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Section 1. Introduction and Summary.

For an ergodic Markov chain in discrete or continuous time, we will
be interested in situations in which there exists an initial distribution
ﬂO’ and a state j, such that Wt(j) = P“Q(X(t)=j)' is increasing in t.
Also of interest are states, j, for which pt(j,j) = Pr(X(t)=j[X(O)=j)
is decreasing in t. We will examine the implications of such monotonicity,

as well as conditions for it to hold.

Let 7 denote the 'stationary distribution and T . the waiting
b
time, starting in steady state, to reach state j, with TTT j =0 if
2
X(0) = j. Similarly define T_ 5 In Section 2 it is shown that if
O’
Wt(j) = P (X(t)=3) is increasing, then:
0
(1.1) T . VY Y+T
nO’J ’"!J
™ (D)
where Pr(¥Y>t) =1 - ~—-—, and Y and T_ . are indepeadent. One
T'(J) Ty
consequence of (1.1) is that T, 3 is stochastically larger than T_ 33
0’ B

another is that if TTr j is approximately exponential and EY 1is small
b4

compared to ETTT i’ then T“O j is also approximately exponential, Approxi-
b ’

mate exponentiality is discussed in Section 7.
A tempting heuristic interpretation of (1.1) is that Y represents

"the waiting time from m, to steady state." That is, if there were a random

0

variable Y with X(Y)~vm7, X(Y) independent of Y, and Pr(X(t)=j, for

some t<Y)=0, then T, j would equal Y (the walting time to steady
0,

state) plus T, 3 (the waiting time from steady state to j), and Y and




TTT j would be independent. This suggests that the distribution of Y
bl

(given above) is that of a strong stationary time, in the sense of Aldous
and Diaconis (1987). This interpretation holds precisely in a large class
of situations described in Section 4. However, in general, ﬂt(j) increasing

does not imply that the distribution of Y is that of a strong stationery

time.

If pt(j,j) is decreasing, in discrete or continuous time, for a
state j, then Tﬂ’. can be represented as a geometric convolution.
Specifically:

N
(¥.2) T, 5" % W,

where {wi,i=1,2,...} are i.i.d., N 1is independent of {wi} with Pr(N=k) =

(-5 (), k=0,1,..., and

P, (3,1)-7(3)

(1.3) Pr(W>t) =~ :

This representation has two uses. Firstly, geometric convolutions with
small p (in this case p=w(j)) are approximately exponential, Error bounds

car be obtained from the first two moments of TTT .. Secondly, the moments
»

of T_ ., are easily related to those of W, which in turn can be expressed in

*

terms of the eigenvalues. Tn the case of time reversible chains in continuous

time this leads to:




—t:/aj T/,
(1.4) sup[Pr(Tﬂ’j> t)-e I :_??733%11
where aj = ETn , and T 1is the relaxation time, defined as le, where
b

0= XO >—Rl 1.—k2 > e 1_—Km are the eigenvalues of the infinitesimal matrix.
This provides a quantification and generalization of Propositon ; of Aldous
(1989), who showed that T/aj was a key parameter in approximate exponentiality
for randem walks on vertex transitive graphs.

We now describe the class of situations for ﬂt(j) monotonicity previously
alluded to. Consider ergodic Markov chains in discrete or continuous time,
taking values in a partially ordered set S, possessing a unique maximum
state M(i<M for all ieS). Further, assume that the time reversed process
is stochastically monotone relative to the partial ordering, and that
ﬂo(k)/w(k) is decreasing in keS relative to the partial ordering. Then
ﬂt(M) is increasing in t, and:

T (k) - ﬂt(M)

= S R N S
(1.5) s(t) = mix(l = ) 1 T

The quantity s(t) is the separation between T and w, as studied
by Aldous and Diaconis (1987), and Diaconis and Fill (1989). It yields an
upper bound for total variation distance, which is the main quantity of
interest in the study of how rapidly a Markov chain approaches ergodicity,
Expression (1.5) tells us that for all t, the separation is achieved at

state M, which we call o separating state., This greatly simplifies the

computation of s(t) and evamples are prescated to illustrate this point.




In the case where S is totally ordered, the above conditions coincide
with those of Theorem 4.6 of Diaconis and Fill (1989), under which a dual
process with convenient properties is constructed, and then employed to study
s(t)., The current approach offers an alternative to duality, and allows for
the flexibility of choice of partial ordering of S. Examples are given to
show that for the same Markov chain, different partial orderings can be used
for different initial conditions, resulting in a wide array of wt(j) monoto-
nicity and convenient computation of s(t).

Another class of processes considered are discrete time ergodic
Markov chains with state space {0,...,M}, satisfying ?(il,jl)ﬁkiz,jz) >
F(il,jz)f(iz,jl) for all i, < 1i,, j; < j,, where P(i,3) = ? P(i,k).

For such a chain, if no(i)/n(i) is decreasing, then ﬂn(M) is increasing

in n, and (1.5) holds.




Section 2., Derivation of (1.1).

Consider, first, a continuous time chain. Let Tn j denote the first
b

passage time to j wunder X0 v, with T j==0 if X(0) =3; similarly
’

define T .. Now:
Tro’J

t
- —3) = (3,3) 35 ()
(2.1) myoT PL(K(D)=1) Jo P2y ar

where FTT 3 is the distribution of TTT .. Take Laplace transforms in (2.1)
b b

to obtain:

(2 2) w(s) = J e-StdF<t) = ._TrJ__
. T, 3 m,3 SW§§)

where wjj is the Laplace transform of pt(j,j).
Assume that Wt(j) =P (X(t)=3) is increasing in t. Since
0
1im1ﬂ§j) =ﬂ(j),ﬂt(j) < m(j) for all t, thus ﬂt(j)/ﬂ(j) is a cdf. Let

Y denote a random variable with this cdf, and let Yy denote the Laplace

transform of Y, wt the Laplace transform of nt(j), and y_ 3 the
0’
Laplace transform of Tn ., Then:
0,
= -st =-5_ 4
(2.3) wY(s) = sJe Pr(Y < t)dt T3 ut(s) .

Analogous to (2.1) we have:

t
oy = (3,3 ,p (x)
(2.4) m . (3) = JO Peix ano,j .




From (2.1), (2.3) and (2.4):

¢ (8) T,
. (s) t _ i s (s), _ (s), (9)
(2-5) Vﬂ, ,j = (S) - ( (S))(TT ‘l«'t ) - Uﬂ,ij .
0 T sy, h|
33 33

Thus T VY 4+ T and (1.1) is proved.
TTO,J T3’ ( ) P
In the discrete time case Y 1is a discrete random variable with cdf

Wn(j)
n(j) °

in place of Laplace transforms.

