foilowing:

Proposition 16 Suppose A is in Q(m) and f is in L?(B},) for some p,
1 < p<oo. Let p be a measure such that

[ Pdutw) = ¢ [ P(u)do(u)

A §n-1

holds for all polynomials homogeneous of degree 2m. Then there is a uni-
variate polynomial Q of degree no greater than 2m such that

6) (@)~ [ @ fulle )du(w)llees,) < cplf, 1/m)

where w, is the L? modulus of continuity of f and c is a constant independent
of A, f, and m. DMorc generally, given any positive integer k, there is a
univariate polynomial Q of degree no grcater than 2m such that

68) (=) = [, @ fullz, du(wlliriecsy,,) < e (S 1/m)

where w'; is the k-th order L? modulus of smoothness of f and c 1s a constant
independent of A, f, and m.

Polynomials @ which do the job in the above proposition can be constructed
via the methods of Subsection 3.3 combined with those of Subsection 3.5.
For example, given an integer k let P* be the polynomial defined in the
statement of Proposition 10. If p.(]z]) = P%(z) then the polynomial Q
defined by

1d\" ., ! (=32 . .
Q(t) = cqt (-Q_t-:i.l_) t2 3/; (l—s"’) 8" pm(ls)ds

does the job in (66).

Inequalities (65) and (66) can be viewed as approximate reconstruction
formulas for f in terms of the data {R f(u,?) : —co <t < 0o, u € A}. Note
that the error bound holds for all f in L"(B{‘/z) and depends only on f and
m.

It should be mentioned that given data of the form {Rf(u,{) : —oco <
t < oo, u € A}, where A is in Q(m) it is not possible to obtain approximate
reconstruction algorithms which will give better degree of approximation
than that given by (66). Thus the result in Proposition 16 is best possible




in the following sense: There are examples of A in Q(m) and functions f in
L?(B},) such that f, = 0 for all w in A and

Ifllze/wp(f, 1/m) 2 ¢

where ¢ is a constant independent of m.

The approximate reconstruction formulas described above rely on the
fact that a radial polynomial P(z) of degree < 2m enjoys the ridge function
representation described by (553) whenever A is in Q(m). 1t is clear that
the corresponding ridge function Q({) can be obtained from (10) or one of
its variants. However, for numerical work it is usually more convenient to
obtain a representation of P in terms of orthogonal polynomials of the form

P(z) = Y b;,P" (g2 _ 1)

i=0

for some A > —1. Then use (34) to obtain
Q) = X 6;65*(1)
=0

which can be efficiently evaluated via the three term recurrence relation.
Explicit numerical examples will appear elsewhere.

5 Miscellaneous remarks

Introductory material concerning the Radon transform and its applications
can be found in [8, 16, 27, 41, 47] and the pertinent references cited there.
Our use of the term ridge function is adopted from [23].

The noticn of representing kernels, K, in terms of ridge functions to
obtain approximate reconstruction formulas has been used for quite some
time under various guises, see [4, 7, 23, 47]. For example, the so-called filtered
backprojection method is a concrete and numerically useful manifestation of
it, see [17, 48, 19, 16, 41].

It should be clear that in order to express a convolution K x f(z) in terms
of the full Radon transform data of f it suffices to express K as a sum of
ridge functions. For example,

(67) K(z) = /S h(u, (z, u))do (u)

is such an expression; here the ridge functions vary from direction to direc-
tion. Representation (67) holds for most reasonable functions, at least in
some wide sense, with h given by

(68) h(u, (z,u)) = (2m)™ "/ /00‘> K(ru)e'®¥pn=1gy
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where K is the n variate Fourier transform of K. Note that the pair (67)
and (68) is simply a variant of the Fourier inversion formula. The restric-
tion to uniform sums allows for an elementary development of the desired
summability formulas.

The results in Sections 2.1-3.2, restricted to the case n = 2, together with
related material and more examples were recorded and circulated in [34]; the
key ideas were announced in [35]. Some of this material was published using
different notation in [12, 13]; 1 gratefully acknowledge the referee for pointing
out these rcferences and making other constructive cominents.

Radial kernels have been used in tomographic applications by other au-
thors, most notably [20, 50]. However, the application, perspective, and
basic results in [20, 50] are significantly different from ours. For example,
the formula for A in terms of K is based on, in our notation,

R(K = f)(u,t) = Ky * f,(t)

and

@) =2 [ Rf(u,(z, u))dolw)
to get
(69) h(t) = R(A"'K)(u,t) or A" 'RK (u, 1)

where A®~! is the pseudo-differential operator whose symbol is a constant
multiple of |£|*~!. Note the similarity between (69) and (28). Formula (69)
appears to require conditions on K which are more elaborate than those in
Proposition 3 in order to make sense pointwise. Furthermore, the derivation
of (69) uses an inversion formula whereas our development leads to various
inversion formulas. I gratefully acknowledge Don Solmon who brought my
attention to these matters and suggested the comments in this paragraph.

The uniform ridge functicn representation of the bivariale Poisson kernel
can be found in [17]). Additianal examples of uniform ridge function repre-
sentations may be found in [20, 34, 50].

Observe that (5) may be regarded as a variant of

(R°h)y=f=R"(hxRf)

where R* is the formal adjoint of R. In this formulatii.n it has been suc-
cessfully applied in other more general contexts of integ.al geometry, see
(2, 3, 14].

Various inversion formulas are well known for full Radon transform data,
see [41] and the notes and references cited there; for example, (8, 15, 16, 17,
20, 47, 50, 51].

Polynomials arise quite naturally in the study of the Radon transform,
see [41] and the notes and references cited there. For example they occur in
in singular value decompositions (7, 24, 28, 41, 44], in optimal reconstructior
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in the L? sense [23], and in many other contexts [5, 8. 29, 30, 31, 32, 33, 36,
37, 39, 11]. We note that the results of {33] show that the output of any
reconstruction algorithm which uses Radon transform data discretized in the
angular variable and is both rotation and translation invariant in a certain
mild physically meaningful sense must be the convolution of the phantom
with a polynomial. The development in Section 3.3 is simply an extension
of some of the results in [32].

Moduli of smoothness provide a natural and useful measure of the de-
gree of approximation for various processes. For classical results see {12, 56].
These moduli can be used to define precise and meaningful notions of reso-
lution for very wide classes of approximants. We will not go into the details
here. However we do meution that if Q is a sufficiently well behaved set in
R"™, such as a ball or parallelepiped, then the indicator function of §, call it
X satisfies

wP(X7 6) = O(fl/p)
as € goes to 0. Hence error estimates in terms of this modulus are O(!/?) as
¢ — 0. In the case p = 2 this should be compared with estimates in terms of
Sobolev space type norms for such phantoms which are O(¢?), 8 < 1/2; in
particular, see the introductory discussion in Section IV.2 of [41].

Polynomial approximation is a classical subject, see [12, 56]. For details
and various formulas concerning classical orthogonal polynomials, including
Gaussian quadrature, see [11, 18, 55]. The polynomials P,, m = 1,2,...,
described in Subsection 3.5.2 were constructed in the case n = 2 and k =1
in [29, 30]; they are modifications of polynomials considered in [12] and used
for similar purposes. Other related constructions can be found in [31].