F(n) = The above argument holds using probability generating functions




Section 3. Conditions for Monotonicity of m_(j).

First we present some elementary facts about stochastically monotone
Markov chains, with finite partially ordered state spaces.

Let S be a finite set with partial ordering denoted by ;_. Define
A to be an upper set if =x€A and y ;VX implies vyeA., Similarly, define
lower sets. Define a discrete time Markov chain with state space S and

probability transition matrix P to be stochastically monotone relative to
*
< if:

P(x,A) = ) P(x,y) < P(y,A)
yeA

*

for all x <y and upper sets A, Define a real-valued function h on §
* *

to be increasing relative to < if x <y implies h(x) < h(y). If h is

increasing then the elements of S can be labeled as d d , 1in such a

l,..., n

way that i<j implies h(di) < h(dj), and that di is not greater than dj
under the partial ordering (Brown and Chaganty (1983) p. 1007). If follows

that Aj = {dj’dj+l""’dn} is an upper set, j=1,...,n. Defining h(d0)=()

(d0 is not in S) we have:

E,h(X) = E(h(X1)|X0=i) = % P(i,j)h(3)

d.

J
P(i,d,) ) (h(d)-h(d,_,)) =

X I 1 (h@)-h@, PG

1

]
it ~13
e~

3

If follows that if P 1is stochastically monotone and h 1is increasing,

*
then Eih(X) is increasing (all relative to :). Since:




Poyp(1:8) = Pr(xn+leA]x0=i) = Eipn(X,A)
it follows by induction that stochastic monotonicity implies that pn(i,A)
is increasing in i, for all n and upper sets A. Similarly Eih(xn)
is increasing in i for all increasing h, and all n,

In the continuous time case, let {X(t),t > 0} be a Markov chain with
state space S and infinitesimal matrix Q. Define {X(t),t > 0} to be

*
stochastically monotone, relative to <, if both of the following hold:

(i) Q(x,A) = } q(x,y) < Q(v,A)
veA

*
for all x <y, and upper sets A not containing vy.
*
(ii) Q(x,B) > Q(y,B) for all x <y,

and lower sets B not containing x.

If (i) and (ii) hold, choose ¢ >2max I q and define P = I+c‘lQ.
i k#i

Then P 1is stochastically monotone as is seen in the three possible cases:

ik’
*
1) If x <y and A 1is an upper set not containing y then:
-1 -1
P(x,A) = ¢ "Q(x,A) < c "Q(y,A) = P(y,A) .
*
2) If x <y and A 1is an upper set containing x:

P(x,A) = 1-c Q(x,8) < 1-c"ta(y,k) = P(y,A)

where A, the complement of A, 1is a lower set.




*
3)If x <y and A 1is an upper set containing y but not x, then:

P(x,A) = ¢ 1Q(x,A)

P(y,A) = l-c 1Q(y,A)

thus,
P(y,A)-P(x,4) = l-c [Q(x,A)+Q(y,B)] > 1 - %é%jélggézL?l > 0.
1ty

*
Using stochastic monotonicity >f P, we find that for x <y, and
upper sets A:
-ct
e

- n! P -

n -ct
(ct) e

pt(X’A) = n!

pn(y,A) = pt(y,A) .

Thus Pi(X(t)eA) is increasing in i for all t and upper sets A. Similarly

if h 1is increasing then Ei(h(X(t))) is increasing in i for all t. We

summarize the above:

Lemma 3.1. Let {Xt,t=0,l,...} or {X(t),t > 0} be a Markov chain with
*
finite state space S, stochastically monotone relative to < . Then:
(i) pt(x,A) is increasing in x for all t and upper sets A,

(ii) Eih(xt) is increasing in i for all t and increasing h. E

1f {Xn,n=0,1,...} is ergodic with stationary distribution =, the
time reversed chain is the Markov chain with transition matrix ﬁ(i,j) =

() P(j,i). Similarly for continuous time ergodic chains, the reversed

(i)

TT .
chain has infinitesimal matrix, Q(i,j) = ;l Q(j,1).
i




Time reversible chains satisfy P=P, in discrete time, and 0=Q in

continuous time.

Theorem 3.2, below, derives conditions for nt(j) increasing in t.

Theorem 3.2. Le-* {Xt,t=0,l,...} or {X(t),t > 0} be an ergodic Markov
chain taking values in S, where S 1is a finite partially ordered set with
partial ordering g_. Assume that S contains a unique maximal element M,
so that x E_M for all xeS. Then if the time reversed process, i, is
stochastically monotone, and ﬁo(x)/r(x) is decreasing in xeS (both with

*
respect to < ), then nt(M) is increasing in t.

Proof. We first show that nt(M)/ﬂ(M) minimizes ﬂt(j)/ﬂ(j), over jeS.

This follows since:

m, (M) o) mo(i) | _
(3.3) oD ) mon P (5 = ) T P D)
™ i T (3)
0 .3 0 .z t
= Eyl+ (XD = Ej[j; (X1 = 6]

i
the last inequality holding since 7? is decreasing and X 1is stochastically

monotone,
To show that (3.3) implies that ﬂt(M) is increasing in t, consider

the hypothesis testing problem, HO:XO'vﬂO vs H,:X,Vv7, based on the data

1
. , A = x,¥)
(Xs,Xt). The densities under HO and Hl are given by fo(x,)) = ﬂs(x)pt_s
and fl(x,y) = ﬂ(x)péf;Y). The test which has smallest type 1 error among

all tests with type 2 error < 1-7(M), rejects HO if X(s) = M (Neyman-Pearson

Lemma). The type 1 error of this test is ns(M). A less efficient competing

test with type Z error 1-n(M), rejects HO if X(t) =M, and has larger type 1

error, nt(M). Thus vS(M) < vt(M) for s < t, E
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Section 4. Separation Distance and Strong Stationary Times.

Separation distance and its connection to strong stationary times is
an elegant contribution of Aldous and Diaconis (1987), with important recent
developments by Diaconis and Fill (1989).

For an ergodic Markov chain with finite state space, and initial distri-

bution 7 the seperation at t is defined by:

0’
me (k)

ﬂ(k) )o

s(t) = max(1 -
k

Separation provides an upper bound for the total variation norm:

(4.1 d(t)

max |t (B)-m(B)| = ] (7(k)=m (K))
Be S TT(k)>TTt(k)

s
Eﬁ(l-Tt 7 < P_(T(X) > 7 (X))s(t) < s(t) .

]

Call the Markov chain separable with separating state M, under =

ﬂt(M)

if s(t) = l-m—)—

A strong stationary time is a stopping time, T, with X(T)~+n and

0’

for all t.

X(T) 1independent of T. For any strong stationary time, s(t) > Pr(T>t)
(Aldous and Diaconis (1987) p. 72). When equality holds for all t, T is
called a minimal strong stationary time. Aldous and Diaconis (1987) construct
a minimal strong stationary time for a general ergodic, finite state, discrete

time Markov chain.

Corollary 4.1. Under the conditions of Theorem 3.2 the Markov chain is

separable with separating state M, Furthermore there exists a minimal strong

stationary time, Y, satisfying:
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ﬂt(M)
(i) Pr(Y>t) =1 - TT_(MT = s(t), for all ¢t .
(ii) Pr(X(t)=M, for some t < Y) = 0 .

Define Z = [min{t>Y:X(t)=3}~Y]. Then Z is independent of Y

and distributed as T . Thus T = Y+Z with Y and Z independent,
.M WO,M
- ()
PI‘(Y>t) = 1-TY—(M—)_~= S(t), and ZNTTY,M'

Proof. By the proof of Theorem 3.2:

ﬂt(M) ) Trt(j)
M) — 7(j)

for all jeS

T (M)

thus s(t) = l"?fﬁj—’

and the Markov chain is separable with separating
state M,

In discrete time, the Aldous-Diaconis construction produces a minimal
strong stationary time, Y, which by the details of their construction

satisfies (ii). Since Y 1is a minimal strong stationary time, and the process
™

L0

aM)

For a continuous time chain, by choosing ¢ = 2max I qik’
-1 i k#i
discrete time skeleton, P = I+¢c Q, which satisfies the above conditions.

is separable, Pr(¥Y>n) = s(n)=1-

we obtain a

Denoting the embedded Markov chain by {X;,n=0,1,...}, we can represent
{X(t),t >0} by {x(t)=X§(t),t3>O} where {N(t),t>0} is a Poisson process

of rate ¢, independent of {X;,n=0,l,...}. Denote the event epochs from

the Poisson process as {Sn,nz_l}, and define:

where Y' is a minimal strong stationary time for {X'}.
n




13

Clearly, Y 1is a strong stationary time for the continuous time

process and:

_ pt (ct)ne—Ct ' 3 ° (ct)ne-Ct nn(M)
Pr(vy>t) = nZO ————;T——~'Pr(Y >n) = nzo i (l.-ﬂ(M) )
TTt(M)
= 1";7&7— = s(t) .

Thus Y 1is a minimal strong stationary time. Furthermore:
Pr(X(t)=M, for some t<Y) = Pr(X;=M, for some n<Y') = 0 .

Thus (i) and (ii) hold in continuous time.

In view of (ii), T77 M= Y+Z. Define {X*(t),t=0,l,...}({X*(t),tz_0}
0’

in continuous time) by X*(t)==X(Y+t). Since Y is a strong stationary
time, {(x*(t)} is independent of Y. Since Z is the first passage time
to M for the X¥ process, Z 1is also independent of Y. Since

*
X (0) = X(¥)vm, it follows that ZNT Thus T_ = Y+Z, with Y

0’M

M

M’
and Z independent, Pr(Y>t) = s(t), and Z'\JTTT
(4.2) Remark, Define the chain distance from state x to state vy, d(x,y),
to be the minimal n such that pn(x,y)> 0. If Ty = Gx (one point distri-
bution at {x}) then a necessary condition for M to be a separating state
is that d(x,y) < d(x,M) for all yeS. This is true since if M 1is a
separating state and pk(x,M)> 0, then:
Py (x,M) Py (x,¥)

1s>s3(k) = 1--_‘"(1:1-)—3_1--—“—(-;—)—

thus pk(x,y)> 0.
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In applications there is often only one potential separating state.
The problem then reduces to producing a partial ordering under which M is
the unique maximal state, x is a minimal state, and P is stochastically
monotone. In section 5, this point is illustrated by examples. D

Under the conditions of Corollary 4.1, ﬂt(j)/n(j) is decreasing in
j and thus assumes its minimum at M. Of course monotonicity of nt(j)/n(j)
is considerably stronger than Wt(j)/ﬂ(j) z_nt(M)/ﬂ(M). For a totally ordered

state space, say {0,...,M} with 0<1<2<...<M, a weaker condition than

M
ﬂt(j)/ﬂ(j) decreasing, is ?;(j)/;(j) decreasing, where ?;(j) =3 nt(k),
j
- M
7(j) = £ n(k). This is true since:
j

: ?;(j) M 7 (k) 7(k) m
(4.2) = =) (—m~ n(k)) = ))—E [—-(x)]x >3] .
h|

Since wt/n is decreasing and X|X>j stochastically increasing (where
X~ m), it follows that ?;(j)/?(j) is decreasing.

Furthermore, ?£(j)/?(j) decreasing implies nt(j)/ﬂ(j) z'nt(M)/n(M)

m, (k)
for j=0,...,M. To see this define y, = min{i—(kT,kij}, 5=0,...,M.

Note that by (4.2), for j=0,...,M-1:

™ (3) T (j+1)

L @y (It 4 o -2t
Ot T TEH)

(4.3)

= (l‘.ilz)( t((J)))+(1 lb-)-)E [ (X)lX 23+1] .
(i) m(3)
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Since

F;/;' is decreasing, it follows from (4.3) that:
“t(j)
TGy 2 Bl 0 (X2 341) 2y s 350,01
Thus
T (k)
, =min{———
yJ

w (J)
(k)’k> 3} =min{—rr ( ) ——y, V.. 1=
for. i

j+17 T V541
j=0,...,M-1. Thus:

(k)
(4.4) y0=m1n{m’k

nt(M)
0,...,M} = M T TROD

It follows from (4.4) that if for all

t, 7. /7 1is decreasing,
the process is separable with separating state M

then
and:

ﬂt(M)
S(t)=l-—ﬂ'_(b(-)_'

We now need to find conditions under which
all t.

m_/m is decreasing for

monotone if

Define a discrete time Markov chain on
1 <i

{0,...,M} to be failure rate
29 31 j2 implies:
- M
where P(i,j) = I P(i,k).
k=j

This condition is equivalent to

il< 12 implies
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ﬁlil,j)/(ﬁliz,j) decreasing in j, for j such that F(iz,j) > 0.