For other approaches to the limited angle problem see [7, 41, 46] and
the pertinent references cited in these works. For other types of restrictions
see [9, 21, 39, 41, 45] and the pertinent references cited there. The results in
Section 4.1 are extensions of scme of the results in [32, 37]. The notion that a
set is in Q(m) appears to be related to the notion of m-resolving; see Section
II1.2 in [41]. For results concerning mechanical quadrature on spheres see
[13, 11, 140, 54). For properties of spherical harmonics see [11, 18, 53].

The results in Section 4.2 are an extension and improvement of some
of the work recorded in [31] and announced in [32]. These estimates can
be used to obtain acceptable bounds on errors due to discretization of the
Radon transform in the angular variables but not in the ¢ variable. For such
bounds which take discretization in both types of variables into account but
use Sobolev type norms see [11, Section IV.2] and the pertinent references
cited there; note however the restrictions on the various parameters in these
results. For bounds on resolution from another point of view see [22].

The degree of approximation or resolution from lmited angle data de-
pends only on the parameter m and not on any other properties of the set
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A. This is not the case when conditionedness of the problem is taken into
account. For estimates on the accuracy of the data required for a given reso-
lution in the reconstruction see [38]; for results related to resolution and the
size of singular values see [6, 26, 28, 41] and the pertinent references in these
works.
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Bounds on Multivariate Polynomials and
Exponential Error Estimates for
Multiquadric Interpolation

W. R. Madych* S. A. Nelson!

Abstract

A class of multivariate scattered data interpolation methods which
includes the so-called multiquadrics is comsidered. Pointwise error
bounds are given in terms of several parameters including a parameter
d which, roughly speaking, measures the spacing of the points at which
interpolation occurs. In the multiquadric case these estimates are
O(AY/4) as d — 0 where A is a constant which satisfies 0 < A < 1. An
essential ingredient in this development which may be of independent
interest is a bound on the size of a polynomial over a cube in R"
in terms of its values n a discrete subset which is scattered in a
sufficiently uniform m. .er.

1 Introduction

Let h be a continuous function on R® which is conditionally positive definite
of order m. Given data (z;, f;), j = 1,..., N, where X = {z;,...,zn} is a
subset of points in R" and the f;’s are real or complex numbers, the so-called
h spline interpolant of this data is the function s defined by

N
(1) s(z) = p(z) + 2_: cih(z - z;)

where p(z) is a polynomial in P,,_; and the c;’s are chosen so that

N
(2) Z c;q(z;) =0

*University of Connecticut. Both authors were partially supported by a grant from the
Air Force Office of Scientific Research, AFOSR-86-0145
tlowa State University.




for all polynomials g in P,,—; and
N

(3) p(:c;)+z:cjh(x,-—rj)=f,- t=1,...,N.
Jj=1

Here P,,_; denotes the class of those polynomials on R" of degree < m — 1.

It is well known that the system of equations (2) and (3) has a unique
solution when X is a determining set for P,,_; and h is strictly conditionally
positive definite. Thus, in this case, the interpolant s(z) is well defined.

We remind the reader that X is said to be a determining set for Py, if
pisin P,_; and p vanishes on X implies that p is identically zero.

If h is the function defined by the formula

(4) h(z) = 1+ |22

where |z| is the Euclidean norm of z then m = 1 and corresponding method
of interpolation defined by (1), (2), (3) and (4) is often referred to as the
multiquadric method. This and closely related methods are currently quite
fashionable, see [3, 8]

In an earlier paper [6] we obtained bounds on the pointwise difference
between a function f and the h spline which agrees with f on a finite subset
X of R". These estimates involve a parameter d that measures the spacing of
the points in X and are O(d*) as d — 0 where £ depends on k. The results of
the present paper imply that for certain h’s, which include (4), the estimates
can be improved to O(A'/?) as d — 0 where ) is a constant which satisfies
0 < A < 1. The conditions on f are are same as those in [6].

1.1 A bound for multivariate polynomials

A key ingredient in the development of our esiimates is the following lemma
which gives a bound on the size of a polynomial on a cube in R™ in terms
of its values on a discrete subset which is scattered in a sufficiently uniform
manner. This result may be of independent interest.

Lemma 1 Forn=1,2,..., define v, by the formulas v, =2 and, ifn > 1,
Yo = 2n(1+ ¥o-1). Let Q be a cube in R™ that is subdivided into q™ identical
subcubes. Let Y be a set of g™ poinis obtained by selecting a point from each
of those subcubes. If ¢ > v.(k + 1), then for all p in P,

sup |p(z)| < e*™ sup|p(y)] .
2€Q yeY
We remark that it is not essential for the set Y to intersect every subcube
of Q as hypothesized above. A variant of this lemma where Y intersects a

certain percentage of these subcubes can be found in subsection 3.3.
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1.2 A variational framework for interpolation

The precise statement of our estimates concerning h splines requires a certain
amount of technical notation and terminology which are identical to that used
in [6]. For the convenience of the reader we recall several basic notions.

The space of complex valued functions on R" that are compactly sup-
ported and infinitely differentiable is denoted by D. The Fourier transform
of a function ¢ in D is

3(6) = [0 g(z)dz.
A continuous function k is conditionally positive definite of order m if
(5) [ h(@)8 <d(z)dz > 0

holds whenever ¢ = p(D)y with ¢ in D and p(D) a linear homogeneous
constant coefficient differential operator of order m. Here ¢(z) = ¢(—z) and
* denotes thc convolution product

¢y * @ot) = /¢1(r)¢2(t — z)dz.

Note that (5) can be rewritten as

[ [ 4z = 9)o()8ly)dzdy > 0.

In what follows A will always denote a continuous conditionally positive
definite function of order m. The Fourier transform of such distributions
uniquely determines a positive Borel measure 2 on R* ~ {0} and constants
a,, |v] = 2m as follows: For all ¥y € D

(6)
[y = [ {&(E)—X(E) )y D’z&(O)Q}dn(en Y D03

]
bvl<2m v bvis2m v
where for every choice of complex numbers ¢,, |a] = m,

(7) Y Y aa4pcais > 0.

lal=m |8]=m

Here x is a function in D such that 1 — x(€) has a zero of order 2m + 1
at § = 0; both of the integrals [y <, [€1°™dp(€), figi>1 dp(€) are finite. The
choice of x affects the value of the coefficients a, for |y| < 2m.

it
D, = {¢ eD: [2°4(z)dz =0 for all o] < m}
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then C), . is the class of those continuous functions f which satisfy

® | @ < {[ he - neatea)

for some constant ¢(f) and all ¢ in D,,. If f € Ch . let ||f]|ln denote the
smallest constant c(f) for which (8) is true. Recall that ||f]|s is a semi-norm
and Ch ,, is a semi Hilbert space; in the case m = 0 it is a norm and a Hilbert
space respectively. Elements f in Cj ,, are of the form

f=hH+F

where the Fourier transform of f; is given by

£1(6) = g(€)du(€)

with g in L?(dp) and f, is a polynomial of degree m.

Given a function f in Cj m, there is an element s of minimal C, ,» norm
which is equal to f on X. If X is a determining set for Pp,—; then s is unique.
We refer to such s as the h spline interpolant of f on X.

In the case when X is a finite subset of R® as considered in beginning of
this introduction the A spline s is given by (1), where f(z;) = f;,i=1,..., N,

1.3 Exponential error estimates

Our basic theorem concerns how well s approximates f in regions 2 where
X provides sufficient coverage. In other words, we are interested in bounds

on the quantity
/(=) — s(z)|

) I7Ts

where z is in 2; the estimates should be in terms of parameters which measure
how closely X covers Q. For example, the parameter d = d(f?, X) defined by

d(Q, X') =sup inf |y — z|
yen T€X

is one such measure.