It is also equivalent to P(i,3)/P(i,3) decreasing in i for each i},

Lemma 2.1, p. 399] proves that if (4.5) is satisfied for P, then it is
also satisfied for P" for n > 2,

Gathering together the above observations we derive:

Lemma 4.2. Let {Xn,n=0,l,...} be an ergodic Markov chain with state
space {0,1,...,M}, which is failure rate monotone. Then wo(j)/n(j)

decreasing implies that wn(M) is increasing in n, and that
1 (M)

o
m(M)’

s(n) =1 - for all n.

Proof. It follows by the above remarks that we just need prove that
Eg(j)/?Kj) is decreasing in j, equivalently that nn(j)/ﬁﬁ(j) <

T(j)/T(j) for all j. Define

. p_(i,3)
héji = :?—7—7— and hﬂ(k) = i(k), then
4 pn(la.]) (k)
. = s v (3D
T (3) T m,(Dp (1,jdh - . .
hn(j) = _? = 0 _? RN céjihiji
nn(j) z wo(i)pn(i,j) T
T v (3)
. Zn(i)p_(i,3)b -7 oy (s
hTEJ) - _n n,i _ Zdr(lj)ihr(lj)i
Zﬂ(i)Pn(i,j) ’ i
where 4 and dn ; are probability distributions on {0,...,M}. Now
s ’

by failure rate monotonicity of P, hiJi is decreasing in 1i. Moreover
’

where P(i,j)/P(i,j) 1is defined to be 1 if P(i,j) =0. Shantikumar [(1988),
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RCIPHEY

NN a(n (1)/m(i)) with o a constant, thus d_ . is larger

than Chi under monotone likelihood ratio ordering, and thus under
’

stochastic ordering. Thus hn(j)sz(j) so that ?ﬁ(j)/?{j) is decreasing,

T (M)

=10
and therefore (by (4.4)), s(n) =1 D)

construction, s(n) is decreasing, it follows that nn(M) is increasing. D

Since, by the Aldous-Diaconis

Example. Consider the following Markov chain on {0,1,2}

174 1/2 1/4
P=[1/8 1/8 3/4
1/8 1/8 3/4

The time reversed chain is given by :

1/4 5/32 19/32
p=[2/5 1/8 19/40
1/19 15/76 3/4

Since ?(1,0) > ?(0,0), P is not stochastically monotone, and

Corollary 4.1 does not apply. However, P 1is failure rate monotone

1.1 - 2.1 - - - -
(hO(O) =73 hl(o)-hz(o),ho(l)-3> 3 hl(l)-hz(l),ho(z)-h1(2)-h2(2)-1).
o . Pr{0:2) g6 1 4
We conclude that pn(0,2) is increasing, and that so(n)=.1—-—f;(§7— = Tg(g) s

7_(3)

n > 1. We further remark that -—%TET is not decreasing in j:

b (0,0) 0 p (0,1) p.(0,2)
n - 1 n _ 72.1.mn n ~ 96.1.1
Ty St < Tt it 2l

I have not worked on extending Lemma 4,2 to continuous time, or to

partially ordered spaces.
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Section 5. Examples.

5.1, Non~symmetric walk on the unit cube.

Consider a discrete time Markov chain, {Xn,n=0,1,...}. with state
space, {0,1}d, the 24 d-tuples of O0's and 1's. The chain evolves by

changing at most one coordinate at a time. Thus if Gi is a d-vector

f1 j=1
with 6i(j) =$ then:
(0 j#i
P(x,x+61) = ai(x) for xi==0
P(x,x—éi) = Bi(x) for xi=.l

P(x,x) = 1- ) a,(x) ~) B, (x).
i i
x,=0 x,=1
i i
Assume that ai(x), Bi(x) are such that the chain is ergodic. Let
Ty = 6x’ a point distribution at x. By Remark (4.2), the only potential
separating state is x+1, where (x+1)i==xi+l(mod 2). This suggests partial
*
ordering by chain distance (see Remark (4.2)), i.e. y < z if and only
d(x,y) < d(x,z). Under this ordering, x is the unique minimal state, and
x+1 the unique maximal state. The problem then reduces to finding conditions
for stochastic monotonicity of 5.

Consider a special case of the above with ai(x) = 0, Bi(x) = Bi,

independent of x, with:

(i) ai > 0, BJ- > 09 i=19-":d

(ii) z oy + 2 Bi < 1 for some A<({1,2,...,d} .
A A
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d d
(iii) max(g ai-Fmax Bi, § Bi-fmax<xi) <1.

Condition (i) is necessary and sufficient for irreducibility, and
(ii) for aperiodicity. The chain is then easily shown to be time reversible.
Condition (iii) insures that the chain is stochasticélly monotone, with
respect to the above partial ordering.
It then follows from Corollary 4.1 that:
P, (x,¥) P, (x,x+1)
s (n) = max(l = ———) =1 - ————— ,
X v m(y) 7 (x+1)
To compute sx(n), consider the continuous time chain with Q=1I-P,

The continuous time process is composed of d independent 0-1 processes.

Thus:
oy —(ai+6i)t Bi -(ai+Bi)t
(5.1) p,(x,x+1) = [ T (1-e yli o (1-e )1
t x.=0 %%y x =1 o tRy
d -(a.+B8.)t n -s t
cnxt) T (lme T U ) = ne) T (-DY] e Y
1 k=0 YeAk

where Ak consists of the (i) subsets of size k from {1,...,d}, and

sY = X (ai+Bi), for y a subset of {1,...,d}. From the above expression
iey

for pt(x,x+l), and the spectral representation, pt(x,x+l) =

/ -A.t
7 (x+1) +41;(3‘(§;3- [ uyGou Getlye” 37 (Keilson (1979)p. 34), we see that the

eigenvalues of Q are {—sY yc{l,....,d}) and thus the eigenvalues of
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P = I-Q are {1-sY yci{l,...,d}}. From the spectral representation, since
L

pn(x,x+l) = 7(x+1) + 4E%%§%z’z uj(x)uj(x+1)(l->\j)n where uj(x), uj(x+1)

are the same terms as in pt(x,x+1), it follows from (5.1) that:

p (x,x+1) n K
-1 n
(5.2) s, (n) = lao—Dre—e— = ¥ (-1) Y (1-s ).
x m(x+1) k=1 YEAY Y
d
In the case z (ai+8i) <1, we recognize (5.2) as an inclusion-exclusion
1

formula, Specifically, consider n multinomial trials with cell probabilities,

d
pi==ai+8i, i=1,...,d, and P+l = 1-% (ai+8i). Let An be the event that

d
at least one of the cells 1,...,d are empty. Then An = bfci, where
1
Ci.= {cell i is emptyl}, and (5.2) represents the inclusion-exclusion formula
d
for Pr( Ci). Thus if we let T denote the waiting time for all of cells
1

l1,...,d to each be occupied, then:
Pr(T>n) = Pr(An) = sx(n) .

By using a construction of the author (Brown (1975), p. 379, (1984)
p. 608) we can construct a minimal strong stationary time for the continuous
time process, which when applied to the embedded discrete time process is
indeed the waiting time for cells 1,...,d to be occupied. Adapting the
construction to discrete time, requires g (ai+8i) < 1. When § (ai+Bi) > 1
(with (i), (4i), (iii) still holding), I have no simplifying explanation for

(5.2). 1t is pleasantly surprising that sx(n) is independent of x.
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The symmetric walk a, = Bi = liz has been considered by Diaconis

(1988), and Diaconis and Fill (1989). 1In this case (i) is satisfied for
r<l1l, (ii) for r>0, and (iii) for r z'E%T' Diaconis and Fill utilize
the symmetry to reduce the problem to a birth and death process on

{0,...,d}. We discuss birth and death processes in Section 5.2.

5.2. Skip free to the right Markov chains.

A Markov chain on {0,...,d} is defined to be skip free to the right
if P(i,j) = 0 for j-i > 2. An important special case is a birth and death
process, which is skip free to both the left and right, i.e. P(i,j) =0
for |j-il > 1.

A birth and death chain on {0,...,d} is irreducible if
P(i,i+1)P(i+1,i) > 0 for 1i=0,...,d-1. It is aperiodic if P(i,i) > O for
some 1i. An ergodic birth and death chain is time reversible. It is
stochastically monotone if and only if P(i,i+1)+P(i+l,i) < 1 for i=0,...,d-1.
An ergodic birth and death process in continuous time is necessarily stochasti-
cally monotone.

It follows from Corollary 4,1 that if a skip free to the right Markov
chain is ergodic and P is stochastically monotone, then under =, = §

0 0

the chain is separable with separating state d thus:

p_(0,d)

(5.3) so(n) =1 - @

In the Appendix we show that for an ergodic skip free to the right chain

on [0,d], with distinct eigenvalues 1,61,...,Bd that;
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N
(5.4) Py(0,d) = w1 = | E5( T g—g)] -

i=1 3 45 ®57

From (5.3) and (5.4) we derive:

Lemma 5.1. (i) Let {Xn,n=0,l,...} be an ergodic skip free to the right

Markov chain on [0,...,d], with P processing distinct eigenvalues

l,Sl,...,Bd. Assume that P 1is stochastically monotone. Then:

In particular this will hold for an ergodi: stochastically monotone
birth and death chain on [0,...,d]. When Bi> 0, i=l,...,d,so(n)==Pr(T2>n),
where T 1is the convolution of d independent geometric distributions with
parameters El,...,Sd.

(ii) Let {X(t),t > 0} be an ergodic skip free to the right Markov
chain on [0,...,d] with Q processing distinct eigenvalues o,-xl,...,—xd.

Assume that 6 is stochastically monotone. Then:

d AL -ALt
sp(t) = ] (1 +L—e I .
571 r#3 "3
In particular this will hold for an ergodic birth and death process on
(0,...,d]. When lj > 0, j=1,...,n, so(t) = Pr(T>t), where T is the

convolution of d 1independent exponential distributions with parameters

xl,...,xd. This is always the case for birth and death chains,
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Proof. (i) The expression for so(n) follows from (5.3) and (5.4). 1t
holds for ergodic stochastically monotone birth and death chains, because
such chains necessarily have distinct eigenvalues (Keilson (1979)p. 59).
The convolution result follows from an argument, given for the continuous
time case, in Brown and Shao (1987), p. 72.

(ii1) For ¢ sufficiently large, the discrete time embedded chain,

P=I-+c—lQ, will satisfy the conditions in (i). The eigenvalues of P are

-1
=1~ A 1= - - = - s
1, B,=1-c "2,,i=1,...,d. Note that, Q1 Br)/(Bj B.) Xr/(kr Xj). Thu

= n —ct k A k X -ct(1-8,)
So(t)= E '(C_t)T?'_— X(H T—%)\—)Br-l= Z(F xi\)e ]

n=0 : =1 r#3 £33 5=1 réi r

k Xr —Kjt
= 1 (n G—))e .

=l r#j r j

The convolution interpretation of so(t) follows from Brown and Shao
(1987) p. 72. Finally an ergodic birth and death process on [0,...,d] has
distinct eigenvalues 0,-\1,...,—ld with Xi> 0, i=1l,...,d (Keilson (1979)

p. 59). It thus satisfies the above conditions, and moreover, the convolution

interpretation of so(t) holds. E

Diaconis and Fill (1989) derived the above expression for so(n) in
the case of ergodic stochastically monotone birth and death chains. Their
method was based on a construction under which so(n) is a first passage
time distribution for a dual birth and death chain. The expression for
so(n) then follows from the same Brown~Shao approach as used here., Several
examp.es are presented in their paper in which the eigenvalues are known and
so(n) explicitly computed. This includes the symmetric random walk on the

cube, where they derive a special case of (5.2).
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An example of a skip free to the right, non birth and death chain,

satisfying the conditions of Lemma 5.1 is now given:

23, f2 21

5 5 i 5 5 5

po| 1 22|, 5.[/323

5 5 5 )° 10 5 10

131 o 11

‘8 8 2 2 2

3413 3-4T3

Here 0% 30 ° .3308, 82 = 20 " -.0303

s5(n) = 2.8575(.3308)"-1-8575(.0303)" .

In Section 5.3.2 we consider another partial ordering which applies to

birth and death chains.

5.3. Other partial orderings.

In Section 5.1 we used chain distance partial ordering, and in 5.2
the usual total ordering. We now discuss two partial orderings., Undoubtedly

there are many others that can conveniently apply in specific cases.

5.3.1, Consider the following Markov transition matrix, with states

0,1,2,3:
.2 .3 .3 0
P = 34 2 ]
.5 .2 .15 .15
0 .1.15.75
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P is not stochastically monotone with respect to any total ordering
on {0,1,2,3}. However, consider the partial ordering (0,1,2) : 3, with
0,1,2 not comparable to one another. A general upper set consists of
{3}uA, where A 1is any subset (perhaps empty) of {0,1,2}. P is stochas-
tically monotone, with respect to this partial ordering if and only if
P(3,j) < P(i,j) for 1i,j=0,1,2. This is satisfied for the above chain,
which is symmetric, thus P =P is stochastically monotone with respect to
E . Moreover P 1is also doubly stochastic, thus 7 is uniform. An
initial distribution o satisfies ﬁo/ﬂ monotone decreasing with respect

to the above partial ordering if and only if nO(Q) > WO(3) for 1i=0,1,2.