In [6] we showed that in many cases the quantity in (9) is O(d*) as d — 0
where k is a constant whose maximum value is determined by A. In this paper
we restrict our attention to A’s whose corresponding measures g defined by
(6) satisfy certain moment conditions. For example, if A is given by (4) there
is a positive constant p such that for all integers k greater than 2

(10) [1gtdute) < k.




In this case we are able to obtain the exponential estimate described in the
abstract.

In subsection 2.3 we consider a variant of (10) where k!1s replaced by k"*,
r an arbitrary real constant. As might be expected, this leads to somewhat
different bounds on (9).

Because of the local nature of ihe result, we restrict our attention to the
case where Q is a cube.

Theorem 1 Suppose h is conditionally positive definite of order m and the
corresponding measure p satisfies (10) for all k greater than 2m. Then, given
a positive number by, there are positive constants §; and A, 0 < A < 1, which
depend on by and h for which the following is true: If f € Cp  and s is the
h spline that interpolates f on X then

£(z) = s(2)] < X1 £la

holds for all z in a cube E provided that (i) E has side b and b > b, (ii)
0 < § < &, and (iii) every subcube of E of side § contains a point of X .

Observe that every cube of side § contains a ball of radius §/2. Thus the
subcube condition is satisfied when § = 2d(E, X). More generally, we can
easily conclude the fotiowiig:

Corollary 1 Suppose h salisfies the hypolheses of the Theorem, Q0 is a set
which can be expressed as the union of rotalions and translations of a fired
cube, and X is a subset of R*. Then there are positive constants dy and A,
0 < A < 0, which depend on by and h for which the following is true: If
d < dy, f € Chym and s is the h spline that interpolates f on X then

1£(2) = s(2)l < A1 f
holds for all z in Q@ where d = d(Q, X).

Note that any ball in R™ satisfies the hypothesis on € in the above corol-
lary. Indeed, any set Q2 with sufficiently smooth boundary satisfies this hy-
pothesis.

2 Details for Theorem 1, examples, and generalizations

As alluded to in the introduction, Lemma 1 is an important ingredient in
the proof of this theorem. The following lemma, which is a transparent
consequence of Lemma 1 and routine argnments involving linear functionals,
is in convenient form for applying this ingredient.




Lemma 2 Let Q, Y, and v, be as in Lemma 1. Then, given a point ¢ in
Q, there 1s a measure o supported on Y such that

[ pw)de(y) = p(a)

for all p in Py, and
[ dial(y) < ettt

2.1 Proof of Theorem 1

First, let p, ¥», and by be the constants appearing in inequality (9), Lemma
1, and Theorem 1 respectively. Let

B = 2p\/ne?™ ™ and C = max{B, %} .
0

Let
1

3Cy,(m+1)’

where m is the order of conditional positive definiteness of h. We will show
that §p as defined above can be used for the constant in the statement of
Theorem 1.

For now, let z be any point of the cube E and recall that Theorem 4.2 of
[6] implies that

60=

(1) 17(2) = s(2)l < eullfln [ 1y = zl*do(y)
whenever k£ > m where ¢ is any compactly supported measure such that
(12) [ #)do(y) = p()

for all polynomials p in P,_,. Here

whenever k > m and by virtue of (9)

(13) Ck S (Qp)k .

To obtain the desired bound on |f(z) — s(z)| it suffices to find a suitable

bound for
I=cy [ly=sldo(y).

This is done by choosing the measure o appropriately. We proceed as follows:
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Let 6 be a parameter as in the statement of the Theorem. Since § < §,
we may chose an integer k so that

(14) 1<3CHk6<2.

Note that such a kis > m + 1 and v,k8 < by. Let Q be any cube which
contains z, has side y,k8, and is contained in E. Subdivide @ into (y,k)"
congruent subcubes of side 6. Since each of these subcubes must contain a
point of X, select a point of X" from each such subcube and call the resulting
discrete set Y. By virtue of Lemma 1 we may conclude that there is a
measure ¢ supported on Y which satisfies (12) and enjoys the estimate

(15) [ diol(y) < s

We use this measure in {(11) to obtain an estimate on 1.
Using (13), (15), and the fact that support of & is contained in @ whose
diameter is \/ny,k§ we may write

(16) I < (2p)"(Vrnk6)*e™* < (Cyakb) .
Since
(C k6)<gandk> 1
W)= 3 = 3Cv6
inequality (16) implies that

I< ((2/3)1/(307"))1/6 '

Hence we may conclude that

£(z) = s(z)] < A1 £la

where
A= (2/3)1/(30—1..) )

2.2 Examples

A well known class of examples of conditionally positive definite h’s is given

N lta/2)
a
h(l') - (1 + Izlg)a/z
where a is a fixed real number # 0,-2,—4,... and l is the classical gamma

function. The corresponding measure u is given by

dﬂ(&) = cdlEI(a—")/2K(n—a)/2 (Ifl)




where ¢, is a positive constant and K, is a modified Bessel function of the
second kind; see [6] for more details and the cases ¢ = 0,~2,—4,.... Because
of the exponential decay of K,(t) as t — oo the moments of of u grow like
p*k! and hence p satisfies (9) whenever £ is sufficiently large.

The important example of the Gaussian

h(z) = el
has corresponding measure
du(€) = (2m)"/e™ 1"/ dg

of course. The moments of p grow like p*v/k! . Although Theorem 1 provides
a bound on the error, in this case one expects better estimates because of
the significantly slower than hypothesized growth of these moments.

More generally, consider the case when the measure u is given by

du(€) = e ¥I%dg

where a is a positive constant. Here, of course,
h(z) = /e“"f)e'mad&' .

The moments of u grow like p¥k™ where r = 1/a. The case a = 2 is
essentially the Gausssian which together with the rest of the cases a > 1is
covered by Theorem 1. On the other hand if 0 < a < 1 the bdund on the
rate of growth of the moments hypothesized in the statement of Theorem 1
fails to hold.

The theorems in Subsection 2.3 provide answers to the questions raised
above.

2.3 Generalizations

As mentioned in the introduction, different bounds on the rate of growth of
the moments of the measure u result in different estimates on the difference
between f and its h spline interpolant s off the interpolated set. Here we
consider the case

() [ letdu(e) < ok

for k > 2m, where r is a real constants and p is a positive constant.

Note that in view of Stirling’s formula there are positive constants p, and
p2 so that
(18) oEEE < K< phRY
Thus the case r = 1 was treated in Theorem 1. Also observe that Theorem
1 provides an estimate in the case r < 1. However it is possible to get a
more sensitive estimate in this case without much more work; this is shown
in Theorem 3 and its proof. We first consider the case r > 1.




Theorem 2 Suppose h is conditionally posilive definile of order m and the
corresponding measure p satisfies (17) with r > 1 for all k greater than
2m. Then, given a positive number by, there are positive constants 6y and A,
0 < A <1, which depend on h, r, and by and for which the following is true:
If f € Chyn and s s the h spline that inlerpolates f on X then

1f(z) — s(2)| < X7 £l

holds for all z in a cube E provided that (i) E has side b and b > by, (i1)
0 < § < by, and (iit) every subcube of E of side § conlains a point of X .

Proof  In view of (17) and (18) there is a constant p, such that

[ l€Fau(€) < pik0x.

Let v, and by be the constants appearing in the statements of Lemma 1 and
Theorem 2 respectively. Let

B = 2pyv/ne?™ ™ and C = max{B, 316.} .
n

and let
1

T 3Cya(m+ 1)
where m is the order of conditional positive definiteness of h. Let & be a

parameter as in the statement of the theorem. Since § < & so that 3(Cv,6)'/
is less than 1 and we may choose an integer k so that

1<3(Cr )"k < 2.

bo

Note that such a kis > m+ 1 and v,k6 < b,.
Proceeding as in the proof of Theorem 1 we get

(19) |7 (z) = s(z) < I1Iflla

where

I < pok~D*(Vnya k) e < ((Cva6) kY™ .

Since ) 1
Urk < 2 and k> oot
(Cy.8) "k < 3 and k > 3G BT

we may conclude that

I < ((2/3)1/(3((;1")1/,.))5-1/,
In view of (19) the theorem now follows with

X = (2/3)HECm)




Theorem 3 Suppose h is conditionally positive definite of order m and the
corresponding measure p satisfles (17) with r < 1 for all k greater than 2m.
Then, given a positive number by, there are positive constants by, c, and C,
which depend on h, r, and by and for which the following is true: If f € C),
and s is the h spline that interpolates f on X then

1f(z) = s(z)] < (O£ |ln

holds for all z in a cube E provided that (i) E has side b and b > by, (i)
0 < 6 < by, and (11i) every subcube of E' of side § contains a point of X.

Proof Let

5 . 1 bo
= min
’ (Bbp)! /1 =m)y,” 2yn(m + 1)
where v, is the constant defined in Lemma 1, and
B = pov/ne™™

with po as in the proof of Theorem 2 Then if § < §; there is an integer k so
that
bo

Arguing as in the proof of Theorem 2 we we can conclude that
(20) |f(z) = s(z)| < LIl Flln

where I < (Bv,6k")* Since k < by/(7.6) we may write

bo ry\ k
I < | Bywé|—
Tnd
and since By,7"b56'"" < 1 and k > bo/(27,0) it follows that
I S (3731_'1)651—')’,0/(27"6) )

The last inequality together with {20) imply the desired result with

(1 - T)bo

C = (Bb)( =)~ and ¢ = 2
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3 Details for Lemma 1

We begin by noting that it suffices to prove the Lemma in the case @ = [0, 1].
To see this, let @ be any cube in R™ and let ¢ be an affine transformation
mapping [0, 1] onto Q. Then polynomials p on Q are related to polynomials
f on [0, 1]* via the correspondence

f(z) = p(¢(2))

and the corresponding subdivisions and discrete subsets Y are related analo-
gously. It is clear that an estimate like that given by Lemma 1 on the size of
f on [0, 1]" implies the corresponding estimate on the size of p on Q. Hence
in what follows we will always take the cube @ to be [0, 1]".

Our proof of Lemma 1 involves induction on the dimension n. While
Lemma 1 and its proof are elementary and well known in the case n = 1, in
the first subsection we formulate it in a manner convenient for the necessary
induction argument. Since the general case involves certain unpleasant com-
binatoric and geometric complications, for the sake of clarity we spell out
the argument in the case n = 2 in the second subsection. The general case
is considered in the third subsection.

3.1 The case n—=1

Proposition 1 Let T = {{o,...,{x} be a subset of the unit interval [0, 1] and
assume t;_y + 1/g <1;, fori=1,...,k.Then for all p € P,,

2q"
sup [p(t)] < 22 sup (1),
t€lo,1] - teT

Proof  Recall p= T%  p(t;)L; where
Lit)= ]I t-: l.
J=0g#:¢ ! J

The assumption 1/g < ¢; —t,_, implies |t; —1;| < q/]i = 7]. Also, [t —¢;] < 1
for all t € [0,1]. Hence, for such ¢, |L;(t)] < q“,’[z’!(k —1)!] and

k
> ILOI< Y :1(k - (213!)

=0 =1

which gives the desired inequality. |

Since ( )k
29 2
poSer

this is a simple variant of Lemma 1 in the case n = 1.
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3.2 The case n=2

Proposition 2 Suppose the square @ = [0,1)° is divided into ¢ identical
subsquares and X is a set that intersects each subsquare. If ¢ > 12(k + 1),
then for all p € P,

(21) sup |p(z)] < e***V
z€Q

sup |p(z)].
z€X
Proof  Let Q;, ¢ € I denote the ¢® subsquaresof Q. 1f ¢ > 12(k+1) = ¢'
then @ contains squares Q' that consist of ex=ctly (¢’)? subsquares Q;. Since
(21) holds for @ if it holds for all such @', we assume that ¢ = 12(k + 1).

Instead of (21) we will show that if h € P, and |h(z)] < 1 forall z € X
then
(22) sup |h| < ef®k+D),

Q

That this implies (21) can be seen by considering h = p/(e+supy |p|), € > 0.
Let m; = mingsg, |h| where 8Q; denotes the boundary of Q;. Let Ny be
the number of points in Jo = {¢ € I : m; < 1}. We assert that

(23) No > (12(k + 1))* = (2k - 1)

To see this, take b = (b, b,), let g(z) = [h(z)[? + (b6,z; + b2z5), and note
that for every t € '\ I,

i <1< ;2=min .
e < (m:) 5Q; J°

Thus we can choose € > 0 so that if |5| < € then for every i € I'\ I,
min g, < min gs.
o, 9s 50 9o

When this occurs, g, has a critical point in the interior of Q;. Such a b can
be chosen so that all the critical points of g, are nondegenerate, for example
see Lemma 6.2 on page 40 of [7]. Now g, € Py, so by virtue of Proposition 4
in Subsection 3.4 it can have at most (2k ~ 1) nondegenerate critical points.
Thus I'\ I, has at most (2k — 1)? points and (23) follows.

For each 1 € I; select a point y; € 8Q; so that |h(y;)| < 1 and so that y;
is not one of the four corners of Q;. Partition Iy into four subsets Iy, ..., I
according to whether y; lies on the top, bottom, left or right edge of Q;. Let
N, be the number of points in /; and assume without loss of generality that
N1 2 1’V0/4.