It follows from Corollary 4.1 that for every such 7 s(n)==l-4ﬂn(3), in

0’
particular si(n)= l-4pn(i,3) for 1i=0,1,2,

5.3.2. Consider the following birth and death chain, with states {0,1,2,3}:

1 1
7 3 00

3 1
P_ZZOO
1o 2 11
4 2 4
1 1
00-25

P 1is not stochastically monotone with respect to 0<1<2<3, because
P(1,0) > P(0,0), but otherwise it would be. To salvage stochastic monotonicity
define a partial order by (0,1) i 2 ﬁ 3, with 0 and 1 not comparable.

Then stochastic monotonicity, with respect to ;' is easily shown to be

equivalent to:
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P(0,1) > P(2,1)
P(1,1) > P(2,1)
P(2,3) < P(3,3)

N
h
The above birth and death chain satisfies these contraints and is thus
stochastically monotone with respect to ;_. it follows that so(n) =
1-4pn(0,3), to which (5.4) applies. This is the result we would have
obtained if the chain were monotone with respect to the usual ordering.
As a bonus, we also conclude that sl(n) = 1—4pn(l,3), which by

(8.9) in the Appendix reduces to:

3 1-8_ B.-P(0,0)
ry . 3

s;(n) = ) (T ) ( )8,
1 551 r#i Bj-Br P(0,1) j

where 81,82,83 are the non-zero eigenvalues of P.

Next, consider the following birth and death matrix:

1/2 1/2 0o 0
/2 1/4 1/4 O
0 1/4 1/2 1/4
0 0 1/2 1/2

x
Note that P1 is stochastically monotone relative to (0,1) <2<3,
* %
as was P, It is also stochastically monotonerelative to (2,3) <1<0,
since P(3,2) > P(1,2), P(2,2) > P(1,2) and P(1,0) < P(0,0). As a result

we have:
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% I_Br n
s,(n) = s, (n) = (1 )B.
0 P ey ByR
% 1-8r éj~P(0,0) n
s,(n) = (n Y ( )8,
1 51 r#g By P(0,1) i
i l—Br Ej__P(3’3) n
s,(n) = (1« ))( )B.
2 j=l r#j Bj_Br P(372) J

Generalizing the above to general d, we obtain:

Lemma 5.2. (i) Consider a discrete time ergodic birth and death Markov

chain on {0,...,d}, with eigenvalues 1,81,...,8d, satisfying:

P(i,1) > P(2,1), i=0,1

P(i,i+1)+P(i+l,1i) < 1, i=2,...,d-1 .

Then:
&L T
s.(n) = (1 ——)8,
0 j=1 t#5 B3P 3
§ 1-8 8.~P(0,0)
s,(n) = (n ) ( )8,
1 j=1 r#j Bj_Br P(O)l) J

(ii) Consider a continuous time ergodic birth and death Markov

chain on {0,...,d}, with eignevalues 0,-x1,...,—xd, and satisfying

991 2 dy;¢ Then:




so(t)

L}

sl(t) =

28
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Section 6. Derivation of (1.2).

First, consider a continuous time chain with pt(j,j) decreasing in

t, for a state j. Llet W be a random variable with:

Pt(j,j)—ﬂ(j)

(6.1) Pr(W>t) = —gy— .

Letting ¢ denote the Laplace transform of W, we have:
& ¥y

f _st
(6.2) ww(s) = l-s J e Pr(W>t)dt .

Furthermore, with wij the Laplace transform of pt(j,j):

o) n(ys7t

-st _
(6.3) -e Pr(W>t)dt = 1= (3)
Thus, from (6.2) and (6.3):
L (s) _ .
(6.4) stiy T I-(1=-m(3))¥y(s) .

Substitute (6.4) into (2.2) to obtain:

.,

(s) h
(6.5) Yoo, o=
L 1-(l-ﬂj)ww(s)

N
The right side of (6.5) is the Laplace transform of I Wi, which proves
1

(1.2).
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In the discrete time case with pn(j,j) decreasing, define W to be

pn(jvj)'n(j)

an integer valued random variable with Pr(W>n) = i . Then
apply the above argument, using probability generating functions in place
N
of Laplace transforms. Again, T . "~ I W,.
Te] 1 1

(6.6) Remark. For time reversible continuous time Markov chains with finite

state space, pt(j,j) is stochastically monotone and thus decreasing for
all j (Keilson (1979) p. 34). The discrete time analogue requires that all
the eigenvalues be non-negative.
For ergodic Markov chains in discrete or continuous time, taking values
in a finite partially ordered set (S,E), with either P or P stochastically
monotone relative to E) we now argue that pt(j,j) is decreasing, where j
is a unique maximal or unique minimal state.
Suppose that j is a unique maximal (minimal) state and that P is

stochastically monotone. Then {j} is an upper (lower) set and

P (3,3) > pt(k,j) for all keS, and t. Then for t; < t,:

.oy L (i, k)
PtZ(J9J) = 1 p02

PP (63 < b (3,3) -
keS 2 1

171
Thus p (j,j) is decreasing in t.
If P is stochastically monotone, then by the same argument P, (3,3

is decreasing in t, but ﬁt(j,j) = pt(j,j), thus pt(j,j) is decreasing.
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Section 7. Approximate Exponentiality,

N
The representation T_ , = % Wi is useful in studying approximate
3

exponentiality.
First we record a result of the author (Brown (1987)) dealing with

geometric convolutions:

N
Lemma 7.1. Suppose that Y = § Xi, where {Xi} is an i,i.d. sequence of
nonnegative random variables and N is independent of {Xi} with

Pr(N=k) = qkp, k=0,1,.... Then:

sup | Pr (Y > t)-e_t/EYl < p( EX
t

2
where o =——£Y—-'—l. D

Y 2(EY)
Applying Lemma 7.1 and (1.2) we find that:

~-t/a, ) sz .
(7.1) sup|Pr(T_ .>t)-e  J| < n(j) = 2(1-7(3))o_
t T3] - (Ew)z T3
ex?
where o, =ET ., and p_ , = —J _ 1,
j iy ] Ty ] 2(’.2
h|

Inequality (7.1) tells us that if the first two moments of TTT

b ]

behave similarly to those of an exponential distribution, then T . is
9

approximately exponential,

For time reversible continuous time chains T 3 is completely monotone

’

(Keilson (1979) p. 11). It follows from Brown (1983) p. 422 that:

-a,t p .
(7.2) suplPl‘(TTr ; >t)-e 3 | < ST
t ’
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"t(l-n(j))/aJ P i
(7.3) sxép[Pr(TTT,j >t)-(1-1(3))e | :_on’j+1-w(3) .