For each j = 1,...,¢ let I(j) be the set of i’s for which Q; lies in the
horizontal strip

{(t,9):0<1<1,(-1)<gs <5}
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Let N(j) be the number of points in [; N /(j) and let N b~ the number of
pointsin J = {j: N(j) > 2(k + 1)}
Note that Ny = 7 N(j) < Ng+(g9—N)(2k+1). Using ¢ = 12(k + 1),
this gives
Ny < N(10k+ 11)+ 12(k + 1)(2k + 1)

If N <k then Ny < 4N; < 4[(10k? +11k) +12(k+ 1)(2k + 1)] which is easily
seen to violate (23). We conclude that N > k + 1.
Let p;(t) = h(t,j/q). In N(j) of the intervals

r—1

r
<t~ r= L...,q

q q

there is a point ¢ with |p;(t)] < 1. If j € J there are at least 2(k 4+ 1) such

intervals. Thus we can apply Proposition 1 to p; and see that

4 ()] < 29 = e24(k+1)
(24) max lpi()] < e =e
for every j € J. Using this and the fact that J has N > k + 1 points we can
apply Proposition 1 again, this time to p(s) = h(a, s), a € [0,1] to arrive at
(22). m

3.3 The general case ‘

Proposition 3 Define v, forn=1,2,... by 1 = 2,% = 2n(1 + Yo-1),n >
1. Let X be a subset of R™, let r € (0,1] and let k and g be positive integers
with ¢ > v.(k + 1)/r. Subdivide the unit n-cube [0,1]" into ¢" identical
subcubes and let N be the number of such subcubes that intersect X. If
N > rq" then for all f € P,

(25 awp 1101 < (E) supl o)

Proof  We first deal with the case n = 1. In that case the subcubes are the
intervals I; = [(i — 1)/q,1/q),i = 1,...,q9. Let i(1) < #(2) < ... < ¢(N) give
the intervals that intersect X. For each j = 1,..., N choose z(j) € ;;; N X.
By assumption, N > rq > 2(k + 1). The points

to = $(l),t1 = 1(3),... ,tk = .’L'(l + Qk)

satisfy t; — t;_; > 1/¢ so (25) follows from Proposition 1.

To complete the proof we use induction on n. The integers k and ¢ will be
held fixed during the induction. Let n’ = n—1 and define r' by v,/ /7' = 7, /r.
Then ¢ > v,.(k + 1)/r'. Subdivide the unit n’-cube [0, 1] into ¢™ identical
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subcubes and let N' be the number of such subcubes that intersect X' ¢ R"'.
If N' > r'¢g™ then, by induction, for all g € P,

(26) sup |g] < ((2,3!) ) sup |9

(0,1

Instead of (25) we will show that il h € P, and |h(z)] < 1forallz € X
then

(27) sup < (E°)

(o1

That this implies (25) can be seen by considering A = p/(e+supy |pl|), € > 0.
Let Q denote the family of ¢® subcubes of [0,1]". For each Q@ € Q let
mg = mingg |h| where Q) denotes the boundary of @. Let

={Q€Q:mu< 1}, 0y ={Q € Q:QNX #0}.

Note that N is the number of elements in Q and let N, be the number of
elements in Q,.We assert that

(28) Ny > N — (2k)".
To see this, for b € R consider the the function g, defined by
go(z) = |h(z))? + (brzy + ... + bpz,).

IfQ € Qx \ Qx then

mi < 1 < min gop.
tingo < 1< mingo
Thus we can choose ¢ > 0 so that forall Q € Qx \ Q4 and all }b] < ¢

min g, < min g,.
5 g 50 [/}

When this holds, it is evident that g, has a critical point in the interior of
Q. Thus g, has at least N — N, critical points. Such a b can be chosen so
that the critical points of g, are nondegenerate, see Lemma 6.2 on page 40 of
[7]. Since g, € Pax, by virtue of Proposition 4 in Subsection 3.4 it can have
at most (2k — 1)* nondegenerate critical points. Thus N — N, < (2k — 1)"
which gives (28).

For each @ € Q, a point y(Q) € 0Q can be sclected so that |h(y(Q))| < 1.
By moving y(Q) slightly, if necessary, it may also be assumed that y(Q) lies
on exactly one of the hyperplanes

Mp;,={yeR :y.=j/g},m=1,...,n,7=0,...,q.
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Let Nu(m,j) be the number of @’s for which y(Q) € M, ;. Let Ny, =
Y 3-0 Nu(m, j), and note that Ny = 7 _ | Ny ... Without loss of generality
we assume N, , > N, /n.

Let Y = {y(Q) : @ € Qx},Y; =Y N A, ;. In each hyperplane A, ; there
are ¢"~! (n — 1)-cubes that correspond to the subdivision of [0, 1}* into ¢"
n-cubes. Let N(Y;) be the number of (n — 1)-cubes in A, ; that intersect Y;.
Then N(Y;) > N,,(n 7)/2 because for each (n — 1)-cube Q’ in Af, ; there are

at most two n-cubes @ € Q which contain Q'. Thus we have
(29) ZN ) > Niq > Np/n.

If N(Y;) > r'q"~! then from (26) we get
k\ n—1 k\ n-1
(30) e it < (ZE5) " swpinl < (220)

for all 2’ € [0,1]*7*. Let J = {j: (J) > r'g""'}. We will show below
that J has at least k£ + 1 elements. This allows us to apply Proposition 1 to
p(t) = h(z',1). The result is

(29)* .
! 1
e, 01 < B2 max A, /)
for every t € [0,1]. Because of (30), this gives (27).
Let s be the number of elements in J. It remains to show s > k + 1. For
all j, N(Y;) < ¢" ' and for j & J, N(Y;) < r'g"~. Thus

SN € g7 4 (14 g - s)rig,

7=0

Combining this with (30),(28) and the hypothesis N > rq" gives

Q8

1
5 (ra" — (2k)") < Z )< s+ (14 g -9’

or, after division by ¢!,

(31) g (2k)"q

2n q"2n
By definition of v/, r == 7'~ /v.—1 with v, = 2n(1 + v,—;). Hence r/2n =
r'(1 + Ya=1)/vn ot r/2n — ' = v’ /y,_;. Thus (31) can be rewritten as
r'e _ ((2k)"q ,) ,
- +7r ) <s(l-r).
Tn-1 ( ann - ( )
By assumption we have ¢ > v, (k+1)/r = v, (k+1) /7. Taking M = v,_,/r'
in the following lemma, we find (1—r")(k+1) < s(1—r') which gives s > k+1.
[

—(l+q)r <s(1-7)

15




Lemma 3 /fn>2,k>1,r"€(0,1], Mr'>2 and ¢ > M(k + 1) then

) q (2k)"q '
(32) (1——r)(k+l)§-j—1-[-—an——r.

Proof Fromk <k+1<g/M wehave k/g <1/M <1/2and

n 2
2k M(k+1)<(£) M(k+l)<k+l<%<kr’.
q 2n —\M 2n - M M~

Multiplying this by —1 and then adding 1 + & gives

1 2k\" 1
k__ ’< —_— — N .
1+ kr_(M (q) 2n)M(Ic+1)

1 2k\" 1
— k< ——f{=] =
1+ & kr"([\[ (q) 2n>q

which is the same as (32). n

Hence

3.4 Critical points of polynomials

Proposition 4 If p is a real valued polynomial on R™ of degree d then p can
have at most (d — 1)* nondegenerate critical points.

Proof A simple argument for the case n = 2 goes as follows: Let ¢ be
the greatest common factor of dp/0z, and O0p/dz,, and write dp/dz; = ¢p;,
t = 1,2, If ¢ vanishes at z¢ then

2 9 2
8:56;61)1:,- (z0) = pj(zo)a—i(:co), so det (62:6;6,)a:j (zo)) = 0.
Hence z( is a degenerate critical point. At any nondegenerate critical point zg
we therefore have p;(z¢) = 0 = pa(z). Since p; and p, have no common fac-
tor, the two variable version of Bezout’s theorem, for example see [10], implies
that the number of such points z, does not exceed N = (deg p,)(deg p2) <
(d —1)2. The lack of such a convenient form of Bezout’s theorem when n > 2
is what makes the general case more difficult.