Expression (7.3) is used to bound the error of a modified exponential
exproximation which takes into account the atom of size n(j) at 0. Both
(7.2) and (7.3) hold for first passage times to arbitrary (rather than just
singleton) sets. The reason for our restricting attention to singleton sets
is that (1.2) will provide the means of expressing the bound in terms of

T/aj, where 1 1is the relaxation time. 1In applications T 1is easier to
2
T3

We now focus on the moments of TTT .. First recall (Keilson (1979)
9

numerically approximate, and to bound, than is ET

P. 34) the spectral representation of transition probabilities in continuous

time, time reversible chains:

m -\t
(7.4) (1) = 7@ + ] ule

k=1 K

where 0 > =i, > -Az

L2 > ...z_-xm are the eigenvalues of the infinitesimal

matrix.,

It follows from (7.4) and (6.1) that W~ UE with U and £ indepen-
2
u

dent, E exponential with mean 1, and Pr(U=j) = =1,...,m. Thus,

EW=EU, and EW2 = 2EU2. Thus:

Kk
-7 (3)°

; . _1-1(4) _ 1 2 -1
+3) o T EL =55y =Ty L ogh
(7.6) Var(E(T, ()] = Var (NEU) = 178D (g2

T (3)
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7.7 E[Var (T, ,|N)] = E[NVard] = lﬁ%%%l [2E02- (E0) 2]

From (7.5)-(7.7):

2.2 2 =2 2
7.8 Var T . = . —— LA < ,+2 R
(7.8) T3 YT T ! Ytk = %57 0T

>

where T = max(k-l), the relaxation time. From (7.8):

K k
. o_ 202 1/a,
(7.9) —TJ -1 . 1 . J .
o_ .+l 2 = (1/a)+1
Tsl ET“ 3 J

We now summarize:

Theorem 7.1. Let {X(t),t>0} be a continuous time, time reversible Markov

chain, with finite state space. Then:

~t/a, T/a,
(i) sxéplPr(Tﬂ’j>t)-e l im—i
~(1-1(3))t/a; t/a,

. » - - 2 ——_-l-——- 3
h SEP[Pr(Tﬂ’j> )= (1-n(3ke :-(T/Gj)+1 m(3). D
The difficulty in dealing with discrete time, time reversible chains,
is that due to possibly negative eigenvalues TTT . need not be a mixture
?
of geometric distributions., Thus (7.2) and (7.3) are not applicable.

Nevertheless, if pn(j,j) is decreasing then (7.1) applies. Moreover, as

follows from an argument of Aldous ((1989) p. 183):

(discrete) (continuous)_(za )-1

(7.10) T3 =0 j 3 .
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Combining (7.1), (7.9) and (7.10) we easily derive:

Corollary 7.1. Let {Xn,n=0,l,...} be a time reversible Markov chain with

Pn(j,j) decreasing. Then:

t s -
suplPr(1_ . >t)-e | < Qen(3) &) .
" ] s

where 1> 512N6 >...>B, are the eigenvalues of P, and T = (1—81)-1. D

2

In the case of a discrete time, time reversible Markov chain, with all

d

nonnegative eigenvalues, the methodology of Brown (1983), p. 422, can be

applied to derive:

&L
a., nl a,
(7.11) sup |Pr(T_ . >n) - (—=) < —_l
n T, aj+1 (éL0+l
hj

Finally we remark that it follows from an argument of Brown (1987)
p. 15, and (1.1), that if Wt(j) is increasing then:
-t/ET, . EY -t/o,
(7.12)  sup|Pr(T_ ,>t)-e 0°3] < =X 4 sup|Pr(T_ ,>t)-e I} .
t TTO’J - aj t Tyl
Thus, when EY is small compared to aj, approximate exponentiality

of T_ . also yields approximate exponentiality of T -
Ty ] ‘nosJ

Example. Consider a continuous time random walk on the cube, {O,I}d, with:

Q(X,X"'Si) uy; >0, x;,=0

q(x,x-éi) ng >0, x;=1

The key quantities are:
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(7.13) T = [minGu+n )17
_ M n,
(7.14) o, = 7 sshem DHen D
Tovde Y ovpy MiovB M4

where <y ranges through non-empty subsets of {1,...,d}, sY==Z(ui+ni),
Y

and Bj = {i:ji=0}, the zero components of the vector j.

- =2 T n.
(7.15) p_ .= ) s (M i, I ‘i, 2
Ty ] Y )( > "—’)/G.
Y#9 By Ny YBj u
d k-1 -1
(7.16) EY = ) (-1) 1 s

where A, is the collection of subsets of size k from {1,...,d}.
Now, we simplify by letting ui.=rH_Ec3>0, obtaining the symmetric
walk, 1In Table 1 below we consider the cases d=10 and d=20.

In column 1 of Table 1 we compute the error bound (7.2) for exponential

ET2 |
approximation of TTT .« In column 2, we replace op = (——l%?L— 1) by

s ]
2
%5

its upper bound T/aj, obtaining the approximation (i) of Theorem (7.1).
We see that the exponential approximation is quite accurate, and the relaxation
time simplification gives a usable though quite conservative upper bound.
In column 3 we compute the refined error bound, (7.3), which adjusts
the approximating distribution to mimic the known probability, Pr(Tn,j=0)'
In column 4 the p based bound is replaced by the corresponding relaxation

time expression (Theorem 7.1, (ii)). It is seen that this approximation is

remarkably accurate. Much is lost in using the relaxation time upper bound,
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with the error bound over 100 times too large with d=20. However, even
the conservative bound is quite small.

In column 5 we table the error bound in exponential approximation of

T by use of (7.2) and the column 1 error bound for T {note that

X,X+1° Tyx+1

in the symmetric case the error bound for is independent of j). 1In

T
Ty J
column 6, we look at the analogous quantity when the column 2 error bound is

used with (7.12). Here, since EY/a is the dominant contribution to error,

little is lost in the relaxation time simplification.
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XhQ* YVIXbE® Xt X/7° X06 " 'X¢C0* =
mloH %0y m.aa ve'e ouoa %08 w|OH Lec L @loH 06°8 oloﬁ €01 0¢=P
X/9° X/¢ . X0Oh* XG7* i . =
Nloa L9°1 NloH Le°1 mlcﬁxmm € cloH ov°¢ ﬂioH YA muoaxmm 1 0T1=P
I+(0/1)  ® 1+d n 1+(»/1) T+ T+(0/1) TI+4
o tm| ot [ (D= =5 BT CH
T+xx L
1 03 uorlewrxoaddy |{boriewixoadde Terjusuodxa patjrpon 1 3o uorjewixoadde Terjuauodxy
T 91qel
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Section 8, Comments and Additions.