To obtain a proof in the general case we begin by observing that it is a
corollary of its complex analogue. Indeed, there is a unique P € P;(C") such
that p(z) = P(z + ¢0) for all z € R". Here and in what follows : = v/—1.
From

Op
c')z,,
and the corresponding formula for second order partial derivatives, it is clear
that if z¢ is a nondegenerate critical point of p then 2z, = z¢+¢0 is a nondegen-
erate critical point of P. Thus the general case follows from next proposition.

(2) = 5ot + 10
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Proposition 5 Ifp € P4(C") then p can have at most (d—1)"* nondegencrate
critical points.

Proof For j = 1,...,n let p; = 9p/0z;. All critical points of p are
degenerate if p; = 0, so we assume p; # 0 for all j. Let m = dimP,(C"); we
identify points c € C™

(33) ¢ = (Ca)jalcd = (@a + tha)jajca = @ + tb

with points (a,b) € R?*™. For zo € C,z € C" and c € C™ let

f(z0,2,¢) = Z cazazg_l°l.

laj<d

Let ¢, be the point in C™ such that p(z) = f(1,2,c,) for all z € C". Note
that p;(z) = f;(1, z,c,) where f; =8f/0z;,j=1,...,n.

Let z(1),...,z(N) be nondegenerate critical points of p. Put £7) =
(1,z(r)), r = 1,..., N and observe that z = A&("), X € C is a solution of
system f;(z,c,) = 0, j = 1,...,n. By Bezout’s Theorem, [9], if n homoge-
neous equations f;(z) = 0, in n + 1 variables z = (2o, z) have only a finite
number of solution rays z = M®), r = 1,...,q, &) € C™*' \ {0}, then
g < (d — 1) where d — 1 is the degree of f;, j = 1,...,n. The desired con-
clusion, N < (d — 1)*, would follow if we knew that the system f;(z,¢,) =0,
j = 1,...,n had only a finite number of solution rays. The latier may not
be true, but it suffices to show that we can perturb ¢, to obtain a point
¢ € C™ for which the number, g, of solution rays of the system f;(z,c) =0,
j =1,...,nis finite and satisfies g. > N.

First we show that g, > N is automaticif c is close enough to ¢,. Consider
the map T from C" x C™ to C™ given by

T(Z,C) = (fl(l,Z,C),. o ;fn(lazvc))'

The points z(i) are nondegenerate, so the n x n matrix 0T/0z is nonsingular
at (2(1),c,), ¢ = 1,...,N. By the Implicit Function Theorem there are
analytic functions ¢; on a neighborhood B C C™ of ¢, such that

T(¢(c),c) =0, G(cp) = 2(3), i=1,...,N.

By making B smaller, if necessary, it may be assumed that {;(c) # ¢;(c) for
all c € B and all ¢ # j. It is then evident that ¢. > N for all c € B.

To complete the proof we will establish that for almost every point (a, b) €
R?™, the system f;(z,a+b) =0, j = 1,...,n has only a finite number of

solution rays. For k = 0,..., n define maps J* from R to {z € C"*! : 2, = 0
by ‘
Jk(zl’ te 2"’) = (Il F+UTny -y Tk + LT0 4k, 1, Trt T LTntk+1y -y Tn + ‘I2n)-
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Let V' (k,a,b) = N}_,{z € R*™ : f;(J*(z),a +ib) = 0}. The maps J* provide
coordinate systems for complex projective n space. By compactness of that
space, it suffices to prove that V'(k,a, b) consists of isolated points for every
k=0,...,n and almost all (a,b) € R*.

The proof of this uses a theorem from [7]. To prepare, define f;a(z),
la] < d by

@2 8f;
fj,a(ZOaz) = (ZO)d ! L@TJ = a_c:(anz)C)

and identify f;, with an n x m matrix.
We assert that f;,(J*(z)) has rank n for every k = 0,...,n and every
z € R™. Yor k # 0 we take

a=oa(i,k)=e(@)+(d-1e(k), 1=1,...,n

where {e(1),...,e(n)} is the standard basis for R® and consider the n x n
matrix Fji(z,k) = fjaix(/*(z)). Then Fyi(z, k) = d, Fj,j(z,k) = 1 for
J# kand Fj,i(z, k) =0 for j # 1,1 # k. 1t follows that det(F;;(z, k)) = d,
k # 0; the off diagonal entries of the k** column of F are not needed for this.
For k = 0, the n x n matrix F;;(z,0) = f;.)(J%<)) is seen to be §; ; and
our assertion is verified.

To obtain notation more like [7] we fix k € {0,...,n} and define real
valued functions Uy, ..., Us,, by

Uj(z,a,b) + Ujpalz, a,b) = f;(J*(z), a + ib).

Using the analysis of Fj;(z, k) above, we see that the 2n x 2(n + m) matrix
of partial derivatives of U,,...,U,, has rank 2n. By Theorem 7.1 on page
50 of [7] we conclude that for almost all (a,b) € R?*, the 2n x 2n matrix

ab' . . , , » .
5;(2, a, b) is nonsingular at every point in

V(k,a,b) = ﬁ{z € R*™ : U(z,a,b) = 0} .

i=1

Thus for such (a, b) the points in V(k, a, b) are isolated. |

4 Miscellaneous remarks

Note that it follows from Lemma 1 that Y is a determining set for P,. We
also note that in the cases where Y is regularly distributed in @, for example
if ii cousists of the centers of each of the subcubes, then the lemma can be
derived by more traditional methods. Indeed. in the example mentioned
above, it is an easy consequence of the results in [1].

The analogues of Corollary 1 for Theorems 2 and 3 are clear. It is also
clear that the analogues of Lemma 1 and the Theorems hold when the cubes
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are replaced by more general parallelepipeds; simply apply an appropriate
affine transformation. Thus analogues of Corollary 1 hold when 2 satisfies an
interior cone condition. Since our results seem to apply to most reasonable
situations we refrain from exploring further generalizations.

If the measure g satisfies (17) with # < 0 then it must have compaci
support. Also recall that in this case the constant C can be taken to be
independent of 8. Since the exponent ¢ is (1 — r)by/(27,), if § is such that
Cé < 1, letting by — oo it is clear that |[f(z) ~ s(z)] — 0. In other words,
for sufficiently small é if the intersec..on of X with any cube of side § is not
empty then s(z) = f(z) on R®. Thi; means, of course, that the values of
f on X uniquely determine f. Tne implications of this to sampling theory,
such as that found in [2] or [4] for example, will be explored elsewhere.
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Error estimates for interpolation by generalized splines

W. R. Madych*
Department of Mathematics, U-9
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Abstract

Interpolation with linear combinations of translates of a conditionally
positive definite function hk are considered. Such interpolants are solutions
to a constrained variational problem involving the data and a quadratic
form determined by h. In the case where the data is the restriction of an
appropriate function f to a subset X in R", pointwise estimates, which
are valid in a neighborhood of X, are given on the difference between f
and its interpolant.

1 Introduction

Suppose h is a continuous function on R® which is conditionally positive definite
of order m. The reader not familiar with this notion should restrict his attention
to the case m = 0 and simply take A to be the Fourier transform of a nositive
integrable function, e.g. A(z) = =1’ or a(z) = (1 + |zf?)=*+1V/2; the case
m = 1 includes the examples h(z) = |z} and the celebrated multiquadric h(z) =
v/1+|z|%. Such functions h need not be radial. Detailed definitions can be
found in Section 2. More examples and citations can be found in Section 4.

Given data (z,, f,), j = 1,..., N, where the f;'s are scalars and the z;’s are
distinct points in R®, consider interpolants of the form

N
(1) s(z) = p(z) + ) c;h(z ~ z,)

where p is a polynomial in P,,_;, the space of polynomials of degree < m -1,
and ¢,’s are scalars such that

N
(2) plzr) + Y o h(z-z)=fi, k=1,...,N
=1
N
3) Zc,zj:Oforall a, lafj<m-1.
j=1

We call such interpolants h-splines. We also remind the reader that standard
multi-index notation is used in (3). For convenient reference in what follows we
denote the set of points {:l:.,};v=1 by the X', namely, X = {x,}f;,. Note that in

*Partially supported by a grant from the Alr Force Office of Scientific Research, AFOSR.
89-0524




the case of m = 0 the polynomial p does not appear in (1); in other words, in
this case p = 0 and (3) is vacuous.

Assuming that the solution of (2)-(3) exists (it always does in the examples
cited above) and the values {fj}f’:l are the restrictions of an appropriate func-
tion f to the set X', we are interested in estimates of the error |f(z) — s(z)| for
T in some open neighborhood  of .Y. Of particular interest is the asymptotic
behavior of the estimate as the neighborhood € stays fixed and coverage by .X
increases.

It should be clear that to obtain bounds on the error certain restrictions on
[ are necessary. The restriction -onsidered below seems to be a natural one,
namely, f is taken to be such that the corresponding h-spline s ts the “minimum
norm” interpolant of f on .’ in a sense which is made more precise in Section 2.
Indeed, in the estimates given below, it is not required that the set X' be finite
or discrete, only that s be the appropriate minimum norm interpolant of f on

X.
2 Variational formulation

In what follows all integrals are taken over all of R*, D is the class of infinitely
differentiable functions with compact support,

Dm = {4 6'D:/z°’¢(z)d::=0foralla, la| < m},
and the Fourier transform f of an integrable function f is defined by

i) = [ 1@,

All Fourier transforms are to be interpreted in the distributional sense.
A continuous function h on R™ is said to be conditionally positive definile of
order m i and only if

(4) / / h(z — y)é(z)é(y)dzdy > 0

for all ¢ in Dy,. The class CCPD,, is the class of all continuous positive definite
functions on R".

If his in CCPD,, then his a tempered distribution whose Fourier transform
h is the sum of a positive Radon measure du on R™ \ {0} and a distribution
supported at the origin. The measure is such that [(}¢|/(1 + |£]))*™du <
and the distribution supported at the origin is of the form P(D)§ where § is
the Dirac measure at the origin and P(D) = }__ a,D" is a partial differential
operator of order < 2m whose principle part, terms homogeneous of degree 2m,

satisfies
S Y tosn20

laj=m |8]=m

for every choice of complex numbers {cq }{aj=m- In other words if ¢ is in Dy,
then

6 [ [ - e dy = [16OF s+ 16017

where

OO = T T tass Doa!(o) Dﬂ;!(o)_

lal=m |§|=m




I his in CCPD,, then the class (), is defined as follows: f is in C; if and
only if f is a tempered distribution and there is a constant C such that

() 5, 8)l < € / / bz — 1)6(2)3(5)dzdy} /2

for all ¢ in D,,. The semi-norm [|f||s is the infimum of all C’s which do the job
in (6).
In view of (3) it is clear that (6) is equivalent to

(7,60 < N1/l / 16(©)Pdu + 14 (O)|3 12,

from which it is not difficult to conclude the following:

¢ The null space of the semi-norm || - || is Pm—1, the class of polynomials
of degree < m — 1

o If fisin Cy then f = f) + f» where
(7) fi = gdu with g in L*(R*,dp)

and f; is a polynomial of degree < m. Of course (7) means that [ |g(£)[>du
is finite and for any test function ¢ we have (fl, ¢) = [ #(€)g(€)du.

o If dp is absolutely continuous with respect to Lebesgue measure, namely
du = w(€)d¢, and P(D) has no terms of order 2m then

(8) E= Y = / e f (5)'2|5[2m1w(£)d5

laj=m

and Cy can be characterized as the class of those distributions f for which
(8) is finite. Formula (8) follows from the fact that in this case fi1(£) =
9(€)w(€) and f; is a polynomial of degree < m—1 so that £° f(¢) = €° f,(¢)
if la| > m and

J1a©rdn = [1a@ruterueyde =
= ¥ I [iesen(er (e we) ™ de.

{aj=m

o If fis in C, then f is continuous on R®.

e If v is a finite measure with compact support which annihilates polyno-
mials of degree < m — 1 then v * A is in C,. Recall that

vxh(z)= /h(x - y)dv(y)
and v is said to annihilate P, _; if and only if [ p(z)dv(z) = 0 for all p in
Pm-1.

Suppose h is in CCPD,,, f is in C;, and X is a closed subset of R® which
is unisolvent for P, _;. (Recall that .\ is said to be unisolvent for Py, _; if and
only if the only polynomial in Pp_; which vanishes on X is the constant 0.)




Then the minimal h norm interpolant of f on X is the unique element s in Ch
which satisfies

(9) 3(z) = f(z) for all z in X

and

(1) flslls = min{llglln : g € C4 and g() = f(z) for al & in X} .
As a consequence

(11) /11 =1 = slii + stz

whenever s is a minimal A norm interpolant of f.

As mentioned in the introduction the main results considered here concern
estimales of the error |f(x) — s(z)| for z in a neighborhood 2 of .X'. Such results
are essentially of a local nature and depend upon, amorg other things, how well
points in { are approximated by points in X.

Suppose

(12) the inequality (4) is strict for all non-zero ¢ in D

and X = {zj,...,zn} is a finite subset of R* which is a uni-solvent for Py, _,.
In this case, given any collection of complex numbers {f;,..., f,} there is an f
in Cy such that f(z;) = f,;, j = 1...,N, and the minimal A norm interpolant
of f on .X' is the h-spline defined by (1)-(3). Note that (12) is implied by a mild
condition on the support of h and that all the examples mentioned above enjoy

(12).

3 Error estimates

On what follows we always assume that s
e hisin CCPD,,
o fisin(C,
o X is a closed subset of R®
e s is the minimal A norm interpolant of f on X.

Our first estimate includes the quantity Ei(h,¢) which is defined by
Ei(h,¢) = inf {sup |h(z) - p(z)|}
PETL jzl<e

Theorem 1 Suppose Q is a cube of side b, b > by > 0, and k > m — 1. Then
there is a positive constant 8, = 8(bo, k) such that if every subcube of Q of side
6 where 6 satisfies 0 < § < &, contains a point of X then

(13) 1/ () = s(z)| < Crlif|la{Ex(h, C26)}/?

for allz in Q where Cy and C; are positive constants which are independent of
f and 6.

The proof of Theorem 1 can be found in [6]. The next result requires further
hypothesis on h. More specifically, if 1 is the Radon measure associated with A
as in (5) then we will assume that for sufficiently large k

(14) / lE[*du(€) < Ptk

where r > 0 and p > 0 are fixed constants.