1) Corollary 4.1 justifies the heuristic interpretation of (1.1)

given in Section 1, under appropriate conditions. 1In general, nt(j)

7. (3)

increasing does not imply that s(t) = 1-—;%37—. The following example,

which illustrates this point was suggested to me by David Aldous,
Consider a birth and death process on {0,1,2} with 9p1 =9y = 2,

q10 = q12 =1. Then:

_ l _ -4t
pt(osl) ) (1-e )

which is increasing. But ..om Lemma 5.1:

pt(0,2)
T (2)

2¢.2 -4t ,. 2t
e

s(t) =1 = 1-(l-e 7)) = (2¢°7-1) .

I have found that in some cases (1.1) can be explained in the following
way. There exists a distribution 7' such that Tﬂ, j v T 3’ and a stopping
) Ty

time Y with X(Y) ~ n', X(Y) independent of Y, Pr(X(t)=3j for some t<Y)=0,
Wt(j)
and Pr(y>t) =1-‘:?33’ . If this holds we can interpret Y as the waiting

time from ﬂO to 7. I do not know for how wide a class of situations this

interpretation apnlies.

2) From (4.1):

(8.1) d(t) < (1- Pﬂ(ﬂ(X) :.nt(X)))s(t) .

Suppose that the conditions of Theorem 3.2 hold and in addition

m. =&

0 i where i 1ie the unique minimal state (i <k for all keS). Then by
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Remark (6.6), pt(i,i) is decreasing, and thus pt(i,i) > m(i) for all t.

Thus:
(8.2) P (n(X) < m (X)) > m(d)

and from (8.1) and (8.2):

pt(i,M)
d(t) < (1-n(i)) (1 - —?('M')_) .

This inequality applies to ergodic stochastically monotone birth and
death chains on {0,...,d} with i=0 and M=d. It also applies to the

non-symmetric walk on the cube discussed in Section (5.1). Here:
d (m) < (1=-m(x))s,(n)
where sx(n) is given by (5.2), and:

: ;
) = [T G817 HC T B)CT o) .
1

xi=0 xi=l
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Appendix.

We will derive the expressions for transition probabilities that were
used in Sections 5.2 and 5.3. These are special cases of more general
results I plan to present in a forthcoming paper. The theme, began in
Brown-Shao (1987), is that one can develop expressions for transition
probabilities and first passage time distributions, which depend on eigen-
values, but not explicitly on eigenvectors. Nor are eigenvectors needed to

dervive these expressions.

1

Suppose that P, an mxm matrix, is diagonalizable, so that P=ADA s

where D 1is diagonal with diagonal entries d.,,...,d_, which are necessarily
1 m

the eigenvalues of P. Since P = ADnA-l for all n=0,1,..., it follows

that f(P) = Af(D)A-1 for polynomials, f, where f(D) 1is a diagonal matrix
with diagonal entires f(dl),...,f(dm). Let 61,...,Bk denote the
1 <k <m distinct eigenvalues of P. It follows that for polynomials,

f and g, f(P) = g(P) if and only if f(Bi) = g(Si), i=1l,...,k. Now, let

n k x-8

f(x) =x and g(x) I [T (B r
i=1 r#d PiTPp

known Lagrange interpolation polynomial (Birkhoff and Rota (1969), p. 215).

r

)]82. The polynomial g(x) 1is the well

It is a polynomial of degree k-1, with g(Si) = f(Bi) = 82, i=1,...,k. It
follows that g(P) = f(P), thus:
n P-g 1

k
(8.1) Pl= ) (1 =58
i=l r#i "1 r

n
i .

This result, (8.1), is discussed in Gantmacher (1960) p. 101, and in

Dunford and Schwartz (1958) p. 562.
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Assume that we have a skip free to the right Markov chain on {0,1,...,d}
with d+1 distinct eigenvalues 1,81,...,8d, and transition matrix P.
Distinctness of the eigenvalues implies that P 1is diagonalizable, and thus
that (8.1) holds. Noting that pn(O,d)==0, n=0,...,d~1, and
pd(O,d) = ji; P(i,i+l), we have from (8.1):

8"

d 4 d 1 .1
-6, i

(8.2) Pp(0>d) = P (0L T 15— - izl(rgi 56,

Letting n->« in (8.2), we see that if the Markov chain is ergodic then

k
Pd(O,d) = 7n(d) T (l—Bi), thus:
i=1
IR
8.3) (0,d) = n(d)[1 -~ I B.
( P, ) = m(d) I i=1(r¢i 1—81) 1]
p_(0,d) d 1-8
n _ r,,n
(8.4) 1 - == —izl(rgi I-_-.é.i-)gi .

Next, consider pn(l,d), noting that pn(l,d)=0, n=0,...,d-2,

- 1 d
Paog (1) = (B(0,1) 715 €0,d), and py(1,d) = (P(0,1)7H(Z P(1,1))py(0,d)
4 1

d
Furthermore i P(i,i) = tr(P)-P(0,0) = ¢ Bi+P(0,l). Thus:
1

d
(8.5) Pa-y (L) = 1@ R©,1)7 T (-8
o d
(8.6) pg(1,d) = m(d)(P(0,1)) (] B;+P(0,1)] I (1-8y)
1

From (8.1):
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d d ?

1 : 1 i
p (1,d) = p, (1, )N ==~ - ) (1 —=—=) ]
n d 1 (1=By)  yoy rdi -7 18y

-

(8.7)

: d n

B z -
P, (1,d) (g - P Sk U ]
d-17 g Lo T (B,-B) 1-8," °
I (l-Bi) i=1 r#i i'r i
Substituting (8.5) and (8.6) into (8.7) and collecting terms we obtain:
d 1-8r Bi-P(O,O) a
(8.8) Pl = m@I11- | (1 =5 gy )]
p_(1,d) d 1-8_ B.-P(0,0)
n _ r i n

(8.9) - @ —iZl(rgi 5,8 Tree, D%

Similar expressions can be derived for pn(j’d)’ j=2,...,d-1.
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