Theorem 2 Suppose the Radon measure p associated with h satisfies (14) for
some fired constantsr > 0 and p > 0 and all integers k > k. Also suppose
is a cube of side b, b > by > 0. Then there are positive constants &, = 6,(by, k)
and A = A(bg, h), 0 < A < 1, such that if every subcube of 1 of stde 6§ where §
salisfies 0 < § < 6y, conlains a poinl of X then

(15) 1£(z) ~ s(x)] < 2 HiF I

for all z in O where @ = min{1,1/r}. Furthermore, if 0 < 1 < 1, there are
positive constants ¢ = c(by, h,7) and C = C(by, h,r) such that

(16) £ () = s()] < (CE)*|\11In
for all z 1n Q) whenever § ts sufficiently small.

The proof of this theorem in the general n variate case is technically rather

complicated. For simplicity and clarity we outline here the complete argument
in the univariate case which contains all the essential ingredients.
Proof To see {15) without loss of generality we may and do assume that
r > 1. Let £ be any point in the interval 2, set ¢ = f — A, let §, be a positive
constant which will be specified later, and suppose § is a positive number < §;.
Suppose k is any positive integer such that 2ké < b and let 2, be any subinterval
of 2 which contains r and has length (2k — 1)5. Subdivide 2, into 2k — 1
subintervals of length &§; namely,

2k-1
Q= U= {a(,G.H.I]

where a;;; —ay =6 forl=1,...,2k—1. Let £, be any point in the intersection
of X' and the subinterval [ag,_1,a2;], j = 1,... k.
If p is the polynomial of degree k — 1 which interpolates ¢ on {z;,...,z;}

then Kowalewski's exact remainder formula for polynomial interpolation reads
1) #@)-ple) = 1). Zz @ | (2= 9o 0

where the £,'s are the Lagrange interpolating polynomials and ¢(*) denotes the
derivative of @ of order k; see |1, page 72] for details. Since p = 0, we may
estimate ¢(z) by manipulating the right hand side of (17) to obtain

k
(18) ,}Z (2 )lzy = 216 on

where || - |l denotes the L> norm.

To estimate ||¢*)]|, observe that if k£ > m + 1 the polynomial part of ¢ is
annihilated by the derivative of order k. In view of (7) for sufficiently large k
we may write

s®(1) = 51“ /_m e (i) ¥ (€)du(€)

where ¢ is in L?2(R*,du). Applying Schwartz’s inequality to the last formula
results in
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Now

{/w 62"a!u(5)}1/2 < (20)*k™* and {/m Iz&-({){?du(g)}m = 6]l ,

-0 —o0

and, by virtue of (11, l6]la < [I/lls - Thus (19) simplifies to

1
(20) 1610 < 5=(20) K S1ln -

To estimate the remaining terms in (18) recall that

L) =[] ===, le-=z,l< 26, and |z;-z,]> i —il6.

I, — I,
)

By virtue of these inequalities we may write

k
(21) Z 14, (z)llz; — z|* < e*(2k6)F .
)=l

Finally, substitute {20) and (21) into (19) to get

1

6(2)] € 7

't (2k8)t (20) K|l -

This expression can be simplified by using Stirling’s approximation for k! and
writing
(22) lo(z)] < o 84k ||f |1
where ¢ is a constant multiple of p and, what is important, independent of all
other parameters under consideration.

Now comes the tricky part. Let

2\ 2 1
w.-max{o.(:—‘> z’:j and 60-3'&‘(—?7’1-{'-1_);'

Choose k so that 1 < 3(wé) k < 2. These choices imply that £ > m + 1 and,
since r > 1, 28k < 26k" < b, so that all the calculations leading to (22) are
valid. Furthermore, (0£)'/"k < 2/3 and k > 1/(3(w6)"/") so that (22) implies
(15) with A = (2/3)1/(3‘1 ). This ccmpletes the proof of (13).

To see (16) assume 0 < 7 < 1, let o be the constant in (22), and set

. b, (1 2 ')’/“‘"
Sr=min{ —— | — | — .
Him+1) \v \ b,

Suppose & is a pesitive number < £ and take the integer k so that it satisfies
by /2 < 28k < by. This chaice of k ensures that kK > m + 1 and 28k < by so that
all the calculations leading to (22) are valid. Furthermore, k < b./(2€) so that

orefols))

and since the expression in braces is < 1 and k > b, /(4£) we may write

k

k

, v Bo/(18) Py 1 U=r) ) (B-r)be/(a8)
ot (Y < foe (B L 5 .
26 - 28 27




Finally, in view of (22) and the above inequalities, we may conclude that if
0<r<1and 0<$§ <& then (16) holds with

N\ 1/(1=7) _
C = (ﬂ) and ¢ = L=7)bo
2 4

We draw the reader’s attention to the following points concerning these
theorems:

o The hypotheses imply that .\ is unisolvent for P,

o In view of well known estimate on Ey(k,¢), Theorem 1 implies that er-
ror bound is O(§*+1)/2) as § — 0 for arbitrarily large k whenever h is
sufficiently smooth.

¢ The cube f2 can be replaced by more general regions. For exaraple, by
using affine transformations it should be clear that {2 can be taken to be
a parallelpiped.

o Consider (14) and (16) in Theorem 2. In the case r = 0 the measure 4 has
compact support and so do the mmembers of C;. In this case the constant
C in (16) can ke taken to be independent of b and c can be taken to be
bo/1. Taking by = oo, for example this is the case whenever 1 contains
an open cone, it follows that s(z) = f(z). This means, of course, that the
values of f on .\ uniquely determine f.

e The estimate needed for n-variate polynomials to replace the estimate on
Y. ]4,{z)| in the above argument may be found in [8]. The remaining
ingredients needed for the proof in the general n-variate case can be found
in [7].

4 Miscellaneous examples and remarks

Observe that the examples mentioned in the introduction h(z) = emlsl’, (1+
[z]?)="*1)/2 and -./1 + |z|? are very smooth so that Ej(h,¢) = O(et*!) for
any non-negative integer £ in all these cases. The first example satisfies (14)
with 7 = 1/2 and the other two satisfy (14) with r = 1. For more examples of
this type see [7].

The the function h defined by

e sinz
hz) =] Tl
=1

where 1),..., 1, are the coordinates of z, in other words z = (z;,...,z.), is
conditionally positive definite of order zero and satisfies (14) with » = 0 and
p=\/n

The other example mentioned in the introduction h(z) = -|z| is not so
smooth and fails to satisfy (11). More generally we may consider h(z) = |1},
a > 0, which fail to satisfy (14) but enjoy Ey(h, ¢} = O(c*) as ¢ — 0 whenever
k > a — 1. Thus Theorem 1 implies error bounds which are O(6%/?) as § — 0




for these examples. Such error bounds are not optimal. In the case n =1
and a = 1 or 3 the corresponding interpolants are piecewise linear or piecewise
cubic splines respectively; the optimal pointwise error estimates are known to
be O(£°*1) as 6 — 0 in these instances, see [11]. In the case n =3 and a = 1
Nelson [4] has shown that a pointwise error bound is possible which is O(6?) as
65— 0.

The variational theory of h-splines introduced in [5] may be regarded as
an extension of [2]. The motivation for this extension was a question implic-
itly raised in [3] concerning the invertibility of (a,;) = (\/1 + |zi — z,|) which
this theory settled. An alternate, apparently more appealing, solution to this
question is Micchelli’s generalization [9] of Schoenberg’s thcorem [10] concern-
ing positive definite functions; this extension inspired many related publications
which, because of space Limitations, cannot be cited here, however, see the re-
lated articles by Buhmann, Powell, Schaback, and Ward in these proceedings.
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